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ABSTRACT

Enabling continuum devices to autonomously execute complex trajectories with closed-loop control can
improve surgical outcomes in numerous clinical interventions including deep brain stimulation and cardiac
ablation. In Chapter 2 we derive a physically motivated kinematic model for an actively steered
magnetic-tipped needle. Noise and model parameters are identified using an expectation-maximization
algorithm. Experimental results compare this derived model to the established bicycle needle model, and
find our derived model to be preferred for modeling soft brain tissue needle insertion.

In Chapter 3, our physically motivated kinematic model is used in closed-loop control to follow a target
insertion trajectory. The applied control law is derived using Lyapunov redesign. Simulation results
demonstrate the robustness of the control implementation for a wide range of conditions. Control is
performed experimentally in a brain tissue phantom for both initial position offset recovery and curved
trajectories. Converged error results average 0.52 mm from target trajectory, which exceeds the 2 mm
accuracy required for the target application. This work also has implications in general vehicle steering.
Both the model and control can apply to systems with similar kinematics such as watercraft and wheeled
vehicles that could benefit from a relaxed slip constraint.

Chapter 4 demonstrates closed-loop control of an extensible catheter with an embedded magnet at its
distal tip. We implement a control method coined observed control to perform model-based predictive
control of the magnetic catheter using a Kalman smoother framework. Using this same smoother
framework, we also solve for catheter shape and orientation given magnetic and insertion control using
Cosserat rod theory, and implement a disturbance observer for closed-loop control. A 3D cube trajectory
was traversed with the catheter tip with average experimental positional accuracy of 0.33 mm. These
studies demonstrate functional capability of autonomous magnetic continuum devices, encouraging their

future adoption in clinical settings.
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CHAPTER 1
INTRODUCTION

Minimally invasive surgery is being favored over traditional surgical methods due to its ability to
improve patient outcomes. In these procedures, devices are inserted through a single small incision. This
small incision leads to much faster recovery and healing than open surgery, but restricts the clinician's
access to the targeted region. This leads to two challenges: maneuverability and accuracy of surgical tools.
Maneuverability can be improved using continuum devices in place of rigid medical instruments. The
exible nature of continuum devices reduces stress on surrounding tissue while enhancing range of motion.
However, the full capability of exible devices can only be harnessed by a reliable method to control their
shape and motion inside the body. These active control methods must consider physical space and material
requirements, and often add complexity and sti ness to the device, thus counteracting their purpose of
being small and exible [1]. This provides a strong argument for magnetically steered devices, as they are
mechanically simple (only requiring a permanent magnet embedded in the device), and add no components
that must traverse the length of the exible device. Magnetic control can also provide high precision and
range of motion with continuum devices.

Autonomous control of these devices has advantages over traditional surgery because it can achieve
extreme accuracy and stability even beyond that of a trained surgeon [2]. Robotic minimally invasive
methods also increase dexterity when compared to manually guided devices, as exible devices can be
navigated to speci c targets within the body [3]. This robotic control of magnetic continuum devices
promises to improve both safety and capability of minimally invasive surgery. This research divides these
magnetic continuum devices into two categories: needles and catheters. Needles are identi ed as steering
using a tissue reaction force, while catheters assume a free distal end. In this work, we speci cally
investigate needles inserted into soft brain tissue. Our catheter operates in open air such as is present in the

throat and lungs, but the principle is the same for traveling through uid such as in the heart and arteries.
1.1 Needle Steering in Brain Tissue

Needles are a longstanding and widespread tool used by surgeons as they are minimally invasive and
versatile in a wide range of clinical applications. In recent years, robotically guided needles have been
investigated, and one area with potential bene ts is needle insertions into the brain. One such surgical
intervention is Deep Brain Stimulation (DBS), which is an intervention applied to a wide range of central

nervous system pathologies including Parkinson's disease [4], Alzheimer's disease [5], and many others



[6{11]. For Parkinson's disease alone, more than 6,000 DBS electrode placement surgeries are conducted
per year [12]. In DBS, an electrode is inserted through a burr hole in the skull and directed along a
straight path to the target by a rigid apparatus mounted on the head of the patient [13]. The required
precision for an e ective DBS electrode placement is estimated at 2 mm [14], and current surgical
procedures achieve accuracies of about 2-3 mm [15], which means this technique can unfortunately lead to
inaccurate electrode placement. When the target is missed, additional electrode insertions are performed,
which increase both trauma to the brain and operative duration. Both of these reduce the likelihood of a
positive surgical outcome [16]. The main complications of these procedures include indirect e ects from
infections and hardware failure [17], and direct trauma such as neural injury and hemorrhage, especially
when the trajectory crosses ber tracts, blood vessels, or ventricles [18, 19]. Reducing or correcting
trajectory error can reduce the number of penetrations into the brain for this procedure [20]. As most are
bilateral, DBS surgeries typically require two entry points through the skull [21]. Fewer entry points would
allow safer, faster, and less traumatic procedures, and may be achieved by using curved trajectories to
perform multiple electrode placements during a single insertion. Entry points must also be chosen to
provide a straight path to the electrode placement target without penetrating sensitive areas of the brain
and compromising safety. This can be di cult if not impossible depending on patient anatomy [22],
whereas a curved trajectory could allow for an optimal insertion point while still allowing a safe trajectory
by circumventing sensitive areas. Currently, no method is clinically available to adjust or correct the

trajectory of a single insertion or to insert the electrode accurately along a curved trajectory (Figure 1.1).

Figure 1.1 Research goal: Improve current straight-line open loop electrode insertion with more accurate
closed-loop control, and improve reachability by using curved trajectories with a magnetic steerable needle.



Another clinical application that could bene t from needle navigation around obstacles speci cally in
brain tissue is treatment of cancerous brain tumors, such as glioblastoma. These tumors can develop near
sensitive tissues such as venous sinuses, the brain stem, or deep cerebellar nuclei [23]. Convection-Enhanced
Delivery (CED) is a targeted drug delivery technique used to treat cancerous brain tumors, as well as
Parkinson's disease, and Alzheimer's disease, that, similarly to DBS, requires one or more insertions
through burr holes in the skull, and accurate positioning of the needle at the injection site [24].

Expanding beyond in-brain applications, there are numerous medical procedures that can bene t from
steerable needle technology. A study conducted at the Annual Meeting of Cardiovascular and
Interventional Radiology Society of Europe in 2016 supports the desire for steerable needles by
practitioners in the eld [25]. Respondents consisted primarily of interventional radiologists with
experience in needle placement. The study found that added value for steerable needles in current
interventions is seen by 93% of the respondents, while 85% of respondents found needle steering to be a

useful tool for steering around anatomical obstacles.
1.2 Magnetic Catheter Control

Magnetic control of surgical catheters can be an e ective solution for a broad range of surgical
applications including cardiac ablation [26]. Radiofrequency ablation is used to treat cardiac arrhythmia,
which is a condition where an irregular heartbeat is caused by unsynchronized electrical signals. Cardiac
ablation is typically performed by inserting a catheter into the femoral artery and navigating it to the
heart. There the catheter tip is used to ablate the areas of heart wall tissue responsible for the electrical
signals that cause cardiac arrhythmia. This newly scarred tissue blocks the rogue electrical signals.
Navigating the catheter from the insertion point to the heart is typically straightforward, but positioning
of the catheter tip inside the heart requires dexterity and precision. Traditional catheter ablation is a safe
and e ective method for correcting cardiac arrhythmia, but surgical e cacy is frequently limited due to
di cult anatomy. Magnetically navigated catheters improve manipulability, which improves ablation
success rates [27]. Magnetic catheters are slowly being adopted in the operating room to treat arrhythmias
by performing ablation. This is been done using external magnetic eld emitters such as the Stereotaxis
Niobe, Magnetecs CGCI, and the Aeon Phocus systems [28{31]. While these implementations improve
manipulability, they still require manual manipulation of the catheter by a trained surgeon. Safety for both
the patient and clinician can be further improved by using autonomously controlled magnetic catheters.
Autonomous insertion is expected to be more accurate and stable than even the most skilled human
operator, and should lead to signi cantly improved surgical outcomes [2]. It also enables the clinician to

redirect their focus to higher-level medical tasks such as improving trajectory planning and monitoring



ablation conditions. The clinician would also be better protected from uoroscopic radiation as they would
no longer need to be physically located in the exposure region [32].

In their work, Edelmann et al. experimentally demonstrated autonomous control of a magnetic catheter
steered with external electromagnets [33]. However, a linearized control Jacobian needed to be developed
separately from the catheter model to recover the e ect of control inputs on the catheter position [34].
Complexity in modeling has resulted in a lack of model-based planning for magnetic catheters. Utilizing
planning in control may o er re nement over existing methods. While most system models predict a new
state based on current states and controls, planners solve the model inverse problem: nding control inputs
that achieve a desired state. Planning is inherently an optimization problem that requires a predictive
model and minimizes an objective function. Implementations of these functions are diverse and include
various conditions, but in their most simple form, they optimize for controls that minimize the state error
from a desired target. Planning can often be used to create a control strategy that leads to more robust
real-time nonlinear control. Here we propose an accessible model-predictive control approach that we call
observed control This method provides an adoptable way to nd controls in a complex model without
explicitly deriving a control Jacobian, as the calculations are implicitly handled. Due to its generalized

structure, observed control is also applicable to any catheter model, including a system of multiple devices.
1.3 Synopsis and Purpose

The purpose of this research is to demonstrate proof of concept of accessible and robust control of
robotic surgical magnetic continuum devices by autonomously executing target trajectories. In pursuing
our rst goal of autonomous insertion of magnetic needles in soft brain tissue, this work provides four main
contributions to the scienti c community. First we introduce a new physically motivated needle model
derived from physics rst principles. This model is demonstrated to be more physically representative than
the more commonly used bicycle tissue interaction model in soft brain tissue. We describe an algorithmic
methodology for characterizing unknown model and noise parameters, which is demonstrated on both the
derived magnetic needle model and the bicycle model using experimental data. We also present a
guantitative method for comparing model accuracy using the characterized process noise covariance
parameter. Finally, we derive a Lyapunov control law for magnetic needle steering that is globally
asymptotically stable. This robust control bolsters con dence in the extremely sensitive application of
brain surgery. Closed-loop control of autonomous needle insertions is demonstrated experimentally for
both course correction and curved trajectories.

In pursuit of our second goal of autonomous catheter tip position control, we present a new control

framework coined observed control which is a generalizable model-based controller. Observed control



predicts controls that achieve desired conditions using the Kalman smoother framework by including
desired target conditions as measurements to estimate the required controls. Observed control incorporates
sensor feedback as the new initial condition from which to calculate the next control. We demonstrate the
advantages of observed control on an autonomous magnetic catheter trajectory.

The remainder of this document is structured as follows: Chapters 2 and 3 focus on our work towards
autonomous control of needles that progress through soft brain tissue. Chapter 2 presents a physically
motivated magnetic needle model, an algorithm for model characterization, and a generalized method for
model accuracy comparison. Chapter 2 is adapted from works published in IEEE IROS 2019 anklDPI
Robotics 2022. Chapter 3 presents a Lyapunov control law for magnetic needles, and demonstrates
closed-loop autonomous needle insertion experimentally using this control law. Chapter 3 is reproduced
from a manuscript submitted to IEEE Transaction on Robotics. Chapter 4 focus on autonomous control of
a catheter with a freely operating distal end. Chapter 4 is reproduced from a manuscript submitted to

MDPI Robotics. Finally, Chapter 5 concludes our work and presents future research directions.



CHAPTER 2
MAGNETIC NEEDLE STEERING MODEL IDENTIFICATION USING
EXPECTATION-MAXIMIZATION

Modi ed from 2019 IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS)!, and
MDPI Robotics 2022.

Richard L. Pratt 3* and Andrew J. Petruska®™®
2.1 Abstract

Deep Brain Stimulation is used to treat Parkinson's disease and other neurological disorders by
implanting an electrode into the brain via a straight-path needle insertion. Enabling course correction and
curved trajectories by using a steerable needle has the potential to improve operative outcomes. In this
work, a physically motivated kinematic model for an actively steered magnetic-tipped needle is derived.
Process and measurement noise covariances and model parameter curvature gain are identi ed using an
expectation-maximization (EM) algorithm. Parameter convergence and accuracy are evaluated in
simulation, and an RMS position trajectory accuracy of 0.81 mm is calculated for expected conditions.
Experimental results compare the herein derived model to the established bicycle needle model, and nd
the derived model to be preferred for modeling soft brain tissue needle insertion. Results support the

experimentally parameterized models' use in future applications such as needle steering control.
2.2 Introduction

Deep Brain Stimulation (DBS) is an intervention applied to a wide range of central nervous system
pathologies including Parkinson's disease [4] and Alzheimer's disease [5]. In DBS electrode placement
surgeries, an electrode is inserted through a burr hole in the skull and directed along a straight path to the
target by a rigid apparatus mounted on the head of the patient [13]. The required precision for an e ective
DBS electrode placement is estimated at 2 mm [14], and current surgical procedures achieve accuracies of
about 2-3mm [15], which unfortunately means this technique can lead to incorrect electrode placement.
When the target is missed, additional electrode insertions are performed, which increase both trauma to
the brain and operative duration [16]. Reducing or correcting trajectory error can reduce the number of

penetrations into the brain for this procedure [20]. As most are bilateral, DBS surgeries typically require

1© 2019 IEEE. Reprinted, with permission, from [35]. (Appendix B.1)

2Reused from [35] under the MDPI open access Creative Commons CC BY 4.0 license: copyright retained by authors.
3PhD Candidate, primary researcher and author, and author for correspondence.

4Mechanical Engineering at Colorado School of Mines in Golden, CO.

5Associate Professor and Director of M 3Robotics Laboratory.



two entry points through the skull [21]. Fewer entry points would allow safer, faster, and less traumatic
procedures, and may be achieved by using curved trajectories to perform multiple electrode placements
during a single insertion. Entry points must also be chosen to provide a straight path to the electrode
placement target without penetrating sensitive areas of the brain and compromising safety. This can be
di cult if not impossible depending on patient anatomy [22], whereas a curved trajectory could allow for
an optimal insertion point while still allowing a safe trajectory by circumventing sensitive areas. No
method is clinically available to adjust or correct the electrode trajectory of a single insertion or to insert
the electrode accurately along a curved trajectory.

Approaches to provide tip control to the surgeon fall into two categories of steering: passive and active.
The passive methods rely on a bevel-tip needle design, such that the forces at the tip cause the needle to
curve in a predictable manner [36]. Researchers have explored the use of bevel-tip needles with various
design and actuation methods [37, 38]. Alternatively, the active steering methods allow for external
steering input and have a wide range of designs including tendon-driven [39], shape memory alloy [40],
adjustable parallel segments [41], and magnetic-tipped [42].

Both passive and active approaches have limitations. Passive bevel-tip needles are constrained by the
amount of asymmetric reaction force the brain can exert on the needle during insertion to generate a
curved trajectory [43, 44]. Active methods must consider physical space and material requirements and
add complexity and sti ness to the needle [1]. Magnetically steered needles have been proposed to limit
mechanical complexity, as they only require a permanent magnet in the needle tip, and add no components
to the trailing wire.

Recently, the design and actuation of a magnetic-tip steerable needle for guiding a DBS electrode
insertion was presented, and its functionality was demonstrated in an agar brain-tissue phantom [45]. The
design followed curved trajectories under direct human operator control, and executed trajectories with
multiple targets. The next step toward a clinically viable device is to demonstrate an automatable system,
which requires a kinematic model.

Webster et al. showed that a bevel-tip needle could be represented with a bicycle model with a xed
steering angle [36], and Ko et al. adapted the same model but with a steerable angle [41]. Recently, Hong et
al. presented magnetic control of a exible needle using the bicycle model modi ed to work with magnetic
inputs [46]. However, the bicycle model does not necessarily represent the physics of a magnetic-tip needle.
It is subject to a no-slip condition that constrains the velocity of the needle wire and tip in the direction
perpendicular to their orientation. This can be an e ective constraint on needle tip steering in sti tissue,
but has been found to be violated for magnetic needle insertion in the softer brain-tissue phantom [45].

Thus, the scope of the bicycle model may be limited when applied to magnetic needle steering.



Finite Element Analysis (FEA) is another common approach taken for simulating needle de ection,
particularly when a more accurate model of the needle-tissue interaction is desired [47{50]. FEA has been
shown capable of performing motion planning for steerable needles without the need for explicit position
feedback [51, 52]. FEA models have also been used for both path planning [53, 54], and control [55].
However, computational speed remains a limiting factor of FEM models in real-time control applications.
Additionally, as far as the author knows, no FEM studies to date have modeled soft brain tissue, which
may have signi cantly di erent damage propagation than other tissues.

Since knowledge about the needle orientation is necessary for prediction and control, model-based state
observers can be employed to estimate non-measured variables [56{58]. Several linear observers have been
designed for the BiNM [59, 60]. Fallahi et al. describe a nonlinear observer that uses position
measurements to estimate the orientation in [56]. The Kalman lIter is a well known optimal estimator that
can be used for any linear state space model, and the Extended Kalman Filter (EKS) adapts the Kalman
Iter for use on non-linear models, and can thus be generally applied to needle steering models.

Steerable needle models typically include parameters containing the physical properties of the system
that dictate needle-tissue interaction. In order to implement a model, these parameters must be identi ed.
Many models directly parameterize tissue and needle properties such as sti ness, elastic modulus, and
cutting and friction forces [61, 62]. This often requires speci ¢ setup and sensors to explore the
tissue-needle interaction. Other models use more abstract parameters that indirectly encode tissue
parameters, which are often identi ed by performing calibration-speci c testing protocol using a
theoretically derived best-t optimization on the calibration data [36, 45, 63]. These needle model
parameterization approaches do not incorporate identi cation of measurement or process noise covariances,
which precludes optimal model implementation.

As current needle models do not physically represent magnetic needle steering in soft tissue, and their
parameterization requires non-generalizable theoretical and empirical e ort for each model and system
respectively, this paper provides two primary research contributions: (1) Introducing a physically
motivated steerable needle model designed for magnetic control in soft brain tissue that demonstrates
improved performance over the state-of-the-art model, and (2) Presenting an algorithmic parameter
identi cation methodology for steerable needle models that characterizes unknown noise and model
parameters from batch data.

The remainder of this paper is structured as follows: In Section 2.3, this paper derives a physically
motivated magnetic needle model (MNM) for the application presented in [45]. The bicycle needle model
(BiNM) is adjusted to mirror the MNM for direct comparison. In Section 2.4, an expectation-maximization

(EM) technique is introduced to identify the unknown model parameters as well as process and



measurement noise covariances. In Section 2.5, the EM algorithm is used on simulated data to understand
parameter convergence and accuracy within the expected operating envelope. These simulation results
were previously presented at IROS 2019 [64]. Section 2.6 describes the experimental methods for collecting
data in ex-vivo in agar, while Section 2.7 provides the results of running the EM algorithm with both the
MNM and BiNM to parameterize the models on the experimental data. Section 2.8 discusses the

parameterization results and directly compares the two models’ results.

2.3 Needle Models

Figure 2.1 Magnetic-tip needle diagram labeled with states (green) and derivation variables (red). [45].

The needle design incorporates a nonmagnetic exible trailing wire, permanent magnet ball joint, and
permanent magnet tip, as diagrammed in Figure 2.1. Using an external magnetic eld (B- eld) with full
3D orientation control, the direction of the magnetic tip is actively steered. The insertion of the needle is
actuated using a motorized linear advancer at the proximal end of the trailing wire. Due to an asymmetric
stress distribution, the tip penetrates through tissue in a preferential direction, and the wire follows.

As shown in Figure 2.1, the heading of the wire is indicated byh,,, the position of the ball is p, and the
direction of the B- eld is B. These variables, represented with 3D Cartesian vectorsg and h,, being
speci cally unit vectors), form the states (x) of the MNM. Figure 2.1 also indicates several derivation
variables: heading of the needle tip [), the angle from hy, to h; ( p,) and the angle fromh; to B ( g).

A deliberate choice is made to use the 2-DOF B-direction unit vector as a model state rather than
including B magnitude for a 3-DOF B- eld vector. As investigated in [45], there exists a minimum turn
radius (100 15mm) before tissue damage is in icted. This minimum radius corresponds to a maximum
eld strength when applied to maximum e ect (perpendicular to the needle heading). If eld strength is
set constant at this maximum, turn radius can be completely controlled up to this limit by manipulating B

direction alone. Thus, the assertion is made that this maximum eld strength is used and set constant,



enabling a reduced DOF model that excludes B- eld magnitude.
2.3.1 Derivation of Magnetic Needle Model

The model derivation includes the following assumptions: We assume a near-homogeneous medium such
that needle-tissue interaction is consistent throughout insertion. We assume quasi-static equilibrium where
the tip-tissue interaction dynamics are much faster than the control dynamics, due to the slow insertion
rate and slowly rotating magnetic eld. We use small angle approximation for the tip de ection, because
larger tip de ections would damage the tissue, and so are not clinically relevant.

Observations of needle insertion in [45] have found the needle to progress in the direction of the wire
heading, so we rst let p= hyE, where E is the input scalar insertion velocity. Then 8=85g B, where8p

is the angular rate of change of the B- eld, and the same is true fof, and 8 ,,, as summarized in

Eq. (2.1).
X = w7 — hw hW (21)
B 8g B

Using 8 g as an input instead of B itself completes the equation forB, and proves advantageous. As the
B- eld cannot be changed instantaneously (it has an associated time-rate of change), controllin® g is
more physically representative than directly controlling B. Furthermore, saturating 8 g as a control input
can directly mitigate the windshield-wiping e ect of rapidly moving the needle tip through the medium
that could result in tissue damage during clinical application.

To derive an equation for 8 ,, we assume a homogeneous medium such that the needle turns with a

constant radius of curvature for a given . Then, as summarized in Eq. (2.2):

1. R, is inversely proportional to the radius of curvature (A: for a tighter curve, the needle turns

sharper.
2. R, is proportional to E: if the needle is not inserting, it cannot turn.

3. R, is proportional to kh,, h;k: the more misaligned the tip and wire are, the sharper the needle

turns.

KRk = %khw hek 2.2)

As shown in Figure 2.1, the wire heading and the tip de ne a plane. We approximate thatB also lies in
this plane, which is justi ed by maintaining a su ciently slow 8 g and assuming small tip de ections,

which are accurate for clinically relevant trajectories. R, must also be in plane because no forces exist to
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move it out-of-plane, and perpendicular to h,, because, as a unit vectorh,, cannot change in its own

direction. Equation (2.3) puts R, in the appropriate direction and removes the magnitude designations.

HW = —ilhw hto hW (23)

At quasi-static equilibrium, h; and B have an algebraic relationship, so Eq. (2.3) can be simpli ed to
include an explicit dependence orB. Due to the planar approximation above, h; and B are in plane.
Physically, the torque from the B- eld on the magnetic tip is counteracted by an equivalent restoring
spring torque from the medium, which causesh; and B to di er by a nonzero g. Again assuming small tip
de ections allows for small angle approximation such that these torques become linearly related with

respect to g, and it can be shown that:

where unknown curvature gain constant2 combines the unknown ratio from the linear torque balance and
the unknown radius of curvature inverse @A ).

In addition to the physically motivated terms, the numerically implemented model adds the stabilizing
terms hy!1l k hyk?° and B!1 k Bk?°in R, and B respectively to regulate them to unit length and prevent
the accumulation of numerical error. Finally, letting hx° represent the generic measurement model results

in the state-space kinematic needle steering model:

p hwE
%= Bul= 2Bhy B° hy, hy'l k hyk2° (2.5)
B 8g B, Bll k Bk2°
y = hix° (2.6)
With inputs
u= E 8p” 2.7

Because measurement models are based on hardware and sensors and not physical dynamics, Eq. (2.6)
is expressed in the general form. For details on the speci ¢ measurement models used for the hardware in

this paper, see Section 2.6.9.
2.3.2 Bicycle Model

Development of the MNM is motivated by expected shortcomings of the BiNM when used with a
magnetic-tipped needle, particularly in soft brain tissue. To assess this premise and identify scenarios
where MNM may provide superior performance, the methods and analysis presented in this paper will be
performed on both the MNM and the BiNM to allow for direct comparison of the models.

Hong et al. presented a seven state three input BiNM for use in magnetic applications [46].

Equation (2.8) shows this model converted to match the nine states and four inputs of the derived MNM so
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the models can be used interchangeably.
p htE

%= Bf= Be-dE D il k hk® (2.8)

8s B, B!l k Bk

Additionally, the BiNM parameter ; is moved to the numerator as;g=g which allows it to interact
identically to 2 when parameterizing the model.

Mirroring states, inputs, and parameters of the MNM in the BiNM allows for direct interchangeability
of the models. Thus, while the remainder of the paper is written from the perspective of using the MNM,
all methods and analysis can be equivalently performed using the BiNM.

Despite these conversion e orts, one major distinction between the BiNM and MNM remains. In the
BiNM, the heading state is the needle tip headingh;, not the trailing wire heading h,, as in the MNM. To
avoid this potential inconsistency and retain model interchangeability, our system intentionally does not
measure heading directly, but allows the models to internally manage heading by relying on an extended
Kalman Iter (EKF) to estimate it.

Aside from the heading state, the other primary di erence in the models is theB” h; denominator term
in Ay, in the BiNM (Eqg. (2.8)). This term represents the no-slip singularity condition of the BINM. When
B is perpendicular to h;, the model is singular, and cannot move. This is a signi cant shortcoming of the

BiNM when used with magnetic needle steering, and is further discussed in Section 2.8.2.
2.4 Parameterization Methods

The unknown parameter 2 must be chosen to implement the MNM, and similarly ;g=gfor the BiNM.
For optimal implementation, they should re ect the true properties of the system. Petruska et al. found
di culty in determining an exact coe cient by directly measuring 2 from empirical data [45], so in this
paper an algorithmic approach is implemented by augmenting2 to the state vector (Eq. (2.9)) and
estimating it with an extended Kalman smoother (EKS).

hwE
Bhy B° hy, hy'l k hyk?°

8g B, Bl k Bk2°
0

(2.9)

w B - @

24.1 EKS

The derived needle model can be written in the following generic discrete form for nonlinear state-space
systems:

G 1= 5G-DR°, F- (2.10)

H = h'G°, E (2.11)
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with F Nt 0-& and E N 0-'°, where & is the unknown process noise covariance, is the unknown
measurement noise covariance5 is the numerical integration of Eq. (2.9) from time =to =, 1, andh is the
measurement model. As shown in Eq. (2.12), Eq. (2.11) can be further expanded to include multiple
independent measurements and corresponding measurement models and (indicated with subscript 9,

that are time independent from model updates (denoted by replacing subscript with <).
Hy_<=hj?G°, B9« (2.12)
with Eg Nt 0-'¢.
The system from Egs. (2.10) and (2.12) can be linearized using a rst order Taylor series expansion so

that it can be approximated as a time-varying linear system:

G 1= =G, =D, F- (2.13)

Hy<= 9-2¢&°, Bg< (2.14)

A regular Kalman smoother minimizes the variance of the output estimation error of a given dataset for
a linear system model. In other words, given a batch data set of measurements = f H,— H—e+e«Hg and
inputs * » = fD—D—e*epPg, where # is the total number of updates, " is the total number of
measurement times, and” # , the Kalman smoother results in an optimal trajectory estimate for state
(- #) and covariance @ ). EKS applies regular Kalman smoothing to local linearizations of a nonlinear
system. We employ the Rauch, Tung-Striebel smoother type of the EKS as given in [65] on the nonlinear
needle model. Numerical integration of the state and sensitivity matrices are computed using the
Dormand-Prince 8th order Runge-Kutta integrator [66].

To implement the EKS, & and all ' g must be presumed. Conveniently, accurately identifying& and all
' gis already necessary to optimally implement the derived needle model. While an estimate of eachg can
be calculated from its respective sensor, the best method to determin&, and ultimately validate each ' o,

is by using empirical data. We do so by implementing the EM algorithm.
2.4.2 EM Algorithm

The EM algorithm was developed to solve a maximum likelihood estimate problem where the data is
incomplete or missing for directly evaluating the likelihood function [67]. If the state variables (- y) are
considered as missing data, then the EM algorithm can be employed for simultaneous state and parameter
estimation. Thus, the EM algorithm provides a method to optimize estimates for all unknown parameters
(2, & and ' ¢). The EM algorithm consists of two iterated steps: expectation (E-Step) and maximization

(M-Step), and is implemented as shown in Algorithm 1.
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Algorithm 1:  EM Algorithm using IEKS E-step
Data: .4 and* 4
Result: Converged parameters&, ' 1

",and - g

1 Guess parameters& and ' ; , and initial state ( §) and covariance %)
2 do
3 E-Step: (IEKS)
4 do
5 Find the smoothed distribution estimate ?*- 4j. » —*4—&-"1 ' °by using EKS to nd
- # and %
6 G ( G
7 while k Gk between iterations7 C>; (ca1
8 M-Step:
9 Maximize the likelihood function !1&-"; ' °independently for & and each' g¢to obtain:
10
& ( argmax!&-', ' ©
&
for j=1:J do
11
"9( argmax!i&-', ' ©
"9
12 end
13 while k &k, ,k "1k, ,k ' kbetween iterations7 C>; ;

Shumway and Sto er found a closed-form EM solution for the discrete linear state-space model [68].

Their solution can be adapted to the time-varying linear system in Egs. (2.13) and (2.14).
2421 E-Step

The EKS is a well established E-step method to estimate » and %: in nonlinear applications [69{72].
A full explanation is omitted for brevity, but the backwards pass \smoothed" variables are summarized in
Eqg. (2.15):

== O/O—'jz zj:tyozl

1j=
(VQJ'# = U/gjz R ! :I(y%’ 1j# 0/&’ 1j:0! Z (215)

Gijs = Gj=, =G G gj=°
Note that in this EM implementation, an iterated EKS (IEKS) is used for the E-step to converge initial

conditions, as explained in Section 2.4.3.
2.4.2.2 M-Step

Shumway and Sto er derived equations for maximizing& and ' in linear state-space [68, 73]. The
maximization equations shown in Egs. (2.16) and (2.17) are adapted to the time-varying linear model

(Egs. (2.13) and (2.14)) using the smoothed EKS variables (Eq. (2.15)).

L 01 .
&=2 Gy 5Gk° Gy 5FGp° (2.16)
==0 '
=it Yin T Yeri %eap!Z Ly ! % e
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<=0 (2.17)

2.4.3 |EKS to Converge Initial Conditions

Because2 cannot be directly measured, its initial condition must be guessed. If the guess is too
inaccurate, the EM algorithm may not recover the true 2. Thus, an IEKS is used to allow the EKS to
converge inaccurate initial state conditions [74, 75].

We consider the IEKS converged when the di erence between successive initial states is below a
tolerance, i.e. K& Gyjs k5 C>; (ca2 Note that while using the IEKS for the E-step is motivated by large
error in unmeasured2, it will minimize all initial state estimate error for both measured and unmeasured

states.
2.5 Simulation for Convergence Robustness

A simulation is run to evaluate algorithmic performance across the range of likely conditions expected
from experimental data. Robustness of simulation results can be used to motivate e cacy of experimental
trials, and evaluate con dence in experimental results. Convergence is assessed by parameter accuracy, but

robustness is also evaluated in the broader context of trajectory error.

2.5.1 Simulation Setup
2.5.1.1 Generating Data

Generating the required batched data. » and * 4 with a known &cap@nd ' capallows for comparison
of the converged values o& and ' identi ed by the EM algorithm and their induced trajectory error to
the true values and optimal trajectory error to evaluate the algorithm's performance. Data is generated
using expected experimental conditions including curvature and realistic inputs in the nominal simulation

trajectory as shown by the & cap# O line in Figure 2.2.
2.5.1.2 Testing Conditions

Table 2.1 shows the variables used to characterize the parameterization algorithm. These variables were
tested across their likely conditions for the presented needle model.

The upper limit of 2 was set at 1000 (minimum turning radius of 1 mm) which su ciently approximates
an instantaneous turn. The lower limit was set at 10 (minimum turning radius of 100 mm) which is the

lowest value that still allows a surgically meaningful turn within the human brain.
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Figure 2.2 Position trajectory examples demonstrating the e ect of & cap4Variation is primarily a result of
process noise in position# and 2capare set to the defaults in Table 2.1.

Table 2.1 Variables for convergence envelope.

Variable | Default Default Justi cation Range
2cAD4 10 Best-guess of physical system value. 10 1000
26D4BB 15 Su ciently far to provide interesting convergence. 15 100
&capz | 5 107 Worst case. 5100 -5 10"

" cAD4 | &caApa Makes both & and' relevant. 5100.-5 10"
& spaps | 0°1&cap4 Su ciently far to provide interesting convergence. | 0001 100 cap4
' 6psge | 10 capas Di erent interesting convergence than & gp4ps 0001 1000 capas

#B0<7:4B 100 Worst case. 100 2000

1 & capds a diagonal matrix with entries of this value for the 9 non-augmented states (and 0
for the 2 variance value since2 is presumed constant).
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& and' were constrained to diagonal matrices for simpli cation of analysis. Physical& and' are not
expected to be diagonal, which could impact results. However, they are expected to be heavily weighted
diagonally, so any e ects are expected to be minor.

If & and' are not equal in magnitude, then noise added to the system from the larger will dominate
that from the smaller. Thus, the larger becomes more important to parameterize accurately.
Correspondingly, the EM algorithm will strongly optimize the larger of the two. While this is an acceptable
and useful result, for the purposes of evaluating the performance of both maximizations in the EM
algorithm, & and' were set equal by default and tested within the& capdimits. Furthermore, the same
e ect happens if the values within & and ' are di erent, so all diagonal terms were also set equal. This
provides the added benet of & and' each being representable by a single scalar value.

For a model that exactly re ects reality with no error, &cap# 0. We approximated this lower limit
with 5 10 1° to represent process noise with a negligible e ect on the system (Figure 2.2). The upper limit
was set at 5 10 7, because, as seen in Figure 2.2 whe&capis the noise added to the generated data, any
larger process noise overtook the model kinematics for the desired trajectory space, which could reduce
performance of the model. This excessive trajectory variation resulted primarily from process noise in
position, so were all diagonal values o& not set equal, process noise from heading and B- eld could
conceivably be higher in a valid model.

For simulation, a single measurement model is used, and set as the identity for simplicity
(y = hix°= x = x), resulting in a single ' capsAn estimate for this ' cap£an be found from the expected
accuracy of the sensors, and is expected to be on the same order of the defa&ltapaThus, ' capds set
equal to & capby default. The total & , ' error is used for all percent error from true comparisons.& gpass
and ' gpspmre expected to be within three orders of magnitude o and' respectively for the physical

system.

2.5.2 Simulation Results

2.5.2.1 Curvature Gain

As shown in Figure 2.3, Algorithm 1 converged to within 0.62% of2capacross all tested values o#
and 2caps& and ' total error ranged from 157% to 26%, and trajectory error ranged from 0.93 mm to
0.81 mm, both decreasing ast increased. When testing e ects of& capand # (Figure 2.4) and & gp4p@nd
" sp4pdFigure 2.5), 2 similarly converged to within 0.62% and 0.37% of2cap4espectively. This
demonstrates that IEKS enabled the EM algorithm to accurately identify 2 for all 2capiested, providing

con dence in its results on experimental data.
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Figure 2.3 E ect of 2cppaand # on & |, ' error, 2 error, and trajectory error. 2sp4pds set to 100. All other
variables are set to the defaults in Table 2.1.

2.5.2.2 Process and Measurement Noise Covariance

As shown in Figure 2.4,& cap4and thus ' capsof 5 10 7 and 5 10 @ converged to a low& , ' error at
the default number of data (# = 100), but 5 10 ° and especially 5 10 1° did not. However, the RMS
position error signi cantly decreased with decreased& cap# ' capat # = 100 (from 0.93 mm to 0.03 mm),

despite the higher& , ' error at lower & cap# ' cap¥yalues. These results show that smal& capand ' capa
signify less noise in the system, which manifests as a lower trajectory error. This e ect outweighs the loss
of accuracy when parameterizing smallei& capand ' capaThus, experimental & and ' are expected to
converge su ciently to manifest low trajectory error.

& and' converged for all& gpss@nd ' gpspgested, although accuracy ranged from 130-2040%
resulting in 0.88-3.4mm RMS position error as seen in Figure 2.5. Overestimating one or bot&k and ' or
underestimating both & and ' resulted in the highest accuracy. Thus, to ensure the most accurate

experimental results, & gps@nd ' p4asavill both be in ated with respect to expected values.
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Figure 2.4 E ects of &capF ' capand # on & |
are set to the defaults in Table 2.1.

error, 2 error, and trajectory error. All other variables

Figure 2.5 E ect of & gpgp@nd ' gpsHn & ,
set to the defaults in Table 2.1.

error, 2 error, and trajectory error. All other variables are
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2.5.3 Simulation Conclusion

Under expected conditions, the RMS position error was 0.81 mm. Given that current DBS electrode
implant surgeries are typically accurate to 2-3 mm [15], our approach is promising for surgical application.
Across all tests, 2 converged to at least 0.62% accuracy, and variations within this range did not a ect
& , ' or RMS position error. Further detailed simulation discussion can be found in [64], but all results

point to robust convergence of EM parameterization across the tested envelope, strongly supporting

successful use on experimental data.

2.6 Experimental Setup

Figure 2.6 Hardware setup: Needle advancer inserting needle into workspace via support sheath inside the
Helmholtz coil 3D B- eld emitter system with overhead camera to track needle. "Needle in Agar" shows
magni ed view of workspace with agar tissue phantom and abutted needle support sheath. The needle is
not visible, but passes through the support sheath into the phantom.
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2.6.1 Manipulation System

The hardware setup used for these experiments is shown in Figure 2.6. A custom built 3-pair nested
Helmholtz coil system generates a homogeneous 3D magnetic eld inside the workspace. The workspace is
140 140 50 mm, and the maximum total eld strength is 28 mT. A custom needle advancer linearly inserts
the needle using tensioned rollers driven by a geared-down DC motor and controller (Maxon Motor,
Sachseln, Switzerland), capable of insertion speeds up to 5mm/s. A support sheath abuts the tissue

phantom to prevent the needle from buckling during insertion.
2.6.2 Visual Position Feedback

2D xy-plane needle tracking is performed by an overhead BFS-U3-51S5C camera (Point Grey,
Richmond, BC Canada) mounted above the tissue phantom as seen in Figure 2.6. The camera captures
images at 6 Hz, which are processed in real-time using the OpenCV library [76] to identify the needle tip.
First, the image is converted to 8-bit grayscale. Then, a manual mouse click on the needle image in the
GUI is used to set the adaptive binary threshold to 5 above the pixel value to identify the needle rectangle
silhouette from the background. OpenCV open then close operations are performed, and then the needle
silhouette is identi ed using OpenCV ndContours. The centroid of this rectangle is the center position,
and the direction of the long axis of this rectangle is the tip heading. Finally, the adaptive threshold value
is updated from the current needle center pixel value.

The needle tip's center xy position and xy direction are transformed to the world frame and extracted.
The state position p is calculated by o setting half the needle length from the center position in the
direction of the tip heading towards the trailing wire. Camera calibration is performed before testing to
generate the transform from image frame pixels to world frame meters. The 800668 pixel images

correspond to a 90 75mm eld of view of the workspace, resulting in a pixel resolution of about 0.1 mm.
2.6.3 Brain Tissue Phantom

Brain tissue was simulated with an agar hydrogel phantom at a 0.6% concentration by weight [77]. For
each batch, the dry agar powder (Landor Trading Co, Williamsport PA, USA) was mixed with distilled
water, heated to 100°C, and stirred until dissolved. After cooling at room temperature for 10 minutes, the
mixture was poured into a mold 14 mm thick, and cooled at 4°C for at least 3 hours to solidify and reach
thermal equilibrium. Immediately before use, the agar was cut into four 80 80 mm pieces to t in the

camera eld of view, and mounted onto transparent slides.
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Figure 2.7 Needle trailing nitinol wire, magnetic ball joint, and magnetic tip, all sheathed in a silicone
rubber sheath (top left). Representative views of completed needle insertion trajectory in agar from
overhead camera (right), and cross sectioned through the yz-plane (bottom left).

2.6.4 Needle Design and Fabrication

Petruska et al. described magnetic needle design considerations for use in DBS electrode placement
surgery [45]. The needle used in this paper is adapted from their design. As shown in Figure 2.7, the
needle wire consisted of a 0.25mm diameter nitinol wire core (McMaster-Carr, USA. Elastic Modulus =
83 GPa) inside a 0.76 mm |.D. 1.65mm O.D. silicone rubber sheath (McMaster-Carr, USA. Elastic
Modulus = 0.05GPa). The needle tip is a 1 mm diameter by 7 mm length axially-magnetized NdFeB
cylindrical permanent magnet (HKCM Engineering, Germany). Behind the needle is a 1 mm diameter
magnetized ball (HKCM Engineering, Germany). The nitinol wire and ball joint are adhered to each other
and the silicone sheath using Super Glue (The Gorilla Glue Company, USA). The tip is capped with a
Gorilla Glue hemisphere (The Gorilla Glue Company, USA).

2.6.5 Trajectories

For the purpose of model identi cation, the simulation results demonstrate that a planar trajectory is
su cient. Thus, while the MNM is 3D capable, the experiments were performed using a 2D trajectory.
This allows for simpli ed hardware setup and experimental design. A single overhead camera accurately
tracks position in the xy-plane, agar thickness is limited, and intuitive 2D test trajectories are used.

Trajectory variation is not expected to signi cantly a ect parameterization, so two disparate

experimental trajectories were considered su cient. Trajectory 1 (T1) (Figure 2.8) is designed to provide
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Figure 2.8 Predicted experimental trajectories using MNM with various expected2 values. (2=1000 is not
expected, but is depicted to show the limit case.) T1 pictured in positive direction and T2 pictured in
negative direction for visual clarity. The black square represents the camera eld of view.

path and magnetic control input variation. T1 performs a downward S-turn via a constantly increasing
$ that inverts partially through the trajectory. Trajectory 2 (T2) (Figure 2.8) attempts to achieve the
minimum curvature by turning constantly in the same direction.

Both trajectories are run at a constant insertion velocity of 2.0 mm/s for 27 seconds to maximize use of
the camera's eld of view. Initial position is centered (G= 0) at the top (, H of the workspace with the
needle inserted in the down ( H) direction. Both trajectories are mirrored to run in both  Gdirections to

analyze trajectory and direction results independently.
2.6.6 Planar Control

In a 2D analysis, the trajectory is assumed perfectly planar, so deviation out of plane reduces accuracy
of the results. The experimental 2D trajectories are implemented usings g, control only
($8c= $H= B, = 0), and without active magnetic control, the needle can drift freely in the z-plane. To
maintain a planar trajectory when collecting data, we implemented proportional control on B, as shown in
Eqg. (2.18). This control was based on the relative opacity of the needle in the agar from the initial
insertion point, as measured by the 0-255 grayscale pixel values at the tip of the needle from the overhead
camera. The gain of 2.0mT was set empirically to provide the least deviation of the needle in the z-plane,

and the B, control input was saturated at the 28 mT hardware limit. Figure 2.7 shows a representative
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cross section of a complete insertion trajectory. Cross sections were performed on the last trial in each agar

piece, and all vertical displacement from planar was found to fall within 3 mm.
Bz = 2+0'opacity ;paa4=cOpacity g=gc go; (2.18)
2.6.7 Test Procedure

Three batches of agar were made, and each batch was cut into four pieces. Four trials were performed
in each piece, where in each trial the needle was inserted into a di erent edge of the piece, resulting in a

total of 48 individual trials.
2.6.8 Field Strength

As discussed in the model section, application intent is to select a constant eld strength that optimally
balances max curve without damaging the tissue [45]. However, this eld strength isn't known, so three
eld strengths were tested: 10, 19, and 28 mT. This also allows for analysis of the eld strength to2

relationship, as they should be positively correlated.
2.6.9 Measurement Models

In this system, two measurement models are used: one for the camera usipg and one for the
Helmholtz coils usingB. The overhead camera measures positiop of the magnetic tip directly, so the

measurement model is the identity:
y1=hpx°=p (2.19)

The camera can measurdn, because it can identify the direction from the straight needle tip, but it does
not measureh,, because it is not able to accurately identify a line tangential to the distal end of the trailing
wire. Thus, for consistency in analysis between models, in addition to reasons listed in Section 2.3.2, a
camerah; measurement is not used, and instead both models' headings are estimated in the EKF.

The positional measurement model is enhanced to include a minimum noise threshold to help prevent
over tting. This minimum is set at the sensor limit based on the 0.1 mm pixel resolution of the camera.
Dividing the resolution by two for bidirectionality and converting units results in a minimum positional
measurement noise covariance threshold ofs2 10 °m?.

The Helmholtz approximates a spinning magnetic eld as described by the input$g by generating
static elds at 300 Hz. Discrete measurements are taken directly from this input at 18 Hz. Thus, the B- eld

measurement model is the identity:

y2 = hgx°=B (2.20)
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Table 2.2 MNM parameterization results.

2 CP&pO\ CP&h°\CI-\&B°\ CA ,° \CA B°
@Field Strength 10 mT[19 mT[28 mT All
Mean 5.3 9.5 | 11.9 |1.10e-76.65e-47.32e-9 2.70e-9|5.6e-12
SD 3.2 4.8 5.6 |1.23e-7/6.58e-51.18e-86.58e-105.8e-12
SD as Traj. Err. (mm) .002 .022 | .003 | .052 | 2e-13 | NA

Table 2.3 BiNM parameterization results.

CA8,°[CA1°[CA&p°] CA ,° [CA g°

18=E
@Field Strength 10 mT[19 mT[28 mT All
Mean 1.6 35 4.9 |1.10e-76.40e-37.37e-9 2.72e-9|4.4e-12
SD 1.6 3.0 3.4 |1.23e-72.04e-21.18e-87.68e-103.7e-12
SD as Traj. Err. (mm) 114 .302 | .360 | .200 .001 NA

The two measurement models in Egs. (2.19) and (2.20) correspond to measurement noise covariances
" pand' g, which are both maximized in the M-step of Algorithm 1.

We recognize that the B- eld measurements are synthetic, since they come directly from the input.
B- eld is di cult to measure independently in this system because the workspace is too spatially
constrained to t a magnetometer sensor, as it would interfere with at least one of the camera view, needle
advancer, or tissue phantom. Fortunately it is not necessary to measure B- eld, because the Helmholtz
coils are calibrated by a magnetometer before each series of trials. This results in dng that does not
capture random measurement noise; it only captures the di erence between the discrete input and
measurement frequencies, which should be negligible. These synthetic measurements are used because they
improve the algorithm's accuracy, and' g is still identi ed and reported for completeness. However,
analysis of' g is omitted, because it does not provide meaningful information about algorithmic

performance or model di erences.
2.7 Experimental Results

Four trials experienced experimental error and the data were discarded, resulting in a total of 44
successful individual trials. EM as described in Algorithm 1 was run on each trial of experimental data for
both the MNM and BiNM with a limit of 100 iterations. An example trajectory result is shown in
Figure 2.9. EM converged on all trials with the MNM, but diverged on three trials when using the BiNM
due to breaching the singularity. Those three trials were excluded from results of both models for

consistency.
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@

(b)

Figure 2.9 (a): Example experimental results for Trajectory 2 in the -X direction with a eld strength of
28mT. Converged EM position state estimates are shown for both models. (a) shows the trajectories' x-y
position and experimental measurements, while (b) shows RMS position di erence of the EM trajectories
from the measurements. As seen in both (a) and (b), these trajectories are nearly indistinguishable,
demonstrating strong agreement between models for this data.

2.7.1 Parameter ldenti cation

The EM algorithm parameterized 2 with an average of 5.3, 9.5, and 11.9 m* for the three di erent eld
strengths tested, and a standard deviations (SDs) of 3.2, 4.8, and 5.6 m respectively, as shown in the rst
column of Table 2.2. Similarly, ;g-gwas parameterized with an average of 1.6, 3.5, and 4.9 m for the three
di erent eld strengths tested, and standard deviations of 1.6, 3.0, and 3.4m ! respectively, as shown in

the rst column of Table 2.3.
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Since& and' are matrices, we reduce them to single average value representations by dividing their
trace by the measurement dimension to facilitate our analysis and comparison. As the trace is the sum of
the eigenvalues, it provides a measure of the total variation, and dividing provides an average variation per
3D dimension. ' , and ' g are each reduced using their trace to a single representative value because each
measures only a single unit: position variance (), and B- eld direction variance (unit vector ?2),
respectively. Note from the squared units that& and ' values are reported as variances in all tables and
gures, so to interpret variation with respect to states, the square root must be taken.

& contains three 3x3 sub-matrices corresponding to the three 3D states: position, heading, and B- eld
direction. Results represent each sub-matrix as a singular value using its traceCA&,°, CA&°, and CA&g°,
respectively. Complete& and ' matrices' cross terms were found to be at least one order of magnitude
lower than the diagonals, while the diagonals within each& block and ' were found to be within an order
of magnitude, so the information lost by this reduced representation should not signi cantly impact the
interpretation. These average parameterized values along with their standard deviations are reported in
Table 2.2 and Table 2.3 for the MNM and BiNM respectively. These results show that, on the order of
10 *2 variance of a unit vector, ' g is minuscule as predicted in Section 2.6.9, supporting its omission from
further analysis.

The spread of CA&° CA&°% CA&g® and CA ,° data are shown with boxplots in Figure 2.10. The
tight one-sided distribution of CA ,,° is caused by the minimum noise threshold set at & 10 °m?.
Parameterization of CA&,° CA&g° and CAR ,° are nearly identical for MNM and BiNM. In contrast,
parameterization of CA&,° did not match between models, and on average was an order of magnitude
higher in the BiNM than in the MNM. Additionally, three extreme high-side outliers occurred in BiNM at
CA&y° = 0.12, 0.036, and 0.026 (not pictured in Figure 2.10 for clarity).

Ultimately, parameterization is used to improve predictive accuracy of the models. Thus, positional
trajectory sensitivity to the parameters is explored. The last row of Table 2.2 and Table 2.3 presents a
di erence in RMS distance trajectory error that could be expected at one standard deviation from the
mean for each parameter. To calculate these values, both T1 and T2 trajectories were rst simulated
nominally using the average parameters from Table 2.2 and Table 2.3. Then, each parameter was
separately in ated and de ated by the ratio of its mean to standard deviation. The average trajectory
error from this nominal trajectory was calculated, and this process was repeated 100 times and averaged.

This resulting measure of error provides a physical interpretation of parameter variation.
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Figure 2.10 Boxplots of all 41 trials' CA&p°, CA&p°, CA&g° and CA ,° for MNM and BiNM. Boxes and
whiskers indicate quartiles, blue line indicates median, and blue circles indicate outliersCA&,° shown

without outliers for visual clarity.

Table 2.4 Categorical 1-way ANOVA statistical hypothesis test p-values for curvature parameters.

2 '8=E

Trajectory 0.586 | 0.505
Direction 0.015 | 0.018

Field Strength 0.006 | 0.028

Field Strength Linear Reg. | 0.002 | 0.007

2.7.2 Categorical Study of Curvature

Because2 and ;g-gare intended to be a model constants, categorical inconsistencies indicate situations
where the models do not account for physical phenomena that a ect curvature. Variability in curvature
parameters was studied in three di erent categories: trajectory, direction, and eld strength. A one-way
ANOVA hypothesis test was run for each category to test if any population mean within each category
showed a signi cant di erence for any parameter. P-values are reported in Table 2.4, with signi cant values
at an alpha of 0.05 shown inbold . Boxplots of categorized2 and ;g=gdata can be seen in Figure 2.11.

No signi cance was found between trajectories T1 and T2 for2 or ;g-g Direction showed signi cance
between +X and -X in both 2 and ;g=g with the -X direction being larger in both cases. Field strength

showed signi cance in both2 and ;g=g Field strength is not accounted for in the models, so it is expected to
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Figure 2.11 Boxplots of 2 and ;g-gcategorized by trajectory, direction, and eld strength with linear
regression lines overlaid. Number of trials per boxplot: T1=18, T2=23, +X=17, -X=24, 10mT=11,
19mT=18, 28 mT=12. Boxes and whiskers indicate quartiles and blue line indicates median.

vary linearly with 2 and ;g=g Thus, a linear regression hypothesis test was also performed on eld strength
(P-values shown in Table 2.4), and a linear regression line is shown overlaying the eld strength boxplots in
Figure 2.11. Line t was performed without a y-intercept, as curvature is expected to approach zero as

eld strength goes to zero, but linear hypothesis testing allowed for a ne transformation to test linearity of

the data only. Even with the added freedom of a y-intercept, both 2 and ;gs=gshowed linear signi cance.
2.8 Discussion

The experiments in this paper serve two goals: to use the EM algorithm to identify needle model
parameters, and to examine di erences between the MNM and the BiNM to determine if and when the
MNM provides superior performance to the BiNM. Having better model state estimation will ultimately

result in improved control of the needle and thus more accurate electrode placement in surgery.
2.8.1 Parameter Identi cation

The EM algorithm converged to a solution for every single trial using the MNM. With the BiNM, a
solution was found for all but three trials, and these failed due to the known model issue of approaching
the singularity. Additionally, parameterization spread results expressed by the standard deviations in

Table 2.2 and Table 2.3 demonstrate a level of consistency between the solutions.
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These variation measures of the2, &, and ' parameters help to understand the precision of the EM
algorithm applied to these needle steering models. However, to practically evaluate the parameterization,
we consider the sensitivity of trajectory error to this variation. Higher trajectory error might indicate that
the variance in parameterization is too large, and the model did not capture all signi cant physical e ects,
while lower trajectory error indicates that average parameterization results can be generally applied. As
seen in Table 2.2 and Table 2.3, trajectory error produced by both models' parameter spread at one
standard deviation was submillimeter across all parameters, with the largest being 0.360 mm from& g of
the BINM. This is very promising compared to the 2 mm surgical accuracy target for electrodes in Deep
Brain Stimulation [14], and supports using the resulting parameterized model for general needle steering

application.
2.8.1.1 Process and Measurement Noises

The mean CA ,° for MNM as reported in Table 2.2 is 270 10 ® m?, so the error in the position
measurement (expressed as a standard deviation) is 0.05mm. This is comparable to the camera pixel
resolution due to the CA ,° distribution falling very near to the minimum limit established at the camera
resolution. Because both models use the same measurements, measurement noise should be the same. This
is supported in the results, asCA ,° closely matches between models.

In these results, & is expressed as a continuous variance per second, whileis a per update value that
applies to each measurement. So, on average, to preve#i, noise from accumulating larger than' ,,
position measurements would need to occur at a frequency of the ratio of the two: 5.2 Hz. Experimental
measurements occur at 6 Hz, which is not coincidentally very similar. This is because the EM algorithm
matches model positional error to measurement error by pushing uncertainty into heading. Since heading is
estimated, it has no measurement to reduce or correct its uncertainty like position and B- eld direction.

&p from both models match, which is reasonable, because both models use position in the same way.

Similarly, &g also matches between models& g is extremely small, at 7 10 °, which correlates to
0.008 %l/s error of a unit vector, or equivalently, a 0.005°/s error in direction. &g is not expected to
experience signi cant error because no dynamics a ect B- eld direction, so it is free to follow the$ g
control input precisely.

&} is the pivotal element of process noise for two reasons. First, because heading is estimated,
uncertainty of the models collects in&y,. This makes it a strong indicator of model accuracy. Second, the
primary di erence between models is how the heading state interacts, which will make it an important
aspect of the model comparison in Section 2.8.2. Averag&y, for the MNM is 6+65 10 4, which correlates

to 2.6 %/s error of a unit vector, or equivalently, a 1.5%s error. Average &, for the BiNM is 640 10 3,
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which correlates to 8.0 %/s error of a unit vector, or a 4.6°/s error, which is triple that of the MNM.
2.8.1.2 Categorical Consistency of Curvature

No signi cance was found between trajectories, which agrees with the assumption that trajectory
variation should not a ect parameterization. The model was, however, unable to account for a needle
directional preference, as evidenced by the signi cantly di erent direction results. This preference
phenomena was experienced in preliminary testing. Attempts were made at a hardware level to redesign
and rebuild the physical needle to remove any directional bias. However, re nements were unable to fully
remove directionality, as the new needles still exhibited preferential behavior. This motivates including a
needle preference term in the models to account for this physical phenomena, but this is saved for future
work.

Di erences in 2 parameterization were statistically signi cant for eld strength, as expected, because
eld strength is not accounted for in the model. Results also suggest the expected linear relationship.
However, we acknowledge that since only three eld strengths were tested, the strength of this linear
correlation conclusion is limited. Application intent was to select a eld strength that optimally balances
max curve without damaging the tissue [45]. However, it is possible that this optimal point may change,
and it would also be more exible to not reparameterize the model any time the eld strength is changed.

Thus, future work could incorporate eld strength directly into the model.
2.8.2 Model Comparison

The MNM is presented as an alternative to the current de facto needle steering model, the BiNM. Here
we compare results from the two models, focusing on areas where they di er, and present why the MNM is

the preferred model to use for magnetic needle steering.
2.8.2.1 Comparing Process Noise

Process noise& is a measure of error accumulation per time of the di erence between the true physical
system and the model. When comparing& between models, the model with the lower& can be
interpreted as more representative of the truth, and thus the better model.

The percent di erence of BINM to MNM noise traces is shown in the rst row of Table 2.5. To ensure
no signi cant di erences exist in any term, as was done in calculating the simulation results, full& and
matrix blocks were compared between models by nding a percent di erence between median data
matrices using the matrix norm. Results are shown in the second row of Table 2.5.

Both comparisons result in the same trends.&p, &g, and &, show negligible di erences, while&, is

much larger in the BiNM than the MNM. This 863% larger & in the BINM demonstrates a signi cant
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Table 2.5 % di erence in & and' of BiINM from MNM.

& '?
p h B Overall
Trace 0.0% | 863% | 0.6% | 0.7%
Blockwise | 5.9% | 369% | 2.6% | 0.0%

Figure 2.12 Boxplots of all 41 trials' average and nal position RMS di erence between MNM and BiNM
models. Boxes and whiskers indicate quartiles, blue line indicates median, and blue circles indicate outliers.

disparity between the models, and supports the MNM being a more physically representative model of the
data than the BiNM.

To understand the practical e ect of this di erence in &, Figure 2.12 presents data boxplots of the
trajectory e ect as both average position RMS di erence and nal position RMS di erence between the
two models. All measures of di erence in trajectory as a result of the di erence in& between models are
negligible, with the largest being 0.04 mm. It is possible that with fewer or less accurate measurements
where the model would play a higher role there could be a larger distinction, but in this experimental data,

there is no practical di erence.
2.8.2.2 Bicycle Model Singularity Problem

To test the di erence between models, we have designed an experimental trajectory scenario where they
diverge signi cantly. The model that more closely matches the data for this scenario will be the more
physically realistic model. This trajectory scenario, T2,a4:8« OCcurs as the BiNM approaches its

singularity, and is shown in Figure 2.13.
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Figure 2.13 Models' predicted position trajectories diverge as they approach the BiNM singularity b ? B)
in T2,a4:3< MNM position trajectories are plotted using several realistic 2 values, with 2=1000 also shown
as the limit case. Corresponding BiNM trajectories are plotted alongside the MNM's using! g=gvalues
manually tuned to match each MNM trajectory as closely as possible.

If the data followed the BiNM, the curvature would increase when approaching the singularity,

e ectively causing a \pulling" e ect of the BiNM that keeps the model out of the singularity. On the other
hand, the MNM allows crossingh ? B without issue, and so predicts a straighter trajectory. This e ect

becomes more pronounced at loweP and ! g-gvalues, as2 allows an even less capable turning rate, thus
reachingh ? B earlier, while the BiNM forces the heading to stay out of the singularity, regardless ofl g-g

Preliminary data was collected using T2 a4.3« and found to most closely match the MNM. As shown in
Figure 2.14, the measurements better follow the predicted open-loop MNM trajectory, thus violating the
singularity in the BiNM, and diverge from the predicted open-loop BiNM trajectory.

An EKF forward pass of BiNM is overlaid that shows its heading diverging from the trajectory in a
nonsensical way so that the model does not enter the singularity. This can be seen more starkly by plotting
h”> B directly (Figure 2.15). The EM MNM estimate is shown crossing the singularity (h*B = 0) in a
continuous smooth line, while the forward pass BiNM estimate follows a similar trajectory until the
singularity. There it has a sharp slope discontinuity, and remains just outside the singularity, predicting
exceedingly unreasonable headings as was seen in Figure 2.14 (a), and diverging from the measurements as
seen in Figure 2.14 (b). When attempting to re ne the BiNM estimate using multiple EM passes, the

algorithm becomes unstable because it cannot reconcile the position measurements with the BiNM while
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(C)

(b)

Figure 2.14 Example experimental results for Trajectory T2,a4:8<in the -X direction with a eld strength

of 28mT. Converged EM position state estimate is shown for the MNM. Predicted open-loop position
trajectories are shown for both models, using average dat2 and ! g-gvalues at 28mT from Table 2.2

and Table 2.3 respectively. (a) shows the trajectories' x-y position and experimental measurements (every
8th interval for visual clarity), while (b) shows RMS position di erence of each calculated trajectory from
the measurements. As seen in both (a) and (b), while the MNM open-loop prediction agrees with the data,
the BiNM prediction diverges signi cantly. The heading state estimate of the EKF forward pass of the
BiNM is also plotted in (a) as it become increasingly incongruous with the positional trajectory data.

avoiding the singularity.
Because this data was unusable for parameterization of the BiNM using the EM algorithm, T2a4:5<

had to be modi ed to avoid the BiNM singularity. This resulted in the experimental T2, which is shown in
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Figure 2.15h” B of the T2,a4.5<€xample data from Figure 2.14 shows a discontinuity in the BiNM at the
singularity (h>B = 0). The EKF forward pass of the BiNM does not cross the singularity boundary. It
instead persists just above for the remainder of the trajectory, while the MNM continuously passes through
the singularity without disruption.

Figure 2.16 Models do not appreciably diverge in the predicted T2 trajectory (T2a4.8<modi ed to avoid
the singularity). MNM position trajectories are plotted using several realistic 2 values, with 2=1000 also
shown as the limit case. Corresponding BiNM trajectories are plotted alongside the MNM's using g=g
values manually tuned to match each MNM trajectory as closely as possible.

Figure 2.16. However, avoiding the BiNM singularity necessarily results in model trajectories that do not
diverge, because divergence occurs near and as a result of the singularity. Thus, in comparing

parameterization results for purpose of identifying the more physically accurate model as in Section 2.8.2,
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the models predict similar results, and only small di erences are found, which do not signi cantly e ect the
resulting estimated trajectories. However, it must be recognized that while in this limited region the
models are similar, it is more important that where they would not be similar, the BiNM cannot be used at

all, because it fails due to its singularity.
2.9 Conclusion

We derived a physically motivated needle steering model and demonstrated the use of an EM algorithm
with IEKS to identify the unknown model curvature parameters and process and measurement noise
covariances, both in simulation and experimentally. The simulation analyzed the convergence envelope and
accuracy of model parameters based on the variables themselves as well as their initial guesses. Parameters
consistently converged, and under expected conditions, parameterization reduced RMS position trajectory
error to 0.81 mm, which compares favorably to the approximately 2 mm accuracy that is required in the
nal placement of electrodes in DBS [14]. These simulation results support application of this EM
algorithm in identifying 2, &, and ' experimentally.

We collected experimental data in an agar brain tissue phantom using open-loop linear needle insertion
and B- eld steering inputs. This data was used to parameterize both our derived magnetic needle model
and the commonly used bicycle needle model. Parameterization converged for all trials using the MNM,
but the BiNM failed to converge with data near its singularity. Categorical signi cance in curvature
parameters 2 and ;g-gbetween trajectory directions suggests the physical needle exhibits a preferential
direction bias, which is not accounted for in either model. Additionally, data exhibited a linear correlation
between curvature and eld strength that, if incorporated into the model, might allow for a single
parameterized curvature constant across all eld strengths. Nevertheless, variation in2 and ;g=gcurvature
parameterization, when averaged for each eld strength tested, did not express signi cant e ect on
positional trajectory error. Variation in & and' parameterization also did not manifest a signi cant e ect
on positional trajectory error, suggesting experimental results are su ciently accurate to use parameterized
models in future application, such as prediction and control. The next step towards clinical application is
developing a controller for this system. The physically determined2, &, and ' parameters will be needed
to apply and demonstrate needle steering control in a physical system.

The MNM parameterized a lower & than the BiNM in the experimental results, indicating that it more
accurately models needle steeering in soft brain tissue. For data not near the singularity however, there
was no practical di erence between models, as the di erence in position trajectories was negligible. So if
care is taken to avoid the singularity, either model can be used with similar success. However, being near

the singularity is not only a likely scenario, it is desirable due to its strong in uence on steering. In this
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case, the BINM model breaks down and cannot be algorithmically parameterized, because it fails to
represent reality. Given that no such limitations exist in the MNM, and that it better models needle
steering in all cases tested, our results support use of the MNM over the BiNM in all magnetic needle

steering applications.
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CHAPTER 3
MAGNETIC NEEDLE STEERING CONTROL USING LYAPUNOV REDESIGN

Reproduced from a paper in review atlEEE Transactions on Robotics (Appendix B.1).

Richard L. Pratt 7 and Andrew J. Petruska’®
3.1 Abstract

Using steerable needles to enable course correction and curved trajectories can improve surgical
outcomes in numerous clinical interventions including electrode placement for Deep Brain Stimulation. In
this work, a physically motivated kinematic model for an actively steered magnetic-tipped needle is used in
closed-loop control to follow a target insertion trajectory. The applied control law is derived using
Lyapunov redesign. Simulation results show this control method to be accurate for a wide range of
conditions including randomized target trajectories. Control is performed experimentally in a brain tissue
phantom for both initial position o set recovery and curved trajectories. Converged error results average
0.52 mm from target trajectory. Simulation results demonstrate the robustness of the control
implementation, while experimental results exceed the accuracy required for the target application,
encouraging future use in a clinical setting. Beyond needle insertion, this work has implications in general
vehicle steering, as this model and control can apply to systems with similar kinematics such as boats and

wheeled vehicles that could bene t from a relaxed slip constraint.
3.2 Introduction

Cases of neurodegenerative disorders are recently on the rise, largely due to an aging global population
[78]. These diseases are often treated with surgical interventions relying on accurate needle insertion. Deep
Brain Stimulation (DBS) is one such intervention that is applied to a wide range of central nervous system
pathologies including Parkinson's disease [4], Alzheimer's disease [5], and many others [6{11]. For
Parkinson's disease alone, more than 6,000 DBS electrode placement surgeries are conducted per year [12].
In DBS, an electrode is implanted in the brain via a needle passing through a burr hole in the skull [13].

The surgeon inserts a rigid needle to access the target, which restricts the surgical trajectory to a straight
path that cannot be corrected without reinsertion. The required precision for an e ective DBS electrode
placement is approximately 2 mm [14], and current surgical procedures achieve accuracies of 2{3 mm [15],

so unfortunately inaccurate electrode placements can require repeated insertions. Reducing or correcting
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trajectory error can reduce the number of penetrations into the brain for this procedure [20]. This would
improve the likelihood of a positive surgical outcome, since a primary complication of this procedure is
direct trauma from needle insertion resulting in neural injury and hemorrhage [18, 19]. Another possible
complication of DBS is penetration of sensitive brain tissue. However, these areas can be di cult to avoid
when restricted to straight path insertions [22]. Curved trajectories could enable safer trajectories by
circumventing sensitive areas en route to electrode placement.

Beyond electrode placement, needle insertion is used in biopsy, drug injection, ablation, and more, as it
is one of the most versatile clinical interventions in modern medicine. Despite this ubiquity, needle
targeting accuracy is still currently limited by factors such as needle and tissue deformation during
insertion, registration error, patient movement, and reliance on human dexterity to insert the needle [79].
Steerable needles can address these current limitations to allow safer, faster, and more accurate insertions,
as well as previously unattainable curved trajectories. Medical practitioners have expressed their desire for
the capabilities of steerable needles, as found by a study conducted at the Annual Meeting of
Cardiovascular and Interventional Radiology Society of Europe in 2016 [25]. Added value for steerable
needles in current interventions was seen by 93% of the respondents, while the study found that 85% of the
respondents believed needle steering to be a useful tool for steering around anatomical obstacles.

Given this clinical motivation, steerable needle methods have been widely investigated in the literature.
Perhaps the most prominently researched design is the bevel-tip needle, where an asymmetric needle tip
induces a bending motion depending on its angle, which can be used to steer a constant curvature path
[43, 44, 80]. By spinning the needle axially, this device can achieve more complex trajectories. The
advantage of these passive needle designs is that they use existing needles already approved for surgical
applications. However, their simplicity limits steerability, which has motivated researchers to investigate
more maneuverable active steering methods. Building on the bevel-tip design, Ko et al. developed
adjustable parallel segments that allow for actively changing the tip angle to modify curvature [41]. Other
active approaches include tendon-driven, shape memory alloy, and magnetic-tipped designs [39, 40, 42].
While more capable than passive, active methods increase the complexity and sti ness of the needle, which
can limit applications in small spaces such as the brain [1]. However, magnetic-tipped designs show
promise in circumventing this limitation, as they remove complexity from the needle and place it outside
body in a magnetic eld emitter. This allows the inserted device to be smaller and more exible. Petruska
et al. designed a functionally capable magnetic steerable needle system that serves as the basis for our
physical system design, and demonstrated it with human operator control [45].

When considering automated control, the bevel-tipped needle is simple, already used in operating

rooms, and readily available o the shelf, so it is no surprise that signi cant research e ort has been made
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towards developing robotic systems to automatically steer bevel-tipped needles [81]. It also follows that the
bicycle model is a commonly used kinematic model for needle control. Needle steering models, including
the bicycle model, are typically non-linear, and in most cases, a closed form solution cannot be obtained
[82{84]. Thus, common non-linear control methods have been applied to needle steering, such as sliding
mode control [79, 84] and linear discretization [85, 86]. Hong et al. presented magnetic control of a exible
needle using the bicycle model modi ed to work with magnetic inputs [46], but is limited to hemispheric
control. Prior work has also found that the bicycle model may not be physically representative of
tissue-needle interactions in the brain, which may further limit this control approach [35].

To improve closed-loop control with magnetic needle steering, this paper begins with a physically
representative model, and applies Lyapunov redesign, a classic method in control theory. Redesign uses a
Lyapunov function to create a control law that makes the closed-loop system stable when evaluated by that
Lyapunov function [87].

To apply control methods to direct steerable needles, reference paths and targets are necessary.
Real-time planning has been investigated for steerable needles [88{92], but for many surgical applications,
precise path and target information can be predetermined through preoperative imaging, allowing for
o ine path planning before operating. A variety of algorithms are available for solving such optimization
problems [93, 94], and have been applied to steerable needles [95{97]. As needle path planning is well
studied, this paper assumes a reference path in order to present closed-loop needle control.

The two primary research contributions of this paper are: (1) Deriving a globally asymptotically stable
control law based on a physically motivated steerable needle model designed for magnetic control in soft
brain tissue. (2) Demonstrating closed-loop control using this law to follow a target trajectory both in
simulation and experimentally.

The remainder of this paper is structured as follows: In Section 3.3, the physically motivated steerable
needle model used for closed-loop control is presented. In Section 3.4, the Lyapunov redesign control
method is summarized, and the derived control law is presented. Section 3.5 uses simulations to evaluate a
practical implementation of this control law. Section 3.6 explains the experimental setup for closed-loop

needle insertions, and Section 3.7 discusses the experimental results.
3.3 Needle Model

The magnetic needle design and model used in this paper are adapted from [35]. As depicted in
Figure 3.1, the design incorporates a nonmagnetic exible trailing wire, permanent magnet ball joint, and
permanent magnet tip. Using an external magnetic eld (B- eld) with full 3D orientation control, the

direction of the magnetic tip is actively steered. The insertion of the needle is actuated using a motorized
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Figure 3.1 Magnetic-tip needle diagram adapted from [35] labeled in green with position and heading states
and magnetic eld control input. Corresponding physical needle pictured in bottom right.

linear advancer at the proximal end of the trailing wire. Due to an asymmetric stress distribution, the tip
penetrates through tissue in a preferential direction, and the wire follows.

As depicted in Figure 3.1, the heading of the magnetic tip is indicated byh, the position of distal end of
the tip is p, and the direction of the B- eld is B. Represented with 3D Cartesian vectors (withh being
speci cally a unit vector), p and h form the states (x) of the magnetic needle model, whileB and trailing
wire insertion velocity E form the control inputs. Note that these state de nitions di er slightly from [35],
where the position was located at the center of the magnetic ball joint, and heading was indicated by the
direction of the trailing wire. These adjustments improve feedback control response while maintaining the
underlying model assumptions. Both the magnetic tip position and direction are immediately a ected by
changes inB, while the ball joint position and trailing wire direction were not, which resulted in a delayed
response that was more di cult to control. The direction of the rigid magnetic tip also has the advantage
of being more precisely measured than the direction of the curved trailing wire.

Beyond changes in physical variable de nitions, the physically motivated model from [35] has also been
slightly updated, and is presented in Eq. (3.1).

P hE
®= R = 2Bh B° h @.1)

Instead of setting B as a state and using its time derivative$ to indirectly control it, the model used here
incorporates B- eld directly as a control input. This loses some of the advantages outlined in [35], but
provides two main bene ts: First, incorporating eld strength directly makes the model constant 2
independent of eld strength. This means 2 will only depend on physical properties of the needle and
medium. It will not need to be recalibrated for every eld strength, which was a weakness of the model in

[35]. Second, it allows for derivation of the Lyapunov control law presented in this paper.
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3.4 Control Methods
The control law in this paper is derived using Lyapunov redesign.
3.4.1 Lyapunov Stability

Lyapunov redesign is fundamentally based on the concept of Lyapunov stability, which uses a Lyapunov
function to prove closed-loop stability at the equilibrium point of x = 0. Key features are summarized here,
see [87] for the full rigorous de nition.

As shown in Eg. (3.2), given a Lyapunov function!, which must be a scalar function of all statesx that
is positive de nite (except ! = 0 at the equilibrium point), then if the time derivative ™is negative de nite
(again except at the equilibrium point) the system is asymptotically stable.

lixo=0ifand only if x =0
I1x°7 Oif and only if x <0 (3.2)
¥508x<0

The equilibrium point is asymptotically stable for a compact region, and so long as! is radially
unbounded, it is globally asymptotically stable.

Minherently includes the system dynamics, as state space di erential equations are the states' time
derivatives, which by de nition of a Lyapunov function, must all be present in '® Where Lyapunov
stability evaluates a given closed-loop system, Lyapunov redesign takes advantage of free parameters in a
closed-loop system, which are known as controls, and chooses laws for these controls such that the
closed-loop system guarantees Lyapunov stability.

For the purposes of formulating our control law, we rede ne the needle statep and h as error vectors
from the desired trajectory such that the equilibrium point x;ng>= 0 is zero state error. Letting 4, = pz p

and 4, = hg h results in the Lyapunov states:

X;H0?= j:
Then Eq. (3.3) presents a candidate Lyapunov function! that is radially unbounded for global stability.

1 4" 02% 1% 4
L1 el
R0 SR f12' :1<0-02’ :07 ig (3.3)

The restrictions on 0 and 1 guarantee positive de niteness to qualify! as a Lyapunov function. This
can be shown using Sylvester's Criterion, which states that a matrix is positive de nite if all determinants
of the series of upper left square submatrices are positive [98]. For the 1x1 submatrix,® 01% only if 07 0

and 1< 0, and for the 2x2, 05 01> 12 onlyif 07 1 and 1< 0.
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It can be shown that through a sequence of permutations, the block matrix in! can be rearranged into
2?1
repeated diagonal blocks of the 2x2 matrix o that the determinants of the larger matrix are
1 1

repeated values of the 2x2. Thus, proving the block matrix as positive de nite is su cient for proving the
same of! [99].
With this !, it can be shown using Lyapunov stability that by implementing the following control law,

the closed-loop system aix.o»= O is globally asymptotically stable.
3.4.2 Lyapunov Redesign Control Law

This section presents the Lyapunov redesign control law; for the full derivation of this law, see
Section 5.1. To achieve asymptotic stability, the control law consists of three di erent cases, which must be
used based on certain conditions. Case 1 is the default case, while Cases 2 and 3 each handle the

conditions where certain terms equal zero, as identi ed inline following each case number.

Case 1:h”1 014, 4, <O:

E= gh”™1 014, 4
Esh;1 014, 4 , h>R3 h” 14, 4
h>1 014, 4

=0

Case 22h”1 014, 4 =0, 4 014, 4 <O:

E=B6=FE3 <0G E3— pkék
F= 4 014, 4
Esh;1 014, 4 , h”F3 h” 14, 4
4 014, 4

Case 3:h”1 014, 4 =0, 4; 014, 4 =0

E=B6=4h

Esh31 014, 4 , h>R; h* 14, 4
B2 14, 4 ~ % hh>° 14, 4,

okdok

¥=0

For all Cases:
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1
B=Eg 14, 4 . 5
fBZ’Z B?Og
f g2’ : g70g

p2" 1 p70
fi12' :1<0g
fo2' :07 1g

Where the B 6=2° function returns 1 for positive humbers (including 0), and 1 for negative humbers.
3.4.3 Control Law Extension for Numerical Implementation

Case 3 relies on aterm < 0 (see Eq. (A.3) in Section 5.1). While the redesign proves this to be true,
Case 3 also su ers undesirable asymptotic behavior when ! 0, so we implement Case 4 to handle this
scenario. Case 4 nominally applies the desired velocity, and adds a correction proportional to the position
error so that E< 0 should E3 = 0:

Case 4: ! O

E=Es, pk4kB6=4h
¥=0

Case 4 is only implemented at very low position error, as the purpose of Case 4 is to provide nominal
control inputs when within numerical tolerance of the equilibrium point. Should error increase beyond this
tolerance, controls will revert to a stable Lyapunov case, ensuring Case 4 is never detrimental to the

stability provided by the Lyapunov control law.
3.5 Simulation Study

While the Lyapunov redesign demonstrates theoretical asymptotic convergence, simulations are used to
investigate practical implementation and con rm derivation validity. The primary considerations when
moving from the theoretical proof to practical implementation include discretization, numerical stability,
gain tuning and performance, and physical e ects such as noise and control saturation. Simulations are run

in MATLAB using the ode45 solver for numerical integration [100].
3.5.1 Discretization

The Lyapunov control law is derived in continuous space, but practical implementation requires discrete
time control updates. While a su ciently fast update rate can approximate continuous time, physical

systems are typically limited, so e ectively implementing the control law with lower update rates will
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support its use in practical implementations.

Since the needle model is kinematic, it is time-agnostic, as total execution time simply scales with
insertion velocity. Thus, resolution of control updates proves a better tool when considering discretization
than control frequency in time. Choosing an appropriate step-size reduces to the well known problem of
sti ness in numerically solving di erential equations. When unbounded, our control law can generate very
large inputs, which causes instability when the di erence in solutions between steps is too large. This
typically occurs at the high state error resulting from initial condition o sets. Once position error

converges, corrective inputs remain low, so a low resolution is su cient for tracking.

We found implementing a hard constraint on the numerical change in! to be an e cient way to handle
numerical issues from discretization. By de nition ! 7 0, so " should never change so much that it goes
below zero. To enforce this in the numerical implementation, at each time step, if cage= !, @ C5 0, we
limit "®by constraining E such that ! 4= 0. This Ezocpaocigscalculated by solving the I® equation for E as

shown in Eqg. (3.4), and letting P= 1+ Cso that!-4gc O:

Egocpaocas
0124 14 Eshy, 14, 4 Ry, ¥4 014, 4, , L
02245, 14 h, 14, 4 21% hh>°B

(3:4)

When using this constraint, our system is robust to instabilities arising from sti ness and overlarge step
size. Additionally, sti conditions typically arise due to unlimited control inputs, but practical
implementations will saturate inputs, which will naturally limit exposure to numerical instability arising

from sti ness.
3.5.2 Stability near Case Boundaries

The control law Cases 2-4 theoretically only occur when certain terms are exactly zero. We
implemented a tolerance around these terms to avoid undesirable asymptotic behavior when they approach
zero. We chose symmetric tolerances of 10 4 on h®1 014, 4, when switching from Case 1, and 10 ©
on4 014, 4 touse Case 3. The tolerance of = 0is setto 10 * so that Case 4 will only occur with
position error 4, 50.001 mm. These tolerance were empirically chosen in simulation and used for all

simulations and experiments.
3.5.3 Control Law Parameters

Several free control parameters result from the Lyapunov control law derivation; here they are
identi ed, discussed, and their simulation and experimental values provided. This is not a de nitive study

of these parameters, merely a brief overview for context.
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3531 0-1

0 and 1 have similar e ects due to the 01? term in ! . Higher values of either result in faster state error
convergence, but are also more volatile (e.g0 =5, 1 = 4 needs a higher resolution simulation to stay
stable, and diverges when adding noise)0 = 3 and 1 = 4 provide a reasonable balance that converges

quickly but is still robust to disturbances both in simulation and experimentally.
3.5.3.2 E

Velocity E gain with respect to state error in the direction of h. A higher g will converge faster, but
will be more volatile. g was chosen to keefk within the saturation limits for expected conditions to

provide smooth continuous control.
3.5.3.3 B

Field strength B gain with respect to state error. g is strongly correlated with curvature value: A
higher g and lower 2 will achieve similar results to a lower g and higher 2. Note that in application 2 is
a function of the medium, so g is used to achieve the desired curvature sensitivity.

gand g were found to be highly dependent on the total time) of the simulation. By setting
E= )l 2>=BGnd =) 2>“BCparameters including time step, resolution, total time, and length scale,
may all be changed without signi cantly changing the fundamental shape of the control performance. For

simulation, these gains were set at "-B& 0s5 and 2B 1:0. Experimentally, 2>“B& 05 and

2>=BC

g 03 were found to perform well empirically. The dierence in  2>7BSs likely due to the

B

experimental 2 being di erent than the 2 assumed in simulation.
3.5.34 P

Velocity gain proportional to k4,k only used in speci ¢ circumstances to maintainE < 0 when not at
the equilibrium point. Used in Case 2 shouldEz = 0, in Case 3 should = 0, and in Case 4. , =1 Hz was

used in simulation and experimentally.
3.5.4 Monte Carlo Study

To evaluate convergence robustness of the practical implementation and validate the Lyapunov control
law, we perform a Monte Carlo study of 2 10° trajectories without noise or saturation. Each trajectory is
created by randomly selecting between 4 and 10 random points in a 20 chworkspace and splining them
together with a uniform random resolution between 500-5000 points. Initial state errors are randomized

within the limits of realistic values for this application, which were chosen as position error within 5.2 mm
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Figure 3.2 Example random trajectory simulation from Monte Carlo study.

Table 3.1 RMS p error CDF probabilities from Monte Carlo study

RMS p error | Final RMS p error

Err. 5 1«0mm 95.62% 99.92%
Err. 5 52 mm 99.999% NA

and heading error within 45°. An example simulation can be seen in Figure 3.2 with the closed-loop

position converged to random target trajectory.
3.5.5 Error Results

We evaluate needle steering control using position error from target, reported as two metrics: root
mean square (RMS) position error at every point in the trajectory, and RMS nal position error. Both are
important for insertion during DBS. The needle will pass near sensitive areas of the brain, so deviation
anywhere along the insertion trajectory could be dangerous, while the nal positional accuracy is critical to
the function of the implanted electrode. We use the 2 mm accuracy required for DBS electrode placement
as our target for experimental trajectory and nal position error [14]. We reduce our desired accuracy to

1 mm for both metrics in simulation to account for physical artifacts.
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Table 3.1 shows error CDF probabilities from the Monte Carlo simulation. RMS p error is at each of
the 6 10° trajectory points, while Final RMS p error is the single last position error in each of the 2 10°
trajectories. 99.999% of RMS position error for all trajectory points fall below the maximum initial
position error, which strongly supports the robustness of the practical implementation. 99.92% of all
trajectories end within 1 mm of the nal position target, providing strong support that the practical
implementation consistently achieves the nal target. Finally, the 95.62% RMS position error within 1 mm
provides insight into error recovery performance, as we can expect convergence within 5% of trajectory

length on average for the initial o set conditions in the Monte Carlo study.
3.5.6 Control Law Cases

The derived Lyapunov control law contains three cases, and we add a fourth case for numerical
purposes in practical implementation. Case 1 is the dominantly used case in practice, as speci ¢ conditions
must fall within narrow tolerances to activate another case. The Monte Carlo simulation produces
signi cant quantities of the lesser used Cases 2-4 for evaluation. <88 10° (99.75%) of the trajectory
points were Case 1, while Cases 2-4 had9 10°, 300 1(3, 873 10° points respectively. Figure 3.3
plots nal trajectory error vs. percent number of case instances in that trajectory for each case. No case
shows any trend of increased instances causing increased error, which provides con dence in all four cases

in the discrete implementation.
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Figure 3.3 For each Case 1-4: nal trajectory error vs. instances of Case reported as a percentage of total
Cases in each trajectory. None of the lesser used Cases 2-4 exhibit any trend of increased error with
increased instances.

3.5.7 Simulating Physical Conditions

For a physically demonstrative simulation, we use a trajectory following the edges of a cube, which
provides a recognizable trajectory that executes in all three spatial dimensions. The cube is scaled to
approximately the size of a human brain, which also places it on the same length scale as the experimental
trajectories. To simulate physical conditions of an experimental needle insertion trajectory, we implement
both noise and control saturation. Model process noise as well as sensor measurement noise are based on
experimental values determined in [35]. Control inputs are saturated to the experimental hardware limits,
with E limited to 0-5.6 mm/s, and B to 43 mT in each spacial dimension. An initial state o set of 4.0 mm
is used to explore convergence.

As seen in Figure 3.4 (green line), the simulation without noise or saturation quickly recovers from the
initial state o set and tightly follows the target cube position trajectory as expected, with an average error
of 0.05mm. When adding in noise and saturation (blue line), the simulation converges to the target nearly
as quickly, but has larger periodic error that occurs at the corners of the cube where the saturation on
control makes it di cult to match the tight curvature of the target trajectory. Nevertheless, converged
error averages 0.49 mm, with a nal error of 0.85mm, which are well below the 2 mm target accuracy. This
demonstrates that the control law is robust to disturbances, and supports the use of the simulation

parameters experimentally.

49



@)

(b)

Figure 3.4 (a) Position for cube trajectory simulation with initial position and heading o set: without
noise or saturation (green), and with noise and saturation (blue). (b) RMS position error from target for
both simulations.
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3.6 Experimental Setup

Experiments in this paper are performed on the same experimental system presented in [35], including
the hardware, software, and agar hydrogel as brain tissue phantom. For a detailed description of this
system, see [35], but the following provides a brief summary: A nested Helmholtz coil system generates a
homogeneous 3D magnetic eld. The needle consists of a NdFeB cylindrical permanent magnet serving as
the needle tip sheathed in a silicone rubber sheath, which also houses the magnetic ball joint and nitinol
trailing wire, as shown in Figure 3.1. Feeding the trailing wire through the tensioned rollers of the needle
advancer device linearly inserts the needle tip into the tissue phantom. An overhead camera provides visual
feedback for 3D needle tracking. Position and heading of the needle tip in the 2D xy-plane of the camera
are identi ed by processing the image using the OpenCV library [76]. The z-dimension of position is found
by using the opacity of the agar to provide a rudimentary depth measurement. The brain tissue was
simulated with an agar hydrogel phantom at a 0.6% concentration by weight [77]. The only signi cant
change to the physical setup in [35] is that the magnetic eld emitter has been upgraded to produce a
maximum eld strength of 43 mT, increased from 28 mT, to provide more control power for better

maneuverability and enabling more complex trajectories.
3.6.1 Needle and Measurement Models

Adding a numerical stabilization term for unit vector h to Eq. (3.1) results in the magnetic needle
steering model state space equations used experimentally as shown in Eqgs. (3.5) and (3.6), with model

control inputs identi ed in Eq. (3.7).

_ P hE
= B T 2Bh B° h, hil k hk?° (3.5)
y = hix° (3.6)

u= E B> 3.7)

Because measurement models are based on hardware and sensors and not physical dynamics, Eq. (3.6)
is expressed in the general form. The measurement models used for the experimental system in this paper
are based on those in [35], with some updates that follow from the model changes above. Using computer
vision from the OpenCYV library [76] to identify the needle tip in the image from the overhead camera, ve
of the six states are measured, including all three position dimensions and two heading dimensions. The 2D
xy position and heading from the image are directly measured in real-time at the 30 Hz capture rate of the
camera. The camera image is precalibrated with a pixel to mm conversion, so this measurement model is

the identity:

y1=hix°= ps py hs hp’ (3.8)
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The opacity of the needle tip is used to provide a rudimentary position depth measuremenp,. The
needle appears darker as it approaches the agar surface, as measured by the 0{255 grayscale pixel values at
the tip of the needle from the overhead camera. This opacity is linearly related to depth, and is calibrated

in the p; measurement model:
y2 = hplx® = 45lp;  pj;° (3.9)

Where 4.5 mm ! is the linear calibration of grayscale pixel value to mm, andp 1 is the initial p,

measurement for o set calibration, as the needle is always inserted at = 0.
3.6.2 Trajectories

Experiments are performed using xy-planar trajectories. This allows for simpli ed hardware setup and
experimental design, as a single overhead camera accurately tracks position in the xy-plane, but only when
the needle depth in agar is limited. This also allows for intuitive test trajectories that are easily visualized.
However, while the target trajectories are planar, full 3D control is applied to follow the target trajectories
in 3D space.

Three trajectories are explored experimentally. The rst is a straight-line insertion to mirror the
capabilities of devices currently used in the operating room for DBS. To further challenge the control
method on this nominal trajectory, its initial position is o set to evaluate the capability of recovering the
desired trajectory. The second is a circle at constant maximum curvature to explore the needle's range
from a single insertion point, and the third is an s-turn that includes a change in direction to explore
maneuverability for applications such as obstacle avoidance. These three trajectories are shown as dotted
red lines in (a) of Figure 3.5 to Figure 3.7 (pages 54-56). A fourth spiral trajectory experiment is also
performed, but its purpose is to explore the limits of curvature as described in Section 3.7.1, so it is not
considered for evaluating positional control accuracy.

These trajectories are designed to maximize use of the camera's eld of view in the workspace. All
insertions begin from the needle advancer which is located at the top,(H) of the workspace with the needle
inserted in the down ( H) direction. The target initial position of the straight-line trajectory is at the

center of the workspace (5= 0), while the circle and s-turn trajectories start near the top right (, G corner.
3.6.3 Test Execution

Agar test pieces were prepared the day of testing as described in [35], and refrigerated while not in use.
The controls are saturated per the hardware limits, with E limited to 0-5.6 mm/s, and B to 43 mT in each
spacial dimension. All experiments execute with a nominal insertion velocityE of 1.0 mm/s, which allows

for signi cant control authority up to the hardware limit. The camera provides measurement updates at
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Table 3.2 Experimental position error

RMS p error (mm)

avg. err. | nalerr. | max err.
Circle 0.56 0.61 1.52
S-Turn 0.57 1.18 2.07
Initial O set 0.44 0.24 0.957

1 Only includes data after trajectory converged
(de ned as after error falls below 1 mm).

30 Hz, while control updates are at about 5Hz so that the signal frequency remains much faster than the
control. The needle state is estimated in real time using an extended Kalman Iter which produces an
optimized state estimate by combining measurements with model predictions. This estimate is passed into

the control law for calculating the new control inputs.
3.7 Experimental Results and Discussion

Each needle insertion was recorded on the overhead camera with the trajectory target overlaid, and the
videos can be found in the supplemental material. The trajectories’ XY target and estimated position are
shown in (a) of Figure 3.5 to Figure 3.7. The Z dimension is not shown as deviations out of plane are not
signi cant. The corresponding 3D RMS position errors over time are shown in (b) of Figure 3.5
to Figure 3.7.

All three experimental insertions successfully tracked the entire target trajectory. The straight-line
insertion smoothly recovered from its initial o set position with minimal overshoot, and maintained less
than 0.95mm error for the remaining trajectory as shown in Table 3.2, with an average error of 0.44 mm.
This trajectory alone demonstrates capability beyond what is clinically available both in terms of initial
error convergence and closed-loop feedback to maintain a target trajectory. Both the circle and s-turn
insertions maintained less than 1 mm error for nearly the entire trajectories as well, with average errors of
0.56 mm and 0.57 mm respectively (Table 3.2). The s-turn trajectory did slightly increase near the end of
the trajectory to a nal error of 1.18 mm, but still performed better than the current surgical accuracy of
2-3mm, and more critically, is still less than the 2 mm clinical target for DBS. These results validate the

proposed control approach experimentally, and support its use in a clinical setting.
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Figure 3.5 (a) Target and estimated position for straight trajectory with initial position o set. (b) RMS
position error from target.

54



(CY

(b)

Figure 3.6 (a) Target and estimated position for circle trajectory. (b) RMS position error from target.
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(b)

Figure 3.7 (a) Target and estimated position for s-turn trajectory. (b) RMS position error from target.
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3.7.1 Considerations for Path Planning

While there are no theoretical restrictions on a planned path from the model or control law, several
practical limitations should be considered. One signi cant limitation is needle curvature, which can
manifest both in hardware saturations and model accuracy in extreme cases. Theoretically, the curvature,
or turning radius, is only limited by the maximum eld strength, so an in nite eld strength could achieve
a zero-degree turn. However, eld strength is limited in physical applications, creating an upper bound on
turning radius. Besides, even for relatively low eld strengths, such as the 43 mT used here experimentally,
a stricter limitation exists on the angle between the trailing wire and needle tip where the wire ceases to
follow the tip, which is a fundamental assumption of the needle model. As an extreme example, when the
tip is pointed 180° back in the direction of the trailing wire, when inserted, the wire will maintain its
current heading, dragging the needle backwards, and not insert the tip forward following the 18Dbend.
We found this angle limit in our experimental setup to be around 45 by performing a spiral trajectory, and
identifying where the position began to diverge, as seen in Figure 3.8. When also considering system
variance such as sensor uncertainty and tissue inhomogeneity, a sensible heuristic to plan achievable
trajectories might be limiting path planning angles to some fraction of this limit to maintain su cient
control authority to recover from variation.

An additional movement limitation speci ¢ to this application are negative velocities. One delightful
behavior that the control law naturally produces is a "Y-turn". However, this is not possible in our
application because the needle is followed by the insertion wire, so negative velocities do not exhibit the
same turning behavior as forward velocities in the physical setup, despite being symmetric in the model.
Other setups or applications without a trailing wire where locomotion is provided in a symmetric manner
(e.g. self propulsion using magnetic gradient) would not experience this limitation. Fortunately, none of
these limitations signi cantly a ect the planned application, as sharp turning angles and "Y-turns" are not
preferred due to a heightened risk of tissue damage [45].

Nevertheless, both this unique control behavior and characteristics of our model give this research the
potential to apply more broadly in the eld of vehicle steering. "Y-turns" are a useful correctional motion
for recovering from positional error in non-holonomic systems, but can be di cult to practically
implement. Our control law naturally executes "Y-turns" when the vehicle cannot reach its target going
forward due to its limited turning radius. Inherently handling this situation in the control law can increase
robustness without burdening higher-level path planning to attempt similar behavior. Our model also
supports vehicular slip, which is constrained in a typical vehicle model. While derived from needle slip in

brain tissue, other systems could also use this relaxed slip condition to better model vehiclular interaction
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