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ABSTRACT

The Raudhatain field in North Kuwait was ranked 18" among the largest known oil fields. Currently,
the development focuses are the Jurassic reservoirs. Like other oil fields in the Middle East, the
Raudhatain field exhibits a challenging geological setting, such as highly-reflective interfaces, low-relief
structures, thick evaporite formations, and high-velocity overburdens, which poses difficulties for
petrophysical and geophysical reservoir characterization. In addition, the Jurassic reservoirs in the
Raudhatain field demonstrate a complicated flow zone architecture and require quantitative formation
evaluation and seismic data analysis to delineate different production units. This thesis focuses on
advancing the formation evaluation and seismic imaging technologies, leading to better reservoir
development for the Raudhatain field and similar reservoirs in the Middle East.

Correctly estimating the volumes of iterative anhydrite for reservoir development is critical because the
anhydrite volume determines the vertical connectivity of flow zones. Due to a high condition number, high
uncertainties exist between anhydrite and carbonate volume fractions in multimineral analysis. However,
anhydrite and carbonate are distinct in elastic properties. I develop and incorporate rock-physics effective
medium models to assist the multimineral inversion of the Jurassic reservoirs. The constrained
multimineral result suggests an alternative solution with a reduction of anhydrite by 10% — 30% of volume
fractions and an increase of calcite or dolomite by the same amount. This observation may impact the
current understanding of the depositional environment and the calculation of hydrocarbon volumes.

In addition, the implementation of Markov chain Monte Carlo (MCMC) with ensemble samplers
addresses the uncertainties in multimineral analysis. The resulting posterior probability density functions
quantify the uncertainties of volume fractions and endpoints. The method developed here has fewer tuning
parameters and is more efficient in convergence than the conventional random walk MCMC methods in
high-dimensional problems. Knowing the uncertainties in rock composition assists to make risk-assessed
decisions on reservoir development.

For surface seismic data imaging, due to the strongly reflective and low-relief overburden, attenuating
internal multiples has been a perennial challenge for seismic imaging in the Middle East basins. The
seismic image of the Jurassic formations is especially poor at the center of the Raudhatain structure due to
internal-multiple interferences. Because of the similarities between primaries and multiples, applying
adaptive subtraction poses a high risk of primary-amplitude damage, preventing quantitative seismic data
interpretation. I use the Marchenko method, which retrieves Green’s functions from surface seismic data,

for target-oriented imaging without adaptive subtraction. Marchenko imaging has been successfully applied
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to several offshore seismic data sets, but the onshore application is lacking. To better understand the
effects of internal multiples and implement Marchenko imaging, I perform integrated analysis through well
log, vertical seismic profiling (VSP), and seismic data. The resulting Marchenko images improve the
seismic images by showing recovered amplitudes and more continuities of the Jurassic formations at the
center of the Raudhatain structure. Also, I show that the retrieved Green’s functions are consistent with
the VSP data.

VSP data has a greater chance to mitigate many near-surface and overburden challenges associated
with surface-seismic data imaging because VSP data are acquired by the receivers deployed in the
subsurface closer to the imaging targets. I compare different imaging strategies for VSP data using
synthetic and field data. A comparison of images suggests that when the velocity model is exact, mirror
RTM with up- and down-going wavefields gives the best image, benefitting from utilizing both primaries
and multiples with fewer migration artifacts. However, when the accuracy of a velocity model is uncertain,
interferometric imaging may provide a better option for extending the illumination range. VSP images
with extended illumination is found to better delineate the Jurassic reservoirs around the wellbore.

In this thesis, I show that advanced formation evaluation and seismic imaging provide valuable insights
into evaluating and imaging the Jurassic reservoirs in the Raudhatain field. These advances also are of

substantial value for the Middle East hydrocarbon fields that faces similar challenges.
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CHAPTER 1
INTRODUCTION

1.1 Motivation

The Raudhatian eld is an onshore hydrocarbon eld in North Kuwait. The eld was rst developed in
1955 on the Raudhatain structure, a faulted anticlinal dome that plunged gently northwards with four-way
closure (Carman, 1996) [1]. Initial production at the Raudhatain eld focused on the stacked Cretaceous
clastic and carbonate reservoirs, such as the Ratawi, Zubair, Burgan, and Mauddud formations (Murris,
1980) [2]. Current developments shift to the deeper Jurassic reservoirs, including the unconventional
Najmah and conventional Marrat formations. Since 2002, more than 70 wells have been drilled on the
Raudhatain structure to produce from the Jurassic reservoirs, with an average daily production of 5,000
barrels of oil per well (Al-Eidan et al., 2010) [3]. Figure 1.1 shows the top Najmah structural map of the
Juarssic elds in North Kuwait and the location of my study area.

The oil and gas elds in the Middle East exhibit a unique geological setting, such as highly-re ective
interfaces, low-relief structures, thick evaporite formations, and high-velocity overburdens, which poses
challenges for reservoir characterization using geophysical data. Reservoir characterization of the Jurassic
formations in the Raudhatain eld faces similar challenges that prevail in Middle East basins. For instance,
it is critical to correctly estimate the volumes of iterative anhydrite between porous intervals for reservoir
development. The anhydrite volume may impact the vertical connectivity of di erent ow units. Moreover,
due to similarities in the petrophysical properties of carbonate and evaporite minerals, the volume fractions
computed from the conventional multimineral analysis can be highly uncertain.

In addition, the Jurassic reservoirs exhibit a complicated ow zone architecture and require quantitative
seismic analyses to delineate di erent production units. However, the seismic image of the Jurassic
formations shows diminished amplitudes at the center of the Raudhatain structure with vertical artifacts.
The poor imaging, likely caused by internal-multiple interference, prevents such gquantitative seismic
analyses.

Available data in this study includes well log, vertical seismic pro ling (VSP), and pre-and-post
processed surface seismic data. Given such rich geophysical and petrophysical data sponsored by Kuwait
Oil Company, this study aims to provide an integrated study, from formation evaluation to seismic

imaging, to understand the limitations of current data and lead to better reservoir development.



1.2 Contribution and signi cance

My thesis contribution can be summarized as:

Instead of using heuristic slowness-velocity equations, | incorporate e ective medium models into
multimineral analysis. The constrained inversion helps to reduce the uncertainty of inverted volume
fractions and leads to a better rock-physics model. My method applies to both conventional and

unconventional reservoirs.

| design practical Bayesian inversions to assess the uncertainties of volume fractions or petrophysical
endpoints. The uncertainty of petrophysical endpoints has never been quantitatively evaluated. The

risk-assessed solutions assist in making better decisions in reservoir development.

| successfully implemented Marchenko imaging on land seismic data, which has never been
demonstrated in the literature. | also incorporate VSP data to assist the imaging process. The

improved images greatly reduce the risk of seismic data interpretation.

| thoroughly investigate di erent VSP data imaging strategies using synthetic and eld data. My
nding suggests a suitable imaging method for VSP data imaging to extend the illumination,

depending on the accuracy of the available velocity model.
1.3 Thesis Organization

My thesis includes four technical chapters focusing on di erent eld applications with various eld data.
Chapters 2 and 3 focus on novel algorithms for formation evaluation, while chapters 4 and 5 emphasize
improving seismic imaging for seismic data interpretation. | organize this thesis as follows. In Chapter 2, |
rst perform conventional multimineral analysis using well log data from the Raudhatain eld. However,
the deterministic solution violates rock-physics models due to the high uncertainty from the volume
fractions of anhydrite and carbonate minerals. Therefore, | implement e ective medium models to
constrain the multimineral solutions. In addition to the conventional reservoirs, | show that e ective
medium models are also useful for validating the rock composition of unconventional reservoirs.

Chapter 2 demonstrates that the high uncertainty in multimineral analysis results from minerals with
similar petrophysical properties. Therefore, | design practical Bayesian inversions for volume fractions and
petrophysical endpoints in Chapter 3. The uncertainties of volume fractions or petrophysical endpoints can
now be assessed with posterior density functions and be computed e ciently within a few minutes.

Chapter 4 focuses on improving surface seismic imaging that su ers serious interference from internal

multiples. | employ the Marchenko method to retrieve Green's functions, validated by VSP data. Due to



the strong multiple energies, Chapter 5 experiments with VSP imaging methods that utilize multiples for
extended illumination.

Finally, | summarize the main results of the thesis and possible future application of the gained
knowledge in Chapter 6. Chapters 2, 4, and 5 involve the eld data from the Raudhatain eld. In Chapter
3, | use well log data from an anonymous carbonate reservoir and the Bakken shale formation for

demonstration purposes.

Figure 1.1 The structural map of the Jurassic elds in North Kuwait. The Raudhatian eld is my study
area marked by a black square. (modi ed from Al-Eidan et al., 2010 [3])



CHAPTER 2
USING ROCK-PHYSICS MODELS TO VALIDATE ROCK COMPOSITION FROM MULTIMINERAL
LOG ANALYSIS

Modi ed from a paper published in Geophysics
Liwei Cheng?, Manika Prasad?, Reinaldo J. Michelen&, Ali Tura 2, Shamima Akther*, Petar Vladov

Angelov*, and Rao Narhari Srinivasé'
2.1 Abstract

Multimineral log analysis is a quantitative formation evaluation tool for geologic and petrophysical
reservoir characterization. Rock composition can be estimated by solving equations that relate log
measurements to the petrophysical endpoints of minerals and uids. Due to errors in log data and
uncertainties in petrophysical endpoints of constituents, we have used e ective medium models from rock
physics as additional independent information to validate or constrain the results. We examine the
Voigt-Reuss (VR) bound model, self-consistent approximation (SCA), and di erential e ective medium
(DEM). The VR bound model provides the rst-order quality control of multimineral results. We rst
show a conventional carbonate reservoir study with intervals in which the predicted e ective medium
models from multimineral results are inconsistent with measured elastic properties. We use the VR bound
model as an inequality constraint in multimineral analysis for plausible alternative solutions. The SCA and
DEM models provide good estimates in low porosity intervals and imply geologic information for porous
intervals. Then, we present a eld case of the Bakken and Three Forks formations. A linear interpolation
of the VR bound model helps validate multimineral results and approximate the elastic moduli of clay.
There are two major advantages to using our new method: (1) Rock-physics e ective medium models
provide independent quality control of petrophysical multimineral results and (2) multimineral information

leads to realistic rock-physics models.
2.2 Introduction

Multimineral log analysis quanti es the volume fractions of minerals and uids (collectively as
constituents) at every depth for reservoir characterization in the absence of elemental logs. Petrophysical

parameters such as porosity, lithology, and uid saturation can be related to logging tool measurements

1Reprinted with permission of Geophysics, 87, 2, 2022, MR49 - MR62. Appendix B
2Colorado School of Mines, Department of Geophysics, Golden, Colorado 80401-1887
3SeisPetro Geosoftware, LLC, Littleton, Colorado 80120

4Kuwait Oil Company, Ahmadi, 61008, Kuwait



through theoretical equations. Multimineral log analysis (multimineral analysis hereafter) is particularly
valuable in complex lithology and depositional systems. Mayer and Sibbit (1980) [4] optimize petrophysical
parameters through the steepest-descent technique that minimizes the mis ts between measured logs and
their theoretical values. Quirein et al. (1986) [5] use quadratic minimizations with linearized response
equations, which signi cantly reduce computation time. For a better model in thinly bedded formations,
nonlinear responses of nuclear logs are incorporated in multimineral analysis by Heidari et al. (2012) [6].

The typical input data of multimineral analysis are triple- or quad-combo logging sets. A triple-combo
logging set includes gamma-ray (GR), resistivity (RT), neutron porosity (NPHI), photoelectric e ect
(PEF), and bulk density (RHOB) measurements. A quad-combo logging set implements an additional
sonic tool to measure compressional slowness (DTC) and shear slowness (DTS, when using a dipole source)
along the wellbore direction. The measured logs are related to the composition of saturated rocks through
a set of theoretical equations. Multimineral analysis involves an inverse problem that minimizes mis t
between log measurements and reconstructed theoretical log measurements for rock composition. Due to
several sources of uncertainty, the inversion result is commonly cross-checked with other available
information, such as core measurements, mud logs, and local geologic knowledge. Note that multimineral
analysis most often focuses on determining rock composition and does not consider the texture of the rock.
Therefore, solutions from conventional multimineral analysis may violate rock-physics theories and make
them unrealistic in terms of rock physics. Heidari et al. (2012) [6] discuss the possibility of implementing
the e ective medium model in multimineral analysis work ow to validate the results.

In current practice, sonic logs are embedded in multimineral analysis through empirical slowness or
velocity equations, most commonly using the Wyllie time-average (WTA) (Wyllie et al., 1956) [7] or the
Raymer-Hunt-Gardner (Raymer et al., 1980) [8] velocity- porosity relations. However, those relations are
heuristic and may only be valid in certain rock settings. For instance, the WTA may only apply to
low-to-medium porosity sandstones (Dvorkin and Nur, 1998) [9] and includes no information about pore
shape and texture. The use of inappropriate velocity-porosity models may lead to erroneous interpretations
(Kittridge, 2014) [10]. This paper incorporates e ective medium models in multimineral analysis and
provides a more general rock-physics evaluation.

This paper uses quad-combo logging sets for multimineral analysis and uses the measured elastic
moduli derived from density and sonic logs to validate the results. The measured elastic properties are
compared with the theoretical e ective medium models predicted from the multimineral results. E ective
medium models used in the paper are the Voigt-Reuss (VR) bound model, self-consistent approximation
(SCA), and di erential e ective medium (DEM). A violation occurs when the measured elastic modulus is

greater than the upper limit or smaller than the lower limit predicted from the e ective medium models.



Any interval with a violation may require reevaluating the multimineral model and may be imposed with
constraints in the inversion to search for alternative solutions.

In the following sections, we rst introduce the concepts and work ow of multimineral analysis. Then,
we explain the e ective medium models that are used in this paper. Next, we apply multimineral analyses
to a deep Jurassic carbonate formation in North Kuwait and the Bakken Shale Formation in North Dakota,
USA. We demonstrate how to implement inequalities to constrain the inverse problem if violations are
present and cross-check multimineral results with e ective medium models even if there is no violation.
RHOB and dipole sonic logs are available in both cases. We can evaluate the multimineral model's
plausibility by analyzing the e ective medium models derived from the multimineral results.

The compositional model used in this paper is shown in Figure 2.1, as the constituents include clay and

nonclay minerals as the solid phase and uids as the liquid phase in the pore space.
2.3 Multimineral analysis

In a monomineralic rock with a single phase of uid, linear interpolation between two endpoints of the
mineral and uid can provide estimates of mineral and pore volumes. However, the subsurface is composed
of multiple minerals and uids. A multimineral problem requires multiple measurements and equations
that relate the unknown composition to the measurements. At every depth, multimineral analysis
optimizes a solution of rock composition that appropriately matches all input measurements. The rst step
of multimineral analysis is to select constituents that compose the saturated rock. Core analysis assisted by
mud logs is a common approach to determine lithology. Core measurements, such as X-ray di raction
(XRD) and X-ray uorescence (XRF), help determine the most probable constituents and provide
guantitative quality control for multimineral results.

After determining the rock constituents, we use the mixing law that assumes linear relationships
between log responses and the petrophysical endpoints of constituents weighted by their volume fractions
for forward simulation (Quirein et al., 1986 [5]; Mitchell and Nelson, 1988 [11]; Doveton, 1994 [12]; Rabaute
et al., 2003 [13]). We assume a dispersed shale model for RT if clay minerals are present. We use Archie's
equation to linearize RT for near-wellbore square root conductivity (CX) when the porosity and saturation

exponents are assumed to be two (Doveton, 1994) [12]. The total response of CX can be expressed as

X
CX = CXimj; (2.2)
i
where CX; is the square root conductivity of the iy, constituent and is assumed to be zero for nonclay
minerals and hydrocarbons andm; is the volume fraction of the iy, constituent. We assume that the deep

conductivity log represents uninvaded zones. In the absence of gas in the formation, the theoretical log



response for each depth can be expressed as
d= Gm; (2.2)
where d is the log response and G is an M N matrix of constituent petrophysical endpoints (where M is

the number of independent logging tools and N is the number of constituents). For a triplecombo logging

set with a litho-density tool (LDT), the petrophysical endpoint matrix G can be expressed by

2 3
GR; GR; ::: GR;
Cx1 Cx1 i1 Cxj
G=6 bt b2 bi 7 . (2.3)
N1 N2 - Ni
Us U, L Ui
1 1 R 1

where GR is the gamma ray, CX is the square root conductivity, ; is the bulk density, \; is the
neutron porosity, and U; is the volumetric cross-section endpoints of the'f constituent. The multimineral
analysis uses the linear superposition of the volumetric cross section (U) derived from PEF and RHOB.

The m is an N by one vector of volume fractions of constituents, given by
m=[mymy:: mi]"; (2.4)
where T denotes a matrix transpose. The log responses are given by
d=[GRCX , n U1]: (2.5)
P
The ones in equations 2.3 and 2.5 represent the unity equation ( iNzl m; = 1), which states that the sum
of all volume fractions should equal one.

This paper uses deterministic inversion and stochastic Monte Carlo simulations for multimineral
analysis. The deterministic inversion is solved at every depth by the L-2 norm solution of equation 2 to
minimize the objective function given by

minjjGm  dijj3; (2.6)
subject to
0 m 1 (27)

Equation 2.6 is normalized by the standard deviation of each measurement (Mitchell and Nelson, 1988)
[11]. The constraint of equation 2.7 prohibits unrealistic solutions.

In addition to data errors, the individual endpoint value in the matrix of constituent petrophysical
endpoints (G) plays a signi cant role (Michelena et al., 2020) [14]. Total porosity ( ), for example, can be
generally approximated by using the density-porosity formula, givenby =( p )=( m ¢), where

m IS matrix density and ¢ is uid density, due to the clear separation between the density of uid



(approximately 1 g/cm ®) and the density of matrix (e.g., quartz: 2.65 g/cm?® or calcite: 2.71 g/cn?).
However, when other minerals with similar petrophysical endpoints are present, the uncertainty of solution
is higher, and the resultant composition estimates may be erroneous. Therefore, we also use the stochastic
Monte Carlo simulations to assess the uncertainty of solutions due to errors in data and similarity in
petrophysical endpoints. Markov chain Monte Carlo (MCMC) simulations in the Bayesian framework
provide a means by which uncertainties in the data and formula can be translated into uncertainties in the
simulated results. The solutions found by MCMC simulations are shown in posterior probability functions
at every depth. The multimineral results from the deterministic and stochastic methods are consistent.
However, MCMC simulations provide associated uncertainties with many plausible realizations that t the
data within the given data mist. More details about the MCMC simulations used in this paper can be
found in Appendix A.

Note that a multimineral result with an acceptable data mist may not accurately quantify the
formation's composition. Instead, it is a solution consistent with the input logs and the choice of
constituents and their petrophysical endpoints. Multimineral results are recommended to be reconciled
with other available information, such as mud logs, core data, and local knowledge, by iteratively altering
tool responses. This paper presents using e ective medium models from rock-physics analysis to validate or

constrain multimineral results.
2.4 E ective medium theory

Triple- or quad-combo log data are the standard inputs for multimineral analysis. Triple-combo log
data respond to the aggregate responses of either gamma-ray (GR, RHOB, and PEF) or neutrons (NPHI)
from formations and are sensitive to rock composition. However, the logs, except RT through Archie's
equation, do not contain the geometric information of the rock. Geometric information includes pore
shapes, cementation, and texture, which is critical to rock-physics analysis. Therefore, multimineral
analysis using triple- combo log data may result in unrealistic solutions that violate rock-physics theories.

When quad-combo log data are available, the sonic slowness or velocity log is commonly embedded as
constraining data through empirical relations, for example, WTA, to assist the inversion of the rock
composition. However, those empirical relations are heuristic and cannot be justi ed theoretically (Mavko
et al., 2009) [15]. Implementing inappropriate relations that do not account for geometric details may lead
to erroneous interpretations.

Instead of using empirical relations, we propose incorporating the e ective medium theory to
cross-check or constrain the multimineral results. The e ective medium theory uses theoretical models to

predict the elastic properties of a rock. E ective medium models require information about (1) the rock



composition, which can be solved by multimineral analysis, and (2) the elastic moduli of constituents,
which can be obtained from laboratory experiments. Thus, one may evaluate and improve the multimineral
results in an iterative approach by implementing e ective medium models. Table 2.1 lists the elastic
moduli used in this paper.

We demonstrate our method by comparing the measured bulk modulus log with e ective medium
models predicted from multimineral results. The e ective bulk modulus of the saturated rock (Kgat ) is
given by

4 .
éVSZ), (2.8)

Ksat = b(Vp2
where | is bulk density, Vp is compressional-wave velocity, and ¥ is shear-wave velocity. Assuming that
the rock is isotropic, equation 2.8 computes the bulk modulus log from density and slowness logs. If the
rock is transversely isotropic, it is ideal to use velocity measurements from di erent directions with
anisotropic equations (see King, 1969) [16] to compute the e ective bulk modulus. However, due to the
limitations of quad-combo logging, we use equation 2.8 to approximate the e ective bulk modulus for
common practice. Note that the vertical resolution of the bulk modulus log is subject to the vertical
resolution of the DTS log, which is generally lower than other logs used in multimineral analysis. Walker et
al. (2019) [17] show that for an 8.5 in. borehole with a 15% velocity contrast, beds with less than 3 ft
thickness are not resolvable. For formations with thinly bedded layers, inconsistent vertical resolution
should be taken into account in the analysis.

We present results of three di erent e ective medium models: the VR bound model and two inclusion
models, the SCA and DEM, compared with the bulk modulus log.

First, the VR bound model de nes the extreme upper and lower limits of e ective elastic moduli for a
multimineral rock when only the rock composition and elastic moduli of constituents can be speci ed. The
Voigt and Reuss bounds are the arithmetic and harmonic average of constituent elastic moduli,

respectively. The Voigt average in terms of bulk modulus (K,) can be expressed as

X
Kv = Kimi; (2.9
i=1

where K; is the bulk modulus of the i™" constituent and N is the total number of constituents. The Reuss

average (Reuss, 1929) [18] in terms of the bulk modulus (K) is given by

1 _X\I m;

i=1
The Reuss average de nes a uid-supported suspension system with a zero dry frame bulk modulus.

Therefore, the e ective bulk moduli of consolidated rocks should lie somewhere above the Reuss bound.



Hashin-Shtrikman (HS) (Hashin and Shtrikman, 1963) [19] bounds are another viable bound model to
incorporate in multimineral analysis. HS bounds de ne the narrowest possible range without specifying
anything about the geometries of the constituents (Mavko et al., 2009) [15] and assume that the rock is
isotropic. However, caution should be taken that there are extreme cases in which the e ective elastic
moduli can be outside the ranges predicted by HS bounds. Thus, for the bound model, we focus our
application on VR averages.

The underlying assumption of the VR bound model is that each constituent is isotropic and linearly
elastic. The composite may be anisotropic because VR averages correspond to the most extreme cases of
transverse isotropy and are independent of geometry at a given composition (Hill, 1964) [20]. The e ective
elastic moduli of a multimineral rock should fall between the VR bounds (Mavko et al., 2009) [15]. Sone
and Zoback (2013) [21] examine various shale-gas reservoir rocks, and their laboratory data generally
conform to the theory and lie within the VR bounds.

When the measurement is inside the VR bounds, the linear interpolation between the bounds can be

used as an estimation of rock texture (Marion and Nur, 1991) [22] given by
w=(Ksat Kr)=(Ky KRg); (2.12)

where w is a weighting factor estimated from the Voigt and Reuss averages. The di erence in the weighting
factor may represent the distinct pore space, rock fabric, and geometry of the rock. Note that w> 1
indicates a violation in the Voigt average and w< 0 represents a violation in the Reuss average.

The VR bound model is valid for other elastic moduli, such as S- and P-wave moduli. Therefore, we
also present an application in the VR bound model that uses P-wave modulus (M) where Mgyt = pr2
when the DTS log is absent or noisy. In theory, the P-wave modulus log has a higher vertical resolution
(approximately 2 ft) and is less a ected by noise than the bulk modulus log.

The VR bound model establishes the upper and lower limits given the composition and elastic moduli
of the constituents. However, the large contrast in moduli between solid and uid components can mask
minor di erences between mineral moduli of the solids. Therefore, we use the second set of e ective
medium models to cross-check the rock composition further.

In addition to the rock composition and elastic moduli of the constituents, the SCA and DEM models
need additional speci cations in the pore aspect ratio (AR) of inclusions to predict more realistic e ective
elastic moduli. In SCA, rock constituents are selected to be load-bearing based on their volume fractions.
At high porosity, greater than 60%, Berryman (1980) [23] shows that the uid phase becomes load-bearing.
Using the same argument, Das and Batzle (2009) [24] point out that the medium is biconnected between

40% and 60% porosity in the SCA formulation. Berryman (1980) [23] estimates e ective elastic moduli by
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changing inclusion shapes through AR speci cation. For example, AR = 0.01 represents penny-shaped,
and AR = 1 indicates spherical inclusions, cracks, and pores, respectively, if inclusions represent pore
space. The SCA does not identify any speci ¢ host material, but it treats the composite as an aggregate of
all the constituents (Mavko et al., 2009) [15]. However, the host rock is assumed to be homogeneous,
isotropic, and linearly elastic with randomly oriented ellipsoidal pore inclusions.

The DEM allows for the calculation of elastic properties by assigning one constituent as the host. In a
two-phase medium, the composition is changed by incrementally adding inclusions of one phase to the
matrix host phase (Zimmerman, 1990 [25]; Berryman et al., 2002 [26]). In the DEM model, the
inclusions/cracks are isolated in the host matrix and represent a no- ow condition. In our approach, we
develop the following work ow for calculating DEM:

1) Estimate the constituent volume fractions from multimineral analysis. 2) Use the Voigt-Reuss-Hill
average (Hill, 1952) [27] to compute the elastic properties of the matrix phase. 3) Use Wood's formula
(Wood, 1955) [28] for the elastic properties of the inclusions. 4) Calculate elastic moduli using the DEM
model with the speci ed AR.

Theoretically, the inclusion models provide good approximations for low inclusion density/porosity
(Saxena et al., 2018) [29], and we use AR = [0.01, 1] as lower and upper bounds for the SCA and DEM.

Figure 2.2 illustrates a crossplot of e ective medium models of a calcite-water composite in bulk
modulus. The VR bounds de ne the uppermost and lowermost limits of e ective elastic moduli. SCA and
DEM narrow the prediction of e ective bulk modulus by specifying AR = [0.01, 1], respectively. Note that
we only focus on application to the rocks whose porosity is less than their critical porosity. The modi ed
Voigt average and percolation in DEM are not implemented in our models.

The proposed multimineral analysis work ow is illustrated in Figure 2.3. We suggest an additional
evaluation of e ective medium models at every depth after the conventional calibration process to validate
the results. In addition to selecting di erent constituents and iterating their petrophysical endpoints and
tool responses, post inversion calibration can be made by enabling inequality constraints in the inverse

process when violations are present. We show our work ow in the following section with two eld examples.
2.5 Field Examples

To demonstrate our method in multimineral analysis that incorporates the e ective medium models, we
present two eld cases, the conventional Middle Marrat formation in North Kuwait and the unconventional
Bakken and Three Forks formations in North Dakota, US. No empirical slowness/velocity relations are
embedded, and the bulk modulus logs are used as additional information in analyses. We show

multimineral solutions from both MCMC simulations and deterministic inversion for the two cases. In

11



addition to obvious geological di erences, the examples in the two areas help illustrate how to use e ective

medium models in evaluating the results.
2.5.1 Middle Marrat formation, North Kuwait

The rst eld example is a carbonate reservoir in North Kuwait, where the Marrat formation was
deposited on a vast carbonate-evaporite platform during the early Jurassic time (Murris, 1980) [2]. The
Marrat formation is conventionally divided into upper, middle, and lower units, separated by maximum
ooding surfaces. In this eld example, we focus on the Middle Marrat unit (MMR), the main producing
unit. The porosity can be up to 25%. The MMR consists of a sequence of dense micritic limestones with
subordinate wackstones, packstones, and oolitic grainstones, frequently with anhydrite, dolomite, and rare
clay (Alsharhan et al., 2014) [30]. It is critical to correctly estimate the volumes of iterative anhydrite
between porous intervals for reservoir development. The anhydrite volume may impact the vertical
connectivity of di erent ow zones.

According to the mud logs and production data, we select calcite, dolomite, anhydrite, clay, water, and
light oil as the constituents of the rocks in the interval of interest. Available well logs are GR, RT, RHOB,
NPHI, U, DTC, and DTS. The petrophysical endpoints of constituents used in this example are listed in
Table 2.1. The inverse problem is even-determined, as the number of equations equals the number of
unknown constituent volume fractions. DTC and DTS are not used in the inversion but are used to

compute the bulk modulus log.

Table 2.1 Petrophysical endpoints used for the Middle Marrat formation

Constituent Gamma ray (API) CX (S/m) b (9/cm3)  § (viv) U (barns/cm 3)

Anhydrite 5 0 2.98 -0.02 14.9
Calcite 5 0 2.71 0 13.8
Dolomite 10 0 2.87 0.03 9.1
Clay 80 0.3 2.79 0.3 8.5
Water 0 9 1.0 1.0 0.4
Qil 0 0 0.8 0.95 0.1

Both stochastic and deterministic multimineral analyses are performed. 5% of summed data mis ts are
determined acceptable for MCMC simulations. Figure 2.4 shows the input logs and reconstructed logs in
probability from plausible realizations from the MCMC simulations, and the two have good matches.
Tracks 1 { 6 of Figure 2.5 show the posterior probability functions of constituent volume fractions. The
uncertainties in anhydrite and calcite are higher than other constituents, mainly due to the similarity in
their petrophysical endpoints. Track 7 of Figure 2.5 illustrates the deterministic solution. Core porosity

measurements help cross-check the results.
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The bulk modulus and porosity cross-plot with the VR bounds is shown in Figure 2.6. To show
e ective medium models of a composite rock with more than two constituents on the cross-plot, we must
group the constituents into two endpoints, generally the host rock and inclusions (porosity). Therefore, the
conventional cross-plot cannot 1) present the exact bound values for a composite with more than two
constituents; 2) compare e ective medium models directly with each log measurement that varies in
composition at every depth. Therefore, we present the elastic measurements and e ective medium models
in depth plots.

In this conventional carbonate reservoir, we assume the host rock is isotropic and compute the VR,
SCA, and DEM models from the multimineral result. Track 1 of Figure 2.7 is the same deterministic result
from Figure 2.5. Tracks 2 { 5 of Figure 2.7 illustrate the VR bound models in bulk modulus and P-wave
modulus, SCA, and DEM in bulk modulus in separate depth plots.

The VR bound model represents the widest limits, and the e ective moduli should fall between them.
Thus, most measured bulk modulus values are between the VR bounds. However, there are intervals where
the measured bulk and P-wave modulus are greater or smaller than the limits predicted from the
multimineral results. Those violations are colored by ags on the side of each track (Figure 2.7, tracks 2
and 3). Most of the violations are upper bound violations in intervals with high volumes of anhydrite and
low porosity (< 5%). Note that the VR bound models in the P-wave modulus show violations relatively
consistent with the ags in bulk modulus. Thus, in the absence of an S-wave slowness log, the P-wave
modulus may still assist in validating the multimineral results.

For the inclusion models, AR = [0.01, 1] are used for the upper and lower bounds for the SCA and
DEM. Ruiz and Dvorkin (2010) [31] nd that a constant of 0.13 for AR can be used to match empirical
relations in competent sand, shale, and quartz/calcite mixtures. In addition to the upper and lower
bounds, we plot calculations of AR = 0.13 for both inclusion models for reference. Track 4 of Figure 2.7
shows the SCA with a narrower distance between upper and lower bounds than the VR bound model. In
addition to the violation ags determined by the VR bound model, the SCA detects more violations, which
are not limited to high anhydrite volumes and low porosity intervals.

In track 5 of Figure 2.7, the DEM shows bulk modulus predictions consistent with the SCA. The
intermediate DEM (AR = 0.13) exhibits reasonable agreement with the bulk modulus log in low porosity
intervals (< 5%). Like the SCA, the DEM violations are not limited to high anhydrite volume intervals
and include intervals with high porosity (> 10%). The underestimate of elastic properties from both SCA
and DEM models at high porosity may imply vuggy porosity in the carbonate reservoir. Another plausible
reason is that some secondary minerals are not participating in building the rock frame. Geological

information about primary and secondary mineral content would be needed to re ne the model further.
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As well as the additional geological information needed for inclusion models, potential causes of the
violation in e ective medium bounds are tool errors due to borehole roughness (or fractures), wrong
constituents, and inappropriate volume fractions in multimineral analysis. However, there is no fracture
around the agged intervals according to the wellbore image logs. Caliper and density correction logs
indicate that the wellbore in this interval is intact without obvious roughness. Furthermore, the mud logs
con rm the selection of constituents at the agged intervals. A few violations of the lower limits in all
models may be due to the low vertical resolution of the bulk modulus log in alternating thin layers. In the
VR bound model, the agged intervals correspond mostly to the intervals with high anhydrite content and
indicate the need to re-evaluate the multimineral results. Because the VR bound model de nes the
extreme limits with no speci cation in rock texture, we focus on constraining multimineral analysis using
the VR bound model in bulk modulus.

The possible reason for the violations in the Voigt average is the improper inverted volume fractions.
To increase the upper bound in intervals where violations occur, we need to increase the volume fractions
of sti constituents (dolomite or calcite). To achieve this goal, we impose linear inequality constraints from
the VR bounds using the interior-point method (Altman and Gondzio, 1998 [32]; The MathWorks, 2018
[33]) to nd an alternative solution at every depth in the deterministic inversion. The violation of
inequality constraints is prevented by augmenting the objective function with a barrier term that causes
the optimal solution to be in the feasible space. In addition to equations 2.6 and 2.7, the objective function
is to nd a vector of volume fractions, which minimizes the inverse function, which is subject to the linear

inequalities at every depth
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where K ¢4 is the bulk modulus log. Equation 2.12 shows the inequality constraints for the Voigt-Reuss
averages. In this case, the Reuss constraint is not active because the lower bound violations may be simply
due to the di erence in vertical resolution between input logs.

The constrained multimineral results are shown in track 2 of Figure 2.8. For the depths with no upper
bound violation originally, the results remain unchanged. For the depths where the upper bounds were
crossed, the constrained inversion uses the bulk modulus log as the upper limit to search for alternative
solutions that still honor the input data. Track 3 of Figure 2.8 shows the new upper bound derived from
the alternative solution. The alternative solution shows a reduction of anhydrite by 10% { 30% and an

increase of calcite or dolomite by the same amount. Tracks 4 { 8 of Figure 2.8 show the comparison
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between the input and reconstructed logs with and without the constraint, and the di erences are
reasonable, thereby indicating the alternative solution is plausible.

Calcite, dolomite, and anhydrite are relatively similar in petrophysical endpoints but are very di erent
in elastic properties (see Table 2.2). Using e ective medium bounds on the bulk modulus provides a means
to re-evaluate and constrain the results from the multimineral analysis. Unfortunately, there is no core

measurement available at those intervals to validate the change of volume fractions from the constrained

multimineral analysis.

Table 2.2 Elastic moduli of constituents used in this paper. Shear and P-wave moduli are only used in the
Middle Marrat analysis.

Constituent Bulk modulus  Shear modulus P-wave modulus Reference
(GPa) (GPa) (GPa)
Anhydrite 62.1 33.6 106.9 Rafavich et al. (1984)
Calcite 74.8 30.6 1155 Dandekar (1968)
Dolomite 94.9 45.0 154.6 Humbert and Plicque (1972)
Clay 12.0 6.0 20 Vanorio et al. (2003)
Kerogen 5.0 - - Yan and Han (2013)
Quartz 37.0 - - Carmichael (1989)
Water 2.2 0 2.2 Mavko et al. (2009)
o]] 1.6 0 0.8

2.5.2 Bakken and Three Forks formations, North Dakota, US

The multimineral analysis is especially challenging for unconventional reservoirs due to their complex
lithology and uncertainties in petrophysical endpoints. Therefore, we propose to use e ective medium
models as additional data to quality control the multimineral results even if there may not be violations in
the e ective medium model. The second eld example is the Bakken and Three Forks formations.

The Three Forks formation consists of peritidal dolostones and is separate from the overlaying Bakken
formation by a major unconformity. The Bakken formation is characterized by low-porosity and
permeability reservoirs, organic-rich source rocks, and regional hydrocarbon charge. The Bakken formation
consists of four members: upper and lower organic-rich black shale consisting of the Lower Bakken Shale
(LBSH) and the Upper Bakken Shale (UBS); a middle member comprised of the oolitic, bioclastic, sandy
Middle Member (M. Bakken). The Pronghorn formation represents a basal member with the dolostone,
limestone, and siltstone (Sonenberg, 2017) [34].

The well is in McKenzie County, North Dakota. Available well log data include GR, RT, RHOB, NPHI,
and U for multimineral analysis. The GR measurements include standard (SGR) and computed (CGR,

gamma-ray contribution from thorium and potassium) gamma-ray. We only use the dipole sonic logs to
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calculate the bulk modulus log. In addition to logs, XRD data identi es quartz, calcite, dolomite, clay,
kerogen, and traces of K-feldspar and chlorite for the solid phase. The clay mostly consists of illite. Because
of their negligible trace volume fractions, K-feldspar and chlorite are ignored in the multimineral analysis.
Triaxial compressive tests with core plugs with horizontal, vertical, and 45 to the bedding at various
depths are available. With measured bulk densities, the elastic parameters, such as Young's, bulk, and
shear moduli, are estimated by the ultrasonic devices under a hydrostatic con ning pressure of 15,395 KPa.
We continue to employ the linear mixing law (equation 2.2) for multimineral analysis of the Bakken and
Three Forks formations for simplicity. See Heidari et al. (2012) [6] for a more accurate thinly-bedded model
using non-linear equations. Table 2.3 lists the petrophysical endpoints used in the multimineral analysis.

Kerogen is characterized by high GR readings (around 3,500 API) from uranium in the UBS and LBSH.

Table 2.3 Petrophysical endpoints used for the Bakken and Three Forks formations.

Constituent CGR (APl) SGR (APl) CX (S/m) b (9/cm3)  § (viv) U (barns/cm 3)

Quartz 12 15 0 2.65 -0.02 4.8
Calcite 5 15 0 2.71 0 13.7
Dolomite 10 12 0 2.89 0.02 9.0
Clay 260 350 0.1 2.75 0.4 8.7
Kerogen 250 3500 0 1.2 0.5 0.3
Water 0 0 12 1.0 1.0 0.4
oil 0 0 0 0.8 0.95 0.1

Figure 2.9 shows the comparison of the input logs and reconstructed logs from MCMC simulations.
Tracks 1 { 7 of Figure 2.10 are realizations of constituent volume fractions with uncertainties compared
with XRD data. The solution from the deterministic inversion is shown in Track 8 of Figure 2.10. The
faithful reconstruction of the input curves and a good match to core data con rm log data quality and
consistent model parameterization. Figure 2.11 shows the bulk modulus cross-plotting with porosity. The
quartz and carbonate-rich Middle Bakken and Three Forks formations exhibit sti elastic properties. In
contrast, the UBS, LBSH, and Pronghorn show soft elastic properties consisting of more clay and kerogen
contents.

The host rock of the Bakken formation is considered anisotropic (Sayers and Dasgupta, 2015) [35]. For
proper implementation of SCA and DEM in shales, the model needs to incorporate maturation information
while creating the solid. Therefore, we employ the VR bound model, which does not require any geometric
information of the host rock. Figure 2.12 shows that the bulk modulus log mostly stays between the VR
bounds predicted from the multimineral results. Thus, the solution meets the bound model. There is no
need for actively constraining the inversion, except for a few lower bound violations at the boundary of the

Middle and LBSH formations, mainly due to the vertical resolution issue. We can still use the VR bound
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model to validate the multimineral results.

First, the triaxial compressive results can be directly compared with the bounds. The bedding at the
wellbore is with near-zero apparent dip. The horizontal plugs measure the bulk modulus parallel to the
bedding, whose values should be close to but smaller than the Voigt bound predicted from the
multimineral results. Track 2 of Figure 2.12 shows all bulk moduli estimated from horizontal plugs are
within the predicted Voigt bound, and the measurements at the Pronghorn and Three Forks formations fall
close to the bound. The good matches indicate that the solution is plausible.

Second, Simone et al. (2020) [36] analyze the acoustic velocity of core data and provide reference values
for the weighting factors of di erent unconventional reservoirs. The weighting factors for the Bakken
formation are estimated between 0.34 { 0.45. Track 2 of Figure 2.12 shows two reference curves of
weighting factors [0.34, 0.45] compared with the bulk modulus log. The curve of computed weighting
factors (equation 2.11) is shown in track 3 of Figure 2.12. One may iterate the endpoints or tool responses
if the resultant weighting factors are away from the reference. The Middle Bakken formation is consistent
with the suggested range. However, the UBS and LBSH exhibit lower weighting factor values, ranging from
0.15 { 0.25, due to high porosity and high kerogen content. More statistical data are required to have more
conclusive estimates on the UBS and LBSH.

Another potential use of the VR bound model is to approximate the local elastic moduli of the clay for
unconventional reservoirs. Unlike well-de ned elastic properties in calcite, dolomite, or quartz, clay has
high variability in elastic properties due to its complex composition. For example, clay is sti er when in
dryer conditions. Theoretical values for the bulk modulus of clay are reported between 20 and 50 GPa
(Wang et al., 2001) [37]. Track 2 of Figure 2.13 shows the VR bounds derived from the multimineral result
of the LBSH and Pronghorn formations (Figure 2.13, track 1) using an initial value of 25 GPa for the dry
clay bulk modulus. The predicted Reuss bound of the Pronghorn formation overlays the bulk modulus log
resulting in close to zero weighting factors. Note that the Reuss bound represents the zero dry bulk
modulus according to the Gassmann equation. Such low weighting factor values may result from the
incorrect bulk modulus selected for the soft mineral (clay) in the Pronghorn formation. The possible reason
can be that the clay in the Pronghorn formation might not have experienced high pressure/temperature to
a dryer/sti er condition. Therefore, we use a lower bulk modulus value of 12 GPa (Vanorio et al., 2003)
[38] and recalculate the corresponding VR bounds. Track 3 of Figure 2.13 shows a more realistic bound
model for the Pronghorn formation and indicates that a lower clay bulk modulus value should be used.

The method is most useful when the intervals contain a high volume of clay minerals.
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2.6 Discussion

We implement the e ective medium theory using quad-combo logging data to evaluate multimineral
models. In addition to the conventional elastic moduli-porosity cross-plot, the depth plot is recommended
to facilitate a more accurate and intuitive comparison between the measured bulk modulus, the variation in
rock composition, and the bounds derived from theoretical e ective medium models.

Three e ective medium models are computed from the multimineral results and compared. The VR
bound model represents the most extreme theoretical limits for e ective moduli of a saturated rock. If
there are violations of the VR bound model, it indicates the need to re-evaluate the multimineral result.
The SCA and DEM narrow the range of plausible e ective moduli by specifying the AR. Our experiment
in the MMR case shows AR =[0.01, 1.0] of the SCA and DEM are realistic upper and lower bounds for a
low porosity approximation. However, for porous intervals, a more accurate approximation is required. The
SCA and DEM may be adequate for quality control purposes. Still, without additional geologic
information about load-bearing versus non-load-bearing minerals, the bounds might not be calculated
properly to constrain multimineral results.

The VR bound model violations indicate that errors may have occurred in selecting constituents,
estimated composition, or other reasons (e.g., due to tool errors or borehole issues). For the MMR case,
the MCMC simulations show the high uncertainties in calcite and anhydrite volume fractions. The
violation of the VR bound model most likely occurs where the petrophysical endpoints of constituents are
similar, but the constituents are distinct in terms of their elastic properties. Therefore, one may employ
the constraints to the inverse problem within the feasible area in the model space to nd an alternative
solution that honors the input logs. Such inequality constraints can be easily implemented in commercial
software. Using the VR bound model, the P-wave modulus is another viable option when the shear
slowness log is absent or too noisy.

Even if there is no violation in the VR bound model, estimating the weighting factor (w) can be useful
for quality control of multimineral results and the approximation for elastic moduli of constituents. The
change in the weighting factor along the depth may represent the di erence in the geometry of the rock.
When the weighting factor is between zero and one, one may use the value of the weighting curve to
inspect the results at di erent levels, especially for formations that already have a range of weighting
factors estimated from lab experiments or a set of o set wells. For example, the Middle Bakken and Three
Forks formations exhibit sti er elastic properties with w ranging from 0.34 { 0.45. On the other hand, the
UBS and LBSH are softer, with w ranging from 0.15 { 0.25. The nding still requires more statistical

evaluation. Analyzing the weighting factor also helps approximate the elastic properties of minerals like
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clay that have variability due to their complex mineralogy.

The VR bound model accommodates the most extreme cases in completely layered formations (Sone
and Zoback, 2013) [21]. Therefore, our bound model method applies to the rocks with both isotropic and
transversely isotropic elastic properties. We recommend computing the VR bounds simultaneously and
comparing the bulk modulus log, core measurements, and bounds after every iteration of multimineral
analysis. Results of triaxial compressive tests may be directly compared on the depth plot to assist the
multimineral interpretation. However, note that we use the isotropic approximation (equation 2.8) to
compute the bulk modulus log due to the common limitation of well log data. The weighting factor
variation along the depth and between di erent wells may result from the rock texture and anisotropy for
transversely isotropic rocks. More studies are still required to understand the e ects caused by anisotropic

properties under the isotropic assumption.
2.7 Conclusions

We present a study of implementing e ective medium models in multimineral analysis. Among the
models tested in this paper, the VR bound model is more practical than inclusion models and can be the
rst-order quality control for multimineral analysis. If violations are present, one may impose inequality
constraints to seek an alternative solution after ruling out other possible causes. The linear interpolation
between the VR bounds may help guide multimineral analysis for unconventional reservoirs. The new
method provides a means to incorporate rock physics in multimineral analysis in addition to empirical

slowness/velocity relations.
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2.9 Nomenclature

CX = Near-wellbore square root conductivity log
d = Vector of well log data

DTC = Compressional slowness log

DTS = Shear slowness log

GR = Gamma-ray log
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G = Matrix of constituent petrophysical endpoints
RT = Ture formation resistivity log
b = Bulk density log
n = Neutron porosity log
= Total porosity
m = Vector of constituent volume fractions
m; = Volume fraction of the i constituent
M = Number of independent log curves
N = Number of unknown constituent volume fractions
LDT = Litho-density tool
Msat = P-wave modulus of a saturated rock
K = Bulk modulus
Ksat = Bulk modulus of a saturated rock
Kr = Reuss average
Ky = Voigt average
PEF = Photoelectric absorption factor log as a massic cross-section
V, = P-wave velocity

Vs = Shear wave velocity

w = Weighting factor
U = Volumetric cross-section
XRD = X-ray di raction

XRF = X-ray uorescence
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Figure 2.1 The compositional model assumed in this paper.

Figure 2.2 E ective medium models for a calcite-water composite in bulk modulus. The Voigt and Reuss
averages de ne the most extreme cases in elastic behaviors for a composite rock. The SCA and DEM are
inclusion models that use the inclusions' AR to predict e ective moduli of a composite rock; AR = 0.01
(penny-shaped) and AR = 1 (spherical) of the SCA and DEM are shown in black and red curves,
respectively.
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Figure 2.3 The proposed work ow for multimineral analysis incorporating e ective medium models. The
evaluation of e ective medium models is added to the postinversion calibration. When violations of

e ective medium models are present, in addition to reviewing the constituents and their petrophysical
endpoints, inequality constraints can be imposed on the inverse process.
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Figure 2.4 The input logs and reconstructed logs from plausible realizations from MCMC simulations for
the Middle Marrat Formation. The reconstructed logs are shown in the posterior probability functions at
every depth. The color scheme represents the probability.
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Figure 2.5 The posterior probability functions of constituent volume fractions (tracks 1 { 6) from MCMC
simulations and the deterministic result (track 7). The core porosity measurements are compared with the
multimineral result. Anhydrite and calcite exhibit high uncertainties in volume fraction due to the

similarity in their petrophysical endpoints.
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Figure 2.6 Bulk modulus and porosity crossplot of the Middle Marrat Formation. The Voigt and Reuss
averages, SCA, and DEM are calculated from the composite of calcite (K = 74.8 GPa) and the mixture of
water and oil (K =2 GPa). Facies color the data points.
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Figure 2.7 The multimineral results evaluated with e ective medium models. Track 1 is the deterministic
result from Figure 2.5. The e ective medium models (tracks 2{5) are derived from the multimineral

results. Track 2 is the bulk modulus log compared with the VR bound model. Track 3 is the P-wave
modulus log compared with the VR bound model in P-wave modulus. Track 4 represents the SCA in bulk
modulus with AR =[0.01, 1.0]. Track 5 illustrates the DEM in bulk modulus with AR =[0.01, 1.0].
Intermediate curves are shown for AR = 0.13 for the SCA and DEM. The violations are shown on the side
of tracks 2{5 in color ags in which the bulk modulus log is greater than the upper limits (blue) or lower
than the lower limits (red) derived from the models.
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Figure 2.8 The multimineral results before and after constraint by the VR bound model. Track 1 shows the
unconstrained results. Track 2 demonstrates the results constrained by the VR bound model. Track 3
shows the bulk modulus log compared with the e ective medium bounds derived from the constrained
results. Tracks 4{8 show the input logs, reconstructed logs from unconstrained results, and reconstructed
logs from constrained results. Zones where the constraints are active are colored in gray.

27



Figure 2.9 The input logs and reconstructed logs from all of the plausible realizations from MCMC
simulations for the Bakken and Three Forks formations. The reconstructed logs are shown as posterior
probability functions in colors.
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Figure 2.10 The posterior probability functions of constituent volume fractions (tracks 1{7) from MCMC
simulations and the deterministic result (track 8). The core XRD measurements are compared to
cross-check the multimineral results.
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Figure 2.11 Bulk modulus and porosity crossplot. The data points are colored by formations. The Voigt
and Reuss averages, SCA, and DEM are computed from the composite of the matrix (the average of calcite
and quartz, K = 55.9 GPa) and the mixture of water and oil (K = 2 GPa).
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Figure 2.12 The weighting factor evaluation for the Bakken and Three Forks formations. Track 1 shows the
deterministic results from Figure 2.10. Track 2 shows the bulk modulus log compared with the VR bound
model computed from track 1 and the triaxial test results. The intermediate reference curves (w = [0.34,
0.45]; Simone et al., 2020) [36] for the Bakken Formation are plotted. The weighting factor curve is shown

in track 3.
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Figure 2.13 lterative tests for the approximation of the clay bulk modulus. Track 1 is the multimineral
result. The Kclay = 25 GPa is used for the VR bound shown in track 2. Track 3 shows the VR bound with
Kclay = 12 GPa.
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CHAPTER 3
PRACTICAL BAYESIAN INVERSIONS FOR ROCK COMPOSITION AND PETROPHYSICAL
ENDPOINTS IN MULTIMINERAL ANALYSIS

Modi ed from an abstract published in SPE Reservorir Evaluation & Engineering®

Liwei Cheng?, Ge Jin?, Reinaldo J. Michelen&, and Ali Tura 2
3.1 Abstract

Rock composition can be related to conventional well logs through theoretical equations and
petrophysical endpoints. Multimineral analysis is a formation evaluation tool that uses inversions to
guantify rock composition from well logs. However, due to data errors and the multivariate selection of
petrophysical endpoints, solutions from the multimineral analysis are non-unique. Many plausible
realizations exhibit comparable data mis ts. Therefore, the uncertainties in rock composition and
petrophysical endpoints must be quanti ed but cannot be ful lled by deterministic solvers. Stochastic
Bayesian methods have been applied to assess the uncertainties, but the high run time, tedious parameter
tuning, and need for speci c prior information hinder their practical use. We implement Markov chain
Monte Carlo with ensemble samplers (MCMCES) to assess the uncertainties of rock composition or
petrophysical endpoints in the Bayesian framework. The resultant posterior probability density functions
quantify the uncertainties. Our method has fewer tuning parameters and is more e cient in convergence
than the conventional random walk Markov chain Monte Carlo methods in high-dimensional problems. We
present two independent applications of MCMCES in multimineral analysis. We rst apply MCMCES to
assess the uncertainties in volume fractions with a suite of well logs and petrophysical endpoints. However,
de ning the petrophysical endpoints can be challenging in complex geological settings because the values of
standard endpoints may not be optimal. Next, we use MCMCES to estimate petrophysical endpoints'
posterior probability density functions when the endpoints are uncertain. Our methods provide posterior
volume-fraction or petrophysical-endpoint realizations for interpreters to evaluate multimineral solutions.

We demonstrate our approach with synthetic and eld examples. Reproducible results are supplemented

with the chapter.

1Reprinted with permission of SPE Reservorir Evaluation & Engineering , SPE-210576-PA. Appendix B
2Colorado School of Mines, Department of Geophysics, Golden, Colorado 80401-1887
3SeisPetro Geosoftware, LLC, Littleton, Colorado 80120
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3.2 Introduction

Estimating the rock composition, such as mineral volume fractions, porosity, and uid saturations, is
essential to hydrocarbon reservoir characterization and development. The emerging need for GO
sequestration also calls for a better understanding of rock composition for site assessment as the injected
CO,, interacts with host rock for mineral trapping (Benson and Cole 2008 [39]; Ajayi et al. 2019 [40]).
Multimineral analysis is a formation evaluation tool using conventional well logs to quantify rock
composition (or constituent volume fractions). Mayer and Sibbit (1980) [4] optimize rock composition by
minimizing the mis ts between measured logs and theoretical values. Quirein et al. (1986) [5] propose
linear mixing approximations between well logs and rock composition through a set of petrophysical
endpoints (endpoints hereafter). The linear mixing assumption signi cantly reduces the computational
time in optimization. Early multimineral developments mostly rely on deterministic optimizations that
obtain solutions e ciently. However, due to data errors and uncertainties of petrophysical models,
multimineral results are non-unique. If available, multimineral solutions are recommended to reconcile with
core data, mud logs, and local geological knowledge. Assessing the uncertainties is critical but cannot be
easily achieved by deterministic methods. Therefore, using stochastic methods helps to evaluate the
solutions associated with the uncertainties.

There have been stochastic approaches applied to multimineral analysis to assess the uncertainties in
rock composition. For instance, Aldred (2018) [41] uses the Monte Carlo processing that randomly draws
samples from a probability distribution function to approximate the desired function. The uncertainty
assessment can be achieved by nding many realizations that t the data. However, the exhaustive Monte
Carlo sampling may not explore the model space e ciently, especially for high-dimensional problems,
thereby costing signi cant computational time. In addition, the assumption of parameter distributions,
such as normal or triangle, is generally required. Markov chain Monte Carlo (MCMC) method in the
Bayesian framework provides an alternate approach to random sampling high-dimensional probability
distributions to estimate posterior probability density functions (PDFs). The resultant posterior PDFs are
proportional to the known function, thereby quantifying the uncertainties. A random walker MCMC
approach is formulated by Spalburg (2004) [42], but the application is a low dimension implementation
that only focuses on porosity, net-to-gross ratio, and saturation. Deng et al. (2019 [43], 2020 [44])
implement a comprehensive MCMC to estimate rock composition with associated uncertainties for
thinly-bedded formations. However, their approach generally requires assuming prior normal distributions
to assist convergence. In addition, to account for thinly-bedded formations, the multimineral model

implemented in Deng et al. (2019) [43] incorporates non-linear nuclear log responses, which costs
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considerable computing time (approximately one minute per depth sample). Therefore, a more practical
and robust MCMC method for estimating uncertainties in rock composition is needed.

In addition to rock composition, endpoint selection is another challenge in multimineral analysis.
Faithful endpoint selection leads to reasonable volume-fraction inversion. Even though endpoints are
commonly treated as known parameters, the standard values of endpoints may not be optimal, especially
in complex geological settings where the formation has more constituents than the number of well logs. In
practice, the solutions are reconciled with other available information by altering tool responses or
endpoints iteratively. However, the tedious heuristic iteration to the best results only means the best that
one can achieve in the allotted time. In addition, there can be variations in endpoints from place to place,
which may contain valuable geological information. Michelena et al. (2020) [14] employ a genetic algorithm
to solve the rock composition and endpoints from well-log data simultaneously. Their eld example shows
that the change in kerogen grain density from di erent wells may indicate the variation in the thermal
maturity of kerogen. However, the uncertainties associated with endpoints have not been explored.

We use Markov chain Monte Carlo with ensemble samplers (MCMCES) in the Bayesian framework in
two independent applications, rock composition or endpoint inversion. MCMCES provides e cient
convergence in high-dimensional problems with fewer tuning parameters than the conventional MCMC
method. Furthermore, the linear mixing model simulated by MCMCES allows for e cient estimation of
posterior probability distributions without detailed prior information. Given the advantage of assessing
uncertainties, optimizing Bayesian inversion can be challenging. Therefore, this paper aims to illustrate
comprehensive implementations of Bayesian inversions for multimineral analysis. The paper is organized as
follows. We rst review multimineral analysis and the sources of uncertainties. Then, we explain how to
use MCMCES to address the uncertainties. Finally, we demonstrate our method with synthetic and eld

examples for volume fraction and endpoint applications and provide reproducible results.
3.3 Review of Multimineral Analysis and Its Uncertainty

In multimineral analysis, rock composition is inverted jointly from the conventional well logs through a
set of theoretical equations and endpoints. The typical input data are a triple- or quad-combo logging set
that may include gamma-ray (GR), resistivity (RT), neutron porosity (NPHI), bulk density (RHOB),
photoelectric absorption factor (PEF), and sonic slowness (DT) logs. To demonstrate our method, we use
the linear mixing model (Quirein et al. 1986 [5]; Mitchell and Nelson 1988 [11]; Doveton 1994 [12]) that has
already been implemented in commercial software for theoretical forward modeling and inversion. In the
absence of gas in the formation, conventional well logsd) at every depth can be linearly related through

an endpoint matrix (G) and rock composition (V), given by
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d=GV; (3.1)
whereV is an N by one vector of constituent volume fractions, given by
V=[ViVoiii V' (3.2)

where V; is the volume fraction of the i" constituent and T denotes transpose.N represents the number of
constituents considered in the analysis. In practice, resistivity is linearized as near-wellbore square root
conductivity (CX) through the Archie equation, where the porosity and saturation exponents are assumed
to be two (Doveton 1994) [12]. A disperse shale model for resistivity is assumed if clay minerals are
present. Also, the linear superposition is used for the volumetric cross-section (U) derived from the
multiplication of PEF and RHOB.

The inverse problem is solved in a depth-by-depth fashion and is subject to the unity equation, which is

expressed as

X
Vi =1: (3.3)
i=1
In addition, each constituent volume fraction must be greater than 0 and less than 1, as follows

0V, 1L (3.4)

As expressed in equation 3.1, preconditioning well log datad) and selecting proper endpoints (G) for each
constituent are critical steps to estimate the rock composition ) correctly. However, both have associated
uncertainties. For instance, well log data may have measurement errors due to borehole conditions,
calibration, operational issues, etc. Therefore, one must account for the data errors in the inversion to
avoid obtaining erroneous solutions by over tting the data.

In practice, using well-log crossplots can help to approximate endpoints from the data. However, the
endpoints can be uncertain in some situations. First, even though most common minerals have suggested
endpoint values, there are variations. For instance, the density of quartz may range from 2.64 to 2.68
(g/cm ) as the mineral may not be in its pure compositional form in the study interval. The change in
endpoints from place to place may provide important insights into geology (Michelena et al. 2020) [14].
Second, some endpoints do not have exact values but ranges. For instance, clay gamma-ray can range from
tens of API to a few hundreds of API, depending on the radioactive component in the clay composite. In
such a case, without local knowledge, estimating appropriate endpoints can be a time-consuming process,
typically done by a trial-and-error approach.

Furthermore, the number of constituents in the formation is generally greater than the number of

available well logs in a complex geological setting. Therefore, grouping constituents with trace volume
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fractions or similar properties is common to make the inverse problem well-determined (Quirein et al.
1986) [5]. For example, one may group quartz, K-feldspar, and plagioclase into a category of clastics.
However, after grouping, the collective endpoints of the mixture are di erent from their standard values. In
addition, the optimal endpoints may be from the averaging of several consecutive layers for thinly-bedded
formations due to the limited vertical resolutions of well-log data. Therefore, the endpoints must be
somewhat adjusted for optimal inversion in most eld cases, but their uncertainties cannot be easily
evaluated in current commercial implementations of multimineral inversion.

In addition to the uncertainties in data and endpoints, the inverse problem can be ill-conditioned if
there is a high similarity between constituent endpoints|the high similarity results in a high condition
number of the matrix (G). Thus, the uncertainties are higher for the constituents with similar endpoints as
many realizations result in comparable data mis ts. For instance, resolving quartz and plagioclase can be
di cult because they have similar densities, low gamma-ray reading, low neutron porosity, etc., even if the
inverse problem is well-determined. Cheng et al. (2022) [45] show uncertainties in mineral volume
fractions, resulting in violations in rock-physics models. Furthermore, the uncertainties are not constant
along depths but a function of data errors, rock composition, and the weighting of well-logs/equations.
Therefore, understanding and accounting for this mathematical limitation embedded in the multimineral
analysis are critical. However, the imposed constraints (equations 3.3 and 3.4) increase the di culty of
estimating the uncertainties analytically. Hence, we propose non-linear stochastic methods in endpoints to
assist in assessing the uncertainties of endpoints from well-log data. The next section demonstrates how to

evaluate the uncertainties numerically using the Bayesian inversion.
3.4 Bayesian Inversion

Bayesian statistics or inversion can translate the uncertainties in the physical model and data into the
computed functions. Bayes' theorem can be formulated as

P(d )P().

Pid= —frg

(3.5)

where d indicates the data, is the model parameter,P ( jd) represents the posterior PDF given the data
(d), P(dj ) is the likelihood function given the model parameter (), P( ) is the prior information, and

P (d) represents the evidence. Prior information describes our belief and uncertainty on the model
parameter before seeing the data. Bayes' theorem updates the prior information through the likelihood
function based on the observed data. MCMC is a computational tool to perform Bayesian statistics and
approximates the posterior PDF that expresses the uncertainty after seeing the data. The resultant

posterior PDF is commonly displayed as a histogram and described by the mean, median, and standard
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deviation (STD) to quantify the uncertainty. The evidence term ( P(d)) represents the probability of all
possible models.P (d) usually can be eliminated if using MCMC sampling. Therefore, the prior
information and likelihood function are the two primary functions performing MCMC.

Unlike Monte Carlo sampling methods that draw independent samples from the model distribution, the
MCMC method draws samples where the next sample depends on the existing sample, called a Markov
chain (a chain hereafter). According to the neighborhood transition probabilities, the chain moves from
state to state on each iteration (Shonkwiler and Mendivil 2009) [46]. Each chain is independent and can be
seen as a series of walker steps exploring the model space. There are di erent approaches in MCMC
depending on how to propose the next step in a chain. For instance, random walk Metropolis-Hastings
MCMC (RWMH) (Metropolis et al. 1953 [47]; Hastings 1970 [48]; Tierney 1994 [49]) that draws samples
from symmetric proposal function is a common approach for performing Bayesian statistics. On the other
hand, Hamiltonian or hybrid Monte Carlo (HMC) (Duane et al. 1987) [50] uses gradient information for
the continuous space to avoid the basic random walk behavior. Moreover, HMC reduces the correlation
between successive sampled states by proposing moves to distant states, requiring fewer chain samples to
approximate Bayesian integrals. However, both methods require tedious tuning to reach optimal results,
especially in high-dimensional problems.

This paper employs the Markov chain Monte Carlo with ensemble samplers (or a ne-invariant
ensemble samplers) (Goodman and Weare 2010 [51]; Foreman-Mackey et al. 2012 [52]; Grinsted 2020 [53])
to estimate the posterior PDFs. The main di erence from other MCMC methods is the step proposal.
Unlike the random walk method with independent walkers, the ensemble method uses ensemble walkers to
automatically generate a properly tuned proposal distribution from the ensemble (Hogg and
Forman-Mackey 2018) [54]. The walkers are rst randomly distributed within the preset ranges in the
model space. To update the jth walker (%), MCMCES selects a complementary walker Y and proposes a

new step (R), given by
® = ZX; + (1{2)V; (3.6)

where Z is a real-valued stretching variable that de nes how far the walker X to a new position is
along the line connecting X to Y (Huijser et al. 2022) [55]. The proposedX is accepted to replace X with

the probability ( p), given by
0 1

p(X;Y;Z)= min@1;z" ! A, (3.7)

(X)
where n represents the number of model parameters, and(X ) indicates the target density function.

Equation 3.7 demonstrates a Metropolis-Hastings type of acceptance probability which depends on the
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ratio of the target densities at the current and proposed steps. Therefore, MCMCES makes a multivariate
proposal for each walker at each iteration, given a scaled di erence in position by parameters between the
current walker and another randomly selected walker. The ensemble-tuned proposal distribution includes
gauging the step sizes and directions for the new proposal. For more details on MCMCES, see Goodman
and Weare (2010) [51].

Compared to conventional MCMC methods, RWMH, for instance, requires tuning the proposal
covariance matrix to optimize the posterior results. In addition, RWMH may have n? tuning parameters
for a problem with n model parameters. We nd that fewer tuning parameters and fast convergence in
high-dimensional problems are the main advantages of MCMCES over other methods. However, MCMCES
may not be applicable when the number of model parameters is greater than 50 (Huijser et al. 2022) [55].

Our MCMCES application has six tuning parameters, the precision constant, the number of walkers
(chains), steps per walker (chain), burn-in, step size, and thinning regardless of the model dimensions. The
precision constant is the most important parameter among the tuning parameters, determining how precise
the target distribution is. The precision constant is the denominator of a likelihood function|a smaller
constant aims for distributions with smaller data mis ts. Hence, knowing the data's noise level is key to
determining the value of the precision constant. The number of walkers de nes the number of independent
Markov chains employed to sample the model space. MCMCES requires a complementary ensemble of
walkers to tune the proposal distribution. Only a few walkers are not su cient to generate a proper
proposal distribution. However, employing many ensemble walkers may sample the model space thoroughly
but costs high computational time. One hundred ensemble walkers are typically appropriate and are used
for the examples in this paper. The steps per walker de ne how long a chain is. A chain includes the initial
random state evolving to convergence or stationary distributions. A longer chain records more statistics
but also costs more computing time. Burn-in represents a process to discard the steps of a chain from the
initial state before reaching the stationary distribution. For example, a burn-in of 0.5 means the rst 50%
of steps are discarded, and only the last 50% of steps are recorded for the posterior PDF. The step size (as
Z in equation 3.6) determines the distance of random proposals for the next chain step. Because the
ensembles automatically tune the proposal distribution, the step size in MCMCES is a low-maintenance
parameter. A step size of 5 is used for our examples. Finally, we have a common option for keeping every
kth sample to reduce the autocorrelation between steps as \thinning," where k is a positive integer.
However, Link and Eaton (2011) [56] nd that the thinning process may not e ciently help the
convergence or autocorrelation. Therefore, thinning is set to one (no thinning) for the examples in the
paper. Thinning can be used for applications that require many steps ¥ 5,000) to converge, saving the

computer memory but costing k times of computing.
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Diagnosing and optimizing Bayesian inversion can be challenging. Therefore, we present comprehensive
diagnostic panels for every example shown in this paper to ensure the chains function properly. First, trace
plots of combined chains illustrate how chains evolve along with steps. We use trace plots to determine
how many steps per walker are needed and the burn-in fraction and identify convergence. After
convergence, further steps are required to obtain samples for posterior inference. More steps gather more
accurate posterior PDF estimates and need more time to compute. The nal posterior PDF is the
collective posterior PDFs from all the chains after burn-in. Next, autocorrelation is an important
measurement to gauge the e ciency of a chain. If an MCMC chain is strongly autocorrelated, the chain
produces clumpy samples unrepresentative of the true underlying PDF. A good chain should have rapid
mixing as the stationary distribution is reached quickly from an arbitrary position, thereby having a
shorter autocorrelation time. In addition, the acceptance rate is another heuristic proxy statistic to
diagnose the e ciency of chains. The acceptance rate is computed from the ratio of accepted steps over the
total proposed steps. If the acceptance rate is too high, the chains accept most proposed steps, indicating
the step sizes are too small and vice versa. For best performance in high-dimensional problems with
Metropolis algorithms, the optimal acceptance rate is 0.234 (Gelman et al. 1997) [57]. However, the range
from 0.25 to 0.5 is generally acceptable (Hogg and Foreman-Mackey 2018) [54].

Note that a chain only accepts proposed steps inside the prior limits|inaccurate prior information
results in erroneous posterior solutions. In addition, accurate prior information, such as narrow search
limits with a normal distribution that centers at the most probable solutions, helps the chains converge
quickly to reliable posterior PDFs. For instance, a normal prior distribution initiates more chains around
the targeted distribution, thereby costing fewer steps to reach convergence. However, such accurate
assumptions may not be available in most eld applications. Our MCMCES applications only require
reasonable upper and lower search limits with equally distributed probabilities (random distributions) for
prior information. After evaluating the likelihood function, the posterior PDFs estimated in the following
examples are shown in probability histograms. The most probable solutions are expressed by means and
standard deviations. This paper shows the posterior PDFs as color histograms in probability for
demonstration purposes. However, the uncertainty statistics can also be presented in percentiles or error
bars.

Figure 3.1 depicts the work ow of our method. We develop two separate MCMCES applications for
multimineral analysis. First, we recommend assessing the posterior PDFs in endpoints to evaluate the
uncertainties from well-log data. Then, the validated endpoints compute the posterior PDFs in volume
fractions. Depending on the goal of the Bayesian inversion, the model parameter J in equation 3.5 can be

the volume fraction (V), which is a linear simulation, or the endpoints (G), which is a non-linear simulation.
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Iteration of our method can be done by changing the search limits or precision constant to optimize the

results. The following sections demonstrate the two di erent applications with synthetic and eld

examples. The model space of volume fractions is linear, thereby easier to illustrate than the model space

of endpoints. Thus, we rst present our method for estimating the posterior PDFs in volume fractions.
Evaluating computational time is a critical factor for Monte Carlo methods to be practical. The time

estimated for the examples is based on a Windows 10 desktop with an i7 CPU at 3.47 GHz and 24-GB

memory. MCMCES can be programmed with parallel computation by separating the ensembles into

di erent subsets. However, parallel computation is not implemented in our codes for demonstration

purposes.
3.5 Estimation of Uncertainty in Volume Fractions

We present a synthetic case with three constituents and a eld example of a carbonate reservoir using a
guad-combo logging set. MCMCES is applied to the volume fractions {) while the endpoints (G) are
constants in these applications. We use the linear mixing law (equation 3.1) for simplicity and practical
purpose, which is also a well-accepted approach and demands less computational time. However, the linear
approximation is not a requirement for employing MCMCES. Our method can potentially be applied to

non-linear models as well.
3.5.1 Synthetic Data Example

We illustrate our method with a simple synthetic example with a one-depth sample of three constituents
(clay, quartz, and water). This model helps to illustrate how MCMCES samples the model space to assess
the uncertainties in volume fractions. The simulated well log data are NPHI and RHOB using equation 3.1
with 2% random noises. The endpoints used in this example are NPHI [0.35, -0.02, 1.0] (v/v) and RHOB
[2.79, 2.65, 1.0] (g/cn?) for clay, quartz, and water, respectively. The unity is an additional equation
(equation 3.3) to ensure the inverse problem is well-determined and the solutions are realistic.

The likelihood function (p(djV)) for estimating the posterior PDF in volume fractions at every depth is

expressed by

1 GV ¢ ov 4
p(div) / expl > I (3.8)

where is the precision constant determining the acceptable mist. The term in the exponential square
bracket represents the evaluation of the data mis t from a given set of volume fractions. The proposed step
is accepted in each chain if the resultant mist is lower than the current step. If the mist is higher, the

step can only be acceptable by a probability determined from the Metropolis-Hastings algorithm (equation
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3.7). When the mist is close to zero, the likelihood function is close to one. Thus, the targeted
distribution is stationary steps around one to determine the convergence in a trace plot.

First, a grid search approach is performed to illustrate the model space of the volume fractions, as
shown in Figure 3.2. The grid search returns the mis ts of quartz and clay combinations (Myptz and
Vcoy ) from 0.2 to 0.6 in a 0.005 spacing where the water volume fractions are computed from 1 { ¢z
+ V cLy ). The three axes represent quartz, clay, and water volume fractions. The colored surface in
Figure 3.2 illustrates the mis ts of combinations with the sums of three-volume fractions equaling one. The
oval shape of the mis ts depicts the di erent uncertainties in volume fractions. The uncertainty in the
vertical axis representing the water content is smaller than the other two horizontal axes (quartz and clay).
The uneven uncertainties result from the values in endpoints as quartz and clay have greater similarity in
RHOB and NPHI than water. Due to the data errors, the correct solution is away from the minimum
mis t that the deterministic inversion nds. Therefore, nding plausible realizations within an acceptable
mis t is more reasonable than nding a single solution with the lowest mist. The Bayesian inversion
draws samples from the model space and maps the posterior distributions with the occurrence/probability
of these realizations proportional to mis ts' absolute values.

Our method assumes random distributions within searching ranges for the prior information. [0, 1] is
the broadest range for the volume fractions. This example employs 100 ensemble walkers randomly
deployed in the model space. Each walker takes 500 steps. Trace plots of the combined steps are shown in
Figure 3.3(a). The rst row of Figure 3.3(a) illustrates the likelihood function decreasing from high initial
values to around one as the steps increase. Rows 2 to 4 of Figure 3.3(a) show the corresponding volume
fraction trace plots. The burn-in of 0.3 is determined where the likelihood function has reached the target
distribution and the volume fractions converge. The posterior PDFs are the solutions after burn-in.

Figure 3.3(b) shows the autocorrelations of each model parameter. The rapid decreases in autocorrelations
along lags indicate fast convergence. Figure 3.3(c) shows random prior and posterior PDFs for clay, quartz,
and water volume fractions. The posterior PDFs estimate the means and standard deviations. The correct
solutions conform to the ranges de ned by the standard deviations. As shown in Figure 3.2, clay and

guartz volume fractions exhibit higher standard deviations (0.04 and 0.03) than the standard deviation of
water volume fraction (0.01).

Figure 3.4(a) shows an example of the path one of the ensemble walkers has traveled. Even though the
initial random state is unrealistic, the walker nds the surface (as unity constraint) in ve steps, locates the
low mist area in ten steps, and samples the area ever since. In MCMCES, even though each walker travels
simultaneously and trades the proposal distribution, each walker explores the model space independently.

Figure 3.4(b) shows the posterior steps of the walker that only sample the area whose mis t is lower than
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the targeted value. The nal posterior PDFs represent the unbiased contributions from all the ensemble
walkers and sample the model space in volume fractions given a preset precision constant.

The synthetic example demonstrates that over tting the data leads to erroneous inverted solutions due
to data errors. Also, determining a proper precision constant is key to estimating uncertainties from noisy
data. Posterior PDFs represent plausible solutions, thereby quantifying the uncertainties. Above are the

general rules applied to both Bayesian inversions in volume fractions and endpoints, explained in the next

section.

3.5.2 Field Data Example

Next, we demonstrate our method using a set of quad-combo logs from a carbonate reservoir. The zone
of interest is from the measured depth (MD) of 11,450 to 11,700 feet with a sample interval of 0.5 feet. The
host rock consists of anhydrite, dolomite, calcite, quartz, and clay. Water and oil are the uids in the pore
space. Available well logs are GR, RHOB, NPHI, CX, DT, and U. The inversion is well-determined. The
input well logs are weighted by the inverse of their standard deviations.

The endpoints used in this case are shown in Table 3.1. First, we arbitrarily select one of the depth
samples to parameterize MCMCES. Figure 3.5(a) shows the trace plots of MCMCES at MD 11,570 feet
after employing 100 ensemble walkers with 800 steps per walker. After 40,000 total steps, the likelihood
function reaches the target distribution, and the iterations in volume fraction converge. Therefore, the
burn-in section is selected at 50% of the total steps. The acceptance rate is ideal at the value of 0.23.
Figure 3.5(b) illustrates the autocorrelations of model parameters. The autocorrelations decrease rapidly
along with lags, indicating e cient convergence. The posterior PDFs of volume fractions are shown in
Figure 3.5(c) as histograms. Dolomite exhibits a mean of 0.62 in volume fraction with the highest

uncertainty of 0.06 in standard deviation, whereas clay, water, and oil have less than 0.01.

Table 3.1 Endpoints used for the carbonate eld example.

Constituent GR (API) CX (S/m) b (9/cm3)  § (viv) DT ( sf/ft) U (barns/cm 3)

Anhydrite 10 0 2.98 0.01 50.0 14.9
Dolomite 20 0 2.88 0.05 42.0 10.0
Calcite 10 0 2.71 0.0 47.0 16.0
Quartz 5 0 2.68 -0.02 53.0 4.8

Clay 200 0.8 2.79 0.3 85.0 8.0
Water 0 10 1.0 1.0 189.0 0.4
o]] 0 0 0.8 0.95 190.0 0.1

We repeat the same parameters for the entire interval of interest. Figure 3.6(a) shows the results of the

depth-by-depth MCMCES. The posterior PDFs in volume fractions are displayed in color schemes. The
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logs reconstructed from posterior PDFs compared with the input logs are shown in Figure 3.6(b). The
faithful agreement between the input and reconstructed well logs indicates plausible realizations,
conforming to the unity constraint (track 7 of Figure 3.6(b)). The solutions from deterministic and
Bayesian inversions are consistent, but the latter explores the model spaces and returns realizations that
honor the input well logs within the acceptable mis ts. As shown in the previous synthetic example, the
posterior PDFs depict the model space of each constituent volume fraction. The minerals generally have
higher uncertainties than the uids due to their similarity in endpoints compared to the endpoints of uids.
However, the clay volume fraction is less uncertain than other minerals because clay with a relatively high
GR reading can be well-constrained by the gamma-ray log. The uncertainties in volume fractions may
change with 1) the noise level in the data, 2) similarity between constituent endpoints, and 3) the
weighting of each well log in the inversion. Finally, the computation for this eld example with 501 depth

samples takes 87 seconds, which is practical for day-to-day use.
3.6 Estimation of Uncertainty in Petrophysical Endpoints (G)

In practice, optimizing endpoints in the multimineral analysis is time-consuming and commonly
adjusted with a trial-and-error approach. Nevertheless, the variation in endpoints may provide local
geological information. Moreover, the uncertainties of endpoints have not been statistically assessed by
other studies so far. Bayesian inversion of this section aims to automate the endpoint selection with
associated uncertainties, which is a non-linear multivariate task and more computationally intense than
estimating uncertainties in volume fractions. The model parameter () in equation 3.5 is now the endpoint
matrix (G). The mis ts from depth-by-depth deterministic inversions are summed along the depths for
every step in MCMCES to evaluate a given endpoint matrix. We assume that the endpoints do not change
along the depths of interest, which is also the prerequisite for conventional multimineral analysis. Also, the
well logs are recorded in a reasonable wellbore condition. The uncertainty assessment provides interpreters
with additional statistical information to assist the endpoint selection and analyze local geology by
assessing the posterior PDFs in endpoints. We present three synthetic examples to validate our approach

before applying MCMCES to a eld example.
3.6.1 Synthetic Data Examples

We design a synthetic rock model as shown in track 1 of Figure 3.7. The formation consists of
anhydrite, dolomite, calcite, clay, water, and oil with 200 depth samples. Depending on rock composition,
the formation can be divided into two intervals. The top 100 depth samples represent an interval with a

clay-dominated and low-porosity matrix. The underlying interval represents a carbonate-rich and
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medium-porosity oil-saturated matrix. The well logs, including RHOB, NPHI, CX, GR, DT, and U, are
modeled from the volume fractions and endpoints using equation 3.1. The endpoints used in this example
are shown in Table 3.2. The well logs are simulated without and with 5% Gaussian noises (tracks 2 { 7 of
Figure 3.7). The objectives of the synthetic examples are to 1) provide a practical application to assist the
endpoint selection, 2) assess the uncertainties associated with endpoints, and 3) understand the limitations

when the data are noisy.
3.6.1.1 Estimating Gamma-Ray Endpoints Using Perfect Data

Among commonly used endpoints, gamma-ray endpoints may be inconsistent and vary from place to
place. This example validates our method by estimating gamma-ray endpoints using perfect data. Unlike
the conventional approach, which requires endpoints to be determined before inverting for volume fractions,
our approach requires only reasonable upper and lower bounds for uncertain endpoints as prior information
for Bayesian inversion. Furthermore, random distributions are assumed. In this case, MCMCES estimates
the posterior PDFs of gamma-ray endpoints with the given precision constant while other endpoints are
correct and constant. The upper and lower limits for anhydrite, dolomite, and calcite gamma-ray endpoints
are set between [5, 20] API. Whereas clay is commonly more radioactive, the initial steps of ensemble
walkers are selected randomly from 80 to 140 API. Note that the uids generally are not radioactive, and

their gamma-ray endpoints are zero. For forward modeling, the explicit form of equation 3.1 is given by

2 3 2 3
RHOB 2:98 287 271 279 10 07 2v 3
NPHI 0:.03 003 00 03 10 09 VAN”
CX 0:0 0.0 0.0 01 82 00 VDOL
GR £=85 20 5 20 5 20 80 140 Q0 00 VCLC : (3.9)
DT 49 435 475 90 189 21 VCLY
U 14:9 9.0 137 87 04 01 VWTR
1 1 1 1 1 1 1 ol

For the likelihood function in endpoints, Cheng et al. (2021) use a two-step approach in which the rst

step is the linear least-square optimization given by
minjjGv  dijj3; (3.10)

with the constraint (equation 3.4, 0 V; 1) at every depth. The depth-by-depth mis ts are then
summed along the depths for the likelihood function of each endpoint matrix. A matrix of endpoints that
exhibits a low summed mis t is more likely to be accepted than an endpoint matrix with a high mist.
The method proposed by Cheng et al. (2021) [58] shows promising results in estimating the posterior
PDFs of endpoints but requires signi cant computational time for solving constrained linear inversions.
For an example of 200 depth samples, if we employ 100 walkers with 500 steps per walker, a total of 10

million (200 100 500) depth-by-depth inversions are performed. In this paper, we improve the e ciency
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of estimating endpoint posterior PDFs by replacing the depth-by-depth constrained inversion with an
unconstrained one. The tness of an endpoint matrix is evaluated by how the resultant volume fractions
meet the material balance (equation 3.3). Accordingly, the proposed likelihood function for endpoints is

expressed as

X P N , 2
pie)/ expl 5 =)y @311)

j=1
wherej represents thej ™ depth sample,K is the total number of depth samples, andN is the number of
constituents. The prerequisite for MCMCES in endpoints using our proposed likelihood function is that

the number of well logs must be equal to or greater than the number of constituents (M N). Even though
the resultant volume fractions may be unrealistic (> 1 or <0), the sum of solutions meeting the material
balance determines the tness of the given endpoint matrix. The unconstrained linear inversion reduces the
computational time for a more practical application. At each iteration, the ensemble walkers propose a new
value in selected endpoints for each chain. If the proposed step is outside the given range, the current value
is not evaluated and stays unchanged until the next proposal is inside the expected range. The likelihood
function only evaluates the endpoint matrix when the proposal is inside the preset range.

In this synthetic case where input well-log data are noise-free, a small precision constant of 1E-5 is used
to approximate the correct gamma-ray endpoints. The number of constituents (6) equals the number of
input logs (6). We employ 100 ensemble walkers, and each walker takes 500 steps. Figure 3.8(a) shows the
trace plots of the likelihood function and gamma-ray endpoints for anhydrite, dolomite, calcite, and clay.
While the iterations converge before the combined steps of 20,000, a burn-in of 0.4 is selected.

Figure 3.8(b) exhibits the autocorrelations of gamma-ray endpoints whose values decrease quickly along
with the lags, indicating optimal convergence time. The acceptance rate of 0.28 is in a reasonable range.
Figure 3.8(c) shows the posterior PDFs of gamma-ray endpoints, which correctly predict true endpoint
values with standard deviations. The gamma-ray endpoint of clay is the most sensitive parameter with the
smallest standard deviation (0.01), whereas calcite has the least sensitivity. The precise results from the
synthetic example with noise-free data validate the feasibility of using the proposed likelihood function
(equation 3.1) for MCMCES in endpoints. The computation for this example costs 50 seconds. Using the
approach described in Cheng et al. (2021) [58] with the same parameters requires more than one hour of

computational time to produce similar results.
3.6.1.2 Estimating Gamma-Ray Endpoints Using Noisy Data

The next synthetic case assesses the posterior PDFs of the same gamma-ray endpoints, but 5%

Gaussian noises are added to all the well logs, as shown in red-dashed curves in Figure 3.7. Even though
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Table 3.2 Endpoints used to simulate the synthetic example.

Constituent GR (API) CX (S/m) b (9/cm3)  § (viv) DT ( sf/ft) U (barns/cm 3)

Anhydrite 10 0 2.98 -0.03 49.0 14.9
Dolomite 10 0 2.88 0.03 43.5 9.0

Calcite 15 0 271 0.0 47.5 13.7
Clay 120 0.1 2.79 0.3 90.0 8.7
Water 0 8.2 1.0 1.0 189.0 0.4
o]] 0 0 0.7 0.95 210.0 0.1

the prior information keeps the same as the previous noise-free case, the precision constant cannot be as
small to account for the noises in the data. Otherwise, over tting the data leads to erroneous estimations.
Hence, a larger precision constant of 5E-4 is used for MCMCES in endpoints. In this case, 100 ensemble
walkers with 500 steps per walker are employed. Figure 3.9(a) shows the trace plots of all the steps, and a
burn-in parameter of 0.4 is selected. The acceptance rate is 0.33, and the computational time is 24 seconds.
Figure 3.9(b) illustrates the reasonable convergence time from autocorrelations of model parameters.
Figure 3.9(c) shows the posterior PDFs of gamma-ray endpoints with means and standard deviations under
the given precision constant. The predicted ranges de ned by means and standard deviations, marked by
yellow colors, are the most probable combinations estimated from MCMCES. Note that the uncertainties
of endpoints are higher than in the previous case due to the higher value of the precision constant to
account for noises. In addition, the correct solutions are all within the predicted ranges but are not the
modes of posterior PDFs. The combinations in modes represent the solutions with the lowest mis ts.
Figure 3.10 depicts the reconstructed logs in probability compared with the noisy input logs. Note that
we use equations 3.10 and 3.11 to e ciently evaluate the tness of individual endpoint matrices.
Reconstructing logs to validate the posterior endpoint matrices is required. The reconstructed logs are
computed from the posterior endpoint PDFs and the volume fractions, inverted from constrained linear
least-square inversions. The faithful matches between input and reconstructed well-logs indicate that the
computed posterior PDFs in endpoints are plausible. The reconstructed well logs in the top interval show
higher uncertainties than the bottom interval due to the high gamma-ray reading from the high clay
content of the top interval. DT and NPHI exhibit higher uncertainties among logs because their lower
weightings are used in the inversion. This example shows that estimating the endpoint uncertainties is

feasible even with noisy well-log data.
3.6.1.3 Estimating 20 Endpoints Using Noisy Data

The previous examples illustrate how to estimate uncertainties in selected endpoints through the

posterior PDFs while the rest endpoints remain xed. However, adjusting endpoints is a multivariate

47



problem. If any endpoints are inappropriately determined, the resultant posterior PDFs of selected
endpoints are likely a ected. Therefore, this example assesses up to 20-endpoint posterior PDFs, similar to
the eld application where interpreters are uncertain about selecting endpoints. Our method helps

estimate posterior endpoint combinations from the given well-log data. We continue using the noisy well
logs (Figure 3.7) and compute the posterior PDFs for RHOB, NPHI, GR, DT, and U endpoints of all the
solid constituents (anhydrite, dolomite, calcite, and clay). Note that the endpoints for CX are not included
because the conductivities of hon-metal minerals are commonly assumed to be zero, except for minor

conductivity from clay. The explicit ranges of endpoints are given by

2RH083 2 292 302 283 293 265 275 273 283 10 0:732\/ 3
NPHI 004 002 002 004 001 001 015 035 10 09 VANH
CX 0.0 0.0 0.0 01 82 00 VDOL
GR 4= 5 15 5 15 8 23 95 135 Q0 00 ch: © (3.12)
DT 47 52 41 46 45 50 87 92 189 21 VCLY
U 146 151 87 82 135 140 84 89 04 01 VWTR
1 1 1 1 1 1 1 oL

In equation3.10, endpoints without ranges remain constants during iterations. The precision constant is
set to 0.002 while 100 ensemble walkers with 500 steps per walker are used for MCMCES. The
computation takes 22 seconds while the acceptance rate is 0.28. Figure 3.11 demonstrates the posterior
PDFs of selected endpoints with marked correct solutions. The most probable endpoints with uncertainty
statistics are displayed with means and standard deviations. The true answers generally fall within the
predicted standard deviations. For instance, even though the NPHI endpoint for clay starts with a wide
range in [0.15, 0.35], MCMCES identi es the faithful posterior PDF that is not at the center of the prior
range. Figure 3.12 shows the comparison of the reconstructed and input well logs, including the unity
constraint. The good matches validate the plausibility of the estimated endpoint matrices. Finally, the
20-endpoint example shows that our MCMCES in endpoints can assess the uncertainties and provide useful

parameter information to assist the selection of endpoints.
3.6.2 Field Data Example

We apply our method to a suite of well logs from the unconventional Bakken Shale Formation (North
Dakota). The available well logs are RHOB, NPHI, CX, SGR (standard gamma-ray), CGR (computed
gamma-ray from thorium and potassium), DT, and U, as shown in Figure 3.13. The interval of interest
includes the Lodgepole, Upper Bakken Shale (UBS), Middle Bakken, Lower Bakken Shale (LBS, including
a section of Pronghorn), and Three Forks Formations. Core X-ray di raction (XRD) data identify quartz,
dolomite, calcite, clay, and kerogen composing the host rock with quantitative measurements. Clay mostly

consists of illite. Water and oil are the uids in the pore space. The SGR in UBS and LBS exhibits
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extremely high readings (approximately 800 API) due to the high uranium content of kerogen in place.
Approximating the kerogen gamma-ray endpoint can be challenging because there is a wide range of
plausibility. In addition, other gamma-ray endpoints may a ect the approximation in the trial-and-error
process. Therefore, applying MCMCES in SGR and CGR endpoints helps identify posterior combinations
from the given well logs by only setting reasonable ranges of endpoints as prior information. The ranges of

endpoints and explicit form of equation 3.1, in this case, can be expressed as

2 3
2 3 265 285 271 279 135 12 08 2 3
RHOB : : _ Vorz
NP HI 0:.03 008 00 025 003 10 095/¢,,
SGR 0.0 0.0 0.0 01 0.0 120 00 VDOL
CGR 0 20 0 20 0O 20 150 400 1500 4500 O 0 ch: . (313)
OT 0 15 0 15 0 15 100 300 20 170 0 0 VCLY ' '
U 55 45 47 110 120 189 2 VKER
1 6:0 94 130 100 0.6 06 01 VWTR
1 1 1 1 1 1 1 oL

In this eld case, we utilize 100 ensemble walkers with 600 steps per walker and a precision factor of
0.1. The burn-in is 0.4, with an acceptance rate of 0.32. Figure 3.13 shows the reconstructed logs in
probability compared to the input logs. The inverted volume fractions are shown in Figure 3.14 and are
consistent with XRD and core measurements. Figure 3.15 illustrates the crossplots of the core
measurements and inverted results with error bars. Figure 3.16 demonstrates the posterior PDFs in
gamma-ray endpoints of solid constituents. Note that the volume fractions in Figure 3.14 are realizations
that are inverted linearly from the well logs and endpoint posterior PDFs with the constraint of equation
3.4. The faithfully reconstructed logs and good matches between inverted volume fractions and XRD data
indicate plausible endpoints combinations. The posterior PDFs in gamma-ray endpoints assist interpreters
in determining the most probable combinations from the given well-log data. For instance, the prior SGR
limits for kerogen start with a wide range of [1000, 4,500], but the posterior PDF estimates a mean of 2,914
API with a standard deviation of 585 API. The high uncertainties in kerogen volume fraction result from
the wide range of kerogen gamma-ray searching limits. Additional iterations of MCMCES can be done by
narrowing the prior limits of kerogen gamma-ray to approximate its posterior distribution further. The

computation of this example requires 53 seconds.
3.7 Discussion

Bayesian inversion is a statistical tool to sample the targeted distributions of the model parameters.
The posterior PDFs represent the most probable realizations suggested by the well log data, targeted
mis t, selected constituents, and petrophysical models (equations). The posterior PDFs can be a ected by

data errors, rock compaosition, similarity in endpoints, and weightings of equations. Our implementation
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shows posterior PDFs in histograms quanti ed by the mean and standard deviation. The mode of a
posterior PDF may not be a good measure to represent the Bayesian statistics as the synthetic example
shows that adapting only the modes is likely over tting the data. Posterior solutions within the ranges

de ned by the mean and standard deviation are equally plausible. Determining the value of the precision
constant is key to estimating meaningful posterior PDFs and depends on the noise level in the data. If the
noise level is unknown, we suggest starting with a larger value and reducing it iteratively.

Our methods automate the selection of model parameters and only require the upper and lower limits
as prior information with random distributions. However, setting reasonable limits helps estimate reliable
posterior PDFs and reduces convergence time. De ning the proper bounds and diagnosing posterior PDFs
still rely on the interpreters' knowledge. For instance, the range of 0 to 1 is the largest possible range for
volume fractions. However, the uid volume fractions should be between 0 and 0.5 if the formation is
known to be consolidated. The ranges of endpoints can be from interpreters' local experience or 15% above
and below the standard values. In addition, some endpoints should be determined as prior information to
reduce the model dimensions. For instance, the gamma-ray of uid or conductivity of most minerals
(except clay or metals) should be zero or close to zero. We recommend using the endpoint values directly
measured in the research area and using our method for endpoints with higher uncertainty. For instance,
our approach may approximate water conductivity, but we suggest obtaining conductivities from available

water sample measurements or Pickett plots.
3.8 Conclusions

We implement Bayesian inversions to quantify the uncertainties of multimineral analysis. MCMCES in
the Bayesian framework shows e cient convergence with fewer tuning parameters, most suitable for
multimineral analysis. We evaluate the uncertainties in volume fractions or endpoints with di erent
likelihood functions. The suggested work ow starts with endpoint estimation and then assesses the
uncertainties in volume fractions with the given endpoint matrix. However, the two Bayesian inversions are
independent and can be applied separately for di erent purposes. For instance, the well-by-well variation
in endpoints may provide important insights into the geology of the research area. In addition, the
endpoint estimation may be used to identify normalization issues of well logs if the posterior endpoint
PDFs of a certain log drift from expected values. Moreover, if one is con dent in their endpoint matrix,
one may directly estimate the posterior PDFs in volume fractions. One limitation of our method is that
estimating endpoint uncertainties may not be used on the well-log data recorded in a bad-hole condition.

The resultant endpoint estimation may be erroneous.
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We show comprehensive diagrams of synthetic and eld examples to diagnose the performance of the
Bayesian inversions. Our method only requires de ning reasonable upper and lower limits for model
parameters with random distributions as prior information. The synthetic examples validate our method of
estimating the posterior PDFs that conform to the target distributions. The number of uncertain
endpoints can be up to 20. The iterative netuning can be done by adjusting the search ranges of the
model parameters to better approximate the targeted distributions. The eld examples demonstrate
e cient computations in posterior PDFs of volume fractions or endpoints to assess uncertainties and assist

interpretation.
3.9 Nomenclature

d = well log data
G = constituent petrophysical endpoints
k = thinning parameter
K = number of depth samples
M = number of well logs used in the multimineral analysis
n = number of model parameters
N = number of constituents selected in multimineral analysis
V = vector of volume fraction, v/v
X = walker in a Markov chain
Y = randomly selected ensemble walker to propose a step from the current state
Z = ensemble-tuned proposal distribution
= model parameter
= probability density function

= precision constant
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Figure 3.1 The suggested work ow for MCMCES applications in multimineral analysis. The work ow

starts with estimating the uncertainties in endpoints to identify the most probable endpoint matrices.

After determining the endpoints, we assess the uncertainties in volume fractions. represents the precision
constant to determine the precision of the targeted distributions. The two applications are independent
and can be applied separately.
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Figure 3.2 The model space of the synthetic composite with three constituents (quartz, clay, and water).
The surface represents the combinations tested by a grid search approach. The quartz and clay volume
fractions (Vorz and Vcry ) are evaluated from 0.2 to 0.6 with a spacing of 0.005, and the water volume
fraction is estimated from (1 { Vgrz {V cLy ). Only the sums of three constituent volume fractions
equaling one are shown. The colors on the surface illustrate the mis ts of the evaluated combinations.
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Figure 3.3 MCMCES diagnostic panels for the Bayesian inversion of the three-constituent composite. (a)
Trace plots of the mis ts, volumes of clay, volumes of quartz, and volumes of water. The burn-in is
determined where the likelihood function and traces converge to stationary iterations, marked by the black
dashed line. (b) Autocorrelations of model parameters. The autocorrelations reduce rapidly along with the
lag, indicating fast convergences. (c) Prior and posterior distributions. MCMCES does not require
specifying a distribution for prior information. Random distributions are used for the cases in the paper.
Posterior PDFs are characterized by histograms, means, and standard deviations. The correct solutions
(black dashed lines) fall between the ranges de ned by means and standard deviations (yellow areas).
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Figure 3.4 Steps of one ensemble walker for the inversion of the three-constituent compaosite. This example
employs 100 ensemble walkers. However, only one of the ensemble walkers is shown for demonstration
purposes. (a) Total 500 steps of the ensemble walker. The green diamond indicates the random initial state
of the walker. (b) The posterior steps after burn-in.
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Figure 3.5 MCMCES diagnostic panels for the Bayesian inversion of one depth sample (measured depth of
11,570 ft). (a) Trace plots of the likelihood function and model parameters. The burn-in is determined at
the total steps of 40,000 because of the convergences in mis ts and volume fractions. (b) Autocorrelations
of model parameters show reasonable decays in lags. (c) Posterior PDFs of volume fractions. The dolomite
volume fraction exhibits the highest uncertainty (standard deviation = 0.08).
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Figure 3.6 Depth-by- depth posterior PDFs and reconstructed logs for the eld example. (a) Posterior
PDFs in volume fractions are shown in the color schemes. For example, the dolomite volume fraction
(Track 2) exhibits the highest uncertainties, whereas clay, water, and oil volume fractions show the lowest.
(b) The faithfully reconstructed logs from the posterior solutions indicate the plausibility of the solutions.
The solutions also conform to the unity constraint (Track 7).
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