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ABSTRACT

In seismic work, one needs to know the responses of 
geological features in order to understand the seismic 
implications. The one-dimensional wave equation has been 
used here to obtain the responses of transition zones which 
have a linear velocity variation as a function of depth. 
This correspondes to a linear function of the natural 
logarithm of the velocity with respect to time. The wave 
equation solution is obtained in the frequency domain using 
analytical expressions for pressure and particle 
displacement. Exact reflectivity and transmissivity in the 
frequency domain were found for a pulse going into the 
transition zone and going out of the transition zone where 
adjacent layers have constant velocities. Numerical 
inversions of those functions show that time responses are 
related to Bessel functions. An analytical expression for 
the reflectivity function of an interface between a uniform 
layer and a transition zone was found to be proportional to 
the first order Bessel function divided by time. The 
reflectivity function of an interface between a transition 
zone and a uniform layer below appears to be related to the 
Bessel-Neumann function. For a transition zone, the 
conventional reflectivity is rectangular, which the wave-
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theoretic reflectivity approximates, except for a discrepancy 
in amplitude, if the zone is thin. The amplitude of the 
reflectivity function is smaller than the conventional 
result. Numerical work from this thesis has shown that the 
generation of multiples from a linear velocity transition 
zone is insignificant.
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INTRODUCTION

In order to study the seismic response of any 
stratigraphie feature, one needs to understand the behavior 
of a seismic pulse incident on the feature. Many examples of 
such studies can be found in the existing literature. In 
this thesis, the behavior of linearly varying velocity 
transition zones has been studied theoretically through the 
wave equation. Such zones are encountered in a gradual 
deposition layer such as a water-bottom transition zone and 
the permafrost in which a linear change in the velocity with 
depth exists.

Wolf (1937) has apparently been the first who worked on 
a related problem and defined a transition zone in which the 
elastic constants are continuous functions of depth and thus 
the reflection function becomes wave-length dependent. He 
considered the reflection of harmonic waves from a transition 
layer. In a subsequent paper. Wolf (1940) discussed the 
group delay of a wave of a given predominant frequency 
traveling in a weathered layer which has a linear increase of 
velocity with depth. A study by Peterson, Fillippone and 
Coker (1955) accomplished a significant simplification by 
introducing an approximation for the reflection coefficient 
in a continuous Earth model. Menzel and Rosenbach (1957)
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studied the reflection of a pressure impulse incident on a 
weathered-layer transition zone through use of Fourier 
analysis. Berryman, Goupillaud, and Waters (1958) 
approximated velocity logs by a series of velocity transition 
zones. They calculated the reflection response of a series 
of transition layers using an iterative technique. Their 
solution took into account multiple reflections between 
layers. A companion paper with Berryman et al (1958) 
suggests an experimental approach to the study of multiple 
transition layers by showing that the velocity of 
longitudinal waves in a nylon rod is a linear function of the 
temperature in the range of 20° C to 100° C. Menzel and 
Rosenbach (1958) again show that the shape of the seismic 
pulse is remarkably influenced by a layer with linearly 
changing velocity. They used numerical inversion of Laplace 
transform to obtain the response to a pulse of any shape. 
Endtz and Hazenbrock (1959) disagreed with Menzel and 
Rosenbach's (1957) derivation of the particle velocity signal 
transmitted through a weathered layer which has linearly 
increasing velocity. Bortfeld (1959) showed that the 
transition layer can be regarded as the limit of a sequence 
of constant velocity layer subdivisions. Wuenschel (1960) 
obtained synthetic seismograms including multiples and 
transmission coefficients by solving the boundary value

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL of MINES 
GOLDEN, COLORADO 80401
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problem for uniform models and for models containing 
transition layers of variable velocity. Sengbush, Lawrence 
and McDonal (1961), using a non-mathematical discussion of 
the reflections from idealized velocity layering, showed that 
a ramp reflectivity transition zone produces integrated shot 
pulses at the changes in the slope of the velocity function. 
Gupta (1965) found exact solutions for normal and oblique 
incidence of reflected plane waves from a linear transition 
layer in a liquid medium. Foster (1975) concluded that the 
transmission effects on a reflected pulse as observed at the 
surface are unsubstantial in a continuous one-dimensional 
seismic model. He pointed out the fallacy that sampling 
creates layers. Gray (1984) found the validity limit of 
Foster's work, and showed that in some cases transmission 
losses produce a predictable and non-trivial effect on 
reflection seismograms. A recent work by Justice and Zuba 
(1986) considered the effect of a simple transition zone 
between two half spaces of constant velocity and discusses 
some characteristic features of the transition zone.

Some of the papers cited use the Peterson et al (1955) 
conventional convolutional reflectivity model. This model is 
widely used in seismic exploration. Although the model has 
the appealing virtue of great simplicity and has value in 
estimating the primary reflection arrival times, it ignores
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the wave theoretical propagation attributes even in the 
simplest geometries. In the convolutional model, the 
reflectivity function for an Earth with continuous acoustic 
impedance is defined as one-half of the derivative of the 
natural logarithm of the impedance with respect to travel 
time. This is a plausible extension of the familiar discrete 
reflection coefficient sequence to the continuous impedance 
case. It is evident that this way of modeling ignores the 
intrinsic wave-theoretic attribute that the input wavelet 
must change in both amplitude and shape as it propagates. 
Therefore the contribution to the primary reflection wavelet 
from any point within the model must depend continuously upon 
the entire past history of the input wavelet up to that 
point. For simplicity, the conventional model ignores 
multiples from a continuously varying earth. This concept of 
modeling achieves its inherent simplicity at the cost of 
obtaining incorrect amplitudes and shapes in the continuous 
case.

Although the wave-theoretic response is quite complex in 
a general acoustic impedance variation, some simpler models 
can be studied to provide valuable insight. Some workers 
have done so, as indicated above, and have obtained 
reasonable results. But their claim of having obtained 
significant multiples is not substantiated by the work done
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here on models containing linear velocity variation as a 
function of depth. In these models r the reflectivity is 
found to be significantly different from the reflectivity 
obtained in the conventional model.

The one-dimensional wave equation is used to solve for 
the response of a layered Earth in the case of a normally 
incident plane wave. In the models, the first and the fourth 
layers are half-spaces with constant velocity, the third 
layer has constant velocity, and the second is the linearly 
varying velocity transition layer. The solution is obtained 
in the frequency domain using analytical expressions for 
pressure and displacement. The time-domain response is 
obtained by numerical inversion using the fast Fourier 
transform.

In this thesis, four models are studied. The first is a 
theoretical model for analytical purposes, the second is a 
realistic model typical of Saudi Arabia, and the last two 
represent soft and hard sea floor models of typical offshore 
fields in the Arabian Gulf. The wave-theoretic numerical 
results are compared to the conventional reflectivity 
modeling results.
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1. STATEMENT OF THE PROBLEM AND BASIC SOLUTIONS 

Variable Velocity Wave Equation

Under the acoustic model assumption in which all shear 
conversions are neglected, the dynamic behavior of the Earth 
is controlled by the scalar wave equation for a typical 
physical field quantity of interest such as pressure. The 
wave equation of interest here is the partial differential 
equation of the form

d2X|/ i d2\g
d̂ 2 =  V 2 (Z) dt2" ' <1-1)

in which z is the depth, t is the time, v(z) is the variable 
velocity in the medium assumed to be a function of the depth 
only, and is the field quantity of interest such as
pressure. Therefore Xj/, as a possible solution of (1-1), is a 
function of z and t.

Temporal and spatial separation : The particular form of
(1-1) suggests that the classical method of separation of 
variables will yield the most general solution to the partial
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differential equation. The solution \|r(z,t) is in the form of 

a product of two functions as

XK(z,t) = F (z) • G (t) , (1-2)

in which F (z) is the spatial function of the depth variable z 
only and G(t) is the temporal function of the time variable t 
only.

Upon substituting (1-2) in (1-1)f performing the 
required differentiations, and dividing the result by F - G, 
one obtains

v2<z) T t S 1  = t m *  ' (1_3)

in which the double-prime and the double-dot denotes the 
second derivatives with respect to z and t, respectively. 
The left side of (1-3) is a function of z only and the right 
side is a function of t only. Since the two variables are 
independent, both sides of (1-3) must equal the same 
separation constant. Following the conventional notation, 
the separation constant is denoted as - CO2 , where CO is the 

temporal radial frequency in radians per second. A pair of 
separated ordinary differential equations is obtained.
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for the spatial left side of (1-3) and 

G o—  = -to2 (1-5)

for the temporal right side of (1-3).
The explicit basic linearly independent solution pairs 

for both (1-4) and (1-5) will be discussed appropriately 
below for our specific purposes.

Pressure and displacement field: In this subsection the
field quantity xg will be related to the physical quantities 

of interest to us , namely the pressure and the displacement 
fields.

As stated above, in the acoustic model assumption the 
conversion of the pressure waves to shear waves is neglected. 
Therefore the pressure P is defined as the product of the 
incompressibility K of the medium and the negative divergence 
(convergence) of the displacement vector U giving

P = -K V • U (1- 6)
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Differentiating both sides of (1-6) twice partially with 
respect to t and using the point form (per unit volume) of 
the Newton1s law

92U _
p dt2 = "Vp <i-7>

in which p is the medium mass density gives

&= KV ■ (y) • (1"8>
We assume the density p to be a space independent constant po 
and define the medium phase velocity v — ^  K/ p o f as is

customary. Thus (1-8) simplifies to

v2p = ^  S "  • (i_9)

In this study, we are interested only in the plane wave 
normal (z-direction) incidence solution (1-9) . Since the 
phase velocity is also assumed to be a function of z only, 
the pressure equation (1-9) becomes the one-dimensional wave 
equation
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dẑ  - v2\z) dt2 <1_10)

in the variables z and t only. The Newton1 s law in (1-7 ) 
simplifies to

32U 1 BP
-  -  po a>z (1- 11)

Now we identify the wave function X|Z ( z, t ) introduced in 
(1-1) above with our pressure P (z,t) since (1-1) and (1-10) 
are identical equations. In the following, we will use the 
product form

P ( z, t ) =XJ/(z,t) = F(z) • G (t ) (1-12)

introduced in (1-2). The resulting separated ordinary 
equations (1-4) and (1-5), and (1-11) yield explicit 
solutions for P(z,t) and U(z,t) for the two cases of velocity 
variation, the linear and the constant, which are of interest 
to us in this study.
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Linearly Varying Velocity Layer Basic Solutions

For a linear velocity variation medium the velocity at 
any point z is expressed as

v(z) = vs + pz (1-13)

in which vs is the starting velocity and p is the velocity 

gradient. Accordingly, (1-13) above and (1-10), (1-12) and
(1-4) in the preceding yield the spatial part of the equation 
for the linear case,

(vg + Pz )2f " + C02F = 0 . (1-14)

For convenience, we define a new independent variable by

in which vg is some normalizing reference velocity to render £ 

dimensionless. Recalling that the double-prime ” in (1-14) 
is the second derivative with respect to z, after usual 
algebra using (1-15) in (1-14), it transforms to
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F(Ç) = 0  . (1-16)

This is a simpler case of Cauchy-Euler equation in the new 
variable Ç with the first derivative term absent. Assuming a 
solution of the form F(% ) = # 0, we obtain the

characteristic quadratic equation for m as

We note that, for the special case (0= 0, (1-16) simplifies to
d2F =  ̂ with the linear solution ç and the constant solution

1, say, as the pair of linearly independent solutions. 
Therefore, (1-18) is valid for this special case as well 
since it yields mif 2 = 1 f 0, which implies Fif 2 = Ça 1 as
needed. Clearly (1-18) yields three cases as the parameter 0),

(1-17)

which has the two solutions

(1-18)ml,2 2
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the radial frequency, is permitted to vary over 0 < to < <*> 
These are :

PCase I: 0<G)<“

ml, 2 =

where y= I 1 — (2co/p)2 I2. The two independent solutions are 

Fi,2 = e^(1-Y) ln ,̂ 1+?)^

PCase II: CO =  “

1 1 
mi,2 = Y  ' 2 *

In this case the characteristic roots are equal. 
Therefore the independent solutions of the Cauchy-Euler 
equation are

Fi,2 = e2ln ,̂ (lnÇ)e2ln^
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PCase III: —  < co < <*>

111 V (?) _1 i
mi,2 = ----- — f.. . = Y  (1±iY>

l f 2(ùs'&
where y =  \ I "p-J “ 1 I > exactly as in case I. The two 

independent solutions are

P l  2 =  e"2 (l-i?) ln%^ e ^(l+iY> ln^

For analytical and numerical reasons, it is important to show 
that the two linearly independent solutions for case II are 
indeed contained in Cases I and III, and that the solutions 
in these cases approach the Case II solutions in the limit CO 
-> P/2.

For this purpose, we rewrite the Case I solution pair in 
the form

e 21n5 Fi,2 = e-2ln  ̂ , e+2ln^

= cosh [ 7T ln^] ,
slab [ ]
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which are equivalent linear combinations of each other. The 
limit to —> p/2 means y —> 0, in which case

e-2ln| Flf2 _» l,lnÇ

Fi, 2 -» e51nÇ , (InÇ) eTlnÇ

which are solutions for Case II. Using an exactly analogous 
procedure starting with the solution for case III, one can 
readily show that these also behave similarly under the limit 
to —> {3/2.

Equation (1-10), (1-12), and (1-15) yield the temporal
part equation as

G + to2G = 0. (1-22)

This is a well-known second order differential equation which 
has the linearly independent solution pair

Gi,2 = e'lCOt , e+lû)t for to > 0 . (1-23)

The special case to = 0 needs to be dealt with briefly. The 
solutions are the constant function 1 and the linear function 
t. Now (1-23) yields the constant 1 directly for to = 0 and we
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are not interested in the linear solution t since it is 
unbounded. Therefore

Gi,2 = e~1(0t , eltot for to> 0,

which, we rewrite as

G = e+i(0t for — oo < o) < + oo (1-24)

equivalently to provide completeness of solutions.
The complete basic solution

P <Ç,t) = F(Ç) • G(t) (1-25)

therefore is, explicitly, for the three cases

P (z, t) = £ Ce <1-Y) i W T  + De <1+Y)lnVi" J eicot (1-26)

. I I |Pfor I CO I < | —

[ CelnV^" + Dln^elnVT J eicot

I I |Pfor I COI = |“

(1-27)
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= [ Ced-iïlWÏ" + DeU+iYuWîl e iCût

p,for I C0| > | — | .

(1-28)
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Constant Velocity Layer Basic Solutions

For a constant velocity medium the velocity at any point 
z is fixed and expressed by

v (z) = c, (1-29)

and, as in (1-4) , we will have 

f" co2—  = = -k2 ' (1-30)

where k is the wave number. So (1-29) and (1-10), (1-12) and
(1-30) give the spatial part equation for the constant case 
as

d2F-^2 + k2F =0 . (1-31)

The independent solutions for (1-31) are well known to be

Fi,2 = e-ikz , eikz , (1-32)

for the spatial part.
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The temporal part equation for a constant velocity 
medium is exactly the same as for the linearly variable 
velocity medium discussed above in (1-22) through (1-25).

The complete basic solution, therefore is

P(z,t) = F (z ) • G (t )
= Ae1 (tot-kz) + Be1*0* + kz> (1-33)

for —oo < CO < + oo .
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2. THE MODELS AND ANALYTICAL RESULTS

In this thesis, a three-layer model and a four-layer 
model will be studied to understand the effect of a 
transition velocity zone embedded appropriately in the two

transmission coefficients for the two cases, using the 
analytical model solutions which will be developed below.

We need to have the relationship between the pressure 
and the displacement. These are obtained by using (1-11) in 
(1-33) and (1-26) through (1-28) to get the displacement 
fields in the constant velocity case and in the linearly 
variable velocity case.

To derive the relationship between P and U, we 
generalize the basic solution by summing (integrating) over 
the whole frequency range - «x><cù< + ©o to yield

models. We wish to study the overall reflection and

oo
A e i (tot-kz) +  g e i (COt+kz) ]

oo
(2- 1)

— oo

which also satisfies the pressure partial differential 
equation. Similarly, the displacement field is
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U (z, t) = Jdû) U(z,CO)eicot (2-2 )

From (2-1) and (2-2), we have

oo

1 E " = -r: Jdû) E el0>t <2-3)Po Po

and

= Jdû)(-co2)U (z,Cû) eiû)t . (2-4)

By (1-11)

f o - 1 f dP ( z , CO)
Jdû) (-C02) U (z, Cû) = -—  Jdû)  g  , (2-5)

p o dz

which yields the relationship between the displacement and 
the pressure in the frequency domain upon equating the 
integrands of the two Fourier transforms. Thus we have
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where the limit does exist when co = 0 .

We use (2-6) to find expressions for a constant velocity 
(uniform) layer and a linearly varying velocity (transition) 
layer with its three cases as follows.

The displacement expression in the uniform layer is

whereas for the three cases of the transition layer they are

A e - i k z  + - Beikz
PoCO2

(2-7)

Case I:

U  (z,C0 ) p
2v (z) poCO2

(2- 8)

Case II:

[ Ce-lrW 4v0v<z> + D

x e“lrWvov <z> (2-9)

and Case III :
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U (z, C û ) --------   - [2v ( z ) p0û)2
+ (1+iy) De <1+i7) InVi"] • (2-10)
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Three-Layer Model

Studying the behavior of a constant velocity layer above 
a linearly varying velocity layer is rather meaningless for 
practical purposes. We need to study the effect of a 
transition zone embedded in an otherwise discrete sequence of 
constant velocity layers. Therefore, we start with the 
simplest case of a transition zone embedded between two 
constant velocity half spaces. Thus, with a fixed constant 
density assumed for the whole system, the responses we 
calculate would be due to the presence of the transition 
layer.

Formulation and analytical solution: This is a study of 
the three-layer case just defined as a boundary value 
problem. We assume an infinite plane wave pressure pulse 
propagating downward in the positive z-direction and, 
therefore, normally incident on interval 2 from interval 1, 
figure 2-1. The usual continuity conditions on the pressure 
and the displacement will be enforced across each of the two 
interfaces to yield the reflected pulse in interval 1 , the 
total pulse in interval 2 , and the transmitted pulse in 
interval 3.



Û 
H 
PM EH M

T-3291 25

interval 1 VI

Z1

.interval 2 V2 (Z)

Z2

interval 3 V3

VELOCITY

Figure 2-1: Three-layer model.
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The required boundary conditions are

Pl(zi,CD) = P2 (Zlf to) , ûi(zlf(0) = Ü2 (zi, CO) at z=Zi

and

P2 (Z2,C0) = P3 (Z2,C0) , Ü2 (Z2, CO) = Ü3 (Z2, CO) at Z=Z2 .

The equations which describe the behavior of a pulse in 
such a system with the transition zone as interval 2 , are:

Case I :

/Vs /VsAe“iklzl + Beiklzi = Ce + De <1+Y>lnVvq ,

B ( 1 — Y) /vs-ikiAe_iklzl + ikiBeiklzl = — —  Ce ln^^0ZVg

+ ced+Y)!"# ,Z Vs

Ce lnV^§ + De (1+Y) In'N/^ = Ee-;i-k3z2 ,

— y — C e < 1-Y> I n V I o  + P- (1— ^  ' D e ( l + y ) l n V ? |  =  - i k g  E e -i k 3 z 2 2vf 2vf J

(2-11)
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Case II:

Case III:

/vg /vsAe”iklzl + Beiklzl = Ce ln >̂ 0' + De (1+iY) inVvô ,

R ( I—j/y) /vs-ikiAe“iklzl + ikiBeiklzl = r —  ce lnzv s

+ — ^  D e ( l + i Y ) l n V ? f  ,2 Vg

Ce Inwo + De (1+iY) InV^ = Ee~ik3z2 ,

P(^~1Y'' Ce < V?? + P(^+:LY) e(l+iY)lnV% = -ik3Ee-ik3z2zvf 2Vf

(2-13)
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In these : A is the incident pressure pulse amplitude in first 
layer 1,

B is the complete upward radiation in layer 1,
C is the complete downward radiation in layer 2,
D is the complete upward radiation in layer 2,  

and finally,
E is the complete downward radiation in layer 3.

The purpose here is to solve those equations analytically for 
the reflected pulse from the second layer into the first and 
the transmitted pulse out of the second layer into the 
third. The solution is obtained simply by inverting the 
coefficient matrix of the set of equations after some 
detailed algebra for each case. For convenience in notation, 
we make the definitions shown below in table 2-1 .
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Table 2-1 
(Parameters Definition)

Case I Case II Case III

(i+Y)P
2v. 2v. 2V;

-i (l-py)p
2V; 2v.

-i
2vf 2vfV f

2vf

Y) In In

Y) In \/~- (1-iY) InIn

k = —  for i = 1,2,3 and 4 for the above cases

With these definitions, the required analytical results are

Beikizi =
f k 2 f  ~ /  2kj Yk2s + k2s^
Vk2f  + k3J |^ki + k2s A kl  + k2s J

(k-2f - k̂i - k2ŝ
vk2f + kgj î ki + k2Sy00—0 4.

S J —*

Ae-ikizi

(2-14)
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for the reflected pulse into layer 1, and

E e _ i k 3 z2 =

k 2s +  k 2s 
.ki + k2S k2f + kg

2k3
Ae-iklzi+0 (2-15)

e0—0 +

for the transmitted pulse into layer 3.
We now wish to show that the same results as above can 

be obtained in a different way based upon an interpretation 
of mechanical systems from Hauser (1966).

We assume that the total reflected pulse from an
interface is a resultant of the reflected part of the 
incident pulse on interface from above and the transmitted
part of whatever is incident on the interface from below.
Further, the total transmitted pulse at an interface is the 
resultant of the reflected part of the pulse transmitted 
below and the transmitted part incident from below. Each 
constituent part of any pulse above is the pulse scaled by 
some function. This function is the crucial part of the 
interpretation in which the reflected scaling function is 
named the reflection function for that interface between the 
two defined media. Similar interpretation applies to the 
definition of the scaling function for the transmission
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function. From the development above, we define the 
following sets of equations for the three cases :

Case I:

Beikizi = Ri2Ae”iki2i + T2iDe d+Y) inVv§ ,

/vs /Vs
Ce <1- ï> In  Vvq =  T 12A e " i k l z l  + R2 iD e  (1+ï> In v v ô  f

De (1+ï> ln*Vvo = R23Ce (1-Y) In 'V v^  ,

E e _ i k 3 z2 =  T 23C e ( 1 ”Y) In V io  (2-16)

Case II :

B e i k l z l  =  R i2 A e ” ;i-k l z l  + T 2 i D l n ^ - • ' \ J '

CV W  = TiaAe-ikiz! + R21D l r A  • * \ J ^  ,

Dln̂f ‘ VW = R23CVf '
Ee-ik3z2 = T23C'y^ (2-17)
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Case III:

/VSBeikizi = R12Ae"iklzl + T2iDe U+iY) InNvo ,

Ce (1-i7) = T 12Ae“iklzl + R2iDe (1+iY) lnV!§ ,

De(l+iY) lnV?| = R23Ce(l-iY)lnV?! ,

Ee“ik3z2 = T23Ce <1-iï> lnV?o . (2-18)

By using the definitions in table 2-1, thé solutions for the 
reflected and transmitted pulses, which are valid for all
three cases above, are given by:
The Reflected Pulse:

Be"iklZ1 - U l 2  + eg-I3? R ^ R 23 1 Ae-ikizi (2-19)

The Transmitted Pulse :

Ee'lk3Z2 = [ eg-0Tl-TR231R23  ̂ Ae"ikl21+0 <2-20)

where
Tij = transmission factor for a pulse incident in

layer i and transmitted into adjacent layer j.
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and
Ri j = reflection factor for a pulse incident in layer i 

and reflected at interface between layers i and j.

Reflection Coefficient : The reflection of an acoustic
wave from an abrupt impedance contrast is, of course, well 
known. In terms of the propagation constants ki and k j and 
velocities Vi and Vj across an interface, the reflection 
coefficient is

The question here is how one may generalize this definition 
when a linearly varying velocity layer is involved. This can 
be handled by the second approach suggested above in which 
the scale factor is really a function. Thus we find that we 
need to define

Rl2 = £  r i l l  ' *21 = S  , <2-22,

and
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*23 = ë f T #  ' (2-23)

where Klf K2s' ^2f/ and. K3 are defined in table 2-1 and
the tilde (~) operation indicates the particular way the 
quantity is defined in relation to the same quantity without 
the tilde. In certain cases (in Case III, for example) it 
denotes pure complex-conjugation, but in others it does not. 
Here, is the reflectivity function at the interface
between a discrete layer and a transition zone and R^3 is the 
reflectivity function at the interface between a transition 
layer and a uniform layer as in our three layer model.

Transmission Coefficient : Again, using the definitions
above, the transmission coefficient is

2ki 2vi
T l j = k i  + k j  = V i + Vj <2" 24)

for the uniform layer case. Using arguments similar to 
above for generalization to a linearly varying velocity layer 
in which the scale factor is a function, and the needed 
definitions are

rp Ê2fl + k2S rp 2kl
12 ki + k2S ' 21 k2S + ki ' (2-25)
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and

T 23 =
2ks

k2f + kg (2- 26)

Here T 12 is the transmission function at the interface 
between a uniform layer and a transition zone and T22 is the 
transmission function at the interface between a transition 
layer and a uniform layer as in our three-layer model.

For a parallel result in a case of three uniform layers, 
see Appendix A.
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Four Layer Model

The main objective of this thesis is to study the 
theoretical response to a primary wave from and through a 
linear velocity transition layer. Therefore in this section
the transition zone is studied from within a total of four
layers. Again, with a fixed assumed constant density, we 
study the response of the four layer system in the presence 
of the transition layer.

Formulation and analytical solution : This is a study of
a four layer case defined as a boundary value problem. We 
assume an infinite plane wave pressure pulse propagating 
downwards in the positive z-direction and, therefore, 
normally incident on interval 2 from interval 1, figure 2-2 . 
The usual continuity will be enforced across each of the two 
interfaces to yield the reflected pulse in interval 1, the 
total pulse in intervals 2 and 3, and the transmitted pulse 
in interval 4.

The required boundary conditions are
Pi(zi,co) = P2 (zi,co), Ui (zi,ro) = U2 (zi,to) at z = zi f
P2 (Z2 ,C0 ) = P3 (Z2 ,CÙ) , Ü2 (Z2 ,C0) =• U3 (Z2 ,C0) at z = z2 ,

and
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interval 1 VI

ZI

interval 2 V2 (Z)

Z2

interval 3 V3

Z3

interval 4 V4

VELOCITY

Figure 2-2 : Four-layer model.
t
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P3 (Z3,CO) = P4 (Z3,CO) , U3 (Z3,CO) = U4 (Z3,C0) at z = Z3 .

The equations which describe the behavior of a pulse in 
such a system with the transition zone as interval 2, are :

Case I :

/vs y vs
A e - i k l z l +  B e i k l z l =  C e  ln v v q  +  D e  <1+7) In W ô  ,

Q ( 1-Y ) /vs— ik1Ae_^klzi + ikiBeiklzi = %— —  Ce (1-ï) invvô2vs

+ P (1+,y) Dell+ïllnVIl ,2 Vg

Ce (1-7) InV^" + pe (1+y) InV^o = Ee"ik3z2 + Feik3z2 ,

— De<1+Y)ln̂ ?f = -ik3Ee-i]
+ ik3Feik3z2 ,

Ee“ik3z3 + Feik3z3 = Ge“ik4z3 ,
-ik3Ee"ik3z3 + ik3Feik3z3 = -ik4Ge"ik4z3 . (2-27)

Lk3Z2

Case II

Ae“iklzl + Beikizi - + Din& )  ■ -
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- i k i A e - l k i z i  +  i k 1B e i k l z l =  — + —  ( 1 +  l n2vs V v0 vs V

CA/—  + Dlnf — I • V —  = Ee_ik322 + Feik3z2 ,V vq v̂v qy N vo

Z;vo.

£ 1
2 Vf V Ü  + 77 t1 + lnV W )  V W  = -ik3Be"lk3Z2 + ik3Feik3:2,

Ee-ik3z3 + Feik3z3 = Ge“ik4z3 ,
-ik3Ee-ik3z3 + ik3Feik323 = -ik4Ge-ik4Z3 . (2-28)

Case III:

/vs /vsAe~iklzl + Beiklzl = Ce (1-iY) In^vô + De (1+iY) ln"Vvô ,

B ( 1-iY) /vs-ikiAe"iklzl + ikiBeikizl = r —  Ce <1_i'y)ln vvq2 Vg

+ B i A + ?-lL  D e (l+iY) In V IÎ ,2vs

Ce d - i y )  InV^o + Ded+i?) l^V^Q = Ee-ik3z2 + Feik3z2 ,

— i-'“ Ce (1-1?) + P (̂  + iï) e (1+iy) lnV?i = -ik3Ee-ik3z22 Vf 2 Vf
+ ik3Feik3z2 ,

Ee“ik3z3 + Feik3z3 = Ge“ik4z3 ,
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-ik3Ee"ik3z3 + ik3Feik3z3 = -ik4Ge~ik4z3 (2-29)

In these : A is the incident pressure pulse amplitude in 
layer 1,
B is the complete upward radiation in layer 1,
C is the complete downward radiation in layer 2,
D is the complete upward radiation in layer 2,
E is the complete downward radiation in layer 3,
F is the complete upward radiation in layer 3, 

and finally,
G is the transmitted pulse amplitude in layer 4.

The purpose here is to solve these equations analytically 
for the reflected pulse from the second and third layer into 
the first layer and the transmitted pulse out of the second 
and third layer into the fourth. The solution is obtained 
simply by inverting the coefficient matrix of the set of 
equations after some detailed algebra for each case. Here 
the convenient notation introduced in table 2-1 continues to 
hold as before. We obtain the required analytical results 
as



T - 3 2 9 1 41

Beiklzl kl - k2i 
ki + k2« e 0 - 0 + i 2 k 3 (03-22)

e-i2k3 (Z3-Z2) -
k2f - ks 
k2f + ks

ks ~ k2f 
ks + k2f

k2f + k2f 
k2f + ks

>0— 0 — k2s ~ ki 
k2s + ki

k2f - ks 
k2f + ks 12k3 (Z3~Z2) -

k2f - ks 
k2f + ks

^ 3  -  k 4>i f  2k3  ̂ 1
__________________ { * 3  + k 4j  ^k2f  + ksj J_________________
ĵks - k4>\ /k3 - k2f^ fk2f + k2f>| pcs ~ k^A 2ks V|
VS + k4j ̂ 3 + k2f  J L k3 + k2f  J ^3 + k ^  ^k2f  + ks

x Ae-ikizi (2-30)

for the reflected pulse into layer 1, and

Ge—ik4z3 = I-k2s + k2S ki + k2£
e 0 - 0 + i 2 k 3 ( Z 3 - Z 2 )

2k3 ee+ik3(z3-z2,k2f + ks
ks - k4^ fks - k2f
ks + k4 J Iks + k2f■)

-  1 fal : kl) I füKrf) - f|H-|
f^3 - k 4>j /k3 - k2f\ f̂ -2f + k2f^ pC3 ~ k 4Nv f__________
Vk3 + k4J ̂ 3  + k2f j  v ks + ^2f )  ^ 3  + k^J ̂ k2f + ks

2k3

x  A e “ i k l z l ( 2 - 3 1 )



T-3291 42

for the transmitted pulse into layer 4.
Now we wish to show that these results can be obtained 

using the approach based upon the same special 
interpretation described in the previous three-layer model. 
To reiterate, we assume that the total reflected pulse from 
an interface is the resultant of the reflected part of the 
incident pulse on the interface from above and the 
transmitted part of whatever is incident on the interface 
from below. Further, the total transmitted pulse at an 
interface is the resultant of the reflected part of the 
pulse transmitted below and the transmitted part incident 
from below. Each constituent part of any pulse above is the 
pulse scaled by some function which will be named either 
reflection function or transmission function for the 
interface between each of the consecutive four layers. 
Using this approach, we define the following equations :

Case I :

B e i k l z l =  R i 2A e ~ i k l z l +  T 2i D e  <1+ï> l n > v o  r
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Case

Ee-ik3Z2 = T 23Ce <1_7) + R32Feik3Z2 ,

Feik3z3 = R 34Ee”ik3z3 ,

Ge~ik4z3 = T34Ee~ik3z3

II :

Beiklzl = Ri2Ae'~iklzl + T 2 iDln^' • ,

c V ^  = Ti2Ae-ikizi + R21Dln^- • ,

Dln^  ' V W  = R23CV ! f  + T32Felk3Z2 ,

Ee~ik3z2 = T 2 3 C '\J ^  + R32Feik3z2 f

Feik3z3 = R34Ee”ik3z3 ,

Ge-ik4z3 = T34Ee~ik3z3 ,

Case III:

/vsBeiklzl = Ri2Ae*iklzl + T 2 iDe (1+iY>ln > vô r

/vs /vsCe (1-iY) InVvô = T 12Ae-iklzl + R2iDe <1+iY) In Vvo ,

(2-32)

(2-33)

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL of MINES 
GOLDEN, COLORADO 8040$
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De<1+iY> lnVI§ = R23Ce <1_iY) + T32Feik3z2 ,

Ee“ik3z2 = T23Ce<1_iY)lnV?| + R32Feik3z2 ,

Feik3z3 = R34Ee~ik3z3 ,

Ge_ik4z3 = T34Ee“ik3z3 , (2-34)

Making use of the definitions in table 2-1, the solutions 
from this approach, valid for the three cases, are given by

The Reflected Pulse:

_ 4 v- F_ T21T12 ( R23el2k3 (z3”z2) — R23R34R32 + T32R34T23 )Be1Jci2i = R12 + -----------... .— ;------ :-------------=---------L  e0-0 + i2k3 (Z3-Z2) - R 34R 32e 0-0 -

-j • A e ” i k l z l
r 2 1 ( R23ei2k3 (Z3~Z2) “r23r34r 32 + ^32R34^23 )

(2-35)

and
The Transmitted Pulse :
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Ge“ik4z3 = Ti2T23T34e« + ik3(z3-z2)
e 0 - 0  + 1 2 k 3 (z3 - z 2 ) -  R 3 4 R 3 2 e 0 - 0  -

r21 ( R23ei2k3 ̂Z3_Z2) ”r23r34r32 + T32R34T23 )
• A e ~ i k l z l

(2-36)

where

Tij = transmission factor

and
Rij = reflected factor.

Reflection Coefficient : We have already discussed the
reflection coefficient of acoustic waves from an abrupt 
impedance contrast and from a linearly varying velocity 
transition zone in the previous three layer-model. In the 
four-layer model we need to use the same definitions (2-2 2) 
(2-23) in addition to the following

(2-37)

and
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(2-38)

where the notation, again is exactly as shown in table 2-1 . 
Here R32 is the reflectivity function at the interface 
between the uniform layer 3 and the transition zone 2 and R34 
is the reflectivity factor at the interface between the 
discrete layer 3 and the discrete layer 4 .

Transmission Coefficient : Whatever has been said about the 
reflection coefficient above can also be applied to the 
transmission coefficient for the four-layer model. We need 
to use the definitions (2-25) and (2-26) and the following

Here T32 is the transmissivity function at the interface 
between the transition zone 2 and the discrete layer 3 and 
T34 is the transmissivity function between the uniform layer 
3 and the uniform layer 4 as in our four-layer model.

k2f + %2f (2-39)%3 + k2f

and

T34 = k3 + k4
2k4 (2-40)
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3. NUMERICAL IMPLEMENTATION

In the previous chapter we have obtained analytical 
expressions for the reflected and transmitted response in 
the frequency domain. These relations are the basis for 
obtaining the corresponding responses in the time domain. 
Thus we can predict the synthetic seismograms for any model 
containing a transition zone. For this purpose we 
implemented a series of subroutines in Fortran 77 on the 
Vax-11 in order to evaluate numerically the time responses 
of the reflected and transmitted pulses from the three and 
the four layer models for which we developed the analytical 
expressions.

So far we have been using a monofrequency incident wave 
of the type A(CO)e^cot. This allows us to evaluate the 

responses using any other type of incident time function via 
Fourier synthesis. We implemented the numerical calculation 
of responses using an impulsive time source and an 
artificially time-limited form of the well-known Ricker 
wavelet source. The Ricker wavelet source pulse used in our 
implementation is shown in figures 3-1 and 3-2 . The 
expressions are
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F (t) = (1 - 2xc2v2t2) e-K2^ 2 (3-1)

in the time domain, and

2 v2 9 , 2F (v) = - =  —  e-v2/vm (3-2)
Yrc Vm

in the frequency domain. Here V m  is the peak frequency in 
the wavelet, which we fixed at around 40 Hz for our 
calculations.

We implemented a variety of options in our program 
package which permits calculations of the time and frequency 
domain representations of all desired quantities of 
interest. We also allowed for user specified time sampling 
rates and used a standard FFT subroutine and multiplications 
of spectra rather than discrete time convolution. A 
complete program listing appears in the appendix B.

Another task for the program is to find the reflection 
response of the same three and four-layer model based upon 
the conventional reflectivity model. Starting with the 
given velocity function

v ( z ) =  v o  + P ( z - z q ) , (3-3)
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we calculate the travel time as a function of depth to be

After some algebra, we find the velocity as a function of 
time as

This yields the one-way time width for the transition zone 
as

in terms of the velocity gradient (3 in the transition zone 

and the ratio of the final and the starting velocities vs 
and Vf in the zone.

As is well known, Peterson et al ( 19 5 5) , the 
convolutional model reflectivity for constant p

z

1 I P I= t0 + —  In |l + —  (z—zo) I (3-4)

V (t ) = VQeP (t-tQ ) . (3-5)

R (t) = 2" dt- lnv (t) (3-7)
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Substituting (3-5) in (3-7) we obtain the time domain 
reflectivity function for a transition zone to be

R(t) = Y  ts < t < tf , (3-8)

which is simply a time domain box car function for the zone. 
As we shall see in the following, the actual wave-theoretic 
reflection response in the time domain response is, in 
principle, quite different even for this simple linear
velocity variation.



T-3291 53

4. NUMERICAL RESULTS

The numerical results presented and discussed in this 
chapter were calculated in the frequency domain. All-time 
responses were calculated through a discrete fast Fourier 
transform after experimenting with suitable time sampling 
rates and record lengths as appropriate for the four models 
considered here. These include a theoretical model, a 
realistic practical model, and two models derived from 
offshore Arabian Gulf velocity logs, one of which represents 
a soft sea floor and the other a hard sea floor. Analytical 
results given in previous chapters are directly applicable 
and form the basis for these numerical results. The 
conventional responses of the transition zones are scaled to 
the number of samples in the zones.

A Theoretical Model

For the purpose of a deeper analytical study, we start 
with the presentation of the numerical results for an 
exaggerated theoretical model. While being aware that this 
model would be of no practical use in actual seismic 
modeling, it has been designed for analytical purposes of
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demonstrating the reflection and transmission functions 
clearly. Therefore we consider a three layer case which 
includes a linearly varying velocity layer between two 
constant velocity half spaces. In the transition layer the 
velocity gradient is 31.73 ft/sec/ft which is quite 
reasonable practically, but the ratio of the final velocity 
to the starting velocity is 5712.4 which is impractical. 
The upper half space constant (water) velocity is 5000 
ft/sec to the top of the transition layer and the lower half 
space constant velocity is, therefore, 2.856 x 107 ft/sec 
reached linearly at the bottom of the transition layer. 
This data set and all others in the following start with 
table 4-1 which lists all of the particular model and 
calculation parameters in a simple format.

The reflection impulse response from the top and the 
bottom of this exaggerated linearly varying velocity layer 
is shown in figure 4-1. The reflection Ricker-wavelet 
response is shown in figure 4-2. The wave-theoretic 
reflection impulse response is superimposed on the 
conventional response in figure 4-3. The wave-theoretic 
reflection Ricker response of a transition layer is compared 
to the conventional reflection Ricker response, as shown in 
figure 4-4 . Recalling the conventional manner of defining 
the reflectivity function, equation (3-7) and (3-8), the
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reflectivity is a step function at the onset of the 
transition zones and a step function of equal amplitude and 
opposite polarity at the base of the transition zone. This 
produces a rectangular reflectivity function. The 
transmission impulse and Ricker responses into the lower 
half space through the transition layer are shown in figures 
4-5 and 4-6. The conventional reflectivity model 
transmission responses would simply be the incident impulse 
or Ricker without change.

We next show our wave theoretic reflection and
transmission functions Ri2f R23f T i 2 r T23 from an alternative 
approach. Before we do that, let us review briefly the 
principles of this alternative approach along a line of 
reasoning similar to the one just described for the 
conventional reflectivity modeling.

We analyze the problem, however, by using basic wave 
theoretic principles. First we define the reflection and 
the transmission functions between a constant velocity half
space and the start of an infinite transition half space as
R 12 and T 12 • Then we define similar reflection and

transmission functions between the termination of an infinite 
transition zone and a constant velocity half space as R23 and 

t23.
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Comparison of equations obtained by the two approaches 
suggested in Chapter 2 of this thesis, namely equation (2- 
14) with (2-19), (2-30) with (2-35), (2-15) with (2-20) and
(2-31) with (2-36) suggests the following definitions

-  _  k i  -  % 2 s  T) _  k 2s -  k i
12 ki + k2S z 21 k2s + ki '

_ k2f ~ k3 _ ks - k2f
23 k2f + kg ' 32 kg + k2f

for the possible reflection functions and

t  _  kgs + k 2 s rj-. _  2 k i
12 ki + k 2 s ' 21 ki + k 2 s f

T23 - . t32 -

for the possible transmission functions. Recall that these 
are all frequency domain representations for our definitions 
from which we generated time responses. We first show time 
domain representation for direct comparison with the 
conventional reflectivity modeling results. Our reflection 
function R 12 is shown in figure 4-7 compared with the 
conventional reflectivity step response (the amplitude of the
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step is not to scale) . Similarly figure 4-8 shows our 
reflection function R 23 compared with the conventional 
reflectivity negative step response. These figures show 
clearly the fundamentally incorrect and asymptotically (for 
large times) absurd behavior of the conventional reflectivity 
modeling scheme in comparison to the actual wave theoretic 
responses R12 and R23 for such cases. While this will be 
discussed further later on, for the present we continue with 
figures 4-9 and 4-10 which show our transmission functions 
T 12 and T23 time-domain representations for similar times. We 

remark here that the conventional reflectivity modeling 
transmission responses in these cases would again be just the 
incident impulses without any change. The actual wave 
theoretic responses show significant detail as the incident 
impulse propagates through the transition zone. We conclude 
this discussion of the numerical results for the exaggerated 
theoretical model with figures 4-11 through 4-18 which show 
the frequency domain amplitude and phase spectra pairs for 
each of the just discussed four functions R12/ R23, Tl2, and 
T 23 in that order. These are all piece-wise continuous 

bounded functions of the frequency with characteristic 
individual initial and asymptotic behaviors.



T-3291 58

Table 4-1

A Theoretic Model For Basic Analytical Results

Region 1: Upper Half Space Constant Velocity 5000 fps
Bottom Depth 100 ft

Region 2: Transition Layer Starting Velocity 5000 fps
Ending Velocity 28562000 fps
Bottom Depth 900100 ft
Layer Thickness 900000 ft
Velocity Gradient 31.73 fpspf
Velocity Ratio 5712.40

Region 3: Reflector Layer Constant Velocity 28562000 fps
Bottom Depth 900100 ft
Layer Thickness 0 ft

Region 4: Lower Half Space Constant Velocity 28562000 fps
Time Sampling : 4 ms; Frequency Sampling : 0.244 Hz
Record Length : 4092 ms; Nyquist Frequency : 125 Hz
z0=0 - - - - Datum Upper Half Space - - - - - -  - -  - -  - -

Constant Velocity = 5000
Datum to Bottom = 100 ft; 40 ms

zl=l 00 - - Starting Velocity = 5000 - - -  - -  - -  -
Layer Thickness = 900000 ft; 545 ms

z2=900100 - Ending Velocity = 28562000 - - - - - - - -
Constant Velocity = 28562000
Layer Thickness = 0

z3=900100 - Start of Lower Half Space - - - - - - - - - - -
Constant Velocity = 28562000
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A Realistic Model

A realistic model is chosen here from real field data 
built into a four layer model. It contains a linearly 
varying velocity transition zone between a constant velocity 
half space at the top and a constant velocity layer at the 
bottom which, in turn, is followed by a constant velocity 
half space. The velocity of the first region top half space 
(water) is 5000 ft/sec which also starts the second region 
transition zone with a velocity gradient of 12.27 ft/sec/ft 
with a ratio of 1.4. The zone ends with the final velocity 
of 7 000 ft/sec which continuous into the third region 
constant velocity layer. The fourth region bottom half 
space has a constant velocity of 7552 ft/sec. This data set 
and the calculation parameters are shown below in the Table 
4—2 .

The reflection impulse response from this model is 
shown in figure 4-19 which is followed by the reflection 
Ricker response of the system is shown compared with the 
wave theoretic reflection Ricker response in figure 4-21. In 
this realistic case, although there are meaningful 
differences in detail, the reflection responses compare quite 
favorably principally because of the particular band width of
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the chosen Ricker wavelet. However, it appears that the 
convulational results would be misleading in an engineering 
study. The transmission impulse and Ricker responses into 
the lower half space through the transition (second) region 
and the constant velocity (third) region are shown in figures 
4-22 and 4-23. The time domain reflection functions R12 and 
R23 which control the reflection responses are shown in 
figures 4-24 and 4-25.
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Table 4-2

A Realistic Model For Basic Analytical Results

Region 1: Upper Half Space Constant Velocity 5000 fps
Bottom Depth 31 ft

Region 2: Transition Layer Starting Velocity 5000 fps
Ending Velocity . 7000 fps
Bottom Depth 194 ft
Layer Thickness 163 ft
Velocity Gradient 12.27 fpspf
Velocity Ratio 1.40

Region 3: Reflector Layer Constant Velocity 7000 fps
Bottom Depth 406 ft
Layer Thickness 212 ft

Region 4: Lower Half Space Constant Velocity 7552 fps
Time Sampling : 1 ms; Frequency Sampling : 0.488 Hz
Record Length : 2047 ms; Nyquist Frequency : 500 Hz
z0=0 - - - - Datum Upper Half Space - - - - - - - - - -

Constant Velocity = 5000
Datum to Bottom = 31 ft; 12.4 ms

zl=31 - - - Starting Velocity = 5000 - - - - - -
Layer Thickness = 163 ft; 55 ms

z2=l94 - - - Ending Velocity = 7000 - - - - - -
Constant Velocity = 7000
Layer Thickness - 212 ft; 60.6 ms

z3=4 06 - - - Start of Lower Half Space - - -  - -  - -  - -
Constant Velocity = 7552
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Soft Sea Floor Model

This soft sea floor model was chosen from a field well 
log from offshore Saudi Arabia in the Arabian Gulf. This 
model forms a four layer system with a constant velocity 
half space of water at a velocity of 50 00 ft/sec as the 
first region in the model. Below the water there exists a 
transition zone through the soft sea floor showing a 
starting velocity of 6200 ft/sec at the top and a positive 
constant velocity gradient of 3.07 ft/sec/ft. The ratio of 
the velocity between the bottom and the top of the sea floor 
transition is 1.08 to make the final velocity of the second 
region transition zone as 67 0 0 ft/sec. There is an 
unconformity between the bottom of the sea floor zone and 
the PNU formation layer below, the third region, with a 
constant velocity of 7000 ft/sec. The fourth region, the 
RUS formation, is assumed to be the bottom half space with a 
constant velocity of 7552 ft/sec. This data and the needed 
parameters are shown in Table 4-3.

The reflection impulse response from the soft sea floor 
model is shown in figure 4-2 6 followed by the reflection 
Ricker wavelet response in figure 4-27. The reflection 
Ricker wavelet responses of the system from the theoretical
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wave approach compared with that from the conventional 
reflectivity modeling is shown in figure 4-28. Transmission 
responses from the wave theoretic approach into the lower 
half space are shown for the impulse and Ricker wavelet 
incidences in figures 4-2 9 and 4-30. Finally, the time 
domain reflection functions R12 and R23 for this soft sea 
floor model are shown in figures 4-31 and 4-32. Again due 
to the particular Ricker wavelet band width we do not see 
much difference between the Ricker incidence wave theoretic 
and conventional reflectivity results in this model.
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Table 4-3

Soft Sea Floor Model For Basic Analytical Results

Region 1 : Upper Half Space Constant Velocity 5000 fps
Bottom Depth 31 ft

Region 2: Transition Layer Starting Velocity 6200 fps
Ending Velocity 6700 fps
Bottom Depth 194 ft
Layer Thickness 163 ft
Velocity Gradi'ent 3.07 fpspf
Velocity Ratio 1.08

Region 3: Reflector Layer Constant Velocity 7000 fps
Bottom Depth 406 ft
Layer Thickness 212 ft

Region 4: Lower Half Space Constant Velocity 7552 fps
Time Sampling : 1 ms; Frequency Sampling : 0.488 Hz
Record Length : 2047 ms; Nyquist Frequency : 500 Hz
z0=0 - - - - Datum Upper Half Space - - - - - - - - - -

Constant Velocity = 5000
Datum to Bottom = 31 ft; 12.4 ms

zl=31 - - - Starting Velocity = 6200 - - - - - -
Layer Thickness = 163 ft; 50 ms

z2=194 - - - Ending Velocity = 6700 - - - - - -
Constant Velocity = 7000
Layer Thickness = 212 ft; 60.6 ms

z3=406 - - - Start of Lower Half Space - - - - - - - - -
Constant Velocity = 7552

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL of MINES 
GOLDEN, COLORADO 80401
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Hard Sea Floor Model

This hard sea floor model is also chosen from a real 
well log from Saudi Arabia offshore field in the Arabian 
Gulf. It shows the behavior of a transition zone in the 
presence of a negative velocity gradient with depth. This 
model also contains four regions. The first region is a 
constant velocity half space of water with a velocity of 
50 0 0 ft/sec. The second region is a sea floor transition 
zone with a negative gradient of -171.2 ft/sec/ft and a 
velocity ratio of 0.658. The velocity is continuous across 
the lower boundary of the transition zone. The fourth region 
is again a half space with a constant velocity of 7 00 0 
ft / sec. In this model we have a realistic velocity 
inversion. The data and the parameters required are shown in 
Table 4-4.

The results are shown here in the same order as the 
previous models. The reflection impulse response is shown 
in figure 4-33 followed by the reflection Ricker wavelet 
response in figure 4-34. Then we show the comparison of the 
reflection responses for Ricker incidence for the wave 
theoretic approach and the conventional reflectivity 
approach in figure 4-35. Here we see some differences due to



T-3291 98

presence of velocity inversion. Transmission Ricker wavelet 
and impulse response into the fourth region are shown in 
figures 4-36 and 4-37. Last two figures 4-38 and 4-39 in 
this set show the time domain reflection functions R12 and 
R23 from the top and the bottom of the sea floor transition 
zone, respectively, as before.
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Table 4-4

Hard Sea Floor Model For Basic Analytical Results

Region 1 : Upper Half Space Constant Velocity 5000 fps
Bottom Depth 31 ft

Region 2: Transition Layer Starting Velocity 10000 fps
Ending Velocity 6576 fps
Bottom Depth 51 ft
Layer Thickness 20 ft
Velocity Gradient -171.2 fpspf
Velocity Ratio . 658

Region 3: Reflector Layer Constant Velocity 6576 fps
Bottom Depth 194 ft
Layer Thickness 143 ft

Region 4 : Lower Half Space Constant Velocity 7000 fps
Time Sampling : 1 ms; Frequency Sampling : 0.977 Hz
Record Length : 1023 ms; Nyquist Frequency : 500 Hz
z0=0 - - - - Datum Upper Half Space - - - - - - - - - -

Constant Velocity = 5000
Datum to Bottom = 31 ft; 12.4 ms

z 1=31 - - - Starting Velocity = 10000 - - - - - -
Layer Thickness = 20 ft ; 2.4 ms

z2=51 - - - Ending Velocity = 6576 - - - - - -
Constant Velocity = 657 6
Layer Thickness = 143 ft; 43.5 ms

z3=l94 - - - Start of Lower Half Space - - - - - - - - -
Constant Velocity = 7000
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General Discussion of the Results

We have shown four sets of model results in this 
chapter. In this section we will confine ourselves to a 
general discussion of the first, the theoretical, model only. 
This consists of just the transition layer between two 
constant velocity half spaces.

If the transition zone is unbounded, the reflection R12 
function is clearly the impulse response. For a thick 
transition zone, the impulse response from the top will be 
equal to the reflection function at the top and the impulse
response from the bottom will be equal to the reflection
function at the bottom. The complete response from the
transition zone is the superposition of the two functions, 
with the latter appropriately shifted by a time equal to the 
two-way time through the transition zone, as shown in figure 
4-1. The idea is similar to superposition of reflections in 
the uniform velocity layer case. If we compare the 
conventional reflectivity response with the wave-theoretic 
response, figure 4-3, we note that for transition zones with 
large time thicknesses, the responses are completely
different. Clearly the conventional procedure is a poor 
approximation in this case. However, the conventional
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procedure is a fair approximation for practical cases as we 
have seen in the figures 4-10, 4-28, 4-35. The main reason
is that the two-way time through practical thickness 
transition zones is a very small initial part, of the time 
domain reflection function.

The frequency domain R%2 (CD) equation 2.22 is of a 
simple enough form to allow it to be transformed to time 
domain R12 (t) . The result is

where Ji is the ordinary Bessel function of the first kind

explicit formulas for the other functions of interest here, 
namely, R23, T12, and T23.

We relate the argument of the Bessel function in R12(t), 
the zeroes of the Bessel function, the velocity gradient and 
the velocity ratio to build table 4-5 as follows: The first
five zeroes of the Bessel function occur for the argument 
values

(4-1)

of order one. It has proved difficult to obtain similar

fttp 3.83, 7.02, 10.17, 13.32, 16.47 . (4-2)2
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From equation 3-6 we equate the argument of the Bessel 
function to the natural logarithm of the ratio of top to 
bottom velocity of the transition zone

for the condition that to be exactly equal to the two way 
travel time through the zone. This relationship then gives 
the entries shown in table 4-5. We make the following 
observations from this table :
1. Given the velocity gradient and the velocity ratio, we
can determine the transition zone travel time.
2. Given the velocity gradient and the velocity ratio, we
can determine the zone thickness normalized to the
starting velocity vs.
3. The zeroes of the Bessel function, which are the zeroes
of the reflection function R12, depend only on the velocity 
ratio. The first zero occurs for velocity ratio equal to 
4 6.0 6, as shown in the table.

The table and the observations explain why we do not see 
a drastic difference between wave theoretic and conventional 
reflectivity results in wave shape for practical cases. For 
a fixed velocity gradient p, if we consider a velocity-ratio 
range from 1.1 to 5, we find the two-way time through the
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transition zone is much smaller than the time of the first 
zero in the Bessel function. When this occurs, the wave- 
theoretic form can be approximated by a straight line which 
makes the conventional and wave-theoretic responses similar 
in shape. For example, for (3 = 100 ft/sec/ft and velocity 

ratio 5, table 4-5 gives the one-way time as 16 ms. The 
first zero of the Bessel function occurs at 38.3. Similar 
remarks can be made about the behavior R23. Although we have 
not been able to obtain its t ime-doma in inverse 
analytically, numerical results suggest that it is close to 
a Bessel function of the second kind or the Neumann function 
of order one.

The conventional reflectivity modeling gives the 
reflection impulse response from the top of the transition 
zone as a step function, and the negative of that step 
function is the reflection impulse response from the bottom. 
The reflectivity is a rectangle, so its amplitude spectrum is 
the absolute value of a sine function. The conventional 
reflectivity is a good approximation to the wave-theoretic 
reflectivity in the time domain if the travel time through 
the transition zone is small. However, significant 
differences exist in the frequency domain (See figures 4-11 
through 4-15). In order to get a more correct delineation 
of a linearly varying velocity transition zone, better
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approximations are needed for R12, R21, R23, R32, T12, T21,
T 2 3 f and T 3 2 . We reiterate that the conventional 
reflectivity responses are only a fair approximation for 
small times and are rather absurd approximations globally. 
How these might be significantly improved will be discussed 
in the conclusions.
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5. CONCLUSIONS AND RECOMMENDATIONS

We have shown that the response from a finite transition 
zone is the sum of the response of the top R3.2 and the 
response of the bottom R23, with R23 shifted by time equal to 
the two-way time through the transition zone.

We have shown that the wave-theoretic impulse response 
differs significantly from the impulse response of the 
conventional model. We have found that the reflectivity 
function R12 from the interface between a uniform zone and a 
transition zone is proportional to a Bessel function of the 
first order divided by t. The reflectivity function R23 at 
the interface between the base of a transition zone and a 
uniform zone appears to be related to a Bessel-Neumann 
function.

The work in this thesis shows that there are no 
significant multiples due to the presence of a linearly 
varying velocity zone. It is quite possible that the tail 
of the reflection function R23 is usually mistaken for 
multiples. We have deduced the exact frequency-domain 
reflection and transmission functions from a transition zone 
imbedded between uniform half-spaces.

The work in this thesis suggests that it is possible to 
provide certain corrections to the conventional reflectivity

&RTHUB LAKES LIBflAH* 
COLORADO SCHOOL of MINES 
GOLDEN, COLORADO 80401
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modeling. We have found that the conventional reflectivity 
response is a good approximation if the travel time through 
the transition zone is small. For transition zones with 
large time thicknesses, the conventional reflectivity 
response is a poor approximation to the wave theory results.

It is shown from the plots of the responses that the 
relative amplitudes of transition zone reflection response 
is low and can be easily masked by the other reflections.

As a continuation of this work, we recommend finding 
the analytical functions for the reflection and transmission 
functions. We also recommend studying oblique incidence 
responses to simulate offset dependence for a better 
correlation with the field data.
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APPENDIX A 
Three Uniform Layers

For three uniform layers, the reflected pulse amplitude 
is given by

fk2 - k3\ f 2kx \ f_£k2_) 
l̂ k2 + ksj l̂ ki + k2J (ki + k2Jk l ~ k2 +

kl + k2 e+i2k2 (z2-Z1) rk2 - k3^ rk2 - ki
B e i k l z l =

Kl 'h K2 ^+i2k2 (z2-zi ) _ (________  ________  
>2 + k3J Vkl + k2j _ 

x  A e " i k l z l ,

or by

Beiklzl - [Ri2 + ;-g ^ ( ^ - 5 lT-2R23R21] ^ - iklzl

= [Rl2 + R23T2iTi2 e~i2k2 (zi-zi) {1 + R23R2ie~i2k2 (z2-zi)
+  ( R23R 21) 2 e " i 4 k 2 (z2 - z l) +  ...}] A e “ i k i z i

which will give the primaries and the multiples by using z- 
transform. These equations for uniform layers are related to 
equations 2-14 and 2-19 for the case of transition zones.

We can follow the same procedure to find the transmitted 
pulse amplitude Eeiklzl. The corresponding equations for the 
case of transition zones are 2-15 and 2-21.
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APPENDIX B 
Program Listings
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‘ THIS PGM WILL FIND RESPONSE OF THE REFLECTIVITY OF
* 4 _  LAYER CASE FOR THE IMPULSE WAVELET & RICKER WAVELET
* SOURCE & TIME RESPONSE USING FAST FOURIER TRANSFORM.
* USING THEORETIC WAVE APPROACH AND CONVENTIONAL PROCEDURE. 
* *  WRITTEN BY JAAFAR MUHAMMAD ALNEMER. T -3291 . CSM

IMPLICIT NONE 
INTEGER M
PARAMETER (M= 16384)
COMPLEX R12.R23.R34.R21 ,R32 
COMPLEX RR12(M).RR23(M)
COMPLEX TT12(M).TT23(M)
COMPLEX T l2 .T 23 .T 34 .T 2 l.T32  
COMPLEX CMPLX.PHASE2.PHASES.PHASE4.PHASE1 
COMPLEX GI(M).GR(M).PHASET.PF.PHT 
COMPLEX BKM).BR(M)
COMPLEX K2S.K2F.K$2S.KS2F.AIMAG.TTT.DD 
REAL G.B.V2S.V2F.FREQ.K1.K2.K3.K4.PH 
REAL V0.V1 .V2.V3.V4.Z1 .Z2.Z3.T 
REAL VM.THICK2.THICK3.PI.F0 
REAL TIMETHICK1 .TIMETHICK2.TIMETHICK3 
REAL SAMF.SAMT.SAMTC
REAL TIMESAM.TIME.SOURCE_NORM.AF_SOURCE
REAL CO(0:M).CONCO:M),CON_SOURCEC0:M),PP
REAL TL1 .TL2.TTL.XAXIS.X2ERO
INTEGER I.NUMSAM.NYQ.MM.NNEW.N.NOLD
INTEGER N1.N2.N3.J
CHARACTERM MODE
EXTERNAL FORK.PHASE .CIRCON
WRITE (6.1)

1 FORMATdX.' THIS IS FREQUENCY RESPONSE OF FOUR_LAYER
1 CASE & TIME RESPONSE USING FORK )

WRITE (6.2)
2 FO RM ATdX/ ENTER V I. V2. V3. V4. VMOO). 21. 2 2^ 3

1 SAMT(TIME SAMPLING ms) .MODE*)
READ<5.‘ )V1 .V2S.V2.V2F.V3.V4.VM.2l .22.23 .SAMT.MODE

w r it e (6 ,*) * Pa r a m e t e r s  f o r  4 - l a y e r  r e s p o n s e  u s in g  *.
1 MODE. * MODE'

WRITE(66.*) ' PARAMETERS FOR 4 - LAYER RESPONSE USING *.
1 MODE. * MODE'

WRITE(6 .*)' VELOCITY IN REGION 1 '.V I
WRITE(66.*)* VELOCITY IN REGION 1 *.V1
WRITE (6.*)* STARTING VELOCITY IN REGION 2 \V2S  
WRITE(66.*)* STARTING VELOCITY IN REGION 2 V2S 
WRITE(6.*)* VELOCITY IN REGION 2 *.V2
WRITE(66.*)* VELOCITY IN REGION 2 *.V2
WRITE(6.*)* ENDING VELOCITY IN REGION 2 *.V2F
WRITE(66.*)* ENDING VELOCITY IN REGION 2 \V2F
WRITE(6 .*)' VELOCITY IN REGION 3 *.V3
WRITE (66.*)* VELOCITY IN REGION 3 *.V3
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WRITE(6 ,*)' VELOCITY IN REGION 4 \V 4
WRITE (66 .*)' VELOCITY IN REGION 4 \V 4
WRITE<6.*)' PEAK FREQUENCY IN RICKER '.VM 
WRITE(6 6 .*)1 PEAK FREQUENCY IN RICKER '.VM 
WRITE(6 .*)' DEPTH OF THE TOP 2nd LAYER \Z1  
WRITE (66.*)* DEPTH OF THE TOP 2nd LAYER .21 
WRITE(6.*)* DEPTH OF THE BOTTOM 2nd LAYER .22 
WRITE(66.*)* DEPTH OF THE BOTTOM 2nd LAYER *.22 
WRITE (6 .*)' DEPTH OF THE BOTTOM 3nd LAYER '.23 
WRITE(66.*)* DEPTH OF THE BOTTOM 3nd LAYER .23

THICK2 = 22-21 
THICK3 = 23-22

TIMETHICK1 = 21*1000W 1  
IF (MODE .EQ. TRAN* )THEN 

B = (V2F -  V2S)/THICK2 
IF(ABS(B) .GT. 0.0)THEN 

TIMETHICK2 = ALOG (V2F/V2S)/B* 1000.
ELSE

TIMETH1CK2 -  THICK2/((V2SW 2F)/2.) *1000.
ENDIF
ENDIF
IF (MODE .EQ. D IS O TH E N  

TIMETHICK2=THICK2/V2*1000.
ENDIF
TIMETHICK3 = THICK3*1000./V3

T = 10.*(2.*(TIMETHICK1+TIMETHICK2+TIMETHICK3))

WRITE(6.*)* SUGGESTED RECORD LENGTH *.T. * mS'
WRITE(66.*)* SUGGESTED RECORD LENGTH *.T. * mS'
WRITE(6.*)* MODE OF THE PROGRAM '.MODE
WRITE(66.*)* MODE OF THE PROGRAM '.MODE

NOLD = T/SAMT
MM = ALOG (REAL (NOLD))/ALOG (2.)+.99999999999 
NNEW = 2**(M M )

PI = 3.141592653589793 
F0 = 1000./(2.*SAMT)
SAMF= 1000./(REAL(NNEW)*SAMT)
V0 = 1.0

N=NNEW 
NYQ =N /2+ l
WRITE(6.*)* £ OF SAMPLED POINTS '. N
WRITE(66.*)* £ OF SAMPLED POINTS '. N
WRITE(6 .*)' NYQUIST CHOSEN TO BE '.FO.'Hz AT SAMPLE £
WRITE(66.*)* NYQUIST CHOSEN TO BE '.FO.'Hz AT SAMPLE j

'.NYQ
*.NYQ
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WRITE (6 ,*)' 
WRITE (66.*)* 
WRITE (6 .*)' 
WRITE (66 ,*)' 
WRITE (6 .*)' 
WRITE (66 ,*)' 
WRITE (6 .*)' 
WRITE (66 ,*)' 
WRITE(6.*) ' 
WRITE (66.*) 
WRITE (6 .*) ' 
WRITE (66,*)

FREQUENCY SAMPLING 
FREQUENCY SAMPLING 

TIME SAMPLING 
TIME SAMPLING 

RECORD LENGTH 
RECORD LENGTH 

VELOCITY G RADIANT 
VELOCITY G RADIANT 

THICKNESS OF THE THIRED

RATE ,SAMF.' Hz'
RATE '.SAMF.' Hz'

'.SAMT.' mS'
'.SAMT.' mS 
'.S A M T *(N -D .' mS' 

'.S A M T *(N -D .' mS' 
'.B .' OVER THICKNESS 
'.B .' OVER THICKNESS 

LAYER ' .THICKS

'.THICK2
'.THICK2

THICKNESS OF THE THIRED LAYER ' .THICKS 
FIRST LAYER & LAST LAYER ARE HALF SPACE ' 

FIRST LAYER & LAST LAYER ARE HALF SPACE '

WRITE (6.*)
WRITE (66.*)
WRITE (6.*)
WRITE (66.*)
WRITE (6.*)
WRITE (66.*)
WRITE (6.*)
WRITE (66.*)
WRITE(6 .*) Z--------------------------
WRITE(66.*) Z-------------------------
WRITE (6 .* ) 'DEPTH'
WRITE (6 6 .* ) 'DEPTH'
WRITE (6.*)
WRITE (66.*)
WRITE (6 .*)'
WRITE(66.*)‘
WRITE (6 .*)'
WRITE(66.*>*
WRITE (6.*)
WRITE (66.*)
IF(MODE EQ. TRAN')THEN
WRITE (6 .* ) 'Z1-------------------------
WRITE (66. *)'Z1 -----------------------
ENDIF
IF(MODE .EQ. D IS O TH E N
WRITE(6.*) Z1-------------------------
WRITE (66. *)'Z1 -----------------------
ENDIF
WRITE (6,*)Z1 
WRITE (66. *)Z1 
WRITE (6.*)
WRITE (66.*)
IFCMODE EQ.
WRITE (6 .*)'
WRITE (66 .*)'
ENDIF
IF(MODE EQ.

■DATUM—
-DATUM -

V l=  '.V I 
V l= '.V I 
THICK! = 

THICK! =
'.TIMETHICKl.'m S'

'.TIMETHICKl.'m S'

-V2S='.V2S.'- 
—V2S=',V2S.

V 2 S - .V 2 . '-  
—V2S='.V2.'-

TRAN')THEN

D IS O TH E N

V2(AVE)= ' 
V2(AVE)=

(V2S+V2F)/2., GRADIANT= ,B 
'. (V2S+V2F)/2.. 'GRADI ANT = '.B
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WRITE <6.*)' 
WRITE (66.*) 
ENDIF

V2(AVE)= , .V2.,GRADIANT= *.B 
V2(AVE)= '.V2.'GRADIANT= '.B

WRITE (6 .*)' 
WRITE (66.*) 
WRITE (6 .*)' 
WRITE (66.*)

RATIO OF V2F/V2S = ‘.V2F/V2S 
RATIO OF V2F/V2S = ‘ .V2F/V2S 

THICK2 = '.THICK2.==\TIMETHICK2.*m S' 
THICK2 = , .THICK2.'=='.TIMETHICK2,‘mS'

WRITE (6 .*)
WRITE (66.*)
WRITE (6.*)
WRITE (66.*)
IF(MODE .EQ. 'TRAN')THEN
WRITE(6 .*) 22--------------------------------------V2F='.V2F.'---------------------------- '
WRITE (66.*) '22--------------------------------------V2F= * .V 2 F   --------------------'
ENDIF
IFtMODE .EQ. D ISO TH EN
WRITE (6 .*) *22 V2F= *.V2.-*-------------------------- '
WRITE(66.*) 22-----------------------------------   V2F= *,V2.*-------------- '
ENDIF
WRITE (6. *)22  
WRITE (66. *)22
WRITE (6.*)* V3= \V 3
WRITE (66.*)* V3= V3
WRITE (6.*)* THICKS = *.THICK3.*==*.TIMETHICK3.*mS*
WRITE (66.*)* THICKS = 1 .THICK3. *== * .TIMETHICK3. * mS*
WRITE (6.*)
WRITE (66.*)
WRITE (6.*)
WRITE (66.*)
IF (23 .EQ. 22) GOTO 90
WRITE (6 .*) *23-------------------------------------------------------------------------------------- '
WRITE (66.*) *23----------------------------------------------------------------------------------------------------'
WRITE(6.*)23 
WRITE (66. *)23  
WRITE (6.*)
WRITE (66.*)
WRITE (6 .*)' V4= *.V4
WRITE(66.*)* V4= *.V4
WRITE (6.*)
WRITE (66.*)
WRITE (6.*)

90 WRITE (66.*) 
XAXIS=0.0 
X2ERO=0.0
SOURCE_NORM = 1.0 

*TO NORMALI2E RICKER IN FREQUENCY DOMAIN 
* SOURCE.NORM = 2*EXR(-1.)/(SQRT(RI)*VM)

DO NUMSAM = l.NYQ
FREQ = (NUMSAM-1)*SAMF

IN /2+1 NYQUIST
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*IN CASE OF INTRODUCING 21 WE USE PHASE!
PHASE! =CM PLX(0..-FnEQ*4.*PI/Vl *Z1)
IF (FREQ .LT. 1.0E-5) THEN 

FREQ = l,0 E -5  
END IF

*IN CASE OF IMPULSE RESPONSE AF_SOURCE = 1 
AF_SOURCE=1.0*

Kl = 2.*PI*FREQZV1 
K3 = 2.*PI*FREQ/V3 
K4 = 2.*PI*FREQ/V4 
PHT=CMPLX(0..-K1 *Z1>K3*THICK3)

IF (MODE .EQ. TRAN ) THEN
IF ((B **2 .-(4 .*P I*F R E Q )**2 .) GT. 0.)THEN 

G = SQRT( B **2 . -  (4.*PI*FREQ)**2.)
K2S = CMPLX(0..(B-G))/(2.*V2S)
K2F = CM PLX(0.-(B+G ))/(2.*V2F)
K$2S= C M P L X (0 .(B >G ))/(2 . *V2S)
K$2F= CMPLX(0.,(B-G))/(2.*V2F)
PHASE2 = 2.*G/B*ALOG(SQRT(V2F/V2S))
PHASET = (1 .+G/B) *ALOG (SQRT (V2F/V2S))+PHT 
PF =CEXP(PHASET)

ELSE
IF ((B **2 .-(4 .*P I*FR E Q )**2 .) EQ. 0.) THEN 

G = ( 1.)
K2S = CMPLX(0..BZ(2.*V2S))
K2F = CMPLX(0..-B*((1 ./(V2F*ALOG(V2F/VO)))+ 1./V2F)) 
K$2S= CMPLX(0..-B*((l./<V2S*ALOG(V2S/V0)))+ 1./V2S)) 
K$2F= CMPLX(0..B/(2.*V2F))
PHASE2 =ALOG (ALOG (V2F/VO)/ALOG (V2S/V0)>
PF = SQRT (V2F/V2S)*CEXP(PHT-f-PHASE2)

ELSE
IF ((B **2 .-(4 .*P I*F R E Q )**2 .) LT. 0.) THEN 

G = SQRT((4.*PI*FREQ)**2. -  B**2.)
K2S = CMPLX(G.B)/(2.*V2S)
K2F = CMPLX(G.-B)/(2.*V2F)
K$2S= CMPLX(G.-B)/(2.*V2S)
K$2F= CMPLX(G.B)/(2.*V2F)
IF (ABS(B) .LT. 1.0E-6)THEN

PHASE2 = CMPLX(0.,4.*PIXFREQ*THICK2/V2S) 
PHASET = PHASE2/2.+ PHT 
GOTO 30 

END IF
PHASE2=CMPLX (0..2.*G/B*ALOG(SQRT(V2F/V2S))) 
PHASET- ALOG (SQRT (V2F/V2S))+PHASE2/2.+PHT 

30 PF = CEXP(PHASET)
ENDIF 

ENDIF 
END IF
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R12 = (Kl -  K2S)/(K1 + K2S)
R23 = (K$2F -  K3)/(K2F + K3)
R34 (K3 -  K4)/(K3 + K4)
R21 = (K$2S -  K1)/(K2S + Kl)
R32 = (K3 -  K2F)/(K3 + K2F)
T12 (K42S + K2S)/(K1 +K2S)
T21 2.*K1/(K1 + K2S)
T23 2.*K3/(K2F + K3)
T32 = (K$2F ♦ K2F)/(K3 + K2F)
T34 = 2.*K4/(K3 + K4)

ELSE
IF(MODE .EQ. 'DISC') THEN

R12 = (V2-V1)/(V2+V1)
R23 = (V3-V2)/(V3+V2)
R34 (V4-V3)/(V3+V4)
R21 = -R 12
R32 -R 23
T12 1.-R12
T21 = 1.-R21
T23 = 1. -  R23
T32 = 1. -  R32
T34 = 1. -  R34

PHASE2= CMPLX<0..4*PI*FREQ/V2*THICK2)
PHASE 3= CMPLX(0..4*PI*FREQ/V3*THICK3)
PHASET= PHASE2/2>2.*PI*FREQ*CM PLX(0..-Zl/Vl)>PHASE3/2. 
PF = CEXP (PHASET)

ELSE
WRITE (6.*)
WRITE(6 .* ) '* * *  SORY SORY * * *  SORY * * * '  
WRITE(6 .* ) 'DISC OR TRAN IS NOT SPECIFIED * 
WRITER.*)*******************************'
WRITE (6.*)
GOTO 1000

END IF
ENDIF

PHASES = CMPLX(0..2.*K3*THICK3)
PHASE4 = <R23*CEXP(PHASE3) -  R23*R34*R32 + T32*R34*T23)
DD= CEXPCPHASE3+PHASE2) -  R34*R32*CEXP(PHASE2) -  R21 *PHASE4 
Bl (NUMSAM) = (R12 + T21 *T12*PHASE4/

1 DD) *CEXP(PHASE 1 ) * AF_SOURCE
BI(NYQ)=CMPLX(REAL(BI(NYQ)).0.)
BKN-NUMSAM*2)=CMPLX(REAL(BI(NUMSAM)).-AIMAG(BI(NUMSAM))) 

WRITE(U.*)FREQ.REAL(BI (NUMSAM))
WRITE(12.*)FREQ.AIMAG(BI(NUMSAM))
WRITE (13, *)FREQ.CABS(BI(NUMSAM)).BI (NUMSAM)
TTT = Bl (NUMSAM)
CALL PHASE(TTT.PH)
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WRITE 04.*)FREQ.RH  
GKNUMSAM) = T12*T23*T34/DD*PF*AF_SOURCE  
GI<NYQ)=CMRLX<REAL(GI(NYQ)) ,0.)
GI(N-NUMSAM+2)=CMPLX(REAL(GKNUMSAM)),-AIMAG(GI(NUMSAM)))

WRITE(15.*)FREQ.REAL(GKNUMSAM))
WRITE(16.*)FREQ.AIMAG<GI(NUMSAM))
WRITE (17,*)FREQ,CABS<GKNUMSAM)) .GKNUMSAM)
TTT = GKNUMSAM)
CALL PHASE (TTT. PH)
WRITE(18.*)FREQ.PH  

*IN CASE OF RICKER WAVELELT WE HAVE
AF_SOURCE= 2*FREQ *Jr2*EXP<-FREQ**2/VM **2)/<SQRT(PI)*VM **3)/

1 SOU RCE_NORM
WRITE <1 ,*)FREQ,AF_SOURCE 

WRITE(3.*)CNUMSAM-N/2-l)*SAMT.XAXIS  
BR(NUMSAM) = BKNUMSAM) *AF_SOURCE
BR(N-NUMSAM+2)=CMPLX(REAL(BR(NUMSAM)).-AIMAG(BR(NUMSAM)))
WRITE(31.*)FREQ.REAL(BR(NUMSAM))
WRITE <32. *> F REQ. AIM AG (BR(NUMSAM))
WRITE <33. *)FREQ.CABS<BR(NUMSAM)).BR(NUMSAM)
TTT = BR(NUMSAM)
CALL PHASE (TTT.PH)
WRITE <34.*)FREQ.PH 

GR(NUMSAM) = GKNUMSAM) *AF_SOURCE
GR<N-NUMSAM+2)=CMPLX<REAL(GR(NUMSAM)).-AIMAG<GR<NUMSAM)))
WRITE<35.*)FREQ.REAL(GR<NUMSAM))
WRITE<36.*)FREQ.AIMAG<GR(NUMSAM))
WRITE<37.*>FREQ.CABS<GR<NUMSAM)).GR(NUMSAM)
TTT = GR(NUMSAM)
CALL PHASE (TTT. PH)
WRITE (38.*) F REQ. PH

WRITE (51 .*)FREQ.REAL(R12)
WRITE(52.*)FREQ.AIMAG(R12)
WRITE(53.*)FREQ.CABS(R12).R12 
CALL PHASE(R12.PH)
WRITE (54. *> F REQ. PH
RR12<NUMSAM) = R12
RR12<NYQ)=CMPLX(REAL<RR12<NYQ)> .0.)
RR12(N-NUMSAM+2)=CMPLX(REAL(RR12(NUMSAM)).-AIMAG(RR12(NUMSAM))) 
WRITE(71 .*)FREQ.REAL(R23)
WRITE (72.*) FREQ.AIMAG (R23)
WRITE <73. *)FREQ.CABS(R23).R23 
CALL PHASE (R23.PH)
WR1TE(74.*)FREQ.PH
RR23 (NUMSAM) = R23
RR23(NYQ)=CMPLX(REAL(RR23(NYQ)).0.)
RR23(N-NUMSAM+2)=CMPLX(REAL(RR23(NUMSAM)),-AIMAG(RR23(NUMSAM)))

WRITE <56. *) FREQ.RE AL(T 12)
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WRITE <57. *) F REQ. AIMAG <T 12)
WRITE<58.*)FREQ,CABS<T12).T12 
CALL RHASE<T12.RH)
WRITE<59.*)FREQ.PH 
TT12<NUMSAM) = T12 
TT12(NYQ)=CMPLX<REAL(Tn2(NYQ)),0.)
Tn2<N-NUMSAM-f2)=CMPLX<REAL<TT12<NUMSAM)).-AIMAG<TT12<NUMSAM)))
WRITE<76.*)FREQ.REALCT23)
WRITE <77.*) F REQ. AIMAG <T23)
WRITE<78.X)FREQ.CABS<T23).T23 
CALL PHASE<T23.PH)
WRITE <79.*) F REQ. PH 
TT23<NUMSAM) = T23 
TT23<NYQ)=CMPU«REAL<TT23<NYQ)).0.)
TT23<N-NUMSAM*2)=CMPLX<REAL<TT23<NUMSAM)).-AIMAG<TT23<NUMSAM))) 

END ÜO 
XAXIS=1.0
WRITE <3. *)XZE RO.XAXIS

CALL FORK<N.RR12.+l.)
CALL FORK<N,RR23.+ 1.)
CALL FORK<N.TT12.+ l.)
CALL FORK<N.TT23,-*-l.)

* USING FORK TO GET THE TIME RESPONSE OF THE REFLECTION & TRANSMITION
* RESPONSE

CALL FORK<N.BR.+ l.)
CALL FORK<N.BI.+ l.)
CALL FORK<N.GI.+l.)
CALL FORK<N.GR.+ l.)
N1 = 2.*TIMETHICK1/SAMT 
N2 = 2.*TIMETHICK2/SAMT 
N3 = 2.*TIMETHICK3/SAMT 
DO J = l.N
PP= <PI*VM* U -N /2 -1 )*SA M T/1000.) * *2.
CON_SOURCE<J-l) = <1.-2.*PP)*EXP<-PP)

WRITE <2.*) < J -N /2 -1 ) *SAMT.CON_SOURCE <J-1)
CO<J-l) = 0.0 

ENDDO 
CLOSE (1)
CLOSE (2)
CLOSE (3)
CLOSEOD  
CLOSE <12)
CLOSE<13)
CLOSE<14)
CLOSE <15)
CLOSE <16)
CLOSE<17)



CLOSE (18)
CLOSEOD 
CLOSE 0 2 )
CLOSE 0 3 )
CLOSE 0 4 )
CLOSE 0 5 )
CLOSE 0 6 )
CLOSE 0 7 )
CLOSE 0 8 )
CLOSEOD  
CLOSE (52)
CLOSE (53)
CLOSE (54)
CLOSE 0 6 )
CLOSE (57)
CLOSE (58)
CLOSE (59)
CLOSE (7D  
CLOSE (72)
CLOSE (73)
CLOSE (74)
CLOSE (76)
CLOSE (77)
CLOSE (78)
CLOSE (79)
SAMT C=SAMT != 1000. :
IF (MODE .EQ. 'D IS O TH E N  

V2S = V2 
V2F = V2 

ENDIF
TL1= 1 .- < (V2S-V1 )/(V2S+V D ) * *2.

TL2 = 1. -  «V3-V2F)/(V3+V2F))**2.
TTL =TLVTL2
CO(ND = (V2S-VD/(V2S+VD + (SAMTC * B/2000.) *T L1 

DO J -  N1 + T.N1+N2-1
COU) = (SAMTC* B/2000.)*TL1 

ENDDO
CO(Nl+N2)=<V3-V2F)/(V3+V2F)*TLl + SAMTC*B/2000.*TL1 
CO(Nl+N2+N3) = (V4- V3) /  (V4+V3) * TTL 
CALL CIRCON(N.CON_SOURCE.CO.CON)

TIMESAM = SAMT 
TIME = 0.
IF (ABS(B) .LT. 1.0E-6 ) SAMT-lOOO.

DO I = 1 .N 
RR12(I)=RR12<I)/(SQRT (REAL(N)) *TIMESAM)*1000.
WRITE (55.*)TIME.REAL(RR12(1». RR12(1) 
RR23(I)=RR23<I)/(SQRT(REAL(N))*TIMESAM)*1000.
WRITE (75. *)TIME.REAL(RR23(I)).RR23(I) 
TT12(l)=m 2(l)/(SQRT(REAL(N))*TIM ESAM )*1000.
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1000

WRITE <60.*)TIME.REAL(TT12(D).TT12(1) 
TT23(I)-TT23(I)/(SQRT(REAL(N))*TIMESAM)*1000. 
WRITE (80. *)TIME .REAL(TT23<D) .TT230)
Bid) = BKD/SQRT (REAL(N))
WRITE (21.*)TIME.REAL(BI(D).BI(I)
BR(I) = BR(I)/(SQRT (REAL(N)) *TIMESAM) *  1000. 
WRITE (41 .*)TIME,REAL(BR(D) ,BR(I)
GI (I) = GKD/SQRT(REAL(N)) 
WRITE(25.*)TIME.REAL(GI(D).GI(I)
GR(I) = GR(I)/(SQRT(REAL(N)) *TIMESAM) *1000.
WRITE<45.*)TIME.REAL(GR<I)),GR<I)
WRITE(7.*)TIME.CO(l-1)
WRITE<8,*)TIME.CON <H N /2 -1)
TIME = TIME+TIMESAM 

END DO 
STOP 
END
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* SUBROUTINE FORK DOES FAST FOURIER TRANSFORM (AFTER CLAERBOUT)
* THIS IS A SYMETRICAL(BOTH SIDE IS DIVIDED BY SQRT(N))
* TO GET FORWARD TRANSFORM <-!.): MULTIPLY OUTPUT BY SQRT<N)
* TO GET INVERSE TRANSFORM (1.): MULTIPLY OUTPUT BY l./SQRTCN)

SUBROUTINE FORK(LX.CX.SIGNI) 
COMPLEX CXCUO.CARG.CEXP.CW.CTEMP 
J=1

SC =SQRT<1./ LX)
DO 1=1.LX
IF(I .GT. J) GO TO 10 
CTEMP=CX(J)*SC 
CX(J)=CX<I)*SC 
CX<I)=CTEMP

DO M=1.L
CARG= (0.. 1.) * <3.14159265*SIGN! * (M -1 ))/L  
CW=CEXP (CARG)
DO NM.LX.ISTEP
CTEMP=CW*CX(I+U
CX<HU=CX(I)-CTEMP
CX(I)=CX(I»CTEMP
END DO
END DO
L=ISTEP
IF<L .LT. LX)GO TO 40
RETURN
END

40

30

10
20

M=LXZ2
IFCJ LE. M) GO TO 30
J=J-M
M=M/2
IF(M GE. 1) GO TO 20 
J = J+M 
END DO 
L=I
ISTEP=2*L
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* * * * *  CIRCON.FOR DOES CIRCULAR CONVOLUTION OF TWO 
SEQUENCES OF M DATA.

* * * *  WRITTEN BY JAAFAR MUHAMMAD ALNEMER T-3291

SUBROUTINE CIRCONCM.A.B.C) 
INTEGER M
REAL A(0:M-1).B<0:M-1),C(0:M-1) 
DO I = O.M-1 

N=M-1 
CCD = 0.0 
DO J = O.M-1 

T=B(ABS(I-J))
IF (J GE. H I )  THEN 

T-BCN)
N=N-1

ENDIF
C<I)=C(D + A(J)*T  

ENDDO 
ENDDO 

RETURN 
END
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* THIS SUBROUTINE CALCULATES THE PHASE OF A SPEÇTRUM
* FROM GIVEN FOURIER TRANSFORM
* WRITTEN BY JAAFAR MUHAMMAD ALNEMER. T-3291
* CX = THE INPUT DATA
* PH = OUTPUT DATA

SUBROUTINE PHASE(CX.PH)
COMPLEX CX 
REAL PH
PI = 3.141592653589793 

Y = AIMAG (CX)
X = REAL(CX)
IF< ABS(Y) .LE. 1.0E-5) THEN (MACHINE ZERO

Y =0.0 
ENDIF
IF< ABSOO .LE. 1.0E-5) THEN 

X=0.0 
ENDIF
IF( Y .EQ. 0.0 AND. X EQ. O.OTHEN 

PH = 0.0 
GO TO 50 

ENDIF
IF < Y GT. 0. AND. X EQ. 0.)THEN

PH =90.
GO TO 50 

END IF
IF < Y LT. 0. AND. X EQ. 0.)THEN

PH = -90 .
GO TO 50

END IF
PH = ATAN<Y/X)*180./PI 
IF (Y LT. 0. AND. X .LT. 0.) THEN 

PH= PH -  180.
END IF
IF <Y GE. 0. AND. X .LT. 0.) THEN 

PH = PH + 180.
END IF 

50 RETURN
END


