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ABSTRACT

We efficiently model spatial patterns formed by nonlinear reaction-diffusion equations for bench-
mark reaction kinetics. Computational methods for modeling reaction-diffusion equations have
been presented extensively in literature. Efficiency in these computational methods, either higher
convergence or reduced computation time, is desired. We use a moving finite element method
presented in literature and adapt it to include a second order convergence discretization and lin-
earization. An algorithm is presented that utilizes these higher convergence methods. Numerical
results demonstrate the order of convergence and reduced computational times required to model
pattern formation on stationary and time dependent spatial domains. Mode isolation using ma-
nipulation of the Turing parameter space is conducted for validation. Pattern evolution on time

dependent spatial domains is demonstrated.
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CHAPTER 1

INTRODUCTION

In this thesis we efficiently model spatial patterns that are formed by a system of chemicals
that diffuse and react in spatial domains. This spatial pattern formation is studied in the context
of biological systems. Spatial pattern formation in biological systems is of interest in the studies of
morphogenesis, animal coat markings, predator-prey interactions, and tumor growth to name but
a few [3, 4, 5, 7, 16]. In Figures 1.1 and 1.2, we present two examples of spatial patterns in the

context of biological systems.

Figure 1.1: Spatial Pattern Expressed as Stripes on a Fish. [1]

Figure 1.2: Spatial Pattern Expressed as Stripes on Zebras. [2]

Systems of reaction-diffusion equations were first used to model spatial pattern formation by
Turing in 1953 [16]. Turing’s seminal paper used pattern formation in studying morphogenesis, the
development of differentiated structure from a homogeneous state [13]. While the reaction kinetics
used in Turing’s seminal work were linear, which have since been concluded to be too simplistic [11],
this work presents diffusion driven spatial pattern formation succinctly. Recent work in modeling
biological spatial patterns using reaction-diffusion equations has focused on using nonlinear reaction
kinetics and spatial domains that evolve in time [5, 6, 11]. These particular models rely on numerical
simulation. Inherent in these numerical schemes is an error in approximate solutions. As current

models use nonlinear reaction kinetics, these numerical schemes rely on either nonlinear solvers



or linearization techniques, which can increase either the inherent error or computational time of
numeric simulation.

For this thesis our focus is to develop and implement efficient algorithms for the class of non-
linear reaction-diffusion equations that model spatial pattern formation [15, 16]. The algorithms
we develop here are more efficient than those presented in the literature [11] due to different
discretizations and linearizations. Specifically, we demonstrate that the use of a Crank-Nicolson
discretization, in conjunction with a novel linearization, offers order O(At?) convergence and re-
duced computational time in comparison to a scheme with a low-order nonlinear iterative algebraic
system solver at each iterative time step. This higher convergence discretization in conjunction
with linearization leads to less computational time to find patterns of a given accuracy or conversly
patterns of higher accuracy given similar computational time.

The reaction-diffusion model investigated in this thesis can be written as

3‘15_;:15) = DAu(x,t) +f(u(x,1),  (x,1)€Qx(0,T), (1.1)
du(x,t) _ N

onlx) € 0%, (1.2)
u(x,0) = g(x), (1.3)

where n(x) is the outward unit normal vector of 9. We treat u(x,t) as a vector of two chemical
species: u(x,t) = [u(x,t),v(x,t)]. D is a diagonal matrix of diffusion coefficients, A represents the
Laplacian, and f is vector valued function of reaction kinetics. We note that Q@ C R, n =1,2,3 is
the spatial domain, which can either be fixed or time dependent. We also note that equation (1.2)
specifies zero flux boundary conditions on 02, while equation (1.3) specifies given initial conditions.

This class of nonlinear parabolic partial differential equations (PDE) has been numerically
simulated using finite element methods (FEM) in literature [5, 11]. We demonstrate our approach
using these examples. Specifically, in modeling pattern formation on a time dependent spatial
domain we use a moving FEM described in [5]. This method presents a formulation for temporal
derivatives that accommodates a variety of discretizations. More discussion of this method is given
in Chapter 4 of this thesis.

The structure of the remainder of this thesis is as follows. Chapter 2 presents the mathematical
background of Turing pattern formation as well as the benchmark reaction kinetics. Chapter 3
presents the development of an algorithm to model pattern formation on a fixed spatial domain.
Chapter 4 presents the development of an algorithm to model pattern formation on a time dependent

spatial domain.



CHAPTER 2

TURING PATTERN FORMATION AND PARAMETER SPACE

Turing pattern formation, also called diffusion driven spatial pattern formation, occurs when
a reaction-diffusion system becomes linearly unstable in the presence of diffusion. To define this
phenomena, and the range of parameters for which it occurs, we first formulate a generalized
reaction-diffusion system. We then present benchmark reaction kinetics for this system. These
benchmark kinetics each contain parameters with which we define a space, sometimes called the
Turing Space, that facilitates pattern formation. Specifically, we discuss the kinetics and their non-
dimensionalization, as the parameters physical meaning and their influence on patterns becomes

crucial later in this thesis.

2.1 A General Reaction-Diffusion Model

Here we present motivation for a general reaction-diffusion model for two chemical species
following the derivations in literature [5, 11]. To begin, we let u(x,t) = [u(x,t), v(x,t)] be a vector
of two chemical species u,v at a point x and time t. We treat u,v as concentrations of their
respective chemical. We also consider x €  C R™ where () is the spatial domain and 92 is the
boundary of this spatial domain for n = 1,2,3 . We also let (0,7") C R be the evolutionary time
interval, where our intent is to simulate the model for ¢ € (0,7") given an initial state u(x,0) .

Following the literature [11], if we use the law of conservation of mass for u(x, t), then we obtain

gt/vudv——/(W(F-n)dS-i-/Vf(u)dVv

where F' is a vector of fluxes for the chemical species, f is a vector valued function of reaction rates
for the chemical species, and n is the outward unit normal vector to the surface OV of an arbitrary

volume V. Now, using the divergence theorem yields:

/V<(?;:+V-F—f(u)) av =0.

Since V' was arbitrary, we obtain

ou
— =—-V -F+f(u).
5 V- -F +f(u)

Using Fick’s law, the flux of a chemical is proportional to the gradient of its concentration, we can

further write

M DVt f(u), (2.1)



which is a standard reaction-diffusion model, with D being a matrix of diffusion coefficients. We
note that the diffusion coefficients, entries of D, are assumed to be independent of space and time.
Also, typically D is taken as a diagonal matrix, which requires that the chemical species diffuse
independently of each other.

Equation (2.1) can be written in matrix form as:

ou
o di 0 A ,
o = ! | e : (2.2)
5 0 do Av fa(u,v)
where Au = V?u, and di,ds are parameters.

2.2 Benchmark Reaction Kinetics

In equation (2.1), f(u) represents a vector valued function of reaction rates for the two chemical
species. In [11, 14], several types of reaction kinetics, with various parameters, are used. Two of
these kinetics were selected to be benchmark kinetics for our simulations. Below we describe these

benchmark kinetic models as well as their non-dimensionalization.

2.2.1 Gierer-Meinhardt Kinetics

The Gierer-Meinhardt reaction kinetics are given by

f(u) = [ hitev) ] ,

fa(u,v)
k3u2 2
0) =k1 —k — v ,v) = kau” — ksv,
fi(u,v) = k1 — kou + olho + b fa(u,v) = kqu® — ksv
where k;,i = 1,...,7 are positive real parameters. Substituting these definitions into equation (2.1)

allows non-dimensionalization by defining
u=Uu, v=Vv, t=Tt x=L,7T,

where U, V, T are constants, and L, is a typical length scale for a one dimensional spatial domain.

We notice that the chain rule applied to the partial derivatives yields:
ou_oudk _o(Umay/T) _ (UYou _ (U
ot oatot ot ot \T)ot \T) ¥

Pu 9 <0u> _ 9 (8u0m) _ 0 (a(Uu) 8(1‘/Lx)>’

ox2 ~ Ox oz Ox



Thus the Gierer-Meinhardt reaction-diffusion system with these substitutions can be written as

U

T
V

T

Multiplying equation (2.3) by T'/U and equation (2.4) by T'/V further yields

Uz =

Vg =

ks U2

U
Up = dlﬁﬁﬂ-i- ki — kUu +

T = dg%MJr kaU%u? — ksV.

Vo(ke + k7U2ﬂ2) 7

Tks Uu?

Tdy . Tk _
. Tdy Tk4U2ﬂ2 i
= AN -T .
5 v+ % ksv

2
T

Defining T' = s—l, and substituting into equations (2.5) and (2.6) leads to

ug

vt

L?Ekl B Lgk‘gﬂ

keVo(l+ ZU%0?)

Li ks Uw?

= Aﬂ—i— )
U dq dikVO(1 + ZU?u?)
L? k1 ngﬂz

=Au+ =2 = —kou+ ,
dq (U T keVo(1 + 2U?)

2 252 21, 7
_ oy, LiRUP@ L3ksT
dy iV dq

d L2 k 22
—2m+$<wu—wo.

dy dq V

Now, we define parameters

do L2ks ks
d = — = x = —
dl ) Y dl ’ U k/’4k6 )
k‘l k4k‘6 k2 k§k7
a = y b = —, = 7973
ksks ks K2k

_ K
"~ haksk?’

(2.3)

(2.4)

(2.7)

(2.8)

Substitution of these parameters into equations (2.7) and (2.8) while dropping the bars for nota-

tional simplicity, i.e. @ = u, leads to the non-dimensionalized Gierer-Meinhardt system

ut:Au+'y(a—bu+

vt:dAv—i—fy(uQ—v) .

U

(2.9)

(2.10)



2.2.2 Schnakenberg Reaction Kinetics

The Schnakenberg reaction kinetics are given by

f(u) = [fl(“’”) ] ,

f2(u7 U)
fi(u,v) = krag — kou + ksu?v, fo(u,v) = kqby — ksu’v ,

where k; : i = 1,...,4 are positive real parameters, and a1, b; are parameters such that a; > 0,67 >
0. These equations are non-dimensionalized following the same methodology that we used on the

Gierer-Meinhardt kinetics. We define

u=Uu, v=Vw, t=Tt x=L,T,

L2
U=V = 1/@ T =
klal ]{23 k4b1 k‘QL d— @
V k B V /<¢2 ’ Cdy

Substitution of these definitions into the reaction-diffusion system (2.1), along with dropping bars

for notational simplicity, leads to the non-dimensional system:

wy = Au~+ v(a — u+ u?v), (2.11)
vy = dAv + (b — uv). (2.12)

2.3 Turing Pattern Formation

In this section we consider the situations in which we observe Turing pattern formation. We
consider a generalization of equation (2.2), to represent a non-dimensionalized system for the bench-

mark reaction kinetics presented earlier:

R
B¢ dAv v fa(u,v)

In the absence of diffusion, consider a homogeneous steady state of equation (2.13), (u,v) =
(Uhoms Vhom), such that upem, and vpey, are solutions of f(upom,Vhom) = 0. We also consider a
uniform steady state, (u,v) = (us,vs), such that us and vgs are constants in both space and time,
such that f(us,vs) =0, Aus = 0, Avg = 0. We note that a uniform steady state of equation (2.13)

is a homogeneous steady state. More generally, the set of uniform steady states is a subset of the

homogeneous steady states.



Turing pattern formation occurs for our reaction-diffusion equation when a homogeneous steady
state which is linearly stable in the absence of diffusion, becomes linearly unstable in the presence
of diffusion. It is now well documented, [9, 11, 12, 15], that there exist four conditions for the
parameters of the reaction kinetics to exhibit Turing pattern formation. Using the notation f,, =
Ofn/0z where these partial derivatives are evaluated at the homogeneous steady state of interest,

the four conditions are:

Jiu + f2v <0,

Jiufov = frofou >0,

dfru + f2v >0,

(dftu + fou)? — 4d (frufeo — frofou) > 0. (2.14)

While we do not present a derivation of these conditions in this thesis, two additional equations
of interest surface in their derivation. The first equation of interest determines a critical value for

the diffusion coefficient, d.:

dszQu + dc (4f2uf1v - 2f1uf2v) + f22v = 0, (2.15)

and for Turing pattern formation to occur we must have
d>d.. (2.16)

The second equation of interest allows us to isolate patterns of a specific wavelength using
the parameter space. While in practice, in application to biological systems, we would expect
many wavelengths to contribute to any pattern, mode isolation serves to verify algorithm develop-
ment. Here we assume that a spatial pattern modeled by equation (2.13) is composed of modes
cos(kz), k = nm, n € N. This assumption is valid for a one dimensional spatial domain of unit
length. Given that the four conditions of equation (2.14) hold, and equation (2.16) is also satisfied,

we can then predict which modes, which range of wave numbers k, will be excited using

% (f?v + dflu) - \/<f2v + dflu)2 —4d ’A‘ (2 17)
LN (oo + dfia) + v/ (foo + df1a)? — 4d[A]| '

L
(L < k* < R),
R p—
were

’A‘ - fluf21) - flvau .



2.4 Turing Space for Benchmark Kinetics

The four conditions presented in equation (2.14) can be applied to the benchmark reaction
kinetics presented earlier in this chapter. Doing so allows us to define the range of parameters, the

Turing space, that facilitates pattern formation in spatial domains.

2.4.1 Turing Space: Schnakenberg Kinetics

We recall from equations (2.11) and (2.12) that non-dimensional Schankenberg reaction kinetics

are written as

Thus, the partial derivatives of these reaction kinetics are given by

flu:—1+2u’l}, flv:u2a

2
f2u = —2uw, f2v = —u .

For equation (2.14) we desire to evaluate these terms at a homogenous steady state. Thus we wish

to solve the nonlinear algebraic system fi(us,vs) =0, fo(us,vs) = 0 for ug, vs:

a—u5+u§v5:0, b—uzvszm
:>a—us+u§vs+b—u§vs:a—us—i—b:O,
=us=a+b,

and thus: b — (a+ b)%v, =0,

jvszm.

Therefore, the four partial derivative terms evaluated at the steady state to use in the conditions

are given by:

2b
flu‘(us,vs) =-1+ a+b flv‘(us,vs) = (CL—|— b)27
fQu‘(us,vS) = _mv f21)|(us,vg) = _(a+ b) :

With these values substituted into equation (2.14) we obtain the conditions for Turing pattern



formation with Schnakenberg kinetics:

CLzl_)b—l—(aer)2<O,

<—a2fb+1) (a+b)?+ (a+b)? (a%fb) >0,

d<aTb—1>—m+hf>O,

{d(aZ—fb —1) - (a+b)2r—4d [(—aszH) (a+b)*+ (a+0b)? <a2fb>] >0. (2.18)

System (2.18) defines the parameter space for (a,b,d) to observe Turing pattern formation. We

can algebraically simplify these inequalities, as seen in [15], to yield:

b—a
a+b
(a+0)*>0,
b—a
a+b

P(Z;Z)—(a+Mﬂ2>4ﬂa+w2. (2.19)

< (a+1b)?,

d > (a+b)?,

Before moving to the other reaction kinetics, if we substitute the parameter values a = 0.1,b =

0.9 used in [11], we find the steady state (us,vs) = (1.0,0.9) and system (2.19) becomes:

0.8<1 = True,

1>0 = True,

d(0.8) >1 =d>125,

d?(0.8%) —d(5.6) +1>0. (2.20)

We note that the fourth condition of system (2.20) is identical to equation (2.15) with the relevant
derivatives evaluated at the steady state. This fourth condition gives us the critical diffusion
coefficient, which can be numerically evaluated as d > d. = 8.5676.

Thus for Schnakenberg kinetics we will have Turing pattern formation with a = 0.1,b = 0.9,d >
8.5677. Further, we can deduce specific pattern wavelengths by manipulating equation (2.17) .



Fixing d = 10, which is consistent with (2.20), we find values of gamma to excite the 7 mode:

4 v

L: _— = —

720" 5

10 v

AETIE
L<(1®n <R — %<7r2<%,

— v < 5w A~ 49.348, v > 2% ~ 19.739.

For other pattern wavelengths, we similarly manipulate equation (2.17). We summarize the
findings in Table 2.1 .

Table 2.1: Values of « for Pattern Wavelengths: Schnakenberg Kinetics

k> Ymin Ymazx
(m)2 | 19.739 | 49.348
78.957 | 179.392
(3m)% | 177.652 | 444.132
(47)% | 315.827 | 789.568

—~
N
3

~—

[\

We note that the values from Table 2.1 match well with those given in [11, Page 37]. Also
as an aside, equation (2.19) presents the parameter space explicitly in terms of parameters a, b
from the Schnakenberg kinetics. This is due to finding the uniform steady state analytically in this
case. It is however noted in the literature [12], that “Except for simple mechanisms these cannot be
found analytically with ease...”. Thus the Turing space is presented in numeric rather then analytic

inequalities for Gierer-Meinhardt kinetics.

2.4.2 Turing Space: Gierer-Meinhardt Kinetics

In this section we numerically verify the Turing space for parameter choices given in literature
[11, 15]. We recall from equations (2.9) and (2.10) that Gierer-Meinhardt reaction kinetics are

written non-dimensionally as
Fiw0) = a— but ——
u,v) =a—bu+ ———+,
! v(1 + ku?)

fou,v) =u? —v.

10



We find the partial derivatives of these reaction kinetics as

2u —u?

w=—b+t——, YR
h + v(1 + ku?)? h v2(1 + ku?)

f2u = 2u, va =-—1. (221)

Using parameter values of a = 0.1,b = 1,k = 0.5, as seen in [11, 15], we obtain
filuyw) =01 —u+ ——"
u,v)=01—-u+—-—
n v(1+0.5u?)’

fou,v) =u® —v.

Thus the steady state (us,vs) satisfying f1(us,vs) =0 = fa(us, vs) is given by.

Vs :Uz N
’LL2
0=0.1—us+ s (2.22)

u2(1+0.5u2)

Numerically solving system (2.22) yields:
us ~ 0.8394569, wvs ~ 0.7046878 .
With these numeric solutions plugged into the partials derivatives, equation (2.21), we obtain

Srul(ug,v,) = 0.3027387,

Frol(us,ve) = —1.0493396 ,

foul(uyws) = 1.6789137,

fool(usws) = —1- (2.23)

We verify that these parameter choices facilitate Turing pattern formation using the conditions
of system (2.14):

—0.6972613 < 0 = T'rue,

1.4590120 > 0 = True,

d(0.3027387) — 1 > 0 = d > 3.3031790,

(d(0.3027387) — 1)? — 4d(1.4590120) > 0. (2.24)

The last line of system (2.24) is equivalent to finding the d. value, in equation (2.15), for these

parameter choices. We obtain d > d. ~ 70.1278. As with Schnakenberg kinetics, we can use

11



equation (2.17) to predict gamma values for specific wavelength excitation. Fixing d = 72 which is

consistent with system (2.24), we find values of gamma to excite specific pattern wavelengths:

y
L =——(17.2861) = v(0.12
gl
R = ——(24.3082) = ~(0.1
7 (24.3082) = 7(0.1688),
L < (1>)7% < R — ~4(0.1200) < 72 < 7(0.1688) ,
2 7[.2
=< ~ 82.217, v > ~ 58.467 .
7= 0.1200 70,1688

For other wavelengths, we similarly manipulate equation (2.17). We summarize the findings in
Table 2.2 .

Table 2.2: Values of « for Pattern Wavelengths: Gierer-Meinhardt Kinetics

k2 Ymin Ymazx
)2 | 58.467 | 82.217
(m)

(27)? | 233.867 | 328.870
(3m)% | 526.201 | 739.960
(47)?% | 935.468 | 1315.479

We note that the values presented in Table 2.2 match well with those presented in [11]. With
the parameter spaces for Turing pattern formation enumerated for our benchmark kinetics, we next

discuss the development of the algorithm to model this pattern formation on a fixed spatial domain.

12



CHAPTER 3

PATTERN FORMATION ON A FIXED DOMAIN

In this chapter we develop an algorithm to model pattern development on fixed spatial do-
mains. Our algorithm uses a finite element method and includes two choices of discretization and
linearization. For the discretization we use the Backward Euler and the Crank-Nicolson methods.
Both discretizations are used in conjunction with efficient linearizations.

For this chapter, we use as the core mathematical model a dimensionless reaction-diffusion equa-

tion in two chemical species, u, v, with zero flux boundary conditions and given initial conditions:

u 2u
= S tahe), (@0 € (8 x (0,T), (3.1)
v 2y
% = d% + v fa(u, v), (z,t) € (o, B) x (0,7, (3.2)
ou(a,t)  Ou(B,t)  Ov(ayt)  Ov(B,t)
o Oxr  Or O 0 te(0.7), (3:3)
U(ZL‘,O) = 91(1'), ’U(ZE70) = 92(1')’ x € (O‘aﬁ)7 (3'4)

where fi(u,v), fa(u,v) are reaction kinetics given in Chapter 2. In order to establish a finite

element method for this model we first describe the variational formulation.

3.1 Variational Formulation

A finite element method to numerically simulate equations (3.1) and (3.2) begins with a vari-
ational formulation. For our continuous model, we seek each component solution in the standard
Sobolev space V = H'(a, 3), comprising all weakly differentiable functions on («, 3). Then, to find
the variational formulation of equations (3.1) and (3.2) we multiply each by a test function w € V

and integrate over the spatial domain z € («, 5):

B ou B 9%y B
i Friche i 31:210_/(1 yfi(u,v)w=0,Yw eV, (3.5)
B ov B 9% B
i T i dﬁwa_/a Yfo(u,v)w =0, Yw e V. (3.6)

We now consider the boundary conditions, equation (3.3). Using equation (3.3) and integration
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by parts for equations (3.5) and (3.6) yields,

[0 (00 [P0
o Ox \ Oz w_aa:wa o Oz oz’
 Ou(B, 1) du(a,t) Pouow [P oudw
- Oz wiB) - ox wier) = o Oxdx ), Oz oz’
[l (2 wma il [ 2000
o Ox \ Oz v 8:cwa o Ox 0z’
_ ou(Bit) o du(ant) /Bc%&w__ 7 v ow
=d Ox w(B) —d oz w(e) da oxr Or o Or oz’

With these simplifications applied to equations (3.5) and (3.6) we obtain the weak-form system

B ou B ou dw A
. Ew + . %% = /a vfl(u,v)w, Yw € V, (37)

B ov B v dw A
/a 5V —i—d/a ey /a Yfo(u,v)w, Yw e V. (3.8)

The system (3.7)-(3.8) is the variational formulation for equations (3.1)-(3.3).

3.2 Finite Element Method: Schnakenberg Kinetics

In this section we describe the discretizations, both Backward Euler and Crank-Nicolson, and
linearizations that enable us to write the variational formulation in a finite dimensional space V},, as
a linear system at each discrete time step. Specifically, we address with the variational formulation

with Schnakenberg kinetics in this section. The variational formulation of interest is thus:

P ou B ou ow A 9

i Ew—l— i &Eax_/a Y(a—u+uv)w, YweV, (3.9)
B ov B v dw g )

i aw—i—d i (93:83;:/& v(b—u*v)w, Ywe. (3.10)

In order to apply discretizations we establish meshes of the spatial domain and temporal interval.

We define,

08—«

h=——_NeceN
N ) e )

xr1 = «, J}N_H:ﬁ, J}i:xlpl—i—h,i6{2,3,...,N+1},
T

ANt=— MeN
M’ M

t1=0, typ =T, tm=(m—1At me{2,3,...,M~+1},

14



where (N + 1), (M + 1) are the number of nodes of the spatial and temporal meshes respectively.
We note that a uniform mesh of the spatial domain is used for simplicity in derivation, but non-
uniform meshes can be used as well in our algorithm. Using the spatial mesh, we define a N + 1

dimensional subspace V), C V:
Vi, =Span{¢; : 1 =1,2,3,...,N + 1},

where ¢; is the i*" basis function of V,,. These basis functions are defined with support only on

subsets of the spatial domain. The subintervals of the spatial domain are denoted as
I = [zj,xi41], 1€{1,2,...,N}.

We define the basis functions of Vj:

Lo—L , wvel
¢1<x>={ R b

0 , otherwise

==, zelig
gi(z)=¢ BH= | gel; , i=23,...,N,
0 , otherwise
TN T € IN
ON11(2) = " ’ :
0 , otherwise

The FEM approximations uy, v, to u, v are sought in V. We also define

U™(x) =up(x,tn), V"™(x)=vp(x,ty),m=1,2,... M+1,
B
< f,g>= /f x)dz, A(f,g):/ af(w)ag(x)da:.

or Oz

3.2.1 Backward Euler Finite Element Method

The Backward Euler FEM for the system (3.9)-(3.10) is given by

m _ yrm—1

<UA[t],w> + AU™, w) = <7(a — U™+ (Um)QVm)’w> ’ (3'11)
m _ ym—1

<VA‘75/ >+d“4 = (Y(b— (U™PV™),w) , (3.12)

YweV,, form=23,...,.M+1.
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We also approximate the given initial value data g1, go respectively by U, V! € V,,. The bilinear
forms < -,- > and A allow simplification of equations (3.11) and (3.12):

(L+~A8) (U™, w) + AtAU™, w) — y AUV w) = yAt (a,w) + (U™ 1 w),  (3.13)
(V™ w) + dALAV™ w) + At (U™)PV w) = yAt (b,w) + (V1 w) (3.14)
Yw €Vy, form=23,...,.M+1.

As opposed to using nonlinear solution techniques, Newton’s method for example, we linearize
the (U™)? terms of equations (3.13) and (3.14) using the approximation (U™)? ~ (Um_l)2 . This

approximation can be shown, using the Taylor expansion, to be O(At) accurate:

u(x, U 2y ZTylm
w(w, tym—1) = u(x, ty) — a(a;jt)At + (;) aétzt)(At)2 + O(A3) = u(z, t) + O(AL).

Equations (3.13) and (3.14) with this linearization can be written as

(L+~AH) (U™, w) + AtAU™, w) = yAt <(Um_1)2Vm, w) + At (a, w) + <Um_1,w> ,  (3.15)
(V™ w) + dALAV™, w) + At (U 12V w) = yAt (b, w) + (V™1 w) | (3.16)
YweV,, form=23,...,M+1.

Next, the hat basis functions of V), allow us to use the representations

N+1
U™(x) =Y k'¢i(z), kj'€R,
i=1

N+1

Vhz) =Y I"¢i(x), I'E€R,
i=1

where the constants k;,[; are unknowns that we wish to solve for. We now substitute the linear
combinations of basis functions into equations (3.15) and (3.16). We also notice that equations
(3.15) and (3.16) hold for all w € V), = Span{¢; : i = 1,2,..., N + 1}. Therefore it is sufficient for
us replace w in equations (3.15) and (3.16) with ¢;, j =1,--- , N + 1. Thus we obtain:
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N+1 N+1

(1+ AL S K™ (i, 6 + A Y KA1, 65)

i=1 =1

N+1 2N+1 N+1
=yt (a,¢5) + 7t < (Z k;"—%m) > U, ¢j> DDA N

=1 i=1 i=1

N+1 N+1 N+1 2 N41

ST (i, ) + A D I A(r, 65) + vt < <Z k;“—l@») > e, ¢j>

i=1 i=1 i=1 i=1
N+1

= yAt (b, ¢]> + Z llmil <¢za¢]> )

i=1

forj=1,2,..., N+1,m=2,3,....M +1.

We next define the following matrices and vectors

N+1 N+1

[A];j = A(di ¢5),  [Mlij = (i, ¢5), [Q"ij = <¢i(z KM or > kI s), 04
r=1 s=1

R L =Y L KD L L L L

z1 = [(a,¢1) (a.¢2) ... (a,on41)]", z2=[(b;d1) (b,da) ... (b,on41)]"

Using these matrix and vector definitions we represent equations (3.17)-(3.18) as

(14 yAL) M + AtAJ K™ = (yAt)zy + (vAHQ™™ + Mk™ 1,
[M + dAtA + (yAHQ™ ™ = (yAt)zg + MI™L m =23 ... M +1.

Equations (3.19) and (3.20) constitute a linear system for the unknowns £, II", i = 1,2,.

(3.17)

(3.18)

).

(3.19)
(3.20)

L N+1.

When these coefficients are solved for, we have the FEM approximation to w,v at a given time

tm, m=2,3,...,M + 1. To implement this system we enumerate matrix entries. Matrices A and

M are typical for a FEM, and consequently entries are easily found, [10] :

1 -1
£ 2 0 0
_ —1 1 1 —1
A= 0 hi—1  hi— + hi  hi 0 ’
—1 1
| 0 0 ix By

17



wl&
e
o
o

_ hi—1  hi—1 hi hi
M=10 = =5+% % 0
hy Ay
0 0 6 6

Elements of the Q™ matrix are not standard for most FEM. We derive the entries as
@i= [ @R b+ 002
Ti—1
s 2 1 1 2
+/ (¢l) (k{ni ¢1+kﬁ_z ¢2+1)>7f:273aaN7
;

[Qm]i,ifl = / i (gbl)(gblfl)(kﬁzlgbzfl + k;nilqbi){ 1= 2a 3a o aNa

Ti—1

@i = [ @@ (K6 K ) i = 2.3, N

Z5

Q™1 = / G2y R )2,

1

Q™12 = /%(éﬁl)((ﬁz)(/ﬁfn_l% + kT )?,

1

Q™ N1y = / T N Gy (R + K gn)?,

e 2/ m—1 1 2
[Q"]N+1,N+1 —/ (ON+1) (b ON + kN 1 ON+1)” -

TN
These integrals when computed in Mathematica yield:

m h m— m—17.m— m—
[Q@"]1,1 = %(6(131 D? + 367 RS 4 (k)

m h m— m—17.m— m—
Q@712 = @(3(7‘@1 D2+ 4R 4 3(k ),

Qs = !

60
Q™) =

hi—1
30
(hi—1 + hi)
——6
+ 30

hi m— m—17.m— m—
Qi1 = @(3(@ )2 + 4k lkiJrll + 3(k’i+11)2) )
h m— m— m— m—
Q1 = oy (B 4+ 30

m hN m— m—173.m— m—
Q™ INt1,N+1 = ﬁ((kzv )2+ 3k RN+ 6(RY 1)) -

BRI 4R R T 3R,
m— m—173.m— hl m— m—17.m—
(RPN + 3K R + %((kiﬂl)z + 3k; 1ki+11))

(k"2

An O(At + h?) algorithm that uses equations (3.19) and (3.20) to simulate pattern formation
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on a fixed domain has been implemented. Examples of this algorithm’s results are presented later

in this chapter.

3.2.2 Crank-Nicolson Finite Element Method

A Crank-Nicolson FEM for equations (3.9) and (3.10) is given by

m _ yrm—1

<UAIt],w> + AU ) = <fy(a —ymi2 g (Um‘l/Q)QVm_1/2>’w> o (821
m __ 1ym—1

<VA‘t/7w> +dA(Vm_1/2,w) _ <'y(b— (Um—1/2)2vm—1/2)7w> , (3.22)

Yw eV, form=23,...,M+1,

where we use the notations

Um + Um_l me]./z _ Vm + Vm_l

Umfl/Q —
2 ’ 2

We again note that the initial conditions, equation (3.4), determine the approximations U!, V! €

V. To simplify equations (3.21) and (3.22) we note the bilinearity of < -,- > and A. After grouping

we obtain
14+ 22 ) + Sraw, w) = - 120 (0 )
- A+ 080 o + oo (S L) g
(V™ w) + dTAtA(Vm, w) = (V" w) - dTAtA(Vm—l, w)
+ (180 ) - (180 {0 e Y (321

YweV,, form=23,...,M+1.

As opposed to using nonlinear solution techniques for these equations, we use the following

linearization for the (U™~1/2)? terms:

3Um—1_Um—2 2
m—1/2\2
e ()

This linearization can be shown, using the Taylor expansion, to be O(/At?) accurate:
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1

-3
57 % W, ty—1y0) + | — +

3
4 4
39\ Pul, ty_1/2)
2o 2 ) T A A2
* (16 16) gz A

With this linearization applied to equations (3.23) and (3.24), we obtain

1+ 225 ) + 2

3u(z, tm—1) — u(x, ty—2) 3 ou(w,ty,_1/2)
= — NS
2 ot
+ O(AE) = u(w, tyy_1/2) + O(AE) .

5 W +7A(Um,w):(1—7§ (um, >—7 (U™, w)
+ (yAt) (a,w) + @ (U™ 12 —6Uum™ U™ + (U™ 2 (V™ + V™) 0) (3.25)
v+ C2LA ) = (7w - DA w)
+ (yAt) (b, w) — ot (U™ N2 —6U™ U2 + (U2 (V™ + V) w) (3.26)
Yw eV, form=34,... M+1.

We note that the linearization restricts equations (3.25) and (3.26) to m € {3,4,..., M +1}. To
solve for the m = 2 time step we use the following predictor-corrector scheme. Let X! = U Y1 =
V1, then:

2yl 2 1
<XX7w> + A <X+X7w> — <'y(a—X1 + (X1)2Y1) > 7
At 2
2 1 2 1
<Yﬁfﬂw>+A@YQf”w)zmw—uHWﬂwm (3.27)
U -U! U+ U! _ 3/2 3/2\21,3/2
(T )+ A (T w) = (la = X924 (2P 0
vz -yl V4 vl 3/2121,3/2
< = ,w>+A<d . ,w>_<7(b—(X )2y ),w>, (3.28)
where X3/2 = (X2 4 X1)/2, Y3/2

=(Y24+Yh)/2

We return to equations (3.25) and (3.26) currently, as the predictor-corrector systems are ad-
dressed later in this section. Using the basis functions of V;,, we can write

N+1
"= "k'¢, k'ER,
=1
N+1

=> I"¢i, I"€ER.
i=1

We next substitute these linear combinations of basis functions into equations (3.25) and (3.26)
We also notice these equations hold for all w € V}, = Span{¢;

;11 =1,2,...,N + 1}. Therefore, it
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is sufficient that we replace w in equations (3.25) and (3.26) with ¢;, j = 1,--- , N + 1. Thus we
obtain:

N+1 N+1 N+1
At

(1+7 ka (03, b5) +£ka"4 (i, 05) = 1_LN ka ' (i, &)
N+1

A
S KT A 6) + At (0, 65)

Atl , N+1 N+1 N+1 N+1 N+1
+ 1= << ka ')’ sz¢@,¢J>—<6Zk:”‘1¢i§jk§”‘2¢ier¢i,¢j>
N+1 N+1 N+1 - N+1 - -
+ <<Z AN l?¢i,¢j> + <9(Z Ky l;"1¢>i,¢j>

i=1 =1

=1 =1

N+1 N+1 N+1 N+1 N+1
- <6 SR Y KMy zr-1¢i,¢j> + <<Z K202 ) zr-1¢i,¢j>> ., (3.29)

=1 =1 =1 =1 =1
N+1 N+1 N+1 N+1

dAt dAt

U (i) + Z " A($i, ;) = Z 1 (i bg) — Z 1 A, 65)
i=1
+ "yAt <b, ¢]>

VAt N+1 N+1 N+1 N+1 N+1
<< Z k) Z zm¢l,¢J> - <6 DB ARTD B AT l?¢i’¢j>
=1 =1 =1
N+1 N+1 N+1 N+1
+ <(Z K2 ;) Z l?¢iu¢j> + <9(Z Ky )? Z l;n1¢ia¢j>
=1 =1 =1 =1
N+1 N+1 N+1 N+1 N+1
- <6 SR Y KTy l?‘1¢i,¢j> + <(Z K202 ) zr—1¢i,¢j>> o (3.30)
=1 =1 =1 =1 =1

forj=1,2,..., N+1 ,m=3,4,...,.M+1.

We next define the following matrices and vectors

N—+1 N+1
[Alij = A, 05), [Mlij = {(di,05), [Q1')i;= <¢i(z kg, Z k§”1¢s),¢j> :

r=1 s=1
N+1 N+1 N+1 N+1
Q35 = <¢>z‘(z K> kT_2¢s),¢j> , @8y = <¢i(z K200 > kén_2¢s),¢j> ,
r=1 s=1 r=1 s=1
=K kD [ D L L L L

z1=[(a,61) (a,¢2) ... (@, on1)]", z2=[(b,¢1) (b,da) ...(b,ony1)]"
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These matrix and vector definitions allow equations (3.29) and (3.30) to be written as

(145 ar Al = (180 ag - &0

+ 7? 901 — 6Qs + Q] 1™ + 221 901 — 605 + Q4] 171

8
+ (vAb)z (3.31)
|:M dAtA ’yAt (9Q1 — 6Q2 + Q3):| [M — dﬁtz‘l] -t
/Y?t [9@1 —6Q2 + Qg] | 1 (’yAt)Zz , (3.32)

form e {3,4,...,M +1}.

Equations (3.31) and (3.32) constitute a linear system for the unknown vectors k™ and 1™. Solving
for these vectors allows us to approximate u and v in the V}, space for t,,, m € {3,4,..., M + 1}.
One further set of equations is required for the algorithm to numerically simulate using the Crank-
Nicolson discretization, namely the predictor-corrector equations for ts.

For the predictor-corrector scheme we denote X2 € V,, Y2 € V), as

N+1 N+1
X2=> i,V = Zf%,.
=1

We also define the following additional matrices and vectors
N+1 N+1 N+1 N+1
[Qalij = < Z kyér Z kids), & > . [@sliy = <¢i<2 krde Y e§¢s>7¢j> ,
r=1 s=1
N+1 N+1
[Qeli,j = <¢i(z etdr > €§¢s),¢j> ;

r=1 s=1

e *[e% e% e?\fﬂ]T, f2:[f12 f22 f]2v+1]T

Using these matrix and vector definitions, we can then write the predictor-corrector systems (3.27)
and (3.28) as
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< + A) [(1 —yAt) M — A;A} k! + yAtzy +yAtQ4Y (3.33)

< - dAtA) [M — dAtA} 11+ yAtzg — yALQu1Y (3.34)
( > [<1 - 7?) M — NA} k! + yAtzy
12 e + 121 { Q1 +2Q5 + Q6] £ + [Q1 +2Q5 + Qo] 1'} (3.35)
<M + de) 12 = {M — dQAtA] 11+ yAtzy—
7“ Qa4 +2Q5 + Q6] £2 + [Qu + 2Q5 + Qg 11} . (3.36)

Equations (3.33) and (3.34) are solved for vectors e2,f2. With these coefficients we then solve
equations (3.35) and (3.36) for U2, V2 via coefficient vectors kZ,12.

Matrices A and M are typical for finite element methods, as seen in the Backward Euler section
presented earlier in this chapter. The () matrices are not standard in FEM. For their derivation we
denote coefficients in various equations as a;, b;, ¢ € {1,..., N + 1}. Entries of the Q matrix can

be derived as

[Qgenerallii = / i (¢i)*(ai—1i—1 + a;i;) (bi—1¢i—1 + bich;)

i—1

i /‘M(@-)z(aidn + ait10i41) (0idi + biy10iv1), 1 € {2,3,..., N},

[Qgenerallii—1 = / i (0i)(Pi—1)(ai—10i—1 + a;;) (bi—1di—1 + bids), i € {2,3,..., N},

Ti—1

[Qgeneralliiv1 = / i+1(¢i)(¢i+1)(ai¢i + ait10i41)(bidi + big10i41), 1 €{2,3,...,N},
[Qgeneratli,1 = / 2(<151)2(a1¢51 + azp2)(b1g1 + bagp2),

[Qgenerall1,2 = / 2(¢1)(¢2)(a1¢1 + azp2) (D11 + baga) ,

1

[Qgeneral]l N+1,N = / o (on)(Odn+1)(anodnN +ani10N+1)(bNON +DN11ON 1),

TN

[Qgenerall N+1,N+1 = / NH(CZ)N-H)Q(@NﬁbN +an10N+1)(ONON + DN 1ON11) -

TN
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These integrals when computed in Mathematica yield:
h1
= @(3601(451 + b2) + a2(3b1 + 2b2)),

h
= 671)(a1(3b1 + 2by) + a2 (201 + 3b3)),

[Qgeneral] 1,1
[Qgeneral] 1,2

[Qgeneral]i,i—l (az 1(3bz 1+ 2b; ) + ai(2b7j—1 + 3b7,)) y

hi—
60
hi—1 hi
[Qgeneral]i,i = 60 (ai—1(2bi—1 + 3bz)) + %(ai-l—l (3b7, + 2bz+1))
36Li

+ %(hz‘—lbi—l + 4(hi—1 + h;)b; + hibit1)

h;
60 (al(3b + 2()24_1) + a1+1(2b + 3b1+1))

h
%(aN(BbN + 2bn41) + an41(2bn 4 3by 1)),
hn

E(CLN(QI)N + 3bn41) + 3ant1(by + 4bn 1)) -

[Qgeneral]i,i—i—l
[Qgeneral]NJrl,N =

[Qgenerul]N+1,N+1 =

We note that for several of the Q matrices in this Crank-Nicolson Section, a; = b; which yields
further simplifications. For these ) matrices with a single type of coefficient, the integrals simplify

to

o

=30 —(6a? 4 3ajas + a3)),

o

= %0 (3@1 + 4ayag + 3a3)),
_ hye
60

hi— h:
501 (a’zz—l + 3@7;71(111‘)) + 376(017“2—"_1 + 3aiai+1)) +

h;
50 —(3a? + 4a;a;41 + 3ai ),

(3 2 1+ 4a;_1a; + 3a? ),

(hi—1 + h;)

[Q]l,l =
[Q]i,i+1

—(3aN +dayani1 +3a%41),

QN8 = 60

ak + 3anani1 + 6ak ).

hn
QIN+1,N+1 = 30 (

The algorithm from the Backward Euler section was modified to also solve equations (3.31)
and (3.32). Specifically, this algorithm uses input from a user to select the discretization to use.

Examples of this algorithm’s patterns can be found later in this chapter.

3.3 Finite Element Method: Gierer-Meinhardt Kinetics

In this section we describe a finite element method using both Backward Euler and Crank-

Nicolson discretizations for the second set of benchmark reaction kinetics. Specifically, we deal with
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the variational formulation with Gierer-Meinhardt reaction kinetics in this section. The variational

formulation of interest is

B ou B Ou dw A u?

B ov f v ow Aoy
/a Ew—i—d i (%837_/& y(u® —v)w, YweV. (3.38)

For these kinetics, we use the spatial and temporal meshes defined in the Schnakenberg FEM,
along with the spaces V, Vj,.

3.3.1 Backward Euler Finite Element Method

A Backward Euler finite element method is found for equations (3.37) and (3.38) by first dis-
cretizing with a Backward Euler scheme as seen in Section 3.2.1 . We thus obtain for equations
(3.37) and (3.38),

Um — Umfl . B . (Um)2
<At’w> +AU™, w) = <’7(a —bU™ + U+ m(Um)Q))’w> , (3.39)
m _ yym—1

Yw € Vy, forme{2,3,...,M+1}.

We also approximate the given initial value data g1, gs respectively by U', V! € V. Simplification
of equations (3.39) and (3.40) is conducted using the bilinearity of the < -,- > and A operations
along with linearization of the (U™)? terms. We follow the same linearization as used in the

Schnakenberg kinetics section, namely (U™)% ~ (U™~1)? . Linearization and grouping thus yields

m—1)2
(1 +0yAt) (U™, w) + AtAU™ w) = <Um71,w> + yAt (a, w) + yAt <Vm(1(im(U)m1)2))’w> ,

(3.41)
(1 +~yA) (V™ w) + dALAV™ w) = <Vm_1, w) + At <(Um_1)2, w) (3.42)
Yw € Vy, forme{2,3,...,M+1}.

Next, we use the basis functions of the V}, space, to write for terms of U™, V"™
N+1 N+1
U™ =Y kg, k" €R, V™= "1"¢;, ' €R.
i=1

=1

Using these linear combinations of basis functions in equations (3.41) and (3.42), while noting that
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these equations hold for all w € V, , and therefore for any ¢;, j € {1,..., N + 1} yields

N+1 N+1 N+1
(L+byA8) > K (i ) + At > kP A(Gi d5) = > K (i ¢5)
=1 =1 =1
+ At (a, ¢5) + AL (%5, 05) (3.43)
N+1 N+1 N+1
(LA Y 1 (bisdg) +dOE Y 1A ¢5) = Y 1" (dis )
=1 =1 =1
+ AL ™, 05) (3.44)

forme {2,3,...,N+1},je€{1,2,..., N+1}.

Where in equations (3.43) and (3.44) we have denoted

N+1 2 m
K=Y K ), A=

= (S mn) (14 wm)

We now define the following matrices and vectors

[Alij = Al¢i, ¢5),  [Mlij = {(¢is 95)

R L > LY L KD L L L L
g™ = [ ¢1) (K)o (K ovan)]T
al = [\ ¢1) D) on)]T

z=[(a,¢1) (a,d2) ... {(a,¢n41)]T

Using these matrices and vectors we can write equations (3.43) and (3.44) as

[(1+byA)M 4+ AtAJ K™ = MK™ L + (7At)(z 4 o), (3.45)
(1 +yA)M + dALA] I = MIPL 4 (yAt) g™, (3.46)
form=2,3,...,N+1.

Equations (3.45) and (3.46) define a linear system for the unknown vectors k™ 1™. As in the
Schnakenberg case, matrices A, M are standard. The entries of vectors q™,q5' are computed
numerically at each time step. For example, at ¢, we find the i** entries, i € {2,3,..., N}, of g2,

and g2 as
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zipa [N+ 2
[@®], = / (Z k%«z») ¢y da
=1

Ti—1

it {\i+1 1 : 2
[qg]z :/x <Zzil k1¢)

2
i— N+1 N+1
' (Zz‘;{ l?@') <1+“ (Zz‘;{ k’zlﬁbZ) >
These integrals are not analytically computed, but rather are numerically approximated at each
time step. The linear system of equations (3.45) and (3.46) were added to the algorithm for
Schnakenberg kinetics, such that the algorithm asks for user input to which reaction kinetics are

to be modeled. Examples of the patterns produced by the algorithm are presented later in the
chapter.

3.3.2 Crank-Nicolson Finite Element Method

A Crank-Nicolson finite element method for equations (3.37) and (3.38) is given by the system

gr—um! m-1/2 N\ _ m—1/2 (Um_1/2)2
<At7w> +A(U ,'LU) = "}/((l—bU + Vm_1/2(1+/§(Um_1/2)2))7w s (347)
m _ yym—1
<VA‘;, w> FAAW™ 2 w) = (32 V) ) (3.48)

Yw € Vy, me{2,3,...,M +1}.

We also approximate the given initial value data g1, go respectively by U!, V! € V). Simplification
of equations (3.47) and (3.48) is conducted by using the bilinearity of the < -,- >, A operators,
along with the linearization of (U™ /2)2 noted in Section 3.2.2 . Namely, the linearization is given
by

3Um—1_Um—2 2
m—1/2\2 .,
e (BT

We thus write equations (3.47) and (3.48) as

<Um — Um_l,w> + %A (Um + Um_l,w) =vAt (a,w) — Aot

(3Um—1 _ Um—2)2 w
(Vm + mel)(4 + H(3Um*1 _ Um*2)2’ ’

Urn+umtw
( )

+ 2yt < (3.49)
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(v —vml ) + dTAtA (Vv +vmhw) = VTN (BU™ = U™ )%, w)
R ) (3.50)

Yw € Vi, m € {3,4,...,M +1}.

Equations (3.49) and (3.50) can be simplified further by grouping, which yields

<1 + b’g“) (U™ w) + %A(Um,w) - <1 _ b”f) (U™ w)

(3Um-1 — ym—2)2
(V7 + Vi 0)(d + r(30m -1 — Um-2)z)’ w> . (351)

<1 + W) (V™ w) + dTNA(vm, w) = <1 _ W) (v w)

2 2
dAt
— ——AWV™ w) + vAt (U™ —U™ )2 w) , (3.52)

2 4
Yw € Vi, m € {3,4,...,M +1}.

At
- ?A(U’"*l, w) + YAt (a, w) + 2yt <

Using the hat basis functions of the V} space, we can write

N+1 N+1
U™ =Y k¢, k" €R, V™= 1"¢;, I €R.
i=1 i=1
Using these basis functions, and their compact support, to further expand equations (3.51) and

(3.52) our system becomes

by AL o AR
(1+ 22 S wr <ousy >+ (5) T rasus)
=1

i=1
b'yAt N+1 - At N+1 _—
= (1 - 2) ; k' < ¢i 05 > — (2> ; kA, 05)

(2vAt) <:5n ¢>j> AL < a, 5 >, (3.53)

_|_
A N+1 dA N+1
(1 + 7;) Yot < i >+ (;) > 1AW )
=1

=1
N+1 N+1
’}/At e dAt m—
- (17 B e - (55 et
i=1 1=1

At
+ (’Y4> <xM, ;> (3.54)

forje{1,2,....N+1}, me {3,4,... .M +1}.
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Where for equations (3.53) and (3.54) we have denoted

* [4 4+ kx"] .

N+1 2 N+1
XM = [Z (BE - k") qSi] = [Z (@ + 1) |

i=1 =1

We next define the following matrices and vectors

[Alij = Al¢i, ¢5),  [Mlij = (¢is 95)

N T ¥ L L L (O

wefe) (o) (o]
a3’ = [ ¢1)  (FMge) (K ena)]T
z=[{a, 1) (a,d2) ... {(a,0n41)]"

Using these matrices and vectors allows equations (3.51) and (3.52) to be written as

KHWQN)MJFNA] o [(1_1”?’5)]\4_&14] k™1 | 9y Atg™ +yAtz,  (3.55)

yAN yAN A YA A
[<1+H>M+MA] m [(1—7275>M—MA}1 +(77t)q‘2“, (3.56)

forme {3,4,...,.M +1}.

Equations (3.55) and (3.56) constitute a linear system for the unknown vectors k™ and 1™. Solving
for these vectors allows us to approximate u and v in the space V. We note that solutions are
found by solving first for I'™ and then for k™. This is due to the q™ vector used in solving k™
calling for current 1™ entries. We also note that equations (3.55) and (3.56) require a separate
scheme to solve for t5. Consequently, we use a similar predictor-correcter scheme to that presented
in Section 3.2.2 . We let X' = U',Y! = V!, and then

<X2A_tXl’ > (X e < (o =07+ 1<1(f;)<2Xl>2>’w>’
w ((
< > <U2+ » (x32)2
< ’w> w5 ) - <7(a_bX/ ’ Y3/2<1+H<X3/2>2>’w> |
o) a0

< ,w dV + V1 > _ <V((X3/2)2 —Y3/2),w> 7 (3.58)

Yh,w) , (3.57)

’
7
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where X3/2 = (X2 + X1)/2, Y32 = (Y2 4+ Y1)/2.
Simplification of system (3.57), using the linearity of the operations, yields

At

(X% w) + 5 A (X% w) = (1= byA) (X, w)
At 1 (x1h)?
_ 7,4 (X ,w) +7At<yl(1 +/<(X1)2)’w +vAt (a,w) ,
dAt dAt
(Y2, w) + A( ,w) = (1—yAL) (Y w) — —A( w) +yAL{(XN)?w) . (3.59)
Similar simplification of system (3.58) yields
At —byAt byt
<U2,w>+2A(U2 w) = — = (X% w >+<1—’y )<X1 w)
At 1 (X1 4 X?2)2
+ At {a, w) — —.A(X ,w) + 2yAt < VTV AT a(XT 5 X2 )
(V2 w) + dAtA( w) = (1 - 7?’5) (Y w) — dTAtA(Yl,w)
At At
- I (VP w) + I (X 4 X)) (3.60)
Using basis functions of V;, we can write
N+1 N+1 N+1
X2=>"elgi, Y= floi, X' =U"=> klos,
i=1 i=1 i=1
N+1 N+1 N+1
Z i, U? = Z Koo V2= 1¢:.
1=1
These linear combinations of basis functions, while restricting w to ¢;, j = 1,2,..., N + 1 allows
systems (3.59) and (3.60) to be written respectively as
N+1 At
> e {< Gi, j > +2A(¢¢7¢j)] =74t <a,¢; >
i=1
= At *3
i=1
N+1 d N+1
> [< bir 5 >+ Al 65) } = (1 =A< ¢i, ¢ >
=1 i=1
dAt
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N+1

Z k? [< Giy ;> +— A(¢17¢]):| =At <a,¢j >
N+1 A

N+1
S [< 180) 5] e ().

N+1 N+1 A dA
M oi [< i, b > +fA (64, b ] Z I [ (1- Lt < ¢i, ¢ > —Jsz,qu)
=1
N+1 A A
+ Z f2 [ 2 ! ¢Za¢]>:| ! <*5a¢J> ) (3'62)

forj e {1,2,...,N +1}.

In equations (3.61) and (3.62) we have used the notations

N+1 2 N+1
= (Z k1,1¢2> y k4 = (lel(ﬁl) (1+’{*3)7
i=1 i=1

N1 2 N+1
. [z (2 +) @-] o [z (4 72) 6] [+ e
i=1 =1
We next define the additional matrices and vectors

e’ = [6% eg e?\/-s—l]Ta f2 = [f12 f22 f]2v+1]T7

- -T
_|/*3 *3 *3
qs = _<*4,¢1> <*4,¢2> <* 7¢N+1>_ ;
qs = [(k3, 1) (kayd2) ... (ks b))

- 1T
_|/* *5 *5
qs = _<*6,¢1> <*6,¢2> ---<*67¢N+1>_ ;

a6 = [(*x5,01) (x5, 02) ... (x5, dng1)]”

Thus, we write systems (3.61) and (3.62) as
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M + NA] e = [(1 —byAt) M — A;A} k' +yAtqs + yAtz, (3.63)
: A A

M + th} £2 [(1 —yA) M — thA} 11+ yAtqy, (3.64)
0+ AtA] K2 = K bg“) M — NA] k!

byt
+ [ g M] e? 4 2yAtqs + YAz, (3.65)
[M + dAtA} 1% = [(1 - 7“) M- dAtA}
2 2
YN, At

+ [VQM} £2 ¢ 77‘“ . (3.66)

Equations (3.63) and (3.64) constitute a linear system for the unknowns e?, f2, i € {1,..., N+ 1}
Similarly, equations (3.65) and (3.66) constitute a linear system for the unknowns k:f, 12, i
{1,...,N + 1} that when solved give the approximations U2, V2 € V.

In the next section we present results of an algorithm that models pattern formation on a fixed
spatial domain. This algorithm uses equations (3.53) and (3.54) for Gierer-Meinhardt kinetics with

Crank-Nicolson discretization.

3.4 Computational Results

In this section we present the patterns modeled by an algorithm that utilizes the linear systems
presented in Sections 3.2.1-3.3.2 . Two versions of initial conditions are presented for the algorithm.
Validation of this algorithm is conducted by studying mode isolation of patterns as presented in
Sections 2.4.1 and 2.4.2 . The patterns produced are also compared to those found in literature
[11]. Finally, we discuss the convergence of the algorithm for the two choices of discretization and

linearization.

3.4.1 Initial Conditions

For this model we have used two sets of initial conditions (ICs). The two sets of ICs differ in
one regard: the first set of ICs uses random perturbations, while the second set’s perturbations are
not random. Let us explicitly describe the two sets of ICs used in this algorithm. Let ug, vs denote

the homogeneous steady state of the reaction kinetics of Sections 2.4.1 and 2.4.2 . The first set of

g(z) = [gl(x) ] =

92(z)

ICs is given by
Us + €Yy 7(1,k) cOs(kTT)

(3.67)
Vs + €1 T(2,k) COS(kTT)
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For equation (3.67) r(1 ), 7(2,x) are pseudo-random numbers in (0,1) for each k. We also take
k = 39 for this specific IC, but any sufficiently large integer will work. We also take use scaling
parameter ¢ = 0.001 for this IC.

The second set of IC’s is given by

g(z) = [gl(x) ] =

g2(x)

us + €y, cos(kmx)

: (3.68)
vs + €y, cos(kmx)

where we again take k = 39, ¢ = 0.001. For the majority of patterns produced by our algorithm we
have used the second set of ICs, equation (3.68). We have used this choice of ICs because random
perturbations can cause the patterns produced to be phase shifted. This phase shifting makes it

difficult to approximate error and convergence, and consequently we use non-random ICs.

3.4.2 Schnakenberg Results

Our algorithm produces patterns for Schnakenberg kinetics using both Backward Euler and
Crank-Nicolson discretizations. Figure 3.1 shows a surface plot of the approximation U to illustrate

pattern formation with Schnakenberg kinetics.

U concentration

Figure 3.1: Schnakenberg Pattern Formation

We first discuss mode isolation of the patterns to validate the algorithm. Mode isolation is
conducted by fixing parameters a, b, d and using a value for  such that only a certain wavelength
of pattern should be excited. Figure 3.2 shows the patterns produced by these mode isolation tests

for the Backward Euler FEM. Mode isolation tests were also conducted using the Crank-Nicolson
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discretization. Figure 3.3 illustrates the Crank-Nicolson mode isolation tests.
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Figure 3.2: Backward Euler FEM on a fixed domain and with Schnakenberg kinetics. Mode isolation
tests with parameters: a = 0.1,b = 0.9,d = 10.

The mode isolation tests of both discretizations illustrate that the algorithm’s resultant patterns

respond to the parameter space as predicted. We also observe that the Schnakenberg patterns
produced are independent of the discretization used.

We next estimate error and convergence for the patterns produced using Schnakenberg kinetics.
To estimate the error for simulations we treat the computer run with the finest spatial mesh,
corresponding to Negqct, as an exact solution. Then we estimate the error of a simulation on a
rougher spatial mesh, corresponding to N;.qygn, using two methods. The first measure of error, the

maximum error, is calculated by defining an evaluation mesh of the spatial domain as follows

heval = heract/loa Neval = Nemact * 10 )

Tjeval = & + (Z - 1)hevala = 1727 o -aNeval +1.

Using this evaluation mesh we find the maximum error at time t,, as

Errorp.. = Max {|U$act(xi7eml) - Uf;ugh(xi7eval)‘ :i=1,2,..., Neyar + 1} )
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Figure 3.3: Crank-Nicolson FEM on a fixed domain and with Schnakenberg kinetics. Mode isolation
tests with parameters: ¢ = 0.1,b =0.9,d = 10.

The second measure of error, the L? error, is approximated using the evaluation mesh as well.
We denote a trapezoidal quadrature to approximate an integral as Quad(f(z),a, ) =~ [ f f(z)dx.

Thus we write our approximation of the L? error as

2
Errorpe = \/Quad <{Uergact($) - Uwfg'ugh(x)} ) aaaﬁ) .

In Tables 3.1 and 3.2 we approximate the error for several computer runs using both Backward
FEuler and Crank-Nicolson discretization. All computer runs were conducted using parameter values

of a=0.1,b=0.9,d = 10,7 = 35,7 = 5. We also take a Crank-Nicolson run with N = 1600 as an

exact solution for the error calculations.
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Table 3.1: Approximation Error, Backward Euler Discretization

N

Erroryraz

Errory

40
80
100
160
200
400
800
1600

2.3968e — 04
6.9860e — 05
5.1824e — 05
2.8644e — 05
2.1938e — 05
1.0039¢ — 05
4.8410e — 06
2.2342e — 06

9.7271e — 05
3.4253e — 05
2.6094e — 05
1.5668e — 05
1.2501e — 05
6.3294e — 06
3.2178e — 06
1.6331e — 06

Table 3.2: Approximation Error, Crank-Nicolson Discretization

N

Erroryrar

Errorye

40
80
100
160
200
400
800

3.5680e — 04
8.9056e — 05
5.6897e — 05
2.2063e — 05
1.4028e — 05
3.3283e — 06
6.6195e¢ — 07

9.8558e — 05
2.4645e — 05
1.5763e — 05
6.1419e — 06
3.9229¢ — 06
9.6729¢ — 07
2.2751e — 07

We can also approximate the rates of convergence of the respective discretizations using the

estimated errors. Specifically, we approximate the rate of convergence using the formula

Tables 3.4 and 3.5 summarize the rates of convergence for the Backward Euler and Crank-

Nicolson runs.

erroran
lOg < erroryn )

log(2)
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Table 3.3: Convergence, Backward Euler Discretization

N | rMax T2

40 | 1.7786 | 1.5057
80 | 1.2862 | 1.1283
100 | 1.2401 | 1.0615
200 | 1.1277 | 0.9820
400 | 1.0522 | 0.9759
800 | 1.1155 | 0.9784

Table 3.4: Convergence, Crank-Nicolson Discretization

N | TMaz T2

40 | 2.0023 | 1.9996
80 | 2.0130 | 2.0045
100 | 2.0199 | 2.0065
200 | 2.0755 | 2.0199
400 | 2.3299 | 2.0879

We note that Tables 3.4 and 3.5 provide evidence for the motivation of this thesis. Specifically,
Crank-Nicolson discretization in conjunction with the novel linearization has yielded second order
convergence. Further, we can compare the efficiencies of the two discretizations by calculating
a ratio of computer run-times for a given accuracy. For example, if we desire patterns with an
accuracy of six decimal digits, then we can choose either the Backward Euler run with N = 1600
or the Crank-Nicolson run with N = 400. These runs have respective Erroryz of 1.6331e — 06
and 9.6729e — 07 as seen in Tables 3.1 and 3.2. Computer run-times are respectively 2252 seconds
and 211 seconds. Thus, the Crank-Nicolson discretization generates a pattern of this accuracy

approximately 10.6 times faster.

3.4.3 Gierer-Meinhardt Results

Results of our fixed domain algorithm for Gierer-Meinhardt kinetics shows a pronounced differ-
ence in the discretizations. As our algorithm uses approximations to integrals at each time step for
these kinetics, it is markedly slower in comparison to the Schnakenberg simulations. For example,
with N = 10, computation times for Backward Euler and Crank-Nicolson are respectively 178
seconds and 333 seconds. The inherent slowness of this algorithm leads to a desire for efficiency.
Figures 3.4 and 3.5 illustrate the patterns modeled for Gierer-Meinhardt kinetics with the two dis-
cretizations. For both figures the parameters are fixed as: a =0.1, b=1, k = 0.5, d =72, v = 75.
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Also both graphs correspond to being run to time t = 7.5.
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Figure 3.4: Gierer-Meinhardt Pattern Formation, Backward Euler
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Figure 3.5: Gierer-Meinhardt Pattern Formation, Crank-Nicolson

Comparing these two figures leads to the conclusion that we absolutely want to use Crank-
Nicolson discretization for modeling Gierer-Meinhardt kinetics. Several long computational time
simulations, i.e. relatively large IV, were completed to verify that both discretizations approach the
same pattern. Figures 3.6 and 3.7 illustrate these long simulations. For these figures the parameters
were again fixed as: a =0.1, b =1, Kk = 0.5, d = 72, v = 75. For these figures, the end time of the

run is t = 2.5.
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Figure 3.6: Gierer-Meinhardt , Backward Euler, N = 120
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Figure 3.7: Gierer-Meinhardt, Crank-Nicolson, N = 30

Figures 3.6 and 3.7 illustrate that the discretizations both approach the same pattern. This
lends credence to validation of the algorithm as well.
In the next chapter of this thesis we investigate Turing pattern formation on time dependent

spatial domains.
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CHAPTER 4

PATTERN FORMATION ON AN EVOLVING DOMAIN

In this chapter we develop an algorithm to model pattern formation on time dependent spatial
domains. This algorithm uses a moving finite element method [5, 11]. Similar to our work on
the fixed domain algorithm, we use two choices of discretization and linearization. The reaction-

diffusion system we use as the mathematical model for pattern generation is given by:

ou(z,t)  O*u(x,t)

ot = a2z T A t)u@), € A®), B#)],t € [0,T], (4.1)
c‘)vgi,t) _ d('??g(:; t) + 7 fo(u(z, t),v(z, 1), z € [A(t), B(t)],t € [0,T], (4.2)
au(gg),t) _ 8u(l(3;;t),t) _ av(gg),t) _ 8””;5)’” e, wy
u(z,0) = gi(x), v(z,0) = ga(z), = € [A0), B(0)], (4.4)

where fi(u,v), fo(u,v) are given reaction kinetics of the types from Chapter 2, and g1(x), g2(x) are

given initial conditions.

4.1 Variational Formulation

A finite element method to numerically simulate equations (4.1)-(4.3) begins with a variational
formulation. For our continuous model, we seek each component solution in the Sobolev space
V(t) = HY(A(t), B(t)), comprising all weakly differentiable functions on (A(t), B(t)). Then, to find
the variational formulation of equations (4.1) and (4.2) we now multiply each by a test function

w € V(t) and integrate over the spatial domain = € (A(t), B(t)).

B(t) gy, B(t) 2, B(t)

—w — —w — u,v)w =0, Yw € V(t), 4.5

/. . o /. . 5 /. , VY (t (45)
B(t) gy B(t) 92, B(t)

—w — dw—/ u,v)w =0, Yw € V(). 4.6

T =T TR0 (v (1.6)

We now consider the boundary conditions, equation (4.3). Using equation (4.3) while integrating

by parts for equations (4.5) and (4.6) yields
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B(®) B gy ow
o 505

A(t)
_ 8u(B(t),t)w(B(t))_ au(A(t),t)w(A(t))_/B(t) du dw _/B@) Ou dw

8$ 8$ A(t) 8733% - A(t) 8756 aﬂf ’
B(t) B(t) B(t)
/ d8<8v>w—davw —d/ %8—1”,
_du(B(1),1) (A1), 1) t/““avaw__ ‘/m“avaw
=d ox w(B(t) —d Ox w(A{t)) —d A@w Ordz Ay Oz 0x

With these simplifications applied to equations (4.5) and (4.6) we obtain

TRl filw vy, Yw e V() e

/A(t) ot /A(t) Ox Ox A v f1(u,v) (t) (4.7)
B®) gy B(t) 5y dw B(t)

/A(t) ot A(t) Or Ox A(t) 2( ) () ( )

Equations (4.7) and (4.8) are the variational formulations for (4.1) and (4.2) respectively.

4.2 Moving Finite Element Method

In this section we discuss the background and theory for a moving finite element method. As
with the standard finite element method, we begin by establishing meshes. We establish a uniform

mesh of the temporal interval:

T
t1 =0, typ =T, At:M,
th(m—l)AT: m6{1,2,3,...,M—i—1}.

Also, for each t, t € {t1,t2,...,trr+1} we establish a uniform mesh of the time dependent spatial
domain [A(t), B(t)]:

a t) —ai(t

a1(t) = At), an+41(t) = B(t), h(t)= NH(])V 1(t) 7

an(t) =a1(t) + (n—1)h(t): ne{l,2,...,N+1}.

We further define a vector a(t) of spatial node positions, such that

a(t) = la(t) ax(t) - ana()]"

41



As in the case of a fixed spatial domain FEM, we define intervals of the spatial domain in order

to define basis functions with compact support. In this case the intervals depend on time
Ii(t) = [aj(t), aj+1(t)] - (4.9)
We also define the subspace V,(t) C V(t):
Vi (t) = Span{«;(x,a(t)), i =1,2,...,N + 1},

where we define the basis functions «;(x,a(t)) as

_ap(t)—x
ar(z,at)) = @O-a® z € I1(t)
0 , otherwise
v—a;_1(1)
w . welia()
aj(z,a(t)) = % , zeljt) , j€{2,3,...,N},
0 , otherwise

__z—an(t)
ansi(z,a(t)) =4 ovn®-av® x € In(t)
0 , otherwise

We now write FEM approximations of u(x,t),v(z,t) in the finite dimensional space V,(t) as

N+1
Z ki(t)ai(z,a(t)), (4.10)

N+1

Zl Jai(z,a(t)) . (4.11)

where the coefficients k;(t),l;(t) are to be found. Investigation of the approximation (4.10), and
specifically the temporal derivative of U(x,t) shows:

aU N+1
t 8t<zk a;(z,a(t )),

N+1
B
= £ ot [kz(t)ai(xaa(t))] )
N+1
— ki(t)ei(z, a(t) + ki(t) = ai(z,a(t) ) ,
> ( i)
N+1 N+1 (.2 a
= 3 hautra) + 3 k(o AE 8020, (4.12)
=1 i=1
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where the overdot is used to denote a temporal derivative. We note that on the last line of equation
(4.12) the first term on the right hand side (RHS) is the derivative we would encounter in a fixed
spatial domain FEM. The second term on the RHS is an additional derivative we encounter due to

the time dependent spatial domain. We can expand this additional term as

N+1 N+1 N+1

6041 (x,a(t Oa;(z,a(t)) daj(t)
. 4.1
Z kil Z kil jzl N OR (4.13)
If we denote
Vo Oo;  Ooy o Oy
8&1 8(12 aaN—i—l
a_ [2a Oay dan1]"
Lot ot ot ’
We can then write equation (4.13) as
N1 N1 dou(z, a(t)) da;( N+1  N+41
i J
> ki) D 90 ) Z ki Z [Vacil;[al;,
=1 7j=1
N+1N+1 N4+1N+1
:sz aaz J—sz aal
i=1 j=1 7j=1 i=1
N+1 N+1 N+1 N+1
=Y (Al > kilVaail; = > [a];8 = > [alis; - (4.14)
j=1 i=1 j=1 i=1

We can further expand 3; from equation (4.14) as

N+1 N+1 N+1
Zk Vaojli = Y [Valkja;)li = vZka] :
Jj=1 i
oU (. 1)
= [VaU(z,1)]; = P

As noted in [3], in multiple spatial dimensions we have that

ou
i = i 4.1
B 90, —o;VxU. (4.15)
Thus in one spatial dimension we have:
- . 8U($7t) . aai(t) o
Bi = —ai(z,a(t)) Fra [al, = T a;i(t) . (4.16)

As an aside, while [a]; and ; are scalars in a one spatial dimension problem, these terms are more
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complex in multiple spatial dimensions. For example, in two spatial dimensions these terms take

the vector forms [11] of
. .. oU (x,t
a=fgl”, 2D _ o,

Using equation (4.16), we write (4.12) as

8U t N+1 N+1
(@, Zk Jai(z,a(t)) + Y _ [al; Bi,
=1
N—+1 N+1
- Z ki(t)ai(z,a(t) — S ai(t)ai(x,a(t))aU({gm,
X
=1

= Ni:l < %) ai(z,a(t)) . (4.17)

Equation (4.17) allows us to discretize the temporal derivatives of our variational formulation on

the time dependent spatial domain.

4.3 Moving Finite Element Method: Schnakenberg Kinetics

In this section we describe the discretizations, both Backward Euler and Crank-Nicolson, and
the respective linearizations that enable us to write the variational formulation as linear systems.
Specifically, we deal with the variational formulation with Schnakenberg kinetics. The variational

formulation of interest is thus given by

B gu B(®) 9y w B(t) )
ot = - t 4.1
/A(t) at " * /A(t) Oz Oz /A(t) V(e —utuv)w, YweV(t), (4.18)
B(t) B(t) B(t)
/A(t) gzw d/A(t) gi ZZ’ B /A(t) o — v, Yw V(). (4.19)

We next approximate u, v in Vj,(t), as seen in equation (4.10) and (4.11) and also use

B _ [PY0f(z) 0g(x)
<f,g>t—/A(t) f(x)g(z) dz, At(f’g)—/A(t) or oxr

We thus write equations (4.18) and (4.19) as

<aag,w>t+¢4t (U, w) :<'y(a—U+U2V),w>t , (4.20)
<88‘t/’w>t + dA: (V,w) = (y(b— UQV),w>t , (4.21)

z € [A(t), B(t)] ,t € [0,T],w € Vy(t).
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Replacing the temporal derivatives with their expansions, via equation (4.17), yields

phugyes Uz )
<Z; <kz(t)—az(t) o >al(x,a(t)),w> + Ay (U(

x,t),w) = <’y(a—U—i—U2
t

N+1
<; (l;-(t) — ai(t)a‘/{;i, t)) a;(z,a(t)), w> +dA (V(

t

V),w), , (4.22)

z,t),w) = (y(b— UQV),w>t ) (4.23)
x € [A(t),B(t)] ,t € [0,T],w € Vy(t).

To obtain a fully discrete system for computing solutions let us denote for a fixed time of the
temporal mesh t,, € [0,T]:

w™ =w e Vp(t

m)? ai(‘r7a(tm)) = a;'n(x% [a(tm)]z = azm7

N+1 N+1

U@, tm) = Y kitm)ai(z, a(tm)) kam Um(x),
zi/+11 N+1
Zl m)ai(z,a(t Z o™ ( Vm(z).

Using the above notation we can conclude that for ¢;, U'(z),V!(x) are given by the initial
conditions, equation (4.4), approximated in the V}, space

N+1
- Z ki(t)ai(z,a(th)), ki(t) = g1(ai(t)),
e

v) =Y Lit)ai(x,a(th)), ki(tr) = ga(ai(tr))
i=1
4.3.1 Backward Euler Finite Element Method

A Backward Euler finite element method for equations (4.22) and (4.23) is given by

<§%@%W@k?5ﬂM@Wﬁ@W®W1WWW”

=1

P12 o <x>)} m>
At v
+ A (U™(2), w™) = <7 (a—Um(x)+(Um(:U))2Vm( )) ,wm> ,

t

t (4.24)
N4 [ (rar(@) — o (@) - (ap Vgar @) — a2 ar@) |
(34 . )
+dA (V™ (), w) = <7 (b — (U™ ())? vm(x)) ,wm>

i (4.25)
x € [A(tm), B(tm)] ,m € {2,3

LM A1), 0™ € Vi(tn).
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We next linearize the (U™)? terms of equations (4.24) and (4.25). Namely, we approximate
N+1 2 /N+1 N+1 2 /N+1
Um)? v = (Z k{”a?) (Z z;na;”> ~ (Z k;;nlagn) <Z zmr) :
i=1 i=1 i=1 i=1

Using this linearization, we can write equations (4.24) and (4.25) as

2 At

i=1

(ﬂ(wwm—wﬁmm—@W%@ww—w“%@wm) >
,wm

t

N+1 2 /N+1
+ A (U™ (), w™) = <7 a—U"(x)+ (Z k;”‘%@””) (Z l?a?) ,wm> , (4.26)

i=1 =1 ¢

<MﬂU%wwdrwmm—@WQ@ww—w*%&wwﬂ >
7wm

2 At

i=1 t

N+1 2 /N+1
+dA, (VT (z),w) = <7 b— (Z k;”_lalm) (Z lTaT) ,wm> , (4.27)

i=1 i=1 ‘

2 € [A(tm), B(tm)] s € {2,3,..., M + 1} ,w™ € Vi (tm) .

Simplification is now conducted using the bilinearity of the operations (-,-),, A:. Also, as we
have w™ € Vj,(tm) we can restrict it to af, j € {1,2,..., N + 1}. Thus we write equations (4.26)
and (4.27) as

N+1 N+1 v m N+1
(1+7At) Z k';m 7, ’ ] ka< Z (a‘:“n_a"r’r’n_l) Oé;r“n?a;n>
t

i=1 r=1
N+1 N+1
—i—AtZk;;nAt(alm,aj)—’yAt >+ka1<al, af'),
i=1
N+1 N+1 2
+yAEY I < <Z k;nla;n> o, a;ﬂ> : (4.28)
=1 r=1 t
N+1 N+1 dar N+1
Z 17 :n, Z L < Z (a" — aT_l) a:,n,oz;ﬁ>
r=1 t
N+1 N+1 N+1 2
+AAL D LA (o] o) Aty I < (Z k;”‘loz;”> a§”,a§”>
i=1 i=1 r=1 t
N+1
= YAt (b, af"), + Z ol ), (4.29)

z € [A(tm), B(tm)] ,me€{2,3,..., M +1},j€{1,2,...,N+1}.
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Next we define the following vectors and matrices:

[A™];; = A (o] (@), 0 (2)) , IMP); 5 = (o’ (), o5 (@),
N+1
da™(x)
Mg, = (RS i)
r=1 t
N+1 2
[Q™];; = <(Z leO‘T) O‘%n?a;'n> )
r=1 t
K™ — [k’{nk.gn nN1+1]T, m = [l’inlgn %-‘rl]T 3
21" = [<a,0f" > <a,0f" > - <a,0f4, >t]T )
25 = [<b,af" > < b,af’ >4 -+ <bay, >t]T

Using these matrices and vectors we write equations (4.28) and (4.29) as

{1+ yAOMP — MP + AtA™} K™ = yAtzy + MPK™ 1 + At Q™1™ (4.30)
(M — MB + dALA + yALQ™II™ = yAtzg + MPI™ L (4.31)
me{2,3,...,N+1}.

Equations (4.30) and (4.31) constitute a linear system for the FEM approximations of equations

(4.18) and (4.19). An algorithm that implements equations (4.30) and (4.31) has been written, and

its results are discussed later in this chapter.

4.3.2 Crank-Nicolson Finite Element Method

A Crank-Nicolson finite element method for equations (4.22) and (4.23) for a given time t,, can

be written as

ol (CELRFEERE ST S LIRS
t

P YA g At ox g
A, (U’m—l/27wm—1/2) _ <7 <a _ymy2 (Um—l/Q)QVm—1/2> ’wm—1/2> ’ (4.32)
t
N+l (i — L) . (am — "~ 1) gym—1/2
i 3 m— /2 P i m*1/2 m—1/2
+dA, (Vm71/27wm71/2> _ <’Y <b _ <Um71/2)2 Vm1/2> 7wml/2> 7 (4.33)
t

x € [A(tm—1/2)7 B(tm_l/g)} ,m € {2, 3, e 7]\4 + ].} 5 wm_1/2 S Vh(tm—1/2) .
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We approximate the linear terms of U™~1/2, ym=1/2 g
N+1 m—1 N+1 m—1
m— ki + K e "1
U 12 ~ Z <2> ai(x7tm—1/2)7 Vv 1/2 ~ Z <2> ai(xatm—l/Q) . (434)
i=1 i=1

Using equation (4.34) to expand linear terms of U™~1/2 V™~1/2 and restricting w™ /2 € Vi(tm—1/2)

m—1/2 . .
y ,J€{1,2,...,N + 1} yields

Nf (" =K ) erys (o) Nil kT 4 Kt ol
At ! At — 2 ox

to a;;

i=1
N+L,m m—1
m-1/2] _m—1/2 k™ + K, m-1/2 m—1/2
e },aj >t+At (Z Y ,Q
i=1
N+1 m—1 N+1 m—1
KAk meay2 mo12\2 X T 12 w12
(e B e o R ) )
i=1 =1 t
o U R GO R o S i
P At : At o 2 Ox
N+1 5m m—1
m-1/2 _m—1/2 I+ 1 m-1/2 m—1/2
e },ozj >t+dAt <Z Y ey
i=1

m—1/2 2 1 lm + lm o™ 1/2 m—1/2
—(~ (b= (U ) ! , (4.36)
t

=

1
z € [Alty—1/2), B(tm-152)] ,m€{2,3,.... M +1},j€{1,2,... N +1}.
Next, we linearize the (Um_l/2)2 terms in equations (4.35) and (4.36) as follows:
N+1 N+1gpm—1 _ pm—2 2
m—1/2_m— 3T — k] m—
(Zk 1/2 1/2> ~ (Zl i 5 Lo 1/2) .

As we demonstrated in the fixed spatial domain case, this linearization is O(At)? accurate.
This linearization also restricts the system of equations to ¢,,, m € {3,4,..., M + 1}. We derive

separate equations for ¢y later in this section. We thus write equations (4.35) and (4.36) as
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<J§-:1 { (k;m _kzm_l) am—l/Q ( —CL Z"": (km km 18 m—1/2
At A

J ox
=1
N+1 _
me m— kzn—i_kzm m— m—
*Qy 1/2}’% 1/2>t+“4t (Z fo‘i 1/27% 1/2)
i=1
N+1 m—1 N+1 oymel  1m—2 2
K"K me 1
= <,y a— Z ﬁai 1/2+ (Z fai 1/2>
=1 i=1
NA+1 m—1
'+ me1j2) me1/2
* 1_21 #ai > » O t )
S (i ISR it 0 B o (R
=1 At ’ At —1 2 Ox
m—1/2 m—1/2 dA plaa ot m—1/2 m—1/2
*Qy } 7CYj >t + t Z #ai ’aj
i=1

N+1 5y m—1  ;m—2 2 N+1 el
3k — k] m—1/2 I+ 1 m—1/2 m—1/2
:<7 b_(z Y I D e R

i=1 i=1

S [A(tm—l/Q)vB(tm—l/Q)] NUAS {3’4)aM+1}aj € {172)7N+1}

(4.37)

> , (4.38)

t

Simplification is further conducted using the bilinearity of the operations (,-),, A;. Grouping

terms of equations (4.37) and (4.38) yields

/\\

=1

1\ o™ 1/2 (N X s i
S

r=1

1 vAt>Nz+lkm 1< m— 1/2,a;n—1/2>t (At>NZ+1km 1A, ( m-1/2

r=1

1 N+1 oo™ 1/2 (N+1 1/2
m—1 7 m m—1 m—1/2 m—
‘%QZ“ (o )
i=1 t
VAL N+1 ) N+1 2 )
m m—1/2 m— m— m— m—1/2
(8) l; <ai {Z (Skr g 2) o, 1/2} ey >
i=1 t

r=1
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A N+ 2
+ <,Y8> > ot <a§”—1/2 {Z (3Kt — km=2) a;ﬂ—uz} 7a7—1/2> + (v <a, a;n—1/2>t ,
t

i=1 r=1
(4.39)
N+1 N+1
m  n=1/2 G mei/2 dAt m m=1/2 m-1/2
Zl <a >t+< >ZZ.A< ,Qj )
N+1 o122 (N
< ) Z lm< & {Z (a;n 7a;r1n—1) 0421_1/2} ’a;n1/2>
r=1 t
Ap\ VA1 N+1 2
+ (’YS > Z lm< m—1/2 Z (3k7m—l o k:n—?) a:n—l/Q} 7@}71—1/2>
r=1 t
N+1 N+1
m— m— m— dAt — m— _
_ Zl 1< 1/2’ o 1/2>t ( > Zl 1A, ( 1/2’% 1/2)
1 NZH da /2 NZH / 1/2
+ () it < : (o —a ™) ot 2} ) >
2 i=1 Oz r=1 ! ¢
2
- LAt Py lmfl m—1/2 Py 3km_1 . km_2 m—1/2 m—1/2 A (D m—1/2
8 Zz @; Z( r r )ar vaj ( )<, ] >t7
i=1 r=1 t
(4.40)

S [A(tm—l/Q)aB(tm—l/Q)] ym € {374)-'-7M+1}aj € {1727~-->N+1}'

Next we define the following vectors and matrices

= [k k)T = )

= [ ”> (™), ety ]
= [(8.a777), @ ?‘”2>t'“<b’a?li/z>f’

A ] — A, ( m— 1/2 o™ 1/2)7 [Mm]i,j _ <o/."_1/2 am—1/2>t7

(2 ]

N+1 2
< m— 1/2{ 3k;n—1 _ k;n—?) a;n—l/Q} ,Oé;n_l/2> ’
t

om1/2 (N i
[QZ ] < 8x {Z (a?‘ — a?l_l) a;n_l/Q} 704;'1_ / > .
t

r=1

]T

Using these matrices and vectors, we write equations (4.39) and (4.40) in matrix form as
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(122w (50w (2 e = o+ (22 qp o
+ <1 — 7?) M™ — <A2t A™ 4 (;) Qf;] k™1 (4.41)
M (%) am+ (25" ) ar - (5) @p| m = ooy

o= () () ar- (o]

me{3,4,...,N+1}.

Equations (4.41) and (4.42) constitute a linear system for unknown vectors k™, 1™. Equation (4.42)
should be solved first as its solution 1™ is used to solve for k™ in equation (4.41). As previously
noted, to solve for the fixed time to vectors k2,12 we require a separate set of equations. Those
equations are now derived.

Recall from the fixed spatial domain FEM we used a scheme to find U2, V2 € V), that consisted
of: Let X! =U', Y! = V! . Then

() e a (B ) = e X s 00

<Y2NY1’w> A <dY2—;Ylvw> = (4(b— (XYY, w) | (3.27)
<U2A_tUl’w> A <U2;U1“’) = (a = X2 4 (XY ), w)
<V2A_tV1’w> A (dvz;‘/la w> = (20— (XY, w) (3.28)

where X3/2 = (X2 + X1)/(2), Y32 = (Y2 +Y1)/(2).

In the current context of a time dependent spatial domain we will need to modify this scheme
to include the more complex basis functions and temporal derivatives, via equation (4.17), of the
ft=1, ie{1,2,...,N+1}. We also denote
ty — At/2 =t3/5. Then the time dependent domain equivalents of system (3.27) can be written as

FEM approximations. First we let ei1 = kil,
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SR el) o (a%—awz“ it dalt) el
P At At 2 or )t (7Y

r—1
<N+1

t
N+1 —|—e N+1 2 N4
( §/2 a3/2 ! 3/2+ (Z el 3/2) Zfz‘la?/2 ’ 5,/2> ’
+ dA;

('b

=1 1= 1 =1

i 3/2 (a? — a} N+1 R+ 1 8ar oS24 32
At =\ 2 e ) )

(N“ A8 e 3/2> v [o- <J§ela3/2> Zfl 7 ?/2> , (4.43)

=1

t

€ [Alts2), B(ts/2)] ,j€{1,2,...,N +1}.

Similarly, we write the time dependent domain equivalent of system (3.28) as

T (k2 -k 5 (aZ—al) =[R2+ k) 0ar
i i /2 \% i Oy 3/2 3/2
(o= g g (P00 ) )

N+1 9 N+1 ) 1
k3 k : 1
+ Ay (}: TR 82 3/2) < < (ez —;ez ) ol
i=1 =1
N+1 , o | 2 N4 ' 1
N (Z <ez ;reZ ) a?/2> 1z ‘;fl > a?/? ’a?/2> ’

=1 =1 '
SULE) e (0 —al) S (B 0007 ] o
P At g At — 2 Oz ¢ 7 .
N+1 2 1
=+
+ dA; (Z <t ;— L af/Q,a?ﬂ)
i=1

N+1 2 N+1
LGN R )
i=1 =1

t
z € [A(ts)2), B(tss2)] ;i €{1,2,...,N+1}

Grouping terms of system (4.43), again using the bilinearity of the < -,- >; and .A; operations,
yields
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o /s s At a2 s\ (1) /002K, e s
Zei <0%' Q] >t+ > .At<al- ey )— B B Z(ar—ar)a,, QL t

=1 r=1
N+1

= Z { 1 _’YAt < :?/2,(1?/2>t — <A2t> Ay (Oé?/Q,a?/2>}
N+1 6@3/2 N+1 TR o
+Z (2) Oz Zl (a7 — a;) a7, o t+7At< ' >t
N+1 2
+ (yA) Z fi1< ?/2 (Z 1 3/2) 3/2> 7
' t
3/2 N+1
) (2wt t)-(2) (S E -
r=1 t
N+1
=3 {ermal), - () A (o)

A gt .
+Zf<>< Zx Z(ar—ar)ar/’j >+ At<b >
t

t

r=1
N+1 o2 N+1 2 .
a3 < / (ze 3/2) , /> , (1.45
i=1 ¢

YIS [A(tB/Q)aB(t?)/Q)] >.j S {1a277N+ 1}

In order to write (4.45) in matrix form we denote the following matrices and vectors

2=[2- ], 2= f22 Sl
et =lebed-eh], =[]
el o), (T
o= fnat), (), (i) ]

[Aaly; = A (af%,077), [Mz]m = (afa3%)

3/2 pasy 1 3/2 3?2
[Q3 3 Z 7 ] 9
t

g2 [ 1)
[Q4]m:< alm {Z(a?—a,{) 0‘?/2}’ & > :
t

r=1

Using these matrices and vectors, we can write system (4.45) as
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e () (3) 2

_ _(1 — yAt) My — (f) As + <;> Q4] el + (yAt) [z3 + Qaf']

() (Ja

_ :Mz _ (‘?) At <;> Qs — (A1) Qg] F1 4 (vAL) 24 (4.46)

System (4.46) yields the solution vectors €2, f2 to be used in system (4.44). System (4.44) written

in grouped form is

w ot 1 /0ad?
SR+ (5) ) - () X - enanal®) |
1=1 t

r=1
= 3/2 N+1
— 1)/ 32 32\ (Dt 3/2 3/2 1\ /dq; > 1y s 3
_;k‘i{<ai ) O >t <2)At<ai ) O )+<2>< Oz ;(ar ar)ar ey t
N+1 2 1
3/2\ _ € ¢ 3/2  3/2
+ (vAt) {<a, o >t 2 5 > <0‘z‘ Ja >t

N+L / p9 1 N+L 9 1 2
fi+h 3/2 er e\ 3 3/2

+Z<2 % Ty ) ) e o

i=1 r=1 t
N+1

ANt 1

Z l? {<C¥?/2’Oé?/2>t + <2> Ay (a?/Q,aj.’/Q) — (2)
i=1

N+1

ANt

4t {<“?/2’a§’/2>t () A ) +

i=1

NAL /4o 1 N+l , 9 1 2
+ (A1) {<b’a§/2>t _ Z (fi ;‘fi > <a?/2 (Z <er : €r> a§/2> ’a?/2> } ’ (4.47)
t

=1

x € [Altyn), B(ts)] ,j € {1,2,...,N +1}.

In order to write (4.47) in matrix form we denote
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L J
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o
)

Using these matrices and vectors, we write system (4.47) as

b () ()
- () (s o (57 cn (5]
b (£ (¢

= [Mz - (dﬁt) Az + <;> Q4] ' + (vAt) [Z4 + Qs <f2 ;— fl)} : (4.48)

System (4.48) yields the solution vectors k2,12 that in conjunction with k1,1! from initial conditions
serve to solve the general equations (4.41) and (4.42). For this Crank-Nicolson discretization and
the previous Backward Euler discretization an algorithm was written to model pattern formation.

The results of this algorithm are presented next.

4.4 Computational Results

Algorithm results for the time dependent spatial domain are presented in this section. We
note that for this algorithm we have prescribed simple linear growth of the spatial domain. For
application to specific biological systems we would desire more intricate models of growth [8].
However, in studying the use of efficient computational models, linear growth is sufficient.

We notice that pattern formation on a growing domain shows that a single pattern is not formed
and then maintained in time. Rather, patterns tend to form and then change to a new pattern as
time increases. In Figures 4.1 and 4.2 we show a pattern modeled on a linearly growing domain for
Schnakenberg kinetics using parameters a = 0.1, b = 0.9, d = 10, v = 25.

Specifically, we observe an increase in the wavelength of patterns produced as the spatial domain
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Figure 4.1: Time Dependent Domain Pattern Formation

grows. We believe that this is observed due to the non-dimensionalization we conducted in Chapter

2. Recall that for Schnakenberg kinetics we defined the parameter ~:

_ koL

Y d;

Thus when domain growth occurs we are in effect changing v as well. In Figure 4.2 we observe
a 27 pattern for t ~ 7.5, z € (—0.5,1.5). As v = 25 was used in this figure we conclude is was in
effect acting as v = 100 at this time. A 27 pattern for v = 100 is consistent with the predicted
parameter space and mode excitation from Table 2.1. We also observe for ¢t ~ 20, x € (—-2,3) a
47 pattern. We would expect that « was in effect acting as v = 625 here. Table 2.1 predicts a
47 pattern for this value. Hence the algorithm is displaying effects as predicted. This serves as a
validation of our simulation.

Similar to the mode isolation tests conducted on the fixed domain, we have varied the v pa-
rameter to see how this effects pattern formation in the moving domain simulations. Figures 4.3

and 4.4 respectively show Backward Euler moving FEM runs with v = 85 and v = 200. The other
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Figure 4.2: Time Dependent Domain Pattern Formation, Top View

parameters were fixed as a = 0.1, b = 0.9, d = 10.

Figures 4.4 and 4.5 respectively show Crank-Nicolson moving FEM runs with v = 85 and
~v = 200. The other parameters were fixed as a = 0.1, b = 0.9, d = 10.

In Figures 4.3-4.6 we observe that these simulations show the expected increase in wavelengths

due to manipulation of the parameter ~.
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Figure 4.3: Backwards Euler, Schnakenberg,y = 85, Top View
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Figure 4.4: Backwards Euler, Schnakenberg,y = 200, Top View

o8



¥ ais

% axis

taxis

Figure 4.5: Crank-Nicolson, Schnakenberg,y = 85, Top View
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Figure 4.6: Crank-Nicolson, Schnakenberg,y = 200, Top View
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

In this thesis we developed and demonstrated efficient computational pattern formation models.
These models show pronounced reduction in computational time to simulate pattern formation on
stationary and evolving domains. This improvement becomes more useful for long time simula-
tions. Specifically, in cases where run-times are expected to be on the order of days, the higher
efficiency model is exceptionally useful to realize pattern formation on moving domains with various
parameters.

Future work on our computational models could yield simulation on higher dimensional spatial
domains. Expansion of the formulation to two dimensional and three dimensional spatial domains
would be exceptionally interesting, as this could expand the applications of this algorithm greatly.
In general, the discretization and linearization have performed exceptionally for all of our sim-
ulations. Efficient implementation of our schemes will facilitate much improved future pattern

formation models.
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