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ABSTRACT

In this thesis, we present a lattice differential equation model for a class of neural
networks. We define a subset of the equilibrium solutions we call mosaic equilibrium
solutions. Existence and stability theorems are proved for mosaic equilibrium solu-
tions. Regions of stability are defined and spatial entropy calculations, as a measure
of the complexity of the system, are presented that give insights in to the effects of

spatial coupling.
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Chapter 1

Introduction

Neural networks are computational models characterized by patterns of weighted in-
terconnections between neurons or cells. The method of determining the weights is
called a training algorithm which resets the weights in accordance with some acti-
vation function. The result is a system which trains itself to recognize patterns or.
emulate functions. Traditional nets such as the Hopfield Net and the standard Back-
propagation Neural Network have been intriguing to many disciplines. Although
training can be slow, the resulting network can be very useful in real-time situations.
Rigorous analysis of some neural network models has been done to verify the conver-
gence of such systems [14] and to find appropriate learning algorithms to meet the
needs of varied disciplines [11]. Results verifying the existence of stable equilibria
have been generally accepted. However, problems persist in many areas in terms of
convergence rate and misclassification. Some researchers have approached the prob-
lem through statistical methods and probability theory [2] or methods in electrical
engineering theory [13]. We would like to take another look at the underlying math-
ematical model of various networks and evaluate the computational model in terms

of spatial entropy, which may be considered a measure of the system’s complexity.



Typically, results and comparisons with reaction-diffusion models leave the impres-
sion that chaotic behavior is possible, if not predictable. Hopfield nets have been
modeled with reaction-diffusion equations and backpropagation networks have been
found to be sensitive to initial conditions and to behave in accordance with the exis-
tence of strange attractors. Since lattice differential equations have been studied and
theorems for their existence and uniqueness proved, the use of techniques associated
with these systems seems well suited to the task of developing a general neural net-
work model. This enables our analysis to include spatial entropy, as a measure of the
system complexity, which can be calculated. This allows the effect of spatial coupling
to be explored.
In this thesis we consider a general model of a class of neural networks. The model
we consider is
£() = an+Bx(m)+ Y Byx()+paf@m)+ D s fl@(n)), forne £ (1.1)
7 €A(n) n' €A(n)
with n € £ representing the spatial variable. We take the function f in (1.1) to

be
vz(n) lzm)] <1
fz(m) =4 ~ z(n) € [1,00) (1.2)
-y =z(n) € (—o0, 1]

We let L represent the set of discrete points comprising the lattice, with n the
independent spatial variable. A neighborhood of a specific neuron is given by all ' €
A(n) defined as a subset of £. Then z is the state of a neuron, and z is the derivative
with respect to time, Z—f. We consider 3,y to be spatial coupling coefficients. f(z(n'))

is the activation on the neuron and u, the weights on the network connections. The



value 7y is an arbitrary threshold value. In neural networks it is typically 1. In some
networks we can have a range from 0 to 1. Here we want to keep the model as
general as we can. The bias term for each neuron is given by a;. This model contains
arbitrary couplings through both z and f(x) dependent on space.

We prove the existence of equilibrium solutions called mosaic solutions. Mosaic
- solutions are equilibrium solutions that belong to a specific, enumerated set. These
solutions correspond to z, € {(—o0, —1],0,[1,00)} which give f(z,) € {—v,0,v}.
Through the establishment of stability criteria we will be able to define regions of
stability. We will then define these regions for a general one-dimensional system,
where we take A(n) = {n — 1,7+ 1} . We will calculate spatial entropy to get a
measure of the complexity of the parameter space of (1.1) and (1.2).

Our contribution is to provide conditions for existence and stability of mosaic
equilibrium solutions of (1.1) and (1.2) and calculate the spatial entropy of the general
one-dimensional system. Using the existence and stability criteria we calculate the
spatial entropy of the resulting general system. This model, which represents a general
class of neural networks, will allow us to see the effect of spatial coupling coefficients
in such systems. This will give us some insight into the effects of parameter choices
in general and allow us to examine specific cases. We also look at the symmetric one-
dimensional case to determine the effect of symmetric coupling coefficients by using
the existence and stability criteria to calculate the spatial entropy of the symmetric
one-dimensional system. Since neural networks are well- known as gradient systems
and their convergence to stable points has been well established [14], we hope to

add an understanding of the role played by the parameters in determining system



complexity. We want to examine the effect of the coupling parameters (3, and u,.

The model, (1.1) and (1.2), may be considered a lattice differential equation. We
will use the techniques of [3] to analyze the model and determine the spatial entropy
of the system, which can be thought of as the measure of the size and complexity
of a nonempty set of mosaic solutions. The work of Chow, Mallet-Paret and Van
Vleck gives us a basis for this analysis. In [3], they describe the time evolution of
such a system as a lattice differential equation. Given L is the set of discrete points
comprising the lattice, we take n € £ such that u, is an infinite vector representing
the state of the dynamical system. This system has the form @ = g(u), where the u
is taken to be the derivative with respect to time. Specifically, in [3] they examine
systems

w; = —fBAu; — f(u;)

and

Uij = =B A%V u;; — B A u,; — fluiy)

for a one-dimensional lattice and a two-dimensional lattice with A denoting the dis-
crete Laplace operator. The existence and stability of mosaic solutions is given and
an approximation of the basins of attractions made through a calculation of the
spatial entropy. equations [3]. In [1] a similar method has been used to examine
Cahn-Hilliard type equations.

Historically, neural networks have been described as dynamical systems by many
authors [9, 12, 19, 4] and empirical studies have reported chaotic behavior [15]. Other
work deals with the neuronal activity itself as being modeled by a diffusion approxi-

mation [14, 7, 18, 16).



Hopfield [14] gave a formulation of such a system as

n
Uy = ——}—%ui + ; T; v + 1 (1.3)
where R; represents transmembrane resistance, [; is any other fixed input current
to neuron ¢ and T;; is the synapse efficacy. This model is based on continuous
variations and responses, yet retains significant behaviors of his earlier discrete model.
Through Lyaponov stability analysis, he determines that for a symmetric 7 ;, the time
evolution of the system finds minima in the error function. Later work extends this
to non-symmetric cases as well.

In [9], Edwards approximates neural network dynamics with a reaction-diffusion

equation of the form

vy = ! [ 2T
t_G’(v)7€2

Av + (y1o — aG(v))].

Then in [10], he explores the stable patterns in spatially discrete forms. His conclusion
is that, for neural network equations, existing stable patterns are of high energy
or remain stable. However, random initial conditions and smaller step size of the
discretization could lead to a loss in the number of the stable patterns.

The Cellular Neural Network (CNN) was originally formulated by Chua and Yang
in [4]. In [19], Thiran presents a thorough analysis of the stability of the CNN. Thiran

presents the CNN to be the set of coupled ordinary differential equations represented

by
Bi5(t) = —zijO) + > Aujwayea(t) + Iy
Ci €N, ;
where I, ; is a time-invariant bias, and where & stands for €. C;; is the cell under

investigation and N ; is the set of all cells forming C; ;’s neighborhood. Also, z;; is
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the state of a cell at time ¢t and y; ; is the output of the cell such that

i (1) = f(z:5(t))

where f(z) = Z(jz + 1| — |z — 1]). Thiran concludes that the CNN can reproduce
the behavior of more complex non-linear systems, even those where the nonlinearity
is decidedly different. He also asserts that the system seems to depend more on the
type of connections and couplings than the nonlinear function used to produce the
output of the cell. More recently, this examination of coupling parameters has been
explored by Chua, as well. In [5] the basic definition given by Thiran and Chua [6] is
expanded to reveal a sum of inputs to the neighboring cells.

Empirically, Kolen and Pollack [15] have demonstrated the effect of the selection
of initial weights on a feed-forward network. Extreme sensitivity to initial weight
configuration was observed in deterministic experiments. Other investigators, includ-
ing desJardins [8], explore the criteria for selection of bias values. How and when to
apply the networks and the choice of weights, bias and learning rate is a continual
topic of discussion.

We seek to add an analysis of the spatial entropy of a system representing a class
of neural networks in general terms to this existing work. We provide a basis for
exploration of the stability in non-symmetric cases as well as the symmetric case. By
making a general model, we hope to lay a foundation for studying the spatial entropy
of a large class of neural networks. In this context we hope to explore the effect of
the spatial coupling on the dynamics of the system.

This paper includes existence and stabi‘lity theorems and their proofs, a general

one-dimensional analysis of spatial entropy, application to specific neural networks



and conclusions as to our results. In Chapter 2 we define mosaic solutions, and present
and prove theorems that establish the existence and stability of mosaic solutions. In
"~ Chapter 3 we define spatial entropy and give a basis for the calculations in-the one-
dimensional case. In Chapter 4 we calculate general results for a system defined by
(1.1) and (1.2). Finally, in Chapter 5 we draw conclusions from our exploration and

give possible future directions.



Chapter 2

Existence and Stability Theorems

In the model we consider, (1.1) and (1.2), no initial assumptions of symmetry or
relative magnitude of the §, or u, is made to allow the examination of many neural
networks. In this chapter we define mosaic solutions and prove their existence and
establish stability criteria.
We define mosaic solutions to be equilibrium solutions of (1.1) and (1.2) where
z(n) € {(—o0, —1],0,[1,00)} for each n in L. These will yield f(z(n)) € {—,0,~}.
To help simplify many equations, we introduce some additional notation. First,

let

& = —~lan + paf(z(n)) + Z py f(z(n'))].

7' €A(n)

This term contains all the function values and the constant term. This generally is
the activation of the neurons and bias term. Also, let
my = Byz(n) + Z By z(n')
n'€A(n)
This term has all the references to z(n) alone. This is the initial state of the neurons.

Now, we state a theorem to establish the existence of a mosaic solution.



Theorem 2.0.1 A solution z(n) € (—oo,—1],0, [1,00) is a mosatc equilibrium solu-
tion of (1.1) and (1.2) iff

&y = my (2.1)
Proof: For a solution to exist,

0=2(n) =an+Bz(m)+ D Bpx(n)+uf(zm)+ D pyfla(n)).
7 €A{n) 7 EA(n)
That is,
—[om + pnf@m) + D pyfle@)] = Bpz(m) + D Byz(n)
7' €A(n) 7' €A(n)

or simply, &, =m, . B

The variables, &, and m,, have three. basic shapes based on the value of z, €

{(—o0,-1],0,[1,00)}.

Using
0 if 2, =0
Lk) =49 1 if zx €[1,00)
-1 if zx € (—o0, —1]
we have

Form 1: For z(n) = 0, we have &, = —[ay,+ Z ty L(0')y] and m,, = Z Brz(n'),
7' €A(n) n' €A(n)

Form 2: For z(n) > 1, we have §, = —[a,, + v, + Z iy L(n")7] and

n'€A(n)
+ Z ﬁn'fﬁ(ﬁ)

n'€A(n)
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Form 3: For z(n) < ~1, we have & = —[a, — yu, + Y pyL(n')7] and
n' €A(n)

my = by + Z ﬂn'f'?(ﬂ')'
' €A(n)
We will use &, and m,, to represent these values in all three cases.

The next results characterize stable mosaic equilibria. We use the terms M, =
max{z(n’') +J,—1} and My = min{z(n’) — 4,1} in the statement of the theorem and
more fully define and bound them in the proof. Consider the sets, Z(n) = {n' €
A(m)|z(n') = 0}, P(n) = {n' € A(n)|z(n') = 1}, and N(n) = {n' € A(n)|z(7) < -1}
For simplicity, we will use (N + P)(n) = N(n)U P(n) , P = P(n) and N = N(n).

Theorem 2.0.2 If x(n) is a mosaic equilibrium solution of (1.1) and (1.2) and the

following inequality is satisfied when |x(n)| > 1:

0> 1Byl + vl ) +6B+ D 18y <Q (2.2)
Z(n) {(N+P)(m)
and
0> 1Byl + Vg ) + 6B+ D 18y) < -0 (2.3)
Z(n) (N+P)(n)

or if the mosaic equilibrium satisfies the following inequality when x(n) = 0:

OBy + iy + D _(1By | + ¥ ]) +6 D 18] <0 (2.4)
Z(n) (N+P)(n)
and
0By + pny + D Byl + 2l ) +6 D By < -2 (2.5)
Z{(mn) (N+P)(n)
where

o]
I

-] Z Hn’(ﬂl__n_’_— 1) — Z ﬂn’(m_" D<o

Pn{p, <0} Nn{p, <0}

Q= Al > My -1~ > (M +1)]20

Pﬂ{ynl?_o} Nﬂ{un/ZO}

(2.6)
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Proof:

Assume that z(n) is a mosaic equilibrium solution. Suppose that 0 < § < 1 and
0 <6 < 1. Then we will take a v € N(z,0,6). That is, v, € (z, — 6,2z, + 9) for
|z,| > 1 and v, € (z, — 6, z, + 6) when z, = 0.
Then for any v € N (z,8,6) the following is defined

0(n) = ap+ Bpo(m) + > Byv(n) + paflom) + D pn f(u(7))
' €A(n) n' €A(n)

where f is defined by formula (1.2).

Then we have

—0 Z 1By < z Byv(n) <6 Z |8y | (2.7)

neZ(n) n'€Z(n) n'€Z(n)
and
0y > Al < D mrFM) <0y D (2.8)
7' €Z(n) n'€Z(n) n'€Z(n)

for the case where z(7n) is zero.

The case where |z(n)| > %1 is more complicated. We can first bound the terms with

B.

5 S sl S Buati s S Byu()

" E(N+P)(n) n’E(N+P)(n) n'€(N+P)(n)
<6 > Bel+ Y] Bys(n) (2.9)
n' €(N+P)(n) ' €(N+P)(n)

Now for a §-neighborhood of z(7n’), we want to bound f(z(7') & ) as a value at the
right endpoint or a value at the left endpoint depending on whether z; is in the
set [1,00) or in the set (—oo, —1]. This will give us a bound on the function value

f(v(n')). The right endpoint value for a d-neighborhood involving a mosaic solution
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in (—oo, —1] is given by
—1< M, = max{z(n) +6,-1} < =1+

while the left endpoint value for a é-neighborhood involving a mosaic solution in

[1,00) will be noted as
1-6 < My =min{z(n) —4,1} <1

Then we can bound the p, terms in sets where the mosaic solution is in the positive
range z(n) € [0,00) or in the negative range z(n) € (—oco, —1]. We have

Y My 4y D iy <Zun v NS Y Dyt D by My,

Pn{p,y >0} Po{u, <0} Pn{p,, >0} Pn{p, <0}

v Dy (My 1)+72¢ <Zﬂnf(v(n ) < WZun Y Yy (My - 1),

Pn{u, >0} Pn{u, <0}
(2.10)

Y D =7 D My <> ppfM) S =y D oy =y Y My,

No{u, <0} Nn{u, >0} N N{p,, >0} NO{u, <0}

—’YZ.UW)’_'Y >ty (M +1) <Zun (n))<~72ury—v >y (M + 1),

N{u, >0} N{u,y <0}
(2.11)

With these inequalities established, we consider three cases: z(n) = 0, z(n) > 1, and
z(n) < —1. We will consider each case by examining the value of the derivative of

v at each endpoint. We expect the value at the right endpoint to give us a negative

derivative value and the value at the left endpoint to give us a positive derivative
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value. This will guarantee that the values in the § or @ neighborhoods will remain

within the prescribed neighborhood indicating stability.

Case 1la:

v(n)

IA

IA

using (2.

Case 1b:

v(n)

>

z(n)=0 and wv(n) =80

ay + Byv(m) + > Byv(m) + ppf(0(n) + D iy £ (0())

an+ﬁn9+ﬂn79+ez 'ﬂn"*"?’lﬂn + Z/Bn’x )+5Z ,/317

N+P N+P
+72un +7 > My =) =D py =y D> py(My+1)
PO{p, <0} N NA{a, <0}

an""z,u'n’ —'YZPW’ + Z By x n)+9(ﬁn+ﬂn7+z lﬁnl"")’lﬂ'nl))

N+P

+6ZIﬁn'|+7 Yoo oMy -1 = D (M +1)]

N+P PO{p, <0} NO{u, <0}

—&p + My + 0(8y + pyy + Z(Iﬁn |+ vlpg ) +6 Z | By |

N+P

+'7[ Z Ky (iw_n_’ - ) - Z #n’(Mn’ + 1)]

Pr{p, <0} Nafp, <0}

\ 0(8y + by + Z(Iﬁﬂ + 7lurl)) + ‘5(2 1B |) —
z

N+P
0

7), (2.8), (2.9), (2.10), (2.1), and (2.4).

z(n)=0 and wv(n) = -0

an+/8n 77)+Zﬁn’vn)+/"nf +Zu"fl
— Ba0 = piyy0 — 92Iﬁn|+vlﬂnl)+Zﬁnwn)—521ﬁn

N+P N+P
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+’YZF‘n + 7y Z My (M 'YZNT)’_’Y Z :U'TI’(_M_HT'*_I)

PN {u, >0} NO{p, >0}

O‘Tl"'}::“n —72/‘0 + Zﬁn z(n') _G(ﬂn+ﬂn7+2(|ﬁn’+7|ﬂ'n D)

N+P

—6 Z B | + A Z Hay (%__ 1) - Z Nn’(Mn’ +1)]

N+P Pﬂ{/.l.nl >0} Nn{ﬂnl >0}

=& +my — (ﬁn"‘l-‘n")"*‘Zlﬁn\'*")’Wn )""5211377

N+P

] Yo My =1 = D py(My +1)]

Pn{p, >0} N, >0}

—0(By + pay + 5_“, 1B | + i) = 60> 18r]) — 2

N+P
0

using (2.7), (2.8), (2.9), (2.11), (2.1), and (2.5).

Case 2a:

v(n)

<

z(n) =21 and wv(n) =z(n)+0
ay + Byv(n) + D Byv(1) + o f(w(m) + D pi f(v(7))
an+5nx(77)+5ﬁn+“n7+ez (18n | + vl ) Zﬂn ’)‘*‘52 e

N+P N+P

+72un+7 > by (My —1) - 72%—7 > (Mg +1)

PN{p,<0} NO{u,r <0}

an'*‘.un')’"f")’Z/Jn _'YZMn + Byz(n) + Zﬁnx(n +02(‘ﬂn|+7|ﬂn )

N+P

ﬂn+2|ﬂn)+7 Z py(My =1) = > py (M +1)

N+P Pr{p, <0} Nﬁ(un/ <0}

-s,,+mn+92<tﬁn|+vmnt>+a B+ Y 1By

N+P
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+y D My -1 =y > puy(My +1)

PN{p, <0} NN{p,, <0}

BZ(Iﬂnl+7lun ) +6(8y+ > 18y]) —

N+P
0 (2.12)

using (2.7), (2.8), (2.9), (2.10), (2.1), and (2.2).

Case 2b:

u(n) =

IA

2

using (2.

z(n) 21 and wv(n) ==z(n) -4
an + Bro(n) + 3 Byo() + paf () + D sy f(0(1))
ap + Bpx(n) — 08By + pyy — QZ (18| + vlpery 1)+ Z ﬂn’x -0 Z |,5n’|

N+P N+P

+’yZun+'r > k(Mg 72“7}’—’)’ D> uy (M +1)

P{u,, >0} Nn{u, >0}

U+ oY+ Dty = Dty + Boz() + D Brx(n) —GZI@;HWIMI)
P N

N+P

—0(By + Z 1B 1) + Z /—‘n’(_]ﬂ -1)—~ Z py (M + 1)

N+P Pn{[.l,n/ >0} Nﬁ{ﬂnr >0}

—&n + My — 92(‘@7 | + '7[:“71 6(By + Z 1))

N+P
+y Z ﬂn’(% -1) -7 Z Un’(M_n’+ 1)
PO{u, >0} NN{u,s>0)

=0 (18] +Yluwl) = 6B, + Y 16r) - 2
Z N+P
0 (2.13)

7), (2.8), (2.9), (2.10), (2.1), and (2.4).

The two cases where z(n) < —1, represented by 3a and 3b, follow in the same
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manner as 2a and 2b. The only difference is the term —'yz tn which was positive
for 2a and 2b. This is one of the variations of £, and disapgears when the existence
criterion is applied. B

We note here that when |z,/| > 1,Vn' such that the M, = 1 or My = —1, the

terms  and  are zero for § > 0 sufficiently small. We can then state simpler stability

criteria in a Corollary 2.14.

Corollary 2.0.1 If z(n) is an equilibrium solution of (1.1) and (1.2) and the follow-

ing inequality is satisfied when |z(n)| > 1:

Bo+ > 1Byl <0 (2.14)

(N+P)(n)

or if the equilibrium satisfies the following inequality when z(n) = 0:

By + oY + D _(1By | + ¥t ]) <0 (2.15)
Z(n)

then the equilibrium solution is stable.

This will ensure that we have the stability conditions met when |z,/] > 1, since
we can take 6 sufficiently small for (2.14) and ¢ sufficiently small for (2.15) to meet

(2.2), (2.3, (2.4) and (2.5).

RTHUR LAKES LIBRARY
%GLORADO SCHOOL OF MINER
GOLDEN, €0 80401
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Chapter 3

Spatial Entropy

Spatial entropy is a measure of the spatial disorder of a set. We describe the spatial
ordering as the ability to exhibit pattern formation as opposed to a spatially disor-
dered structure. The spatial entropy, h(U) > 0, measures the number of different
patterns discernible among the elements of U in finite subsets of the lattice on which
the set is defined. Larger values of h(U) imply greater spatial complexity in U. In
[3], the spatial entropy is calculated by a technique based on a Markov shift, using a
transfer matrix method to compute the entropy of the Markov shift.

In general, the spatial entropy of hA(U) can be derived from a construction of
successive stages of a partition [3, 17]. Let A be a set of d elements and D > 1
be an integer representing the lattice dimension. Consider any nonempty subset
U C AZ”. Here, AZ® will represent the mosaic solutions. The set U is said to be
translation invariant if Sy(U) = U for each 1 < k < D, where S, : AZ° — AZ”
is the shift operator. Assume U is translation invariant. Given any D-tuple N =

{N1, N, ..., Np} of positive integers, let

En = {(iy,12,13,...,ip) € ZP|0 < ix < Ny —1for 1 <k < D}.



18

Then there is a natural projection
an : AZ P ABEN
which restricts any u € AZ” to a finite subset of the lattice. Then let
I'n(U) = card(my (U))

So, 'y (U) counts the number of distinct patterns among the elements of U.

The spatial entropy h(U) of the set U is defined as the limit

. 1
MUY = lim NN, g eI (U):

To calculate the entropy, we consider the transfer of one stable mosaic equilibrium
to another while going from one lattice point to its adjacent lattice points. If this
transform;ation again results in a stable mosaic equilibrium, the entropy of the region
is higher than if there were not another stable point. We use a method of Markov
Shifts, which depends on building boolean matrices, that is matrices whose elements
are 0 or 1. These transfer matrices indicate the possibility of a transfer from one
equilibrium mosaic solution to another. For eligible points a sequence of overlap values
is obtained and serves as the row and column definitions. The element value 1 marks
a valid transfer from one equilibrium configuration to another. The zero indicates no
such possibility. In the one-dimensional case the process is very well-studied and an

explicit calculation of the entropy is well defined. Using the transfer matrix M,
h(U(M;)) = the logarithm of the largest eigenvalue A > 0 of the matrix M.

gives the entropy of the region under consideration. An undefined entropy value
indicates that no pattern formation occurs. An entropy value of 0 denotes pattern

formation while an entropy value greater than O indicates spatial chaos.
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Chapter 4

Spatial Entropy in One Space dimension

In one space dimension, for £ = Z, the general model (1.1) becomes the differential

equation

Ty = —an+ pn1f(Tn=1) + tin f (Zn) + tigs 1 [ (Zn1) + Bp—1Zn—1 + BpZn + Bps1Ty41 (4.1)

We define U = S, (8,, uy) to be the set of stable mosaic solutions of (4.1) and (1.2)
for the one-dimensional case. We are interested in how the parameters (3, u,) affect
the spatial entropy. We are looking for dependences that give entropy values of zero
as opposed to those where the entropy value is positive. As defined by [3], our system
exhibits spatial chaos when h(S,(f8,,y) > 0) and exhibits pattern formation
when h(S,(8y, uy) = 0.

The following tables relate the existence conditions and the stability criteria to the
specific triples. They are separated into three categories by the similarity of the values
contained within each triple. Table 4.1 contains the triples where the magnitude of
all three values is one. Table 4.2 contains triples where the zeros are first or last.

Table 4.3 contains triples with zeros only in the middle position.
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For the first table we take

my = 67;—1371]—1 + :87;'-7;7) + ﬁn+l$n+l

for each instance of the existence condition.

Triple Existence Stability

(+1,4+1,+1) | —ay — V-1 = Vhng = VHn+1 = My By < —|By=1] = 1Bps1
(=1,=1,-1) | —an+ Vg1 + Yhn + Yige1 = My By < —1By—1l = Byl
(+1,+1,=1) | =0y = Vg1 = Yhy + Yige1 = My By < =Byl = | By
(=1,-1,41) —Qp + Yip—1 + Yy — YHn+1 = My By < —={Bp-1l = |Bp1l
(+1,=1, 1) | =@y = Yitg1 + Vitn + Vhipi1 = Ty By < —=|Bp-1l = 1Bps1l
(=1,+1,+1) | =0y + Yn-1 = Yy — VHn+1 = My By < —|Bp-1] = |By+1]
(+1,=1,+1) | =y — Yhn-1 + VHyg — Vlgs1 = My Bn < —=|Bn-1| — By
(=1, +1,-1) | =0y + Vln-1 — YVl + Vhns1 = My By < —1Bp=1] — |By+1]

Table 4.1: No Zeros

4.1 The General One-dimensional Case

By analyzing the information in Tables 4.1 - 4.3, we obtain a general picture of the
stability regions in the general one-dimensional case. We define transfer between
available triples by taking two such triples. Call these triples, where transfer exists,

Ty(z}_y, %y, Tpyy) and ‘Tg(x?,,_l, x2,22.,). Suppose both satisfy existence and stabil-

: o 1 .2 1 _ 32 1,2
ity criteria. Furthermore, z,., = z;_,, B,11 = G-, and pp . = p;_,. We then
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Triple Existence Stability
(0,+1,0) —Qy — Yy = By By, <0
(0,-1,0) —ay, + Yy = Bpy By <0
(+1,41,0) | =0y — Vg1 — Vit = Pye1Tp-1 + ByTy By < —|Bp-1l
(=1,-1,0) | —ay + Yun—1 + Yin = Bp-1Tp-1 + ByTy By < —|By-1]
(0, -1, =1) | =0y + Yy + Vibn+1 = BpTpn + Bp+1Tn41 By < —|Bp+1l
(0,+1,+1) | —ay — Yy — Yhips1 = BpTy + Bpr1Tn1 By < —|Bp41]
(+1,-1,0) | =0y — Y1 + Yiby = By1%n-1 + ByTy By < ~|Bp-1l
(=1,41,0) | —o + Ypn-1 — Yty = Bp-1Zn-1 + ByZy By < —|Bp-1]
(0, +1, —1) | =0 = Yy + Vins1 = BpTy + Bor1Znm1 Bn < —|Bn+1]
(0, =1,41) | —oy + Yiby — Yln+1 = BTy + Bns1ZTns1 Bn < —|Bp+1]

Table 4.2: No Middle Zeros
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Triple Existence Stability

(+1,0,+1) | —ap—Vhn—1—"Yln+1 = Bp1Tng-1+ Bp1Tne1 | By < —YHy

(=1,0,=1) | —0p + Vg1 + Yy + Vint1 = Boo1Tn—1 + | By < =Yty

Bn+1$n+1

(+1,0, =1) | —an—=Ylg-1+Vln+1 = Bp1Tn-1+Bpi1Zns1 | By < =Yy

(=1,0,+1) | —ay+Yitg—1—TVln+1 = Bpo1Zn-1+ Bri1Tnsr | By < —7Vin

(+1,0,0) —ay — YHg-1 = Bp-1Tn—1 By < =Yty — |Bpta] —
Vg

(=1,0,0) —Qy + V-1 = Bp-1Tn-1 By < =Yty — |Bpsa| —
V| Hg1]

(0,0,+1) —Qp = Y1 = Pps1Zne1 By < =Yty — |Bp-1] —
V] tin—1]

(0,0,-1) =0y + Yint1 = BpZns1 By < =Yy = |Bp-1] —
'YII—‘n—ll

(0,0,0) —ay =0 By < —Vtn —|Bp-1]—

|Gt — vlun —1] —

Table 4.3: Middle Zeros

vlpn + 1|



23

characterize the conditions in general that allows a transfer through:
_0‘117 + ’7#11,—1 + ’7#;17 - ;—1 - ,571; = _aqzy + ’YP«?; + 7#12;+1 - /5'3 - ﬁ12;+1 (4.2)

For each possible triple in each stability region, the transfer condition 4.2 is specific
to a triple pair that is compatible to the transfer. There are eight regions of stability
defined for specific groups of triples. By compiling the stability criteria from Tables
4.1 - 4.3, we identify eight regions in the (8,, 51, On+1s ys n—1, Bn+1) Parameter

space.

Ul: Gy < =|Bp-1] = |8y

U2: 8,<0

U3: Gy < =Byl

U4: 3, < —|Bys1l

US: Gy < =g

U6: B, < —vuy — 1Bp-1] — Vttn-1|

U7 By < —ypn — |Bpt1| — YIttn+]

U8: By < =7ty — |Bp-1l = Ylpn—1l = 1Bps1] = 7|ttn41]

For transfer to occur, the last term of the first triple, 77, must be equal to the first
term in the second triple, T>. These eight regions defined in Tables 4.1, 4.2, and 4.3,

contain specific sets of triples. The stability regions from 7} and 7, combine to give



U1,02]U0U3|U4,U5|U6|U7|U8
Ul| e . ° °
U2 ° o ° .
U3 o ° o °
Ud| e . o .
US| e o ° °
U6 | e o ° °
u7 . ° ° o
U8 o ° ° °

Table 4.4: Possible Transfers for Triplel to Triple2
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transfer conditions when triples are compatible. Table 4.4 shows the compatibility

possibilities between eligible triples in their stability regions.

We determine the composite stability regions by correlating the region from the

left with a column designated above. The dots represent the combatibility of the

third element of the triple T} € Un! (along the left) and the first element of the

triple Ty € Um? (from above). If transfer is possible we find the composite region

Un' — Um? which will be called Rp.

U1l! —- U1? or R1:
Ul' - U3?% or R2:
Ul - U5% or R3 :

Ul — U7? or R4:

1 2
B8l + B2 < -8 | - 182,

1 2
8L+ 2 < — 18] - 182,

By + By <

By + By <

1
— 1Y

-1

1
— 18| -

1 2
— 1851 =18,

|— 18]

1881 = 182

1 2 2
B = v(6$ + 120D



U2 - U2? or R5:

U2! -5 U4? or R6:

U2! - U6? or RT:

U2' — U8? or R8:

U3! — U22 or R9:

U3! - U4? or R10:

U3! - U6? or R11:

U3! — U8? or R12:

U4l - U1? or R13:

U4! - U3?% or R14:

U4! — U5? or R15:

U4' — U7? or R16:

Us! - U1? or R17:

U5' - U3? or R18:

U5 = U52% or R19:

Us! - U7? or R20:

U6l — U1? or R21:
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Br+B2<0

B+ 42 < —|88),

B+ B2 < =182, = v (1S + 1S 1)

BL+ B2 < =182 — 1BCL] = (1 + 1121+ (18 ])

gl + B2 < =B,

8L+ B2 < — 180 - 182,

B+ 82 < =182 = 18D = (1§ + 1))

8L+ 62 < =163 = 182 = 1821 — v (1 + 1Py | + |6 )
B+ 82 < =82, — 1881 — 185

B+ B2 < — 182, — 185,

1 2
B+ 02 < 80| — v

2 2
| = 1820 = (s + 1)

By + 87 < —164s
1 2 2
B+ B2 < —ypu” — 188, ]~ 182,

1 2
B+ B2 < —yul) — (B2

B+ 62 < —y(u? + D)

1 2 2 2
B+ 02 < —y(us) + 1P + 1)) - 188

B+ B2 < —y(ui + 2]y = 160, = 182, + — 182,
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U6! - U3? or R22: A1+ B2 < —v(uy” + [ul1]) = 182, = 182,
U6' — Us? or R23: AL+ 32 < —y(us + [y ]) — 18324 ] — vl
U6' > UT* or R24: B+ 8] < =y + 1y a)) = 18,2 = v (i + 2 1) = 1673
UT' - U2% or R25:  BL+ B2 < —y(u$? + [l 1) — 185,
UT' - U4 or R26: B+ B2 < —y(u” + lugy ) — 185 ) — 188,
UT' — U6 or R2T: S+ 57 < =y + iy ]) = 18531 ] = 18524 =y (i + g )

U7' — U8? or R28: ,3,1,‘*‘@3 < —7(#5;1)+qu721|)—lﬁf,1311— |ﬂ7(;i)1 lﬁ(Q)II 7(#(2)

MSHERCN)
U8 — U2? or R2%: B} + B2 < —y(ul) + s + [uf20) — 18211 — 183,
U8 — U4? or R30: B3+ 32 < —y(u) + [+ 1)) — 18,1 = 1851 — 18]

U8 — U6 or R31: B +82 < —y(pt” + |l |+ 1)) — 18 = 185 | = 1882, ] -

Vo + 124 )

U8 — U8 or R32:  BL+ 62 < —y(ut” +1uly 1+ [1l2)) — 180, = 1688, 1= 182, |~

2 2 2 2
I()l_ (2) (2) ()l)

Y(un + lﬂ 2l + l,un+1

The 32 regions described above, then, have specific triples that have existence and
stability properties. By taking the eligible triples, we can extract the doubles that
represent the overlap between those triples where the transfer conditions hold. These
doubles can be ordered to form transfer matrices. The ordered list of doubles serves

as the row names and column names to construct the transfer matrix. An association
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of the row double and a compatible column double yields a 1 in the associated entry
of the matrix. That is, the pattern must be possible and the result of the type
““represented by the stability region from which the original triples were extracted. If
the row double is not compatible with the column double or the resulting triple is not
admissable to the region, the associated matrix entry is 0. The eigenvalue of such a
matrix is then calculated.
We identify the possible triples to make a transfer possible in R1.

Tz, 20,2800 = To(e?), 28, 23)) gives (£1,£1,£1) — (£1,£1,£1).
This pair of possible triples has eligible doubles in order to serve as rows and columns
of a matrix:

(1,1),(-1,1),(-1,-1),(1,—1). The transfer matrix is then

(1001\

1 001
0110

\0110)

The largest eigenvalue of this matrix is 2. Thus the entropy for this region is In(2).

Appendix A contains the list of doubles and transfer matrices for the other 31
regions. The entropies for the regions are summarized in the Table 4.5. When the
eigenvalue of the matrix is 0 we cannot calulate In(0), hence we say the entropy is
undefined. Frequently in this case the transfer matrix might contain all zeros, since
the pattern formed by the overlap does not exist in the region under consideration.

There are three regions in this general case where the entropy indicates the exis-

tence of spatial chaos. There are also three regions of pattern formation.
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Entropy value | Regions

0 R28, R31, R32
In(2) R1, R2, R13
undefined all others

Table 4.5: Entropy and Regions

4.2 The Symmetric One-dimensional Case

In the symmetric case, we take 5,1 = fpy1 and -1 = pfy+1. We will use the basic
regions defined by Tables 4.1 - 4.3. The stability regions defined by these inequalities
are given in Figure 4.1. We represent these inequalities in the 3, x 3,_; plane. The
three different views are the result of the influence of the term —vypu,. In Figure 4.1
(a) =y > 0, in Figure 4.1 (b) —yu, = 0, and in Figure 4.1 (¢) —yu, < 0. Seventeen
regions are defined in the symmetric case when |yu,] > 0. When yu, = 0 there are
eight regions.

With our restrictions for the symmetric one-dimensional case the existence criteria
can be represented as lines in the 3, x (,_; plane. The existence lines can then
be examined as they cross the stability regions. It is clear that for existence and
stability to coexist, the intercepts of the existence lines must be less than zero. That
is, 1/z,&, < 0. We'll calculate the entropy for the stability regions formed when
—Yp, < 0. Furthermore, we’ll consider the case where 1/z,§, < —yu,. Given these

further constraints, the admissible triples for each region Sn can be determined. Each
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gt - Stobility Regions Stobility Regions . Stability Regions
5 ! .
10 1
1 — 4 0
o 7/ 9 o _ 7/ 5\
2 ) 3 ]
5 13 5 13
-1 - 3 ] ~2
3 14 € 14
-2 - 2 16 -2 2 6 =3 - 2 ! 1€
4 17 * 2 17
-3+ - T T -3 T T T T T -4 T H T
-3 -2 -t ¢ 2 3 3 - - o i 2 3 -3 -2 =1 0 1 2 3
(a) (6) (e)

Figure 4.1: Symmetric Case Stability Regions

existence line represents several triples in terms of &,.
It is to be noted that when —vyu, > 0, the configuration of regions remains the
same, but Regions S7, S8, S9, S11, S12 are not regions of stability.

The seventeen regions formed by the symmetric case are as follows

1. Region S1 is defined by 8, < —yu, — 2|6,-1|. Existence lines crossing the
region include
linel: Bz, =&, — Byp—1(xn-1 + Ty41)
line2: B,x, =&, + By—1(zy-1 + Tn41)
line3: Bz, = ¢,

line4: Gz, = &, — By—129-1



30

line5: Gz, =&, + Bp-1Zn-1
line6: G, _1(z,-1 + zp4+1) = &,
line7: 3, 1z,-1 =&,

This allows the triples

(1,1,1),(-1,1,1),(1,1,-1),(-1,1, —1) from linel
(1,-1,1), (=1, -1,1),(1, -1, 1), (=1, -1, —1) from line2
(0,1,0),(0,—1,0) from line3
(0,1,1),(0,1,-1),(1,1,0),(-1,1,0) from lined
(0,-1,1),(0,-1,-1),(1,-1,0), (-1, ~-1,0) from line5
(1,0,1),(1,0,-1),(-1,0,1),(-1,0,—1) from line6
(1,0,0),(-1,0,0),(0,0,1),(0,0,—1) from line7
. Region S2 is defined by 8, > —vyu, — 2|G-1l, By < —7vpn — |Bn=1l, By <
—2|fBy-1]- The possible existence lines include
linel: Bz, =&, — By-1(Tn-1 + ZTp+1)
line3: B,r, =&,
line4: B,x, =&, — Bp—1Zn—1
line5: Bz, = &, + B,—12np—1
line6: Gy_1(zp—1 + zy11) =&,
line7: G,_12,-1 =&,

ARTHUR LAKES LIBRARY

COLORADO SCHOOL OF MINES
GOLDEN, €0 80401
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This allows triples

(1,1,1),(-1,1,1),(1,1,-1),(—=1,1, —1) from linel
(0,1,0),(0,—1,0) from line3
(0,1,1),(0,1,-1),(1,1,0),(—=1,1,0) from lined
(0,-1,1),(0,-1,-1),(1,-1,0), (-1, -1,0) from lined
(1,0,1),(1,0,—1),(—=1,0,1),(=1,0, —1) from line6
(1,0,0),(-1,0,0),(0,0,1),(0,0,—1) from line7
3. Region S3 is defined by 0, < —2|6,-1|, By > —vtin — |Bn-1l, Bn < —7¥p,. The

possible existence lines include

linel: B,z, =&, — Bp—1(Tp-1 + Tpt1)

line4: G,z, =&, — Bp-1Zn-1

This allows triples

(1,1,1),(-1,1,1),(1,1,-1),(-1,1,-1) from linel

(0,1,1),(0,1,-1),(1,1,0), (=1, 1,0) from line4

4. Region S4 is defined by 8, > —2|6,-1|, OBy < —7Y#y — |Bs-1|. The possible

existence lines include
line5: G,z, = &, + Br-12,
line6: B, 1(Ty—1 + Zys1) = &,

This allows triples
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(0,-1,1), (0, -1, -1), (1, -1,0), (=1, ~1,0) from line5
(1,0,1),(1,0,-1),(-1,0,1),(-1,0,—1) from line6
5. Region S5 is defined by 8, > —|8,-1], 8, < —Yiy. The possible existence lines
include
line4: Bz, = & — Bp-1Tnp-1
This allows triples
(0,1,1), (0,1, -1),(1,1,0), (~1,1,0) from line4

6. Region S6 is defined by 8, > —2|8,-1| By > —7vtn — |Bp-1| By < —|By-1| The
possible existence lines include
linel: Bz, = &, — Bp-1(Ty-1 + Tps1)
line3: B,z, =¢,
line4: Bz, =&, — Bh—1%n-1
line6: G, i(z,—1 + Tp+1) =&,
line7: B,_1z,-1 = &,

This allows triples

(1,1,1),(-1,1,1),(1,1,-1), (=1, 1, —1) from linel
(0,1,0), (0,-1,0) from line3
(0,1,1),(0,1,-1),(1,1,0),(-1,1,0) from line4

(1,0,1),(1,0,-1),(-1,0,1),(—1,0, —1) from line6
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(1,0,0),(-1,0,0),(0,0,1),(0,0,—1) from line7

7. Region S7 is defined by 8, > —2|8,-1], By < —/)ﬂ,,_ll. The possible existence

lines include
linel: B,z, =&, — Byp-1(Ty-1 + Tpt1)
This allows triples

(1,1,1),(-1,1,1),(1,1,-1),(-1,1, —1) from linel

. Region S8 is defined by g, < 0, 8; > —7vug, By < —[By-1|- The possible

existence lines include

linel: G,z, =&, — Bp-1(Ty-1 + Tyt1)
lined: B,z, = & — By-12n—1

line6: B, 1(zp_1 + Ty11) =&,

line7: B,_1z,1 =&,

This allows triples

(1,1,1), (=1,1,1), (1,1,-1), (1,1, —1) from linel
(0,1,1), (0,1, -1),(1,1,0), (=1,1,0) from lined
(1,0,1),(1,0,-1),(-1,0,1),(—-1,0,—1) from line6

(1,0,0),(-1,0,0),(0,0,1),(0,0,—1) from line7

9. Region S9 is defined by 8, > —yu,, 8, < —2|6,-1|. Existence lines crossing

the region include
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linel: Bz, =& — By-1(Tn-1 + Tps1)
line2: Bz, = & + By-1(zy-1 + 2y51)
line3: B,z, = &,

line4: Bz, =&, — By-1%np—1

line5: Bz, = &, + By—1Tn-1

This allows the triples

(1,1,1),(=1,1,1), (1,1, —1), (=1,1, —1) from linel
(1,-1,1),(-1,-1,1),(1,-1,-1),(-1,—1,—1) from line2
(0,1,0),(0,-1,0) from line3

(0,1,1),(0,1,-1), (1,1,0), (=1,1,0) from lined

(0,-1,1),(0,-1,-1),(1,-1,0), (-1, —1,0) from line5
. Region S10 is defined by 5, > 0. There are no regions of stability here.

. Region S11 is defined by 8, < 0, 8, > —yuy, By < —|Bp-1|. Existence lines

crossing the region include

line2: B,z, =&, + ﬁn_l(x,,l_l + Tpy1)

line5: B,x, =&, + By-12

This allows triples
(1,-1,1),(-1,-1,1),(1,-1,-1),(-1,-1,—1) from line2

(0,-1,1), (0, -1, —1), (1,-1,0), (=1, —1,0) from line5



12.

13.

14.
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Region S12 is described by 8, > —2|8,-1|, By < —|By-1|- The possible exis-

tence lines include

line2: B,z, =&, + By-1(Tn—1 + Tp41)

This allows triples
(1,-1,1),(-1,-1,1),(1,-1,-1),(-1,-1, —1) from line2

Region S13 is described by 8, > —|3,-1|, 8, = —Yu,. The possible existence

lines include
line5: B,x, = &, + Br—12np—1
This allows triples
(0,-1,1),(0,-1,-1),(1, fl, 0), (-1, -1,0) from lined

Region S14 is described by 8, > —2|6,-1|, B, > —viy — |By-1l, Bn < —|Bp=1l-

Existence lines crossing the region include
line2: Bz, = &, + Bp-1(Tp—1 + Tpt1)
line3: Bz, = ¢,
line5: B,z, = &, + By_1%,
This allows triples
(1,-1,1),(-1,-1,1),(1,—1,-1), (-1, -1, —1) from line2

(0,1,0),(0,~1,0) from line3
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(0,-1,1),(0,-1,-1),(1,-1,0),(—=1,—1,0) from line5

15. Region S15 is defined by 8, < —2|0,-1|, By > —Vy — |By-1l, By < —7pn- The

16.

possible existence lines include

line2: fB,z, =&, + By-1(zp-1 + Zp41)

line5: Bhzy = & + Bp—12n-1

This allows triples
(1,-1,1),(=1,-1,1),(1,-1,-1), (=1, -1, —1) from line2
(0,-1,1),(0,-1,-1),(1,-1,0), (-1, —1,0) from lined

Region S16 is defined by £, > —yu, — 2|Gy-1l, By < =7y — |Bp=1l, By <

—2|8,-1]. The possible existence lines include

line2: Bhz, = & + Bp-1(Tp-1 + Ty+1)

line3: gz, =&,

line4: Bz, = &, — Bp—1%n-1

line5: G,z, = &, + By-179—1

This allows triples
(1,-1,1),(-1,-1,1),(1,-1,-1),(-1,-1, —1) from line2
(0,1,0),(0,—1,0) from line3
(0,1,1),(0,1,-1),(1,1,0),(—1,1,0) from line4

(0,-1,1),(0,-1,-1),(1,-1,0), (-1, —1,0) from lined
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17. Region S17 is defined by 8, > —2|6,-1|, 8y < —7vun — |By-1]. The possible

existence lines include

line4: Bz, =&, — Bp—1Zn-1

This allows triples
(0,1,1),(0,1,-1),(1,1,0),(-1,1,0) from line4

To calculate the entropy we consider the transfer of one stable equilibrium to
another while going from one lattice point to its adjacent lattice points. If the trans-
formation again yields an existence point ( a possible triple in the region under con-
sideration), then there is another point of stability and the entropy of the region is
higher than if there were not another possible stable point. Using a Markov Shift we
must first construct a transfer matrix. This is a matrix of boolean values representing
the possibility of a transfer of stable points. The log of the largest eigenvalue of the
transfer matrix is the entropy of the region.

Complete calculations are in Appendix B. We summarize the results in Table 4.6.
If the eigenvalue of the transfer matrix is 0, the resulting entropy value is undefined.

Five regions show a high entropy value indicating the presence of spatial chaos.

Seven show regions of pattern formation.
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Entropy value | Regions

0 S3, S7, S8, S11, S12, S15, S16

in(1.32) S4

In(1.618) S6

In(2) S2, S9
In(2.89) S1
undefined all others

Table 4.6: Entropy and Symmetric Regions

4.3 Comparison of the General and Symmetric One-dimensional

Cases

When we compare the entropies of the regions in the symmetric case with those of
the general case some significant correlations appear. The regions S2 and S9 in the
symmetric case have the same entropy level as R1, R2, and R13 in the general case.

The form of the stability criteria is very similar.

Rl By+ 05 < —|Byil = Bl = 1831l = 18541
R2 Bl +62< —|By_ |l — 1601l = 1654]
R13 B+ 07 < —|Bpul = 1621 — 162,
52 By < —2|By-1] and B, > —ypy ~ |By-1] (4.3)

S9 By < —2|By-1] and B, > —yu,



39

The general form of the boundaries are very similar. The restrictions in the
symmetric case reduce to a single region by virtue of very strict assumptions. For
this initial comparison we have restricted the intercept of existence lines, &, < —7viy.
In the symmetric case the inequality may be seen as representing the overlap of the
general cases. Since in the general case the same number of admissable triples is
originally present, the entropy in the symmetric case is not any higher than in the
general case.

The symmetric case reﬂects a dependence on the value of ﬁfn in relation to the
value of —yu,. Region S9 is a region on the edge of chaos. Depending on the value
of —yu, alone, it has relatively high entropy or is a region of no pattern formation.

However, if we look at those regions in the symmetric case of high entropy which
were not evident in the general case, it is possible to form a reasonable composite
region that could be present in a symmetric or otherwise restricted case. Consider
S1 in the symmetric case. The stability region is given by 8, < —vyu, — 2|By-1]-
We find the resulting entropy to be In(2.89), very close to the maximum expected
for a solution set of three elements. In building a composite region from the general
regions, we look for those elements that would naturally lead to a similar stability
form. R1, R10, R11, R12 all have references to the |3,_1|-type terms. R19, R20, R23,
R24, R27, R28, R29, R31, and R32 all have the sum of the two —7YHq-type terms.
The resulting transfer matrix has entropy in(3). The indicates that it is possible for
the symmetric case to effectively merge general regions into composite regions with

higher entropy.



40

Chapter 5

Conclusion

We can conclude from the previous analysis, that there is a basis for describing chaotic
behavior. Regions in a general one-dimensional parameter space have been identified
that have a spatial entropy value in excess of zero. These regions of spatial chaos tend
to leave the neural network model sensitive to initial conditions. Coupling coefficients
and connectivity do play a part in the behavior of the time-evolutionary system. In
the general one-dimensional case we find 32 regions defined, 3 regions have entropy
greater than zero, the value calculated as {n(2). For mosaic solution sets of 3 values
the largest entropy is [n(3) making those values of {n(2) an indicator of spatial chaos.
Since it’s possible for these regions to overlap, the possibility for even larger entropy
values exists.

Symmetric coefficients increase the chances of chaotic behavior by raising the
entropy calulation in predictable regions. We found 17 distinct regions where the
largest entropy value is In(2.89) in one region. Four other regions have entropy
greater than 0. A comparison of the general and symmetric regions leads us to
suspect an overlapping condition in the symmetric case since the regions are defined by

inequalities of similar structure. Further investigation into this possibility is necessary.
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However, this result does seem to indicate an even greater possibility of spatial chaos
in the symmetric case than in the general case.

This analysis presents stability conditions and the regions formed by these con-
ditions. The spatial entropy analysis indicates the significant possibility of chaotic
behavior. More remains to be done to make this analysis applicable to creating neural
networks and using this information to streamline existing models. Currently, it is un-
derstood that random initial weights avoid problems of convergence to local minima
as opposed to global minima. But more research into the effects of the weight-related
coefficient p, needs to be done. The role of the bias term has not been explored, as
it could manage the &, term and hence the p., term. We see a further dependence
in the symmetric case where region S9 is a region of high entropy or a region of non-
stability depending on the value of u, and the value of &,. A similar analysis could be
done in terms of u, and oy as well. More experimental research into this dependence
is certainly indicated to enhance the intuition regarding these results.

We also leave for future research the explicit analysis of those systems of higher di-
mension. Most neural networks are of much higher dimension than the one-dimensional
case. In general, those methods are in development. Explicit region definition and
entropy calculation for those models of higﬁer dimension would give better under-
- standing of the roles of the coupling coefficients and the bias terms. The technique
will be best tested when applied directly to a Hopfield net, a CNN, or a Backpropa-

gation formula.
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APPENDIX A

In this appendix, we present the full calculations for the eigenvalues of the 32 regions
defined in the general one-dimensional case. We list each possible triple transfer pair
and the resulting doubles needed to construct the transfer matrix to be used in

calculating the entropy of the region. The regions are defined in Chapter 4.

R1  Ti(z{V), 29, 20))) = @), 2, 22)) gives (£1,£1,£1) — (£1,+1,+1)

has eligible doubles in order of rows and columns of matrix :

1,1),(-1,1),(—1,-1),(1,-1)

—
[um—
o
o
—
/

Ve
o
—
(=1
[a]

¥

The largest eigenvalue: 2

R2 T (20,2, 20) = @), o, 2{2)) gives (£1, £1,£1) — (£1,+£1,0) has

eligible doubles in order of rows and columns of matrix :



R3

R4
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(1,1),(-1,1),(-1,-1),(1,-1)

e
[en)
—
—

0
The largest eigenvalue: 2

Tl(:rgl_)l,xgl), nﬂ) — Tg(:c,, 1,3:,,), fﬁgl) gives (£1,+1,4+1) — (£1,0,=£1) has

eligible doubles in order of rows and columns of matrix :
(1,1),(-1,1),(1,0)(-1,-1),(1,-1)}(-1,0)

(0 0

0000
0000O0O
0000GO0O
0000GO0O
0000O0O

\000000)

The largest eigenvalue: 0

Tl(xgl_)l,xﬁ,l), ("21) — T2($£,2_)1,.’E$; , 77+1) gives (£1,+1,+1) — (£1,0,0) has

eligible doubles in order of rows and columns of matrix :
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(1,1),(-1,1),(1,0),(-1,-1),(1,-1)(-1,0)

(e
—

(00100
0 0100O0O0

0 00
0

o

(aw]
o
o
o O
o O O
—

\ 000
The largest eigenvalue: 0

R5 Tl(x,(;)l,xs,l), 5,1_21) — Tg(zgz_)l,xg,z), gﬁl) gives (0,%+1,0) — (0,%£1,0) has eligi-

ble doubles in order of rows and columns of matrix :
(1,0),(0,1),(-1,0),(0,-1)

(o o\

o
o o O
o o o

o
o

\0 000

The largest eigenvalue: 0

R6 Ti(«V,z0,2))) = Tz, 20, 32)) gives (0,£1,0) — (0,%1,%1) has

eligible doubles in order of rows and columns of matrix :



R7

RS

R9
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(1,0),(0,1), (-1,0),(0,-1)

—
o
@
o
o

SN—

The largest eigenvalue: 0

Tyley 20 2p0n) = To(a, 2y, 20, 2,')) gives (0,1,0) — (0,0,1) has eligi-

ble doubles in order of rows and columns of matrix :
(1’0)’(010)a("1’0)

0 0O

0 0O

0 0O

The largest eigenvalue: 0

Tl(a:;l_)l, 335,1), 5721) — Ts (ng)l,zgf), ,,H) gives (0,+1,0) — (0,0,0) has eligible
doubles in order of rows and columns of matrix :
(1,0),(0,1),(—-1,0)

0 00

0 00

0 00

The largest eigenvalue: 0

Ti(z oy, z Y ) — T2($£72—)17$£;2)a n+1) gives (£1,£1,0) — (0,+1,0) has

n 120" n+1

eligible doubles in order of rows and columns of matrix :
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(1,0),(0,1), (-1,0), (0, —1)

(0000\

0 0

o]
(]

0 00O

\0000)

The largest eigenvalue: 0

R10 Ti(z{Y), 2%, 280) = T2, 2P, 2 gives (£1,£1,0) — (0, £1,+1) has

eligible doubles in order of rows and columns of matrix :

(1,0),(0,1),(-1,0),(0,-1)

(000 0)
0000
0000
\0000)

The largest eigenvalue: 0

R11 Tl(zgl_)l,m,gl), 511_21) - T, (a:77 ) 2Pz n+1) gives (+£1,+1,0) — (0,0,%£1) has
eligible doubles in order of rows and columns of matrix :
(1,0),(0,1),(~1,0)
0 0O
0 6O
0 00

The largest eigenvalue: 0

THUR LAKES LIBRARY |
%%{.\'O‘SADO SCHOOL OF MINES:
GOLDEN, €0 80401
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R12 Tl(xgl)l,a:,(,l),xﬁl) — Tg(xff)l,xg), 5321) gives (£1,+1,0) — (0,0,0) has

eligible doubles in order of rows and columns of matrix :

(1,0),(0,1),(-1,0)
0 00
0 0 0
0 0O

The largest eigenvalue: 0

R13  Ti(20, 20, 2l))) — T, 2P,22)) gives (0,£1,£1) — (£1,£1,+1)

has eligible doubles in order of rows and columns of matrix :

(1,1),(=1,1), (=1, -1), (1, -1)
(100 1)
1001

0110

\0110)

The largest eigenvalue: 2

R14 T\(= 571_)1,:1:571), 5721) — To(x ,(72)1,:155,2), n+1) gives (0,+1,+1) — (£1,+£1,0) has

eligible doubles in order of rows and columns of matrix :

(0000\

0 0-0 O

(17 1)’ (-L 1)’ (_1a —1)3 (19 —1)

00 0O

\0000)




o1

The largest eigenvalue: 0

R15 Ti(z\, 20, 2l) — TQ(zEf)l,IS,”, 22)) gives (0,%1,+1) — (£1,0,+1) has

eligible doubles in order of rows and columns of matrix :
(1a 1)3 (1a _1)7 (1a0)7 (—13 —1)’ (—1’ 1)’ (—1’ O)

/001000\
0 00 O0O0T1

o

o o o
—

o O o O
o
(w)

\ 0
The largest eigenvalue: 0

R16 Ti(z{";, 2, 28)) = To(z?y, 28, 28))) gives (0,+1,£1) — (£1,0,0) has

r] 17-7"1') ) 17+}.

eligible doubles in order of rows and columns of matrix :
(1,1),(-1,1),(1,0),(-1,-1),(1,-1),(-1,0)

(000000\
0 00O0O0OO
0 00 O0O00O

o
o o o
)

o

o

o

The largest eigenvalue: 0



52

R17  Ti(a), 2, 2)) — Te(al?), 2, 22)) gives (£1,0,£1) — (£1, %1, 1)

has eligible doubles in order of rows and columns of matrix :

(0,1),(1,1),(-1,1),(0,-1),(-1,-1),(1,-1)
(0 0 00O 0\

0 0 0 00

[en}
o
o

e}
(e}
o o o o o
[em}
e
[}

)
o
[en}
\_

\00

The largest eigenvalue: 0

R18 T (:13,7 1,1:571), ﬁ,lﬁl) — Th(z 512)1,335,2), ,7+1) gives (£1,0,+£1) — (*1,=+1,0) has

eligible doubles in order of rows and columns of matrix :

(0,1),(1,1),(-1,1),(0,-1),(-1,-1),(1,-1)

/ 0 000O0O \
0 00O0OO
00O0O0COO

0 000O0TO

\0000

(e}
o
\_

The largest eigenvalue: 0

R19 Ty(z{M), 20, 2)) = To(al?), 2,20 gives (£1,0,+1) — (£1,0,+1) has

eligible doubles in order of rows and columns of matrix :
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(0,1),(1,0),(0,-1),(-1,0)

—
)
=)
(e
S
—

)
o O
[
o

KOOOO/

The largest eigenvalue: 0

Pz ) ) gives (£1,0,%+1) — (+£1,0,0) has

1 1) @
R20 Ti(z () 3751)7 5,31) - T2( n n+1

Tp-1> nl?

eligible doubles in order of rows and columns of matrix :

(0,1),(1,0),(0,-1),(-1,0)

(e

o o o o
(e}
(e}

The largest eigenvalue: 0

R21 Ti(z)), 2, 2)) — To(al?), 2P, 2))) gives (0,0, £1) — (£1,+1,+1) has

eligible doubles in order of rows and columns of matrix :



(0,1),(1,1),(-1,1),(0,-1),(-1,-1),(1,-1)

/OOOOOO\

0 00O0O0O©O
0 0 00O
00 00O00O
0 00O0O0OTO
\000000)

The largest eigenvalue: 0

R22  Ti(af)y,@p’,ally) = To(myy oy, zph) gives (0,0,%1) —
eligible doubles in order of rows and columns of matrix :

(0,1),(1,1),(-1,1),(0,-1),(-1,-1),(1,-1)

(000000\
0 00O0O0OGO

0 00O0O0TO
0 000O0O
\000000)

The largest eigenvalue: 0

R23 Ti(zlV), 2", 28)) — Do), 2P, 2))) gives (0,0,£1) —

eligible doubles in order of rows and columns of matrix :
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— (£1,+1,0) has

(£1,0,+1) has



(0,1),(1,0),(0,-1),(-1,0)

—
[es)
e)
S
en)
_

The largest eigenvalue: 0

R24 Ti(zM), 20,20 = TP, 2P, 2%))) gives (0,0,£1) — (£1,0,0) has

eligible doubles in order of rows and columns of matrix :

(0,1),(1,0),(0,-1),(-1,0)

00
0000
0000

\0000]

The largest eigenvalue: 0

R25 Ti(z{;, 280,20 — To(®), e, 2l)) gives (£1,0,0) — (0,%1,0) has
eligible doubles in order of rows and columns of matrix :
(1,0),(0,0),(-1,0)
0 00
0 00
0 00

The largest eigenvalue: 0



R26

R27

R28

R29
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T(ac,7 l,x,(,l), 5721) — Tz(xﬁfjl,xﬁf), fﬂzl) gives (£1,0,0) — (0,%+1,=£1) has

eligible doubles in order of rows and columns of matrix :

(0,1),(0,0),(-1,0)
0 00

0 00
0 0 0

The largest eigenvalue: 0

Tz, 2,20 — To(@®y, 2,22, gives (£1,0,0) — (0,0,%1) has

eligible doubles in order of rows and columns of matrix :

(0,0)

(o)

The largest eigenvalue: 0

Ti(z), 2, 2 — To(a?), 28, 28))) gives (£1,0,0) — (0,0,0) has eligi-

ble doubles in order of rows and columns of matrix :

(0,0)

(1)

The largest eigenvalue: 1

T\ (33571)1,%1)’ v(7+1) — Ty (:cﬁ,?l,xﬁ,"’), ;le) gives (0,0,0) — (0,+£1,0) has eligi-

ble doubles in order of rows and columns of matrix :



57

(0,0),(0,1), (0, —1)
00O

0 0O
000
The largest eigenvalue: 0

R30 Ti(zlV, 28, a))) - To(@?,, 2P, 283)) gives (0,0,0) — (0,%1,£1) has

eligible doubles in order of rows and columns of matrix :

(0,0),(0,1),(0,—-1)
0 00

0 00
0 00

The largest eigenvalue: 0

R31 Tl(xfll)l,scg,l), 5121) — To(x 572)1,3:5,2), ,(7+1) gives (0,0,0) — (0,0,=£1) has eligi-

ble doubles in order of rows and columns of matrix :

(1)

(0,0)

The largest eigenvalue: 1

R32 Ti(zW,, 2P, 21 = Th(z ;Q)I,ng, 77+1) gives (0,0,0) — (0,0, 0) has eligible

77‘1’ 77+1

doubles in order of rows and columns of matrix :

(0,0)



The largest eigenvalue: 1

o8



99

APPENDIX B

In this appendix, we present the doubles indicated by the transfer possibilities of the
triples in the symmetric one-dimensional case. The transfer matrices are enumer-
ated and eigenvalues computed. A summary of the regional definitions and resulting
entropies is presented in Chapter 4.

The sequence of admissable doubles used to construct the transfer matrices is as

follows:

Region S1 {(1,1),(1,-1),(1,0),(0,1),(0,0),(-1,-1),(-1,1),(-1,0),(0,-1) }
Region S2 {(1,1),(1,-1),(1,0),(0,1),(0,0),(-1,-1),(-1,1),(-1,0),(0,-1) }
Region S3 {(1,1),(1,-1),(1,0),(0,1),(-1,-1),(-1,1),(-1,0),(0,-1) }
Region S6 {(1,1),(1,-1),(1,0),(0,1),(0,0),(-1,-1),(-1,1),(-1,0),(0,-1) }
Region S5 {(1,1),(1,-1),(1,0),(0,1),(-1,1)}

Region S4 {(-1,-1),(-1,1),(-1,0),(0,1),(0,-1),(0,-1)}

Region S7 {(1,1),(1,-1),(-1,1)}

Region S8 {(1,1),(1,-1),(1,0),(0,1),(0,0),(-1,-1),(-1,1),(-1,0),(0,-1)}
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Region S9 {(1,1),(1,-1),(1,0),(0,1),(-1,-1),(-1,1),(-1,0),(0,-1) }
Region S10 {(1,1),(1,-1),(1,0),(0,1),(-1,-1),(-1,1),(-1,0),(0,-1)}
Region S11 {(1,-1),(-1,-1),(-1,1),(-1,0),(0,-1)}

Region S12 {(1,1),(1,-1),(-1,1)}

Region S13 {(1,-1),(-1,-1),(-1,1),(-1,0,(0,-1)}

Region S14 {(1,-1),(1,0),(0,1),(-1,-1),(-1,1),(-1,0),(0,-1)}
Region S15 {(1,-1),(-1,-1),(-1,1),(-1,0),(0,-1)}

Region S16 {(1,1),(1,-1),(1,0),(0,1),(-1,-1),(-1,1),(-1,0),(0,-1) }
Region S17 {(1,1),(1,-1),(1,0),(0,1),(-1,1)}

The transfer matrices and largest eigenvalues are as follows:

Region S1

(111000000\

—
—
—
(en)
o

o o ©
o

o o O
(e




The largest eigenvalue: 2.89329
Region S2

(o)
oS O

The largest eigenvalue:2
Region S3

The largest eigenvalue: 1

O

o o O

o)

o O o o o

(an)

o O

o O O o O o o o ©

o o o o o o o o o

©c o O o o o

o O O
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Region S6

0

\ 0

00
0

o

The largest eigenvalue: 1.61803

Region S5

The largest eigenvalue:0

[0

\0

)

o o o o

o O

o o o o o o o
o o o o o o
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Region S4

\O

The largest eigenvalue:1.32472

Region S7

The largest eigenvalue: 1
Region S8

\0

The largest eigenvalue: 1

o O

o o o

o

o o o o o o

o o O

o O o o o o o

o o o o o o o o o
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Region S9

The largest eigenvalue: 2

(1

\1
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Region S10 Although S10 is not a region of stability, A possible transfer matrix is

included. It doesn’t seem to change the outcome.

The largest eigenvalue: 0

Region S11

The largest eigenvalue: 1

(o
0
0

\1

\0

011 )
010
0 00

100/

[ws}
o O
o




Region S12

The largest eigenvalue: 1
Region S13

The largest eigenvalue: 0

Region S14

The largest eigenvalue: 1

o o o o

o o o o

o O

oS O

o O o o o o o
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Region S15

The largest eigenvalue: 1
Region S16

The largest eigenvalue: 1
Region S17

oS O

[u—t

o o o o

—

o O

p—

o O O

o O O o o o o ©

o o O

= o O

o O

o O

o O o o o

o o o o O

o O

o o o o
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The largest eigenvalue: 0
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