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A BSTR A C T

In this thesis, we present a lattice differential equation model for a class of neural 

networks. We define a subset of the equilibrium solutions we call mosaic equilibrium 

solutions. Existence and stability theorems are proved for mosaic equilibrium solu­

tions. Regions of stability are defined and spatial entropy calculations, as a measure 

of the complexity of the system, are presented th a t give insights in to the effects of 

spatial coupling.
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C hapter 1 

In trod u ction

Neural networks are computational models characterized by patterns of weighted in­

terconnections between neurons or cells. The method of determining the weights is 

called a training algorithm which resets the weights in accordance with some acti­

vation function. The result is a system which trains itself to recognize patterns or 

emulate functions. Traditional nets such as the Hopfield Net and the standard Back- 

propagation Neural Network have been intriguing to many disciplines. Although 

training can be slow, the resulting network can be very useful in real-time situations. 

Rigorous analysis of some neural network models has been done to verify the conver­

gence of such systems [14] and to find appropriate learning algorithms to meet the 

needs of varied disciplines [11]. Results verifying the existence of stable equilibria 

have been generally accepted. However, problems persist in many areas in terms of 

convergence rate and misclassification. Some researchers have approached the prob­

lem through statistical methods and probability theory [2] or methods in electrical 

engineering theory [13]. We would like to take another look at the underlying m ath­

ematical model of various networks and evaluate the computational model in terms 

of spatial entropy, which may be considered a measure of the system’s complexity.
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Typically, results and comparisons with reaction-diffusion models leave the impres­

sion th a t chaotic behavior is possible, if not predictable. Hopfield nets have been 

modeled with reaction-diffusion equations and backpropagation networks have been 

found to be sensitive to initial conditions and to behave in accordance with the exis­

tence of strange attractors. Since lattice differential equations have been studied and 

theorems for their existence and uniqueness proved, the use of techniques associated 

with these systems seems well suited to the task of developing a general neural net­

work model. This enables our analysis to include spatial entropy, as a measure of the 

system complexity, which can be calculated. This allows the effect of spatial coupling 

to be explored.

In this thesis we consider a general model of a class of neural networks. The model 

we consider is

x(r}) = 5 3  A V / M V ) ) ,  for 77 E £  (1.1)
7)'Ç.A(t]) T7,eA(77)

with rj £ £, representing the spatial variable. We take the function /  in (1.1) to

be f
7 x(r]) \x(rj)\ < 1

7  x(r]) € [1 , oo) (1-2)

- 7  x{T]) e  ( oo, - 1]

We let £  represent the set of discrete points comprising the lattice, with 77 the 

independent spatial variable. A neighborhood of a specific neuron is given by all r/’ € 

A(77) defined as a subset of £.  Then x  is the state of a neuron, and x  is the derivative 

with respect to time, We consider to be spatial coupling coefficients. f(x(rjr)) 

is the activation on the neuron and the weights on the network connections. The
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value 7  is an arbitrary threshold value. In neural networks it is typically 1. In some 

networks we can have a range from 0 to 1. Here we want to keep the model as 

general as we can. The bias term for each neuron is given by a^. This model contains 

arbitrary couplings through both x  and f ( x )  dependent on space.

We prove the existence of equilibrium solutions called mosaic solutions. Mosaic 

solutions are equilibrium solutions that belong to a specific, enumerated set. These 

solutions correspond to € {(—oo, —1], 0 , [1, oo)} which give /(rz^) € {—7 , 0 , 7 }. 

Through the establishment of stability criteria we will be able to define regions of 

stability. We will then define these regions for a general one-dimensional system, 

where we take A(77) =  {77 — 1 , 77+ 1} . We will calculate spatial entropy to get a 

measure of the complexity of the param eter space of (1 .1) and (1 .2 ).

Our contribution is to provide conditions for existence and stability of mosaic 

equilibrium solutions of (1 .1) and (1 .2 ) and calculate the spatial entropy of the general 

one-dimensional system. Using the existence and stability criteria we calculate the 

spatial entropy of the resulting general system. This model, which represents a general 

class of neural networks, will allow us to see the effect of spatial coupling coefficients 

in such systems. This will give us some insight into the effects of param eter choices 

in general and allow us to examine specific cases. We also look at the symmetric one­

dimensional case to determine the effect of symmetric coupling coefficients by using 

the existence and stability criteria to calculate the spatial entropy of the symmetric 

one-dimensional system. Since neural networks are well- known as gradient systems 

and their convergence to stable points has been well established [14], we hope to 

add an understanding of the role played by the param eters in determining system
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complexity. We want to examine the effect of the coupling parameters (3̂  and fin.

The model, (1.1) and (1.2), may be considered a lattice differential equation. We 

will use the techniques of [3] to analyze the model and determine the spatial entropy 

of the system, which can be thought of as the measure of the size and complexity 

of a nonempty set of mosaic solutions. The work of Chow, M allet-Paret and Van 

Vleck gives us a basis for this analysis. In [3], they describe the time evolution of 

such a system as a lattice differential equation. Given C is the set of discrete points 

comprising the lattice, we take r] € £  such that is an infinite vector representing 

the state  of the dynamical system. This system has the form ù =  g{u), where the ù 

is taken to be the derivative with respect to time. Specifically, in [3] they examine 

systems

iii =  —fi&Ui -  f (u i)

and

'hfj =  — — j3xA xUij —

for a one-dimensional lattice and a two-dimensional lattice with A denoting the dis­

crete Laplace operator. The existence and stability of mosaic solutions is given and 

an approximation of the basins of attractions made through a calculation of the 

spatial entropy, equations [3]. In [1] a similar method has been used to examine 

Cahn-Hilliard type equations.

Historically, neural networks have been described as dynamical systems by many 

authors [9, 12, 19, 4] and empirical studies have reported chaotic behavior [15]. Other 

work deals with the neuronal activity itself as being modeled by a diffusion approxi­

mation [14, 7, 18, 16].
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Hopfield [14] gave a formulation of such a system as

1 n
üi =  - - p r ui +  5 3  T i j vj +  U (1.3)

where represents transmembrane resistance, is any other fixed input current 

to neuron i and Tij  is the synapse efficacy. This model is based on continuous 

variations and responses, yet retains significant behaviors of his earlier discrete model. 

Through Lyaponov stability analysis, he determines th a t for a symmetric the time 

evolution of the system finds minima in the error function. Later work extends this 

to non-symmetric cases as well.

In [9], Edwards approximates neural network dynamics with a reaction-diffusion 

equation of the form

1 T
Vt =  çTT^y[7 e2 2 Ay +  (7 T0 -  aG(u))].

Then in [10], he explores the stable patterns in spatially discrete forms. His conclusion 

is that, for neural network equations, existing stable patterns are of high energy 

or remain stable. However, random initial conditions and smaller step size of the 

discretization could lead to a loss in the number of the stable patterns.

The Cellular Neural Network (CNN) was originally formulated by Chua and Yang 

in [4]. In [19], Thiran presents a thorough analysis of the stability of the CNN. Thiran 

presents the CNN to be the set of coupled ordinary differential equations represented 

by

(t) Y 5  v Aij'tk,iyk,l{p') +  l i j
ckti£rtij

where L j  is a time-invariant bias, and where x  stands for Q j  is the cell under 

investigation and M j  is the set of all cells forming CZ)/ s  neighborhood. Also, x i}j is

ARTHUR LAKES U B R m
COLORADO SCHOOL OF MINES 
GOLDEN, CO 80401
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the state  of a cell at time t and i/ij is the output of the cell such tha t

where f ( x )  — ^(\x  +  1 1 — \x — 1 |). Thiran concludes tha t the CNN can reproduce 

the behavior of more complex non-linear systems, even those where the nonlinearity 

is decidedly different. He also asserts tha t the system seems to depend more on the 

type of connections and couplings than the nonlinear function used to produce the 

output of the cell. More recently, this examination of coupling parameters has been 

explored by Chua, as well. In [5] the basic definition given by Thiran and Chua [6] is 

expanded to reveal a sum of inputs to the neighboring cells.

Empirically, Kolen and Pollack [15] have demonstrated the effect of the selection 

of initial weights on a feed-forward network. Extreme sensitivity to initial weight 

configuration was observed in deterministic experiments. Other investigators, includ­

ing desJardins [8], explore the criteria for selection of bias values. How and when to 

apply the networks and the choice of weights, bias and learning rate is a continual 

topic of discussion.

We seek to add an analysis of the spatial entropy of a system representing a class 

of neural networks in general terms to this existing work. We provide a basis for 

exploration of the stability in non-symmetric cases as well as the symmetric case. By 

making a general model, we hope to lay a foundation for studying the spatial entropy 

of a large class of neural networks. In this context we hope to explore the effect of 

the spatial coupling on the dynamics of the system.

This paper includes existence and stability theorems and their proofs, a general 

one-dimensional analysis of spatial entropy, application to specific neural networks
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and conclusions as to our results. In Chapter 2 we define mosaic solutions, and present 

and prove theorems that establish the existence and stability of mosaic solutions. In 

Chapter 3 we define spatial entropy and give a basis for the calculations in the one- 

dimensional case. In Chapter 4 we calculate general results for a system defined by

(1 .1) and (1 .2 ). Finally, in Chapter 5 we draw conclusions from our exploration and 

give possible future directions.



8

C hapter 2

E x isten ce  and S tab ility  T h eorem s

In the model we consider, (1.1) and (1.2), no initial assumptions of symmetry or

networks. In this chapter we define mosaic solutions and prove their existence and 

establish stability criteria.

We define m osaic so lu tion s to be equilibrium solutions of (1.1) and (1.2) where 

x(rj) £ {(—oo, —1], 0, [1 , oo)} for each 77 in C. These will yield f(x(r])) £ {—7 , 0, 7 }. 

To help simplify many equations, we introduce some additional notation. First,

r)' £A(r)}
This term  contains all the function values and the constant term. This generally is 

the activation of the neurons and bias term. Also, let

This term has all the references to x(rf) alone. This is the initial state of the neurons. 

Now, we state a theorem to establish the existence of a mosaic solution.

relative magnitude of the (3̂  or ^  is made to allow the examination of many neural

let

£„ =  ~[av + iinf(x{vi))+  ^  /A j'/M V ))]-
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T heorem  2.0.1 A solution x(r]) £  (—oo, —1] ,0 , [1, oo) is a mosaic equilibrium solu­

tion of (1.1) and (1.2) iff

(2 -1)

Proof: For a solution to exist,

0 =  x{rj) = a r]+ +  ^r,f(x{r))) +  ^  fiv>f(x{r]f)).
Tl'eAiq) 7?'eA(ï?)

T hat is,

-[(*„ + / v o t o )  +  ^ 2  ^ / o c v ) ) ]  =  +  ^ 2  a ? '^ o ')
Tj'eA(r}) V'€A(t))

or simply, ^  . ■

The variables, ^  and have three basic shapes based on the value of x^ £ 

{(—oo, —1], 0 , [1 , oo)}.

Using

0 if x k = 0

L(k) = < i  if x k £ [1, oo)

1 if Xk £ (—oo, —l]

we have

F o rm  1 : For x(r)) = 0, we have ^  =  — [0 ^+ ^ 2  and P ^ x ^ ' ) ,
YGA(T?) v'^A(rj)

F o rm  2: For x(rj) > 1 , we have ^  =  — [a^ +  7 /2  ̂+  and
V'€A{t])

m 77 — Pr) A- 'y *) x(r] ),
vAA{ri)
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F o rm  3 : For x(r}) < —1, we have ^  =  —[a^ — 7 ^  +  / /^ ( V ) ? ]  and

TTIt) — ^   ̂ PrjiX̂ T} ).
TfeA(ri)

We will use ^  and to represent these values in all three cases.

The next results characterize stable mosaic equilibria. We use the terms =  

max{:r(7/) +  — 1} and =  min{a;(^) — 1} in the statem ent of the theorem and

more fully define and bound them in the proof. Consider the sets, Z(r]) =  {rf € 

A(r7)k(V) =  0}, P(rj) =  {7 ' € A(77)|z(Y ) >  1}, and ^ ( 77) =  {7/  € A(77)|z(Y ) < -1 } . 

For simplicity, we will use (N  +  P)(ri) =  ^ ( 77) U f  (77) , P  =  P(ri) and N  =  ^ ( 77).

T heorem  2.0.2 I f  x(rj) is a mosaic equilibrium solution of (1.1) and (1.2) and the 

following inequality is satisfied when 137(77)! >  1 :

0 X M ' I  +  y I/v I) +  5 (A ,+  2 3  I A / I ) < n  (2 .2)
z(n) (N+PHn)

a n d

^ +  tIMt?'I) +  -f ^ 2  \Pv'\) — —2  (2-3)
Z(7?) (iV +  P)(7?)

o r  ÿ  th e  m o s a ic  equ ilibrium  sa tis f ie s  the fo l lo w in g  in equ a li ty  w h en  37(77) =  0 :

+  7 l / v l ) )  +  £ ^ 2  l/̂ 7?z| ^  ^  (2.4)
Z(v)  ( N + P ) ( t])

a n d

0(/?T7 +  +  t IMt/ 'D) +  ^ ^  " O .  (2.5)
Z(v)  ( N + P ) ^ )

where

Q =  —7[ 5 3  VrfiMrf — 1) — 5 3  +  1)] < 0
pn{^,<0} 7vn%,<0} p  ^

Q  =  —7[ 5 3  / v ( M /  ~  1) ~ 5 3  +  1)] > 0
,>0} Nn{v ,>0)
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Proof:

Assume tha t x(j]) is a mosaic equilibrium solution. Suppose th a t 0 < 0 < 1 and 

0 < 5 < 1. Then we will take a u E Af{x ,9,ô). T hat is, vv E {x^ — 5, x^ 6) for 

Ixrj] > 1 and Vr, E (x^ — 6, x v + 0) when x^ =  0.

Then for any v E Af(x, 9, <5) the following is defined

v(rf) = a ri + / 3vv(r])+ ^
T7/GA(r?) t7'€A(t?)

where /  is defined by formula (1 .2 ).

Then we have

- o  5 3  i/m  < 5 3  m v )  <  » 5 3  iA/1 (2-7)
T)'eZ(7)) r)'£Z(r)) 'n'eZ{T])

and

- 0 7  5 3  l /v l 5  5 3  Vn'fiHv'))  < 07 5 3  (2 8 )
v ' € Z { t)) r)'£Z(T)) T]1 EZ(rf)

for the case where 37(77) is zero.

The case where 137(77)! >  ± 1  is more complicated. We can first bound the terms with

e .

- s  5 3  i m  +  5 3  Pn'x { i )  5  5 3
■nfe { N + P ) ( r ] )  n' £.{n + p ) {t]) v ' € ( n + p ) {ti)

< 5 5 3  1 A/ 1 +  5 3  Pr,'x (v') (2 .9 )
n'<=(N+P){r i )  n ' £ ( N + P ) ( n )

Now for a ^-neighborhood of 37(77'), we want to bound f(x(7]') ±  <5) as a value at the 

right endpoint or a value at the left endpoint depending on whether 37% is in the 

set [1 , 00) or in the set (—00, —1]. This will give us a bound on the function value 

f ( v (vf))- The right endpoint value for a ^-neighborhood involving a mosaic solution
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in (—00, —1] is given by

— 1 ^  Mrf  =  nicLx{x(77 ) +  5, —1 j- < —1 +  5

while the left endpoint value for a 5-neighborhood involving a mosaic solution in 

[1, 00) will be noted as

1 — 5 <  =  m in ie r / )  — 5, 1} < 1

Then we can bound the ^  terms in sets where the mosaic solution is in the positive 

range x ( t]) € [0, 00) or in the negative range x(r]) € (—00, —1], We have

7  +  Vv’ ^ ^ V r i ' f f r W ) )  <  7  5 3  +  7  h M tt,
P n { ^ , < o }  p  Pn{/xv >o} P n { ^ , < 0 }

7  5 3  1) +  7 X ) xV -  5 3 -  7 5 3  Vn' +  7  5 3
P n { + / >0} p  p  p  P n { / i77/<o}

(2 .10)

- 7  5 3  W “ 7 5 3  / v M /  < <  - 7  5 3  ^ 7 - 7  5 3
v n { ^ , < 0 }  Arn{Aiv >o> at N n { ^ , > 0 }  v n { ^ , < o }

- 753^-7  5 2  ^ ( ^ v ' + 1) ^  5 3 ^ / ( ^ ( V ) )  — - 7 5 3 / v  ~7 53. a v ( ^  +  i ) .
JV v n { / / y > o }  N  V  V n { Atr),<o}

(2 .11)

W ith these inequalities established, we consider three cases: 37(77) — 0, 37(77) > 1, and 

37(77) < —1. We will consider each case by examining the value of the derivative of 

v at each endpoint. We expect the value at the right endpoint to give us a negative 

derivative value and the value at the left endpoint to give us a positive derivative
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value. This will guarantee th a t the values in the ô or 0 neighborhoods will remain 

within the prescribed neighborhood indicating stability.

Case la : oc(r]) = 0 and v(r]) = 9

v(rj) =  4 - + 'Y1/ Prfv(rf) T / V M 7?)) +  53 ̂ ' / ( ^ ( V ) )

<  olv +  (3^9 +  ^vy9  +  9 ^ 2 ( \ M  +  t I a v I )  +  53  ̂ 53
Z  N + P  N + P

+ 7 E ^ + 7 .  — 1) — 7  y :  fljf — 7  53 Vv'iMr,’ +  1)
p  p n { ^ ,< 0 }  N  Arn{/xv <0}

= + 53 /v — 7 53  ̂53 + 9 {pr) + ̂ 7 + 53(î i +
P  AT N + P  Z

+ ̂ 5 3  l ^ l  + 7[ 53  V v ' j Mr) ' — 1) — 5 3  ^ ' { M r ) '  + 1)]
N + P  pn{^,<o} Nn{AtT7/<o}

— — Ct? + 772,7? + (̂/?7? + /7t?7 + 53 (1^ 'I 7|/i7?/D) + <5 ^ 2  1^1
Z V + P

+7[ 5 3  a v ( m?' — i) — 5 3  ^ { M r f  + 1)]
pn% ,<0} Jvn{Mv<0}

=  +^7,7 +  5 3 ( i/m  +  71^ 1) ) + ^53 i/̂v i) — ^
Z N + P

< 0

using (2.7), (2.8), (2.9), (2.10), (2.1), and (2.4).

C ase  lb :  37(77) =  0 and 12(77) ~  —9

v ^ )  = ar) + firjV^) +  5 3  f ir fv t f )  +  ^  f  {v {r})) +  ^ 3  Z V /M 7/))

> ajj — fir)9 — /4,7# — 6153(1/?^ | + 71^1) + A/^K7/) ~  ̂53  1^71
Z V + P  V + P
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5 3  +  7  5 3  Mr?7(m^/ — i)  — 7  5 3  av  ~  7  5 3  + 1)
p  p n { ^ / > o }  N  N n { n v,>o}

a T] + 5 3  ^  ~  7  5 3  ^  5 3  — q(Pv + ^ 7 + $ 3 ( i ^  i +  71^7  D)
P  JV N + P  Z

- * £ i / m + 7 [ 5 3  (M / — 1) — 5 3  + 1 )]
iV +P p n % , > 0 ) A r n { ^ ,> 0 )

— 7̂7 + m v — Qifirj +  /i^ 7  +  5 3 ( |/V | +  71^ 7?'I)) ~  ^ 5 3  Î 7 1
Z N + P

+ 7 [ 5 3  /A/(My — 1) — 5 3  +  1)]
P n i / i+ ^ o }  N n{//_,>o}

— —6 [fir) +  A4? 7  +  5 3 ( 1 ^ 1  +  71/^77'I)) — ^ ( 5 3  1/^41) — 0.
Z N + P

> 0

using (2.7), (2.8), (2.9), (2.11), (2.1), and (2.5).

C ase 2a: x(rj) > 1 and 72(77) =  ^(77) +  5

72(77) =  +  ^ 72(77) +  £  Prfv W )  +  V v f i v W )  +  5 3  Z+'/M V))

< ar) +  PrjXiv) +  %  +  ^ 7  +  ^ 5 3 ( 1̂ '  I +  71̂ 7?' I) +  5 3  P vx (vf) + ^ 5 3  l^ 'l
Z N + P  N + P

+ 7 5 3 ^ + 7  5 3  ^ (m?/ — 1) — 7 5 3 ^ 7  ~ 7  5 3  + 1)
P  P n { A1„,<o} N  Nn{/zv <o}

= 7̂? + ̂ 7+7 53 -753/v+Pvx(v) + 53 + ̂ 53(1̂ 1+7bv i)
P  N  N + P  Z

+^(^7? + 53 l^vl) + 7 53 ^  {Mrf_ — 1) — 7 53 V n ’ i M r f  + 1)
^v+ P  Pn{Ai„/<0} Nn{?/ ,<o>

— C77 +  771,7 +  0 5 3 ( |/V  I +  7 IM7 1) +  à(Pr) +  5 3  l^n' I)
Z N + P
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+ 7  5 3  / y  (M y  — 1) — 7  5 3  +  1)
p n { /iV <o} N n { ^ ,< o }

— ^ 53( i / v i + 7 i ^ i ) + +  53 lA /i)  — ^
Z N + P

<  0 (2 .12)

using (2.7), (2.8), (2.9), (2.10), (2.1), and (2.2).

C ase  2 b: rr^ ) > 1 and v(rj) — x(r]) — ô

v(v ) =  +  5 3  A M 7?') +  ^ /(^ ( t? ) )  +  5 3  ^ / ( ^ ( V ) )

<  +  Pjjxir)) — (%  +  /A,7 — ̂ 5 3 ^ ^ !  +  7|M»?, I) 5 3  ^ ' ^ ( V )  ~  ^ 5 3
z  iV +P at+ p

+ 7  5 3  ^ + 7 5 3  / v _  i ) _  7 5 3  ^  ~  7 5 3  ^ +
P  P n { ^ ,> o }  at JV n O v > o }

=  + /i^7 H-7 5 3  - 7  5 3 ^ '  +  Pnx {v) +  5 3  ^n, x W )  ~  615 3 ( 1 ^  1 +  71^'1)
P  AT Ar+ P  Z

—S (p v +  5 3 i) 7  5 3  / v (^ 7  ~  i )  ~  7  5 3  pv iM r j '  + 1)
AT+P Pn{/xv >0} A rn{//y>0}

=  — $;? -^rrirj — 6 5 3 (1 ^ 1  +  7 |/v i)  — ^(A  +  5 3  1^71)
Z N + P

+ 7  5 3  ^  (MuL “  ■*■) “  7  5 3  Vri'iMrj' +  1)
^ n { / iV >0} wn{/7V >o}

= 53d î + 7i^i)_ ̂ (̂7, + 5 3 i)— —
Z N + P

> 0 (2.13)

using (2.7), (2.8), (2.9), (2.10), (2.1), and (2.4).

The two cases where z(yy) < —1, represented by 3a and 3b, follow in the same
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manner as 2a and 2b. The only difference is the term  —7  AV which was positive
N

for 2a and 2b. This is one of the variations of ^  and disappears when the existence 

criterion is applied. ■

We note here th a t when |a;^| > 1 , V?/ such th a t the =  1 or = —1, the 

terms O and Q are zero for d > 0 sufficiently small. We can then state simpler stability 

criteria in a Corollary 2.14.

C o ro lla ry  2 .0 .1  I f  x(r]) is an equilibrium solution of (1.1) and (1.2) and the follow­

ing inequality is satisfied when \x(rj)\ >  1 :

/?„+ Y .  K 'l  <  » (2.14)
(Ar+P)(r,)

or if  the equilibrium satisfies the following inequality when x(rf) = 0 :

fir) +  +  ^2( \Pv f\ +  7lAtr7/ l) ^  0 (2.15)

then the equilibrium solution is stable.

This will ensure tha t we have the stability conditions met when \xv>\ > 1 , since 

we can take 6 sufficiently small for (2.14) and ô sufficiently small for (2.15) to meet

(2.2), (2.3, (2.4) and (2.5).

r o t ï r o K S m ®  
6M.0EN.CO 80401
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C hapter 3 

Spatia l E ntropy

Spatial entropy is a measure of the spatial disorder of a set. We describe the spatial 

ordering as the ability to exhibit pattern  formation as opposed to a spatially disor­

dered structure. The spatial entropy, h(U) > 0, measures the number of different 

patterns discernible among the elements of U in finite subsets of the lattice on which 

the set is defined. Larger values of h(JJ) imply greater spatial complexity in U. In 

[3], the spatial entropy is calculated by a technique based on a Markov shift, using a 

transfer m atrix method to compute the entropy of the Markov shift.

In general, the spatial entropy of h(U) can be derived from a construction of 

successive stages of a partition [3, 17]. Let A  be a set of d elements and D > I 

be an integer representing the lattice dimension. Consider any nonempty subset 

U Ç . Here, will represent the mosaic solutions. The set U is said to be

tran sla tion  invariant if Sk(U) = U for each 1 < k < D, where Sk : A ^ 0 —> A zD

is the shift operator. Assume U is translation invariant. Given any D-tuple N  =

{iVi, N d } of positive integers, let

E n — {(A A2As? • • • Ad) G Z D\0 < TV* — 1 for 1 < k < D}.
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T h en  th ere  is  a n a tu ra l p ro jec tio n

TTyv : A ^ D - ,

w h ich  restr ic ts  any  u  €  to  a  fin ite  su b se t o f  th e  la tt ic e . T h en  le t

F n ( U )  =  c a r d ( i tN {U ))

So, Y N {U)  co u n ts  th e  n um ber o f  d is tin c t  p a ttern s  am o n g  th e  e lem en ts  o f  U.

T h e sp a tia l en trop y  h ( U )  o f  th e  se t U  is  defined  as th e  lim it

To c a lc u la te  th e  entropy, w e con sid er  th e  transfer o f on e s ta b le  m osa ic  equ ilibriu m  

to  an o th er  w h ile  g o in g  from  one la tt ic e  p o in t to  its  ad jacen t la tt ic e  p o in ts. If th is  

tra n sfo rm a tio n  aga in  resu lts  in  a  s ta b le  m osa ic  eq u ilib r iu m , th e  en trop y  o f  th e  region  

is h igh er  th a n  if  th ere  w ere n o t an o th er  s ta b le  p o in t. W e use a m eth o d  o f M arkov 

Shifts, w h ich  d ep en d s on  b u ild in g  b o o lea n  m atr ices, th a t  is m a tr ices  w h ose  e lem en ts  

are 0 or 1 . T h ese  transfer m atrices in d ica te  th e  p o ss ib ility  o f  a tran sfer from  one  

eq u ilib r iu m  m o sa ic  so lu tio n  to  an oth er. For e lig ib le  p o in ts  a seq u en ce o f  overlap  va lues  

is o b ta in ed  an d  serves as th e  row and co lu m n  d efin ition s. T h e  e lem en t va lu e  1 m arks  

a va lid  tran sfer from  on e eq u ilib riu m  con figu ration  to  an oth er . T h e  zero in d ica tes  no  

su ch  p oss ib ility . In th e  o n e-d im en sio n a l case  th e  p rocess is very w e ll-s tu d ied  and  an  

e x p lic it  c a lc u la tio n  o f th e  en trop y  is w ell defined . U sin g  th e  tran sfer m a tr ix  M 1;

h ( U ( M i ) )  =  th e  lo g a r ith m  o f  th e  largest e igen valu e A >  0 o f th e  m a tr ix  M i.

g ives th e  en trop y  o f  th e  region  under con sid era tion . A n  u nd efined  en trop y value  

in d ica te s  th a t  no p a ttern  fo rm ation  occurs. A n  en trop y  va lu e  o f  0 d en o tes  p a ttern  

form ation  w h ile  an en trop y  va lu e  greater th a n  0 in d ica te s  sp a tia l chaos.
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C hapter 4 

S p atia l E ntropy in O ne Space d im en sion

In on e sp ace  d im en sio n , for C  =  Z ,  th e  general m o d e l (1 .1 ) b eco m es th e  d ifferen tia l 

eq u a tio n

— OL<q +  +  /^r?/(^77) "h t^Tj+lf (Z'-q+l') "h "h Arf+l^rj+l (^-l)

W e d efine U  =  5 r7(y5^, to  b e  th e  se t o f  sta b le  m o sa ic  so lu tio n s  o f  (4 .1 ) and (1 .2 )  

for th e  o n e -d im en sio n a l case. W e are in terested  in  how  th e  p aram eters  (ft ,, n ^ )  affect 

th e  sp a tia l entropy. W e are lo o k in g  for d ep en d en ces th a t  g ive  en trop y  va lu es o f  zero  

as o p p o sed  to  th o se  w here th e  en trop y  value is p o s itiv e . A s d efined  by [3], our sy stem  

ex h ib its  spatia l chaos w h en  h ( 5 r?(/377, >  0 ) and  e x h ib its  pattern  form ation  

w h en  h ( 5 77(/?77, Mr?) =  0 .

T h e  fo llo w in g  ta b le s  re la te  th e  ex is te n c e  co n d itio n s  and  th e  s ta b ility  cr iter ia  to  th e  

sp ec ific  tr ip les. T h ey  are sep ara ted  in to  th ree  ca tegor ies by th e  s im ila r ity  o f  th e  values  

co n ta in ed  w ith in  each  trip le . T ab le 4.1 con ta in s th e  tr ip les w h ere th e  m a g n itu d e  o f  

all th ree  va lu es is one. T ab le  4 .2  co n ta in s  trip les w here th e  zeros are first or la st. 

T ab le 4 .3  co n ta in s  tr ip les w ith  zeros o n ly  in th e  m id d le  p o s itio n .
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For th e  first ta b le  w e take

TTLtj fi-q—iX-q—i 4" /3-qX^ 4~ Ptj+1 ̂ 77+1

for each  in sta n c e  o f  th e  ex is te n c e  co n d itio n .

T rip le E x isten ce S ta b ility

( + 1 ,  -h i, 4-1) Q-T) T/A?—1 TMt? 7/^7?+! ^Tj /̂ T, <  — |A ,-1  | — |/?7,+ l |

( —f , —T  —l ) ~ a n +  +  TMr; +  7 /4 ,+1 =  rrij) 0V <  _  |/^7,-l| — |/ 7̂,+ l |

(4-1, 4-1, —1) ~ a r) ~  7 Mr,-! — 7 /^7, +  7Mt,+ 1 =  m v A, <  — |/^7,-il — I A+ i |

( - 1 , - 1 , + 1 ) ~ a T] +  7/^7,-1 +  Iflrj — 7AtT,+ l =  m T) Pv < — \ p T ] - l  \ — \Ptj+i \

(d - l , —1 , —1 ) ~ a v ~~ 7^77-1 +  7/^7, +  7Â 77+i — ^7, A , <  — l A - i l — l A + i l

( —1, 4-1, 4-1) — #7, 4- 7^ 7,-! — 7/^7, — 7Mt,+ 1 =  ^7, fir) < — |/3t?-i| — |^7,+ 1 I

(4-1, —1, 4-1) —^t, — 7 / 4 , - 1 4- 74t, — 7Mt,+i =  ^ t , A  <  — I A - i l — l A + i l

( — 1, 4-1, —1) —ûi7, 4- 7M t,-i — 7 Mt, 4- 7Mt,+i — ^r, Pv <  — I A - i l — IA,+il

T ab le  4.1: N o  Zeros

4.1 The General One-dimensional Case

B y  a n a ly z in g  th e  in fo rm a tio n  in T ab les 4 .1  - 4 .3 , we o b ta in  a  genera l p ic tu re  o f  th e  

s ta b il ity  reg ions in th e  general o n e-d im en sio n a l case. W e define tran sfer b etw een  

ava ilab le  tr ip les by ta k in g  tw o such  trip les. C all th ese  tr ip les, w here tran sfer e x ists , 

and T 2( x 2T1_ l , x ^ ,  x ^ +1). S u p p ose  b o th  sa tis fy  ex is te n c e  and s ta b il­

ity  criteria . F urtherm ore, =  x * _ l , p ^ +l =  ^ _ l5 and / i j +1 =  / i ^ .  W e th en
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T riple E x isten ce S ta b ility

(0 , + 1 , 0 ) &T) =  Pri^T) Ay <  0

J3 1 1—I &r) "b 'y ftr) ~ ^  < 0

( + 1 , + 1 , 0 ) Ot-r) TMt/ 4" Pv <  ~ \ P v - P

4" T /ijj-l 4" 7/ r̂z Prj—l^T}—! 4" PrjXrj > A 1

(o, —i ,  —i ) Q̂tj 4- 7/^77 4" 7/^77+I — Pr)%T) 4" /3t7+ 1X77-1-1 +o
f1V07

(0 , 4-1, 4-1) — arf — 7^77 — IPrj+l — Priori 4" Z^+lX^+i 7̂7 <  —1^77+11

( -h i, —1 , 0 ) — — 7^77-1 4- 7/^77 =  ^77-1^77-1 4- ^77X77 Pv <  ~ \ P v ~ P

(—1, 4-1, 0) — <̂77 4" 7 ^ 77-1 — 7/̂ 77 =  Pr)-lXr)-l  4* PrjXrj Pv <  ~  1̂ 77- 11

(0, 4-1, —1) ^77 7/̂ 77 4- 7/^77+! Prj '̂T) 4" /?T7+l2'77+l Pv <  ~ \ P v + P

(0 , —1 , + 1 ) 7̂7 4" 7/^77 y fJ'Tj+l =  Pq^rj 4~ /3t7-|-1X77-i-i Pv <  — 1077+11

T ab le 4.2: N o  M id d le Zeros
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T riple E x isten ce S ta b ility

( + 1 , 0 ,  T l ) Q-t] If fJ'Tj—l 'Y/A7+I +  Prj+l^ri+l 7̂7 <  7/^77

( ~ 1 , 0 , —1 ) — a v +  7^77-1 +  7/̂ 7? +  7/47+1 =  /?77-1^77-l +

/̂ T7+ 1 7̂7+1

7̂7 ^  7/^77

(H-l, 0 , —1) —a 7? — JfJ'Tj-i +  7 /47+1 =  /^rz-1^77-1 + ^ 77+ 1^ 77+1 fir] ^  7/̂ 7?

( - 1 , 0 , + 1 ) — <̂77 +  7 / /T7-l — 7 ^ 77+1 =  /^77-1^77-l +^77+l^77+l fir) ^  7/̂ 77

( + 1 , o, 0 ) 7̂7 7 / 7̂7—1 "  Pr)—l^r)—l fir) <  —7/^77 — IA7+ 1I — 

7 |/47+ l|

( - 1 , 0 , 0 ) 7̂7 +  7 Mtj—1 =  Ptj—I ^ tj—1 fir) <  —7/^77 — |^77+11 — 

7|//77+l|

(0 , 0 , + 1 ) CTtj 7/̂ 77+1 /̂ 77+1 7̂7+1 fir) <  —7/47 — l ^ - l  | —

7|M r,-l|

(0 , 0 , —1) — ̂ 77 +  7^77+1 =  7̂71 ̂ 77+1 fir) <  —7/^77 — IA7- 1I ~

71/377—11

(0 , 0 , 0 )

OII1 7̂7 <  —7/377 — 1^77-11 —

I&7+I | ~  71/337 -  1 | ™ 

71/377+ 1 |

T ab le  4.3: M id d le Zeros
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ch aracter ize  th e  c o n d itio n s  in  general th a t  a llow s a tran sfer  through:

~ a r) ±  7 ^ i - i  ±  7 / 4  -  0i}-i - 0 1  =  ~ a l  ±  7 ^  ±  7 ^ + 1  -  0 l -  0 l+ \  (4 .2)

For each p o ss ib le  tr ip le  in  each  s ta b ility  reg ion , th e  tran sfer c o n d itio n  4 .2  is specific  

to  a tr ip le  pair  th a t  is co m p a tib le  to  th e  transfer. T h ere  are e igh t reg ion s o f  s ta b ility  

defined  for sp ecific  groups o f  tr ip les. B y  co m p ilin g  th e  s ta b ility  cr iter ia  from  T ab les  

4 .1  - 4 .3 , w e id en tify  e igh t reg ion s in  th e  (/%,, A ,_ i ,  param eter

sp ace .

U l:  0ti < — |A?-il — IA?+il 

U 2: ^  <  0

U 3: (3̂  <  — |/9t7-i I 

U 4: (3̂  < — |^ + i  |

U 5. /3r? ^  7̂ 77

U 6 : Pv < —7 /ir, — |Pt]—1 1 — 7 1 ^ -1 1

U 7: Pn < —7 /̂ 7, — |A?+i| — 71^+11

U 8 : Pv < —7/̂ 77 — I0t}— 1 1 — 7|Mt7-iI — \0v+i \ ~  7l/iT7+i|

For tran sfer to  occur, th e  la st term  o f  th e  first tr ip le , X i, m u st be equal to  th e  first 

term  in th e  secon d  tr ip le , T2. T h ese  e igh t reg ions defined  in  T ab les 4 .1 , 4 .2 , and 4 .3 , 

co n ta in  sp ecific  se ts  o f  tr ip les. T h e  s ta b ility  reg ion s from  Ti and T2 com b in e to  g ive
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U l U 2 US U 4 U 5 U 6 U 7 U 8

U l • • • •

U 2 • • • •

U 3 • • • *

U 4 • • • •

U 5 • # • •

U 6 • # • •

U 7 # • • •

U 8 # • • •

T ab le  4.4: P o ssib le  T ransfers for T r ip le l to  T rip le2

tran sfer  co n d itio n s  w h en  tr ip les are co m p a tib le . T ab le  4 .4  sh ow s th e  c o m p a tib ility  

p o ss ib ilit ie s  b etw een  e lig ib le  tr ip les  in  th e ir  s ta b ility  reg ions.

W e d eterm in e  th e  c o m p o site  s ta b ility  reg ions by  corre la tin g  th e  region  from  th e  

le ft w ith  a co lu m n  d es ig n a ted  above. T h e  d o ts  represent th e  co m b a tib ility  o f th e

th ird  e lem en t o f  th e  tr ip le  T \  G U n 1 (a lon g  th e  left) and  th e  first e lem en t o f  th e

tr ip le  TV €  U m 2 (from  ab ove). If tran sfer is p o ss ib le  w e find th e  co m p o site  region  

f / n 1 —> U m 2 w h ich  w ill b e  ca lled  R p .

U ^ 1 U l 2 o r  RI-. (3  ̂ +  P 2 <  - | / ^ i |  -  l / ^ l  -  |/^ + i | — |/^ + i|

U l 1 ->  U 3 2 o r  R 2 :  (3  ̂ +  (32 <  — — l/^ + il

U l 1 —> U b 2 o r  R 3  : (3  ̂ +  (32 <  — — |/?^+il — \ P f h  I

U \ l ->  U l 2 o r  i?4: (3* +  f i 2 <  - | ^ |  -  +  | ^ + i l )



C/21 —> (722 or 725: /?‘ + $ < o

C/21 —»■(742 or 726: /% +  / % < - -1 /%  1

C/21 —ï [/62 or 727: /% +  / % < - - l /f - ’i l - - + 1̂ + 11)

C/21 —y (7g2 or 728: %  + % < - -  1/3% 1-  7(Ai$i2) +  l Æ l +  l Æ 1)

C/31 -> [/22 or 729: Pl + f i  < - -|/3% l

C/31 —̂ [742 or 7210: f i + ^  < -l/3 % | -  I^% 1

C/31 —̂ (762 or 7211: f i + f i < - |/3% l -  1/3% 1 -  7(/42) +  i/4 - i 1)

C/31 -> M 2 or 7212: f i + f i < -  l/3^i 1- |/3 % l ~  1/3% 1 --  7 ( 4 2) +  l ^ l l +  l

C/41 —> (712 or 7213: f i + f i  < - \ 0 {f i i  \ -  ia'+i 1 -  lAq+il

C/41 —> [732 or 7214: f i + f i  < -  /3r,+ l1

C/41 -> (752 or 7215: f i  +  f i  < - l/3^+il -  7 ^ 2)

C/41 —>■7772 or 7216: f i + f i  < - |/3% l -  iÆ \ 1 - + 1^+1 1)

C/51 U l 2 or 7217: f i  +  f i  < -  1/3% 1~  l/3^+i 1

C/51 -* (732 or 7218: f i  +  f i  < -7 % ) '-  1/3% 1

C/51 —̂ (752 or 7219: f i  +  01 < - 7 ( / 4 1) +  /4 2))

C/51 —> (772 or 7220: f i  +  f i  < +  l î f i  +  i /4 + i  i) - - 1/3% 1

C/61 —> U l 2 or 7221: f i  +  f i  < +  i 7 - i 1) -  1/3% 1 -  I/342il +  ~  1/3%



26

t/32 or R 22  : ^  +  /32 < - 7 ( ^ 1) +  “  l 4 - i l  “  l^ - i l

t/52 or i?23: (3̂  +  < —7 ( /i^  +  |/4 -il)  ~  l^ - i l  — 7 ^ ^

Pîi + Pn < ~7(mÎ/1) +  l ^ - i  I) -  l / ^ - i  I — 7 ( ^ 2) +  l / 4 + i I) ~  l ^ + i I

Pli + P l < ~ 7 ( ^ 1) +  l ^ + i  |) -  l/^+i I

^  ^  < ~ 7 ( ^ 1) +  l ^ + i  I) -  l ^ + i  I -  l ^ + i  I

P l+ P l  < ~ 7 ( ^ 1) +  iM^il) ~  \Pv+i I ~  l ^ - i I  _  7(/4?2) +  l ^ i l )  

P l + P l  <  — 7 ( /4 1) +  l ^ + i I )  — l^ + iI  — l ^ + i I  ”  l ^ ï i l  ~7(m Î/2) +

P l +  P l  <  “ 7 (^ 1) + l^+i I + l ^ - i ) -  l/^-i I -  l^+i |

Pl 3- Pl < ~ 7 (^ 1) + |^+ i| + l/i^ii) — |^_ i | ~ |^+i | — l/^+i I

P l +  P l <  ~ 7 (^ 1) + l^+i I + l^ - i  ) -  l/^-i I -  l^+i I -  \P l - i  I ~

t/81 —> t/82 or -R32: P l  +  P l  <  —7 ( /4 ^  +  l ^ + i  I +  l ^ - i )  — l ^ - i  I — l ^ + i  I — l ^ - i  I ~

l ^ + i  I -  l i f f l  +  | ^ - i |  +  l ^ + i  I)

T h e  32 reg ion s d escrib ed  ab ove, th en , have sp ec ific  tr ip les  th a t  have e x isten ce  and  

s ta b ility  p rop erties . B y  ta k in g  th e  e lig ib le  tr ip les, we can ex tr a c t  th e  d ou b les th a t  

represent th e  overlap  b etw een  th o se  tr ip les  w here th e  transfer co n d itio n s  hold . T h ese  

d o u b les  can  be ordered  to  form  transfer m atrices. T h e  ordered  lis t  o f  d ou b les serves  

as th e  row n a m es and co lu m n  n am es to  co n stru ct th e  transfer m atr ix . A n  a sso c ia tio n

t/61 —> CJ CO to or i?22 :

t/61 -> t/52 or R23:

t/61 —> t/72 or R2A:

U 7X —> t/22 or R2b:

U 71 -> t/42 or R26:

U 71 —>t/62 or R27:

U 7 l --^t/82 or R28:

I/»!,-! 1+  i/4+i I)

f/81 -> t/22 or R29:

t/8 1 —> t/42 or R30:

t/81 —̂ t/62 or R31:

7 ( ^ 2) +  i/4 - i i)

t/81 t/82 or R32:
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o f  th e  row  d ou b le  and a c o m p a tib le  co lu m n  d ou b le  y ie ld s  a 1 in th e  a sso c ia ted  entry  

o f  th e  m a tr ix . T h a t  is, th e  p a tte r n  m u st be p o ssib le  and th e  resu lt o f  th e  ty p e  

rep resen ted  by  th e  s ta b ility  region  from  w h ich  th e  orig in a l tr ip les  w ere ex tra cted . If 

th e  row  d ou b le  is n o t c o m p a tib le  w ith  th e  co lu m n  d ou b le  or th e  resu ltin g  tr ip le  is n ot  

a d m issa b le  to  th e  reg ion , th e  a sso c ia ted  m a tr ix  en try  is 0. T h e  e igen va lu e o f  such  a 

m a tr ix  is th en  ca lcu la ted .

W e id en tify  th e  p o ss ib le  tr ip les  to  m ake a transfer p o ss ib le  in  R l .

g ives ( ± 1 , ± 1 , ± 1 ) ->  ( ± 1 , ± 1 , ± 1). 

T h is  pair  o f  p o ss ib le  tr ip les h as e lig ib le  d ou b les in  order to  serve as row s and  co lu m n s  

o f  a  m atrix:

(1 , 1 ), ( —1 , 1 ), ( —1 , —1), ( 1 , —1). T h e  transfer m a tr ix  is th en

^ 1 0  0 1 ^

1 0  0 1 

0 1 1 0  

v 0 1 1 0 y

T h e  largest e igen va lu e  o f  th is  m a tr ix  is 2 . T h u s th e  en trop y  for th is  region  is ln (2 ) .

A p p e n d ix  A  co n ta in s th e  lis t  o f  d ou b les and tran sfer m a tr ices  for th e  o th er  31 

reg ions. T h e  en trop ies for th e  reg ions are su m m arized  in  th e  T ab le  4 .5 . W h en  the  

e igen va lu e  o f  th e  m a tr ix  is 0 we c a n n o t ca lu la te  Zn(0 ), h en ce  w e say  th e  en trop y is 

u n d efin ed . F req u en tly  in  th is  case  th e  transfer m a tr ix  m ig h t co n ta in  all zeros, sin ce  

th e  p a ttern  form ed by th e  overlap  d oes n o t ex ist  in th e  region  under con sid era tion .

T h ere  are th ree  reg ions in  th is  general case w here th e  en trop y  in d ica te s  th e  ex is­

ten ce  o f sp a tia l chaos. T h ere are a lso  th ree  regions o f p a ttern  form ation .
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E n trop y  value R eg ion s

0 R 28, R 31 , R 32

ln (2 ) R l ,  R 2, R 13

und efined all o th ers

T ab le  4.5: E n trop y  and R eg io n s  

4.2 The Sym m etric One-dimensional Case

In th e  sy m m etr ic  case, we tak e and =  Vri+i- W e w ill use th e  basic

reg ion s defined  by T ab les 4.1 - 4 .3 . T h e s ta b ility  reg ion s defined  by th ese  in eq u a litie s  

are g iven  in F igu re 4 .1 . W e represent th ese  in eq u a lit ie s  in  th e  x  j3n- i  p lan e. T h e  

th ree  d ifferen t v iew s are th e  resu lt o f  th e  in fluence o f  th e  term  —7 /^ .  In F igu re 4.1

(a) —7 /4 , >  0, in  F igu re  4 .1  (b) —7 /^  =  0, and in  F igu re  4.1 (c) —7 /7 , <  0. Seven teen  

reg ion s are defined  in  th e  sy m m etr ic  case w h en  |7 /x^| >  0. W h en  7 /^  =  0 th ere  are 

e ig h t regions.

W ith  our restr ic tio n s for th e  sy m m etr ic  o n e-d im en sio n a l case th e  e x isten ce  criteria  

can  b e  rep resented  as lin es in  th e  (3  ̂ x  (3^-1 p lan e. T h e  ex is te n c e  lin es can  th en  

b e ex a m in ed  as th e y  cross th e  s ta b ility  regions. It is clear th a t  for e x isten ce  and  

s ta b ility  to  c o e x is t , th e  in tercep ts  o f  th e  ex isten ce  lin es m u st be less th a n  zero. T h a t  

is, l / x ^  <  0. W e’ll ca lcu la te  th e  en trop y for th e  s ta b ility  reg ions form ed w hen  

—7 /4 , <  0. F u rtherm ore, w e ’ll consid er th e  case w h ere 1 / x ^  <  —7 /4 ,. G iven  th ese  

further co n stra in ts , th e  a d m issib le  tr ip les  for each region  S n  can  b e  d eterm in ed . E ach
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S ta b i l i t y  R e g io n s
2 '

2 - 2

- 3 - 2 320 - 2 0 2

S ta b i l i t y  R e g io n s

0

2

2 33 0

fay fay fay)

F igu re 4.1: S y m m etr ic  C ase S ta b ility  R eg ion s

e x is te n c e  lin e  rep resen ts several tr ip les in  term s o f  £v .

It is to  be n o ted  th a t  w h en  —7 /^  >  0, th e  con figu ra tion  o f  reg ion s rem ains th e  

sam e, b u t R eg io n s  S7, S 8 , S9, S U ,  S 12 are n o t reg ion s o f  s ta b ility .

T h e  sev en teen  reg ions form ed by  th e  sy m m etr ic  case are as fo llow s

1 . R e g i o n  S i  is defined  by (3^ <  —7 ^  — 2|/37?_ 1|. E x is te n c e  lin es crossin g  th e  

reg ion  in c lu d e

line 11 (3-qXfi £77 fir)— 1 ("£77—1 T *̂77+1 ) 

line2. ^  T Pri—i (^77—1 T \ )

line3: 0 ^  =  ^  

line4: P^x-q — ^  Pq—iXq—i
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l in e 5 .  ^  -j-

l i n e 6 : ftrj—i ( x ^ —i +  x ^^ - i) == ^  

l in e ? :  Pn- i x v- i  =  ^

T h is  a llow s th e  tr ip les

( 1 , 1 , 1 ), ( - 1 , 1 , 1), ( 1 , 1 , - 1 ), ( - 1 , 1 , - 1) from  l in e l

( 1 , —1 , 1 ), ( —1 , —1 , 1), ( 1 , —1 , —1 ), ( —1 , —1 , —1 ) from  lin e 2

(0 , 1 , 0 ), (0 , —1 , 0 ) from  lineS

( 0 , 1 , 1 ) ,  ( 0 , 1 ,  - 1 ) ,  ( 1 , 1 ,  0),  ( - 1 , 1 , 0 )  from  lin e4

(0, —1 , 1 ) ,  (0, —1, —1),  (1, —1, 0) ,  ( —1, —1 , 0 )  from  line5

(1 , 0 , 1), (1 , 0 , —1 ), ( —1 , 0 , 1), ( —1 , 0 , —1 ) from  lin e 6

( 1 , 0 , 0 ), ( - 1 , 0 , 0 ), (0 , 0 , 1 ), (0 , 0 , - 1 ) from  lin e?

2 . R e g i o n  S 2  is defined  by >  - 7 ^  -  2 |/?7?_ i | ,  A , <  - 7 /4 , -  | /V - i | ,  A , <  

—2 |A ?_ 1|. T h e  p o ss ib le  e x isten ce  lin es in clu d e

l i n e l :  =  £77 A 7—1 (-£77—1 d- ^ 774-1 )

l in e 3 :  ^

l in e 4 :  P-qX^ =  ^  /̂ t?—1^77—1

l in e S .  PqXq — ^  -t- A?—iT ??—1

l i n e 6 : +  2:77+ 1) =  (77

l i n e ? : Z???—1^ 77—1 — £77

GOLDEN, GO 80401
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T h is  a llow s tr ip les

( 1 . 1 . 1 ) 5 ( —I? 1 , 1 ) ,  (1) 1) —1), ( —1, 1 ,  —1) from  l in e l  

(0 , 1, 0), (0 , —1, 0) from  lin e3

(0 , 1, 1), (0 ,1, - 1 ) ,  ( 1 ,1, 0), ( - 1 , 1, 0) from  lin e4  

(0, —1,1), (0, —1, —1), (1, —1, 0), ( — 1, —1, 0) from  line5  

(1 , 0 , 1), (1, 0 , - 1), ( - 1, 0 , 1), ( - 1, 0 , - 1) from  line6  

( 1, 0 , 0), ( - 1, 0 , 0), (0 , 0 , 1), (0 , 0 , - 1) from  lin e?

3. Region S 3  is defined  by A , <  -2 |A 7_i|, A, >  - 7 ^  -  IA7- 1I, ^  <  - 7 ^ -  T h e  

p o ss ib le  ex is te n c e  lines in c lu d e

linel: ^  { X q  — \  X q + \  )

lm e4 : p q X q  A? /̂ tj—1*̂77—1

T h is  a llow s tr ip les

( 1 . 1 . 1), ( —1 , 1 , 1 ), ( 1 , 1 , —I) ,  ( —1 , 1 , —1 ) from  l in e l  

(0 ,1, 1), (0,1, - 1), (1, 1, 0), ( - 1 , 1 ,  0) from  lin e4

4. Region S4 is defined  by {3V >  —2 |A ?_ 1|, /3V <  —7 ^  — T h e p ossib le  

e x is te n c e  lin es  in c lu d e

lm e 5 . (3qXq — A? T Pri — lXq 

line6: A - 1 (^ -1  + ^ + 1 )  =  C77

T h is  a llow s trip les
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(0 , —1 , 1) , (0 , —1 , —1), ( 1 , —1 , 0 ), ( —1 , —1 , 0 ) from  line5  

( 1 , 0 , 1), ( 1 , 0 , —1), ( —1 , 0 , 1 ), ( — 1 , 0 , —1 ) from  lin e6

5. R egion  S5 is  defined  by A, >  — ^  <  —7 ^ . T h e  p o ss ib le  ex isten ce  lines  

in c lu d e

line4 : f y x r ,  =  ^  -  A - 1^-1 

T h is  a llow s tr ip les  

( 0 , 1 , 1 ) ,  ( 0 , 1 ,  - 1 ) ,  ( 1 , 1 ,  0) ,  ( - 1 , 1 ,  0) from  lin e4

6 . Region S6 is defined  by (3^  >  - 2 | /3 7?_ i |  ^  > -7/4? -  |^ - i |  P r ,  <  T h e  

p o ss ib le  e x is te n c e  lin es in c lu d e

Imel: ^  P tj— i  (̂ 77—1 T ^ tj+ i  )

lineS: ^

line4 : P ^ x ^  — ^  7̂7— 1

line6: 1 (̂ r̂ —% ~h 2̂77+1 ) £77

lineT: p r^— \ X < q — \  — 7̂7

T h is  a llow s tr ip les

( 1 , 1 , 1 ), ( - 1 , 1 , 1), ( 1 , 1 , - 1 ), ( - 1 , 1 , - 1) from  l in e l  

( 0 , 1 ,  0),  (0, —1, 0) from  lineS  

( 0 ,1 , 1 ) ,  ( 0 ,1, - 1 ) ,  ( 1 , 1 ,  0) ,  ( - 1 , 1 ,  0) from  lin e4  

( 1 , 0 , 1 ), ( 1 , 0 , - 1 ), ( - 1 , 0 , 1 ), ( - 1 , 0 , - 1) from  lined
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(1, 0 , 0 ) ,  ( —1 , 0 , 0 ) ,  (0,  0 , 1 ) ,  (0, 0, - 1 )  from  lin e?

7. R eg ion  S 7  is defined  by >  — 2|/?r?_ i | ,  A , <  — |A ,_ i |.  T h e  p o ss ib le  ex isten ce  

lin es in c lu d e

Im el ï ^  P t) — i  (̂ 77—1 “h -̂ 77+1 )

T h is  a llow s tr ip les

(1) 1 , 1 ) ,  (—1 , 1> l ) j  ( T  1 5 —1)5 ( —1, 1 ,  —1) from  l in e l

8. Region S 8  is defined  by Pv <  0, /3  ̂ >  —7 ^ ,  ^  T h e  p ossib le

e x is te n c e  lin es  in clu d e

linel: — £77 A?—1 (̂ 77—1

line4 : P ^ x ^  ^  /̂ t;—1̂ 77—1 

line6: -f ^ + i) = ^

line?: ^

T h is  a llow s tr ip les

(T  I» 1)5 ( —1) 1» 1),  ( 1 , 1 ; ~ 1 ) 5 ( —I? 1, - I )  from  l in e l  

( 0 , 1 , 1 ) ,  ( 0 , 1 ,  - 1 ) ,  ( 1 , 1 , 0 ) ,  ( - 1 , 1 , 0 )  from  line4  

(1> 0 , 1 ) ,  (1, 0, —1), ( —1, 0 , 1 ) ,  ( —1, 0, —1) from  linefi 

(1, 0, 0 ) , ( - 1 ,  0, 0) ,  (0, 0 , 1 ) ,  (0, 0, - 1 )  from  lin e?

9. Region S 9  is defined  by fir, >  —7 ^ 77, A, <  —2 | A 7_ 1|. E x is te n c e  lin es crossing  

th e  reg ion  in c lu d e
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lin el. P - q X j j  — P r j — l  (̂ t?—1 ^ r j + l  )

lme2. ( ÿ j r j Xr j ^  + P tj— i  (̂ 77—1 4~ 7̂7+1 ) 

lme3 : P ^ x ^  — ^  

line4 : P ^ x - q  ^  P q — i x ^ — i

llIlSSl P q X q  — 7̂7 4~ P q — \ X q — \

T h is  a llow s th e  tr ip les

( 1 ? 1 ? 1)? ( —1 , 1 , 1), ( 151 ; —1), ( —1 , 1 , — 1) from  l in e l

( 1 , —1 , 1 ), ( —1 , —1 , 1 ), ( 1 , —1 , —1), ( —1 , —1 , —1 ) from  lin e 2

( 0 , 1 ,  0) ,  (0, —1, 0) from  lineS

( 0 , 1 , 1 ) ,  ( 0 , 1 ,  - 1 ) ,  ( 1 , 1 , 0 ) ,  ( - 1 , 1 ,  0) from  lin e4

(0 , —1 , 1), (0 , —1 , —1 ), ( 1 , —1 , 0 ), ( —1 , —1 , 0 ) from  lineh

10. Region S lO  is defined  by P v  >  0. T h ere  are no  reg ion s o f s ta b ility  here.

1 1 . Region S l l  is defined  by ft, <  0, A , > P v  < — \ P v - i \ .  E x isten ce  lines  

crossin g  th e  region  in c lu d e

line2. P ^ X q  £77 ~f~ P q — i  (̂ 77—1 7̂7+1 )

lm e5 . P q X q  — £77 "4~ P r j  — l ' E r )

T h is  a llow s tr ip les

( 1 , —1 , 1) , ( — 1 , —1 , 1 ), ( 1 , —1 , —1), ( —1 , —1 , —1 ) from  lin e 2 

(0 , - 1 , 1), (0 , - 1 , - 1 ), ( 1 , - 1 , 0 ), ( - 1 , - 1 , 0 ) from  lin eo
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1 2 . Region S12 is d escrib ed  by (3^ >  —2|/?l?_ i | ,  p n <  — T h e  p o ss ib le  ex is­

ten ce  lin es  in clu d e

line2 . [3qXq 7̂7 -f- Pq—I (Xq—I -f- Xq+i )

T h is  a llow s tr ip les  

(1 , —1 , 1 ), ( —1 , —1 , 1 ), ( 1 , —1 , —1 ), ( —1 , —1 , —1 ) from  lin e 2

13. Region S13 is d escrib ed  by fiq >  — (3q =  —j/iq.  T h e  p o ss ib le  ex isten ce

lin es  in c lu d e

lm e5 : PqXq 7̂7 (3q—\Xq—\

T h is  a llow s tr ip les  

(0 , —1 , 1), (0 , —1 , —1), ( 1 , —1 , 0 ), ( —1 , —1 , 0 ) from  line5

14. Region S14 is d escrib ed  by Pv >  - 2 | /1 7?_ i | ,  Pv >  —7 / i ,  -  \Pv- i \ ,  Prj <  ~ \ P q - i \ .

E x iste n c e  lin es crossin g  th e  region  in clu d e

line2 : P q X q  T P q — i  ( X q — i  7̂7+1 )

line3: /3q X q  =

line5 : /3v X q  =  £ q  +  P q - i X q

T h is  a llow s tr ip les

( 1 , —1 , 1 ), ( —1 , —1 , 1 ), ( 1 , —1 , —1), ( —1 , —1 , —1) from  lin e 2 

( 0 , 1 ,  0),  (0,  —1 , 0) from  lin e3
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(0 , - 1 , 1 ), (0 , —1 , - 1 ), ( 1 , - 1 , 0 ), ( - 1 , - 1 , 0 ) from  lineS

15. R egion  S15 is defined  by A, <  ^  T h e

p o ss ib le  e x is te n c e  lin es in c lu d e

lme2 : ^  -h )

line5 : 0 ^  =  ^  +

T h is  a llow s tr ip les

( 1 , —1 , 1 ), ( —1 , —1 , 1 ), ( 1 , —1 , —1), (—1 , —1 , —1) from  lin e 2 

(0 , —1 , 1 ) ,  (0, —1, —1), (1, —1 , 0 ) ,  ( —1, —1 , 0 )  from  lineS

16. Region S16 is d efined  by 0 ri >  - 7 /^  -  2|/?r?_ i | ,  0 V <  - 7 ^  -  \j3v- i \ ,  0r, <  

—2\pr}- i \ .  T h e  p o ss ib le  e x isten ce  lin es includ e

line2: 0 r )%r) — ^  T 0 r i— i  (̂ t/—1 T 7̂7+1 )

lineS: ^

line4 . P q X f j  — P f j — i X - q — i  

lineS. P ^ X f j  ^  -j- P jj— i X jj— i

T h is  a llow s tr ip les

( 1 , —1 , 1 ), ( —1 , —1 , 1 ), ( 1 , —1 , —1 ), ( —1 , —1 , —1 ) from  lin e 2

( 0 , 1 ,  0),  (0, —1, 0) from  lineS

( 0 , 1 , 1 ) ,  ( 0 , 1 ,  - 1 ) ,  ( 1 , 1 ,  0),  ( - 1 , 1 ,  0) from  line4

(0 , —1 , 1), (0 , —1 , —1), ( 1 , —1 , 0 ), ( — 1 , —1 , 0 ) from  lin eo
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17. Region S17 is defined  by A, >  —2|/?7?_1|, (3  ̂ <  —7 //^ — \0-q-i\- T h e  p ossib le  

e x is te n c e  lin es in clu d e

lme4 : — 7̂7 /̂ rj—1̂ 77—1

T h is  a llow s tr ip les

( 0 , 1 , 1 ) ,  ( 0 , 1 ,  - 1 ) ,  ( 1 , 1 ,  0) ,  ( - 1 , 1 ,  0) from  line4

To c a lcu la te  th e  en trop y  we con sid er  th e  tran sfer o f  on e s ta b le  eq u ilib riu m  to  

a n o th er  w h ile  go in g  from  on e la tt ic e  p o in t to  its  ad jacen t la tt ic e  p o in ts . If th e  tran s­

fo rm a tio n  aga in  y ie ld s  an e x isten ce  p o in t ( a p o ssib le  tr ip le  in  th e  reg ion  under con­

s id er a tio n ), th en  th ere  is  an o th er  p o in t o f  s ta b ility  and th e  en trop y  o f  th e  region  is 

h igh er th a n  if  th ere  w ere n o t an oth er  p o ss ib le  s ta b le  p o in t. U s in g  a  M arkov Sh ift we 

m u st first co n stru c t a tran sfer m a tr ix . T h is  is a m a tr ix  o f  b o o lea n  va lu es representin g  

th e  p o ss ib ility  o f  a tran sfer o f s ta b le  p o in ts. T h e  log  o f  th e  largest e igen va lu e  o f  th e  

tran sfer m a tr ix  is th e  en trop y  o f th e  region .

C o m p le te  ca lc u la tio n s  are in  A p p e n d ix  B . W e su m m arize  th e  resu lts  in T ab le 4.6 . 

If th e  e igen va lu e  o f  th e  tran sfer m a tr ix  is 0, th e  resu ltin g  en trop y  va lu e  is undefined .

F iv e  reg ion s sh ow  a h igh  en trop y  va lu e  in d ica tin g  th e  presen ce  o f  sp a tia l chaos. 

S even  sh ow  reg ion s o f  p a ttern  form ation .
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E n trop y  value R eg ion s

0 S3, S7, SB, S l l ,  S12, S15, S16

/n(1.32) S4

Zn(1.618) S 6

ln (2 ) S 2 , S9

Zn(2.89) SI

u nd efined all o thers

T ab le  4.6: E n trop y  and S y m m etr ic  R eg io n s

4.3 Comparison of the General and Sym m etric One-dimensional 

Cases

W h en  w e com p are th e  en trop ies o f th e  regions in  th e  sy m m etr ic  case  w ith  th o se  o f  

th e  genera l case  som e sign ifican t corre la tion s appear. T h e  reg ion s S2 and S9 in  th e  

sy m m e tr ic  case  have th e  sa m e en trop y  level as R l ,  R 2, an d  R 13  in  th e  general case.

T h e  form  o f  th e  s ta b ility  cr iter ia  is very  sim ilar.

R l % + < 7
o

fl

“  1 ^ + 1  1 ~  l A j - i l  --  1 ^ + 1

# 2 p i + < ~  1^+11

m s p i + a ; < - \ ( 3 l+ i \ ~  IA ^ -il ~  lA ^+il

6"2 A? < 1 to > 1 | a n d  A? -  IA ? -i

S 9 A , < 7CM1 | a n d  A?

(4 .3 )

(4.4)
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T h e  genera l form  o f  th e  b ou n d aries are very s im ilar . T h e  restr ic tio n s in th e  

sy m m e tr ic  case  reduce to  a  s in g le  region  by v irtu e  o f  very  s tr ic t  a ssu m p tio n s . For 

th is  in it ia l com p arison  w e have restr ic ted  th e  in tercep t o f  e x is te n c e  lin es, ^  <  — 7 / v  

In th e  sy m m etr ic  case  th e  in eq u a lity  m ay b e seen  as rep resen tin g  th e  overlap  o f  th e  

gen era l cases. S in ce in  th e  genera l case th e  sam e num b er o f  ad m issa b le  tr ip les is 

o r ig in a lly  p resen t, th e  en trop y  in th e  sy m m etr ic  case  is n o t any  h igher th a n  in  th e  

g en era l case.

T h e  sy m m etr ic  case reflects a d ep en d en ce  on th e  va lu e  o f  in  re la tion  to  the  

va lu e  o f  —7 AV R eg ion  S9 is a  region  on  th e  edge o f  chaos. D e p e n d in g  on th e  value  

o f  —j Ut) a lon e, it  has re la tiv e ly  h igh  en trop y  or is a reg ion  o f  no p a ttern  form ation .

H ow ever, if  w e lo o k  at th o se  reg ion s in th e  sy m m etr ic  case  o f  h igh  en trop y  w h ich  

w ere n o t ev id en t in th e  gen era l case, it  is p o ss ib le  to  form  a  reason ab le  co m p o site  

region  th a t  cou ld  be p resen t in  a sy m m etr ic  or o th erw ise  restr ic ted  case. C onsider  

S I in th e  sy m m etr ic  case. T h e  s ta b ility  region  is g iven  by (3^ <  —7 /^  — 2 |/?77_i | .  

W e find  th e  resu ltin g  en trop y  to  b e  Zn(2.89),  very c lo se  to  th e  m a x im u m  e x p ec ted  

for a  so lu tio n  se t  o f  th ree  e lem en ts . In b u ild in g  a c o m p o site  region  from  th e  general 

reg ion s, we lo o k  for th o se  e lem en ts  th a t  w ou ld  n a tu ra lly  lead  to  a s im ila r  s ta b ility  

form . R l ,  RIO, R l l ,  R 12  a ll have references to  th e  |/?^ _ i|-typ e term s. R 19 , R 20 , R 23 , 

R 24, R 27 , R 28 , R 29 , R 31 , and R 32  a ll have th e  su m  o f  th e  tw o  —7 ^ - t y p e  term s. 

T h e  resu ltin g  tran sfer m a tr ix  has en trop y ln (3 ) .  T h e  in d ica te s  th a t  it  is p o ssib le  for 

th e  sy m m e tr ic  case to  e ffec tiv e ly  m erge general reg ion s in to  c o m p o site  reg ion s w ith  

h igh er entropy.



40

C hapter 5 

C onclusion

W e can  co n clu d e  from  th e  p rev iou s an a ly sis , th a t  th ere  is a b asis for d escrib in g  ch aotic  

b eh av ior . R eg ion s in  a general o n e-d im en sio n a l p aram eter  sp ace  have b een  id en tified  

th a t  h ave a  sp a tia l en trop y  value in excess o f  zero. T h ese  reg ion s o f  sp a tia l chaos ten d  

to  leave  th e  neural netw ork  m od el sen sitiv e  to  in it ia l co n d itio n s . C ou p lin g  coeffic ien ts  

an d  c o n n e c tiv ity  do  p lay  a part in  th e  b eh avior  o f  th e  t im e -e v o lu tio n a r y  sy stem . In 

th e  gen era l o n e-d im en sio n a l case w e find 32 reg ion s defined , 3 reg ion s have entrop y  

greater  th a n  zero, th e  va lu e  ca lcu la ted  as l n (2 ) .  For m o sa ic  so lu tio n  se ts  o f  3 values  

th e  largest en trop y  is l n (3 )  m ak in g  th o se  va lu es o f  ln (2 )  an  in d ica to r  o f  sp a tia l chaos. 

S in ce  i t ’s p o ss ib le  for th ese  reg ions to  overlap , th e  p o ss ib ility  for even  larger entrop y  

va lu es e x is ts .

S y m m etr ic  coeffic ien ts increase th e  chan ces o f  ch a o tic  b eh av ior  by ra isin g  th e  

en trop y  c a lu la tio n  in  p red ictab le  regions. W e found  17 d is tin c t  reg ion s w here th e  

la rg est en trop y  va lu e  is £n(2 .89) in one region . Four o th er  reg ion s have entrop y  

greater  th a n  0 . A  com p arison  o f th e  general an d  sy m m etr ic  reg ions lead s us to  

su sp e c t  an over lap p in g  co n d itio n  in  th e  sy m m etr ic  case  sin ce  th e  reg ions are defined  by  

in e q u a lit ie s  o f s im ila r  stru ctu re . F urther in v e stig a tio n  in to  th is  p o ss ib ility  is necessary.
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H ow ever, th is  resu lt d o es  seem  to  in d ica te  an even  greater  p o ss ib ility  o f  sp a tia l chaos  

in  th e  sy m m etr ic  case  th a n  in  th e  general case.

T h is  a n a ly s is  p resen ts s ta b ility  co n d itio n s  and th e  reg ion s form ed by th ese  con ­

d itio n s . T h e  sp a tia l en trop y  a n a ly s is  in d ica tes  th e  sig n ifica n t p o ss ib ility  o f  ch aotic  

b eh av ior . M ore rem ain s to  b e  d on e to  m ake th is  a n a ly sis  a p p lica b le  to  crea tin g  neural 

n etw orks and u sin g  th is  in form ation  to  s tream lin e  e x is t in g  m o d els . C urrently, it is un­

d e r sto o d  th a t  ran d om  in it ia l w eigh ts  avoid  p rob lem s o f  con vergen ce to  lo ca l m in im a  

as o p p o sed  to  g lob a l m in im a . B u t m ore research in to  th e  effects o f  th e  w eigh t-re la ted  

coeffic ien t n eed s to  b e  done. T h e  role o f  th e  b ias term  h as n o t b een  exp lored , as 

it  cou ld  m an age  th e  ^  term  and h ence th e  n eta term . W e see a  further d ep en d en ce  

in  th e  sy m m e tr ic  case  w h ere region  S9 is a region  o f  h igh  en trop y  or a region  o f  n on ­

s ta b il ity  d ep e n d in g  on th e  va lu e o f  ^  and th e  va lu e  o f  A  s im ila r  a n a ly sis  cou ld  be  

d on e in  term s o f  ^  an d  as w ell. M ore ex p er im en ta l research  in to  th is  d ep en d en ce  

is ce r ta in ly  in d ica te d  to  en h an ce  th e  in tu it io n  regard ing  th e se  resu lts .

W e a lso  leave for fu tu re  research th e  ex p lic it  a n a ly sis  o f  th o se  sy ste m s o f  h igher d i­

m en sio n . M ost neural netw orks are o f  m uch h igher d im en sio n  th a n  th e  o n e-d im en sion a l 

case. In gen era l, th o se  m eth o d s  are in  d eve lop m en t. E x p lic it  reg ion  d efin ition  and  

en trop y  ca lc u la tio n  for th o se  m o d e ls  o f h igher d im en sio n  w ou ld  g ive b e tte r  under­

s ta n d in g  o f  th e  roles o f  th e  co u p lin g  coeffic ien ts and th e  b ias term s. T h e  tech n iq u e  

w ill b e  b est te s te d  w h en  ap p lied  d irec tly  to  a H opfield  n et, a C N N ,  or a  B ackpropa- 

g a tio n  form ula.
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A P P E N D I X  A

In th is  a p p en d ix , w e presen t th e  fu ll c a lcu la tio n s  for th e  e igen va lu es o f  th e  32 regions  

defined  in  th e  general o n e-d im en sio n a l case. W e lis t  each  p o ss ib le  tr ip le  transfer pair  

and  th e  resu ltin g  d o u b les  n eed ed  to  co n stru ct th e  transfer m atrix  to  be used  in  

c a lc u la t in g  th e  en trop y  o f  th e  region . T h e  reg ions are defined  in  C h ap ter  4.

R I  T2 ( 4 - v 4 2)> 4 + i ) &ives ( ± 1 , ± 1 , ± 1 )  - >  ( ± 1 , ± 1 5± 1 )

h as e lig ib le  d ou b les  in order o f  row s and co lu m n s o f  m a tr ix  :

(1> (““1> 1)j (—1> —I), (I, —1)

^ 1 0  0 1 ^

1 0  0 1 

0 1 1 0  

L 0 1 1 0  y

T h e  largest e igenvalue: 2

R 2  ->  T 2 { x (f l l J x (? \ x i*l1) g ives ( ± 1 , ± 1 , ± 1 )  ( ± 1 , ± 1 , 0 )  has

e lig ib le  d ou b les  in  order o f  rows and co lu m n s o f  m a tr ix  :
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( 1 j I)» ( —1 , 1) 5 ( —1 , ~ 1)î ( 1 , —1 )

^ 1 0  0 1 ^

1 0  0 1 

0 1 1 0  

 ̂ 0 1 1 0 y

T h e  largest eigenvalue: 2

R 3  T i i x ^ l ^ x ^ ^ x ^ )  T 2( x ^ l l , x ^ \ x ^ l 1) g ives ( ± 1 , ± 1 , ± 1 )  - >  ( ± 1 , 0 , ± 1 )  has 

e lig ib le  d ou b les  in  order o f  row s and co lu m n s o f  m a tr ix  :

U> ( —1 ) 1 )) ( 1 ; 0 )(  —1 , — 1 ), ( 1 , —1) (  —1 , 0 )

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

T h e  largest eigenvalue: 0

R 4  T1(4 121, 4 1),41’1) - 4  7 2 ( 4 4 ,4 4 4 4 )  g ives  ( ± 1 , ± 1 , ± 1 )  - 4  ( ± 1 , 0 , 0 ) .  has 

e lig ib le  d ou b les  in  order o f  row s and co lu m n s o f  m a tr ix  :
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( 1> 1) :  ( — 1 , 0) ,  ( — 1, —  1) ,  ( 1, — 1) (  — 1, 0 )

0 0 1 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 1

0 0 0 0 0 0

The largest eigenvalue: 0 

R 5  T1(x<12 1, 4 1,, 4 1̂ 1) 3 1 ( 4 - 1 '^ ,  4 + i ) Sives (0, ± 1 ,0 ) -> (0, ± 1 ,0 ) has eligi-

ble doubles in order of rows and columns of m atrix :

(1, 0), (0, 1), ( - 1, 0), (0 , - 1)

 ̂ 0 0 0 0 ^

0 0 0 0

0 0 0 0

1 0 0 0 0 y

The largest eigenvalue: 0

R 6  -> T2(x% , x% \ x% )  gives (0 ,± 1 ,0 ) -> (0 ,± 1 ,± 1 ) has

eligible doubles in order of rows and columns of m atrix :
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( 1 , 0 ) , ( 0 , 1 ) , ( - 1 , 0 ) , ( 0 , - 1 )

\  0 0 0 ^

0 0 0 0

0 0 0 0

^  0 0 0 0 ,

T h e largest e igenvalue: 0

R 7  T 2 { x ^ l l J x ^ \ x ^ l 1) g ives  ( 0 , ± 1 , 0 )  - >  ( 0 , 0 , ± 1 )  has e lig i­

b le  d ou b les  in  order o f  rows and co lu m n s o f m a tr ix  :

(1, 0), (0, 0), ( - 1, 0)

 ̂ 0  0  0  ^

0 0 0 

 ̂ 0 0 0 y

T h e  largest e igenvalue: 0

R 8  § ives ( 0 , ± 1 , 0 )  - >  ( 0 , 0 , 0 )  has e lig ib le

d o u b les  in  order o f row s and co lu m n s o f  m a tr ix  :

( 1, 0) , ( 0 , 1) , ( - 1, 0 )

 ̂ 0  0 0  ^

0 0 0 

 ̂ 0 0 0 y

T h e largest e igenvalue: 0

R 9  ->  7 2 ( 4 - v 4 2\ 4 + i ) Sives ( ± T ± 1 , 0 )  ->  (0, ± 1 ,  0) has

e lig ib le  d ou b les in order o f rows and co lu m n s o f m a tr ix  :
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RIO

R l l

(1, 0 ), (0 , 1), ( - 1, 0), (0 , - 1)

0 0 0 0 

0 0 0 0 

0 0 0 0

T h e largest eigenvalue: 0

T i i x ^ ,  x % \  x ^ )  T 2{ x ^ l 1, x ^ \ x ^ l 1) g ives ( ± 1 , ± 1 , 0 ) ->  (0 , ± 1 , ± 1) has

e lig ib le  d o u b les  in  order o f  row s and co lu m n s o f  m a tr ix  :

(1, 0), (0 , 1), ( - 1, 0), (0 , - 1)

0 0 0 0 

0 0 0 0 

0 0 0 0

T h e  largest eigenvalue: 0

4 + i ) T2 ( 4 24 , 4 2) , 4 + i )  Sives ( ± 1 , ± 1 , 0 > ->  (0 , 0 , ± 1 ) has

e lig ib le  d ou b les  in  order o f  row s and co lu m n s o f  m a tr ix  :

(1, 0), (0 , 1), ( - 1, 0)

1 0  0 0 

0 0 0 

^ 0 0 0

The largest eigenvalue: 0
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R 1 2  T t i x ^ x P . x V j  - ,  gives (± 1 ,± 1 ,0 )  - ,  (0,0,0) has

eligible doubles in order of rows and columns of matrix :

(1, 0 ) , ( 0 , 1) , ( - 1, 0)

 ̂ 0 0 0 ^

0 0 0 

 ̂ 0 0 0 y

The largest eigenvalue: 0

R 13  T i ( 4 - 1, \  4 + i ) T2( 4 24 , 4 2),4 + i )  Sives (0 ,± 1 ,± 1 )  -> (± 1 ,± 1 ,± 1 )

has eligible doubles in order of rows and columns of matrix :

( 1 , 1 ), ( “ 1 , 1), ( —1 , —1), (1 , —1)

^ 1 0  0 1 ^

1 0  0 1 

0 1 1 0  

 ̂ 0 1 1 0 y

The largest eigenvalue: 2

R 1 4  Ti ( 4 - i , 4 1), 4 + i ) T2( 4 - i , 4 2), 4 + i ) gives (0 ,± 1 ,± 1 )  -> (± 1 ,± 1 ,0 )  has

eligible doubles in order of rows and columns of matrix :

(1,1), (“ 1 ,1), (“ 1, —1), (1, —1)

% 0 0 0 ^
0 0 0 0 

0 0 0 0 

 ̂ 0 0 0 0 y
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T h e largest e igenvalue: 0

R 1 5  ^ 1( ^ - 1, ->  7 2 ( 4 - v 4 2) , 4 + i )  g ives ( 0 , ± 1 , ± 1 )  -)> ( ± 1 , 0 , ± 1) has

e lig ib le  d ou b les in  order o f  row s and co lu m n s o f m a tr ix  :

(T  1 ), ( 1 , —i ) ,  ( 1 , 0 ), (—1 , —1 ), (—1 , 1 ), ( —1 , 0 )

 ̂ 0 0 1 0 0 0 ^
0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 1

0 0 1 0 0 0

0  0 0 0 0 0

T h e  largest eigenvalue: 0

R 1 6  ->  T 2( x ^ l 1, x (1{ \ x ^ l 1) g ives (0 , ± 1 , ± 1 ) ->  ( ± 1 , 0 , 0 ) has

e lig ib le  d ou b les  in  order o f  row s and co lu m n s o f  m a tr ix  :

( 1 ; 1), ( — 1 , 1 ), (1 ; 0 ), ( — 1 , —1 ), ( 1 , —1 ), ( — 1 , 0 )

^ 0  0 0 0 0 0 ^

0  0  0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

\  0 0 0 0 0 0

The largest eigenvalue: 0
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R 1 7  T i i x ^ l i ^ x t f K x l f h )  ->  T2 ( x ^ 1, 4 2) ^ i + i )  g ives ( ± 1 , 0 ,  ± 1 )  - >  ( ± 1 , ± 1 , ± 1 )  

h as e lig ib le  d ou b les  in order o f  rows and co lu m n s o f  m a tr ix  :

(0 , 1 ), ( 1 , 1 ), ( —1 , 1), (0 , —1 ), ( —1 , —1), ( 1 , —1 )

^ 0 0 0 0 0 0 ^

0 0 0 0 0 0

0 0 0 0 0 0

0  0 0 0 0 0

0 0 0 0 0 0

l O O O O O O y

T h e  largest eigenvalue: 0

R 1 8  ->  T 2(x %11, x % \ x %11) g ives ( ± 1 , 0 ,  ± 1 )  - >  ( ± 1 , ± 1 , 0 )  has

e lig ib le  d o u b les  in  order o f  row s and co lu m n s o f  m a tr ix  :

(0 , 1), ( 1 , 1 ), ( — 1 , 1 ), (0 , —1 ), ( —1 , —1 ), ( 1 , —1 )

 ̂ 0 0 0 0 0 0

0  0 0  0  0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0  0  0 0

, 0 0 0 0 0 0 ^
T h e  largest eigenvalue: 0

R 1 9  -► T2 ( 4 22 i , 4 2) , 4 + i )  g ives ( ± 1 , 0 ,  ± 1 )  ( ± 1 , 0 ,  ± 1 )  has

e lig ib le  d ou b les  in  order o f  rows and co lu m n s o f m a tr ix  :
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(0 , 1), ( 1 , 0 ), (0 , —1 ), ( —1 , 0 )

 ̂ 0 0 0 0 ^
0 0 0 0

0 0 0 0

 ̂ 0 0 0 0 y

T h e largest eigenvalue: 0

R 20 x ^ l i )  ->  T 2 ( x ( * l 1 , x (f \ x (f l 1 )  g ives ( ± 1 , 0 ,  ± 1 )  - >  ( ± 1 , 0 , 0 )  has

e lig ib le  d ou b les  in  order o f  row s and co lu m n s o f  m a tr ix  :

(0 , 1 ), ( 1 , 0 ), (0 , —1 ), ( —1 , 0 )

^ 0 0 0 0 ^

0 0 0 0

0 0 0 0

, 0  0 0 0 ,

T h e  largest eigenvalue: 0

R 21 ->  T 2( x ^ } 1, x f \  x ^ )  g ives ( 0 , 0 ,  ± 1) ( ± 1 , ± 1 , ± 1) has

e lig ib le  d o u b les  in  order o f  rows and co lu m n s o f  m a tr ix  :
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(0 , 1 ), ( 1 , 1 ), ( —1 , 1), (0 , —1), ( —1 , —1), ( 1 , —1 )

^ 0 0 0 0 0 0 ^

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

. 0 0 0 0 0 0 ^

T h e  largest eigenvalue: 0

R 2 2  ->  T2( j : ^ 1, 4 2}) 4 + i )  Sives ( 0 , 0 ,  ± 1 )  - >  ( ± 1 , ± 1 , 0 )  has

e lig ib le  d ou b les  in  order o f  row s and co lu m n s o f m a tr ix  :

(0 , 1 ), ( 1 , 1 ), ( — 1 , 1 ), (0 , —1), ( — 1 , —1), ( 1 , —1 )

^ 0 0 0 0 0 0 ^

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

, 0 0 0 0 0 0 y

T h e  largest eigenvalue: 0

R 2 3  ->  T 2 { x ^ \ , x ^ \ x ^ l l ) g ives ( 0 , 0 ,  ± 1 )  - >  ( ± 1 , 0 ,  ± 1 )  has

e lig ib le  d ou b les  in  order o f  row s and co lu m n s o f  m a tr ix  :
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(0 , 1 ), ( 1 , 0 ), (0 , —1 ), ( —1 , 0 )

0 0 0 0 

0 0 0 0 

0 0 0 0V /
T h e largest eigenvalue: 0

R 2 4  ->  g ives ( 0 , 0 ,  ± 1 )  - >  ( ± 1 , 0 , 0 )  has

e lig ib le  d ou b les  in  order o f  row s and co lu m n s o f  m a tr ix  :

(0, 1), (1, 0), (0, - 1), ( - 1, 0)

0 0 0 0 

0 0 0 0 

0 0 0 0 /

T h e  la rg est e igenvalue: 0

R 2 5  r , ( ^ „ ^ \ ^ , )  ->  r ^ . ^ V ' + i )  g ives ( ± 1 . 0 , 0 )

e lig ib le  d o u b les  in  order o f  row s and co lu m n s o f  m a tr ix  :

(0 , ± 1 , 0 ) has

(1, 0), (0, 0), ( - 1, 0)

The largest eigenvalue: 0



56

R 2 6  ->  T 2( x ^ l 1, x ^ \ x ^ l 1) g ives ( ± 1 , 0 , 0 ) ->  (0 , ± 1 , ± 1) has

e lig ib le  d ou b les  in  order o f row s and  co lu m n s o f  m a tr ix  :

(0 , 1) , ( 0 , 0) , ( - 1, 0 )

' 0 0 0  ^

0 0 0 

 ̂ 0 0  0  y

T h e  largest eigenvalue: 0

R 2 7  Xrf \  x ^ h )  - t  T 2( x ^ l 1, x ^ \ x ^ l l ) g ives ( ± 1 , 0 , 0 )  ( 0 , 0 ,  ± 1) has

e lig ib le  d o u b les  in  order o f  row s and co lu m n s o f  m a tr ix  :

(0 , 0)

T h e  largest e igenvalue: 0

R 2 8  r1(4121,4 1),41_>1) ->  T 2( x % , x (n2\ x % )  g ives ( ± 1 , 0 , 0 )  ( 0 , 0 , 0 )  h as e lig i-

b le  d o u b les  in  order o f row s and  co lu m n s o f  m a tr ix  :

(0, 0)

T h e largest eigenvalue: 1

R 2 9  T i i x ^ ^ ,  x ^ ,  x ^ )  T 2( x ^ l 1, x ^ \ x ^ l 1) g ives ( 0 , 0 , 0 )  ->■ (0, ± 1 , 0 )  has e lig i­

b le  d o u b les  in order o f rows and co lu m n s o f m a tr ix  :
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R 30

R 31

R 32

(0 , 0), (0 , 1), (0 , - 1)

0 0 0

0 0 0

T h e  largest eigenvalue: 0

- »  T2 (x{)22 1, 4 2) , 4 + i )  g ives  (0 , 0 , 0 )

e lig ib le  d ou b les in  order o f  row s and co lu m n s o f  m a tr ix  :

(0 , ± 1 , d i l )  has

(0 , 0), (0 , 1), (0 , - 1)

0 0 0 

0 0 0 /
T h e  largest eigenvalue: 0

^ 2( ^ - 1, ^ , ^ + 1) g ives (0 , 0 , 0 ) ->  (0 , 0 , ± 1) has e lig i­

b le d o u b les  in  order o f  row s and  co lu m n s o f  m a tr ix  :

(0, 0)

,(2) (2) f2)

T h e  largest eigenvalue: 1

T i ( T ^ i , ) ->  T 2( x ^ l 1, x ^ \ x ^ l 1) g ives (0 , 0 , 0 ) ->  (0 , 0 , 0 ) has e lig ib le  

d ou b les  in  order o f row s and co lu m n s o f m a tr ix  :

(0 , 0)

UWiSUB«kF t



T h e  largest e igen va lu e
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A P P E N D I X  B

In th is  ap p en d ix , w e presen t th e  d o u b les  in d ica ted  by th e  tran sfer  p o ss ib ilit ie s  o f th e  

tr ip les  in  th e  sy m m etr ic  o n e-d im en sio n a l case. T h e  t r a n s f e r  m a t r i c e s  are enum er­

a ted  an d  e igen va lu es co m p u ted . A  su m m ary  o f  th e  reg ion a l d efin itio n s and resu ltin g  

en trop ies  is p resen ted  in C h ap ter  4.

T h e  seq u en ce o f  ad m issa b le  d ou b les  used  to  co n stru c t th e  tran sfer m atr ices  is as

follow s:

R e g i o n  S I ( 1 , 1) , ( 1 , -1) , ( 1 ,0 ) , ( 0 ,1 ) , ( 0 ,0 ) , ( - 1 , -1) , ( - 1 ,1 ) , ( - 1 ,0 ) , ( 0 , -1) }

R e g i o n  S 2 ( 1 , 1 ) , ( 1 , -1 ) , ( 1 ,0 ) ,( 0 ,1 ) , ( 0 ,0 ) , ( - 1 , -1) , ( - 1 ,1 ) , ( - 1 ,0 ) , ( 0 , -1) }

R e g i o n  S 3 ( 1 , 1) , ( 1 , -1 ) , ( 1 ,0 ) , ( 0 ,1 ) , ( - 1 , -1) , ( - 1 ,1) , ( - 1 ,0 ) , ( 0 , -1 ) }

R e g i o n  S 6 ( 1 ,1 ) , ( 1 , - 1 ) , ( 1 ,0 ) , ( 0 ,1 ) , ( 0 ,0 ) , ( - 1 , -1) , ( - 1 ,1) , ( - 1 ,0 ) , ( 0 , -1) }

R e g i o n  S 5 ( 1 ,1) , ( 1 , - 1 ) , ( 1 ,0 ) , ( 0 ,1 ) , ( - 1 ,1 )}

R e g i o n  S 4 (■1 ,-1 ) , ( - 1, 1 ) , ( - ! , 0 ), (0 ,1 ), (0 , -1 ), (0 , -1 )}

R e g i o n  S 7 ( 1 ,1 ) , ( 1 , -1 ) , ( - 1 ,1 )}

R e g i o n  S 8 ( 1 ,1 ) , ( 1 , - 1) , ( 1 ,0 ) , ( 0 ,1 ) , ( 0 ,0 ) , ( - 1 , -1) , ( - 1 ,1 ) , ( - 1 ,0 ) , ( 0 , -1) }
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R egion  S9 { 1,1),(1,-1),(1,0),(0,1),(-1,-1),(-1,1),(-1,0),(0,-1)}

R eg ion  S10 (1,1),(1,-1),(1,0),(0,1),(-1,-1),(-1,1),(-1,0),(0,-1)}

R egion  S l l (1,-1), (-1,-1), (-1,1), (-1,0), (0,-1)}

R egion  S I 2 (1,1),(1,-1),(-1,1)}

R egion  S13 (1,-1), (-1,-1), (-1,1), (-1,0), (0,-1)}

R egion  S14 (1,-1),(1,0),(0,1),(-1,-1),(-1,1),(-1,0),(0,-1)}

R egion  S15 (1,-1),(-1,-1),(-1,1),(-1,0),(0,-1)}

R eg ion  S16 (1,1),(1,-1),(1,0),(0,1),(-1,-1),(-1,1),(-1,0),(0,-1)}

R eg ion  SIT (1,1),(1,-1),(1,0),(0,1),(-1,1)}

T h e  tran sfer  m a tr ices  and largest e igen va lu es are as follow s: 

R egion  S i

^1  1 1 0 0 0 0 0 0 ^
0 0 0 0 0 1 1 1 0

0 0 0 1 1 0 0 0 1

1 1 1 0 0 0 0 0 0  

0 0 0 1 1 0 0 0 1

0 0 0 0 0 1 1 1 0

1 1 1 0 0 0 0 0 0

0 0 0 1 1 0 0 0 1  

l O O O O O l l l O y
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T h e  la rg est eigenvalue: 2 .89329  

R e g i o n  S 2

1 1 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 1 1 0 0 0 0

1 1 1 0 0 0 0 0 0

0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0

1 1 1 0 0 0 0 0 0

0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0

T h e  largest e ig e n v a lu e ^

R e g i o n  S 3

^1  1 1 0 0 0 0 0 ^
0 0 0 0 0 0 0 0  

0 0 0 0 0 0 0 0  

1 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0  

1 1 1 0 0 0 0 0

0 0 0 0 1 1 0 0

. 0 0 0 0 0 0 0 0 y

The largest eigenvalue: 1



R egion  S6

1 1 1 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0

0 0 0 1 1 0 0 0 1

1 1 1 0 0 0 0 0 0

0 0 0 1 1 0 0 0 1

0 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0

0 0 0 1 1 0 0 0 1

0 0 0 0 0 0 0 0 0

T h e  la rg est e igenvalue: 1 .61803  

R e g i o n  S 5

^ 0 0 1 0 0 )
0 0 0 0 0
0 0 0 0 0
1 1 0 0 0

V 0 1 0 ° /
T h e  largest e igenvalue:0
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R egion  S4

 ̂ 0 0 1 0 0 0 ^

0 0 0 0 0 1

0 0 0 1 1 0

0 0 0 0 0  0

1 0  1 0  0 0 

L 0 0 0 1 1 0 y

T h e  largest eigenvalue: 1 .32472  

R e g i o n  S 7

 ̂ 1 1 o  N 

0 0 0

v 1 °y
T h e  largest e igenvalue: 1 

R e g i o n  S 8

1 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 1 1 0 0 0 1

1 1 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0

0 0 0 1 1 0 0 0 1

0 0 0 0 0 0 0 0 0

The largest eigenvalue: 1
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R egion  S9

/ i 1 1 0 

1 1 1 0  

0 0 0 0 

1 1 1 0

T h e  largest eigenvalue: 2

R e g i o n  S 1 0  A lth o u g h  S10 is n o t a  region  o f  s ta b ility , A  p o ss ib le  transfer m a tr ix  is 

in c lu d ed . It d o e sn ’t  seem  to  ch an ge th e  ou tco m e.

 ̂ 0 0 1 1 ^
0 0 1 0  

0 0 0 0 

1 1 0  0 /
T h e  largest e igenvalue: 0 

R e g i o n  S l l

0 1 1 0 0

0 1 1 1 0

0 0 0 0 0

0 0 0 0 0

0 1 1 0 0

The largest eigenvalue: 1



R egion  S12

 ̂ 0 1 1  ̂

0  1 1 

 ̂ 0 0 0 y

T h e  largest eigenvalue: 1 

R e g i o n  S 1 3

0 0 0 1 0

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

0 1 1 0 0

T h e  la rg est e igenvalue: 0 

R e g i o n  S 1 4

0 0 0 1 1 1 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 1 0 1 1 1 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 1 1 1 0

The largest eigenvalue: 1
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R egion  S 15

^ 0 1 1 0 0 ^

0 1 1 1 0  

0 0 0 0 0

0 0 0 0 0

v 0 1 1 0 0 y

T h e  largest e igenvalue: 1 

R e g i o n  S 1 6

^ 0 0 1 0 0 0 0 0 ^  

0 0 0 0 1 1 1 0

0 0 0 0 0 0 0 0  

1 1 1 0 0 0 0 0

0 0 0 0 1 1 1 0

0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0  

^ 0 0 0 0 1 1  l O y

T h e  largest eigenvalue: 1 

R e g i o n  S 1 7

 ̂ 0 0 1 0 0 ^

0 0 0 0 0

0 0 0 0 0

1 1 0  0 0

 ̂ 0 0 1 0 0 y
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T h e  largest eigenvalue: 0


