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ABSTRACT

A scheme for interpretation of electromagnetic data by
analytic continuation was studied.

Using the Stratton-Chu integrals, it is possible to
express the electromagnetic field at a point inside the
Earth in terms of the fields at the Earth's surface and at
the lower side of the surface bounding the point. The
'Fourier expansion of the Green's function permits us to
express the field inside the Earth in terms of the fields
on the Earth's surface only.

The primary purpose of analytic continuation is to
determine the location of inhomogeneities within the Earth
through an increase in resolution.. A fair estimate of the
depth of inhomogeneities can be made from a vidual examina-
tion alone of the continued data.

The noise test performed reveals that the analytic
continuation can be used to extract a signal which is clut-
tered with random noise.

Since the analytic continuation works quite well in
the problems of depth estimation, resolution, and signal
enhancement, it offers a better approach to the interpreta-
tion of geoelectric problems that the method of a recons-
‘truction of the electric conductivity is combined as a

succesive step of analytic continuation.

o
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INTRODUCTION

Inverse problems are current sources of ongoing research
in every branch of geophysics. Methods of solution of the
inverse problems of geoelectrics fall into two groups:

(1) reconstruction of the surface field by analytic continua-
tion; (2) reconstruction of the geoelectrical cross section
of an inhomogeneity. These are the two trends of modern
geoelectrical development.

The method of analytic continuation has been widely used
in seismic, gravity, and magnetic prospecting. In the seismic
case, the analytic continuation permits to reconstruct the
subsurface field from the surface data. After that, the
reflectors are imaged at each step of continuation, which is
the dominant method in the seismic data processing, known as
migration. The question of analytic continuation of time-
varying electromagnetic field has been studied to a much
lesser degree.

The second problem, which is the reconstruction of the
electric conductivity, has been solved for a two-dimensional
problem by Weidelt (1975) and Vozoff (1977) using the itera-
tive algorithm and finite difference method, respectively.

Recently, the finite element method has been developed by

Oristaglio and Worthington (1980), which improved the in-
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stability problems of previous algorithms.

It seems that the interpretation of geoelectric problems
should consist of these two successive steps.

In this thesis, the problem of analytic continuation has
been studied for the purpose of developing a scheme for inter-
pretation of electromagnetic data, and for deriving a better
model to reconstruct the geoelectrical cross section.

Several papers by Kertz (1957), Hartmann (1963), and
Roy (1968, 1969) consider some simple situations using the
Taylor series. This method has practical difficulty, because
the radius of convergence of Taylor series is small and we
need to do successive expansion for further points, which
produce great error and computing costs. It is possible to
construct an analytical method which could be free of these
limitations, i.e. a method by which we can express the EM
field at a point in terms of the integrals on the boundary.
Such a method may be elaborated on the basis of the Stratton-
Chu integrals (Stratton, 1953; Zhdanov, 1976, 1978). The
Stratton-Chu integral permits to express the electromagnetic
field in some domain in terms of its values on the inner side
of the surface bounding the domain. By implementing the
integral in the domain of geoelectrical problem, the electro-
magnetic field inside'the Earth can be reconstructed from the

fields on the Earth's surface.
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Generally, we use very low frequency in electromagnetic
prospecting; however, in some cases such as tunnel detection
or depth sounding in permafrost region, we can resort to very
high frequency electromagnetic waves; then we must deal with
the propagation problems. Therefore, the general theory of
the analytic continuation has been developed using the
Stratton-Chu integrals and applied to both diffusion and
propagation problems.

In practical electromagnetic situations, the useful
signal is often cluttered with random noise, at least part
of which is not instrumental, which may be caused by random
variations of all parameters of the electromagnetic field.

For this purpose, the effect of the random noise on the
analytic continuation was investigated using the surface data
which includes random noise for several different signal to
noise ratios.

In the presentation, we will start with a discussion of
the physical basis of the problem and the derivation of the
equations of the analytic continuation.

The second chapter covers the methods of computation and
the description of the computer program.

Finally, I discuss the application of the analytic

continuation to several practical problems.
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PHYSICAL BASIS OF THE PROBLEM

The problem lies in continuing the electromagnetic field
observed on the Earth's surface upwards into the air or down-
wards into the Earth and in constructing a horizontal section
of the field.

Let the domain V bounded by the surface I' be filled with
a homogeneous medium of constant electrical conductvity, as
shown in Fig.l. The electromagnetic field is excited ex-

ternally. The electromagnetic fields E and H in domain V

and on boundary T satisfy the Helmholtz equations:
- 2 -
VE+KkE-=20
2~ 2~
vV H+ k

ja s
i

0.

Take any internal point M, within V and circumscribe there-
from a sphere y lying inside V. Then, we can use the
Stratton-Chu integral formula to express the electromagnetic
field at some point M' in y in terms of its values on ¥y
(Stratton, 1953).

The Stratton-Chu formula may be interpreted in a simple
physical way. Let electric and magnetic currents and
charges of the surface densities je’ jh and q_, q be dis-
tributed over the cldsed surface T. They excite an electro-

magnetic field inside V:
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Fig.l. Geometry of domains and boundaries.

"Ca
g

Fig.2. Domains and boundaries in the geoelectric problem.
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_ . 9 grad G _ _

E(z') = fr{ - - Jh x grad G + ioep JeG} dS‘

o qy, grad G _ _

H(z') = I " + Je x grad G - (g - iws)JhG} ds

where E, H are the electric and magnetic field, respectively;
o, ¢, p are electric conductivity, dielectric, and magnetic
permeabilities of a medium, respectively; G is the free space
Green's function.

Let us compare these expressions with equations (22) and
(27) in the next chapter, which are Stratton-Chu integrals
derived from the Gauss's formula. The electromagnetic field
in V coinsides with the field excited by the currents and

charges distributed on T with identity

i

Je ={ nxH } Jh -{nxE}

q, = f n-E} q, = ui{n-H},

Thus, in the Stratton-Chu formula, the real sources distribut-
ed outside V are replaced by equivalent fictitious sources
distributed on the surface T.

In geoelectric problems, this can be described as
follows. A homogeneous Earth with a known electric conduct-
ivity o_ = constant contains a inhomogeneity D of unknown
shape or a variable conductivity o4 # 0 _, as shown in Fig.2

The electromagnetic fields Ep and Hy have been specified

on the Earth's surface T. Inside the near-surface domain V_,
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the fields E and H must satisfy the Helmholtz equations and
on the Earth's surface must coinside with Ry and Hy.
H

The field E 0 is to be continued into some domain

0’
V_ of the Earth. As we pointed out before, the electro-
magnetic field within V_ can be expressed in terms of its
boundary value ony and I', using the Stratton-Chu integrals.

The electromagnetic fields on I' are known by measure-
ment; however, the fields on y are unknown. The integrals
on y can be transformed into the integrals over the Earth's
surface T via the Fourier expansion of the Green function
(Morse and Feshbach,1§53).

Then, the data on the plane y in the Earth can be

represented by the integrals over the Farth's surface T,

which permits exact formulation of the analytic continuation.
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MATHEMATICAL FORMULATION AND COMPUTATION

1. Derivation of the equation of analytic continuation.

In an isotropic medium, the electromagnetic field is

- governed by

the Maxwell equations:

curl B =0 E +e 2B, sex
ot
curl E = -u%%
div i =0
div ¢E = q + ¢, (1)
where E, H are the electric and magnetic field, respectively;

o, €, u are electric conductivity, dielectric, and magnetic

permeabil

of free electric charge; 3&%

ities of a medium, respectively; q is the density

, ¢ are the densities of ex-

trinsic electric currents and charges, respectively.

The values of J¢* and qeX are related by the continuity
equation
ex
div 3% = - 49 . (2)
ot
The density of conduction currents is expressed via the

electric

field by means of Ohm's law

oE. (3)



Let us confine ourselves to consideration of non-

magnetic media and, hence, assume that
W= 4rox 1077 henry/m. (4)

Using the Fourier transform, we can represent the

electromagnetic field as a sum of harmonic fields, whose

iut)

time dependence is expressed by the factor e- The
:harmonics of the field satisfy the equations
curl B = of - iweE + J&%*
curl E = iwpH
div i =0
div E = - ——— (E.gradCo- iwe) + iwg®®), (5)

Equations (5) for o, u, € = constant and for no ex-

trinsic currents or extrinsic charges are

curl H = oE - iweE

curl E = iwuf

vdiv H=0

div E = 0. (6)

Therefore, in this region, the electric field E and

the magnetic field H satisfy the Helmholtz equations
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v2i + k%0 = 0 (7)

where k2 = iwpo + wzue.
Thus, in the region in Fig.1l, the electromagnetic fields
in V and T satisfy equations (6) and (7).

By means of the Stratton-Chu formulas, one can express
the electromagnetic field E and H in some domain V in terms
of their values on a yinner side of the surface T bounding
this domain.

Resort to the Gauss formula,

fv div F dV = fr F-dS (8)

and assume that

F=(C-E)grad(u) + (C-E) grad(u) - iwp(C-H)u (9)

where C is an arbitrary constant vector, and u is a twice
continually differentiable function.

Then,

div F = (G+E)v%u + grad(u) curl(GxE) - iwu{(uﬁ;cu?i C

uC.curl H) + (CxH) grad(ﬁ)} . (10)

Since curl H = oFE - iweE

curl C = 0, (11)

div F (C-E)Vzu + (iouw + wzus)u(C°E)

(c-E)(v2u + kZu) (12)

2 .
where k™ = iouw + wzue
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and F-dS = (C grad u)(dS*E) + C (dS+E grad u)
+ iwnuC (dS-H)u. (13)
Then, the divergence theorem (8) becomes
£,CE)(VPu + KP0)dV = S (Cegrad w (35-E) +

(dSxExgrad u) + iwn(dSxH)u (14)

Hence, C'(fv F(viy + kzu)) = C’(fr grad u(dS-E) +

dSxExgrad u + iwu(dSxH)u) (15)
Let ué introduce unit vector n which is inner normal

of the surface T, then
dS = -n dS (16)
Since C is an arbitrary constant vector, (15) becomes
Iy E(Vzu + kzu)dV = -fr{ (n-E)grad u + (n+E)
grad u + iwp(nxH)ul}ds (17)

This relation can be treated as the electrodynamic

analog of the Green's formula. Take the fundamental Green's

e
function UV{J -
exp(@|2'-2|)
= E ;,_I (18)
4miz'-z
. . . . /(W\$T‘\‘«T
which satisfies the equation
20212 2n(31 /3y _ s1_s
vVeG(z'/z) + k“G(Z'/z) = - &6(Z2'-2) (19)

where z and z' are the radii vectors of the points M and M'.

v
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8§ is the Dirac function.
Substituting (19) into (17) and using the equation

(z") M' €V

s, E(-8(z-2"))av = -
M ¢ v,

(21)

o e

we arrive at the integral Stratton-Chu formula for the

electric field
S (n+E)grad G + (nxE)xgrad G +

E(z")
for M' €V

iwp(nxH)G1dS
0 for M' ¢V

(22)

For the case of magnetic field, we define

F = (C-H)grad u + (CxH)xgrad u - (o-iwe)(CxE)u (23)

Then, div F = (G-f)(v2u + k2u) (24)
F.dS = -C-fr{ (n-H)grad u + (nxH)xgrad u + (o-iwe)
(nxE)u dS (25)

-1t (n-H)grad u + (nxf)x

Hence, alﬁ(vzu + kzu)dV
(26)

grad u + (o-iwe)(nxE)u}ds.
By taking the free space Green function (18), we have
H(z') = I oA (n-H)grad G + (nxH)xgrad G + (o-iwe) -
(ﬁfE)G}dS for M' € V

0 for M' ¢ V. (27)

N
B 29 M2
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Equations (22) and (27) are the Stratton-Chu integral
equations which describe the electromagnetic fields E, H in
some homogeneous, isotropic, and source-free domain V in
terms of its values on the surface T bounding the domain V.

Let us consider the geoelectric problem which is shown
in Fig.2,using these Stratton-Chu integrals.

According to the Statton-Chu integrals (22) and (27),

at z'€ V_, we have
E(z") = fr{(ﬁ'Eo)grad G + (ﬁXEo)xgrad G
+ iwu<ﬁxﬁo)c}ds

+ fY{(ﬁ-E)grad G + (nxE)xgrad G + iwu(nxH)G}dS.

(28)
H(z') = S ((n-A )grad G + (nxfi ) xgrad G
+ (0 - iwe)(nxE)G1dS
+ IY{(ﬁ°ﬁ)grad G + (nxH)xgrad G
+ (o - iwe)(nxE)G1dS. (29)

and Eo and ﬁo are the field values at the surface. The field
values Eo and ﬁo are known by measurement, however, we have
two unknown field values at z' and at the surface z in each
equation.

The integrals over the plane y can be transformed into
the integrals over tHe Earth's surface T using Fourier

expansion of the Green's function (Morse and Feshbach,1953).
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The Green function G in the integral over the plane ¥y
depends on the positions of the points z'€ V_ and z € T,
The coordinates z' and z of these points satisfy the con-

dition z' < z, under which

81r2 n

where f, g describe non-uniform plane waves.

G = —pro, 228 i ak (30)

—i(kxx + kyy )enz

f(z') = e
g(z) = ellkyx + kyy)e-nz (31)
=Tk k- K

X y

k2 = iopw + wzeu
Substituting (30) into the integrals in (28) and (29), we have

fY{(ﬁ°E)grad G + (nxE)xgrad G + iwu(nxH)G1}dS

f - = (m L F
_dkxdkny{(n E)grad g + (nxE)grad g

1 ©
27 -woq

8
+ iwp(nxH)glds (32)

and for magnetic field

IY{(ﬁ-ﬁ)grad G + (nxH)xgrad G+ o(nxE)G}dS

] e _ .
- 8“2f‘wﬁdkxdkyIY{(n'H)grad g + (nxH)xgrad g

+ (o - iwe)(nxE)g}ds (33)

Let us transform the integral over I into the integral

over y in (32) and (33).
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Take the Green formulas (17) and (26) and apply them

to the region V_ with u = g, then

=, 2 2
Iy E(vig + kg)dv

= —fr{(ﬁ'ﬁo)grad g + (BXEO)Xgrad g + iwu(nxH)glds
- IY{(E-E)grmig + (nxE)grad g + iwu(nxH)g}ds

and (34)

I ﬁ(Vzg + kzg)dV

= -fr{(ﬁ°ﬁo)grad g + (5XQO)xgrad g + o(ﬁxio)g}ds
- IY(ﬁ'ﬁ)grad g + (nxH)xgrad g + (o - iwe)(nxE)g}ds
N\
(35)
The harmonic g defined by (31) satisfies the Helmholtz
equation, that is,

v2g + k2g = 0 in V. (36)

Then (34) and (35) become

fy{(ﬁ°ﬁ)grad g + (nxH)xgrad g + (o - iwe)(nxE)g}dsS

= -IF{(ﬁ-EO)grad g + (BXEO)xgrad g + iwn(nxH )g}ds
(37)
and
;/ {(n-H)grad g + (nxH)xgrad g + (¢ - iwe)(nxE)g}ds
Y
= -fr{(ﬁ-ﬁo)grad g + (ﬁxﬁo)xgrad g +

(o - iwe)(BXEo)g}dS.

(38)
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Substituting (37) and (38) into (32) and (33), respectively,

we have

fY{(ﬁ-E)grad G + (nxE)xgrad G + iwu(nxH)G}dS

. Ll,f A
= 8n2f-wndkxdkyfr{(n E )grad g + (anO)xgrad g
+ iwu(ﬁxﬁo)g}ds (39)

IY{(ﬁ-ﬁ)grad G + (nxH)xgrad G + o(nxE)G}dS

l] .=
= - s
8.2

+ (o - iwe)(nxE_)glds, (40)

f

w@n

dkxdkyfr{(ﬁ-ﬁo)grad g + (ﬁXﬁo)xgrad g

In (39) and (40), the integrals over y are expressed by the

integrals over T.

Substituting (39) and (40) into (28) and (29),

respectively, we have

E(z")

H(z')

il

i)

<+

S

+

+

r{(ﬁ-Eo)grad G + (ﬁXEd%grad G + iwu(ﬁxgo)G}dS

1 o f - = - =
SHZI-QﬁdkxdkyfF{(n Eo)grad g + (nXEO)xgrad g

iwu(EXﬁo)g}dS (41)

I.{(n-Ho)grad G + (ano)xgrad G

(o - iwe)(nxE )}dS

l o f - = - =
8“2f_w;dkxdkyfr{(n-Ho)grad g + (nXHO)xgrad g
(¢ - iwe)(ﬁxEo)g}dS, (42)

The Green function in the first integral in (41) and

(42) can also be expanded.
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Since the z coordinate of points z' € V_ and z€T
and z' > z, the Fourier expansion of the Green function takes
the form (Morse and Feshbach, 1953, Markov, 1967)

1l = f(z'
G = S
8w2

)8(2) 41 dk (43)
n X y

-0
where

pAE ik x' + ky') -nz'
f(Z ) = e X yy e n (44)
-k x + kyy)enz 2" > 2

é(z) = e

Substituting (43) into the first integral of (41) and (42),

we have

E(z') = —of idk dk_/ {(A-E dgrad g + (aAxE )xgrad g
g;f N 2 0’8 g o’ %8 g
+ iwu(RXEo)g}dS

1l = £ - = - =
- 8“2f_wﬁdkxdkyfr{(n Eo)grad g + (nXEO)Xgrad g
+ iwp(nxd )g}ds (45)
-' —— 1 i -‘- S - & N
H(z') = 8“21ndkxdkyfr{(n Ho)grad g + (nXHO)xgrad g

+ (o - iwe)(axE)g}ds
1 .

- g;ff_w;dkxdkyfr{(n-Ho)grad g + (nXHO)xgrad g
+ (o - iwe)(AxE )g}ds. (46)

Discarding the atmospheric electrical conductivity, assume

that ﬁ-EO]F = 0, and take z = 0 at the surface I, we obtain
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lsz {eocoshnz'
4 b 4
bl

-0
+ iwph

o sinhnz', -i(k_x' + k_y')

y ———;———}e b4 y dkxdky
Ey(E') = Z%fffm{e;COSh“Z'

- iwpho §ighﬂz—}e-l(kxx * kyy )dk dk

X n pid

o o o,sinhnz’
f_w(kxex + kyey) ,

Hx(i') = —lffww{hzcoshnz' + ((o - iwe)e; - ikxhg)§192“2
4”7 . ,

Lmilk o x' + ko y')

}ee X y dkxdky

'

H (z') = =357 thoshnz' - ((o - iwe)ed + ik hO)SimRNZ_
y Lot " Y X y 'z n
Lok o x' o+ k y')
}ee X y dkxdky
vy _ 1 = o0 ' . o o,sinhnz',,
Hz(z ) = 4“2f_w{th°Sh“z + 1(kxhX + kyhy)———;———}

e-i(kxx + kyy )dkxdky

where e° and h° are the Fourier transform of the field at

the surface E°, #°.
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2. Method of computation

The algorithms for analytic continuation of the electro-
magnetic field have been implemented in the computer program
ACEF. This program is designed for a two- or three-
dimensional analytic continuation of the electromagnetic
field.

The generalized flow of program ACEF is given in Fig.3.
The first operation involves reading the surface data and
parameters.

Surface data is read in row by row, with the x coor-
dinate(horizontal) governed by the I index and the y coor-
dinate by the J index. Row length and number of rows are
designated by NX, NY parameters. A maximum number of 128x
128 map values can be read in for each component of a
surface data.

The surface data is next transformed to the frequency
domain using the subroutine FOURT, and the values are stored
in a two dimensional array. The data is next convolved with
a set of Green's functions and then inverse transformed back
to the space domain.

The processing results are represented eith;r in profile
form or contour form. Graphs of transformed electromagnetic

fields and maps of contours of various field components are

contructed using the program TOPO and GRAPH. Thus, ACEF
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PROGRAM
ACEF

///fﬁput the surface data///

|

Choose 2-D or 3-D

v
2-D forward 3-D forward
Fourier transform Fourier transform
v v v
Diffusion filtering Propagation filtering
in frequency domain in frequency domain

L | ~

!

Fig.3. Flow chart of the program ACEF.
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automates completely the analytic continuation of two- and
three-dimensional electromagnetic fields.

Running time required is 120 seconds on a Dec-10 comput-
er for an input array of 41x41 size.

Fig.4. is the model for testing the algorithm and the
program ACEF. The input data is a field computed over two
magnetic dipoles which are 100m apart. The depth of dipoles
are 120m. All the parameters of this model are known, and
the downward continuation was made by the program ACEF for
the field at a depth of 100m.

Fig.5. shows the contour of the in-phase component when
the depth of dipoles are 120m. The surface anemaly has been
continued into the Earth to the level 2z=100m, which is shown
in Fig.6. The calculated value of the contour and the
continued value are almost identical, as shown in Fig.6 and
Fig.7, demonstrating the varidity of the program ACEF and
supporting the reliability of the algorithm which uses the

Stratton-Chu integrals.
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Fig.4. Schematic diagram of the two dipole model.
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Fig.6. Contour of the in-phase component of Hz after downward
continuation. The depth of continuation is 20m.
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Fig.7. Modeling data at the depth of 100m.

ARTHUR LAKES LIBRARY
COLORADO SCHOOL of MINES
GOLDEN, COLORADO 80401
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APPLICATION OF THE ANALYTIC CONTINUATION

We will examine the process of analytic continuation in
detail in this chapter, in an attempt to choose criteria
suitable for interpreting the analytic continued field. We
will try to investigate these matters by carrying out the

computations for several theoretical models.
1. Signal enhancement and localization of inhomogeneity.

The problem is to locate the source of the secondary
electromagnetic field from the fields measured on the Earth's
surface. In a geopotential problem, the analytic continuation
makes it possible to detect its singular points confined to
geological structures. In a geoeleétric problem, the fields
are reconstructed by the fields E, # specified on the Earth's
surface and the reconstructed fields describe fictitious
electromagnetic fields through the surface of a geoelectrical
inhomogeneity. These fields may have singular points which
are confined within geological structures. The relationship
between the singular points of the electromagnetic field
and the geoelectric inhomogeneities has been investigated
using several models.

This analysis of location of inhomogeneities has been
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performed in a three-dimensional electromagnetic field.

Fig.8. shows the log plot of the amplitude response
of a dipole when the depth of dipole is 100m. In Figs 8 to
10, only the case of diffusion was considered, which involves
a quasi-static approximation both in modeling and continua-
tion. The field was calculated on a regularly spaced square
grid of 20m intervals. In order to see the variations at
the edge of the grid, the logarithmic contour was plotted.

The surface anomaly has been continued into the Earth to
the level z = 80m, which is shown in Fig.9. The amplitude of
the anomalies rapidly increases with depth. The calculated
values of contours and the continued values are almost identi-
cal except the distortions at corners.. This distortion comes
from the round-off error in Dec-10 computer during the model-
ing and continuation, because the amplitude at the edge is

1% as shown in the logarithmic plot in Fig.8. Since

about 10~
the amplitude at the center is about 10 , this distortion can
be neglected, as shown in the linear contour in Figs. 5 to 7.
Next, we considered the propagation problems in Figs. 11
to 13. The exciting frequency of 57 M Hz was used, because
that is the normal frequency used in the tunnel detection.
The surface anomaly has been continued into the Earth to the

levels z/d=0.1, 0.5, and 0.9, where d is the depth to the

source.and z is the depth of continuation.
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Fig.8. Logarithmic amplitude of vertical magnetic field.
Depth of dipole is 100 m.
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Fig.9. Contours after downward continuation. The depth of
continuation is 20 m.
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Fig.10.Modeling data at the depth of 80 m.
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The magnitude of anomalies rapidly increases with depth.
It is well seen in Figs. 11 to 13 where the curves of in-
phase component of Hz are presented. The deep anomaly is
several times larger than the surface anomaly. At the level
of z/d=0.5, it is seen that the continued data still agrees
well with the modeling data at the depth, as shown in the x-
mark line and A-mark line in Fig.l12. At this level, there is
no indication of instability or oscillation, and the curve
still retains its original character, although the amplitude
increases further. Further continuation of the field near
the source gives fields that show oscillations as shown in
Fig.13. This final continuation of the fields produces no
major changes in the peak anomaly, although the anomaly is
surrounded by oscillations.which indicate that the depth of
continuation is near the source.

We investigate this problem further with two dipole
model, which is shown in Fig.4, for the case of diffusion.
In this model, the surface anomaly has been continued into
the Earth to the level z=90m, near the source at 100m.

In Fig.1l4, we observe that the A-mark line, which is
the continued data with spacing 20m, does not converge to
that with spacing 25m near the source region. We also note

that the continued data does not agree with the theoretical
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data at the depth, which is the o-mark line in Fig.l4.
This phenomenon is more clear when the spacing is increased
to 50m, as shown in the rectangular mark line in Fig.15.

The oscillations become bigger as the spacing de-
creases from 25m to 20m as shown in Figs 14 to 15. If the
spacing is decreased further- to 10m, the anomaly is clutter-
ed with big vibrations as shown in Fig;16.

The oscillations generated due to the fine grid can be
eliminated by increasing the grid spacing; however, near
the source region, the two sets of data does not converge
each other. This phenomenon is a definitive sign that the
depth of continuation is near the source.

Further continuation of the surface data beyond the
source region yields larger oscillations, as shown in Fig.
17.

From what has been said ébove, it appears that we éan
choose two qualitative criteria for the location of an inhomo-
geneity. First, it is the basic change in the shape of the
continued anomaly curve as compared to that of the surface
curve. As the surface curve is continued farther and farther
down, the peaks and troughs of the original observed anomaly

will become sharper and sharper. The second one is the

appearence of the oscillations and divergence. When the

secondary peaks and troughs outnumber the primary peaks or
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troughs and does not show convergence, they are the definitive
sign that the depth of continuation is near the source.

It should be noted that the depth determined in this way
gi&es a maximum depth beyond which the actual body cannot
occur. In electromagnetic prospecting, the anomalies are
caused by secondary currents concentrated within the conduct-
ing ore body. The limiting depth determined by downward con-
tinuation would, therefore, correspond to the depth of the
maximum current concentration in a particular case, which

ordinarily, occurs near the top of the target body.

Figs 18 to 20 show the log contour of the propagated
field. We again note the distortions at corners of the
grid. In Fig.19, which is the continued data to the level
z/d=0.8, we observe that the amplitude at the center of the
grid is about 109, while the valué from which the distortion
appear is about 102. Therefore, the distortion which appear
at corners on the logarithmic contour can be neglected in the

linear scale for both diffusion and propagation problems.
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Contour of propagated field.

Fig.18.
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Fig.19. Contour after downward continuation. The depth
of continuation is 0.2.
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Fig.20. Modeling data at the depth of 0.2.
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2. Resolution problem

Consider the model in Fig.é. The electromagnetic field
is excited by two magnetic dipoles which are 100m apart. The
depth of ﬁhe dipoles is 120m.

The field at the surface may be analyzed as if it origi-
nated from one source since the profile has one signal maxi-
mum at the center, as shown in the line with A-mark in Fig.21.
The field continued downward 20m shows changes of the
location of signal maxima, which indicates the anomaly ori-
ginates from two sources. The appearance of this feature is
credited to the increased resolution of the downward continu-
ation process.

In practical electromagnetic situations, a recording on
the Earth's surface will contain noise which represents all
the events in the recorded data which do not satisfy the wave
equation. The useful signal is often cluttered with random
noise, at least part of which is not instrumental, which may
be caused by random variations of all the parameters of the
electromagnetic field.

For this purpose, the grids of random electromagnetic
errors to be used were generated by using the random number
generator function RAN in Dec-10 computer. The grids formed

in this manner are shown in Figs. 22 and 23. The grids of
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Fig.22. Real component of the noise generated.
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41 x 41 values were prepared for each in-phase and quadra-
ture components of the electromagnetic fields.

It will be noted in Figs 22 and 23 that there is a sort
of directional effect which may cause random error anomalies
to have trends. However, we use three components of the
electromagnetic fields in analytic continuation which corres-
ponds to over ten thousand random numbers; therefore, it is
to be expected that the statistical properties of the noise
generated would reflect the measurement error and the geo-
logical noise.

The investigation of the effect of the random noise on
the analytic continuation was performed by decreasing the
signal to noise ratios from 40 to 5, as shown in Figs.

24 to 27.

The signal to noise ratios were calculated as follows,

3 S, .2

E-_-__}_lz_

T Nij
where E represents the signal to noise ratio and Sij and
Nij are the signal strength and noise strength at each grid
point, respectively. If a different signal to noise ratio

is desired, it is only necessary to multiply the grid values

by the ratio R, which is

R=/E'/E
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where E' is the new signal to noise ratio. Then the new
signal to noise ratio is

(s.. R)2
E' = tl

Nijz

The original surface data without noise shows a symmetric
and smooth pattern, as shown by the o-mark line in Fig.21l. As
the signal to noise ratio decreases from 40 to 5, the asymme-
try and the random oscillations of the surface data become
larger, as shown by the A-mark line in Figs. 24 to 27.

The x-mark line in Figs.24 to 27 show the data sets
which are continued downward 20m for the signal to noise
ratios from 40 to 5. We note that the random variations
start to appear when the signal to noise ratio decreasés to
5. The peaks and troughs of the continued data agree well
with the theoretically computed data at the depth, which are
the o-mark lines in Figs. 24 to 27. Therefore, the analytic
continuation scheme still works well in the resolution pro-
blems even for surface data with much noise.

In a usual electromagnetic survey, the random error is
often as much as 5 percent, which corresponds to a S/N ratio
20. In Fig.25, which shows the surface data of S/N ratio 20,
we note that the downward continued data agrees well with the
theoretical data except for small random variations of the

continued data at the edge of the profile.
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Considering the large noise in the surface data, this
can be credited to the enhancement of the S/N ratio by the
analytic continuation process. That is, the analytic
continuation can be used to extract a signal which is clutter-

ed with random noise.

Let us discuss this problem further by.considering the
concept of analytic continuation in the frequency domain.
The implementation of the analytic continuation involves a
transformation of one frequency domain data into another.

In the analytic continuation process, we first Fourier
transform the surface fields H(x,y) to obtain h(kx,ky).
This information lies on a grid in (kx,ky) space between
limits of +k,  and tkyn’ where the subscript-N refers to the
respective Nyquist frequency, as shown in Fig.28. After
that, the data is continued downward by convolving with
hyperbolic functions which are derived from the Fourier
expansion of the Green's function.in (kx,ky) domain, as
shown in Fig. 29.

In Figs. 28 and 29, we note that the amplitude of the
high frequency part is amplified more than twice of the
original spectrum, while the low frequency part shows a
slight increase. This amplification of the high frequency

is the main feature of the downward continuation. when we

continue toward the source.
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The spectrum after convolution is almost the same as
the theoretical spectrum calculated at the depth, as shown
in Figs. 29 and 30. This demonstrates the accuracy of the
analytic continuation process in the frequency domain.

Next, we considered the problem of signal enhancement

in the frequency domain.

Fig.31 is the amplitude spectrum of the surface data
with 10 percent noise. After convolution in the frequeacy
domain, we note that the irregular contour tightens and it
becomes identical with the spectrum of the modeling data at
the depth, which is shown in Fig.32.

This process is more clear in the three-dimensional
picture generated by the SURFII package in Dec-10. Fig.33
is the spectrum of the surface data with 10 percent noise.
Fig.34 is the spectrum after convolution in the frequency
domain. We observe that the random noise is compensated
out after the convolution.

In the geopotential probiem, oscillations are generated
if the surface field is noisy. However, in the geoelectric
problem, three components of electromagnetic fields are
stacked in the frequency domain; therefore, the noise is
compensated out in the analytic continuation process.

This noise test reveals that the analytic continuation
is a good stacking scheme to extract a signal which is clut-

tered with random noise.
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Fig.28. Amplitude spectrum of the surface data. The depth

of the dipoles is 120m.
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Fig.29. Amplitude spectrum of the surface data after convolu-

tion in the frequency domain.
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Fig.30. Amplitude spectrum of the modeling data at the depth

of 100m.

ARTHUR LAKES LIBRARY
COLORADO SCHOOL of MINES
GOLDEN, COLORADO 80401
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Fig.31. Amplitude spectrum of the surface data with 10 percent
noise.
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Fig.32. Amplitude spectrum after convolution in the frequency
domain.
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Fig.33. Three-dimensional view of the amplitude-spectrum
of the surface data with 10 percent noise.
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Fig.34. Three-dimensional view of the amplitude spectrum
after convolution.
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3. Accuracy of scale or computer modeling.

The electromagnetic field over a rectangular thin plate
was calculated by a numerical method and used as a test case
to measure the accuracy of the numerical modeling.

The plate model is particularly useful for Turam inter-
pretation because of the important effect of conductor size
on the Turam response. Several numerical methods to calcu-
late the response of the finite thin plate model has been
developed.

The convenient solution of the plate model is the inte-
gral equation solution of Annan(1974), because the method
can handle any type of EM systems.

Annan computed the set of eigenpotentials, and used
these to represent the individual current flow in the plate
as a sum of those eigencurrents. After that, the magnetic
fields were calculated by summing up those individual current
systems using the Biot-Savart law.

The geometry of the model is shown in Fig.35. The
electromagnetic field was calculated at a grid interval 20m
using the program PLATE (K.D. Kim, 1983) which implemented
the integral equation algorithm. For this response, the
frequency used was 100 Hz. The width and length of the

plate are 100m and the depth is 100m below the grid of
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of observation.

The line with o-mark in Fig.36 is the theoretically
computed in-phase component of vertical magnetic field
produced by a rectangular line source.

The line with x mark is a profile continued downward 20m
‘toward the plate. The continued data shows difference with
the curve with V mark which is theoretically computed curve
at the depth as shown in Fig.36. To check the accuracy of
downward continuation, we double the grid spacing and test
the convergence between the two sets of data. In Fig.37,
we observe that the two sets of data for grid spacings
of 25m and 50m, respectively, converge well.

We already pointéd out that the continued data with
different grid spacings converges each other except at the
source region. Therefore, the difference between the model-
ing data and the continued data is due to the numerical error

in the computer modeling.



T-2987

o— 1200 —_—

Source

Loop 7r

crid 1000 / 1200

* /)

100
Plate

100 4

e

Fig.35. Schematic diagram of the plate model.
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CONCLUSIONS

An interpretation scheme of electromagnetic data using
analytic continuation was studied and found to yield results
of satisfactory accuracy in several cases tested.

The strength of the method seems to lie in its ability
to handle the problems of depth estimation, resolution,
signal enhancement, and accuracy of scale or computer model-
ing. Another advantage is that the method does not require
any priori knowledge about the shape of the anomaly-causing
body or the source.

Reliability of the analytic continuation depends on the
grid interval selected and the depth of continuation. The
oscillations are generated if the sampling grid is too fine,
or if the field is continued too close to the source of the
anomaly. The oscillations generated due to the fine grid
can be eliminated by increasing the grid spacing; however,
near the source region, the two sets of data does not con-
verge each other. This singular behavior of a field near
the source region is a good diagnostics to locate geologic
inhomogeneities.

The optimum grid interval is about one-fourth the depth

to the top of the anomalous source. A fair estimate of the
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depth of the inhomogeneity can be made from a vidual examina-
tion alone of the continued curves. The log contours are
more definitive than the profile to locate the body.

The analytic continuation scheme using the Stratton-

Chu integral does not involve any assumptions except the
uniformity of medium; therefore, it is a good method for
estimating the error of the scale or numerical modeling.

The noise test performed in this thesis reveals that
the analytic continuation can be used to extract a signal
from a random noise which may be caused by random variation
of all parameters of the electromagnetic field. In the
geopotential problem, oscillations are generated if the
surface field is noisy. However, in the geoelectric problem,
three components of electromagnetic fields are stacked in the
frequency domain; therefore, the noise which does not satisfy
the wave equation is compensated out in the analytic continua-
tion process.

Since analytic continuation works quite well in the pro-
blems of depth estimation, resolution, and signal enhancement,
it offers a better approach to the interpretation of the geo-
electric problems that the method of a reconstruction of the
geoelectric cross section is combined as a succesive step of

analytic continuation.
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APPENDIX A. INTERACTIVE USER'S MANUAL - SAMPLE SESSION FOR
MODELING AND CONTINUATION FOR A MAGNETIC DIPOLE SOURCE.

.EX ACEF1.FOR

TYPE OF MODELING: MAGNETIC DIPOLE, LINE SOURCE, TUNNEL (1ST
LETTER) ..... M

DIFFUSION OR PROPAGATION.(1ST LETTER) ..... D

ENTER THE COORDINATE OF STARTING POINT OF THE GRID. THE
POINT IS AT THE LEFT TOP POSITION OF THE GRID. .....
-500, -500, 100

ENTER THE HORIZONTAL AND VERTICAL LENGTH OF THE GRID ...

1000,1000

ENTER THE HORIZONTAL AND VERTICAL SPACING OF THE GRID ..
50,50

ENTER MOMENT OF DIPOLE, CONDUCTIVITY, AND FREQUENCY ...
10.E6,1.,100

ENTER THE OUTPUT FILE NO. ..... 10
FILE NO. NX NY DELX DELY

10 21 21 50 50
THE OUTPUT IS READY IN THE FORMAT OF INPUT FOR THE COMPUTER
PROGRAM OF ANALYTIC CONTINUATION. IF YOU WANT PLOT THE
MODELING DATA EXECUTE PLOT.FOR.

END OF EXECUTION
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.EX ACEF2.FOR

ANALYTIC CONTINUATION OF EM FIELDS (15/11/84)

TYPE OF DATA: PROFILE OR CONTOUR (1ST LETTER) ..... C

TYPE OF FIELD: DIFFUSION OR PROPAGATION (1ST LETTER) ... D
INPUT THE FILE NO. OF SURFACE DATA ..... 10

ENTER THE NO. OF SURFACE DATA POINTS NX,NY ..... 21,21
ENTER THE SPACING OF RECEIVER DELX, DELY ..... 30,50

ENTER THE CONDUCTIVITY, FREQUENCY, AND RELATIVE DIELECTRIC

CONSTANT ..... 1.,100,1.
ENTER THE DEPTH OF DOWNWARD CONTINUATION ..... 20
ENTER THE NO. OF THE FFT POINTS ...... 64
INPUT THE OUTPUT FILE NO. ..... 11

THE OUTPUT FILE IS STRUCTURED FOR THE PLOTTING PACKAGE
IN DEC-10 AFTER EX PLOT.FOR. IF THE OUTPUT IS PROFILE
R LBY:GRAPH. 1IF THE OUTPUT IS CONTOUR, DO FOLLOWING
STEPS: R MNL:KGRID, R MNL:FIT,‘R MNL:TGPO.

END OF EXECUTION

.EX PLOT.FOR

ENTER THE NO. OF CATA POINTS NX,NY ........ 21,21
ENTER THE FILE NO. OF SURFACE DATA. ......... 11
ENTER SPACING DELX, DELY ...... .. 50,50

IF MODELING DATA, ENTER X AND D FOR CONTINUED DATA .. D
ENTER THE OUTPUT FILE NO. FOR PLOTING PACKAGE ..... 12

END OF EXECUTION
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APPENDIX B. TEST DATA - MODELING AND CONTINUATION.

Test data of a magnetic dipole source.
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APPENDIX C - COMPUTER PROGRAM LISTINGS

AARARA XX AN AT AANRANRAAAATARARATANARNATXARRNRARNANRTRLE AR XXX

*iIS LS A MGDELING PRUGxAM FUR THE EM
SHO\S JF MAGNEIIC ulI2OLEsS, LINE SJURCE
0 Dé“:;EIDNAL SCAITRING OF EM WAVE
4

I E A XA S EARSEE SRR RRRRlRRERRlERlR R A

0
lv-i

ANIEGER [YPE4,TYPEP

AR ASEE LI NEARLEALEERRERERERERRARERERRRRRERRlNS RS

SELECT THE TYPE JUF MJUDELING

AXRAEARXAAXERN AT A AR TATN RN AN RN IR RAANRXNRNR AR RN

GO0, CIC.C.C.C.O0.Cc,

WRITE(4,10) | |
1v FOrx¥AT({A, “T/PE OF MODELING: MaGNETIC DIPOLE, “4)
1’ Y LiNec SOURCE, IUNNeL (iST LETTeR) )
READ (4, 20) TVPEN
2V rOnMAT(AS
wk1TE(4,30)
30 FCoMAT(1X, “DIFFUSION Ok PRUPAGAATION (13T LETTEPR)®)
READ(4, 4§ IYFEP
4v £Ca¥AT(AS)
IE(TYPEM. 2. M) G0 TQ 50
Lr(TYPEMeEQ.LIGO T3 of
LF(TYPEAEusI) G0 10 10
Su ALL DIPJL(T(PzP)
. L0 TO 39 ]
5u CALL LINEM(T(PiP)
G0 T0 80
T7¢ CaLL TUNNE(T(PeP)
3. CONTINUE
C &3S AR EI NS NI R RSN SRR RESE R R LR E R RRER AR R
¢ THE oJIPUT IS READY 1N TnE FORMAT CF INPUT
¢ FOR THc COMPUTER PROGRAM OF ANALYTIC CUNTINUA=
¢ TION. IF JOU &ANT Po.GT IHe MGDELING DATA,
g SXECUTEZ »LOT,FOR,
G AXA XXX TR AT AR AAXAAN AN AN AARNANTARRARERANAXIRNANR Y
ARITZ(430) ,
Jv rOnvAT({X, “THE QUTPUT IS ReAuY IN THE FOKMAT OF °/,
1’ I.PUT OF THE CONTINUATLION PROGRAM “1s
20 Ir YOU #ANT ANALYIIC CUNTINUATIGY 74
3 . EAECUTE ACEF2,FJR. IF YOU wAND PLOT 7,
3 - TdE VODELING JATA, eXeCUTE PLUT.FGR. °)
°£UP
cNU
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SUoPRUUTINE DIPIOL(TYPLP)
AR AT AR AR AT A TR IR R AR AT AR AT AN R RN R ARIX RN AN S AN

QUTINg uIPOL 1S DESIGNED FUR TdAdE EM RESPON-
IC JIPOLE- Tdb QUTPUT IS PRE=-
RDER X, AHICH IS THe
DAT

L & B 4

A{
P
O

R T T L R AT TR L s

L ER S 2R RS RRSRRRlRERESLRRERERSR

8);dY(128 148),H4(123,1.3)
+CEX1, Y.
sY(12

L I@ienlee17,17,)
#»C2Ox-[vCS
®*ZJ0
LIS RN e} b
R C O3>
T,
»—3 :
»e C m
®» 0O~
»

F
=D
R
T
~

Ny
L JW )~ do o
R U0 X
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la.
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Qe
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ARAMETZRS JF G6rID AND DIPJL
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un * NI
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wn
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