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ABSTRACT

The finite difference method is used to solve the 

forward problems which simulate the borehole normal and 

lateral electrode arrangements for the combined boundary 
(2-D) earth model which has both horizontal and cylindrical 
boundarfes.

The ridge regression estimator is then applied to solve 

the inverse problems which determine the earth parameters 
such as bed boundaries, extent of invaded zones, and 
vertica1 and horizonta1 res ist iv ity prof i1 es from the 
borehole normal and lateral resistivity logs.

The apparent resistivity values in the presence of 

borehole mud, invaded zone, and horizontal bed boundaries 
can be obtained from an earth geometry provided that the 

model is symmetric around the borehole axis. The quick and 
accurate forward calculations are achieved by using a 

gradually expanding grid system and a terminal resistance 
type boundary condition, and by using a two-dimensional 

average resistivity scheme in a grid block. The finite 

difference solutions are verified against analytical 
solutions for limiting cases, and excellent agreement is 
obtained. The finite difference forward modeling also can 
be used for investigation into the effects of the earth 

parameter variations on the apparent resistivities.

i i i
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Inverse modeling is tested on synthetic and field data. 
The field data are inverted to a horizontally layered (1-D) 

model, and the theoretical data are inverted to a 2-D model. 
The test results indicate that the thickness and the 
resistivity of each layer can be determined simultaneously. 
For the practical inversion of field data, the 1-D model 
inversion results can be used as a first try model of the 

2-D inversion. Interactive inverse modeling can be used for 
an automatic interpretation of the resistivity logs, with 
models constrained by logging and geologic information.
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INTRODUCTION

The borehole resistivity forward modeling can be 
accomplished with three different earth models. The first 

model consists of an arbitrary number of horizontal layers 
with a current electrode located in a horizontally 
stratified medium without a borehole (1-D model). In this 
model the borehole diameter and the radius of invasion into 
the layer are assumed to be negligibly small, so that the 
borehole environment effects can be ignored. The second 

model consists of a number of cylindrical boundaries in a 
medium of infinite thickness with a current electrode 
located in the coaxial cylindrical region representing the 
borehole (1-D model). The first model is useful for the 
investigation of the vertical resistivity profile without 

borehole effects, while the second one is useful for the 
investigation of the radial resistivity profile without bed 
boundary effects. For both models each layer is assumed to 
be homogeneous and has isotropic specific resistivity. The 
analytical solutions for 1-D models were investigated by 
Dakhnov (1962) and Van Nostrand and Cook (1966), and the 

recursive algorithms were developed by Daniels (1978), Yang 

and Ward (1984), and Drahos (1984). A simple finite 
difference algorithm for a horizontally layered earth model 
was investigated by Mufti (1978, 1980).
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The third model consists of an arbitrary number of 
horizontal and cylindrical layers (2-D model), which 
represent the practical well logging environment very well. 

Use of this model allows analyses of the effects caused by 

the two dimensional variations in earth parameters, i.e., 
the variations in the bed thickness and the formation 
resistivity, and the variations in the extent and the nature 
of the invasion. In order to estimate the borehole 
resistivity readings, Guyod (1955), and Dakhnov (1962) 
constructed a resistor network model, in which a great 
number of resistors were used. A few numerical solutions 
for this model were investigated and developed by Gianzero 
and Anderson (1982), Zhang and Shen (1984), and Tshang 
(1984). They showed numerical evaluations of an integral 
equation solution and an integral transform solution. These 
algorithms are accurate but are difficult in use.

In this study the finite difference algorithm with 
non-uniform grid spacings is developed to simulate the 
borehole normal and lateral electrode arrangements in a 
2-0 model. A large, sparse, linear system generated by the 

finite difference approximation is solved by the adaptive 
accelerated iterative algorithms developed by Kincaid et al 

(1982). Feasibility and efficiency of this approach for the 
16" normal and the 18' lateral electrode arrangements are 
demonstrated by comparing the test results with those
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obtained by an analytical method and those obtained by an 
integral equation method.

In the inverse modeling, the earth parameters can be 

determined from the resistivity data. The important earth 

parameters which should be obtained correctly from the 

resistivity logs are the thickness and the true resistivity 
of the target stratum. These parameters as we 11 as the 
invasion diameter and the resistivity of the invaded zone 
play a great role in the formation evaluation. Inversion of 

the borehole normal resistivity logs was introduced by Yang 
and Ward (1984). The horizontally layered earth model with a 
correction program for compensating borehole effects was 
used in their work.

In this investigation, a weighted 1east-squares 

inversion scheme with ridge regression estimator is used for 

the direct interpretation of the borehole normal and lateral 
resistivity logs. This scheme minimizes the root-mean- 
squares error between observed data and calculated data from 
the estimated earth model. Since the solutions to the 
inverse problem are generally non-unique, it is important 

that the meaningful earth parameters can be obtained by 
restricting the complexity of the earth model or reducing 
the size of the problem. Both theoretical data and field 
data are tested with a 1-D model and a 2-D model. For the 
practical inversion of field data, each resistivity log is
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inverted to a 1-D model first. Once the best fit 1-D models 
are found, the borehole and the invasion effects can be 
considered with a 2-D model which best fits the normal and 
the lateral resistivity logs simultaneously. A set of 
synthetic resistivity logs for the 16" normal and the 18' 
lateral with 3' span is illustrated in Appendix A, where the 
resistive and the conductive beds which have the different 
bed thicknesses with the variations in the earth parameters 

are considered.
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CHAPTER 1 
FORWARD MODELING

Response of resistivity tools in a combined boundary 
earth model which has horizontal and radial boundaries is 
considered with a finite difference method. Figure 1.1 
shows a two-dimensional logging environment which has axial 

symmetry around the borehole and has horizontal layers.

Rt 1 Ri 1

Rt 2 Ri 2

Rt 3 Ri 3

BO R EH O LE

MUD

INVADED ZONE 
Ri 1

Rt 1

Ri 2 VIRGIN ZONE 
Rt 2

Ri 3 Rt 3

Figure 1.1 An axially symmetr i ca1 1ogg ing env ironment
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borehole, invaded zones, and virgin zones. Invaded zones 

may have different resistivities and diameters.
This model is more practical than any of the other one- 

dimensional earth models, which are rarely encountered in 
nature. The one-dimensional earth model includes the 
horizontally layered medium without a borehole and the 
cylindrically layered medium of infinite thickness.

A Cylindrical coordinates system is used and the bed 
boundaries are all perpendicular to the borehole. The 
current electrode is centered in the borehole and the 
potentials are measured along the borehole axis.

1.1 Finite Difference Equation

The flow of steady state electric current in an 
inhomogeneous medium is governed by the equation

V*(^VU) + q = 0, (1.1)

where p is the resistivity of the medium, U the potential, 
and q the strength of the current source. In cylindrical 
coordinates, assuming axial symmetry, equation (1.1) is 
expressed as

a H  ir> + -ai<-p + s = (1-2)

where p = p(r,z) and U = U(r,z). This equation defines the
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electric potential due to a system of current sources in an 
extended medium.

The potential function obtained by solving equation

(1.2) must satisfy the following boundary conditions. The 
axial symmetry around the z-axis yields the boundary 
cond i t ion

_3U

dr = 0. (1.3)
r=o

At large distances from the current source, the potential 
should approach zero:

1im U = 0. (1.4)
r-**», z-*±“

Figure 1.2 represents the vertical section of the 

med i urn. Only the fini te port ion of the med i urn i s cons idered 
and is divided into a number of rectangular grids. Since 
the model is symmetrical around the z-axis, only one-half of 
the vertical section, r>0, must be discretized.

It is necessary that the grids be very finely spaced in 
the area near the current source in order that the current 
spreads evenly and uniformly as it does in the earth 
(Dakhnov, 1962). At points far from the current source, the 
grids may be much coarser than the grids near the current 

source area. In general, the grid system is designed to fit 

the shape of the potential, which varies rapidly near the 
borehole and becomes smaller with slower variation away
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-  Z
P(1,1)

P ( i o , 1 )
0-

P ( i m a x z 1 )

P ( 1 z jmax)
41----- ------------- o

P ( i - 1 ,j)

n (A i_ 1 1 .

a
p r 4 4 + i   ̂ __d b ,

I z J 1 '  H
^ P ( i

r -  r v i z j T | ^

\
c

O------

P ( i + 1 z j )

--------- ;----------1>

+  Z P ( i m a x z jmax)

Figure 1.2 An exponent Ia 11 y expanding rectangular grid 
system in the cylindrical coordinates
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from the we 11 bore and from the source. It is convenient and 

systematic to increase the grid spacings exponentia 11 y as 
distance from the current source increases.

The node corresponding to the _i_th row and the jth column 
is denoted by P (i,j) and its immediate four neighbors are 
denoted by P(i-l,j), P (i » j+1)» P(i + l,J), and P(i,j-1). The 
distances of P (i,j) from the nodes P(i-l,j), P(i,j+1), 

P(i+I,n), and P(i,j-1) are assigned by a, b, c, and d, 

respectively. j=1 corresponds to the borehole axis (r=0). 
i = 1 and i = imax correspond to the upper and the lower 
boundaries, respectively, and the j=jmax corresponds to the 
radial boundary of the finite difference model. The point 
source is denoted by P (io,1).

The location of P(i,j) in an exponentially expanding 
grid system can be expressed by

where a and 8 denote the expanding ratio for the radial 
direction and axial direction, respectively. Ar(1) 
represents the smallest radial spacing corresponding to the 
distance of P (i,2) from the axis of symmetry, and Az(io) 
represents the smallest spacing corresponding to the

for j=1,jmax;

and (1.5)

z(i,j) .Az(io)(B110 ''-I)
6 -1 for î = I,i max ;
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vertical distance of P (io-1,j) or P(io+1,j) from P (io,j).
The element associated with P (i,j) represents the
rectangular area bounded by r(i,j-d/2), r(i,j+b/2),
z(i-a/2,j), and z(f+c/2*j) in the vertical cross-section.

By using the grid system and the notations as described 
in Figure 1.2, the finite difference equivalence of equation

(1.2) can be obtained as

2 rU(i , j+l)-U(_i , j)_ _ U ( i , J rlr-U-, +
b+dL p(i,j+b/2) b p(i,j-d/2) d

-2 rU ( i +1 , j )~U ( i , j ) _ U( i , j )-U( i — 1 t j ) -i . (l
a+cL p(i+c/2,j) c p(i-a/2,j) a J

. U(.i.U + l)-U(i.U - + q _ Q 
r(i,j)p(i,j) (b+d) ij ' U’

where p(i-a/2,j), p(i,j+b/2), p(i+c/2,j), and p(i,j-d/2)

Figure 1.3 A ring disc volume element associated with P(i,j)
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denotes the average resistivities between the point P(i,J) 

and its four neighbors P(i-l,j), P(i*J+D* P(i + l»J)* and 

P(i,j-1), respectively.
If the rectangular area which represents the point 

P(i,j) is rotated through an angle of 2il around the axis of 
the symmetry, assuming b = d, a ring disc volume element can 
be obtained (Figure 1.3) and its linearized volume is

Multiplying the equation (1.6) throughout by equation
(1.7), we have

(1.7)

U(i-l,l)-U(i,j.)
Ca

U (i,j+1)-U(i,j) 
Cb

U(i+l,j)-U(i,j)
Cc

U(i,.i-1)-U(i,j)
Cd + I ( i , j ) = 0 ( 1.8)

where Ca _ p( i-a/2,, j),, _a
nr(i,j) b+d

Cb = QlJ.U t kZÂ). (r ( i f. J ± +0 ;5} -1 _in v b y a+c
(1.9)

C ' JTr(i,j) b+d1

Cd . Pi I-d/2, j) (r,(,!.KJLL_0.5)’l _1
n v d y a+c

and
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j a+c b+d1 ,• j = 2nr( i , j)q( i , j) (-2") ( — ) .

Ca, Cb « Cc, and Cd are referred to as resistivity
coefficients. Since q (i,j) represents the current density of 
element P (i,j ) , I (  i , j  ) denotes the total amount of current 
entering the element P(i,j). If the point P (i,j) 

corresponds to a current source, I ( i , j ) will be positive,
and if it corresponds to a sink, I (i , j ) will be negative.
When the point P (i,j) corresponds to a potential electrode,
I (i , j ) equals zero. Equation (1.8) is the same as the 
difference form of K i rchhoff's first law. The units of the 
potential, the resistivity coefficients, and the current are 
[Volt], [ft], and [Amp], respectively.

1.2 Resistivity Coefficients

1.2.1 Resistivity Coefficient and Resistance

The resistivity of the medium is related to the 
electrical resistance as

R = (1.10)

where R is the resistance of the conductor, A the cross- 
sectional area, and L the length of conductor. Figure 1.4 
depicts the cross-sect i on of the ring disc volume elements 

associated with the nodes P (i,j) and P(i,j+1). The average
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resistivity and the distance between two nodes are denoted 

by

P = P(i,j+b/2), (1.11a)
and L = b. (1.11b)
The height of the element is (a+c)/2 and the radial distance
of the point P(i,j+b/2) is r(i,j)+b/2. Consequently, the 
.area open to the flow of current from the volume element 

associated with P (i,j) to the volume element associated with 

P(i » j+1) is expressed as

A = 2n[r(i,j)+b/2] (1.11c)

If the current is flowing between two nodes P (i,j) and

— 11" r(i,j)+b/2

P(i,j+b/2)

|> P(i,j+b/2) P(i,j+1)

I
a/2

c/2

1

Figure 1.4 Cross-section of ring disc volume elements
associated with P(i,j) and P(i,j+1)
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PCi*j+l)t the volume element associated with the passage of 
current will be a ring disc conductor associated with the 
fictitious node P(i,j+b/2). The cross-section of the volume 
element associated with P(i,j+b/2) is denoted by a dashed 
rectangle. Substituting equations (1,11a), (1,11b), and
(1,11c) into equation (1.10) yields

Rb = ___ p(.L?J±b/2) b ____
2n[r(i,j)+b/2](a+c)/2

= p( ' , J'+b/2 V J ) +0. 5]~ ^  (1.12)n b a+c

= Cb.
Thus, the resistivity coefficients can be replaced by the 
resistances which are associated with P(i,j) and its four 
neighbors.

The resistivity and the dimension of the volume element 
associated with P(i,j) and P (i-1,j) are 

P = P(i-a/2,j),
L = a, (1.13)

and A = 2Jïr ( i , j-d/2 )-^p.

Substituting equation (1,13) into equation (1.10) yields Ra
= Ca. In a similar manner, the relations Rc = Cc and Rd =

Cd can be found.
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1.2.2 Evaluation of Generalized Resistivity Coefficients 
The primary task in evaluation of the resistivity 

coefficient is determination of the average resistivity 
correct 1 y . If there is no resistivity variations in the 

element associated with P (i,j), the resistivity associated 
with P (i,j) can be assigned to p(i»j). Likewise, the 
resistivity associated with P(i,j+1) can be assigned to 
p(i » j+1). In this case, the resistivity coefficient Cb' 
associated with P (i,j) and P(i,j+b/2), and the resistivity 

coefficient Cb” associated with P(i,j+b/2) and P(i,j+1) can 
be obtained. On account of equation (1.11), we have

Ch- - - e . U r. J ) b/2________2II[ r ( i , j)+b/4](a+c)/2 ’

(1.14)
rh„ = P(i » J +1) b/2_________

2fi[r(i,j)+3b/4](a+c)/2 '

By taking an average cross-sectional area open to the flow 
of current across P(i,j) and P (i,j +1), we have modified 
coefficients

r'b ' ss P ̂  y J ̂ __________2n[r(i,j)+b/2](a+c)/2'

(1.15)
Cb” = —P-1 _______2n[r(i,j)+b/2](a+c)/2'

Final 1 y , the res i st i v i ty coefficient associated with P (i,j)
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and P(f»j+1)- can be expressed by adding two coefficients Cb' 
and Cb":

Cb = Cb' + Cb"

= [ p ( î , -J ) 2Pn<i , J + 1 )  ( 1 . 1 6 )

Equation (1.16) implies that the average resistivity of the 
volume element associated with P (i,j) and P(i,j+1) is

p(i,j+b/2) = [p(i♦j)+p(i » j+1)]/2. (1.17)
The average resistivity expressed in this equation is valid 
if the resistivity varies at most from one element to the 
next, i.e., no boundaries exist within an element.

In the case where a large number of thin parallel 
layers or cylindrical boundaries exist, the average 
res i st i vi y expression must be modified. Otherwise, the 
detailed variations in resistivity will not influence the 
results. By taking the advantage of the relationship 
between resistivity coefficient and the resistance the 

generalized average resistivity can be visualized.
Figure 1.5 shows the variations of the resistivity in 

the volume element associated with P(i,j) and P(i,j+1), and 
the corresponding resistance network model. If the volume 
element associated with P(i,j) and P(f,j+1) has radial 

variations in resistivity as shown in Figure 1.5a, the 

resistivity coefficient expressed in equation (1.16) can be 
modified to the general formula in the terms of series
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fr-d x - e-d x d x „ h

1
a+c

2

(a) Series Connection

T
*1 dy1

1
, P2 Tdy2 o

I

pn
T
^ nX

h-------b — ----- H
(b) Parallel Connection

pn P12 "in

- 
a P22 "2n'

"ml "m2 9mn

T
dy1
+dy2
di
JL

Ie" dx̂ ~$~ dx2~̂ ~ dxn"̂

mn

Cc) Combined Connection

Figure 1.5 The volume elements associated with P C i » j) and
PCi,j+1), and the corresponding resistance network model
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connection of the resistances:

cb = 27(r(i'j)+£ )" 1̂ {J ,  <Pkdxk>>-K= 1

In the case when p1 = p( i , j) , p2 = p(i,j+l), dx 1 = b/2, and 
dXg = b/2, the coefficient Cb equals the one previously 
obtained in equation (1.16).

If the volume element associated with P (i,j) and 

P(i»j+1) has a number of horizontal layers as shown in 

Figure 1.5b, the resistivity coefficient can be expressed in 
terms of parallel connection of the resistances:

Cb = ^(r(i, j)-f~)-1/{ Z (dyk/pk)}. (1.19)

If the volume element associated with P(i,j) and 

P(i > j+1) has a number of horizontal layers and has a number 

of cylindrical boundaries as shown in Figure 1.5c, the 
genera 1ized resistivity coefficient Cb becomes

I k -i n mCb = ^7 <r(i, j)+-) L{ I (dx,/ I (dy.:/p. , ))}. (1.20)
d  Zir 2 1 = 1 1 k=l K k ,

Similarly,

i . n m
C. = %— ( r ( i , j ) -= ) { I (dx,/ I (dy./p. ,))}. (1.21)2 |=1 I k=, k kl

Similar argument can be applied to the coefficients Ca and 

Cc. Since the cross—sectiona1 area for the flow of current 
in the element associated with P(i,j) and P (i-1,j) equals 

the area associated with P(i,j) and P (i +1,j), the
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generalized resistivity coefficients Ca and Cc are the same :
, m n

Ca = Cc = Wx,/p|k))J. (1.22)

1.2.3 Resistivity Coefficients at the Boundary

Refering to Figure 1.2, the resistivity coefficients 
for the set of elements {P(i,j)! i = 1,imax, j=1} must be 
computed subject to boundary condition of equation (1.3). 
This can be done by introducing a fictitious column of 
elements (P(i,j){ i = 1,imax, j=0}. On account of axial 
symmetry and the fact that the current source is located on 
the axis of symmetry, the current always flows in the
positive i— direction. Consequently, the boundary condition
at the axis of symmetry leads to

U (i,0) = U(i,1), for i=l,imax. (1.23)

By substituting equation (1.23) into (1.8) for j=1, the 
th/Krd. term in equation ( 1.8) is dropped out and the equation 

is modified as

U(i— l.l)-U(i.l) U (i,2)-U(i,1) U(i+1,1)-U(i,1)
Ca Cb Cc

+ I (i , 1 ) = 0. (1.24)
The coefficient Cb can be obtained by substituting r(i,1)=0 

into equation (1.20). This 1eads to 
j n m

Cb = I (dXj/'E (dyk/pki ) ) } , for i = 1, imax. (1.25)
1 = 1 k=1
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The resistivity coefficients Ca and Cc at the axis of 
symmetry can be obtained by considering a volume element 
shown in Figure 1.6. The cross-sectional area associated 
with P ( i , 1 ) and P ( i-1, 1 ) is iI(b/2)2 and the distance of 
P(i,l) from P (i-1 * 1) equals a. As mentioned earlier, the 

coefficient Ca can be replaced by the resistance associated 
with P (i,1) and P (i-1,1), we have

Ca = P( n~(b/22')V 3 * for i=2. imax. (1.26)
f 4̂#-'

b/2

P(iz2)

P(i+1,1)

Figure 1.6 A volume element associated with P (i,1) at the 
axis of symmetry
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In the same manner, the resistivity coefficient Cc is given 
as

Cc = P( 'nTb/z’jV C ’ i = l , imax-1. (1.27)

The electrical potential for the set of remaining 

boundary e 1ements {P (i,j)! i = 1 » j=l,jmax}, {P (i » j) ! i = imax, 
j=1,jmax}, and {P(i,j)| i = 1,imax, j = jmax} can be specified 

as U = Uo, if the potential function be can defined at the 
boundaries. If the distance of boundaries is very large 
such that the condition of equation (1.4) is satisfied, the 
boundary potential approaches zero. But those conditions

IKi,imax-1) ■<> U(izjmax)=0

-<MI(i+1zjmax)=0

Figure 1.7 A portion of boundary elements
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become impractical if the dimensions of the model are small, 
or i f the mediurn i s inhomogeneous.

The boundary condition that would be considered for the 
heterogeneous medium and/or relatively small grid system, 
where the boundary potential cannot be placed zero, is the 
terminal resistance type boundary condition (Stoyer, 1985). 
Figure 1.7 depicts a portion of boundary elements {P (i,j)| 
i = 1,imax, j = jmax}. The boundary potentials {U (i,j)} 

i = 1,imax, j = jmax} are placed at zero. The resistivity 
coefficient Cb associated with P(i,jmax-1) and P(i,jmax) is 

determined by using equation (1.20). The boundary 
potentials can be placed zero by replacing the resistances 
(resistivity coefficients) associated with P (i,jmax-1) and 
P(i,jamx) with larger ones. The terminal resistance factor

(TRF) is defined as the ratio of the new coefficient to the

old one such that

TRF = Cb^ -w) (1.28)

or Cb(new) = TRF x Cb.

For the upper boundary of the model, the resistivity

coefficient Ca associated with {P (i,j){ i =2, j=1,jmax-1} is 
replaced by

Ca(new) = TRF x Ca, (1.29)
and the boundary potential is

{U (i,j)! i=l, j=1,jmax-1} = 0.
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Similarly the resistivity coefficient Cc associated
with the elements {P (i,j)j i = imax, j=1f imax-1} is replaced

by
Cc(new) = TRF x Cc, (1.30)

and the boundary potential is

{U(i,j)| i=imax, j=l,jmax-1} = 0.
The main advantage of the terminal resistance boundary 

condition is that the boundary potentials, which are usually 
unknown in the inhomogeneous medium, need not be determined 
in advance.

An example of selecting a terminal resistor factor is 
shown in Figure 1.8, in which a homogeneous medium which has 
100 ohm-m resistivity is used. In the homogeneous medium 
the apparent resistivity is supposed to be constant and 
equals the true resistivity throughout the whole range of 
electrode spacings. If the terminal resistance factor is 
chosen too high or too low, the apparent resistivities as a 

function of electrode spacing diverges. It implies that the 

terminal resistance factor would be chosen so that the 
deviation of the apparent resistivity from the true 
resistivity curve is minimum. If the outer boundaries are 
placed at zero potential without the terminal resistances, 

(TRF = 1), the electrical potential approaches zero with 
increasing spacing ratio. As the terminal resistance factor 
increases, the tail of the apparent resistivity curve
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arises. A value of 6.5 would be the appropriate size of the 
terminal resistance factor for the grid system used. Figure 

1.8 also shows that the accuracy of the forward calculation 

for the short electrode spacings can be increased by using 
the terminal resistance type boundary condition.

COO

?E=Co
t-
M>MH—
toM

7.5
o

to
UJ
02
t—z
LU02
50.<c

o

SPACING RATIO (L/d)

Figure 1.8 Apparent resistivity curves for different 
terminal resistance factors
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By specifying zero potential at the boundary, the finite 

difference equation for the set of elements {P (i,j)! i=2,
j=2,jmax-2} is

. U(2,j+1)-U(2,j) U ( 3, j ) -U ( 2 , j )
Ca(new) Cb Cc

y(2,j.-^-U(2, j) + |(2,j) = 0. (1.31a)

On account of (1.24), the finite difference equation for the 
element associated with P(2,1) is

—U (2,1) U(2,2)-U(2,1) U(3,1)-U(2,1)
Ca(new) Cb Cc

+ 1(2,1) = 0. (1.31b)
The finite difference equation for the set of elements 
associated with {P (i,j)! i~2, j=jmax-1} becomes

-U(2,.imax-1 ) -U(2, jmax-1 ) (J(3, jmax-1 )-U(2, jmax-1 )
Ca(new) Cb(new) Cc

+ J^ 2<z2)-U(2 1J.maxzj2 + j (2, jmax-i ) = o. (1.31c)

The same argument can be applied for the lower and the 

radial boundaries of the model and the corresponding finite 
difference equation is straightforward.



T-3265 26

1.3 Eva 1uat i on of Apparent Res i st iv ity

1.3.1 Evaluation of Potential Distribution
The finite difference equation (1.7) constructs a linear 

system
A x = b, (1.31 )

where A is the coefficient matrix, x the unknown vector, and 

b the known right hand side vector. Refering to Figure 1.2, 
the size of the problem is product of imax and jmax. For 
the elements associated with P (i,j), the matrix equation 
equivalence of equation (1.7) can be expressed as 

equation (1.33).

1 /Ca -1/Cd 1/C -1/Cb .. -1/Cc .

ii • i
U(i-1,j)

U(i,j-l) 
U(i,j) 
U(i,j+1)

U(i+l,J)
J L

I ( i » j )

where 1/C = 1/Ca + 1/Cb + 1/Cc + 1/Cd. (1 .33)

The coefficient matrix A has a penta-diagonal structure, 
where four off-diagonal entries and the main diagonal 

entries have non-zero values, while the remaining entries 
are all zeros. On account of (1.20) and (1.21), the 
coefficient Cb associated with P (i,j) equals the coefficient
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Cd associated with P(i*j+1), that is

Cb(i,j) = Cd(i f j+1). (1.34)
Similarly, equation (1.22) leads to

Cc(i,j) = Ca(1 +1 « j). (1.35)
Equations (1.34) and (1.35) imply that the matrix A is 
symmetr i c :

a Ij = a j j * (1.36)
where a .̂  represents the entry corresponding to Xth row and 
jth column of the matrix A.

Equation (1.33) shows that the matr i x A has posi t i ve 

diagonal entries
a.. > 0, (1.37)

and has a diagonal dominance

a * j ^ ü | a . * | .  (1.38)
i*j J

For the solution vector x * 0, it can be found that the 
coefficient matrix A is positive definite such that

x TA x > 0, (1.39)
Twhere x is a transpose of the vector x.

The matrix equation (1.33) can be solved for the unknown 
vector x which defines the potential distribution in the 
simulation model. Many techniques have been developed to 
solve such a linear system. Elimination methods can be used 
for relatively small problems. For large problems, the 
iterative method will be superior to the elimination method.



T-3265 28

because the iterative method can reduce the large 
rounding-off errors and voluminous arithmetic operations.

The practical method found very effective is the 
adaptive accelerated iterative algorithms, I TRACK 2C 

(Kincaid et al.» 1982), which are a collection of seven 
FORTRAN subroutines and are suitable for solving large 

sparse linear systems. Basic iterative procedures, such as 
the Jacobi method, the successive overrelaxation method, the 
symmetric successive overrelaxation method, and the RS 
method for the reduced system are combined, where possible, 
with acceleration procedures, such as Chebyshev (semi­
iteration) and conjugate gradient, for rapid convergence. 
Automatic selection of the acceleration parameter and the 
use of accurate stopping criteria are major features of this 
software package.

The I TRACK 2C uses a sparse storage scheme in which only 

the non-zero entries are stored in the array. Since the 
coefficient matrix A is symmetric, as shown in (1.36), 
computer memory would be saved by storing only non-zero 
entries in each row on and above the main diagonal. The 
conditions (1.37), (1.38), and (1.39) provide the necessary 

conditions for the succesfu1 convergence of the iterative 

methods.
The choice of the grid system is the main factor which

affects the finite difference results. The rate of
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expansion can be determined by the compensating factors of 
accuracy and computational efficiency. The accuracy would 
deteriorate if the grid size expanded too rapidly. On the 
other hand. Excessive computer time would be required if the 

grid size expanded too slowly. The expanding ratio of 1.25 
to 1.4 would provide sufficiently fine grid spacings near 
the current source. The ratio should be determined by 
taking into account the size and the complexity of the earth 
model. In the case where the earth model is small and 

complex, the small expanding ratio should be used. The 

expanding ratios of the radial direction (a) and the axial 
direction ($) may be different from each other, according to 
the earth model.

Also, the smallest grid spacings, Ar(1) and Az(io), 
should be determined by taking into account the earth model, 

especially location of the borehole wall and the thickness 
of the layer. Az(io ) must be smaller than the thickness of 
the thinnest layer, and Ar(1) must be smaller than the 
radius of the borehole. The small values of Ar(I) and 
Az(io) provide the even and uniform distribution of the 
current near the source.

In order to provide a theoretically noise-free result, 
the size of the grid system, usually expressed by imax by 
jmax, must be greater than 39 by 20. This size of grid 
system provides sufficient accuracy for the short normal
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arrangement, and it takes about 4~5 seconds of computational 
time. Evaluation of the apparent resistivity for the 
lateral arrangement requires a large grid system such as 59 

by 30♦ and it takes about 15~20 seconds of computational 
time with the Gould 9600 computer. The size of the grid 
system depends on required accuracy and the actual size of 
the simulation model.

1.3.2 Apparent Resistivity from Potential Distribution

The apparent resistivity for the normal and the lateral 
electrode arrangements can be evaluated from the potential 
distribution in the simulation model. The schematic diagram 
of the normal and the lateral arrangements are shown in 

Figure 1.9. For both arrangements, the current return B is 
placed at the ground surface and is infinitely far from the 

current source.
For the normal arrangement, the reference potential 

electrode N is located at infinity and the measuring 
electrode M is located at a distance AM from the current 

source A. In that case the apparent resistivity is given by

Ra = 4JI AM ( 1 .40)

The value of Ra obtained by this equation represents the 
apparent resistivity corresponding to the depth point 0. 

Since the current source and the potential electrodes are
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located at the borehole axis, a set of elements associated 
with {P(i,j)i i = 1,imax, j=1} is used to evaluate the 
apparent resistivities.

If the potential electrode M lies on the point P (i,1), 
the apparent resistivity can be expressed by

Ra = 4n AM \ 'l). (1.41)

If the potential electrode is located in between P (i-1,1) 

and P(i,l), the potential at M can be obtained by the linear 
interpolation of U (i-1,1) and U (i,1). The accuracy of the

T
AM1

(a) Normal Arrangement

i
MN
T

Ï
AO

o MxO 1

Cb) Lateral Arrangement

Figure 1.9 Schematic diagram of (a) the normal and (b) the
lateral arrangements
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results would be increased and the need for interpolation 
can be eliminated by inserting a horizontal grid line which 

represents the vertical position of the potential electrode 
M, and by reconstructing a grid system (Figure 1.10). The 
element which was associated with P(i,j) is assigned to 
P(i +1,1), and the element associated with M is assigned to 

P ( i * 1 ) .
For the lateral arrangement the potentials are measured 

at M and N, which are separated by the span MN. In that 
case the apparent resistivity is given by

P(i-1,1 )
M

P(i,1)

P(i+1,1)

A

(a) M lies in between (b) Reconstructed grid
nodal points system

Figure 1.10 Reconstruction of the grid system for the
normal arrangement

PCi-1,1 ; 
P(i,1) M
PCi+1,1)

P(i+2,1)
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Ra , 4H A ± M . U ( M)ZU1 N), (,.42)

The Ra represents the resistivity corresponding to the depth 
point 0. If the potential electrodes M and N lie on the 
points P(i,1), P(t+It1), the apparent resistivity can be 
obtained by

Ra = 4H A ^ . m ^ U L L L U U .  (,.43,

Also, the accuracy of the result would be much increased by 
inserting two horizontal grid lines which represent the 
vertical positions of the potential electrodes M and N , and

A

P(i-1,1)
M

P(iz1)
N

P(i+1,1)

(a) M and N Lie in between (b) Reconstructed grid
nodal points system

P(i-1,1)
P(iz1) 
P(i+1z1)

P(i+2Z1) N
PCi+7 i i

Figure 1.11 Reconstruction of the grid system for the
lateral arrangement
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by reconstructing a grid system (Figure 1.11). The elements 
which were associated with P(i,l) and P(i+l,l) are assigned 

to P(f+ltl) and P(i+3,1), respectively. The element 

associated with M is assigned to P(i,l) and the element 
associated with N is assigned to P(i+2,1).

1.4 Verification of the Results

The numerical results obtained from the finite 
difference method have been checked against other 

available solutions in limiting cases. These include the 
analytic solutions for the horizontally layered earth model 
and for the cylindrically layered earth model, and the 
integral equation solution. All tests have indicated that 

the finite difference (FD) method is accurate, 
computationa11 y effi c i ent, and versât île.

1.4.1 Comparison with the Analytical Solutions
The first test case involves horizontally layered model 

in the absence of a borehole. In this case the medium is 

divided into a number of layers. Each layer is bounded by 
plane-parallel boundaries and has specific resistivity and 
thickness. Determination of the potential field in the 
medium is developed by Van Nostrand and Cook (1966) and the 
recursive expressions for the evaluation of apparent
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resistivities are obtained by Daniels (1978) and Yang and 

Ward (1984). The Romberg integration method (Carnahan et 

alf 1969) is used to perform the numerical integration.
A synthetic log for the 16” short normal tool in the 

multiple beds is presented in Figure 1.12 in which the 
resistivities of the beds are 10, 100, 5, and 20 ohm-m from 
the top to bottom. The thicknesses of the second and the 

third bed are 100” each, and the top and the bottom beds 
have infinite thicknesses. The departure of the FD method 
from the analytical solution is vanishingly small. The 
relative error involved in the FD method with 39 by 20 grid 
system is less than 1 percent. Excellent agreement was also 
obtained for a wide variety of resistivity and bed thickness 

combinations. If increased accuracy is required, such as in 
the high resistivity contrast case, a finer grid system must 
be generated. Due to the adaptability of the grid 
generation scheme, it can be easily performed by specifying 

smaller numbers of Ar(1), Az(io), and grid expanding 
ratios.

A synthetic log for the 18' lateral device in the 

multibeds is shown in Figure 1.13 in which the resistivities 
of the beds are 10, 100, 5, and 20 ohm-m from the top to 
bottom. The thicknesses of the second and the third bed are 
100' each, and the top and bottom bed also have infinite 
thicknesses. The departure of the solution from the
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analytical solution is larger than that of short normal case 

due to the potential electrode span effect and the errors 
involved in calculating potential gradient at the logging 
point. In the FD method the potential gradient is obtained 
by calculating the slope of potential distribution at the 
measuring point, while in the ana lytic souti on potent ia 1 
gradient is directly calculated from taking a derivative of 
potential function with respect to the electrode spacing. 
Therefore, in the analytical solution the potential 
electrode span, MN, is considered as infinitesimally small, 
while in the FD method the electrode span is always involved 
and is not small. Another important feature to be noted is 

that the sharp apparent resistivity discontinuities near the 
boundaries are smeared out in the finite difference method. 
The smearing is due to the discretization and the electrode 
span effects.

The second test case considered here is the cylin­

drical ly layered medium which has infinite thickness. The 
borehole and the invaded zone would be considered in this 
model. A recursive formula to evaluate the apparent 
resistivity for this case is developed by Drahos (1984). By 
using the recursive technique, it becomes possible to solve 

the problem for an arbitrary number of layers cases. A 

special lagged convolution technique (Anderson, 1975) is 
used to perform the numerical integration.
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As an example of the cy1indrica11 y layered earth model, 

the departure curves for the three-layer case are generated. 
The resistivities in the borehole and invaded zone are 1 and 
20 ohm-m, respectively. The borehole diameter is 8 inches 
and the diameter of invasion is 40 inches. True 
resistivities of 5, 10, 50, and 100 ohm-m are considered.
Figure 1.14 shows the departure curves for the normal 

device. The finite difference method agrees very well with 
the analytical solution for all of the cases shown. Figure 
1.15 shows the departure curves for the lateral device for 
the same configuration. The slight discrepancy between the 
FD method and the analytic solution can be improved by 
reducing the grid sizes.

One of the advantages of the finite difference method is 
that it can provide apparent resistivities which are 
extremely difficult to compute by the analytical method.

The main 1imitation of the ana 1ytica1 method is that the 

numerical integration sometimes diverges, so that the 
apparent resistivities for the short electrode spacing ratio 
may not be evaluated accurately. For that reason, the 
departure curves for Rt/Rm = 10 and Rt/Rm = 5 start from the 

spacing ratio of 3 in Figure 1.14 and from the spacing ratio 

of 7 in Figure 1.15.
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1.4.2 Comparison with the Integral Equation Solution
To verify the finite difference method in the presence 

of combined cylindrical and horizontal boundaries, a 
boundary value problem in which a single horizontal bed 
boundary and a wellbore are involved is considered and the 
results are compared with the integral equation solution 
obtained by Zhang and Shen (1984). Figure 1.16 shows the 

response of the 16" tool in a borehole crossing a bed 

boundary. An 8" borehole is filled with mud of 1 ohm-m 
resistivity and the resistivities of the upper layer and the 
lower layer are 10 and 100 ohm-m, respectively. Apparent 
resistivities obtained from the finite difference method 
coincide with those of the integral equation method.

From the test results it is found that the finite 
difference method consistently agrees well with either the 
ana 1ytica1 so1 ut i on or the integra1 equat i on method, 
whenever these methods can be applied in a simple model.
The confidence established in the test results enables us to 
proceed to forward modeling of complex geometries.
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Figure 1.16 Comparison of the FD method with the integral
equation solution (Combined boundary model)
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1.5 The Analysis of Synthetic Resistivity Logs

The finite difference method is now applied to the 
combined boundary earth model for which the analytical 
solutions no longer exist. Both 16” short normal and 18' 

lateral arrangements are considered. The electrode span 
used for the lateral arrangement is 3'. The apparent 
resistivities for the conductive bed and those for the 
resistive bed are obtained, and the responses for the thick, 
critical, and thin bed models are compared each other. The 

critical bed thickness is the thickness which equals the 
electrode spacing. The effects due to the variations in 
earth parameters are also considered. The earth parameters 
include mud resistivity (Rm), borehole diameter (d), 
resistivity of invaded zone (Ri), invasion diameter (Di), 
and true resistivity of the formation (Rt). The complete 
set of synthetic resistivity logs is included in Appendix 
A.

1.5.1 Normal Arrangement in a Conductive Bed
Figure 1.17a (or Figure A-l.l) shows the apparent 

resistivity curves for the 16" normal arrangement in a 
thick conductive layer model. The resistivities of the 
shoulder and the target layer are 100 and 10 ohm-m, 
respectively, and the borehole diameter is 8 inches. Mud
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resistivities of 1, 5, and 10 ohm-m are considered. The 

thickness of the target layer is 80 inches and corresponds 
to 5 times the electrode spacing. The responses show that 
there are no appreciable differences between curves, and 
that the minimum values of the apparent resistivity curves 
are greater than the true resistivity. When the mud 
resistivity is low, the resistivity in the shoulder layer 

has a large departure from the shoulder resistivity. It is 
also found that the departure from the true resistivity in 
the conductive layer increases, as the bed thickness 

decreases (Figure A-1.2, Figure A-1,3).
Figure 1.17b (or Figure A-1.4) shows the apparent 

resistivity curves for the 16" normal arrangement crossing a 
thick conductive bed. The mud resistivity is 1 ohm-m, and 
borehold diameters of 8, 10, and 12 inches are considered.

The responses indicate that the departures from the true 

resistivity in the conductive layer are about the same 

despite the variations in borehold diameter, and that the 
minimum values of apparent resistivity curves are greater 
than the true resistivity.

As the bed thickness becomes smaller (Figure A-1.5, 

Figure A-1.6), the differences between curves in the 

conductive layer become larger, and in the shoulder layer 
the differences become smaller.

Figure 1.17c (or Figure A-1.7) shows the apparent
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resistivity curves for the 16" normal arrangement in a thick 
conductive bed which has a certain extent of invasion. The 
resistivity of the invaded zone is 20 ohm-m. Invasion 

diameters of 2d, 5d, and 1Od are considered, where d i s  the 

borehole diameter. The responses indicate that the apparent 
resistivity in the conductive bed is greatly affected by the 
extent of invasion. The responses also show that as the 
invasion diameter increases, the departure from the true 
resistivity increases. The apparent resistivities in the 
shoulder layer are not appreciably affected by the invasion. 
Hence, the tails of the curves are merged into one at top 
and bottom of the figure, and conform with the apparent 
resistivity curve which is obtained without a consideration 
of the invasion.

As the bed thickness becomes smaller (Figure A-1.8, 
Figure A-1.9), the differences between curves in the 
conductive bed become smaller, and in the shoulder layer the 
differences become larger.

Figure 1.17d (or Figure A-l,10) shows the apparent 
resistivity curves for the 16" normal arrangement crossing a 

conductive thick bed which has an invaded zone. The 
invasion diameter is 40 inches (5d). The invaded zone 

resistivities of 20, 50, and 100 ohm-m are considered. The 
responses indicate that the apparent resistivity in the 
conductive layer is considerably affected by the variations
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in invaded zone resistivities: The apparent resistivity
increases, as the resistivity of the invaded zone increases. 
The apparent resistivities in the shoulder layer show that 
there are no appreciable differences between curves due to 

the variations in invaded zone resistivity.
As the bed thickness decreases (Figure A-l.l 1, Figure 

A— 1.12), the differences between curves decrease and the 

departure from the true resistivity increases.

Figure 1.17e (or Figre A-l.13) depicts the apparent 
resistivity curves for the 16" normal arrangement in a thick 
conductive bed which has an invaded zone. True resistivities 
of 1, 2, 5, and 10 ohm-m are considered. The mud resistivity 
and the resistivity of invaded zone are 1 and 10 ohm-m, 

respectively. This model can be encountered in nature when 
the borehole is filled with fresh mud and the formation is 
saturated with the formation water of low resistivity. The 
responses show that the apparent resistivity increases with 
the increase of the true resistivity.

As the bed thickness decreases, the departure from the 
true resistivity increases (Figure A-l.14, Figure A-l.15).

From the analysis of the apparent resistivity curves for 
the 16" normal arrangement in conductive beds, it can be 

concluded that the apparent resistivities are greatly 
affected by the variations in invaded zone resistivity and 
diameter. It would be very difficult to identify the true
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resistivity and the boundaries of a conductive layer, if its 
thickness is less than the electrode spacing. The large 

diameter hole and the low-resistivity borehole mud adversely 
affect the apparent resistivity responses in conductive 
beds.

1.5.2 Norma 1 Arrangement in a Resi st ive Bed

Figure 1.18a (or Figure A-l.l) shows the apparent 
resistivity curves for the 16" normal arrangement in a 
thick resistive layer model. The resistivities of the 
shoulder and the target layer are 10 and 100 ohm-m, 
respectively. The borehole diameter is 8 inches, and mud 
resistivities of 1, 5, and 10 ohm-m are considered. The 

thickness of the resistive bed is 80 inches, which 
corresponds to 5 times the electrode spacing. When the mud 
resistivity is low, the departure from the true resistivity 
is large. On the other hand, when the mud resistivity 
approaches shoulder resistivity, the departure becomes 

smaller. The responses also show that the maximum values of 
the apparent resistivity curves are less than the true 

res î st ivity.
The departure from the true resistivity in the 

resistive layer increases, as the bed thickness decreases 
(Figure A-2.2, Figure A-2.3). If the bed thickness is 
smaller than the electrode spacing, the apparent resistivity
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curves have lower resistivity readings in the resistive bed 
than those in the shoulder layers. It may lead to the 
misinterpretation of a resistive thin bed as a conductive 

thin bed.
Figure 1.18b (or Figure A-2.4) depicts the apparent 

resistivity curves for the 16" normal arrangement crossing a 
thick resistive bed. The mud resistivity is 1 ohm-m, and 
borehole diameters of 8, 10, 12 inches are considered.

Unlike the responses for the conductive bed, the apparent 
resistivity in the resistive bed is affected by the 
variations in borehole diameter. As the borehole diameter 
increases, the departure from the true resistivity 
increases. The peak values of the apparent resistivity 

curves in the resistive bed is less than the true 

resistivity of the bed.
As the bed thickness becomes smaller (Figure A-2.5, 

Figure A-2.6), the differences between curves in the
resistive layer become smaller and the departure from the
true resistivity becomes larger.

Figure 1.18c (or Figure A-2.7) shows the apparent 
resistivity curves for the 16" normal arrangement in a 
thick conductive bed which has a certain extent of invasion. 

The resistivity of the invaded zone is 20 ohm-m, and
invasion diameters of 2d, 5d, and 1Od are considered. The
responses indicate that the apparent resistivity in the
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resistive bed is greatly affected by the extent of invasion. 
The departure from the true resistivity is large for the 
deep invasion, and is small for the shallow invasion. The 
apparent resistivities in the shoulder layer are not 

appreciably affected by the invasion except in the 
vicinities at the bed boundaries. Hence, the tails of the 
curves are merged into one at the top and bottom of the 
figure, and conform with the apparent resistivity curve 
which is obtained without a consideration of the invasion.

As the bed thickness decreases (Figure A-2.8, Figure 

A-2.9), the differences between curves in the resistive bed 
decrease, and in the shoulder layer the differences 
i ncrease.

Figure 1.18d (or Figure A-l.10) depicts the apparent 
resistivity curves for the 16" normal arrangement crossing 
a thick resistive bed which has an invaded zone. Invasion 
diameter is 40 inches (5d), and the invaded zone 
resistivities of 10* 20, and 50 ohm-m are considered. The 
responses indicate that the apparent resistivity in the 
res istive bed is cons i derab1 y affected by the var i ati ons i n 

resistivities of the invaded zone. The departure from the 

true resistivity decreases, as the invaded zone resistivity 
increases. The apparent resistivities in the shoulder layer 
show that there are no appreciable differences between 
curves except those near the bed boundaries.
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As the bed thickness decreases (Figure A-2.J1, Figure 
A-2.12), the differences between curves decrease and the 
departure from the true resistivity increases.

Figure 1.18e (or Figure A-2.13) shows the apparent 

resistivity curves for the l6" normal arrangement in a 
thick resistive bed which has an invaded zone. True 
resistivities of 10, 20, 50, and 100 ohm-m are considered. 
The mud resistivity and the resistivity of invaded zone are 
1 and 10 ohm-m, respectively. This model can be obtained by 

considering an oil bearing zone. For example, in the 

case where the formation resistivity factor (F) of the 
target layer is 20, and the resistivity index (I) is 25, and 
the resistivity of the formation water is 0.1 ohm-m, the 
true resistivity of the formation will be 50 ohm-m. Also, 
the resistivity of the invaded zone will be 10 ohm-m, if the 

invaded zone is filled with the 0.5 ohm-m mud filtrate. The 
responses show that the apparent resistivity increases with 
the increase of the true resistivity.

As the bed thickness decreases, the departure from the 
true resistivity increases (Figure A-2.14, Figure A-2.15). 

For the resistive thin layer model, there are no appreciable 
differences between curves, and the bed boundaries are not 
distinguishab1e .

From the analysis of the apparent resistivity curves for 
the 16” normal arrangement in the resistive bed, it can be
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concluded that the apparent resistivity in thick resistive 

beds is greatly affected by the extent and the nature of the 
invasion. It would be very difficult to discriminate the 
boundaries and the true resistivity of the formation if the 
bed thickness is less than the electrode spacing. The large 

diameter hole and the low-resistivity borehole mud adversely 
affect the apparent resistivity responses in resistive beds.

In general, the logging environment which affects the 
response of the normal electrode arrangement can be 
summarized as follows.

1. Borehole effects : The large diameter hole and the 
low-resistivity mud increase the departure from the 
true resistivity.

2. Invasion effects : Since the radius of investigation of
the 16" normal arrangement is small, the apparent 
resistivity is greatly affected by the invasion diameter 

and the invaded zone resistivity.
3. Bed thickness effects: The bed thickness effects become

significant when the thickness is less than 5 times the 
electrode spacing. If the bed thickness is less than
or equal to the electrode spacing, this bed cannot be 

discriminated by the normal arrangement devices.
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1.5.3 Lateral Arrangement in a Conductive Bed
Figure 1.19a (or Figure A-3.1) shows the apparent 

resistivity curves for the 18' lateral arrangement in a 
thick conductive layer model. The resistivities of the 
shoulder and the target layer are 100 and 10 ohm-m, 
respectively. The borehole diameter is 8 inches, and mud 
resistivities of 1,5, and 10 ohm-m are considered. The 
thickness of the conductive bed is 90 feet, which 

corresponds to 5 times the electrode spacing. The responses 
indicate that there are no appreciable differences between 
curves in the conductive bed, while the differences are 
large in the shoulder layer. The apparent resistivity 
readings at the flat portion of the curve near the middle of 

the layer provide the true resistivity estimation of the 
formation. If the mud resistivity is low, the departure from 
the shoulder resistivity becomes larges.

As the bed thickness decreases (Figure A-3.1, Figure 
A-3.2), the departure from the true resistivity increases 

and the flat portion of the curve in the conductive layer 

disappears. It is also found that low-resistivity borehole 
mud affects the apparent resistivity readings in a 
conductive bed.

Figure 1.19b (or Figure A-3.4) depicts the apparent 
resistivity curves for the 18' lateral arrangement crossing 
a thick conductive bed. The mud resistivity is 1 ohm-m, and
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borehole diameters of 8, 10, and 12 inches are considered. 

The responses indicate that there are no appreciable 
differences between curves in the conductive layer or in the 
shoulder layer due to the variations in borehole diameter. 
The apparent resistivity values in the conductive layer 
yield a good approximation of the true resistivity.

As the bed thickness decreases (Figure A-3.5, Figure 
A-3.6), the departure from the true resistivity increases, 

and the flat portion of the curve in the conductive layer 
di sappears.

Figure 1.19c (or Figure A-3.7) shows the apparent 
resistivity curves for the 18' lateral arrangement in a 
thick conductive bed which has a certain extents of 
invasion. The resistivity of the invaded zone is 20 ohm-m, 
and invasion diameters of 2d, 5d, and lOd are considered. 
Since the maximum invasion diameter is only 80", which is 
relatively small compared to the electrode spacing, the 

variations in invasion diameter does not appreciably affect 
the response of the lateral arrangement devices. The 

departure from the true resistivity slightly increases with 
the increase of invasion diameter. The true resistivity can 
be estimated by taking the apparent resistivity at the flat 
portion of the curve in the conductive layer.

As the bed thickness decreases (Figure A-3.8, Figure 
A-3.9), the departure from the true resistivity increases.
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and the flat portion of the curve in the conductive layer 
di sappears.

Figure 1.19d (or Figure A-3.10) depicts the apparent 
resistivity curves for the 18' lateral arrangement crossing 
a thick conductive bed which has an invaded zone. The 
invasion diameter is 40 inches, which corresponds to 5/27 of 
the electrode spacing. Invaded zone resistivities of 20,
50, and 100 ohm-m are considered. When the invaded zone 
resistivity is 20 ohm-m, which equals two times the true 
resistivity, the apparent resistivity curve is very similar 
to the one obtained without a consideration of invasion. 
Hence, the apparent resistivity curve yields a good 
approximation of the true resistivity of the formation. If

the invaded zone resistivity is high, the potential 
distribution between the current source and the measuring 
electrodes is distorted by the h i gh-res i st i v i ty invaded 
zone. Consequently, the invasion effects become 

significant. As a result, the departure from the true 
resistivity increases with the increase of invaded zone 
resistivity. The same argument can be applied to the 
conductive thin layer models (Figure A-3.1I, Figure A-3.12).

Figure 1.19e (or Figure A-3.13) shows the apparent 

resistivity curves for the 18' lateral arrangement in a 
thick conductive bed which has an invaded zone. The mud 
resistivity and the resistivity of the invaded zone are 1
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and 10 ohm-m, respectively. True resistivities of 1, 2, 5, 
and 10 ohm-m are considered. Since the resistivity 
of the invaded zone is not too high compared to the mud 
resistivity, the apparent resistivity curves reflect the 
true resistivities of the layer very well.

As the bed thickness decreases, the departure from the
\

true resistivity increases (Figure A—3.14, Figure A—3.15). 
Even though it is difficult to estimate true resistivity 
from the apparent resistivity curve in the conductive thin 
layer, it is still possible to identify the bed boundaries.

From the analysis of the apparent resistivity curves for 
the 18' lateral arrangement in conductive beds, it can be 
concluded that the apparent resistivity is not appreciably 
affected by the extent and the resistivity of the invaded 
zone unless the invaded zone resistivity is too high 
compared to the true resistivity. Since the apparent 
resistivity curves are asymmetry and have sharp 
discontinuities near the bed boundaries, the bed boundaries 
of the formation can be easily identified . The true 
res ist iv ity of the formation can be obtai ned by readi ng the 
apparent resistivity value at the flat portion of the curve 
in the conductive medium. The dimension of the borehole 
does not appreciably affect the apparent resistivity 
readings, while low-resistivity borehole mud adversely 
affects the responses in conductive bed.
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1.5.4 Lateral Arrangement in a Resistive Bed
Figure 1.20a (or Figure A-4.1) shows the apparent 

resistivity curves for the 18/ lateral arrangement in a 
thick resistive layer model. The resistivities of the 
shoulder and the target layer are 10 and 100 ohm-m, 
respectively. The borehole diameter is 8 inches, and mud 
resistivities of 1,5, and 10 ohm-m are considered. The 
thickness of the resistive bed is 90 feet. The responses 
indicate that the low-resistivity borehole mud adversely 
affects the responses for the lateral arrangement device in 
the resistive bed. The apparent resistivity readings at the 
flat portion of the curve in the resistive bed yield an 
overestimation of the true resistivity. The responses also 

show that the difference between curves in the shoulder 
layer are small and the departure from the shoulder 
resistivity is also small.

As the bed thickness decreases (Figure A-4.1, Figure 

A-4.2), the departure from the true resistivity increases 

and the flat portion of the curve in the resistive layer 
disappears. If the bed thickness is smaller than the 
electrode spacing, the apparent resistivity curves have big 
notches just beneath the lower boundary of the layer (shadow 

zone). The apparent resistivities in the shadow zone is 
even lower than the shoulder resistivity.
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Figure 1.20b (or Figure A-4.4) depicts the apparent 
resistivity curves for the 18' lateral arrangement crossing 
a thick resistive bed. The mud resistivity is 1 ohm-m, and 
borehole diameters of 8, 10, and 12 inches are considered.
The responses indicate that there are no appreciable 
differences between curves in the resistive layer or in the 
shoulder layer due to the variations in borehole diameter. 
The apparent resistivity values in the resistive layer 

provide an overestimation of the true resistivity.
As the bed thickness decreases (Figure A-4.5, Figure 

A-4.6), the departure from the true resistivity increases, 
and the flat portion of the curve in the resistive layer 
disappears. The shadow zone also occurs when the bed 
thickness is less than the electrode spacing.

Figure 1.20c (or F.igure A-4.7) shows that the apparent 
resistivity curves for the 18' lateral arrangement in a 
thick resistive bed which has a certain extent of invasion. 

The resistivity of the invaded zone is 20 ohm-m, and 
invasion diameters of 2d, 5d, and 1Od are considered. Even 
though the invasion diameter is relatively small compared 
to the electrode spacing, the apparent resistivities in the 
res i st ive bed are somewhat affected by the extent of the 

invasion. On the other hand, the apparent resistivities in 
the shoulder layer are not appreciably affected by the 
invasion of the target layer. The true resistivity will be



DE
PT
H 

(F
T)

T-3265 75

o

CD — cn

csi _

CDO  -

APPARENT RESISTIVITY (OHM-M)

10 OHM- M

90 100 OHM- M

AO = 18 10 OHM - M

TRUE R E S I S T I V I T Y  
d = 8"
d = 10* 
d = 3 2"

Figure 1.20b Variations in d (Lateral-Thick-Resistive)



DE
PT
H 

(F
T)

T-3265 76

CD - cn

•A

CM

CDO

TTTT
APPARENT RESISTIVITY (OHM-M)

Di

90

AO = 38*

10 OHM- M

20 100 OHM - M

  TRUE R E S I S T I V I T Y
  Di = 2d
  Di = 5 d

Di = 10 d
10 OHM- M

Figure 1.20c Variations in Di (Latera1-Th i ck-Res i st i ve)



T-3265 77

overestimated, if the flat portion of the apparent 
resistivity curves in the resistive layer is taken for the
estimati on of the formation res istivity.

As the bed thickness decreases (Figure A-4.8, Figure 
A-4.9), the differences between curves decrease and the 

departure from the true resistivity increases. The shadow 
zone occurs beneath the thin resistive layer model.

Figure 1.20d (of Figure A-4.10) depicts the apparent 
resistivity curves for the 18' lateral arrangement crossing 
a thick resistive bed which has an invaded zone. The 

invasion diameter is 40 inches, and invaded zone 
resistivities of 10, 20, and 50 ohm-m are considered. The
responses indicate that there are no appreciable differences 
between curves due to the variations in invaded zone 
resistivity. The apparent resistivity readings in the 
resistive bed also yield an overestimation of the true 

resistivity. The departure from the true resistivity 
increases with the decrease of the bed thickness (Figure 
A~4.ll, Figure A-4.12). The shadow zone occurs when the bed 
thickness is less than the electrode spacing.

Figure 1.20e (or Figure A-4.13) shows the apparent 
resistivity curves for the 18' lateral arrangement in a 
thick resistive bed which has an invaded zone. The mud 
resistivity and the resistivity of the invaded zone are 1 
and 10 ohm-m, respectively. True resistivities of 10, 20,
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50♦ and 100 ohm-m are considered. Due to the borehole 
effect the apparent resistivities are slightly greater than 
the true resistivities.

As the bed thickness decreases, the 
departure from the true resistivity increases and the shadow 
zone becomes dominant (Figure A—4.14, Figure A-4.15). The 
bed boundaries are still distinguishable even though the bed 
thickness is less than the electrode spacing.

From the analysis of the apparent resistivity curves for 

the 18' lateral arrangement in resistive beds, it can be 

concluded that the apparent resistivity is not appreciably 
affected by the invasion resistivity, but large-diameter 
invasion adversely affects the apparent resistivity readings 
in resistive beds. The bed boundaires can be easily 

identified, and the apparent resistivities in the resistive 
medium are mainly governed by the ratio of true resistivity 
to the mud resistivity (Rt/Rm). The dimension of the 
borehole does not appreciably affect the apparent 
resistivity readings, while the low-resistivity borehole mud 

adversely affects the responses in resistive beds.

In general, the logging environment which affects the 
response of the 18' lateral electrode arrangement can be 
summarized as follows.
1. Borehole effects: When Rt/Rm is large, the borehole

effects are significant, and the apparent resistivity is
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greater than the true resistivity. For common borehole 

sizes, the variations in borehole diameter do not 
appreciably affect the the apparent resistivity.

2. Invasion effects: The invasion effects are significant
when the invaded zone resistivity is greater than the 
true resistivity.

3. Bed thickness effect : the bed thickness effects become

significant when the thickness is less than at least 
two times the electrode spacing. If the bed thickness 
is less than electrode spacing, the shadow zone occurs 
beneath a thin resistive bed.

1.5.5 Mutiple Invaded Layers

Finally the multiple invaded layer model is considered 
to investigate the responses of the 16” normal and the 18' 
lateral electrode arrangements. Figure 1.21a shows the 
apparent resistivity curve for the 16" normal arrangement 
crossing multiple invaded layers. The resistivity of the 
shoulder layer is 10 ohm-m, and the resistivities of the 
thin layers are 50, 100, and 30 ohm-m from the top to 

bottom. The mud resistivity is 1 ohm-m and the borehole 
diameter is 8 inches. The invaded zone resistivities are 
20, 30, and 15 ohm-m and the invasion diameters are 32, 48, 
and 16 inches from the top to bottom, respectively. the bed 

thicknesses are 80, 24, and 56 inches from top to bottom of
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the model. For the 18' lateral arrangement different bed 

thickness are considered. As shown in Figure 1.21b, the 
bed thicknesses are 18, 6, and 12 feet from top to bottom of 
the model. Figure 1.21a and Figure 1.21b indicate that the 

finite difference method is so versatile that the apparent 
resistivities for the normal and the lateral electrode 
arrangements can be accurately obtained provided that the 
earth model has an axial symmetry.

The forward modeling for the combined boundary earth 
model, especially for the complicated axisymmetrical logging 

environment, has many possible applications. These include: 
the design of new electrode resistivity tools, the 
calibration of the existing tools, and the prediction of the 
apparent resistivity for a given geometry to improve 
interpretation of the resistivity logs.
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CHAPTER 2 
INVERSION OF RESISTIVITY LOGS

The purpose of the borehole resistivity data inversion 
is to determine earth parameters, such as resistivity and 
thickness of the layer, and resistivity and diameter of the 
invaded zone, from a set of normal and lateral resistivity 

logs or from a single resistivity log.
The borehole resistivity data inversion can be 

accomplished with two different earth models. The first 
model consists of layers separated by plane-parallel 
boundaries, and the layers have various thickness and 
resistivities. This one-dimensional (I-D), horizontally 

layered earth model can be applied to the case where a 

drill-hole penetrates beds of finite thicknesses, but the 
electrode spacing is large enough that the resistivity of 
the drilling mud and the invaded zone may be neglected. The
second model consists of horizontal layers with a borehole 
and/or invaded zones. This two-dimensional (2-D), combined 

boundary earth model can be applied to the case where a 
drill-hole penetrates beds of finite thicknesses and the 
existence of the invaded zone is known.

Once the model is chosen and the earth geometry is 
defined, the apparent resistivities are calculated and 
compared to the observed data. The root-mean-squares (rms)
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error between calculated data and the observed data is then 
found. The earth parameters are changed to minimize the 

error and new apparent resistivities are calculated and 

compared to the observed data. This procedure will be 

repeated for a number of iterations until the desired 
accuracy is obtained. Inman et al. (1973) discussed a 
problem of direct interpretation of surface resistivity 

sounding curves from horizontally layered models by using 
the generalized linear inverse theory. They also discussed 
the resolution of the model parameters to be determined.
Then Inman (1975) applied a ridge regression estimator to 
the resistivity inversion problem, and discussed a 
statistical analysis for the estimated parameters.

Hoversten et al. (1982) compared five 1east-squares 
inversion techniques in resistivity sounding and found that 
the ridge regression algorithm required the fewest numbers 
of forward calculations to reach a desired convergence 
criteria. Moreover, Inman (1975) pointed out that the ridge 

regression estimator is more stable than the generalized 
linear inverse estimator.

In this study, the ridge regression estimator is used 
for the borehole resistivity data inversion, and the 

resolution and the statistical analysis for the estimated 
earth parameters follow. Two types of resistivity logs are 
chosen to test the inversion scheme. One of them is the
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field data ,and is inverted to a 1-D earth model. The other 
one is the theoretical data, and is inverted to a 2-D earth 

mode 1.
Finally, a set of field data obtained from the 16" 

normal, the 64" normal, and the 18'8" lateral logs is 
inverted to the 1-D earth models, and is inverted to the 
2-D earth models. The earth parameters obtained from the

1-D and the 2-D inversion are then compared.

2.1 Ridge Regression Estimator

As shown in the previous chapter, the apparent 
resistivity in the borehole can be evaluated from a given 
earth model. With mathematical notations it can be stated 
that the M unknown earth parameters P are related to the 
measurable quantity C by a non 1inear functional F as 
presented by the following:

C = F(P, X), (2.1)
where the known model parameters are contained in the vector 

X. The vector X contains the N depth reference points at 
which the apparent resistivity are measured.

The apparent resistivity calculated from equation (2.1) 

is tried to fit to the observed data 0. The fitting is 
usually carried out in a 1east-squares sense. The 1east- 
squares fitting is in turn performed on a linearized version



T-3265 88

of the governing equation.
The nonlinear apparent resistivity equation (2.1) is 

linearized by expansion in Taylor's series about an initial 

estimate po fn the parameter space at each depth point. The 
series, neglecting second and higher order terms, is

N 3
0(X,P) = C(X,P0) + l [C(X,PO) ] (P -po ) , (2.2)

1 j = l  3 P j  « J J

wi th
j=1,M and i=1,N, 

where 0(X,P) . is the j_th observation, C(X,PO). is the _ith 
calculated value for the current estimate of the unknown 
parameter set P , and (Pj-P°j) is the linear estimate of the 
correction needed in the jth unknown parameter. Rewriting 
equat ion (2.2) in matrix notât ion, we have

AG = A AP, (2.3)
where

AG. = 0(X,P). - C (X,P°). ,
3C(X,P).

A . . x=x. , 
P=P°ij - 3P.

and APj = Pj - po..
Equation (2.3) represents a system of N linear equations 

in M unknown. The A in equation (2.3) is called the system 

matrix and it represents the sensitivities of the calculated 
values with respect to the small changes in the current 
estimate of the parameters. In the borehole resistivity
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problem, the system matrix A is comprised of partial 
derivatives of the apparent resistivity with respect to the 
resistivity and thickness of each layer in the current 

model.
Since the problem is nonlinear and is linearized by 

expansion in Taylor's series, the solution of equation (2.3) 
provides only a linear estimate of AP and equation (2.2) is

strictly true for small values of AP.

The ridge regression estimator, AP', of AP is

AP' = (ATA + kl)"1 AT AG, (2.4)
where I is the identity matrix and k)0 (Marquardt, 1970).

TEquation (2.4) represents that the eigenvalues of A A is 
increased in the ridge regression estimator by the factor of

jk. Hence, the inversion of the matrix (A A + kI) becomes 
more stable than the inversion of matrix (A^A) which is used 
in the generalized linear inversion (Inman, 1975).

The underlying concept of the ridge regression 

estimator is that the AP' minimizes the sum of squares of 

res idua1s

*(AP') = (AG - A AP')T (AG - A AP') (2.5)
Ton the sphere whose squared radius is (AP AP'), and 

that the best direction for finding a minimum residual sum 
of squares lies somewhere between the direction given by the 

Taylor's series increment (k=0) and the direction of the 
steepest descent (k=«).
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An important consideration in the ridge regression 
estimator is the choice of a suitable values of k so that 
the residual sum of squares is minimized. The damping 

factor k can be obtained by inserting various values of k 
into equation (2.4) and finding the minimum residual sum of 
squares. Once the minimum error is found, the current earth 
parameters are replaced by the new parameters corresponding 

to the value of k which yields a minimum error between the 

observed and the caluclated data. The new parameter set P 

can be obtained from the relation.

P = P + AP. (2.6)
In this way, the new earth parameter P yields a new 

apparent resistivity curve that better fits the field data. 
The parameter P obtained in equation (2.6) now replaces the 
old parameter po and the procedure continues until a 
solution is obtained. In each iteration a different value 
of k may be used. At the initial stage of the inversion 

process a large value of k is used to fit the broad aspects 
of the data, and as the iteration goes on, the smaller value 
of k is used to provide the finer fit.
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2.2 Parameter Resolution and Statistics

The ridge regression estimator of the unknown parameter 
changes AP is obtained from equation (2.4), and the new 
parameter estimates are calculated by using equation (2.6). 
Once the final estimates are obtained, the confidence level 
of the earth parameter can be analyzed qualitatively through 
the resolution matrix (Inman et al» 1973), and the accuracy 
of the estimates can be analyzed by using parameter 

stat istics.
Substituting equation (2.3) in equation (2.4), we have 

AP' = (ATA + kI)”1ATA AP, (2.7)
= R AP,

where the matrix R is referred as the resolution matrix. 
Equation (2.7) shows that the estimated parameter changes 

APj" are linearly related to the unkown parameter changes 
APj. if the model is overconstrained (N > M) and the rank
of the system matrix A is equal to the number of unknown 
parameters, then the resolution matrix will be the identity 
matrix (Inman et al., 1973). Thus the parameter differences 

AP j can be uniquely resolved for a single iteration, and the 
estimated parameter changes APj' will be equal to the 
unknown parameter changes AP. If the noise-free observation 
data are used, and if the initial model is close to the true 
model, the identity resolution matrix, R = I, can be
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obtained in a few iterations depending upon the complexity 
of the problem. Due to the nonuniqueness of the inverse 
problems, the estimated earth model may be different from 

the true model. The estimated earth model depends on the 

initial guess model.
In the overconstrained case when the rank of the system 

matrix is less than the number of unknown parameters the 
resolution matrix is no longer the identity matrix, and the 

estimated parameter changes AP' is a weighted average of the 
unknown parameter changes used to describe the earth model 
(Inman et al., 1973). In the case where the diagonal
element of the resolution matrix is much smaller than one,
the parameter difference AP^ will be poorly resolved and the 
final model would be removed from the true model.

In the problem of borehole resistivity data inversion, a 

weighted 1east-squares scheme is used. In order to find a 

model that uniformly fits the resistivity log when the 
percentage data error is equal for all data, a logarithmic 
weighting (Ri jo et al., 1977) is used. In this weighting 
scheme, the function to be minimized in the 1east-squares 
sense is

2 N 2 (AG) = Ï [log 0. - log C,] • (2.8)
i = l 1

This scheme weights the data equally in the logarithmic 
scale (Hoversten et al., 1982).



T-3265 93

The system matrix A and the perturbing equation (2.6) 
are then replaced by

3 log C(X,P)
A . . = x=x . , 

P=P°ij " 3 log Pj

and P = po x 10(APZ).
The rms-log error is derived from 
E(rms log) = {(AG)2/N}1/2» 

and the percent error can be calculated by using the 
re 1 at ion

E(%) = loo x io<E ( r m s  i ° g ) - i ).

The estimate of data variance for the logarithmically 
weighted 1east-squares fit can be obtained from the reduced 
chi square (Hoversten et al,. 1982; Yang and Ward, 1984)

X* - AGn - I p -' (2.9)

where

W ij ~ log 0. - log C. for i = j ,
0 for i#j,

and (N - M) represents the degrees of freedom.
The inversion process will be repeated for a number of 

iterations until a predetermined number of iterations is 

exhausted or the difference between the minimum error of the 
two successive iterations is less than a desired value, or 
the new error is less than a predetermined error allowance.
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2.3 Test Results

The inversion scheme is tested with the consideration of 
two different models: (1) horizontally layered earth model,
and (2) combined boundary earth model.

As a 1-D inversion test, the 16" short normal field data 
are inverted to a horizontally layered earth model. As a
2-D inversion the 16" short normal synthetic resistivity 
data are inverted to a combined boundary earth model, and 
the estimated earth parameters are compared to those of the 
given model.

In each test, the confidence level of the estimated 
earth parameters is discussed by using a parameter 
resolution matrix, and the data variance is calculated.

2.3.1 One-Dimensional Inversion
As shown in Figure 2.1, a segment of the 16" short 

normal resistivity log is chosen from the depth of 5370 ft 
to 5420 ft, and is inverted to a horizontally layered earth 

model. A seven-layer initial guess model is considered and 
the inversion is initiated. Figure 2.2a shows the observed 
data which are digitized from the original log for every 2 
ft, the initial guess model, and the synthetic resistivity 
log calculated from the initial guess model. The rms error 
between observed data and the initial guess log is about 25
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Figure 2.1 A segment of the l6" short normal resistivity 
log to be inverted to a 1 —D model (after Hilchie, 1978)
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percent.
The inversion result for a seven-layer fit is shown in 

Figure 2.2b. The readings of field resistivity log, the best 
fit model, and the resistivity log calculated from the best 

fit model are shown in the figure. The best fit log obtained 
from the best fit model agrees well with the field data 
except a few data points. The rms error between observed 
data and the resistivity log calculated from the best fit 

model is 8 percent, and the data variance estimated by using 
equation (2.9) is 5.55E-5. These statistics indicate that 
there is a very small error in the final fit. The inversion 
results for each layer are listed in Table 2.1a where the 
depth to the top of the first layer is 5370 ft.

Table 2.1a Estimated parameters derived from an 1-D 
inversion of field data shown in Figure 2.1

Layer Res istivity Th i ckness

1 1.2 ohm-m 9. 1 ft
2 2.8 ohm-m 6.7 ft
3 7.2 ohm-m 9.2 ft
4 4.8 ohm-m 3.1 ft
5 9.9 ohm-m 9.4 ft
6 5.6 ohm-m 5. 1 ft
7 0.9 ohm-m
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The symmetrical parameter resolution matrix is obtained 

by using equation (2.7), and the main diagonal elements are 
listed in Table 2.1b. It can be said that the parameter 

changes are well resolved if the resolution coefficients are 
close to 1.0 and the parameter change are poorly resolved if 
the coefficients are much less than 1.0. Table 2.1b 
indicates that the parameter resolutions for the layer 3 are 
relatively poor. The analysis of parameter resolution 
matrix indicates that the estimated earth parameters listed 
in Table 2.1a would be very close to the true parameters, 
and that the bed boundaries can be precisely determined 
rather than resistivities. The rms error between observed 
data and the best fit resistivity log can be reduced by

Table 2.1b The main diagonal elements of the parameter 
resolution matrix obtained from the 1-D inversion of the 
field data shown in Figure 2.1

Layer Res i st i v i ty 
Resolution Coefficient

Th i ckness 
Resolution Coefficient

1 0.98 0.99
2 0.98 0.99
3 0.42 0.62
4 0.97 0.99
5 0.78 0.99
6 0.92 1.00
7 0.97 ----
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adjusting the number of layers in the initial guess model 

and/or eliminating noisy data from the field resistivity 

log.
The test results of the 1-D inversion indicate that the 

resistivity log can be inverted to identify the bed 
boundaries and to estimate the true resistivities of each 

layer if the borehole and the invasion effects can be 

neg1ected.

2.3.2 Two-Dimensional Inversion
A thin invaded layer model is then considered to test 

the two-dimensional borehole resistivity inversion. The 
observed data are obtained from the synthetic resistivity 
log calculated from the given model and those data are 
inverted to get the radial as well as the vertical 
resistivity profiles. The finite difference method is now 
used for the forward calculations. Resistivities of mud, 

invaded zone and virgin zone of the model are 1, 20, and 50 
ohm-m. The upper and the lower shoulder resistivities, Rshl 
and Rsh2, are 10 and 5 ohm-m. The borehole and the invasion 
diameters are 8 and 16 inches. The bed thickness is 80 
inches, and the distance to the upper bed boundary, Zl, is 

160 inches and the distance to the lower bed boundary, Z2, 
is 240 inches, respectively. The inversion is initiated by 
disturbing these known earth parameters and by providing
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disturbed parameters as an initial guess to the ridge 
regression eatimator.

A three-layer initial guess model, which has an invaded 

zone at the center layer, is considered. The observed data, 
the initial guess model, and the synthetic resistivity log 
calculated from the initial guess model are shown in Figure 
2.3a. The rms error between observed data and the initial 

guess log is 80 percent.
The inversion result for a three-layer fit is shown in 

Figure 2.3b. The observed data, the best fit model, and the 
resistivity log calculated from the best fit model are shown 
in the figure. Figure 2.3b also indicates that the best fit 
log and the observed data have an excellent agreement. The 
rms error between observed data and the best fit log is 3

Table 2.2a Comparison between true, initial guess, and best 
fit model for a 2-D inversion of the theoretical data

Parameters True Model Initial guess Best fit model
Rm 1.0 ohm-m 1.0 ohm-m 1.0 ohm-m
Ri 20.0 ohm-m 10.0 ohm-m 11.9 ohm-m
Rt 50.0 ohm-m 60.0 ohm-m 57.4 ohm-m
Rsh 1 10.0 ohm-m 11.0 ohm-m 10.3 ohm-m
Rsh2 5.0 ohm-m 6.0 ohm-m 5.0 ohm-m
d 8.0 inches 8.0 inches 8.0 inches
Di 16.0 inches 24.0 inches 17.5 inches
Zl 160.0 inches 128.0 inches 157.7 inches
Z2 240.0 inches 192.0 inches 239.7 inches
h 80.0 inches 64.0 inches 81.9 inches



DE
PT
H 

(I
NC

HE
S)

T-3265 1 02

o

o

oo
CM

oocn

oo
2

APPARENT RESISTIVITY (OHM-M)

— 8"
11 OHM-M

T 1— 24"-64"
1

1 10 60 OHM-M

£ OHM-MAM = 16"
ex—

Q © ©
INITIAL OUESS LOG 
OBSERVED DATA

Figure 2.3a Comparison between observed data and the
initial guess log For a 2-D model fit (80% rms error)



DE
PT
H 

( I
NC

HE
S)

 
400

 
300

 
20

0

T-3265 103

oo

i i i r r  r n  i r
10

APPARENT RESISTIVITY (OHM-M)

— ,
**■«
8"

10 OHM-M

I 1— 38"-
82" 1 12 57 OHM-M
1

i OHM-M
AM = 16"

O'—

BEST FIT
O O 0 OBSERVED

1Û2

MODEL
DATA

Figure 2.3b Comparison between observed data and the best
fit log obtained from a best fit 2-D model (3% rms error)



T-3265 104

Table 2.2b The main diagonal elements of the parameter 
resolution matrix obtained from the 2-D inversion of the 
theoret i ca1 data

Parameters Resolution Coefficients

Rm 0. 00 (fi xed)
Ri 0.02
Rt 0.49
d 0.00 (fi xed)
Di 0.60
Zl 1 .00
Z2 1 .00
Rsh 1 0.99
Rsh2 0.99

percent, and the estimate of the data variance is 1.08E-6.
The inversion results and the parameters of true and 

initial guess model are listed in Table 2.2a. The borehole 
diameter and the mud resistivity are fixed during the 
inversion process.

The main diagonal elements of the parameter resolution 
matrix are listed in Table 2.2b. The analysis of parameter 
resolution matrix indicates that the shoulder resistivities 
and horizontal boundaries can be precisely determined, while 
the determination of the extent and the resistivity of the 
invaded zone has an uncertainty due to the nature of the 
downhole resistivity profiling.

The accuracy of the 2-D inversion can be increased by 
considering a set of resistivity logs of various electrode 
arrangements and spacings simultaneously.
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2.4 Inversion of the Field Data

Finally the actual resistivity data run in the East Salt 
Creek well, Natrona, Wyoming, have been inverted by using a
1-D and a 2-D inversion schemes. Three types of resistivity 
logs, the 16" short normal, the 64" long normal, and the 
18'8" lateral logs, are considered as shown in Figure 2.4. 

The apparent resistivity values are picked up from the 
curves for every foot from 5916 ft to 5950 ft. The borehole 
diameter is 9" and the mud resistivity in the logging depth 
is 0.8 ohm-m from the logging informations in the heading.

The resistivity data are first inverted by using an 1-D 
earth model, and then the data are inverted to a simple 2-D 
earth model which has a borehole and does not have an 
invasion. The earth parameters obtained from the 1-D 
inversion are used as an initial guess model for the 2-D 
inversion. The existence of invasion can be identified by 
comparing the 1-D or the 2-D inversion results. Once the 

invaded zone is found, with geologic and other informations, 

a composite 2-D earth model which best fits the normal and 

the lateral logs simultaneously can be found.
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Figure 2.4 A segment of normal and lateral resistivitiy 
logs to be inverted
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2.4.1 Inversion of the 16” Normal Data
The 16" short normal resistivity data are inverted to a 

horizontally layered earth mode I. The inversion results for 
an eight-layer fit are shown in Figure 2.5, which shows the 
observed data from the 16" normal resistivity log, the best 
fit model, and the resistivity log calculated from the best 
fit model. The rms error between observed data and the 
resistivity log calculated from the best fit model is 4 
percent, and the estimate of the data variance is 6.24E-4. 
The earth parameters for each layer are listed in Table 2.3, 
where the depth to the top of the first layer is 5910 ft.

The 16" short normal data are then inverted to a 2-D 
earth model which has a borehole. The inversion results are 
shown in Figure 2.6, and the earth parameters for each layer 
are listed in in Table 2.3.

Table 2.3 Earth parameters determined from the inversion of 
the 16" normal resistivity data

Layer Res i st iv ity (ohm-m) 
1-D Model 2-D Model

Thickness (ft)
1-D Model 2-D Model

1 4.8 4.2 8.8 8.7
2 16. 1 17.3 4. 1 3.8
3 13.0 10.6 3.3 3.8
4 19.3 20.0 3.9 3.8
5 20.4 20.5 7.0 6.5
6 18.3 18.4 3.8 4.2
7 16.4 15.2 4.0 3.8
8 19.6 19.3 --- —--
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The rms error between observed data and the resistivity 
log calculated from the best fit model is 2 percent, and the 
data variance is 5.31E-5. The 16” normal resistivity data 
inversion results indicate that the rms error can be reduced 
by considering a 2-D model.

The parameter changes are very well resolved for the all 
layers except for the bed thickness of the layer 7 for the

1-D inversion. For the 2-D inversion, bed thickness 
resolutions are relatively poor in layers 3, 4, 6, and 7.

2.4.2 Inversion of the 64” Normal Data
The 64" long normal resistivity data are then inverted 

to a horizontally layered earth model. The inversion 
result for an eight-layer fit is shown in Figure 2.7, which 
shows the observed data from the 64" resistivity log, the 
best fit model, and the resistivity log calculated from the 
best fit model. The rms error between observed data and , 
the resistivity log calculated from the best fit model is 3 
percent, and the estimate of the data variance is 2.47E-4. 
The earth parameters for each layer are listed in Table 2.4, 

where the depth to the top of the first layer is 5910 ft.
The 64" long normal resistivity data are inverted to a

2-D model which has a borehole. The inversion results are 
shown in Figure 2.8, and the earth parameters for each layer 

are compared to the 1-D inversion results in Table 2.4.
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Table 2.4 Earth parameters determined from the inversion of 
the 64" normal resistivity data

Layer Resistivity (ohm-m) Thickness (ft)
1—D Model 2-0 Model 1-D Model 2-0 Model

1 4. 1 4.2 8.7 9. 1
2 29.9 134.7 3.7 2.9
3 18.3 7.5 4.2 5.2
4 28.8 56.2 3.9 2.7
5 21.1 13.6 6.9 9.0
6 24.2 20.4 4.0 2.9
7 18.2 12.6 4.0 4.4
8 16.2 13.2 — — — -™ — —*

The rms error between observed data and the resistivity 
log calculated from the best fit model is 3 percent, and the 

estimate of the data variance is 2.64E-4. The 64" normal 

data inversion results indicate that the parameter estimate 
is not improved by considering a 2-D model.

The comparison of the 1-D and the 2-D inversion results 
shows that there are big differences between estimated earth 

parameters.
The parameter changes for the resistivities are very 

well resolved, while the resolutions for the bed thicknesses 
are moderate.
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2.4.3 Inversion of the 18'8" Lateral Data
The 18'8M lateral resistivity data are finally inverted 

with horizontally layered earth model. The inversion result 
for an eight-layer fit is shown in Figure 2.9, which shows 

the observed data from the 18"8" lateral log, the best fit 
model, and the synthetic resistivity log calculated from the 
best fit model. The rms error between observed data and the 
resistivity log calculated from the best fit model is 27 
percent, and the estimate of the data variance is 1.68E-1.
This large error and data var iance can be reduced by
considering a more detailed earth model. Despite the large 
rms error, it was found that the resolutions for the earth 
parameters are very good. The earth parameters for each

layer are listed in Table 2.5, where the depth to the top of
the first layer is 5910 ft.

The IS'S" lateral resistivity data are then inverted to 
a 2-D earth model which has a borehole. The inversion 

results are shown in Figure 2.10, and the earth parameters 
for each layer are compared to the 1-D inversion results in 
Table 2.5.

The rms error between observed data and the resistivity 
log calculated from the best fit model is 10 percent, and 

the data variance is 4.11E-3. The 18'8n lateral data 

inversion results indicate that the parameter estimate is 
much improved by considering a 2-D model.
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Table 2.5 Earth parameters determined from the inversion of 
the 18'8” lateral resistivity data

Layer Resistivity (ohm-m) 
1-D Model 2-D Model

Thickness (ft)
1-D Model 2-D Model

1 4.7 4.0 7.3 8.3
2 10.0 12.8 4.0 5.2
3 9.0 5.2 4.7 3.6
4 10.6 9.5 4.2 3.8
5 22.2 18.3 8.6 8. 1
6 66.3 174.6 1.9 2.8
7 78.0 61.5 7.4 3.8
8 70.5 39.3 --- ———

The comparison of the 1-D and the 2-D inversion results 
shows that there are big differences in parameter estimates 
of layers 6, 7, and 8. The parameter changes for the 
resistivities and the bed thicknesses are very 

well resolved for all the layers except layers 6 and 7.

2.4.4 Comparison of the Inversion Results
The earth parameters obtained from the 1-D inversion of 

three different resistivity data are compared in Figure
2.11. True resistivities for layers 1 and 5 show an 

excellent agreement between them, while those for the other 
layers show big differences. True resistivities obtained 
from the inversion of the 18'8" lateral resistivity data 
have the lowest values in layers 2, 3, and 4, and those
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obtained from the inversion of the 64” normal resistivity 
data have the highest values in corresponding layers. This 
suggests that there are resistive invaded zones in layers 2,

3, and 4. True resistivities obtained from the inversion of 
the 18'8” lateral resistivity data are high in layers 6, 7, 
and 8, and those obtained from the inversion of the 16" and
the 64” normal data are low in corresponding layers. This
suggests that there are conductive deep invaded zones in 

layers 6, 7, and 8.
Inversion results for bed thicknesses show that the bed 

boundaries between layers 3 and 4, layers 4 and 5 , and 
layers 6 and 7 are very well determined.

The earth parameters obtained from the 2-D inversion of 
three different resistivity data are compared in Figure

2.12. the figure also suggests that there are resistive 

invaded zones in layers 2, 3, and 4, and that there are 
conductive deep invaded zones in layers 6, 7, and 8.

The bed boundaries between layers 1 and 2, layers 3 and
4, and layers 6 and 7 are very well determined.
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CONCLUSIONS

The finite difference method was used to simulate 
normal and lateral resistivity logs in a combined boundary 
earth model. The apparent resistivities in the presence of 
borehole mud, invaded zone, and horizontal bed boundaries 
can be obtained provided that the model has an axial 

symmetry.
An exponentially expanding grid system was introduced 

to reduce the size of the problem dramatically* The 
accuracy of the forward calculation was improved by 
considering a terminal resistance type boundary condition 
and a two-dimensional average resistivity calculation. 
Estimation of the electrical potentials at the exact 
positions of the the measuring electrodes also improved an 
accuracy of the results and eliminated a need for 
interpo1at i on.

Comparison with ana 1yt i ca1 so 1 utions for hori zonta11 y 

layered earth model and cy1indrica11 y layered earth model 
have shown that the finite difference method is a very 

accurate, fast, and flexible method to compute the 
apparent resistivities. The flexibility of the finite 
difference method was demonstrated in the numerical results, 

showing the synthetic resistivity logs calculated from 
mu lip le, invaded layers. The excellent agreement was also
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obtained between the finite difference solution and the 
integral equation solution represented by Zhang and Shen 
(1984).

A comprehensive study of the effects on the earth 

parameter variations has been accomplished with various 2-D 

models. The results are :
(1) A 1arge-diameter hole and 1ow-resistivity mud increase 
the departure of apparent resistivity from the true
res ist ivi ty,
(2) Short spacing tools are very sensitive to the borehole 

and invasion effects,
(3) If the bed thickness is less than the electrode spacing, 
it is very difficult to identify the bed boundaries and the 
true resistivities.

The forward modeling of the 2-D earth model has many 

possible applications. These include a better 
interpretation of the resistivity logs, a study of the 

invaded zone, a calibration of resistivity tools, a basis of 
resistivity inversion, a correction for the borehole 
environment, a development of new electrical logging tools, 
and so forth.

A ridge regression inversion technique was used to 
invert resistivity data. The test results indicate that the 
thickness and the resistivity of each layer can be 
determined simultaneously. For the 2-D model inversion the
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finite difference algorithm was also used in the forward 
calculations. It has been demonstrated that the 1-D 
inversion results of field data can be used as a basis of 
the 2-D inversion. The existence of invasion can be 
identified by comparing the 1-D inversion results. Once the 
invaded zone is found, with the consideration of borehole 
effects, the 2-D model which best fits the normal and the 

lateral logs simultaneously can be found.
The current study has been restricted to the borehole 

normal and lateral resistivity data interpretations in an 
axially symmetrical earth model. Further study in this area 
might include: (1) Resistivity data interpretation in a 3-D
model, (2) Forward and inverse modeling for the focused
resistivity logging tools, and (3) development of 
approximate forward solutions for the fast inversions.
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SYNTHETIC RESISTIVITY LOGS
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1 8 ’ 1 10 Rt OHM-M1

A0 = 18’ E OHM-M

BED BOUNDARY 
Rt = 10 OHM-M
Rt = 20 OHM-M
Rj. = 50 OHM-M
Rt = 3 00 OHM-M

A-4.14 Variations in Rt (Lateral-Critical-Resistive)
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AO = IB' E OHM-M

BED B O U N D A R Y
Rt = 10 OHM-M
Rt oCMII OHM-M

= 50 OHM-M
Rt = 100 OHM-M

4.15 Variations in Rt (Lateral-Thin-Resistive)


