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ABSTRACT

Wave�eld migration and tomography are well-developed under the acoustic assumption;

however, multicomponent recorded seismic data include shear waves (S-modes) in addition

to the compressional waves (P-modes). Constructing multicomponent wave�elds and con-

sidering multiparameter model properties make it possibleto utilize information provided

by various wave modes, and this information allows for better characterization of the sub-

surface. In my thesis, I apply popular wave�eld imaging and tomography to elastic media,

and propose methods to address challenges posed by elastic multicomponent wave�elds and

multiparameter models. The key novelty of my research consists of new elastic imaging con-

ditions, which generate elastic images with improved qualities and clear physical meaning.

Moreover, I demonstrate an elastic wave�eld tomography method to obtain realistic elastic

models which bene�ts elastic migration.

Migration techniques, including conventional RTM, extended RTM, and least-squares

RTM (LSRTM), provide images of subsurface structures. I propose one imaging condition

that computes potential images (PP, PS, SP, and SS). This imaging condition exploits pure

P- and S-modes obtained by Helmholtz decomposition and corrects for the polarity reversal

in PS and SP images. Using this imaging condition, I propose methods for conventional

RTM and extended RTM. The extended imaging condition makes it possible to compute

angle gathers for converted waves. The amplitudes of the scalar images indicate re
ectivities,

which can be used for amplitude verse o�set (AVO) analysis; however, this imaging condition

requires knowledge of the geologic dip. I propose a second imaging condition that computes

perturbation images, i.e., P and S velocity perturbations.Because these images correspond to

perturbations to material properties that are angle-independent, they do not have polarity

reversals; therefore, they do not need dip information for polarity correction. I use this

perturbation imaging condition for LSRTM to increases the image resolution and attenuates
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artifacts.

Since the quality of the wave�eld-based migration image greatly depends on the accu-

racy of the material property models, I also propose elasticwaveform inversion methods for

multiparameter model estimation. Waveform inversion solves a non-linear problem and aims

to obtain a model that best matches the predicted and observed data. My contribution

to elastic waveform inversion is a petrophysical constraint term in the objective function,

which imposes plausible relations between model parameters; this feasible region is assumed

to be prior information which can be obtained from laboratory measurements or well logs.

Such petrophysical constraint term enforces appropriate physical relationships between the

model parameters. With the constraint term, I obtain realistic models that can be used for

migration and reservoir characterization.

iv



TABLE OF CONTENTS

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

LIST OF ABBREVIATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xvii i

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xix

DEDICATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxi

CHAPTER 1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

CHAPTER 2 SCALAR IMAGING CONDITION FOR ELASTIC REVERSE TIME
MIGRATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .32

2.4.1 Estimation of the re
ector normal . . . . . . . . . . . . . . . . . . . . . 34

2.4.2 Imaging from opposite sides of a re
ector . . . . . . . . . . .. . . . . . 40

2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .42

2.6 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .45

CHAPTER 3 3D ANGLE DECOMPOSITION FOR ELASTIC REVERSE TIME
MIGRATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.2 Elastic scalar imaging condition . . . . . . . . . . . . . . . . . . .. . . . . . . 49

3.3 Moveout analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 50

v



3.3.1 Angle decomposition using CIPs . . . . . . . . . . . . . . . . . . . .. . 55

3.3.2 Angle decomposition using� CIGs . . . . . . . . . . . . . . . . . . . . . 61

3.3.3 Angle decomposition using� CIG . . . . . . . . . . . . . . . . . . . . . 70

3.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.4.1 SEG/EAGE example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.4.2 Volve data example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .79

3.6 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .79

CHAPTER 4 ELASTIC LEAST-SQUARES REVERSE TIME MIGRATION . . . . . 81

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.3.1 Layered model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.3.2 Marmousi model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.3.3 Volve OBC data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.5 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

CHAPTER 5 ELASTIC WAVEFIELD TOMOGRAPHY WITH PHYSICAL
MODEL CONSTRAINTS . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.2 Elastic wave�eld modeling . . . . . . . . . . . . . . . . . . . . . . . . .. . . 112

5.3 Objective function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 113

5.4 Objective function gradient . . . . . . . . . . . . . . . . . . . . . . .. . . . 115

vi



5.5 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.5.1 Borehole model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.5.2 Marmousi model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.7 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

CHAPTER 6 CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.1 Scalar imaging condition for elastic reverse-time migration . . . . . . . . . . 137

6.2 Angle decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .137

6.3 Elastic least-squares reverse time migration . . . . . . . .. . . . . . . . . . . 138

6.4 Elastic wave�eld tomography with physical model constraints . . . . . . . . 139

REFERENCES CITED . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

APPENDIX - PERMISSION OF PAPERS . . . . . . . . . . . . . . . . . . . . . . . 150

A.1 Permission from publisher . . . . . . . . . . . . . . . . . . . . . . . . . .. . 150

A.2 Permission from co-author . . . . . . . . . . . . . . . . . . . . . . . . . .. . 150

A.3 Permission for �eld data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

vii



LIST OF FIGURES

Figure 1.1 Schematic representations of for (a) RTM, (b) LSRTM, and (c) FWI.
Symbolsds and dr represent the source wavelet and recorded data,
respectively. SymbolI is the computed image.us and ur are
constructed source and receiver wave�eld, respectively, by using model
material property m. Squares highlight the domain used to construct
the objective function. Circles indicate the components that are
updated through inversion in order to minimize the objective function. . . 4

Figure 2.1 (a) 3D synthetic model with one horizontal re
ector in a constant
velocity medium, at depth z = 0:2 km. The source is located at
(0:2; 0:2; 0:02) km; the 2D network of receivers is atz = 0:03 km. (b) A
snapshot of source P wave�eld. . . . . . . . . . . . . . . . . . . . . . . . . 12

Figure 2.2 Snapshots of (a) x-, (c) y-, and (e) z-component of the receiver S
wave�eld and the corresponding (b) x-, (d) y-, and (f) z-component of
the PS image. The S wave�elds are decomposed from the displacement
wave�eld using Helmholtz decomposition. Polarity reversaloccurs as a
function of azimuth in the wave�eld which leads to polarity change in
three components of the PS image shown. Z-component of the S
wave�eld is much weaker than x- and y-component. . . . . . . . . . .. . 13

Figure 2.5 1D images obtained by (a) crosscorrelation of source and receiver
wave�elds, (b) crosscorrelation followed by spatial derivative, and (c)
source integral prior to crosscorrelation, followed by spatial derivative. . . 19

Figure 2.8 (a) Source P wave�eld and (b) receiver S wave�eld for a single shot.
Both source and recievers are on the surface of the model. . . .. . . . . . 23

Figure 2.9 (a) Source S wave�eld and (b) receiver P wave�eld for a single shot.
Both source and recievers are on the surface of the model. . . .. . . . . . 24

Figure 2.10 PS stacked images obtained using (a) the conventional imaging
condition and (b) our new imaging condition. The image in panel (b)
at (1:0; 1:0) km is stronger, in contrast with the image in panel (a)
which su�ers from cancellation due to polarity reversal. . .. . . . . . . . 25

Figure 2.11 SP images obtained using (a) the conventional imaging condition and
(b) our new imaging condition. The image in panel (b) at (1:0; 0:7) km
is stronger, in contrast with the image in panel (a) which su�ers from
cancellation due to polarity reversal. . . . . . . . . . . . . . . . . .. . . . 26

viii



Figure 2.12 PS common image gather atx = 1:5 km obtained from (a) the
conventional imaging condition. From left to right, the horizontal events
change sign at normal incidence. (b) Using the new imaging condition,
we obtain the PS common image gather without polarity change. . . . . . 27

Figure 2.13 SP common image gather atx = 1:5 km obtained from (a) the
conventional imaging condition. From left to right, the horizontal events
change sign at normal incidence. (b) Using the new imaging condition,
we obtain the SP common image gather without polarity changes. . . . . 27

Figure 2.15 PS common image gather atx = 2:5 km obtained from (a) the
conventional imaging condition, (b) the conventional imaging condition
with the simple correction that 
ips the sign of the image at negative
o�set, and (c) the new imaging condition. . . . . . . . . . . . . . . . .. 29

Figure 2.16 PS image from a single shot using (a) the conventional imaging
condition, (b) the conventional imaging condition with simple
correction that 
ips the sign of the image at negative o�set,and (c) the
new imaging condition. Source is located at (1:85; 0) km. . . . . . . . . . 30

Figure 2.17 PS stacked image using (a) the conventional imaging condition, (b) the
conventional imaging condition with simple correction that 
ips the
sign of the image at negative o�set, and (c) the new imaging condition. . 31

Figure 2.18 (a) 3D SEG/EAGE salt model, the density model. (b)The PS image
obtained using the new imaging condition. . . . . . . . . . . . . . . .. . 33

Figure 2.20 (a) The PP image computed by crosscorrelating P-waves in source and
receiver wave�elds. (b) The re
ector normal estimated using the PP
image. (c) The PS image computed using the dip �eld in panel (b).
Note that the image of the re
ector incorrectly changes polarity at
around (0.7,0.6) km. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

Figure 2.21 (a) The PS image obtained by crosscorrelating thesource P wave�eld
and receiver S wave�eld. (b) The re
ector dip estimated using PS
image. (c) The PS image computed using the dip �eld from panel(b).
This PS image has no polarity change. . . . . . . . . . . . . . . . . . . . 36

Figure 2.23 (a) The stacked PP image computed by crosscorrelating P-waves in
source and receiver wave�elds. (b) The re
ector normal estimated using
the PP image. (c) The PS image computed using the dip �eld from
panel (b). The re
ectors highlighted by the boxes are not continuous
and poorly imaged. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

ix



Figure 2.24 (a) The stacked PS image computed by crosscorrelating P-waves in the
source wave�eld and S-waves in the receiver wave�eld. The PSimage
polarity for individual shots are corrected by reversing the image at
negative o�sets. (b) The re
ector dip estimated using PS image. (c)
The PS image computed using the dip �eld. The re
ectors highlighted
by the boxes are better imaged compared to the PS image in
Figure 2.23(c). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

Figure 2.25 Schematic representation of re
ections at an interface for (a)down-going
and (b)up-going PS converted-modes. Compared to (a), vector r P
changes sign in (b), resulting in the sign change ofr P � n. . . . . . . . 40

Figure 2.26 PS imaging of a horizontal interface for various source/receiver
con�gurations. The left panels are the models with the acquisition
geometry, and the right panels are the corresponding PS images. The
dots are the locations of the sources and lines are the locations of the
receivers. The arrow indicates the re
ector normal for PS migration.
Note that the polarities of the PS images are the same in experiments
(a) and (d), but di�erent from experiments (b) and (c). . . . . . . . . . . 43

Figure 2.28 (a) The stacked PS image using conventional imaging condition. The
re
ectors around z = 1:2 km are not imaged. (b) The stacked PS image
using the scalar imaging condition. The re
ectors aroundz = 1:2 km
are well-imaged. The left panels are the stacked PS images and the
right panels are common image gathers atx = 0:8 km. Note that for
Figure (a), the polarities of the events in the common image gather are
inconsistent from left to right, while for Figure (b), the events have
consistent polarities in all experiments. . . . . . . . . . . . . . .. . . . . 44

Figure 3.2 Cartoon describing source and receiver planes intersecting in the
re
ection plane (a) at location xo at time to, and (b) at location x after
moving both planes along time- and space-axises. Vectorsns and n r

de�ne the propogation directions of the incident and re
ected waves in
space, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

Figure 3.4 (a) PP and (b) PS images computed for one shot at (0:4; 0:4; 0:02) km.
The 
at re
ector is at z = 0:2 km. . . . . . . . . . . . . . . . . . . . . . . 58

Figure 3.5 PP extended CIP and wide-azimuth angle gathers of (a) a picked image
point at coordinates (0:33; 0:33; 0:2) km for one shot at coordinates
(0:4; 0:4; 0:02) km and (b) a picked image point at coordinates
(0:4; 0:4; 0:2) km for eight shots. The dot represents the analytical
estimation of the opening and azimuth angle using the acquisition
geometry. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

x



Figure 3.6 PS extended CIP and wide-azimuth angle gathers of (a) a picked image
point at coordinates (0:2; 0:2; 0:2) km for one shot at coordinates
(0:4; 0:4; 0:02) km and (b) a picked image point at coordinates
(0:4; 0:4; 0:2) km for eight shots. The dot represents the analytical
estimation of the opening and azimuth angle using the acquisition
geometry. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

Figure 3.7 (a) PP image computed from one shot gather. The re
ector is
horizontal at z = 0:0 km. The star represents the source location, and
the white line represents the receiver locations. (b) Predicted spatial
shift of a horizontal re
ector for 
 = 1. The star at coordinates
x = � 0:6 km, z = � 0:6 km, and � = 0 s represents the source location,
and the white line at z = � 0:6 km and � = 0 s represents the receiver
locations. The dotted line atz = 0:0 km and � = 0 s shows the zero-lag
image. The line atx = 0:0 km illustrates the spatial shift for the image
point at f 0:0; 0:0g km. The colors on the surface indicate the contour of
the spacial shifts for di�erent image points. . . . . . . . . . . . .. . . . 62

Figure 3.8 (a) Computed extended image gathers at severalx-locations, indicated
by the number below each image. The shape of the image in each panel
matches the corresponding horizontal slice of the surface plot in
Figure 3.7(b). Computed angles for all samples on the re
ector by
applying (b) a line slant-stack along the vertical trace, and (c) the
method described in Algorithm 2, which applies a slant-stackalong the
surface shown in Figure 3.7(b). The two methods generate the same
angle gathers, and they are the same for PP re
ections with 
at
re
ectors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Figure 3.9 (a) PP image computed from one shot gather. The re
ector is dipping.
(b) Predicted spatial shift of a dipping re
ector for 
 = 1. The star at
coordinatesx = � 0:6 km, z = � 0:6 km, and � = 0 s represents the
source location, and the white line atz = � 0:6 km and � = 0 s
represents the receiver locations. The dotted line at� = 0 s shows the
zero-lag image. The dashed line illustrates the spatial shift for image
point at (0:0; � 0:6) km. The solid line at x = 0:0 km illustrates the
extended image for a time-lag gather at a �xed horizontal position.
Note that these two lines do not overlay. The colors on the surface
indicate the contour of the spacial shifts for di�erent image points. . . . 66

xi



Figure 3.10 (a) Computed extended image gathers at severalx-locations, indicated
by the number below each image. The shape of the image in each panel
matches the corresponding horizontal slice of the surface plot in
Figure 3.9(b). Computed angles for all samples on the re
ector by
applying (b) a line slant-stack along the vertical trace and(c) the
method described in Algorithm 2, which applies a slant-stackalong the
surface shown in Figure 3.9(b). The angle gathers in (c) are more
focused and accurate than those in (b). . . . . . . . . . . . . . . . . . .. 67

Figure 3.11 (a) PS image computed from one shot gather. The re
ector is
horizontal at z = 0:0 km. (b) Predicted spatial shift of a horizontal
re
ector for 
 = 1:8. The star at coordinatesx = � 0:6 km,
z = � 0:6 km, and � = 0 s represents the source location, and the white
line at z = � 0:6 km and � = 0 s represents the receiver locations. The
dotted line at z = 0:0 km and � = 0 s shows the zero-lag image. The
dashed line illustrates the spatial shift for the image point at
(0:0; � 0:6) km, The solid line illustrates the extended image for a
time-lag gather at a �xed horizontal position (x = 0:0 km). Note that
these two lines do not overlay. The colors on the surface indicate the
contour of the spacial shifts for di�erent image points. . . .. . . . . . . 68

Figure 3.12 (a) Computed extended image gathers at severalx-locations, indicated
by the number below each image. The shape of image in each panel
matches the corresponding horizontal slice of the surface plot in
Figure 3.11(b). Computed angles for all samples on the re
ector by
applying (b) a line slant-stack along the vertical trace and(c) the
method described in Algorithm 2, which applies a surface slant-stack
along the surface shown in Figure 3.11(b). The angle gathers in (c) are
more focused than those in (b), and they have higher resolutions at
larger opening angles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

Figure 3.13 (a) SEG/EAGE model. The dots show the source locations. (b)
Relative position of the image point at coordinates (0:3; 0:4; 0:3) km
and the salt body. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

Figure 3.16 Volve data example. (a) PP and (b) PS images computed using 142
receiver gathers. The dots show locations of all the receivers, and the
stars show locations of four receivers. The re
ectors in thePS image
are less continuous than those in the PP image. . . . . . . . . . . . .. . 76

Figure 3.17 PP extended CIP and wide-azimuth angle gathers for four receiver
gathers. The receivers are at (a) (4:1; 4:0; 0:1), (b) (8:6; 4:0; 0:1), (c)
(4:1; 2:8; 0:1), and (d) (8:6; 2:8; 0:1) km. The angle gathers show that
this image point is illuminated by the four receivers from various
directions with PP re
ections. . . . . . . . . . . . . . . . . . . . . . . . . 77

xii



Figure 3.18 PS extended CIP and wide-azimuth angle gathers for four receiver
gathers. The receivers are at (a) (4:1; 4:0; 0:1), (b) (8:6; 4:0; 0:1), (c)
(4:1; 2:8; 0:1), and (d) (8:6; 2:8; 0:1) km. The angle gathers show that
this image point is illuminated by the four receivers from various
directions with PS re
ections. . . . . . . . . . . . . . . . . . . . . . . . . 78

Figure 4.1 Synthetic layered model example. (a)� model with a horizontal
re
ector at z = 0:45 km, and (b) � model with a horizontal re
ector at
z = 0:62 km. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

Figure 4.2 Synthetic layered model example. Snapshots of an elastic wave�eld, for
a source at coordinates (0:76; 0:06) km: (a) x- and (b) z-components of
the wave�eld at t = 0:2 s; (c) x- and (d) z-components of the wave�eld
at t = 0:3 s; (e) x- and (f) z-components of the wave�eld att = 0:4 s.
Two horizontal lines indicate the locations of re
ectors in� and �
models. P waves generate re
ections only at the top re
ector; S waves
generate re
ections only at the bottom re
ector; . . . . . . . . . . . . . . 88

Figure 4.3 Synthetic layered model example. For the source at(0:76; 0:06) km, (a)
x- and (b) z-components of the recorded data (c) x- and (d)
z-components of the predicted data using the inverted model. The
direct arrivals are removed in the shot gathers. Note that thepredicted
data match the recorded data in both phase and amplitude. . . . .. . . 89

Figure 4.4 Synthetic layered model example. (a)�� and (b) �� images after �rst
iteration. In addition to the event at the correct depth, there are two
strong horizontal events in the�� image, which are crosstalk artifacts.
(c) �� and (d) �� images after 10 iterations. Compare to the�� and ��
images after the �rst iteration, the artifacts have been attenuated. . . . . 90

Figure 4.5 Synthetic Marmousi model example. Background (a)� and (b) �
models. The receivers are at depthz = 0:025 km, and the sources are
at depth z = 0:013 km. The top layer is homogeneous for both
background models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

Figure 4.6 Synthetic Marmousi model example. True (a)�� and (b) ��
perturbation models. The perturbation models are not identical, e.g., a
re
ector with negative value at (2; 0:4) km is presents only in the��
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

xiii



Figure 4.7 Synthetic Marmousi model example. For the source location at
(1:54; 0:013) km, (a) z-component of one shot gather. The highlighted
arrival is the re
ection from the bottom of the homogeneous layer, and
its amplitude is much stronger than other arrivals in the recorded data.
(b) The data weighting function generated from the recordeddata. The
same weighting function is applied to horizontal and vertical
components of the shot gather. . . . . . . . . . . . . . . . . . . . . . . . 93

Figure 4.9 Synthetic Marmousi model example. (a)�� and (b) �� RTM images
with illumination compensation based on the source wave�eld. . . . . . . 95

Figure 4.10 Synthetic Marmousi model example. Updated (a)�� and (b) �� images
after 100 iterations. Note that the reservoir near coordinates (2:0; 0:4)
km is correctly recovered in the updated�� image, without any leakage
in the updated �� image. . . . . . . . . . . . . . . . . . . . . . . . . . . 96

Figure 4.11 Synthetic Marmousi model example. The z component of (a) the
predicted shot gather and (b) the data di�erence using the updated
models (Figures 4.10(a) and 4.10(b)). . . . . . . . . . . . . . . . . . . .. 97

Figure 4.12 Volve data example. (a) one PP shot gather atx = 6 km, which is
assumed to be a vertical displacement gather. (b) Weightingmatrix for
this shot gather. The weighting function mutes the direct arrivals,
attenuates the predicted shear waves, and boosts later re
ections. . . . 100

Figure 4.13 Volve data example. Background (a)� and (b) � models. The top
water layer is fromz = 0 to 90 m. . . . . . . . . . . . . . . . . . . . . . 101

Figure 4.14 Volve data example. (a)�� and (b) �� RTM images. The chalk layer is
from z = 2:5 to 3:0 km. Note that the events above the chalk layer in
the �� are weak and discontinuous. . . . . . . . . . . . . . . . . . . . . 102

Figure 4.15 Volve data example. (a)�� and (b) �� LSRTM images after 12
iterations. Compared to the RTM images (Figure 4.14(a) and 4.14(b)),
the LSRTM images have higher resolution and better balanced
amplitudes. The re
ectors above 1:5 km appear in the�� image after
inversion with larger lateral extent along the x-directionthan those in
the �� image. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Figure 4.16 Volve data example. The weighted (a) observed data, (b) predicted
data, and (c) data residual after 12 iterations. The predicted data
accurately reproduces the dominant re
ection energy seen in the
observed data. The data residual contains mostly noise and some
weaker re
ection events. . . . . . . . . . . . . . . . . . . . . . . . . . . 104

xiv



Figure 4.17 Volve data example. Predicted shot gathers usingonly (a) �� and (b)
�� LSRTM images. The�� image predicts most of the arrivals in the
observation with correct amplitudes. The�� image compensates for the
AVO e�ect of the PP re
ections at far o�sets (e.g., x = 8:5 km,
t = 3:0 s). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

Figure 5.2 Horizontal (left panels) and vertical (right panels) components of a shot
gather with the source atz = 3:5 km. First arrival is the P wave and
second arrival is the S wave. (a) The original data. (b) Processed data
for inversion with P waves only fromz = 0 to 3:5 km and S waves only
from z = 3:5 to 7 km. We window selected portions of the original data
to simulate partial illumination for di�erent wave modes. . . . . . . . . 118

Figure 5.3 Updated� models after 21 iterations using (a) objective functionJ D

and (b) J D + J C . Note that the Gaussian anomaly in (b) at (1:5; 5) km
is better recovered, and its amplitude and shape are closer to the true
model compared to that in (a). . . . . . . . . . . . . . . . . . . . . . . 119

Figure 5.4 Updated� models after 21 iterations using (a) objective functionJ D

and (b) J D + J C . Note that the Gaussian anomaly in (b) at (1:5; 2) km
is better recovered, and its amplitude and shape are closer to the true
model compared to that in (a). . . . . . . . . . . . . . . . . . . . . . . 120

Figure 5.5 Model updates for the Gaussian model in Figure 5.1 asa function of
iterations at (a) (1:5; 2) km and (b) (1:5; 5) km. Stars and dots are the
updated models with and without constraints, respectively. Note that
without constraints, the � and � models update toward the boundaries,
while with constraints, the relationship of� and � models is enforced to
be close to the true model indicated by the median line in the
underlying physical constraint. . . . . . . . . . . . . . . . . . . . . . . 121

Figure 5.6 (a) True � model, (b) true � model, and (c) the crossplot of� and �
models. The� and � models are computed from the original Marmousi
P and S velocity models, respectively. . . . . . . . . . . . . . . . . . .123

Figure 5.7 (a) Starting � model, (b) starting � model, and (c) crossplot of� and �
models for Marmousi example. The� and � models are computed from
the true model with smoothing mainly along the horizontal axis to
eliminate detailed structures in the true model. . . . . . . . . .. . . . 124

xv



Figure 5.8 (a) Vertical and (b) horizontal components of the di�erence between a
recorded shot gather and the corresponding predicted data for the �rst
frequency band (0� 5 Hz). The predicted data are computed using the
initial model shown in Figures 5.7(a) and 5.7(b); (c) vertical and (d)
horizontal components of the di�erence between the recorded and
predicted data for the �rst frequency band. The predicted data are
computed using the �nal model for the �rst frequency band. . .. . . . 125

Figure 5.9 (a) Vertical and (b) horizontal components of the di�erence between a
recorded shot gather and the corresponding predicted data for the
second frequency band (0� 7 Hz). The predicted data are computed
using the �nal model from the �rst frequency band; (c) vertical and (d)
horizontal components of the di�erence between the recorded and
predicted data for the second frequency band. The predicteddata are
computed using the �nal model for the second frequency band. . . . . 126

Figure 5.10 Recovered (a)� and (b) � models after the inversion of the second
frequency band. (c) Crossplot of recovered� and � models using
objective function J D . Note that the recovered� model contains more
details than the � model. . . . . . . . . . . . . . . . . . . . . . . . . . 127

Figure 5.11 Recovered (a)� and (b) � models after the inversion of the second
frequency band. (c) Crossplot of recovered� and � models using
objective function J D + J C . The upper and lower boundaries are
indicated by the two solid lines. Note that the recovered� and �
models contain similar details. . . . . . . . . . . . . . . . . . . . . . . . 128

Figure 5.12 Recovered (a)� and (b) � models after the inversion of the second
frequency band. (c) Crossplot of recovered� and � models using
objective function J D + J C . The upper and lower boundaries are
indicated by the two solid lines. . . . . . . . . . . . . . . . . . . . . . . 129

Figure 5.13 Recovered (a)� and (b) � models after the inversion of the second
frequency band. (c) Crossplot of recovered� and � models using
objective function J D + J C . The upper and lower boundaries are
indicated by the two solid lines. . . . . . . . . . . . . . . . . . . . . . . 130

xvi



Figure 5.14 Comparison between initial or recovered models (solid lines) and true
models (dashed lines) from the well atx = 2:4 km. Row one: Solid lines
are the � pro�les of (a) initial model; (b) updated models using
objective function J D ; (c) updated models using objective function
J D + J C ; (d) updated models using objective functionJ D + J C , where
J C is de�ned with a wider feasible region; (e) updated models using
objective function J D + J C , whereJ C is de�ned with a shifted feasible
region. Row two: Solid lines are the� pro�les of (f) initial model; (g)
updated models using objective functionJ D ; (h) updated models using
objective function J D + J C ; (i) updated models using objective
function J D + J C , whereJ C is de�ned with a wider feasible region; (j)
updated models using objective functionJ D + J C , whereJ C is de�ned
with a shifted feasible region. In (c), (d), (g), (h), and (i), the recovered
model pro�les match the true models. . . . . . . . . . . . . . . . . . . 131

xvii



LIST OF ABBREVIATIONS

Reverse Time Migration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . RTM

Least-squares Reverse Time Migration . . . . . . . . . . . . . . . . . .. . . . . . LSRTM

Full Waveform Inversion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . FWI

Migration Velocity Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . MVA

Center for Wave Phenomena . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . CWP

Amplitude Versus O�set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . AVO

xviii



ACKNOWLEDGMENTS

Undertaking this PhD has been a truly life-changing experience for me. This thesis has

been kept on track and been seen through to completion with the support , guidance, and

encouragement of numerous people. I would like to thank all of them who made this thesis

possible and an unforgettable experience for me.

Firstly, I would like to thank my advisor Dr. Paul Sava who accepted me as his PhD

student. Thereafter, he o�ered me the continuous support ofmy PhD study and related

research with his patience, motivation, and immense knowledge. In addition to the research

projects, I have learned a lot from him. He taught me presentation skills and habits of

scienti�c thinking, which will be bene�cial for my future career and life.

Besides my advisor, I would like to thank the rest of my thesiscommittee and other CWP

professors, Roel Snieder, Ilya Tsvankin, Antoine Guitton, Ken Larner, and John Stockwell for

their insightful comments and encouragement, but also for the questions which inspired me

to widen my research from various perspectives. Dave introduced his impressive thoughts

of geophysical computing and digital signal processing to me through his courses, and I

enjoyed working on the homework and having discussions in his class. I greatly appreciate

the support received through the collaborative work with Antoine. He helped me go through

the di�culties in the applications of my method on �eld data.

My sincere thanks also goes to Dr. Lee Bell, Dr. Marianne Houbiers, Dr. Jan Douma,

Dr. Seth Haines, who provided me an opportunity to who gave access to �eld datasets.

Without they precious support it would not be possible to conduct this research. I would

like to thank Dr. Paul Fowler and Dr. Tariq Alkhalifah for thei r excellent advises and

detailed suggestions during the preparation of this thesis.

I would like to thank my fellow teammates in A-team, I-team, C-team, and S-team, for the

stimulating discussions, for the sleepless nights we were working together before deadlines,

xix



and for all the fun we have had in the past four years. I enjoyedtalking to Esteban D��az,

Nishant Kamath, Francesco Perrone, Nori Nakata, Vladimir Li, Oscar Jarillo Michel, Hui

Wang, Ivan Chen Ning Lim and many others. My special appreciation goes to my friend

Jing Wu for her friendship and encouragement.

Special thanks are given to Pamela Kraus, Shingo Ishida, andMichelle Szobody, who

were always there when I really needed help. I thank Diane Witters as a writing consultant

for her tremendous help on my writing skills, and also as a friend for the encouragement and

inspirations from her.

Last but not the least, I would like to thank my family. They form the backbone and

origin of my happiness. Their love and support without any complaint or regret has enabled

me to complete this PhD project.

xx



To my parents

xxi



CHAPTER 1

INTRODUCTION

Seismic techniques extract information from the basic inputs and place re
ections at

their correct locations with correct relative amplitudes,which can then be interpreted. In

seismic exploration, the inputs are the recorded datadr (e;x; t), which are a function of

the experiment index e, spacex and time t. With source estimation techniques (Bube

et al., 1988; Pratt, 1999; Lee and Kim, 2003), one is able to obtain the input source signal

ds (e;x; t). With the recorded data and estimated source signals, the two biggest goals for

seismic processing techniques are to reveal the underground geologic structures and to recover

the material properties.

The �rst goal is related to imaging, which is a widely-used processing technique to obtain

the geologic structures (Claerbout and Doherty, 1972; Schneider, 1978;�Cerven�y et al., 1982;

Whitmore et al., 1983). For reverse time migration (RTM) (Baysal et al., 1983; McMechan,

1983; Etgen et al., 2009; Zhou et al., 2006; Fletcher et al., 2008; Chang and McMechan,

1994), constructs source wave�eldus (e;x; t) and receiver wave�eldur (e;x; t) by using the

estimated sourceds and recorded datadr , respectively. Di�erent from one-way wave equation

approaches such as Kirchho� and Beam migration, RTM uses a numerical solution of two-

way wave equation, which allows the waves to travel both up and down if the velocity

model is complex or exhibits strong velocity gradients. Therefore, this imaging technique

has no dip limitation and handles all complex waveform multipathing, and it becomes the

preferred seismic imaging tool for challenging seismic exploration projects. Conventional

RTM consists of two steps: wave�eld extrapolation followedby application of an imaging

condition (Claerbout, 1971), as illustrated in Figure 1.1(a). The accuracy in terms of both

amplitude and location of imagesI (x) is important to interpretation and drilling.
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For migration, it is usually assumed that material properties are known, however, in

practice, the material property models for wave�eld construction are usually not accurate

enough. Moreover, migration su�ers from insu�cient data, e.g., limited acquisition, and from

certain assumptions about the wave equation, e.g., isotropic acoustic. All these limitations

lead to imaging artifacts and unfocused images that hamper geologic interpretation, both

qualitative and quantitative. Compared to conventional RTM, least-squares reverse time

migration (LSRTM) is a more promising approach designed to minimize imaging artifacts

and to increase image resolution. As shown in Figure 1.1(b), the objective of LSRTM is to

optimize the imageI in order to match the recorded data with data generated from Born

modeling using the image (Schuster et al., 1993; Nemeth et al., 1999; Aoki and Schuster,

2009; Dai et al., 2011). For LSRTM, material propertiesm (x) are assumed known and are

not updated.

Imaging conditions for conventional RTM represent specialcases, i.e., zero-lag crosscor-

relation, of more general forms of extended imaging conditions (Rickett and Sava, 2002;

Sava and Fomel, 2006; Sava and Vasconcelos, 2009), which de�ne the image as a function

of space and cross-correlation lags in space and time. Compared to the conventional image,

the extended images contain information which provides a straightforward way to analyze

the image quality, e.g., by measurement of the re
ection energy focussing in the extended

space domain. The extended image distortions caused by velocity model errors can be used

to design velocity model building algorithms (Biondi and Sava, 1999; Shen et al., 2003; Sava

and Biondi, 2004a,b). Moreover, the extensions can be converted to re
ection angles, thus

enabling analysis of amplitude variation with angle (Sava and Fomel, 2003; Sava et al., 2005;

Sava and Vlad, 2011; Sava and Alkhalifah, 2013).

Another goal for seismic processing techniques is to recoverthe material properties.

Wave�eld tomography is a commonly used tool for building models of subsurface param-

eters from recorded seismic data. Although computationallymore expensive compared to

ray-based tomography, wave�eld tomography is more e�ective in recovering model param-
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eters that are sensitive to waveform amplitudes (Tarantola, 1986; Mora, 1988; Pratt, 1999;

Prieux et al., 2010), and has greater capability to accurately recover parameters at large

depths (Bae et al., 2012; McNeely et al., 2012). The various approaches to wave�eld tomog-

raphy generally fall into two categories: waveform inversion and wave-equation migration

velocity analysis. The waveform inversion technique, generally known as full waveform in-

version (FWI), aims to match the predicted and observed data byinverting for physical

properties (Claerbout, 1971; Tarantola, 1984; Pratt, 1999; Operto et al., 2004; Biondi and

Almomin, 2014). Given an initial guess of the subsurface parameters, the data are predicted

by solving a wave-equation. The modelm is updated in order to reduce the mis�t between

the observed datadr and predicted data, which can also be described as the sourcewave�eld

us restricted to the known receiver positions (Figure 1.1(c)).Compared to LSRTM, which is

a linearized inversion problem, FWI solves a non-linear inversion problem, where the forward

modeling operator changes with modelm at each iteration.

Wave�eld migration and tomography are well-developed under the acoustic assumption

(Claerbout, 1971; Tarantola, 1984; Pratt, 1999; Operto et al., 2004; Biondi and Almomin,

2014); however, recorded seismic data, either in scalardr or vector d r forms, may include

shear waves in addition to the compressional waves. Becauseall wave modes contain mate-

rial property and structural information about the subsurface, the elastic wave�eld allows

for better characterization of the subsurface (Tarantola,1986; Pratt, 1990; Guasch et al.,

2012; Vigh et al., 2012). For example, elastic wave�elds are sensitive to S velocity change in

the model in addition to changes in P velocity and density. The contribution of my thesis

is in applying migration, and waveform inversion methods tomulticomponent wave�elds u

for elastic material properties, vectorm, which can provide shear wave related lithological

information. I propose new imaging conditions for di�erenttypes of elastic images, which

illustrate certain aspects of the elastic media, for example, images indicating perturbations

in P and S velocity models. For elastic waveform inversion, Ipropose improved methods

to invert for realistic P and S velocity models simultaneously. With my proposed meth-
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Figure 1.1: Schematic representations of for (a) RTM, (b) LSRTM, and (c) FWI. Symbols
ds and dr represent the source wavelet and recorded data, respectively. Symbol I is the
computed image. us and ur are constructed source and receiver wave�eld, respectively,
by using model material propertym. Squares highlight the domain used to construct the
objective function. Circles indicate the components that are updated through inversion in
order to minimize the objective function.
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ods, I obtain elastic images or models with improved amplitude information that facilitates

reservoir characterization.

In Chapter 2 of my thesis, I propose an imaging condition for converted waves obtained

using multi-component data. For elastic migration, I use anelastic wave-equation-based

wave�eld propagation operator to construct source and receiver vector wave�elds. Following

wave�eld extrapolation, I apply an imaging condition by combining the source and receiver

wave�elds to obtain images of subsurface structures. Multi-component wave�elds allow for a

variety of imaging conditions that provide multiple imagesby cross-correlating di�erent wave

modes present in the source and receiver wave�elds (Dellinger and Etgen, 1990b; Yan and

Sava, 2008; Yan and Xie, 2012). In this case, the migrated images correspond to re
ectivity

for di�erent combinations of incident and re
ected P- and S-modes, e.g. PP, PS, SP and

SS re
ectivity. One di�culty when imaging multi-component wave�elds is that the PS and

SP images change sign at certain incidence angles. For example, in isotropic media, polarity

reversal occurs at normal incidence (Balch and Erdemir, 1994). This sign change can lead

to destructive interference when multiple experiments of aseismic survey are stacked for a

�nal image. Another di�culty is that the PS and SP images are vectors in 3D case, and it

is di�cult to combine the three components of each image and �nd the physical meaning of

the combinations. I address this problem by designing an imaging condition for converted

waves to correct the image polarity and produce scalar PS andSP images. This imaging

condition exploits pure P- and S-modes obtained by Helmholtzdecomposition. The PS and

SP images are generated using geometrical relationships between the propagation directions

for the P and S wave�elds, the re
ector orientation, and the S-mode polarization direction.

In Chapter 3 of my thesis, I extend the elastic images derivedin Chapter 2 to time- and

space-lag domains to compute common image gathers (CIG) andcommon image point (CIP)

gathers. Wave�eld-based migration velocity analysis using the semblance principle requires

computation of images in an extended space in which we can evaluate the imaging consis-

tency as a function of overlapping experiments. One approach is to assemble those seismic
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images in CIGs that represent image attributes indicating inaccurate model properties, e.g.,

angle domain CIGs (Biondi and Symes, 2004; Sava and Biondi, 2004a) and o�set domain

CIGs (Mulder and Ten Kroode, 2002). The angle domain CIGs describe the re
ectivity as a

function of re
ection angles and a space axis, typically thedepth axis, which is not compu-

tationally e�cient for analysis that only needs to focus on the most relevant locations. An

alternative approach is to use CIP gathers instead of CIGs constructed as a function of both

space and time-lag extensions at sparse and irregularly distributed points in the image (Yan

et al., 2010; Yang et al., 2010; Sava and Vlad, 2011). In this chapter, I discuss an extended

imaging condition developed from the potential imaging condition proposed in Chapter 2.

Similar to RTM images computed using the proposed potentialimaging condition, the ex-

tended RTM images are scalars and have no polarity changes atnormal incidence. I propose

methods to apply angle decomposition to both space-/time-lag CIGs and CIP gathers. The

angle gathers depict re
ectivity as a function of re
ectionangles. Such images highlight the

subsurface illumination patterns and therefore could be used for image postprocessing for

amplitude variation with angle (AVA) analysis, or for tomographic velocity updates.

In Chapter 4, I propose an least-squares reverse time migration (LSRTM) algorithm. A

key component for elastic LSRTM is the imaging condition, and many di�erent types of

imaging conditions have been proposed for elastic media. For example, Yan and Sava (2008)

propose a displacement imaging condition that crosscorrelates each component of source

and receiver displacement wave�elds. They also propose a potential imaging condition that

crosscorrelates P- and S-wave modes in source and receiver wave�elds. One issue with

this potential imaging condition is that the image components for converted waves change

polarity at normal incidence. Stanton and Sacchi (2015) usea LSRTM method based on

this imaging condition, including an additional polarity correction in the angle domain. In

Chapter 2, I show a scalar imaging condition for converted waves that produces scalar images

without polarity reversal; however, this imaging condition requires knowledge of the geologic

dip. Here I propose an elastic LSRTM method based on another new perturbation imaging
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condition, which is derived for squared P and S velocities. Images computed using this new

imaging condition can be simply related to physical subsurface properties, and do not su�er

from polarity changes; Using the perturbation imaging condition, one is able to obtain elastic

LSRTM images with higher resolution and reduced migration artifacts, including cross-talks

of di�erent wave modes.

In Chapters 5 of my thesis, I propose tomographic methods forelastic full waveform inver-

sion. For elastic tomography, there are many possible modelparameterizations, which lead

to di�erent inversion schemes. For example, Tarantola (1986) shows wave�eld tomography

for compressional (P) impedance, shear (S) impedance, and density, while Mora (1988) and

Guasch et al. (2012) compute P- and S-velocity models using wave�eld tomography. More-

over, although inversion for multi-parameters adds more physical information to the updated

model compared to single-parameter inversion, di�erent parameters in the updated model

may not be physically realistic (Plessix, 2006), i.e., inversion might not be able to resolve

the model parameters while preserving their intrinsic physical relationships. I propose to ad-

dress this problem by introducing a petrophysical constraint term in the objective function,

which explicitly sets the relationships between model parameters. Such physical relation-

ships need to be enforced explicitly because their action onthe inverted model di�ers from

the alternative constraints provided by data or by shaping model regularizations (Tarantola,

1987; Hale, 2007; Guitton et al., 2012). Physical relationships between model parameters in

elastic media can be derived from well logs, seismic data, and laboratory measurements, but

they can also be derived based on �rst-principle physical relationships (Tsuneyama, 2006;

Compton and Hale, 2013). In Chapter 5, I perform FWI using the isotropic elastic wave-

equation, and the mathematical derivation shows that the simplest approach is to invert for

the squared velocities of P- and S-waves. I include the petrophysical constraint term into the

objective functions, which sets the relationships betweenparameters based on petrophysical

prior information. Examples demonstrate that this physical constraint yields models that

are more physically plausible, compared to models obtainedusing only the data mis�t ob-
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jective function. In the last chapter, I draw general conclusions and suggest possible future

work directions.
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CHAPTER 2

SCALAR IMAGING CONDITION FOR ELASTIC REVERSE TIME MIGRATION

Modi�ed from a paper published1 in Geophysics

Yuting Duan2,3 and Paul Sava3

Polarity changes in converted-wave images constructed by elastic reverse-time migration

cause destructive interference after stacking over the experiments of a seismic survey. This

polarity reversal is due to PS and SP re
ectivities reversing sign at certain incidence angles,

e.g. at normal incidence in isotropic media. Many of the available polarity correction

methods are complex and require costly transformations, e.g. to the angle domain. We

derive a simple imaging condition for converted waves in order to correct the image polarity

and reveal the conversion strength from one wave mode to another. Our imaging condition

exploits pure P- and S-modes obtained by Helmholtz decomposition. Instead of correlating

Cartesian components of the vector S-mode with the P-mode, we exploit all three components

of the S wave�eld at once to produce a unique image. We generate PS and SP images using

geometrical relationships between the propagation directions for the P and S wave�elds,

the re
ector orientation, and the S-mode polarization direction. Compared to alternative

methods for correcting the polarity reversal of PS and SP images, our imaging condition

is simple and robust and does not signi�cantly increase the cost of reverse-time migration.

Several numerical examples demonstrate the e�ectiveness of our new imaging condition using

simple and complex models.

2.1 Introduction

Advances in seismic acquisition and ongoing improvements incomputational capability

have made imaging using multi-component elastic waves increasingly feasible. Elastic mi-
1Reprinted with permission of Geophysics, 2015, 80, No. 4, S127-S136
2Author for correspondence.
3Center for Wave Phenomena, Colorado School of Mines, 924 16th Street, Golden, CO 80401.
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gration with multi-component seismic data can provide additional subsurface structural in-

formation compared to conventional acoustic migration using single-component data. Multi-

component seismic data can be used, for example, to estimatefracture distributions as well

as elastic properties. Such data can also provide broader illumination of the subsurface, thus

reducing potential P-wave shadow zones.

In complex geologic environments, it is desirable to use wave�eld-based imaging meth-

ods, e.g. reverse-time migration (RTM). Conventional reverse-time migration consists of two

steps: wave�eld extrapolation followed by the application of an imaging condition (Claer-

bout, 1971). Wave�eld extrapolation requires constructing source and receiver wave�elds

using an estimated wavelet and the recorded data, respectively. In elastic media, source and

receiver wave�elds are constructed using di�erent forms ofelastic (vector) wave equations

corresponding to di�erent parametrizations of the subsurface model parameters.

Following wave�eld extrapolation, an imaging condition isapplied by combining the

source and receiver wave�elds to obtain images of subsurface structures. Multi-component

wave�elds allow for a variety of imaging conditions (Yan andSava, 2008; Denli and Huang,

2008; Artman et al., 2009; Wu et al., 2010). A simple imaging condition for multi-component

wave�elds is the crosscorrelation of the Cartesian components of the displacement vectors

characterizing the source and receiver wave�elds (Yan and Sava, 2008). In 3D, this results

in 9 images for di�erent combinations of source and receiverdisplacement vector compo-

nents. One limitation of this method is that P- and S-modes are mixed in the extrapolated

wave�elds; therefore, cross-talk between P- and S-modes creates artifacts that make inter-

pretation di�cult. Another imaging condition for multi-com ponent wave�elds �rst requires

the decomposition of wave�elds into di�erent wave modes, for example, P- and S-modes. For

isotropic elastic wave�elds far from the source, P- and S-modes correspond to the compres-

sional and transverse components of the wave�eld, respectively (Aki and Richards, 2002).

Similar to the imaging condition using displacement vectorcomponents, this imaging condi-

tion provides multiple images by cross-correlating di�erent wave modes present in the source
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and receiver wave�elds (Dellinger and Etgen, 1990b; Yoon etal., 2004; Yan and Sava, 2008;

Yan and Xie, 2012). However, in this case, images correspond tore
ectivity for di�erent

combinations of incident and re
ected P- and S-modes, e.g. PP, PS, SP and SS re
ectivity,

and therefore are more useful in geological interpretation.

One di�culty when imaging multi-component wave�elds is that the PS and SP images

change sign at certain incidence angles. For example, in isotropic media, polarity reversal

occurs at normal incidence (Balch and Erdemir, 1994). This sign change can lead to de-

structive interference when multiple experiments of a seismic survey are stacked for a �nal

image. A simple way to correct the polarity reversal in PS andSP images is based on the

assumption that the polarity change occurs at zero o�set andcan be corrected based on

the acquisition geometry. However, this assumption fails ifthe re
ectors are not horizontal

(Du et al., 2012b). An alternative method to correct for the polarity change requires that

we compute the incidence angles at each image point and then reverse the polarity based

on this estimated angle under the assumption that polarity reverses at normal incidence.

There are various techniques to compute the re
ection angles. One possibility is to use ray

theory to simulate the incident wave�eld direction, and apply this direction to the re
ected

wave extrapolated from the surface to every imaging point (Balch and Erdemir, 1994). This

method is limited by the ray approximation and may become impractical when applied to

elastic RTM in media characterized by complex multipathing. Another method to correct

for polarity changes is to image in the angle domain, and thenreverse the image polarity as a

function of angle (Yan and Sava, 2008; Rosales et al., 2008; Yan and Xie, 2012). Construct-

ing angle-domain common image gathers is accurate and robust, but can also be expensive.

Finally, another possibility for polarity correction is to reverse the polarity in source and

receiver wave�elds based on the sign of the re
ection coe�cient, which is computed from

the directions of the incident and re
ected waves (Sun et al., 2006; Du et al., 2012a). These

directions are typically computed using Poynting vectors,which may be inaccurate in com-

plicated models characterized by multipathing (Dickens and Winbow, 2011; Patrikeeva and
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Sava, 2013).

In this paper, we propose an alternative 3D imaging condition for elastic reverse-time

migration. Our new imaging condition exploits geometric relationships between incident

and re
ected wave directions, re
ector orientation, and rotation directions of S wave�elds .

Using our new imaging condition, we are able to obtain PS and SPimages without polarity

reversal. The method is simple and robust and operates on separated wave modes obtained,

for example, using Helmholtz decomposition (Yan and Sava, 2008). Our method is also

computationally e�cient to apply since it does not require complex operations such as angle

or directional decomposition. We begin by discussing the theory underlying our method and

then illustrate it using simple and complex synthetic examples.

2.2 Theory

Our proposed imaging condition is meant to automatically compensate for the polarity

reversal characterizing conventional converted-wave images. Our method builds on existing

techniques which �rst decompose elastic wave�elds into pure P- and S-modes. However, in

contrast with more conventional methods, our imaging condition does not simply correlate

the P-mode with di�erent components of the vector S-mode. Weexplain the logic of our

method next.

Reconstructed source and receiver elastic wave�elds can beseparated into P- and S-

modes prior to imaging (Dellinger and Etgen, 1990b; Yan and Sava, 2008). In isotropic

media, this separation can be performed using Helmholtz decomposition (Aki and Richards,

2002), which describes the compressional componentP and transverse componentS of the

wave�eld using the divergence and curl of the displacement vector �eld u:

P (e;x; t) = r � u (e;x; t) ; (2.1)

S(e;x; t) = r � u (e;x; t) : (2.2)

PS and SP images can then be obtained by cross-correlating the P wave�eld with each

component of theS wave�eld (Yan and Sava, 2008). Images produced in this way have
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three independent components at every location in space, i.e., PS and SP images are vector

images. The method discussed here is applicable to wave�elds reconstructed in isotropic

media, but can be adapted to anisotropic media, for example using the method discussed by

Yan and Sava (2008).

(a) (b)

Figure 2.1: (a) 3D synthetic model with one horizontal re
ector in a constant velocity
medium, at depth z = 0:2 km. The source is located at (0:2; 0:2; 0:02) km; the 2D network
of receivers is atz = 0:03 km. (b) A snapshot of source P wave�eld.

We illustrate this conventional imaging condition with the 3D synthetic model shown

in Figure 2.1(a), which contains one horizontal re
ector embedded in a constant velocity

medium. A single pressure source is at (0:2; 0:2; 0:02) and the source function is a Ricker

wavelet with a peak frequency of 30 Hz. Figure 2.1(b) shows a snapshot of the source P

wave�eld for a single source indicated in Figure 2.1(a). The x-, y- and z-components of the

receiver S wave�eld are shown in Figures 2.2(a), 2.2(c), and 2.2(e), respectively. P and S

wave�elds are decomposed from the displacement wave�eld using Helmholtz decomposition.

The z-component of the receiver S wave�eld corresponds to S waves propagating in the xy-

plane, which are weaker than the x- and y-component shown in 2.2(e). In Figures 2.2(a) and

2.2(c), another S wave appearing atz = 0:1 km is converted from P waves in the recorded

data. Such waves produce artifacts in the migrated images, as seen in Figures 2.2(b), 2.2(d),

and 2.2(f). As the artifacts are generally inconsistent witheach other between di�erent
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(a) (b)

(c) (d)

(e) (f)

Figure 2.2: Snapshots of (a) x-, (c) y-, and (e) z-component ofthe receiver S wave�eld and
the corresponding (b) x-, (d) y-, and (f) z-component of the PS image. The S wave�elds
are decomposed from the displacement wave�eld using Helmholtz decomposition. Polarity
reversal occurs as a function of azimuth in the wave�eld which leads to polarity change in
three components of the PS image shown. Z-component of the S wave�eld is much weaker
than x- and y-component.
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shots, they are attenuated in stacked images (Duan and Sava,2014). Notice that polarity

reversal occurs as a function of azimuth, which leads to the polarity change in the three

components of the PS image shown in Figures 2.2(b), 2.2(d), and 2.2(f).

Another problem of the conventional imaging condition is that it is di�cult to �nd the

physical meaning of the various constructed images. We seekto avoid vector PS and SP

images by combining all components of the S wave�eld with theP wave�eld into a single

image representing the energy conversion strength from onewave-mode to another at an

interface.

To formulate the imaging condition, I de�ne the following quantities, shown in Figures 2.3

and 2.4 :

� Vector n which is the local normal to the interface represented by plane I

� Vector S indicating the curl direction of the S-mode particle displacement

According to Snell's law, propagation directions of incident and re
ected waves, andn

belong to the re
ection planeR. Vector S is orthogonal to the propagation direction of the

S-mode. In the following, I assume that I know the normal vector n, e.g., from a prior PP

or PS stacked images obtained using other methods, such as PSKirchho� migration.

Both incident P- and S-modes generate re
ected S-modes; therefore, the receiver wave�eld

vector S is complicated and in general not orthogonal to the planeR, and can be decomposed

into vectors S? and Sk such that

S = S? + Sk : (2.3)

Vectors S? and Sk are orthogonal and parallel to planeR, respectively. The S-modes

re
ected from incident P- and SV-modes are SV-modes and con�ned to the vector �eld S? .

The S-modes re
ected from incident SH-modes are also SH-modesand con�ned to the vector

�eld Sk.

As indicated earlier, the signs of the PS and SP re
ection coe�cients change across

normal incidence in every plane, which causes the polarity of the re
ected waves to change
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at normal incidence. Since normal incidence depends on the acquisition geometry and the

geologic structure, this polarity reversal can occur at di�erent positions in space, thus making

it di�cult to stack images for an entire multicomponent survey.

In order to address this challenge, we propose the followingimaging conditions forI P S

and I SP components in imageI =
�

I P P I P S I SP I SS

� T

:

I P P (x) =
X

e;t

Ps (e;x; t) Pr (e;x; t) ; (2.4)

I P S (x) =
X

e;t

(r Ps (e;x; t) � n (x)) � Sr (e;x; t) ; (2.5)

I SP (x) =
X

e;t

((r � Ss (e;x; t)) � n (x)) Pr (e;x; t) : (2.6)

I SS (x) =
X

e;t

Ss (e;x; t) � Sr (e;x; t) : (2.7)

Here,P and S are functions of the experiment indexe, spacex and time t, and represent

the scalar P- and vector S-modes after Helmholtz decomposition, respectively. I P S (x) and

I SP (x) are the PS and SP scalar images, respectively. This expression contains summation

over time as well as summation over experiments. Subscriptss and r indicate source- and

receiver-side wave�elds, respectively. We assume that we know the normal vectorn which

can be obtained in practice, for example, from a prior computed PP image. Note that waves

with small incidence angles contribute to PS and SP images much less than those with larger

incidence angles because the PS and SP re
ectivities approach zero as the incidence angle

decreases to zero. Thus a small error in the estimation of normal vector n would a�ect

only the polarity correction at small incidence angles, andthis e�ect can be neglected in the

stacked image. In fact, for the examples shown in this paper,we use a smoothed version of

the true normal vectors and obtain satisfactory results.

The geometrical interpretation of our new imaging condition, equations 2.4 - 2.7, is as

follows:

PP imaging (equation 2.4): The decomposed incident P-mode and the corresponding re-


ected P-mode are scalars, and their propagation directions are in the re
ection planeR.
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Similar to an acoustic RTM image, which is the crosscorrelation of the source and receiver

scalar wave�elds, the PP image is de�ned as the crosscorrelation the source and receiver

scalar P wave�elds.

PS imaging (equation 2.5): The vectorr Ps characterizes the propagation direction of the

incident P-mode and can be calculated directly on the separated P wave�eld. The cross

product with the normal vector n constructs a vector orthogonal to the re
ection planeR;

as indicated earlier, this direction is parallel with the re
ected SV-modeSr ? and orthogonal

to other SH-modesSr k in the wave�eld. Therefore, the dot product of (r P � n) and S is just

a projection of the vectorSr ? wave�eld on a vector which depends on the incidence angle of

the P wave�eld. For a P-mode incident in the opposite direction, the vectorr P � n reverses

direction, thus compensating for the opposite direction ofthe S-mode. Consequently, the

PS imaging condition has the same sign regardless of the incidence direction, and therefore

PS images can be stacked without canceling each-other at various positions in space.

SP imaging (equation 2.6): The re
ected P-mode is generated by the incident SV-mode

Ss? . Vector r � Ss? is orthogonal to the re
ection plane. The dot product with the normal

vector n produces a scalar �eld characterizing the magnitude of the S-mode, but is signed

according to its relation with respect to the normaln. This scalar quantity can be simply

correlated with the scalar re
ected P wave�eld, thus leading to a single image without sign

change as a function of the incidence direction. Thus, SP images produced in this fashion

can also be stacked without canceling each other at various positions in space.

SS imaging (equation 2.7): The incident Ss contains componentsSs? (SV-mode) and

Ssk (SH-mode), generating re
ectedSr ? (SV-mode) andSr k (SH-mode), respectively. The

cross product of incidentSs and Sr for the SS imaging condition can be expanded as

Ss? � Sr ? + Ssk � Sr k, because vectorsSs? and Ssk are orthogonal to each other andSs? � Sr k =

Ssk � Sr ? = 0. Therefore, the SS imageI SS is a combination for the SH image and SV image.

In 2D, the scalar imaging conditions from equations 2.5 and 2.6 are simpli�ed. The S

has only one non-zero component,Sy, since the vectorS is orthogonal to the local re
ection
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Figure 2.3: Schematic representation of P and SV re
ections for an incidence P-mode.I
and R are the interface plane and re
ection planes, respectively. Vector n indicates the
normal to the interfaceI , vector r P is parallel to the propagation direction of the incident
P-mode. The vectors represented by the dashed lines indicate the propagation directions of
the S-modes, and vectorS is orthogonal to its propagation direction. r P and n are both
contained within the re
ection plane R. Vector S representing the re
ected SV-mode is
orthogonal to the re
ection planeR.

Figure 2.4: Schematic representation of P and S re
ections for an incidence S-mode. Both
incidence and re
ected S-modes can be decomposed in to components orthogonal to the re-

ection plane (SV-modes) and components in the re
ection plane (SH-modes). The incidence
SH-mode generates re
ected SH-mode, while the incidence SV-mode generates re
ected P
and SV-mode.
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plane R. Therefore, the PS and SP imaging conditions are

I P S = �
X

e

X

t

�
@P
@x

nz �
@P
@z

nx

�
Sy ; (2.8)

I SP =
X

e

X

t

�
@Sy
@x

nz �
@Sy
@z

nx

�
P ; (2.9)

where I = I (x; z), P = P (e; x; z; t), Sy = Sy (e; x; z; t), nz = nz (x; z) and nx = nx (x; z).

For a horizontal re
ector, i.e. n = f 0; 0; 1g, we can write

I P S = �
X

e

X

t

@P
@x

Sy ; (2.10)

I SP =
X

e

X

t

@Sy
@x

P ; (2.11)

which simply indicates that in the new imaging condition, wecorrelate the P or S wave�elds

with the x derivative of the S or P wave�elds, respectively. That is, ofcourse, just a special

case of the more general relation in equations 2.5 and 2.6.

We interpret the propagation direction of the P-mode and thepolarization direction of

the S-mode as the gradient and curl of the displacement vector �eld, respectively. For a plane

wave,r P andr� S are equivalent toikP and ik� S, respectively, wherek is the wavenumber

vector indicating the propagation direction. However, while the spatial derivatives contained

in the gradient and curl provide information regarding the directionality of the wave�eld, the

application of the gradient and curl operators also distorts the amplitude spectrum as well

as the phase of the wave�eld, and implicitly it distorts the phase of the migrated images.

The distortion of the amplitude and phase is undesirable andmust be avoided because it

can lead to incorrect stratigraphic interpretation.

To correct for a similar distortion of images resulting fromthe application of a Laplacian

�lter designed to remove backscattering artifacts in reverse-time migration, Zhang and Sun

(2009) apply av2=! 2 �lter that compensates for the k2 representing the Laplacian. Here

v is velocity and ! is the angular frequency. To apply this �lter, Zhang and Sun (2009)
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propose a two-step approach: �rst, divide the source function by ! 2 prior to reconstructing

the source wave�eld, and second, scale the image byv2 following migration. The ! 2 �ltering

is equivalent to a double time integral. We follow their approach and use a similar �lter

to correct for the distortion of the amplitude and phase of the image. Notice that we can

write ik = i!
v

k
jk j , where the unit vector k

jk j is the propagation direction. Hence, to correct the

imaging condition in equation 2.5, we apply a 1=i! �lter by integrating the source function

over time prior to source wave�eld reconstruction, and thenwe multiply the image in the

space domain by the P-wave velocityv. A similar transformation is applicable for the imaging

condition in 2.6 except that in this case, we scale by the S-wave velocity.

(a)

(b)

(c)

Figure 2.5: 1D images obtained by (a) crosscorrelation of source and receiver wave�elds, (b)
crosscorrelation followed by spatial derivative, and (c) source integral prior to crosscorrela-
tion, followed by spatial derivative.
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Figure 2.5(a) shows a 1D image obtained by crosscorrelation of source and receiver wave-

�elds. After applying a gradient �lter, which is simply a spatial derivative in 1D, the ampli-

tude and phase of the image change, Figure 2.5(b). To allow forapplication of the gradient

�lter while preserving the amplitude and phase, we follow the 
ow discussed above to obtain

the image shown in Figure 2.5(c), which is identical to the image shown in Figure 2.5(a).

Using the samev=(i! ) �lter, we are also able to correct for the amplitude and phase

distortion resulting from Helmholtz decomposition, which involves computation of the di-

vergence and curl of the displacement wave�elds. In this case, we apply the �lter v=(i! ) to

both the source and receiver wave�elds except that the meaning of the velocity is di�erent,

depending on whether we operate with the P or S mode. Similar to the correction for our

proposed imaging condition, we apply a 1=i! �lter by integrating over time the source func-

tion prior to source wave�eld reconstruction, and by integrating the recorded data prior to

receiver wave�eld reconstruction. Then, we multiply the PSand SP images by the product

of the velocities for the source and receiver wave�elds.

In summary, to correct for the amplitude and phase distortion resulting from both

Helmholtz decomposition and our new imaging condition, we combine the two corrections

discussed earlier by (1) integrating the source function over time twice, prior to source

wave�eld reconstruction; (2) integrating the recorded dataover time once, prior to receiver

wave�eld reconstruction; and (3) multiplying the PS image by v2
pvs and the SP image by

vpv2
s .

The units of the original displacement wave�eld are meters, and the units of the spatial

derivative of the wave�eld are 1. The application of av=(i! ) �lter, in order to correct for

the amplitude and phase distortion caused by the spatial derivative, changes the units of

the spatial derivative of the wave�eld back to meters. Therefore, the units of the image

computed from the new imaging condition with the �lter are meters squared.

For the 3D example in Figure 2.1(a), our new imaging conditionleads to the PS im-

age in Figure 2.6. In this �gure, we apply the �lters to correct for image spectrum and
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Figure 2.6: The PS image computed using the new imaging condition. Compared to the
three components of the vector image shown in Figure 2.2(b), 2.2(d) and 2.2(f), this PS
image is a scalar without polarity reversal.
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amplitude distortions due to Helmholtz decomposition and our new imaging condition. In

contrast to the vector PS image characterized by polarity reversal obtained by using the

conventional imaging condition, the PS image obtained using our new imaging condition is

a scalar without polarity reversal. This correction allowsus to stack multiple elastic images

over experiments without cancellation due to opposite polarity of the images constructed

from di�erent experiments.

2.3 Examples

Figure 2.7: 2D synthetic density model with dipping layers.

We illustrate our method using three synthetic models. During the procedure for obtain-

ing PS and SP images, we apply the �lters to correct for the amplitude and phase distortion.

In the �rst two examples, we also add a thin water layer to bothof the models in order to

generate PS conversion from a hard water bottom. The water layer is 0:4 km. The models

are smoothed for source and receiver wave�eld reconstruction. The �rst model (Figure 2.7)

consists of semi-parallel gently dipping layers. We use 40 sources evenly distributed along

the surface, and 500 receivers located at the surface of the model. The source function is

a Ricker wavelet with a peak frequency of 35 Hz. Figures 2.8(a) and 2.8(b) are snapshots

of the source P and receiver S wave�elds, respectively, and Figures 2.9(a) and 2.9(b) are

snapshots of the source S and receiver P wave�elds, respectively. In both cases, we observe

polarity 
ips in the S wave�eld.
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(a)

(b)

Figure 2.8: (a) Source P wave�eld and (b) receiver S wave�eld for a single shot. Both source
and recievers are on the surface of the model.
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(a)

(b)

Figure 2.9: (a) Source S wave�eld and (b) receiver P wave�eld for a single shot. Both source
and recievers are on the surface of the model.
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(a)

(b)

Figure 2.10: PS stacked images obtained using (a) the conventional imaging condition and
(b) our new imaging condition. The image in panel (b) at (1:0; 1:0) km is stronger, in
contrast with the image in panel (a) which su�ers from cancellation due to polarity reversal.
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(a)

(b)

Figure 2.11: SP images obtained using (a) the conventional imaging condition and (b) our
new imaging condition. The image in panel (b) at (1:0; 0:7) km is stronger, in contrast with
the image in panel (a) which su�ers from cancellation due to polarity reversal.
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(a) (b)

Figure 2.12: PS common image gather atx = 1:5 km obtained from (a) the conventional
imaging condition. From left to right, the horizontal events change sign at normal incidence.
(b) Using the new imaging condition, we obtain the PS common image gather without
polarity change.

(a) (b)

Figure 2.13: SP common image gather atx = 1:5 km obtained from (a) the conventional
imaging condition. From left to right, the horizontal events change sign at normal incidence.
(b) Using the new imaging condition, we obtain the SP common image gather without
polarity changes.
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Using the conventional imaging condition (i.e., cross-correlation of the source and receiver

wave�elds), we obtain the PS and SP image shown in Figures 2.10(a) and 2.11(a). The

re
ectors on the left side of the model are not well imaged, due to the fact that the polarity

of individual images change sign at normal incidence, thus causing destructive interference

during summation over shots. The PS and SP common image gathers at x = 1:5 km

(Figures 2.12(a) and 2.13(a)) show this polarity reversal causing image destruction.

In contrast, Figures 2.10(b) and 2.11(b) show PS and SP imagesusing our new imaging

condition, respectively. In this case, the interfaces are more continuous compared to the

image constructed by the simple cross-correlation imagingcondition. Moreover, the PS and

SP common image gathers atx = 1:5 km (Figures 2.12(b) and 2.13(b)) con�rm that there

is no polarity change as a function of shot position.

Figure 2.14: Marmousi model with density contrast.

The second example (Figure 2.14) is a modi�ed Marmousi model (Versteeg, 1991, 1993).

It contains several major faults and semi-parallel dippinglayers. We use 60 explosive sources

evenly distributed along the surface, and receivers are on acable that moves with the source.

The source-receiver o�set ranges from� 1:5 km to 1:5 km. The source function is a Ricker

wavelet with a peak frequency of 35 Hz.
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(a) (b)

(c)

Figure 2.15: PS common image gather atx = 2:5 km obtained from (a) the conventional
imaging condition, (b) the conventional imaging conditionwith the simple correction that

ips the sign of the image at negative o�set, and (c) the new imaging condition.
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(a)

(b)

(c)

Figure 2.16: PS image from a single shot using (a) the conventional imaging condition, (b)
the conventional imaging condition with simple correctionthat 
ips the sign of the image at
negative o�set, and (c) the new imaging condition. Source islocated at (1:85; 0) km.
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(a)

(b)

(c)

Figure 2.17: PS stacked image using (a) the conventional imaging condition, (b) the conven-
tional imaging condition with simple correction that 
ips the sign of the image at negative
o�set, and (c) the new imaging condition.
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The source S wave�eld is weak because of the minor energy conversion at the top of

the model; therefore the SP image is also weak. Consequentlyin the �gures, we show only

the PS image. Using the conventional imaging condition, we obtain an image from a single

shot and the stacked PS image shown in Figure 2.16(a) and Figure2.17(a), respectively.

One common image gather (Figure 2.15(a)), is extracted from all 60 experiments atx =

2:5 km. In Figure 2.17(a) and 2.15(a), the events change polarity at normal incidence,

which leads to destructive interference in the stacked image. The simplest correction is

to change the sign of the image where the o�set is negetive. One common image gather at

x = 2:5 km and one image from a single shot are shown in Figure 2.15(b)and Figure 2.16(b),

respectively. This method corrects for polarity change at large o�set, but does not work at

small incidence angles. The stacked image seen in Figure 2.17(b) is better focused than the

image in Figure 2.17(a); however, the middle part with complicated geological structures is

not well-illuminated. By applying the new imaging condition, we obtain the common image

gathers and the image from a single shot without polarity reversal shown in Figure 2.15(c)

and 2.16(c), respectively. Notice that in the stacked image shown in Figure 2.17(c), events

are well-focused.

The third model is the 3D SEG/EAGE salt model (Aminzadeh et al., 1997) and the

density model is shown in Figure 2.18(a). The P and S velocity models are smoothed. We

use 9 sources evenly distributed in a horizontal plane atz = 0:02 km and a dense network

of receivers atz = 0:03 km. We simulate the data with constrasts in the density model and

use displacement vectors at the receiver locations as recorded data. The source function is

represented by a Ricker wavelet with a peak frequency of 40 Hz.Using the new imaging

condition, we obtain the PS stacked image, Figure 2.18(b). Inthe PS image the salt boundary

is continuous without polarity change, which shows that thenew imaging condition works

for 3D cases with complicated geological structures.
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(a)

(b)

Figure 2.18: (a) 3D SEG/EAGE salt model, the density model. (b) The PS image obtained
using the new imaging condition.
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2.4 Discussions

This new imaging condition requires additional information that is not available in the

extrapolated wave�eld, speci�cally the re
ector normal �eld. In this section, we investigate

two practical problems associated with this imaging condition, including the estimation of

the re
ector normals when the re
ectors are imaged at incorrect positions, and the imaging

of a re
ector by waves from opposite sides.

2.4.1 Estimation of the re
ector normal

Figure 2.19: Synthetic model with one dipping re
ector. The source, indicated by the dot,
is located at (0:1; 1:0) km. The receiver line, indicated by the line, is atz = 0:2 km.

The scalar imaging condition requires an estimate of the re
ector normaln. If the velocity

is incorrect, re
ectors in PP, PS, and SP images are incorrectly positioned and can cause

inaccurate estimations of the normal for PS and SP imaging from the PP image. Re
ector

normals estimated from a PP image are inconsistent with those from a PS image and thus

are unavailable for the scalar imaging condition. Therefore, instead of estimating re
ector

normals from a PP image, we choose to estimate the normal vectors from the PS image

computed using the conventional imaging condition. Because the polarity reversal present

in conventional PS images results in poor resolution of the stacked conventional PS image,

we apply a simple correction for this polarity change, for example, by reversing the sign of

the image at negative source-receiver o�sets. Alternatively, we could estimate the re
ector

normal on individual images obtained with the conventionalimaging condition which does

not correct for polarity reversal, at higher overall computational cost.
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(a)

(b)

(c)

Figure 2.20: (a) The PP image computed by crosscorrelating P-waves in source and receiver
wave�elds. (b) The re
ector normal estimated using the PP image. (c) The PS image
computed using the dip �eld in panel (b). Note that the image ofthe re
ector incorrectly
changes polarity at around (0.7,0.6) km.
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(a)

(b)

(c)

Figure 2.21: (a) The PS image obtained by crosscorrelating the source P wave�eld and
receiver S wave�eld. (b) The re
ector dip estimated using PSimage. (c) The PS image
computed using the dip �eld from panel (b). This PS image has no polarity change.

Figure 2.22: The Marmousi model. The 20 sources, indicated bythe dots, are located at
depth z = 0:1 km. The receiver line, indicated by the line, is atz = 0:05 km.
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(a)

(b)

(c)

Figure 2.23: (a) The stacked PP image computed by crosscorrelating P-waves in source and
receiver wave�elds. (b) The re
ector normal estimated using the PP image. (c) The PS
image computed using the dip �eld from panel (b). The re
ectors highlighted by the boxes
are not continuous and poorly imaged.
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(a)

(b)

(c)

Figure 2.24: (a) The stacked PS image computed by crosscorrelating P-waves in the source
wave�eld and S-waves in the receiver wave�eld. The PS image polarity for individual shots
are corrected by reversing the image at negative o�sets. (b)The re
ector dip estimated
using PS image. (c) The PS image computed using the dip �eld. The re
ectors highlighted
by the boxes are better imaged compared to the PS image in Figure 2.23(c).
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We demonstrate our approach for estimating re
ector normals using a model with a

single dipping re
ector, Figure 2.19. We use a displacement source located at (1:0; 0:1) km,

and we record the displacement wave�eld with a line of receivers at depth z = 0:2 km.

The source function is a Ricker wavelet with a peak frequencyof 30 Hz. The P- and S-

wave velocities of the true models are 2:6 and 1:5 km/s, respectively. For migration, we

use incorrect constant P- and S-wave velocities of 2:0 and 1:6 km/s, respectively. Note in

Figure 2.20(a) that the re
ector in the PP image, computed using the incorrect velocity,

is located above the position of the true re
ector and also incorrectly exhibits curvature.

Next, using the estimated normal vectors (Figure 2.20(b)) from the PP image, we obtain the

PS image shown in Figure 2.20(c). Comparing Figure 2.20(a) to Figure 2.20(c), we observe

that the position of the re
ector in the PP image di�ers from that of the re
ector in the PS

image; thus, re
ector normals computed from the PP image arenot suitable for use in PS

migration. This is further demonstrated by the fact that thePS image computed using the

re
ector normals from Figure 2.20(b) show polarity reversalat (0:7; 0:6) km. We address

this issue by using the conventional PS image (Figure 2.21(a)), instead of the PP image, to

estimate the re
ector normal vectors (Figure 2.21(b)). With the normal vectors shown in

Figure 2.21(b), the resulting PS image shown in Figure 2.21(c)has no polarity change. The

explanation for this behavior is that all vectors used in ourimaging condition are consistent

with one-another, although they are all distorted by the inaccurate migration velocity.

We illustrate our approach using a modi�ed Marmousi model (Versteeg, 1991, 1993),

as shown in Figure 2.22. Compared with the original model, themodi�ed model has an

increased depth of the water layer in order to generate PS conversion from a hard water

bottom. Twenty explosive sources are evenly distributed along the surface, and 600 mul-

ticomponent receivers are located at depthz = 0:05 km. The source function is a Ricker

wavelet with a peak frequency of 35 Hz. Crosscorrelating the source P wave�eld with the re-

ceiver P and S wave�elds, we obtain the PP (Figure 2.23(a)) andPS (Figure 2.24(a)) images,

respectively. For the PS image in Figure 2.24(a), we apply a simple polarity correction by
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reversing the sign of the pre-stacked PS images at negative source-receiver o�sets. Because

the P-velocity and S-velocity used for migration are 12% higher and 4% lower than the true

model, respectively, the re
ectors are at di�erent positions in PP and PS images. With the

re
ector normal (Figure 2.23(b)) estimated from the PP imagewe compute the PS image

using the scalar imaging condition (Figure 2.23(c)). Notice that a re
ector changes polarity

at (1:1; 0:7) km. If we estimate the re
ector normal (Figure 2.24(b)) using the conventional

PS image, we obtain a stacked PS image, computed using the scalar imaging condition,

without distortion caused by polarity reversals.

2.4.2 Imaging from opposite sides of a re
ector

(a) (b)

Figure 2.25: Schematic representation of re
ections at an interface for (a)down-going and
(b)up-going PS converted-modes. Compared to (a), vectorr P changes sign in (b), resulting
in the sign change ofr P � n.

In complex subsurface models, re
ectors are often illuminated by waves approaching from

opposite sides; for example, a re
ector might be imaged bothfrom above by a down-going

direct wave and from below by a diving wave. Consider the cases shown in Figures 2.25(a)

and 2.25(b), depicting down-going and up-going PS converted waves, respectively. Assuming

the incident P-modes in Figures 2.25(a) and 2.25(b) have the same polarity, then vectors

r P point in opposite directions, and the re
ected S-modes musthave opposite polarities
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because re
ectivity changes sign for incident waves approaching a re
ector from opposite

sides (Aki and Richards, 2002). Therefore, conventional PS images computed by migrating

waves re
ected o� opposite sides of a re
ector also have opposite polarities.

In contrast, the polarities of PS images computed using our scalar imaging condition for

the two cases shown in Figures 2.25(a) and 2.25(b) have the same polarity. This is because

all re
ector normal vectors are constructed to point towardonly one side of the re
ector

(the vertical component of all normal vectors must have the same sign in order to avoid

ambiguity). Thus, for the same type of incident P-modes, thesigns of vectorr P � n are

opposite in the two cases depicted in Figures 2.25(a) and 2.25(b), because vectorsr P points

in opposite directions. The sign change ofr P � n compensates for the di�erence in polarity

of the re
ected S-modes, and results in both SP images havingthe same polarity regardless of

the direction of the incident P-mode. Similarly, for SP images, re
ected P-modes on opposite

sides of a re
ector have di�erent polarities due to the sign change in re
ectivity; however,

the re
ector normal vector n corrects for the polarity di�erence in SP images computed from

waves re
ected from opposite sides.

To further explain how the scalar imaging condition generates PS images with the same

polarity for both cases depicted in Figures 2.25(a) and 2.25(b), we consider another synthetic

example with one horizontal re
ector (Figures 2.26(a)-2.26(d)). The sources and receivers

are positioned at the top of the �rst layer, and the re
ector normal points upward. Using

the scalar imaging condition, we obtain the PS image shown inFigure 2.26(a). If we switch

the material properties of the top and bottom layers while keeping the acquisition geometry

and the direction of the re
ector normal vector unchanged, we obtain the PS image shown in

Figure 2.26(b), which has opposite polarity compared to the image in Figure 2.26(a). Next,

if we rotate the entire experiment shown in Figure 2.26(b) by 180 degrees or, equivalently,

reverse the direction of the z-axis, we obtain the PS image shown in Figure 2.26(c) with

the same polarity as the PS image shown in Figure 2.26(b). Finally, by simply reversing

the direction of the re
ector normal from Figure 2.26(c) to Figure 2.26(d), we obtain the
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PS image in Figure 2.26(d) with the same polarity as the image shown in Figure 2.26(a).

Notice that the only di�erence between the models shown in Figures 2.26(a) and 2.26(d) is

that the incident P-modes illuminate the horizontal re
ector from opposite sides. Therefore,

using the scalar imaging condition, we obtain PS images of the same polarity for up- and

down-going waves.

We illustrate migration with waves approaching re
ectors from opposite sides using a

model consisting of gently dipping layers (Figure 2.27). Thesources and receivers are in two

wells. We use 20 sources evenly distributed in the well atx = 0:1 km, and 500 receivers

located at x = 1:4 km. Using the conventional imaging condition, we obtain thePS image

shown in the left panel of Figure 2.28(a). The re
ectors around z = 1:2 km are poorly

imaged because they are illuminated by waves from opposite sides. In the common image

gather at x = 0:8 km, the right panel of Figure 2.28(a), the polarities of the events in

di�erent experiments are inconsistent. In contrast, Figure2.28(b) shows the PS image using

the scalar imaging condition. In this case, the interfaces in the image aroundx = 1:4 km

are stronger, and the events have consistent polarities in all experiments, which con�rms

that the PS images computed using waves re
ected at oppositesides of the re
ector have

consistent polarities.

2.5 Conclusions

We derive a new 3D imaging condition for PS and SP images constructed by elas-

tic reverse-time migration. In conventional methods, P- and S-modes are obtained using

Helmholtz decomposition. However, our imaging condition does not correlate various com-

ponents of the S wave�eld with the P wave�eld; instead, our method uses geometrical rela-

tionships between the wave�elds, their propagation directions, and the re
ector orientation

and polarization directions to construct a single image characterizing the PS or SP re
ec-

tivity. Our method leads to accurate images without the needto decompose wave�elds into

directional components or to construct costlier extended images in the angle domain. How-

ever, our method is constructed based on the assumption thatpolarity changes at normal

43



(a)

(b)

(c)

(d)

Figure 2.26: PS imaging of a horizontal interface for varioussource/receiver con�gurations.
The left panels are the models with the acquisition geometry, and the right panels are the
corresponding PS images. The dots are the locations of the sources and lines are the locations
of the receivers. The arrow indicates the re
ector normal for PS migration. Note that the
polarities of the PS images are the same in experiments (a) and(d), but di�erent from
experiments (b) and (c).
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Figure 2.27: A crosswell example illustrating illuminationfor opposite sides of a re
ector.
The 20 sources, indicated by the dots, are in a well atx = 0:1 km. The receivers, indicated
by the line, are at x = 1:4 km.

(a) (b)

Figure 2.28: (a) The stacked PS image using conventional imaging condition. The re
ectors
around z = 1:2 km are not imaged. (b) The stacked PS image using the scalar imaging
condition. The re
ectors around z = 1:2 km are well-imaged. The left panels are the
stacked PS images and the right panels are common image gathers at x = 0:8 km. Note that
for Figure (a), the polarities of the events in the common image gather are inconsistent from
left to right, while for Figure (b), the events have consistent polarities in all experiments.
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incidence in isotropic media. In the case of anisotropy, polarity may change at non-zero

incidence angle, in which case the imaging condition would need to be modi�ed.
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CHAPTER 3

3D ANGLE DECOMPOSITION FOR ELASTIC REVERSE TIME MIGRATION

A paper submitted to Geophysics

Yuting Duan4,5 and Paul Sava5

Common re
ection-angle gathers are important tools for migration velocity analysis and

amplitude-versus-angle analysis. Angle gathers of acoustic (PP) and elastic (PS, SP, and SS)

re
ections provide information about di�erent subsurfacematerial properties. We propose

3D angle decomposition methods for elastic reverse time migration using three approaches.

The �rst approach uses time- and space-lag common image point gathers computed from

elastic wave�elds. This method felicitates computing angle gathers at sparse and irregularly

distributed points in the image, which is computationally cheaper compared to alternative

methods based on common image gathers. The second approach uses time-lag common

image gathers. This improved method transforms the extendedtime-lag images to the angle

domain using slant-stacks along surfaces that connect neighboring positions, instead of using

line slant-stacks for isolated common image gathers as is commonly done with common image

gathers. The third approach uses space-lag common image gathers. We propose a new

method based on a system of equations that handles dipping re
ectors and generates angle

gathers with improved accuracy compared to other existing methods. We demonstrate our

methods using 2D and 3D synthetic and �eld data examples and show that our techniques

provide accurate opening and azimuth angles, and that they can handle steeply dipping

re
ectors and converted wave modes.

4Author for correspondence.
5Center for Wave Phenomena, Colorado School of Mines, 924 16th Street, Golden, CO 80401.
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3.1 Introduction

Common re
ection-angle gathers are useful in migration velocity analysis and amplitude-

versus-angle analysis. Angle decomposition techniques canbe classi�ed into two categories,

depending on the type of migration used: ray-based methods and wave�eld-based methods.

Ray-based methods (Brandsberg-Dahl et al., 1999; Audebert et al., 2000; Xu et al., 2001)

are convenient, as it is straightforward and e�cient for obtaining angle information from

ray-paths traced to an image point. However, the accuracy of ray-based algorithms su�ers

in areas where velocity contrasts are strong, for example, in the presence of salt bodies.

Wave�eld-based angle-decomposition methods rely on decomposition of the wave�eld into

its plane wave components (De Bruin et al., 1990; Wu and Xie, 2002; Sava and Fomel, 2003;

Biondi and Symes, 2004; Yoon et al., 2004; Sava, 2007; Xu et al., 2011; Sava and Vlad, 2011).

Although more computationally expensive compared to ray-based methods, the wave�eld-

based methods are superior because they accurately simulate wave propagation in complex

geologic structures.

Wave�eld-based methods generally fall into two categories: pre-migration and post-

migration algorithms (Vyas et al., 2011). Pre-migration methods refer to techniques that

decompose the wave�elds prior to the imaging condition, forexample, byf � k domain de-

composition (Xu et al., 2011), or by Poynting vector methods (Yoon and Marfurt, 2006; Yan

and Ross, 2013). Becausef � k domain decomposition requires 4D Fourier transforms in 3D

models, the computational cost can be high. Poynting vectormethods are less computation-

ally intensive but may yield inaccurate angle information when wave�elds are complicated,

e.g., by triplicated wavefronts (Patrikeeva and Sava, 2013). Post-migration methods, which

decompose migrated images to angle gathers after the imaging condition, require two steps:

computation of extended images as a function of space- or time-lag gathers followed by map-

ping of the images from the extended domain to the angle domain. The extended image

gathers can be formed as a function of space-lag (� CIG)(Rickett and Sava, 2002; Sava and

Fomel, 2003), time-lag (� CIG)(Sava and Fomel, 2006), or mixed time- and space-lag common
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image point (CIP) gathers (Sava and Vlad, 2011). Angle gatherscomputed using� CIGs or

� CIGs describe the re
ectivity as a function of re
ection angles and a space axis (typically

the depth axis), while for CIPs, the angle-dependent re
ectivity is evaluated at key selected

points in the subsurface.

Wave�eld-based angle-decomposition methods can be extended to elastic and anisotropic

media. Sava and Alkhalifah (2013) propose a technique for mapping CIP gathers to angle

gathers in 3D TI media, with wave�elds constructed by solving a pseudo-acoustic wave equa-

tion. Algorithms for elastic wave�eld-based angle decomposition have also been proposed

(Yan and Sava, 2008; Yan and Xie, 2012). One important issue inangle decomposition

using elastic wave�elds is the choice of imaging condition.A proper imaging condition is

needed to separate di�erent wave modes. Yan and Sava (2008) propose an extended imaging

condition that crosscorrelates decomposed P and S wave�elds from the source and receiver.

The amplitudes of computed CIGs for di�erent types of re
ections (PP, PS, SP, and SS) are

related to their re
ection coe�cients, and these CIGs can bemapped to the angle domain

through a process similar to that used in the acoustic case. However, the shear wave�eld

after Helmholtz decomposition has three non-zero components in 3D, which makes it chal-

lenging to include information from all components into PS angle gather. Duan and Sava

(2015) propose a scalar imaging condition for converted waves, that generates 3D PS and

SP scalar images. We extend this imaging condition to compute scalar PS and SP extended

images without polarity reversal, which can then be used for3D angle decomposition.

Most of the angle decomposition methods using extended images assume that the re-


ectors are horizontal and the incidence and re
ection angles are equal. Therefore, the

computed angles for dipping re
ectors and converted waves using the existing methods lead

to inaccurate angle gathers. In this paper, we present improved methods for opening and

azimuth angle decomposition for elastic RTM. We develop an extended scalar imaging con-

dition from the zero-lag scalar imaging condition introduced by Yan and Sava (2008). Our

methods utilize local plane wave decompositions of extended images and exploit the rela-
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tionships between the time-lag, space-lag, and image shiftin space. These relationships

lead to opening and azimuth angle decomposition for PP, PS, SP, and SS re
ections using

either time-lag common image gathers (� CIGs), space-lag common image gathers (� CIGs),

or time- and space-lag common image point (CIP) gathers.

3.2 Elastic scalar imaging condition

Duan and Sava (2015) develop a scalar imaging condition using geometrical relationships

between the P and S wave propagation directions, the re
ector orientation, and the S wave

polarization direction. The PS and SP images computed usingthis imaging condition are

scalars without polarity reversal. Combining this scalar imaging condition for converted

waves with the PP and SS imaging conditions proposed by Yan and Sava (2008), we obtain

an elastic imaging condition de�ned by the following equations for PP, PS, SP, and SS

re
ectivity:

I P P (x) =
X

e;t

Ps (e;x; t) Pr (e;x; t) ; (3.1)

I P S (x) =
X

e;t

[r Ps (e;x; t) � n (x)] � Sr (e;x; t) ; (3.2)

I SP (x) =
X

e;t

[(r � Ss (e;x; t)) � n (x)] Pr (e;x; t) ; (3.3)

I SS (x) =
X

e;t

Ss (e;x; t) � Sr (e;x; t) : (3.4)

The vector n (x) represents the normal to the re
ector plane. QuantitiesP (e;x; t) and

S(e;x; t) represent P and S wave�elds obtained by wave-mode separation, as functions of

experiment e, time t, and spacex. Subscripts s and r indicate the wave�eld origins at

the source or receivers, respectively. The P and S wave�eldsare obtained from displacement

wave�elds using Helmholtz decomposition (Dellinger and Etgen, 1990a; Yan and Sava, 2008):

P (e;x; t) = r � u (e;x; t) ; (3.5)

S(e;x; t) = r � u (e;x; t) : (3.6)
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Equations 3.1-3.4 represent special cases of more general forms of extended imaging

conditions (Rickett and Sava, 2002; Sava and Fomel, 2006; Sava and Vasconcelos, 2009). An

extended imaging condition de�nes the image as a function ofspace and crosscorrelation

lags, i.e., space-lag� and time-lag � :

I P P (x; � ; � ) =
X

e;t

Ps (x � � ; t � � ) Pr (x + � ; t + � ) ; (3.7)

I P S (x; � ; � ) =
X

e;t

[r Ps (x � � ; t � � ) � n (x)] � Sr (x + � ; t + � ) ; (3.8)

I SP (x; � ; � ) =
X

e;t

[r � Ss (x � � ; t � � ) � n (x)] Pr (x + � ; t + � ) ; (3.9)

I SS (x; � ; � ) =
X

e;t

Ss (x � � ; t � � ) � Sr (x + � ; t + � ) : (3.10)

Space-lag� = [ xx ; xy; xz) and time-lag � describe the space shift and time shift, respectively,

between the source and receiver wave�elds prior to imaging.

Such extended images can be used in image post-processing foramplitude variation with

angle analysis (Beretta et al., 2002), tomographic velocity analysis (Symes, 1993; Sava and

Biondi, 2004a; Yang and Sava, 2015), and migration artifactattenuation (Zhang and Sun,

2009; Duan and Sava, 2014).

3.3 Moveout analysis

The extended imaging condition in equations 3.7-3.10 preserve necessary information

for decomposing images in angle-dependent components, andthese images can be used for

velocity analysis. In 3D, the PP, PS, SP, and SS images generated using this imaging

condition are scalars, which can be used directly to computeangle gathers. We formulate

our method under the assumption that the re
ector is locallya plane, and that the incident

and re
ected wave�elds are also locally planar. However, thederived algorithms are not

limited to cases where the wavefronts are planar because waves can always be decomposed

to planar components, even in complex wave�elds with triplicated waves.

51



We de�ne the angle domain as the set of half-opening angle� , and azimuth � , and we

use the following unit vectors to describe the angle decomposition procedure (Figure 3.1):

� o: azimuth vector acting as a reference direction, e.g., North

� n: re
ector normal

� a: projection of the azimuth vector in the interface plane:

a = ( n � o) � n (3.11)

� ns: propagation direction of the incident wave

� n r : propagation direction of the re
ected wave

� q: vector lying at the intersection of the interface and the re
ection plane:

q = Q (n; � ) a ; (3.12)

whereQ (n; � ) is a rotation matrix de�ned by the axis n and the angle� :

Q=

2

4
n2

x +
�
n2

y + n2
z

�
cos� n xny(1� cos� ) � nz sin� n xnz(1� cos� )+ ny sin�

nynx (1� cos� )+ nz sin� n 2
y +( n2

z + n2
x )cos� n ynz(1� cos� ) � nx sin�

nznx (1� cos� ) � ny sin� n zny(1� cos� )+ nx sin� n 2
z +

�
n2

x + n2
y

�
cos�

3

5 :

(3.13)

The (locally planar) source wave�eld propagates along the direction indicated by vector

ns with speedvs, and the (locally planar) receiver wave�eld propagates along the direction

indicated by vector n r with speedvr . As shown in Figure 3.2(a), the point of coordinates

xo indicates the intersection of the two wavefronts and the re
ection plane at timet = to:

(
ns � (x � xo) = vs (t � to) ; (3.14)

n r � (x � xo) = vr (t � to) : (3.15)

Introducing space-lag� to equations 3.14 and 3.15 is equivalent to shifting the wavefronts

in space, and introducing time-lag� is equivalent to propagating the wavefronts in time. For
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Figure 3.1: Schematic representation of the angles and vectors used in opening and azimuth
angle decomposition for an image pointxo. I and R are the interface plane and re
ection
planes, respectively. Vectorn indicates the normal to the interfaceI , vector ns de�nes the
propagation direction of the incident wave, vectorn r de�nes the propagation direction of
the re
ected wave, vectora is the projection of the azimuth vector in the interface plane,
vector o is the reference direction, and vectorq lies at the intersection of the interface and
re
ection planes. Angle 2� is the sum of incidence and re
ection angles, angle 2 is their
di�erence, and angle� is the azimuth.
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Figure 3.2: Cartoon describing source and receiver planes intersecting in the re
ection plane
(a) at location xo at time to, and (b) at location x after moving both planes along time-
and space-axises. Vectorsns and n r de�ne the propogation directions of the incident and
re
ected waves in space, respectively.
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equation 3.14, we shift the source wavefront in space by +� . At time t = to � � , the source

wavefront is described by

ns � (x � xo � � ) = vs (� � ) : (3.16)

For equation 3.15, we shift the receiver wavefront in space by � � . At time t = to + � , the

receiver wavefront is described by

n r � (x � xo + � ) = vr (+ � ) : (3.17)

The intersection of the two wavefronts in the re
ection plane is shifted to positionx, outside

the local re
ector plane as shown in Figure 3.2(b). The expressions relating the extended

images using the locally planar source and receiver wave�elds are

8
>><

>>:

�
ns

vs
�

n r

vr

�
� (x � xo) �

�
ns

vs
+

n r

vr

�
� � = � 2� ; (3.18)

�
ns

vs
+

n r

vr

�
� (x � xo) �

�
ns

vs
�

n r

vr

�
� � = 0 ; (3.19)

which are obtained by the sum and di�erence of equations 3.16and 3.17. The vector (x � xo)

measures the spatial shift of the image point, corresponding to time-lag � and space-lag� .

We consider three special cases of extended images: using both space- and time-lags,

using time-lag, or using space-lags. For each extended image type, we derive the equations

that link space- or time-lag with half-opening angle� and azimuth � from equations 3.18

and 3.19. One common step for the three approaches is to replace vectorsns and n r with

functions of vectorsn and q:

(
ns = q sin (� �  ) � n cos (� �  ) ; (3.20)

n r = q sin (� +  ) + n cos (� +  ) : (3.21)

As shown in Figure 3.1, the angle 2� is the sum of the incidence and re
ection angles, and

the angle 2 is their di�erence. Thus the incidence angle is� �  , and the re
ection angle

is � +  . With 
 as the ratio of the source and receiver velocities,vs and vr , respectively, we

use Snell's law and obtain the expression
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 =
vs

vr
=

sin (� �  )
sin (� +  )

; (3.22)

or the expression for using 
 and � :

tan  =
1 � 

1 + 


tan � : (3.23)

By substituting equation 3.23 in equations 3.20 and 3.21, wecan replace the angle with

a function of 
 and � :

8
><

>:

ns + 
 n r =
((
 2 � 1) n + 2q
 sin 2� )

p

 2 + 1 + 2 
 cos 2�

; (3.24)

ns � 
 n r = � n
p


 2 + 1 + 2 
 cos 2� ; (3.25)

which can be substituted in equations 3.18 and 3.19 to form the system of equations for

angle decomposition.

3.3.1 Angle decomposition using CIPs

For CIP gathers, we derive the relationships between time- and space-lags at pointxo

from equations 3.18 and 3.19 by setting the image shift (x � xo) to zero:

8
>><

>>:

�
ns

vs
+

n r

vr

�
� � = 2� ; (3.26)

�
ns

vs
�

n r

vr

�
� � = 0 : (3.27)

Substituting equations 3.24 and 3.25 in equations 3.26 and 3.27, we obtain the system of

equations that describes the relationships between image shift ( x � xo) and time-lag � :

8
<

:


 sin 2�
p


 2 + 1 + 2 
 cos 2�
(q � � ) = vs� ; (3.28)

n � � = 0 : (3.29)

From equation 3.29, only space-lags that are orthogonal to the re
ector normal vector n

contribute to the extended image.
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The pseudocode for the angle decomposition procedure usingtime- and space CIP gathers

(equations 3.28 and 3.29) is shown in Algorithm 1. Given the normal vector n and the

azimuth reference vectoro, we compute vectora, which is the projection of the azimuth

vector in the interface plane. Then, we loop over all possible values of the azimuth angle

� and construct the vectorq, which lies at the intersection of the interface and re
ection

planes. This step is a rotation of the azimuth reference vector a within the interface plane

by the azimuth angle� . Next, we loop over all possible values of the re
ection angle� and

apply a slant-stack toI (� ; � ) using equations 3.28 and 3.29. The output imageI (�; � ) is a

function of half-opening angle� and azimuth angle� .

Algorithm 1 Isotropic angle decomposition using time- and space-lag CIP gathers
1: for each CIPdo
2: input I (� ; � )
3: input n , o, 
 , vs

4: f n; og ! a
5: for � = 0 � : : : 360� do
6: f n; a; � g ! q
7: for � = 0 � : : : 90� do
8: I (� ; � ) =) I (�; � )
9: end for

10: end for
11: return I (�; � )
12: end for

Equations 3.28 and 3.29 simplify for PP re
ections, with velocity ratio 
 = 1 (Sava and

Fomel, 2003):

(
sin� (q � � ) = vs� ; (3.30)

n � � = 0 : (3.31)

Similar to equation 3.28, equation 3.30 describes a linear relationship between space-lag�

and time-lag � .

We illustrate this angle decomposition method using a 3D homogeneous model with a

horizontal re
ector at depth z = 0:2 km, shown in Figure 3.3. The acquisition geometry

consists of a 2D network of receivers atz = 0:02 km. We generate a three-component shot
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gather using a vertical displacement source at coordinates(0:4; 0:4; 0:02) km with a 110Hz

peak frequency Ricker wavelet. Figures 3.4(a) and 3.4(b) show the PP and PS images,

respectively, which are computed using the imaging condition shown in equations 3.1 and

3.2. Both the PP and PS images are scalars without polarity reversal. Figure 3.5(a) shows

a PP CIP gather of a picked image point at coordinates (0:33; 0:33; 0:2) km. Following

Algorithm 1, we compute the corresponding angle gather shownin the top right panel of

Figure 3.5(a). The dot overlain on the angle gather indicatesthe analytical estimation of

the opening and azimuth angle using the acquisition geometry. We also compute PP angle

gathers for eight di�erent shots, shown in Figure 3.5(b). Because the migration velocity is

correct, the summation of the eight extended PP images formsa focusing point at � = 0,

� = 0. The top right panel of Figure 3.5(b) shows the combination ofeight PP angle gathers

at the center of the re
ector, which match the analytical estimation shown as dots. Similarly,

we compute the PS angle gather for the CIP gather (Figure 3.6(a)) of a picked image point at

coordinates (0:2; 0:2; 0:2) km. The computed PP and PS angle gathers match the analytical

estimations, which demonstrates the accuracy of the angle decomposition algorithm.

3.3.2 Angle decomposition using � CIGs

For time-lag common image gathers (� CIGs), we set� = 0 in equations 3.18 and 3.19

and obtain

8
>><

>>:

�
ns

vs
�

n r

vr

�
� (x � xo) + 2 � = 0 ; (3.32)

�
ns

vs
+

n r

vr

�
� (x � xo) = 0 : (3.33)

This system of equations shows the relationships between image shift (x � xo) and time-lag

� .
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Figure 3.3: 3D P-velocity model with one horizontal re
ectorat z = 0:2 km in a homo-
geneous medium. The acquisition geometry consists of a vertical displacement source at
(0:4; 0:4; 0:02) km and a 2D network of receivers atz = 0:02 km.
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(a)

(b)

Figure 3.4: (a) PP and (b) PS images computed for one shot at (0:4; 0:4; 0:02) km. The 
at
re
ector is at z = 0:2 km.
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(a)

(b)

Figure 3.5: PP extended CIP and wide-azimuth angle gathers of(a) a picked image point
at coordinates (0:33; 0:33; 0:2) km for one shot at coordinates (0:4; 0:4; 0:02) km and (b) a
picked image point at coordinates (0:4; 0:4; 0:2) km for eight shots. The dot represents the
analytical estimation of the opening and azimuth angle using the acquisition geometry.
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(a)

(b)

Figure 3.6: PS extended CIP and wide-azimuth angle gathers of(a) a picked image point at
coordinates (0:2; 0:2; 0:2) km for one shot at coordinates (0:4; 0:4; 0:02) km and (b) a picked
image point at coordinates (0:4; 0:4; 0:2) km for eight shots. The dot represents the analytical
estimation of the opening and azimuth angle using the acquisition geometry.
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(a)

(b)

Figure 3.7: (a) PP image computed from one shot gather. The re
ector is horizontal at
z = 0:0 km. The star represents the source location, and the white line represents the
receiver locations. (b) Predicted spatial shift of a horizontal re
ector for 
 = 1. The star
at coordinatesx = � 0:6 km, z = � 0:6 km, and � = 0 s represents the source location, and
the white line at z = � 0:6 km and � = 0 s represents the receiver locations. The dotted
line at z = 0:0 km and � = 0 s shows the zero-lag image. The line atx = 0:0 km illustrates
the spatial shift for the image point at f 0:0; 0:0g km. The colors on the surface indicate the
contour of the spacial shifts for di�erent image points.
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(a)

(b)

(c)

Figure 3.8: (a) Computed extended image gathers at severalx-locations, indicated by the
number below each image. The shape of the image in each panel matches the corresponding
horizontal slice of the surface plot in Figure 3.7(b). Computed angles for all samples on the
re
ector by applying (b) a line slant-stack along the vertical trace, and (c) the method de-
scribed in Algorithm 2, which applies a slant-stack along thesurface shown in Figure 3.7(b).
The two methods generate the same angle gathers, and they arethe same for PP re
ections
with 
at re
ectors.
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Substituting equations 3.24 and 3.25 in equations 3.32 and 3.33, we obtain the system

for angle decomposition using time-lag extended images:

8
>>>>><

>>>>>:

p

 2 + 1 + 2 
 cos 2�

2
[n � (x � xo)] = vs� ; (3.34)

sin 2�
p


 2 + 1 + 2 
 cos 2� [q � (x � xo)] = vs�
�

1



� 

�

;

d (3.35)

where equation 3.34 corresponds to the projection of the image shift (x � xo) on the re
ector

normal n, and equation 3.35 corresponds to the projection of the image shift (x � xo) on

vector q. Algorithm 2 shows the pseudocode for the angle decomposition procedure using

space-lag extended images. Given the normal vectorn, the velocity ratio 
 , and the incident

wave velocity vs, we loop over all possible values of the azimuth angle� and construct the

vector q, which lies at the intersection of the interface and the re
ection plane. Next, we loop

over all possible values of the opening angle� and azimuth angle� , and apply a slant-stack

along the surface described in equations 3.34 and 3.35 to theextended imageI (x; � ). The

output is image I (x; �; � ) as a function of space locationx, angle� , and angle� .

Algorithm 2 Elastic angle decomposition using� CIGs
1: for each� CIG do
2: input I (x; � )
3: input n , o, 
 , vs

4: f n; og ! a
5: for � = 0 � : : : 360� do
6: f n; a; � g ! q
7: for � = 0 � : : : 90� do
8: I (x; � ) =) I (x; �; � )
9: end for

10: end for
11: return I (x; �; � )
12: end for
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Equations 3.34 and 3.35 simplify to the acoustic case, with velocity ratio 
 = 1 (Sava

and Fomel, 2006):

(
cos� [n � (x � xo)] = vs� ; (3.36)

q � (x � xo) = 0 : (3.37)

Note that in equation 3.37, the time-lag� is not related to the azimuth vectorq, i.e., time-

lag extended images do not contain azimuthal information for the acoustic case; however, for

converted waves (
 6= 1), time-lag extended images contain azimuthal information, according

to equation 3.35. Although the resolution of the azimuth gather for converted waves depends

on the velocity ratio 
 , the possibility of obtaining the azimuth angle from the time-lag

gathers is important, because computing time-lag gathers rather than space-lag gathers is

much less computationally expensive.

We illustrate the time-lag algorithm with 2D examples. Figure 3.7(a) shows a PP image

for the a two-layered model with a horizontal re
ector in theP-velocity model. The acquisi-

tion geometry contains one source, at (� 0:6; � 0:6) km, and one receiver line, atz = � 0:6 km.

Using equations 3.36 and 3.37, we can predict the spatial shift of the re
ector as function

of time-lag � and spacex, shown in Figure 3.7(b). Because the opening angle for each im-

age point on the re
ector changes with its relative positionto the source, the spatial shift

for each image point also varies. Figure 3.8(a) shows the vertical common image gathers

at several locations, indicated by the number below each image panel. The shapes of the

extended images in each panel are supposed to be straight lines, which matches the corre-

sponding vertical slice of the surface in Figure 3.7(b). We compare the angle gathers at these

locations using a conventional method (Sava and Fomel, 2006) and our proposed method.

The conventional method maps each vertical time-lag gatherindividually to a angle gather

(Figure 3.8(b)), and the proposed method compute angle gathers (Figure 3.8(c)) by applying

a slant-stack along the surface shown in Figure 3.7(b). Because in this example, the image

shifts vertically in the time-lag gather, the two methods generate similar angle gathers.
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Figure 3.9(a) shows a PP image for a model with a dipping re
ector in the P velocity.

Using equations 3.36 and 3.37, we can predict the spatial shift of the re
ector as a function

of time-lag � , shown in Figure 3.9(b). The dashed line is the intersection of two planes

(equations 3.36 and 3.37), which illustrates the spatial shift for the image point at x = 0:0 km

and z = 0:0 km. The solid line through the image point represents the analytical moveout of

the extended image in a vertical CIG. The dashed and solid lines do not coincide with each

other, i.e., the method that applies a slant-stack to a CIG ata �xed location in space does not

accurately measure the image shift (x � xo). The angle gathers computed using this method

and the method using a slant-stack along the surface are shown in Figures 3.10(b) and

3.10(c), respectively. The surface slant-stack leads to more focused angle gathers, indicating

signi�cantly higher resolution.

For converted waves, the image does not only shift vertically, but also horizontally in the

time-lag gather even for a horizontal re
ector. Figure 3.11(a) is the PS image for a two-

layered model with a horizontal re
ector de�ned by a P-velocity contrast. The predicted

spatial shift of the re
ector is shown in Figure 3.11(b). Figure 3.12(a) shows the vertical

image gathers at several locations in space. Note that the shape of the event in the extended

image in each panel is curved. The angle gathers computed using a line slant-stack and

a surface slant-stack are shown in Figures 3.12(b) and 3.12(c), respectively. As for the

preceding example, we obtain more focused angle gathers using the surface slant-stack.

3.3.3 Angle decomposition using � CIG

For space-lag extended images (� CIGs), we set � = 0 in equations 3.18 and 3.19 and

obtain the system:

8
>><

>>:

�
ns

vs
�

n r

vr

�
� (x � xo) =

�
ns

vs
+

n r

vr

�
� � ; (3.38)

�
ns

vs
+

n r

vr

�
� (x � xo) =

�
ns

vs
�

n r

vr

�
� � ; (3.39)

which indicates the relationships between image shifts (x � xo) and space-lag� .
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(a)

(b)

Figure 3.9: (a) PP image computed from one shot gather. The re
ector is dipping. (b)
Predicted spatial shift of a dipping re
ector for 
 = 1. The star at coordinatesx = � 0:6 km,
z = � 0:6 km, and � = 0 s represents the source location, and the white line atz = � 0:6 km
and � = 0 s represents the receiver locations. The dotted line at� = 0 s shows the zero-lag
image. The dashed line illustrates the spatial shift for image point at (0:0; � 0:6) km. The
solid line at x = 0:0 km illustrates the extended image for a time-lag gather at a�xed
horizontal position. Note that these two lines do not overlay. The colors on the surface
indicate the contour of the spacial shifts for di�erent image points.
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(a)

(b)

(c)

Figure 3.10: (a) Computed extended image gathers at severalx-locations, indicated by the
number below each image. The shape of the image in each panel matches the corresponding
horizontal slice of the surface plot in Figure 3.9(b). Computed angles for all samples on the
re
ector by applying (b) a line slant-stack along the vertical trace and (c) the method de-
scribed in Algorithm 2, which applies a slant-stack along thesurface shown in Figure 3.9(b).
The angle gathers in (c) are more focused and accurate than those in (b).
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(a)

(b)

Figure 3.11: (a) PS image computed from one shot gather. The re
ector is horizontal at
z = 0:0 km. (b) Predicted spatial shift of a horizontal re
ector for 
 = 1:8. The star at
coordinatesx = � 0:6 km, z = � 0:6 km, and � = 0 s represents the source location, and the
white line at z = � 0:6 km and � = 0 s represents the receiver locations. The dotted line at
z = 0:0 km and � = 0 s shows the zero-lag image. The dashed line illustrates the spatial
shift for the image point at (0:0; � 0:6) km, The solid line illustrates the extended image for
a time-lag gather at a �xed horizontal position (x = 0:0 km). Note that these two lines do
not overlay. The colors on the surface indicate the contour of the spacial shifts for di�erent
image points.
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(a)

(b)

(c)

Figure 3.12: (a) Computed extended image gathers at severalx-locations, indicated by the
number below each image. The shape of image in each panel matches the corresponding
horizontal slice of the surface plot in Figure 3.11(b). Computed angles for all samples on
the re
ector by applying (b) a line slant-stack along the vertical trace and (c) the method
described in Algorithm 2, which applies a surface slant-stack along the surface shown in
Figure 3.11(b). The angle gathers in (c) are more focused thanthose in (b), and they have
higher resolutions at larger opening angles.
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Substituting equations 3.24 and 3.25 in equations 3.38 and 3.39, we obtain

8
>>>>>>>><

>>>>>>>>:


 2 + 1 + 2 
 cos 2�
2


n � (x � xo) + sin 2� q � � =
1 � 
 2

2

n � � ;

d (3.40)


 2 + 1 + 2 
 cos 2�
2


n � � + sin 2� q � (x � xo) =
1 � 
 2

2

n � (x � xo) :

d (3.41)

The terms n � (x � xo) and q � (x � xo) are projections of vector (x � xo) to the normal

vector n and azimuth vectorq, respectively. Algorithm 3 shows the pseudocode for the angle

decomposition procedure using space-lag extended images.Given the normal vectorn and

the azimuth reference vectoro, we compute vectora, which is the projection of vectoro in

the interface plane, and loop over all possible values of theazimuth angle � and construct

the vector q, which lies at the intersection of the interface and re
ection plane. This step

is a rotation of the azimuth reference vectora within the interface plane by angle� . Next,

we loop over all possible values of the re
ection angle� and apply a slant-stack along the

surface (described in equations 3.40 and 3.41) to the extended imageI (x; � ). The output is

imageI (x; �; � ) as a function of half-opening angle� and azimuth angle� .

Algorithm 3 Elastic angle decomposition using� CIGs
1: for each� CIG do
2: input I (x; � )
3: input n , o, 

4: f n; og ! a
5: for � = 0 � : : : 360� do
6: f n; a; � g ! q
7: for � = 0 � : : : 90� do
8: I (x; � ) =) I (x; �; � )
9: end for

10: end for
11: return I (x; �; � )
12: end for
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Equations 3.40 and 3.41 simplify to the acoustic case with velocity ratio 
 = 1:

(
n � (x � xo) + tan � (q � � ) = 0 ; (3.42)

tan � [q � (x � xo)] + ( n � � ) = 0 ; (3.43)

where equation 3.42 is similar to the equation proposed by Sava and Fomel (2003). For PP

re
ections, if the space-lag is parallel to the normal vector n, the image shift (x � xo) lies

in the local interface plane. If the space-lag is orthogonalto the normal vector n, the image

shift (x � xo) is parallel to the normal vectorn.

3.4 Examples

3.4.1 SEG/EAGE example

For simple geologic models, subsurface illumination from di�erent angles tends to be

uniform. However, in areas with complex geologic structuressuch as salt bodies, severe

wave�eld distortions lead to irregular subsurface illumination patterns, even if acquisition

distribution is uniform. Angle gathers can provide indication of subsalt illumination, which

bene�ts reservoir characterization and acquisition design.

We show angle gathers computed using the proposed elastic angle decomposition method-

ologies for the synthetic SEG/EAGE salt model (Aminzadeh et al., 1996), shown in Fig-

ure 3.13(a). We add a horizontal re
ector atz = 0:3 km, and compute the half-opening and

azimuth angles for an image point on the horizontal re
ectorat coordinates (0:3; 0:4; 0:3) km.

The acquisition geometry consists of 99 sources (the black dots in Figure 3.13(a)) and a 2D

network of receivers at z = 0.02 km. We generate three-component shot gathers using a

vertical displacement source with a 100Hz peak frequency Ricker wavelet. As shown in Fig-

ure 3.13(b), due to the existence of the salt body above the horizontal re
ector, it is di�cult

to illuminate the considered image point at coordinates (0:3; 0:4; 0:3) km from certain az-

imuths. Figures 3.14 and 3.15 show the stacked angle gather atcoordinates (0:3; 0:4; 0:3) km,

which are computed from PP and PS CIP gathers, respectively,using Algorithm 1. Both

angle gathers show similar illumination patterns. We de�neazimuth � = 0 � as east. For the
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(a)

(b)

Figure 3.13: (a) SEG/EAGE model. The dots show the source locations. (b) Relative
position of the image point at coordinates (0:3; 0:4; 0:3) km and the salt body.
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Figure 3.14: PP image and angle gathers at coordinates (0:3; 0:4; 0:3) km, computed using
the extended PP image. We de�ne azimuth� = 0 � in the de�nition pointing East. This
image point is mainly illuminated from the west direction.
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Figure 3.15: PS image and angle gathers at coordinates (0:3; 0:4; 0:3) km, computed using
the extended PS image. We de�ne azimuth� = 0 � as east. This image point is illuminated
from the west and the south directions.
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PP image, this image point is mainly illuminated from the west direction, and for the PS

image, this image point is illuminated from the west and south directions. Therefore, both

PP and PS angle gathers show similar subsurface illumination patterns that are a�ected by

the salt on the east.

3.4.2 Volve data example

The Volve �eld is located in the Norwegian North Sea and is characterized by a complex

subchalk reservoir (Szydlik et al., 2007). The acquisitiongeometry consists of 12 parallel

OBC receiver lines, and each line contains 240 receivers. The provided PP data are pre-

processed for PP imaging, while the PS data are pre-processed for PS imaging. The PP

data mainly contain up-going PP re
ections, which are obtained from the hydrophone and

vertical geophone components, using PZ summation (Ho�e et al., 1999). The PS dataset

is obtained by rotating the horizontal inline and crosslinegeophone components into the

source-receiver (radial) direction (Gaiser, 1999). We bandpass both datasets to 0-15 Hz to

save computational cost by simulating wave�elds using a relatively coarse grid. By using the

provided P- and S-velocity models, we compute the PP and PS images above the chalk layer,

using the PP and PS imaging conditions (equations 3.1 and 3.2), respectively. The re
ector

normal vector n from the PP image is almost vertical above the chalk layer throughout this

�eld. Figure 3.16(a) shows the stacked PP image for 140 receiver gathers, and Figure 3.16(b)

shows the stacked PS image. Because the wavelength of the S wave is in general shorter than

that of the P wave, the PS image has higher resolution than thePP image. However, the

PS data have a lower signal-to-noise ratio than the PP data; therefore, the re
ectors in the

PS image are less continuous than those in the PP image. We compute the extended CIP

gathers at the image point (6:461; 3:406; 2:106) km for four receiver gathers, whose locations

are indicated by the dots in Figure 3.16(a) and Figure 3.16(b).Figures 3.17(a)-3.17(d) show

the PP extended CIP gathers and angle gathers for these receiver gathers; Figures 3.18(a)-

3.18(d) show the PS extended CIP gathers and angle gathers. The PS CIP and angle gathers

are noisier than PP the gathers. The angle gathers show that this image point is illuminated
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(a)

(b)

Figure 3.16: Volve data example. (a) PP and (b) PS images computed using 142 receiver
gathers. The dots show locations of all the receivers, and the stars show locations of four
receivers. The re
ectors in the PS image are less continuousthan those in the PP image.
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(a) (b)

(c) (d)

Figure 3.17: PP extended CIP and wide-azimuth angle gathers for four receiver gathers. The
receivers are at (a) (4:1; 4:0; 0:1), (b) (8:6; 4:0; 0:1), (c) (4:1; 2:8; 0:1), and (d) (8:6; 2:8; 0:1) km.
The angle gathers show that this image point is illuminated by the four receivers from various
directions with PP re
ections.
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(a) (b)

(c) (d)

Figure 3.18: PS extended CIP and wide-azimuth angle gathers for four receiver gathers. The
receivers are at (a) (4:1; 4:0; 0:1), (b) (8:6; 4:0; 0:1), (c) (4:1; 2:8; 0:1), and (d) (8:6; 2:8; 0:1) km.
The angle gathers show that this image point is illuminated by the four receivers from various
directions with PS re
ections.
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by receiver gathers from various directions, depending on the relative positions of receivers

and the imaging point.

3.5 Conclusions

Elastic 3D angle gathers can be computed from time-lag or space-lag common image

gathers, as well as from mixed time- and space-lag common image point gathers. We pro-

pose extended imaging conditions to compute scalar PP, PS, SP, and SS images, and develop

three algorithms to compute opening and azimuth angle gathers. One algorithm uses com-

bined time- and space-lag common image point gathers to compute angle gathers, and the

other two algorithms use time-lag or space-lag common imagegathers, mapping all image

points simultaneously from the model space to the angle domain. Examples in both 2D

and 3D demonstrate that our methods correctly handle dipping re
ectors as well as con-

verted wave images. The computed angle gathers correctly indicate the illumination pattern

for subsurface image points, which is important for acquisition design, model building, and

reservoir characterization.
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CHAPTER 4

ELASTIC LEAST-SQUARES REVERSE TIME MIGRATION

A paper submitted to Geophysics

Yuting Duan6,7, Antoine Guitton 7, and Paul Sava7

Least-squares migration (LSM) can produce images with improved resolution and re-

duced migration artifacts, compared to conventional imaging. We propose a method for

elastic least-squares reverse time migration (LSRTM) based on a new perturbation imaging

condition that yields scalar images of squared P and S velocity perturbations. These pertur-

bation images do not su�er from polarity reversals that are common for more conventional

elastic imaging methods. We use 2D synthetic and �eld data examples to demonstrate the

proposed LSRTM algorithm using the perturbation imaging condition. Results show that

elastic LSRTM improves the energy focusing and illumination of the elastic images, and it

attenuates artifacts resulting, for instance, from sparseness in the wave�eld sampling and

crosstalk of P and S modes. Compared to RTM images, the LSRTM images provide more

accurate relative amplitude information that is useful forreservoir characterization.

4.1 Introduction

Seismic migration is a technique for obtaining structural images of the subsurface from

recorded seismic data. Starting from a linearized forward operator which is based on assump-

tions about the wave equation and model parameters, seismicmigration can be formulated

as the adjoint operator that maps seismic data to a subsurface image (Claerbout, 1992). Mi-

grated images not only can show geologic structures, but canalso provide information about

material properties, such as re
ectivity, which is important for reservoir characterization. In

practice, however, migration images often contain variousundesirable artifacts, for example,

6Author for correspondence.
7Center for Wave Phenomena, Colorado School of Mines, 924 16th Street, Golden, CO 80401.
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the artifacts caused by limited bandwidth and acquisition coverage. Also, migration images

are usually computed under assumptions about wave propagation in the subsurface, e.g.,

that the earth is isotropic and acoustic; these assumptionsare, to varying degrees, inaccu-

rate. Taken together, these limitations and assumptions result in artifacts and thus degrade

the resolution of the images.

Advances in seismic acquisition and ongoing improvements incomputational capability

make imaging using elastic waves increasingly feasible (Sun and McMechan, 1986; Hokstad

et al., 1998; Sun et al., 2006; Yan and Sava, 2008; Denli and Huang, 2008; Artman et al.,

2009; Wu et al., 2010; Du et al., 2012b; Duan and Sava, 2015; Rocha et al., 2016). Compared

to acoustic images, elastic images can provide more information about the subsurface, e.g.,

fracture distributions and elastic properties. However, elastic migration also su�ers from

issues that negatively a�ect the quality of the images. Because it is in general di�cult to

separate all arrivals by wave mode in the recorded data, somearrivals are migrated using an

incorrect velocity model. Such nonphysical modes lead to artifacts (i.e. cross-talk) in the

image (Duan et al., 2014).

Least-squares migration (LSM) is an improved imaging algorithm that reduces these mi-

gration artifacts and also improves the resolution of migration images. LSM is a linearized

waveform inversion that seeks to �nd the image that best predicts, in a least-squares sense,

the recorded seismic data (Schuster et al., 1993; Nemeth et al., 1999; Kuehl et al., 2002; Ka-

plan et al., 2010). Schuster et al. (1993) propose LSM for cross-well data while Nemeth et al.

(1999) apply this technique to surface data. Their studies show that LSM can signi�cantly

improve the spatial resolution of the images, and can also reduce migration artifacts arising

from limited aperture, coarse sampling, and acquisition gaps.

LSM can be implemented using a Kirchho� engine (Nemeth et al.,1999; Dai et al., 2011),

one-way wave propagator (Kuehl et al., 2002; Kaplan et al., 2010; Huang and Schuster, 2012),

or two-way wave propagator, i.e., least squares reverse-time migration (LSRTM) (Dong et al.,

2012; Dai and Schuster, 2013; Wong et al., 2015; Hou and Symes,2015). For elastic LSM,
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Stanton and Sacchi (2015) propose elastic least-squares migration using a one-way wave

equation, and they compute PP and PS images from two-component elastic data in isotropic

media. Although computationally expensive, RTM is advantageous for velocity models with

complicated geologic structures that result in wave�eld multipathing.

A key component for elastic LSRTM is the imaging condition, and many di�erent types of

imaging conditions have been proposed for elastic media. For example, Yan and Sava (2008)

propose a displacement imaging condition that crosscorrelates each component of source

and receiver displacement wave�elds. They also propose a potential imaging condition that

crosscorrelates P- and S-wave modes derived from the sourceand receiver wave�elds. One

issue with this potential imaging condition is that the image components for converted waves

change polarity at normal incidence. Therefore, they adoptan additional polarity correction

in the angle domain, which is computationally expensive. Duan and Sava (2015) propose a

scalar imaging condition for converted waves that produces scalar images without polarity

reversal; however, this imaging condition requires knowledge of the geologic dip.

In this paper, we propose an elastic LSRTM method based on a new perturbation imaging

condition, which is derived for squared P and S velocities. Images computed using this new

imaging condition can be simply related to physical subsurface properties, and do not su�er

from polarity changes; they can be stacked over experimentswithout an additional polarity

correction thus reducing the computational cost of the algorithm. Using 2D synthetic and

�eld data examples, we demonstrate that we are able to obtainelastic LSRTM images with

higher resolution and reduced migration artifacts.

4.2 Theory

LSM aims to �nd the image that best predicts, in a least-squares sense, the recorded

seismic data. For elastic migration, we consider a vector image m which contains both

compressional and shear wave lithological information. Wetreat migration as an adjoint

operator FT that transforms data d to image m, and thus the forward process can be

expressed as
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Fm = d ; (4.1)

whereF is the demigration operator. Datad (e;x; t) is a vector, as a function of the exper-

iment index e, spatial location x, and time t.

For LSM, one typically updates the model iteratively by minimizing the objective function

J =
X

e

1
2

kW (Fm � d r ) k2 ; (4.2)

which evaluates the mis�t between observed datad r and predicted data (Fm ) for each

experiment e. The operator W (e;x; t) denotes a data weighting operator, which can be

applied for various purposes. For example, Trad et al. (2015) use a matrix W to eliminate

the impact of high-amplitude noise or missing traces on inversion; Wong et al. (2015) use

W to weigh the salt re
ection energy down. In this paper, we usethe data weighting term

to equalize the amplitudes of all arrivals in the recorded data, and thus to obtain balanced

updates for all re
ectors.

We derive perturbation models using the Born approximation(Hudson and Heritage,

1981; Jaramillo and Bleistein, 1999; Ribodetti et al., 2011). We consider the homogeneous

elastic isotropic wave-equation to simplify the derivation:

•us � � r (r � us) + � r � (r � us) = ds : (4.3)

The background elastic models are assumed to be slowly-varying. Vector us (e;x; t) =

[ux uy uz]T is the source displacement wave�eld, which is a function of experiment e,

spacex, and time t. The vector ds (e;x; t) is the source function, which we assume to be

known. The parameters� (x) =
� + 2�

�
and � (x) =

�
�

are squared P- and S-wave velocities,

respectively;� and � are Lam�e parameters, and� is the density.

The perturbation m = [ �� �� ]T added to the background model gives the perturbed

model [� + �� � + �� ]T . Under the Born approximation, the total wave�eld us + � us is

computed using the same source termds:
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( •us + � •us) � (� + �� ) r [r � (us + � us)] + ( � + �� ) r � [r � (us + � us)] = ds ; (4.4)

where� us is the perturbed wave�eld:

By ignoring the high order terms�� r (r � � us) and �� r � (r � � us), and subtracting

equation 4.3 from equation 4.4, we obtain a relation for the perturbed wave�eld � us with

respect to the model perturbations in� and � :

� •us � � r (r � � us) + � r � (r � � us) = [ r (r � us) �r � (r � us)]
�
��
��

�
: (4.5)

The predicted data are extracted from the perturbed wave�eld � us at the receiver locations.

We de�ne a matrix Q that, at each time and space position, is given by

Q = [ r (r � us) �r � (r � us)] : (4.6)

Here, the �rst and second elements ofQ are the decomposed P and S modes of the source

wave�eld us, respectively. The demigration operator in equation 4.1 thus becomes

F = KPQ ; (4.7)

whereP represents an elastic forward modeling operator that computes the perturbed wave-

�eld � us for a source termQm ; K is an operator that restricts the perturbed wave�eld� us

to the known receiver positions. Equation 4.7 maps the imagem to the data d r , and its

adjoint operator

FT = QT PT K T (4.8)

maps the datad r to the image m; the operator K T injects the recorded datad r into the

wave�eld, and the adjoint wave propagation operatorPT computes the receiver displacement

wave�eld u r = PT K T d r . Equation 4.8 describes a perturbation imaging condition for elastic

RTM because the application of the adjoint operatorFT to the recorded datad r yields the

images
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�� =
X

e;t

r (r � us) � u r ; (4.9)

�� =
X

e;t

�r � (r � us) � u r ; (4.10)

for the � and � models, respectively. From equation 4.8, we see that images�� and ��

are computed by taking the zero-lag crosscorrelation of elements of the matrix Q with the

displacement receiver wave�eldu r . These images indicate the model perturbations, instead

of the re
ection coe�cients; therefore they do not su�er from polarity reversal, which is

a common issue for elastic images whose values are related toangle-dependent re
ectivity.

Because our inversion algorithm updates�� and �� images simultaneously, we apply a scaling

factor � to the image�� to balance the updates of the two images. For the following synthetic

examples, we use� = 1; for the �eld data example, we estimate� by comparing the RMS

values of gradients in the �rst iteration of independent inversions for�� and �� .

4.3 Examples

We show the results of our elastic LSRTM method using three datasets. First, we run an

inversion with a simple synthetic layered model, and we analyze the relationships of model

perturbations and elastic re
ections. Second, we test the method using a more complex

model. We use the elastic Marmousi model to generate perturbation models, background

models, and a two-component dataset. Finally, we apply our method to a real 2D OBC

dataset and compare the elastic RTM and LSRTM images.

4.3.1 Layered model

We use a simple example to demonstrate the algorithms for elastic migration. Each of

the � and � models contains one horizontal re
ector, but the two re
ectors are at di�er-

ent depths, as shown in Figures 4.1(a) and 4.1(b). We generate30 two-component shot

gathers using a vertical displacement source with a 30Hz peakfrequency Ricker wavelet.

Figures 4.2(a){4.2(f) show the x- and z-component snapshotsof a wave�eld with the source
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(a)

(b)

Figure 4.1: Synthetic layered model example. (a)� model with a horizontal re
ector at
z = 0:45 km, and (b) � model with a horizontal re
ector at z = 0:62 km.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.2: Synthetic layered model example. Snapshots of anelastic wave�eld, for a source
at coordinates (0:76; 0:06) km: (a) x- and (b) z-components of the wave�eld att = 0:2 s; (c)
x- and (d) z-components of the wave�eld att = 0:3 s; (e) x- and (f) z-components of the
wave�eld at t = 0:4 s. Two horizontal lines indicate the locations of re
ectors in � and �
models. P waves generate re
ections only at the top re
ector; S waves generate re
ections
only at the bottom re
ector;
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(a) (b)

(c) (d)

Figure 4.3: Synthetic layered model example. For the source at (0:76; 0:06) km, (a) x- and
(b) z-components of the recorded data (c) x- and (d) z-components of the predicted data
using the inverted model. The direct arrivals are removed inthe shot gathers. Note that the
predicted data match the recorded data in both phase and amplitude.
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at (0:76; 0:06) km. The P wave generates re
ections at the re
ector in the� model, but not

at the re
ector in the � model. Similarly, the S wave generates re
ections at the re
ector in

the � model, but not at the re
ector in the � model. We also observe internal multiples that

bounce between the two re
ectors. The x- and z-components ofthis shot gather after direct

wave removal are shown in Figures 4.3(a) and 4.3(b), respectively. Note the four strong ar-

rivals which are, from top to bottom, PP, PS, SP, and SS re
ections. Using the perturbation

imaging condition (equation 4.7), we obtain the perturbation images for�� and �� shown in

Figures 4.4(a) and 4.4(b), respectively. Notice that additional re
ectors appear in both ��

and �� images, and these re
ectors are generated by fake modes in the constructed receiver

wave�eld.

Figures 4.4(c) and 4.4(d) are the LSRTM images after 10 iterations. Compared to the

RTM images (Figures 4.4(a) and 4.4(b)), the artifacts in the LSRTM images are attenuated.

Moreover, the peak values of the LSRTM images atx = 0:6 km are closer to the amplitudes

of the true perturbation compared to the values of the RTM images. Therefore, LSRTM

improves elastic imaging with true amplitude information and fewer artifacts, including

artifacts caused by the nonphysical modes.

4.3.2 Marmousi model

The Marmousi-II model (Martin et al., 2006) is fully elastic, which supports not only

compressional waves, but also shear waves and converted waves. The model simulates hy-

drocarbon reservoirs that dramatically decrease the valueof � , but slightly increase the value

of � . Figures 4.5(a) and 4.5(b) show the background model for� and � , respectively; both

models contain a homogeneous layer at the top. Figures 4.6(a)and 4.6(b) show the cor-

responding true perturbation models for�� and �� , respectively, which are inconsistent in

reservoir areas, e.g., only the�� model shows a re
ector with a negative value at (2; 0:4) km.

This inconsistency poses a challenge for elastic LSRTM, e.g. if the inversion allows a leakage

between model parameters.
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(a) (b)

(c) (d)

Figure 4.4: Synthetic layered model example. (a)�� and (b) �� images after �rst iteration.
In addition to the event at the correct depth, there are two strong horizontal events in the��
image, which are crosstalk artifacts. (c)�� and (d) �� images after 10 iterations. Compare
to the �� and �� images after the �rst iteration, the artifacts have been attenuated.
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(a)

(b)

Figure 4.5: Synthetic Marmousi model example. Background (a) � and (b) � models. The
receivers are at depthz = 0:025 km, and the sources are at depthz = 0:013 km. The top
layer is homogeneous for both background models.
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(a)

(b)

Figure 4.6: Synthetic Marmousi model example. True (a)�� and (b) �� perturbation models.
The perturbation models are not identical, e.g., a re
ectorwith negative value at (2; 0:4) km
is presents only in the�� model.

94



(a)

(b)

Figure 4.7: Synthetic Marmousi model example. For the sourcelocation at (1:54; 0:013) km,
(a) z-component of one shot gather. The highlighted arrivalis the re
ection from the bottom
of the homogeneous layer, and its amplitude is much strongerthan other arrivals in the
recorded data. (b) The data weighting function generated from the recorded data. The
same weighting function is applied to horizontal and vertical components of the shot gather.
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Figure 4.8: Synthetic Marmousi model example. For the sourcelocation at (1:54; 0:013) km,
z-components of the weighted shot gather. Note that the amplitudes of all arrivals are more
balanced compared to Figure 4.7(a).

We model 40 shots evenly spaced on the surface using a displacement source with a

30Hz peak frequency Ricker wavelet. The horizontal and vertical components of the source

function have the same amplitude in order to generate strongshear waves. The receiver

spread is �xed for all shots and spans from 0 to 3:0 km with a 5 m sampling.

The recorded data are modeled according to equation 4.8. Thez-component of one

shot gather with the source location at (1:54; 0:013) km is shown in Figure 4.7(a). The

arrival with high amplitude is the re
ection from the bottom of the homogeneous layer,

and its amplitude is much stronger than other arrivals in therecorded data. Thus this

arrival generates strong artifacts in the computed image, and the inversion mostly focuses

on generating an image that best matches these strong arrivals, instead of the late arrivals

with weaker amplitudes. In order to obtain a more uniform update using all arrivals, we

use the data weighting termW . The data weighting matrix is the inverse of the envelope

of the recorded data, which weights down the strongest arrivals. We also apply a smoothing
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(a)

(b)

Figure 4.9: Synthetic Marmousi model example. (a)�� and (b) �� RTM images with
illumination compensation based on the source wave�eld.
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(a)

(b)

Figure 4.10: Synthetic Marmousi model example. Updated (a)�� and (b) �� images after
100 iterations. Note that the reservoir near coordinates (2:0; 0:4) km is correctly recovered
in the updated �� image, without any leakage in the updated�� image.
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(a)

(b)

Figure 4.11: Synthetic Marmousi model example. The z component of (a) the predicted shot
gather and (b) the data di�erence using the updated models (Figures 4.10(a) and 4.10(b)).
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operator in the data space to the weighting function to avoiddiscontinuity along the time

and space axes. Figure 4.7(b) shows the weighting function inthe data domain, which we

compute from the shot gather Figure 4.7(a). Figure 4.8 is the z-component of the weighted

shot gather, and Figure 4.11(b) is the z-component of data di�erence. Compared to the

original recorded data (Figure 4.7(a)), the amplitudes of the arrivals in the weighted data

(Figure 4.8) are more balanced.

Figures 4.9(a) and 4.9(b) show the RTM images for�� and �� , respectively. We observe

that the events for the shallow re
ectors in both models havestronger amplitudes compared

to those of the deeper re
ectors, and strong backscatteringis present due to the sharp

interfaces in the background model. We apply an illumination compensation based on the

source wave�eld to the RTM images and LSRTM gradients, in order to balance nonuniform

data coverage.

The LSRTM images after 100 iterations, when the convergencecurve, representing the ob-

jective function, becomes 
at, are shown in Figures 4.10(a) and 4.10(b). The updated image

for �� has higher resolution than�� because, in general, S waves have shorter wavelengths

than P waves, and we do not consider attenuation in this experiment. The updated images

are consistent with the true perturbation images (Figures 4.6(a) and 4.6(b)). For example,

only the �� image (Figure 4.10(a)) contains the re
ector with negative value at (2; 0:4) km,

which corresponds to a hydrocarbon reservoir in the true model that only decreases the value

of � .

Figure 4.11(a) shows the z-component of the predicted shot gather after 100 iterations,

respectively, using the updated images (Figures 4.10(a) and4.10(b)). The same weighting

functions are applied to the two gathers. The amplitudes of all arrivals in the data residual

after inversion are small, i.e., for most arrivals, the predicted data match the recorded data

in both phase and amplitude. Because we use Born data generated using the same wave

equation as the recorded data, the amplitudes of the LSRTM images match well the true

perturbation models. In practice, with errors in the background models and approximations
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of the wave equation, we may not obtain true-amplitude LSRTMimages; however, the

relative amplitudes of the re
ectors can still be estimatedcorrectly, which is bene�cial for

reservoir characterization.

4.3.3 Volve OBC data

(a)

(b)

Figure 4.12: Volve data example. (a) one PP shot gather atx = 6 km, which is assumed to
be a vertical displacement gather. (b) Weighting matrix forthis shot gather. The weighting
function mutes the direct arrivals, attenuates the predicted shear waves, and boosts later
re
ections.

We apply our elastic LSRTM method to data from the Volve �eld, located in the Nor-

wegian North Sea. The Volve �eld has an average water depth of 90 m, and the �eld is
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(a)

(b)

Figure 4.13: Volve data example. Background (a)� and (b) � models. The top water layer
is from z = 0 to 90 m.
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(a)

(b)

Figure 4.14: Volve data example. (a)�� and (b) �� RTM images. The chalk layer is from
z = 2:5 to 3:0 km. Note that the events above the chalk layer in the�� are weak and
discontinuous.
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(a)

(b)

Figure 4.15: Volve data example. (a)�� and (b) �� LSRTM images after 12 iterations.
Compared to the RTM images (Figure 4.14(a) and 4.14(b)), the LSRTM images have higher
resolution and better balanced amplitudes. The re
ectors above 1:5 km appear in the��
image after inversion with larger lateral extent along the x-direction than those in the ��
image.
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(a)

(b)

(c)

Figure 4.16: Volve data example. The weighted (a) observed data, (b) predicted data, and
(c) data residual after 12 iterations. The predicted data accurately reproduces the dominant
re
ection energy seen in the observed data. The data residual contains mostly noise and
some weaker re
ection events.
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(a)

(b)

Figure 4.17: Volve data example. Predicted shot gathers using only (a) �� and (b) ��
LSRTM images. The�� image predicts most of the arrivals in the observation with correct
amplitudes. The�� image compensates for the AVO e�ect of the PP re
ections at far o�sets
(e.g., x = 8:5 km, t = 3:0 s).
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Figure 4.18: Volve data example. (b) Zoomed views of the weighted observation (top left
panel), prediction computed using both�� and �� images (top right panel), prediction
computed using only�� image (bottom left), and prediction computed using only�� image
(bottom right) . A di�erent clip from the previous plots (Figu res 4.16(a)-4.17(b)) is applied
to the zoomed-in panels for display. The box in Figure 4.16(a)indicates the zoomed in area.
The dashed line highlights the same arrival in each panel. The �� and �� images predict the
same arrival with opposite polarities, so that the total prediction agrees with the observation.

characterized by a complex subchalk reservoir (Szydlik et al., 2007). We are provided with

pre-processed PP and PS data, recorded in an acquisition geometry consisting of 12 par-

allel receiver lines each with 240 receivers. However, because PP and PS data typically

are intended for independent PP and PS migrations, they are not well suited for our inver-

sion algorithm, which requires recorded displacement data. For our test, we use a 2D line

extracted from only the PP dataset, which we treat as the vertical component of the dis-

placement vector. We bandpass the data between 0 and 15 Hz to attenuate high frequency

noise and reduce the computational cost, and we apply a gain in time to compensate for 3D

e�ects. Figure 4.12(a) shows one shot gather atx = 6 km, with the bandpass �lter and 3D

compensation applied. The arrivals at 2:5-3:0 s are PP re
ections from the chalk layer.

Additional processing is required to condition the data for elastic LSRTM. Because shear

waves were purposely attenuated in the provided PP data in preparation for acoustic imaging,

we use a data weighting function (Figure 4.12(b)) for elasticimaging to attenuate predicted
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shear wave arrivals that otherwise would result in a large data mis�t. This data weighting

function also incorporates a mask to mute direct arrivals, as well as an additional weight

that boosts later arrivals in order to balance re
ector amplitudes in the migration images.

The background� and � models are shown in Figures 4.13(a) and 4.13(b), respectively,

and are computed from the provided P and S velocity models. Weapply additional vertical

and horizontal smoothing to the original models so that the background models follow our

assumption of homogeneous or slowly-varying elastic media. A source wavelet for migration

is estimated from the zero-o�set data by matching the observed and predicted data using

the background models. Using these models and an estimated source wavelet, we compute

the RTM images shown in Figure 4.14(a) and 4.14(b), in which weobserve re
ectors, as well

as the migration artifacts.

For elastic LSRTM, we invert for �� and �� images simultaneously. The scaling factor�

is 0.5, which is applied to�� image to balance the updates of the two images. Figures 4.15(a)

and 4.15(b) show the LSRTM images after 12 iterations, at which point the convergence curve

becomes 
at. Compared to the RTM images, the LSRTM images have higher resolution and

better balanced re
ector amplitudes. In addition, shallowre
ectors in the LSRTM image

for �� (Figure 4.15(b)) are much more continuous and have larger lateral extent along the

x-direction, for example, atz = 1:0 km andz = 1:5 km. After the inversion converges, some

re
ectors below z = 3:5 km in the � image are eliminated; however, they appear as strong

and continuous re
ectors in the�� image. Figures 4.16(a) are 4.16(b) show the observed and

predicted shot gathers atx = 6 km, respectively, and Figure 4.16(c) shows the data di�erence

plotted on the same scale. The predicted data accurately reproduces the dominant re
ection

energy seen in the observed data, and the remaining residualin the data di�erence contains

mostly noise and some weaker re
ection events. Some of thesere
ections with steep slopes

are predicted shear waves which are missing in the observed data. Other weak re
ections

in the data residual may be due to anisotropy of the �eld, which is not considered in our

current implementation of the algorithm.
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In order to evaluate the re
ectors in the �� and �� images, we generate the predicted

shot gathers using�� and �� LSRTM images individually. By comparing these shot gathers

with the observed data (Figure 4.16(a)), we notice that the inverted �� image predicts most

of the arrivals in the observation with correct amplitudes (Figure 4.17(a)). The re
ections

predicted by the �� image (Figure 4.17(b)) are relatively weaker than those predicted by

the �� image. Figure 4.17(b) shows mainly two types of arrivals, PP re
ections with gentle

slopes and converted-wave re
ections with steep slopes. The amplitudes of the predicted PP

re
ections are relatively strong at far o�set. This is to be expected because, according to

Zoeppritz equation, the� model in general a�ects the amplitudes of PP re
ections, especially

at far o�sets. For example, the events atz = 2:5-3:5 km in the �� image compensate for the

amplitudes of PP re
ections at z = 2:5-3:0 s to match the observed data at far o�sets.

Figure 4.18 shows enlarged views of data from within the dashed box in Figure 4.16(a):

the top left panel shows the observed data, the top right panel shows data predicted using

both the �� and �� images, the bottom left panel shows data predicted using only the ��

image, and the bottom right panel shows data predicted usingonly the �� image. The

dashed line in each panel marks the same arrival, and this arrival is one that was attenuated

during pre-processing of the PP data. Notice that because the�� image predicts this arrival

(shown in the bottom left panel), the �� image tries to predict the same arrival but with

opposite polarity (shown in the bottom right panel), so thatthe total prediction agrees with

the observation. Had this (and other) arrivals not been removed from the observed data, we

would expect the data predicted from the�� and �� images, as well as the corresponding

re
ector amplitudes, to change accordingly. This is an illustration of how pre-processing can

negatively a�ect the LSRTM.

We also test the inversion algorithm by using both PP data and PS data, which were

treated as the vertical and horizontal components of the displacement vector, respectively.

However, we were not able to predict both components with correct phases and amplitudes.

We attribute this outcome to the fact that the data were pre-processed for independent PP
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and PS imaging, and thus the arrivals in the PP and PS gathers might not be consistent

with each other, in terms of phase and amplitude; therefore,this dataset does not �t our

elastic LSRTM algorithm underlying assumptions, which requires vertical and horizontal

displacement data, instead of separated PP and PS gathers.

4.4 Conclusions

We propose a method for elastic least-squares reverse time migration using a perturba-

tion imaging condition. The images computed using our method represent perturbations

of squared P and S velocities, and they do not su�er from polarity reversals, which usu-

ally characterizes conventional elastic images for converted waves. Both synthetic and �eld

data tests of the perturbation imaging condition demonstrate that elastic LSRTM produces

images with fewer migration artifacts and higher resolution compared to the corresponding

RTM image. The �eld data example also shows the importance ofproper pre-processing of

the recorded data, which should provide the LSRTM algorithmwith data consistent with

the output of the Born modeling operator.
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CHAPTER 5

ELASTIC WAVEFIELD TOMOGRAPHY WITH PHYSICAL MODEL CONSTRAINTS

A paper published8 in Geophysics

Yuting Duan9,10 and Paul Sava10

Data-domain elastic wave�eld tomography is an e�ective method for updating multipa-

rameter elastic models that exploits much of the information provided by observed multi-

component data. However, poor illumination of the subsurface by compressional (P) and

shear (S) waves often prevents reliable updates of model parameters. Moreover, di�erences

in illumination, amplitude, and wavelength between P and S waves can distort the intrinsic

physical relationships between the reconstructed model parameters. We propose a method

for elastic isotropic wave�eld tomography which explicitly constrains the relationship be-

tween P- and S-wave velocities. By incorporating a model constraint term in the objective

function, we con�ne P and S velocity updates to a physical area de�ned by prior informa-

tion, for example, by laboratory measurements or well logs.Examples demonstrate that this

physical constraint yields models that are more physicallyplausible, compared to models

obtained using only the data mis�t objective function.

5.1 Introduction

Seismic tomography is a commonly used tool for building models of subsurface parameters

from recorded seismic data. The various approaches to seismic tomography generally fall

into two categories. The �rst is traveltime tomography, which seeks to match the traveltimes

of recorded seismic data with those of synthetic seismic data simulated in a trial model

by using ray tracing (Zhu et al., 1992; Zelt et al., 2006; Taillandier et al., 2009) or by

8Reprinted with permission of Geophysics, 2016, 81, No. 6, R447-R456.
9Author for correspondence.
10Center for Wave Phenomena, Colorado School of Mines, 924 16th Street, Golden, CO 80401.
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solving a wave equation (Woodward, 1992; Schuster and Quintus-Bosz, 1993). However,

models computed with traveltime tomography tend to have lower resolution, and may be

less accurate when the subsurface contains complicated geologic structures that result in

wave�eld multipathing. The second category consists of methods for wave�eld tomography,

which use both the amplitude and phase information of recorded seismic data to invert for

the subsurface parameter model. Although more expensive than traveltime tomography,

wave�eld tomography is more e�ective in recovering model parameters that are sensitive to

waveform amplitudes (Tarantola, 1986; Mora, 1988; Pratt, 1999; Prieux et al., 2013), and

has the ability to recover parameters with higher resolution (Bae et al., 2012; McNeely et al.,

2012).

However, one issue with wave�eld tomography, including fullwaveform inversion and

other similar methods, is that it has non-unique solutions,i.e., multiple models may �t

the data equally well. Ivanov et al. (2005) summarize several factors that contribute to

non-uniqueness including, for example, insu�cient acquisition and the presence of noise

in the data. Methods for regularization have been proposed to stabilize the results and

reduce the number of possible solutions (Tikhonov and Arsenin, 1977; Sun and Schuster,

1992; Zhou et al., 2002). Regularization is usually de�ned in the model domain for the

purpose of adding prior information to the model. Regularization can be formulated in

many di�erent, possibly complementary, ways. Tikhonov andArsenin (1977) propose a

regularization term that encourages smoothness in the computed model. Xiang and Zhang

(2014) use an edge-preserving regularization term to preserve sharp interfaces within the

model. Asnaashari et al. (2013) use an a priori model to constrain the inversion. These and

other examples demonstrate that proper regularization or preconditioning can e�ectively

reduce the number of non-unique solutions and, in many cases, improve the accuracy of the

reconstructed models.

Wave�eld tomography is well-developed under the acoustic assumption (Tarantola, 1984;

Pratt, 1999; Operto et al., 2004; Biondi and Almomin, 2014); however, recorded seismic data
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include shear waves in addition to compressional waves. Because all wave modes contain

useful information about the subsurface, elastic wave�eldtomography can allow for better

characterization of the subsurface (Tarantola, 1986; Pratt, 1990; Guasch et al., 2012; Vigh

et al., 2014). Though multi-parameter inversion can provide more physical information

compared to single-parameter inversion, di�erent parameters in the updated model may not

be physically realistic (Plessix, 2006), i.e., inversion might not be able to resolve the model

parameters while preserving their intrinsic physical relationships.

Such physical relationships need to be enforced explicitlybecause they provide constraints

on the model parameters that cannot be achieved using data orshaping regularization terms.

For example, Baumstein (2013) imposes rock-physics-basedconstraints on FWI using the

Projection Onto Convex Sets (POCS) method, which clips the values of update model pa-

rameters or their relationships to be in the desired bounds and then performs a line search

within the feasible region. Using this approach, Baumstein (2013) modi�es the gradient

and the line search without changing the objective function. Physical relationships between

model parameters in elastic media can be derived from well logs, seismic data, and laboratory

measurements, and they can also be derived based on �rst-principle physical relationships

(Tsuneyama, 2006; Compton and Hale, 2013). Experiments haveestablished the relation-

ship between P and S velocities (Castagna et al., 1985; Katahara, 1999; Tsuneyama, 2006);

therefore, enforcing a range of constant ratios between thetwo velocities could guide the

model update, thus increasing the robustness of wave�eld tomography.

In this paper, we perform wave�eld tomography using the isotropic elastic wave equation,

and invert for the squared velocities of P and S waves simultaneously. We propose an

objective function for wave�eld tomography that constraints the relationship between P-

and S-wave velocities. Examples demonstrate that the modelconstraints enforce appropriate

physical relationships between the model parameters.

5.2 Elastic wave�eld modeling

We consider the elastic isotropic wave equation:
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•u � � r (r � u) + � r � (r � u) = f ; (5.1)

where u (e;x; t) = [ ux uy uz]T is the displacement vector, andf (e;x; t) is the source

function. Both vectors u and f are functions of the experiment indexe, spatial location

x, and time t. Model parameters� (x) = � +2 �
� and � (x) = �

� are squared P- and S-wave

velocities, respectively. � and � are Lam�e parameters, and� is the density. Equation 5.1

assumes slowly varying Lam�e parameters (Lay and Wallace, 1995) and describes a linear

relationship between the displacement vectoru and the source functionf :

Lu = f ; (5.2)

where matrix L is the elastic wave operator corresponding to equation 5.1,with model

parameters� and � , whose adjoint is written asL T .

5.3 Objective function

For wave�eld tomography, one typically updates a model by minimizing an objective

function. We consider an objective functionJ (us; �; � ) consisting of three terms: a data

mis�t term J D (us; �; � ), a regularization term J M (�; � ) that allows for the use of prior

models �� (x) and �� (x) as well as model shaping, and a model constraint termJ C (�; � ) that

restricts the relationship between� and � to a feasible region:

J (us; �; � ) = J D (us; �; � ) + J M (�; � ) + J C (�; � ) : (5.3)

We de�ne the data mis�t term using the di�erence between the predicted and observed data:

J D =
X

e

1
2

kW uus � dok2 ; (5.4)

wheredo (e;x; t) are the observed data recorded at the receiver locations and weightsW u (e;x; t)

restrict the source wave�eldus (e;x; t) to the receiver locations.

The regularization term J M in the objective function penalizes deviations from prior

models �� (x) and �� (x):

J M =
1
2

kW � (� � �� ) k2 +
1
2

kW �
�
� � ��

�
k2 ; (5.5)
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where W � (x) and W � (x) are model shaping operators, whose inverses are related tothe

model covariance matrices. Such operators can be either simple space-invariant roughness

operators, e.g., a Laplacian �lter (Tarantola, 1987), or they can perform image-shaping with

non-stationary �ltering (Hale, 2007; Guitton et al., 2012).

Due to di�erences in illumination and amplitude between P and S modes, models� and

� { computed using only the data mis�t term { update independently, and this can lead to

physically unrealistic solutions. Prieux et al. (2013) explain the di�erences in illumination

and amplitude in terms of o�set between PP, PS, SP, and SS re
ections using di�raction

patterns. Moreover, the undesired inconsistency in resolution between the recovered P and S

velocity models is also due to the fact that the seismic wavelength for shear modes is shorter

than that of P modes; therefore, the updated S velocity modelcould have higher resolution

than the updated P velocity model. In order to eliminate the undesired solutions, one can

constrain model updates using physical relationships between� and � , for example, using a

region de�ned by an upper boundaryhu (�; � ) = 0 and a lower boundaryhl (�; � ) = 0:

hu > 0 ; (5.6)

hl > 0 : (5.7)

In order to keep the updated model within these boundaries, we include in the objective

function a constraint term J C that uses a logarithmic penalty function (Peng et al., 2002;

Nocedal and Wright, 2006; Gasso et al., 2009):

J C = � �
X

x

[log (hu) + log ( hl )] : (5.8)

The constraint term J C tends to �1 ashu or hl tends to 0, and thus penalizes violations of

inequalities 5.6 and 5.7. This constraint term mainly contributes to model updating when

the updated model approaches the boundaries. The parameter� weighs the constraint term

J C relative to other terms in the objective functionJ . Note that the starting model for

inversion must fall between the boundaries.
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For elastic wave�eld tomography, because the relationshipof P and S velocities is gen-

erally linear (Castagna et al., 1985; Zimmer et al., 2002; Rojas et al., 2005), we set the

boundaries to be

hu = � � + cu � + bu = 0 ; (5.9)

hl = � � cl � � bl = 0 ; (5.10)

where the user-de�ned parameterscl , cu, bl , and bu characterize the slopes and� -intercepts

of the speci�c boundaries. Notice that parameterscl , cu, bl , and bu are functions of spatial

location x, i.e., these parameters may vary with spatial location. Forexample, the ratios of

P and S velocities for liquid and gas saturations have distinguishable di�erences (Gregory,

1976; Hamada, 2004). With prior physical information, one could apply proper constraints

to liquid and gas zones. In areas of the model where the relationship between� and � has

high uncertainty, one could set a broad physical constraintthat allows for more variation

between� and � .

5.4 Objective function gradient

We update the model iteratively using a steepest descent method (Lailly, 1983; Tarantola,

1984). For the wave�eld tomography problem, one can directly apply the adjoint-state

method to compute the gradient (Plessix, 2006):

F s = Lu s � fs = 0 : (5.11)

Equation 5.11 simply indicates that we compute the source wave�eld us from a given source

function fs, i.e., us is a solution to the given wave equation.

The gradient of the objective function can be e�ciently computed using the adjoint-state

method (Plessix, 2006). The augmented functionalH is de�ned as

H = J �
X

e

F T as : (5.12)

The gradient of H indicates the search direction toward the minimum ofJ , constrained by

F s = 0. The adjoint variable, vector as (e;x; t), is computed by solving the adjoint equations
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obtained by setting the partial derivatives of the augmented functional relative to the state

variablesus to zero:

L T as = gs ; (5.13)

wheregs (e;x; t) is the adjoint source given by

gs =
@J
@us

= W T
u (W uus � do) : (5.14)

Note that because termsJ M and J C are not functions of us, they do not appear in the

expression for the adjoint source.

The gradient of the augmented functionalH is given by

� @H
@�
@H
@�

�
=

� @J
@�
@J
@�

�
�

X

e

"
@F T

s
@� as

@F T
s

@� as

#

: (5.15)

We obtain the gradient ofJ D by solving @H
@� = 0 and @H

@� = 0:

� @J D
@�

@J D
@�

�
=

X

e

"
@F T

s
@� as

@F T
s

@� as

#

=
X

e

�
� [r (r � us)]T ? as

[r � (r � us)]T ? as

�
; (5.16)

where the symbol? denotes zero-lag cross-correlation. In addition, we applyillumination

compensation to the gradient for the data mis�t term, by dividing the gradient with respect

to � by
P

t [r (r � us)]
2 and the gradient with respect to� by

P
t [r � (r � us)]

2. This

compensation is an approximation for the diagonal of the inverse Hessian (Pratt et al.,

1998).

The gradient of termsJ M and J C , with respect to the model parameters� and � , are
� @J M

@�
@J M
@�

�
=

�
W T

� W � (� � �� )
W T

� W �
�
� � ��

�
�

; (5.17)

and

� @J C
@�

@J C
@�

�
=

� � �
� � cu � � bu

� �
� � cl � � bl

�c u
� � cu � � bu

+ �c l
� � cl � � bl

�
; (5.18)

respectively. When updated models approach the boundaries de�ned in J C , the gradient

of J C dominates the total gradient of the objective functionJ , thus pushing the updated

model away from the boundaries. When the updated models are distant from the boundaries
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de�ned in J C , the gradient of J C has less in
uence on the total gradientJ , and the data

mis�t term controls the inversion.

We update the model using a steepest-descent method in whichwe search for the step

length via a quadratic line search in the direction oppositeto the gradient of the objective

function. This line search requires at least two additionalevaluations of the objective func-

tion. In addition, when using logarithmic functions in the physical constraint term, one must

ensure that the model remains in the prede�ned feasible region while performing the line

search and model update.

5.5 Example

We illustrate our method for elastic wave�eld tomography with two synthetic models,

and compare inversion using only the data mis�t termJ D to inversion using the data mis�t

with physical constraintsJ D + J C .

5.5.1 Borehole model

The �rst synthetic model contains two negative Gaussian anomalies centered at (1:5; 2:0)

and (1:5; 5:0) km. There are 60 vertical displacement sources in a well atx = 0:2 km and a

line of geophones atx = 2:8 km. The � and � models are shown in Figure 5.1. The vertical

component of a shot gather is shown in Figure 5.2(a), which contains both P and S waves.

To illustrate the in
uence of the physical constraint term J C when the illumination of P

and S waves di�er, we mute the S waves in both observed and predicted data for receivers

located betweenz = 0 and 3:5 km, and the P waves in both observed and predicted data for

receivers located betweenz = 3:5 and 7 km, as shown in Figure 5.2(b). That is, for elastic

wave�eld tomography, we use primarily the P waves passing through the shallow Gaussian

anomaly and the S waves passing through the deeper Gaussian anomaly. This is simply an

arti�cial construction meant to simulate partial illumina tion and to highlight the in
uence

of the model constraint.
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Figure 5.1: � (left panel) and � (right panel) models with two negative Gaussian anomalies.
Dots are the source locations atx = 0:2 km, and the vertical line shows the receivers at
x = 2:8 km.
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(a)

(b)

Figure 5.2: Horizontal (left panels) and vertical (right panels) components of a shot gather
with the source atz = 3:5 km. First arrival is the P wave and second arrival is the S wave.
(a) The original data. (b) Processed data for inversion withP waves only fromz = 0 to
3:5 km and S waves only fromz = 3:5 to 7 km. We window selected portions of the original
data to simulate partial illumination for di�erent wave modes.
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(a) (b)

Figure 5.3: Updated� models after 21 iterations using (a) objective functionJ D and (b)
J D + J C . Note that the Gaussian anomaly in (b) at (1:5; 5) km is better recovered, and its
amplitude and shape are closer to the true model compared to that in (a).
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(a) (b)

Figure 5.4: Updated� models after 21 iterations using (a) objective functionJ D and (b)
J D + J C . Note that the Gaussian anomaly in (b) at (1:5; 2) km is better recovered, and its
amplitude and shape are closer to the true model compared to that in (a).
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(a)

(b)

Figure 5.5: Model updates for the Gaussian model in Figure 5.1 as a function of iterations at
(a) (1:5; 2) km and (b) (1:5; 5) km. Stars and dots are the updated models with and without
constraints, respectively. Note that without constraints,the � and � models update toward
the boundaries, while with constraints, the relationship of � and � models is enforced to be
close to the true model indicated by the median line in the underlying physical constraint.
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Using the data mis�t term J D as the objective function, we obtain the updated models

for � and � after 21 iterations, shown in Figures 5.3(a) and 5.4(a), respectively. Notice that

the model update of� focuses on the shallow Gaussian anomaly, while that of� focuses

on the deeper Gaussian anomaly. By including the physical constraint term J C in the

objective function, we obtain the updated� and � models shown in Figures 5.3(b) and

5.4(b), respectively. We choose the weighting parameter� to be 0:6 in order to balance

the gradients ofJ D and J C . Observe that the Gaussian anomalies in� and � recovered

using physical constraints (Figures 5.3(b) and 5.4(b)) are more accurate compared to those

obtained without constraints (Figures 5.3(a) and 5.4(a)). Figures 5.5(a) and 5.5(b) show,

respectively, the values of the updated models at (1:5; 2) km and (1:5; 5) km as a function of

iteration number. In both �gures, the stars represent the updated models with constraints,

while the dots represent the updated models without constraints. Notice in Figure 5.5(a)

that the recovered� and � models tend to move toward the lower constraint boundary in

later iterations. In contrast, by including the physical constraint term J C in the objective

function, we preserve the ratio between� and � .

5.5.2 Marmousi model

The second example, shown in Figures 5.6(a) and 5.6(b), uses amodi�ed Marmousi

model (Versteeg, 1991, 1993). The top layer from 0 to 110 m is elastic and homogeneous.

For this synthetic example, we assume that we know the valuesof � and � for the �rst layer.

Figure 5.6(c) is the crossplot of� and � measured from three well logs atx = 1:0; 2:0; 3:0 km.

The relationship between� and � in the well logs is approximately linear; therefore, we

use two straight lines (Equations 5.9 and 5.10) to de�ne the feasible region for the� -�

relationships, which provides the prior physical constraints for inversion.

The starting � and � models (shown in Figures 5.7(a) and 5.7(b), respectively) are

computed by smoothing the true model mainly along the horizontal axis. Note that in

the crossplot ofa and b models shown in Figure 5.7(c), all samples in the model space are

within the prede�ned feasible range. We simulate 20 shots using displacement sources evenly
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(a)

(b)

(c)

Figure 5.6: (a) True � model, (b) true � model, and (c) the crossplot of� and � models.
The � and � models are computed from the original Marmousi P and S velocity models,
respectively.
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(a)

(b)

(c)

Figure 5.7: (a) Starting� model, (b) starting � model, and (c) crossplot of� and � models for
Marmousi example. The� and � models are computed from the true model with smoothing
mainly along the horizontal axis to eliminate detailed structures in the true model.
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(a) (b)

(c) (d)

Figure 5.8: (a) Vertical and (b) horizontal components of thedi�erence between a recorded
shot gather and the corresponding predicted data for the �rst frequency band (0� 5 Hz). The
predicted data are computed using the initial model shown inFigures 5.7(a) and 5.7(b); (c)
vertical and (d) horizontal components of the di�erence between the recorded and predicted
data for the �rst frequency band. The predicted data are computed using the �nal model
for the �rst frequency band.
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(a) (b)

(c) (d)

Figure 5.9: (a) Vertical and (b) horizontal components of thedi�erence between a recorded
shot gather and the corresponding predicted data for the second frequency band (0� 7 Hz).
The predicted data are computed using the �nal model from the�rst frequency band; (c)
vertical and (d) horizontal components of the di�erence between the recorded and predicted
data for the second frequency band. The predicted data are computed using the �nal model
for the second frequency band.
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(a)

(b)

(c)

Figure 5.10: Recovered (a)� and (b) � models after the inversion of the second frequency
band. (c) Crossplot of recovered� and � models using objective functionJ D . Note that the
recovered� model contains more details than the� model.
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(a)

(b)

(c)

Figure 5.11: Recovered (a)� and (b) � models after the inversion of the second frequency
band. (c) Crossplot of recovered� and � models using objective functionJ D + J C . The
upper and lower boundaries are indicated by the two solid lines. Note that the recovered�
and � models contain similar details.
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(a)

(b)

(c)

Figure 5.12: Recovered (a)� and (b) � models after the inversion of the second frequency
band. (c) Crossplot of recovered� and � models using objective functionJ D + J C . The
upper and lower boundaries are indicated by the two solid lines.
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(a)

(b)

(c)

Figure 5.13: Recovered (a)� and (b) � models after the inversion of the second frequency
band. (c) Crossplot of recovered� and � models using objective functionJ D + J C . The
upper and lower boundaries are indicated by the two solid lines.
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Figure 5.14: Comparison between initial or recovered models(solid lines) and true models
(dashed lines) from the well atx = 2:4 km. Row one: Solid lines are the� pro�les of (a)
initial model; (b) updated models using objective functionJ D ; (c) updated models using
objective functionJ D + J C ; (d) updated models using objective functionJ D + J C , whereJ C

is de�ned with a wider feasible region; (e) updated models using objective functionJ D + J C ,
whereJ C is de�ned with a shifted feasible region. Row two: Solid lines are the� pro�les of
(f) initial model; (g) updated models using objective function J D ; (h) updated models using
objective function J D + J C ; (i) updated models using objective functionJ D + J C , whereJ C

is de�ned with a wider feasible region; (j) updated models using objective functionJ D + J C ,
whereJ C is de�ned with a shifted feasible region. In (c), (d), (g), (h), and (i), the recovered
model pro�les match the true models.
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distributed along the x-axis, at depthz = 0:04 km, and record each shot with 500 receivers

evenly distributed along the x-axis, at depthz = 0:07 km. The amplitude of the horizontal

component of the displacement source is 5 times stronger than the vertical component so

that the computed wave�elds contain strong S waves. FWI is carried out using a multiscale

approach with two frequency bands: 0� 5 Hz and 0� 7 Hz. The horizontal and vertical

components of the data residual for the �rst frequency band,computed using the starting

model, are shown in Figures 5.8(a) and 5.8(b), respectively.Notice that the data residual

contains head waves, diving waves, and re
ections.

We perform four di�erent tests using the same starting models shown in Figures 5.7(a)

and 5.7(b) in order to evaluate the constraint termJ C . For the �rst test, we use only the

data mis�t term J D as the objective function. Figures 5.8(a) and 5.8(b) show, respectively,

the horizontal and vertical components of the data residualfor the �rst frequency band

before inversion. In comparison, Figures 5.8(c) and 5.8(d) show the data residual after

inversion using only the �rst frequency band. The �nal modelfor the �rst frequency band

is then used as the starting model for the second frequency band. The data residual for

the second frequency band before inversion is shown in Figures 5.9(a) and 5.9(b), while

Figures 5.9(c) and 5.9(d) show the data residual after inversion using the same frequency

band. As expected, the magnitude of the data residual, in which we observe energy from all

wave types, has decreased after inversion.

Figures 5.10(a) and 5.10(b) show the recovered� and � models after inversion using both

frequency bands. Notice that the recovered� contains more structural details, for example,

in the high velocity zones, while the recovered� model is smoother. The recovered� and �

values are crossplotted in Figure 5.10(c). Without physical constraints, the � and � values

deviate from the allowable region, resulting in recovered models that are inaccurate. One

reason for the di�erence between the recovered� and � models is that the wavelengths of P

and S waves di�er signi�cantly. Because there is no attenuation in this synthetic example,

typical S wavelengths are shorter than P wavelengths for thesame frequency band. This
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results in the recovered� model having higher resolution than the� model, as seen in Figure

3.10. In reality, however, S waves experience more attenuation than P waves for the same

frequency band, and the resolution of the recovered� and � models still di�er in practice.

This inconsistency in resolution between recovered� and � models does not re
ect the true

subsurface, and we address this inconsistency through physical constraints between the two

model parameters.

For the remaining tests, we include both the data mis�t term J D and the physical

constraint term J C in the objective function. For the second test, we use upper and lower

boundaries estimated from the three well logs shown in Figure5.6(c). By including the

physical constraint term in the objective function, the values of � and � are con�ned to

the allowable range. Figures 5.11(a) and 5.11(b) show the updated � and � models after

the inversion converges. Compared to the models obtained using only the data mis�t term

(Figure 3.10), both models seen in Figure 3.11 now have similarresolution. Figure 5.11(c)

shows the crossplot of the recovered� and � models, and con�rms that the� -� relationship

is maintained within the allowable region as the models are updated. For this test and the

following tests, the weighting parameter we use in the constraint term is � = 4:0.

For the third test, we increase the width of the feasible region, as indicated by the

solid lines in the crossplot in Figure 5.12(c). The� and � models obtained with these

less-restrictive constraints are shown in Figure 5.12(a) and Figure 5.12(b). Compared to

the second test (Figure 3.11), the recovered� and � models exhibit larger di�erences in

resolution and, as evidenced by the crossplot in Figure 5.12(c), more variation in the ratio

between the values of� and � .

For the last test, we purposely select a feasible region, shown in Figure 5.13(c), whose

center does not coincide with the best-�t line describing the relationship between� and �

derived from the three well-logs. Using this constraint, therecovered� (Figure 5.13(a)) and�

models (Figure 5.13(b)) are much smoother compared to those from the second (Figure 3.11)

and third (Figure 3.12) tests. In this case, because the constraint term drives the relation
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between� and � toward incorrect values, neither the� nor � models are updated correctly.

Therefore, from the results of this test and the previous tests, we conclude that ideally one

should choose a narrow constraint region that enforces an accurate relation between� and �

but, when there is signi�cant uncertainty in the estimated relation between� and � , choosing

a broader constraint region is a preferable alternative to choosing a narrow constraint region

that enforces an inaccurate relationship.

Vertical pro�les extracted from � and � models atx = 2:0 km are shown in Figure 3.14.

The solid line in Figure 3.14(a) is the initial� model, while the solid lines in Figures 3.14(b)

to 3.14(e) are the recovered� models from the four tests. The dashed line in Figures 3.14(a)

to Figure 3.14(e) indicates the true� model. Similarly, the solid line in Figure 3.14(f) is

the initial � model, the solid lines in Figures 3.14(g) to 3.14(j) are the recovered� models

from the four tests, and the dashed line in Figures 3.14(f) to 3.14(j) is the true � model.

Using only the data mis�t as the objective function, we obtaina reliable model update for

� (Figure 5.14(b)), but only a limited model update for� (Figure 5.14(g)). When using

constraints that enforce an accurate relationship between� and � , which are estimated

from the three well logs, we obtain updated� and � models that both match the true

model well. The recovered� (Figure 3.14(c)) and� (Figure 3.14(h)) models obtained with

narrower constraints (Figure 3.11) are slightly more accurate than the � (Figure 3.14(d)) and

� (Figure 3.14(i)) models obtained with broader constraints (Figure 3.12). Using narrow but

inaccurate constraints (Figure 3.13) yields unsatisfactory results for both � (Figure 3.14(e))

and � (Figure 3.14(j)).

5.6 Conclusion

We demonstrate an elastic wave�eld tomography method basedon the isotropic elastic

wave equation, formulated to reduce the mis�t between observed and predicted data, and

constrained in order to obtain models that are physically plausible. We invert for a model

of multiple elastic material parameters, speci�cally the squared velocities of P and S waves.

Due to di�erences in illumination, amplitude, and wavelength between P and S waves, the
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model updates for the two parameters may di�er in amplitude and location, thus leading to

nonphysical models. To obtain a physically realistic model, we introduce physical constraints

that force the updated models to satisfy known physical relations bounded within a certain

feasible range. This constraint term only impacts model updating when the inverted model

parameters are close to the boundaries of the constraints.

For multi-parameter wave�eld tomography in general, another issue is the trade-o� be-

tween model parameters, particularly in cases where data coverage is incomplete. The choice

of model parameterization is an important aspect of multi-parameter wave�eld tomography,

and di�erent parameterizations have been investigated in order to determine optimal com-

binations for inversion that result in minimal ambiguity between parameters. However, in

general, this ambiguity cannot be completely avoided even with an optimal parameteriza-

tion. By including a physical constraint term in the objective function, we limit the set of

permissible solutions, and thereby we can potentially reduce the trade-o� between param-

eters, and, more generally, the nonlinearity of the inverseproblem. For example, we could

use our knowledge of the fact that the P-wave velocity must begreater than S-wave velocity

to constrain the inversion to yield only solutions that meetthis criteria.

The use of a model constraint that links the model updates formulti-parameters could

also be applied to other wave�eld tomography problems. For example, for acoustic wave�eld

tomography in which one inverts for P-wave velocity and impedance, one could constrain

the relationship between these two parameters to lie withina physically plausible range.

Also, without imposing a hard relation between velocity and density, one could de�ne arbi-

trary bounds on the feasible region, for example, by using experimental probability density

functions established between the model parameters based on well log or other information.
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CHAPTER 6

CONCLUSION

Wave�eld migration and tomography are techniques for imaging the subsurface. In my

thesis, I propose methods of migration and tomography basedon the elastic wave-equation.

The main results of this thesis and recommendations for further study are summarized below.

6.1 Scalar imaging condition for elastic reverse-time migration

In Chapter 2, I exploit geometrical relationships between the wave�elds, their propagation

directions, the re
ector orientation, and polarization directions to derive a new 3D imaging

condition for PS and SP re
ectivities. This new method leadsto accurate images without the

need to decompose wave�elds into directional components orto construct costlier extended

images in the angle domain. This method is constructed basedon the assumption that

polarity changes at normal incidence in isotropic media.

In the case of anisotropy, polarity may change at non-zero incidence angle. With proper

decomposition methods that separate the P and S waves, one can exploit the directionality

of phase velocity, group velocity, and re
ector normal and thus design an imaging condition

for converted waves that corrects for polarity reversals atcorrect angles of incidence and

re
ection.

6.2 Angle decomposition

In Chapter 3, I show extended imaging conditions for PP, PS, SP, and SS images, and

I present methods for computing opening and azimuth angle gathers from these images.

These methods utilize local plane wave decompositions of extended images and exploit the

relationships between the time-lag, space-lag, and image shift in space. These relationships

lead to opening and azimuth angle decomposition methods using either time-lag common
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image gathers, space-lag common image gathers, or time- andspace-lag common image point

gathers.

These angle decomposition relationships are derived for isotropic media. However, these

methods can also be extended and applied to anisotropic media. For anisotropic media,

e.g., arbitrary TTI media, the angle decomposition procedure is complicated by the fact

that the velocities on the source and receiver sides depend on the angles of incidence. Sava

and Alkhalifah (2013) propose the angle decomposition methods for PP re
ections in the

TI media. They reconstruct the wave�eld using a pseudo-acoustic wave equation. By us-

ing the direction of symmetry axis, they derive the relationships between opening/azimuth

angles and time-/space-lags. With proper methods that separate P and S waves, one could

develop similar angle decomposition algorithms to obtain angle gathers for elastic re
ections

in anisotropic media.

6.3 Elastic least-squares reverse time migration

In Chapter 4, I propose a method for elastic least-squares reverse time migration using

a perturbation imaging condition, which I derive for squared P and S velocities. Images

computed using this new imaging condition can be simply related to physical subsurface

properties, and in addition, these images do not su�er from polarity changes and thus can

be stacked over experiments without an additional polaritycorrection. Compared to elastic

RTM, elastic LSRTM produces high-resolution images that provide correct relative am-

plitudes, which makes this algorithm especially suitable for applications such as reservoir

characterization.

LSRTM algorithms are developed based on the imaging conditions. We derive a new

perturbation imaging condition for squared P and S velocitymodels. One can also used

LSRTM algorithms for other elastic imaging conditions, forexample, the potential imag-

ing condition discussed in Chapter 2. The migration operator is de�ned by the imaging

condition, which consists of the sequential operators. And the demigration operator can

be obtained by using these operators contained in the migration operator. For anisotropic

139



media, one can also obtain the perturbation imaging conditions for individual model param-

eters using elastic anisotropic wave equation. The perturbation imaging condition can be

derived based on various parameterizations, for example, images forVP 0 and VS0. Because

of the trade-o�s between parameters, it is important to choose a parameterization according

to the acquisition.

6.4 Elastic wave�eld tomography with physical model constraints

In Chapter 5, I demonstrate an elastic wave�eld tomography method using the isotropic

elastic wave equation formulated to reduce the mis�t between observed and predicted data,

and to obtain models that are physically plausible. I invertfor a model of multiple elastic

material parameters, i.e., the squared P and S velocities . Due to di�erences in illumination,

amplitude, and wavelength between P and S waves, the model updates for the two parameters

may di�er in amplitude and location, thus leading to nonphysical models. To obtain a

physically realistic model, I introduce physical constraints that force the updated models to

satisfy known physical relations bounded within a certain feasible range.

This feasible range can be de�ned in various ways. In Chapter5, we show constraints

with upper and lower boundaries, which are estimated from thewell-logs. One could de�ne

arbitrary bounds on the feasible region, for example, by using experimental probability

density functions established between the model parameters. A similar idea could be applied

to migration velocity analysis (MVA). MVA operates by establishing the relation between

model perturbation and a corresponding image perturbation. The target of elastic MVA is

to minimize such an image perturbation by optimizing the squared P and S velocity models.

In my thesis, I show di�erent imaging conditions, which can all be extended with space-

and time-lags. These extended images can be used to construct the objective function for

elastic MVA. One can use petrophysical constraints for MVA toeliminate the inconsistencies

between recovered� and � models.
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