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ABSTRACT

T h is  th e s is  p re se n ts  a  sy s tem a tic  ap p ro a c h  to  th e  in itia l ev a lu a tio n  

of n o n lin e a r  signom ial op tim iza tion  p ro b lem s in  a n  a lg o rith m  th a t  re lies 

o n  com m on  se n se , add ition , su b tra c tio n , a lgebraic  m a n ip u la tio n , a n d  

geom etric  p rog ram m ing . U sing  p ro b lem s from  th e  lite ra tu re  a n d  b a se d  

o n  co m p u ta tio n a l experience it  is  sh o w n  th a t  th e  a lgo rithm  will solve o r 

b o u n d  th e  an sw e r close en o u g h  th a t  fu r th e r  an a ly s is  m ay  be  delayed  or 

p ro v en  to  b e  u n n e c e ssa ry . In  o th e r  c a se s  it will be  show n  th a t  i t  will p ro ­

vide a  p ro p erly  s tru c tu re d  p ro b lem  th a t  a  co m p u te r p ro g ram  c a n  solve 

rap id ly . In  som e c a se s  th e  a lg o rith m  will provide no  in fo rm atio n  b u t  m ay  

a id  th e  u s e r  in  se lec tin g  th e  m o s t a p p ro p ria te  co m p u te r code to  ap p ly  to 

th e  p rob lem .

W orking  th ro u g h  th e  a lg o rith m  th e  u s e r  m ay  be  ab le to  m odify  h is  

p a r tic u la r  fo rm u la tio n  to  ta k e  ad v a n tag e  of th e  s tru c tu ra l  convexity  

in h e re n t in  geom etric  p rog ram m ing . T h is  c a n  be  accom plished  e ith e r  b y  

re lea s in g  v a riab les  p rev iously  co n s id ered  to  b e  fixed o r b y  fixing v a riab les  

w h ich  a re  u n co n tro llab le . A dditionally , th is  p ro cess  c a n  provide th e  u s e r  

w ith  th e  u n d e rs ta n d in g  of th e  o p tim iza tio n  p ro cess  n e c e ssa ry  to  pose  

se p a ra b le  convex or concave p ro g ram s a n d  su b p ro g ra m s .

O ne of th e  c e n tra l p ro b lem s in  conv incing  m an ag e rs  to  u s e  op tim i­

za tio n  te c h n iq u e s  is  th e  com plex ity  of th e  a lg o rith m s a n d  th e  in d ire c t­
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n e s s  of th e  so lu tio n  p ro cess . A s sh o w n  in  th is  th e s is  th is  a lgo rithm  

prov ides a  so lu tio n  te c h n iq u e  th a t  allow s th e  a n a ly s t to  an sw er 

op tim iza tion  q u e s tio n s  directly . It follows th a t  w hile th is  m e th o d  solves 

som e p ro b lem s it  c a n n o t solve th e  v a s t  m a jo rity  b u t  it  w ill engage th e  

m a n a g e r  in  th e  so lu tio n  p ro cess  a n d  d e m o n s tra te  th e  n eed  for o th e r 

m e th o d s, th e re b y  in c re a s in g  th e ir  u se .
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Chapter 1 

INTRODUCTION

1.1 Purpose

P ro ced u res  com m on to  b u s in e s s  in c lu d e  ac c o u n tin g  s ta n d a rd s  a n d  

p rac tice s , m a n u fa c tu r in g  a ssem b ly  line  w ork  ru le s , a n d  a  h o s t  of o th e rs  

dow n to  a n d  in c lu d in g  coffee b re a k  ru le s  for th e  typ ing  pool. T h ese  p ro ­

ce d u re s  a re  e s ta b lish e d  to  fac ilita te  th e  b u s in e s s  o p era tio n s  a n d  sim plify  

th e  p ro cess  of g e ttin g  th in g s  done. W hile m a th e m a tic s  p rov ides ru le s  

an d  n eg lec ts  th e ir  o rder, a n  a lg o rith m  prov ides th e  p ro ced u res  for invok­

ing  th e  ru le s  a n d  solving th e  p rob lem .

T he a lg o rith m  developed in  th is  th e s is  p rov ides a  sy s tem a tic  

a p p ro a c h  to  th e  in itia l ev a lu a tio n  of n o n lin e a r  signom ial op tim iza tion  

p ro b lem s b a s e d  on  geom etric  p ro g ram m in g  te ch n iq u e s . T h ese  re la tio n ­

sh ip s  a re  u s e d  to  iden tify  th e  se p a ra b le  su b p ro g ra m s , explo it th e  in for­

m a tio n  availab le  in  th e  c o n s tra in ts , iden tify  u n s ta te d  co n s tra in ts , a n d  

analyze th e  fo rm u la tio n  of th e  p ro g ram . M an ag ers a n d  m o d e lers  w ith  

m in im al m a th e m a tic a l p ro g ram m in g  experience will find th is  m e th o d  

u se fu l in  ana ly z in g  p ro b lem s before th e y  decide on  a  co m p u te r  a lg o rith m  

or engage a n  a n a ly s t. T h is  a p p ro a c h  u s e s  ad d itio n , su b tra c tio n , a lge­

b ra ic  m an ip u la tio n , a n d  com m on  se n se  to  in te rp re t th e  geom etric  p ro ­

g ram m in g  o p tim ality  re la tio n sh ip s .

E very  s te p  of th is  a lg o rith m  is  b a s e d  on  m a th e m a tic a l theo ry . In  

som e c a se s  th e  so u rc e  is  specific en o u g h  to  reference , in  o th e rs  i t  is  su f­

ficiently  com m on  know ledge th a t  no  reference  is  m ad e . T he u s e r  is
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re fe rred  to  a n y  s ta n d a rd  lin e a r  a lg eb ra  tex t for a  m ore  com plete  

deve lopm en t of th e  th e o ry  involved in  th is  algorithm .

S elected  exam ples d e m o n s tra te  th a t  th e  p ro b lem ’s so lu tio n  c a n  be 

developed from  th is  a lgo rithm . In  m a n y  ca ses  th e  o p tim u m  of th e  objec­

tive fu n c tio n  or th e  v a riab le s  o r b o th  c a n  be ap p ro x im a ted  s u c h  th a t  fu r­

th e r  an a ly sis  is u n d e s ira b le . T h is  m e th o d  len d s  itse lf  to  so lu tio n  by  

in sp ec tio n . It w as developed b e c a u se  th e  a u th o r  w as  fa sc in a te d  b y  Dr.

R. E . D. W oolsey’s  ab ility  to  solve seem ingly  com plex  p ro b lem s w ith o u t 

th e  ben efit of e ith e r  a  c a lc u la to r  o r co m p u ter. In  o th e r  c a se s  it  p rov ides 

a  p ro p erly  s tru c tu re d  p ro b lem  th a t  a  co m p u te r p ro g ram  m a y  solve r a p ­

idly. S om etim es th e  a lg o rith m  will provide no  in fo rm atio n  b u t  will aid  

th e  u s e r  in  se lec ting  th e  m o s t ap p ro p ria te  co m p u te r  a lg o rith m  o r code.

W orking  th ro u g h  th e  a lgo rithm , m odifications of th e  fo rm u la tio n  to 

ta k e  ad v an tag e  of th e  s t ru c tu ra l  convexity  in h e re n t in  geom etric  p ro ­

g ram m in g  will becom e a p p a re n t. T he decision  m a k e r  c a n  a lso  ch an g e  

th e  com plexity  of th e  p ro b lem  b y  e ith e r  re leasin g  fixed v a riab les  o r b y  

fixing in d e p e n d e n t v a ria b le s  a t  a  "norm al" o p era tin g  v a lu e . T h is  is e sp e­

cially h elp fu l if th e  m a n a g e r  h a s  little  o r no  co n tro l over th a t  p a r tic u la r  

in d e p e n d e n t variab le . T h is  w ill allow  th e  dec ision  m a k e r  to  v ary  th e  

p ro g ram ’s degree of difficulty  a n d  p o ten tia lly  p o se  a  well cond itioned  

prob lem .

T rad itio n a l o p e ra tio n s  re se a rc h  p rac titio n e rs  h av e  advocated  th e  

p rep ro cess in g  of o p tim iza tion  p ro g ram s to  ta k e  a d v an tag e  of th e  s t ru c ­

tu re  of th e  p rob lem , th e  know ledge of th e  dec ision  m ak er, a n d  th e  so lu ­
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tio n  te c h n iq u e s  rea so n ab ly  availab le. T h is  a lg o rith m  provides th e  

dec isio n  m a k e r  th e  n e c e ssa ry  u n d e rs ta n d in g  of th e  op tim ization  p ro cess  

to  p o se  a  re a so n a b le  s e t  of se p a rab le  su b p ro g ra m s. U sing  it a  m a n a g e r  

m a y  s i t  dow n w ith  h is  staff, refine th e  m odel, ev a lu a te  th e  c o n s tra in t se t, 

b o u n d  th e  so lu tio n , a n d  th e reb y , developing a n  u n d e rs ta n d in g  of th e  

p ro b lem  before b rin g in g  in  a n  an a ly s t. In  do ing  so, h e  will ga in  c o m p u ta ­

tio n a l in s ig h t, develop a  q u a lita tiv e  u n d e rs ta n d in g  of th e  in te ra c tio n  of 

th e  v ariab les , a n d  avoid deve lopm en t p itfa lls  in  th e  op tim iza tion  

p rog ram .

It is  explicitly  g ra n te d  th a t  th e  m a th e m a tic ia n  w ith  co m p u ta tio n a l 

experience  a n d  a  s tro n g  b ac k g ro u n d  in  op tim iza tion  will find  th is  to  be  

little  m ore  th a n  a  ch eck  sh ee t. It is  un like ly , how ever, th a t  th e  m a th e ­

m a tic ia n  will h av e  th e  q u a lita tiv e  b a c k g ro u n d  a n d  experience to  u n d e r ­

s ta n d  th e  p ro b lem s th is  a lg o rith m  is  d es ig n ed  for. T he p rob lem  w ith  

n o n lin e a r  op tim iza tion  te c h n iq u e s  is  th a t  th e y  a re  o ften  n o t u se d  

b e c a u se  th e  so lu tio n  te c h n iq u e s  availab le  a re  n ecessa rily  com plex  a n d  

th e re  is  a  g en e ra l la ck  of a w a re n ess  am o n g  p rac tic io n e rs  of th e  m e th o d s  

ava ilab le  a n d  th e ir  p o te n tia l u se s . By prov id ing  a  se lf-exp lana to ry  so lu ­

tio n  te c h n iq u e  w h ich  show s th e  n eed  for o th e r  m e th o d s , g en era l u s e  of 

th e se  te c h n iq u e s  sh o u ld  in c rease .

M any  objective fu n c tio n s  a re  developed b y  s ta tis tic a l o r reg re ss io n  

an a ly s is . T h ere  is  sig n ifican t in fo rm atio n  availab le  in  th e  reg re ss io n  

a n a ly s is  w h ich  c a n  b e  u se d  to  sim plify  th e  op tim iza tion  p ro cess . F o r 

exam ple, m o s t in d e p e n d e n t v a riab les  in  th e  reg ress io n  d a ta  s e t  c a n  b e
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b o u n d e d  b y  th e ir  m e a n  a n d  s ta n d a rd  dev iations. R eg ression  u su a lly  

tra d e s  off m odel so p h is tic a tio n  for goodness of fit. S eldom  does th e  

reg ress io n  tra d e  off g o o d n ess  of fit for ease  in  op tim ization . T h ere  a re  

som e good trade-o ffs availab le  h e re  b u t  no g en era l ru le  for app ly ing  

th em . T he dec ision  m a k e r  is th e  only  one in  a  p o sitio n  to  m ak e  th is  type 

of trade-off.

1.2 Description of the Algorithm

T he in itia l s te p s  of th e  a lg o rith m  red u ce  th e  p ro b lem  to  its  s im p les t 

form  b y  e lim in a tin g  te rm s , c o n s tra in t re d u n d a n c ie s , a n d  b o u n d  re d u n ­

d an c ies . T he n e x t s te p s  b o u n d  th e  in d e p e n d e n t v a riab les  in  th e  con­

s tra in ts , th e  co n tex t of th e  p rogram , a n d  th e  reg ress io n  s ta tis tic s . 

In te rm ed ia te  s te p s  in c lu d e  ev a lu a tin g  variab le  co n trib u tio n s  in  th e  

objective fu n c tio n s  a n d  se ttin g  u n c o n s tra in e d  v a ria b le s  a t  th e ir  b o u n d s , 

se p a ra tin g  th e  u n c o n s tra in e d  su b p ro g ram s, se ttin g  u p  th e  geom etric 

p ro g ram m in g  d u a l fu n c tio n  a n d  its  lin e a r  c o n s tra in ts  a n d  ana lyzing  v ari­

ab le  re la tio n sh ip s  in  th e  d u a l fo rm u la tion . F inally , th e  in fo rm atio n  

gained  is u se d  to  c lassify  th e  p ro g ram  for th e  se lec tio n  of th e  ap p ro p ria te  

co m p u te r  code to  solve th e  re s id u a l p roblem .

T he c la ss  of p ro b lem s th a t  th is  a lgo rithm  c a n  p rep ro cess  in c lu d es  

th e  s e t  of genera lized  po lynom ials called  signom ials. T hey  differ from  

po lynom ials in  th e  in c lu s io n  of rea l ex p o n en ts  a n d  coefficients i.e ., objec­

tive fu n c tio n s  a n d  c o n s tra in ts  of th e  form:

% GiCoeffiVar*1
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W here a* is 1 o r - 1 , a n d  et is  a n y  re a l n u m b e r.

Polynom ials have  b o th  positive a n d  negative  coefficients a n d  only  positive 

in teg e r ex p o n en ts . A lthough  in itia l s te p s  in  th e  a lg o rith m  call for th e  

s u b s t i tu tio n  o f se rie s  ex p an s io n s  for tr ig o n o m etric  a n d  logarithm ic  fu n c ­

tio n s , th e se  m a y  n o t be  d es irab le  a n d  m ay  n eed less ly  com plicate  th e  

so lu tio n . T rigonom etric  o r log arith m ic  fu n c tio n  p ro g ram s c a n  b e  solved 

w ith  o th e r  m e th o d s  m ore efficiently.

1.3 Geometric Programming

G eom etric  p rog ram m ing , a  s im p le  so lu tio n  m eth o d , req u ire s  little  

m ore  th a n  f irs t co u rse s  in  derivative c a lc u lu s  a n d  vec to r a lgeb ra . It h a s  

excellen t p o te n tia l for b u s in e s s , econom ic, a n d  eng ineering  p ro b lem  

an a ly s is  b e c a u se  of its  com m on se n se  ap p ea l. A nalyses u s in g  geom etric  

p ro g ram m in g  closely  p ara lle l th o se  u s e d  b y  a n  experienced  dec ision  

m a k e r  a n d  gen era lly  su p p o r t h is  in tu itio n . G eom etric p rog ram m ing , 

how ever, m a y  n o t b e  a  p a r tic u la r ly  effective tool for solving n o n lin e a r  

op tim iza tion  p ro b lem s w h en  ap p lied  in d isc rim in a te ly  to  a  b ro a d  c la ss  of 

p ro b lem s. T h is  a lgo rithm  does n o t re ly  o n  th e  so lu tio n  to  th e  geom etric  

d u a l fu n c tio n , r a th e r  it  ex am in es th e  o p tim ality  co n d itio n s to  e s ta b lish  

ad d itio n a l re la tio n sh ip s  b e tw een  th e  v ariab les .

A q u a lita tiv e  u n d e rs ta n d in g  of th e  in te ra c tio n  of th e  p ro g ram  v a ri­

ab les  a n d  th e  objective fu n c tio n  is  o ften  m ore  im p o rta n t to  th e  dec ision  

m a k e r  th a n  th e  a c tu a l answ er. If a  m a n a g e r  c a n  see how  a  v ariab le  

affects th e  so lu tio n  th e n  d ec is io n s w h ich  red u ce  o r in c re a se  th a t  v ariab le  

will b e  e a s ie r  to  eva lua te . Likewise, if th e  v ariab les  a re  p ro p erly  b o u n d e d
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h e  c a n  d e te rm in e  th e  feasib ility  of th e  c u r re n t o p e ra tin g  v ariab le  v a lu es . 

O n th e  o th e r  h a n d , if h e  is  m a k in g  a  p ro fit a n d  sev era l v a riab les  a re  o u t 

o f b o u n d s  th e n  h e  c a n  read ily  see  th a t  h e  n ee d s  a  n ew  m odel.

A n exam ple of a n  em b ed d ed  p rob lem  involves th e  sing le variab le  

b o u n d . In th e  desig n  of a  s tee l re in fo rced  co n cre te  b eam , w here  m in im iz­

ing  th e  c ro ss  sec tio n  (w hich d irec tly  d e te rm in es  th e  w eigh t a n d  h en c e  

cost) o f th e  b eam  is  th e  p rin c ip a l op tim iza tion  goal. A n im p o rta n t 

v ariab le  to  th is  op tim iza tion  p ro g ram  is th e  yield s tre n g th  of th e  steel. 

Yield s tre n g th  a s  opposed  to  u litm a te  s tren g th , w h ere  fa ilu re  of th e  s tee l 

m e m b er ac tu a lly  o ccu rs , is  th e  p o in t w here  d efo rm atio n  o cc u rs  non lin - 

ea rly  w ith  ad d itio n a l s tre s s . D esign  of re inforced  co n cre te  is  governed  b y  

s ta te  a n d  local b u ild in g  codes w h ich  u su a lly  reference  th e  A m erican  

C oncre te  In s titu te ’s  d es ig n  p ro ced u res . T he yield s tre n g th  of s tee l u se d  

in  re in forced  co n cre te  d es ig n  is b o u n d  by  th a t  d es ig n  p ro ced u re  a n d  

h en c e  b y  law. A dditionally , th e  yield s tre n g th s  of s tee l re in fo rc ing  b a r  

availab le  from  m a n u fa c tu re rs  a re  d isc re te  a n d  lim ited .

Likewise th e  d isc re te n e ss  of a  v ariab le  m ay  sign ifican tly  red u ce  th e  

d ifficulty  in  e n u m e ra tin g  th e  so lu tio n  possib ilities. F o r exam ple, su p p o se  

th e  desig n  of a  p ipe line  sy s tem  c o n s is ts  of d e te rm in in g  th e  n u m b e r  of 

p u m p in g  s ta tio n s  a n d  th e  se lec tio n  of p ipe d iam ete rs . It is  n o t possib le  

to  b u ild  h a lf  of a  p u m p in g  s ta tio n  a n d  p ipe is  on ly  m a n u fa c tu re d  in  sp e ­

cific d iam ete rs . T herefore, w ith in  a  sm all ran g e  o n  e a c h  of th e se  v ari­

ab le s  th e  p o ssib le  co m b in a tio n s  c a n  be  e n u m e ra te d  to  find  th e  op tim um .
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Chapter 2 

CONCEPTS

2.1 Algorithms

A n a lg o rith m  is  a  s te p -b y -s te p  p rob lem -so lv ing  p ro ced u re . T rad i­

tionally , p ro g ra m m ers  a n d  m a th e m a tic ia n s  w rite  a lg o rith m s before 

b eg in n in g  th e  d e ta iled  a n d  p ro b lem  of p rog ram m ing . It is  a lso  a  m e th o d  

of co m m u n ic a tin g  th e  so lu tio n  p ro cess . O ften m a n ag e rs  b ro u g h t u p  

th ro u g h  th e  r a n k s  will c la im  th a t  th e y  c a n  m ak e  a c c u ra te  d ec is io n s w ith ­

o u t m a th e m a tic a l an a ly sis . T h ese  m a n a g e rs  ta lk  a b o u t hav in g  a  feel for 

th e  p rob lem . C a su a l o b se rv e rs  m a y  th in k  th a t  th e  d a ta  th e y  u s e  to  solve 

th e se  p ro b lem s have  no  a p p a re n t b ea rin g  on  th e  problem . T h is  in tu itiv e  

a n d  oft tim es  u n c o n sc io u s  p ro cess  m o s t o ften  involves th e  ev a lu a tio n  of 

w h a t c a n n o t b e  done. In  o th e r  w ords, th e  m a n a g e r  is ev a lu a tin g  th e  

p ro b lem  a g a in s t a  s e t  of u n s ta te d  c o n s tra in ts . O p tim ization  is  a t  once  

b o th , a  rigid m a th e m a tic a l p ro cess  w ith  firm  ru le s  a n d  p ro ced u res , a n d  a  

crea tive  in tu itiv e  p ro cess  ca lling  for ju d g e m e n t a n d  accep tan ce  of risk .

P rovid ing  a  deductive  o rd erin g  o f in s tru c tio n s  allow s th e  eng ineer, 

econom ist, o r m a n a g e r  to  explore h is  m odel for th e  u n s ta te d  c o n s tra in ts , 

b o th  in tu itive ly , d raw ing  on  h is  know ledge of th e  p ro cess , a n d  

exhaustive ly , ev a lu a tin g  every re a so n a b le  co m b in a tio n  of v ariab les .

O nce th e se  c o n s tra in ts  a re  iden tified  th e y  c a n  be  in c lu d ed  in  th e  ev a lu ­

a tio n  of th e  s ta te d  c o n s tra in ts . A s a n  exam ple, know ing  th a t  p ro d u c tio n  

m u s t  b e  m a in ta in e d  above a  c e rta in  level (constra in t), th e  m odel to  

m in im ize to ta l co s t c a n  be  ev a lu a ted  in  i ts  p ro p e r  contex t. Likewise,
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m in im iz ing  co s t to  th e  p o in t p ro d u c tio n  is  zero, if th e  rea l goal is  to  m ax i­

m ize p ro fit (dual function), h a s  no  m ean ing . T he u s e r  know s, reg a rd le ss  

of payoff, h is  m a n u fa c tu r in g  p la n t’s  p ro d u c tio n  is  lim ited  b y  a  s e t of 

im m u tab le  re so u rce  a n d  cap ac ity  co n s tra in ts , a t  le a s t  in  th e  s h o r t  ru n .

In  m a n y  ca ses  a c tio n s  a re  ta k e n  (i.e., c o n s tra in ts  a re  active) in  th e  s h o r t 

te rm  w h ich  have  no  b e a rin g  on  th e  overall long r u n  o p era tio n a l d irec tion . 

T he m a n a g e r  know s how  a n d  w hy  th a t  ac tio n  w as n e c e ss a ry  a n d  w h en  

th e  ac tio n  is  no  lo n g er valid .

U n d e rs ta n d in g  th e  m odel a n d  th e  op tim iza tion  p ro ce ss  allow s th e  

a lg o rith m ’s u s e r  to  b r in g  h is  know ledge an d  in tu itiv e  u n d e rs ta n d in g  of 

th e  p ro b lem  to b ea r. In  m o s t eng ineering , econom ic, a n d  b u s in e s s  p ro b ­

lem s th e  objective fu n c tio n  v a ria b le s  a re  m u c h  m ore  tig h tly  b o u n d  th a n  

w e a s  a n a ly s ts  w ould  like to  ad m it, m ak in g  o p tim iza tio n  le ss  im p o rta n t 

th a n  feasibility . A n exam ple of know ing  th e  p ro c e ss  is  fo u n d  in  th e  m a r­

k e tin g  m ix  p rob lem  (B a lach a n d ra n  a n d  G en sch  1974), w h ere  th e  "op­

tim um " so lu tio n  iden tifies la s t  p e rio d ’s  ad v ertis in g  a n d  c u r re n t in -s to re  

p ro m o tio n  v ariab les  a s  c ritica l to  m axim izing  sa le s  in  th e  c u r re n t  period . 

T he s ta te d  c o n s tra in ts  c a u se  th e  m a th em a tic a l a lg o rith m  to  tra d e  c u r ­

r e n t  ad v ertis in g  for c u r re n t  in -s to re  p rom otion , in  o th e r  w ord  sacrific ing  

fu tu re  p ro fits  for c u r re n t p ro fits . K now ing th a t  th e  s h o r t  te rm  is  o ften  

sacrificed  for th e  long  r u n  b u t  th a t  th e  long ru n  is  se ld o m  sacrificed  for 

th e  s h o r t  r u n  sh o u ld  c a u se  th e  m od e ler to  reev a lu a te  h is  m odel. O nce 

iden tified  th is  d icho tom y  c a n  b e  resolved by  rew ritin g  th e  objective fu n c ­

tio n  to  optim ize a n d  b a la n c e  th e se  v ariab les  in  b o th  p erio d s.
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S en sitiv ity  an a ly s is  of c o n s tra in e d  op tim iza tion  p ro g ram s o ften  

m e a n s  ana lyz ing  th e  c o n s tra in ts  to  find  o u t how  ch an g in g  a  c o n s tra in t 

will affect th e  objective fu n c tio n . If th e  u s e r  c a n  b o u n d  th e  v ariab les  

a c cu ra te ly  b a s e d  on  experience, com m on sen se , a n d  a n  in tu itiv e  u n d e r ­

s ta n d in g  of th e  m ean in g  of e a c h  c o n s tra in t in  th e  co n tex t of th e  p rog ram , 

th e n  h e  is  w ell on  th e  w ay  tow ard  effective op tim ization . A n exam ple  of 

how  th is  c a n  b e  d one is fo u n d  in  th e  an a ly s is  of co s t m in im iza tion  for a  

m a n u fa c tu r in g  p la n t. T he c u r re n t  co n tra c te d  p ro d u c tio n  re p re se n ts  a  

rea l low er b o u n d  a n d  th e  sa le s  fo recas t is  a  re a so n ab le  u p p e r  b o u n d  on  

to ta l p ro d u c tio n . In  th is  case , th e  low er b o u n d  is  h a rd  a n d  th e  u p p e r  

b o u n d  is  soft. If o u r  an a ly s is  sh o w s th a t  th e  v ariab le  is  o p tim u m  a t  its  

u p p e r  b o u n d  th e n  we will th in k  of it  in  te rm s  of w h a t it  could  be; if  i t  is 

o p tim u m  a t  its  low er b o u n d  th e n  w e will fix i t  a t  th e  h a rd  lim it. If s e n s i­

tiv ity  a n a ly s is  show s th a t  cap ac ity  is  c o n s tra in e d  to  th e  p o in t th a t  p ro ­

d u c tio n  is  inefficient, th e n  th e  m a n a g e r  m ay  b e  ab le  to  ch an g e  th e  

p ro b lem  s ta te m e n t b y  a llocating  ad d itio n a l re so u rc e s  to  in c rease  

capac ity .

T he sen sitiv ity  an a ly s is  of th e  v a ria b le s  in  a  co m p u te r a lg o rith m  will 

n o t n e c e ssa rily  p in p o in t th is  cap ac ity  variab le . If it  does th e  m a n a g e r  o r 

th e  a n a ly s t m ay  n o t recognize its  im p o rta n ce  w ith o u t hav ing  done th e  

type of an a ly s is  th is  a lg o rith m  req u ires . T herefore , w ork ing  th ro u g h  th e  

p ro b lem  th e  m a n a g e r  sh o u ld  see  th e se  in te r-re la tio n sh ip s  (sensitivities) 

am o n g  th e  o p era tin g  v ariab les . E ven  if h e  c a n n o t m ak e  th e  v ariab le  "op­

tim al" h e  c a n  m ove th e  p ro cess  in  th e  r ig h t d irec tion .
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2.2 Understanding Theory

S ince a n  u n d e rs ta n d in g  of n o n lin e a r  op tim iza tion  theory , p a r t ic u ­

la rly  geom etric p ro g ram m in g , is  help fu l, th e  re a d e r  is  re fe rred  to D uffin, 

P e te rso n , a n d  Z ener (1967) a n d  B eigh tler a n d  Phillips (1976) for a n  

ex p o su re  to  th e  u n d e rly in g  geom etric  p ro g ram m in g  re la tio n sh ip s . W hile 

th e  m a th em a tic a l re p re se n ta tio n s  u se d  in  th e  f irs t m ay  b e  co n fu sin g  a t  

f irs t once th e  re a d e r  ev a lu a te s  one o r tw o fu n c tio n s  it  is  m u c h  ea s ie r  to 

u n d e rs ta n d . W ith  s u c h  a n  u n d e rs ta n d in g  m o s t o f th e  an a ly s is  will 

a p p e a r  to  be  rela tively  easy . T he key  to th e  su c c e ss fu l p ro sec u tio n  of th e  

a lg o rith m  is a  th o ro u g h  u n d e rs ta n d in g  of th e  p ro b lem  on  w h ich  th e  

m odel is  b ased . E very  p ra c titio n e r  sh o u ld  have  a  h e a lth y  sk ep tic ism  for 

th e  d a ta  a n d  th e  m odel. T h is  sk ep tic ism  will p rev en t u n n e c e ssa r ily  

d e ta iled  an a ly sis  a n d  allow  m ore  tim e for refin ing  th e  m odel.

A  m in im ization  p ro b lem  is b e s t  solved b y  m in im izing  th e  v a riab les  

a n d  te rm s  th a t  m ak e  th e  goal (objective function) la rg e r (i.e., th e  m in i­

m izing  th e  positive p a r ts  o f th e  program ) an d  m axim izing  th e  v ariab les  

a n d  te rm s  th a t  m ak e  th e  goal sm a lle r  (i.e., m axim izing  th e  negative 

p a rts ) . Likewise a  m ax im iza tio n  p rob lem  m axim izes positive v a riab les  

a n d  te rm s  a n d  m in im izes negative  v ariab les  a n d  te rm s .

Positive v a riab les  a p p e a r  w ith  positive ex p o n en ts  in  te rm s  w ith  p o si­

tive coefficients o r w ith  nega tive  ex p o n en ts  in  te rm s  w ith  negative  coeffi­

c ien ts . Negative v a riab les  a p p e a r  w ith  negative ex p o n en ts  in  te rm s  w ith  

positive coefficients o r positive ex p o n en ts  in  te rm s  w ith  negative  

coefficients. T he geom etric  p ro g ram m in g  sign  (signGP) of a  v a riab le  is  a
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co n v en ien t w ay  of rem em b erin g  w h e th e r  th e  v ariab le  is  positive o r n eg a ­

tive.

T he orig inal w ork  in  geom etric  p ro g ram m in g  w as com pleted  by  

D uffin, P e te rso n , a n d  Z ener (1967). T h e ir te x t o u tlin es  th e  b a s ic  co n ­

cep ts  of posynom ial p ro g ram m in g  a n d  th e ir  m a th em a tic a l re la tio n sh ip s  

to  duality , convexity, K u h n -T u ck er co n d itio n s, a n d  L agrange m u ltip lie rs . 

S ince th a t  tim e, ex ten s io n s  o f geom etric  p ro g ram m in g  have in c lu d ed  co n ­

d e n sa tio n  te c h n iq u e s  (Passy  1969), s ignom ial p ro g ram m in g  (Duffin a n d  

P e te rso n  1973), a n d  m a n y  o th e rs . R ijck aert a n d  M artin s  (1976), D em bo 

(1978), a n d  E ck e r (1980) have  com piled  ex tensive review s a n d  b ib lio ­

g rap h ie s  of th e  geom etric  p ro g ram m in g  lite ra tu re  a n d  softw are.

P u b lish e d  w o rk  in  G eom etric P rog ram m ing  h a s  declined  in  th e  p a s t  

te n  y e a rs  a n d  excep t for a  book  ed ited  b y  A llen (Forthcom ing), no  m a jo r 

p u b lic a tio n s  w ere fo u n d  to  be  co n tem p la ted . S everal re se a rc h e rs  a t  th e  

C olorado School of M ines have co n tin u ed  b a s ic  re se a rc h  in  th e  a re a  of 

co n d e n sa tio n  a n d  signom ial p rog ram m ing . O th e r  re se a rc h e rs  co n tin u e  

th e  developm en t of co n cep ts  o u tlin ed  b y  P e te rso n , D uffin, Z ener, a n d  

o th e rs . N oth ing  p u b lish ed  in  th e  la s t  te n  y e a rs  a p p e a rs  to affect th e  co n ­

cep ts  u se d  in  th is  th e s is .

P e te rso n  (1976) p re se n ts  a  full review  of th e  th eo re tica l deve lopm ent 

of p o sy n o m ia l geom etric  p ro g ram m in g  for b o th  th e  u n c o n s tra in e d  a n d  

co n s tra in e d  ca se s . He in c lu d es  a  d isc u ss io n  of th e  op tim ality  co n d itio n s, 

duality , a n d  d ecom position  in  a  rig o ro u s m a n n e r . D uffin  a n d  P e te rso n
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(1973) p re se n t a  m e th o d  of tran sfo rm in g  signom ial p ro g ra m s in to  equ iva­

le n t posynom ial p ro g ram s. P a ssy  (1969) re p o rts  th e  d eve lopm en t of a  

m e th o d  of ch an g in g  signom ial c o n s tra in ts  in to  p o synom ia l c o n s tra in ts  

u s in g  co n d en sa tio n .

T he co n cep t developed in  th is  th e s is  w as in tro d u c e d  in  a  te x t ed ited  

b y  B eigh tler a n d  P h illips (1976) w h ich  co n ta in ed  c h a p te rs  co n trib u ted  by  

R. E. D. W oolsey, a n d  R. S. D em bo. W oolsey’s  co n trib u tio n  w as en titled  

"P ractical A sp ec ts  of G eom etric  P roblem  Solving." It in c lu d ed  s u b s e c ­

tio n s  en titled  "R educing D egrees of D ifficulty b y  V ariab le  E lim ination" 

a n d  "R educing D egrees of D ifficulty  b y  E ng ineering  K now ledge of th e  

S y stem  a n d  C om m on S ense ." D em bo’s co n trib u tio n  w as  a  c h a p te r  

en title d  "Selected A pp lica tions of G eom etric P rogram m ing" in c lu d in g  a  

su b se c tio n  "Solu tion  to  a  "M arketing  Mix" Problem ." R esea rch , lec tu res , 

a n d  w ork ing  p a p e rs  b y  W oolsey a n d  g ra d u a te  s tu d e n ts  a t  th e  C olorado 

S choo l of M ines in  lin ear, in teger, a n d  geom etric p ro g ram m in g  com plete  

th e  b a s is  of th is  w ork.

E a c h  of th e se  w o rk s fo cu ses  o n  th e  sep arab ility  of th e  n o n lin e a r  

p ro g ram s fo u n d  in  eng ineering , econom ics, a n d  b u s in e s s . G eom etric 

p ro g ram m in g  is ideally  su ite d  for solving th e se  ty p es of p ro b lem s b y  

exp lo iting  th e  a lgebraic  s t ru c tu re  of th e  p rob lem s. T he a lg o rith m  p ro ­

p o sed  in  th is  th e s is  ta k e s  th is  co n cep t one s tep  fu r th e r  b y  u s in g  geom et­

ric  p ro g ram m in g  re la tio n sh ip s  to  iden tify  th e  se p a rab le  su b p ro g ra m s.
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2.3 Some Helpful Definitions

S ig n er - T he s ig n GP of e ach  te rm  is  th e  p ro d u c t of th e  sign  on  th e  coeffi­

c ien t a n d  th e  s ig n  on  th e  v a riab le 's  ex p o n en t.

Term - A p ro d u c t co n s is tin g  of a  c o n s ta n t coefficient a n d  v ariab les  

s e p a ra te d  from  o th e r  te rm s  b y  a  p lu s  (+) o r m in u s  (-) sign . M a th em a t­

ically  w e c a n  d escrib e  a  te rm  as:

oC I lx /\
1 = 1

W here a  = +1 o r - J, C is  th e  te rm 's  coefficient, a n d  Xi a re  th e  v a riab les  in  

th e  p ro g ram  a n d  et a re  th e  ex p o n en ts  of th e  p ro g ra m 's  v a riab les  in  th e  

te rm .

Polynomials - A  su m m a tio n  of m u lti-v ariab le  te rm s  w ith  positive in teg e r 

ex p o n en ts , positive a n d  negative  coefficients, a n d  re a l in d e p e n d e n t v a ri­

ab les. In  eq u a tio n  fo rm  th is  is:
m n
Z  G j C :  U X i / .j = i J Ji = i J

W here Gj = +1 or -1, Cj is  th e  te rm 's  coefficient, a n d  Xg a re  th e  v ariab les  

in  th e  p ro g ra m  a n d  eÿa re  th e  positive in teg e r ex p o n en ts  of th e  p ro g ram 's  

v a riab les  in  th e  te rm .

Posynomials - A genera lized  po lynom ial w ith  re a l ex p o n en ts , positive 

coefficients, a n d  s tr ic tly  positive in d e p e n d e n t v ariab les . M athem atica lly  

it  is  s im ila r to  th e  polynom ial:
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W here Gj = +1 or -1, Cj is  th e  te rm 's  coefficient, a n d  Xg a re  s tr ic tly  posi­

tive v a riab le s  in  th e  p ro g ram  a n d  eg a re  th e  rea l ex p o n e n ts  of th e  p ro ­

g ram ’s  v a riab les  in  th e  te rm .

Signomials - A genera lized  po lynom ial w ith  rea l ex p o n e n ts  a n d  rea l 

coefficients, a n d  s tr ic tly  positive in d e p e n d e n t variab les.

m n
Z GjCj U X y .

y=l i=l

W here a, = +1 o r -1, Cj is  th e  te rm 's  coefficient, a n d  Xg a re  s tr ic tly  p o s i­

tive v a riab le s  in  th e  p ro g ram  a n d  eÿ a re  th e  rea l ex p o n en ts  of th e  p ro ­

g ram ’s  v a riab les  in  th e  te rm .

Objective Function - T he m a th e m a tic a l re p re se n ta tio n  of th e  

op tim iza tio n 's  goal (e.g., a  co s t o r p ro d u c tio n  function).

Constraints - T he signom ial re p re se n ta tio n  of th e  b o u n d s  on  th e  so lu ­

tio n  d u e  to  lim ited  re so u rce s .

Single Variable Bounds - A c o n s tra in t  th a t  in c lu d es  on ly  one v ariab le  

w ith  e ith e r  a n  u p p e r  b o u n d , a  low er b o u n d , o r b o th  (e.fif., 2  < x < 4  o r x >  

2 o r x <  4).

2.4 The Geometric Inequality

D uffin, P e te rson , a n d  Z en er (1967) exp lained  th e  geom etric  

in e q u a lity  elegan tly  b y  show ing  th a t

> Ufu?

U n d e rs ta n d in g  th e  p ro o f of th is  re la tio n sh ip  will m ak e  accep tan ce
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of th e  o p tim ality  co n d itio n s  o r ru le s  easie r. P roofs of convexity  a n d  

so p h is tic a te d  m a th e m a tic a l p roofs have  b ee n  p u b lish e d  for th is  re la tio n ­

sh ip  in  a b u n d a n c e  a n d  will n o t be  rep ea ted  h e re . G eom etric p ro g ram ­

m ing  d ep e n d s  o n  th is  d is tin c tio n  a n d  h en ce  th e  posynom ial d es ig n a tio n  

for genera lized  po lynom ials w ith  positive coefficients a n d  rea l ex p o n en ts .

S ignom ial p ro g ra m s c a n n o t be  solved globally  w ith  genera lized  geo­

m etric  p ro g ra m m in g  te c h n iq u e s . T h is  is  a lso  tru e  for a n y  n o n lin e a r  p ro ­

g ram m in g  te ch n iq u e . S ince th e  convexity  of th e  fu n c tio n  a n d  th e  

c o n s tra in t reg ion  is d ifficult if n o t im possib le  to  e s ta b lish  th e  convexity  of 

signom ial p ro g ram s. T h is a lg o rith m  does n o t g u a ra n te e  a  so lu tio n  vec­

to r. It does allow  th e  u s e r  to  red u ce  th e  reg ion  in  w h ich  h e  o r h is  so lu ­

tio n  te ch n iq u e  will s e a rc h  for th e  so lu tio n .

T he a lgeb ra ic  p ro o f follows.

Let Ui a n d  U2 b e  a n y  n o n -n eg a tiv e  n u m b e rs . T hen :

(t/, - 1/2)2 2  0 ,

o r

U l - l U J J i  + Ul > 0.

A dding 4L71[/2 to  b o th  s id es  th e  in eq u a lity  becom es:

U i + l U ^  + Ul > 4£Z1ÎZ2,

o r

(Ux + U2f  > 4{/1t /2

T ak ing  th e  s q u a re  ro o t o f b o th  sides:

Ul + U1 > lU ^ U ™ ,
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o r

T he geom etric  in eq u a lity  b eco m es a n  eq u a lity  if a n d  on ly  if  a n d  U2 a re  

eq u a l. In  o rd e r to  be  m ore  genera l, le t U1 a n d  U2 re p re se n t te rm s  w ith  

n o n -n eg a tiv e  v a lu es. T h is  c a n  b e  sh o w n  to  ex p an d  to  th e  genera lized  

form  of th e  in eq u a lity  w h ich  is:

SiC/,+ %  + ... + 8 , [/» >

w here , ô1 + ô2 + ... + ô„ = 1, 

a n d  Ô, > 0 .

T h is  c a n  be ex p an d ed  b y  in tro d u c in g  th e  variab le  a  w h ich  will b e  defined  

a s  e ith e r  +1 o r -1. T h is  allow s th e  sa m e  developm ent of th e  n o rm a lity  

co n d itio n s  for signom ial p ro b lem s. T he signom ial eq u iv a len t is: 

cr1ô1 + CJ2§2 +... + o„ôn = a  

a n d  5, > 0 .

R e tu rn in g  to  th e  posynom ial fo rm u la tio n . Let 14= SJJi a n d  th e  in eq u a lity  

is  in  th e  s ta n d a rd  form  for geom etric  program m ing:

Ÿi \h. A. ^Wi M2

2.5 The Formulation of the Dual Problem

T he fo rm u la tio n  of th e  d u a l p ro g ram  is im p o rta n t to  th e  develop­

m e n t of th e  op tim ality  eq u a tio n s  for th e  objective fu n c tio n  te rm s  a n d  th e



T-3672 17

c o n s tra in t te rm s . T h ese  op tim ality  co n d itio n s define ad d itio n a l 

re la tio n sh ip s  b e tw een  th e  v a ria b le s  w h ich  will b e t te r  define th e  p ro ­

g ram s. D uffin, P e te rso n , a n d  Z en er developed geom etric  p ro g ram m in g  

b a se d  on  d u a lity  th e o ry  a n d  th e  re q u ire m e n t th a t  th e  m in im u m  of th e  

su m

Mj + M2 ^

is  g rea te r  th a n  th e  m ax im u m  of th e  p ro d u c t

\ 8i/'„ ^  f u Y*Ml «2

Vô2y

w h ich  is  tru e  if a n d  on ly  if

81 + 82 + ... +8n = 1

a n d

8, >0

T he in h e re n t e legance of geom etric  p ro g ram m in g  is  th a t  i t  co n v erts  

th e  p ro b lem  from  a  (prim al) n o n lin e a r  m in im iza tio n  p ro g ram  in to  a  (dual) 

concave m ax im iza tion  p ro g ram  w ith  lin e a r  c o n s tra in ts . If th e  so lu tio n  to 

th e  d u a l is fo u n d  in  th e  s q u a re  m a tr ix  of in d e p e n d e n t lin e a r  c o n s tra in ts , 

th e  p ro g ram  is  sa id  to  have , zero degree of difficulty. T he w ay  to  ca lcu ­

la te  th e  degree of d ifficulty  is  to  c o u n t th e  n u m b e r  of te rm s  in  th e  objec­

tive fu n c tio n  a n d  th e  c o n s tra in ts  a n d  s u b tra c t  th e  n u m b e r  of v a riab les  

p lu s  one from  th is  co u n t. T h is  is  equ iva len t to  th e  n u m b e r  of co lu m n s in  

th e  d u a l c o n s tra in t m a tr ix  m in u s  th e  n u m b e r  of row s. T he b a s is  for th is
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p rim a l-d u a l re la tio n sh ip  is  s e t  fo rth  in  P a rk a s ’ L em m a of lin e a r  p ro g ram ­

m in g  w h ich  s ta te s  th a t  a  feasib le  so lu tio n  to th e  p rim al is  a n  in feasib le  

so lu tio n  to  th e  d u a l excep t a t  op tim ality .

T h e  so lu tio n  to th e  u n c o n s tra in e d  p rob lem  is n o t u n im p o rta n t. In  

fact, i t  is  a  n e c e ssa ry  p iece o f in fo rm atio n  for dec ision  m ak in g  w h e n  co n ­

s tr a in ts  c a n  be  e lim in a ted  b y  b u y in g  ad d itio n a l re so u rce s . In  th e  algo­

r ith m  th e  iden tifica tion  of se p a ra b le  u n c o n s tra in e d  su b p ro g ra m s  will 

m a k e  u s e  of th is  in fo rm atio n  to  b o u n d  th e  op tim iza tion  p ro g ram  

so lu tio n . However, th e  c e n tra l th e m e  of th is  a lg o rith m  is  th e  id en tifica­

tio n  of c o n s tra in ts  a n d  th e  n a rro w in g  of th e  c o n s tra in t reg ion  u n ti l  th e  

so lu tio n  c a n  be  fou n d  d irectly .

A  c o n s tra in e d  op tim iza tion  p ro g ram  in c lu d es  b o th  a  fu n c tio n  to  be  

optim ized , called  th e  objective fu n c tio n , a n d  c o n s tra in ts . G eom etric p ro ­

g ram m in g  req u ire s  th a t  all c o n s tra in ts  be  in  th e  form  of a  s ignom ial le ss  

th a n  o r e q u a l to  zero. T h is  fo rm  will fac ilita te  th e  developm en t of th e  

d u a l c o n s tra in e d  func tion .

To develop th e  u n c o n s tra in e d  d u a l fu n c tio n  th e  co n cep t of w eigh ts 

m u s t  b e  rev isited . In  th e  u n c o n s tra in e d  d u a l th e  Ôs u se d  in  th e  geom et­

ric  in eq u a lity  w ere no rm alized . T h is  w as  accep tab le  b e c a u se  th e  re la ­

tio n sh ip  w as u n b o u n d e d . T he deve lopm en t of th e  d u a l co n s tra in e d  

fu n c tio n  re q u ire s  th a t  a  d u a l be  developed w ith  w eigh ts th a t  a re  n o t 

n o rm alized  for th e  c o n s tra in ts . B orrow ing from  D uffin  a n d  P e te rso n  

(1973):

A  c o n s tra in t of th e  form
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1 Cj + c2 +... + cn

c a n  be converted  b y  u s e  of th e  geom etric  in eq u a lity  to

C1

vSv
£1

v ^y

w here

5i + 02+ ... +5n = 1 

D efine w eigh ts to, s u c h  th a t , 

cûj + o)2 + ... +CL)rt = X

Let, 8,- = y

a n d  su b s titu tin g , th e  e q u a tio n  b ecom es

1 ^  c1 + c2 + ... + cn
T r  _ Z_ x

Cl c2 c«
“l <“2 ... “nU  J U  J U  J

or

1 > 0! + ̂ + . . .  + ^  ^  

S ince,

? ♦ ? — ?  -  -■

th e  eq u a tio n  becom es

Z  ̂ z. Z - Vx 
c 2

VMV Ve02 y
£̂ l 

Ve0» y
•X

Z_ \ &Z _  f  c  VxCi
vtoiy

Ç2

Ve02 y
X

R aising  every th ing  to  th e  pow er of th e  su m  of th e  w eigh ts
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I*’ ^  Cj + c2 +... + ^ _  
v ^ y

z _ \®i

vWny

Note: O ne to  a n y  pow er is  still one.

M ultip ly  th e  u n c o n s tra in e d  d u a l fu n c tio n  b y  th e  ex trem e rig h t- a n d  left- 

h a n d  s id e s  of th e  co n s tra in t:

(Wj 4- Wg +  ... 4- ' 1 —

w h ere

X  =  COj +  c o 2 +  . . .  + C 0 n .

v».y vS- /
£i
tov

D uffin, P e te rso n , a n d  Z en er (1967) show ed  th a t  X, th e  s u m  of th e  

w eig h ts  in  th e  c o n s tra in t, is  th e  L agrange m u ltip lie r for th a t  c o n s tra in t.

2.6 Optimality Condition

D eveloping th e  n o rm ality  co n d itio n s  req u ire s  th a t  th e  p ro g ra m  be  

s ta te d  in  a  s ta n d a rd  form . T he objective fu n c tio n  m u s t  b e  a  m in im iza­

tio n  fu n c tio n , a n d  th e  c o n s tra in ts  m u s t  be  a rran g ed  so th a t  all o f th e  

v a riab le  te rm s  a re  on  th e  le ft-h an d  sid e  of a n  in eq u a lity  le ss  th a n  o r 

eq u a l to  1. T h is  m ay  req u ire  a  good d ea l of algebraic  m a n ip u la tio n . T he 

p ro cess  for g e ttin g  th e  p ro g ram  in  th is  fo rm at is  d escrib ed  in  S tep  1 of 

th e  p rep ro cess in g  a lgo rithm .

T he n o rm ality  co nd ition  is  th e  f irs t type of op tim ality  co n d itio n  

w h ich  form  th e  lin e a r  c o n s tra in ts  on  th e  d u a l fu n c tio n . T h is  is  th e  sam e  

co n d itio n  re ferred  to  in  th e  d isc u ss io n  of th e  geom etric  inequality .
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$i + ô2+ ••• +Ô„ = 1

It is  e a s ie s t to  th in k  of e a ch  8  a s  th e  p e rcen tag e  w eigh t a n  objective fu n c ­

tio n  te rm  re p re se n ts  in  th e  o p tim u m  so lu tio n  of th is  p rog ram .

O rthogonality  co n d itio n s  a re  th e  seco n d  type  of op tim ality  cond ition  

form ing th e  d u a l c o n s tra in t  fu n c tio n s . T he o rth o g o n a lity  co n d itio n s a re  

form ed a s  follows. N u m b er th e  te rm s  in  th e  objective fu n c tio n  1 th ro u g h  

n  w here  n  is th e  n u m b e r  of te rm s  in  th e  objective fu n c tio n . S ta r tin g  w ith  

n + 1 , n u m b e r  th e  te rm s  in  th e  c o n s tra in ts  from  th e  f irs t te rm  in  th e  firs t 

c o n s tra in t to  th e  la s t  te rm  in  th e  la s t  c o n s tra in t, om ittin g  th e  r ig h t h a n d  

s id es  of th e  c o n s tra in ts . T hen , for ea ch  variab le , fo rm  th e  o rthogonality  

co n d itio n  by  d e te rm in in g  th e  coefficient on  8  from  th e  p ro d u c t of th e  sign  

o n  th e  te rm  a n d  th e  ex p o n en t of th e  variab le  in  th e  te rm . F o r each  v ari­

ab le  th e  o rth o g o n a lity  con d itio n  cou ld  co n ta in  n+ m  te rm s , w here  n  is  th e  

n u m b e r  of objective fu n c tio n  te rm s  a n d  m  is  th e  n u m b e r  of te rm s  in  th e  

c o n s tra in ts  ex c lud ing  th e  r ig h t h a n d  sides.

E xam ple:

Minimize : x f +x2 -  xxx2

subject to x j3 +x2l < 1

Normality Sj + S2 — 83 = a  

Orthogonality on x l 251 - 8 3-  384 = 0 

Orthogonality on x2 2S2 — 83 -  S5 = 0

Solving th e  geom etric  p ro g ram m in g  d u a l fu n c tio n  involves th e  so lu -
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tio n  of th e se  th e  sy s tem  of eq u a tio n s  p ro d u ced  b y  th e se  o p tim ality  co n d i­

tio n s . In  p ro b lem s w h ich  h av e  zero  degree of difficulty th e se  e q u a tio n s  

will from  a  s q u a re  lin e a r  m a trix  w h ich  is  easily  inverted . F u r th e r  

dev e lo p m en t of th e se  p ro c ed u re s  is  bey o n d  th e  scope of th is  th e s is . A n 

ex ce llen t review  of th e  m e th o d  for p o sy n o m ia ls  is p re se n te d  b y  P e te rso n  

(1976) a n d  for signom ials  b y  D uffin  a n d  P e te rso n  (1973).

2.7 Optimality Relationships in the Objective Function

O ptim ality  re la tio n sh ip s  for th e  objective fu n c tio n  w ere developed in  

W oolsey a n d  S w an so n  (1975) a n d  a re  in c lu d ed  in  W oolsey’s  F o u r  R u les 

for G eom etric  P rogram m ing  u s e d  in  h is  co u rse  in  geom etric  p ro g ra m ­

m ing. T h is  re la tio n sh ip  follows from  th e  defin ition  of th e  a r ith m e tic  

m e a n  a n d  is  derived a s  follows:

W1 + M2+ ... +un = TC

w h ere  14 = 8tL7t a n d  TC* is th e  w eigh ted  average of th e  U{ a n d  th e  v a lu e  of 

th e  objective fu n c tio n  a t  op tim ality .

T herefo re  %, = 5, • TC* or —4 = 5,.
1 * TC 1

D ividing th e  f irs t eq u a tio n  b y  TC*

+^ L  = !
TC* TC* TC*

a n d  s u b s t i tu tin g  ^  = 5Z,

Ô! + 02 +... + 5n = 1

w h ich  is  th e  n o rm a lity  cond ition .

In  g en era l
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r c ‘ = £ = g =
Oi O2

Un
5«

T h is  is  called  R ule 3 b y  W oolsey.

2.8 Optimality Relationships in the Constraints

O ptim ality  re la tio n sh ip s  for th e  c o n s tra in ts  w ere a lso  developed in  

W oolsey a n d  S w an so n  (1975) a n d  a re  in c lu d ed  in  W oolsey’s  F o u r R ules 

for G eom etric P ro g ram m in g  u se d  in  h is  co u rse  in  geom etric  p ro g ram ­

m ing. T hese  re la tio n sh ip s  follow from  th e  defin ition  of th e  w eighted  d u a l 

c o n s tra in t fu n c tio n  a n d  is  derived  a s  follows:

lx ^ (m1 + W2 + ... + — ill U2 r.

R em oving th e  pow er a n d  a s su m in g  th e  c o n s tra in t is t ig h t a t  op tim ality

1 = ^  + 1*2 + ... + Un = U2

R ew riting  th e  re la tio n sh ip  igno ring  th e  c e n te r  equality . T he eq u a tio n  

becom es

or

1 =
vtov

( “* T ' h '
Ve0" y

•X,

1 =
\W ly v 0)2 y co„

T he g en era l so lu tio n  to  th is  eq u a tio n  is
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fXu.)W = 11

or

XUi — co, 

a n d  finally,

co, = Vy g constraint k,

W oolsey ca lls  th is  R ule 4.

2.9 Classification of General Nonlinear Optimization Problems

T he a lg o rith m  u s e s  th e  b a s ic  sy s te m  for ch a ra c te riz a tio n  of op tim i­

za tio n  p ro g ra m s d escrib ed  b y  Gill, M urray , a n d  W right (1981) to  c lassify  

re s id u a l p ro g ram s. T h is sy s tem  is  b a s e d  on  a  p ro g ram m in g  s ta n d a rd  

u se d  in  m o s t lin e a r  a n d  n o n lin e a r  p ro g ram m in g  codes.

L in ear p ro g ram m in g  is  a  s e p a ra te  a n d  d is tin c t m ethodo logy  a n d  is 

d e ta iled  h e re  b e c a u se  one of th e  a lg o rith m ’s o u tp u ts  c a n  b e  re s id u a l lin ­

e a r  p ro g ram s. L inear p ro g ram s a re  p ro b lem s w h ich  have  lin e a r  fu n c ­

tio n s  in  th e  objective fu n c tio n  a n d  c o n s tra in ts  (i.e., single v a riab le  te rm s  

w ith  positive ex p o n en ts  eq u a l to  1 ).

E xam ple:

Maximize : x l +x2—x3

subject to xx —x2 = 5

3

x, > 0 Vi 

S u b c la s se s  of lin e a r  p ro g ram s:
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LEP - L inear objective fu n c tio n  a n d  lin e a r eq u a lity  c o n s tra in ts  

LIP - L inear objective fu n c tio n  a n d  lin e a r  in e q u a lity  c o n s tra in ts  

LCP - L inear objective fu n c tio n  a n d  b o th  lin e a r  eq u a lity  a n d  

in eq u a lity  c o n s tra in ts  

N on linear p ro g ra m s a re  p ro b lem s w ith  lin e a r  objective fu n c tio n s  

a n d  n o n lin e a r  c o n s tra in t fu n c tio n s , n o n lin e a r  objective fu n c tio n s  a n d  

lin e a r  c o n s tra in t fu n c tio n s , o r n o n lin e a r  objective fu n c tio n s  a n d  n o n lin ­

e a r  c o n s tra in t fu n c tio n s .

E xam ple:

Minimize Total Cost -  alql + b ^ 1 + a2q2 + b2q2l +.... + anqn + bnq ^

subject to + k^q^1 +.... + knq~l < 1

S u b c la sse s  of n o n lin e a r  p ro g ram s:

NLEP - N on linear objective fu n c tio n  a n d  lin e a r  eq u a lity  c o n s tra in ts  

NLIP - N on linear objective fu n c tio n  a n d  lin e a r  in e q u a lity  c o n s tra in ts  

NLCP - N on linear objective fu n c tio n  a n d  b o th  lin e a r  eq u a lity  an d  

in eq u a lity  c o n s tra in ts  

NEP - N on linear objective fu n c tio n  or lin e a r  objective fu n c tio n  a n d  

w ith  n o n lin e a r  eq u a lity  c o n s tra in ts  

NIP - N on linear objective fu n c tio n  o r lin e a r  objective fu n c tio n  a n d  

n o n lin e a r  in e q u a lity  c o n s tra in ts  

NCP - N on linear objective fu n c tio n  o r lin e a r  objective fu n c tio n  a n d  

b o th  n o n lin e a r  eq u a lity  a n d  in eq u a lity  c o n s tra in ts
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2.10 Regression Analysis in Nonlinear Programming

O ne m e th o d  of developing th e  objective fu n c tio n  is  a  reg ress io n  

an a ly s is  of th e  in d e p e n d e n t v a ria b le s  im p o r ta n t to  op tim ization . S elec t­

ing  th e  v a ria b le s  to b e  u se d  in  a  reg re ss io n  fu n c tio n  is  a n  im p o rta n t f irs t 

s te p  in  ach iev ing  re a so n ab le  a n d  u sa b le  re su lts . T h ese  v a riab les  m u s t  

n o t on ly  provide su ffic ien t ac cu rac y  for th e  p red ic tio n , b u t  a lso  be  m a n ­

ageab le . T h is  is  c ritica l to th e  u s e r  b e c a u se  it  acco m p lish es n o th in g  to  

optim ize a  fu n c tio n  co n s is tin g  of u n co n tro llab le  v ariab les . F o r exam ple, 

th e  sa le  of w in te r  co a ts  goes u p  in  w in te rs  w h ich  have  one o r m ore  b liz­

z a rd s  s in c e  th e  n u m b e r  of b lizza rd s in  a  year. S ince th e  n u m b e r  of b liz­

z a rd s  is  o u ts id e  th e  co n tro l of th e  co a t m a n u fa c tu re r  in c re a s in g  sa le s  

c a n n o t b e  acco m p lish ed  b y  in c re a s in g  th e  n u m b e r  of b lizzards. A n o th e r 

t r a p  som e a n a ly s ts  fall in to  is  th a t  w hile som e v a riab les  p rovide excellen t 

s ta tis t ic a l r e s u lts  th e y  do n o t fit th e  gen era lly  accep ted  o p era tio n a l 

th e o ry  o f th e  in d u s try . A reg re ss io n  w h ich  h a s  th e se  ty p es of v a riab le s  

will very  difficult to  u s e  u n le s s  th e  a n a ly s t is p re p a re d  to  defend  th e  

m odel in  deta il. Above all th e  m odel m u s t  be  sen sib le .

S elec ting  th e  type of reg re ss io n  m u s t  a lso  fit th e  genera lly  accep ted  

o p e ra tio n a l theo ry . In  s tru c tu ra l  m e ch an ic s  th e  m o d u lu s  of e las tic ity  of 

s tee l a n d  a lu m in u m  is  d e te rm in ed  b y  lin e a r  reg ress io n  w hile th e  m o d u ­

lu s  of e la s tic ity  for concre te , rock , a n d  so ils c a n  b e  d e te rm in ed  b y  n o n lin ­

e a r  reg ress io n . T h o u g h  in  som e reg io n s of th e  s tre s s  s tra in  

re la tio n sh ip s  a  n o n lin e a r  m o d u lu s  m ig h t p red ic t th e  b eh av io r of s tee l o r 

a lu m in u m  b e tte r  only  a n  acad em ic  re se a rc h e r  w ould  b e  ab le  to  ju s tify
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u s in g  th a t  re la tio n sh ip . A n en g in ee r in  p rac tice  w ou ld  b e  in  v io la tion  of 

sev era l b u ild in g  a n d  sa fe ty  codes if h e  a ttem p ted  s u c h  a  su b s titu tio n .

In  b u s in e s s  se lec tin g  th e  reg ress io n  type is  u su a lly  le ss  res tr ic ted . 

How ever, a s  we see  in  th e  exam ple  d escrib ed  in  A ppend ix  B som e v a ri­

ab les  w h ich  a re  good reg re ss io n  e s tim a to rs  c a n  c a u se  som e o p era tio n a l 

p ro b lem s if u se d  in d isc rim in a te ly . In  b u s in e ss , ap p lica tio n s  of n o n lin e a r  

reg ress io n  te ch n iq u e s , especia lly  th e  logarithm ic reg re ss io n  an a ly s is  

w h ich  lead  to  th e  com plex  n o n lin e a r  p ro g ram s for w h ich  th is  a lg o rith m  is  

designed , th e  u s e r  sh o u ld  ta k e  th e  tim e to in su re  th a t  com plex ity  of th e  

m odel is  ju s tif ied  b y  b e tte r  re su lts . M any  en g in eerin g  a n d  econom ic 

ap p lica tio n s  g en e ra te  lo g arith m ic  reg ress io n s  w h ich  fit w ell w ith  th e  

s tre n g th  of geom etric  p ro g ram m in g  te c h n iq u e s  in  dea ling  w ith  rea l expo­

n e n ts .
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Chapter 3 

PREPROCESSING ALGORITHM

3.1 About the Algorithm

T his a lg o rith m  is  a  s te p -b y -s te p  p ro ced u re  for red u c in g  large co n ­

s tra in e d  n o n lin e a r  op tim iza tion  p ro g ram s. Its  p rem ise  is  th a t  th e  so lu ­

tio n  to th e se  p ro g ra m s is a  b o u n d a ry  p o in t a n d  if th e re  a re  in su ffic ien t 

c o n s tra in ts  in  th e  p rog ram , th e n  su ffic ien t c o n s tra in ts  can  b e  found  

e ith e r  b y  an a ly s is  o r b y  ev a lu a tio n  o f th e  o p e ra tio n a l env ironm en t. To 

som e e x te n t th e  u s e r  will b e  co n cern ed  a b o u t s ignom ial (negative coeffi­

cients) p ro b lem s b e c a u se  of th e ir  in h e re n t nonconvex ity . No m e th o d  

developed to  d a te  will converge c o n s is te n tly  to  a  g lobal o p tim u m  in  

n o n convex  p ro b lem s (m ultip le local op tim um ). In  u s in g  th e  a lgo rithm  

th e  signom ial p rob lem  will genera lly  b e  u n ch a n g ed ; in  som e ca se s  w h ere  

th e  nega tive  te rm s  a re  se p a ra b le  it  w ill g en e ra te  a  convex su b p ro b lem , if 

th a t  h a p p e n s  th e n  th e  p ro g ram  c a n  b e  solved globally. R egard less o f th e  

form  of th e  p ro g ram , th e  a lg o rith m  allow s th e  u s e r  to  classify  th e  p ro b ­

lem  a n d  co n tin u e  w ith  o th e r  m e th o d s . O p tim iza tion  seldom  offers a  

closed  form  so lu tio n  to  all p ro b lem s. A pplying th is  a lgo rithm  

su ccessfu lly  re q u ire s  a n  u n d e rs ta n d in g  of th e  s tru c tu re  of th e  m odel, th e  

im p o rtan ce  of th e  v ariab les , a n d  accep tab le  o u tco m es. E v a lu a tin g  m a th ­

em atica l fo rm u la tio n s  req u ire s  a  q u a lita tiv e  u n d e rs ta n d in g  of th e  p ro b ­

lem  in  i ts  en v iro n m en ta l con tex t.
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3.2 Make a Worksheet

M aking  a  w o rk sh e e t is  im p o r ta n t s ince  th e re  a re  m a n y  s u b s t i tu tio n s  

w h ich  will reo ccu r every tim e  th e  p ro b lem  is resolved . It a lso  will a s s is t  

in  b a c k  tra c k in g  if a  te c h n iq u e  com plica tes th e  p rob lem , in  find ing  a n d  

co rrec tin g  m is tak e s , a n d  iden tify ing  sp re a d sh e e t ca lcu la tio n s  to  a u to ­

m a te  fu tu re  ch a n g es  in  d e p e n d e n t v ariab les. W hen  a  v a lu e  is  a ss ig n ed  

to  a  variab le , m ak e  th e  s u b s t i tu tio n  everyw here i t  a p p e a rs  a n d  keep  

tr a c k  of th e  ch an g es  in  th e  objective fu n c tio n  a n d  th e  c o n s tra in ts  by  

re s ta tin g  th em . T h is  will a lso  iden tify  e rro rs  quickly. A n exam ple  w ork ­

sh e e t is  p rovided  in  th e  A p p en d ix  A.

T he a lg o rith m  is  w ritte n  in  an tic ip a tio n  of every type of p ro b lem  th e  

a u th o r  cou ld  im agine. If th e  s te p  does n o t seem  to  ap p ly  th e n , sk ip  it; 

likew ise, a s  th e  n eed  for a n  in te rim  o r new  s te p  is found , a d d  it  to  th e  

w o rk sh ee t. T he o p p o rtu n ity  to  loop o r re p e a t se lec ted  s te p s  is  given a t  

se lec ted  p o in ts  in  th e  a lg o rith m . T he o rd e r of o p e ra tio n s  h a s  a  good dea l 

o f u tility  a n d  to  a  la rge e x te n t e a c h  o p era tio n  lead s  to  th e  n ex t, b u t  it  is  

n o t im m u tab le  a n d  c a n  b e  c h an g ed  to  fit th e  ap p lica tio n . Q u it w h en  th e  

p ro b lem  is solved o r classified .

As th e  p ro cess  b eco m es fam ilia r ta k e  th e  o p p o rtu n ity  to  re fo rm u la te  

th e  m odel w h en  a  p ro b lem  is  en c o u n te re d . Keep re fin ing  th e  m odel u n til  

i t  is  rep re se n ta tiv e  a n d  c o n s is te n t w ith  th e  p ro cess  b e in g  m odeled . T h is 

is  w h ere  th e  creative in tu itiv e  p ro b lem  solving will beg in  to  a s s e r t  itself.
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3.3 The Algorithm

Step 1 Put the Program into Standard Format

L ist th e  objective fu n c tio n .

L ist th e  c o n s tra in ts  in  th e  following o rd e r w ith  th e  variab le  te rm s  

o n  th e  left h a n d  side  of th e  eq u a tio n s  a n d  th e  c o n s ta n ts  on  th e  

righ t.

E q u a lity  c o n s tra in ts .

In eq u a lity  c o n s tra in ts .

L ess th a n  or eq u a l to  c o n s tra in ts .

G re a te r  th a n  o r eq u a l to  c o n s tra in ts .

L ist th e  sing le  v ariab le  b o u n d s .

E x p lan a tio n  of S tep  1

P u ttin g  th e  p ro b lem  in to  a  s ta n d a rd  form  is  n e c e ssa ry  n o t on ly  for 

th is  a lg o rith m  b u t  for m o s t co m p u te r  p ro g ram s. L ist th e  objective fu n c ­

tio n  a s  m inim ize o r m axim ize a  q u a n tity  (e.g., sa le s , cost, o r profits) 

eq u a l to  a  genera lized  po lynom ial (signom ial). T h is  a lgo rithm  allow s th e  

ev a lu a tio n  of on ly  one objective fu n c tio n  a t  a  tim e. M ultip le objective 

fu n c tio n s  req u ire  th e  u s e  of dynam ic p ro g ram m in g  co n cep ts  n o t in c lu d ed  

in  th is  a lgo rithm .

L isting  th e  c o n s tra in ts  in  th is  o rd e r allow s th e  u s e r  of th e  a lg o rith m  

a n d  la te r  th e  c o m p u te r  p ro g ram  to  ch eck  th e  m o s t restric tive  c o n s tra in ts  

f irs t before ch eck in g  th e  le ss  restric tiv e  c o n s tra in ts . W rite th e  co n ­

s tr a in ts  w ith  th e  v a riab le  te rm s  on  th e  le ft-h an d  side  of th e  e q u a tio n s
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a n d  th e  c o n s ta n ts  on  th e  r ig h t-h a n d  side.

F inally , single v ariab le  b o u n d s , w h en  th e y  a re  availab le , provide 

im p o rta n t in fo rm atio n  a n d  re d u c e  th e  difficulty  of th e  p ro b lem  b y  defin­

ing  th e  reg ion  (vector space) w h ere  th e  so lu tio n  (vector) m u s t  lie. S ingle 

v a riab le  b o u n d s  a re  n o t effective c o n s tra in ts  in  a n d  of th em se lv es  a n d  

h en c e  a re  sing led  o u t of th e  c o n s tra in ts  d u rin g  th e  a lg o rith m ’s  an a ly sis . 

M ost co m p u te r  p ro g ram s h av e  u tilitie s  for u s in g  b o u n d s  a n d  will g en e r­

a te  ad d itio n a l b o u n d s  a s  p a r t  o f th e  so lu tio n  p ro cess .

Step 2 Simplify the Problem Statement

C om plete a lgebraic  o p e ra tio n s  a n d  collect te rm s .

M ake lin e a r  s u b s t i tu tio n s  for v a riab les  w ith  u n iq u e  ex p o n e n ts  

a n d  u n iq u e  v ariab le  co m b in a tio n s .

M ake s u b s t i tu tio n s  for m e ssy  th in g s  in  th e  p ro g ram  a n d  define 

th e se  su b s t i tu tio n s  w ith  a n  eq u a lity  c o n s tra in t.

S u m  all c o n s ta n t te rm s  in  th e  objective func tion . S to re  th is  v a lue  

a n d  dele te  th is  te rm  from  th e  objective fu n ctio n .

E x p lan a tio n  of S tep  2

C om plete  all m u ltip lica tio n  o p era tio n s , in c lu d in g  e x p a n s io n  of s u m ­

m a tio n s  w ith  in teg e r ex p o n e n ts , to  ex p an d  th e  objective fu n c tio n  a n d  

c o n s tra in ts  to  th e ir  s im p le s t a lg eb ra ic  form  (e.g., x ( l  - x) is  x  - x 2 a n d  (1 

- x f  is  (I - 2 x  + x2) a n d  solve for th e  ro o ts  of single v ariab le  b o u n d s . 

R everse  th e  ex p o n en t sign  of te rm  d e n o m in a to rs . D ivision m ay  lead  to  a  

d iffe ren t type of p rob lem  called  m e ssy  th in g s . If (1 - xT2 a p p e a rs  in  th e
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fu n c tio n  th e n  its  ex p an d ed  form  is  {1 - 2 x  + x 2)'1 w h ich  c a n n o t be  sim p li­

fied fu rth e r. D efine a  n ew  v ariab le  y  = 1 - 2 x  + x 2 in  th e  c o n s tra in ts . T h is  

will in c re ase  th e  p ro g ram ’s  degree of difficulty, b u t  sim plify  th e  an a ly s is .

Collect te rm s  b y  iden tify ing  te rm s  w ith  id en tic a l variab le  ex p o n en ts  

b u t  n o t n ec essa rily  id en tica l coefficients a n d  ad d in g  th em . P ro g ram m ers 

will h av e  to  th in k  of all v a riab les  a s  h av in g  a n  ex p o n e n t in  a  te rm , som e 

of w h ich  a re  zero , in  o rd e r to  m ak e  th e se  1 to  1 co m p ariso n s . (Rem inder: 

a n y  variab le  to  a  zero  pow er is  eq u a l to  1 .)

M ake lin e a r  s u b s t i tu tio n s  for v a riab les  w ith  u n iq u e  ex p o n en ts  a n d  

u n iq u e  v ariab le  co m b in a tio n s . If a  v a riab le  h a s  th e  sa m e  rea l ex p o n en t 

every tim e it  a p p e a rs  in  th e  objective fu n c tio n  a n d  c o n s tra in ts  b u t  n o t in  

th e  sing le v ariab le  b o u n d s , th e n  a  ch an g e  of v a ria b le  will sim plify th e  

p rob lem . E xperience  h a s  sh o w n  th a t  som e h ig h ly  n o n lin e a r  p ro g ram s 

w ill red u ce  to  lin e a r  p ro g ra m s in  th is  m a n n e r . F o r exam ple, su p p o se  x 23 

a p p e a rs  in  tw o p ro g ram  te rm s , once in  th e  objective fu n c tio n  a n d  once in  

a  co n s tra in t, a n d  th e  v ariab le  x 2 a p p e a rs  now h ere  else in  th e  p ro g ram  

w ith  a  nonzero  ex p o n en t. Let z 2 = x 23. Do n o t  m a k e  th is  su b s t i tu tio n  a n  

eq u a lity  c o n s tra in t. A fter d e te rm in in g  th e  final so lu tio n  ca lcu la te  x 2 = 

3Vz2. T he cu b e  ro o t of z 2 h a s  positive, negative, a n d  com plex  roo ts, 

rem em b erin g  th e  a s su m p tio n  th a t  th e  v a riab les  a re  s tr ic tly  positive 

choose th e  positive root.

R eplace u n iq u e ly  a p p e a rin g  variab le  co m b in a tio n s  w ith  lin e a r  v a ri­

ab les. S u p p o se  th a t  x 2 a p p e a rs  m ultip lied  b y  x4; a n d  th e  variab le  x4only  

a p p e a rs  w h en  m u ltip lied  b y  x 2. T h en  m ak e  a  ch an g e  of variab le  z 24 =
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X2X4. Do n o t m ak e  th is  s u b s t i tu tio n  a n  eq u a lity  c o n s tra in t. A fter d e te r­

m in in g  th e  final so lu tio n  ca lcu la te  X2X4 = z24. T h is  does n o t u n iq u e ly  

define x 2 o r x 4 b u t  a n  a rb itra ry  a s s ig n m e n t b a se d  on  th e  v a riab le  

b o u n d s  o r th e  p h y sica l p ro ce ss  c a n  b e  m ad e  w ith o u t affecting  th e  o p ti­

m a lity  o f th e  so lu tion .

Tying two o r m ore v a riab le s  to g e th e r  for op tim iza tion  will c a u se  

som e co n c e p tu a l p ro b lem s in itially . T h is  is  n o t u n co m m o n  b u t  is  e a sy  to  

d em o n s tra te , th a t  w hile th e  v a ria b le s  m ay  b e  physica lly  iden tifiab le  th e y  

a re  lin k ed  in  th e  p rob lem . A good exam ple is  th e  econom ic co n cep t of 

s u b s t itu tio n . S u b s titu tio n  o c c u rs  b e c a u se , w hile th e  c o n su m p tio n  of 

good A  is  p referred , th e  s u b s t i tu tio n  o f good B in  su ffic ien t q u a n titie s  will 

sa tis fy  th e  d em an d . T herefore, th e  v a riab le s  for good A a n d  good B m ay  

b ecom e lin k ed  in  th e  p ro b lem  b e c a u se  th e  d em an d  for b o th  goods is th e  

sam e.

S u m  all c o n s ta n t te rm s  in  th e  objective fu n c tio n  a n d  s to re  th e  v a lu e  

for la te r  u se . C o n s ta n ts  co n tr ib u te  to  th e  final so lu tio n  b u t  c a n n o t be  

op tim ized .

Step 3 Check Assumptions

A re all v a riab les  s tr ic tly  n o n -n eg a tiv e  (i.e., a l lx t > 0)?

A re th e re  a n y  s tr ic t  in eq u a lity  c o n s tra in ts?

Is th e  p rob lem  p o sed  a s  a  signom ial op tim iza tion  p ro g ram ?

E x p lan a tio n  of S tep  3

A re all v a riab les  s tr ic tly  n o n -n eg a tiv e?  Before forcing th is  a s su m p -
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tio n  look a t  e a ch  v a riab le  carefully . D oes it m a k e  se n se  in  th e  en g in eer­

ing, econom ic, o r b u s in e s s  co n tex t o f th e  p rob lem ? A re th e re  b o u n d s  on  

th e  v ariab les  w h ich  s u p p o r t  th is  a s su m p tio n ?  If som e of th e  v ariab les  

a re  s tric tly  no n -p o sitiv e  (i.e., x t < 0 ), will a  sim ple  ch an g e  of th e  coeffi­

c ien ts  a sso c ia ted  w ith  th o se  v a riab les  solve th e  p rob lem ?. If i t  c a n  have 

b o th  positive a n d  negative  v a lu es , th e n  do n o t m ak e  a n y  su b s t itu tio n  

a n d  q u it. T he a lg o rith m  will n o t solve th is  p ro b lem  b e c a u se  of th e  

u n d erly in g  a s su m p tio n  of non-negativ ity .

A re th e re  a n y  s tr ic t  in eq u a lity  c o n s tra in ts?  S tr ic t in eq u a litie s  im ply  

th a t  th e  fu n c tio n  is  u n d e fin e d  a t  som e b o u n d  a n d  th e re fo re  rep lac in g  it  

w ith  a n  in eq u a lity  w ith o u t ch an g in g  th e  lim it m ay  n o t give th e  d esired  

re su lt. If, how ever, th e  in e q u a lity  w as  ass ig n ed  w ith o u t co n sid erin g  

w h e th e r  it  could  b e  eq u a l to  th e  lim it, reexam ine th e  co n s tra in t.

Is th e  p ro b lem  p o sed  a s  a  signom ial?  If n o t, c a n  i t  b e  re d u ce d  to  a  

signom ial form  sim p ly  a n d  w ith o u t ch an g in g  th e  n a tu re  of th e  p rob lem ? 

O ne w ay  of do ing  th is  is  to  rep lace  th e  n o n -sig n o m ia l te rm s  w ith  se ries  

ex p an s io n s  (see a n y  s ta n d a rd  m a th  ta b le s  for Taylor, b inom ial, loga­

rith m ic , a n d  trig o n o m etric  se rie s  expansions).

E xam ples:

T here  a re  som e c a se s  w h ere  th e se  se rie s  ex p a n s io n  su b s t itu tio n s

sm x  = x
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a re  u n n e c e s s a ry  a n d  c o u n te r  p ro d u c tiv e  {e.g., M inim ize: e**y’ su b jec t to  

x  + 2 y  > 5 is  eq u iv a len t to  M inim ize: x  + y: su b jec t to x  + 2 y  > 5). M ake 

th e  eq u iv a len t p ro g ram  s u b s ti tu tio n  w h e n  possib le . Lim it se rie s  e x p a n ­

s io n  s u b s t i tu tio n s  to  th e  f irs t two o r th re e  te rm s  of th e  se ries . T h ere  a re  

in s ta n c e s  w h en  m ore  a re  ap p ro p ria te  b u t  n o t th e  firs t i te ra tio n  a n d  

p ro b ab ly  n o t u n ti l  th e  p ro g ram  h a s  b e e n  r u n  on  a  n o n lin e a r  o p tim iza tio n  

co m p u te r  code. Be especially  ca re fu l w ith  trigonom etric  fu n c tio n s  

b e c a u se  of th e ir  periodicity . M ake s u re  th a t  th e  v a riab le ’s  so lu tio n  

reg ion  is  well defined  before s u b s titu tin g .

Step 4 Remove Redundant Constraints

Look for c o n s tra in ts  th a t  a re  sim p le  m u ltip le s  of e ach  o th e r.

Look for g ro u p s  of c o n s tra in ts  w h ich  ad d e d  a n d  su b tra c te d  from  

ea c h  o th e r  eq u a l a n o th e r  c o n s tra in t  o r i ts  m u ltip le .

S e t u p  a  m odified coefficient m a tr ix  a n d  do G a u s s -J o rd a n  elim i­

n a tio n  to  verify in d e p en d en ce  for la rge p rob lem s.

E x p lan a tio n  of S tep  4

T he f irs t two s te p s  provide a n  ea sy  m e th o d  for iden tify ing  obviously  

re d u n d a n t  c o n s tra in ts  in  sm all p ro b lem s. Large p ro b lem s req u ire  a  

m ore  s tru c tu re d  a p p ro a c h  s u c h  a s  th e  G a u s s -J o rd a n  m e th o d . T h ere  a re  

severa l so ftw are  p ack ag es  (e.g., MATLAB™ a n d  MATHCAD™) w h ich  have  

th is  ro u tin e . To u s e  th is  you  m u s t  c rea te  a  m odified coefficient m a tr ix  a s  

if e a ch  v a riab le  co m b in a tio n  w ere a  d iffe ren t variab le . (i.e., 4x I2x2 + 

2x 13x 32 + 5 x 1 + 3x 22 ^  0  w ould  h av e  th e  row  15,4,2,3] a n d  th e  co lu m n
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lx1,x12x2,xl3x32,X22]T. M ost o p e ra tio n s  re se a rc h  a n d  lin e a r  a lg eb ra  tex ts  

d esc rib e  th is  m e th o d . A good re feren ce  is  W in sto n  (1987, 30). B ecau se  

of th e  n o n lin ea rity  of th e  s e t  of eq u a tio n s  th is  s te p  m ay  n o t iden tify  all of 

th e  r e d u n d a n t  c o n s tra in ts . T he n e x t s te p  will iden tify  ad d itio n a l re d u n ­

d a n c ie s  ind irectly .
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Step 5 Check for Solutions in Constraints

How  m a n y  v a riab les  a re  th e re ?  How m a n y  eq u a lity  c o n s tra in ts ?  

How  m a n y  in eq u a lity  c o n s tra in ts ?

Is th e  n u m b e r  of in d e p e n d e n t eq u a lity  c o n s tra in ts  eq u a l to  th e  

n u m b e r  of v a riab les?

Is th e re  a  s u b s e t  of in d e p e n d e n t eq u a lity  c o n s tra in ts  w h ich  have  

eq u a l n u m b e rs  of eq u a tio n s  a n d  v a riab les?

U se e ith e r  a  lin e a r  o r n o n lin e a r  s im u lta n e o u s  eq u a tio n  so lver to  

g e t a n  u n iq u e  so lu tio n  to  th e  p rob lem . T h en  ch eck  in eq u a lity  

c o n s tra in ts  a n d  single v ariab le  b o u n d s .

Is th e  n u m b e r  of in d e p e n d e n t eq u a lity  a n d  in eq u a lity  c o n s tra in ts  

eq u a l to  th e  n u m b e r  of v a riab le s?

Is th e re  a  s u b s e t  of in d e p e n d e n t eq u a lity  a n d  in eq u a lity  con ­

s t r a in ts  w h ich  h av e  eq u a l n u m b e rs  of eq u a tio n s  a n d  v a riab les?  

A ssu m e  all in eq u a litie s  c o n s tra in ts  a re  equa lities . U se e ith e r  a  

lin e a r  o r n o n lin e a r  s im u lta n e o u s  eq u a tio n  solver to  ge t a  "feasible 

p roblem " so lu tio n . T h en  ch eck  th e  single v ariab le  b o u n d s . Save 

th is  so lu tio n  for u se  a s  a  s ta r t in g  p o in t in  th e  a lgo rithm  to  solve 

th e  p rob lem .

E x p lan a tio n  of S tep  5

If th e  n u m b e r  of in d e p e n d e n t eq u a lity  c o n s tra in ts  is eq u a l to  th e  

n u m b e r  of v a riab le s  th e n  th e re  is  a n  u n iq u e  so lu tio n  to  th e  c o n s tra in t
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se t, p rov ided  th e re  a re  n o  h id d e n  re d u n d a n c ie s . U se a  n o n lin e a r  s im u l­

ta n e o u s  eq u a tio n  so lver to  ge t th is  u n iq u e  so lu tio n  w h ich  is  "optim um ." 

S u b s ti tu te  th is  so lu tio n  in to  th e  rem a in in g  in eq u a lity  c o n s tra in ts  a n d  

sing le  v ariab le  b o u n d s . If th e  so lu tio n  does n o t sa tisfy  th e se  c o n s tra in ts , 

th e n  th e re  is  a n  in eq u a lity  c o n s tra in t  th a t  is tig h te r  th a n  one o r m ore  of 

th e  eq u a lity  c o n s tra in ts  a n d  th e  fo rm u la tio n  is  inco rrec t.

If th e  n u m b e r  of in d e p e n d e n t eq u a lity  c o n s tra in ts  a n d  in eq u a lity  

c o n s tra in ts  eq u a ls  th e  n u m b e r  of v a riab les , th e n  a s su m e  all in eq u a litie s  

a re  eq u a lities . U se a  n o n lin e a r  s im u lta n e o u s  eq u a tio n  so lver to  ge t a  

"feasible" so lu tio n  to  th e  p rob lem . T h is  so lu tio n  will b e  u se fu l la te r  a s  a  

s ta r t in g  po in t, if th e  so lu tio n  a lg o rith m  is  ite ra tive . M any  of th e  so lu tio n  

m e th o d s  im p lem en ted  in  co m p u te r  p ro g ram s a re  ite ra tive  a n d  a  good fea­

sib le  s ta r t in g  p o in t will g rea tly  im prove th e  speed  of th e se  m e th o d s .

If th e  so lu tio n  from  th e  n o n lin e a r  eq u a tio n  so lver is  n o n se n s ic a l o r 

th e  p ro g ram  fails to  converge, th e n  th e re  is p ro b ab ly  a  r e d u n d a n t  s e t  of 

eq u a tio n s  still in  th e  p ro g ram . M any  of th e  n o n lin e a r  p ro g ram m in g  

codes u s in g  derivative ap p ro a c h e s  will solve th is  p rob lem  even  w ith  th e  

re d u n d a n c ie s .

m t h x jr  l a k e s  libr a r y
COLORADO SCHOOL of MINEb 

GQLDBN, COLORADO 60401
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Step 6 Separate Variables

Identify  a n d  lis t u n c o n s tra in e d  objective fu n c tio n  v ariab les . 

Identify  a n d  lis t c o n s tra in e d  v a riab les  n o t in  th e  objective fu n c ­

tio n  w h ich  a p p e a r  in  c o n s tra in ts  w h ich  do no  co n ta in  e ith e r 

objective fu n c tio n  v a riab les  n o r  v a riab les  th a t  a re  in  c o n s tra in ts  

w ith  objective fu n c tio n  te rm s .

Identify  a n d  lis t v a riab le s  w h ich  a p p e a r  in  b o th  objective fu n c tio n  

a n d  c o n s tra in t te rm s  o r in  c o n s tra in ts  co n ta in in g  v a riab les  th a t  

lin k  to  objective fu n c tio n  v a riab les  in  o th e r  c o n s tra in ts .

Look for s u b s e ts  of th e  objective fu n c tio n  te rm s  co n ta in in g  

v a riab les  w h ich  a re  e ith e r  u n c o n s tra in e d  o r co n s tra in e d  by  

u n iq u e  s u b s e ts  of th e  c o n s tra in ts . R esta te  th e se  se p a ra te d  p ro ­

g ram s a s  in d e p e n d e n t su b p ro g ra m s  a n d  r e tu rn  to  S tep  1 to  co n ­

tin u e  th e  a n a ly s is  on  ea c h  of th e m  sep ara te ly .

E x p lan a tio n  of S tep  6  

E xam ples:

U n co n s tra in ed  objective fu n c tio n  variab les:

Minimize : Jtfxj1 +

subject to: x j2 + x3~1 < 1

x 3 a n d  x 4 a re  u n c o n s tra in e d  a n d  s in ce  th ey  b o th  h av e  negative s ig n sGP 

th e  op tim al so lu tio n  will allow  th e m  to  ap p ro a c h  in fin ity  u n le s s  th e y  a re  

b o u n d ed .
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N on-objective fu n c tio n  v a riab le s  n o t linked  to  objective fu n c tio n  

v ariab les .

Minimize :

subject to x j2+X2 lx5 < 1

a n d  Xs2-x £  < 1

a n d  x? < l

x 7 fits th is  c rite ria  w hile x 5 a n d  x@ a re  linked  to  th e  objective fu n c tio n  

b e c a u se  x 5 a p p e a rs  in  a  c o n s tra in t  w ith  Xi a n d  Xg b o th  of w h ich  a re  

objective fu n c tio n  v ariab les . T he o p tim al so lu tio n  is in sen sitiv e  to  th e  

v a lu e  a ss ig n ed  to  x 7. T herefore m ak e  a n y  a s s ig n m e n t w h ich  d o es n o t 

v io la te  th e  c o n s tra in t.

S ep a rab le  s u b s e ts  of objective fu n c tio n  te rm s.

Minimize : x^x^1 +

subject to: x ^ + x j1 < 1

Xi a n d  Xg a re  co n s tra in ed  b y  a n  e q u a tio n  w h ich  does n o t in c lu d e  e ith e r  

of th e  o th e r  v a riab les  a n d  th e re fo re  c a n  optim ized  in d e p en d en tly  of th e  

o th e r  te rm  w ith o u t affecting th e  o p tim al so lu tio n . x 3 a n d  x 4 form  a n  

u n c o n s tra in e d  se p a rab le  s u b s e t  of th e  p rob lem . A co m p an io n  th e s is  b y  

W essels (Forthcom ing) develops o th e r  se p a rab le  su b p ro g ra m s  a n d  looks 

a t  th e se  re la tio n sh ip s  in  m ore  d e ta il u s in g  th e  geom etric  p ro g ram m in g  

signup tab le .
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Step 7 Look for this Problem Type

T he objective fu n c tio n  is a  sing le te rm  a n d  th e  le ft-h an d  side  of 

th e  c o n s tra in ts  a re  sing le te rm s  (co n s tan ts  o n  th e  r ig h t-h a n d  

side).

If so, th e n  ta k e  th e  lo g a rith m  of th e  objective fu n c tio n  a n d  b o th  

s id es  of th e  c o n s tra in ts  a n d  single v ariab le  b o u n d s  to  form  a  lin ­

e a r  p rog ram .

E x p lan a tio n  of S tep  7 

E xam ple:

Minimize : 2

subject to x fa 2 ^  1

a n d  x3 < 1

c a n  be  red u ce d  to

Minimize : —2 lnx1 + 3 lnx2 — 2 lnx2

subject to In*! -  2 \nx2 < In 1

a n d  ln* 3 < In 1.

Let z  = In x  a n d  on ly  a  lin e a r  p ro g ram  rem a in s .
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Step 8 Remove Redundant Bounds

Rem ove r e d u n d a n t  b o u n d s . R e d u n d a n t b o u n d s  a re  th o se  th a t  

a re  le ss  res tric tiv e  th a n  s im ila r  b o u n d s  on  th e  sam e  variab le . 

C o m p are  b o u n d s  to  c o n s tra in ts . A re th e re  a n y  b o u n d s  th a t  

w ou ld  v io la te  th e  c o n s tra in ts ?  If so, th e n  th e  b o u n d  is r e d u n ­

d a n t.

C h eck  v ariab le  b o u n d s  for in feasib ility  o r u n b o u n d e d n e s s .

E x p lan a tio n  of S tep  8

C om pare  th e  sing le v ariab le  b o u n d s  a n d  rem ove th e  r e d u n d a n t  

o nes. R e d u n d a n t b o u n d s  a re  le ss  restric tiv e  th a n  s im ila r b o u n d s  o n  th e  

sa m e  v a riab le  (e.g., 2  < x <  8  a n d  5  < x <  6; sa tisfy ing  th e  la tte r  a lso  s a t is ­

fies th e  form er). C heck  v ariab le  b o u n d s  for in feasib ility  o r u n b o u n d e d ­

n e s s  (e.g., 1 < x <  2  a n d  3 < x <  4, ta k e n  to g e th e r a re  in feasib le , w hile 

m axim ize: x , su b jec t to x >  1 is  u n b o u n d ed ). C om pare  b o u n d s  to  

c o n s tra in ts  a n d  rem ove a n y  b o u n d s  th a t  w ould  v io la te  th e  c o n s tra in ts .

In  th e  n e x t s te p  th e se  b o u n d s  will be  rep laced .
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Step 9 Bound Variables in the Constraints

Lower b o u n d  v a ria b le s  in  th e  eq u a lity  a n d  g re a te r  th a n  o r eq u a l 

to  c o n s tra in ts  b y  a s su m in g  all o th e r  v a riab le s  a t  th e ir  u p p e r  

b o u n d s .

U p p er b o u n d  v a ria b le s  in  th e  equa lity  a n d  le ss  th a n  o r eq u a l to  

c o n s tra in ts  b y  a s su m in g  all o th e r  v a riab les  a t  th e ir  low er b o u n d s . 

L ist th e  t ig h te s t s e t  o f u p p e r  a n d  low er b o u n d s  y o u  c a n  for e a c h  

variab le .

Look for u n iq u e  so lu tio n s  to  th e  c o n s tra in ts  in  th e  b o u n d s .

Note: Do n o t rep lace  c o n s tra in ts  w ith  sing le  v ariab le  b o u n d s .

E x p lan a tio n  o f S tep  9 

E xam ples:

Lower b o u n d in g  

xv x2>0.1

x l +x2< 0.35

H olding x 1 a t  its  low er b o u n d  (xl >0.1) th en  x 2 m u s t  b e  > 0 .2 5  a n d  vice 

v ersa .

U p p er b o u n d in g  

x3,x4 > 0.1

Xj+Jt4 <0.35

H olding  x3 a t  i ts  low er b o u n d  th e n  x4 m u s t  be  < 0 .2 5  a n d  vice versa . 

B o u n d in g  v a riab le s  in  th e  c o n s tra in ts  is  a n  excellen t w ay  to  ge t a
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feel for th e  o p e ra tin g  ran g es . T h ese  b o u n d s  will o ften  s p a n  ra n g e s  w h ich  

a re  in feasib le  so do n o t co n fu se  th e m  w ith  th e  o p e ra tin g  b o u n d s  given in  

th e  p ro b lem  u n le s s  th e y  a re  tig h te r  b o u n d s . T he b o u n d in g  m e th o d s  

d esc rib ed  c a n  b e  q u ite  te d io u s  if th e  p ro b lem  is very  large. Som e n o n lin ­

e a r  c o m p u te r  p ro g ram s in c lu d e  a  b o u n d in g  ro u tin e , w h ich  cab  b e  u se d  

se p a ra te ly  to  su p p le m e n t th e  an a ly sis .

Look for u n iq u e  so lu tio n s  to  th e  c o n s tra in ts  in  th e  b o u n d s  (i.e., IfO  

< Xj < 0.2, 0 < x 2 ^  0 .2 , a n d  x 2 + x2 > 0 .4  th e n  x , = x2 = 0 .2  is  a  u n iq u e  

so lu tion ).

Step 10 Row Zero Test

If all th e  coefficients of a  c o n s tra in t  a re  positive a n d  le ss  th a n  or 

eq u a l to  zero  [e.g., x 22 + x23 + x3 + x 42 < 0), th e n  s e t  all v a riab le s  in  

th a t  c o n s tra in t  eq u a l to  zero  (trivial r e s u lt  b a se d  on  o u r  in itia l 

a s su m p tio n  th a t  all v a riab le s  a re  s tr ic tly  non-negative).

If all th e  coefficients of a  c o n s tra in t  a re  negative a n d  g re a te r  th a n  

o r eq u a l to  zero (e.g., - Xj2 - x23 - x3 - x / >  0), th e n  s e t all v a riab le s  

in  th a t  c o n s tra in t eq u a l to  zero.
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Step 11 Column SignGP Test

M inim ization  p rob lem s:

If th e  v ariab le  a lw ays a p p e a rs  w ith  a  positive signup in  th e  objec­

tive fu n c tio n  a n d  all le ss  th a n  o r eq u a l to  c o n s tra in ts  a n d  n eg a­

tive s ig n GP in  all g re a te r  th a n  o r eq u a l to  c o n s tra in ts  fix it  a t  its  

low er b o u n d .

If th e  v ariab le  alw ays a p p e a rs  in  th e  objective fu n c tio n  a n d  all 

le ss  th a n  o r eq u a l to  c o n s tra in ts  w ith  a  nega tive  s ig n GP a n d  p o si­

tive signGP in  all g re a te r  th a n  o r eq u a l to  c o n s tra in ts  fix it  a t  its  

u p p e r  b o u n d .

M axim ization  p rob lem s:

If th e  v ariab le  alw ays a p p e a rs  w ith  a  positive s ig n GP in  th e  objec­

tive fu n c tio n  a n d  all g re a te r  th a n  o r eq u a l to  c o n s tra in ts  a n d  neg ­

ative sigricp in  a ll le ss  th a n  o r eq u a l to  c o n s tra in ts  fix i t  a t  its  

low er b o u n d .

If th e  v ariab le  alw ays a p p e a rs  in  th e  objective fu n c tio n  a n d  all 

g re a te r  th a n  o r eq u a l to  c o n s tra in ts  w ith  a  negative  s ig n GP a n d  

positive signGP in  all le ss  th a n  o r eq u a l to  c o n s tra in ts  fix i t  a t  its  

u p p e r  b o u n d .

C heck  c o n s tra in ts .
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E x p lan a tio n  of S tep  11 

M in im ization  p rob lem s:

If th e  v ariab le  alw ays a p p e a rs  in  th e  objective fu n c tio n  w ith  a  p o si­

tive coefficient a n d  a  positive ex p o n e n t o r a  negative coefficient a n d  a  

nega tive  ex p o n en t (i.e., positive signGP) a n d  positive signGp’s  in  all le ss  

th a n  o r eq u a l to  c o n s tra in ts  a n d  negative  signGP’s  in  all g re a te r  th a n  o r 

eq u a l to  c o n s tra in ts , th e n  fix i t  a t  its  low er b o u n d  in  th e  sing le v a riab le  

c o n s tra in ts  developed in  p rev io u s  s te p s  o r given in  th e  p ro b lem  s ta te ­

m e n t. In  som e c a se s  i t  m ay  b e  n e c e s s a ry  to se a rc h  for a  low er b o u n d  in  

th e  p ro c e ss  itself, b u t  i t  sill b e  e a s ie r  know ing  th a t  i t  is  im p o rta n t.

If th e  v ariab le  a lw ays a p p e a rs  in  th e  objective fu n c tio n  w ith  a  n eg a ­

tive coeffic ient a n d  a  positive e x p o n e n t o r a  positive coefficient a n d  a  neg ­

ative ex p o n en t (i.e., negative  s ig n GP) a n d  negative signGP’s in  all le ss  th a n  

o r eq u a l to  c o n s tra in ts  a n d  positive s ig n GPs in  all g rea te r  th a n  or eq u a l to  

c o n s tra in ts , th e n  fix i t  a t  i ts  u p p e r  b o u n d .

M axim ization  p rob lem s:

If th e  v ariab le  alw ays a p p e a rs  in  th e  objective fu n c tio n  w ith  a  p o si­

tive coefficient a n d  a  positive e x p o n e n t o r a  negative coefficient a n d  a  

nega tive  ex p o n en t (i.e., positive signGP) a n d  negative signGP’s  in  all le ss  

th a n  o r eq u a l to c o n s tra in ts  a n d  positive signGP s  in  all g rea te r  th a n  o r 

eq u a l to  c o n s tra in ts , th e n  fix i t  a t  its  u p p e r  b o u n d .

If th e  v ariab le  alw ays a p p e a rs  in  th e  objective fu n c tio n  w ith  a  n eg a ­

tive coefficient a n d  a  positive ex p o n e n t o r a  positive coefficient a n d  a  n eg ­
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ative ex p o n en t (i.e., negative  s ig n GP) a n d  positive s ig n GP’s  in  all le ss  th a n  

or eq u a l to  c o n s tra in ts  a n d  negative  signGP’s in  all g re a te r  th a n  o r eq u a l 

to  c o n s tra in ts , th e n  fix i t  a t  its  low er b o u n d .

C heck  c o n s tra in ts :

If all of th e  c o n s tra in ts  a re  still feasib le  co n tin u e . If n o t, iso la te  th e  

v a riab les  a ss ig n ed  to  th e  v io la ted  c o n s tra in ts  in  th is  s te p  a n d  re tu rn  th e  

p ro g ram  to  it o rig inal s ta te  before th e se  a s s ig n m e n ts  w ere m ad e . T h is 

sh o u ld  n o t o ccu r a n d  m ay  in d ica te  a n  e rro r in  th e  a s s ig n m e n t p ro cess.

Step 12 Restate the Reduced Problem

C heck  v ariab le  a s s ig n m e n ts . S u m  c o n s ta n t te rm s  in  th e  objective

fu n c tio n  a n d  o n  th e  le ft-h an d  side  of rem a in in g  c o n s tra in ts .

R esta te  th e  p ro g ra m  in  th e  fo rm a t given in  S tep  1.

Is th e  p ro b lem  still th e re ?

R ep ea t p rev io u s  s te p s  a s  n ecessa ry .

W ere a n y  ad d itio n a l p ro b lem s g en e ra ted ?

E x p lan a tio n  of S tep  12

C arefu lly  ch e c k  e a c h  of th e  v ariab le  a s s ig n m e n ts  m ad e  in  th e  algo­

r ith m  so  far. M ake s u re  th a t  th e  v ariab le  v a lu es  d e te rm in ed  w ere s u b s t i­

tu te d  in to  th e  objective fu n c tio n  a n d  co n s tra in ts . S u m  c o n s ta n t te rm s  in  

th e  objective fu n c tio n  a n d  s u m  c o n s ta n ts  on  le ft-h an d  side  of rem a in in g  

c o n s tra in ts .

R e s ta te  th e  p ro g ram  in  th e  fo rm a t given in  S tep  1. T h is  is  im p o rta n t 

for ex iting  th e  a lg o rith m  o r reen te r in g  it  for fu r th e r  an a ly sis .
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Is th e  p ro b lem  still th e re ?  If n o t, th e n  ca lcu la te  th e  objective fu n c ­

tio n  va lue , a d d  in  th e  s to red  c o n s ta n t  te rm s , lis t  th e  v ariab le  a s s ig n ­

m e n ts  a n d  ch eck  th e  co n s tra in ts .

W ere a n y  ch an g es  m ad e  d u rin g  th is  ite ra tio n ?  If yes, th e n  go b a c k  

to  S tep  2. U n less  th e re  a re  no  m ore  ch a n g e s  to  b e  m ade.

W ere a n y  ad d itio n a l p ro b lem s g en e ra ted ?  If yes, th e n  go b a c k  to  

S tep  1 a n d  p ro cess  th e  o th e r  p ro b lem s.

Step 13 Normalize the Constraints

N orm alize th e  c o n s tra in ts  (b u t n o t th e  single variab le  b o u n d s) b y  

div id ing  th ro u g h  by  th e  n o n ze ro  r ig h t h a n d  side.

Step 14 Determine the Degree of Difficulty

H ow  m a n y  te rm s  in  th e  p ro b lem ? How m a n y  v a riab les?  

DD  = Variables  - T erm s  - 1

Step 15 Convert the Program

C onvert m ax im ization  p ro g ra m s to  m in im ization  p ro g ram s.

C onvert th e  c o n s tra in ts  to  s ig n o m ia ls  le ss  th a n  o r eq u a l to  1.

E x p lan a tio n  of S tep  15

F u r th e r  p ro cess in g  u s in g  geom etric  p ro g ram m in g  req u ire s  a  m in im i­

za tio n  p ro g ram . A  m ax im ization  objective fu n c tio n  c a n  be  con v erted  to  

m in im iza tio n  by  m ultip ly ing  it  b y  -1 o r inverting  it. M ore d ifficu lt 

co n v ers io n s a re  m ad e  b y  c rea tin g  a  n ew  v ariab le  a n d  eq u a lity  c o n s tra in t.



T-3672 49

Save th e  s ta te m e n t of th e  m ax im iza tio n  p ro g ram  for u s e  la te r  if  a  n o n lin ­

e a r  op tim iza tion  co m p u te r  code is u se d . G eom etric p ro g ram m in g  

a s s u m e s  all c o n s tra in ts  to  b e  tig h t. E q u a lity  c o n s tra in ts  can , therefore , 

b e  w ritten  a s  le ss  th a n  o r eq u a l to  c o n s tra in ts .

Step 16 Create the DeltaGP Matrix

W rite th e  n o rm a lity  c o n s tra in t  a s  th e  f irs t row. If th e  p ro g ram  is 

a  posynom ial, th e n  s e t  th e  row  eq u a l to  1. If i t  is  a  s ignom ial se t 

th e  row  eq u a l to  a

W rite th e  re m a in in g  row s b y  su m m in g  th e  d e lta s  a sso c ia ted  w ith  

ea c h  variab le  eq u a l to  zero  (orthogonality  c o n s tra in ts ) .

E x p lan a tio n  of S tep  16

T he deltacp m a trix  is  b a s e d  o n  th e  te rm s  of th e  p rob lem . E ac h  te rm  

is  n u m b e re d  co nsecu tive ly  s ta r t in g  w ith  th e  objective fu n c tio n  a n d  con ­

tin u in g  th ro u g h  th e  c o n s tra in ts  o m ittin g  th e  r ig h t h a n d  s id e s  of th e  con ­

s tra in ts . (Neglect a n y  rem a in in g  sing le variab le  b o u n d s.)

T he firs t row  (norm ality  co n s tra in t)  of th e  d e lta  m a tr ix  is th e  su m  of 

th e  d e lta s  a sso c ia ted  w ith  th e  te rm s  of th e  objective fu n c tio n  s e t  eq u a l to 

a , a  v a riab le  in  th e  f irs t row . (i.e., aÔ2 + g82 + • • • + <y8n = a ; w h ere  n  = th e  

n u m b e r  of te rm s  in  th e  objective fu n c tio n  a n d  a  = ± I). T he sign  (a) of 

th e  coefficient on  e a ch  d e lta  is  th e  sa m e  a s  th e  signup of th e  term .)

W rite th e  rem a in in g  row s b y  su m m in g  th e  d e lta s  a sso c ia ted  w ith  

ea ch  v ariab le  eq u a l to  zero  (o rthogonality  cond itions). T he coefficient 

sign  (a) for th e  d e lta  is  th e  te rm ’s  v ariab le  signGP w hile  th e  coefficient is



T-3672 50

th e  e x p o n e n t of th e  te rm ’s  variab le .

Look for s u b s e ts  of s im u lta n e o u s  lin early  in d e p e n d e n t e q u a tio n s  

w h ich  h av e  th e  sam e  n u m b e r  of e q u a tio n s  a s  v a riab les  (Ss). If s u c h  a  

s u b s e t  ex is ts  th e n  solve th is  s u b s e t  o f eq u a tio n s  for th e  v a ria b le s  a n d  

s u b s t i tu te  th e ir  v a lu es  in to  th e  re m a in in g  p ro b lem  a n d  save th e m  for u se  

in  th e  n e x t s tep .

Step 17 Use the Optimality Relationships

W rite th e  o p tim ality  re la tio n sh ip s  for th e  te rm s  in  th e  objective 

fu n c tio n  u s in g  R ule 3.

Iso la te  co m b in a tio n s  of te rm s  co n ta in in g  one a n d  two v ariab les . 

W rite th e  o p tim ality  re la tio n sh ip s  for th e  c o n s tra in ts  u s in g  R ule 

4.

S u b s ti tu te  d e lta  v a lu es  from  S tep  16 a n d  solve for p ro g ram  v a ri­

ab le s  a t  op tim ality .

E x p lan a tio n  of S tep  17

R ule  3:

, terrrix term^ termn
TC =-5r=-sr= •• =~sr

Iso la te  co m b in a tio n s  of te rm s  w h ich  c o n ta in  one o r tw o v ariab les . 

Solve for th e  sing le  variab le  d irec tly  a n d  s u b s t i tu te  its  v a lu e  in to  th e  

rem a in in g  te rm s  of th e  p ro g ram . In  co m b in a tio n s  co n ta in in g  tw o v a ri­

ab les , solve for one v ariab le  a n d  s u b s t i tu te  th e  r e s u lt  in to  th e  rem a in in g  

te rm s  of th e  p ro g ram . R ep ea t th is  s te p  u n til  no  m ore s u b s t i tu tio n s  c a n
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b e  m ade.

R ule 4:

to- = constraint ternii for all j in constraint k

If th e  degree of d ifficu lty  is  g re a te r  th a n  zero, i t  is  p o ss ib le  th a t  n o t 

all c o n s tra in ts  will b e  active in  th e  so lu tio n . If a  v a lu e  for a  c o n s tra in t 

te rm  d e lta  w as  fo u n d  in  S tep  16 th e n  th is  re la tio n sh ip  c a n  be tem p o ­

ra rily  a s su m e d  to  be  active a t  o p tim ality  for iso la tin g  v ariab le  re la tio n ­

sh ip s . Do n o t com m it th e se  re la tio n sh ip s  to  a  so lu tio n  u n ti l  all possib le  

v a riab le  so lu tio n s  have  b e e n  found .

Step 18 Manipulate the Optimality Relationships

S e a rc h  b o th  th e  deltacp m a tr ix  a n d  op tim ality  re la tio n sh ip s  for 

s u b s e ts  of in d e p e n d e n t re la tio n sh ip s  a n d  solve th e m  for th e  5s 

a n d  p ro g ram  v ariab les .

C h eck  th e  v a lu e s  d e te rm in ed  in  th e  above in  th e  c o n s tra in ts  a n d  

b o u n d s  for feasib ility . E n u m e ra te  th e  rem a in in g  objective fu n c ­

tio n  v a lu es .
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Step 19 Classify the Remaining Linear Program
If th e  re s id u a l p ro g ram  is  lin e a r  c lassify  it in to  one of th e  
following su b c la s se s .

LEP - L inear objective fu n c tio n  a n d  lin e a r  eq u a lity  

c o n s tra in ts .

LIP - L inear objective fu n c tio n  a n d  lin e a r  in eq u a lity  

c o n s tra in ts .

LCP - L inear objective fu n c tio n  a n d  b o th  lin e a r  eq u a lity  

a n d  in eq u a lity  c o n s tra in ts .

Step 20 Classify the Remaining Nonlinear Program
If th e  re s id u a l p ro g ram  is  n o n lin e a r  classify  it in to  one of 

th e  follow ing su b c la sse s .
LEP - N on linear objective fu n c tio n  a n d  lin e a r  eq u a lity  

c o n s tra in ts .
NLIP - N on linear objective fu n c tio n  a n d  lin e a r  in eq u a lity  

c o n s tra in ts .

NLCP - N on linear objective fu n c tio n  a n d  b o th  lin e a r  

eq u a lity  a n d  in eq u a lity  c o n s tra in ts .

NEP - N on linear objective fu n c tio n  o r lin e a r  objective 

fu n c tio n  w ith  n o n lin e a r  eq u a lity  c o n s tra in ts .

NIP - N on linear objective fu n c tio n  o r lin e a r  objective 

fu n c tio n  a n d  n o n lin e a r  in eq u a lity  c o n s tra in ts .

NCP - N on linear objective fu n c tio n  o r lin e a r  objective 

fu n c tio n  a n d  b o th  n o n lin e a r  eq u a lity  a n d  in eq u a lity  

c o n s tra in ts .
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3.4 Analyzing the Results

Is i t  a  m in im iza tion  o r a  m ax im iza tio n  p ro g ram ? If th e  p ro g ram  w as 

con v erted  for geom etric  p ro g ram m in g  an a ly sis , it  m ay  b e  w orthw hile  to 

r e tu r n  to  S tep  15 a n d  p ick  u p  th e  re s id u a l p ro g ram  for u s e  in  a n  com ­

p u te r  op tim iza tion  code. T h e  n e x t s te p  is to  p u t  i t  in  a  code a n d  r u n  it.

A d isc u ss io n  of all th e  d ra w b ac k s  of n o n lin e a r  o p tim iza tion  is n o t 

in c lu d ed  in  th is  th e s is . T he re a d e r  is  referred  to Gill, M urray , a n d  W right 

(1981) for a  co m prehensive  ex am in a tio n  of n o n lin e a r  o p tim iza tio n  te c h ­

n iq u e s . T he u s e r  is expected  to  h av e  a  h e a lth y  sk ep tic ism  for th e  a n y  

co m p u te r  p ro g ram  re su lts . W orking  th ro u g h  th e  a lg o rith m  sh o u ld  have 

forced  y o u  to  ev a lu a te  th e  p ro b lem  a n d  sh o u ld  have  sh o w n  th e  ra n g e s  of 

feasib le  an sw ers .

C o m p u ta tio n a l experience  w ith  eng ineering  a n d  econom ics p ro b ­

lem s h a s  sh o w n  th a t  m o s t v a riab le s  a re  b o u n d  by  o p e ra tio n a l re q u ire ­

m e n ts  w h ich  a re  u su a lly  n o t s ta te d  in  th e  p ro p o sed  fo rm u la tio n . T h is  

a p p e a rs  to  be  d u e  to  th e  m a th e m a tic ia n s  lack  of p ra c tic a l experience a n d  

th e  in ab ility  of th e  u s e r  to  a r tic u la te  h is  rea l c o n s tra in t s e t  in  m a th e m a t­

ical te rm s . T he ap p en d ice s  in c lu d e  illu stra tiv e  exam ples of th is .
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Chapter 4 

CONCLUSIONS

4.1 Summary of Accomplishments

T h is  th e s is  re p re se n ts  th re e  sig n ifican t a c co m p lish m e n ts  in  th e  a re a  

of n o n lin e a r  p rog ram m ing .

It d e ta ils  a n  a lg o rith m  for th e  an a ly s is  of econom ic, eng ineering , a n d  

b u s in e s s  o p tim iza tio n  p ro b lem s w h ich  c a n  b e  u se d  b y  a lm o st an y o n e  

w ith  a  b a s ic  u n d e rs ta n d in g  of m a th e m a tic a l p rog ram m ing . T h is  s im p lis ­

tic  lock  s te p  a p p ro a c h  is  in te n d ed  to  b e  th e  f irs t s te p  for th e  eng ineer, o r 

b u s in e s s m a n  in  developing  h is  a w a re n e ss  of th e  m e th o d s  availab le  to  

solve h is  p rob lem .

It r e p re s e n ts  th e  f irs t s te p s  in  developing  a  ru le -b a se d  sy stem  for 

ana ly z in g  n o n lin e a r  o p tim iza tio n  p ro g ram s. T he b a s ic  dec ision  logic is  

o u tlin ed  in  th e  2 0  s te p s  of th e  a lg o rith m  a n d  su ffic ien t m a th e m a tic a l 

de ta il h a s  b e e n  prov ided  for th e  p ro g ram m er to  b eg in  th e  ta s k  of w ritin g  

th e  sy stem . F o r u s e  in  to d a y 's  c o m p u te r  en v iro n m en t w here  so ftw are  

p ro g ra m s a re  n o to rio u s  for b e in g  fo rm at-sen sitiv e , m u c h  of th e  algo­

r ith m ’s e m p h a s is  is  on  g e ttin g  th e  fo rm a t righ t.

F inally , i t  d e lin ea te s  th e  b o u n d a ry  b e tw een  m a th e m a tic a l an a ly s is  

a n d  sy s tem s an a ly sis . A t som e p o in t every so lu tio n  h a s  to  be  im p lem ­

en ted  b y  som eone. S ince th e re  m u s t  b e  a n  m a n -m a c h in e  in te rface  even  

on  a n  a u to m a te d  a ssem b ly  line, i t  is  im p o r ta n t to  kn o w  w here  it  is  a n d  

how  it c a n  b e  u se d  to  solve p rob lem s.
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4.2 Applications of Algorithm

T he c lea re s t n eed  for th is  a lg o rith m  is d e m o n s tra te d  b y  th e  ex am ­

p les  in  ap p en d ice s  B a n d  C. M odelers n eed  a  m e th o d  to  ana lyze  th e ir  

m o d e ls  a s  th e  th e y  a re  b e in g  developed a n d  before th e  m odel is 

co m m itted  to  large sca le  c o m p u te r  te s tin g . T he lite ra tu re , how ever, is  

n o t rep le te  w ith  ex am p les of th e  ap p lica tio n  o f th e se  te c h n iq u e s  to  rea l 

p ro b lem s n o r  is i t  likely  th a t  i t  w ill b e  in  th e  n e a r  fu tu re . M u ch  of m a th ­

em a tica l p ro g ram m in g  h a s  b e e n  developed a n d  p u b lish e d  in  th eo re tica l 

jo u rn a ls  in  a  lan g u ag e  a n d  n o ta tio n  w h ich  is  difficult to  re a d  a t  b e s t.

T he p ro b lem  se ts  th a t  n o n lin e a r  a lg o rith m s a re  te s te d  a g a in s t b e a r  n o  

re se m b lan c e  to  re a l p ro b lem s, m a k in g  i t  d ifficult for th e  novice to  recog­

n ize a n d  in teg ra te .

S ep arab le  p ro g ram m in g  is  of little  in te re s t to  th e  p u re  

m a th e m a tic ia n  b e c a u se  it  re p re s e n ts  on ly  a  sm all p o rtio n  of m a th e m a t­

ical p rog ram m ing . O th e r  d isc ip lin es  s u c h  a s  eng ineering , b u s in e s s , a n d  

econom ics a re  faced  w ith  so lv ing  p ro b lem s w h ich  b y  th e ir  v ery  n a tu re  a re  

se p a ra b le  or th e  in te ra c tio n  of th e  v a riab les  is  su fficien tly  sm a ll in  th e  

overall co n tex t of th e  p ro b lem  th a t  th e y  c a n  b e  ignored . T h is  is  a  s ta te  of 

affa irs  w h ich  will en d  quickly , how ever, a n d  se p a rab le  m ode ls  re p re se n t 

a  n e c e ss a ry  in te rim  s te p  for th e s e  d isc ip lines, m ak in g  th e  tra n s i t io n  from  

lin e a r  a n d  q u a d ra tic  m ode ls to  h ig h ly  n o n lin e a r  in te rac tiv e  m odels.

T he ex istence  of a  m a th e m a tic a l tool in  n o  w ay  g u a ra n te e s  its  u se . 

F o r exam ples one n eed  look n o  fu r th e r  th a n  th e  ca n n e d  p ro g ram  lib ra ry  

o n  th e  n e a re s t  m a in  fram e co m p u te r. W hile th e se  a re  pow erfu l too ls  for
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solving a  w ide ran g e  of p ro b lem s it  is  d ifficult to  im agine a  le ss  friend ly  

sy stem . T he n a tu re  of th e  c o m p u te r  age is s u c h  th a t  m a jo r ad v a n ces  a re  

b e in g  m ad e  so  qu ick ly  th a t  a n a ly s t have  h a d  to  specia lize in  very  sm all 

co m p a rtm en ts . G e ttin g  p ra c titio n e rs  a n d  sc ie n tis t to  u s e  th e  too ls avail­

ab le  will req u ire  th a t  b a s ic  a lg o rith m s s u c h  a s  th is  b e  w ritte n  to d em o n ­

s tra te  th e  cap ab ilitie s  th a t  th e y  a re  m iss in g  a n d  ease  th e  tra n s itio n  to  

th e  m ore  so p h is tic a te d  p ro g ram s.

4.3 Suggestions for Further Research

F o u r  a re a s  of re s e a rc h  a re  n ee d ed  in  th is  a re a . T he f irs t is in  th e  

a re a  of ev a lu a tin g  re d u n d a n c y  in  n o n lin e a r  c o n s tra in t se ts . T he m e th o d s  

availab le  a re  p rin c ip a lly  derivative a n d  d ifficult to  im p lem en t. T he id e n ti­

fica tion  of ad d itio n a l v a riab le  re la tio n sh ip s  v ia  geom etric  p ro g ram m in g  

prov ides ad d itio n a l lin e a r  in fo rm atio n  w h ich  m a y  allow  m ore  g en era l u se  

of lin e a r  in d e p en d en c e  ev a lu a tio n  m e th o d s. T he co n cep t n o t developed 

in  th e  lite ra tu re  b u t  sev era l s im u lta n e o u s  n o n lin e a r  eq u a tio n  so lvers u se  

th e  p rin c ip les  involved, A llen (1980) a n d  B ak e r (1980).

W essels (Forthcom ing) in  a  co m p an io n  th e s is  is  developing th e  

follow -on a lg o rith m  for b o u n d in g  th e  v a riab les  rem a in in g  a fte r  th e  p re ­

p ro cess in g  is  com pleted  a n d  u s in g  geom etric  p ro g ram m in g  to solve m u l­

tip le  degree of difficu lty  s ignom ials reliably . S ince  th e se  two efforts w ere 

m ad e  in  p a ra lle l no  feed b ack  loop w as  e s ta b lish e d  to  ta k e  ad v an tag e  of 

th e  in te rface . O nce a  v ariab le  h a s  b ee n  b o u n d e d  i t  is  p ro b ab le  th a t  th e  

b o u n d  could  b e  u se d  in  im prov ing  th e  c o n s tra in t s e t  o r in  identify ing  

a n o th e r  c o n s tra in t.
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A th ird  a re a  of re s e a rc h  is  in  th e  a re a  of ru le  b ased -p ro g ram m in g . 

T h is  a lg o rith m  is  p a r tic u la r ly  u n s u ite d  for s ta n d a rd  p ro g ram m in g  ap p li­

c a tio n s  u s in g  p ro g ram m in g  la n g u a g es  s u c h  a s  FORTRAN o r C. T h is  is  

d u e  to  th e  re q u ire m e n t th a t  th e  p ro g ra m  be  ab le  to  recognize p a t te rn s  

a n d  follow a  dec ision  tree . T h ese  re q u ire m e n ts  a re  b a s ic  a n d  w ell su ite d  

for a  ru le  b a s e d  ap p lica tio n  in  p ro g ram m in g  la n g u ag es  s u c h  a s  LISP a n d  

PROLOG.

T he la s t  a re a  co n ce rn s  th e  dev e lo p m en t of a  feed b ack  sy s tem  for 

ev a lu a tin g  reg ress io n  m ode ls to  fac ilita te  op tim ization . T h is  m a y  b e  no  

m ore  th a n  a  s e t  of ru le s  w h ich  re q u ire  th e  u s e r  o r th e  p ro g ra m  ap p lica ­

tio n  to  iden tify  se p a rab le  p ro b lem s w ith in  th e  reg ress io n  e q u a tio n . T h is  

w ill allow  th e  u s e r  to  ana lyze  th e  trad e -o ff  of p red ic tio n  a g a in s t 

o p tim iza tio n  m odel com plexity .
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APPENDIX A 

ALGORITHM WORKSHEET 

Step 1 Put the Program into Standard Format

L ist th e  objective fu n c tio n .

L ist th e  c o n s tra in ts  in  th e  following o rd e r w ith  th e  v ariab le  te rm s  

on  th e  left h a n d  sid e  of th e  eq u a tio n s  a n d  th e  c o n s ta n ts  on  th e  

righ t.

E q u a lity  c o n s tra in ts .

In eq u a lity  c o n s tra in ts .

L ess th a n  o r eq u a l to  c o n s tra in ts .

G re a te r  th a n  o r eq u a l to  c o n s tra in ts .

L ist th e  sing le v a riab le  b o u n d s .

Workspace

O bjective F u n c tio n

E q u a lity  C o n s tra in ts

L ess T h a n  or E q u a l to  C o n s tra in ts

G rea te r  T h a n  o r E q u a l to  C o n s tra in ts

S ingle V ariab le  B o u n d s
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Step 2 Simplify the Problem Statement

C om plete  a lgebra ic  o p e ra tio n s  a n d  collect te rm s .

M ake lin e a r  s u b s t i tu tio n s  for v a ria b le s  w ith  u n iq u e  ex p o n e n ts  

a n d  u n iq u e  v ariab le  co m b in a tio n s .

M ake s u b s t i tu tio n s  for m e ssy  th in g s  in  th e  p ro g ram  a n d  define 

th e se  s u b s t i tu tio n s  w ith  a n  eq u a lity  c o n s tra in t.

S u m  all c o n s ta n t te rm s  in  th e  objective fu n c tio n . S to re  th is  v a lu e  

a n d  dele te  th is  te rm  from  th e  objective fu n ctio n .

Workspace

M ultip lica tion .

A dd ition  a n d  su b tra c tio n .

D ivision.

S u b s ti tu t io n s  for v a riab les  w ith  u n iq u e  ex p o n en ts .

S u b s ti tu t io n s  for m e ssy  th in g s .

New eq u a lity  c o n s tra in ts  for m e ssy  th in g  su b s titu tio n s .

S u m  c o n s ta n ts  to  be  ad d ed  to  th e  objective fu n c tio n  a fte r  p rep ro cess in g .
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Step 3 Check Assumptions

A re all v a riab le s  s tr ic tly  n o n -n eg ativ e  {te ., alLXi > 0)?

A re th e re  a n y  s tr ic t  in e q u a lity  c o n s tra in ts?

Is th e  p ro b lem  p o sed  a s  a  s ignom ial o p tim iza tio n  p ro g ram ?

Workspace

List th e  v ariab les: E s tim a te  o p e ra tin g  ran g es:

L ist s tr ic t  in e q u a lity  c o n s tra in ts : New c o n s tra in ts :

N onsignom ial te rm s: T ran sfo rm ed  te rm s:
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Step 4 Remove Redundant Constraints

Look for c o n s tra in ts  th a t  a re  s im p le  m u ltip le s  of e ach  o th e r. 

Look for g ro u p s  of c o n s tra in ts  w h ich  ad d e d  a n d  su b tra c te d  from  

e a c h  o th e r  eq u a l a n o th e r  c o n s tra in t  o r its  m u ltip le .

S e t u p  a  m odified  coefficient m a tr ix  a n d  do G a u s s -J o rd a n  elim i­

n a tio n  to  verify in d ep en d en ce  for la rge p rob lem s.

Workspace

L ist c o n s tra in ts . L ist p o ssib le  re d u n d a n c y  

m a tch e s .

W rite m odified  coefficient m a trix . W rite m odified v ariab le  

co lu m n  m atrix .
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Step 5 Check for Solutions in Constraints

How  m a n y  v a ria b le s  a re  th e re ?  How m a n y  eq u a lity  c o n s tra in ts?  

How  m a n y  in eq u a lity  c o n s tra in ts ?

Is th e  n u m b e r  of in d e p e n d e n t equa lity  c o n s tra in ts  eq u a l to  th e  

n u m b e r  of v a riab les?

Is th e re  a  s u b s e t  o f in d e p e n d e n t eq u a lity  c o n s tra in ts  w h ich  have  

eq u a l n u m b e rs  of e q u a tio n s  a n d  v ariab les?

U se e ith e r  a  lin e a r  o r  n o n lin e a r  s im u lta n e o u s  e q u a tio n  so lver to  

g e t a n  u n iq u e  so lu tio n  to  th e  p roblem . T h en  ch eck  in eq u a lity  

c o n s tra in ts  a n d  sing le v a riab le  b o u n d s .

Is th e  n u m b e r  of in d e p e n d e n t eq u a lity  a n d  in e q u a lity  c o n s tra in ts  

e q u a l to  th e  n u m b e r  of v a riab le s?

Is th e re  a  s u b s e t  of in d e p e n d e n t equa lity  a n d  in e q u a lity  con ­

s tr a in ts  w h ich  h av e  eq u a l n u m b e rs  of eq u a tio n s  a n d  v a riab les?  

A ssu m e  all in eq u a litie s  c o n s tra in ts  are  eq u a lities . U se e ith e r  a  

lin e a r  o r n o n lin e a r  s im u lta n e o u s  eq u a tio n  so lver to  g e t a  'feasible 

problem " so lu tio n . T h en  ch eck  th e  single v a riab le  b o u n d s . Save 

th is  so lu tio n  for u s e  a s  a  s ta r t in g  p o in t in  th e  a lg o rith m  to  solve 

th e  p rob lem .

T he n u m b e r  of v a riab les  =

Workspace

_________ (a)

T he n u m b e r  of eq u a lity  c o n s tra in ts  = .(b)

BRTKU* OlKES LIBMHY 
COLORADO SCHOOL o* MINES 

GOLDEN. COLORADO 804QS
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(a) - (b) = ______________ ( = 0 ? T h en  u s e  n o n lin e a r  eq u a tio n  solver)

T he so lu tio n  is:

L ist v a riab le s  a n d  th e ir  v a lu e s

T he n u m b e r  of in eq u a lity  c o n s tra in ts  = ______________ (c)

(a) - ( b ) -  (c) = ______________ ( = 0  ? T h en  u s e  n o n lin e a r  eq u a tio n  solver)

T he feasib le  a n sw e r  is:

L ist v a riab le s  a n d  th e ir  v a lu es

C oefficient m a tric e s  of in d e p e n d e n t s u b s e ts  o f eq u a lity  c o n s tra in ts

T he so lu tio n  for th e se  v a riab le s  is:

L ist th e  v a riab les  a n d  th e ir  v a lu e s

C oefficient m a tr ic e s  of in d e p e n d e n t s u b s e ts  of in e q u a lity  a n d  eq u a lity  

c o n s tra in ts

T he feasib le  an sw e r for th e se  v a riab le s  is: 

L ist v a riab les  a n d  th e ir  v a lu es
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L ist th e  single v ariab le  b o u n d s  a n d  s u b s t i tu te  v a lu es  from  above.

S u b s ti tu te  a n d  rew rite  th e  p ro g ra m  in  s ta n d a rd  form . See S tep  1.
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Step 6 Separate Variables

Identify  a n d  lis t u n c o n s tra in e d  objective fu n c tio n  v ariab les. 

Identify  a n d  lis t non-ob jec tive  fu n c tio n  v a ria b le s  ap p e a rin g  in  

c o n s tra in ts  w h ich  c o n ta in  on ly  o th e r  non -ob jec tive  fu n c tio n  v a ri­

ab les  a n d  do n o t a p p e a r  in  a n o th e r  c o n s tra in t  w ith  a n  objective 

fu n c tio n  variab le .

Identify  a n d  lis t v a ria b le s  w h ich  a p p e a r  in  b o th  objective fu n c tio n  

a n d  c o n s tra in t  te rm s  o r in  c o n s tra in ts  co n ta in in g  v a riab les  th a t  

lin k  to  objective fu n c tio n  v a riab les  in  o th e r  c o n s tra in ts .

Look for s u b s e ts  of th e  objective fu n c tio n  te rm s  co n ta in in g  

v a riab le s  w h ich  a re  e ith e r  u n c o n s tra in e d  o r co n s tra in e d  by  

u n iq u e  s u b s e ts  of th e  c o n s tra in ts . R es ta te  th e se  se p a ra te d  p ro ­

g ram s a s  in d e p e n d e n t su b p ro g ra m s  a n d  r e tu r n  to  S tep  1 to  co n ­

tin u e  th e  a n a ly s is  on  ea ch  of th e m  sep ara te ly .

Workspace

L ist u n c o n s tra in e d  objective fu n c tio n  variab les.

L ist c o n s tra in e d  v a riab le s  n o t in  th e  objective fu n c tio n  w h ich  a p p e a r  in  

c o n s tra in ts  w h ich  do n o t co n ta in  e ith e r  objective fu n c tio n  v ariab les  n o r  

v a riab les  th a t  a re  in  c o n s tra in ts  w ith  objective fu n c tio n  te rm s .
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L ist rem a in in g  v ariab les.

L ist u n c o n s tra in e d  su b p ro g ra m s.

L ist c o n s tra in e d  su b p ro g ra m s.

S u b s ti tu te  a n d  rew rite  th e  rem a in in g  p ro g ram  in  s ta n d a rd  form .
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Step 7 Look for this Problem Type

T he objective fu n c tio n  is  a  sing le te rm  a n d  th e  le ft-h an d  side  of 

th e  c o n s tra in ts  a re  sing le  te rm s  (co n s ta n ts  o n  th e  r ig h t-h a n d  

side).

If so, th e n  ta k e  th e  lo g a rith m  of th e  objective fu n c tio n  a n d  b o th  

s id es  of th e  c o n s tra in ts  a n d  single variab le  b o u n d s  to  form  a  lin ­

e a r  p rog ram .

Workspace

L ist th e  objective fu n c tio n .

L ist th e  lo g arith m  of th e  objective function .

L ist th e  co n s tra in ts .

L ist th e  lo g arith m  of th e  c o n s tra in ts .

If th is  w as  a  su b p ro g ra m  rew rite  th e  rem a in in g  p ro g ram  in  s ta n d a rd  

form .
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Step 8 Remove Redundant Bounds

R em ove re d u n d a n t  b o u n d s . R e d u n d a n t b o u n d s  a re  th o se  th a t  

a re  le ss  restric tiv e  th a n  s im ila r  b o u n d s  on  th e  sam e variab le . 

C o m p are  b o u n d s  to  c o n s tra in ts . Are th e re  an y  b o u n d s  th a t  

w ould  v io la te  th e  c o n s tra in ts ?  If so , th e n  th e  b o u n d  is r e d u n ­

d a n t.

C h eck  v ariab le  b o u n d s  for in feasib ility  o r u n b o u n d e d n e ss .

Workspace

List th e  sing le  v ariab le  b o u n d s  for th e  f irs t variab le :

L ist th e  sing le v ariab le  b o u n d s  for th e  seco n d  variab le:

R ep ea t a s  n ecessa ry .

S u b s titu te  th e  low er b o u n d  for all v a riab le s  in to  th e  eq u a lity  a n d  g re a te r  

th a n  o r eq u a l to  c o n s tra in ts  th e y  a p p e a r  in.

S u b s ti tu te  th e  u p p e r  b o u n d  for all v a riab les  in to  th e  eq u a lity  a n d  le ss  

th a n  o r eq u a l to c o n s tra in ts  th e y  a p p e a r  in.
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Step 9 Bound Variables in the Constraints

Lower b o u n d  v a ria b le s  in  th e  eq u a lity  a n d  g re a te r  th a n  o r eq u a l 

to  c o n s tra in ts  b y  a s su m in g  all o th e r  v a riab le s  a t  th e ir  u p p e r  

b o u n d s .

U pper b o u n d  v a riab le s  in  th e  equa lity  a n d  le ss  th a n  o r eq u a l to 

c o n s tra in ts  b y  a s su m in g  all o th e r  v a riab les  a t  th e ir  low er b o u n d s . 

L ist th e  tig h te s t s e t  of u p p e r  a n d  low er b o u n d s  y o u  c a n  for each  

variab le .

Look for u n iq u e  so lu tio n s  to  th e  c o n s tra in ts  in  th e  b o u n d s .

Note: Do n o t rep lace  c o n s tra in ts  w ith  sing le v ariab le  b o u n d s .

Workspace

Lower b o u n d in g  c o m p u ta tio n s .

U p p er b o u n d in g  co m p u ta tio n s .

L ist tig h te s t b o u n d s  possib le .

L ist u n iq u e  v ariab le  an sw ers .

S u b s ti tu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .
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Step 10 Row Zero Test

If all th e  coefficients of a  c o n s tra in t  a re  positive a n d  le ss  th a n  o r 

eq u a l to  zero (e.g., Xj2 + x23 + x3 + x42 < 0), th e n  s e t  all v a riab le s  in  

th a t  c o n s tra in t eq u a l to  zero (trivial re s u lt  b a se d  on  o u r  in itia l 

a s s u m p tio n  th a t  all v a ria b le s  a re  s tric tly  non-negative).

If all th e  coefficients of a  c o n s tra in t  a re  negative a n d  g re a te r  th a n  

o r eq u a l to  zero  (e.g., - Xj2 - x23 - x3 - x42> 0), th e n  s e t  all v a ria b le s  

in  th a t  c o n s tra in t eq u a l to  zero.

Workspace

L ist v a ria b le s  a n d  th e ir  v a lu es .

S u b s ti tu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .
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Step 11 Column SignGP Test

M inim ization  p rob lem s:

If th e  v ariab le  a lw ays a p p e a rs  w ith  a  positive s ig n GP in  th e  objec­

tive fu n c tio n  a n d  all le ss  th a n  o r eq u a l to  c o n s tra in ts  a n d  n eg a ­

tive signGP in  all g rea te r  th a n  or equa l to  c o n s tra in ts  fix, it  a t  i ts  

low er b o u n d .

If th e  v ariab le  a lw ays a p p e a rs  in  th e  objective fu n c tio n  a n d  all 

le ss  th a n  or eq u a l to  c o n s tra in ts  w ith  a  negative  s ig n GP a n d  p o si­

tive s ig n GP in  all g rea te r  th a n  o r eq u a l to  c o n s tra in ts , fix it  a t  its  

u p p e r  b o u n d .

M axim ization  p rob lem s:

If th e  v ariab le  a lw ays a p p e a rs  w ith  a  positive s ig n GP in  th e  objec­

tive fu n c tio n  a n d  all g re a te r  th a n  o r eq u a l to  c o n s tra in ts  a n d  neg­

ative signGP in  all le ss  th a n  or eq u a l to  c o n s tra in ts , fix it  a t  its  

low er b o u n d .

If th e  v ariab le  a lw ays a p p e a rs  in  th e  objective fu n c tio n  a n d  all 

g rea te r  th a n  o r eq u a l to  c o n s tra in ts  w ith  a  nega tive  signGP a n d  

positive sigricp in  all le s s  th a n  o r eq u a l to  c o n s tra in ts , fix i t  a t  its  

u p p e r  b o u n d .

C heck  c o n s tra in ts .



T-3672 74

Workspace

V ariab le T erm A ssig n m en t

S u b s ti tu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .



T-3672 75

Step 12 Restate the Reduced Problem

C heck  variab le  a s s ig n m e n ts . S u m  c o n s ta n t te rm s  in  th e  objective 

fu n c tio n  a n d  o n  th e  le ft-h a n d  side  of rem a in in g  c o n s tra in ts . 

R e s ta te  th e  p ro g ra m  in  th e  fo rm at given in  S tep  1.

Is th e  p ro b lem  still th e re ?

R ep ea t p rev io u s s te p s  a s  n ecessa ry .

W ere an y  ad d itio n a l p ro b lem s g en e ra ted ?

Workspace

L ist v ariab le  a s s ig n m e n ts .

O bjective F u n c tio n .

E q u a lity  C o n s tra in ts .

L ess T h a n  o r E q u a l to  C o n s tra in ts .
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G re a te r  T h a n  or E q u a l to  C o n s tra in ts .

S ingle V ariab le  B o u n d s .

S u m  c o n s ta n ts  to  be  ad d e d  to  th e  objective fu n c tio n  a fte r p rep ro cess in g .

S u b s ti tu te  a n d  rew rite  th e  p ro g ram  o r th e  so lu tio n .
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Step 13 Normalize the Constraints

N orm alize th e  c o n s tra in ts  (bu t n o t th e  sing le v ariab le  b o u n d s) by  

dividing th ro u g h  b y  th e  n o n ze ro  rig h t h a n d  side.

Workspace

Divide co n s tra in ts .

L ist no rm alized  c o n s tra in ts .
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Step 14 Determine the Degree of Difficulty

How m a n y  te rm s  in  th e  p ro b lem ? How  m a n y  v ariab les?  

DD  = V ariables  - Term s  - i

Workspace
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Step 15 Convert the Program

C onvert m ax im iza tion  p ro g ra m s to  m in im ization  p ro g ram s. 

C onvert th e  c o n s tra in ts  to  signom ials  le ss  th a n  o r eq u a l to  1.

Workspace

O bjective func tion .

W rite new  objective fu n c tio n  if req u ired .

L ist n ew  equa lity  c o n s tra in t for objective fu n c tio n  conversion .

L ist old c o n s tra in ts .

L ist n ew  c o n s tra in ts  in  p ro p e r  form .
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Step 16 Create the DeltaGP Matrix

W rite th e  n o rm ality  c o n s tra in t a s  th e  f irs t row. If th e  p ro g ram  is 

a  posynom ial, th e n  s e t  th e  row  eq u a l to  1. If i t  is  a  signom ial, s e t 

th e  row  eq u a l to  a

W rite th e  rem a in in g  row s by  su m m in g  th e  d e lta s  a sso c ia ted  w ith  

ea c h  v ariab le  eq u a l to  zero (orthogonality  co n s tra in ts ) .

Workspace

5, 5= s. RHS

N orm ality

O rth o g o n ality  

V ar 1 
V ar 2 

V ar 3

List s u b s e ts  o f in d e p e n d e n t e q u a tio n s  a n d  solve for v a lu es  of delta .
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L ist v a lu e s  of delta .
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Step 17 Use the Optimality Relationships

W rite th e  o p tim ality  re la tio n sh ip s  for th e  te rm s  in  th e  objective 

fu n c tio n  u s in g  R ule 3.

Iso la te  co m b in a tio n s  of te rm s  co n ta in in g  one a n d  tw o v ariab les . 

W rite th e  o p tim ality  re la tio n sh ip s  for th e  c o n s tra in ts  u s in g  R ule 

4.

S u b s ti tu te  d e lta  v a lu es  from  S tep  16 a n d  solve for p ro g ram  v a ri­

ab les  a t  op tim ality .

Workspace

List R ule 3  re la tio n sh ip s .

L ist re la tio n sh ip  p a irs  for iso la tin g  v ariab les .

L ist R ule 4  re la tio n sh ip s .

L ist re la tio n sh ip  co m b in a tio n s  for iso la tin g  v ariab les .
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Step 18 Manipulate the Optimality Relationships

S ea rch  b o th  th e  delta^p m a tr ix  a n d  op tim ality  re la tio n sh ip s  for 

s u b s e ts  of in d e p e n d e n t re la tio n sh ip s  a n d  solve th e m  for th e  Ôs 

a n d  p ro g ram  v ariab les .

C heck  th e  v a lu es  d e te rm in ed  in  S tep  17 w ith  th e  c o n s tra in ts  a n d  

b o u n d s  for feasib ility  a n d  b o u n d s  a n d  e n u m e ra te  th e  rem a in in g  

objective fu n c tio n  v a lu es .

Workspace
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Step 19 Classify the Remaining Linear Program

If th e  re s id u a l p ro g ram  is linear, classify  i t  in to  one of th e  

following su b c la sse s .

LEP - L inear objective fu n c tio n  a n d  lin e a r  equa lity  

c o n s tra in ts .

LIP - L inear objective fu n c tio n  a n d  lin ea r in eq u a lity  

c o n s tra in ts .

LCP - L in ear objective fu n c tio n  a n d  b o th  lin e a r  equa lity  

a n d  in eq u a lity  c o n s tra in ts .
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Step 20 Classify the Remaining Nonlinear Program

If th e  re s id u a l p ro g ram  is  n o n lin ea r, c lassify  it in to  one of th e  

following su b c la sse s .

LEP - N on linear objective fu n c tio n  a n d  lin e a r  eq u a lity  

c o n s tra in ts .

NLIP - N on linear objective fu n c tio n  a n d  lin e a r  in eq u a lity  co n ­

s tra in ts .

NLCP - N on linear objective fu n c tio n  a n d  b o th  lin e a r  

eq u a lity  a n d  in eq u a lity  c o n s tra in ts .

NEP - N on linear objective fu n c tio n  o r lin e a r  objective 

fu n c tio n  w ith  n o n lin e a r  eq u a lity  c o n s tra in ts .

NIP - N onlinear objective fu n c tio n  o r lin e a r  objective 

fu n c tio n  a n d  n o n lin e a r  in e q u a lity  c o n s tra in ts .

NCP - N on linear objective fu n c tio n  or lin e a r  objective 

fu n c tio n  a n d  b o th  n o n lin e a r  eq u a lity  a n d  in eq u a lity  

c o n s tra in ts .
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APPENDIX B 

MARKETING MIX PROBLEM 

B. 1 Description of the Problem

T he following a c c o u n t is  fic tional b u t  i t  se rv es  a s  a  vehicle for 

developing th e  in tu itiv e  fram ew ork  for th is  p rob lem .

T he p re s id e n t of a  n o tio n a l b rew ing  co m p an y  h a s  a sk ed  h is  vice 

p re s id e n t for m a rk e tin g  to  ju s tify  h is  ad v ertis in g  b u d g e t in  te rm s  of its  

r e tu rn  on  in v e s tm e n t o r co n trib u tio n  to sa les . T he vice p re s id e n t 

believes th is  to  b e  th e  p re s id e n t’s  polite  w ay of te lling  h im  h e  w a n ts  a  

b u d g e t cu t. S ince  b u d g e ts  a re  a  m e a su re  of co rp o ra te  s ta n d in g  am ong  

th e  vice p re s id e n ts  of th e  b rew ing  com pany , h e  w ould  like to  avoid a  b u d ­

ge t c u t  if a t  all p o ssib le  a n d  h e  s in cere ly  believes th a t  m a rk e tin g  is  th e  

key  to  m ak in g  th e  co m p an y  m ore su c ce ss fu l in  th e  long ru n . S ince th e  

p re s id e n t of th e  co m p an y  w as form erly  th e  vice p re s id e n t for m ark e tin g , 

h e  will n o t b e  sw ayed  w ith  th e  s ta n d a rd  soft a rg u m e n ts  u se d  in  th e  p a s t. 

In  d e sp e ra tio n  th e  VP tu r n s  to  th e  b u s in e s s  a n d  o p era tio n s  an a ly s is  

g roup .

T he m a n a g e r  of th e  g ro u p  see th is  a s  a  go lden  o p p o rtu n ity  for a  

b r ig h t y o u n g  econom ics g ra d u a te  of a  p ro m in e n t m id -w este rn  in s titu tio n . 

He believes th is  to  b e  a  lead  p ipe c in ch  for th is  y o u n g  a n a ly s t to  m ak e  h is  

n am e  k n o w n  a n d  th e re b y  in c re a se  th e  p restig e  of th e  g roup . A fter all, 

th e  lite ra tu re  is  rep le te  w ith  a rtic le s  on  th e  "m ark e tin g  mix" problem . In 

fac t th e  a rtic le  b y  B a la c h a n d ra n  a n d  G en sch  (1974) is  very  sim ila r to  th e
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p ro b lem  p o sed  b y  th e  VP of m ark e tin g . So, o u r  eager y o u n g  a n a ly s t 

ch a rg e s  off to  "solve th e  p rob lem ." As it tu r n s  o u t h is  p ro b lem  is  exactly  

th e  sa m e  a s  th e  one p o sed  b y  B a la c h a n d ra n  a n d  G ensch , b u t  th a t  is 

a n o th e r  sto ry .

T he a n a ly s t im m ed ia te ly  g a th e rs  all of th e  h is to ric a l d a ta  availab le  

re la tin g  to  sa le s  vo lum es, p ro m o tio n a l cam p aig n s, a n d  m a rk e tin g  ex p en ­

d itu re s  a n d  b eg in s to  feverish ly  d es ig n  reg ress io n  m odels to  fo recas t 

sa le s . A fter m a n y  long n ig h ts  h e  iden tifies th e  following v a riab le s  a s  

h av in g  re levance  to  th e  fo re cas t a n d  b e in g  m an ag ed  b y  th e  com pany .

R egression  V ariab les  for F o recas tin g  B eer S a les  (after 
D em bo 1976)

Xj T he a m o u n t of m o n ey  to  be  s p e n t on  te lev ision  ad v e rtis in g
in  th e  la s t  period . 

x 2 T he a m o u n t of m o n ey  to  be  s p e n t on  rad io  ad v e rtis in g  in
th e  la s t  period .

x 3 T he a m o u n t of m o n ey  to  be  s p e n t on  te lev ision  ad v e rtis in g
in  th e  c u r re n t period . 

x4 T he a m o u n t of m o n ey  to  be  s p e n t on  rad io  ad v e rtis in g  in
th e  c u r re n t period . 

x5 T he a m o u n t of m o n ey  s p e n t on  in  s to re  p ro m o tio n  in  th e
c u r re n t period . 

x 6 T he rela tive p rice  of b ee r.
x 7 T he relative p rice  ch an g e  from  th e  c u r re n t period .
x 8 T rad e  a llow ances in  th e  la s t  period .
x 15 T rad e  a llow ances in  th e  c u r re n t period .
x g T he a m o u n t of m o n ey  s p e n t on  th e  sa le s  force in  th e  la s t

period .
x 14 T he a m o u n t of m o n ey  s p e n t on  th e  sa le s  force in  th e  c u r ­

re n t  period.
x w T he a m o u n t of m o n ey  s p e n t on  d is trib u tio n .
x 2 2 T he rela tive p ack ag in g  ap p eal.
x 12 T he rela tive p ro d u c t quality .
x I3 T he age com position  of th e  beer.
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T he a n a ly s t p o sed  th is  objective fu n c tio n  b a se d  on  h is  reg ress io n  

an a ly sis .

Maximize Sales = 16.212 + 3.937% ^% " -  0.0002l V 95V '68W ' 28 “  

0.00305Xu18X n 6- 0 .0046V  “ 0.0053x6"0'76x1"0112

W here S a les  is in  m illions of do llars .

T he a n a ly s t fu r th e r  d iscovered  th a t  c o n tra c ts  w ere in  p lace s u c h  

th a t  th e  a m o u n t of m o n ey  s p e n t on  ad v e rtis in g  h a d  b een  a n d  w ould  co n ­

tin u e  to  be  fixed in  th e  s h o r t  te rm . T h ese  b o u n d s  w ere: 

xux2tx3yx4>0.l

x l +x2< 0.35 

*3+^4 <0.35

T he vice p re s id e n t for m a rk e tin g  to ld  o u r  y o u n g  a n a ly s t in  th e ir  

in itia l in terv iew  th a t  th e  co m p an y  w as  com m itted  to  a  m a rk e tin g  s tra te g y  

b a se d  on  a  th o ro u g h  an a ly s is  of ta rg e t au d ie n c e s  a n d  m a rk e tin g  s tu d ie s . 

T h is  s tra te g y  h a d  th e  effect of im p o sin g  th re e  m o re  c o n s tra in ts  on  th e  

p rob lem .
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Finally , th e  a n a ly s t looked  a t  th e  m e a n s  a n d  s ta n d a rd  d ev ia tions of 

e a c h  of th e  v a riab les  b a se d  o n  th e  d a ta  h e  h a d  collected a n d  a ss ig n ed  

b o u n d s  for each  of th em . S ince  ad v e rtis in g  v a riab les  w ere a lre ad y  

b o u n d e d  h e  d id  n o t provide b o u n d s  for them .

Prom otion B o u n d  0.2 <x5 < 0.35

R ela tive  Price B o u n d  0.1 <x6 < 1.35

R ela tive  Price C hange B o u n d  0.6 <%? < 1.3

T rade A llow ance B o u n d s  0.6 <jc8 < 1.3

0.6 <*15 <1.3

S a le sm a n  E ffort B o u n d  0.8 <x9< 1.25

0.6 <xu  <1.3

D istribution B o u n d  0.3 < x10 < 0.8

P ackaging  B o u n d  0.6 <xn < 1.8

Q uality  B o u n d  0.8 <x12< 1.8

A g e  C om position B o u n d  0.8 <x13 <1.3

S ince B a la c h a n d ra n  & G en sch  (1974) h a d  solved th e ir  p ro b lem  o n  a  

g enera lized  geom etric p ro g ram m in g  code, th e  a n a ly s t d id  th e  sa m e  th in g  

a n d  to o k  th e  so lu tio n  ($17 m illion  in  sales) to  th e  o p e ra tio n s  re s e a rc h  

m a n a g e r  for p re se n ta tio n  to  m a n ag em en t. T he m a n ag e r  of o p e ra tio n s  

re s e a rc h  w as a  wily old fox a n d  h e  saw  im m ed ia te ly  th a t  th e  a n sw e r  o u r  

y o u n g  a n a ly s t w as  p ro p o sin g  w as  p ro b ab ly  righ t, c u r re n t sa le s  w ere 

ap p ro a c h in g  $ 1 6  m illion, b u t  th a t  h e  h a d  n o t an sw ered  th e  q u es tio n .

T he vice p re s id e n t of m a rk e tin g  w as  on ly  re sp o n sib le  for th e  rad io  a n d
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te lev ision  ad v e rtis in g  b u d g e t, th e  in -s to re  p ro m o tio n  b u d g e t, th e  sa le s  

force, a n d  th e  p ack ag in g  b u d g e t, so h e  s e n t h im  b a c k  to  th e  d raw ing  

b o ard .

In  h is  s e a rc h  for th e  "right" an sw e r th e  y o u n g  a n a ly s t fo u n d  th e  

following a lg o rith m  w h ich  p ro m ised  to  m axim ize in tu itio n  a n d  m inim ize 

co m p u te r u sag e .

STEP 1 Put the Program into Standard Format

List th e  objective fu n c tio n .

L ist th e  c o n s tra in ts  in  th e  following o rd e r w ith  th e  variab le  te rm s  

on  th e  left h a n d  sid e  of th e  eq u a tio n s  a n d  th e  c o n s ta n ts  on  th e  

righ t.

E q u a lity  c o n s tra in ts .

In eq u a lity  c o n s tra in ts .

L ess th a n  or eq u a l to  c o n s tra in ts .

G re a te r  th a n  o r eq u a l to c o n s tra in ts .

L ist th e  sing le v ariab le  b o u n d s .

Workspace

O bjective F u n c tio n

Maximize Sales = 16.212 + 3 .937^^% "' -  0.0002U 1̂ 95W % " ° 28 -

O.OCBOSx.f-'W6 -  0.0046xJ0'3x141'1 -  O.OOSSx '̂1̂ " 1'12

w h ere  sa le s  is in m illions o f  dollars  

E q u a lity  C o n s tra in ts  - NONE
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L ess T h a n  o r E q u a l to  C o n s tra in ts

A d vertis in g  C onstra in ts

S tra teg y  C onstra in ts

G re a te r  T h a n  o r E q u a l to  C o n s tra in ts  

S ingle V ariab le  B o u n d s  

A d vertis in g  C onstra in ts

Promotion B o u n d  

R ela tive  Price B o u n d  

R ela tive  Price C hange B o u n d s  

T rade A llow ance B o u n d s

S a le sm a n  E ffort B o u n d

D istribution B o u n d

—  0.1 

jq+ j^  <0.35 

x2+x4< 0.35 

x2+x4+x5 < 0.6 

jc9+ jc15 < 2.0 

x6+x2 <0.35

NONE

0.1 <%i <

0.1 <jc2 <

0.1 <^3 <
0.1 < x 4 <

0.2 <jc5< 0.35 

0.1 <x6< 1.35 

0.6 < ^ < 1 .3  

0 .6<x8< 1.3 

0.6 <x15 <1.3 

0.8 <x9< 1.25 

0.6 <x14 <1.3 

0 .3< x10<0.8



T-3672

Packaging B o u n d

Q uality  B o u n d

A g e  Com position B o u n d
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STEP 2 Simplify the Problem Statement

C om plete  a lgebra ic  o p e ra tio n s  a n d  collect te rm s.

M ake lin e a r  s u b s t i tu tio n s  for v a riab le s  w ith  u n iq u e  ex p o n e n ts  

a n d  u n iq u e  variab le  co m b in a tio n s .

M ake s u b s t i tu tio n s  for m e ssy  th in g s  in  th e  p ro g ram  a n d  define 

th e se  s u b s t i tu tio n s  w ith  a n  eq u a lity  c o n s tra in t.

S u m  all c o n s ta n t te rm s  in  th e  objective fu n ctio n . S to re  th is  v a lu e  

a n d  dele te  th is  te rm  from  th e  objective function .

Workspace

M ultip lication . - NONE 

A ddition  a n d  su b tra c tio n . - NONE 

D ivision. - NONE

S u b s ti tu t io n s  for v a riab les  w ith  u n iq u e  ex p o n en ts . - NONE 

S u b s ti tu t io n s  for m essy  th in g s . - NONE

New eq u a lity  c o n s tra in ts  for m e ssy  th in g  su b s titu tio n s . - NONE 

S u m  c o n s ta n ts  to  b e  ad d ed  to  th e  objective fu n c tio n  a fte r p rep ro cess in g . 

16 .212 . He now  know s how  m u c h  ad v e rtis in g  will im prove sa le s  in  th is  

period .
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STEP 3 Check Assumptions

Are all v a riab les  s tr ic tly  n on -negative  (i.e., all x t > 0)9 

Are th e re  a n y  s tr ic t  in eq u a lity  c o n s tra in ts?

Is th e  p rob lem  p o sed  a s  a  signom ial op tim iza tion  p ro g ram ?

Workspace

List the variables: Estimate operating ranges:

Xi 0.1<%i<

x2 0.1 < x2 <

X3 0.1 <x3 <

x4 0.1 < jc4<

X5 0.2 <^:5 <0.35

X6 0.1 <x6< 1.35

X7 0.6 < ^  < 1.3

X8 0.6 < 1.3

X9 0.8 <x9< 1.25

Xio 0.3<x10<0.8

Xu 0.6 <xn <1.8

Xi2 0.8 <^12 <1.8

X13 0.8 <x13 <1.3

Xi4 0.6 <x14 <1.3

X15 0.6 <xl5 <1.3
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List strict inequality constraints: 
NONE

New constraints: 
NONE

Nonsignomial terms: 
NONE

Transformed terms: 
NONE
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STEP 4 Remove Redundant Constraints

Look for c o n s tra in ts  th a t  a rc  sim ple  m u ltip le s  o f e a ch  o ther. 

Look for g ro u p s  of c o n s tra in ts  w h ich  ad d ed  a n d  s u b tra c te d  from  

ea ch  o th e r  eq u a l a n o th e r  c o n s tra in t o r its  m ultip le .

S e t u p  a  m odified coefficient m a trix  a n d  do G a u s s -J o rd a n  elim i­

n a tio n  to verify in d e p en d en ce  for large p rob lem s.

Workspace

List c o n s tra in ts . 

NONE

L ist p o ssib le  re d u n d a n c y  

m a tc h e s .

NONE

W rite m odified coeffic ient m atrix . 

NONE

W rite m odified variab le  

co lu m n  m atrix . 

NONE
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STEP 5 Check for Solutions in Constraints

How m a n y  v a riab les  a re  th e re ?  How  m a n y  eq u a lity  c o n s tra in ts ?  

How m a n y  in eq u a lity  c o n s tra in ts?

Is th e  n u m b e r  of in d e p e n d e n t eq u a lity  c o n s tra in ts  eq u a l to  th e  

n u m b e r  of v a riab les?

Is th e re  a  s u b s e t  of in d e p e n d e n t eq u a lity  c o n s tra in ts  w h ich  h av e  

eq u a l n u m b e rs  of eq u a tio n s  a n d  v a riab les?

U se e ith e r  a  lin e a r  or n o n lin e a r  s im u lta n e o u s  eq u a tio n  so lver to  

g e t a n  u n iq u e  so lu tio n  to  th e  p rob lem . T h en  ch eck  in eq u a lity  

c o n s tra in ts  a n d  single v ariab le  b o u n d s .

Is th e  n u m b e r  of in d e p e n d e n t eq u a lity  a n d  in eq u a lity  c o n s tra in ts  

e q u a l to  th e  n u m b e r  of v a riab les?

Is th e re  a  s u b s e t  of in d e p e n d e n t eq u a lity  a n d  in eq u a lity  co n ­

s tr a in ts  w h ich  have  eq u a l n u m b e rs  of e q u a tio n s  an d  v a riab le s?  

A ssu m e  all in eq u a litie s  c o n s tra in ts  a re  equalities . U se e ith e r  a  

lin e a r  o r n o n lin e a r  s im u lta n e o u s  eq u a tio n  so lver to ge t a  "feasible 

p roblem " so lu tio n . T h en  ch eck  th e  single variab le  b o u n d s . Save 

th is  so lu tio n  for u se  a s  a  s ta r t in g  p o in t in  th e  a lgo rithm  to  solve 

th e  p rob lem .

Workspace

T he n u m b e r  of v a riab les  = ____15____ (a)
T he n u m b e r  of eq u a lity  c o n s tra in ts  = _____0____(b)
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(a) - (b) = ______ 15______( = 0  ? T h en  u s e  n o n lin e a r  e q u a tio n  solver)
T he so lu tio n  is:
L ist v a riab le s  a n d  th e ir  v a lu es

NONE

T he n u m b e r  of in eq u a lity  c o n s tra in ts  = _____5______ (c)
(a) - ( b ) -  (c) = _____ 10_______ ( = 0  ? T h en  u se  n o n lin e a r  e q u a tio n  solver)

T he feasib le  an sw e r is:
L ist v a riab le s  a n d  th e ir  v a lu es

NONE

C oefficient m a trice s  of in d e p e n d e n t s u b s e ts  of eq u a lity  c o n s tra in ts  

NONE

T he so lu tio n  for th e se  v ariab les  is:
L ist th e  v a riab le s  a n d  th e ir  v a lu es

NONE

Coefficient m a tric e s  of in d e p e n d e n t s u b s e ts  of in eq u a lity  a n d  eq u a lity  
c o n s tra in ts

NONE

T he feasib le  a n sw e r for th e se  v a riab le s  is:
L ist v a ria b le s  a n d  th e ir  v a lu es

NONE

L ist th e  single v ariab le  b o u n d s  a n d  s u b s t i tu te  v a lu e s  in to  th e  above. 

NONE

S u b s titu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .
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STEP 6 Separate Variables

Identify  a n d  lis t u n c o n s tra in e d  objective fu n c tio n  v ariab les. 

Identify  a n d  lis t non-ob jec tive fu n c tio n  v ariab les  ap p e a rin g  in  

c o n s tra in ts  w h ich  co n ta in  only  o th e r  non-ob jec tive fu n c tio n  v a ri­

ab les  a n d  do n o t a p p e a r  in  a n o th e r  c o n s tra in t w ith  a n  objective 

fu n c tio n  variab le .

Iden tify  a n d  lis t v a riab les  w h ich  a p p e a r  in  b o th  objective fu n c tio n  

a n d  c o n s tra in t  te rm s  o r in  c o n s tra in ts  co n ta in in g  v a riab les  th a t  

lin k  to  objective fu n c tio n  v a riab les  in  o th e r  c o n s tra in ts .

Look for s u b s e ts  of th e  objective fu n c tio n  te rm s  co n ta in in g  

v a riab le s  w h ich  a re  e ith e r  u n c o n s tra in e d  o r co n s tra in ed  b y  

u n iq u e  s u b s e ts  of th e  c o n s tra in ts . R e s ta te  th e se  se p a ra te d  p ro ­

g ra m s a s  in d e p e n d e n t su b p ro g ra m s  a n d  re tu rn  to  S tep  1 to  co n ­

tin u e  th e  a n a ly s is  on  ea ch  of th e m  sep ara te ly .

Workspace

List u n c o n s tra in e d  objective fu n c tio n  variab les.

V ariab les th a t  on ly  a p p e a r  in  objective fu n c tio n  te rm s  a n d  only  

single v ariab le  b o u n d s . x 7t x 8, x 10, x n , x l2, x 13, a n d  x 14 

L ist c o n s tra in e d  v ariab les  n o t in  th e  objective fu n c tio n  w h ich  a p p e a r  in  

c o n s tra in ts  w h ich  do n o t co n ta in  e ith e r  objective fu n c tio n  v a riab le s  n o r  

v a riab le s  th a t  a re  in  c o n s tra in ts  w ith  objective fu n c tio n  te rm s .

V ariab les  th a t  a p p e a r  only in  c o n s tra in ts  w h ich  do n o t co n ta in
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objective fu n c tio n  v ariab les , x g, a n d  x l5. T hese v a riab les  a re  n o t a  p a r t  of 

th e  p rob lem  a n d  m ay  or m a y  n o t be ass ig n ed  d ep en d in g  o n  w h a t th e  

a n a ly s t w a n ts  to  do w ith  th e m .

L ist rem a in in g  v ariab les .

V ariab les w h ich  a p p e a r  in  b o th  objective fu n c tio n  a n d  c o n s tra in t 

te rm s  o r in  th e  c o n s tra in ts  th a t  in c lu d e  objective fu n c tio n  v ariab les . x u 

x 2, x 3, x 4, x 5, a n d  x 6.

L ist u n c o n s tra in e d  su b p ro g ra m s.

M axim ize

-0.0030Sx,f1\ 126 

0 .8 <xl2 < 1.8 

0.8 <x13 <1.3

L ist c o n s tra in ed  su b p ro g ra m s.

M axim ize

+3 -  0.00021 V ' 95V 6 8 2 8

-0.0046x5”0'3x1”41'1 -  0.0053V'°^io. - 0 .7 6 - 1.12

su b jec t to  

xx +x2 < 0.35

x2 +Ar4 < 0.35

*3 +X4 +X5 < 0 .6

x6+x2̂ 0.35
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0.1 < * i

0.1 < *2 <

0.1 <*3 £

0.1 < x 4 <

0.2 < x s < 0 .35

0.1 < x 6 < 1 .35

0.6 < X j < 1.3

0.6 ^ 1.3

0.3 <  x 10 <  0.8

0.6 < x uL < 1.8

0.6 < x 14 <  1.3

S u b s titu te  a n d  rew rite  th e  rem a in in g  p ro g ram  in  s ta n d a rd  form .
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STEP 7 Look for this Problem Type

T he objective fu n c tio n  is  a  sing le te rm  a n d  th e  le ft-h an d  side  of 

th e  c o n s tra in ts  a re  sing le te rm s  (co n stan ts  o n  th e  r ig h t-h a n d  

side).

If so, th e n  ta k e  th e  lo g a rith m  of th e  objective fu n c tio n  a n d  b o th  

s id e s  of th e  c o n s tra in ts  a n d  single variab le  b o u n d s  to  form  a  lin ­

e a r  p rog ram .

Workspace

L ist th e  objective fu n c tio n . - NO MATCH 

L ist th e  lo g a rith m  of th e  objective fu n c tio n .

L ist th e  co n s tra in ts .

L ist th e  lo g arith m  of th e  c o n s tra in ts .

If th is  w as a  su b p ro g ra m  rew rite  th e  rem a in in g  p ro g ram  in  s ta n d a rd  

form .
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STEP 8 Remove Redundant Bounds

Rem ove r e d u n d a n t  b o u n d s . R e d u n d a n t b o u n d s  a re  th o se  th a t  

a re  le ss  res tric tiv e  th a n  s im ila r b o u n d s  on  th e  sa m e  variab le . 

C om pare  b o u n d s  to  c o n s tra in ts . Are th e re  a n y  b o u n d s  th a t  

w ou ld  v io la te  th e  c o n s tra in ts ?  If so, th e n  th e  b o u n d  is  r e d u n ­

d a n t.

C h eck  v a riab le  b o u n d s  for in feasib ility  o r u n b o u n d e d n e ss .

Workspace

List th e  sing le v ariab le  b o u n d s  for th e  f irs t variab le:

L ist th e  sing le v ariab le  b o u n d s  for th e  seco n d  variab le:

R ep ea t a s  n ec e ssa ry . - SE E  ABOVE

S u b s titu te  th e  low er b o u n d  for all v a ria b le s  in to  th e  eq u a lity  a n d  g rea te r  

th a n  o r eq u a l to  c o n s tra in ts  th e y  a p p e a r  in .

S u b stitu tin g  th e  low er b o u n d s on  x lf Xg, x 3, X4 X5, a n d  Xg into th e  con­

s tra in ts  w e  s e e  th a t none are violated.

0.2 < 0.35 

0.2 < 0 .35  

0.4 < 0 .6  

0.2 < 0 .35

S u b s titu te  th e  u p p e r  b o u n d  for all v a ria b le s  in to  th e  eq u a lity  a n d  le ss  

th a n  o r eq u a l to  c o n s tra in ts  th e y  a p p e a r  in . - NONE
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STEP 9 Bound Variables in the Constraints

Lower b o u n d  v a ria b le s  in  th e  eq u a lity  a n d  g re a te r  th a n  o r eq u a l 

to  c o n s tra in ts  b y  a s su m in g  all o th e r  v a riab les  a t  th e ir  u p p e r  

b o u n d s .

U pper b o u n d  v a riab le s  in  th e  eq u a lity  a n d  le ss  th a n  or eq u a l to 

c o n s tra in ts  b y  a s su m in g  all o th e r  v a riab les  a t  th e ir  low er b o u n d s . 

L ist th e  tig h te s t s e t  of u p p e r  a n d  low er b o u n d s  y o u  c a n  for each  

variab le .

Look for u n iq u e  so lu tio n s  to  th e  c o n s tra in ts  in  th e  b o u n d s .

Note: Do n o t rep lace  c o n s tra in ts  w ith  single v ariab le  b o u n d s .

Workspace

Lower b o u n d in g  co m p u ta tio n s . - NONE 

U p p er b o u n d in g  co m p u ta tio n s .

S in ce  variab les 1 ,2 ,3 ,4  are no t u p p er b o u n d ed  w e  ca n  u s e  th e  inform ation

in  con stra in ts  to bo u n d  them .

x1+ x2 <0.35

In  th is  equa tion  w e  se e  th a t i f  is  he ld  a t its low er bound, th en  x 2 m u s t be  

< 0 .2 5  a n d  vice versa.

*3+jc4 <0.35

Sim ilarly, x 3, & x 4 < 0 .25 .
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Since,

0.20 <x3+x4< 0.35 

th e n  0.25 ^  jc3 < 0.4

a n d  a  b e tte r  b o u n d  ca n  be  derived  fr o m  a  com bination  o f  th e  tw o. 

0.25 <*5 <0.35

l i s t  t ig h te s t b o u n d s  p ossib le .

0.1 <*1^0.25

0.1 <*2 £0.25

0.1 < X3 < 0.25

0.1 < jc4<0.25

0.25 <x5 £0.35

0.1 £ x6£0.25

l i s t  u n iq u e  v ariab le  an sw ers . - NONE
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STEP 10 Row Zero Test

If all th e  coefficients of a  c o n s tra in t a re  positive a n d  le ss  th a n  or 

eq u a l to  zero [e.g., x ?  + x 23 + x 3 + x 42 < 0 ), th e n  s e t  all v a riab les  in  

th a t  c o n s tra in t e q u a l to  zero  (trivial r e s u lt  b a se d  on  o u r  in itia l 

a s su m p tio n  th a t  all v a ria b le s  a re  s tric tly  non-negative).

If all th e  coefficients o f a  c o n s tra in t a re  negative  a n d  g re a te r  th a n  

o r eq u a l to zero  (e.g., - x 2 - x 23 - x 3 - x 2 > 0 ), th e n  se t all v a riab les  

in  th a t  c o n s tra in t e q u a l to  zero.

Workspace

L ist v a riab le s  a n d  th e ir  v a lu es . NO MATCH 

S u b s ti tu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .
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STEP 11 Column SignGP Test

M inim ization  p rob lem s:

If th e  v a riab le  alw ays a p p e a rs  w ith  a  positive signup in  th e  ob jec­

tive fu n c tio n  a n d  all le ss  th a n  o r eq u a l to  c o n s tra in ts  a n d  n e g a ­

tive s ig n GP in  all g rea te r  th a n  o r eq u a l to  c o n s tra in ts , fix it  a t  its  

low er b o u n d .

If th e  v ariab le  a lw ays a p p e a rs  in  th e  objective fu n c tio n  a n d  all 

le ss  th a n  o r eq u a l to  c o n s tra in ts  w ith  a  negative  signGP a n d  p o si­

tive signGP in  all g re a te r  th a n  o r eq u a l to  c o n s tra in ts , fix it  a t  its  

u p p e r  b o u n d .

M axim ization  p rob lem s:

If th e  v ariab le  alw ays a p p e a rs  w ith  a  positive s ig n GP in  th e  ob jec­

tive fu n c tio n  a n d  all g rea te r  th a n  o r eq u a l to  c o n s tra in ts  a n d  neg ­

ative signGP in  all le ss  th a n  or eq u a l to  c o n s tra in ts , fix i t  a t  its  

low er b o u n d .

If th e  v ariab le  alw ays a p p e a rs  in  th e  objective fu n c tio n  a n d  all 

g re a te r  th a n  or eq u a l to  c o n s tra in ts  w ith  a  negative signGP a n d  

positive s ig n GP in  all le ss  th a n  o r eq u a l to  c o n s tra in ts , fix it  a t  its  

u p p e r  b o u n d .

C heck  c o n s tra in ts .
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Workspace

V ariab le T erm Signer A ssig n m en t

7 2 + 1.3

8 2 + 1.3

1 0 5 + 0 .8

1 1 1 + 1 .8

1 2 3 - 0 .8

13 3 + 1.3

14 4 + 1.3

*3 +;c4 <0.35 

X3+x4+x5 < 0 .6  

Since,

0.20 <x3+x4< 035  

th e n  0.25 <x5< 0.4

a n d  a  b etter  bound  can  b e  d erived  fr o m  a  com bination o f  th e  tw o.

0.25 <x5 <0.35

Xz a n d  x 3 c a n n o t be a ss ig n e d  d irec tly  for m u c h  th e  sam e  re a s o n s  th a t  x 9 

a n d  x 15 w ere n o t a ss ig n ed . We can , how ever, observe th a t  x 5 h a s  a  

positive signGP a n d  sh o u ld  b e  m axim ized .

S u b s ti tu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .
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STEP 12 Restate the Reduced Problem

C h eck  v a riab le  a s s ig n m e n ts . S u m  c o n s ta n t te rm s  in  th e  objective 

fu n c tio n  a n d  on  th e  le ft-h an d  side  of rem a in in g  c o n s tra in ts . 

R e s ta te  th e  p ro g ram  in  th e  fo rm a t g iven in  S tep  1.

Is th e  p ro b lem  still th e re ?

R ep ea t p rev io u s s te p s  a s  n ecessa ry .

W ere a n y  ad d itio n a l p ro b lem s g en e ra ted ?

Workspace

L ist v ariab le  a s s ig n m e n ts . 

x3 =

x4 =

x5 = 0.35 

Xj = 1.3 

xs = 1.3

x9 —

x10 = 0.8 

xn = 1.8 

0 .8  = x12 

x13 = 1.3 

x14= 1.3
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*15 —

O bjective F u n c tio n

Maximize : y = +8.5^ 20'91 -  0.00016V '95V 68 “  O.OOô&ĉ '76 ~ (.005)

E q u a lity  C o n s tra in ts  

NONE

L ess T h a n  o r E q u a l to  C o n s tra in ts  

x l +x2<035

x6 +X2 £  0.35

G re a te r  T h a n  o r E q u a l to  C o n s tra in ts  

NONE

Single V ariab le  B o u n d s  

0.1 <Xi< 0.25

0.1 <;c2 <0.25

0.1 < a:6 ^ 0.25

S u m  c o n s ta n ts  to  be  ad d ed  to  th e  objective fu n c tio n  a fte r p rep ro cess in g . 

- 0 .0 0 5

S u b s ti tu te  a n d  rew rite  th e  p ro g ram  o r th e  so lu tion .
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STEP 13 Normalize the Constraints

N orm alize th e  c o n s tra in ts  (b u t n o t th e  sing le v ariab le  b o u n d s) by  

dividing th ro u g h  b y  th e  no n zero  r ig h t h a n d  side.

Workspace

L ist n o rm alized  c o n s tra in ts .
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STEP 14 Determine the Degree of Difficulty

How  m a n y  te rm s  in  th e  p ro b lem ? How m a n y  v a ria b les?  

DD  = V ariables  - T erm s  - 1

Workspace

7 TERM S - 3 VARIABLES - 1 = 3
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STEP 15 Convert the Program

C onvert m ax im iza tio n  p ro g ra m s to  m in im iza tio n  p ro g ram s. 

C onvert th e  c o n s tra in ts  to  s ignom ials le ss  th a n  o r eq u a l to  1.

Workspace

T his is a  good  p la ce  to s to p  a s  y o u  ca n  se e  th a t th e  rem aining constra in ts  

m u s t be  tight, a n d  x 1 a n d  x 6 ca n  be  so lved  explicitly fo r  x 2 in th e  con­

stra in ts, leaving:

Maximize Sales = 16.212 + 8.5* 20'91 -  0.00016(.35 - x 2)"L63 -  0.0068(35 - x 2) ^ 76 -  (.005)

At th is  p o in t th e  h e ro  of o u r  s to ry  realizes th a t  if h e  s e ts  x 2 a t  its  u p p e r  

b o u n d  a n d  b y  d e fau lt s e ts  Xj a n d  x6to  th e ir  low er b o u n d s , th e n  h e  c a n  

co m p are  it  w ith  x2s e t  a t  its  low er b o u n d  a n d  x 2 a n d  x 6a t  th e ir  u p p e r  

b o u n d s .
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p It * x 1 = 0.25

;t2 = 0.25 p II

x 5 = 0.35 x5 = 0.35

0.1  — x6 = 0.25

Xj = 1.3 Xj = 1.3

x8 = 1.3 x8= 1.3

00dIIoH 00dII

x n  = 1.8 x n  = 1.8

p 00 II o bo II * to

x13 = 1.3 Xjg — 1.3

x 14 =1.3 x14 =1.3

M ax im um  S ales = 18 .57 M axim um

S ales  = 17 .23

T h is  la s t  s te p  w as  su g g ested  b y  D em bo (1976). 

R em ind ing  ou rse lv es of w h a t th e  v a riab le s  w ere
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*2 T he a m o u n t of m oney  to  b e  s p e n t on  te lev ision  

ad v e rtis in g  in  th e  la s t  period .

*2 T he a m o u n t of m oney  to  b e  s p e n t on  rad io  ad v er­

tis in g  in  th e  la s t  period.

X 3 T he a m o u n t of m oney  to b e  s p e n t on  te lev ision  

ad v e rtis in g  in  th e  c u r re n t period .

x 4 T he a m o u n t of m oney  to  b e  s p e n t o n  rad io  ad v er­

tis in g  in  th e  c u r re n t period.

x 5 T he a m o u n t of m oney  s p e n t on  in  s to re  p rom otion  

in  th e  c u r re n t  period .

*6 T he re la tive  p rice  of beer.

X ? T he re la tive  p rice  ch an g e  from  th e  c u r re n t period .

X8 T rad e  a llow ances in  th e  la s t  period .

X 15 T rad e  a llow ances in  th e  c u r re n t  period .

Xg T he a m o u n t of m oney  s p e n t on  th e  sa le s  force in  

th e  la s t  period .

X 14 T he a m o u n t of m oney  s p e n t on  th e  sa le s  force in  

th e  c u r re n t  period .

Xio T he a m o u n t of m oney  s p e n t on  d is trib u tio n .

X u T he re la tive  p ack ag in g  appeal.

Xj2 T he re la tive  p ro d u c t quality .

X 13 T he age com position  of th e  beer.
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H aving b ee n  h a n d e d  h is  h e a d  once, th e  n o t so  eager a n a ly s t s to p s  to  

co n s id e r w h a t h is  op tim iza tion  p ro g ram  is  rea lly  te lling  h im . In c reas in g  

th e  a m o u n t s p e n t  on  rad io  ad v e rtis in g  in  th e  la s t  period  a t  th e  ex p en se  of 

te lev ision  ad v e rtis in g  in  th e  la s t  p erio d  a n d  a  d ec rease  in  th e  rela tive 

p rice  will m axim ize sa les . M an ag em en t sh o u ld  u n d e rs ta n d  th a t . H e will 

te ll th e m  to  low er th e  p rice  a n d  sh if t m oney  from  television  to  rad io .

F u rth e r , h e  rem em b ers  th a t  th e  in -s to re  p rom otion  w as in c re a se d  a t  

th e  ex p en se  of c u r re n t advertis ing . B u t th is  w ill affect sa le s  in  fu tu re  

p erio d s. M an ag em en t will n o t like th a t .  He w ill have  to  go b a c k  a n d  r u n  

th e  reg re ss io n  w ith o u t c u r re n t ad v ertis in g . B u t th a t  will n o t w ork  

b e c a u se  c u r re n t  ad v ertis in g  w as  n o t in  th e  objective fu n c tio n  to  s ta r t  

w ith . E n te r  th e  c ru s ty  old o p e ra tio n s  re se a rc h  m a n a g e r  to  p o in t o u t th a t  

h is  c o n s tra in t  sh o u ld  h av e  b ee n

x l +x2+x5<Q.6 

in s te a d  of

X 3 + X 4 + X 5  < 0 . 6

Before h e  se n d s  th e  a n a ly s t b a c k  to  th e  d raw in g  tab le  he  a s k s  h im  

w h a t else h e  h a s  lea rn ed . T he a n a ly s t re sp o n d s  th a t  th e  la s t  p erio d 's  

s a le sm a n  effort a n d  th e  c u r re n t p erio d ’s tra d e  a llow ances a re  n o t im p o r­

ta n t  to  th e  goal of m axim izing  sa le s  a n d  th a t  m a n a g e m e n t sh o u ld  sp e n d  

a s  m u c h  a s  p o ssib le  o n  c u r re n t  s a le sm a n  effort, tra d e  allow ances, 

d is trib u tio n , p ackag ing , a n d  age com position . He fu r th e r  s ta te s  th a t  

q u a lity  sh o u ld  b e  m inim ized . A fter th e  exp losion  th e  a n a ly s t allow s th a t
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q u a lity  is  p ro b ab ly  n o t a  good reg ress io n  variab le . H e will a lso  w a n t to  

look a t  leaving  o u t th e  lagged sa le s  force variab le  a n d  c u r re n t  tra d e  

a llow ance variab le . All in  all, th e  a n a ly s t h a s  le a rn ed  a  lo t a b o u t how  h is  

reg re ss io n  an a ly sis  sh o u ld  b e  s tru c tu re d  from  a  very  sim ple  a lg o rith m  

w h ich  forced h im  to  look a t  th e  v ariab le  re la tio n sh ip s

A t th is  p o in t th e  q u e s tio n  to  be  an sw ered  is; "W hy is  th is  exam ple 

im p o r ta n t for d e m o n s tra tin g  th e  u tility  of th e  a lgorithm ?" It d id  n o t solve 

th e  p rob lem  a n d  left fo u r v a riab le s  u n ass ig n ed . In  fac t th e  p u rp o se  of 

th e  a lg o rith m  w as n o t to  solve th e  p rob lem  b u t  to  ana lyze  o r p rep ro cess  

th e  p ro b lem  before a n y  so lu tio n  w as a ttem p ted . In  fa c t i t  show ed  th a t  

som e of th e  v a riab les  c h o sen  for th e  fo recas t w ere in a p p ro p ria te  for m a n ­

ag e m en t of th e  sa le s  vo lum e. T he a n a ly s t c a n  now  m a k e  som e in te llig en t 

c h a n g es  in  th e  reg ress io n  m odel, b a se d  on  th is  an a ly s is , th a t  h e  w ould  

n o t h av e  b ee n  ab le to  ju s t ify  o therw ise .
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APPENDIX C 

HELICAL SPRING DESIGN PROBLEM 

C .l Description of the Problem

M ancin i a n d  Piziali (1976) d esig n ed  a  m odel for a  helica l sp r in g  u se d  

in  a  cam -d riv en  sy s tem  as:

Minimize : y  = ( f —m)c '86ûT2'86

W here y  is  th e  deflection  of th e  sp rin g , f  is  th e  force app lied  to  th e  sp rin g , 

m  is  th e  sp rin g  force, c is  th e  o u ts id e  d ia m e te r  of th e  sp ring , a n d  d  is  th e  

in s id e  d ia m e te r  of th e  sp rin g . T h is m odel w as th e n  solved u s in g  a  g e n e r­

alized geom etric  p ro g ram m in g  a lg o rith m  w ith  a  co m p u te r. S u b jec t to  

th e se  c o n s tra in ts .

Yielding Constraint 6.05* 10"5c 8V 2'715 < 1

Surging  C onstra in t 3 .55* KTVrcd-1 < 1

Buckling Constraint m f l + A25nc2d  <, 1

Spring  Force C onstra in ts  . rn
~ & - < 1

D iam eter R atio  C onstra in ts  Q5 < < 25

O utside  D iam eter C onstra in t c +d <- 1.5

In s id e  D iam eter C onstra in t c - d  <0.75
Spring P ocket L en g th  C onstra in t lA 2nd  + l.6d < 1

M inim um  N u m b er o f  Coils Con- 2n~l < 1
stra in t
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Step 1 Put the Program into Standard Format

L ist th e  objective fu n c tio n .

L ist th e  c o n s tra in ts  in  th e  following o rd e r w ith  th e  v ariab le  te rm s  

o n  th e  left h a n d  side  of th e  eq u a tio n s  a n d  th e  c o n s ta n ts  o n  th e  

righ t.

E q u a lity  c o n s tra in ts .

In eq u a lity  c o n s tra in ts .

L ess th a n  o r eq u a l to  co n s tra in ts .

G re a te r  th a n  o r eq u a l to  c o n s tra in ts .

L ist th e  single v ariab le  b o u n d s .

Workspace

O bjective F u n c tio n  

Minimize : y  =  ( f —m )c ■86̂ -2-86

E q u a lity  C o n s tra in ts  

NONE

L ess T h a n  or E q u a l to  C o n s tra in ts  

6.05zl0"5c'86d"2'7l55 1 

3.55xl(T2c 2nd~l < 1 

m / -1 +  .I25nc2d  5  1 

,1m"1 5 1
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d e "1 5.25 

c +tif ^  1.5 

c - d  <0.75 

1.12zzd + 1.6d < 1 

3n~l <1

G rea te r  T h a n  o r E q u a l to  C o n s tra in ts  

.05 <dc~l

Single V ariab le  B o u n d s  

NONE
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Step 2 Simplify the Problem Statement

C om plete a lgebra ic  o p e ra tio n s  a n d  collect te rm s .

M ake lin e a r  s u b s t i tu tio n s  for v a riab les  w ith  u n iq u e  ex p o n en ts  

a n d  u n iq u e  v ariab le  co m b in a tio n s.

M ake su b s t i tu tio n s  for m essy  th in g s  in  th e  p ro g ram  a n d  define 

th e se  su b s t i tu tio n s  w ith  a n  eq u a lity  c o n s tra in t.

S u m  all c o n s ta n t te rm s  in  th e  objective fu n c tio n . S to re  th is  v a lue  

a n d  delete th is  te rm  from  th e  objective fu n c tio n .

Workspace

M ultip lication

Minimize : y = fc m<T2*6 -m c '^dT 2**

A ddition  a n d  su b tra c tio n  

D ivision

S u b s titu tio n s  for v a riab les  w ith  u n iq u e  exponen ts .

S u b s titu tio n s  for m e ssy  th in g s .

New equa lity  c o n s tra in ts  for m e ssy  th in g  su b s titu tio n s .

S u m  c o n s ta n ts  to b e  ad d ed  to  th e  objective fu n c tio n  a fte r  p rep ro cessin g . 

S u b s titu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .
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Step 3 Check Assumptions

Are all v a ria b le s  s tr ic tly  no n -n eg ativ e  (Le., all x t > 0)?

Are th e re  a n y  s tr ic t  in eq u a lity  c o n s tra in ts?

Is th e  p ro b lem  p o sed  a s  a  s ignom ial op tim iza tion  p ro g ram ?

Workspace

L ist th e  variab les: 

f

m  

c 

d 

n

L ist s tr ic t  in eq u a lity  c o n s tra in ts :

NONE 

N onsignom ial te rm s:

NONE

S u b s titu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .

E s tim a te  o p e ra tin g  ran g es : 

T h is  is  a  design  variab le .

.1 <m  < 2 0  

c > 0 

d > 0  

n > 3  

New co n s tra in ts : 

NONE 

T ran sfo rm ed  te rm s:
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Step 4 Remove Redundant Constraints

Look for c o n s tra in ts  th a t  a re  s im p le  m u ltip le s  o f e a c h  o th e r. 

Look for g ro u p s  of c o n s tra in ts  w h ich  ad d ed  a n d  s u b tra c te d  from  

ea c h  o th e r  eq u a l a n o th e r  c o n s tra in t o r its  m u ltip le .

S e t u p  a  m odified coefficient m a trix  a n d  do G a u s s -J o rd a n  elim i­

n a tio n  to  verify in d e p en d en c e  for large p rob lem s.

Workspace

L ist c o n s tra in ts .

6.05xl0"5c 86d"2715< 1 

3.55xl0'2c2nd"‘ 2  1 

m f l + .\25nc2d 2  1 

.\m~l 2  1

m
20

< 1

dc-1 < .25 

c + J  <1.5 

c —d <  0.75 

1.12zzd + 1.6J  < 1 

3n~l < 1 

.05 < dc~l
W rite m odified coefficient m a trix .

N ot N ecessa ry  for th is  p ro b lem

List po ssib le  re d u n d a n c y  

m a tc h e s .

NONE

W rite m odified  v ariab le  col­

u m n  m atrix .
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S u b s titu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .

124
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Step 5 Check for Solutions in Constraints

How  m a n y  v a riab les  a re  th e re ?  How m a n y  eq u a lity  c o n s tra in ts ?  

How  m a n y  in eq u a lity  c o n s tra in ts ?

Is th e  n u m b e r  of in d e p e n d e n t eq u a lity  c o n s tra in ts  eq u a l to  th e  

n u m b e r  of v a riab les?

Is th e re  a  s u b s e t  of in d e p e n d e n t eq u a lity  c o n s tra in ts  w h ich  have  

eq u a l n u m b e rs  of e q u a tio n s  a n d  v a riab les?

U se e ith e r  a  lin ea r o r  n o n lin e a r  s im u lta n e o u s  e q u a tio n  so lver to  

g e t a n  u n iq u e  so lu tio n  to  th e  p rob lem . T h en  ch eck  in eq u a lity  

c o n s tra in ts  a n d  sing le v a riab le  b o u n d s .

Is th e  n u m b e r  of in d e p e n d e n t eq u a lity  a n d  in eq u a lity  c o n s tra in ts  

eq u a l to  th e  n u m b e r  of v a riab les?

Is th e re  a  s u b s e t  of in d e p e n d e n t eq u a lity  a n d  in eq u a lity  co n ­

s tr a in ts  w h ich  have  eq u a l n u m b e rs  of e q u a tio n s  a n d  v a riab le s?  

A ssu m e all in eq u a litie s  c o n s tra in ts  a re  equa lities . U se e ith e r  a  

lin e a r  o r n o n lin e a r  s im u lta n e o u s  eq u a tio n  so lver to  ge t a  "feasible 

problem " so lu tio n . T h en  ch e ck  th e  single v ariab le  b o u n d s . Save 

th is  so lu tio n  for u se  a s  a  s ta r t in g  p o in t in  th e  a lg o rith m  to  solve 

th e  p rob lem .

Workspace

T he n u m b e r  of v a riab les  = ____5_______ (a)

T he n u m b e r  of eq u a lity  c o n s tra in ts  = _____0_______ (b)
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(a) - (b) = _____5______ ( = 0 ? T h en  u se  n o n lin e a r  eq u a tio n  solver)

T he so lu tio n  is:

L ist v a riab le s  a n d  th e ir  v a lu es

NONE

T he n u m b e r  of in eq u a lity  c o n s tra in ts  = _____ 10_______(c)

(a) - ( b ) -  (c) = _____-5_______ ( = 0 ? T h en  u se  n o n lin e a r  eq u a tio n  solver)

T he feasib le  an sw e r is:

L ist v a riab le s  a n d  th e ir  v a lu es

NONE

Coefficient m a tr ic e s  of in d e p e n d e n t s u b s e ts  of eq u a lity  c o n s tra in ts  

NONE

T he so lu tio n  for th e se  v a riab les  is:

L ist th e  v a riab le s  a n d  th e ir  v a lu e s

NONE

Coefficient m a tric e s  of in d e p e n d e n t s u b s e ts  of in e q u a lity  a n d  eq u a lity

c o n s tra in ts

NONE

T he feasib le  an sw e r for th e se  v a riab le s  is:

L ist v a riab le s  a n d  th e ir  v a lu es

NONE

L ist th e  single v ariab le  b o u n d s  a n d  s u b s t i tu te  v a lu e s  from  above. 

NONE

S u b s titu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .

ARTHUR LAKES UBRAÏQ 
COLORADO SCHOOL of MINES 
GOLDBN, COLORADO 8040J
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Step 6 Separate Variables

Iden tify  a n d  lis t u n c o n s tra in e d  objective fu n c tio n  v ariab les . 

Iden tify  a n d  lis t non-ob jec tive  fu n c tio n  v ariab les  ap p e a rin g  in  

c o n s tra in ts  w h ich  c o n ta in  on ly  o th e r  non-objective fu n c tio n  v a ri­

ab le s  a n d  do n o t a p p e a r  in  a n o th e r  c o n s tra in t w ith  a n  objective 

fu n c tio n  variab le .

Iden tify  a n d  lis t v a riab les  w h ich  a p p e a r  in  b o th  objective fu n c tio n  

a n d  c o n s tra in t te rm s  o r in  c o n s tra in ts  co n ta in in g  v a riab le s  th a t  

lin k  to  objective fu n c tio n  v a riab le s  in  o th e r  c o n s tra in ts .

Look for s u b s e ts  of th e  objective fu n c tio n  te rm s  co n ta in in g  v a ri­

ab les  w h ich  a re  e ith e r  u n c o n s tra in e d  o r co n s tra in ed  b y  u n iq u e  

s u b s e ts  of th e  c o n s tra in ts . R e s ta te  th e se  se p a ra te d  p ro g ram s a s  

in d e p e n d e n t su b p ro g ra m s a n d  re tu rn  to  S tep  1 to  co n tin u e  th e  

a n a ly s is  on  each  of th e m  sep ara te ly .

Workspace

L ist u n c o n s tra in e d  objective fu n c tio n  variab les.

NONE

List c o n s tra in e d  v ariab les  n o t in  th e  objective fu n c tio n  w h ich  a p p e a r  in  

c o n s tra in ts  w h ich  do no c o n ta in  e ith e r  objective fu n c tio n  v a riab le s  n o r  

v a ria b le s  th a t  a re  in  c o n s tra in ts  w ith  objective fu n c tio n  te rm s .

NONE

L ist rem a in in g  variab les.
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f

m

c

d

n

L ist u n c o n s tra in e d  su b p ro g ra m s.

NONE

L ist co n s tra in ed  su b p ro g ra m s.

S am e a s  th e  orig inal

S u b s titu te  a n d  rew rite  th e  rem a in in g  p ro g ram  in  s ta n d a rd  form .



T-3672 129

Step 7 Look for this Problem Type

T he objective fu n c tio n  is a  single te rm  a n d  th e  le ft-h an d  side  of 

th e  c o n s tra in ts  a re  sing le te rm s  (co n s ta n ts  on  th e  r ig h t-h a n d  

side).

If so, th e n  ta k e  th e  lo g arith m  of th e  objective fu n c tio n  a n d  b o th  

s id es  of th e  c o n s tra in ts  a n d  sing le v ariab le  b o u n d s  to  form  a  lin ­

e a r  p ro g ram .

Workspace

L ist th e  objective function . NO MATCH 

L ist th e  lo g a rith m  of th e  objective fu n c tio n .

L ist th e  co n s tra in ts .

L ist th e  lo g a rith m  of th e  c o n s tra in ts .

If th is  w as a  su b p ro g ra m  rew rite  th e  rem a in in g  p ro g ram  in  s ta n d a rd  

form .
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Step 8 Remove Redundant Bounds

Rem ove r e d u n d a n t  b o u n d s . R e d u n d a n t b o u n d s  a re  th o se  th a t  

a re  le ss  res tric tiv e  th a n  s im ila r b o u n d s  o n  th e  sa m e  variab le . 

C om pare b o u n d s  to  c o n s tra in ts . Are th e re  a n y  b o u n d s  th a t  

w ould  v io late th e  c o n s tra in ts ?  If so, th e n  th e  b o u n d  is re d u n ­

d a n t.

C heck  variab le  b o u n d s  for in feasib ility  o r u n b o u n d e d n e s s .

Workspace

L ist th e  single v ariab le  b o u n d s  for th e  firs t variab le:

3n"* < 1

W hich  c a n  be  rew ritten  a s  n  > 3.

. \ m ~ l <  1

L ist th e  single v ariab le  b o u n d s  for th e  seco n d  variab le:

W hich  c a n  be  rew ritten  a s  m  > . 1

W hich  cam  b e  rew ritten  a s  m  < 20.

S u b s titu te  th e  low er b o u n d  for all v ariab les  in to  th e  eq u a lity  a n d  g rea te r  

th a n  o r eq u a l to  c o n s tra in ts  th e y  a p p e a r  in. S u b s ti tu te  th e  u p p e r  b o u n d  

for all v ariab les  in to  th e  eq u a lity  a n d  le ss  th a n  o r eq u a l to  c o n s tra in ts  

th e y  a p p e a r  in.
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Step 9 Bound Variables in the Constraints

Lower b o u n d  v a riab les  in  th e  eq u a lity  a n d  g re a te r  th a n  o r eq u a l 

to  c o n s tra in ts  b y  a s su m in g  all o th e r  v a riab les  a t  th e ir  u p p e r  

b o u n d s .

U p p er b o u n d  v a riab les  in  th e  eq u a lity  a n d  le ss  th a n  o r eq u a l to 

c o n s tra in ts  b y  a s su m in g  all o th e r  v a riab les  a t  th e ir  low er b o u n d s . 

L ist th e  tig h te s t s e t of u p p e r  a n d  low er b o u n d s  you  c a n  for e a c h  

variab le .

Look for u n iq u e  so lu tio n s  to  th e  c o n s tra in ts  in  th e  b o u n d s .

Note: Do n o t rep lace  c o n s tra in ts  w ith  sing le variab le  b o u n d s .

Workspace

Lower b o u n d in g  co m p u ta tio n s .

U pper b o u n d in g  co m p u ta tio n s .

L ist tig h te s t b o u n d s  possib le .

T here  a re  th re e  c o n s tra in ts  w h ich  involve only  v ariab les  d a n d  c.

.05 <dc~x < .25

W hich  c a n  be  rew ritten  a s  ,05c <d < .25c 

c +d <1.5

W hich  c a n  b e  rew ritten  a s  d < 1 .5 -c  

c —d < 0.75



T-3672 132

W hich  c a n  b e  rew ritten  a s  <a? > c -  .75 

a n d  c —0.75 < 1.5 —c 

o r 2c < 2.25 

a n d  c < 1.125

R eversing  th e  p ro ced u re  to  iso la te  d 

.75 + d ^ 1.5 —d 

or d<  .375

U sing  th e  u p p e r  b o u n d  o n  c we c a n  ge t a n o th e r  u p p e r  b o u n d  on  d 

d  < (.25) (1.125) = .2812

w h ich  is m ore restric tive . Leaving 

3 < «

.1 < m  < 20  

0 < c  <1.125 

0 < d  < .281

L ist u n iq u e  variab le  an sw ers .

NONE
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Step 10 Row Zero Test

If all th e  coefficients o f a  c o n s tra in t  a re  positive a n d  le ss  th a n  o r 

eq u a l to  zero  (e.fir., Xj2 + x23 + x 3 + x 42 < 0 ), th e n  s e t all v a riab le s  in  

th a t  c o n s tra in t eq u a l to  zero  (trivial r e s u lt  b a se d  on  o u r  in itia l 

a s su m p tio n  th a t  all v a riab les  a re  s tr ic tly  non-negative).

If all th e  coefficients of a  c o n s tra in t a re  negative a n d  g rea te r  th a n  

o r e q u a l to  zero  (e.g., - x ,2 - x23 - x3 - x42 > 0 ), th e n  s e t  all v a riab les  

in  th a t  c o n s tra in t  eq u a l to  zero.

Workspace

L ist v a riab le s  a n d  th e ir  v a lu es. NO MATCH 

S u b s titu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .
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Step 11 Column SignGP Test

M inim ization  p rob lem s:

If th e  variab le  alw ays a p p e a rs  w ith  a  positive signGP in  th e  objec­

tive fu n c tio n  a n d  all le ss  th a n  o r eq u a l to c o n s tra in ts  a n d  n eg a ­

tive signGP in  all g re a te r  th a n  o r eq u a l to  c o n s tra in ts , fix i t  a t  its  

low er b o u n d .

If th e  variab le  alw ays a p p e a rs  in  th e  objective fu n c tio n  a n d  all 

le ss  th a n  o r eq u a l to  c o n s tra in ts  w ith  a  negative signGP a n d  p o si­

tive s ig n GP in  all g re a te r  th a n  o r eq u a l to  c o n s tra in ts , fix i t  a t  its  

u p p e r  b o u n d .

M axim ization  p rob lem s:

If th e  variab le  alw ays a p p e a rs  w ith  a  positive signGP in  th e  objec­

tive fu n c tio n  a n d  all g re a te r  th a n  o r eq u a l to  c o n s tra in ts  a n d  neg ­

ative signGp in  all le ss  th a n  o r eq u a l to  c o n s tra in ts , fix i t  a t  its  

low er b o u n d .

If th e  variab le  alw ays a p p e a rs  in  th e  objective fu n c tio n  a n d  all 

g re a te r  th a n  o r eq u a l to c o n s tra in ts  w ith  a  negative s ig n GP a n d  

positive signGP in  all le ss  th a n  o r eq u a l to  c o n s tra in ts , fix i t  a t  its  

u p p e r  b o u n d .

C heck  c o n s tra in ts .
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Workspace

m  - a p p e a rs  w ith  a  negative  signGP in  th e  objective fu n c tio n  a n d  a  positive 

signGP in  all le ss  th a n  o r eq u a l to  c o n s tra in ts .

f  - a p p e a rs  w ith  a  positive signGP in  th e  objective fu n c tio n  a n d  a  positive 

signGPin  all le ss  th a n  o r eq u a l to  c o n s tra in ts .

c - a p p e a rs  in  th e  objective fu n c tio n  w ith  b o th  positive a n d  negative 

signGPs  a n d  in  th e  le s s  th a n  o r eq u a l to  c o n s tra in ts  w ith  positive signGPs. 

d  - a p p e a rs  in  th e  objective fu n c tio n  w ith  b o th  positive a n d  negative 

signGPs  a n d  in  th e  le ss  th a t  o r eq u a l to  c o n s tra in ts  w ith  b o th  positive a n d  

negative  s ig n GPs.

n  a p p e a rs  w ith  a  positive s ig n GPin  all le ss  th a n  o r eq u a l to c o n s tra in ts  

an d  does n o t a p p e a r  in  th e  objective fu n c tio n  so  s e t  it  a t  i ts  low er b o u n d , 

n  = 3.

S u b s titu te  a n d  rew rite  th e  p ro g ram  in  s ta n d a rd  form .
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Step 12 Restate the Reduced Problem

C heck  variab le  a s s ig n m e n ts . S u m  c o n s ta n t te rm s  in  th e  objective 

fu n c tio n  a n d  on  th e  le ft-h an d  side  of rem a in in g  c o n s tra in ts . 

R e s ta te  th e  p ro g ram  in  th e  fo rm a t given in  S tep  1.

Is th e  p rob lem  still th e re ?

R ep ea t p rev ious s te p s  a s  n ecessa ry .

W ere a n y  ad d itio n a l p ro b lem s g en e ra ted ?

Workspace

L ist v a riab le  a ss ig n m e n ts .

% = 3

O bjective F u n c tio n

Minimize : y  = f c  S6d~2 *6—m e "86üT2'86

E q u a lity  C o n s tra in ts

NONE

L ess T h a n  o r E q u a l to  C o n s tra in ts  

G re a te r  T h a n  or E q u a l to  C o n s tra in ts  

S ingle V ariab le  B o u n d s

S u m  c o n s ta n ts  to  be ad d ed  to  th e  objective fu n c tio n  a fte r  p rep ro cessin g .
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ô .O S x K r W 2-715;: 1 

10.65x lCT2c2d~l <, 1 
m f 1 + 315c2d < 1 
.1 Sm 5 20

.05 5 d c "1 5.25 
c + d <= 1.5 
c - d  <0.15

Yielding C onstra in t 
Surging C onstra in t 
B uckling  C onstra in t 
Spring Force C onstra in ts  
D iam eter R a tio  C onstra in ts  
O utside D iam eter C onstra in t 
In s id e  D iam eter C onstra in t 
Spring Pocket L en g th  C onstra in t d < 0.202

c <1.125

S u b s titu te  a n d  rew rite  th e  p ro g ram  o r th e  so lu tio n .
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C.2 Analysis

T he k ey  to  so lv ing  th is  p ro b lem  is  to  recognize th a t  f  is  n o t a  variab le . 

T he force ap p lied  m u s t  be  p rov ided  from  design  specifica tions. S ince  f  is 

n o t a  v a riab le  we c a n  rew rite  th e  objective fu n c tio n  as:

Minimize:

T he only  c o n s tra in t co n ta in in g  m / f  is 

m/ -1 + .375c2d < 1 

o r

m f 1 < I —Q375c2d

If th is  c o n s tra in t  is tig h t a t  op tim ality  th e n  w e c a n  s u b s t i tu te  it  in to  th e  

objective fu n c tio n  for m /f .

Minimize : j  = c “ d-186-  (1 -  0315c2d)cMd~2 M

or

Minimize : j  = 0.375c2d • c md '1M

or

Minimize: y  = 0.375c286d "'-86

F rom  th is  y o u  c a n  see  th a t  we w a n t to  m inim ize c a n d  m axim ize d. 

E a rlie r  an a ly s is  u p p e r  b o u n d e d  d  a t  d  < 0 .2 0 2  .
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S u b s titu tin g  th is  v a lu e  in to  th e  o th e r  c o n s tra in ts

.05 <dc~l < .25

c < 4 .0 4  a n d  c > 0 .8 0 8

c+ d  < 1.5

c <  1 .298

c - d  <0.15

c < .952

T he tig h te s t b o u n d s  on  c a re

0.808 < c<  .952

S e t c = .8 0 8  a n d  d  = .2 0 2 .

C heck  C o n s tra in ts

Y ielding C o n s tra in t .003  < 1 okay

S u rg in g  C o n s tra in t .3 4 4  < 1 okay

m  will b e  ca lcu la ted  w h en  f  is  d esigned  from  th e  B u ck lin g  C o n s tra in t.
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APPENDIX D 

AN EXAMPLE FOR MANIPULATING 

THE DELTA#, MATRIX.

D .l Smith’s Economic Order Quantity with a Bottleneck Con­

straint.

S m ith  (1970) p ro p o sed  th e  following econom ic o rd e r q u a n tity  m odel 

for p a r ts  th a t  flow th ro u g h  a  b o ttlen e ck  m ach in e . H is so lu tio n  involved 

e s tim a te s  of th e  L agrange m u ltip lie r, i t  gives good an sw e rs  if you  w a n t to  

do th e  derivative ca lcu lu s . T he following a p p ro a c h  u s e s  geom etric  p ro ­

g ram m in g  to  g en e ra te  th e  op tim ality  co n d itio n s  for th e  n  variab le  ca se  

a n d  req u ire s  on ly  th a t  y o u  be  ab le  to  ad d , s u b tra c t , m ultip ly , divide, a n d  

ta k e  sq u a re  ro o ts . All of th e  op tim iza tion  h a s  b e e n  d one a n d  th e  so lu tio n  

follows from  a  very  sim ple  line  se a rc h  in  one variab le . T h is  so lu tio n  fol­

low s a  so lu tio n  te c h n iq u e  b y  P len e rt (1987) w h ich  u s e d  th e  op tim ality  

co n d itio n s to g e n e ra te  a  q u a rtic  eq u a tio n  w h ich  h e  solved iteratively .

T h is p ro b lem  is  in c lu d ed  h e re  to  d e m o n s tra te  th e  u tility  of th e  del- 

tacp m a trix  a n d  th e  op tim ality  co n d itio n s, a s  d escrib ed  in  S tep s  16, 17, 

a n d  18 of th e  a logorithm , to  th e  an a ly s is  of m u ltip le  degree of difficulty  

p rob lem s.

Minimize Total Cost = + + a7q2 + b2q?  + .... + anqn + bnq ll

Subject to: fcitfi"1 + £2̂ 2 1 + ••••+ 1 -  1

W here:
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VARIABLE

Qi

Oi

bi

DESCRIPTION

O rder Q u a n tity

H olding C ost

Ordering C ost

AnnualDemandxSetup Time 
TotalS etup Time Available

R ew riting  th e  p ro b lem  in  a  m ore co m p ac t form .
2n

Minimize: X aiqi + X bfl]
t =  1 i — n +1

-1

UNITS

E ach

Dollars

Dollars

Each

Subject to : X  ^  1
1 =  1

Step 16 Create the Deltacp Matrix

W rite th e  n o rm ality  c o n s tra in t a s  th e  f irs t row. If th e  p ro g ram  is 

a  posynom ial, th e n  s e t th e  row  eq u a l to  1. If it  is  a  signom ial, se t 

th e  row  eq u a l to  a

W rite th e  rem a in in g  row s b y  su m m in g  th e  d e lta s  a sso c ia ted  w ith  

e a ch  v ariab le  eq u a l to  zero  (o rthogonality  co n s tra in ts).
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Ôi 02 8 n RHS

N orm ality

O rthogonality  

V ar 1 

V ar 2  

V ar 3

T he Ô m a tr ix  for th is  p ro b lem  is:
2/i
Z 8, = 1

i =  1

5>-8„+y-52«+y = 0  fo r ty

Step 17 Use the Optimality Relationships

W rite th e  op tim ality  re la tio n sh ip s  for th e  te rm s  in  th e  objective 

fu n c tio n  u s in g  R ule 3.

Iso la te  co m b in a tio n s  of te rm s  co n ta in in g  one a n d  tw o v ariab les . 

W rite th e  op tim ality  re la tio n sh ip s  for th e  c o n s tra in ts  u s in g  R ule 

4.

S u b s titu te  d e lta  v a lu es  from  S tep  16 a n d  solve for p ro g ra m  v a ri­

ab le s  a t  optim ality .
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List R ule 3 re la tio n sh ip s .

F rom  th e  o p tim ality  re la tio n sh ip s  in  th e  objective fu n c tio n  (RULE 3): 

ajQi =
ô, Ôn+1

L ist R ule 4  re la tio n sh ip s .

F rom  th e  o p tim ality  re la tio n sh ip s  in  th e  c o n s tra in ts  (RULE 4):

&2n+i —  KQi .̂2 + 1



T-3672 144

Step 18 Manipulate the Optimality Relationships

S e a rc h  b o th  th e  delta^p m a trix  a n d  o p tim ality  re la tio n sh ip s  for 

s u b s e ts  of in d e p e n d e n t re la tio n sh ip s  a n d  solve th e m  for th e  5s 

a n d  p ro g ram  v ariab les .

C h eck  th e  v a lu es  d e te rm in ed  in  S tep  17 w ith  th e  c o n s tra in ts  a n d  

b o u n d s  for feasib ility  a n d  b o u n d s  a n d  e n u m e ra te  th e  rem a in in g  

objective fu n c tio n  v a lu es.

M a n ip u la tin g  th e  above eq u a tio n s .

F rom  th e  deltas? m a trix

S , - 5„ + i  =  8 2 , + i ,

a n d

5,>i — ôrt+i+i = 5^,+i + v

D ividing th e  f irs t eq u a tio n  by  th e  seco n d

fybi + i _  8, - 0*+,
8%1+i+i ô, +1 — Ôn+1 + 1

B y div id ing  th e  op tim ality  re la tio n sh ip s  from  th e  c o n s tra in ts  th e  left h a d  

side  c a n  be  redefined  as;

8%,+, = Kq7l
82/1 + i +1 +1

T h ese  ra tio s  c a n  b e  w ritte n  to co m p are  an y  tw o 8^s. S u b s titu tin g  th is  

defin ition  in to  th e  p rev io u s eq u a tio n .
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kjQi1 _  S,-ô»+,
k i+ iQ i+ \  5 i  + i “- ô B + i + i

D ividing th ro u g h  by  8 lf

kjQÎ1 _  1 -ô,+,/ô,
^  + 1 »̂ + + / + l^i

R eo rdering  th e  objective fu n c tio n  o p tam ility  re la tio n sh ip s  :

5w+t = bjQi1
5, atfi ’

S»+, _
5, a a f '

fu rth e r ,

S i  +  l  _  +

8,

a n d

+i + l _  frt + lfft + l
8, “

+ i  +  l ________ __ +  l ^ i  + 1

8, QiQiQi +1

S u b s titu tin g  

t a f 1 =  ̂ 1 -  frf/a#/*)
k i + iQ i + 1 +  iQ i  + 1 —  b il& iQ itf i  +  1

a n d  sim plifying:

r o n r o n  l a k e s  library
COLORADO SCHOOL of MINES 

HOLDEN COLOR A D O  8040?
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-1 ( a a l - b y a d
k i  + iQ i + i ( ^ i  + \Q i + 1) b i  + \Q i + lI& iQ i

R eordering  th e  eq u a tio n  it  becom es,

ktq-1 _  {&ùn — bfyajqf
K+ iQTÏ i t o  +1<7,?+1 - 6 ,  + ùla^qi+1’

dividing a n d  reo rdering ,

&,?,+i t o ^ - 6 ,)
(ai+lqf+l-b i  + l) 

finally  leaving.

v *  J

ki+\

or

t o + i ^ i - 6 /+i)

(digf-bi)
ki

to  + i<?i2+ i - 6 t-+i) 
ki + i

S im ilarly  we c a n  w rite,

to ^ 2- 6 t) _  to+ 2̂ 2+2 - 6 ,+2)
&1+2

T hese  eq u a tio n s  c a n  b e  red u ce d  to  n - 1 s im u lta n e o u s  in d e p e n d e n t n o n ­

lin e a r  e q u a tio n s  of th e  form :
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w

a n d

Kk‘ J

kx <l\-v,vv <?» - ê + ê = 0

E m b ed d ed  in  th is  m a trix  is  a  s u b  p ro b lem  w h ich  will h e lp  w ith  th e  so lu ­

tio n  to  th e  overall p rob lem .

D.2 Basic Optimality Equations:

(e i) 2 b2

y i .
<7i- kx k2~ <72

V i
Kkxj

W
skxj

a n d

2 *1 , *4
q i ~ h  i r

ZÛ3X

ZÛ4X
V^y

<?3

<?4

v*iy
/ 5 X 

k v ny
<7n

Since q  is defined  a s  be in g  s tr ic tly  g rea te r  th a n  zero a n d  it  m a k e s  n o  

p h y sica l s e n se  for it  to  be  negative , th e n  th e  left h a n d  side  of th e se  e q u a ­

tio n s  m u s t  b e  g re a te r  th a n  zero. S e ttin g  th e  le ft-h an d  s id es  eq u a l to  

zero:



T-3672 148

q' - bi +bi =0

q' - bi +bi =0

q' - bi +bi =0
a n d

Kk'Jq' - bi +bt =0

Solving for q ^ :

D.3 Non-Negativity Equations

?i2 =

î2 =

î2 =

a n d

î2 =

f - T  

-T 

f k- Y

/ ,  X

b\ b2 
h  k2

bi b ^
kx k3 V

4 V

.« •JU

^1 b.

Notice th a t  th e  we m u s t  u s e  th e  m ax im u m  v alu e  of q x to  sa tis fy  all of th e  

eq u a tio n s .
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D.4 The Algorithm

S tep  1 - C a lcu la te  th e  q L from  n o n-negativ ity  eq u a tio n s .

S tep  2 - T ake th e  m ax im u m  q^ (R ound to th e  n e a re s t  in teg e r v a lu e).

Note - T h is  v a lu e  will n ec essa rily  v io late th e  c o n s tra in t  b e c a u se  of th e  

w ay  th e  p ro b lem  is fo rm u la ted .

S tep  3 - C a lcu la te  q̂  for i = 2  to  n  b y  solving th e  b a s ic  op tim ality  e q u a ­

tio n s .

S tep  4  - U se th e se  v a lu es  in  th e  c o n s tra in t e q u a tio n  to  ca lcu la te  th e  

v a lu e  of th e  left h a n d  side  of eq u a tio n .

S tep  5 - C a lcu la te  th e  v a lu e  of th e  objective fu n c tio n  co n c u rren tly  to  

observe th e  u n c o n s tra in e d  m in im u m .

S tep  6 - If th e  v a lu e  of th e  c o n s tra in t e q u a tio n ’s left h a n d  side is 

g rea te r  th a n  1. T h en  in c re a se  q x b y  a n  in teg er a m o u n t a n d  r e tu rn  to 

s tep  3 a n d  resolve.

S tep  7 - If th e  left h a n d  side  is  le ss  th a n  1 b y  a n  accep tab le  am o u n t. 

D id y o u  observe a  s te a d y  d ec re ase  in  th e  objective fu n c tio n  v a lu e  a n d  

th e n  a n  in c re a se ?  If yes, STOP! If no , r e tu rn  to  s te p  3  a n d  co n tin u e  

u n til  y o u  see  a n  in c re a se  in  th e  objective fu n c tio n  value.
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Note - If th e  o rd erin g  co s t d o m in a te s  th e  s e tu p  c o s t th e n  th e  a lg o rith m  

will r u n  in to  th e  c o n s tra in t before th e  T o tal C o st is  a t  its  m in im u m . T h is  

is  th e  eq u iv a len t of solving th e  u n c o n s tra in e d  problem .

S tep  8 - If th e  a m o u n t is  u n a c c e p ta b le  go b a c k  to  th e  la s t  in feasib le  

v a lu e  of qi a n d  d ec rease  th e  s te p  size.

Note - Y our f irs t g u ess  will be  in feasib le  (i.e., it  will v iolate th e  co n s tra in t)  

a n d  s u b s e q u e n t g u esse s  sh o u ld  b rin g  th e  left h a n d  side  of th e  eq u a tio n  

c lo ser to  1. U sing  n o n  in teg er v a lu e s  m a k es  no  se n se  in  th e  rea l p rob lem  

so  y o u  will h av e  to  a c cep t som e s la c k  in  th e  c o n s tra in t to ge t a  rea lis tic  

an sw er. T h is  a lg o rith m  w as te s te d  on  a  L o tus 1-2-3 sp re a d sh e e t a n d  it 

w orked  very  nicely. It c a n  also  be m an ag ed  on  a  h a n d  ca lcu la to r for 

sm a ll p ro b lem s.

D.5 EXAMPLE PROBLEM USING A SPREADSHEET

HOLDING ORDERING CAPACITY

COST COST USAGE

a(i) b(i) k(i)

5 .0 0 5 0 0 0 0 .0 0 4 .0 0

2 0 .0 0 7 2 0 0 0 .0 0 3 2 .0 0

10.00 1 4 4 0 0 0 .0 0 120 .00
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NONNEGATTVITY CALCULATIONS

q (l)9 0 .5 5

q (l)9 5 .0 8

BASIC
QUANTITY

0.(1)

RELATIVE
QUANTITY

0(1)

OBJECTIVE
FUNCTION

a q + b /q

OBJECTIVE 
FUNCTION 
£  aq + b /q

VALUE OF 
CONSTRAINT 

k(i)/q(i)

TOTAL VALUE 
CONSTRAINT 

£  k(i) /q(i)
1ST ITERATION

9 6 .0 0 1 0 0 0 .8 3 0 .0 4
4 5 .0 8 2 4 9 8 .8 0 0 .7 1
5 1 .3 8 3 3 1 6 .4 1 6 8 1 6 .0 3 2 .3 4 3 .0 9

2ND ITERATION
9 8 .0 0 1 0 0 0 .2 0 0 .0 4

5 2 .9 9 2 4 1 8 .5 4 0 .6 0
9 1 .9 8 2 4 8 5 .3 7 5 9 0 4 .1 2 1 .30 1 .95

3RD ITERATION
1 0 0 .0 0 1 0 0 0 .0 0 0 .0 4

6 0 .0 0 2 4 0 0 .0 0 0 .5 3
1 2 0 .0 0 2 4 0 0 .0 0 5 8 0 0 .0 0 1 .00 1 .57

4TH ITERATION
1 0 2 .0 0 1 0 0 0 .2 0 0 .0 4

6 6 .3 9 2 4 1 2 .3 1 0 .4 8
1 4 3 .0 4 2 4 3 7 .1 1 5 8 4 9 .6 1 0 .8 4 1 .36

5TH ITERATION
1 0 4 .0 0 1 0 0 0 .7 7 0 .0 4

7 2 .3 3 2 4 4 2 .0 5 0 .4 4
1 6 3 .2 2 2 5 1 4 .4 3 5 9 5 7 .2 6 0 .7 4 1.22

6TH ITERATION
1 0 6 .0 0 1 0 0 1 .7 0 0 .0 4

7 7 .9 2 2 4 8 2 .4 5 0 .4 1
1 8 1 .4 9 2 6 0 8 .3 5 6 0 9 2 .5 0 0 .6 6 1.11

7TH ITERATION
1 0 8 .0 0 1 0 0 2 .9 6 0 .0 4

8 3 .2 3 2 5 2 9 .7 2 0 .3 8
1 9 8 .3 9 2 7 0 9 .7 7 6 2 4 2 .4 5 0 .6 0 1 .03
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8TH ITERATION
1 1 0 .0 0 1 0 0 4 .5 5 0 .0 4

8 8 .3 2 2 5 8 1 .5 9 0 .3 6
2 1 4 .2 4 2 8 1 4 .5 6 6 4 0 0 .7 0 0 .5 6 0 .9 6

9TH ITERATION
1 0 9 .0 0 1 0 0 3 .7 2 0 .0 4

8 5 .8 0 2 5 5 5 .1 8 0 .3 7
2 0 6 .4 3 2 7 6 1 .9 0 6 3 2 0 .8 0 0 .5 8 0 .9 9


