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ABSTRACT

The focus of this thesis is the development of practical compressive sensing guarantees for device radiation
pattern characterizations in electromagnetics and acoustics. Compressive sensing is the acquisition and
processing of a signal of interest by under-sampling or measuring a compressed version of the signal. In this
thesis, a practical compressive sensing guarantee uses a minimal number of assumptions about the device
being characterized, and the guarantee incorporates the limitations of existing measurement systems. The
latter of these two criteria is novel in the compressive sensing literature for radiation pattern characterizations.

In broad terms, the work in this thesis develops compressive sensing guarantees where measurements
are required to satisfy particular sample domain structures. The direct focus of this work is compressive
sensing for one or more signals on the sphere S? or rotation group SO(3), but the methods and results
contained herein may be used more generally. With these facts in mind, this thesis presents four results for
radiation pattern characterization: guaranteed compressive signal reconstruction using measurements from
a subdomain of S? or SO(3); two approaches to generate discrete sample patterns that enable compressive
sensing guarantees and fast reconstruction algorithms on S? and SO(3); and compressive measurement and
reconstruction approaches for joint signal reconstruction on S2 and SO(3) that surpass the performance of
single-signal compressive sensing, i.e., highly sample-efficient broadband radiation pattern characterizations.

The first result addresses the problem of measurement restrictions in spherical field measurements. In
many spherical field measurement systems, support structures and measurement devices restrict where mea-
surements can be taken on S? or SO(3). We develop a compressive sensing approach for this situation. In
particular, we express the spherical field measurement linear inverse problem in terms of localized basis func-
tions and prove reconstruction guarantees in this context. Similar to fully sampled restricted measurement
approaches, our method can be used when the signal of interest has little energy outside of the measurable
region of S2 or SO(3). Moreover, we show that our approach can achieve comparable or better reconstruction
accuracy when compared to the fully sampled counterparts.

The second and third results are different approaches to the problem. These results give compressive
sensing guarantees using discrete sampling patterns on S? or SO(3) that enable fast solvers for the compres-
sive version of the linear inverse problem required by spherical field measurements. The sampling patterns
used in these guarantees are either identical to patterns already used in spherical field measurements or only
slight modifications to existing sampling points. Additionally, the latter of the two approaches achieves, up
to constant factors, the same performance as existing guarantees that require the demanding and unrealistic

use of continuous random sampling from S? or SO(3).
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The final result establishes compressive sensing approaches for broadband radiation pattern characteriza-
tions. This problem amounts to jointly sensing many signals on S? or SO(3) at once to achieve higher rates
of compression than single-frequency sensing. We show that joint compressive sensing can be achieved when
all signals of interest on S? or SO(3) satisfy a joint structure or low-dimensional model. Moreover, we show
that common radiation patterns of interest satisfy these structural requirements due to smooth changes in
the radiation pattern with frequency, thus achieving compressive sensing guarantees for broadband radiation
pattern characterizations that use significantly fewer measurements than many single-frequency compressive

characterizations.
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CHAPTER 1
INTRODUCTION

A large proportion of modern technologies rely on the highly accurate and precise use of radiating
devices. These technologies span from critical applications like telecommunications, remote sensing, medical
systems, and defense applications (e.g., radar) to less critical applications like surround sound and other
entertainment systems [1{6]. Many of these systems require precise and tunable control of how they serve up
or receive radiation, be it electromagnetic or acoustic radiation. Underpinning these systems are individual
devices, each with their own radioactive properties. These devices range from loudspeakers and ultrasonic
probes [5, 7{10] to horn antennas, radar dishes, and patch antennas [2, 4, 11]. Even more, combinations
of such devices can be used to makeup complex arrays of radiators that can be used for beamforming or
beam steering [8, 11, 12]. For the systems made up of these smaller components to function properly, each
individual device must function properly and predictably.

Arguably one of the most important aspects of a radiating device's proper and predictable functioning
is its radiation pattern [2, 5, 11, 13{16]. The radiation pattern is the spatial distribution of a device's
sensitivity to electromagnetic or acoustic elds or the distribution of the elds it emits [13], see Figure 1.1
for example. The radiation pattern of individual devices must be known so that more complex devices can be
manufactured and device/environment interactions are predictable [2, 11, 16, 17]. For example, each antenna
in an antenna array must have a known radiation pattern for the array to be used for a complex task like
beam steering or sound eld reproduction [1, 5, 8]. Moreover, if we try to build a complex multi-device
system without knowing the radiation pattern of the constituent devices, then the design and analysis of the
system become very di cult, and self-interference or unpredictable behavior can occur [11]. For example,
consider a simple device with a single communications antenna, like a satellite, that we wish to put a metal
structure on in the same plane as a communications antenna. This situation is depicted in Figure 1.2. The
following design question will need to be addressed: Does the metal structure interfere with the expected
operation of the communications antenna? We can know the answer before building the satellite by knowing
how the antenna and the metal structure interact with electromagnetic radiation. In particular, we would
need to know the incoming and outgoing radiation patterns of the antenna, as well as how the structure
interacts with (i.e., scatters or re ects) electromagnetic radiation. With such information, we can deduce
how the antenna and the metal structure will interact and if so, whether or not it will be problematic.

As described above, characterizing the radiation pattern of a device is a critical part of device and system

design. There are various approaches to characterize the radiation pattern of a device. This thesis focuses on



Figure 1.1 An example radiation pattern from a simulated X-band pyramidal horn antenna (simulated using
the MATLAB Antenna Toolbox [18, 19]) radiating at 8 GHz shows the spatial distribution of electric eld at 1

m when the horn is transmitting. The z-axis is the relative magnitude of the eld and polar coordinates (; )
in the (x;y)-plane give a position on the 1 m radius sphere enclosing the antenna|the radius corresponds
to the polar angle in the range [Q ] and the azimuthal angle corresponds to the spherical azimuth in the
range [Q2 ].

one of the most common: spherical near- eld measurements [14, 15, 20{23]. In essence, spherical near- eld
measurements characterize a device under test (DUT) using measurements from a eld probe that is placed at
di erent positions on a sphere enclosing the DUT. The result of the characterization is an accurate description
of the DUT's transmitting or receiving radiation at any point outside of the measurement sphere [14, 15, 24].

In the outgoing characterization case, the DUT is transmitting and the probe receives the transmitted eld
during measurements. The incoming characterization has the probe transmitting and the DUT receiving
during measurements. The radiation pattern of the DUT can be found by expressing the radiation pro le in
terms of a speci ¢ set of basis functions with unknown coe cients and using the measurements to estimate
those coe cients. In this setup, the problem we must solve to estimate the unknown coe cients of the
radiation pattern is a linear inverse problem.

As a note, the method of spherical near- eld measurements assumes measurements are taken in the near
eld. This assumption is usually due to space restrictions or attenuation e ects in the radiated eld. More
broadly, the method can also be used in the far eld, which is sometimes done. The only dierence is a
projection step from near to far eld: the near eld to far eld transformation (NFT). Due to this fact, we
will generally refer to spherical eld measurements (SFMs) from here on since the problems and approaches
in this thesis apply regardless of whether measurements are in the near or far eld.

Unfortunately, SFMs are prone to high measurement demands [5, 6, 14, 23, 25{28]. Moreover, demands
are even higher for high-frequency devices and devices with many operating modalities. Characterizing the

radiation pattern of a device using SFMs as envisioned in [14] requires a number of measurements depending



Figure 1.2 In a communications scenario between Antenna 1 and Antenna 2, the presence of other structures
could result in scattering or re ections of transmitted signals that would then arrive at Antenna 2. In such a
scenario, it is important to know the radiation pro le of the antennas (and how signals scatter o the metal
structure) to determine whether such e ects pose a problem.

guadratically on the frequency [5, 14, 15]. This quadratic dependence can lead to thousands of measure-
ments in acoustics [28] and tens or even hundreds of thousands of measurements to characterize a single
radiation pattern in electromagnetic applications [25, 29]. In terms of time commitment and depending on
the measurement system, these measurements can take multiple hours to days. For example, for a rela-
tively low number of sample points like 5000, measurement times can reach roughly 6 hours for a single
frequency using conventional equiangular samples [3&5.1.6 Tables 5.2 and 5.3]. Thus, when characterizing
devices at multiple frequencies and in multiple operating modalities, the number of measurements can rapidly
become unmanageable. For example, assuming a single frequency, 20 con gurations, and a simple multi-
plicative relationship between the number of con gurations and sampling time, characterization according

to the equiangular times in [30, 85.1.6] would take roughly 5 days. Thus, for sample numbers in the tens of
thousands per frequency, it is not unreasonable to expect measurement times of weeks, and such extended
measurement times are often not possible due to device calibration drift.

Due to the demanding measurement requirements in SFMs, there is considerable interest in approaches
that improve SFM e ciency without signi cant losses in accuracy [23, 25, 26, 31{34]. This situation may
seem dire; sampling theorems tell us we need the same number of samples as unknowns to recover an arbitrary
signal without noise. Even worse, as one might expect, SFM will have measurement noise that worsens the

situation. The reality of SFMs is much more forgiving than the general case depicts; the unknown coe cients



we recover from SFMs are often highly structured. In particular, many of these coe cients are very small or
even zero [23, 25, 26, 31{34], a situation that has been extensively considered in the theory of compressive

sensing (CS) [35{39].
1.1 Compressive Sensing and Spherical Field Measurements

In broad terms, CS aims to recover a signak of sizeN given a set of measurementy of sizeM , where
M N. Thatis, the measurementsy are acompressedversion of the signalx from which we can decompress
the signal using some algorithm (in principle, wanting this decompression to be perfect/lossless). According
to various sampling theorems, this procedure should be impossible because subsampling leads to in nitely
many solutions  that give the measurementsy. However, CS leverages key structural assumptions about
the signal we wish to recover, and these assumptions enable CS to lgmaranteed to uniquely and stably
identify x. In essence, when we use CS, we leverage assumptions to limit the number of unknownsxin By
limiting the the number of unknowns in x, we enable its recovery fromy. This reduction in unknowns takes
many forms in CS. The earliest form studied was sparsity/compressibility|the situation we see in SFMs,
i.e., many coe cients are zero (sparsity) or many are very small (compressibility) [35{38, 40, 41]. As we will
see later in this thesis, other assumptions like an unknown matrix being low-rank can also enable CS [41{46].

The use of CS in SFMs is not a new topic; CS has been applied in SFMs since the mid-2010s with further
development more recently [23, 25, 26, 31{34]. This early research focused more on proof of concept ideas
rather than fully edged approaches to CS in SFMs. The approaches used various heuristics and experiments
to nd sampling patterns that could achieve quality CS reconstructions of the radiation pattern coe cients
from SFMs [23, 25, 26, 31{33]. None of these approaches guaranteed the accuracy of CS in SFMs. Nei-
ther did these approaches establish how many measurements are needed to give accurate reconstructions|a
common question that is asked and addressed in CS research. Some research aimed to provide such analysis
empirically [23]. However, the expected generalization potential of experimentally generated accuracy pre-
dictions is not strong, especially considering CS relies on subsampling that results in an under-determined
problem that can present reconstruction instabilities.

The work that rst approached giving theoretical guarantees in SFMs directly was in [34]. Unfortunately,
as the authors suggest, the guarantees are impractical because they require random samples on the SFM
measurement domain, the rotation group SO(3). This shortcoming is fundamentally due to limitations in
sampling pattern design due to measurement apparatus. Therefore, the work pivots to developing more
predictable and experimentally friendly sampling patterns. Thus, the nal method proposed in [34] lacks

strong theoretical guarantees and establishes itself as more of an extension of the early CS work in SFMs.

LIn this thesis, as is the case in CS more generally, we will understand guarantees in a probabilistic sense, i.e., success occurs
with an overwhelming probability (with respect to the randomness of sample positions).



To give more detail, the types of limitations that arise due to measurement system design are three-fold

(these three limitations are depicted visually in Figure 1.3):

1. Measurement systems are unable to sample the entirety of the sphere surrounding a DUT and are

restricted to a particular subdomain.

2. Measurement systems are designed around sampling at particular discrete sample positions (i.e., a
nite and known set of points on S? or SO(3), see Figure 1.3) on the sphere enclosing the DUT in

SFMs.

3. Due to limitations in measurement apparatus, SFM systems usually use SFMs to reconstruct the
radiation pattern at each frequency individually, even though we want radiation patterns for many

di erent frequencies.

The rst limitation is a result of measurement systems like the one seen in Figure 1.4 and can be handled by
classical (i.e. not CS-based) SFMs [14, see Ch. 6]. Contrasting classical approaches, measurement domain
restrictions pose a potentially serious problem for CS guarantees. The second limitation narrows the scope
of CS approaches that could be applied to SFMs using existing measurement systems. For example, such
limitations are incompatible with CS guarantees for SFMs like those found in [34]. The last limitation is
due to the fact that classical reconstruction algorithms do not bene t when using common structure across
frequencies; full sampling is required at each frequency. In contrast, CS has the possibility of leveraging
similarities in radiation patterns across frequency to help further reduce the total number of samples to
fully characterize a DUT. These problems, though arising in CS-based SFMs, are problems that also exist
in the CS literature more broadly; existing CS theory and the related literature do not provide a framework
that is compatible with these types of measurement limitations. Thus, addressing these three limitations is
of paramount importance not just for CS-based SFMs but also for further developing and broadening the

applicability of CS theory.
1.2 Contributions

In this thesis, we address the practical issues of developing CS guarantees for SFMs that account for
realistic measurement limitations imposed by current SFM systems. In addition, this thesis proposes exten-
sions of SFMs that are enabled by the use of CS in SFMs, in particular, in simultaneous broadband SFM
characterizations. The contributions of this thesis are summarized below. Though the work is aimed at
SFMs in particular, the contributions are grounded in the CS theory more generally and, in that context,

are extensions and solutions to shortcomings of the existing CS theory. The main contributions are:



Figure 1.3 Sampling restrictions in SFMs limit the use of CS guarantees from the existing literature. In
the left three panels, white indicates available sample positions on the sphere and black indicates a sam-
ple position is unavailable. Positions on the sphere in SFMs are specied in spherical polar coordinates
(; ) = (polar angle from north pole, azimuthal) angle. (Leftmost Panel) Existing CS guarantees require
unconstrained random sampling on the whole sphere. (Center-left Panel) Due to support structures, por-
tions of the sphere are not available for measurement, e.g., samples can only be drawn from one hemisphere.
(Center-right Panel) Often, discrete sample positions are more favorable for measurement systems. (Right-
most Panel) When using SFM-based characterizations, we are often interested in multiple di erent signals
that result from a signal device. These signals are treated independently and not as a single composite higher
dimensional object, i.e., a 3D object instead of individual 2D sheets.

Figure 1.4 The CROMMA measurement system at NIST Boulder is used to perform SFMs of high-frequency
devices. SFMs are taken using a probe attached to the robotic arm, which accurately positions the samples on
the sphere enclosing the test antenna (DUT) that radiates upward. The hexapod and rotator platform aid in
positioning the measurements; due to their structure, anti-re ective absorber (the blue pyramidal material),
and other hardware, measurements cannot be taken on the bottom portion of the sphere enclosing the DUT.
Image reproduced from [47], Joshua A. Gordonet. al.. Millimeter-Wave Near-Field Measurements Using
Coordinated Robotics. IEEE Transactions on Antennas and Propagation, 63(12):5351{5362, December 2015.
ISSN 1558-2221. doi: 10.1109/TAP.2015.249611. Public Domain. See Appendix F.



1. Guaranteed domain restricted CS for SFMs. Aiming to solve the practical issue of CS including
measurement system position restrictions, we prove a guaranteed CS approach for SFMs where mea-
surements have limited polar angle accessibility, e.g., measurements can only be taken on a hemisphere,
equatorial belt, etc. The approach we use leverages a re-expansion of the SFM signal in a basis that
is localized to the available measurement domain. This expansion and properties thereof allow the ex-
tension of existing CS theory, which speci es the required measurement number and related accuracy
bounds. To the best of the author's knowledge, this is the rst work in the broader CS literature that

guarantees the success of CS where measurements are restricted to a subset of the full sample domain.

2. Guaranteed CS for SFMs using discrete sample positions and fast transformsTo address the un-
desirable property of random sample positions in CS guarantees for SFMs (in particular, continuous
random sampling [34, 48]) and the inability to use fast transforms due to the randomness, we prove CS
guarantees for SFMs using sub-samples from xed discrete sampling grids. We provide two approaches.
The rst approach uses a known mapping that takes equiangular samples on the measurement sphere
and transforms them into evenly spaced samples on a torus, which results in measurements being
expressed as a sub-sampled discrete Fourier transform (DFT). The second approach uses quadrature
rules to generate a discrete sampling grid on the measurement sphere. As a result, CS-based SFMs are
expressed in terms of fast sampling algorithms based on Gauss-Legendre quadrature. Both of these
methods map the inverse problem in SFMs to one in which CS guarantees can be readily applied. In
the broader CS literature, these works are examples of general approaches moving from continuous to
discrete sampling in a guaranteed way. In particular, the method that uses Gauss-Legendre quadrature
is a special case of a more general approach. This general approach can be used to give CS guaran-
tees in applications where measurements are samples of a set of orthogonal functions that possess a

quadrature rule for exact integration.

3. Guaranteed broadband CS for SFMs using a joint-sparse modeDften SFM characterizations are done
over a range of frequencies for a single device. Existing CS guarantees for SFMs are built around
single-frequency operation and signal modeling. We propose a joint-sparse signal model (shared sparse
signal support across a broad frequency range) and prove a CS accuracy guarantee for this model that

enables broadband device characterizations with performance surpassing single-frequency CS.

4. Preliminary evidence for low-rank-based CS in SFMs using single-frequency or multi-frequency mea-
surements. Inspired by alternative compressibility models in the literature, we investigate a low-rank-
based CS approach for SFMs using both monochromatic radiation measurements and polychromatic

measurements. The polychromatic case is not currently possible with available measurement systems;



however, we propose and test this model to motivate SFM measurement system design that \builds

in" measurement capabilities that are bene cial to CS.
1.3 Thesis Outline

The remainder of this thesis is laid out as follows. In Chapter 2, we present background information that
gives readers the details needed to develop and grasp the main contributions of this thesis. The background
topics include acoustic and electromagnetic radiation, the signal representation of radiation patterns, device
radiation pattern characterizations, and the theory of compressive sensing. Each of these subjects is deep in
its own right, so each one's treatment is topical in nature and limited to what is needed for this thesis. In
Chapter 3, we cover our approach and guarantees for CS with a restricted measurement domain, contribution
1in the above section. In Chapters 4 and 5, we present our work related to contribution 2 above. In particular,
we present our approach and guarantees related to mapping spherical samples to a torus in Chapter 4, and
we present our second approach for gridded sampling using quadrature-based sample patterns in Chapter 5.
In Chapter 6, we give our work for contributions 3 and 4 above. Finally, in Chapter 7, we conclude this

thesis with remarks on the interplay between contributions 1-4 and an outlook for future research.



CHAPTER 2
BACKGROUND

In this chapter, we provide the groundwork needed for readers to understand the content of Chapters
3-6. This groundwork includes subjects ranging from the core physics of SFMs to signal representation and
processing. We present the relevant background information in three main sections, Sections 2.1 to 2.3.
Depending on the level of background information desired, the reader may skip one or multiple of these
sections. We brie y summarize each section below.

Section 2.1 is a crash course on the technical background required for this thesis without providing
physics-based derivations or rigorous CS theory. In this section, we cover: de nitions of the signals under
study, which are signals on the sphere and rotation group, denoted respectively b§? and SO(3); the inverse
problems we use in SFMs to reconstruct these signals 082 or SO(3); a summary of classical sampling
theorems for our signals and inverse problems oi$? and SO(3); and an informal statement of how CS
theory applies to these inverse problems.

Section 2.2 is a primer on CS. Here we include the de nitions and results from the CS literature that
are relevant to this thesis. In particular, we present di erent approaches to theoretical guarantees regarding
the success and accuracy of compressive sensing. We also give readers context that relates the di erent
approaches to CS guarantees, establishes which results are stronger, and explains which approaches have
been used in work outside of but related to this thesis.

Finally, in Section 2.3 we provide the physics-based background and derivations for SFMs. In particular,
we derive how we start from physical quantities of interest to the signals and arrive at the inverse problems
we study on S? and SO(3).

As to how the reader should approach this chapter, our guidance is as follows. If the reader is only
interested in the technical de nitions and tools needed for an understanding of the results in Chapters 3-6,
but not necessarily interested in the CS theory and proofs, reading only Section 2.1 will be su cient. If the
reader wants context on CS theory and is already familiar with SFMs, then reading Sections 2.1 and 2.2 is
the best course of action. Lastly, for the clearest picture of all background information, we advise the reader

to digest this chapter in its entirety.
2.1 A Crash Course on Signals and Compressed Sensing on the Sphere and Rotation Group

In this section, we provide the problem setup and de nitions necessary to understand the results in

Chapters 3-6. This section is meant as a primer and does not cover detailed derivations of the problems



considered in later chapters. We also avoid covering formal statements of CS guarantees, but we do reference
them in less technical terms. For formal statements of CS results and detailed derivations of our problem,

see Section 2.2 and Section 2.3, respectively.
2.1.1 Signal Representation on the Sphere and Rotation Group

In their broadest form, SFMs lead us to the problem of sensing signals on the spher&?, and the
rotation group, SO(3). As a domain, S? can be thought of as the typical embedding of the 2-sphere in
three-dimensional Euclidean space. Signals 082 are quantities expressible as functions having a value for
each point on this surface. These signals can be parametrized using the angular part of spherical polar
coordinates, (; ). In this thesis, 2 [0; ] is the polar angle from the north pole, and 2 [0;2 ) is the
azimuthal angle. Examples include the elevation of the surface of the earth, the temperature on the surface
of the earth, or, more relevant to our applications, the pressure of air on a spherical surface in space. SO(3)
is a slightly more complicated domain than S?2. SO(3) can be de ned as the symmetry group ofS?, or
equivalently, all rotations of three-dimensional Euclidean space about the origin [49817.7]. Thus, signals on
SO(3) are quantities expressible as functions with a given value for each possible rotation in SO(3). Signals
on SO(3) can be parametrized using Euler angles(; )2 [0;2 ) [0; 1 [0;2 ][49, 50]. For a mental
picture of such a signal, we can envision a spherical signal with one extra angle of variability. For example,
where the temperature of the surface of the earth is a spherical signal, if the temperature also depended on
the direction we looked along the surface of the earth, we would have a signal on SO(3).

In more technical detail, we are interested in sensing square-integrable functions 082 or SO(3), i.e.,
functions in the setfu: | C: R ju(x)jdx < 1g for = S? or =SO(3). In our sensing problems, we
assume measurements are direct samples of the functian In SFMs, u is essentially the radiation pattern at
a given frequency of radiatiorf. In Chapters 3-5, we consider sensingne signal u using compressed sensing
under di erent measurement restrictions. In Chapter 6, we will be interested in simultaneously sensing
multiple u from radiation patterns at di erent frequencies.

For u 2 L,(S?) or u 2 L,(SO(3)), u can be decomposed into a linear combination of elements from an

orthonormal basis' ; 2 B where the indexi is countable [50, 51],
X
u= a'i; (2.1)
'i2B
wherea, 2 C are complex scalar weights (coe cients).

For u 2 L,(S?), we use the spherical harmonic (SH) basis [50, 52],

Y™(:; )= PM(cos )é™ ; n2Ng;m2Z;jmj n; (2.2)

2This statement is not always true in a technical sense, but viewing u this way provides a useful mental picture

10



where Ny is the set of natural numbers including zero,Z is the set of integers, and the ordered pair ( ) 2
[0; 1 [0;2 ) parametrizes a point on the S? in spherical polar coordinates. In (2.2), P,"(x) are the

normalized associated Legendre functions
s
2n+1(n m)!
m —_
Po’ (X) = 4 (n+m)!

(D@ ATLP Mo 3

which are de ned as derivatives of the Legendre polynomials,

dn
20n! dxn

P, (x) = (x> 1" (2.4)

One can nd the associated Legendre functions withm < 0 by combining (2.3) and (2.4) so that, in the
combined expression, the derivatives becom%.

The spherical harmonics satisfy the orthogonality relationship [50]

D E VA
Ynm; nna = Ynm angodsz = no mmos (2-5)
S2 s2
where dS%2 =sin d d .

For u 2 L»(SO(3)), the standard orthogonal basis is the set of WignerD -functions [50],
DM (;; )=cMhe’ d"()e'™; n2Ngm; 22Z; jmjjj (2.6)

Note that we sometimes useD;™ (;; )in place of D," (;; ) to more distinctly identify the upper
indices. The Wigner D -functions satisfy the orthogonality relationship
D o 0E z 8 Z(Cnm )2

DM™:D " = DM D, sindSO(3) =

; ; 2.7
n no So@3) s0@) on+1 nn® mm © 0 ( )

where dSO(3) =sin d d d . In(2.6), ¢™ is anormalization constant andd™ ( ) is the Wigner d-function

given by [50, 53]

g" ()= 1) ™ (Fmin mKn+ )
2n 2 +m 2 m+

min(nsmin ) (1) cos 5 sin 5 (2.8)

I(n+ m N(n )( m+ )!

=max(0 ; m )
Here, (;; )2[0;2) [0; 1 [0;2 ) parametrizes a point in SO(3).
An important fact for this thesis is that the spherical harmonics are a special case of the WigneD -

functions [50],

3The de nition of the Wigner D -functions with the arbitrary normalization constant ¢y is unconventional but useful for our
purposes. Depending on the use case, e.g., for CS or rotation operator for spherical wave functions, di erent values should

2n+1 172

be used. For the Wigner D-functions to be orthonormal use ¢, = 5 2

(see Section 2.3) we usecy" =1.

. For rotations of spherical wavefunctions
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r

. (Y™ 2n+1

Ynm(’ - Cnm 4

i 2n+1
c 4

D,™%; ) (2.9)
r

DY M(;; ) (2.10)

2.1.2 Sensing on the Sphere and Rotation Group

For general L, functions on S? or SO(3), the sum in (2.1) is countably in nite. The in nite nature of
the series expansions for these signals is problematic since we seek a sensing scheme that can recover the
expansion coe cients for u. Fortunately, in the problems encountered in this thesis, we can treat the series

as nite and band limited. Speci cally, this fact means we will be sensingu of the form

Nax X0
u(; )= ay Yy (5 ) (2.11)
n=0 m= n
or
Nax XX
ut;; )= a, Dy (55 ) (2.12)
n=0 = nm= n

where nnax is the band limit of the signal. Since these series are band limited, the number of coe cients is

nite for both S? signals and SO(3) signals, these numbers being
NsH = (Nmax +1)2 (2.13)

and

- (nmax + 1)(2 Nmax + 1)(2 Nmax + 3) .

Np 3

(2.14)

respectively.
In this band-limited setting, if we sample u at M di erent positions on the domain , we can write a

linear inverse problem to solve for the coe cients a, using the M measurements. In particular,
w= a (2.15)

wherew 2 CM s the vector of M measurements with entries W] = u(t;), t; is shorthand for a sample
position in S2 or SO(3), 2 CM N is called the measurement matrix and has entries [J; = ' i(t;),

a 2 CN is the vector of coe cients [a], = &, and N is the number of band-limited basis functions. The
linear inverse problem in (2.15) has exact measurements. Often, however, measurements are corrupted by
noise. In this thesis, we will only consider corruption via additive noise, , whose entries are the noise

associated with a given measurement. Thus, our linear inverse problem that includes this measurement
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noise is
w= a+ ; (2.16)

where is the vector of additive measurement noise corresponding to each sample.

Conventional sampling results can specify when (2.15) can be solved fax exactly, and when (2.16)
can be estimated accurately. Since the basis functions 082 and SO(3) are products of polynomials and
complex exponential functions, the total number of samples needed to reconstruat in the noiseless case is
the product of the number of samples needed to specify the polynomial part and the complex exponential

part(s). For functions on S? the number of samples is
MS® = (Nmax + 1)(2 Nmax + 1) ; (2.17)
and for functions on SO(3) the number of samples is
MSO® = (npax + 1)(2 Nmax +1) 2: (2.18)

There are di erent options for sampling patterns on S? or SO(3) that we can use to achieve exact results

using the above sample numbers. Two options relevant to this thesis are:

1. Equiangular samples: nmax + 1 evenly spaced samples in for S and  for SO(3), and 2Npnax + 1

evenly spaced samples in the other angles for each domain [14, 15].

2. Gauss-Legendre Quadrature Sampling: Nmax + 1 samples on the Gauss-Legendre quadrature
nodes in for S? and for SO(3), and 2. + 1 evenly spaced samples in the other angles for each

domain [54].

When noise is present, oversampling (increasing the number of samples by treatingmax as larger than
strictly necessary for a givenu) can reduce the e ect the noise has on the accuracy of the reconstruction [14].

The sampling requirements in (2.17) and (2.18) do not use any structural assumptions about the coef-
cients other than the existence of a band limit. In this thesis, we leverage sparsity/compressibility as a
structure that helps to reduce the number of measurements needed to estimate the unknown coe cients
(see Section 2.3 for details on the source of sparsity/compressibility).

As mentioned in the introduction, some limited guarantees for sparsity/compressibility-based reconstruc-
tion in SFMs are present in the literature. These results derive from the fact that the SH and the Wigner
D -functions are orthonormal functions that are also uniformly bounded. Thus, these functions form bounded

orthonormal systems (see De nition 2.8 for more details). The SHs satisfy the bound [55]

sup  jsin®> cos j*CY"(; ) . Csu nizs  CQ NI (2.19)
0 N nNmax
n mn
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wherek k; istheL; norm dened kfk; =inffc 0:jf(x)j cfor almost everyxgand Csy;C2, > 0

are constants. Similarly, the Wigner D -functions satisfy the bound [34, 56]

p . - - =
sup snD " (;; ) Co ni=4  CNET (2.20)
0 n Nma
n ;m n

where Cp ;C,gJ > (0 are constants.

Due to the fact that (2.15) and (2.16) use a measurement matrix associated with a bounded orthonormal
system, ans-sparse signal (i.e.s nonzero coe cients in the SH basis) can be reconstructed using basis pursuit
or basis pursuit denoising (see Section 2.2, in particular, (2.27) and (2.28)) with a number of measurements

scaling like [55],
MS® cnls (logfactors) = CNEPs  (log factors); (2.21)
whereC > 0 is a constant independent ofs, nmax , and the logarithmic factors. Similarly, for s-sparse signals

on SO(3) (i.e., s nonzero coe cients in the Wigner D-function basis), the number of measurements needed
to guarantee the signal reconstruction using basis pursuit or basis pursuit denoising is [34],
MSP®  cnl2s (log factors)= CN2™®s (log factors): (2.22)

In the case of basis pursuit denoising, taking the speci ed number of measurements guarantees the recon-
struction of a is accurate within a limit imposed by the size of the noise (see Theorem 2.7 for details).
In these CS-based sampling guarantees, we use sample positions that are randomly drawn from the whole
domain, i.e., S? or SO(3). In particular, we sample according to a continuous probability density function
de ned by the orthonormality measure of the basis functions, e.g., & for signals onS? or dSO(3) for signals
on SO(3).

In the coming chapters, using ideas related to the CS guarantees outlined above, we will see that we can

reduce the number of samples needed for sensing signals on t8& and SO(3) in four cases:
1. restrictions of measurements to a subdomain 082 or SO(3);

2. gridded samples using equiangular measurements similar to the classical sampling patterns referenced

above;
3. gridded samples using Gauss-Legendre quadrature nodes;

4. and jointly reconstructing multiple signals a at the one time, instead of treating them individually.
2.2 Compressive Sensing

Compressive sensing (CS) is a broad sub eld of signal processing. The primary goal of CS is to develop

e ective models and reconstruction approaches to accurately estimate an unknown signal of interest using
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as few measurements as possible.
2.2.1 Problem Formulation

Arguably, the simplest and earliest form of the CS problem studied is to solve for anN -dimensional
signal x 2 CN from a set of measurementsy 2 CM, that depends linearly onx with M N. Often, this

problem is considered to be corrupted by additive measurement noise 2 CM . That is, given
y= X+ ; (2.23)

we wish to have a good estimate forx with M as small as possible. Here the matrix 2 CM N is known
as the measurement matrix.

Addressing how we can solve (2.23) in as few measurements as possible is not the end of the story in
CS. CS also considers solving similar linear inverse problems for other types of signals. Examples include
matrix and tensor sensing, to name a couple. Since it is relevant in later chapters, we brie y comment on
the former.

Matrix sensing aims to solve for a matrix X 2 CN P from M linear measurements,
y=L(X)+ ; (2.24)

wherey 2 CM is a set of measurements is additive measurement noise, and_ : CN P 1 CM s a linear

measurement operator given by

L = X g s (2.25)
where h; i s is the Hilbert-Schmidt inner product, hX ;Y i, =trace(Y X),andf ;: ;2CN P;i=
1;2; ;Mg a set of measurement matrices.

2.2.2 Reducing the Number of Unknowns

For linear inverse problems like (2.23) or (2.24), one can reasonably wonder how it is possible to get good
estimates ofx or X considering the number of measurements is supposed to much lessthan the number
of unknowns. The answer is that we assum& or X possess a structure such that they have or are accurately
represented by only a few unknowns.

To solve the linear inverse problem in (2.23) in CS, we assumg is sparse or compressiblein some basis

2 CN N spanningCN (i.e., the columns of spanCN). As a result, we can writex = s wheres is
sparse or compressible. Heresparse means that s has a small number of nonzero entries whileompressible
means thats has a small number of large entries and the remainder are zero or near zero. In some casess
sparse or compressible as is, i.e., is the identity matrix. This situation will be the case for the remainder

of this thesis and so we will cease referring to a sparsifying basis hereafter.
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The sparsity or compressibility of a vector can be quanti ed using the sparse approximation error De -
nition 2.1. An s-sparse vector has ars-sparse approximation error that is zero, while a compressible vector

will have an s-sparse approximation error that decays rapidly with s.

De nition 2.1  (Best s-Sparse Approximation Error [41, p. 42, def. 2.2]) Given a vectorx 2 CN, the best

s-sparse approximation error in the ", norm is

s(X)p = inf kz  xkp: (2.26)

22CN:kzko s

In the above de nition, kzkgp is the “¢ \norm" 4 which counts the number of nonzero entries inz and k Kp
with p 1 is the typical “p norm [51].

In the matrix version of, (2.24), the assumption we take to reduce the number of unknowns is to assume
that X is low-rank or nearly low-rank (a form of compressibility). A low-rank matrix X has a small number
of nonzero singular values. A nearly low-rank matrix or compressibleX has a small number of large singular
values and the rest near zero.

We can de ne a notion of low-rank approximation error similar to De nition 2.1. For the sake of brevity
and because it is nearly identical to De nition 2.1 but in the context of nearest low-rank matrices, we
omit such a de nition. Moreover, for the remainder of this section, we only discuss sparsity-based CS.
Low-rank-based CS follows the same structure as sparsity-based CS, and once someone is familiar with the
sparsity-based approach, it is not a huge leap to transition into low-rank matrix sensing. For interested
readers, [41] provides details and examples throughout the text and [44] provides a good background on the
topic. Of course, there is a broad literature on low-rank matrix sensing. Most theory papers on the topic

will discuss or reference basic de nitions, algorithms, and approaches.
2.2.3 Finding a Sparse Vector from its Measurements

There are many algorithms we can use to estimate a sparse given the measurementsy/ de ned by (2.23).
We do not outline all of them here, as there is a vast literature on compressed sensing and various textbooks
on the matter; [41] is a detailed and comprehensive resource. Instead, we focus on convex-optimization-based

approaches used in later chapters. When when noise = 0 we use basis pursuit (BP) [41],

minimize kzk; subjectto z =v; (2.27)
z2CN

and when 6 0 we use quadratically constrained basis pursuit (QCBP), sometimes also called basis pursuit

denoising [41],

minérgize kzk, subjectto k z yk; ¢ (2.28)
z

4Unlike the ", norms with p 0, the “o \norm" is not truly norm; the "¢ \norm" fails the requirement of absolute homogeneity.
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In (2.28), . is a constant. When . =0, QCBP reduces to BP.

In BP and QCBP, “; minimization can be seen as a convex relaxation ofy minimization [41]. This relax-
ation promotes sparse solutions while resulting in a convex method that is not di cult to solve numerically.
In contrast, if we minimized the "¢ instead of the *; norm in (2.27) and (2.28), both problems would be non-
convex and NP-hard [41,82.3]. In the next section, we present guarantees for (2.27) and (2.28). In essence,
these guarantees establish that BP and QCBP give estimates satisfying ¥ = x and kx %k, D ¢,
respectively, whenx is sparse and we take enough measurements. Moreover, evenxifis not sparse but
compressible, we will see that the solutions of BP or QCBP satisfyk X, where the accuracy of the

approximation improves with more measurements.
2.2.4 Guarantees for Basis Pursuit and Quadratically Constrained Basis Pursuit

To guarantee that BP, (2.27), and QCBP, (2.28), provide accurate estimates of thes-sparse vectorx from
its measurements, we must ensure that the measurement matrix satis es certain properties. Intuitively,
these properties must imply that no 2s-sparse vector is in the null space of , otherwise x cannot be the
unique s-sparse vector whose measurements ase Directly proving this property for general measurement
matrices is di cult. Thus, we focus the coming analysis on properties and tools that imply this property
indirectly. The approaches we present will guarantee the solutions to BP and QCBP are unique when there
is no noise and accurate in the presence of noise, thus indirectly showing has no Z-sparse vectors in its
null space. To this end, we rely on the null space property when there is no measurement noise and the

robust null space property when noise is present.

De nition 2.2  (Null Space Property [41, p. 78, def. 4.1])) A matrix 2 CM N s said to satisfy the null
space property of orders if, for all support set S of sizes N, the restriction of a nonzero vectorv 2 ker

to vs and vg satis es
kvsk; < kvgk, : (2.29)

De nition 2.3  (Robust Null Space Property [41, p. 86, def. 4.7]) A matrix 2 CM N s said to satisfy
the robust null space property of orders with respect to the norm k k with constants 0< < l1and > 0

if, for all support sets S of sizes N, any vectorv 2 Cy to vs and vg satis es
kvsk, kvgk, + k vk: (2.30)
As a note, the robust null space property implies the null space property. Therefore, any guarantees that
only rely on the null space property will still hold if the robust null space property is satis ed. Due to this

fact, we will only discuss guarantees and results relating to the robust null space property from here on.

Additionally, a bene t of this is that these results account for measurement noise. On an important note,
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we will not be proving our measurement matrices satisfy the robust null space property directly, we will

be proving this indirectly (see Theorem 2.9 below).
2.2.4.1 The Coherence of a Measurement Matrix

Before we state reconstruction guarantees for BP and QCBP, we discuss the coherence of a matrix
We take this brief detour because much of the CS-based SFM literature relies only on measurement matrix
coherence [23, 25, 26, 32, 34]. Without this detour, the results of the following chapters would lack proper
context. The formal de nition of coherence is given below, followed by a remark about using coherence to

guarantee the accuracy of CS using BP or QCBP.

De nition 2.4  (Coherence of a Matrix [41, p. 111, def. 5.1]) Given a matrix 2 CM N whose columns

i,121,2; ;N, are’, normalized, the coherence of , denoted by ( ) is given by

()= 1”?;?XN hi, i (2.31)
i6]

Remark 2.5 (On Guaranteed CS Using Coherence) If a measurement matrix 2 CM N satis es

()< which requires M Cs?; (2.32)

_° .
2s 1
where C;c > 0 constants, then any s-sparse vector can be recovered using BP or QCBP [41§5]. The

guadratic scaling of M with the sparsity s in (2.32) cannot be beat [41,85.4].

In De nition 2.4, () is a maximum over inner products of the columns of . Therefore, the coherence
of  can be straightforwardly computed by nding the maximum over the non-diagonal entries of
Regarding Remark 2.5, one interpretation we can draw is that increasing the sparsity leve$ of x in BP or
QCBP requires to have smaller coherence for the algorithms to accurately estimate . This interpretation
leads to the following heuristic: if ( ) is small, then is a good measurement matrix for CS [4185].
Thus, due to the heuristic and its computational simplicity, coherence is a convenient tool to analyze the
e ectiveness of a measurement matrix. Thus, coherence is used in many approaches to CS and is the main
tool used in much of CS-based SFMs literature [23, 25, 26, 32, 34].

Using measurement matrix coherence and the heuristic described above is not as convenient as it seems.
In fact, there are multiple di culties and weaknesses that arise when we rely on coherence. First, the scaling
of the measurement number,M , with s in Remark 2.5 is one weaknessM must be at least quadratic in s.

As we will see in later sections, guarantees that do not use coherence beat this quadratic scaling. Another
weakness is the di culty in designing to meet the required coherence scaling. lis possible to nd a
measurement matrix that achieves the low level of coherence in Remark 2.5 [485.2]; however, arbitrary

sensing matrices cannot always be made to meet this strict requirement. Moreover, in cases like SFMs where
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is in uenced by the selection of sample positions on some domain, selecting samples that minimiz¢ )
may be a di cult if not impossible task. In this vein, many works in SFMs have sought to create sample
positions that are experimentally good for CS or try to minimize coherence [23, 25, 26, 32, 34], though none

can be proven to meet the criteria needed to guarantee the accuracy of CS.
2.2.4.2 The Restricted Isometry Property

As we hinted before, there are guarantees for BP and QCBP that are more amenable to constructing
good measurement matrices than when using coherence, though these guarantees are probabilistic in nature.

These are guarantees based on the Restricted Isometry Property (RIP).

De nition 2.6  (Restricted Isometry Property [41, p. 133, Def. 6.1]) Amatrix 2 CM N s said to satisfy

the restricted isometry property of order s with constant 2 (0; 1) if for all s-sparse vectorsx 2 CN
(1 Hkxk3 k xki (1+ )kxk3 (2.33)
holds. The smallest , denoted by s, is called the restricted isometry constant of orders.

From a non-rigorous perspective, we can see that satisfying the RIP is bene cial for CS. First, thanks to
the lower bound in (2.33), if  satis es the RIP of order 2s, no 2s-sparse vectors are in the null space of
. This fact implies that searching for s-sparsex using samplesy = x will result in a unique solution
since no twos-sparse vectors give the same measurements (i.g., y°= (x x9 60 if both x and x®are

s-sparse). Second, due to the upper and lower bounds in (2.33), satisfying the RIP of order 2s implies that
the distances betweers-sparse vectors remain roughly unchanged. Thus, for CS in the presence of noise, the
RIP implies a degree of robustness if noise is not large enough to overcome the distances betwaesparse
vectors.

As to explicit CS guarantees, when satis es the RIP with a small enough restricted isometry constant,
it also satis es the robust null space property (and also the null space property). We can combine this fact
with guarantees for the robust null space property (see [41, p. 88, thm. 4.22]) to arrive at a guarantee for

CS using the RIP. This result is formalized in Theorem 2.7.

Theorem 2.7 (Accuracy of Quadratically Constrained Basis Pursuit [41, p. 144 thm. 6.12]) If the mea-

surement matrix ~ satis es the 2s-RIP with
2s < 4" 41; (2.34)
then, for any x 2 CN andy such thatk x yk» ¢, the solution of (2.28) satis es

kx dk, Cs 2 ((x)1+D ¢ (2.35)

where C; D > 0 are constants that depend on .
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In light of Theorem 2.7, the questions for this thesis are: What measurement matrices satisfy the RIP
with a su ciently small constant? How many measurements are required for such measurement matrices?
These questions are answered for a variety of measurement matrices in the literature, in particular random
matrices [35, 41] or structured matrices [34, 40, 57, 58]. Because SFM measurement matrices are built
from samples of a set of orthonormal functions (see Section 2.1), we are interested in the latter case, called

bounded orthonormal systems (BOSSs).

De nition 2.8  (Bounded Orthonormal System [41, p. 368, def. 12.1]) Let D be a measurable space with

a measure . A set of functionsf' , : D! C;n=1;2; ;Ngthatis orthonormal with respect to , i.e.
R
b i jd = j,is called a bounded orthonormal system with constantk 1 if the functions satisfy the

uniform bound,

sup K pkp K; (2.36)
n2f 1; ;Ng

wherek k; istheL; (D) norm.

Measurement matrices for linear inverse problems where measurements are samples of a function express-
ible as linear combinations over a BOS can be shown to satisfy the RIP. In particular, these measurement
matrices satisfy the RIP with a number of measurements that scales much better with sparsitys than

coherence-based results (see Remark 2.5).

Theorem 2.9 (RIP for Bounded Orthonormal Systems [41, p. 405, Thm. 12.31]) Consider a set of functions
f'hn:D! C;n=1;2;, Ngthatarea BOS with constant K and probability measure on D. Consider
the matrix 2 CM N with entries
[ i ="i(t);j2f52 ;Mg i2f1;2 ;Ng (2.37)
constructed with independent and identically distributed (i.i.d.) samples of t; from the measure . If
M Co 2KZ?sIn*(N); (2.38)

then with probability at least 1 N '"°(N) | the restricted isometry constant s of pi-  satises s for

2 (0;1). The constant C; 0 is universal.

In the BOS context, by combining Theorem 2.7 and Theorem 2.9, we nd that CS via QCBP is accurate
with high probability. This fact also carries over to the use of BP when there is no measurement noise. We
note here the important corollary that subsampled unitary matrices also satisfy the RIP (unitary matrices

are a form of discrete BOS).

Corollary 2.10 (RIP For Unitary Matrices [41, p. 405, Thm. 12.31 & p. 405, Cor. 12.38]) LetU 2 CN N

be a unitary matrix with entries bounded from above by K:p N. Let 2 CM N pe the sub-matrix of U
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acquired by selecting a subset of rows of siz® from U uniformly at random among all subsets of sizeM .

If
M Co 2KZ2sIn*(N) (2.39)

then with probability at least 1 N "°(N)| the restricted isometry constant s of 917 satises o for

2 (0;1). The constant C; 0 is universal.

By combining Theorem 2.7 and Theorem 2.9, we can guarantee that (with high probability) QCBP
accurately solves (2.23) when is a BOS measurement matrix. Moreover, this is guaranteed whei scales
linearly in sparsity, but with logarithmic factors in the problem size and a quadratic factor of the BOS
bound K . Similarly, BP accurately solves (2.23) if there is no measurement noise. If we compare to what
is achievable using coherence asymptotically, the RIP-based guarantees require fewer measurements. Even
more, Theorem 2.9prescribeswhere we must take our samples while coherence-based guarantees do not. It
is worth reinforcing, however, that RIP-based accuracy guarantees are probabilistic, though the probability
of failure is exponentially small.

In Chapters 3-6, we will see the exibility we have to use RIP-based results in a variety of scenarios.
As mentioned in Chapter 1, these scenarios will range from restricting measurements to a subdomain of
the BOS domain D in Chapter 3 and restrictions to gridded sample positions onD in Chapters 4 and 5 to

broadband compressed sensing in Chapter 6.
2.3 Spherical Field Measurements

Characterizing the radiation pattern from an acoustic device or electromagnetic devices using SFMs is, in
the general case, complex and computationally intensive. To formulate SFMs in a way that reduces radiation

pattern characterization to a linear inverse problem in the form of (2.15) and (2.16),
w = a+ , (240)

we must lay the groundwork that ranges from core physics to how devices interact with acoustic and elec-
tromagnetic elds. In this section, we provide this needed groundwork and, along the way, explain why the
coe cients, a, are often sparse/compressible. Before we embark on the details, we summarize the subsections
to come.

In broad terms, to get to the form of (2.40) for radiation pattern characterizations, we must start from
the fundamental physics describing a radiating device. Once we have the physics describing the radiation
of a device, we relate this radiation to the signals we measure. Thus, the background information we must

cover to arrive at (2.40) can be broken into the following pieces.
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The rst piece of background is the fundamental physical equations governing radiating devices, which are
di erential equations, and their solutions for given radiators. We present this information in Section 2.3.1.
As we will see, the structure of the di erential equations results in the radiation for a device being represented
as a linear combination of basis functions with unknown coe cients. These unknown coe cients, along with
known factors relating to the measurement probe used, make up entries in the unknown vecta in (2.40).

At the end of this section, using device properties and the properties of the series solutions of the governing
physical equations, we explain why the coe cients are expected to be sparse/compressible.

The second piece of background information we need is to understand how we measure the eld generated
by a radiating device. We provide a detailed analysis of the measurement processes for acoustics in Sec-
tion 2.3.2. This analysis includes the fact that eld measurements are carried out in the coordinate system
of a eld probe, which is moved to di erent positions for each measurement. We correct for this process
using what is known as probe correction [14], and it gives rise to the relationship between measurements
(the entries of w in (2.40)) and the unknown eld expansion coe cients from Section 2.3.1 (a in (2.40)).
We will see that this relationship ends up being a linear factor of WignerD -functions on SO(3) (or SHs on
S? in a special case). A key point in this analysis will be that we assume the eld measurement is a linear
process. If sampling the radiated eld were not linear, eld characterization would not reduce to solving
(2.40). For electromagnetic eld measurements, we will not give a detailed analysis like we do for acoustics.
The electromagnetic case is nearly identical to the acoustic case but with the extra burden of vector eld
guantities. If the reader wishes to see the electromagnetic derivation, [1483] is a comprehensive resource.
Note, however, that we do state the nal result of said analysis in Section 2.3.3. Importantly, we will see that
this result is a linear inverse problem where measurements are represented as a series of WigbBefunctions

with unknown coe cients, just like the general acoustic problem.
2.3.1 Fundamental Equations and Their Solutions

When characterizing radiating devices, we will assume that we measure the radiation in free space, i.e., a
source/divergence-free domain. In three-dimensional free space, the equations governing a radiating device

in acoustics and electromagnetics are, respectively [52, 59],

r u(st) = Clzcg;U(f;t); (2.41)
and
r2u(et) = cllz(g;ti(‘l";t): (2.42)

Here, + is the three-dimensional position vector,r 2 is the Laplace operator, non-boldu is a scalar eld,

non-bold u with an arrow above it (4) is a vector eld, and c¢; and ¢ are the speed of sound and speed
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of light, respectively. It is understood that r 2 operating on a vector is the component-wise Laplacian. In
acoustics,u represents velocity potential or the acoustic pressure (i.e., the variation from ambient pressure).
In electromagnetics, d is either the electric eld E or the magnetic eld B. Given either electromagnetic
eld, the other can be derived through Ampere's or Faraday's law.

We make the typical assumption that the radiating elds are time-harmonic, i.e, u(t;t) = u(¥)e 2 or
d(¥t) = "(r)e 2 wheref is the frequency of the radiation. This assumption yields a di erential equation
for u(¥) or d(¥). Thus, using this time harmonic simpli cation, radiated acoustic or electromagnetic elds

are speci ed by solutions to the scalar and vector Helmholtz equations,

riue) = kiu(®); (2.43)
and

r2u(e) = ku(o): (2.44)

whereks = 2 f=c ¢ and k; = 2 f=c |. These are the fundamental equations whose solutions we assume we

are measuring for SFMs.
2.3.1.1 Acoustics and Scalar Spherical Wavefunctions

We can nd solutions to the scalar Helmholtz equation (acoustics) using separation of variables in spher-
ical coordinates (; ; )2 [0;1) [0; ] [0;2 ) (radius, polar angle from the north pole, and azimuthal
angle, respectively) [49, 52]. Separation of variables is a standard technique for partial di erential equations,
see [49,89] for details. Note that our use of separation of variables in spherical coordinates is tightly related
to the fact that we will be using spherical measurements|if we used a di erent measurement domain, much
of the theory we develop in this section would not apply. The result of the separation of variables calculation
is that any solution to (2.43) can be written as a linear combination of spherical Bessel functions and spherical
Neumann functions multiplied by SHs [49, p. 427 and p. 698]. Alternatively, since we are only interested in
radiating elds exterior to some surface, speci cally a sphere circumscribing the radiating device, we can use
the spherical Hankel functions of the rst and second kind as the radial component of the eld. That is, the
solutions to (2.43) describing a radiating device are linear combinations ohﬂ)(ksr)Ynm( ; )fori=1;2[49,
p. 703]. When we examine the physics of the = 1 and i = 2 solutions, the i = 2 case represents elds
propagating from r = 1 to the origin. The i = 2 solutions are non-physical and violate the Sommerfeld
radiation condition, r %‘ iku I Oasr!1 . Thus, in acoustics, the eld radiated by the device outside
of the smallest sphere circumscribing the device is

X X
u(ksr; ; )= Arh, (kst)Y" (5 ); (2.45)

n=0 m= n
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whereh, () = h (). This series is called the scalar spherical wavefunction (SW) expansion. Thie, (ksr)Y,"(; )
are called spherical wavefunctions (SWs) [52, p. 69], and th&]' are known as scalar spherical wavefunction
coe cients (SWCs). As mentioned in Section 2.1, in many physical problems, we can truncate the in nite
sum to be nite [5],

No X0
u(kst; 5 )= Alh, (ks)Ya" (5 ): (2.46)

n=0 m= n

The e ectiveness of this truncation derives from the fact that, for large ksr, the h, (ksr) decay rapidly with
increasingn.

Note that the above analysis must be modi ed slightly if the radiator is external to the sphere of measure-
ments and we are interested in the eld inside of the sphere, as is the case with surround sound applications.
This case is captured by swapping the spherical Hankel function of the rst kind with a spherical Bessel

function of the rst kind.
2.3.1.2 Electromagnetic Radiation and Vector Spherical Wavefunctions

As with the scalar Helmholtz equation in acoustics, solutions to the vector Helmholtz equation in three
dimensions can be constructed using a series expansion over basis functions in spherical coordinates. For
solutions to the vector Helmholtz equation, the basis is more complicated to write since it involves vector
components. However, the expansion is built from the same basic functions as the scalar SWs. For a
radiating electromagnetic device, assuming the Sommerfeld radiation condition holds, the solution external

to the device's circumscribing sphere in a homogeneous medium (like free space) is [14, p. 9-14]

X ax X0
d(kr; )= An F (ki) (2.47)
=1 n=0 m= n
where
Fra(kin s )=(r F(kin 5 )
2.48
Foa (kir ;)= kir Fop(kin ;) (2.48)
f
and
Fl(kr ;)= ho(kn)Y"(; ): (2.49)

In the above equations, between two vector quantities denotes their cross product, andr  acting on
a vector eld denotes the curl of the vector eld. The series expansion in (2.47) is known as the vector
spherical wavefunction (VSW) expansion. The VSW expansion is sometimes also called the spherical mode

expansion. TheA! are called the VSW coe cients (VSWCs) or sometimes the spherical mode coe cients.
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Note that, as with the scalar acoustic case, if the radiator is external to the sphere and we are interested
in the eld inside of the sphere, changing the Hankel function to the appropriate spherical Bessel function

gives the correct expansion for the given physical problem [14, p. 14].
2.3.1.3 On Coe cient Sparsity from Radiating Devices

The CS-based SFM literature has established that many common radiating devices have SW and, thus,
SH coe cients that are sparse [25, 32{34, 60, 61]. We can understand the primary driver of the SW
coe cient sparsity using the solutions of the vector or scalar Helmholtz equations. For simplicity, consider
the scalar Helmholtz equation and a radiator that is symmetric about its z-axis. By symmetric we mean
that the radiator is physically symmetric and the boundary conditions specifying the solution to (2.43) are
symmetric, too. In this case, the symmetry results in sparse SW coe cients due to the azimuthal form of the
SWs. If the radiator operates in a rotationally symmetric way about the z-axis for any angle of rotation, the
eld must also be rotationally symmetric. This fact is true because we can apply a rotation about the z-axis
to the wave equation describing the device and, due to the symmetric operation of the radiator, the wave
equation is unchanged. Thus, the resulting radiated eld must also be unchanged under the given rotation.
Looking at the SW coe cients in (2.46) for this example, the part of the SWs due to the azimuthal angle

implies the SW coe cients must be zero for m 6 0. Therefore, we nd that the symmetric device has
a sparse solution in the SW basis. This pattern continues for varying levels of rotational symmetry. If the
radiator is symmetric under a rotation of then only jmj 1 SW coe cients are nonzero. A similar case
holds for the VSW expansion in electromagnetics, physical and electrical symmetries of devices lead to the

VSWCs being sparse due to the symmetries [25, 29, 32, 60].
2.3.2 Acoustic Field Measurements and Signals on S? and SO(3)

In this subsection, we derive the inverse problem associated with spherical eld measurements in acoustics,
in particular, arriving at a linear inverse problem for a signal on either S? or SO(3). If measurements are of
the acoustic eld value directly, we nd a linear inverse problem for a signal on S2. This result, however, is
not the general case. Instead, theS? case can be considered as a special case of the full SO(3) case. Thus,
we will proceed with the general SO(3) derivation. At the end of the section, we specify how the general
case reduces thes? special case.

For the following derivation, we consider the situation where the device is radiating and the probe is
measuring this radiated eld. This process determines the device's transmitting radiation pattern. The pro-
cess used for the receiving radiation pattern of the device has the probe radiating and the device measuring,

and therefore, it can be handled in a nearly identical manner [14].
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2.3.2.1 Measurement System

Figure 2.1 Acoustic Field Characterization Apparatus.

Consider the device measurement system pictured in Figure 2.1. Here, we have two devices placed inside
an anechoic chamber to reduce re ections and spurious radiation signatures. The device whose radiation
pattern we will be determining is centered at the origin O, of a coordinate system we will refer to asxyz,;
this is the Device Under Test (DUT). The probe is centered at the origin O, of the coordinate systemxyzy,.
The probe is used to measure the eld emitted by the DUT. The location of xyzy, relative to xyz, changes
for each measurement and is given by the spherical coordinates{ = rap; a = ; a = )in Xyz, along with
an orientation angle of the probe, , which is a rotation about z,. Note that the xyzy, coordinate system is
oriented so that z, is always parallel with r 4.

The system pictured in Figure 2.1 is simpli ed from real measurement systems. Measurement systems
require hardware and other structures to hold and provide power to the DUT and probe. In both cases,
these structures can be thought of as robotic arms that can move and are potential sources of re ection.
These structures, however, are usually covered in absorbent material and will be ignored.

With the measurement apparatus as described, there are a few assumptions we make regarding the physics
of the eld emitted by the DUT. First, as the entire system is contained inside an anechoic chamber and all
other structures are covered in absorbent material, we assume there are no re ections. Most importantly,
we will assume there are no re ections from the probe. This assumption also amounts to assuming there are
no multiple scattering e ects between the DUT and probe, which is a complicated subject unto itself [52].

As noted in Section 2.3.1.1, we are interested in the eld emitted by the DUT outside of its minimum
circumscribing sphere. Thus, the DUT's radiated eld is of the form in (2.46), where the SWCs, A", are

to-be-determined.
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2.3.2.2 The Probe's Response to the Field

Having speci ed the scalar eld emitted by the DUT, (2.46), and our need to determine the Ay’ therein,
we now specify how the probe measurements act on the DUT's eld. First, we assume the measurement
process is linear [62]. This assumption implies that the action of the probe can be represented as a linear
operator Lpope that acts on the eld, u, in the space near the probe [62]. Importantly, we also assume
that the probe has been calibrated such that we know its sensitivity to the SWsj, (Ksrp)Ya" ( b; b), With
n max » IN itS own coordinate systen? xyz,. Herej, () is the standard spherical Bessel function. Without
assuming linearity and known probe sensitivities, we would not be able to directly determine theA[' |the
probe would introduce more unknowns and we would have a non-linear inverse problem. Of course, we also
assume that the parameter 5« related to the probe's sensitivity is su cient to characterize the eld. As a

result of our assumptions, the measurement operator acting on a single SW mode is de ned to be
Lprobe fjn(ksrb)Ynm( bs b)g: an + (2-50)

whereR]! is known from the probe calibration and is called the receiving coe cient. In (2.50), is measure-
ment noise. We assume the additive measurement noise model is reasonable; other noise models are beyond

the scope of this work.
2.3.2.3 Acoustic Field Measurements and Signals on SO(3)

Now that we have speci ed the DUT's eld and how the probe responds to the eld during the measure-
ment process, we can derive the expression relating a measurement, to the SWCs coe cients of the DUT
and functions of the probe's position. As this derivation is rather technical, we only summarize it and its
result in this section. The details of the derivation are presented in Appendix A.

To relate a measurementw; to the SWCs of the DUT, we transform the DUT's eld, u, from coordinate
systemxyz, to coordinate systemxyzy,. The transformation is parametrized by the probe's position in xyz,
(using spherical polar coordinates), plus one additional angle, , that represents the orientation of xyz,
around z, (see Figure 2.1). After we transformu into xyzy, u is a series of spherical Bessel functionis, ( ).
Therefore, we can applyL pone t0 U. The result of the transformation followed by the application of L probe

is that the measurementw is given by

Deax X0 Max  MingN; )
W(rap; 55 )= ATD™ (5 5 )S, (rak)R + (2.51)

n=0 m= n =0 = min( n; )
Here, the Wigner D-functions represent the angular parts of the transformation from xyz, to xyz,, and

S, (rapk) represents the translation part of the transformation. As in the above section,R is the probe's

5See [14, Sec. 3.2.5] for a discussion of this calibration procedure in electromagnetics.
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known sensitivity to the radiated eld. Due to the structure of (2.51), if we take many measurements, we
will have a set of linear equations that we can use to solve for the unknown expansion coe cients afi, A]'.

In (2.51), the measurement,w, is in terms of the arbitrary radius ra,. In our applications, we restrict
ourselves to xed-radius eld measurements, as is common in the acoustics and electromagnetic applications
referenced in Chapter 1. In this case, the translation factor,S, (rank), becomes constant. Therefore, as the
measurement position changes, only the Wigneb -functions vary. This fact allows us to rearrange the sums
on and so that we can write the expansion in (2.51) in terms of the so-called probe response constants,

Max
C, (krap) = S, (ranb)R : (2.52)
=i
Thus, for a measurement position given by (., = constant; ;; ;) and probe orientation j, we nd
%ax )@ min(x max )
L GHEHEE ay D" (s D)t s (2.53)

n=0 m= n = mn(n max)
with a' = AJ'C,. For a suitable ordering| ! (n;m; ) we can construct a matrix problem in the form

of (2.40), wherew is a vector of measurements, j = Dng;m(”( i, i, i), and a is the vector of
m@) (i)

n() )

Due to the form of the coe cients, a) = AT'C,, if the SWCs are sparse or compressible, the Wigner

unknowns with [a]; = a

D -function coe cients will be sparse or compressible. Moreover, since the WigneD -function coe cients
are linear in the probe response constants and the SWCs, we can algebraically obtain the SWCs from the
Wigner D -function coe cients.

The results above and the derivations in Appendix A use an arbitrary probe with known sensitivity to
SWs. In some applications, the probe used directly samples the eld of interest, i.e.Lprope (U(; ; ) =
u(ksr; ; ). In this case, we consider the response constants to be \ideal" and the series in (2.51) collapses
down to be the same as the right-hand side of (2.46) [15]. Thus, the signal on SO(3) reduces to a signal on

s2.
2.3.3 Electromagnetic Field Measurements and Signals on SO(3)

We can carry out an analysis similar to that of Section 2.3.2 and Appendix A to arrive at a band-limited
series of WignerD -functions representing the eld samples in electromagnetic SFMs. As the process is nearly
identical and does not add insight beyond what has already been presented, we omit this derivation. For

details on this calculation, see [1483]. In summary, the result (under mild assumptions regarding the probe
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used) is that a measurementw can be expressed in the form

>

X e X0
wi;s )= A Co D" ()
=1 n=0 m= n = n

X D XX
= ay D" (55 ) (2.54)

=1 n=0 m= n = n
Deax X0 X oo
= a, Dy (55 )
n=0 m= n = n
P, . .

Here,a! = AR C, ,ay = -1 @y and, as in acoustics, theC,. are the response constants of the
probe. As can be seen in the equations above, the expressions for measurements in electromagnetics have
an extra sum over when compared to (2.53). This extra sum is due to the two di erent types of VSWs
in (2.47). Due to this extra sum, each Wigner D -function contains two VSWCs. Thus, nding the VSWCs
once we have the WignerD -function coe cients is more complicated than in acoustics. A simple approach
to this problem is to use a probe that is sensitive only to = 1 SW modes (which is common). In this
case, we can rst solve foral using CS, then we can carry out the algorithm in [14,84.3.2], which only

requires our CS estimate of the WignerD -function coe cients of w(; ; ).
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CHAPTER 3
COMPRESSIVE SENSING WITH WIGNER D-FUNCTIONS ON SUBSETS OF THE SPHERE

This chapter is a modi ed version of the content from [63]: Marc Andrew ValdeZ:’, Alex J.
Yu a 89, Michael B. Wakin®1°. Compressive Sensing with WigneD -functions on Subsets of
the Sphere. IEEE Transactions on Signal Processing 70:5652{5667, 2022. ISSN 1941-0476.
doi: 10.1109/TSP.2022.32238© |EEE 2022,

Modi cations made to [63] that are used in this chapter are:

1. changes to section naming and formatting to follow thesis formatting requirements and

guidelines;

2. a rewriting/shortening of the introduction to avoid redundancy with content already

presented;

3. a rewriting/shortening of the background information section to reference material al-
ready presented in earlier chapters of this thesis instead of re-presenting the same infor-

mation;

4. edits to the remainder of the text to properly reference material already presented in

earlier chapters of this thesis;

5. and slight changes of the notation used to be consistent with the remainder of the thesis,
e.g., changing vectors and matrices to use bold characters and relabeling a subdomain of

SO(3) asR instead of R so as to not be confused with constants or matrices.
The remainder of the content is unchanged.
3.1 Introduction

In Chapter 1, we established that characterizing a radiating acoustic or electromagnetic device's radiation
pattern is of the utmost importance. While numerical simulations give an ideal view of the radiation pattern

for a device under test (DUT), it is often necessary to physically characterize the DUT's radiation pattern to

6Graduate student at the Colorado School of Mines and Associate at NIST Communications and Technology Laboratory.
“Primary researcher and author.

8Formerly with NIST Communications and Technology Laboratory.

9Advised on research and edited the article.

10professor, Colorado School of Mines.

11Used with permission of IEEE. For additional information and required permissions, see Appendix F.
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ensure the manufactured device actually meets design requirements. To that end, in Section 2.3 we outlined
conventional spherical eld measurement (SFM) approaches that are used to characterize a DUT's radiation
pattern [5, 6, 14, 15, 20{23, 25{28].

Unfortunately, in addition to the high measurement demands of SFM methods [5, 6, 14, 23, 25{28],
physical limitations a of measurement apparatus can prohibit measurements from being taken on parts of
the sphere surrounding the DUT. For example, when a DUT is placed on a support structure with its main
beam pointing up, it may not be possible to measure the bottom portion of the radiation pattern (see
Figure 1.4, for example). Interestingly, the classical equiangular sampling approach discussed in Section 2.1
can cope with these types of measurement restrictions in certain cases [14, 64]. This SFM sampling and
reconstruction approach achieves this feat by using measurements from all accessible positions and zero-
padding the remainder of the sphere. The cost of this zero padding is that the reconstructed radiation
pattern is accurate only on a subset of the measured region [14, 64]. Even so, this padded SFM approach
requires many measurements for accurate results, and the need to zero-pad unmeasurable regions is highly
unfavorable [65, 66].

Compressive Sensing (CS) [35{41, 58] has proven to be a powerful tool for reducing the number of
measurements needed in SFMs [23, 25, 26, 31{34]. As discussed in Chapters 1 and 2, many of these CS
approaches for SFMs are based on minimizing the coherence of the measurement matrix, which contains
sampled Wigner D-functions. Such approaches could, in principle, be used for restricted measurement
radiation pattern characterizations. However, as Section 2.2 summarizes, coherence is a relatively weak
tool that, since it does not specify where to measure or how many measurements are needed, is practically
hard to use for CS guarantees. In [34] and as discussed in Section 2.1, Bangahal. showed that the
SFM measurement matrix is a bounded orthonormal system (BOS) measurement matrix that satis es
the restricted isometry property (RIP). Thus, CS using quadratically constrained basis pursuit (QCBP),
(2.28), will achieve accurate and robust recovery of a DUT's WignerD -function coe cients from SFMs [34].
This result achieves signi cant and guaranteed savings, as can be seen by comparing the scaling of required
equiangular measurements in (2.18) with the needed number of CS samples in (2.22). However, since the
domain of orthogonality for the Wigner D -functions is all of SO(3), the theoretical guarantee in [34] holds
only when one can collect random measurements from the entirety of SO(3) (see Theorems 2.7 and 2.9). Thus,
for cases involving device support structures or other exclusions as depicted in Figure 1.3 and Figure 1.4,
this guarantee fails. Motivated by CS in SFMs and the problems facing existing CS-based SFM approaches,
in this chapter, we develop a general theory for CS that allows for measurements to be taken on a restricted

domain in SO(3). In particular, we develop a CS approach for SFMs that can give accurate and guaranteed
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reconstructions of the desired signal within the region that is accessible for measurements
3.2 Contributions and Approach

In this chapter, we avoid the limitations present when using the BOS measurement matrix of Wigner
D -functions by transforming the measurement basis to a di erent BOS on SO(3), namely, a certain set of
Slepian functions. Slepian functions were originally studied as the solution to the spectral concentration
problem [67{70], i.e., the problem of nding the band-limited functions that are maximally localized to a
spatial (or temporal) region, R. More recently, Slepian functions have been used in various areas of signal
processing, from novel wavelet constructions [71] to new tools in signal representation on the sphere [72, 73].
Slepian functions form an orthogonal basis for band-limitedL , functions on their full domain D, as well as
on R D [70]. We use this latter property to enable CS recovery guarantees that only use measurements
on a restricted domain R. However, this achievement comes at a cost. Ensuring the unit normalization of
the Slepian functions onR increases their uniform bound, particularly due to \trailing" Slepian functions
which are poorly localized toR. This problem can be mitigated, though, if the signals one wishes to recover
using CS are reasonably localized to the measurable domaiR.

Mathematically, the approach we take to theoretically guarantee CS recovery on the restricted domain

R is as follows. We begin with the full SO(3) CS problem for SFMs,
w= a+ ; (3.1)

wherew is a vector of noise corrupted samples of a functiomw(; ; )onSO(3), 2 CM No with M <N p
is the measurement matrix of the band-limited Wigner D -functions sampled at the corresponding locations
(;; ), and a is the vector of coe cients for the band-limited Wigner D-function series. The direct CS
approach to this problem, as done in [34], requires collecting enough random measurements from SO(3)
and then using QCBP (1 minimization) to solve for the coe cient vector a. As mentioned above, the
need for random measurements from SO(3) derives from the fact that the WigneD -functions are a BOS
whose domain isall of SO(3) and CS theory for BOSs requires measurements from the full domain of
orthogonality [34] (see Section 2.2). As such, CS for the problem in (3.1) is not viable when measurements
are limitedto R D

To avoid the requirement of samples from all of SO(3), we derive an invertible transformation matrix,

V, that maps into a new measurement matrix ° containing Slepian functions on SO(3):

w= V va+ = %% (3.2)

12g5ections 3.3 and 3.4 provide the general derivations and statements of results. Due to their technical nature, proofs are
provided in Appendix B.
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The Slepian basis in °= V ! is orthogonal on both R and SO(3) anda® = Va. If R is such that
only the polar angle of the measurements is restricted, then the Slepian functions are bounded similar to
the Wigner D -functions, though, with a factor 2 (0; 1) of the Slepian concentration in the denominator.
Importantly, due to symmetry in the azimuthal and polarization angles of measurement, we show that the
transformation of a into a® has a bounded e ect on increasing the sparsity level of the problem.

Due to the factor of the concentration, the bound on the Slepian basis in ° can become too large
for CS guarantees to be practical. This growth in the bound is because there are Slepian functions whose
concentration is near zero. To avoid this limitation, we partition the basis into two sets: one set, 9,
containing the Slepian functions with large concentrations onR and another set, 9, containing Slepian

functions with small concentrations on R. This partitioning allows us re-express (3.2) as

w= 9a%+ %ad+ (3.3)
In cases wherew(; ; ) has little energy in the complement of R, R¢, we can bound the contribution of

9a9 and group it with the noise term . This results in the formulation
w= %%+ © (3.4)

where a? are the coe cients of the Slepian functionsin 9 and °= + 9a$ acts as noise. This new noise
term is bounded by the sum of the measurement noise, , and the energy of thew(; ; ) in RC¢. Thanks

to the uniform bound and orthonormality of the Slepian functions in 9 on R, this new CS problem can be
solved using standard guarantees for BOSs. In particular, we can solve this CS problem using measurements
only taken on R. We emphasize that this partitioning of the problem implies that solutions to this inverse
problem will, like classical zero padding, only estimate values ofv within R; values in the complement of
R, R¢, are not assumed to be correct.

In practice, for functions well-localized on the measurable domairR, our approach is competitive against
other methods. Our numerical experiments show that it is possible to achieve similar CS-enabled reductions
in measurements like those seen over the full domain in [34]. In particular, our example shows that using
only around 60% as many measurements as the classical restricted FFT method results in similar or even
better reconstruction performance and does not require an equiangular sampling pattern. Moreover, when
measurement restrictions are sizable, our method performs better than variouad hocrestricted measurement
adaptations of the work in [34]. In contrast, when measurements can be taken over all of or nearly all of
the domain, CS using WignerD -functions as in [34] is more favorable. This di erence in performance is due
to the di erence in approach when constructing the Slepian function BOS on SO(3), which prioritizes the
control of function orthogonality at the cost of an increased function bound. However, when using Slepian

functions, it is this control over orthogonality that enables theoretical recovery guarantees and practical
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reductions in the number of measurements required for the restricted measurement SFMs.
3.3 Background

In this section, we brie y summarize the restricted measurement SFM problem and describe the limi-
tations that arise when applying CS methods to it directly. We also provide a brief derivation of Slepian

functions on SO(3).
3.3.1 Spherical Field Measurements

As discussed in Sections 2.1 and 2.3, SFMs reduce to using (potentially) noise-corrupted samples of a
band-limited L, function on SO(3) to solve for a sparse/compressible set of coe cients in a band-limited
Wigner D-function series that describes the radiation pro le of the DUT. Thus, a measurementw; is related

to the DUT's Wigner D -function coe cients by

Max
Wi =w( ;s )t g E ap D" (i gs )F g (3.5)
n;m;
where j indexes the measurement position (j; j; j) 2 SO(3), ; is additive measurement noise, and
D™ (;; ) are the Wigner D-functions (see Section 2.1 for more details). Once we recover the Wigner

D -function coe cients for the DUT, the (vector) spherical wavefunction coe cients that specify the DUT's
radiation pro le can be readily estimated (see Section 2.3.3).

In this chapter, we set the Wigner D -function normalization factor ¢ so that the functions are or-
thonormal on SO(3). That is, ¢" = P (2n+1)=8 2. Thus, the band-limited Wigner D-functions with

n nmax form an orthonormal basis for band-limited functions in L,(SO(3)) and satisfy (see Section 2.1)
D E

. Om?© _ .
D" ;Do so@ © momme o (3.6)

For our convenience later, we de ne the inner product on a subseR of SO(3) and its complementR ¢ as

z
Higig = Rf(:: )a(; 5 )dSO@) 3.7
and
z
Higige = . f(ir )9 )dSO@); (3.8)
respectively. Each of these inner products have an associated norrk{ k§0(3) =M f igom . kf kg = Hh;fig,

and kf k3. = hf;f ige.
Casting (3.5) as a linear inverse problem for CS (see Sections 2.1 and 2.2 for the introduction of this

setup), we obtain

w= a+ ; (3.9
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where the vector of M measurementsfw; g at positions f( j; j; j)g is denoted byw 2 CM with entries

[w] = w; and the measurement matrix 2 CM Ne has elements

[ e = Do s 55 ) (3.10)

In (3.9), a 2 CNo s the vector of correspondingly ordered coe cientsa™ and is the vector of additive
measurement noise. The results in [34] show that if theM measurements are selected uniformly at random

accordingto, ; U (0;2), ; U(0; ), ; U (0;2),and M satis es
M €N2PsIn®(s)In(Np); (3.11)

for some constant€ > 0, then standard CS guarantees for BOSs apply (see Section 2.2 for the relevant
background). Here,s is the sparsity of the coe cient vector, a.

For the inverse problem in (3.9), the theoretical guarantee in [34] requires measurements to be taken
at arbitrary positions on all of SO(3). However, many measurement con gurations leave parts of SO(3)
inaccessible; see Figure 1.4 in particular. As in Figure 1.4, certain measurement systems have the antenna
placed on a support structure with its main lobe pointing up. In such setups, any values of and are
available to measure, but certain values or intervals of are not. In Section 3.4.2, we show that such
restrictions on measurement positions do not invalidate the use of QCBP and its associated CS guarantees.
However, restrictions do invalidate the bound on the number of measurements needed for reconstruction
in [34]. This invalidation is because restricting measurement positions prohibits uniform sampling of the
measure associated with the preconditioned WigneD -function BOS. As a note, [34] and other similar
papers, e.g. [23], also perform CS by testing with speci ¢ sampling grids or by minimizing the coherence of
the measurement matrix. Such methods can be used with a restriction to measurements froR, but we
emphasize that these methods still would not provide the theoretical guarantees we se€k

Generally, we can think of the measurement restriction described above as limiting to a range from
to .. This type of domain is sometimes known as a latitudinal belt when considering a sphere instead of
SO(3), but we will use the same name. The latitudinal belt is the particular form of restricted measurements
we consider in this paper. We show that restriction to a latitudinal belt requires a change of the basis from
the Wigner-D functions to a related set of Slepian functions on SO(3). This change of basis increases the
coe cient sparsity level slightly, but it does so in a bounded way by only transforming within special xed
subspaces of WigneD -functions. Although the transformation allows us to show that CS guarantees hold,
the required number of measurements increases by a factor proportional to the dimension of the largest xed

subspace.

135ee Section 2.2 for more details on coherence-based CS methods and their problems when compared to BOS-based CS
methods.
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3.3.2 Slepian Functions on the Rotation Group

The spectral concentration problem gives rise to Slepian functions on a domain [67{70]. These special
functions are an orthogonal basis for band-limitedL, functions on their entire domain and on the subset of
the domain to which they are space-limited. This property is of particular interest in our setting because
SFMs are not available on all of SO(3) but instead on a subset of SO(3).

Though frequently constructed on the domain R, recent work has shown that Slepian functions can be
constructed on more complex domains like the sphere [70]. This work showed that using a basis fan
functions on the entire domain, one can construct Slepian functions concentrated on a chosen sub-domain.
Using this approach, we develop Slepian functions concentrated on a latitudinal belt on SO(3) using only
Wigner D-functions. Mathematically, we formulate a matrix problem that maximally concentrates linear

combinations of band-limited Wigner D -functionsonR  SO(3). We call the resulting functions the Rotation

can be shown to satisfy a uniform bound that is useful for CS recovery.
3.3.2.1 Concentration on a general sub-domain

The requirements of band-limitedness and. , integrability imply that each of the RGSFs has an expansion

of the form
MNax m
g(;: )= g, D" (5 ) (3.12)
n;m;

where the coe cients g,' are unknown. To nd these coe cients (subject to orthogonality with all g,

j <i), the following optimization problem is solved iteratively over the index i:

maximize
gir'\“ 2C
8 kg, k3
. < = kg‘?(i R - (3.13)
subject to i7s0@) o
: 0— gi’gj SO(3) y 8]<| ND.

This optimization problem can be viewed as maximizing the concentration ofg, on R relative to all of SO(3)
while ensuring the entire set ofg, are mutually orthogonal on SO(3). Substituting (3.12) into (3.13) and

using (3.6) we nd
D

—5o P 0,0
N max Om© Nmax m . m m
no; O;mogin0 n;;m Dn 1Dn0 R gin
.= D .
! P max mm 4m ) (3.14)

n; ;m in 8

We recognize (3.14) as the equivalent matrix equation

= %D, (3.15)

g; i
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where the elements of the matrixD 2 CNe No are inner products between WignerD -functions on the

domain R,

D (kym (k) O(i)mO(J)E
Olk = Duuy 1Dy g’ (3.16)

and the vector g; has the coe cients g, correspondingly arranged according to the ordering functions
n(j); (i); m(j). Furthermore, iteratively solving (3.13) is equivalent to iteratively solving the constrained

maximum eigenvalue problem
(

- . .0 = Dg;
maximize ; subject to g gi

o (3.17)
gi2CNo 0=09; 8 <i Np:

From (3.16) and (3.13) D is Hermitian and positive de nite, respectively. This implies D has a spectral
decomposition with orthonormal eigenvectors and, by construction, the associated eigenvalues satisfy>l
1 2 N, > 0. It follows that the solution (3.13), and thus the set of RGSFs, is given by the
eigenvalues and associated eigenvectors Bf. Importantly, the RGSFs are orthogonal over both SO(3) and

R (see Section B.1 for the derivation), i.e.,
hgi; Gol g0z = i 0 (3.18)
and
hg;Goig = i o (3.19)
The above derivation is general and works for any regiorR. Before specializing the choice oR to a

latitudinal belt, we make several remarks.

Remark 3.1. As shown in (3.13), the eigenvalue associated with each RGSF measures the degree to which
it is localized to R. So we expect the RGSFs with eigenvalues close to unity to be well localized dR and

the RGSFs with eigenvalues near zero to be more localized dR°.

Remark 3.2. The total number of RGSFs is alwaysNp and does not depend orR. However, the number

of RGSFs highly concentrated onR (i.e., ; near unity) does depend on the selection oR.

Remark 3.3. Similar to how we can expand the RGSFs in WignerD -functions, we can expand the Wigner
D -functions in the RGSFs. This is because both sets of functions form a basis for band-limited functions in

L2(SO(3)).
3.3.2.2 Concentration on a latitudinal belt

We are interested in the case when measurements are limited to a latitudinal belt, so we set the restricted

regiontobeR =[0;2) [ 1; 2] [0;2 )withO 1< 2 . Under this restriction, using (2.6), and

37



since thed" are real, the elements of the matrixD reduce to

Dl = mék)m(J') (k) ()

2 AN 3.20)
(k)m (k) M) Yain d - (

1 dh (k) ( )dn(}) Y()sin d:

Thus, there exists an indexing such thatD has a block diagonal structure,
D =diag D% D%;D° ;D' ;D Mmx M (3.21)

with
Z 2

D™k = dn”zk)( )dnnzj)( )sin d: (3.22)

1

The matrix D will have a total of (2nmax + 1) 2 blocks and each block has a dimension Gfnax  Nmin + 1,
where nmin = max(jmj;j j).

From (3.20), the block diagonal structure arises due to the presence of the full and ranges. This makes
[DJjk zero unless the matrix pairs functions that belong to the same xed , m subspaceS™ . Speci cally,

S™ can be de ned as,
S™ =spanfD" (;; ):n2fNmin; ;Nmax99; (3.23)

wherem; 2f nNmax; Nmax +1; ;Nmax O
Importantly, each of the sub-matrices D ™ are symmetric and can be solved individually for their
eigenvectors. For convenience and to maintain awareness of the subspa8& , we change notation and

label the eigenvectors with their associatedm;  values and order them according to decreasing eigen-

m

values within S™ . That is, the eigenvectors and eigenvalues arg™ and ™ , respectively, wherei 2

f1,  Nmax Nmin +10, ;M 2f Npax; Nmax +1;  ;Nmaxg, and " > e 41 10
relate the two labeling schemes, if we take al,™ and order them according to decreasing eigenvalues, we
get the original labeling g; with i ranging from 1 to Np.

The eigenvectors of eachD ™ give the expansion coe cients for the RGSFs in S™ . Similar to the
eigenvectors, we will re-index the RGSFs bym and and their order in concentration within S™ . Since

the eigenvectorsg™ only involve the xed S™ subspace we can rewrite (3.12) as

Mg
g" (;; )= gn Da" (55 ) (3.24)

N= Nmin
with the inverse relation given by (see Appendix B.2 for derivation)

N max Xnmin +1
D (5 )= g o" G ) (3.25)

i=1
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wherei 2 f 1; iNmax  Nmin *1gandm;  2f Nmax; Nmax +1; iNmax 9. Importantly, due to the

maximum dimension of any S™ , the RGSFs satisfy the following uniform bound.

Proposition 3.4. Let R be the latitudinal belt dened by ;1 and ,, g™ (;; ) be the RGSF onR
associated with theith eigenvalue of the matrix D ™ corresponding to the subspace indicated byn and ,
S be the subset of band-limited RGSFs onR with eigenvalues greater than or equal to i, , and Np be the

total number of band-limited RGSFs on R. Then the following holds:
s

sin cop 1=
sup —wg" (5 ) o (3.26)
g™ 2S i min

whereC®= 3 *°Cg and CJ > 0 is from (2.20).

Proof : See Appendix B.3.

The construction of RGSFs on the latitudinal belt enables CS recovery to remain viable onR. The
particular selection of R is such thatthe D ™ result in isolated rotations of Wigner D -functions within each
subspaceS™ . Moreover, these subspaces have a maximum dimension,.x + 1. Therefore, even without
explicitly knowing the eigenvectors, their transformation does not grow the bound on the RGSFs too large,

and thus the construction is useful for CS recovery. This is formalized in Proposition 3.4.
3.4 Compressive Sensing on the Restricted Domain R

The approach we take to achieve our main result in Theorem 3.5 is broken into three parts. In Section
3.4.1, we transform the measurement matrix and the coe cient vector a in (3.9) from the Wigner D-
function to the RGSF basis. We then state our main result in Section 3.4.2 along with our interpretation
of this result. In Section 3.4.3 we detail the e ect of the transformation presented in Section 3.4.1 on the
sparsity of the coe cient vector a. In particular, we argue that for certain cases, the sparsity level could
increase, but not so much that the coe cient vector in the RGSF basis is no longer sparse, and this can be
determined from the sparsity pattern of the Wigner D -function coe cients only.

3.4.1 Transformation of the Spherical Field Measurement Inverse Problem
Using (3.10) and (3.25), we can write the term a appearing in (3.9) as
a= U Pa- Pua (3.27)

p— . . . . . -
where 2 CM No js the principal square root of the diagonal matrix of strictly positive RGSF concen-

trations, i.e.,

[ ]jk — i((jJ'))m(J) K (3.28)
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In (3.27), U 2 CM No js the unitary matrix that transforms from the Wigner D -function basis into the

RGSF basis (see (3.24)) with elements

—_ 5 (O)m()
[U ]jk = gi(jj)nnzk]) (3.29)
and 9= U P— Y2 CM No has elements
- omk) T2 omKk) ..y
[ %= i o i) (3.30)

Next, we absorbp U into the unknown vector of coe cients, giving
a= P Uuaz P a= Oq°: (3.31)

wherea = Ua is the vector of coe cients in the RGSF basis normalized over all of SO(3) anda®= P Cais

the vector of coe cients on the RGSFs normalized onR. We now write our inverse problem as
w= %% : (3.32)

From the form of U that derives from (3.24) and (3.25), if the signala is sparse or compressible due to a
small subset of allS™ being su cient in the Wigner D -function basis, then it will remain so in the RGSF
basis. This is detailed in Section 3.4.3.

The inverse problem in (3.32) is a manipulated version of (3.9) and no assumptions about the set of

measurement positions have been made. However, it is more amenable to choosing measurement positions

m

that are restricted to R. A drawback, however, is that some ;= are very small and so theR-normalized

RGSFs' uniform bound will be very large.

To avoid the problem caused by RGSFs with small ™ , we take the columns of ° with the RGSFs
having eigenvalues less than some cuto ¢, say, N < _ functions, and place them in a matrix 9. We also
take the remainder of the columns to be in a matrix ¢ and partition a® accordingly into a9 and a9. This

allows us to write (3.32) as
w= 9a%+ %ad+ (3.33)
Without detailing the e ect here (see Section 3.4.2), it is bene cial to group the last two terms above into
the new noise term °to obtain
w= %%+ © (3.34)
With an eye towards (3.26), we precondition (3.34) with the diagonal matrix [P ]; = P sin ;. Then,P {is

a matrix constructed from a sampled BOS over the latitudinal belt R. In particular, P ? arises by sampling

the BOS containing only preconditioned RGSFs with concentrations no less than . Explicitly, the BOS is
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the setS with min = ¢,

(s — )
s0= M gmi: ):ig™ 2S with mn = o (3.35)
i
paired with the measured =d d d overthe domainR. In this preconditioned formulation we can readily
apply the CS results from Section 2.2 to solve fom§.

To summarize, we took (3.9) with a measurement matrix constructed from the BOS of band-limited
Wigner D -functions and transformed it into (3.34) with a measurement matrix constructed from the BOS
of band-limited RGSFs with eigenvalues no less than .. In (3.9), we solve for the coe cient vector a,
requiring measurements on all of SO(3) for CS to apply. In (3.34), we solve for the coe cient vectora?,
requiring measurements only onR. Herea§ contains the coe cients of the function w(; ; ) onthe RGSFs
with concentrations . or greater. Therefore, solving (3.34) will not give all of the RGSF coe cients for w
and therefore cannot be expected to give trustworthy eld values onR¢ where the unknown coe cients in

a9 contribute to w. However, Section 3.4.2 will show that having onlya? does not prohibit the accurate

recovery ofw if it falls into a certain class of functions.

3.4.2 Compressive Sensing on R

We now state our main result for applying CS on the latitudinal belt R by solving (3.34). This is given
in Theorem 3.5 below. Note, the last part of this result, (3.40), characterizes the size of the truncated RGSF
coe cients aJ in terms of the energy ofw on R€. In the next subsection, we provide a set of lemmas that
are helpful in establishing the sparsity ofa® and thus a$ appearing in (3.34).

First, we recap the de nitions needed for our main result:

1. a 2 CNe is the vector containing the Wigner D-function coe cients for the band-limited function
P
w(;; )= Im g pm(;; )andNp isthe number of band-limited Wigner D-functions with

n;m;

band limit Npax .
2. R is the latitudinal belt on SO(3) specied by ; and , where 0 1< o

3. The setf( i((kk))m(k)) 1zzgi($(k))m(k)gﬁ‘£l is the band-limited R-normalized RGSF basis for SO(3) con-

centrated on R.
4. a%2 CNe s the vector of RGSF coe cients for w(; ; ) in the R-normalized RGSF basis. The
product matrix p7U transforms the band-limited Wigner D -function coe cients a into the band-

limited R-normalized RGSF coe cients a°.

5. a? is the vector of coe cients for w(; ; ) associated with the RGSFs that have ;™ ¢, With

m

¢2 (min ™ ;max ;" ), and aJ is the vector of the remaining RGSF coe cients for w(; ; ).
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6. N« is the number of band-limited RGSFs with concentrations less than .,

c

7. 9i 2f1;2gis the sensing matrix whose elements are the RGSFs corresponding &f. These have

elements
(k)ym (k) ..
[ O] _gi(k)“ (ju jyj)
1k T om®
i(k)

(kym (k)

o cifi=t1and (9" < (ifi=2.

for RGSFs satisfying (k)

8. 9= 9a9+ where is the vector of additive measurement noise.
9. P is the diagonal matrix whose elements areH J; = P sin .

Theorem 3.5 (Sparse Recovery for WignerD-Function Series on Restricted SO(3)) Consider the linear

inverse problem,
Pw=P fad+P © (3.36)

that is constructed from M i.i.d. noise corrupted samples (;; j; ;) of w(;; ) where ; U (0;2),

i U( 1 2, j U(0;2), SupposekP %; and s is an integer satisfying

P Ny

C

M sIin*(Np): (3.37)

Let the estimated RGSF coe cients &° be constructed by solving (3.36) using QCBP fora9 and setting

aJ to be all zeros. Let the estimated WignerD-function coe cients be & = U P- "0 50 that we have
P

the estimated function w(; ; )= 2{;‘;? BT D™ (;; ) on SO(3). Then with probability 1  (Np

N. ) "*(No N< ) the following hold.

(i) The estimated function W(; ; ) satises
0 2
(i) W Kk <c? B e o g (3.38)
Cc
where Egc = kw(; ; )k3. is the energy ofw(; ; ) onRC.

(i) The estimated Wigner D-function coe cients & satisfy

0 2
ka Bkd cz s, L g
s 1 (3.39)
q_ .
+@Rc+2 ERC@RC;

where B is the energy ofW(; ; ) on RC.
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(i) The noise term kP %, in the errors is bounded, kP %; k P k; +kP JaJk; andkP $adk;
satis es

CONEEp.
T o

kP %adk; (3.40)

Proof : See Appendix B.6.

Remark 3.6. Relationships between the various constants in the above equations are as follows. We
have C, = C°C, 232, where Cq is from Theorem 2.9 (see associated reference for numerical value) and
C0= (3)1%6cOwith CPfound in (2.20) (see associated reference for numerical value). Remaining & =

max(C; D), and C; D are from Theorem 2.7 (see associated reference for numerical values).

Remark 3.7. In the above, s can be thought of as the sparsity of the vectora?, which is bounded by the
sparsity of a® Thus, Theorem 3.5 tells us that if the sparsity of a® (a$) scales slower than the square root
of Np, the required number of measurements to recovew(; ; ) on R only becomes sub-linear inNp
(ignoring log factors) and the errors inw(; ; ) and the Wigner D-function coe cients are given by (3.38)

and (3.39), respectively.

Remark 3.8. From (3.38) as . decreases, the erroring(; ; ) on R becomes bounded only by the sparse
representation error and , which includes noise and the ignored RGSFs. Also note that if the functionw
can be represented by only the RGSFs that are kept in 2, then the bound on function reconstruction error

in (3.38) depends only on the sparse representation and noise errors (see the proof of (3.38)).

Remark 3.9. It is worth commenting on the presence oftfg < in (3.39). This term comes about because no
samples of the functionw(; ; ) on R€ are used. In particular, we can write the *, error for the Wigner
D-function coe cients in terms of (3.38) plus the contributions from w(; ; )andw(;; )in R ltis
not unreasonable to expect thatFl_?’Rc will be small when Er< is small, however. This is because a smaltg <
implies small elements ofa$ associated with RGSFs having larger concentrations irR¢ and with a su cient

number of measurementsh® will be close toa? in the sense of the', distance (see proof of Theorem 3.5).

Remark 3.10. The above result gives a theoretical foundation for CS using measurements oR and its
ideas can be used together with approaches tailored to give deterministic sampling patterns [26, 34]. For
example, the RGSF basis can be used and xed measurement positions ¢ can be iteratively added to the

measurement matrix as to minimize its coherence.

Remark 3.11. As stated, Theorem 3.5 dictates the use of random polarization angle measurements when

used for electromagnetic antennas. However, it is common to only use to polarization angle measurements
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separated by =2 [14] when a = 1 probe is used. If one desires only those two measurement positions,
Theorem 3.5 can be altered to work in this case. However, the BOS becomes mixed continuous (azimuth
and polar angle) and discrete (polarization angle). This mixed BOS makes the discussion rather technical

but does not change the fundamental nature of the result.
3.4.3 Sparsity in Wigner  D-Functions and RGSFs

The sparsity of s of the RGSF coe cients a® plays an important role in Theorem 3.5. As discussed
earlier, we know that the Wigner D-function coe cients a are typically sparse, using only a fraction of the
S™ subspaces. The transformationa = P ~ Ua®used in (3.32) will clearly a ect the level of sparsity of a°
relative to a. Roughly speaking, the change in sparsity is because the transformation can map one coe cient
of a in an S™ subspace to many in the same subspace ia®. This e ect on sparsity in the RGSF basis
is straightforwardly addressed in two cases that we present in the lemmas below. The rst lemma relates
the RGSF sparsity to an upper bound on bothjmj and j j for which the Wigner D -function coe cients, a,
are nonzero. The second lemma relates the RGSF sparsity to the sparsity in the Wigneb -function basis
without restrictions on m or . Importantly, these lemmas show the RGSF coe cients, a® will be sparse
when a is sparse. Furthermore, the lemmas quantify how the sparsity level o is related to the sparsity

level of a.

Lemma 3.12 (Sparsity of a® with Bounded m and ). Let a be the coe cient vector for w(; ; ) in the
band-limited Wigner D -function basis with band limit nnax. If the Wigner D-function coe cients a' in a
are nonzero only forjmj; j j mMma, then the coe cient vector a®= P ~ Ua in the RGSF basis iss-sparse

with s satisfying
S Nmps (3.41)

where

Nmpo = (Mmax + 1)(2 Mpax +1)(2 Mpax +3) =3

5 (3.42)
+(nmax mmax)(zmmax +1) :
Proof : The proof is given in Section B.4.
Lemma 3.13 (Sparsity of a® Given a is k-sparse) Let a be the coe cient vector for w( ; ; ) in the band-

limited Wigner D -function basis with band limit nq. . If a is k-sparse withk 2 f 1; 2; ((2nmax +1)2  1g,

then the coe cient vector a®= P ~ Ua in the RGSF basis iss-sparse with s satisfying

S Nmpw (K @Mmax +1))(NMmax  Mmax); (3.43)
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with
(.p

b

=

c 1. prc is odd

p_— .
> 2. p kcis even

©
N

whereNp, .. is given by (3.42) andb cis the oor function.
Proof : The proof is given in Section B.5.

Remark 3.14. In the lemmas above, the upper bounds on the RGSF sparsities grow wittm?3,, and
Nmax M2, as the highest order terms. This scaling is due to the dimension of the Wigneb -function basis
(and RGSF basis) scaling with the m; band limit and Nmax as M2, Nmax. Since the transforming to
the RGSF basis mixes coe cients within m;  subspaces, the worst case sparsity is one non-zero Wigner
D-function coe cient per m;  subspace turning into full RGSF subspaces. In contrast, the best case is
when all Wigner D-function coe cients are in a single m;  subspace. This gives, at most, one fulm;

subspace for the RGSF coe cients.

3.5 Numerical Results

We present numerical examples of the compressive sensing theory developed above. We begin with
examples of the RGSFs and how transforming from the WigneD -function basis to the RGSF basis a ects
sparsity. Next, we study how CS using the BOS of RGSFs is a ected by the parameters of Theorem 3.5 via
its CS recovery phase diagram. Then, using an example eld, we present how CS reconstruction according
to Theorem 3.5 performs compared to other CS and non-CS methods in two cases. The rst case is with
the domain R chosen to be nearly all of SO(3) and the second is when the measurements are restricted to
half of SO(3). For these comparisons, we look at both the near- eld and far- eld reconstructions acquired
from di erent CS and classical methods. Note that the far- eld reconstruction is acquired by solving the
coe cient vector a or a® for the spherical wave coe cients, which are used to calculate the eld at a large
distance. Next, we analyze the performance of these methods in regard to spherical wave coe cients when
R is restricted to half of SO(3). Finally, we cover how the tuning of . or the addition of measurement noise
a ects CS reconstruction in the truncated RGSF basis.

For the sake of simplicity, the function on SO(3) that we reconstruct in this section is chosen to be an
axisymmetric acoustic scalar eld F(r; ; ) (eld coe cients are given in the supplementary material Section
IX), for which we simulate measurements by an ideal axisymmetric probe. Here,r( ; ) are positions in
spherical coordinates centered on the device. This meanw( ; ; ) is the rotated and translated form
F(r; ; ) as measured by the ideal probe. The near eld measurement position for this eld with wavelength

rad 1S found to ber =7 54 and the far- eld is taken at r = 2000 (5q. This setup is analogous to the

full EM antenna case. The main di erences between the acoustic and EM cases are twofold. First, the
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measurementsw( j; j; j) in acoustics are independent of the polarization angle. This is not so for the EM
case. Second, monopole terms do not exist in the EM case, so the coe cients and explicit sensitivities of
an ideal probe are dierent. These two di erences amount to increases in the number of non-zero RGSF
coe cients, but the form of the inverse problem remains otherwise unchanged. As we will see, the gures
below show that when measurements are only available oR, CS with the truncated RGSF basis performs
the best.

As a basis of comparison for our methodCS using the truncated RGSF series) , We include recovery
results from the following methods. Note, none of the following CS methods have theoretical guarantees of

the form of Theorem 3.5 when using measurements only oR.
1. WD CS {CS in the Wigner D-function BOS using measurements on all of SO(3) [34]
2. Padded FFT { Zero-padded FFT according to [15]
3. Dropped WD CS {CS in the Wigner D-function BOS using only measurements orR

4. Padded WD CS {CS in the Wigner D -function BOS using measurements orR with zeros inserted

for any measurement inR°¢

The WD CS method is simply for comparison to CS when full SO(3) measurements are available. The
other three methods are alternative approaches to CS when full SO(3) measurements are not available. The
Padded FFT method is a particularly important baseline for comparison; it can be considered as the classical
method to maintain accuracy when measuring only a subset of SO(3) [14]. The accuracy one should expect
when using the Padded FFT method is well-known from the full EM case [14]. In short, if measurements
are only available for R, then the far- eld reconstruction of an antenna's eld is only reliable on a subset of

R based on the geometry of the antenna and the radius at which measurements are taken, see [§8.6].
3.6 Parameter Selections

In all following examples, we selectnmax = 20 and 3 = 0 unless otherwise specied. To compute the
integrals in (3.20) we use Gauss{Legendre quadrature. For a givennyayx, this method is numerically exact,
since the product of Wigner d-functions is a polynomial in cos . Thus, it follows that a product of Wigner
d-functions becomes a polynomial on the interval [ 1;1]. To calculate the Wigner d-functions we use the
recursive algorithm developed in [53]. Additionally, eigendecompositions are computed using MATLAB?
function eig() . For the CS methods we use BP (for WD CS, Drop WD CS, Pad. WD CS) and QCBP (for
RGSF CS) from the SPGL1 library'# [74, 75] with 300 non-zero simulated measurements. For the QCBP, we

14 Mention of this product is not an endorsement but only serves to clarify what was done in this work.
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Figure 3.1 Energy Concentration of the RGSFs Distribution of all RGSF eigenvalues with band limit
Nmax = 20.

use the quadratic constraintkPw P 9a% 0:.05kP %, where Cis known from the actual coe cients a$
and the given noise level (which can be zero). Lastly, for the Padded FFT method, we use 861 simulated
measurements (the minimum according to the Nyquist sampling theorem), 451 of which are nonzero, with
the remainder being padded zeros.

We note that the run time for problem setup and a single CS reconstruction using RGSFs witp,,x = 20
is on the order of 30 seconds or less when done on a laptop utilizing 16 GB of RAM and one 2.3 GHz core
(Intel i7) . This run time includes the computation of the RGSF expansion coe cients in the Wigner D-
function basis (from pre-computed integrals overR), which can be reduced by pre-computing the expansion

coe cients.
3.6.1 RGSF Examples

We give examples of the sorted RGSF spectrum and the distribution of a few RGSFs in Figure 3.1
and Figure 3.2, respectively, with , = =2 and band limit nnhox = 20. Note that we have dropped the
subspace indices and ordered the RGSFs according to their concentration iR. The spectrum shows the
critical behavior that is expected for Slepian functions, where a portion of the eigenvalues are near unity
and there is a rapid transition to near zero. In Figure 3.2 we plot the magnitude of a selection of RGSFs
in S% as a function of . We select the rst, seventh, eleventh, and last RGSFs in this subspace in order
to demonstrate di erent levels of concentration in R. The rst and seventh RGSFs in the subspace are
almost entirely supported on R, the eleventh is supported on all of SO(3), and the last one is almost entirely

supported on R°€.
3.6.2 Changes in Sparsity When Using RGSFs

As discussed above in section 3.4.3, transforming from the WignelD -function basis to the RGSF basis
increases the sparsity level of the spherical near- eld measurement inverse problem in a bounded way. In

Figure 3.3 we depict this change as specied by Lemma 3.12 in the bottom pane and Lemma 3.13 in the
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Figure 3.2 RGSF Examples The dependence of RGSF magnitudes ir5%: (a) g%°, (b) g%, (c) g%, and
(d) g3?.

top pane (dashed curve). Note, for this experiment we sehnax = 10. Lemma 3.13 is theworst casechange
in sparsity level, so we also depict the change in sparsity when the Wigneb -function coe cients, a, are
randomly selected on all Wigner D -functions (top pane solid curve) or only on Wigner D -functions with

j J 1 (dotted curve). In both cases, the values of the particular coe cients are i.i.d. random variables of
the form x +iy with both x;y N (0;1) where N (0;1) the standard normal distribution and the output
RGSF sparsity is averaged over 100 trials for each Wigneb -function sparsity. Note, the most physically
relevant case is whena is nonzero only forj j 1, as measurements are usually conducted with probes
only sensitive to low-order SWs. As can be seen in Figure 3.3, both random coe cient selections have
considerably lower sparsity levels than Lemma 3.13 guarantees, with j 1 being well bounded. Moreover,
the results in the bottom pane show that a secondary band limit like m,x assumed in Lemma 3.12 results

in the RGSF sparsity being well controlled unlessMmax  Nmax -
3.6.3 RGSF CS Phase Diagram

Theorem 3.5 gives a requirement on the number of measurements needed for CS using RGSFs to be
successful. However, as is common with similar RIP-based guarantees for BOS, there are various factors
a ecting the number of measurements needed. To investigate how these a ect recovery in practice, Figure 3.4
shows the phase transition diagram generated by using BP to solve the inverse problem in (3.36) with®=0

(since this encapsulates noise and modeling errors). In Figure 3.4, (a) gives the general phase diagram

#successes

with ¢ = 0:5 and (b) gives the distribution of the success rate, =5

, for xed normalized sampling,
M=(Np N« ), butvarying . Here the solution to BP, &, is considered a success Ka§ a%=ka%k

0:001. For Figure 3.4a-c we sehn,x =5 to allow for reasonable computation times.
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Figure 3.3 Change In Sparsity from Wigner D -functions to RGSFs. Top pane: RGSF sparsity s resulting
from Lemma 3.13, randomk-sparse WignerD -function coe cients, and random k-sparse WignerD -function
coecients only in j j 1 subspaces. Bottom Panel: RGSF sparsity given WignebD -function coe cients
satisfying Lemma 3.12.

In Figure 3.4a, the phase diagram is constructed by conducting 100 trials for each combination of nor-
malized sparsity level (=M) and normalized measurement number. In these trials, the support ofa? is
selected uniformly at random and the coe cients are i.i.d. random variables of the form x +iy, where both
x and y are independent and distributed according to the standard normal distribution. As can be seen in
Figure 3.4a, there is a sharp transition from a success rate of near unity (i.e., uniform recovery) to a success
rate of near 0 as is typically seen in CS phase diagrams like those in [34, 58].

An important part of the RGSF phase diagram to understand is its dependence on the RGSF cuto .
This is because the number of measurements needed for successful CS dependsoh and ideally, the cuto
is set as low as possible. Note the presence of this parameter in (3.36) is due to the uniform bound on the
RGSFs, which is dominated by the RGSFs with small concentrations. Figure 3.4b shows the dependence
of the phase transition on .. For Figure 3.4b, the normalized measurement number is xed at 0.6 and
the coe cients a§ are set to have their support on thes RGSFs with the smallest concentrations ;" with
random values of the same form as described for Figure 3.4a. The selection of this particular support is to
ensure that the RGSFs that contribute the most to the selection of . are active in the CS problem. As can
be seen in Figure 3.4b, decreasing. indeed reduces the sparsity level at which the transition to successful

CS recovery occurs.
3.6.4 Compressive Sensing Recovery for an Example Field

To verify that CS recovery using RGSFs becomes accurate for the function on the entirety of SO(3) aR

becomes close to all of SO(3), we investigate CS recovery using the RGSFs with, = 35 =36, or a loss of 5
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Figure 3.4 Phase Transition Diagrams for CS with RGSFs (a) Phase diagram for RGSF CS using BP
to solve (3.36) with 9= 0. (b) Dependence of the phase transition on the RGSF cuto, ., for a xed
normalized measurement number of 0.6. Each plot usesnmax = 5 and is conducted with 100 trials at each
normalized sparsity and measurement number.

degrees of measurement availability in . We select . = 0:5 as to remove at least several RGSFs from the
reconstructions. We must select a moderately sized . because most of the RGSFs will have at least some
energy in R due to the small size ofR® and a relatively small band limit. In Figure 3.5 and Figure 3.6, we
plot the near- eld and far- eld reconstructions and relative error for all methods. Note, the relative error for
WD CS is not numerically zero since there is a nite error tolerance using BP in SPGL1. The reconstructions

are plotted in dB in terms of magnitude relative to the actual eld for a given  slice, i.e.,

0 1
@ i A
Relative Magni =20l [ — Y A4
elative Magnitude = 20log, max JF] (3.45)
and the relative error of the eld in dB is given by
!
. iF b
Relative Error = 20log 14 J Fi I (3.46)
where P is the estimated reconstruction of F. From = =2to = =2, the near- eld reconstructions

are accurate to around 50 dB for all methods except the Padded WD CS method. However, for the RGSF
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Figure 3.5 Near- eld Reconstruction , =35 =36. Near- eld reconstruction (a) and relative error (b) when
R is nearly all of SO(3). (a) and (b) share the legend in (a).

CS and Padded FFT methods, we see a decline in accuracy beyond this range; the relative error increases
to near 0 dB in R€. This is expected since the RGSF reconstruction lacks several functions concentrated on
R¢ and the padded FFT has zeros inserted in this region. The far- eld reconstructions are similar to those
of the near eld.

We now compare the reconstruction methods when a much larger portion of SO(3) is inaccessible. In
particular, we select , = =2 and . = 0:05. The near- eld and far- eld reconstructions are shown in
Figure 3.7 and Figure 3.8, respectively. Recall that with such a restriction onR, we only expect accurate
eld reconstructions within R. For this case ofR and ., we see that the near- eld reconstructions for all
but the Padded WD CS methods are accurate in nearly all ofR, with deterioration near the edges ofR.
The far eld shows a similar behavior, with the degradation occurring slightly more rapidly. In R® we see
that the Dropped WD CS method overestimates the eld by a large margin while the other methods have
eld values near zero as expected.

To investigate the performance of each restricted measurement method further, we plot them = 0

spherical wave coe cients 7' in Figure 3.9. Since the eld is axisymmetric, the aI' should be nonzero only
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Figure 3.6 Far- eld Reconstruction , =35 =36. Far- eld reconstruction (a) and relative error (b) when R
is nearly all of SO(3). (a) and (b) share the legend in (a).

whenm = 0. The Padded FFT method gives numerical zeros for all SW coe cients with m 6 0. On the
other hand, the other methods have nonzero coe cients withm 6 0. For the RGSF CS case, the energy
contained in these coe cients is less than 3 10 # of the total energy, for Dropped WD CS it is less than
4 10 °, and for Padded WD CS it is 3 10 2 of the total energy. Figure Figure 3.9 demonstrates that
the RGSF CS and Padded FFT methods have good performance for both SW coe cient relative error and
absolute phase error in radians. However, the Dropped WD CS and Padded WD CS methods have large
errors visible just by looking at the coe cient magnitudes (Figure 3.9a). It is interesting to note that the
Dropped WD CS method appears to oscillate around the actual coe cients. From Figure 3.7 to Figure 3.9
we see that the RGSF CS method performs the best compared to the other restricted measurement methods
and the Padded FFT method as a close second.

We now analyze the performance of the RGSF CS method as we vary.. For this study, we use ,= =2
and vary . from 0.05 to 0.95 in increments of 0.025. Figure 3.10a plots the near- eld relative error and

Figure 3.10b plots the relative error between the actual WignerD -function coe cients a and those from
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Figure 3.7 Near- eld Reconstruction , = =2. Near- eld reconstruction (a) and relative error (b) when R
is half of SO(3). (a) and (b) share the legend in (a).

RGSF reconstruction,

ka &k,

Coe : Relative Error = ——;
kak

(3.47)

where & = U P— "0, and &° is constructed from the recoveredd and 89 = 0. In Figure 3.10a, the

lighter the curve corresponds to the larger cuto . Thus, as . decreases, the reconstruction performance
improves. Similarly, if we look at the relative error of the eld and &, the lower . values provide better
reconstruction performance in the RGSF basis. Not depicted here, however, is the case wherg becomes
very small. Experiments have shown that if . is taken to be too small, the reconstruction begins to grow in

R¢ to values well above the true eld. This is likely due to numerical accuracy problems in the basis pursuit

method; functions with small ™ contribute so little to the measurements in R that minor uctuations in
their coe cients can lead to possibly sizable changes in the eld onR°®. In summary, setting . too large can
lead to poor reconstructions depending on the amount of energy the eld has irR°¢ while selecting . too
small leads to errors due to an e ective freedom to add RGSFs with small concentrations without a large

e ect on the measured portions of the eld. Thus, two factors should go into picking an ideal ¢, an idea of
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