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ABSTRACT

The theoretical validity of backpressure tests has 
been analyzed for wells in radial flow and for wells inter­
sected by vertical fractures. It is demonstrated that 
stabilized flow-after-flow and isochronal tests are valid 
tests. Unstabilized flow-after-flow and modified isochro­
nal tests result in error in predicted deliverability 
caused by continued influence of prior flow and shut-in 
periods (superposition error). It is shown how the super­
position error can be minimized by proper selection and 
design of the backpressure test.

Isochronal and modified isochronal tests are unsteady- 

state methods and provide the transient deliverability of a 
well. An extended flow period is generally used to deter­
mine the stabilized deliverability. In many reservoirs 
extended flow periods are unreasonably expensive and im­
practical. Analytical solutions for predicting stabilized 
deliverability are required. The calculations generally 
used in the prediction of stabilized gas deliverability are 
based on a radial flow geometry. When these calculations 
are applied to other flow geometries, erroneous predictions 
of stabilized deliverability result. In this study a 
fully-implicit, two-dimensional gas simulator was used to
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demonstrate the extension of radial flow theory to verti­
cally fractured gas wells. The effect of fracture length 
and conductivity was investigated under Darcy flow. It was 
demonstrated that the flow exponent was not sensitive to 
fracture conductivity or length. However, the performance 
coefficient was dependent upon time, fracture length, and 
conductivity.

A linear or radial assumption for flow in a well 
intersected toy a finite conductivity vertical fracture will 
result in an erroneous stabilized performance coefficient, 
thus an erroneous Absolute Open Flow (AOF).

The performance coefficient is inversely related to 
pressure behavior with time. Linear flow can be determined 
by plotting (l/C-t.)1^11 vs time on log-log paper and 
observing a half slope. For radial flow a plot of 
( l/C-t) "^n vs log time will provide a line with con­
stant slope which can be used to estimate reservoir proper­
ties and extrapolated to a stabilized value.

Wellbore storage (WBS) will cause the AOF to be over­

estimated. Wells producing with large drawdown will result 
in erroneous de liver ability if flow periods do not last 
longer than the influence of WBS.

iv
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INTRODUCTION

Gas well deliverability tests are multirate tests con­
sisting of three or more flows with pressures, rates and 
other data being recorded as a function of time. These 
tests are usually required by state regulatory agencies for 
proration purposes and to obtain an allowable. In addi­
tion , these tests can provide information for performing 

reservoir and production engineering studies such as pro­
duction forecasting, field development, sizing of gathering 

and trunk lines, evaluating skin damage, and establishing a 
base performance curve for future comparison.

Basically, there are two different types of deliver­
ability tests: (1) flow after flow test, and (2) Isochro­
nal tests. The flow after flow test consists of a series 
of increasing flow rates (normal sequence) or decreasing 

flow rates (reverse sequence) on a well starting from an 
initial shut-in condition, with no shut-in periods between 
rate changes. This type of test is valid only if the well 
has "stabilized" during each flow period. Flowing times 
are arbitrary or can be set by regulatory bodies . The Iso­
chronal method involves a series of flowing and shut-in 

periods. Each flow period starts after a shut-in period 
which has reached the "static condition". As a result, any
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pressure rise occurring due to shut-in will not affect 
pressure during the subsequent flow. An isochronal test, 
as the name implies, is based on equal flow periods so that 
the drainage radius established during each flow period is 
repeated.

The first objective of this investigation is to deter­
mine the validity of backpressure testing and to quantify 
any error. As a result, backpressure test design consider­
ations have been developed.

Analysis of backpressure testing is based on the as­
sumption that flow is radial. However, in many instances, 
particularly in low permeability wells, stimulation in the 

form of hydraulic fracturing or acid fracturing is required 
for wells to be commercial. In such cases flow is likely 
to be linear, transitional, and radial during the testing 
period. The second objective of investigation is to exam­

ine the applicability of commonly accepted solutions on es­
timating stabilized deliverability of fractured gas wells. 
The effect of fracture conductivity and length has been in­
vestigated .

With the advent of deeper drilling, gas wells drain 
reservoirs with very low permeability. In such cases, 
wellbore storage (WBS) can control flow behavior for a
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substantial period of time. The third objective is to 

evaluate the effect of WBS on backpressure tests.
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REVIEW OF PERTINENT LITERATURE

Backpressure tests are multiple rate transient tests 
consisting of three or more flow periods (1,2,3,4,5,6). 
These tests are generally required by state regulatory 
agencies for proration purposes and establishing allowables 
(7). Additionally, the tests can provide reservoir and 
completion information (8,9,10).

There are two types of backpressure tests : 1) flow-
after-flow, and 2) isochronal. In 1936, Rawlins and 
Schellhardt introduced the concept of backpressure testing 
using the flow-after-flow test (1). The flow-after-flow 
test starts from a stabilized shut-in condition after which 
a series of increasing (normal) or decreasing (reverse) 

flow periods are imposed. The flow rate and pressure re­
sponse are shown in Figure 1. No shut-in period occurs 
between flows, and the flow periods should be of sufficient 
duration to reach Pseudosteady-state (or stabilized flow). 

Failure to obtain the stabilized flow condition will result 
in an erroneous deliverability prediction. Stabilized flow 
is normally achieved only in high permeability reservoirs.

Cullender presented the isochronal test as an empiri­
cal method in 1955 (2). The isochronal test was designed
for use in those wells which do not stabilize in a rela­
tively short period of time. The isochronal test requires
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that each flow period begin from a static reservoir condi­

tion, thus the shut-in periods are of sufficient duration 
to reach the static reservoir pressure. The flow rate and 
pressure response for an isochronal test are shown in Fig­
ure 2. A common misconception in isochronal testing of gas 
wells is that a well must be tested at constant flow rate. 

This is seldom possible since gas wells are normally tested 
by opening them on a fixed choke size which will lead to 

decreasing rates and pressures with time. It is important 
that one does not use an average rate for each flow period 

—  the flow rate corresponding to the time at which the 
pressure is being evaluated should be used. The isochronal 

test provides a transient deliverability; for stabilized 
deliverability an extended flow period or an analytical 

method for its prediction is needed.
In low permeability gas reservoirs it may require days 

to reach stabilized pressure during the shut-in period of 
an isochronal test, even after relatively short flow peri­

ods. To shorten the test duration a modification of the 
isochronal test was introduced. The modified isochronal 

test does not achieve stabilized pressure during the shut- 
in periods. It is typically run with equal flow and shut- 

in periods. Depiction of such a case is shown in Figure 3. 
The modified isochronal test will have error caused by the
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unstabilized flow and shut-in periods (11,12). Addition­
ally, the modified isochronal test produces transient de­
liverability .
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Gas deliverability is generally determined by use of 
the Rawlins and Schellhardt backpressure expression (1):

9sc = Cs (Pr 2" Pwf2) " (1)

where Cs is the stabilized performance coefficient, and

11 n" is the flow exponent. The transient performance coef­
ficient (Ct) depends on physical properties of the reser­
voir (rock and fluid) and time. The flow exponent "n" is 
an empirical adjustment enabling Equation (1) to describe, 
over a limited flow rate range, non-Darcy flow. The flow 
exponent "n" can physically vary between 1, for Darcy flow, 
and approach 0.5, for dominantly non-Darcy flow. A 0.5
flow exponent is impossible since it requires having non- 
Darcy flow throughout the entire drainage radius. If the 
gas flow rate is plotted on log-log graph paper vs the

respective difference of the square of the static or shut- 
in reservoir pressure and flowing sandface pressure, the 
relationship is represented as a straight line shown in 
Figure 4 and is referred to as a performance plot. The 
performance coefficient is determined by extrapolating the 
line to a AP^ value of one. The performance coefficient 
is then read directly from the flow rate axis. The slope 
of the line is the inverse of the flow exponent.

HRTHUB LAKES LIBRARY 
COLORADO SCHOOL of MINES 
BOLDEN. COLORADO 8040$
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The Forchheimer equation more rigorously accounts for 
non-Darcy flow (13,14,15):

Pr2 - Pwf2 = a qsc + b qsc2 (2)

The first term of the Equation (2) (aqsc) is the Darcy 
flow term and is a function of time during the transient

flow period. The second term (bqsc2) is the non-Darcy
flow term and is independent of time. Several orders of 
magnitude change in the flow rate is necessary to cause an 

observable change in slope. This is illustrated in a nor­
malized performance plot generated using Equation (2) and 
shown in Figure 5 (16). Since flow rates generally vary
only over one order of magnitude, the Rawlins and 

Schellhardt backpressure expression remains a practical 
alternative to the Forchheimer equation. Figure 5 also

suggests that non-Darcy dominance is unlikely for reservoir 
flow, and that the rate sensitive pressure drop is more
likely to occur through the well completion.

Cornell recognized that the unstabilized performance 

coefficient (C-j-) is a function of time for transient flow 
(17). Numerous studies have furnished techniques for de­

termining the stabilized deliverability (18,19,20,21,22,23, 
24,25,26,27).
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Poettmann and Schilson described a procedure for cal­

culating the variation of Ct with time from the modified 
Isochronal Test (20). For radial flow, they showed that 
the following relationship can be used :

- 1/2 nC, In (a t )
C = - ±---------------- (3)t

where a/a is defined as

r 1/n 
2

a t2
2(C11/Zn - C21/Zn)

Cl1/n
(4)

2(C -L/h _ c 1^ )

and C% is the performance coefficient corresponding to a 

multipoint flow test with the flow duration equal to t%, 
C-j- is the calculated performance coefficient correspon­
ding to the flow duration equal to t.

Roger and Pascal investigated the effect of various 
drainage shapes on stabilized performance (21). Hadinoto 
and Tariq in separate work investigated the effect of 
infinite conductivity vertical fractures on stabilized
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deliverability (24,25). In Hadinoto's work stabilized de- 
liverability determined using conventional techniques will 
lead to erroneous values of predicted Absolute Open Flow 
(AOF) (23,24).

Tariq proposed the following relationship to be used 
until the end of linear flow:

Ct

where t is the time to the end of linear flow (25). A 
radial flow assumption (Poettmann and Schilson) is then 
used to predict the stabilized value.

For finite conductivity fractures the method presented 
by Tariq will result in error. A finite conductivity ver­
tically fractured well can exhibit linear, transitional, 
and radial flow (28,29,30,31,32,33,34,35,36). Application 
of only one flow type will lead to error in the prediction 
of stabilized deliverability.

In deeper wells (or where wellbore compressibility is 
large) wellbore storage (WBS) can influence early time data 
of a backpressure test (37,38). Backpressure tests affect­
ed by WBS will generally overestimate the AOF. Where WBS 
is large, test duration should extend beyond the influence 
of WBS.

= C V v  

1 - ^ K (5)
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BACKPRESSURE TEST VALIDITY 

Flow-After-Flow-Test.
For a properly conducted test under Darcy flow condi-

“ 2 2tions a plot of log (pR - p^^ ) versus log qgc will yield a

slope of unity. Any deviation of the slope from unity is a 

result of non-Darcy flow. For this analysis it is assumed 
that non-Darcy flow provides a constant additional pressure 
drop over a limited flow rate range and its effect would 
only change the absolute slope. The validity of the flow- 
after-flow and isochronal tests can be evaluated by compar­
ing a slope determined by rigorous application of the prin­
ciple of superposition to the expected slope of unity for 
Darcy flow. Appendix A outlines the superposition analysis 
for flow-after-flow, isochronal, and modified isochronal 

tests.
A stabilized flow-after-flow test is one which reaches 

Pseudosteady-state during each flow period. Pseudosteady- 
state occurs when t = 1/4 tp (38). Further, Pseudo­
steady-state commences when the pressure transient has 

reached the system boundary. At that time, pressure behav­
ior becomes a function of reservoir depletion. In dimen- 
sionless form, the difference in pressure squared is equal 
to the flow rate times a constant (Appendix A). Since each
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flow period reaches Pseudosteady-state, pressure drops no 
longer become a function of the log of time, and superposi­
tion of previous flow periods is not necessary. A plot of

■  2 2log (pR - pw£ ) versus log qsc will yield a slope of one

for Darcy flow.
The stabilized flow-after-flow test will provide the 

desired stabilized deliverability; however, it is limited 
to reservoirs having large permeability, which stabilize in 
a practical time frame. Stabilized flow-after-flow tests 
are seldom achieved.

An unstabilized flow-after-flow test does not achieve 
pseudosteady-state flow. Superposition is required to 
properly account for the continued influence of previous 
flow periods (Appendix A) . The maximum dimensionless 
error, defined as deviation from the expected unit slope of 

the backpressure performance plot, for an unstabilized 
flow-after-flow is given by;

^scl , _ ,4x , C*sc2 . , 3 \ . ^sc3In (Z) + -Z- In (Z) + _  In (2)
AM 4sc4 j s c 4  ̂ ^sc4AM = ----------------------------------------BP (In tD + .8097 + s) (6)

As AMqp 0, the performance plot approaches the

correct slope (in the case of Darcy flow, a slope of one).
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Equation (6) illustrates the error sensitivity arising from 
the continued influence of previous flow periods in an un­

stabilized flow-after-flow test. Error can be minimized by

1 ^ c f Oreducing the flow rate ratio ---- ,  , and ---- , and by
^sc4 (̂sc4 ^sc4

increasing tp. For tp greater than 106 the error is
insignificant. Equation (6 ) is in dimensionless form so it
applies to pressure, pressure squared and pseudo-pressure
(or real gas potential) methods of analysis (39,40). It
should be noted that equation (6) is not an absolute error
in the slope of the performance plot, but is a deviation.X
Slope deviation goes to zero as equation (6) goes to zero.

A flow-after-flow test would not be the test of choice 
unless stabilized flow can reasonably be achieved. Error 
sensitivity has been calculated by applying rigorous super­
position using base case parameters given in Table 1. Su­
perposition of multiple flow periods was used to determine 
the pressure for each flow period. The rate and pressure 
results Were then analyzed using the Rawlins and 
Schellhardt technique. Figure 6 shows error in flow expo­
nent "n". An unstabilized flow-after-flow test will under­
estimate "n". Table 2 shows how error can be reduced by 
increasing the flow time (approach a stabilized test), and



T-3228 19

by decreasing the flow rate ratios using a normal sequence. 
In unstabilized flow-after-flow, these errors result in an 
erroneous Cs, making any stabilized deliverability pre­
diction questionable.
Isochronal Test

An isochronal test requires that static reservoir 
pressure be reached during the shut-in period. The iso­
chronal test is based on the principle that the drainage 
radius established during a flow period is a function only 
of dimensionless time and is independent of flow rate (41). 
For equal flow times the same drainage radius is establish­
ed for the different flow rates. Since the shut-in periods 
reach static pressure, no superposition of shut-ins are 
necessary. Superposition of the flow periods results in 
the squared pressure difference equal to the flow rate mul­
tiplied by a constant, and will yield unit slope (Appendix 
A) .
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Base Case Parameters

10 md 
10 ft 
10%
1000 ft 
.25 ft 
0.0
150° F 
60° F
3000 psia 
14.7 psia

0.95

.02 cp

0.0003 psi-1
1 MMSCF/D

2 MMSCF/D
3 MMSCF/D
4 MMSCF/D 

4 hrs
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Figure 6. Absolute Error in "n" - Flow-After-Flow Test
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Table 2
Sensitivity of Error in "n" to Flow Rate Ratio

and Sequence 
Flow—After—Flow Test

^scl ^sc2 ^sc3 ^sc4 n % error

1 .00 1.25 1 .50 1.75 .8609 13.91

1.00 1.50 2.00 2.50 .9202 7.98
1 .00 2.00 3.00 4.00 .9526 4.74
1.00 4.00 8.00 16.00 .9846 1.54

1.75 1.50 1.25 1 .00 1.4026 -40.26

2.50 2.00 1.50 1 .00 1.2855 -28.55
4.00 3.00 2.00 1.00 1.2597 -25.97

16.00 8 . 00 4.00 1.00 1.3246 -32.46
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The isochronal test provides a valid, but transient 
deliverability. An extended flow test or a computational 
method is necessary for calculating the stabilized perfor­
mance coefficient.
Modified Isochronal Test

The modified isochronal test does not reach a static 
pressure during the shut-in periods. Normally, the final 
shut-in pressure reached is used in place of the static 
reservoir pressure in the backpressure expression. Flow 
and shut-in periods must use superposition to properly 
account for their continued influence with time (Appendix 
A) . The maximum dimensionless error for a modified iso­
chronal test is given by;

For a modified isochronal test where shut-in and flow times
are equal, the maximum error is given by:

sc4 4^tf//tŝ  + g ( f/'̂ g ̂ + 9

/(In t + .8097 + s)
(7)
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in (li) + in (11) + !f£l m  (1)
AMgp _ ^sc4 ^sc4 ^sc4

(In tD + .8097 + s) )

Once again, AMgp is not an absolute error. A AMgp > 0 
the performance plot approaches the correct slope. Equa­
tions (7) and (8 ) illustrate the error sensitivity result­
ing from the continued influence of previous flow and shut- 
in periods in a modified isochronal test. Equations (7) 

and (8 ) apply to pressure, pressure squared or pseudo­
pressure methods of analysis. In a fashion similar to that 
for a f low-after-f low test, the error can be reduced by

- . Z^scl <̂ sc2 ^scsXdecreasing the flow rate ratio ----,  , and  jusing a
y*sc4 ^s c4 ^sc4/

normal flow sequence, and by increasing tp. A tp 

greater than 105 results in insignificant error. Equation 
(7) shows another means of reducing the superposition error 
by conducting a modified isochronal test with flow periods 
of shorter duration than the shut-in periods.

Rigorous superposition of flow and shut-in periods was 

used to determine the pressure for each flow period. The 
rate and pressure data were analyzed using the Rawlins and 
Schellhardt technique. The absolute errors determined are 
based on the parameters given in Table 1.



T-3228 25

Such an analysis shows that a modified isochronal 

test will overestimate "n". However, for equal flow dura­
tions , the modified isochronal test will result in 1/3 the 
error in "n" compared to an unstabilized flow-after-flow 
test (Figs. 7-8).

It is not a requirement that flow time be equal to 
shut-in time. Considerable reduction in "n" error can be 
realized for flow time to shut-in time ratio less than one 
(Fig. 9). A modified isochronal test with equal flow and 
shut-in periods will result in twice the error in "n" when 

compared to a test with a flow time to shut-in time ratio 
of 0.5. Error in "n" can also be reduced by decreasing 
flow rate ratios in a normal sequence (Table 3).

The flow-after-flow and isochronal tests are valid. 

If conditions permit, these tests are preferred. An unsta­
bilized flow-after-flow test is not desirable. If stabili­

zed flow-after-flow and isochronal tests are not practical 
as a result of time or economic constraints, a modified 
isochronal test should be considered. The modified iso­
chronal test has insignificant error for dimensionless time 
greater than 10b. It has been demonstrated that error can 
be reduced further if a normal flow sequence is used, and 
if the flow rate change is maximized (42). It has also 
been demonstrated that error can be reduced even further if
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flow time is less than shut-in time as opposed to the gen­
erally accepted equal flow and shut-in time.
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Figure 8. Comparison of Error Between an unstablized
Flow-After-Flow Test and Modified Isochronal 
Test
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2.0

tf = 2 hrs.

1.0

tf = 4 hrs.

0
2 .3 .40 5 .6 .7 .8 .9 1.01

Flow Time to Shut-in Time Ratio, tf/ts

Figure 9, Absolute Error in "n" for Flow Time To Shut-In Time Ratio Less Than One - Modified Isochronal 
Test
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Table 3
Sensitivity of Error in "n" to Flow Rate Ratio

and Sequence
Modified Isochronal Test

^scl ^sc2 ^sc3 ^sc4 n % error

1.00 1.25 1.50 1.75 1.0524 -5.25
1.00 1.75 2.00 2.50 1.0288 -2.88
1.00 2.00 3.00 4.00 1.0173 -1.73
1 .00 4.00 8.00 12.00 1 .0076 -0.76
1.00 8 .00 16.00 24.00 1.0056 -0.56

1.75 1.50 1.25 1.00 .9279 7.21
2 .50 2.00 1 .50 1.00 .9441 5.59
4.00 3.00 2.00 1.00 .9471 5.29
2.00 8.00 4.00 1.00 .9268 7.32
14.00 16.00 8.00 1.00 .8733 12.67
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The absolute errors have been presented to illustrate 

the sensitive parameters so as to aid in the design of a 
backpressure test. Figures 6 , 7 and 9 should not be used
for correcting backpressure tests.

The errors discussed are those that affect the flow 
exponent (or slope of the backpressure curve). No attempt 
has been made to determine the stabilized deliverability 
from the transient deliverability. However, if confidence 
in the slope of the backpressure curve is achieved, then an 

extended flow (stabilized flow) can be used. Then the
stabilized deliverability is plotted parallel to the tran­
sient deliverability through the extended flow point.

In addition, the minimum flow time should be selected 
to allow wellbore storage effects to disappear, and the 
minimum flow rate should be capable of unloading the well­

bore of any accumulated liquids.
It is important to note that the superposition error 

also applies in a qualitative manner to the Forchheimer 

expression.
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DELIVERABILITY OF VERTICALLY FRACTURED WELLS

The isochronal test combined with techniques to obtain 
stabilized back-pressure behavior has become a standard 
procedure for estimating the stabilized deliverability of a 
well. Interpretation of these tests has traditionally been 
based on solutions for radial flow; however, a serious 
problem exists in the case of a hydraulically fractured gas 

well. Linear and transitional flow behavior in a hydrau­
lically fractured well can potentially last hundreds of 
hours. Millheim and Cichowicz reported stabilized perfor­
mance was not obtained for fractured gas wells in the San 

Juan Basin and the early pressure behavior deviated from 
radial flow (30).

The applicability of the radial flow assumption for a 
well with a finite conductivity vertical fracture has been 
examined. In this study isochronal tests were generated 
using a fully-implicit two-dimensional gas reservoir simu­
lator. Fracture lengths of 10 to 2000 feet and dimension­
less conductivities of 0.1 to 100 were investigated.

The validity of the simulator was demonstrated by com­
paring it to analytical solutions. Figure 10 compares the 

numerical simulator to the line source solution. Figure 11 
compares the simulator to analytical solutions for infinite 

conductivity fractures in bounded systems. Figure 12
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fi Analytic Solution 
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Line Source Solution 
(after H R. Ramey, Jr.)

Figure 10. Comparison of Numerical Simulator to Line 
Source Solution
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Analytic Solution 

Finite Difference Model

Q.

Drainage Area 
A = (2Xe)2

(after Gringarten, Ramey and Rayhaven)

Figure 11. Comparison of Numerical Simulator to Analytical 
Solution for Infinite Conductivity Vertical 
Fractures in Bounded Systems
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compares the simulator to an analytical solution for finite 

conductivity vertical fractures.
The numerical simulator was used to generate isochron­

al tests under Darcy flow. The simulated isochronal tests 
are shown in Figures 13 through 25. The simulation results 
provided values of n = 1 for all cases. There was no ap­
parent sensitivity of flow exponent to fracture conductiv­
ity or length. However, the performance coefficient depen­
ded on flow time and dimensionless fracture conductivity. 
This unique relationship is shown in Figure 26.

The performance coefficient, when Pseudosteady-state 
has not been reached, is a function of time, reservoir pa­
rameters, and flow geometry. If a non-applicable flow geo­
metry is used to predict the stabilized performance coeffi­
cient, then considerable error in stabilized deliverability 
can result. Based on the simulation results, a radial flow 
projection, when Ct is in a linear or transitional flow, 
will considerably overestimate the stabilized well deliver­
ability (Figure 27). Similarly, a linear flow projection 
will underestimate deliverability (Figure 28). Error in 
stabilized deliverability will still result if a linear 
flow extrapolation is used until the beginning of radial 
flow (Figure 29) and a radial flow extrapolation from that 
point forward (Figure 30).
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FCD=

QCL

10-1
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Finite Difference Model

100
toxf

(after Cinco etal.)

Figure 12. Comparison of Numerical Simulator to Analytical 
Solution for Finite Conductivity vertical 
Fractures



V
IS

d
e
-(H 

'

T-3228 37

Radial

8 hr y y  
1 hr

q , MM SCF/Day

Figure 13. Simulated Isochronal Test, Radial Flow
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8 hr

FCD = 0.1 

Xf = 10 ft

1 hr

q, MM SCF/Day

Figure 14. Simulated Isochronal Test, Finite Conductivity
Vertical Fracture (FcD = 0.1 Xf = 10 ft)
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Figure 15. Simulated Isochronal Test, Finite Conductivity
Vertical Fracture (FCD = 0.1 Xf = 100 ft)
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FCD = 0.1 
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8 hr yZ 
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q, MM SCF/Day

Figure 16. Simulated Isochronal Test, Finite Conductivity
Vertical Fracture (Fqd = 0•i Xf = 1000 ft)
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Figure 17. Simulated Isochronal Test, Finite Conductivity
Vertical Fracture (Fcd = 1.0 Xf = 10 ft)



P
s
2 
- 
P
f2 

x 
1
0
'3 

P
S
I 
A 

2

T-3228 42

FCD = 1 

Xf = 100 ft
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Figure 18. Simulated Isochronal Test, Finite Conductivity
Vertical Fracture (Fcd = 1«0 Xf = 100 ft)
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Figure 19. Simulated Isochronal Test Finite Conductivity
Vertical Fracture (Fcd = 1.0 Xf = 1000 ft)
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Figure 20. Simulated Isochronal Test Finite Conductivity
Vertical Fracture (Fcd = 10 Xf = 10 ft)
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10°
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Figure 21. Simulated Isochronal Test Finite Conductivity
Vertical Fracture (Fcd = 10 Xf = 100 ft)
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FCD = 10 
Xf = 1000 ft
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q, MM SCF/Day

Figure 22• Simulated Isochronal Test Finite Conductivity
Vertical Fracture (Fcd = 10 Xf = 1000 ft)



- 
P
f2

x 
1
0
"3

P
S
IA

2

T-3228 47

FCD = 100 

Xf = 10 ft

8 hr

1 hr

10-i 10° 101 102
q, MM SCF/Day

Figure 23• Simulated Isochronal Test Finite Conductivity
Vertical Fracture (Fcd - 100 Xf = 10 ft)
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FCD = 100 
Xf = 100 ft
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q, MM SCF/Day

Figure 24. Simulated Isochronal Test Finite Conductivity
Vertical Fracture (Fcd = 100 Xf = 100 ft)
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FCD = 100 

Xf = 1000 ft
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q , MM SCF/Day

Figure 25. Simulated Isochronal Test Finite Conductivity
Vertical Fracture (Fc d = 100 Xf = 1000 ft)
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Figure 29• Time to pseudo-Radial Flow for a FiniteConductivity vertically Fractured Gas Well
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Determination of the stabilized performance coeffic­

ient for a finite conductivity vertically fractured well 
cannot be accomplished using the standard methods (radial 
and linear flow assumptions). Knowledge of the reservoir 

flow condition is necessary.
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GENERALIZED STABILIZED DELIVERABILITY

The C-t determined from the simulation of finite con­
ductivity vertical fractures shows an inverse proportional­

ity to pressure. The inverse relationship of Ct and 
pressure can be proved by expressing the backpressure rela­
tionship (for n = 1) in dimensionless form resulting in:

C _  or Ct 
r'D

The derivation of Equation (9) is shown in Appendix B. 
Figure 31 shows a comparision of l/CtD and pD for 

Agarwal etal's finite conductivity type curve (34). The 
figure shows excellent agreement. The relationship of 
l/CtD and pD provides a way of determining the flow 

geometry, which is necessary for the proper determination 
of stabilized performance. Type curves of pD are pub­
lished for many reservoir descriptions. With that knowl­
edge of pD the stabilized performance coefficient can 
be determined.

For example, values of Cs were calculated by apply­
ing Equation (9) for fracture lengths of 100 and 1000 feet, 
and compared to Cs determined by simulation of an extend­
ed flow period lasting 30 days. Early time (linear and
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transitional flow) l/C-t was matched to a finite conduc­
tivity vertical fracture type curve. The match points were 

used to determine dimensionless fracture conductivity, res­
ervoir permeability, and fracture length. These values 
were then used to calculate a pseudo-skin factor (sf) 

(35) .
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The stabilized performance coefficient (Cs ) was calcula­
ted using the pseudosteady state equation where :

Excellent agreement is obtained when compared to the simu­
lation results as shown in Figure 32.

As in the previous example, careful measurement of 

l/ct with time can be used in a manner analgous to pres­
sure to determine reservoir properties such as permeability 
and skin, which then can be used to determine Cg . As 

another example, a radial flow simulation was performed, 
and C-t- measured for 1, 2, 4, 6 and 8 hours of flow.
Inverse Ĉ. was plotted against the log of time and the 
slope of the line was used to determine kh and s, where:

C .703 x 10”6 kh
T |i z (In re/rw - .75 + s^) (10)

kh = 1-632 x 106 z II T
m (11)

s = 1.1513 [
1/Ct (At = 1 hr)

- log k + 3.2275]m
w (12)

The calculated kh and s matched the simulator values. • It 
should be noted that for n = 1, l/C-j- is equivalent to
"at" in the Forchheimer expression.
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Figure 32. Stabilized Performance Coefficient for a Finite Conductivity vertically Fractured
Gas Well
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A similar analysis for radial flow has been made for 

the case of non-Darcy flow. For "n" not equal to one a 
plot of ( 1/C-t) 1/n can be used in a similar manner as 

described above. The slope of a plot of (l/C-t)^/n vs 
log t is developed in Appendix C and is shown below:

— — 2% —• J__
m = 1.632 x 106̂ £l Q* “n~kh (13)

Where Q* is 1 MMscf/D, (l/C-t)^/n is the intercept at Q
equal 1 MMscf/D on the performance plot therefore, is anal­
ogous to a drawdown test at a rate of 1 MMscf/D. A plot of
( l/C-t ) l/n vs log t will result in a straight line for 
which reservoir properties can be determined using equation 
(11) or the line can be extrapolated to the stabilized per­
formance coefficient.

The stabilized performance coefficient can be deter­

mined by extrapolating a plot of 1/C-t̂ /n vs log t to 
the pseudo stabilization time (tpS) where (43):

376 <j) C r 2
t =-------      (14)ps k

It may be argued that this is not valid because the 
Forchheimer equation when plotted as log AP^ vs log q is 
not a straight line. However, practical flow rates in
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deliverability testing generally are only over one order of 
magnitude whereas it takes several orders of magnitude

change to observe the non-linear behavior of the 

Forchheimer equation. In other words, short segments of 
the Forchheimer plot can be represented as straight lines 
on a log AP^ vs log q plot, as is the case in deliver-

ability testing.
A number of isochronal and modified isochronal test 

data were plotted in this manner, and in all cases the 

plots resulted in straight lines for l/Ct.1/11 Vs log t. 
In addition, the procedure was verified by rigorous appli­
cation of the Forchheimer equation. The Forchheimer equa­
tion was used to generate pressures to be analyzed using
the Rawlins and Schellhardt back pressure expression.Large 
variations in flow rate, flow time, and reservoir proper­
ties were studied. In all cases a plot of vs
log t resulted in a straight line. The slope of the line

was able to reproduce the reservoir properties input if 
calculated for a constant rate of 1 MMCFD.

As an example. Figure 34 shows a plot of l/Ct^^n 
versus log t for a long term flow test from Cullender's 

paper. Gas Well No. 3 (2).
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EFFECTS OF WELLBORE STORAGE ON BACKPRESSURE TESTS

The effect of WBS (or after flow) on a backpressure 
test has been evaluated by correcting for the true sand 

face flow rate?

dpD (tD CD)
qsf = qsc [1 - CD - - d C —  ] (14)D

= i - c -in (t c ) (is)qsc D dt D, D

This analysis assumes, among other things, that friction 
losses are negligible or are constant.

Proper interpretation of the measured flowing bottom- 

hole pressure during a flow period can be made by multiply­
ing the surface measured flow rate by Equation (14).

dpt-} ( tp. / Cpv ) p 2 ft
[1 - C —  ---2-- 2_] q = C (P 2 - P ) (16)D dt sc i wfD

Evaluation of the derivative term in Equation (16) is 
given by Agarwal, et al (37).
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for short time

C dPD (tD-CD-S ) . 2 ftp ,
D dt CD V  *

(L. - i)
CD CD 2 (17)

for long time

c dPD(tp,CD,S) = - CP (t )+s] [CD( ]D dt D D 2 t 2

CD [t -C +s]2 t 2 D DD (18)

Given closer study it is clear that for constant time, the 
variation in sandface flow is dependent upon wellbore com­
pressibility. For cases with small variation in wellbore 

compressibility, the performance plot will be shifted to 
the right by a constant amount. The slope on a performance 
plot (or flow exponent) will not be in error. However, if 
drawdowns are large, wellbore compressibility may vary sig­
nificantly causing greater adjustment in sandface flow for 
higher rates (larger drawdown). This will result in a re­
duced slope (or overestimated flow exponent) on the perfor­
mance plot (Figure 34). WBS will lead to an erroneous
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interpretation and a significant overestimate in AOF.
It is recommended that backpressure tests be of 

sufficient duration to minimize the influence of after 
flow. As a rule, flow time should be greater than (38):

t > 60 C + s (19)WBS D
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CONCLUSIONS

1. Stabilized flow-after-flow and isochronal tests are 

valid.
2. Because in most instances flow-after-flow tests are not

stabilized (i.e., do not reach pseudosteady-state), 
they have error caused by continued influence of pre­
vious flow periods. The flow exponent, "n", is under­
estimated, and the performance coefficient is not rep­
resentative of the stabilized value. These errors do 
not permit a reliable estimate of well deliverability.

3. Modified isochronal tests have superposition error. 
However, for the modified isochronal test, with equal 
flow and shut-in periods, the error in "n" is 1/3 as 
great as that for the unstabilized flow-after-flow test 
with an equivalent flow period. The superposition 
error associated with the modified isochronal test can 
be reduced by decreasing the flow rate ratios, and use 
a normal flow sequence. Furthermore, typical modified 

isochronal tests use equal flow and equal shut-in 
times. This is not a necessary requirement. In fact, 
error in "n" can be reduced significantly for flow time 
to shut-in time ratios less than one.
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4. Isochronal and modified isochronal tests provide tran­
sient deliverability. An extended flow test or a com­

putational method of estimating the stabilized deliver­
ability is necessary. Most methods for predicting sta­

bilized deliverability from transient deliverability 
assume a radial flow geometry. Applying this flow 
assumption for a well having a finite conductivity ver­
tical fracture will result in an overestimate of sta­
bilized deliverability. Similarly, a linear flow 
assumption will cause an underestimate of deliverabil­
ity. The presence of finite conductivity fractures 
does not affect the flow exponent "n".

5. For Darcy flow the performance coefficient is inversly 
related to the pressure time function for the reser­
voir. The inverse performance coefficient can be used 
to determine reservoir properties in a manner analgous 
to pressure. For isochronal tests with a non-Darcy 
flow contribution ( l/C-t) l/n can be used in a man­
ner similar to pressure to determine reservoir proper­
ties. The stabilized performance coefficient can be 
determined by extrapolating a plot of ( l/C-^) vs 
log t to a time t equal to tpS.
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6 . For small wellbore compressibility, WBS will shift the 
performance plot, but will not affect the flow expo­
nent. For large drawdown, wellbore compressibility is 
likely to change significantly during each flow period. 
In this case, WBS will cause a reduction in slope on 
the performance plot. These errors will cause a signi­

ficant overestimate of AOF, It is recommended that 
flow times used in backpressure tests be greater than 
the time required for WBS effects to dissipate.
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RECOMMENDATIONS FOR FUTURE RESEARCH

Further study should be given to the cause and effect 

of non-Darcy flow on well flow behavior. It is this 
author's opinion that most non-Darcy Flow will occur in the 

completion. Little attention has been given to non-Darcy 
Flow in the well completion and much may be learned.

It is further recommended that this work be carried on 
to provide correction curves for backpressure tests influ­
enced by superposition error and non-Darcy effects.

It is also recommended that study be given to the 
effect of WBS considering a more rigorous approach than 
attempted in this work. Factors which may be included are 
frictional pressure loss variation, backpressure through a 
restrictive choke and etc.

LAKES LIBRM T
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NOMENCLATURE

a = coefficient of flow q, psia2/MMscf/D
a^ = transient value of a, psia 2/MMscf/D

b = coefficient of flow q 2, psia/(MMscf/D)2
= wellbore compressibility (psi” 1 )

c = average gas compressibility, (psi™ 1 )
CD = dimensionless WBS VWgCws/4)hcrw2

CtD or CgD = dimensionless performance coefficient =

1.422 x 106 ~[izT f------------- —  (C or C )
kh t s

Cs = stabilized performance coefficient,
MMscf/D/psia

Ct = transient performance coefficient,
MMscf/D/psia

D = Non-Darcy Flow turbulence factor.
k w

F = dimensionless fracture conductivity = ----CD kxf

h = formation thickness, ft
k = formation permeability, md

kg = fracture permeability, md

m = semi-log slope, MMscf/D/psia/cycle
M = slope of backpressure curveBP
AM = relative slope deviation of backpressure

BP curve caused by superposition error
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n = flow exponent (inverse slope of backpressure
curve, 1/Mb p )

'B = pressure base, psia
2 2

,. . pwfp = dimensionless pressure = ---------D 2
Pi %

pR = static reservoir pressure, psia

Ps = shut-in pressure, psia

p^£ = flowing well pressure, psia

q = flow rate, MMscf/Dsc

1.422 x 106̂ zT qsc
q = dimensionless flow rate = -------------------

kh p .2

Q* = flow rate for drawdown evaluation only

(l/Ct)1//n, MMscf/D

re = drainage radius, ft

rD = dimensionless radius = r/rw

r = wellbore radius, ftw
s = skin
sf = pseudo-skin for finite conductivity vertical

fractures

tg = flow time, hrs
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3 76<)>]Icr̂
pseudo-stabilization time, _________k

shut-in time, hrs

2.637 x 10- 4 ktf
dimensionless flow time = ----------------— — 2 

4 H G r*

2.637 x 10-1* ktf
dimensionless flow time = ----------------
(fractured well) i il c x2f

end of WBS, hrs

reservoir temperature, °R 

temperature base, °F 
reservoir temperature, °F

wellbore volume bbls

average gas viscosity, cp 
fracture width, ft 

fracture half length, ft

average gas compressibility 
porosity
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APPENDIX A

The principle of superposition has been used to deter­

mine the validity of flow-after-flow, isochronal, and modi­
fied isochronal tests. The diffusivity equation is a lin­
ear differential equation. As used here, the superposition 

principle states that adding solutions to a linear differ­
ential equation results in a new solution to that differen­
tial equation.

Ap = Apa + Apb + _ _ _ (A-i)

A flow-after-flow test which reaches Pseudosteady- 
state for each flow period can express the pressure differ­
ence squared for each flow period as:

(PR " Pwf2)l = qDlPR (ln rD - -75 + S)

(PR " Pwf2,2 = % 2 PR <ln rD - -75 + S)

(pR ~ pwf  ̂3 = qD3PR ^ln rD _ -75 + s ̂

(PR - Pwf2)4 = W r  U n  rD ' -75 + S) (A-2)

and is equivalent to:

(PR ' Pwf2)J = PR (ln rD - -75 + S) qDJ (A-3)
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__ O
where pR ( In r - .75 + s) is a constant. The slope of the 

Rawlins and Schellhardt backpressure is determined by:

, — 2  2  v / z —  2  2 »

. (PR - PwfVtPR - Pwf’ ,M = i£2_________ Ü_________
BP log qsc /qscSCJ SCJ-1

log (constant q )/(constant q )
scj scj -i

109 qscT/qscT .J J — 1
= 1 (A-4)

A unit slope for a stabilized flow-after-flow test demon­

strates its validity.
The squared pressure difference for a flow-after-flow 

test which does not reach Pseudosteady-state is rigorously 
determined using the principle of superposition where :

(p^ - p ^) = q p^ (— ) (In t + .8097 + s)R wf 1 Dl R 2 D

(p2 - p 2) = q p2 (— ) (In t + .8097 + s)R wf 2 D2 R 2 D

+ W r (I ) ln (2)

(pr ' pwf2)3 = W r  (è ) (ln tD + •8097 + s)

+ qD2PR (| ) ln (2)
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- Pwf 4 D4 R 2

'!>In ■1 »

tD

<è> In (2)

<l> In <!’
lï> In ❖ (A-5)

For transient flow pR = .

The slope calculated using flow period 1 and 4 is:

log
M

(Pr - Pwf)/(PR - PWf)1
BP log (q /q ) sc4 scl

= log. ^sc4 +
"in '!> ^scl

SC3 in (2)1) 
^scl

^scl m  tD + .8097 + s }/log (_5£l) 
^scl 
(A-6 )

and the relative error defined as the deviation from the 
correct slope:

AM
‘b S l  in (i) + ^ 2 1  in (2 ) + ^ 2 1  In (2) 

 ̂ ^sc4  ̂ ^sc4^sc4
BP In t^ + .8097 + s (A-7)



T-3228 84

An isochronal test requires stabilization during each 
shut-in period ; therefore, no superposition of the shut-in 

periods is necessary. The flow periods are in transient 
flow, and the squared pressure difference can be expressed 
as :

of the Rawlins and Schellhardt backpressure expression is:

q p ( — ) (In t + .8097 + s) D I R  2 D

W r  'l1 (ln S  + •8097 + s)

q p ( — ) (In t + .8097 + s) D3 R 2 D

q pz (±) (In t + .8097 + s) D4 R 2 D
( A-8 )

and is equivalent to:

2
J

p (_) (In t + .8097 + s) q
J
(A-9 )

where p (_) (In t + .8097 + s) is a constant. The slope

MBP
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log [(constant q )/(constant q )]
SGJ SCJ-1

= 1 (A-10)

The unit slope demonstrates the validity of an isochronal 
test.

To properly evaluate a modified isochronal, test, the 
principle of superposition must be applied to the flow and 
shut-in periods. The squared pressure difference for each 
flow period then becomes :

(p2 - p 2 ) = q p2 (1) (In t + .8097 + s)R wf^ D I R  2 D

(p 2- p 2 ) = q p 2 (i) (In t + .8097 + s)
S1 wf2 2 D2 R 2 D

+ q p2 (I) in 2<tf/ts) + 1
01 R 2 (tf/ts )2 + 2 (tf/ts) + ,

(p 2- p 2 ) = q p2 (-) (In t + .8097 + s)
S2 W 3̂ 3 D3 R 2 D

+ q p2 (— ) In 2(tf/ts) + 1
^  ^ 2 (t,/t^)2 + 2 (tf/t;) ^ ,

+ q p2 (i) In
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(p p  ̂ ) = q p2 (— )(In t + .8097 + s)
s3 wf4 4 D4 R 2 D

+ q ( — ) lnD3 R 2

+ q D25 R (I ) 10

+ q p2 ( — ) ln Dl R 2

2 ( tf  ̂+ 1
2 (tf/ts)+ 1

3(tf/ts)2+ 8
4 (tf/ts)2+ 8 (tf/tg)» 4

8 (tf^ts) + 18

9 + 18( tf//ts)+ 9
(A-ll)

where the squared pressure difference is the square of the 

previous shut-in period pressure (ps ) less the square of 

the flowing pressure (Pwf) at a specific time (tf). 
The slope calculated using flow period 1 and 4 is :

MBP

log

, 2  2 v /- 2 2.
W ,  s3~

log gsc^/gsc^

lsc4
scl

In 8 ( tf / tg ) + IS^f^s^ + 9 

gCtfZ-tg) + i8(tfZts) + 9

+ qsc2 ln 3(tf/ts  ̂ + a(tfZts ̂ + 4 
qscl 4(tf/ts)2+ 8 (tf/t ) +
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+ ^ 2 1  in
^sc4

2 ^f/tg) +

(t f / t a ) +2^tf//tŝ  + l
/(In t + . 8097+s ) / log , ?.c^ D qsc9

(A-12)

The maximum relative error defined as the deviation from 
the correct slope is:

AM =
Lscl InBP Vq sc4

+ ^  in 
^sc4

+ In

8 (tf//ts) + 18 ̂ tf/ts)+ 9
g/^f/tg) + 18^f/tg)+ 9

3(1f/ts ̂ + B ^ f ^ s ^ t  4
4(tf/tg)^+ g(tf/ts)+ 4

(t2/tf) s + 1 X

(tf/Zts) + 2 (tf//ts) + 1/
/ (In t + .8097 + s) D

(A-13)

For tf = t.

AMBP
scl
sc4 ln + q ln (il)

sc4

■SSl in (1 )
sc4

/(In t + .8097 + s) (A-14)
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APPENDIX B

Using the following dimensionless term definitions, a 

dimensionless Rawlins and Schellhardt backpressure expres­
sion can be derived :

1 .422 x 106 p. z T qsc
qD = ----------- 2---------khPR (B-l)

Ap =
-2 : 
PR " Pwf

D -2
R D (B-2)

Solving equation (B-l) for and equation (B-2) for

(Pr - Pwf ) results in:

^Dkhp?
q 1
SC 1.422 x 106 il z T (B-3)

PR - Pwf2 = Pi APD qD (B-4)

Substitution of equation (B-3) and (B-4) into the backpres­

sure expression (Equation 1), where n = 1 yields ;

kh = C Ap
1.422 x 106 11 z T (t or s) D (B-5)

If we define a dimensionless performance coefficient (Cp) 
as;
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C or C = 1 -422 * ^  Ct sD kh (t or s) (B-6)

Then the backpressure expression becomes

(Ct or Cs ) ApD = 1
D D

or

(CtD °r CsD ) = 1/Po (B-7)
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APPENDIX C

The Forchheimer expression

5R - Pwf2 = at + b *2sc (C-l)

can be set equal to the Rawlins and Schellhardt expression

PR - Pwf2 = U/«)1/n % c n (C'2)

resulting in

at qsc + b qsc = (1/c)1/n qscn (C-3)

Where

a = 1.631 x 106̂ I  log t t kh D

+ 1.140 x 106i ^  + 1.417 x 106̂ I  s kh kh (C-4)

and

b = 1.417 x 106^  Dkh (C-5 )

substituting at and b into equation (C-3) and solving for 

(l/c)1/11 results in



T-3228 91

l/n 6Ü5I.(1/C) [= 1.631 x 10 kh log t

|izT
+ 1.146 x 10 kh

e E L  1 ( P ^ )
+ 1.417 x 10 kh s] Q*

-,iT
+ 1.471 x 106 D Q* (C-6 )

A plot of (l/C)1/11 vs log t results in a slope.

Q. ( = = i )
m = 1.631 x 10 kh (C-7)


