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ABSTRACT

As waves propagate from a source to a receiver, traversing a scattering medium, they interact with the

inhomogeneities present in the medium. Depending on the scattering strength of the medium, or the

propagation time, different waves may be recorded at the receiver location. These waves range from direct

to single scattered to weakly multiple scattered to diffuse waves, and they contain information about the

medium through which they propagate. These different waves have been used to locate and image seismic

sources in strongly scattering media using the time-reversal method. This method consists of recording, at

discrete receivers, the wave forms generated by a source, time-reversing these signals, and sending these

signals back into the propagating medium (either physical or virtual) as new sources. Once the

time-reversed signals are propagated into the medium, all the way back to the excitation time of the

(original) source, the wave field is concentrated at the source location, provided the wave field is known on

a closed surface surrounding the medium. The resolution with which one images the source is limited by

the bandwidth of the wave field and the recording aperture. To deal with these resolution limitations, I

develop a weighted time-reversal method, that is aimed at optimally localizing the source in space and

time, within a given area. The weights compensate for the frequency content of the wave field and the

acquisition geometry of the experiment, at the expense of very large wave field amplitudes outside the area

on which I localize the source.

In addition to source focusing, one may want to describe the propagation of a wave field in strongly

scattering media. Such description, via wave field amplitudes and phases, is not always possible because

one may not know the location or characteristics of individual scatterers. If instead of wave field

amplitudes and phases, one considers wave energy, it is possible to describe the wave propagation on

average using the radiative transfer equations, which are based on energy conservation. These equations,

which are hard to solve numerically due to coupling between angular directions as well as wave modes,

describe the propagation of energy in a scattering medium as a function of space, time, direction of

propagation, and wave mode (if considering elastic waves). To solve these equations, I construct a

time-stepping algorithm with which I evolve the energy over time. To validate my numerical method, I

compare the solutions that I obtain with known solutions, and find good agreement.

Because my algorithm accounts for the direction of propagation and wave mode, I use my algorithm to

study the distribution of energy among propagation directions (valid for acoustic and elastic waves), and

among wave modes (valid only for elastic waves). I find that the distribution of energy among propagation

directions and wave modes, also known as the extent of equipartitioning, strongly depends on space and
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time. Thus, the equipartitioning of a wave field is not a global, but a local property. This local behavior

has implications for Green’s function reconstructions where one assumes that the noise field that one uses

in the reconstruction is equipartitioned. Because equipartitioning is a local rather than a global concept,

the accuracy of the Green’s function retrieval may be a function of space and time, contingent upon the

length of the time windows that are used in the reconstruction of the Green’s function.
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CHAPTER 1

INTRODUCTION

As waves propagate through a medium with inhomogeneities, they scatter, and travel through a

multitude of travel paths. Generally speaking, one can identify four types of wave propagation regimes,

either in terms of increasing scattering strength, or increasing propagation time, which I illustrate in

Figure 1.1. Firstly, there are direct (or ballistic) waves, which travel on the direct path connecting the

source and receiver locations. Secondly, singly scattered waves, which scatter once on the path from source

to receiver. Thirdly, weak to strong multiply scattered waves, which scatter multiple times on the path

from source to receiver. Lastly, di�use waves, which are a type of strong multiply scattered waves. These

waves have scattered so much that they lose track of their initial propagation direction and follow a

random-walk-like trajectory (Franceschetti et al., 2004).

Figure 1.1 Illustration of scattering regimes in terms of either scattering strength (red arrow) or
propagation time (blue arrow).

These di�erent wave types, and the information that they contain, have been used in passive

monitoring to locate and image seismic sources in strongly scattering media (Oren and Shragge, 2021),

through wave �eld focusing. In this thesis, I refer to focusing as the process by which an incident wave �eld

collapses, as well as possible, into a spatio-temporal delta function� (x � x0)� (t � t0) (Rose, 2002). In

simple terms, this de�nition says that focusing is the process by which a wave �eld becomes localized at a

given spatial location x0 at a given time t0. Other de�nitions of focusing also consider extended spatial

distributions (Bazargani and Snieder, 2016). Methods such as inverse scattering (Broggini et al., 2012),
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phase conjugation (Jackson and Dowling, 1991), inverse �ltering (Tanter et al., 2000; Tanter et al., 2001),

and time-reversal (Parvulescu and Clay, 1965; Fink, 1997) have been used to achieve source focusing. The

last of these methods has been thoroughly tested and found to be robust in strongly scattering media (Fink

et al., 2002). In Chapter 2 of this thesis, I place emphasis on a modi�ed version of the time-reversal

method, which I call weighted time-reversal.

Time-reversal (TR) techniques have been widely used in seismology to study source focusing. Some

applications include analysis of earthquake source mechanisms and location estimation (Lokmer et al.,

2009), monitoring of nuclear explosions and environmental applications (Larmat et al., 2010), microseismic

event location (Lu et al., 2008), reservoir monitoring (Shapiro, 2008), and reversed time migration

(Schuster, 2002). TR techniques have also found use in other �elds which include underwater acoustics

communication (Edelmann et al., 2005), three-dimensional elastic media communication (Anderson et al.,

2016), subsurface detection (Micolau et al., 2003), study of electromagnetic waves (Lerosey et al., 2004),

ultrasonic nondestructive testing (Chakroun et al., 1995), and real-time tracking of gallstones during

lithotripsy treatments (Fink et al., 2003). TR techniques were �rst experimentally developed by Parvulescu

and Clay (1965) in the �eld of underwater acoustics, and later formalized by Fink (1997). TR techniques

rely on the even order of the time di�erential operator in the wave equation and on spatial reciprocity

(Fink et al., 2002; Snieder, 2004), and perform well in heterogeneous media (Cassereau and Fink, 1992;

Blomgren et al., 2002). These techniques are based on the fact that one can transform the time variable

t ! � t to reverse the direction of time without altering the governing wave equation in non-dissipative

environments (Fink et al., 2002). This reversibility property allows one to time-reverse the wave �eld

recorded by a set of receivers all the way back to the point in time at which the wave �eld was generated.

The TR process consists of recording the wave form (generated by a source) at discrete receivers,

time-reversing the signal, and sending this signal back into the propagating medium (either physical or

virtual) as a new source. Ideally, the wave �eld that is sent back into the medium should focus at the

source locationx0 at excitation time t0, provided that one either has accurate knowledge of the medium

properties (numerical time-reversal) or one propagates the time-reversed signal back into the medium in

which the forward propagation took place (Fink et al., 2003). In practice, the wave �eld never truly

collapses into a point in space and time. The focusing is spatially (and temporally) limited due to the �nite

bandwidth of the wave �eld and the imperfect sampling geometries (e.g., one-sided recording) that are used

in seismology (Wapenaar et al., 2014). This focusing limitation is thewave di�raction limit , also known as

Abbe's di�raction limit, which states that focusing can not be achieved with a resolution better than half a

wavelength (�= 2) (Maznev and Wright, 2017).
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It has been a longstanding research question whether it is possible to achieve resolution better than the

di�raction limit to improve the spatial (and temporal) focal resolution. Some of the earliest ideas in the

matter were postulated by Francia (1952). They proposed the idea of imaging beyond the di�raction limit

using optimal circular array apertures. With these arrays, they optimally focused waves in a limited region

of space. However, they found that outside this region, the wave �eld becomes very strong. They showed

that if one increases the power of the circular arrays (with the goal of enhancing the focal resolution), the

wave �eld outside the region of interest becomes increasingly large. More recently, novel developments in

the optics community have shown that it is possible in practice to achieve resolution better than the

di�raction limit, a phenomenon which is referred to as super-resolution (Rogers and Zheludev, 2013). Some

of these developments include Near-Field Scanning Optical Microscopy (SNOM) where a scanning array

collects information of propagating and evanescent waves near the source (Pohl et al., 1984), negative index

super-lenses which allow transferring evanescent waves from the source to the image plane (Pendry, 2000),

and super-oscillatory imaging lenses which allow for imaging beyond the di�raction limit but often produce

adjacent side-bands (Rogers and Zheludev, 2013).

Achieving super-resolution would aid in enhancing focal resolution, which has implications for focusing

through human tissue (Thomas and Fink, 1996), acoustic source reconstruction (Antoni, 2012), localization

of moving sound sources in shallow water (Soares et al., 1999), and focusing in turbid media (Mosk et al.,

2012). Outside of the �eld of optics, several researchers have developed novel super-resolution techniques.

Lerosey et al. (2007) achieve super-resolution with far �eld time-reversal by placing random scatterers near

the source location, Lemoult et al. (2011) use acoustic resonators in the far �eld to achieve sub-wavelength

resolution of sound, Mimani et al. (2015) propose a sponge-layer time-reversal technique to improve

aero-acoustic time-reversal imaging, Schuster et al. (2012) introduce the idea of a seismic scanning

tunneling macroscope, analogous to SNOM, which requires scatterers in the vicinity of the seismic source,

and Guo et al. (2016) show that in the far �eld it su�ces to use resonant multiples in data migration to

achieve sub-wavelength resolution. All of these developments rely, one way or another, on either the use of

evanescent or strongly scattered waves. The former help retrieve the full wave �eld spectrum (Katrich,

2005), and the latter help with the source illumination (Fink, 2006). In practice, one does not always have

access to evanescent or strongly scattered waves. The evanescent waves decay very rapidly beyond the

near-�eld, and strongly scattered waves are only generated in strongly heterogeneous media.

To avoid using evanescent or strongly scattered waves in enhancing the focal resolution, I pose the

following question in Chapter 2 : is it possible to enhance the spatio-temporal focal resolution by

modifying the TR process? I formulate this question as a modi�ed Backus-Gilbert (BG) problem (Backus

and Gilbert, 1968), in the sense that I look for the optimal weights with which I can reconstruct a
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band-limited delta function in space and time (after time-reversal), robust to errors in the velocity model

and estimated source location. InChapter 2 I provide the answer to this question through numerical

experiments in homogenous as well as heterogeneous media. As I show inChapter 2 , it is indeed possible

to enhance the focal resolution, to some extent, through a weighted TR process, but this enhancement can

only be done locally in an area denoted the �eld-of-view (FOV). This FOV corresponds to a limited spatial

area on which I optimize the source focusing. Outside this area, large wave �eld amplitudes arise. This

wave �eld amplitude behavior suggests that the optimization of the focal resolution must be treated as a

local rather than global process. The work that I present inChapter 2 is linked to earlier work in

seismology such as that of Anderson et al. (2015) who achieve temporal focusing via deconvolution which

is implemented as an inverse �lter in the frequency domain, and that of Bazargani and Snieder (2016) who

minimize the di�erence between the backpropagated wave �eld and the time-reversed displacement �eld in

the near source region by searching for optimal signals to send into the medium.

While source focusing has been a useful tool in the passive monitoring of seismic sources (Anderson

et al., 2015; Douma et al., 2015), it is also of interest to understand (qualitatively and quantitatively) wave

�eld propagation in strongly scattering media. In such media, it is not always possible to compute wave

�eld amplitudes and phases, since one may not know the location or characteristics of individual scatterers

(for a discussion on the matter see Chapter 1 of Ishimaru, 1978). However, if instead of wave �eld

displacements, one pays attention to wave �eld energies, it is possible to describe the wave �eld

propagation on average, using the radiative transfer equations (RTE).

Figure 1.2 Schematic of the radiative transfer equations using energy conservation. The black arrow
indicates energy incoming from a propagation directionn̂. The dashed black arrow indicates energy that is
scattered along the same propagation direction ^n. The red arrows indicate energy scattered to other
propagation directions. The green arrows indicate energy incident from directions di�erent to n̂. The grey
dot represents a scatterer.
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The RTE are based on the principle of energy conservation (Turner and Weaver, 1994). In simple terms

one can represent the RTE through the following relation

[@t + vn̂ � r ]intensity = source � loss + gain: (1.1)

In expression 1.1,@t is the time derivative, v is the speed of propagation of the waves, ^n is the direction

along which energy advects, andr is the gradient operator. This expression states that as energy advects

along the propagation direction n̂ (left-hand side), it loses energy due to scattering to other directions and

gains energy due to scattering from other directions and from any sources that may be present. I illustrate

this energy principle in Figure 1.2. Formally, the RTE consist of a coupled system of integro-di�erential

equations where one solves for the wave intensity as a function of space, time, and angular direction (and

wave mode if dealing with elastic waves), assuming one knows the scattering mean free path(s), the angular

dependence of the scattering pattern(s), and the speed(s) of energy propagation.

Both acoustic and elastic formulations to the RTE have been studied (Gaebler et al., 2015; Margerin

et al., 2016; Zhang and Sens-Sch•onfelder, 2022), with most of the attention devoted to the acoustic

formulation. The elastic formulation is harder to study than the acoustic formulation, because there is

coupling not only in the angular direction but also in the mode of propagation due toP ! S and S ! P

mode conversions. The acoustic description to RTE has been used in astrophysics to analyze radiation

transport across cosmic dust in a wide range of astrophysical objects (Steinacker et al., 2002), in

atmospheric sciences to model solar radiation across clouds to better understand the evolution of sea

surface temperatures (Evans and Stephens, 1995), in optics to develop novel optical tomographic imaging

algorithms which allow diagnosis and treatment of biological tissues (Klose et al., 2002), in acoustics to

model the interaction of acoustic waves with the ocean bottom (Quijano and Zurk, 2009), in geophysics to

model infrared radiation across volcanic ash clouds (Prata, 1989), heat transfer in the mantle (Hofmeister,

2005), and scattering kernels in coda wave interferometry (Pacheco and Snieder, 2005; Rossetto et al.,

2011; Margerin et al., 2016; Snieder et al., 2019; Duran et al., 2020).

The last of these applications has gained much attention in the �elds of passive imaging and

non-destructive testing, because with coda wave interferometry it is possible to localize (to some extent)

the time-lapse changes in medium properties (Pacheco and Snieder, 2005; Plan�es et al., 2014; and Margerin

et al., 2016). To this end, one solves an inverse problem (i.e.,d = Gm ), where one seeks to retrieve a

model m, from data d, using a forward operator G. In the context of coda wave interferometry, the data is

the average time-shift (within a given time window) between wave forms recorded before and after the

time-lapse change, the model is the localized perturbation, and the forward operator is the scattering

kernel (Snieder et al., 2019). This kernel is a function of the spatial coordinatex, the location of the source
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x s, the receiver x r , the time window over which the travel time shift is measured, as well as on the wave

intensities, which are the solution to the RTE. Because with RTE it is possible to describe the

spatio-temporal-angular distribution of the wave intensities, solving these equations has become important

in the construction of accurate scattering kernels (Margerin et al., 2016; Zhang et al., 2021).

Several numerical techniques have been developed to model the RTE. These include the discontinuous

Galerkin �nite element method (Clarke et al., 2019; Han et al., 2010), Markov chain Monte Carlo

(Iwabuchi, 2006; Xu et al., 2011; Camps and Baes, 2018; Noebauer and Sim, 2019; Przybilla and Korn,

2008; Yoshimoto, 2000), �nite di�erence (Klose and Hielscher, 1999), and wave equation modeling, whereby

one exploits the connection between the acoustic wave equation and the acoustic RTE (Przybilla et al.,

2006; Kanu and Snieder, 2015; Snieder et al., 2019; Duran et al., 2020). In addition to these numerical

techniques, several authors have derived analytical approximations to the acoustic RTE. These

approximations include assuming a point-like, isotropic, impulsive source of intensity in a statistically

homogeneous medium (Margerin et al., 2016), expanding the intensity and scattering function into a �nite

sum of Legendre polynomial and then solving a �nite system of equations for the unknown coe�cients

appearing in a truncated expansion (Roberge, 1983), decomposing the speci�c intensities into a sum of

partial intensities and then solving the RTE for each partial intensity assuming that scattering is

angle-independent and that the source is isotropic (Paasschens, 1997), assuming a steady-state intensity

�eld (Fan et al., 2019; Le Hardy et al., 2016), assuming azimuthal symmetry (Baes and Dejonghe, 2001;

de Abreu, 2004), or assuming that the wave propagation is di�usive, which is only valid at times much

larger than the transport mean free time (Rossetto et al., 2011; Plan�es et al., 2014). These theoretical

developments, though insightful and meaningful in some particular applications, can not always be

generalized due to the assumptions that they require.

To address some of the analytical limitations mentioned above, I propose an e�cient time-stepping

algorithm in Chapter 3 to solve the acoustic RTE. This algorithm is based on transforming the acoustic

RTE into integral equations for the speci�c intensities, following the work of Paasschens (1997), and then

evolving the speci�c intensities over time. This algorithm consists of computing the speci�c intensities at

time t, from the speci�c intensities at t � � t . The relation between the intensities at time t and t � � t is

given by a time-stepping matrix which arises due to the discretization over angular directions. The

numerical algorithm that I propose is valid for di�erent types of initial condition, as well as

angle-dependent scattering, and non-uniform (in space) scattering. While with my time-stepping algorithm

I do not currently handle boundary conditions, they can be incorporated into the algorithm using energy

conservation.
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The elastic RTE has been mostly restricted to seismological applications. Some of the earliest work was

done by Wu and Aki (1985). They introduce the RTE in seismology to describe the generation of seismic

coda as seismic waves scatter through the heterogeneous Earth's structure. Sato et al. (1997) used the

elastic RTE to derive semi-analytical expressions of the energy density due to a point shear-dislocation

source. Margerin et al. (2000) used Monte Carlo simulations to study the multiple scattering of elastic

waves via the elastic RTE. Przybilla et al. (2006) solve the elastic RTE using a Monte Carlo method and

compare their results to �nite di�erence modeling of elastic waves in a two-dimensional (2-D) random

medium. Yamamoto and Sato (2010) use elastic RTE to study the scattering properties of the Asama

volcano in Japan. In addition to the applications mentioned above, the RTE have been used to study the

late time behavior of acoustic and elastic energy in strongly scattering media. Ishimaru (1978) showed that

for late times, when the wave propagation is almost independent of direction, and is nearly stationary in

time, the acoustic RTE lead to di�usive energy transport. Similarly, Ryzhik et al. (1996) and Turner and

Weaver (1994) derived the di�usion approximation to the elastic RTE. As elastic waves are scattered more

and more, the energy of the waves equilibrates between wave modes and propagation directions. This

equilibration is referred to as equipartitioning. Ryzhik et al. (1996) showed through the elastic RTE that

the ratio of the total S to the total P energy of elastic waves converges to 2v3
p=v3

s in three dimensions (3-D)

regardless of the scattering properties of the medium or the type of source that releases the energy. Weaver

(1982) and Snieder (2002) also derived this ratio without invoking the RTE. Zhang et al. (2021) showed

that in 2-D this ratio converges to v2
p=v2

s . Margerin et al. (2000) investigated the time evolution of the

ratio Es(t)=Ep(t), via Monte Carlo simulations of the elastic RTE, as a marker of di�erent scattering

mechanisms.

The concept of energy equipartitioning has also been a topic of discussion in seismic interferometry.

The main idea behind seismic interferometry is that one can retrieve the causal and anti-causal Green's

function propagating between receiver locationsA and B by cross-correlating noise recorded at such

locations. In seismic interferometry, one assumes that the noise has no preferred propagation direction

(Wapenaar et al., 2010). If these assumptions hold, one should retrieve, via cross-correlation, symmetric

causal and anti-causal Green's functions (Weaver and Lobkis, 2004). In this thesis, I refer to

equipartitioning as either the equal distribution of energy along angular directions (valid for both acoustic

and elastic waves), or the stabilization of energy between the available wave modes (only valid for elastic

waves). Snieder et al. (2010) showed that while equipartitioning is necessary for Green's function retrieval,

it is not su�cient. This is because the process of Green's function extraction also requires that the noise

sources are uncorrelated. Equipartitioning, of both acoustic and elastic waves, has been experimentally,

numerically, and theoretically studied in �elds such as acoustics and seismology due to its importance in
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Green's function reconstruction. Weaver and Lobkis (2001) proposed to perform such reconstruction in an

ultrasonic experiment using thermal �eld 
uctuations, assuming that such �eld is equipartitioned. Snieder

et al. (2007) illustrated, heuristically, the role that equipartitioning plays in the Green's function retrieval.

Stehly et al. (2006) showed that the noise, which one may use to reconstruct Green's function near

coastlines, radiates preferentially away from storms at the oceans. This preferential directionality of the

noise radiation a�ects the symmetry of the Green's function that one retrieves, especially if the noise �eld

that one uses is uni-directional and not evenly distributed. Malcolm et al. (2004) experimentally

reconstructed, in a laboratory setting, Green's functions in a highly scattering medium using time windows

ranging from ballistic to di�usive to equipartitioned waves. They showed that the reconstruction of the

causal and anti-causal components of the Green's functions is only possible when the waves are

equipartitioned. Sens-Sch•onfelder et al. (2015) studied the equipartitioning of the late coda in teleseismic

events. They found that even at late times the seismic waves propagate with a preferred direction. This

directionality causes seismic interferometry to fail in reconstructing the Green's function unless both the

earthquake and receiver are located along the preferred direction of propagation. Generally speaking, in

the �eld of seismic interferometry, researchers assume that equipartitioning occurs globally, which is almost

never the case for open or very large systems, such as the earth. Weaver (2010) introduced conceptually

the idea of local equipartitioning for open/large systems. Because the degree of equipartitioning is a

function of space and time, depending on the amount of scattering, the mismatch between the numerical

and true Green's function is also a function of space and time, contingent upon the length of the time

intervals that one uses in the Green's function reconstruction.

Due to the signi�cance of the elastic RTE in seismology, I extend the algorithm that I develop in

Chapter 3 , to include elastic waves inChapter 4 . I focus on the 2-D case, though one could extend the

algorithm to 3-D. Similar to the acoustic algorithm, I transform the elastic RTE into integral equations for

the P and S speci�c intensities, and then derive a time-stepping algorithm with which I evolve the P and

S speci�c intensities. The time-stepping matrix that I obtain with this algorithm is a generalized version of

the time-stepping matrix for the acoustic algorithm, and it accounts for P ! P, S ! P, P ! S, and

S ! S scattering. I test this algorithm against the di�usive approximation to the elastic RTE, the

equipartitioning ratio, and expressions for the total P and S energy (Sato et al., 2012). Since with the

acoustic and elastic time-stepping algorithms that I develop it is possible to describe the

spatio-temporal-angular evolution of the energy, I use these algorithms to investigate the idea of local

equipartitioning. In Chapter 3 I investigate the angular equipartitioning of energy, via the acoustic RTE,

as a function of space and time. I show, as suggested by Weaver (2010), that one needs to consider

equipartition as a local rather than global process. I introduce the equipartitioning index � in Chapter 3
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to measure the distribution of energy among propagation directions as a function of space and time, and

show numerically that for a localized source, even at timest � � s, where � s is the time scale over which

scattering occurs (i.e., the scattering mean free time), the energy �eld does not reach global equipartitioning

for the simulation set-up that I consider. In Chapter 4 I follow up the work conducted in Chapter 3 to

study the angular equipartitioning of P and S waves, via the elastic RTE, using the equipartitioning index

� . In addition to angular equipartitioning, I also numerically investigate the equipartition of energy

betweenP and S wave modes as a function of space and time, and �nd that it takes much longer for the

local equipartitioning ratio, as compared to the global equipartitioning ratio, to reach the theoretical value

of v2
p=v2

s . As in Chapter 3 , I show in Chapter 4 , that even at times much larger than the P and S

scattering mean free times, the energy �eld does not reach global equipartitioning for the numerical

simulations that I consider. The local behavior of both angular and modal equipartitioning implies that

the accuracy with which one retireves Green's function is also a function of space and time (Weaver, 2010).

In Chapter 3 and Chapter 4 , I only consider propagation times less than the time it takes the energy

of the source to reach the computational boundary, and assume spatially uniform scattering. While such

assumptions are valid for particular problems, there are scenarios where one might want to incorporate

re
ection at boundaries or spatially non-uniform scattering. It is possible in practice, though not simple, to

enhance the algorithms inChapter 3 and Chapter 4 to handle the scenarios mentioned above using

energy conservation. For instance, to enforce a re
ective boundary, one can require the energy re
ecting o�

the boundary to be the same as the energy that is incident on the boundary. Similarly, one could extend

the algorithms presented inChapter 3 and Chapter 4 to handle layered velocity models. To do this, one

would solve the RTE independently in each of the layers, and then at the interfaces enforce that the sum of

the 
uxes of the incoming waves be the same as the 
ux of the outgoing waves (Margerin, 2005). To enforce

the conservation of the energy 
ux, one would need to specify re
ection and transmission coe�cients such

that the incident energy at the interface equals the sum of re
ected plus transmitted energy.

In Chapter 5 , I explore the use of machine learning to model the RTE. In 2-D and 3-D the acoustic

RTE consists of a system of many coupled integro-partial di�erential equations. In 2-D and 3-D, one

truncates the acoustic RTE into a �nite set of N coupled integro-partial di�erential equations, and then

one numerically solves this system. Due to computational limitations, this large coupled system is

currently very expensive to solve through machine learning. To proptype the application of machine

learning to the RTE, I consider the 1-D RTE, which consists of a coupled system of two partial di�erential

equations (right and left going waves). With machine learning one aims to learn the relationship between

input and output data pairs. To learn this mapping one usesArti�cial Neural Networks (ANNs), which

were inspired by biological neural networks (Mishra and Srivastava, 2014). ANNs consist of a collection of
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nodes, denotedneurons, connected through a series of layers. To inform ANNs about the desired mapping

one constructs apenalty function which quanti�es the di�erence between the current output and the

desired output. One then updates (i.e., the training algorithm) the ANNs until the penalty function is

below some threshold. Physics Informed Neural Networks (PINNs), a machine learning technique, have

become a popular tool to compute the solutions to complicated ordinary and partial di�erential equations

(Raissi et al., 2019), subject to initial and/or boundary conditions, and have found use in the modeling of

the Navier-Stokes equations (Jin et al., 2021), Helmholtz equation (Song et al., 2021), Euler equations

(Jagtap et al., 2020), Eikonal equation (Waheed et al., 2021), and Schr•odinger's equation (Wu et al., 2022).

The main idea behind PINNs is to train a neural network so that its output satis�es some given physical

law, as well as initial and/or boundary conditions (Raissi et al., 2019). Historically speaking, two di�erent

approaches have been used in the �eld of PINNs. The simplest approach is that of Raissi et al. (2019),

denoted as thesoft-constraints approach. In this approach, one assesses the mismatch of the initial and

boundary condition through a penalty function. As an alternative, Lu et al. (2021) proposed a

hard-constraints approach, in which one incorporates the initial and boundary conditions within the neural

network architecture, thereby satisfying the initial and boundary condition exactly. I propose a

mixed-constraints approach to solve the 1-D RTE, where the initial condition is handled exactly, and the

boundary condition mismatch is incorporated in the penalty function. In Chapter 5 I show that this

approach outperforms the soft-constraints approach. Although I focus on the 1-D RTE inChapter 5 , I

perform several numerical tests of increasing di�culty to assess the future capability of PINNs to model

RTE in realistic scenarios in higher dimensions.

1.1 Thesis Outcomes

I present the outcomes of this thesis in Chapters 2 through 5, listed as follows

1. Chapter 2: Jaimes, M. A. and R. Snieder, 2021. Spatio-temporal resolution improvement via

weighted time-reversal. Wave Motion. 106:102803.

2. Chapter 3: Jaimes, M. A. and R. Snieder, 2023. Illustration of Di�usion and Equipartitioning as

Local Processes: A Numerical Study Using the Radiative Transfer Equations. The Journal of the

Acoustical Society of America (Accepted pending minor revisions).

3. Chapter 4: Jaimes, M. A. , and R. Snieder, 2023. Angular and Modal Equipartitioning of Elastic

Waves in Scattering Media: A Numerical Study Based on Energy Transport. The Journal of the

Acoustical Society of America (to be submitted).
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4. Chapter 5: Jaimes, M. A. , R. Snieder, and Wu Fung S., 2023. Application of Physics Informed

Neural Networks to the 1-D Radiative Transfer Equations. The European Journal of Physics (to be

submitted).

In Chapter 6 I provide a general overview of this thesis, �nal conclusions, and possible future research

directions.
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CHAPTER 2

SPATIO-TEMPORAL RESOLUTION IMPROVEMENT VIA WEIGHTED TIME-REVERSAL

Reproduced with the permission of the Journal of Wave Motion1.

Manuel Jaimes-Caballero2, and Roel Snieder3.

2.1 Abstract

We formulate resolution enhancement as a modi�ed Backus-Gilbert inverse problem and determine the

optimal complex weights that improve focusing of waves in space and time. The optimization corrects for

receiver geometry. If we accurately know the location of a control point in the subsurface we can use the

corresponding optimal weights to achieve enhanced focusing in a prescribed target zone surrounding the

control point. Errors in the back propagation velocity and noisy data degrade the quality of focusing. The

optimal wave �eld shows a blow-up behaviour outside the optimization area. We show di�erent measures of

resolution to estimate the compression of the focal spot. The optimized weights amplify the high

frequencies, but the algorithm also improves the focusing for monochromatic waves. At all frequencies our

algorithm improves the resolution of the focal spot. We also show that for a uniformly sampled line array

and a homogenous medium, the weights used to enhance resolution have a negligible imaginary part and

that they are oscillatory across the array used. To fully test the robustness of our algorithm, we also

consider focusing in a heterogeneous medium with embedded scatterers and an irregular receiver line, and

show that in this scenario we are also able to attain focusing improvement.

2.2 Introduction

Locating and imaging seismic sources has long been of interest in quantitative seismology and acoustics.

Typically one uses the information contained in the wave motions caused by an earthquake to image that

earthquake. Methods widely used to achieve source focusing include inverse scattering (Broggini et al.,

2012), phase conjugation (Jackson and Dowling, 1991), the inverse �lter (Tanter et al.; Tanter et al., 2001;

2000), time-reversal (Fink; Parvulescu and Clay, 1997; 1965), and beam forming (Billingsley and Kinns;

Capon, 1976; 1969). The latter two methods can be thought of as related processes (Jin et al., 2007;

Viteri-Mera and Teixeira, 2017; Xu et al., 2018). In this chapter we will mostly refer to time-reversal

techniques but relevant analogies can be made to beam forming techniques. Further, we note that many

other techniques in �elds such as optics and wireless communications have been developed to enhance
1Reprinted with permission of Journal of Wave Motion, 106:102803. See appendix for details.
2Graduate student, primary researcher, and author at Department of Geophysics, Colorado School of Mines.
3Supervisor at Department of Geophysics, Colorado School of Mines.
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focusing. One technique that is useful as an analogy to the method we propose is spatial light modulation

where one modi�es the amplitude and phase of incident mono-chromatic waves to achieve spatial focusing

upon propagation through an imaging system (Chung and Kim, 1999).

Seismologists often use time-reversal (TR) techniques for source focusing. Applications in seismology

include analysis of earthquake source mechanisms and location estimation (Lokmer et al., 2009),

monitoring of nuclear explosions and environmental applications (Larmat et al., 2010), microseismic event

location (Lu et al., 2008), reservoir monitoring (Shapiro, 2008), and reversed time migration (Schuster,

2002). Other applications of TR techniques include underwater acoustics communication (Edelmann et al.,

2005), three-dimensional elastic media communication (Anderson et al., 2016), subsurface detection

(Micolau et al., 2003), study of electromagnetic waves (Lerosey et al., 2004), ultrasonic nondestructive

testing (Chakroun et al., 1995), and real time tracking of gallstones during lithotripsy treatments (Fink

et al., 2003).

TR techniques, as �rst developed by Parvulescu and Clay (1965) and then expanded by Fink (1997),

rely on the even order of the time di�erential operator in the wave equation and on spatial reciprocity

(Fink et al., 2002; Snieder, 2004), and are valid both in homogeneous and inhomogeneous media

(Cassereau and Fink, 1992; Blomgren et al., 2002). As a result, it is possible to reverse the direction of

time without altering the governing wave equation in non-dissipative environments (Fink et al., 2002).

This reversibility allows one to time-reverse data recorded at an array to estimate the location of sources.

The time-reversal process consists of recording the physical signal at discrete receivers, time-reversing it,

and sending back the time-reversed signal into the medium as a new source.

Optimally, the wave that one sends back to the medium should focus at the location where the event

originated at time t = 0 provided one has an accurate knowledge of the velocity of the medium in which

propagation takes place. However, even under ideal conditions, the focusing is spatially limited by the

dominant wavelength of the wave �eld. This limit is the wave di�raction limit , which states that focusing

can not be achieved with a resolution better than half a wavelength (�= 2) (Maznev and Wright, 2017).

Francia (1952) proposed the idea of imaging beyond the di�raction limit using optimal circular array

apertures. However, this concept was not applicable at the time due to practical limitations regarding the

large power required for the focusing. Recent tests in the optics community have shown that it is possible

in practice to go beyond the di�raction limit to achieve super-resolution, which is of importance in the

inverse source problem as well as conventional seismic imaging. Several seismological and non-seismological

applications can bene�t from the development of super-resolution techniques. These include the

applications mentioned above but also other applications in which improving the resolution of the focusing

at the source is desirable, such as focusing through human tissue (Thomas and Fink, 1996), acoustic source
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reconstruction (Antoni, 2012), localization of moving sound sources in shallow water (Soares et al., 1999),

and focusing in turbid media (Mosk et al., 2012). New optical super-resolution technologies include

Near-Field Scanning Optical Microscopy (SNOM) where a scanning array collects information of

propagating and evanescent waves near the source, negative index super-lenses which allow transferring

evanescent waves from the source to the image plane, and super-oscillatory imaging lenses which allow for

imaging beyond the di�raction limit but often produce adjacent side-bands (Rogers and Zheludev, 2013).

Several researchers in the �eld of acoustics have also developed novel super-resolution techniques. de Rosny

and Fink (2002) overcome the di�raction limit by combining a time reversal mirror with an acoustic sink,

Lerosey et al. (2007) achieve super-resolution with far �eld time-reversal by placing random scatterers near

the source location, Conti et al. (2007) propose a near-�eld time-reversal approach which combines an

acoustic sink with near �eld acoustic holography (NAH), Lemoult et al. (2011) use acoustic resonators in

the far �eld to achieve sub-wavelength resolution of sound, Mimani et al. (2015) propose a sponge-layer

time-reversal technique to improve aeroacoustic time-reversal imaging, and Mimani (2021) propose an

iterative version of the work by Mimani et al. (2015). In the seismological community Schuster et al.

(2012) introduce the idea of a seismic scanning tunneling macroscope, analogous to SNOM, which requires

scatterers in the vicinity of the seismic source, a near-�eld technique. To overcome the near-�eld limitation,

Guo et al. (2016) show that in the far �eld it su�ces to use resonant multiples in data migration to achieve

sub-wavelength resolution. These developments, though insightful, depend on the presence of evanescent

waves for near-�eld (Schuster et al., 2012) or strongly scattered multiples for far-�eld (Guo et al., 2016).

To understand how we can attain enhanced resolution without evanescent waves or a strongly

heterogeneous medium we pose the following question: Can we �nd frequency-dependent complex weights

for each of the discrete receivers such that after time reversal, the focal spot at the source location

resembles a delta function as closely as possible?. We formulate this question as a modi�ed Backus-Gilbert

(BG) problem (Backus and Gilbert, 1968), in the sense that we search optimal weights that allow for

reconstruction of a band-limited delta function in space and time, robust to errors in the velocity model

and estimated source location. This is similar to weight optimization in beam forming where several

authors have made use of BG techniques with the goal of focusing at a desired location (Wilson, 1995;

Sekihara et al., 2005; Huang et al., 2003). Van Veen and Buckley (1988) give an extensive discussion on

widely used beam forming techniques. Note that in conventional beam forming one typically addresses

spatial focusing (monochromatic pulses or narrow band data) whereas this paper addresses spatio-temporal

focusing (polychromatic pulses or wide band data). Some research has been developed in the area of wide

band beam forming (Bucris et al., 2012; Hawes and Liu, 2014; Rasekh and Seydnejad, 2014; Liu et al.,

2019) but more work remains to be done to attain an understanding of spatio-temporal focusing via beam
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forming (Liu and Weiss, 2010). Our approach is also linked to earlier work in the seismological community.

Anderson et al. (2015) achieve temporal focusing via deconvolution which is implemented as an inverse

�lter in the frequency domain. Bazargani and Snieder (2016) minimize the di�erence between the

backpropagated wave �eld and the time-reversed displacement �eld in the near source region by searching

for optimal signals to send into the medium.

This chapter is structured as follows: In section 2.3 we formulate the optimal weights needed to achieve

improved focusing. Next, in section 2.4 we show the improvement of focusing in a standard seismic

geometry when we use the optimal weights and estimate whether we obtain local or global focusing. We

present a sensitivity analysis in section 2.5 where we consider errors in source location and medium

velocity, as well as noisy data. We illustrate di�erent metrics of resolution in section 2.6. Our results show

not only the boosting of high frequencies but also the modulation of the source signal at all frequencies,

which results in resolution improvement even for monochromatic waves. In section 2.7 we show the

frequency variation of the spectrum of the weights for four receiver locations along with the variation of the

weights across the receiver array for di�erent frequencies. We relate the spatial dependence of the weights

along the receiver line to Tchebysche� polynomials used in beam forming, and discuss how our algorithm is

advantageous in the case of irregular arrays. In section 2.8 we apply our method to focusing in a

heterogeneous medium, and show how focusing is improved. We discuss the e�ectiveness of the optimal

weights in time-reverse imaging in section 2.9.

2.3 Theory

Consider a source located atx0 which emits a pulseS(t) at t0 = 0. The time-reversal imaging operation

in the time domain where the signal recorded by each receiver,G(x i ; t; x0) � S(t), is time reversed (i.e.,

G(x i ; x0; � t) � S(� t)) and sent back into the medium from receiveri reads (Fink and Prada, 2001)

f i (x ; x i ; t) = G(x; x i ; t) � (G(x i ; x0; � t) � S(� t)) : (2.1)

The index i speci�es a particular receiver, the symbol "� " implies temporal convolution, and x speci�es

the location of the grid point in the �eld of view (FOV), see Figure 2.1. G(x; x i ; t) corresponds to the

Green's function between receiveri and the location x in the FOV. Notice that although we use a focusing

function which corresponds to unweighted time-reversal, one may use other focusing functions. Following

Francia (1952) and Rogers and Zheludev (2013), we only optimize the focusing in the FOV.

We use the following convention for the Inverse Fourier Transform

f (t) =
Z + 1

�1
F (! )e� i!t d!: (2.2)
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Figure 2.1 Illustration of the TR experiment geometry for n receivers. We optimize focusing in a small area
(FOV) around the source within the propagation medium. � i is the frequency dependent complex weight
assigned to thei th receiver to optimize focusing.

For a point impulsive source, assuming perfect sampling in space and time (i.e., a continuous cavity and

in�nite bandwidth), a full aperture (i.e, all possible illumination angles), and a wave �eld whose focusing is

not di�raction limited, the time-reversal operation leads to perfect focusing, namely

X

i

f i (x ; x i ; t) = � (x � x0)� (t); (2.3)

which corresponds in the frequency domain to

X

i

Fi (x ; x i ; ! ) = � (x � x0): (2.4)

Recall that equation 2.4 only holds for a wave �eld which is not di�raction-limited and that is fully

sampled in space and time. In the real world we deal with imperfect sampling geometries and

di�raction-limited focusing. In order to enhance focusing we use frequency-dependent complex weights� i

which improve the localization of the time-reversed wave �eld, replacing equation 2.4 by

X

i

� i (x i ; ! )Fi (x ; x i ; ! ) = � (x � x0): (2.5)

Notice that we want to achieve spatial focusing for each frequency under consideration. To construct a

band-limited delta function given a �nite set of measurements we use a modi�ed version of the

Backus-Gilbert (BG) method (Backus and Gilbert, 1968), in which we minimize the following objective

function for every angular frequency!

J (x; x0; !; �; � ) =
X

i

jx � x0j2j� i (x i ; ! )Fi (x ; x i ; ! )j2 + �
� X

i

� i (x i ; ! )Fi (x ; x i ; ! ) � � (x � x0)
�

: (2.6)
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We simultaneously minimize the objective function J at discrete points x in the FOV rather than

minimizing the integral of J over FOV (as it is typically done in BG theory). This choice of minimization

guarantees that we approach the desired band-limited delta function in a point-wise fashion. We minimize

this objective function in terms of the complex weights � i and a Lagrange multiplier � . By minimizing the

�rst term of equation 2.6 we force the energy of the weighted TR wave �eld to be zero at all points except

at the source location. The second term forces the amplitude of the TR wave �eld to be non-zero at the

source.

Next, we consider the partial derivatives of J with respect to the optimization parameters

@J
@��i

=
X

j

jx � x0j2� j (x j ; ! )Fj (x ; x j ; ! )F �
i (x ; x i ; ! ) + �F �

i (x ; x i ; ! ); (2.7)

@J
@�

=
X

j

� j (x j ; ! )F �
j (x ; x j ; ! ) � � (x � x0); (2.8)

here the superscript � implies complex conjugation. The subscriptsi; j specify receivers from which the

incident wave �eld is time-reversed.

To minimize the objective function we set the partial derivatives in equations 2.7 and 2.8 equal to zero

and solve this system of equations simultaneously for all grid points in FOV. These equations are written as

2
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(2.9)

here 1� k � M , k is the grid point x in the �eld of view where we evaluate equations 2.7 and 2.8,M is the

number of grid points in the �eld of view, and N is the number of receivers. The superscript inF speci�es

the corresponding grid point whereas the subscript speci�es the receiver number. The only non-zero

element in the vector on the right-hand side of equation 2.9 corresponds to settingx = x0 in equation 2.8.

Ultimately, we look for solutions to equation 2.9 that minimize jjA � � bjj2 in the least-squares sense. The
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solution vector � is found for each frequency independently, and contains the frequency-dependent complex

weights � i and the lagrange multiplier � .

Figure 2.2 Comparison of standard TR (left) and optimal TR images (right) for � � 80m at FOV. Notice
the improvement of the focusing with the optimal weights.

2.4 Focusing in homogeneous media

To simulate a typical seismic scenario, consider Figure 2.1. This array illuminates the source at limited

angles. We consider an array far away from the source (about 19 dominant wavelengths). Here we �rst

consider a homogeneous acoustic medium. We perform the simulation and optimization using the Green's

function G2D (r ; r 0) which gives the outgoing wave solutions of the 2-D Helmholtz equation for our choice

of Fourier transform convention,

G2D (r ; r 0) =
� i
4

H 1
0 (kjr � r 0j); (2.10)

where H 1
0 denotes the �rst Hankel function of degree zero (Snieder and van Wijk, 2015). We use 101

receivers, placed symmetrically above the source between� 1000 and 1000 m, and located at a vertical

distance of 1500 m from the source. For the FOV we use a box located from� 50 to 50 m in the horizontal

direction and 1450 to 1550 m in the vertical direction, with a grid spacing of 5 m in both directions. We

use an acoustic medium with constant velocityv=1000 m/s, frequency ranging from 0.32 Hz to 40 Hz with

a spacing of 0.32 Hz, and a source wavelet with peak frequency of 12.73 Hz. Throughout this section and

the rest of the chapter we refer to pressure amplitude as amplitude.

We expect the weights to amplify the high frequency content of the signal, and correct for incomplete

wave �eld sampling and illumination angles. Figure 2.2 shows the comparison of optimal and standard
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Figure 2.3 Cross section at source level for standard and optimal focusing. Optimal half-width (red line) is
below half the dominant wavelength � 40 m. Standard half-width (green line) is about 3=4 of the
dominant wavelength. The two headed black arrow indicates one full dominant wave length.

focusing. The focal spot that we obtain with the algorithm that we propose, has a better resolution than

the one we obtain with standard time-reversal. This �gure demonstrates that the weights help achieve

improved localization of the source. To show in detail the improvement of the focal resolution we show in

Figure 2.3 a cross-section at the source level for the panels in Figure 2.2. The focal spot that we obtain with

our algorithm shows a compression of about a factor of 2 relative to standard time-reversal. This focal spot

is resolved with a resolution below the dominant wavelength. Besides compression of the focal spot, our

algorithm reduces the side-lobes within the FOV. To estimate whether we achieve local or global focusing

we calculate the weights for the FOV in Figure 2.1 and analyze the standard and optimal time-reversed

wave �elds in a larger area. Figure 2.4 shows the standard and optimal time-reversed wave �elds for an

area larger than FOV. The amplitude of the optimal time-reversed wave �eld inside FOV is masked by the

amplitudes outside FOV. To better illustrate this behavior consider Figure 2.5 where we show the

cross-section at the source level of the optimal time-reversed wave �eld from Figure 2.4. Notice that

outside the FOV side lobes appear with amplitudes greater than the wave �eld inside the FOV, including

the source location (x = 0), as pointed out above. This implies that we are only able to achieve local

focusing in the vicinity of the source rather than everywhere in the medium. One could potentially increase

the size of FOV to achieve a more global focusing at the expense of computational power (i.e., more data

would be involved in the computation of the optimal weights assuming the grid spacing remains the same).

This �nding regarding local focusing is not new. Francia (1952) showed that it is possible to increase

the resolution at the focal spot at the expense of large amplitudes at other locations in the imaging area.
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Figure 2.4 Comparison of standard TR (left) and optimal TR images (right) for � � 80m for a region
larger than FOV. The red box indicates the FOV which corresponds to the same dimensions as Figure 2.2.
The green arrow indicates the location of the focal spot

Figure 2.5 Cross section at source level of optimal focusing using an imaging area with horizontal size of
400 m around the source location (-200 to 200 m).
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More recently, Rogers and Zheludev (2013) showed that super-oscillatory lenses, which are developed to

achieve optimal focusing, allow for imaging beyond the di�raction limit but produce adjacent side-bands as

the �eld of view is increased, a consequence of super-oscillations. These oscillations arise when the wave

�eld oscillates faster than its fastest fourier component, and typically occur in regions where the wave �eld

takes on small values (Berry and Popescu, 2006). To visualize super-oscillations we plot the natural

Figure 2.6 Magnitude plot of the cross-section in Figure 2.5 . The orange arrows indicate areas of
super-oscillations.

logarithm of the absolute value of the time-reversed wave �eld as a function of space.

Figure 2.7 Comparison of original
�
i.e., G(x i ; � t0; x0; � t) � S(� t)

�
and optimal

�
i.e.,

� i (x i ; t) � G(x i ; � t0; x0; � t) � S(� t)
�

signals for receiver atx = 1000 m with normal view (left) and zoom-in
view (right). The focusing time at the source location corresponds tot = 0 .
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Figure 2.6 shows the magnitude plot in decibels (dB) of the cross-section in Figure 2.5. Notice that

regardless of how large we make our imaging area, the optimal wave �eld oscillates most rapidly in the

vicinity of the source. Near the source location, where the optimization takes place, the optimal wave �eld

oscillates faster than the smallest wavelength. These fast oscillations have a high frequency content that

ultimately allows us to improve the resolution of the focal spot, indicating a connection between temporal

and spatial resolution.

Now we consider the optimal and standard time-domain wave forms to visualize the optimal and

standard signals. Figure 2.7 shows the optimized time-reversed signal that is sent back from a receiver

located at x = 1000 m. Notice the enrichment of high frequencies, which results in sharper focusing.

However, this is not the only mechanism by which our algorithm improves the resolution of the focal spot.

As we show in section 2.6, the focusing is also improved when the algorithm is applied to monochromatic

data, indicating that the resolution is improved at all frequencies. Periodic oscillations appear before and

after the direct pulse at t = � 1:8 s, with di�erent temporal spacing at di�erent receivers. Only oscillations

within one dominant period around the direct arrival are necessary for focusing at the source location and

focusing time t = 0. For earlier and later times the reverberations do not contribute to focusing at t = 0

and are a result of imposing spatio-temporal focusing instead of only spatial focusing.

Figure 2.8 Amplitude at source location as a function of time for di�erent window sizes around the direct
arrival in Figure 2.7 (left). Cross-section at source level for di�erent window sizes around the direct arrival
in Figure 2.7 (right).

To validate this reasoning we consider the temporal compression of the optimal time-reversed wave �eld

at the source location for di�erent sizes of the time-window used of the signals that are sent into the

medium. The left panel of Figure 2.8 shows the amplitude of the time-reversed wave �eld at the source

location as a function of time for di�erent window sizes around the direct arrival at t = -1.8 s, where the

dominant period is 0.075 s. Notice that as we decrease the size of the window around the direct arrival the
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temporal delta function is distorted (there are now nonzero amplitudes att 6= 0). This observation implies

that we need these reverberations to achieve temporal focusing. The right panel of Figure 2.8 shows cross

sections at the source level for the wave �eld focused with the signals radiated from the di�erent window

sizes. Notice that as we decrease the window size the spatial focusing at timet = 0 remains mostly

una�ected (i.e., no signi�cant change in the focal spot). The reverberations outside the windows do not

a�ect the amplitude of time-reversed wave �eld at the source location at t = 0 but distort the amplitude of

the wave �eld at other times for the same location. This means that these reverberations are necessary to

maintain the temporal focusing but do not a�ect spatial focusing.

Figure 2.9 Optimal time-reversed images for di�erent levels of velocity perturbation. The blue star
indicates the true source location.

2.5 Sensitivity Analyses

To investigate the robustness of the optimal focusing we consider variations in the background velocity

and source location, as well as the e�ect of adding band-limited noise to the recorded signal before

time-reversal.
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2.5.1 Velocity Perturbation

First, we calculate the weights for the true velocity of the medium. We then perform the

back-propagation using a perturbed velocity. Denoting
 as the percentage variation of the true velocity, we

consider 
 = 0.5, 1.0, 2.0, and 5.0%. Figure 2.9 shows that the quality of focusing degrades with increasing

velocity perturbation. An erroneous velocity gives the wrong source location and increases the width of the

focal spot. This means that if one wants to achieve accurate focusing (both in terms of location and size of

the focal spot), one needs to know the velocity of the medium with great accuracy. For our experimental

set-up we need to know the velocity of the medium within a 1% error such that the focal spot is shifted but

not degraded. This sensitivity to velocity errors is similar in the unweighted time-reversed wave �eld.

Figure 2.10 Optimal time-reversed images for di�erent source locations using the weights corresponding to
the reference source location (x0; z0)=(0,1500). The orange arrow provides a measure of the distance
between the reference location used to compute the weights and the tested source location.

2.5.2 Source location

Now suppose that the tested and reference source locations are di�erent. To study this scenario we �rst

calculate the weights corresponding to a �xed source location (center of the FOV). Using those weights we

perform the time-reversal process for waves which originate from other locations within the �eld of view.
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Figure 2.10 shows that the optimal weights allow for focusing of events at locations di�erent than the

reference location for which the weights were calculated. Artifacts on the boundary of FOV arise when the

distance between the new and original source location increases. Notice that the imaging is more sensitive

to horizontal than vertical changes of the source location. This is due to the fact that a horizontal shift

induces a relative phase shift among receivers, whereas a vertical shift in source location induces a constant

phase shift across all receivers because of the symmetry of the experiment.

Figure 2.11 Optimal time-reversed wave �eld for di�erent noise levels.

2.5.3 Noisy Inversion

Let us consider the e�ect of noisy recorded data. To this end we add band-limited (0.32 to 40 Hz)

uncorrelated random noise to the recorded signal, de�ned asmean( jnoisej )
mean( jsignal j ) � 100 = noise %: We then

perform optimal imaging using the weights calculated for data without noise. One would expect the

weights to amplify the noise, and consequently the optimal TR image to be degraded. Figure 2.11 and

Figure 2.12 show that noise degrades the quality of focusing. We can introduce up to 5% noise without

distorting the focal spot signi�cantly. Our algorithm is sensitive to noise, especially if the noise has high

frequency content. This occurs because we are amplifying higher frequencies. To make optimal imaging
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Figure 2.12 Cross sections of optimal time-reversed wave �elds from Figure 2.11.

more robust to noise one could �lter out the highest frequencies at the expense of resolution improvement.

2.6 Resolution Analyses

We make use of the full-width half-maximum (FWHM) to measure the resolution improvement. For

simplicity we make the resolution comparisons in terms of amplitudes rather than intensities. As we

discussed in section 2.4 (Figure 2.3), the standard focusing gives a FWHM of 62m whereas the optimal

focusing gives a FWHM of 29m, a resolution improvement of more than a factor of 2. To avoid ambiguity

in dealing with the resolution of a polychromatic wave �eld we show the cross-section at the source level of

the TR wave �eld for several frequencies in Figure 2.13. This way of analyzing resolution allows us to

understand how well our algorithm improves the resolution at the focal spot (i.e., considering a

monochromatic rather than a polychromatic wave �eld), and con�rms that rather than just boosting the

high frequency content of the signal, we improve the resolution at all frequencies by the used weighting.

Figure 2.13 shows the resolution improvement at di�erent individual frequencies. Even for each single

frequency the focusing is improved. Notice that the improvement is most pronounced at low frequencies,

where the resolution is poor. At higher frequencies there is still an improvement in the compression of the

focal spot but not as signi�cant as for lower frequencies. The way our algorithm is constructed (i.e.,

frequency by frequency) allows us to improve the resolution at every single frequency, with the amount of

improvement varying across the frequency spectrum.

Alternatively, there are two other ways in which we can empirically study resolution improvement. The

�rst approach consists of using a horizontal dipole source in generating the source-receiver data rather than

an impulse monopole source, and perform the time-reversal operation using the optimal weights calculated

26



Figure 2.13 Cross-sections of time-reversed wave �elds for standard and optimal wave �elds at the source
level at focusing time for di�erent frequencies.

for the spatio-temporal delta function. Assuming in�nite resolution, we should obtain a mathematical

dipole (i.e., in�nitesimally small) after performing the TR operation. However, since resolution is limited,

we can use the horizontal separation between the positive and negative ends of the dipole to measure

resolution. Figure 2.14 shows the standard and optimal TR wave �elds for a horizontal dipole source, and

their corresponding horizontal cross-sections at the source level. Standard imaging shows a separation of 70

m between minimum and maximum, whereas optimal imaging shows a separation of just 30 m. This

corresponds to improving the resolution by a factor of 2.3. Notice also that the optimal time-reversed wave

�eld shows improvement of the vertical resolution. The second approach consists of increasing the upper

end of the frequency bandwidth as well as the peak frequency of the source wavelet until the cross-section

of the standard TR wave �eld at the source level matches most closely that of the optimal wave �eld

computed with the initial frequency bandwidth. Figure 2.15 shows that for the optimal and standard

waveforms to match we need to increment the maximum and the peak frequency in the standard TR

experiment. Notice that for the focal spots to match we need to go beyond the original maximum

frequency of 40 Hz.

27



Figure 2.14 Time-reversed standard (upper left) and optimal (upper right) wave �elds for a horizontal
dipole source, and their corresponding standard (lower left) and optimal (lower right) horizontal
cross-sections at the source level. The red horizontal line marks the source level and the location of the
cross sections in the lower panels. The negative and positive signs indicate minimum and maximum,
respectively.

28



Figure 2.15 Cross section at source level for standard and optimal focusing. The standard focusing
waveform is computed using the source wavelet in the lower right panel (f peak = f max = 60:47 Hz). The
optimal waveform is computed using the source wavelet in the upper right panel (f peak = 12:73 Hz,
f max = 40 Hz).

2.7 Variation of optimal weights

2.7.1 Frequency variation of the optimal weights

We begin by considering how the magnitude of the weights change with frequency for several spatial

locations. This is useful to understand the e�ect of the weights in the improved resolution of the

time-reversed wave �eld as a function of frequency. For illustrative purposes we only consider receivers

located at x = 200; 500; 800; 1000 m. Figure 2.16 shows the natural logarithm of the frequency spectrum of

the weights at four di�erent locations. Despite their seemingly complicated nature, the high frequencies are

ampli�ed but the signal at lower frequencies is modulated, as previously explained in section 2.6. At all

frequencies the resolution is improved which ultimately allows us to signi�cantly reduce the size of the focal

spot of the time-reversed wave �eld.

2.7.2 Spatial variation of the optimal weights

To appreciate the contribution of the di�erent receivers to the improved resolution of the time-reversed

wave �eld we show in Figure 2.17 the spatial variation of the real part of the weights across the receiver

array for di�erent frequencies. We omit the imaginary part since it has amplitudes much smaller than its

real counterpart (' 5%). First, notice that the weights are symmetric around the source position (x = 0).
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Figure 2.16 Natural logarithm of the frequency spectrum of the weights at four di�erent locations.

Figure 2.17 Spatial variation of the real part of weights across the receiver array for di�erent frequencies.
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This is expected from the symmetric array geometry. The weights are oscillatory in space with a fairly

constant wavelength across the array with a weak amplitude modulation, except near the end points of the

array. Furthermore, the weights oscillate faster in space as the temporal frequencyf increases. Figure 2.17

also shows that the highest amplitude across the array increases with frequency. This means that the

algorithm boosts the higher frequencies, which together with the modulation of all other frequencies results

in resolution improvement of the focal spot for broadband waveforms.

As mentioned previously, the imaginary part of the weights is much smaller than the real part at all

frequencies. This implies that rather than applying sophisticated phase changes, it is only necessary to

multiply each receiver data by real weights with a variable sign. Francia (1952) showed that it is possible

to improve the resolution of a focal spot by superimposing di�erent ring apertures. To superimpose the

di�erent ring apertures he assigns real coe�cients, which signify aperture transparency, to each of the rings.

The similarity between his and our results suggests that, as mentioned before, multiplying the receiver data

by real weights with a variable sign su�ces to achieve improved resolution. In addition, the weights shown

in Figure 2.17 resemble the Tchebysche� polynomials widely used in beam forming Dolph (1946). As

mentioned above, the weights retrieved by our algorithm are almost real, which is in agreement with the

work of Dolph (1946). The fact that our algorithm produces these weights in the case of a homogeneous

medium and a uniform line array establishes a connection with the optimal weights derived by Dolph

(1946) for a regular array in a homogeneous medium. Our algorithm, which converges to the Tchebysche�

polynomials in our set-up, can also be applied to irregular arrays, as opposed to using the Tchebysche�

polynomials for beam forming. Gallaudet and de Moustier (2000) show an example of the modi�cations

that one must perform when doing beam forming via Tchebysche� polynomials with irregular arrays.

2.8 Focusing in scattering media

To test the robustness and 
exibility of our algorithm we now consider an inhomogeneous medium

which contains scatterers and an irregular receiver line. We remind the reader that rather than comparing

the size of the focal spot to the results obtained in section 2.4, the aim of this section is to demonstrate

that our algorithm improves the resolution of the focal spot even when the medium is complicated and the

receiver line is irregular. We illustrate the geometrical set-up in Figure 2.18. We place 50 isotropic

scatterers randomly between 400 and 1400 m in the vertical direction and -200 to 200 m in the horizontal

direction. The location of the source and the coordinates of FOV as well as the grid spacing are the same

as in the experiments in section 2.4. We place 30 receivers at random locations along a horizontal line at

z = 0 between -300 and 300 m, which allows us to investigate focusing with irregular line arrays. We

compute the wave �eld that propagates from the source to the receivers using the multiple isotropic point
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