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ABSTRACT

A methﬁd was developed for using existing mine geologic-
al data to prédict the true nature of unknown veins dis-
covered by exploratory diamond drilling. The data consisted
of the distributions of physical and mineralogical charac-
teristics of known ore bearing and waste veins.

All avallable information was first considered to find
out which vein characteristics were most useful in dis-
tinguishing between the two types of veins. These
characteristics were then used to determine if all areas
of the mine were reasonably homogeneous in nature, All
veins whose characteristics appeared markedly different
from the aVerage mine population were eliminated.

Vein intersections of unknown nature were classified
by discriminant and probabilistic analysis as being either
ore bearing or waste veins. The probabilities of these
classifications being incorrect‘were computed, and these
were used to calculate decision rule probabilities. The
unknown vein intersections were then ranked by the latter

as to their likelihood of being ore or waste.
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INTRODUCTION

Description of the Problem

In certain underground mines, the economic mineraliza-
tion occurs in an apparently erratic manner in fault planes,
fissures, tension fractures and other® similar geologic
features. Ore deposits of this type do not usually exhibit
any well defined_geologic‘controls by which the position of
other*¥ orebodies may be predicted.

If the mine has been in operation for some time there
will probably be a large mass of information available about
known orebodies. This may be in the form of characteristic
data about their size, position, content, and mineralogy.
This data is usually the only basis on which underground
exploration decisions can be made.

The problem that is considered in this study is how
such data can be used in an efficient manner in the search

for new orebodies.

*¥These will be called veins regardless of their origin or
content.

¥¥An orebody is defined as a continuous section of a vein
that can be mined and processed so as to produce a profit.
A waste section of a vein 1s any part of the vein that is
not an orebody.
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Objectives of the Study

In general, there are two major exploration problems in
a mine of this type.

1. To:predict the areas in which ore bearing velns are
most likely to be found.

2., To predict which of several known, but unexplored
veins have the greatest probability of containing an economic
orebody.

This study will bé principally concerned with finding a
solution to the second of these problems. The solution
sought is a general method of obtaining a decision rule on
which underground expioration decisions can be based. Any
such solution will necessarily be limited to mines operating

in the type of geologic conditions already described,

Review of Previous Work

Much of the work that has been done in this field has
presupposed that little or no information is available
about the area in which the search was taking place. These
studies have primarily been concerned with thé problem of
locating a mineral deposit within a large geographic region
rather than locating an orebody within the relatively small
area of a mine,

Allais (1957, p. 284-347) considered the economic
aspects of mineral exploration over a very large previously

unexplored geographic area, using the distributions of
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economic mineral depoéits from intensively explored similar
geologic regions of comparable size. This line of reason-
ing was extended by Harris (1968, p. 295-327) and Griffiths
(1967, p. 189—209). The former used multivariate statis-
tical analysis on geological characteristics measured with-
in 20 mile square "cells" of known value in Utah, Arizona,
and New Mexico to predict the expected value of "cells"™ in
certain areas of Alaska.

Marshall (1964, p. 223-236) used a probabilistic
approach to determine the optimal drilling pattern and depth
of holes in the search for an orebody that is believgd to
exist within a certain region. This paper was oriented to
surface exploration for massive déposits. It requires that
certain probability distributions be known in order for the
model to be effective.

Several geological studies into the use of multivariate
data in classifying unknown samples have been made. Howd
(1964, p. 207-222) and Botbol (1969, p. 1-17) both used a
taxonomic approach to determine the true nature of an
unknown multivariate characteristic data vector. These
methods classify unknown data Vectofé by obtaining a measure
of their "closeness" to a set of data vectors that all come
from a known class. This measure is usually the value of
some function of the unknown vector, and matrices formed
from data vectors of known class.

A considerable amount of work has been done by the U.S.
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Bureau of Mines in the statistical analysis of mine assay
data, and.in the.formulation of probébilistic exploration
decision models. Most of the latter are directed to the
exploration“for new deposits. One interesting method of
statistical analysis (Koch, 1967, p. 1-64) applied to a
vein type of deposit in Mexico, was to obtain trend sur-
faces for the various metal contents of the veins in three
dimensions. The results were presented in the form of
plane sections through the surfaces on each working level
of the mine and parallel to each vein. The surfaces were
used to predict the direction and probable extent of further
mineralization along the extensions of the veins.

This method suffers from the drawback that it can only
be used- effectively if very large and complete sets of data
on each characteristic are available. In addition, if
strong dependencies exist between characteristics it would
probably be necessary to use the trend surfaces of some
transformation of the dependent characteristics. This
would considerably complicate the analysis and subsequent
interpretation. Thus its effectiveness is probably
limited to situations in which only a small number of

independent characteristics are considered significant.

Basic Approach

The basic approach used in this study was to find a

subset of characteristics from the original set, that could
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be used to distinguish ore bearing from waste veins. This
éubset of charactéristics was used to describe the nature
of ore bearing and waste veins, in the form of probability
distributiohs. These descriptions were used to classify
data points of unknown origin. Such classifications are
not exact, but they can form the basié of a decision rule
that can be used to evaluate proposed underground explora-
tion.

The analysis of the problem was kept as general as
possible within the limitations of the study. Character-
istic data obtained from the Galena mine of the American
Smelting and Refining Company in Idaho, was used throughout

the study in an illustrative manner,

Analysis of the Problem

The reason the problem exists 1s primarily due to the
quantity of information available. Data may have been
~gathered on dozens of characteristics at hundreds or even
thousands of ¥ points. In its original state, it is
virtually impossible to mentally assimilate such a mass of
information and make logical decisions based on it.

Before proceeding into the analysis of the problem,
the actual nature of the characteristic data must be care-
fully considered.
¥A data point is defined as the full cross section of the

vein normal to strike and dip at some point in the study
area.
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Nature of Characteristic Data

The actual set of characteristics initially chosen for
use are a matter for geologic or economic determination at
the mine under study. However, all characteristics that
might have any relevance should be included, since the cost
of gathering additional data will only marginally increase
the cost of the study; whereas, the exclusion.of a signifi-
cant characteriétic could destroy much of the value of the
results.

There are four major questions thét must be asked about
the characteristic data.

1l. What is the accuracy of the data, and ié this
accuracy reasonably uniform over time?

In most mines, data gathering techniques and personnel
will change with time, so it 1s entirely possible that the
variance of data gathered may have changed over time. As
there is normallyvno way of checking if this has occurred,
it must be assumed that the inherent variance of all data
is the same regardless of when or how the information was
obtained. Under this assumption, all observations of any
characteristic will be considered equally reliable.

2. Are the measurements of characteristics taken at
points within an orebody truly representative of that ore-
body?

If the data points are taken at random, and in suf-

ficient numbers within the orebody, there is no reason to
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suppose that these points will not represent a close
approximation to the distribution of individual character-
istics in that orebody. This will not be true for ore-
bodies from which only a few data pdints are available,

3. Do all orebodies within the mine come from the
same population?

The characteristié data should in some way be a measure
of the original deposition controls that resulted in the
formation of the orebodies. If these conﬁrols were not the
same throughout the mine, it would be logical to expect that
the characteristic distributions would also be different,
In this situation, any distribution that ié obtained by com-
bining data from all parts of the mine would be meaningless.,
To avoid getting such spurious distributions, the data from.-
each orebody, and for each characteristic must be tested to
find if it is homogeneous.

b, Under'the assumption that all orebodies come from
the same population, does the number of observations taken
from each orebody affect the nature of the overall charac-
teristic distributions?

The question is basically whether or not the data
points are obtained in a randoﬁ fashion, If théy are not,
the distribution obtained is conditional on whatever non-
random element entered into the sampling mechanism. The
only obvious non~random element is that more data points

are obtained from large orebodies. than from small ones,
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This does not invalidate the random assumption, however,
because the expected number of data points taken from any
orebody in truly random sampling would be proportional to
its "size.ﬁ. Thus in the case of the Galena mine in which
the veins are generally steeply dipping (60 degrees-90
degrees) and relatively narrow (4-ft. to 8-ft, wide) their
"size" could be considered equal to their longitudinal sec-
tion area taken parallel to the strike of the vein. If the
number of data points taken from each orebody was roughly
in proportion to its longitudinal section area, the assump-

tion that the sampling was truly random could be made,

General Form of the Analysis of Characteristic Data

Selection of Significant Characteristics

The first stage of the analysis must determine whether
there is a significant difference between groups of data
points gathered from known orebocdies and waste veins. Any
characteristic that does not show this significant differ-
ence is obviously of little use for the classification of
data points of unknown origin. Such characteristics can
be discarded,

This stage should reduce the original characteristic
set to a much smaller and more manageable subset. Because
non-significant characteristics are rejected at this stage,
there is no reason for excluding from\the initial set any

characteristic that could be conceivably useful.
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The most efficient method of selecting the subset of
significant charaéteristics is to carry out a multivariate
hypothesis test on the data from the ore and waste samples,
using as téét statistics the differences between the means
of respective characteristics. Using simultaneous confi-
dence intervals about each of these statistics, the sig-
hificant subset for any given level of a can be found.

Division of the Mine Into Regions of Homogeneous Nature

Thg second‘stage of the analysis must determine if all
the orebodies within the mine belong to the same population
with reSbect to each significant characteristic.

This can be done using multivariate analysis of vari-
ance which can be used to test the hypothesis that only one
population exists in the mine. If this hypothesis is
rejected at any reasonable significance level, it is pos-
sible to obtain simultaneous confidence intervals about
the mean of each characteristic of each'érebody. These
confidence intervals can be used to divide the mine into
~groups of apparently homogeneous orebodies.

All further analysis beyond the second stage must now
be predicated on the assumption that each group is entirely
indeﬁendent of all other groups. In fact, each group must

be treated as if it were a separate and independent mine,

Characteristic Dependencies

The third stage of the analysis 1s to check each group

of orebodies to find if significant dependencies exist
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between the characteristics. If such dependencies exist,
they can seriously-affect the analysis in later stages.

The standard contingency test can run on all pairs of
characterictics. From the results of these tests, Aepen—
dent sets can be grouped together.

Classification of Unknown Data Points

The fourth stage of the analysis is to obtain a method,
or methods of comparing unknown data points with the data
obtained from known ore bearing and barren veins. There
are basically two ways in which this can be done.

(a) To obtain a numerical estimate of the distance in
k-space of an unknown data point from the centers of the
ore and waste data point clusters.

(b) To find the joint probability distribution of
characteristic data obtained from ore bearing veins. This
distribution is then used to find the probability that an
unknown data point belongs to a populétion with the same
distribution. A simiiar joint probability distribution can
be obtained using characteristic data from waste veins.
This can be used in the same way.

Either method will produce estimates of how close an
unknown point is to the ore and waste populations. These
estimates in themselves are somewhat nebulous, but they can
be used to compare the relative value of all such unknown
points so that only those with a high likelihood of coming

from ore bearing veins are considered.

10
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Decision Rule Formulation

The fifth stage of the analysis is to convert the
information obtained in the fourth stage into a form from
which deciéions can be made. It will not always be true
that the best (closest to the ore bearing population)
drill hole intersection will provide the highest expected
return. The decision rule should be formulated so that it
incorporates what current management objectives are, and
it should also provide for sequentiai decisions to be made

as further information becomes available.
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THEORETICAL ANALYSIS OF CHARACTERISTIC DATA

Notation

‘As matrix notation will be used extensively in this
section, the following conventions Will be adopted.

1. Row vectors will be represented by underlined,
primed lower case letters,

2. Column vectors will be represented by underlined
lower case letters.

3. Matrices will be represented by underlined upper

case letters.

"Introduction

The analysis of the problem described in the preceding
section can be conveniently broken down into six stages.
These are:

1. Characteristic data acquisition.

2. Selection of significant charactefistics.

3. Determination of homogeneity of characteristic
data.

4, Determination of dependency between characteristics.,

5. Methods of comparison of unknown data points with
known populations,

6. Decision rule formulation.

12
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Characteristic Data Acquisition

The geology 'of the mine area must be studied in detail
to determine which set of measurable vein characteristics
could possibly be of use in differentiating between ore
bearing and waste veins. The actual number and type of
characteristics used is irrelevant, as long ag they can be
measured both in veins of known nature, and in vein inter-
sections of unknown nature.

As the whole study depends on the characteristic dis-
tributions obtained from the ore and waste vein samples,
it is essential that these should be close approximations
of the true distributions. This implies that the sample
sizes should be sufficiently large that the addition of
further observations will not change the form, or param-
eters of the individual characteristic distributions. The
exact size of an adequate sample cannot be specified, but
if it is large enough to exhibit a definite form of dis-
tribution, its parameters, x and s2 should be good esti-

mators of the true u and 62,

The actual acquisition of data should be relatively
easy at most mines that have been operating for a number of
years., Usually, asséy information from drifts, raises and
stopes is the only characteristic data immediately available
in large quantities. However, if accurate geological plans
of the mine workings have been kept, it should be possible

to obtain geologic and geometric characteristics at a large
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number of points without unduly adding to the cost of the
study. All this gata will almost certainly be randomly
selected, since the actual point at which any observation
is made is the outcome of a large number of random

processes,

Selection of Significant Characteristics

Having selected a set of k characteristics, it is
necessary to find the subset of them that can be used in
classifying unknown data points. This is done by testing
the null hypothesis that each characteristic has the same
distribution for the data points sampled from both ore
bearing and waste velns.

In multivariate hypothesis testing, a necessary con-
dition is that the data vectors considered must have a
multivariate normal distribution. In general, it is
unlikely that this condition will be met for all charac-
teristics., However, it is often possible to transform
nonfnormal characteristics into an approximately normal
form., The type of transformation required is largely a
matter of trial and error, although it has been found.
(Hazen, 1967, p. 61-62) that many grade (oz silver/ton,
percent copper, etc.) characteristics can be trans-
formed by taking the logarithm of each observation,

Using this assumption of normality, the actual

hypotheses made are,
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HO P Uy < £2

vector'of the true means of the k character-

=
oy
®
2
o®
=
[
i

istics obtained from ore veins.
U, = vector of the true means of the k character-
istics obtained from waste veins.

Consider the case in which the k characteristics or
variates (the two terms will be considered synonymous) ére
being tested, and N; and N, data points have been collected
from the ore bearing and waste veins respectively. To test
these hypotheses, a single test statistic of known distribu-
tion must be obtained from this data.

The most efficient statistic to use with multivariate
data is known as Hotelling's T2. This is a multivariate
analog of Student's t statistic. A clear exposition of the
derivation of this test statistic'using Roy's union-
intersection principle is given by Morrison (1967, p. 118-
120).

Details of the results, and method of use of this
test are given below.

Let x. = vector of observed means of k-variate data
obtained from ore bearing veins.
X, = vector of observed means of k-variate data

obtained from waste veins.,
A, = matrix of sum of squares derived from k-

variate data from ore bearing veins,

15
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A, = matrix of sum of squares derived from k-
variate -data from waste veins,

pooled covariance matrix of all data.

S

Note that a typical element of the Ay (or 52) matrix will

be given Dby

Ny
8yps = iil (Xypg=%yp ) (Ryg17%55, 00 3 = 152
where Xjri = ith observation on the rth characteristic in
the jth group.
X = mean of the N, observations on the rth

Jjre J
characteristic in the jtR group.

The test statistic T is given by

72 = (51"52)‘ §fl <£1_£2).(N1N2)/(N1+N2)

where
S = (A +A5)/(N{+N,-2)
If the null hypothesis (HO) is true, the quantity
F = T2(N{+Ny-k-1)/(N+N,-2) -k

will have an F distribution with k and (N1+N2 -k - 1)

degrees of freedom.

(1)

(2)

The test statistic shown in equation 2 can be easily

computed once the matrix S has been inverted. The criteria

for the acception or rejection of the null hypothesis will

be,

Accept H F

0 F<Fa 1Ny +N,-k-1)

Reject HO M FZFU,k’(Nl+I\I2—k-I)
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where the values of Fa,k;NlN2-k~l) can be obtained from
tables of the F distribution (Johnson and Leone, 196l4a,
p. 467-=470),

If HO is rejected at some predetermined level of a,
the next stage of the analysis would be to determine the
subset of p characteristics that caused this difference.
This is done by forming simultaneous confidence intervals
about the vector (x;-x,) at some confidence level o, and
rejecting all characteristics whcse interval contains zero.
For this to be effective, all such intervals must be simul-
taneous. This means that the k confidence intervals must
be considered as a set, and the length of each member of
this set must be such that for a given o, each individual
confidence interval statement wiil be true, This is done
by expanding the size of the individual confidence intervals
to cover the worst possible situation,

Consider a non.null‘vector 2.

Then t2(a) < (X-%p=8)'871(x1=%,=8) (NN) /(N +Ny) (3)

where 8 = (pj-U,)

since it can be proven (Morrison, 1967, p. 120) that the
right hand side is the maximum possible value of £2 (a) for
all a. But the right hand side of equation 3 is

2 . .
Ta,k,(N1+N2-k—2) for some o, from which the follow1ng

probability statement can be made:

2 e =1 -
p Ell t< (a) f_Ta’k,(Nl+N2-k—2] Lo

17
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This 1s equivalent to,

p [(max £2 (a)- < T2 | ]:1_a (4)
m‘ X (—) -— a,k,(Nl+N2-k—2).
Now
£2 (a) = (N Np) (%)= X5=8)} 2 (5)
(N +N,)(a'S a
From which the simultaneous confidence interval can be
obtained:
N1+N2
t - — ! °
< at(xex) +] ata, |
al(x,-x S a T ‘

The theoretical value of T for given values of the
parameters a, k, Ny, and N2 can be calculated from equation
2. USing a value of T, a succession of confidence intervals
for different a vectors can be computed. The a vectors of
most interest are those with one in the ith element and
ZEeros élsewhere. These will give the confidence interval
about the ith element of the § vector, which if it includes
zero, will call for the rejection of the ith characteristic
at significance level a. A

By computing successive confidence intervals for each
characteristic mean difference with decreasing values of o,
subsets of significant characteristics at different levels
of o are obtained. A critical a can be selected, and all
characteristics significant at this level will be used in

further analysis.
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In summary, the criteria for acceptance or rejection
of a characteristie at some significance level a are:

Accept characteristic i : U, . < O

or : 0 < L

i
Reject characteristic 1 : L, ; <0 < U

where La lower simultaneous confidence interval bound

]

of characteristic 1 at level o.

=
1]

a,i upper simultaneous confidence interval bound
of characteristic i at level a,.

Usually the subset of significant characteristics will
be much smaller than the originéi set. This will reduce

the dimension of the problem in Subsequent analysis.

Determination of the Homogeneity

of the Characteristic Data

If two or more distinct types of orebodies exist in
the mine area, i1t would be useless to consider character-
istic distributions formed from the sum of all observations,

As observed, the data points will be naturally grouped
by orebodies, or by distinct geographical regions of the
mine. It is important to find out if each of the p
significant characteristics has the same distribution within
all the natural groupings., If they do not, it 1is necessary
to find which of the groups differ, so that groups with

identical distributions can be classed together.

19
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The statistical test required must carry out the
following functions:

1. Allow for known inhomogeneities.

2. Defermine if unknown inhomogenelties exist.

3. If inhomogeneities exist, it must determine which
natural data groups cause them, so that these can be seg-
regated into homogeneous populations.

A possible test to use is multivariate analysis of
variance, In order to use this type of test, the assump-
tion must'be made that all the p-variate data vectors are
independent:and have a multivariate normal distribution.v
This in itself is a considerable limitation of the method,
but caﬂ be overcome by careful selection of the data
format and subsequent normalizing transformations.

The complexity of the method, and its inflexibility
cause other limitations. These can be best explained using
an example.

In some vein type deposits, a zoning effect is present,
which causes certain vein characteristics to Qhénge con-
siderably with increasing depth. These changes are merely
the effect of the cooling of the mineralizing fluids as
they rose upwards from their source, and are not due to an
entirely different set of controls. In this case, the data
~groups are inhomogeneous with regard to depth, but it is
still necessary to check if otherrinhomogeheities exist.

To find if this were so, a two way crossed classification
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mogel could be used,

| For this model to be effective and easily used, there
must be observations in each of the & x q cells, where
there are i‘zones and q natural data groups (orebodies).
Moreéver, the number of observation vectors in each cell
must either be equal or proportional such that

ﬁl_~ is independent of t for all pairs j and j'!
J'e

or Iiug__ is independent of j for all pairs t and t',

Ny g

where th = number of data vectors in the jtth cell,

Since data points can only be taken where orebodies
exist, it will be unlikely that every cell will have
observations - in it. For example, 1f the rth orebody does
not exist in the sth zone, no information can be obtained
about this part. If'only one cell is empty in a given row
or column, ‘it is possible to obtain'a.good estimate of its
value using a method given in Johnson and Leone (1964b,

p. 71-72). The method given is for univariate data, but it
can be directly extended for use with multivariate data.

Let the jth cell be the only empty cell in the jth row
and t® columm, and Xit. be the best estimate of the mean

characteristic vector of this cell.

Then

21
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(%5, ,+qx ¢, ~X...)

X =
A (2=1)(a-1) (7)
where 5., characteristic mean vector of j'I zone
5.t; = characteristic mean vector of ttR orebody
X... = characteristic mean vector of all observa-
tions.

If more than one cell is empty in a row or column, it
is possible to use an iterative procedure to estimate values
for the missing characteristic vectors. It is apparent that
if a large number of cells are empty, the results obtained
from subsequent analysis will be of dubious value.

If the proportionality condition is violated, it can
bé handled using a method based on the general linear
hypothesis given by Johnson and Leone (1967b, p. 66-68).
This involves solving for a set of parameters that minimize
certain sums of squares. It is fairly involved for the
univariate case, andAappears to be too unwieldly to use
with multivariate data. It would seem preferable to meet
the proportionality conditions by randomly discarding data
vectors from cells that had an excess number. However,
this method could not be used if it resulted in the loss
of a large amount of information.

In summary, if one or more known inhomogeneities exist,
although there are methods for handling the situation, the

complexity of analysis, and required assumptions make the
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possibility of obtaining meaningful results very small.
Because of this, the analysis will be restricted to
the case in which no known inhomogeneities are present.
This can bé‘dealt with using a one way analysis of variance
model, If zoning, or some other factor is present, each
zone can be treated with this simple model, This of
courée will not give any information on interaction effects,
but is probably the best that can be done in the situation.
Consider the case of a mine in which Nj observations
of p-variate data have been made on the jth orebody. The
parametric model for such data is given by Johnson and

Leone (1964b, p. T7) as:

Xig = By v Big t 2y (8)
where Xijk = k%0 observation of the ith variate in
jth orebody.
A; = Average value of the ith variate.
Bjj = Deviation on the ith variate due to the

jth orevody.

ik Residual error.
g =0

2y

and g By
d

The analogy between univariate and multivariate ANOVA

is fairly close. Instead of obtaining the "within groups"

and "between groups" sums of squares, matrices containing

the same sums of squares and cross products are computed,

For p-variate data, these will be non-singular p X p
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matrices. Theoretically, it is possible for these matrices
to be singular when two or more variates have a correlation
coéfficient of one, but if the variates are carefully
selected,thﬁs situation will not occur. The test statistic
used to check the null hypothesis that there is no differ-
ence between the orebodies is formed either from the ratio
of the determinants, or from the determinantal equation
roots of a function of the two matrices. The use of these
test statistics 1s intuitively appealing since a determinant-
is a unique valuation of a non-singular matrix, and the
ratio of two valuations is directly analagous to univariate
ANOVA,

‘The statistical validity of these test statistics, and
their distribution under the null hypothesis was originally
established by Wilks (1962, p. 561-564) using the general-
ized likelihood ratio principle. A somewhat easler method
to handle is given by Morrison (1967, p. 159-170), and is
based on Roy's union-intersection principle.:

The basis of this is to consider the set of all uni-
variate null hypotheses dependent on some arbitrary non-
null vector a. For all such vectors, a test statistic F(a)
can be obtained.

If F(a) < F i i i
(a) < 8,p, (N-q) the univariate null hypothesis

will be accepted at this level of B.

The original multivariate hypothesis will be accepted
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if the multivariate test statistic falls within the inter-
section of all these univariate acceptance regions.
Although this intersection region cannot be directly found;
an upper bound for its size is given by the maximum value
of F(a).

Thus, the multivariate acceptance region is equivalent

to that defined by,

max, Fla) £ Fg p, (N-q)

where P number of variates

N total number of observations

i

q number of orebodies,
The maximum value of F(a) can be shown (Roy, 1957) to

be proportional to the greatest root of the determinantal

equation:
|HE - 2E] =0 (9)
where H =.between groups sum of squares matrix
E = within groups sum of squares matrix
A = eigenvalues of equation 9.

Equation 9 can be re-written as,

1

JEE -2 Il =0 (10)

so that the greatest eigenvalue can be extracted directly

1 matrix. However, the distribution of the

from the HE™
eigenvalues of the matrix H(H + E)"l under the null
hypothesis are available, so that it 1is preferable to work

with this statistic.
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The actual application of this test is relatively
simple, and is given below.
Typical elements of the H and E matrices can be

obtained from the following formulae:

h =§’L(Ngx.)(§jx )
uv 521 Nj g1 WikTLZg vjk
-l(g Igjx )(cz1 I;jx ) (11)
3=1 k=1 WK 529 y=1 "VIk
e = 3 IE\JIJX.X. -zl-(lgjx )(Igjx ) (12)
uv 5=1 k=1 ujk®vjk Nj k=1 uik’tpZq vik’
where h . = uvth element of H matrix
v = uvth element of E matrix
= number of orebodies
Nj = number of observations on the jth orebody
, .
N = i Nj

These matrices can be computed with little difficulty.
The major part of the work comes from having to invert the
(H + E) matrix, product it with the H matrix, and finally
extract the largest elgenvalue. Computer programs were
written to perform these operations using standard tech-
niques.

Let 6 = largest eigenvalue of the H(H + E)-1 matrix.
Then 6 will have a distribution given by the Heck charts

(Morrison, 1967, p. 312-319) with parameters,



T 1309 27

S=min(q_lap)
m=([qg-p=-1] - 1)/2
n=(N=-q=-p=-1)/2

Using the computed value of these parameters, and some
level of a (say 0.01), a critical value Za,s,m,n can be‘
read off the relevant chart.

If 6 < Za,s,m,n

the null hypothesis that all the orebodies are the same can-
not be rejected at this level of a. Conversely, it will be
rejected if the inequality is reversed.

The extension to a two way crossed classification model
can be made Without too much difficulty, but as mentioned
earlier, it is unlikely that the necessary conditions for
its application will ever be met in this type of physical
situation.

if the null hypothesis is not rejected, it means that
at significance level a, the data from all orebodies can
be considered homogeneous, and no further work is required
in this stage of the analysis.

In the event that the null hypothesis is rejected,
it is necessary to find out which particular orebodies
caused this rejection. This can be done by obtaining
simultaneous confidence intervals for the differences of

th

the mean values of the i variate between each pair of

orebodies.
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The 100 (1 - o) percent confidence interval for any
linear compound of-the k-variate mean differences between

the rtP and s®™ orebodies is given by,

N_,+N .7
a'(x —5S>—/(N£'-ﬁ—§-)g'gg< )
rs

S 1-z,
oy _
<a'(B, - B))
N..+N yA
<a'(£—§_)+\/(rs)a_'Ea(a) (13)
where Zu = Za,s,m,n’ obtained from Heck charts
a = arbitrary non-null vector
X,.,Xg = characteristic mean vectors for the r®h ang
sth orebodies
Np,Ng = number of data vectors taken in the rth ang
sth orebodies
CE = within groups sum of squares matrix

Bp,Bg = vectors of deviations of the rth ang sth

orebody from the overall mean.

As in the case of multivariate hypofhesis testing of
means from two samples, the vector a can be selected such
that it can give confidence intervals about the mean dif-
ferences for eacﬁ characteristic. If any such interval
contains zero, the hypothesis that B;, and Bis are differ-
ent must be fejected at this level of o fpr the ith cnarac-

teristic,

28
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0

It can be seen that if the number of orebodies (q),
and the number of. characteristics (p) is large, there will
be a very large number of individual hypotheses\to con-
sider, Thefe will in fact be a total of p(g). This could
be cumbersome to handle, and can be conveniently reduced
by initially using an a vector consisting of all ones.

This will give a confidence interval about the sum of all
the characteristic mean differences between the r®h and sth
orebodies., If this interval includes zero, it is unlikely
that there 1s a significant difference between these ore-
bodies, If the null hypothesis is rejected, each individual
characteristic confidence interval can be generated to find
which characteristics are contributing to the difference.

In this way, all pairs showing a significant differ-
ence can be qqickly isolated into similar groups by
.génerating only (g) confidence intervals. It is not really
essential to know what characteristics cause the difference
between orebodies, but such information can be geologically
valuable.,

The results of this section can be summarized as
follows:

1. Obtain 6 from H and E matrices.

2. If 6 < 7Z proceed with next stage of the

0,5,m,n?

analysis.
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where

either to justify the assumption that all orebddies in the

mine are of a homogeneous nature, or to subdivide the mine

If e > Za,s,m,n’ form simultaneous confidence
intervals. for all (%) possible combinations of
orebodies using a fixed a, and an a vector such
that

a=(1l,1,000000,1)

Group orebodies such that

Lij = lower bound on confidence interval of the
jth orebody pair in the ith sub group.
Uij = upper bound on confidence interval of the

jth orebody pair in the i®h sub group.

The result of this series of tests will have been

in groups that do have such a nature. If the latter is

true,

the original problem will have been split into several

30

smaller problems, each of which must be treated in isolation

from the others.

advisable to re-run stage 1 of the analysis (selection of

Before proceeding to the next stage, it would be

'significant characteristics) if the original hypothesis

of homogenelty was rejected.

each of the new sub-groups using the original k-variate

data from these groups.

for in the original test, the dissimilar populations taken

This test should be re-run on

This 1s an essential precaution,
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together may have masked certain significant characteristics.
In this study, it will be assumed that any division of
the mine into separate geographic groups by analysis of ore
bearing véin data will also hold for waste veins within that
region., A similar analysis could be applied to waste vein
data. This should either confirm the division made by the
first analysis, or show no division at all. If it shows a
different division of the mine from that given by the ore

data, the whole study must be considered suspect.

Determination of Dependency

Between Characteristics

Up to this point in the analysis, no conditions have
been made requiring the mutual independence of the set of
characteristics, If probabilistic methods are to be used,
it is of vital importance to determine if any dependencies
exist between the characteristics.,

The most widely used method for independence testing
is the contingency table. The test statistic produced has
an approximate Chi Square distribution if the raﬁio
between the number of observations (N) and the number of
possible level combinations is sufficiently large.

For a test on characteristics u and v, which have r.

and s possible discrete levels respectively, if
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then the resulting test statistic will have an approximately
Chi Square distribution.

Because it is not possible to construct a p-dimensional
contingenqy;table, all possible pairs of the p character-
istics must be tested individually. It is assumed that the
p-variate data has elther been gathered in a discrete form,
or that it has been partioned into levels of equal size
with respect to each characteristic. The technique will be
briefly described below.

Let the data gathered on characteristics u and v, have
r and s possible levels respectively. The contingency
table will then have r.s cells.

number of observations in the ijth cell

Let nij =
s
N;y, = 2 nij, the number of observations in the
J=1
1th row
r
N-j = X Nijs the number of observations in the
i=1
jth row
r s
N.. = 2 Ny, = I N, 5, the total number of
. . . *J
i=1 j=1

observations.
Under the null hypothesis that the characteristics
are mutually independent, the expected number of observa-

tions in the 1j%h cell is given by,

R N
1J N
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Under this hypothesis, the following test statistic
will have an approximately Chi Square distribution with
(r - 1)(s = 1) degrees of freedom if the necessary condi-
tions are mét.

r ] 5

X2 = ¥ % (n,.-E,.)°/E,

(14)
1=1 j=1 9 M

If X2 < X2 (s=1)° the hypothesis that character-

a, (r-1)
istics u and v are independent will not be rejected.

If the size of N is too small to meet N/r.s condition,
the test can still be run, since a large value of X2 will
indicate that dependency exists. However, a small value of
X2 will not prove independence.

This test is not particularly satisfactory, but unless

"gll the characteristic distributions are known to be

normal, it is the only feasible one that can be used.

Methods of Comparison of Unknown Data Points

With Known Populations

The following analysis is based on three major assump-
tions.

1. In the mine or section of the mine under consider-
ation, all ore bearing veins come froh-the same population
with respect to the significant characteristics.

2. All waste veins in the same region will come from

the same population.



T 1309 .

3

3. The characteristic distributions of ore and waste
veins in this regiqn will be significantly different.

There are basically two methods by which a p-variate
data pointibf unknown origin can be assigned to one of two
possible groups.

1. By determining the distance in p-space between
the unknown point and the centers of the two populations
with which it 1s being compared. This is generally known
as discriminant analysis.

2. By finding the joint probability distributions of
each of the known populations, and then assigning the
unknown point to the one with which it has the greatest
probability of belonging. This is really an extension of

univariate hypothesis testing.

" Discriminant Analysis

The p-variate data from groups of known nature can be
represented graphically as clusters of data points in p-
space. Assuming that the dispersion of these points is
not isotropic, there will be a number of orthogonal axes
that will maximize the separation of the cluster centers,

Consider a linear transformation on the original set

of p-variates giving a new variate y.

Then y ='V1Xl'+ VoXgeees + VpXp (15)

where x

ith original measured variable

v! =_(vl,v2....vp)

34
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In matrix notation, the transformed variable of the

Jth observation on the tth group is
- 1
Yeg T L %t
In genéral, t can be any size, but in this particular

study, ¢t = 1,2 for ore bearing and waste veins respectively.

The vector v that is sought must maximize the ratio

2 5
) nt(yt.—y,,) .
A= oot (16)
2 ng 5
L X (Yes=Yt.)
t=1 j=1 bt

where ng = number of observations taken on tth_group.

It can be seen that this ratio 1s merely the ratio of
the "between groups" to "within groups" sum of squares in
terms of the transformed variables. Any v that maximiges
A must necessarily have selected the direction of maximum
separation between the group centers.

This ratio can be written in terms of the original
variables and the transformation vector V.

2

v n(x..-x, %)y

t=1

A= 5 3 (17)
A R TR A
t=1 j=1

NOW'(ﬁt;_z‘.) and (x —xt.) are both p x 1 matrices,

tJ

and their squares-—-(ﬁt;—x )(x X )t and (x

. ame » _tj-'&to)('&tj-z‘t.)' —

are p x p matrices. These can be replaced by §t and Htj

respectively.
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Then,
2 . 2 g
RN FAR Y8 /E' (z L W} y] (18)
Since addition holds for matrices of the same dimen-

sions,

i<
I<

(19)

I<
= {lw
I<

) 2
where § = 2

ntw
z
t=1 j=1 ~ I

=
It
™

The rs®? elements of these matrices are given by,

2
b, = I nt(xrt.'xr~-)(xst-"xs-.)
t=1
2 ng
w = I T (x -X )(x -X )
rs t=1 j=1. rtj “rt. stj “st.

This expression can be maximized by taking partial
derivatives of A with respect to each element of the v
vector, and setting the resultant equations equal to zero.
A typical example of such an equation for bivariate data
would be,

A

avl

- {2V wy +v, (Wi twy ) (v B ¥} =0 (21)

(Note that with bivariate data, B and W would be 2 x 2

matrices and v would be a 2 x 1 vector).
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Since both the B and W matrices will always be sym-

metric, for all i and J

bij = bJi and Wij = Wji

Thus for the 2 x 2 example, the partial derivative

equations will reduce to

|
"
o

(viP13#vabyp) (X' K v) = (vywpp#vowyp) (Y B W)

(viD1otvobop) (L W v) = (vawip+vowpo) (v B ¥) = 0

These two equations can be combined in matrix form

giving,

Bw' WLy - @uE' By =0 (21)
Since both (¥' W v) and (v' B v) are scalars, it is
permissible to divide through by the former to give,
(B - Ay = 0 (22)
From this it can be seen that A is a root of the

determinantal equation,

T

B - AI| =0 (23)
and v is 1ts assoclated eigenvector. The largest of these
will be called the principal eigenvector (xl), and the
principal eigenvalue (A;). The number of non-zero eigen-
values in the W 'B matrix will be equal to the matrix rank.
This is given by Harris (1965, p. C21) to be the minimum of
(t-1) and p.

In this study where only two populations (ore and waste)
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are considered, the rank of the ﬂ'l

B matrix will always be
one, no matter how many variates are used.

The)extraction of these from the Hflg matrix does not
nécessarilj’exhaust its possibilities for discrimination
between the different populations if its rank is greater
than one, Using the property of symmetric matrices that,

P S -1
Z Ay = Tr - (W "B) (24)

i=1
if  A/Tr . Eflg + 1 then Ay will account for most of the
scatter of the data points, and it will not be necessary to
extract further eigenvalues and vectors from the matrix. If
the ratio is significantly less than one, it may be necessary
to extract at least one more eigenvalue and vector. The
question arises as to how to judge whether the ratio is
sufficiently close to one. Rao (1965, p. 370-378) gives
a statistical method of determining when to stop. He showed
that the function,

2 _ . ¢ 1
X“={ % kn, - =t + p)Hin(l + E;)} (25)
= t 2 i
t=1

had an approximate Chi Square distribution with

(t + p - 21) degrees of freedom,

where p = number of original variates

ct
i

number of groups
ng = number of observations made on tth.group

ith eigenvalue of the yflg matrix.

=
"
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X2 has the Chi Square distribution under the hull
hypothesis that there is no difference between the groups.
Thus, if

2
X a, (t+p-21)

X2 >
the 1P discriminant function can be used. This test must
be applied sequentially starting at the principal eigen-
value using some fixed o. If the (i + 1)'h discriminant
function is rejected, all subsequent functions must also
be rejected.

The result of the foregoing transformation will have
been to change the p—variaté data into i-variate data,
whére in most cases 1 is less than three. The transforma-

tions are simply made by applying equation 15 for each

significant v,

i vector to each data point.

Using this i-variate data, a mean vector and co-
variance matrix can be obtained for each population. The
~generalized distance in i-space separating a data point
of unknown nature from each of the two population centers

can be calculated from the following relation:

1

2 _ Ve .
th = (zj - ¥i) D, (Xd - L) (26)

mean discriminant vector of the tth_group

where 'y,

discriminant vector of the jth unknown data

Ly
point

Dgl = inverse of the discriminant covariance matrix

of the tth group
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Z2 = squared distance between the center of the

tJ
L th th

-group and the j unknown point.

It is possible to obtain an estimate of this distancé
in p~space in terms of the original p variables, without
making the orthogonal transformation. There are several
disadvantages to doing this. Although both methods should
~give the same classification to an unknown point, it is of
~great interest to know what is the probability of mis-
classification. This can only be done if the distribution

of Z is known, and in practice, this means that unless it

4o

has a multivariate'normal distribution with known parameters,

it is unlikely that it can be found.

Good estimates of the distributiéh parameters can be
obtained if large enough samples are taken from each popu=-
lation, but ﬁhe normality condition is not as easy to
satisfy. It is possible to use logarithmic or polynomial
transformatiohs on the original data to give it a more
normal form. However, it has been shown that the discrim-
inant variables will more closely satisfy the normality
assumption than the original variables (Cooley and Lohnes,
1962), regardless of their original form. This smoothing
to normality effect of the transformation is unlikely to

be very pronounced unless there are a fairly large number

of original variables used in forming the wflg matrix.
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‘An additional benefit obtained from the discriminant
transformation is' that the discriminant functions will
show how the original variables relate to the new variables,
and could possibly give some geological insight about the
nature of the new variables. The discriminant transforma-
tion is really a form of principal component analysis on
the“ﬂflg matrix.

The results of this sub-section can be summarized as
follows:

1. The significant eigenvalues (Ai) and eigenvectors

lg matrix.

(y;) are obtained from the W~

2. All‘data points from known groups, and from unknown
intersections, are transformed into the new y variables
using equation 15.

3. The mean vectors and covariance matrices for the
known groups are computed in terms of the new variables.

4, The i%® dimensional distance between each unknown
point and each of the group centers is computed. The

unknown points are classified as belonging to the group

whose center they are closest to.

Computation of Misclassification Probabilities

These are calculated using the transformed discrimin-
ant data, and are dependent on the following three

assumptions:



T 1309

1. The vector of y. is a good estimate of the mean
vector p. of the th group.

2. The covariance matrix D, is a good estimate of
the covariance matrix Et of the tthAgroup°

3. The tth group has a multivariate normal distribu-
tion with parameters p; and ..

The prdbabilities required in formulating a decision
rule can be obtained.from the misclassification probabili-

ties using Bayes Theorem.

Let A = the event that the vein is ore bearing.
B = the event that the vein is waste.
Yj = the event that the jth data poiht has values

equal to XJ'

Then the‘misclassification probabilities of the jth
unknown data point are,

Py 18]
if it was classified as ore when in reality the vein was
waste, and

P (11 4
if it was classified as waste when_in reality the vein was
ore.,

In the general case with i-variate discriminant data,
there are two ways of calculating these probabilities.
Both of these involve the use of the multivariate normal

density function. This was given. by Wilks.(l96l, p. 163=-

42
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166) as:
. 'E(ZEJ)
£ (Y cpnnesYeq) = — — (27)

' _ -1
where Zpy = (g4-y¢.)' Dg™ (Ly-¥¢.)

¥y = jth discriminant data vector
Y. = mean vector of tth‘group
]Dtl = determinant of the t'1 group covariance
matrix
i = number of variates.

It is possible to obtain measures of the misclassifi-
cation probabilities by considering only the densities of
the various group distributions at the point J, the

position of the jth unknown data vector. These will be

~given by
P EIJ I T:I = ft(yij:'-°:yij)dy,°--:dyi (28)
where T = event that vein belongs to the tth_group
d%,...,dyi = infinitesimal multipliers used to give

the density function mass at point J..
There will be a misclassification probabiliﬁy for each
_group.
This is not a very satisfactory approach since these
probabilities will be very sensitive to errors in data
observations (of the j vectors), and also to inaccuracies

in the estimated distribution parameters.
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A better method would be to use the point J to charac-
terize the set of;all other points into two subsets. The
probability masses of each of these sets could then be com-
puted for éach group hypothesis. Although this is
theoretically possible, ﬁhe misclassification probability

would be in the form,

o Y13 .
Ply, | o] = /o £y, ydyy .. dyy (29)

-0

where the hyper-plane through the point y’j, orthogonal to
all other axes, divides the set of all points into two

subséts.

Equation 29 cannot be integrated to obtain an answer
in closed form, and although 1t is possible to numerically
integrate it using Hermite-Gauss integration, the accuracy
of such results often 1ea§e much to be desired.

As this study only.deals with univariate discriminant
data, the multivariate case will not be considered.. In the

univariate case, the misclassification probabilities are:

I3
P Eiyj | ﬁ:] =/ fa(y)dy (30)
P E? Y5 | 19 =/ fg(y)dy (31)
YJ :

Figure 1 illustrates the use of this method. These
probabilities can either be found from tables of the normal

distribution function (Johnson and Leone, 1964a, p. 460-461),
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UNIVARIATE  DISCRIMINANT
"MISCLASSIFICATION __ PROBABILITIES

Waste

Ply<yl Al P[Y>y] 8]

FIGURE |
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or by numerical integration of equations 30 and 31 over
the relevant domain. All that is required for this are the
discriminant distribution parameters (yt_, si), and the
discriminanf value (yJ) of the unknown data point.

The probabilities given by equations 30 and 31 can be

used to compute the decision rule prcbabilities.

Analysis of Joint Probability Distributions

The use of the joint probability distributions of the
original variates to obtain the‘error probabilities 1s
intuitively more appealing than using discriminant analysis.
It has the severe limitation that these joint.distributions
can only be found if all variates are mutually independent.
If the independence criterion is not met, the number of
data points needed to obtain the joint distribution func-
tion will be prohibitively large.

If the characteristics are truly independent, very
simple statements can be made about the probability of an
unknown data point belonging to the ore bearing or waste
vein groups.

Let there be p significant independent characteristics,

and let the values of each of these be ordered such that

where Xi = the value of the ith characteristic, and is a

random variable
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Xy = value of the itR characteristic at a point.

Then for any data vector x from an unknown point J,

P [%j ! %] PB[§l>xl,X2>X2,..., Xp>x;j

Similarly,

P [%j [ Eﬂ PA[gi<X;J'PA[gé<X;]"'PA Xpﬁx;] (33)

where Xj is the event described within square brackets on

the right hand side.

By knowing each individuai characteristic distribu~
tion}from the ore bearing and waste groupé, these probabil-
ities can be easily found. These.probabilities are in fact
the best levels of significance at which the alternative
hypotheses can be rejected. For classification, the
hypothesis with the lowest error probability will be
accepted, and the data point assigned to this group. These
probabilities can also be used to obtain the decision rule
probabilities.

In practice, the probability of being able to prove
that all p significaht characteristics are mutually inde-
pendent is just about zero. However, it is possible that
some of them will be independent, and other subsets show
strong inter-related dependency, but these can still be
independent from the rest. In this case, it is possible

to construct a single new mutually independent variable

b7
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from each dependent‘subset.

This can either be done using regression analysis, or
on a heuristic basis. From either method, a relationship
between fhé"new and old variables will be‘obtained, and
from this, the distribution of the new variable can be
computed. Regression analysis should probably be used if
the dependent variables are highly correlated. If they are
not, it would seem preferable té combine them on a heuristic
basis that takes into account their nature, and relative
~geologic importance.

If the significant characteristics are mutually
dependent, and if they each have a normal distribution, it
is possible to compute the misclassification probabilities
directly from the multivariate normal distribution function.
This can be done by transforming the multivariate normal
distribution integral into the Hermite-Gauss form, which
can then be numerically integrated over the required
domains. A bivariate example of this technique is shown
below. Wilks (1962, p. 158—161)4gave the bivariate normal
distribution function as:

Ty ro -EQ(Xl,Xg)

g
F(ry,r,) ; [ /e dx,dx, (34)
2m|D|? - -o
where |D| = determinant of the covariance matrix

Qlxq,x,) = (x - w' D‘l'(g - n)

Equation 34 cannot be integrated to give an answer in
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closed form, but it can be transformed into a Hermite-Gauss
integral, which can then be numerically integrated. This
integral is given by:

o 2.

-X n
S e G(x)dx = X LA G(Xi),
Y i=1

The transformation to this form was carried out in the
following manner,

mean vector of the tthApopulation

Let (“1’“2)t

Dy = covariance matrix of the t®h population
_ (%11 Y12
dop 4o
D,”1 = inverse of D
t t
all 4dl2
d2l d22
[Dgl = (a37 dpp = dyp dpy)e
ry
1 2 =%Qi(Xq,%X5)
1 E VI il I ]
Then, F (ry,r5;) = ———0— [ [ e dx,dx, (35)

2'[1'|Dt|/2 —® =
where

11 ' 22
Qt(xl,xg) = (Xl‘ul)2d +2(X1—U1)(XQ-UZ)d2l+(X2-U2)d .

Making the transformations
2411 N x2 2

2.2
> 1/2(X2-U2) d

X2 1/2(X1-Ul)

) [T [522
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2 2 _
dx, = [—<4= . dX dx, = [ 5= « aX
1 il 1 ’ 2 422 2
. —(xl-ul)(xg-uz)dzl
and if H(Xl’x2) = e for x; < ry

and X, L1

it
o

for xl > r

and x2.> ro

-X1X,(2a%1// alla??)
then G(Xl’XZ) = e

11
for Xl < (rl-ul) 5=
_ 22
Xy < (rpmup) [S5- (352)
and G(X{,X,) =0
a7
for Xy > (rl-ul) 5
d22
Now,
T2
Fo(r,r,) L o ®,
r = ”
p(rysrs - /e /e G(Xy,X,)dX;dX, (36)

subject to conditions 35a and 35b.
This equation is equivalent to (35), but as it is in
the Hermite-Gauss form it can be numerically integrated

since,

1 n n

- - L I G(Xy X
(alla22|p, )% 10y gop MMatOUa Xy (37)

Ft(rl,rz)
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where n = order of the polynomial used to compute the wi's.

If conditions 35a are violated for any X35 the result-
ant value of

G(Xi ,XJ)\ = 0.

The approximation becomes more exact as larger n's are
used., Values for the X's and w's were obtained from tables
prepared by the National Bureau of Standards (1965, p. 924).
A computer program was written to evaluate the misclassifi-
cation probabilities of unknown data points using equation
37.

This method can be extended to multivariate data of
dimension greater than two. It would appear inefficient
to do this, since 1ts accuracy is critically dependent on
the exact normality of all the variate's distribution,

a condition that is seldom met precisely. In addition,

the dimension of the problem cannot be reduced as in dis-
criminant analysis, which means that computational require-
ments will increasé_geometrically with the increase in

number of variates.

Decision Rule Formulation

The classification analysis in the previous section
will have assigned an unknown data point to one of the two
~groups, and hopefully, a reasonable estimate of the mis-

classification probabilities will have also been obtained.

51
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s

The problem is to decide whether or not the unknown vein
is worth further sxploration effort. This decision must
be made in consideration of current management objectives.
These may be maximum expected return, minimum risk,
minimum exploration expenditure, or some other aim.,

To formulate a decision rule that will satisfy any one
of these objectives, the following additional data is
necessary:

1. The distributions of all known orebodies in terms
of size (target area) and value (gross metal content).

2. Unit costs of development operations such as
diamond drilling, drifting and raising.

In the siﬁple case where the uﬁknown vein 1s open on
strike and dip, the mean of the distributions of vein
size and value can be taken as the expected size and
value of the unknown vein. If previous exploration has
delimited the bounds of the unknown orebody, truncated
forms of these distributions must be used.

It would be of great interest and use if the original
characteristic data could be used to distinguish between
orebodies of different sizes., If this could be done,
three or more multivariate distributions would be
obtained, one from the waste group, and the others from
the different orebody size groups. The classification
analysis would be the same, but multiple misclassification

probabilities would be obtained. If such differences
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exist, they would probably show up in the ANOVA test,
The misclassification probabilities cannot be used
directly in the decision rule, but by using Bayes Theorem

the decisioﬁ rule probabilities can be found.

Let‘§ﬁ = characteristic vector of the 30 unknown
data point
X = vector of characteristic random .variables.
Then,

PlA|X<x, PE{L}EJ!Q - #(a] 8
b - g ]

and

- plrox 18] ¢[5]
F BI?}_B ) PE_(_>_>_(_J.]}E|{PI:A]+PE)_(_'>§_J.|B] -PI_BJ (39)

In most instances, the a priori probabilities P[A] and

P[B] are either unknown, or only very hazy subjective
estimates of them are available. In the Galena Mine study,
it was not clear what could be used as even approximate
values of these probabilities. To overcome this difficulty
it was éssumed that both these probabilities were equal to
one-half., This assumption means that the resultant
decision rule probabilities, and consequently the expected
return on exploration investment,cah only be used in a com=-
parative manner,

Equations 38 and 39 now reduce to:
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— P XS}_(.JI'E]
P Alzszﬂ =

P[X<xy|A]+P[X<x;]B)
: ;]" deT ' (41)

P|B|X>x —PE}?EJUH"'P -)953'%]

The decision rule probabilities are merely the normalized

(40)

form of these‘conditional probabilities, These are given by:

plalx < ESJ-]
e [a1] P [a]xsx;] +P[B|X>x ]

_ P[:Bl_}g?')_(_.] '
PEB@ B P[A]_)_(f_}_{_ﬂ +PJ|:'B|2<_>3¢_H (83)

where the event J describes the division of the set of all

(42)

possible points by the vector gd«intovtwo subsets.

The expected orebody value, vV can be calculated from,

Uy
Vo= L tep,(t) (44)
t=Ly
where:
Uv = upper bouﬁd of orebody value,

Ly = lower bound of orebody value,

T
<
~
ct
S’
1}

probability mass function of orebody value,

t = tPh value class of orebodies.

If a known bound on orebody size exists in any par-
ticular case, Uy must be replaced in equation 44 by this
bound before v is computed. This assumes that size and
value are directly related, although this may not always

be true.
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The exploration costs_(Dj) associated with a proposal

th

to explore the j*' -unknown data point can be evaluated

fairly exactly. The expected gross return from the explora-

th

tion of the j unknown data point is given by:

EE}RH=PE|J}V-§E@.DJ. (45)

It mining costs‘are not the same in all parts of the
mine, E[?é] must be multipliedbby some sqaling factor, so
that the expected returns from all exploration proposals
can be directly éompared. .

Due to the uncertainty about the a priori probabili-
ties, these expected returns cannot be considéred to be a
true measure of the actual return from exploration
investment. Thus, if maximum expected return is the
current management objective from exploration investment,
the pfoposal that fulfills this criterion can be selected.
The results obtained from equation 45 can also be used to
select exploration proposals that meet other management

objectives.
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APPLICATION OF THEORETICAL RESULTS

Data obtained from an underground silver-copper mine
in Idaho, was used to test the method outlined by the fore-

~going analysis.

Description of the Galena Mine

The Galena Mine is situated close to the town of
Wallace in northern Idaho. The principal economic metals
mined are silver and copper, both of which occur mainly in
- the mineral tetrahedrite. Most of this mineralization is
found in narrow velns intersecting bedded quartzites. These
veins appear to have origihally been tension fractures
caused by a major fault (the Polaris fault) that runs
through the mine area. This fault is thought to have been
the major source of mineralization. A few economic veins
have been found in argillites which underlie the quartzites.
Figure 2 shows a generalized plan view of a typical level
of the mine,

At present the mine workings extend about 10,000 ft
laterally and 1,500 ft vertically. There are approximately
32 veins that are thought, or known to contain ore, and
numerous other veins that apparently contain only waste.

Orebody sizes (in terms of longitudinal section area)

56
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range from 400-sq ft to 1,400,000-sq ft. Veln widths vary
from a few inches:to 12-ft or more, but probably average
about S-ft,

freliﬁinary exploration in the mine 1is carried out by
diamoﬁd drilling at regular intervals from long drifts,
~driven roughl& parallel to the lithologic contact between
the quartzites and argillites. The velns intersected in

these holes form potential exploratibn targets.

Characteristic Data

An'initial set of 24 vein characteristics was selected.
Data had been gathered on these characteristics from 60
points in orebodies, and 21 points in waste veins for use
in a classification analysis based on a method developed by
Botbol (1969, p. 1-17). It was found that seven of the ore
points were taken from veins that were no longer included
in the miné's ore reserves. Consequently, these points
were classed as waste, and the analysis was then carried
out with sample sizes of 53 and 28 from the ore and waste
populations respectively.

All this data was in binary form, which rendered it
“generally unsuitable for the type of analysis outlined
earlier, However, all of these characteristics must possess
continuous distributions, which coﬁld be found if data were
~gathered in a sufficiently detailed manner. These would not

necessarily be normal distributions, but such data probably
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.could be transformed into an approximately normal form using
transformations similar to those used by Harris (1968, p. 308).

The analysis of this characteristic data was used mainly
for illustrative purposes, since its form was so far from
normdl that the results obtained from it cannot be given
much weight.

Because the limitations of this set of data points were
realized, a second set was collected on the only two charac-
teristics for which information was readily available. Data
points were selected at random from ore and waste veins, and
silver and copper contents of the veins at these points were
recorded. It was found that these charactefistics had an
approximate log normal distribution for both the ore and
waste populations. Thus with this data set, the normality
and random selection conditions were met, since all subse-

quent operations were performed on the log-transformed data.

" First Data Set

The 24 characteristics and the fesults obtained from
the 81 data points of this set are listed below. In all
further discussion these characteristics will be referred
to by number.

No. 1 - Distance of Vein Intersection from the Quartzite/
Argillite Contact

This was measured as the shortest horizontal distance

from the vein intersection to the contact.
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Distance to Contact
Code (ft) '
1l 0 - 100
2 100 - 200
3 200.--~ 300
4 300 - 400
5 400 - 500
6 500 ~ 600
7 600 = 700
8 700 = 800
9 > 800

Mean distance
Coded mean

Ore Waste
Freq. % Freq, %

3 5.6 it 14.3
7 13.3 3 10.7
11 20.8 4 14,3
11 20.8 Y 14,3
Y 7.6 l 14,3
8 15,1 3 10.7
] 7.6 1 3.6
2 3.6 2 7.1

440 ft¢, 450 ft.

4,40 4,50

No, 2 = Depth of intersectlion

The depth of each point was taken as the level from

which it had come.

Depth
Code (ft)

2400
2800
3000
3200
3400
3700
4ooo
4300

O~ O\l Lo

Mean depth
Coded mean

Ore Waste
Freq. % Freq. %
0 0.0 0 0.0
y 7.6 1 3.6
5 9.4 2 T.1
9 17.0 1 3.6
0 0.0 1 3.6
14 26.4 13 46,5
6 11.3 4 14,2
15 28.3 6 21. 4
3,685 ft 3,775 ft
5.75 6.11

No, 3 = Veln dip and direction

Veln dilp was recorded in eight classes as detailled

below. This data must De consldered modulo elght, as class

one and class elght are actually adjacent.

60
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Code Dip Angle & Direction

61

450,509
60°-75°
75°=909°

600-750"
459,600
00-1459

O~ W =W N

Approx. mean
Coded mean

No. 4 = Vein Strike Azimuth

0°%-45°, s,SE,SW

759=-90°, N,NE,NW

Vein strike was recorded in six classes, and must be

considered mudulo six,since class one 1s adjacent to class

six., Strike azimuths in the second and third quadrants are

identical to those in the fourth and first, respectively.

Code Strilke

Azimuth

30°
600
270°
300°
3300

Approx., mean
Coded mean

VT £ N =

0° -

30°
- 602
- 90
- 3002
- 330
- 360°

Ore Waste

Freq. % Freq. %
1 1.9 0 0.0
4 7.5 0 0.0
22 41,5 16 572
22 41,5 9 32.1
3 5.7 3 10.7
1 1.9 0 0.0
0 0.0 0 0.0
0 0.0 0 0.0

81°N,NE ,NW 82°i{ ,NE ,NW

Ore Waste

Freg. % Freq., 4
5 9.4 2 7.2
11 20,8 5 17.8
11 20.7 6 21,4
24 45,3 12 42,8
1 1.9 2 7.2
1 1.9 1 3.6

80° 82°

No. 5 = Sllver Content of Intersection

The sllver content of the intersection 1s calculated

by multiplying the sllver assay of the intersection by 1its

width. The resultant number 1s in oz ft of silver/ton unlts,
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Silver Content - Ore Wasté
Code (oz ft/ton) Frea. & Freq. %
3 100 -« 150 14 26.4 0 0.0
4 150 - 250 12 22.7 0 0.0
5 250 - 375 b 7.5 0 0.0
6 > 375 5 9.4 0 0.0
Approx. mean 167 60.4
Coded mean 3.17 1.04
No, 6 = Silver/Copper Ratio
The ratio is in the form oz silver/ton to % copper. It
should be noted that the apparent discrepancy between the
approximate and coded means 1s due to'unequal class size.
Silver/Copper Ratlo Ore Waste
Code (oz/ton, %) Freq. % Freq. %
1. 0 - 15 b Te5 9 32.2
2 15 - 20 5 9.4 0 0.0
5 50 = 80 5 9.4 L 14,3
6 > 80 2 3.8 6 21. 4
Approx. mean 28 35
Coded mean 3.43 3. 46
No. 7 = Percentage Quartz in Vein
Ore Waste
Code Quartz in Vein (%) Freq. A Freg, A
1 0 - 10 19 35.9 b 14,3
2 10 - 25 26 49,0 13 46,5
3 25 = 50 5 9.5 5 17.8
y > 50 3 6.6 6 21.4
Approx. mean 18% 297%
Coded mean 1.85 2.46
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No., 8 = Distance of Vein Intersection from Polarls Fault

Ore waste
Code Distance Freq. % Freq. %

1 0-1400 19 35.9 9 32.1
3 >800 16 30.1 10 35.8
Approx. mean 580 ft 610 ft
Coded mean 1.94 2.04

No. 9 = Wall Rock Type
Ore Waste

Code Wall Rock Type Freq, % Freq. %
1 Mainly arglllite 2 3.8 1 3.6
2 Argillite=quartzite 5 9.4 4 14,3
3 Mainly quartzite 46 86.8 23 82.1

Coded mean 2.83 2.79
No. 10 -~ Bedding Thickness of Wall Rock
Ore Waste
Code Bedding Thickness Freq. % Freq.
(ino)

-1 >6 b2 79.3 18 64,3
2 2=6 11 20.7 10 35.7
3 0=2 0 0.0 . 0 0.0

1.21 1.36

Coded mean

No. 11 - Bedding/Vein Angle, Vertical Section
Characteristics 11 and 12 are measures of the closeness

of the strike and dip of a vein to those of the bedding

planes of the wall rock. As they are 1n fact the vertical

and horizontal components of a single characteristic, they

have also been combined as characteristic 1l2a.
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Qre
Code Angle Freq, %
1 0°-30° 14 26,4
2 309-60° 27 51.0
3 60°~90° 12 22.6

Coded mean 1.96

No, 12 - Bedding/Vein Angle, Horizontal

Section

Ore
Code Angle Freq. %
1 0°-30° 13 24,6
2 30°-60° 23 43,4
3 60°-90° 17 32.0
Coded mean 2.08
No., l2a = Composite Bedding/Vein Angle
" Ore
Code "Code Product Freq., %
1 1x1 1 1.9
2 1x2 or 2x1 11 20.8
3 1x3 or 3x1 1y 26.4
y 2x2 12 22,6
5 2x3 or 3x2 15 28.3
6 3x3 0
Coded mean 3.53

No. 13 = Stringered Walls

Waste
Freq. b
6 21,4
16 57.2
6 21.4
2.00
Waste
Freq. %
12 2,8
8 28.6
8 28.6
1.86
Waste
Freq. %
1 306
7 24,1
9 32.1
6 21.4
5 17.8
0
3.25

This refers to the presence of small velnlets of quartz

or other minerals 1n the wall rock on elther side of the

vein,
Ore
Code Description Freq. %
1 Absent 17 32.1
2 Present 36 67.9

Coded mean 1.68
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veln

Code

-

wall

Code

Code

Code

65

No. 14 = One or Both Walls with a Sharp, Frozen Contact

Thils refers to the nature of the interface between the

material and the wall rock.

Ore Waste
Description Freq., % Freq. %
Absent 31 58.5 15 53.6
Present 22 41,5 13 46 . 4
Coded mean 1.36 1,46

No. 15 =« One or Both Walls Bounded by a Slip
This refers to the interface between the veln and the

rock showing some evidence of faulting.

QOre Was te
Description Freq. % Freq. %
Absent 34 64,2 20 71.5
Present 19 35.8 8 28.5
Coded mean 1.36 1.29

No. 16 = Veiln or Wall Rock Brecciated

Ore . Waste
Description Freq. % Freq. %
Absent 43 81.2 26 92.8
Present 10 18.8 2 7.2
Coded mean 1.19 1.07
No., 17 = Tetrahedrite and/or Chalcopyrite in Wall Rocks
Ore waste
Description Freq. % Freq. %
Absent 48 90.5 27 96.4
Present 5 9.5 1 3.6

Coded mean 1,09 1.04
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No, 18 = Percentage Wall Rock in Vein

66

" QOre Waste
Code Wall Rock in Vein Freq, % Freq. %
(%)
1 <25 49 92.5 26 92,8
2 >25 4 7.5 2 T2
Coded mean 1,07 1,07
No. 19 = Pyrite in Vein
. Ore Waste
Code Description Freq. % Freq. A
1 Absent 19 35.9 9 32.1
2 Present 34 64,1 19 67.9
Coded mean 1.64 1.68
No.b20 -~ Chalcopyrite in Vein
Ore Waste
Code Description Freq. 7 Freq. ;
-1 Absent 32 60.4 20 T1.4
2 Present 21 39.6 8 28.6
Coded mean 1.40 1.29
No. 21 = Galena in Vein
Ore Waste
Code Description Freq. A Freq. %
1 Absent 4o 75.5 17 60.7
2 Present 13 24,5 11 39.3
Coded mean 1.24 1.39
No, 22 = Arsenopyrite in Vein
Ore Waste
Code Description Freq. % Freq. %
1 Absent 48 90.6 26 92.8
2 Present 5 9.4 2 7.2
Coded mean 1.09 1.07
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No. 23 = Other Metalllc Minerals in Vein

Ore Waste
Code Description Freq. % Freq, %
1 Absent 49 92.5 27 96.4
2 Present 4 7.5 1 3.6
Coded mean 1.08 1.04

No. 24 - North or South of the Polaris Fault

Ore wWaste
Code Description Freq, % Freq. %
1 North 14 26,4 6 21. 4
2 South 39 73.6 22 78.6
Coded mean 1.74 1.79

Second Data Set

A total o 659 and 279 data points were taken from ore
bearing and waste veins respectively. These samples were
large encugh that 1t was reasonable to assume that the dis-
tributions obtained would be close approximations of the
true distributions. The véin wldth, and the silver and copper
grades were measured at each data point. The silver and

copper contents of these intersections were calculated by:

Silver content Vein width x oz silver/ton

Copper content Vein width x % copper

The histograms for these quantitlies were positively
skewed, but by logarithmically transforming each observation,
an apprbximately normal form was obtained. These are shown
in figures 3 and 4 for silver and copper respectively,

Althougn the transformed silver histograms are close to a

normal shape, the copper nistograms show a definite bimodal
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form. This was probably due to certain parts of the veins
having been minerélized by fluids that had been stripped of
their copper content, but still contained some silver.

These>iow copper data points were discarded as there
was an insufficient number of them (11 and 47 for ore and
waste respectively) to obtain a good estimate of their dis-
tribution., The amended histograms formed from the remaining
648 ore and 231 waste data points are shown in figures 5 and
6. It can be seen that a much better fit is obtained.

Table 1 shows the transformed amended means for the 28

ore bearing veins from which data was gathered,

Selection of Significant Characteristics

The stage 1 analysis (see p. 14-19) run on the 53 ore
data points, and the 28 waste data points for the 24

characteristics»gave the following results.

F = 3,3647
and Fa,k,(Nl+N2-k—l) = 2,80 (from tables)
wheré

a = 0,001

k = 24

(Nj+Ny-k-1) = 56
Thus, the best level of significance at which the non-null
hypothesis (that the ore ahd waste populations were differ-
ent wilth respect to the 24 characteristics) could be

rejected was less than 0.001. It is, therefore, extremely
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Table 1. Transformed data from the ore sample of the second

data set.

Vein Sample

Code Velin No. . - Size
1 Silver 202
2 North ' 36
3 7 24
L 13 6
5 38 13
6 67 9
T 79 14
8 85 - 10
9 T4-91 32
10 92 24
11 97 9
12 100 13
13 102 6
14 104 42
15 119 6
16 120 14
17 122 3
18 131 15
20 134 46
23 174-177 4
24 178 6
26 284 3
27 285 19
28 288 12
29 290 48
30 306 25
31 94 3
32 257 5
Total 648

Mean (Log Ag.)

5.04
)4.1"5
4,63
3.66
5.16
4,58
4,67
b, 43
3. 84
5025
4,55
4,94
5.78
5.27
5.01
4,26
5. 47
4,13
11.50
4,90
3.78
h.37
boh7
b.59
4.93
4.39
3.51
3.03

4,75

Mean (Log Cu)

1.78
0.88

L ] -
U1 \0
oW
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probable that a real difference exists between these popula-
tions.

Confidence intervals were formed about the character-
istic mean differences between population at levels of d
varying from 0.05 to 0.001. It was found that at the
largest value of a, eight characteristics caused the differ-
ence, and at the lowest value of a, there were still seven
of these that were significantly different. These character-

istics were:

Characteristic Significant
" No. Description at o level
5 Silver content of vein 0.001
7 Percent quartz in vein 0.001
10 Bedding thickness of wall rock 0.001
16 Vein or wall rock brecciated 0.001
17 Tetrahedrite and/or chalco-
pyrite in wall rocks 0.001
20 Chalcopyrite in vein 0..005
21 Galena in vein 0.001
23 Other metallic minerals in
vein 0.001

This test was not run on the second set of data, as
inspection of the histograms formed from the silver and
copper characteristics for the ore and waste populations

showed that they were obviously different.

Determination of the Homogeneity

of the Characteristic Data

The multivariate ANOVA test was not run on the first
data set, as it contained insufficient observations. A one

way bivariate ANOVA test (see p. 19-30) was run on the
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second set of data taken from the ore bearing veins. The
two Variates.were:log (silver content) and log (copper
content), and the 28 treatments were the physically distinct
veins from ﬁhich data points had been gathered. The number
of points used from each vein is shown in table 1.

The results obtained were as follows:

148.2 112.2I g = [635-5 523.%
112.2  156.6 523.1  556.5

_ [783.7  635.3
(H + E) 635.3  713.1

H =

.y=1 _ 14-2.(0.459  -0.409

(H + E) 10 (o.uo9 0.505
0.221  -0.040
-0.125 0.331

H(H+E) ™1

The largest eigenvalue (6) of this matrix was,
6 = 0.366.

The parameters of its distribution were

S = 2.0
M = 12.0
n = 308.5.

From the corresponding Heck chart,

Zo,8,M,n = 0-09
for o = 0.01.
Since 6 > Zu,S,M,n’

the hypothesis that all the orebodies were the same was
rejected at the 0.01 significance level. Simulftaneous con-

fidence intervals were formed about the characteristic mean
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differences for all orebody pairs. It was found that none
of these were significantly different at the 0.01 level.
This apparent contradiction was caused by the difference in
the sensitivity of the two tests. The largest eigenvalue is
extremely sensitive to the differences in fthe treatment
parameters, whereas the simultaneous confidence intervals
cover the worst possible combination of events, and are
consequently insensitive. In fhis particular insﬁance, the
wide disbarity in treatment sample size (from 3 to 207)
increased this intensitivity to a point where real differ-
énces betweeﬁ treatment parameters did not show.

An attempt was made to overcome this difficulty on a
semi-heuristic basis by reducing the value of Za used in the
formation of the confidence intervals, until some orebody
pairs did show a significant difference. The orebodies that
caused this difference were eliminated, and the ANOVA test
was rerun., The new value of 6 was then checked to see if
the null hypothesis was still being rejected.

It was found that the disparity in treatment sample
size was causing the elimination of/orebodies\having large
sample sizes, even though the differences between their
means, and those of other orebodies were comparatively small.,
It would appear that to obtain meaningful'results from this
method, sample sizes must be of the same order so that the

resultant confidence interval sizes would only reflect the
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differences in treatment parameters.

In order to make some use of the results, all orebodies
which had a low grade, and a small sample size were elimin-
ated. Thié‘was done under the aésumption that such orebodies
were in fact waste. These orebodies were on vein nos. 13,
94, 178, 257, and 284, 1In addition, vein nos. T4-91 were
eliminated, as the confidence interval test showed these
Veins to be different from the other veins. Their proximity
‘to a zone of the mine containing veins with a high lead
content may account for this difference. A total of 65
data points were eliminated. The ANOVA test was rerun with-
out these 65 data points, but the 6 test statistic still
showed that the null hypothesis was rejected at the 0.01
level.

The remaining 594 data points were used in all subse-
quent operations with the second déta set from the ore

population,

Determination of Dependency Between

Significant Characteristics

Contingency tables were constructed for all (g) pairs
of the seven characteristics that were found to be differ-
ent at the 0.001 level of o in the multivariate comparison
of means test between the ore and waste populations. The

results from these tests are listed in table 2.
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Table 2, Dependencies Between Significant Characteristics.

Characteristic 5 Degrees of %
Combinations X Freedom Best a
5- 7 7.91 15 >0.05
5«10 3.26 10 >0.05
5=17 9.65 5 >0.05
5=-21 15.44 5 0.01
5«23 6.73 5 >0,.05
7"10 0187 6 >0005
7-16 30514 3 >0005
717 10.21 3 0,025
T=21 1.09 3 >0.05
T=23 3.01 3 >0.05
10-16 2.78 2 >0,05
10-17 lt)"6 2 >0005,
10=-21 1.05 2 >0,05
10-23 0.05 2 >0,05
16=-17 1.28 1 >0.05
16=-21 0.20 1 >0.05
16=23 1.00 1 >0.05
17-21 0.71 1 >0.,05
17-23 0.45 1 >0.05
21=23 1.52 1l >0.05

¥Refers to the best level of o at wnlch the hypothesis of
independence could be rejected.
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Only two pairs had a best level of significance less
than 0.05, and even these pairs were not highly dependent.
It was thought advisable to combine the characteristics of
each dependént pair into a new independent random variable
prior to computingbthe decision rule probabilities. The
method of doing this is shown in the section on the analysis

of the joint probability distributions (p. 87-90).

Comparison of Unknown Data Points

With Known Populations

Vein intersections of unknown nature were selected from

17 diamorid drill holes. This data is shown in table 3.

" Discriminant Analysis

Tirst Data Set

Discriminant analysis was applied to the data from the
seven significant characteristics using all 53 ore, and 28
waste data points using the technique shown on p. 34=40, The
following results were obtained.

The E:ig matrix was found to be singular with rank one
as expected. It consequently had iny one eigenvalue, which
had a magnitude of 1.00152. The eigenvector associated with
this eigenvalue was used to transform the original data into
the discriminant form. The linear transformation equation

was,

79
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j 0.442 XSJ.- 0.263 x

<
il

75 = 0.338 Xle + 0.517 xl6j

+ 0,464 Xy + 0.055 x + 0.368 X,

73 21 3J

where:

v = discriminant value of the jth data point,

X5gsec9Xp3y = observed value of the 5th _,  o3rd

characteristics for the jth data point.

It must be re-emphasized at this point that this example
is shown for illustrative purposes only, as the results
obtained are probably inaccurate due to the original data
being in an unsuitable form.

The coefficients of this transformation equation indi-
cate the relative importance of the characteristics in the
discrimination between ore and waste veins. These coef-
ficients appear to be of thé correct magnitude and sign,
with the possible exception of the coefficient of X2lj'

There appears to be a definite correlation between the
presence of lead and a veln being waste. Consequently, it
would be expected that XZIJ would have a negative coef-
ficient. It is possible that the axis of maximum separa-
tion between the data point cluster centers is almost
orthogonal to the lead characteristic axis. This would
mean that this characteristic is of little use in discrim-

inating between ore and waste when used in conjunction with

the other six characteristics.
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The single discriminant transformation was performed
on the 53 ore, 28fwaste, and 19 unknown data points. The
discriminant means and variances for the first two cate-

gories were:

Mean Variance
Ore 2.0910 0.5009
Waste 0.8413 0.0937

The discriminant values for the 19 unknown data points,
and their generalized one dimensional distances (obtained
from equation 26) from the two population centers are given
in table 4. The reason for the much larger distances
associated with the waste population is that the variance of
this population is very much smaller than that of the ore
population. This in turn is mainly due to the uniformly
low grade characteristic values of the waste sample data
points.

The misclassification probabilities were computed using
equations 30 and 31. These are shown together with the
resultant decision rule probabilities in table 5.

Second Data Set

Discriminant analysis was applied to the data points
remaining in the second set after the low copper points had
been removedAfrom the ore and waste samples, and all points
from veins shown to be different in the ANOVA test had been

eliminated from the ore sample. Points from these veins were
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Table 4. Discriminant Values and Distances of Unknown Data
Points from Populatlion Centers,

First data set

Intersection

No. N zz(ore) z2(waste)
1 2.,1274 0.003 17.66
2 0.6121 4,367 0.56
3 1.2991 1.252 2,24
4 1.9891 0.021 14,07
5 1.1808 1.654 1.23
6 1.4442 0,836 3.88
7 1.7075 0.294 8.01
8 1.8010 0.168 9,83
9 1.0357 2,224 0,40

10 3.1141 2.089 55.15

11 1.7075 0.294 8.01

12 1.1808 1.654 1l.23

13 1.8106 0.157 10,03

14 2.8248 1.075 42,01

15 3.9914 7.210 105,96

16 0.2935 6.061 2.59

17 2.1493 0.007 18.27

18 3.6049 4,576 81.55

19 1.6006 0,480 6.16

2

generalized one dlmenslonal dlstance between data
point and population center,

N
it

discriminant value of the unknown data polnt.

«
il



T 1309 .

Table 5. Misclassification and Declslon Rule Probabllities
for Unknown Data Polnts.

Discriminant analysis - First data set

Intersection P[¥sy|4]  p[¥>yl8]  p[ald] p[5]4]
NO. ’
1 0.520 0.00001 0.9999 0.0001
2 0.018 0.77308 . 0.1450 0.8550
3 0.132 0.06735 0.6320 0.3680
y 0.443 0.00009 0.9995 0.0005
5 0.099 0.13364 0.4429 0.5571
6 0.180 0.02442 0.8436 0.1564
7 0.294 0.00232 0.9858 0.0142
8 0.341 0.00086 0.9949 0.0051
9 0.068 0.26264 0.2774 0.7226
10 0.926 0.00000 1.0000 0.0000
11 0.294 0.00232 0.9858 0.0142
12 0.099 0.13364 0.4429 0.5571
13 0.346 0.00077 0.9955 0.0045
14 0.850 0.00000 1.0000 0.0000
15 0.996 0.00000 1.0000 0.0000
16 0.007 0.94624 0.1893 0.8107
17 0.532 0.00001 0.9999 0.0001
18 0.984 0.00000 1.0000 0.0000
19 0.244 0.00655 0.9583 0.,0417

where:
A = event that veln 1s ore
B = event that vein 1s waste
y = discriminant value of unknown data point

J = event of the division of the set of all possible
discriminant values into two subsets by valug Yo
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not removed from the waste sample, as it appeared likely
that the differences (with the possible exception of veins
74-91) arose because these veins were really waste. If this
assumption was true, points taken from these veins were
éorrectly classified in the waste sample, and consequently
should not be removed. |

As there were only two characteristics in the second
data set, the discriminant transformation merely put the
data in a suitabie form from which the misclassification-
probabilities'couid'be computed., It is possible to compute
these probabilities directly using Hermite-Gauss integra-
tion (see p. 48-51) if the original dimension of the data
is small. This latter method is computationally more
efficient for bivariate data, but it does not appear as
precise,

The misclassification probability masses computed by
these two methods are different, since the limits for the
integrals are set in a different manner. Figure 7 shows
the reason for this difference. The discrimiﬁant iimit
(line DD) appears intuitively to be a better way of divid-
ing the set of all possible points into two subsets.

The analeis was run with 594 points from 22 ore
bearing veins, and 232 points from waste veins. The
following resulté-were obtained using the technique shown

on p. 3U-U1.
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The ﬂ:i@ matrix was found to be singular with rank 1.
Its eigenvalue was of magnitude 0.852, and it had an
assoclated eigenvector (0.969, 0.247). This eigenvector
was used to transform the second data set observations into
new discriminant values.

vy = 0.969 X 5 + 0.247 xzj

log (silver content) of the jth data point

wﬁere X135
X5y = log (copper content)'of.thejth data point.
This discriminant transformation was performed on 594
ore, 232 waste, and 19 unknown data points. The discrimin-
ant means and variances for the first two categories are

shown below.

Mean Variance
Ore 5.061 1.5721
Waste 2.279 2.5057

The misclassification probabilities for the 19 unknown
‘data points were computed using equations 30 and 31. These,
and the resultant decision rule probabilities are shown in

table 6.

Analysis of Joint Probability Distributions

Pirst Data Set

The two pairs of dependent significant characteristics

were combined in the following manner:
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Table 6., Misclassification and Decision Rule Probabilities
for Unknown Data Points.

Discriminant analysis - Second data set

Intersection
No. y P[YSyM;l PE{>y|]_3] P@lﬂ PE3|J:I
1 4,926 0.457 0.047 0.802 0.198
2 4,460 0.316 0.084 0.701 0.299
3 3.421 0.095 0.235 0.350 0.650
4 4,682 0.381 0.064 0.754 0.246
5 3.579 0.119 0.206 0.407 0.593
6 3.817 0.161 0.166 ' 0.495 0.505
7 4,000 0.199 0.138 0.560  0.440
8 5.221 0.551 0.032 0.847 0.153
9 3.000 0.050 0.324 0.213 0.786
10 6.568 0.885 0.003 0.942 0.057
11 3.540 0.113 0.213 0.393 0.607
12 3.720 0.142 0.181 0.459 0.541
13 4,140 0.231 0.120 0.606 0.397
14 5.778 0.716 0.014 0.902 0.098
15 6.153 0.808 0.007 0.925 0.075
16 3.909 0.179 0.152 0.528 0.472
17 h,ouy 0.209 0.132 0.575 0.425
18 5.358 0.594 0.026 0.863 0.137
19 5.052 0.497 0.040 0.823  0.177

where: A = event that vein is ore
B = event that vein 1is wastg
y = discriminant values of unknown data point
J = event that the set of all possible vectors Y

is divided into two subsets by the discrimin-
ant vector y.
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Pair (5-21): There appeared to be a definite negative

correlation between increasing vein silver content and the
presence of galena. A heuristic relationship was formed
that reflected the relative importance of the character-

istics, and ordered the coded values such that:

P, [2(_»_(_;] > Py [2(_>_;£] (42)

This relationship was,

(5) = 0.5 x (21) (43)

(521) =
where:
(5) = coded value of characteristic: 5
(21) = coded value of characteristic 21
(521) = equivalent.coded value of composite

characteristic 521.
This new characteristic had 12 possible values ranging
from 0 to 5 1/2.

" Pair (7-17): There was a weak positive correlation

between the increasing percentage of quartz in a vein and
the presence of chalcopyrite and/or tetrahedrite in the

adjacent wall rock. The linking relationship used was:

mn = - [+ an) (uh)
where (N ='coded value of characteristic 7
(17) = coded value of characteristic 17
(717) = equivalent coded value of composite

characteristic T17.
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The negative sign was added'so that the condition of
equation 42 would be met. This new characteristic has
five possible values ranging from -6 to -2.

The distributions of these five independent character-
istic¢s (nos. 521, 717, 10, 16 and 23) have to be in a form
such that equations 32 and 33 Qf the preceding section can
be applied. The cumulative frequency distributions of the
composite characteristics were obtained from the ore and
waste samples., As these were discrete step functions it was

necessary to use these probabilities in the form,

PA _? xi]

—
PB X > xi}.

-

A

and

The remaining three characteristics are in effect
Bernoulli trials, and consequently 1t is convenient to
replace the probabilities in equations 32 and 33 correspond-

ing to these characteristics with,

nd

The frequency distributions of the five characteristics

a

2

obtained from the 53 ore, and 28 waste data points are given
in table 7. It should be noted that for characteristic 521,
small probabilities have been assigned to PB[% > xi] for

values of Xy > 2, This has been done because it 1s known

90
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Table 7. Silgniflcant Characteristic Distributions.

Ore Waste
Characteristic I X
No. X Freq. PA[Xfﬁa Freq. PB Xii]
521 0 5 0.094 10 1,0000
521 3 3 0.151 17 0.6430
521 1 1 0.170 0 0.0350
521 1% 9 0.339 1 0.0350
521 -2 6 0,452 0 0,0040
521 2% 8 0.604 0 0.0035
521 3 0 0.604 0 0.0030
521 3% 12 0.830 0 0.,0025
521 4 1 0,848 0 0.0020
521 43 3 0.906 0 0.0015
521 5 0 0.906 0 0.0010
521 5% 5 1.000 0 0.0005
717 -6 1 0.019 1l 1.000
17 -5 4 0.094 5 0.964
717 -l 3 0.151 5 0.785
717 -3 29 0.698 12 0.607
T17 -2 16 1.000 5 0.178
Freq., PA[X=i} Freq, P[X?*]
10 1 42 0.794 18 0.644
10 2 11 0.206 10 0.356
16 1 43 0,812 26 0.928
16 2 10 0.188 2 0.072
23 1 ile) 0.925 27 0.964
23 2 ly 0.075 1 0.036
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that the silver content of a waste vein intersection can
exceed the quantity corresponding to xj = 1%. This was the
highest Valpe of this characteristic recorded in the 28 data
points taken from waste veins. To omit doing this would
have implied that any intersection with a value of charac-
teristic 521 greater than or equal‘to two, would be ore“with
probability one,

The misclassification and decision rule probabilities
for the 19 unknown data points are shown in table 8. The
method of calculating these 1is sﬁown below using the inter-
section at 320 ft in D.D.H. 40-38,

The‘§d vector for this intersection was

(3, =4, 1, 1, 1)
]

Similarly,

PB'[E > %;] = 0.00136.

Then, assuming the a priori probabilities are equal,

0.604 x 0.151 x 0.794 x 0.812 x 0.925

0.054,

| _ 0.0054
P lAIX < 5;] ~ 0.054 + 1.0 - 0.00136
= 0.0513
p [B[x > {] _ 0.00136
== 1.0 - 0.054 + 0,00136

0.001438.
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Table 8, Milsclassification and Declsion Rule Probabilitiles
for Unknown Data Polnts.

Probabilistic ana}ysis - First data set

Intersection
Now 5 plxcxla] elxaxis] »[als] e[sld]
1 (2%,-2,1,1,1) 0.360 0.0004 0.9979 0.0021
2 (1,=5,2,1,1) 0.002 0.0107 0,1896 0,8104
3 (0,-2,1,1,1) 0.056 0.1025 0.3750 0.6250
m (2%,-4,2,1,1) 0.014 0.0009 0,9401 0,0599
5 (%,-5,1,1,1) 0.008 0.3571 0.0468 0.9532
6 (%,=-4,1,1,1) 0.014 0.2908 0,0763 0.9237
8 (2%,=-6,1,1,1) 0,007 0.0020 0,7707 0.2293
9 (0,-3,1,1,1) 0.039 0.3497 0.1754 0.8246
10 (5%,=2,2,1,1) 0.140 0.0001 0:9995 0.0005
11 (3,=3,1,1,1) 0.063 0.2249 0,2793 0.7207
12 (%,-5,1,1,1) 0.008 0.3571 0,0468 0.9532
13 (1%,=3,2,1,1) 0.037 0.0068 0.8360 0.1640
14 (3,=4,1,1,1) 0.054 0.0014 0,9730 0.0270
15 (4%,-3,1,2,1) 0.087 0.0000 0.9994 0.0006
16 (%,=4,1,1,1) 0.014 0.2908 0.0763 0.9237
17 (1%,-3,1,1,1) 0.058 0.0001 0.9984 0.0016
18 (3,-3,1,2,1) 0.141 0.0122 0,8990 0,1010
19 (2%,=-4,1,1,1) 0.054 0.0016 0,9687 0.,0313

event that vein 1s ore

event that veln 1s waste

characteristic vector for unknown data point

event of the division of the set of all possible
vectors X, into two subsets by the vector Xo
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Then using equations 40 and 41, the decision rule
probabilities can:be computed., This gives the decision
rule probabilities as:

: [

P B|§]

In this case, if the exploration proposal was to follow

0.973
0.027.

the line of the diamond drill hole to the vein intersection,
and then to explore the vein with 100 ft of drift, the

expected gross return from the investment would be:

V x 0.973 - (420 x d) x 0.027

3

T

I3y
I

)
o3
0]
2]
(0]
<
i

expected gross value of orebody

ol
]

cost/ft of exploration drift.

" Second Data Set

The second data set was in a suitable form for direct
probabilistic analysis, since the distributions of both
variates were closely normal in form, Although they were
highly dependent, the bivariate normal distribution function
for such variates 1is known, and probabilities can be com-
puted directly from this function, as shown on p. 48-51,
of the previous section,

Five values of n, ranging from 9 to 20, were used on
each of the 19 unknown data points. The convergence
obtained was not too satisfactory, but it was thought to be

sufficiently good to make the results useable,
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The misclassification and decision rule probabilities
obtained using a .value of n = 20 in equation 48 are shown

for the 19 unknown data points in table 9.

95



T 1309

Table 9.

for Unknown Data Points.

Probabilistic analysis - Second data set

Intersection
No.

O o~ OWJl =W

11
12
13
1}
15
16
17
18
19
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Misclassification and Decision Rule Probabilities

where A = event that vein is ore

B = event that veih is waste

I~
]

J = event that the 'set of all possible vectors X

~grade characteristic vector for unknown data

divided into two subsets by the vector x.

Plx<x|d rloxis 2[l] p[B|]
0.328 0.037 0.831 0.169
0.207 0.037 0.800 0.200
0.011 0.143 0.093 0.907
0.225 0.037 0.808 0.192
0.090 0.186 0.370 0.630
0.066 0.133 0.361 0.639
0.169 0.109 0.578 0.422
0.416 0.021 0.894 0.106
0.024 0.250 0.134 0.866
0.819 0.001 0.992 0.008
0.011 0.143 0.093 0.907
0.057 0.133 0.334 0.666
0.066 0.109 0.396 0.60%4
0.616 0.005 0.970 0.030
0.499 0.002 0.985 0.015
0.066 0.133 0.361 0.639
0.066 0.133 0.361 0.639
0.350 0.013 0.930 0.070
0.328 0.037 0.831 0.169

point

is
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CONCLUSIONS AND RECOMMENDATIONS

Conclusions

The most unsatisfactory part of this method is- the use
of multivariate ANOVA (with Heck charts) to determine if the
characteristic data belongs to more than one population. It
may be more efficient in many situations to dispense with
this test, and divide the study area into separate popula-
tions using only qualitative geological considerations.

Apart from this test, the method appears‘to be gener-
ally applicable if the characteristic information is avail-
able in a suitable form and quantity. The actual size of
the samples required for reasonable estimates of the
characteristic distributions will vary, but as a general
rule at least 200 to 300 observations of each population
should be obtained if much weight is to be placed on the
results. The test sequence is reasonably easy to under-
stand and apply. All data manipulation and computation can
be done by computer, and memory requirements should not be
excessive. The method as outlined can be applied directly
to any mine with a decision problem similar to the Galena
Mine,

Table 10 shows the rankings obtained from the decision

rule probabilities computed by discriminant and probabilistic

97
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‘Table 10. Comparison of the Rankings of Unknown Veins
Obtained by Different Methods.

Rank Discriminant Analysis Probabilistic Analysis
No. 1st Data Set 2nd Data Set 1st Data Set 2nd Data Set
1 15 10 10 10
2 18 15 15 15
3 10 14 17 14
4 14 18 1 18
5 17 8 14 8
6 1 19 19 1
7 4 -1 4 19
8 13 4 18 4
9 8 2 13 2
10 7 13 8 7
11 11 17 3 13
12 19 7 7 5
13 6 16 11 - 6
14 3 6 2 16
15 5 12 9 17
16 12 5 6 12
17 9 11 16 9
18 16 3 5 3
19 2 9 12 11

Note: 1. Rank numbers run from 1 (most likely to be ore)
to 19 (most likely to be waste).
2. The numbers listed ﬁnder‘the four headings are
the vein intersection numbers as given in

table 3.
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analysis for the two data sets. Strictly, these.rankings
should come\from'the expected gross return of each explora-
tion proposal computed és shown on page 55. The discrimin-
ant rankings obtained from the second data set are almost
certainly more accurate than the corresponding probabilistic
rankings, because the latter were obtained from numerical
Hermite-Gauss integration which did not show good convergence,
The ranking differences‘between the first and second
data sets reflect the presence of the non-grade character-
istics in the first sét. In using these rankings to select
a target, either the second data set rankings should be used
on their own, or a weighted sum of the first and second
set rankings should be used to establish a new rank order,
If the latter method is used, the second data set rankings
should be given a heavier weight as results obtained from

the first data set are suspect.

A possible relationship to get this new rank would be:

(Weighted sum) = 0.20 x (1lst data set rank)
+ 0.80 x (2nd data set rank)e\
These weighted sums would then be arrangéd in ascending
order.
In any study in which the form of the original data
satisfied all neceésary conditions, only one ranking would
result, and the above heuristic operation would not be

needed. The prime requirement of a successful study of
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this nature 1s that the method of data gathering and pro-
cessing be set up:in advance so that all necessary
mathematical conditions are met. In addition, as the study
progresses, the characteristic.distributions should be
cohtinually updated as more information becomes available,
In this way, the mathematical description of the ore and
" waste populations will become progressively more precise,
The final test of this method is whether or not it
increases the success ratio of underground exploration con-
sistently. If the probability of finding new veins does
not decrease with increased underground exploration, this
test can easily be made. Each explorafion proposal carried
through to completion 1s a Bernoulli trial, either ore is
found in the vein, or it is not. Thus the number of
successes in a given period will have a Binomial distribu-

tion.

3

where n

iv

n -
x] =z Mt a-p'
r=X

number of trials
p = probability of success in a single trial
r = 0,1,¢..,0n,
x‘=vnumber of successes.
An estimate of the p achieved in the past can be
obtained simply by dividing the number of exploration

successes by the number of completed exploration proposals.
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If the success ratio changes with the introduction of the
new method, a simple hypothesis test can be run to deter-

mine if this change is significant.

Recommendations for Further Study

Determination of Optimal Exploration Strategy

Once a decision has been made to explore}an unknown
vein, there may be numerous alternative methods of obtain-
ing further information about the target in order to
determine its real nature., Each of tHeSé will have asso=-
ciated costs and returns. Given a reasonable(amount of
information about the veins of different natures, it should
be possible to select the exploration strategy that
minimized the expected loss (or maximizes the expected

~gain) of the proposal.

Prediction of Most Suitable Area for Vein Search

It should be.possible to adapt the method used in this
study for selecting areas within, or adjacent to the mine
that have a greater probability of containing an ore bearing
vein, This type)of study would use regional characteristics
instead of the localized characteristics of individual veins.,
Apart from this, the basis of the method would be the same.

It may well be harder to define and use regional character-

istics.
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DETERMINATION OF SIGNIFICANT CHARACTERISTICS

A o 30003 o i o g o o 0 sl o o i e e e s s e s e o ok s ol 0 e sl s e o ol e o s e s s e e ol ol 3 sk e 36l ofe el ol ke 3k e i e
DIMENSION EFFA(4A)

DIMENSIMNN COVO(24224)sC0VI24024))0ELT(24),TD(24)
DIMENSION DA(OS24R)»PRU(24)3CDOVI(24026)sTNAL2452)2C0VS(24424)
DIMENSINN COCD(24,24)sSIGMA(R4)a0TFL4510),AR(410)0X(10),Y(10)
DIMENSTON PRA(24,24)2UP(24)25,P(24)

EOQOUIVALFENCE (COVSELa1)2COV(1o1))y (COCOCL,L)2C0VQ(L21))
FQUIVALENCE (STGHACLLIPDELT(LY)

EOUIVALENCE (DACLY,TDCL))

EOUIVALENCE (racu<1a11;upcxb>s(cucmtla2>:SLP(1))

I111=53

1=l

ENL=ITI

Led4

ENJ=L

KTal

B0 3 1=11s1t1

READ (552) (DA(T,0)admlal)

FORMAT (24F1,0)

DN 910 Jsl,1]l

DNT=DRA(JsL2)%DA(Js)Y)

DACJ»12)sDOT

CONTINUE

CALL MEAN (DA2TNASKT,11211104)

CALL HISTD (DAs11,111,AB)

CALL CONRD (AR,DA)

CALL COVAR (DATDATIILTT1I,KTLCOVSHL)

111=2R

RO 904 I=ml,lIl )

READ (5,905) (DA(T,d)ad=)al)

FARMAT (24F1,0)

KT=2

EMRalll

pn o911 J=s1,111

DPNTeDA(Jp12Y%DACIS 1Y)

DA(J,12)=00T

CONTIMUE

CALL MEAN (NAsTDASKTII,I11,4)

CALl HISTT (LALTIILII1.AB)

CALL COMRT (AR,NAY

CALL COVAR (DATOLA,TILITIKT,COVE,L)
On 9046 T=l,l

PN 9us Jslgl

CNVYT=e,n

CVTaEOVS Ty )+COVAITLY)
CNVYS(T,.0)aCnNYT/LENL+ENZ=2,0Q)
COVS(1,0)aCUVT/LENL+ENZ)

CONTIMYE

CALL CIVER (CNVYS,COVILL)

BN 200 I=alsl
SIGMACI)IBSURTICAVS(I, 1))

0n 90) lalsb

PO 901 J=sl,l
CRCN(T,J)eCOVS{TI,0)/(SIGHA(T)I*SIGMALY))
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901 CHANTINUE
20 902 I=slasl
WRITE (6,9032) (COCOCI,J)adBL0L)
903 FNRMAT (2X2264F5,2)
902 CONTIMUE
DO700 [=laL
DFL=TDA(1;13"TDA(T 2)
GELT(1)RDEL
790 CONTIMUE
CNEFF=(ENL®EN2)/(FN14EN2)
ogn 70y Talgl
Tn“‘Q;Q
pa7ol Jslal,
TOD=TRO+DELT(J)=CNVI(1,4)
TR{I)=TDD
70L CONTINUE
D702 Isl,l
702 FADDEEADDTD(I)RDELT(T)
TSQeFADDHCOFFF
FCOFa(EML#EN2=EMIml Q) /{(ENL+EN2m=2 ,0)*ENJ)
FST=FCOF%TSA
*RITELG.T703) FSTL,FCNE,TSQ
703 FORMAT (1X23F20,4)
READ (52704) (EFFA(I1)aIR1s4)
704 FNRMAT (4F3,2)
BN 708 IKalas4h
ATSO=SQRTULEFFA(IK) /FCOF)
P 710 Isl,l
UPC=DELT(I)+(COVStI, 1Y/ COEFF)*ATSO
Ur(I)=UPC
SLPCeDELTtI)mtCOVSE(T1,1)/COEFF)%ATSQ
SLPUI)Y=5LPC
710 CONTIMUE
PO 711 I=laL ,
711 BRITE (As2702) SLPUI) DELT(IYUPLLY )]
712 FORMAT (/23F20,8,110)
705 (ONTINUE
sroe
END
SUBROUTINE MEANIDATOANKT,,II,111,1)
DIMENSION DA(B0s24)aTDA(24,2)
WRITE (6,85)
B85 FNRMAT (// 212X 6HMEANS /2 12Xs4t ) Hm)a//)
DIV=11l
PN 20 Jelal
PT=0,0
N7 1=11,111
DT=DT+DALL, )
T CANTIHUE
pNT=pT/DIV
TPRALY,KT)=0DT
KRITE (A08) TPAGJKT )
8 FARMAT (5XpF15,7)5Xs12)
20 CHANTIHQFR
RETURH
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END
SUBROUTINE HISTO (DA,11,1112AB)
DIMENSION AR(4210)»DA(65,24) p)KK(26010)
WRITE (6484)
84 FNRMAT (20X22)1HHISTOGRAM FREQUENGIES)/p20%,2 0 Hm)p/ /)
Jal
82 DN 90 KEr1,10
90 KK({J,VE)&N
DO 80 I=l1,111
IF (1.0mDA(T2J))50,5),52
50 [F (2,0m0A(1sJ)) 5345470
53 IF (3,0=DA(I,J)) 56457,70
86 [F (4,0=0A(1aJ)) 59,060,700
59 IF (5,0mUA(Tad)) £2263,70
b2 IF (6,0mDA(10J)) 65266,70
65 IF (T7,0=DA(T20)) 68269270
68 IF (8,0eDA(12d)) 100,72:70
100 IF (9,0=DA(1,J)) 702101070
51 KK (Ja2)mkK(Ja2)+])
6N TO 80
54 KK{Ja2)=KK(Jp3)+]
Gn TO 80
57 KK(Jab)sKK(Jph)+]
G0 TD 80
60 KK (JpB8)mKK(Ja5)+]
Gn TQ 80
63 KK(Jp06)rKK(Jab) 4]
6N TO 80
66 KK{JaT)rKK(JpT)+])
GOl TO 80
69 KU (JaR)RrKK(JpB) ]
G0 TO 80
T2 KK(JpS)sKK(JaF)+]}
Gn TD 80 |
101 KK(Ja10)EKK(JaLk0) 4]
o TO 80
52 KK{Jal)mKK(Jp1)#]
GN TL 8¢
70 WRITE (ﬁ;ﬂa)
A8 FNRMAT (5X,5HERROR)
80 CENTINUE
WRITE (f281) (KK{JaKT)KT=1s10),y
BL FORMAT (5Xp101845¥%,12,/)
NENED)
IF (Jm24) 82,082,832
83 00 93 I=3,4
D 93 J=lall
ART=KK(1,d)
AR(1,4) =ABT
93 CNNTIMNYE
RETURM
EMD
SUBRUOUTINE CONRD (AR, DA)
DYMENS IO AP(4;10))“[“{4;IO)JDA(65124);X(103 Y{10)
PN 202 J=sl,10
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155

o 1 5 6

157
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7120
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132

501
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TEMI=AB(3a)
TEM2=A3(42)
AR(3,0)=TEM2
AB(4,))=TEML
CNNTINYE
P 201 Isl,65
TEMPLaDA(1,3)
TFMP2=DA(1,4)
DA(Is3)=TEMP2
DA(Ia4)=TEMP]
CONTINUE
DO 150 1s3,4
NeZ®]
PAR=N
PI=3,1415926535897
ANG=P1/PAR
DA 120 JslghN
Fa=y
XINSABS(COS(ANG))
YINSARSI{SINCANG))
IF(PI/2.0QmANG) 151,152,152
IF(PI=ANG) 154,155,155
IP(1l,5%PI=ANG) 15201555155
XtJ)sX]IN
GN TO 156
XtJ)=mXIN
IF(PI/2.,0=ANG)L5BT,1584158
[F(PImANG) 139,13R,158
Y(J)aeYIN
Gn TD 1°1
Y{J)Y=Y]NM
ANG=AMG*2,0%P T /PAR
CONTINUE |
WRITE (6,123) (M{J)ad=mlaN)p (Y {JYadslaN)
FNRMAT (8FE10,5,/58F10,5)
NE&N+]
ASUM=C , 0
pn 130 J=2,NE
ASUM=ASUM#AR(T,4)
XHEANEQ,0
JJso o
XMOM=a0,0

DN 131 J=2,NE
NNENES]
XHOMaXMOMEX LSS ) RAR( L, )
XMEANsSXMOM/ASUM
YMEANSQ,.Q
YHOM=0,0

JJy=0
pr 132 J=s2)NE
NNENE)!
YHOMaYMOM+Y CJJ ) AR (T, )
YMEAN=YHMQM/ASUM
WRITE (6,501) XMEANs,YMEAN,ASUM
FORMAT (3F20,6)

107
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PO 133 J=ml,N

133 DIF(1sJ)=S QRT<( (JY=XMEANY®*2  #(Y(J)=YMEAN ) %%¥2 )
WRITE (62134) (DIE(1,J)2d5)1aN)

134 FNRMAT (8F0, 6)

180 CONTINUF
On 139 l=3,4
Ne2*]
DN 139 Jel,b5
DD 139 KmlaN
FraK

 IF(DA(J2 1) =FK) 139,140,139

140 DA(JL1)=0IFLT2K)

139 CONTINUE
DN 202 l=1,65
TEMPL=DA(1,3)
TEMP2=DA(T24)
DA(T,2)RTEMP2
BA{I,4)=TEMP]

202 CONTIMYE
RETURN
END
SUBROUTINE COVAR (DA, TDALI1,I11,KT2COV,L)
DIMENSIUON DA(OQ,24)2TDAC26402)2C0V(24524)
WRITE (6,86)

.86 FORMAT !/IJADX;l?PCUVARIA“CE MARRIX;/;@OX;:l?(lHu)//)
TAGARTDA(44KT)
TAGI=TOA(BHKT)
TDA(3,:KT)e0,0
TDAC4,KT)=0,0
D10 Jmlal,
DO 10 K=lalb
CAVT=0,0
0O 101=1I,111
COVT=COVTH+(DACT,J)=TDA(JLKT))*(DA(T2K)mTDA(KIKT))
COVIKyJ)=COVT '
10 CONTINUE

PO 90 I=lsL -

00 WRITE (6,91) (COV{Isd)ad=lnl)

91 FORMAT (//212F10,3,/212F10,3,//)
TDA(32KTInTAGS
TNA(4,KT)=TAGA
RETURN
END

$ENTRY

NOTE See " Calculation of misclassification probabilities
ng discriminant analysis' for subroutine CIVER.
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DETERMINATION QF POPULATION HOMNGENE]TY USING MULT]VARIATE
ANALYSIS OF VARTANCE
e et o e R OR R o ol doR ol oK s R K R R SR KK R R R SO ol ok

PIMENSJON
DIMENSTION
DIMENSION
DIMENSICN
DIMENS]ION
PDIMENSION
DIMENSTON
WIMENSION
DIMENSION
DIMENSION
DIMENSION
DIMENSTION
PDIMENSION
PIMENSION

COVAR(2,2),COVRI(2,2)

AEULL0), XME‘3212)#AVEC(10)

L0J (50)

HUTL10010),HEUT(10,10Q)

ALTaTYaVLTaT)aNRETaT)2AS(TaT)aVV(T2T)

DIAG(T727)aVVI(TaT)aD]G(T2T)

EIGV(?) '
pRQ(?’;CQV(7;7)JCUVI(717);DA(7114))PRA(7;7)

VMEIG(T)Ys AA(T,T)aTA(49)TVIT)

TAAG{700,2),V0T(50)

HEU(10,10)

LOVIS0) s XSAT{(2,50)0GSAT(50),HU(10,10),EU(10,10)

AAG(700’;ACU(70010W(700);AG(700);CU(7QO)J!(QO))LHS(AL)

LHSC(61)qa LAHS(BO);NAHS(3Q)

EOUIVALENCE (ACU(550);DIAG(1)1));(ACU(@QQ’)VVI‘IIl)’)
2(ACU(650)4D1G(Ls1))

EQUIVALENCE

CACULL10)2GSAT(L) )aCACU{20Q0),VOT(1))

2 S (ACU(260)aLNVILY )2 (ACU(300) 2 AL, 1)) (AQUL350)sVE11) )0 (ACU(400)
2 JVR{1,1))0tACULA50)2AS(1a1) )2 (ACU(500),VV(1,1))

EQUIVALENCE (AGULYaTAAG(La)
EQUIVALENCE (W(1)sXME(Llal)
EQUIVALENCE (W(450)sHEUI(]L
EQOUIVALENCE (AAG(1)aXSAT(]
(ACULL)AHEU(L21))

2 (lal))e
KTD=279
KT0=659

CULL)2TAAG(Lr2)) "
100)2DA(121))2(WI300)pHUT(1,1))

1

)
, +
’ 2 (AAG(200),HUCL,1) )2 LAAG(400),EY

Yot
2 (WY
1))
mn

HECKAZ0,0175

QaZB.
Pe2,0Q
ITO=s}
KDyJ=9
KAJ=41

E=2,718281828
P123,141592653589

KCJ=61

JU=3Q
KT=2

JTs32

READ(5,19)

1LV aLVelal6)

FORMAT (16]3)

READ (5,18)

(T(LYYpLV=]T7,32)

FORMAT (16]3)
Do 77 LVslaJT
LY LYY= LLY)

READ(5,10)

HTaAGT)CUT2Ks LV

FORMAT (F2412F441,F3,12115]12)
IF(CUT) 309,310,309

CUT=0,00}

IF{LV)300,3012300

LZ=LZ+]

1F(LZ=5) 32432,3]

NUsNU+]
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I1=1(LV)
IF(K) 11,112)2
12 TWETWAWT
TAG=TAGHAGT*WT
TCUsTCUHRQUTHWT
IF(K=KQJ)32217p32
17 Will)=TW .
[F{TAG)2600261,260

260 AAG(IT)=ALUG(TAG)

25) IF(TCU)262,2642262

264 KNT=KNT#]

WRITE(62263) ITN,NYSKOT

263 FNRMAT(3]120)

262 ACU(L]T1)=ALAG(TCU)
AGEIT)=TAG/25,Q
CU(IIY=TCU
T‘:«!=O ,0
TAG=0,0
TCU=0,0
IHLV)=]II#l
GNTO 30

11 wtll)=uT
AAGETIT)=ALOG(AGTHWT)
ACUCTII)=ALOGIQUT*WT)
AG(TII)sAGT®WT /25,0
CU(TIIY=CUTHRWT
TLV)=11+1

30 ITU=ITO#*])
IF(LVm4)5002400,500

500 JF(LV=9)50C2,400,502

502 IF({LV=24)503,400,503

503 JF(LVm26)504,400,5804

504 IF(LVe31)505,400,505

505 JF(LV=32)5Q6,400,506

506 JF(ACU(I1)+2,5) 400,400,274

400 WRITE(6240L) AAG(TII)4AGUIT)sACUCTIT)aCUCTITIY LTV, NUC

401 FORMAT (/,4F15,6,31104/)
AAG(IT)=0,0
ACUCIT)=0,0
NUIGaNLIC#* ]

274 IF(KTO=1TN)31232,32

31 DO 150 Jal,KTO
150 WRITE (6451) “(J)aAG(I)2CUC) 2 AAGEYI2ACULI )
51 FORMAT (5F20,4,110)

DN 275 11=1,KTQ

AG(11)=0,0

Ci¢11)=0,0

TAAG(I121)SAAG(I])

TAAG(TIT22)=ACU(TTY

275 CONTIMUE
¢sSQ=0,0
ASQ’Q.Q
EKTNaKTO =NUG
TMA=Q,Q
TME=0,40
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PN311 J=1s4KTU

THABTMA+AAGL)

TMC=TMC+ACULY)

CANTIMYE

AMEANSTHMA/EKTD

CMEAN=TMC/EKTD

PN 312 Jml,KTO .

IP(AAG(J)) 4Q2,3)2,402
ASQ=ASQH+(AAG(J)mAMEAN) ¥*2
CSQ=CSQ*{AQU(J)=CMEAN)¥¥2
ACSQeACSQe(AAG(J)mAMEAN) % (ACULJ)=CMEAN)
CONTINUE

AVARZASQ/(EKTN=1,0)

CVARSESO/LEKT =] ,0)
ACVAR=ACSO/(EKTO=1,0)

SAVAR=SORT (AVAR)

SCVAR=SORT (CVAR)

COVACEACVAR/ (SAVAR%SCVAR)

WRITE(65315) AMEAN)CMEAN,ASQ,CSQsSAVAR)SCVAR
FORMAT (//22F20462//22F20,09//2F20462//)
WRITE(6279) ACSOpACVAR,COVAC

FORMAT (3F20,6)

CAVAR(1s1)=AVAR

CNVAR(22)=CVAR

CAVAR(122)=ACVAR

COVAR(I2,))=2ACYAR

CALL CIVER(COVARSCUVRINKTHDET)

po 340 JJ=}sKT

WRITE(6234)) (COVARCJJATIYpIImlaKT)a(COVRI(JJATII)»1121,KT)
FORMAT (//02F20,05)10X92F20,6)

NRITE (6,200) NUITOD

FORMAT (//,2]130)

kDY (4)=700

LNJ (91700

LOJt24)=700

LY (26)sT700

LNYt31)s700

LM 32)=700

PO 74 LV=1aJT _

IF (LOJULV)=T00) 74275,74
LOJ(LY) =0

CNNTIMNYE

JG=0

DA 42 LVYBZ2,JT
IF(LOJ(LY)) 43,73,43
LJELVemG=1
LOVILS) =L0J (LY ) =LY L)
J620

G0 T 42

NEE RIS

LOVILV)=0

CNNT [NUE
LOVIYT)=KTO=LOJ (T *]
LOV(i4) =0

LAVIS)Y RO

111
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701
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LOV(24)80

LOV(26) 80

LOV(30)=25

LNY(31)=0

LOV32)=0

DN 63 L=l JdT

VOT (L J) RLOVILY)

pn 76 LJ=laJT .
VOTI=VOTI+VOT (L)

PO 60 LJ=1aJT
WRITE(6258) VOTI,VRT(LJI)sLY
FARMAT (2F20,6,110)

PO 47 KelaKT

POL4T7 LValadT
IF(LOV(LY) )46 145,406
JIJELOJ LY +LOVILV)e]
JITaLOJgV)

XSA=0,0

XIT=LOVILY)

PO 148 II=JITaJ1y .
IF(TAAG(I1,K)) 460,461,460
X1TaX1Tm],0
XSA=XSA+TAAG(I]sK)
XSAT(KpLVI=XSA
XMECLY)K)=XSA/XLIT
CONTINUE

WRITE(62700) XSATIKsLV)sXHELLVK)pLVaK
FORMAT (/22F20,6,2110)
VOT(LY)=XIT

G TO 147
XSAT(K,LY)=0,0

COANTIMUE

CONTINYE

DN 49 K=lsKT

GS8A=0,0

o 49 LvslJT
GSASGSA+XSAT(K,LV)
GSAT(K)=GSA
WRITE(H2TO0L)GSALK

FNRMAT (F20,62110)

CNNTIMUE ,

PN 52 K=laKT

PO 52 I1C=1sKT

HUV2= (GSAT(K)*GSAT(IC))/EXTO
HUY1=0,0

00 55 [(Vel,JT

JFCLOVILY)) 55,55,71
HUVISHUV L+ (XSAT(K, LV)IRXSAT(ICALY) ) /VAT(LY)
CONTINUE

EUV1e0,0

DN 160 LyslasyT

IF (LNJILY) 164,160,064
JIT=LOY (LYY
JIJELDY LV HLOVILV) =]

DN 50 I11=JiTsd1

112
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EUVIEEUVL+TAAGLT I, KI®TAAGLIT,1C)
CONTINUE
CONTINPF ,
HU(K 1C)aHUV]mHUY?2
EU(KsTC)sEUV]ImHUVY
HEu(K,IC);HU(K;IC)*EM(K!IC,
CONTINUE

DO 56 Ksl,KT o
WRITE(6254) (HULK,JC)a1Cm1,KT ), (EU(KITC),1C=1,KT)
FORMAT (2F20,6920%X22F20,6)
UGN 181 Ks1,KT :
WRITE(62182) (HEU(K2I1C) 1CE10KT)
FORMAT (//22F20Q,6)

CALL CIVER {(HEUJHEUJJKT,DET)

DN 184 Ksl,KT
DO 184 I1C=lsKT

EcU=0,0

DG 184 ITslaKT
EGUSECUHHU (K  ITIRHEUI(IT,IC)

HUI (K, JC)=EGH
WRITE(6sT02)EGY

FARMAT(F20,8)
CANTINUE
CALL EIGEN (KTaHUI,VMEIG)
HECKEHECKA/ (L +QrHECKA)

on 820 JalaJT

BN 821 Kal,JT

IF{J=K) 821,821,822

IF(LOV(J)) 820,820,823
IF(LOV(K)) B21,821,824
CONST=HECKAFLOAT(LOV () +LOVIK) ) /FLOATCLOV () *LOVIK))
D0 BLD JOe& KT
AVEC(Jij)=l,0

DN 809 JLelaKT

IF{JU=Jl.) 68085809,808
AVEC(J)=20,40
CONTINUE
CALL CICAVEC)XME )CONSTHIEUULPAUMPJaK KT J0)
CONT JMUE
CNNTINYF
GONTIMUE
412Qm1,0

S=AMIMI(QLLP)
EM;(Ans(Q-P=L;Q)~1,0)/2s0
EN?(EKTQ—ﬁﬁpEl.Q)/ZQO
WRITE(62829) S’EM,EN’VMEIG‘l)

) FORMAT (//33F10,1,F20,6)

STOP
END

SUBROUTINE CIVER (COV,CDVIJL)DET)

DOURLF PRECISTION NASDATADTIKsDATTDKL

URUBLFE PRECISIAN nyMi,DuM2

DIMENS IO PROCTY)COVITaT)aCOVI(T)T)aDA(THL4),PRA(T,T)
EQUIVALENCE (DALL,1)aPRA(L 1))

RET=1.0
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Me| %2
LN 300 lal,l
pn o300 Jsl,l

DACT2Jd) =sCLUVY(Ta)

DO 301 Talytl

LLI=L+]
EN 301 JslLiI.M
KMz Jm] S
[F{XN»L)302,303,302
DA(T2U)=0,0
G TY 30}
BA(TI»J)=1,0
CONTJNUE

Ip=l

JP=l

Jkel

DUMLsN,0

RUM2=0,0

IMAX=1P

11=1P4)
On 201 1sTl.4

JF (DA(IPsJP)=DA(T,JP))200,201,201
PDUM2=DACTI2YP)
[F{DUML=DUIM2)202,201,201
IMAX=1

PUMIsDUMZ
CONTINUYE

JF{IMAX=IP 205,205,206
DO 204 JaJPaM
TEMPL=0A(TIP, )
TEMP2=DA(1MAXS )
DACIP,J)=TENP2
DACIMAXSJ)sTEMPY
CONT INUE
STGNew}],Q
60 TO 207
SIGNz1,0
DET=RETHSIGNADA(IR,,JP)
IF (DA(IP,JF)1]100,190,102
PN 103 JUsl,M
DACIPS ) EmDACTR )

RID = DALIP,UP)
DN 104 JU=mJPsHM
DAT=DA(IPsJ)/D]ID
RA(IPLJ)=DAT

[F (DABS(DALIP,J))1=0,1Dm06) 12611265104

DA(IP,J)E0,0

CONTIMNUE

IKs1P+]

IF{Ik=L=1) 119,112,113

S!G=ﬂl.0

DIK=UA(IKsJP)

DY 1092 JeJPaM
DATTa(SIG*DA(TIP,,JIRDIK)#DA(IK, )
DACIRaJIEBDATT

114



305

IF (DABS({DALIK,J))1=0,10=06) 12741274109
DA{IK,J)=0,0

CONTJMUE

IK=s1K#+])

IF{IKeL) 110,110,111

JesIpP+]

JPEJP+]

[F(JPe)1122205,113"

L=l

LBl

Kisl]I=]l

§1G6==1,0

Py = NACKLL Y)Y

RO 53 JrLJoM

DATT =(SIGH*NALLTI,))*DKLI+DAIKL, )
PA(KL2J) =DATT

IF (DABS(DA(KL,J))=0,1D=06) 128,128,533

3 DA(KL2J) =00
3 GNNTINVE

KLeKl =]
[F(KL=1) 55256456

b LJslJym)

LIsl]e=]l

IF(LIml) 57s57,58

D0 304 Iz,

JLb=lh+]

U0 304 JadiLsM

SEENE IR

COVIC(I,KMY=RAC(Ts )

CNNTINYE

BN 400 t=l,L : »
WRITE (62401) (DA{I,J)ad=1pM)
FRRMAT (8D15,4,/,8D015,44/38D15,45/28015,4,/58015,4p /,8D15,42//)
po 305 I=sl,L ‘
prn 308 Jslsl

PrI=0,0

0N 305 Jy=lsl

PRI=PRI+COV (JaJI)BCOVILJILT)
PRA(J2[)=PRI

CANTIHUE

DO 306 Tal,l

WRITE (€s321) (PRA(IsJ)ad=lal)
FORMAT (//24F3,22/)

C(N=1,n

250

210

212

BR210 1al,l

CNOR=D, 0

pn 290 J=mlsl
CNOR=CNORH(COV T2y ) ) %52

{ND=SORT(CNDR)

CN=CH»CND

CONT IMUE

LVI=DET/CH

RRITE (£0212) DETHCN,OVI

FORMAT (//23F20,8,/7)

en T4 193
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190 WRITE (6,191)
191 FNRMAT (/2 }5HMATRIX STINGULAR)
193 RETURN

END
SUBRUUTINE EIGEM(L,AAPVMELG)
QIMENSION PRUOCTYHCOAV(T)TIaCOVI(T)T7)00A(T)14))PRA(T,7)

DIMENSTION ACTaTYaV(TaT)aVR(T2T)aAS(ToT)2aNV(T27)
DIMENSION QIAG(T27)aVVI(T)T)2D]IG(TaT)
DIMENSTION EIGV(T)
DIMENSION VEEIGUTYs AA(TST)aTA(AY)»TVLT)
EQUIVALENCE (AS(Llal)oVVI(L21))20ACL21)0DIAGILY))
[Ka)
TEST 7)1 ,0E=04
WO 54 I=lal,
on 54 Jslal
AlTad)sAAC]2 )
54 CMANTINUE
9L DN 100 T=sl,L
00100 Jsl,l
100 CNNTINUE
PN 8 1=1,1L
VIiTalk)eAlLs])
TV(I)=VIIs[K)
8 CNNTMUE
HRITEC6252) (VIIIK)»181,L)
52 FORMAT (7F15,3)
un 95 I=1al
IFLTVIL)=TVIL)) 94,954,953
94 TV(1l)=TV(I])
95 CONTINUE
THUX=sTY (1)
PO 110 I=al,l
110 VeI IW)mAllas LY/ THMUX
21 0N 99 I=lsl
pn 99 J=1s4
A ENBEI RN
TA(NP)Y=AS(I,Y)
99 CNNTINUE
KUM=ENUH* ]
NLsL*L,
PN 97 J=laNL
JF(TALL)=TA(J))9629T7597
90 TA(L)=TA(J)
97 CONTINUF
THAX=2TA(])
PN 1L K=lelb
ot 11 Islal
WRITE (6288) AS(K2])aKoI,TMAX
88 FNRMAT (Fa0,622110,F20,3)
TWMP 5020
P 1l J=lal
TEMPSTEMP®(ASIKJIYRAS(Js ) )/ {TMAXR%2)
CAVIKs1)aTEMP
11 CANTINUE
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pn 250 1sl,L
pn 250 Jd=lgl
AS(Ip ) RrCONVITAY)
CNVI(T.y1=0,0
WRITE(6240L) AS(I0)pCOV(IN)
401 FARMAT (/22F25 16)
250 CNNTINYE
IF (NUHm3)21,2], 360
360 U0 12 K=1lal,
VTEMz0,0
D 25) Jslpl
VTﬁMavTrr+V(J:1K)*AS(K;J)
25) CANTIMUE ,
VR(Ks IKYsVTEM
wRITE(SH,402) VYTEM
402 FORMAT (/2F30.6)
12 CNNTINYE
VMAXSAMAXL(VROL,TK) aVR(2, TK)2VR(3pIK)aVR(4pIK) ) VRS2 IK)2VR(ESTIK))
3 VR(TaIH))
PO 13 Jrlael,
VRT=VR (JpIK)/VMAX
VR{JaIK)8VRT
13 CONTINUFE
WRITE (£553) (VP(JpIK)pJd=1aL)
B3 FORMAT (TF15,43)
NU=NU+ 1
1FLAG=D
on 14 Jelag
VRUF=ABRS(V(Jp 1K) =YR(Ja TK))
IF (YDUF=TEST)L4s14216
16 IFLAGRn]
‘14 CANTIMUE
18 DN 20 J=lasl,
20 V(JaIK)=VR(JsIK)
IF(IFLAG)LT215,17
17 IF{NU=10Q) 21221,19
15 WRITE (6,40) My
40 FNRMAT (12023X,16HND OF JTERATIONS,/)
NUM=0 N
SVLEN=20.,0
pn 22 J=lsb
22 SVLEN=SVLEN®(V(JpTK) ) %%2
VLEN=SGRT(SVLEN)
DN 23 1=1lsl,
VTaV (T, IKY/VLEN
VYT, IKYaVT
23 CNNTINUE
CHECK EIGFINVALUFES NORMAL
CYLEN=Q,.0
P 24 1=1lsL
24 CYLENeCVELEN®{VV(TaIK))®¥*2
COVRITE (6225) IKaCVLEMp(VV(TI,IK)»IR1,1L)
25 FORMAT (/21B,FL043,TF12,4)
© FRUM EIGEMVECTOR FIMNU EIGENVALUYE
P 240 Ialal
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36

34
15
19

818

816
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EIG:O?O

un 26 Je=lal
ETG=ETGHAL L2 ) RVY () [K)
EIGV(T1)=sEIG/YY({T1aIK)
WRITE (6227) EIGVLI), 1!
FORMAT (/2F30, 9:110;/)
CONTIMUE

TEG=C,0

pn 28 J=lel
TEG=TFG+EIGV(T)

ELL=L ‘
VHEIGLIX)Y=TEG/ELL

FPRM R MATRIX

Do 29 I=las

DO 29 Jslsel,
RT=A(I,)mVHMEIGUIR )XYV (I, IKY®RVV ], [K)
AlTad)=RT

CONTINYE

IKsIK+]

IF(IK=L) 9159130

BN 31 [rLl.L

WRITE (6232) VHEIG(D)2la(YVIIaJ)aJelal)
FNRMAT (F15,541105TF13,4)
CALL CIVER (VV,YVT,L,0ET)
DN 33 K=1sb.

DN 33 I=lal

TUP=0,0

po 33 Jmlal
TUP=TURPHYVILTaJ)%AA(JaK)
DIGLI,KISTUP

CONTINMUE

0 36 K=lsi

RN 36 l?lsL
TIP=QQO
PN 36 J=lal
TIPeTIPeR]G( T )AVV(JaK)
BIAG(I,H)=TIP
CONT[MUF :
B 34 I=slaL
WRITE (£233) (DIAG(I,J)ad=lal)
FORMAT (TF15,5)
RETURM
EMD
SUBRUUTTINE €] (AVECIXMESCONSTAEULULPH)UMP, JaK,KT s J0)
DIMENSION AVEC(LOY XME(B222)2EUC10,100)AEL(10)
Upl=0,0
Dﬂ‘Slﬁ JdelaKT
' UPT=UPTHAVEC L)) R(XHE(J ) JJI=XME(KaJJ))
D'-"-"O QQ
Un B17 ITJdslaKT
C=0,0
BN 816 JJmlaKT
C=C+Aka(JJ)*FU(JJpIJ)
AFULTN)=C
CONTINUE

118



817

815

$ENTRY
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D=D+AFULTI)YHAVEC(TY)
CNHTINUF

DIFFsSQRTIDH*CONST)
ULP=UPI=DIFF

UMP=UP[+0TFF

WRITEL62815) ULR,UMP, JaK,J0
FORMAT(//s2F30,6,3110)
RETURN :

END

119
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DETERMINATINN OF CHARACTERISTIC DFPENRENGIES USING CONTINGENCY
TABLES
st e e et ol o e 6 el e sl s o ol eSO s R Rk s R el ok el o sk R e s ol R o
DYMENSINN SUMR(9) s SUMEC (D)2 THEA(929)a INDI24)sBA(9,29)2DA(65,24)
KEAD (55199) CIND(I)s1=1,24) |
199 FORMAT(2411) '
111=53
[11=28
DN 196 I1=1,111
READ(E,157) (DA{TI,J)sd=1224)
197 FORMAT (24F1,0) '
196 CNNTINYF
B 198 T=1,24
KR=1+1
DR 198 JaKKa24
IMIsInDpt)
IMJ=1NDCS)
DO 200 Ky=lsIN]
EJK=K.
PN 200 KJJ=1, 1IN
EJJ=KJJ
BA(KJpKSJ)=0,0
DY 200 Lelsp60
IF(EJK=DALL21))200,2010200
201 1F(EJU=DALL,J))200,202,200
202 BAT=BAT+1.0
BA(KJaKIJI=HAT
200 CNNTINUF
- DN 204 KymlaIN] .
204 WRITE (6p205) (RAGKJRJIJ)aKIJ=1aINJ)
205 FNRMAT (9F10,5,/)
N 206 KyslaIN]
SUML=0,0
DN 206 KJJs1sINJ
SUML=SUNL+BA (KK I)
SUMR (K JY=SUMY
206 CNNTINUE
D207 Kyd=1pINJ
SUMIs0 D
LN 207 K=l IN]
SUMT=SUMI+BA(RYIKIY)
SUMC(KJI)asUnT
207 (ONTIHUE
TSUMREOeO
BN 208 KdslsIM]
208 TSUMR=TSUMRESUMR(KY)
TSUMC=0,0
0N 269 KJyd=1a TN
209 TSUMC=TSUMC+SUMC (M)
DIF=TSUMC"TSUYMR
WRITE(62210) DIF,TSUHAR, TSUMC
210 FNRMAT (3F20,8)
DN 211 KymLaINg
NGO 211 KJJ=lsINY
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THBESUMR (KJYHSUMCIKJIJ)/TSUMR
THBA(KJpKJy)sTHR
21} CONTINUE
XSQ=0,0
0N 212 KJ=1,IN]
DO 212 KJJslaINy
212 XSQEXSQH+(BA(KIAKIJI=THRALKIAKJS) I¥%2) /THRA (K2 KJ )
IFJs(INDET)m b YR INDJ)m])
ARITE (6,213) XS5QuladalFJ
213 FNRMAT (F20.843110,/7/7/)
198 CONTIMNJUE
STQOP
END
BENTRY
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CALCULATINN UF MISCLASSIFICATION PROBABILITIES USING DISCRIMINANT
AMALYSIS
#*****i*****#**************#***********#*w**************#*********
DIMENSTION UNK{L927)aUNK2(1922) 2 IKt2)21TIK(2)2CHICL0)0RE(O60,2)s
2 WAST(280,2)aTN(2)aTW(2)aG(R2)BUL252),MUl222)0DALT2L4)2PROLTY,
2 COVITaT7)aPRA(TIT)aCIINI(Ta7)awlIl22)0BAUTL222),AALTTISEICYLT),
2 YMEIG(T)aVV(TaT)a N TaTIaVRIT2TIaTACAD ) TV(T)sA(T2TYI»DIG(T,7),DTAG
2U72T)aYUNK(L1922) p¥ST(H60,2) s YDRE(HO0,2) s YUASTI(280,2)2YDA(2,2),
2 NENVI(2,2)snC0OVIL222)2 TENPUL9,2)aDI50(2,19),YDIF(19,2)
2 2YDIFOUL922)0YNIFWI1%22)

DIMENSINN AS(TaT)aVVILTaT)

DIMENSION DEPRO(19,2)s WASPR(L9)sUREPRIL9)

EQUIVALFNCE (DRE(1,1)5YSTC(La1))

EQUIVALENCE (UNK(LoL1)aYURK(Lp ) o tUNK(Ls3)pTEMP(Ls1) )
2 (UNK(Ls5YsYDIF(LaL))

L= '

NUNC=19

£=2,718281828

P183,141592653589

KT=2 /

DO 441 Is),NUNC _

READ(5,440) (UNK(TpJd)ad=lalb)s (UNK2(TaK)aKalaKT)
FS&MAT<7FlQQ)2FQQZ)

L=2

READ (52986) (CHI(I)al=la2l)

FARMAT(7F4,2)

REAN (52102) (J¥A(,)2JshaKT)

FORMAT (213)

DM 472 IL=1aKT

KTO=IK(IL)

IF(IL=1) 4742473,474

DM GTY 11=LeKTQ

KheKile]

REAN(5,470) URELITNY1)20RELTITN2)

FORMAT(2F20,10)

IF(ORE(TIIa1)) 4T71s570447]

KRITE(625TL) KO

FRRMAT (120)

CMNT INUE

GTO 472

D479 11s1aKTO

KiigKu+]

READ(B )4 7A) LAAST(T1aJ)ad=s1aKT)

FORMAT (2F20,10)

IF (WAST(IIAL)) 47925722479

WRITE (0,573) KY

FNRMAT (120)

CONTIMNUE

CONT [MUE

DN 110 TL=laKT

ITI=T1(TL)

Rl Jsl,l

IF(IL=1) 112,112,113

TDR=QQQ

pNoYle 1=1,711
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TAR=TORFURE([2))
TA{S)=TNR
114 CNNTINUE
GN T L1L
113 T4A=0,0
DN 115 I=1,11t
TUA=THA+KAST(I,0)
TW(J)=TWA o
115 CANTIMUE
111 CONTIMYE
110 ¢ONTIMUE
DN 116 Jslal
L16 GUJ)=TO(JI+THY)
DN 117 Isl,L
PO 117 Jsl,L
wilVl=0,0
ITI=MAXD(IK(L)2TKL2))
DD 14Y TI=1.111
IF(Il =IK(2)) 118,118,140
118 wUVIsWUVIHURECIT ) ¥ORECTIT AT )+ WAST(I I ) RWASTLII,D)
6N TO 141 -
1640 wUVIsUUVLIHTRE(ITIAJ)*ORECTITILT)
gl CONTINYE -
BUVLs (TS {I)RTW ()Y /FLOAT(IK(2Y ) #(TOCII*TOUY) ) /FLOATCLIR(L))
BUV2=C(J)%G(]) /FLDAT(IKEL)I+IKE2))
BU(Tau)sBUVImRYY2
BT, d)=nllylemByy]
117 CONTINYE '
N 119 I=sl,L
119 wRITE(62120) (BU(I ) ad=lal)atyUlTsd)sd=lal)
120 FORMAT (/704X TFB,2210X2TF7,2)
CALL CIVER(WU2HULaLeBET)
bn 121 I=1,l
L}r‘ 121 Jf-'.lgl.,
E.‘»'}I=ng
RO121 II=la.4
B l=BWI+wU 0Ll )%xBUCTITAY)
BUUT(T,d)mBl]
121 CONTINUE
DM 451 l=l,L
451 LRITE (6,652) (Rult](Iad)ad=lyl)
452 FARMAT (/2 7FL5,4) ‘
Un 450 1s1,KT
450 TIKCIY=TK{D)
CALL EIGEN (LoBWUTIVYMETG)VVAKT TIIK,CHIHLT)
[F(LTm2) 477,478,478
477 G0 402 JslaLT
PO 4G TslaMynMG.
Yn=Q0,0
UGN 402 T1=la|
YOSYU+YV(TI2JIRUNK2(]TIT)
YUNK(IpJ)=YD
WYRITE (62409)YUNK(T,J)al0y
409 FNRMAT (//)F20,9,2110)
402 CNNTINUE
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On 122 IL=laKT

ITI=IK(TL)

PO 123 Jsl,LT

PN 128 f=1,111

IF(IL=]l) 124,126,125

Y=0,0 :

gn 126 Il=lai,
YOsYO#RYV(TTaJ)*0ORE(T,11)
YORE(I,J)eYD

CONTINUE

G0 TU 128

YWs0,0

DN 127 Tl=1.L
YWeYWsYVY(TT2J)HWAST(IAIT)
YHAST(I2J)2YH

CONTINUE

CONTINUE

CONTIMUE

CNNTIMUE

PR 132 IlL=1aKT

ITI=IK(IL)Y

IF(IL=1) 133,133,134

CALL MEANCYDRE YDA IL2TIIALT)
GN TO 132

CALL MEAN (YWAST,YDALIL,IT1sLT)
CONTINUE

RO 138 IL=)sKT

ITI=IK(IL)

IF(IL=1) 136,136,137
CALLCOVARIYDRE YDA, TTIT21LaCOVALT)
CALL CIVER(COVDCNVI LTHDET)

CALL ZTRSO (YUNK) TLaYDASYDIFUsNUNCHLTOCOV]SD1SQ)

HYPOTHESIS WASTE PRDBABILITY OF BEING ORE

PN 436 Jsl,NUMC

CALL PROBO(YDIFN, Jo0COVILPISE)DET,SHLT )
UREPR(J) =] ,0=S

WRITE(62435) NREPR(J)SDISO(TLAJIPYDIFD(Jp1)0y
FORMAT (//23F25,6,5]115)

CONT IMNUE

G0 TU 135

CALL COVAR(YHAST VDA, 111, TLaCOVALT)

CALL CIVER (CUV,WCOVI,LT,DET)

CALL ZTRSO (YUNKsTLaYDASYDRIFWaANUNCALTSWCUVIADISQ)
HYPOTHESIS DRE PROBABILITY OF BEING WASTE

DO 439 J=laMUNC

CALL PROBNCYDIFU, JoWCNVI,PI EaDET,SHLT)
WASPR(J) =S

WRITE(62438) WASPP(J),DISO(TLAJIsYDIFY(J,1),
FORMAT(//23F30,6,110)

CHNT IHUF

CNNTIMUE

UN 530 I=1pMUNG

Un 529 J=1,KT

JF{Jd=1) 520,521,520
TEMPL=QREPRCI) /LOREPR (I +1,0=WASPR(T))

12k
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478
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-
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490
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TEMP2=WASPROT) /()L O=0REPREI)+WASPR(Y))
DEPRO(IAY)STEMPL/ITEMPL+TENMPZ)
Gn TO 529
DFPRUCTISJISLO=DNEPRD(T L)
CONTIMUE
WRITE(S2531) (DEPROCTAJI2UB1,KT)
FORMAT (//722F30,8,21200//)
CONTIMUE T
STOP
END
SUBROUTINE MEAN{YSTaYDASIL,TIIILLT)
DIMENSION YDRA(222),YST(660,2)
WRITE (€,85) *
FORMAT (/712X 4HMEANL/212XK24 1 H=)0//)
pIv=I11] '
DN 20 J=lsLT
UT=0,0
PO T 1sl,I111
DT=DTHYST(]s))
CONTINUE
DHT=0T/DLV
YRDAUYLIL)=0DT
WRITE(GABIYDALITL) 2 ATl
FORMAT(F40,7,2110)
CANT INUE
RETURN
END
SUBRUUTINE CIVER(COV,COVIaLoDET)
DNUBLE PRECISION NALDAT0IK,DATT DKL
DAURLE PRECISION nUM),DUM2
DIMENSIONPRO(T) 20OV TeT)oDALT2L4)aPRALT ST CAVILTNT)
IF(L=1) 491,491,490
CNVI(LLL)I=L,0/¢NVELaL,)
Gn TO 193

PDET=1.0
Mei, %2
un 300 I=l,l
pn 306 J=l,L
DA(In)) =CUV(I,J)
G 301 Isl,L
LLI=L+]
0O 301 J=iI,M
RRENE B 4
[F (K=, ) 302,393,302
DA({)J’=QQQ
G TU 30)
OA(T1ad)=ke0
CONTIMUE
Ip=)
JP=l

IK=1
Dimls=e,0
PDUM2=0,0
I“AX=TP
[1=1pP+])

125
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P 201 I=sT1a

IF (DA(IPAJP)=DA(T,JP))200,201,20)
DUMRSDACTAJP) .
TF(DUMI=DUNM2)20252010201
IMAX=]
PDUMl=DUM2
CONTIHUE N
[F(IMAX=]IP)205,205,206
DN 204 JsJdPaM
TEAPLeDALTIRP L)
TEAP2=RA(IMAXeY)
DA(IPsJ)=TEMP2
PBA(TIMAX2JYTEMP]
CONTINUE
STGNEm],0
G0 TO 207
SIGN=1,0
RET=DETH*ITGNRDALIP,JP)

IF (DA(IPAJYP)IL002190,102
RO 103 Js=)lM
DACIPAJ)==DA(TIP,L )

nNiNn = DALIPSJP)

P 104 J=JPsM
DAT=DA(IPAY)/DID
DA(IP ) =DAT

IF (DABS(DPALIP,J))1=0,10=06) 1264126,)04

DA(IP2y)=0,0

CNNTIMUE

[KsIP+)

TF(IK=L=1) 119,113,113

$16=2=1,0

PIK=DA(TIK2YP)

B0109 J=aJPaH
RATT=(STG*DA(IP,J)RDIK)+DA(IK,J)
CA(TKSJ)=DATT

I (DABS(DALIK ) )=0,10=06) L2Ta1272109
DA(TK, ) 20,0

COANTINYE

IK=TK+]

IF{TIK=] ) 110,110,111

IP=1P+]

NEERERS!

IF(JP= 112,205,113

L I=L

L=l

KiLsll=]

SIGz‘laﬂ

PR = DA(KL,LY)

N 53 J=LJaM

DATT =(SIGRDACLTI)J)R*DKL)+DALKL,d)
DA(KLsJ) =DATT

IF (DABS(NALKL ) ))=0,10=06) 1284128453
PA(KLAJ)®D 0

CONT IMNUYE

KLEKLe)
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IF(KLe=
LJgLJH
LIZL[m
IF(L]=
b 304
JLL=hL+
gn 3¢+
KiMa Jmi

1) 55,556,586
1
l .
1) B57,57,58
I=1l,L
1

RENINWIL

COVI(T,¥M)I=DAt] )
CONTINUE

Do 400
WRITE

I=1,L
(62401) (DALIsY)2d=10M)

127

poo305
po 305

I=1,1
Jalal

PRI=Q,0

PN 308
PR]=PR
FRALJ,

JJ=lat
[+C0V (JpJJY%CUVIGIJa )
]1=FR!

CONTIMUE

pn 306
WRITE

FORMAT
CN=1,0
o 21c
CMNOR=0O
LN 296

I=l,L
(H5321) (PRA(I,J)2J=12L)
t/1226F5,23/)

T=1,1.

0

Jelgh .
CHMNR=CMOR+(QUY(T2)) ) %%2

CrHO=SORT(CNOR)
CruaCNECNY
CONTIMUFE
UVvI=DET/{N

WRITE -

FORMAT
GO 10

wWRITE

FORMAT
RETURM
EMD

(65212) DETJCN, VI
(//223F39,172//)

193

(62191)
(/2 L5HMATRIX SINGULAR)

SUBROUTINE COVAR (YST,YDANITINILACQAVLLT)

PDIMERS
~RITE
FORMAT

10 YSTUE6Q,2)2YDA(2,2)aC0VI(2,22)
(6286)
(7/560X, LTHCOVARTANCE MATRIX2 /260X 17 H=)//)

U010 J=lalT
0N 10 K=)aLT

(NyT=n
Lro10

,C
[=1a111

COVTROUVTHCYST(Tad)mYDALY, TL)IRLYSTOLI,K)=YDA(K, TL))
COVIJAKISCUYT/FLOATLIT 1)
CONTIHUF

Gono 9o

I1=1sL7

R ITEL629)) (COV(TpJ)ad=1atT)

FORMAT
RETUKHM
EMD

(/72TF15,4a/)



94
95

110
2}
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7
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SUBRUOUTINE EIGEN (LaAASVHEIGAVVSKTSIIK)CHILLT)
DIMENSION CHECLO),TIK(2) -
DIMENSION AA(T2T)2ETGV(T)aVMEIGUTIaVVITaTYoV(T2T)aVR(T2T)
DIMENSION TA(4DYpTVITISA(ToT)2AS(T2T)
DIMENSINN VVEILT2T7)0I1G{T7,7)aDIAG(T727)
DIMENSIONPRO(T)2CNVIT27))DACTaL4)2PRACTITISCOVILTST)
ENUIVALENCE (ASCLa L) VVI(1a1) ) ALLLLY2aDIAGELSL))
EQUIVALENCE (V(1,1)a0160 L0002 (VRELpLISCOVICLLL))
IK=1

P 54 I=lel,

D0 54 y=laL

INRENBEY.VYRFND

CNNTINUE

DN 106 Isl,L

DN 100 Jsl,l

AS(Tad)=At]sd)

CONT INUE

PN 8 tal,L

Vel IK)=A(Le])

TV(T)=V(]s]IK)

CONT [NUE

WRITE(6252) (V(I,IK),1=1l,L)

FARMAT (TF15,3)

DN 95 I=la,

[F(TV(L)=TV(])) 94,95,95

TV(L)=TV(])

CNNTINUE

THUX=TV (L)

pn 110 I=sl,L

VET2IK)=A L2 1)/ THUX

PO 99 =12l

DD 99 J=lal,

NR=( [m] )%+ :

TA(MPY=AS(Isd)

CONTINQE

NUMSNU ML

NL =L

po 97 J=lant :
IF(TALLY=TALJ))26,497,97

TACL)=TA(Y) '

CONTIMUE

THAX=TAL))

PN 11 Kslal,

PN 1Y I=lak

WRITE (6288) AS{Ks1)sKo1,THAX

FORMAT (F4U,082110,F20,3)

TEMP =ﬁ)q0

Pl Jslag,
TEMPeTEMP+(ASIKAJIRASEJ2]) )/ {THAXR%2)
CPVIKa DI =TENRP

CONTINYE

LM 250 Isl,l

P 250 Jslyl

AS(Ip0)=COV(TaY)

128
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CNV(Iay)a0,0
250 CONTIMNUE
IF (NUM=3)2152)5360
360 DN 12 K=lal,
VTEM=z0,0
pn 251 J=slpl,
_ VTb4=VTFW+V(J:1K)¢A5(K,J)
251 CNNTIMUE
VRIKy TK) =sVTEM
12 CONTINUE
vMAX:AmAXI(\R(lzIK);VR(Z,Ih),VR(ﬂ,IK) VR (4 1K), VR(SJIK)!VR‘ﬁ)IK,;
3 VR{T21K))
RN 13 . Jdelal
VaTsyR (JpTK) /VMAX
VR(Js IK)aVKT
13 CONTIMUE
WRITE (£,53) (YR(J,IKIpd=lnl)
53 FNRMAT (T7FL5,3)
NUENU+)
[FLAG=OQ
DO 14 y=1lai,
VRUF=ABS(V(JoIKY=YRJsIK))
IF (VDUFm=TEST) 4014016
16 1FLAG=]
14 CONTINUE
18 DN 20 J=lal
20 VEJaIK)=VR(Jy 1K)
IFCIFLAGILTA 15,17
17 IF(NU=LD0) 21221519
15 WRITE (6,40) MY
40 FHORMAT (120,5X,16HND OF [TERATINNSS/)
NiUIM=Q
SVLEN=0,0
pn 22 J=lal
22 SYLEN=SVLEN®(V(J) 1K) )#k2
VLEN=SGRTISVLEN)
PO 23 I=lad,
VT=aV (1, 1K) /VLEN
VV(T,1K)I=VT
23 CONTINUE
CHECK EIGENVALUES NORMAL
CVLEN=D,Q
D0 24 I=lal,
24 CVLEN=CVLEN+(VV(I,IK))**2
WRITE (6225) IKaCVLEMa(VV(IaIK)al21lal)
25 FORMAT (/215,F10,3,)7F1244)
" FRUM EIGEMVECTOR FIND EIGENVALUE
DN 240 Islat
E16=0,0
DN 26 J=lot
26 EYG=EYGHA( [aJ)¥VVLJaIK)
ETGV(T)=616/VV(TaIK)
WRITE (6227) EIGVLII),I
20 FRRMAT (/2F30.:951102/)
2490 CNNTINYE
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TEG=Q,0
0 28 I=1sl,
28 TEG=TEG+EIGV(I)
ELL=l ‘
VMETGUI®)=sTEG/ELL
CALL RAD (VMETGaLaKT2»TKs IIK2XS)
JFAXS=CHICIXK)) 19,117,117
117 LT=LT] S
FARM Rl MATRIX
DN 29 [=lal
DN 29 Jy=lal
RT=A(1,J) e VMETGEIK)*YV (T, TKYRVY (2 IK)
AllasJ)=RT
29 CONTINUE
1K= TK+]
o FF(IK=L) 91,91,30
30 DO 3] I=lal
31 WRITE (6,32) VMEIG(I)ala(VVIIaJ)sad=lal)
32 FORMAT (Flb,52110,7F1344) :
CALL CIVER (VVaVV1,La0ET)
DO 33 K=1,4,
TUP=0,0
N o33 Js=lal
TUPSTUP+VY (L) *AACJIK)
PIGUIaRIaTYP
33 CONTINUE
LN 36 K=1ls1,
PO 36 Islal
TIP=0,Q
Do 36 J=laL
TIPETIPH+DIG{ I, J)%VV(JoK)
DIAG(TIK)&TIP
36 CONTINUF
34 WRITE (6,35) (DIAG(I,J)2d=lalk)
35 FNRMAT (7F15,5)
19 RETURM
EMD
DYMENSITH YUNK(1922)pYDA(292)2C0VI(202)2TEMP(1942)2D15Q(2,19),
2 YDIF(19s2)
PO 4064 Ia)l,NUNC
BN 404 Jsl,LT
YRIF(TI,0)=YURK( T )=YDALYSIL)
WOITE (£0504) YDIF(I,0)aYUNK(T,J)sTad
504 FORMAT (//22F20,9,2110)
404 CONTINYE
© PO 40S Tsl,NUNG
PO 407 11=1a4T
TEM=0,0
pPri 407 J=1,LT
TEMTEMSYNIF(I ) %COVE(J,11)
TFMP (T, 11)=TEM
407 CONT[NUE
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TEM=0,0
DN 408 Jsl,pLT
TEMETEM+TEMP (10 )%YDIF(1s4)
DISQ(YLsI)STEM
408 GONTINUE
WRITEt6,410) DISQUIL,1)21nI1L
410 FNRMAT(//2F30,7,2110)
409 CONTINUE
RETURN
END
SUBROUTINE PROBN (YDIF,)JoCOV]IaPISE)DET,S,LT)
DIMENSION YﬁLF(19;7),cuvx(7;7)
F<Y)=<ARQGS(YDLEIV)*ARS(Y))*(F**( =0, S*Cﬂ*tY**?)))/
2DENOM
FR(X)=(ER%(mQ, 58Nk (X%%2))) /DENT
¢(oeCOvItlsl)
YNEE=YDIF(Jal)
N=10Q0
N1aN/2
N2aNle]
S=0,0
Be{15,0%SORT({L,0/00))/1000,0
[F(LT=L) 28230,29
29 =2
DENOM=(2,0%P [ )%k (FLOAT(I)/2,0)%P[%SQRT{DET)
SFIYDIF(JpL) 144 O%F(YDIF(Jga))#B)
DN 21 I=s1aN2
21 S=S5+2,0%FLYDIF(Ja1)*B*FLOAT(1%2))
244 0*F(YDIF(J:;)+Q#FLGAT(i*?*l))
S= ABS(B)*(P<YHLF(J;1)¢B*FLQAT(N))*52/3 0
G TO 28
" .30 DENT=SQRT(2,0%pl/C0)
SaFF(YUIF(J21) )44, 0%FF(YDIF(Jal)+R)
DN 22 [=1sN2 v
22 SaSH+2,0%FF(YDIF(Jal)#B¥FLOAT(1%2) )44 0%FFLYDIF(Jp1)+B*FLOAT(I%2+])
2 )
S=ABS(BI*(FF(YDIFtJal)+BRFLOAT(N))*5)/3,0
28 RETURN
END 4
SUBROUTINE RAD (VMEIGaL2KT2IKy 1IKsXS$)
DIMENSION VMEIGUT7)p11K(2)
XSS (FLOATEITKC(L)#TIK(2) ) =0, 5%FLOAT(L+KT) ) *ALOG(L,0+VMEIG({IK))
LODF=L #KTe [ K%2
WRITE(62L118)XSaLONFy IK
118 FNRMAT (//,F25,6,211Q)
RETURN
END
$ENTRY
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CALCULATINN OF MISCLASSIFICATION PRODBABILITIES USING JOINT
PISTRIBUTIGN FUNCTIDNS=FIRST DATA SET

e ok e e gt s o e i 3R o e e 3 3 o e i 3 ol ok ke ok o o e e oo 3 3 e 3 3l e o 3 3K ol e ofe e b e o6 ok A0 o 3K R sl ok N ol e o ok
DIMENSIDN DEPROC20,2)»PRUOBG(20)2PRUBWI20),1P(2025)y PD(5,12),
PWlBs)l2)aNLD)

KT=2

NUNC=19

KE=5

READ(5,25) (n(K)Kal,KE)

FORMAT (512)

LN 22 [=1sKE

I1sM(1)

pn 22 - yrlsl1

READ (55,21) PO Tad)aPW (1))

FORMAT  (2F5,4)

G 23 I=laNUNC-

READ (5224) (IP(1aJ)aJ=1,KE)

FORMAT (]2,4]11)

DO 26 I=)2NUNC

CUM=1,0 -~

RN 26 J=lsKE

JJsIP(]d)

CUMsCUM*PO(Ja0J)

PROBOC])Y=CUM

CONT [HUE

BN 27 I=1aNUNC

CUM=1,0

PN 27 y=L2KE

NNE-S SRS WIND I

CUM=CUM%PYW (JpdJ)

PROBW (]Y=sCUHN

CONTINUE

PN 28 I=]aNUNC

J=l

TEMPL=PRURLCT)/(PRUBUCII+),,0=PROBW(T))

TEMPZ2=PRUBWIIY/ (], 0=PROBYUCTI+PROBYW(T))

DEPRO(TIAYI=TEMPYL/{TEMPL+TEMPZ)

J=2

DFPRG(LI2JI=]1,0=DEPRI(T,1)

WRITE (£230) (DEPRD(TaU) 2 J=1,KTYp120sPROBO(T)SPRUBWIT)

FNRMAT (//32F25,9,2110,2F18,6)
CONTJNUF

STUP

EMD
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MUMERTCAL IMTERGRATION OF BIVARTATE NORMAL NDISTRIBUT]
USING THE HERNITE GAUSS INMTERGRAL

133

NN FUNCTION

36 e 30 o 33 s ok 365k 3 5 36 M ol i e s i S e 3 0o e o e 3 o e i 3o s o e o e e 3 ik o o o e e e o e oK e 3o 3k o 3 ol e o

PIMENSTON DEPRO(I20,2)

DIMENSTION UMKEL19,2)20C0VIt222),WCOVI(2,2),0C0V(2,2)0WCUV(2,2),

2905 pX (2025 (205 5) ) NPRUB (L9 5) g WPRAB(19,5),RHN(2)
FLAsBaC)mEXK(mARBRC)

KFs ’

MUNCEL9

KT=2

Eel2, 718221828

P1£3,141592653589

DO 11 1=1lanURNC

READ(5,10) (UMK(UT,J)ad=1,KT)

FNRMAT (2F4,.2)

DN B K= LaKT

READ(5,9) (YDA{JpJK)2J=10KT)

FORMAT(2FB,6)

REAND(S,16) (NIKYaKa1,KE)

FIRMAT (512)

PN 14 K=leKE

IIsN(K)

PN la I=s1.110

READ(8,15) X(I,K),W(1,K)

FORMAT(F8.6,E12,7)

CONTINUE

DN 12 [=1aKT

READ(B,13) (UCOVItI2)ad= o KT) ot WCOVITa0)ads1aKT))y
2(NCOVITI2d) 21K Ty p (uCOV(IpJ) s d=)pKT)

FORMAT (8F6.4)
DETO=0COVELa L) RNCRYI222)=NCNV ] 22 ) %%2
COMSO=RTRSQRT(OCUVI(L1, 1) %NCOVI(2,2)%DETD)
DETURUCOY (L L) RNCOVI222) =WCOV L2 )%%2

CONSWEP TRSGRTUACOVI (Lo LI RWCOVI(2,2)%DETW)

DN 702 K=1,KE

[1= N(K)

nn 702 l=l,1]

WRITE (6,703) X{I2K)pW({1,K)

FRRMAT (//02F30,27)

CNNTIMUE

DN 60 JTI=laNUNC

LN 31 KelaKE

JreM(K)

U 30 JK=1aKT

IF(JKml) 20221220 , :

RUDCYK ) =2, 0%UCHY T 22)/SGRTIUCOVILL,IYRNCNVI(2,2))
MIIX=EQ

Y =0

LN 22 1=1s11

Jzl

XTEST= XCIaKYRSQRT(2,0/0C0OVICI I )+YDALYSJK)
TF(UNK(TII2d)=XTEST) 70426,26

NUOXERUIX4 )

NEY

YTEST= XUTaKYRSQRT(2,0/0C0VIJ2y))+YDA(JYSJK)

SYDAL2,2)



22

60

29

20

46
71
43
47
42

67

48

30
.3l
339

ExY
54

91
32
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IF(UNK{TIT)J)eYTEST) 22227227
NUY 2NU Y+ )

CONTINUE

WRITE (6266 )NUX MUY

FORMAT (2115)

PREO,0

DO 29 [=laNUX

DN 29 Jy=1lsNUY

PREPR&W L SKIRN () )RFIXCIARKI )X (JaK) pRHILYK))
CONT IMUF

CPROB(1T]2K)=PR/CONSY

GO TO 30 |
RHOCYK) =2 0%nCOVICL22)/SQRTIWCOVI (12 1) RUCOVI(2,2))
NUY =0

MIIX=D

0N 42 I=ls11

NED!

XTEST= XCIakI*SQRT(240/WCUV (s )+YDRALYSJK)
IFQUNK(TTT,d)mXTEST) 71071246

NUXSNUX#]

NEY

YTEST= XUTaK)RSQRT(2,0/WCUVILIpJ) ) +YDALYsIK)
IF(l’hK‘TII"J)-YTEST)Q?’Q.Z!Q?

NUY=NUY+ ]

CNNT INUE

WRITELG26T)MUXpNYY

FNRMAT (21)5)

PR=0,0

MUXSNUX+]

Iy =E”Y*l

DO 48 JsNUXsIT

0O 48 Jantys]l

PREPR4N (LK) %5 (K )X (X CTaK) )X (dsK ) o RHELJK) )

CONTIMUE |

WPROB(ITIaK)EPR/CONSH

CONTINUFR

CONTIMUF

CONTIMNUF

Jr=1

P90 I1lslsNUNC

DN 90 K=1sKE

VRITE(G232) UPROBIITINK) HTITI KUK

FRRMAT(//2F20,843110)

J=2

pe 91 Ill“lgHUi‘ic

Dl 91 Ke=lsKFE

r'DITE,({;,bﬁ) APROBLIY ]S

FARMAT (//2F20,8,2110)
DN 921 T=zl,MuNC

Kabh

J=l

TP L=QPRNE CEaKY/LUOPRMBELAK)I+] qO=WPRUR(T K))

TEMP2=nPROB(IK) /L] 4 0n0PROB T2 K #UPRUR(T,K) )
UFPRUCT2JIRTEMPL/(TERPLHTEMPR)

Jag

-

K)IIIIIK}JK
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DEPRO(TsJ)51,0mNERPRO(T,1)
eRITE(Gs922) (DEPPU(]AJINIS1IKT )
922 FNRMAT (//52F20,9,110) .
921 (NNTINUYE
STUP
EMD
$ENTRY



