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ABSTRACT

The problem investigated here is that of determining the
optimal number and location of hoisting shafts to service a known
underground deposit at minimal total cost. The total cost is com-
prised of contributions from shaft sinking capital costs and from
transportation costs that vary linearly with distance. The problem
is formulated as a network. A modification of the out-of-kilter
algorithm is used to produce a sequence of solutions which converge
to a good (hopefully optimal) solution. It is believed that many
fixed-charge problems with linear transportation costs may be

solved with this approach.
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INTRODUCTION

Mining is essentially a business of extracting saleable
material from the earth's crust for the least possible cost while
complying with health, safety, and environmental constraints.

In the process of designing a mine, one frequently has to make
choices among several different alternatives. Historically, many
of these choices were made intuitively by an engineer, using his
experience as a guide. With the rapid advances made lately in
Operations Research and with the availability of high speed com-
puters with large core/disk storage, some (though not all) of these
mining problems have become amenable to mathematical formula-~
tion and solution. One such problem is that which arises when a
new underground mine is being planned: Where should hoisting
shafts be located, how many should there be over the life of the
mine, and to which shaft should material from each area under-

ground be transported?



T-1468 2

The purpose of this thesis is to present a heuristic algorithm
that may be used to determine the number and location of hoisting
shafts for a deposit for which the transportation network is on a
single level. This algozithm does not guarantee optimality but
computational results indicate that solutions are n=zar optimal and
are produced in reasonable computation times.

Present practice for determining the number and location of
shafts is primarily based on the surface topography of the mine,
the proximity of available or proposed surface rail transportation,
and the expected subsurface geology, as related to the cost of shaft
sinking. ,Such calculations, while using the best available methods,
seldom determine shaft locations such that the expected total cost
is a minimum. A common practice is to sink two shafts close to
each other in an area over the deposit where the shaft sinking costs

may be expected to be minimum. One of the shafts becomes a

g
b oo

hoisting/intake shaft and the other becomés‘an exhaust shaft. The
hoisting shaft is used as such until it becomes obvious that trans-
portation costs underground have become exceedingly high. If there
is sufficient reserve left underground at this time, a second hoist-
ing shaft is sunk at another location so as to reduce underground
transportation costs. There is nothing to recommend this

approach other than its ease of application. If the optimum
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number and location of hoisting shafts for a deposit were determined
with respect to shaft sinking costs, underground transportation
costs, and surface location of other facilities, it would be possible
to determine the time period during which each shaft would be used
as a hoisting shaft, the dates by which new shafts should be ready
for use, and the daily capacity for which each shaft should be
designed. Within the uncertainty connected with cost figures,
expected future demand, and other such variables, prior knowledge
of the kind described above will help the planning engineer to

develop the best possible method of exploiting the deposit.
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STATEMENT OF THE PROBLEM

The objective of this thesis is to develop a method to
determine the location of hoisting shafts for a deposit of known
configuration such that the sum of expected shaft capital costs and
expected transportation costs is a minimum.

The information required for this problem is:

a. The average cost of transporting one unit of

material through a unit distance underground.

b. The expected cost of sinking a shaft at any point

over the deposit, or a list of possible shaft
locations with the associated shaft sinking costs.

The assumptions made are:

a. Transportation of material underground is along

rectilinear paths on a single level.

b. Transportation cost increases linearly with

distance.

The required information described above is generally

available to the planning engineer. The information is, of course,

in the form of rough estimates, but these estimates are the best
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available. For example, for a given shaft size and a pre-determined
sub-surface geology, the cost of sinking a shaft may be estimated
as being directly proportional to the depth from surface to the
deposit. The average unit cost of underground transportation for
a given mode of transportation may generally be estimated from
manufacturer's information and from information gathered from
operating mines in the vicinity. Often a list of possible shaft
locations may be determined, a priori, through a process of
eliminationa Steep slopes, streams, surface structures, inter-
ference with the surrounding environment, and problems with
surface rights may eliminate a large portion of the surface from
being considered as possible shaft locations.

The assumption that the transportation network under-
ground is rectilinear is explained in the next section. The
assumption that the transportation network is on a single level
permits this algorithm to be used not only for single seam mines
like coal, but also for mines using block caving methods asso-
ciated with single level transportation. By inference, this
algorithm cannot be used for mines using multi-level simultaneous
transportation. The assumption that transportation costs increase
linearly with distance is a standard assumption. If transportation
costs are divided into operating and capital costs, it is apparent

that the operating costs increase linearly with the distance of
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operation. The capital costs, when depreciated over the operating
life of the piece of equipment will introduce a factor not necessarily
proportional to the distance of transportation. It is assumed that
this factor is insignificant in that the total transportation cost
remains very nearly proportional to the distance of transportation.
It is appreciated that the capital cost of sinking a shaft is
also proportional to the capacity (tonnage per day) for which the
shaft is designed. Since this capacity is a function of the demand
for the material mined, and since, on a cash flow basis, it is
almost always economical to have only one hoisting shaft at any
one time, it is assumed that the required shaft capacity is
determined by the planning engineer. Hence, the cost of sinking
a shaft on any of the potential shaft locations may be calculated
as a function of only the depth of sinking and the subsurface

geological and hydrological conditions.

Literature Survey

The current literature contains only one publication on the
problem of the optimum location of mine shafts. Zambo (1968)
wrote a book that describes the various problems of optimal
location of mine facilities. He used a geometrical-calculus
approach that, in general, does not take into consideration non-

uniform variations of the minable tonnage in an orebody. This



and other simplifications of location problems seve rely limit the
applicability of his approach.

Numerous articles have been written on the fixed-charge

problem. Some of these are described in brief below:

Gray (1967) does an excellent job in describing a technique

that can be used to solve the following classes of problems:

a. A fixed-charge problem with linear variable costs in
which a fixed charge is associated with each continuous
‘variable that appears at a non-zero level.

b. A warehouse location problem in which variable costs:
and constraints are of the transportation type. A fixed
charge is associated with each warehouse opened,
irrespective of the number of customers served.

c. The fixed—<charge transportation problem in which a
charge is associated with each route rather than each
warehouse.

d. The rst problem with separable concave or convex
costs rather than linear cost.

Gray decomposes each problem into a master problem and

a series of linear programs while using a bound-and-scan
algorithm to obtain 0-1 vectors that satisfy the fixed-charge part

of the objective function. Computational results are given for
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examples of each class of problems. An excellent literature survey
and bibliography is also a part of the publication. The difficulty of
the approach pursued by Gray is that the size of the problems that
can be handled by the computer code written for the fixed-charge
problem with transportation costs is too small to be used for a
realistic shaft location problem. Moreover, the computation time
is excessively large.

Benichou, et al (1971) present a branch and bound method
for solving mixed integer linear programs. With proper formula-
tion, some classes of fixed-charge problems may be solved with
this method. The algorithm has been implemented as a computer
program that is available in the IBM Extended Mathematical
Programming System. No computational results on the fixed-
charge problem with linear transportation costs are available for
comparison.

Murty (1968) solves the fixed-charge problem by a proce-
dure that ranks basic feasible solutions corresponding to a linear
programming problem in increasing order of the linear objective
function. The algorithm works efficiently when the range in values
of the variable costs is large compared to the fixed charges. Here
again, the difficulty lies in-implementation. The size of the
problersis that can be solved are too small to be of use in solving

the shaft location problem.
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Steinberg (1970) presents an exact algorithm for the solution
of fixed-charge problems. He uses a branch-and-bound approach to
converge to an optimal solution. The computer program is capable
of handling large problems and arrives at the optimal solution in
realistic computation time. He also presents three heuristic
algorithms that provide a '"good" solution very rapidly. If there is
a disadvantage with Steinberg's algorithms, it is that the formula-
tion of the problem and preparation of the data would require a
level of sophistication in Mathematical Programming not easily
found in the mining industry.

The idea of using rectilinear distances came from a paper
by Wesolowsky and Love (1971). Their technique of locating new
facilities with respect to existing ones could, in particular, be
used to locate new hoisting shafts with respect to existing hoisting
shafts, and cleaning plants.

A paper that describes the use of the out-of-kilter
algorithm to solve a rectilinear distance facility location problem
was written by Cabot, et al (1970). This work is also of interest
from the point of view of locating new shafts with respect to
existing ones. The problem of minimizing total costs if a fixed
charge is incurred with every new facility located, is mentioned

in the paper as a subject of future research.
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Other papers on the location of facilities include
Francis (1964), and Humphreys, et al (1970).

Summarizing, a review of the literature on the solution of
fixed-charge problems with linear transportation costs, shows
that, except for Steinberg, none of the techniques presented can
handle problems of the size posed by the shaft location problem.
Further, computation times are often quite large.

The network approach of solving the shaft location problem
that is described in this thesis, will permit any engineer, with
hardly any difficulty, to formulate the problem, prepare the input
and understand the answers. Further, the size of the problems
that can be handled are realistic and the computation times are
small. A 40 x 18 problem (40 blocks and 18 potential shaft
locations) typically takes only 1. 6 minutes on an IBM 360/ 65J. An
equivalent mixed integer program will have about 778 variables

and will run for hours before converging to a solution.
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PREPARATION OF THE MODEL

Blocking

In order that the problem may be formulated mathematically,
it should first be possible to describe the deposit in a numerical
manner. This is done using the block concept (Johnson and Mickle,
1971). A two-dimensional vertical projection (plan) of the deposit
is divided by a grid into blocks (Figure l). The num!l. .r of blocks
(fineness of the grid) should be commensurate with the storage
capacity of the computer.

The computer program given in Appendix I can handle
a program of about 50 blocks and 20 possible shaft locations or
any combination of m blocks and n shaft locations where
m x n = 1000. The storage capacity used for such a problem is
about 30K words. By changing dimension and common statements
e capacity could be increased or decreased to fit the core storage
of the computer being used.

In case a more accurate determination of the location of
shafts is desired, after the algorithm gives a solution to the

problem defined by a grid with large blocks, those blocks that

11
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BLOCK

PROFPERTY
BOUNDARY

Figure 1 Block Model of a Mineral Deposit
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A

have been eliminated from consideration as possible shaft locationd
may be merged into one. Blocks that have been selected as shaft
locations may be subdivided into smaller blocks and the algorithm
could be used again to give a better resolution of the shaft locations.
Repeated subdivision of blocks in the manner described above could

determine the shaft locations as accurately as the user desired.

Rectilinear Distances

Ideally, it would be desirable to determine the underground
transportation network before determining the location of the shafts.
However, due to the interaction between the two problems, an
assumption must be made for one in order to determine the other.
Thus, in this work, an assumption is made that the underground
transportation network is rectilinear: i.e. the distance from

point i with coordinates (xi, Yi) to point j with coordinates

G50 95) =
D.. = lxi-xj + ,Yi-yjl'

1)

In actual practice, transportation networks in coal, salt, trona,

and similar seam mines are very nearly rectilinear in nature.

Block Weights

The rectangular grid divides the deposit into rectangular

blocks. Since the approximate thickness of the deposit at all
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points is known, it is possible to estimate the tonnage of minable
material in each block. This tonnage may be defined as the block

weight, Wi’ for block i .

Surface Topography

Let the point (xi, yi) denote the coordinates of the center of
gravity of each block i. By looking at a topographical map .o.f_ the
deposit and overlaying it with a surface topography map, it is
possible to determine the depth of the deposit from the surface at
the center of gravity of each block i. If capital costs of sinking
shafts are assumed to be directly proportional to the depth of the
deposit, these costs could then be calculated. Further, by looking
at the surface topography map of the area, a large number of these
blocks could be eliminated from consideration as potential shaft
sites due to constraints posed by streams, steep and rugged slopes,
existing structures, access roads, gas wells, old workings under-
ground, and faults. In effect, one says that sinking a shaft in these
blocks can only be done at an exhorbitant cost. The remaining
blocks are those considered as potential shaft locations and the
capital cost of sinking shafts in these blocks is assumed to be

‘known for each block.
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MATHEMATICAL FORMULATION

The following is a listing and description of all the symbols.
used in this work.

Ci' unit cost for arc (i,j). It is equivalent to
J the unit transportation cost from i to j .

E effective cost coefficient = C.. -1, +1m.
ij . 1] 1
D.. . rectilinear distance from block i to
4 potential shaft location j
fi' flow along arc (i, j) representing the
J tonnage transported from block i to
shaft location j. The value of this
variable will be determined by the
algorithm.
i a block made by the grid.
j a potential shaft location block
kij upper bound for arc (i, j).
lij lower bound for arc (i,j).
M,m total number of blocks.
N, n total number of potential shaft locations.
Pj capital cost of sinking a shaft at j
s source node.
t sink node.

15
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ij

16

transportation cost to transport one unit
of material from block i to potential
shaft location j

unit transportation cost.

upper bound for shaft arc (j,t).

This variable is unknown at the start and
will be determined by the algorithm.

The final value will represent the total
tonnage passed through shaft j.

value of the objective function in the
dual problem.

total minable tonnage from block i.

tonnage transported from block i to
potential shaft location j

guantity of commodity shipped from
warehouse i to customer j (Gray's
warehouse location problem).
cartesian coordinates of blocki.

a variable that takes a value of 0 or 1.

value of the objective function in the
primal problem.

dual multiplier associated with the
upper bound constraint.

dual multiplier associated with the
lower bound constraint

dual variable (price) for node i; the
dual variable associated with conserva-
tion of flow equations.
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3

The Shaft LLocation Model

If T is the unit transportation cost, then the unit cost of

transportation from block i to block j along rectilinear paths is

tij = T {lxi_le + ‘]yi-yjl g = T Dij (1)

The capital cost of sinking a shaft in block j is Pj
(Assumption 2: Pj is known for each j).

The shaft location problem may now be formulated as:

N m N
Minimize Z = Z X ¢t .w,., + Z P.y.
j=li=1 NNy 3
PROBLEM 1
N
Subjectto 2 w,., = W,:;i=1, .m
. ij i
j=1
m
0, if © w..=0
' 1, otherwise
w., > 0
ij =

where Wij is the weight of material transported from block i to
potential shaft location j and W, is the total weight of material in
= i

block i. This is in the form of a Fixed-Charge Problem (Hillier

and Lieberman, 1967, p. 565).
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Gray (1967) formulates the warehouse location problem as
a fixed-charge model with transportation costs. A warehouse
capacity is associated with each warehouse.

The warehouse location problem is formulated as follows:

Minimize 2 2.C..x,. + Zfy.
ij i1 g 17
bj Z s = si=1, ., :
Subject to - xij Dj ] N PROBLEM II
My -Zx,.,20;i=1, , m
O R &
: <1
Y
Yo Xij >0 A integer

where Dj is the demand of custome ri and Mi is the capacity
of warehouse i.

The Shaft Location Problem is slightly different from the
Warehouse Location Problem in that no "capacity" is associated
with each shaft. By making Mi a very large number, it is
possible to represent the shaft location problem as a fixed-
charge problem with transportation costs:

Minimize X X C..f., + Z P, 6,
i 1) 1) i 3
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Subject to z fi, = Wi; i=1,  ,m
i H PROBLEM III
M.,5, - Zf. =0 ;j=1, ,N
il § i3
5. < 1
J
5., 1. -2z 0, §, integer
i’ i S

If the values of the Mj's are not known, this problem cannot be
solved by Gray's algo rithm.

‘The capacity of the shaft in this context is not the maximum
daily tonnage that can be hoisted in the shaft, but is the total
tonnage that will pass through the shaft over the life of the shaft.
Determination of daily tonnage capacity is a function of other
considerations such as demand. If one were to specify that the
total tonnage that passed through each shaft was not to exceed a
certain value, then the I\/Ij's would be specified, and the problem
might be solved by Gray's algorithm.

The algorithm described in this thesis to solve the shaft
location problem, in effect keeps increasing the value of M, for
a subset of shafts until no capacity can be increased further with-
out an increase in the total cost. The values of Mj for those shafts
that have positive allocation, then, give the total volume of

material that may be expected to pass through that shaft during
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the life of the mine. In the context of the fixed-charge model,
these values of Mj define the '"capacity' of the shaft.

The present state-of-the-art of computer algorithms to
solve mixed-integer problems such as Problems I, II, and III is
such that only small problems can be solved and the computation
time ': generally large. Further, the formulation of the mixed-
integer problem from the industrial problem generally needs some
skill not often available in the industry. There is the need,
therefore, for a method of solution that is computationally
efficient, capable of handling problems of realistic size, and that
can be formulated intuitively by an engineer (not necessarily a
mathematician). The algorithm developed in this thesis for the

solution of the shaft location problem fits the above criteria.
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FORMULATION AS A NETWORK

Elements of Network Theory

In order to understand the representation of the shaft
location problem as a network, a brief introduction into the theory
of networks is given below. A more extensive treatment of the
subject is given by Ford and Fulkerson (1962) and Elmaghraby (1971).

A graph is a collection of points (called nodes) and lines
(called arcs) that connect the points. No quantitative character-
istics need be associated with either the nodes or the arcs.

A network is a graph with quantitative characteristics
associated with the nodes and/or the arcs. If a node is denoted
by a lower case letter such as i, an arc connecting node i_to
node_j_ may be denoted as arc (i,j). Parameters (quantitative
characteristics) associated with each arc may be denoted with the
node numbers as subscripts. Thus, kij is the upper bound of flow
per unit time in arc (i,j), lij the lower bound, and Cij the cost
per unit flow. ZFlow along (i,j) is denoted by fij' For the out-of-
kilter algorithm that will be used to solve the shaft location
problem, all parameters of the network are assumed to be

21
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rational numbers. The actual operation of the algorithm only
permits integers. A network with non-integer rational numbers as
characteristics' may be formulated such that all characteristics are
integers (Durbin and Kroenke, 1967).

An arc with its two end nodes is called a branch. If an arc
has an orientation, it is a directed arc and the branch is a directed
branch. A directed branch sequence from i to_:j_ in which some of
the branches are traversed opposite to their orientation is called
a path (Elmaghraby, 1970). A circuit, loop, or cycle is a path
whose original node of the first arc and terminal node of the last
arc coincide. A circulation in a network or along a loop is the
existence of flows along each arc in the network or loop such that:

1. The principle of conservation of flow is maintained

at each node, and

2. The flow along each arc does not violate the upper

and lower bound constraints of the arc.
The principle of conservation of flow in a network states that the
sum of the flows into a node must equal the sum of the flows out
of the node.

A static network is one in which the parameters of the

network remain the same regardless of the flow. A dynamic
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network is one where some or all of the parameters are functions
of the flow throu'gh the network.

Networks may be used to model or simulate various real
life situations. Common applications of network theory are to
problems connected with:

1. Transportation systems

2. Communication systems, and

3. Distribution systems.

In general, any system which can be formulated as a problem in
which flow from one point to another is subject to a certain class
of constraints, may be formulated as a network. Examples of
real life problems that may be simulated by a network are the
study of flow through a network of oil and gas pipelines, routing
of vehicles through a highway system, airline routes, design of
computer circuitry, and the assignment of men to machines.

Most network problems may be characterized as falling
into one of the three following categories:

1. Find the maximum flow from a designated node to

a different designated node subject to the capacity
restrictions on flow in each arc and conservation of

flow at each node (Max flow problem).,
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2. Find the maximum flow from a designated node to a
different designated node which minimizes the cost
incurred subject to the capacity restrictions on flow
in each arc and conservation of flow at each node (Max
flow at Min cost problem).

3. Find a minimum cost flow subject to capacity
restrictions on flow in each arc and conservation
of flow at each node. (Min cost circulation problem)

The minimum cost circulation problem is the most general

of the three problems. The out-of-kilter algorithm (OKA) is an
efficient algorithm to solve the minimum cost circulation problem.

Further useful definitions for understanding networks are

as follows:
Liet the set of all nodes in a network be denoted by N,
and the set of all arcs be denoted by A.

Let X and Y be two subsets of nodes.

(X,Y) is defined as the set of all arcs (i, j) such that
ieX andie Y.

Nodes i and j are defined as adjacent nodes if arc (i, j)
belongs to A.

Let Ai be defined as the set of nodes to which arcs are

directed from node _i___‘and let ~Bi be defined as the set of nodes

with arcs directed to node_i.
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It is convenient to define source and sink nodes in a network.

A source is a node at which no flow terminates and a sink is a node
from which no flow originates. In this work a source is denoted

as s and a sink as t. A cut separating nodes p and g is a collection

of arcs of the form (X, Xc) where peX and lec The cut will

. C <2

have a capacity c(X. X7) = ie;—(‘,j&ﬂc kij

The Max flow-Min cut theorem (Ford and Fulkerson, 1962)
which is a basic theorem used in network fliw problems may be
stated as follows: For any network, the maximal flow from p to g
is equal to the minimal cut capacity of all cuts separating p and q-

The remainder of this section will be devoted to describing
and formulating the minimum cost circulation problem. Given a
network with a set of nodes, N, and a set of arcs, A, and given
that each arc has upper and lower bounds on flow in the arc and
has an associated cost per unit flow in the arc, the minimum cost
circulation problem will be to find the flow, fij’ along each arc
(i, j) of the network which minimizes total cost subject to capacity

and conservation of flow constraints.

In mathematical programming terms, the problem is

Minimize Z = Z C_.f : (2)
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Subject to fij = iij s ¥ (i,i)e[A] (3)
£ ks ¥Lpela]l (4)
-J;fji+.>3;fij =0 ; ¥ie[N] (5)
£ =0 ; ¥ {,j)el[A] . (6)

The set of equations represented by equations 3 and 4

represent the capacity constraints on flow along each arc.

Equation 5 represents the conservation of flow constraint for each

node, i.
Fquations 2 through 6 is a linear program. The dual

linear program may he written as

Maxv= Z {..1,. - Z ¢ .k, . 7
i,j “!1_] 1} i,j ¢IJ 1} ( )

bi - - < ; i, 8
Subject to TTi~l~1'rj + wij ¢ij Cij ¥ (i,j)e[A] (8)
v, 20 \ (9)
7 unrestricted . S (10)

whe re 1’!fij is dual variable associated with the lower bound
constraint for arc (i,j), ¢ij is the dual variable associated with
the upper bound constraint for arc (i,j), and M, is the dual
variable associated with the conservation of flow constraint for

node i.

26
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‘The out-of-kilter algorithm uses the primal-dual relation-
ships (Ford and Fulkerson, 1962, p. 26) to re-route flows so as

to find an optimum solution to the minimum cost circulation problem.

The Out-of-Kilter Algorithm,

Introduction: The description of this algorithm relies

heavily on that found in the paper by Durbin and Kroenke (1967).

The algorithm is initialized with a circulation flow of zero
in each arc {conservation of flow is preserved at each node). Such
a circulation might not satisfy capacity constraints. A number
(the node '"price') is assigned to each node. These numbers are
actually the dual variables associated with the conservation of flow
at each node.

Let uA be the node "price' for node i.
Let C., = C,, + m -1, define a net arc cost for arc (i,j).
ij. ij i3

Cij represents the total cost to the system of transporting one

unit of flow from node i _to node j .

The costs, Cij’ and the node prices, s Trj, determine the flow
along arc (i,j). The prices are related to the amount of flow
demand at each node and are analogous to the price that a consumer
must pay at that node for a unit of the commodity being circulated

through the network. In moving a unit of flow from nolde_i_ to
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node j , if the sum of the price of the commodity at node i, e and
the cost of transpo rtation, Cij’ is greater than the price of the
commodity at node j, ‘ﬂ’j, then, it obviously does not pay to ship a

unit from node i to node j. Thus, if aij is positive, flow from i_

—

to j is not economically justified. Alternately, if Eij is negative,
it pays to ship a unit from i to j. If (_jij is zero, it neither pays

nor costs to ship a unit from i to j and we are indifferent to any

additional flow. Further if Eij is positive, flow from i to j may be

made economically justifiable by increasing the price of the

commodity at j by at least an amount equal to 51]

In-Kilter Conditions; The above introduction is an

intuitive description of the actions of the out-of-kilter algorithm
(OKA). The OKA is used to solve the problem described by
(2) - (6).

From the complementary slackness theorem (Dantzig, 1963;
Elfnaghraby, 1970) which defines the conditions for optimality for

the primal and dual linear programs, the following conditions are

obtained:
by > 0= fij = 1ij ............. .. (11)
¢ij > 0@;&‘.’ij = kij cesnesacncsnena (12)
fij > 0= -+ TTj + wij - ¢i_] = Cij e et teeeaaaa (13)
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Note that if we assign values for qjij and ¢ij according to

v,

. Max [0, C,. +m, - m.] and
ij ij i

. - - ) B g X
¢ij Max [0, Cij Tri+rrj] (14)

then the dual problem is always feasible and if one of the dual
<

variables, ‘J’Iij or ¢ij" is positive, then the other is ZeTro.

IfC. =C,.+m -, cesessena (15)
ij ij i ¥
C : ! = = s e 0 0e 000 e 1
then c],lj > 0=py,. > O‘.>fij 1ij (16)
C p —_ = @0 e s 00 00 0 l
and Cj; < 098, > 0=£, =k, (17)

The in-kilter or optimality conditions that should be

satisfied by each arc in the network at optimality are therefore:

k.. e+-ss... Condition A

C.. <0 and £f.. =
ij ij ij

C.. =0 andl,. < f..<k......... Condition B
ij ij ij ij

C..>0 andf.. = 1.,  ......e.. . Condition C
1) 1] 1)

Condition A states that when it is profitable to send a
commodity from _i__'to_i then flow along arc (i,j) ought to be as large
as possible. Condition B states that we are indifferent to the flow
level if the net arc cost is zero so long as the flow lies within the
bounds of the arc. Condition C states that since a loss is incurred
by shipping from i to j, then flow along arc (i,j) should be kept

at the minimum level possible - the lower bound.
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QOut-of-Kilter Conditions: Any arc that does not satisfy the

‘in-kilter (optirﬁality) conditions is "'out-of-kilter'. The OKA tries
to bring each arc into kilter and thus to optimality. The out-of-
kilter arcs may either have feasible or infeasible flows.

Out-of-kilter arcs with feasible flows must satisfy one of

the following conditions:

6 <Q0andl, =< f. < k.. eeesae. ConditionlI
ij ij ij ij :

C.. >0andl . < f . < k.. eeeeee. Condition II
1) 1) 1] 1]

Infeasible arcs which are automatically out-of-kilter must

satis{y one of the following conditions:

C..>0andf..<1l. coveueen. «+eses. Condition III
ij i ij

C.. = 0andf, <1, ..... “eeeeeee... Condition IV
1) 1) 1] :

C.. = 0andf.. >K.. teveeenenn eeeee. Condition V
ij i ij .

C.. < 0andf.. >K.. ceeeeeneennas .+« Condition VI
ij i i

Kilter Number: A measure of optimality, the kilter number,

is associated with each arc. The kilter number associated with

each out-of-kilter condition is defined below:
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Arc Condition Kilter Number
! STETREN
11 E:‘.lj [fij - 1,11,]
I, 1v [1ij - fij]'
vV, VI [f.lj - kij]

If the kilter number is zero, the arc is in kilter and satisfies
the optimality conditions.

The OKA operates by selecting the first out-of-kilter arc it
encounters and rearranging flows in the network in an effort to
reduce the kilter number of that arc while not increasing the kilter
number of any other arc. The algorithm terminates with an
optional solution when the kilter number of each arc is zero, which
implies that one of the optimality conditions A, B or C is satisfied
for each arc. A proof that the algorithm terminates in at most
N(N-1)/2 steps (where N = number of arcs) is given by
Fulkerson (1961) and Ford and Fulkerson (1962, pp. 162-169).

Summary of the OK Algorithm: The OKA starts with

arbitrary flow conditions that satisfy conservation of flow require-
ments and with arbitrary prices, TTi. An out-of-kilter arc (p, q)
is selected so additional flow from p to q is required to reduce

the kilter number of the arc (if flow has to be reduced, nodes p

and g may be reversed). Node g is then labeled. Nodes adjacent

31
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to g are then examined and the nodes through which additional flow
is possible without increasing the kilter number of any arc are
labeled appropriately. The process is continued until either p is
labeled (a circuit is formed or a breakthrough has occurred) or all
nodes that can be labeled have been labeled and p does not belong
to the set of labeled nodes (a non-breakthrough).

In the case of a breakthrough, flow is increased along the
circuit by the maximum amount that is permitted by the labeling
procedure. Any increase in the flow will reduce the kilter number
of arc (p,q). If the kilter number becomes zero, another out-of-
kilter arc is selected and the procedure repeated until all the arcs
are in kilter. If the kilter number of arc (p, q) is still positive,
the labeling procedure is repeated and flow augmented if a labeled
circuit is formed.

If for the out-~of-kilter arc (p, q), no labeled circuit is
formed (a non-breakthrough), the problem may be infeasible in

‘that no flow change can be made to satisfy

1 <f <k ~(18)
PQ PYQ- PQ

or, it may be necessary to change node prices to permit flow
augmentation along (p, q). The pricing routine changes prices
so that it guarantees that at least one node will move from the

unlabeled set to the labeled set when the labeling routine is performed.
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To summavrize, the out-of-kilter algorithm proceeds as

follows:

ol

3.

Start with any circulation and any set of node prices.
Find an out-of-kilter arc, (p, q). If none, stop.
Determine if the flow in arc (p, q) is to be increased
or decreased to bring (p, q) into kilter.

If the flow should be increased, go to step 3.

If the flow should be decreased, go to step 4.

Find a path from q to p along which the flow can be
increased without causing any arc on the path to
become ""more'" out-of-kilter. If a path is found,
increase the flow along the path and also in (p, q).

If (p, q) is in-kilter, go to step 1. If (p, q) is still
out-of-kilter, repeat step 3. If no path can be found,
go to step 5.

Find a path from p to q along which the flow can be
increased without causing any arc to become more
out-of-kilter. If a path is found, increase the flow
along the path and decrease the flow in (p, q).

If (p, q) is in-kilter, go to step 1 If (p, q) is still
out-of-kilter, repeat step 4. If no path is found,

go to step 5.
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5. Change the node numbers. If (p, q) is in-kilter, go
to step 1. If (p, q) is still out-of-kilter, repeat step 2.
If the node numbers become infinite, stop. There is
no feasible flow,
The out-of-kilter algorithm may thus be divided into two
routines - the labeling and flow augmentation routine and the

Pricing routine. Each of these are described below.

The Labeling and Flow Augmentation Routine: A label
given to a node j, is of the form [ii, €(3)] The first component of
the 1abel indicates the previous node in the path and whether flow
moves from _i_toi, (i+), or fromi to j_)(i-). The second
component of the label is the amount by which flow on arc (i, j)
may be changed without increasing kilter numbers of other arcs
in the path.

In attempting to find a circuit connecting labeled nodes
from p to q specific labeling rules are followed. The table below
describes these rules for an arbitrary out-of-kilter arc (i, j).

The first four rules are for a forward arc and the last four are

for a reverse arc.
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Table 1: Labeling Rules for Out-of-Kilter Algorithm

Net Cost Flow Condition T Label
i— €(j)
C..< 0 f.. < k.. i+ |Min[e(i)k,, - £..]
ij ij ij ij ij
C..< 0 f.. =2 k. NO LABEL
1} i) 1]
C..>0 f =1, NO LABEL
ij ij ij ~
C.20 | £f. <1, i+ |Min[e(i), 1., - £, ]
ij ij ij ij ij
C..<0 f.. > k., ‘ i- |Min[e(i), £, - k..]
Ji J1 ji Jji ji
C..<o0 f. < k.. NO LABEL
J1 Jn Jjr
C..=20 £ 0> 1., i- |Min[e(i), £, - 1]
Ji Ji J1 Jj1 Jji
C.20 £, < 1., NO LABEL
ji ji ji

If a labeled circuit connecting nodes p and q has been
formed as a result of the labeling rules, the maximum amount
by which flow along this circuit may be changed without increasing
‘kilter numbers along the circuit or violating conservation of flow,
has been determined by ¢. Flow along this circuit is therefore
augmented by e.

All labels are now erased and arc (p, q) examined again.

If it is still out-of-kilter, the labeling procedure is repeated and
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flow augmented if a labeled circuit from p to g is found. If no
tircuit'is found and if the problem is feasible, it will be necessary
to change the prices on all the unlabeled nodes. If arc (p, q) is
in-kilter, the next out-of-kilter arc is searched out and the proce-
dure repeated. If all the arcs are in-kilter, the existing flow
pattern is optimal. Figure 2 is a flow chart of the labeling routine
for the OKA and Figure 3 is a flow chart of the flow augmentation
routine.

The Pricing Routine: If in attempting to find a labeled

circuit for an out-of-kilter arc (a, b), all the nodes adjacent to
labeled nodes have been scanned and yet node a has not been
labeled, then a non-breakthrough has occurred.
Two possibilities give rise to such a situation. F¥or one
or more arcs (i, j), either
1. The net arc costs, Eij’ do not provide enough
incentive to increase flow,i.e.,

C..>0andl. <f <k, (19)
1] 1) 1] 1j.

‘or 2. No flow augmentation is possible without violating

a bound on the arc, i.e.,

C..<0andf, =k, or (202)
ij i ij

C..<0andf_ =1_. (20b)
ji ji i
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If case 2 occurs for all arcs (i, j) such that i¢ [labeled
nodes] and je [ unlabeled nodes], then the probelm is infeasible.
If case 1 occurs for any arc (i, j), then the node prices on the
unlabeled ncdes are systematically changed to provide more
incentive.

If the problem is feasible and calls for a change in node
prices, suppose labeling stopped at some labeled node i from
which no more labels could be assigned. Let X be the set of all
labeled nodes. Then X© is the set of all unlabeled nodes. Define
A' = (X, Xc) as the cut separating the labeled from the unlabeled

nodes. Define A1 and A2 as subsets of A' such that

. . . . . C —
A, [{.5)]ieX, jeX Cy; > 0, fij kij] and
fed — R
= [(1,j)]ieX, j .<0,f =1 21
A, = [@ Niex, jex S, i ji] (21)
s = M®BZ ] oang
: (1,)eA, 1
Min —
= . -C..] th .

5, (1,J)EA2[ cJI] en (22)
d = Min (61, 62) where 61 = o if Ai is empty, is

the minimum positive quantity which if added to TTj, jeXC will
guarantee that the labeled set X will increase by at least one

node if the labeling routine is repeated for out-of-kilter arc (a,b).
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This pricing procedure is analogous to finding the minimum
increase in the price of a commodity at nodes j (j eXc) such that
a commodity may be shipped to at least one more node after a non-
breakthrough has occurred. The arc or set of arcs that yielded the
minimum value of & will, as a result of the node price increase,
have their net arc costs, 613" changed to zero. Hence,. if the
labeling procedure is repeated, for these arc(s) their nodesiwi,ll
now be labeled where they were not before the pricing procedure.
Figure 4 is a flow chart of the pricing routine.

Termination and Optimality: Repeated application of the

Labeling, Flow Augmentation and Pricing Routines will ultimately
bring an out-of-kilter arc into kilter in a finite number of iterations
provided the problem is feasible. Each time a breakthrough occurs,
the kilter number on each arc in the circuit is decreased as a
result of augmenting the flow. Each time a non-breakthrough
occurs, as a result of the pricing routine at least one more node

is labeled and since there are only a finite number of nodes, we
must eventually breakthrough if the problem is feasible. So, in

a finite number of interactions, either all arcs will be brought

into kilter which is the condition for optimality or the problem is
infeasible. A formal proof of the finiteness of the OKA and of

optimality is given by Ford and Fulkerson (1962, pp. 162-169).



FORMULATING THE SHAFT LOCATION PROBLEM

AS A NETWORK

The shaft location problem is solved by formulating it as a-
minimal cost network flow problem. A modification of the out-
of-kilter algorithm (OKA) is used repeatedly to converge to a good
(hopefully optimal) solution. Fig‘ure 5 shows how the shaft location.
problem is formulated as a network. The nodes on the left side
represent the bIocks that the deposit is divided into and the nodes
on the right side represent the blocks that are potential shaft
locations.

The arcs from the source node to each block node i have
lower bounds of 0, upper bounds of VVi, and cost of 0. The
transportation arcs from each block node i to each potential
shaft node_i have lower bounds of 0, upper bounds of Wi and costs

of t ..
1)
The shaf* arcs from each potential shaft node j to the

sink node, t, have lower bounds of 0, upper bounds of = Wi’ and
i

costs of C,t. The value of Cjt vary from iteraticn to iteration
J

according to rules specified elsewhere. Essentially, Cjt is the

41
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capital cost of shaft_j_ per unit of flow along arc (j, t). Since the
flow along (j, t) is unknown except at the end of the algorithm (it is
one of the variables to be determined), the process of changing
Cjt is an approximate one based on the flow along (j, t) in the
previous iteration. The return arc (t, s) from the sink to the
source has a lower bound and an upper bound of ? Wi with a cost
of 0. This ensures that all the tonnage in the blocks is mined

and sent to the surface. Flows fij’ along transportation arcs (i, j)

indicate (at optimality) that material from block i will be trans-

-ported and hoisted up shaft j
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METHOD OF SOLUTION

The network problem in Fig. 5 may be formulated mathe-
matically as the following primal linear program:

(m+1l)  (m+n+l) m+n+l

Minimize Z = = = t..f.. .+ Z C., f,
i=2 j=m+2 Y 1 j=mi2 it It

t
Subject to X (f,. £f.) = 0;i=1l, .t; i#]
j:]- 1) Ji
2 1 ;' 0= . . _l -
fij ij Yi, j i#]
_ U Vi 5 14
fij Uij Yi, j i#]
£f.. >0
1]

PROBLEM IV
where the variables are as defined earlier and the bounds are as
given in Figure 5.

For the first iteration with the OKA,

m+l
C., = P, Z W, 23
g = By /0 W) (23)

The minimal cost solution obtained by solving Problem IV

with the OKA has two possible forms.

44
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Either

1  All flow goes through only one shaft arc (k, t).

= = :ﬁ C 0- )
Then fkt Ukt 213 Wi , th < 0; . (24a)
0=£f_<U,=2W=C., 20; ¥.#k 24b
jt it i jt VJ (24b)

or

2. No shaft arc has flow at its upper bound.

Then 1jts fjt < th:%; Cjt > 0; j=m+2, ,min+l .(25)

If the first type of solution occurs, the solution is optimal.
It is not profitable to increase flow along any of the other arcs

ith = C. = -1, . i i
wi fjt 0 and Cjt Cjt + Trj m, = 0. Any increase in flow along

those arcs will necessarily cause a decrease in flow along (k,t)
and such an action does not contribute to a lessening of the total

cost since Ekt < 0. Note that th = Pk/ZiJ Wi is a correct estimate

of the unit capital cost of current flow along (k, t).
If the second type of solution occurs, the capital costs per

unit flow, C., = P./Z W, are underestimated since f, <Z W_ =
jt it it o1 i

U... Let the arcs (j, t) be divided into two subsets, S

it and S

1 2

such that (j, t) e Sl'\‘:"—/‘ fjt > 0 and

G, t) ESZ<=’,>fjt = 0
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The costs Cjt of the shaft arcs are corrected to reflect
current flow:
., = /£ if (3, .
CJt PJ/ it if (j t)eSl

This will raise the values of C.

t C..
it and consequently of Cjt

Hence Cjt > 0; (j, t) e S1

The fact that (j, t) e Sll‘} fjt > 0 makes the arc out-of-kilter

for each (j, t) ¢S, .

1 This is corrected by finding MAX =

Max [Ejt I(j, t) € Sl] and changing the value of the price on the sink

node, t, such that

TTt = TTt + MAX

Now, for (j, t) ¢S fjt > 0 and the new value of

13

C = . T, = < 0
Cjt C._'t+frJ TTt

Most of all of these arcs are still out-of-kilter since
Ejt < 0=’>fjt = th is the in-kilter condition. The original value
of th = ? Wi was just the most flexible estimate of the upper
bound on flow in the shaft arcs. No information was available to
make a better estimate. By now making th = fjt’ all arcs (j, t) e Sl

are brought into kilter. This new value of th is now a lower

bound on the future estimates of the upper bounds.
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The arcs (j, t) € S are such that fjt = 0 and Cjt =

2
PJ/E Wi. The action of raising the value of m could make the
i

values of Ejt < 0. This out-of-kilter status is corrected by

making the arc cost Cjt = -Trj + uA such that the net arc cost

——

Cjt

1

Cjt+nj -nt = 0

This introduction of fictitious net arc costs keeps the arcs
(G, t) e SZ. in-kilter and also permits future flow along them if node j
ever gets labeled. In this way, shaft arcs that do not have any flow
are never saddled with a positive cost that will inhibit any chances
of flow in the future.

If the network that was submitted to the OKA had been such
that [th]E[fjt] (where fjt is the flow along arc (j, t) as determined

after the first iteration) and if

Pj/fjt 6P t) €S,

5t (26)

-Trj +Trt; (G, t) eSZ

then the solution obtained would have been identical to that
obtained at the end of the first iteration.

The solution obtained after the first iteration is a minimal
cost solution for Problem IV. Changing the network by changing
the costs according to (26) and solving the new network with the

OKA in succeeding iterations give minimum cost solutions for the



T-1468 48

changed network. These solutions need not be the optimal solution
for the shaft location problem. These repeated iterations are
essentially a repeated revision of the estimates of upper bounds
on {low (th) and of the capital cost coefficients (Cjt) along the
shaft arcs.

The dual problem to the primal is as follows:

-3 - =
Vs Ys ™ 155 %15 Vi j¢thjt

I

Masximize V

Subject to m o+, +Y.. - 6.5t .
: i j o i) ij — i

J

¥ (i, j) €« [transportation arcs]

nj+nt+¢jt-qutscjt;}é*je[slusz]

¥, 20

Ly = G XL DA )

m unrestricted PROBLEM V
The objective function of the dual shows that the value
of Nax V may be decreased if Uij or th are increasved' if the
Corresponding dual variable ¢ is positive. The 'Uij for the trans-
Portation arcs are fixed by the formulation of the problem since
U. = Wf The th are essentially estimates and as explained above

are repeatedly adjusted such that

[U )= [£,] 7 G 9es, (27)
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The complementary slackness conditions satisfizd by the

solution are:

fij (1:ij + ™, - Trj + q;ij_ - (bij) =0 (28)
‘lfij (fij - Ii_j) =0 ‘ (29)
¢ij (Uij - fij) = 0 . (30)
m 2 - 5] -0 (31)
i, j =1, L, ti#]
From (27), (29) and (28), for (j, t) € Sl’
fjt = th:=> wjt = 0 and
¢jt = —Cj,c + m, - TTj = —Ejt >0 o (32)
For (j, t) e Sl; ¢jt = _Ejt > 0 and from the objective

function of the dual (Problem V), it would pay to increase th and
Permit an increase in flow along (j, t). The subsequent solution
would have a lower value of Max V than that obtained from the
previous iteration.

This procedure is repeated in each iteration and is in effect,
a repeated upward adjustment of the upper bound of shaft arcs

(G, t) € S,- During all this, the arcs (j, t) € S_ always have their

2

arc costs adjusted such that Ejt': 0, thus permitting flow along
it at no penalty. If any flow is initiated along it, the arc then

belongs to S, and follows the procedure described earlier.

1
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If after any iteration, it is found that

—

C. ) v
Jt=0=¢jt;)0‘(3,t)esl | . (33)

then there would be no change in the value of the objective function
(Problem V) by increasing any upper bounds and hence the solution
at that point would be optimal; i.e., the value of Max V cannot be

reduced any further.

The Optimal Mine Shaft Location Algorithm

Step 1: Read number of blocks (m), number of potential shaft
locations (n), unit transportation cost, capital cost (Pj)

associated with each shaft location j.

Step 2: Set up network as in Figure 5. Set th = 2 Wi and
e i
C., = P./ZW.,.
it J/ i 1
Step 3: Solve network for minimum cost flow with out-of-kilter

algorithm (NETFL®).
Step 4: For all shaft arcs (j, t); j = m+1, , t-1

calculate C.
jt

P./f. If. > 0 or
J/Jt jt

=C_ |f = 0.
Cit jt, jt
Find MAX = Max [Cjtlfjt > 0]

where Cjt = Cjt + TTJ. - Trt
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Step 5:

Step 6:

Step 7:

Step 8:

Step 9:

Step 10:

51

Change sink node price: moS + MAX

For all shaft arcs (j, t); j = m+l, , t-1

f. =0 or

C = -m. +7 it

jt i t
Cjt lfjt> 0

1

Cjt
Calculate Cjt = Cj’c +Trj My
SPRT and renumber shaft arcs from low to high

—

C <
€42 C ¢ < Ci

Augment flow along all possible labeled circuits (LABEL).
If there is any change in flow, check to see if any shaft
arc has Ejt > 0 and fjt > ljt‘ (Note: Ejt is

recalculated after every flow change according to rule

in Step 4). If such an arc exists, go to Step 8. If not

go to Step 4. If no change in flow, go to Step 8.

If Min [ ajt]‘ > 0, go to Step 11. Namec out-of-kilter arc,

AOK = (k, t) where C,, = Min [Ejt]‘ j = m+l, » t-1.

kt
Label nodes for out-of-kilter arc, AOK. Nodes are
divided into labeled and unlabeled sets. (LABEL1l).
Determine minimum increase in price of unlabeled nodes
so as to increase labeled set by at least one. Increase

price on the unlabeled nodes by this arnount. Go to

Step 6.
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Step 11:

52

Check to see if any shaft arc has C..>0andf >1,_.
jt it gt
If so, make out-of-kilter arc AOK = (j, t) Ejt > 0,
£f. > 1'1: Go to Step 9. If not, optimal solution has been

it ]

reached. Print output and exit.
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THE COMPUTER PROGRAM

Introduction

The shaft location algorithm has been programmed in
FORTRAN IV and run on an IBM/ 360/ 65J computer. For ease
in programming the program has been divided into a number of
subroutines. Figure 6 is a flow chart of the computer program.

The operation of each subroutine is described below.

Description of Subroutines

Subroutine DIST: Subroutine DIST is not an essential part

of the algorithm. In this pregram, DIST sets up the network by
defining arcs in terms of the nodes connected and allocating arc
parameters such as cost (Cij), upper bound (Uij) and lower bound
(lij). In order to calculate the transportation arc costs, it also
calculates the rectilinear distances between block nodes, i, and
the nodes, _3_ that represent the potential shaft locations, using
coordinates that are read in. Alternately, DIST could be bypassed
and the whole network with arc parameters read in as input.

Specifically, DIST does the following:

1 Read in block coordinates and block weight.

2. Read in block numbers for each potential shaft location.

53
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3. Calculate rectilinear distances from each block to every
block that is a potential shaft location.

4. Define all the arcs in the network in terms of the nodes
that each arc connects.

5. Set the lower bound of all arcs to zero.

6. For the arcs from the source to each block i (figure 5),.
set the upper bound = tonnage in block i = Wi'

7. For the transportation arcs from block i to potential
shaft loca_’cioni, set the upper bound = Wi and the cost =
(transportation cost per unit distance ) x rectilinear
distance from block i to block_J:.

8. For the shaft arcs from potential shaft location j to
sink t , set upper bound = 213 Wi= sum of the weights of
all the blocks and read in the capital cost of sinking a

shaft at block j . ij

Subroutine INIT: INIT prepares the network for submission

to the shaft location algorithm. It sets flow along all the arcs =0
and sets all node prices = 0. It then sets the upper bound for the

shaft arcs, U.t =2 Wi~ The cost parameter for the shaft arcs,
i

ij’ is set such that Cjt = Pj/ th Finally the upper and

lower bounds of the return arc is set equal to Z W,. These actions
i
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ensure that if the network is now submitted to the OKA, a minimum

cost flow will be obtained and the flow along the return arc will

equal Z W _.
i1

Subroutine NETFLO: This is basically the out-of-kilter

algorithm as described earlier. NETFLO essentially does the

following:

1

Scan arc conditions and find an out-of-kilter arc. If
there is no out-of-kilter arc, the existing flow pattern
gives a minimal cost solution.

Start labeling nodes to find a labeled circuit that

includes the out-of-kilter arc. If a labeled circuit is

‘found, increment the maximum feasible flow along the

circuit. If not, go to 3.

A non-breakthrough has occurred. Determine the
minimum increment of node prices for the unlabeled
nodes that will permit at least one more node to be
labeled. Increase the prices on all the unlabeled nodes

by this amount. Go to 1

Subroutine SORT: SORT first stores all shaft arc

parameters in temporary storage and then goes to subroutine

RSPRT- RSPRT is a modified binary sort routine that is used to

sort the values of Eij for all the shaft arcs, producing an array

that increases from most negative to most positive -C—ij' After
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sorting, upon return to SPRT. the shaft arcs are renumbered so that
they are in order of increasing Eij

Subrotutine LABEL: LABEL is essentially the same as

NETFLO without the pricing routine and with some modifications.
The primary difference with NETFLO is that where NETFLO goes
to the pricing routine whenever a non-breakthrough occurs, LABEL
exhausts all possibilities of incrementing flow along all possible
labeled circuits containing out-of-kilter arcs. Note that the only
out-of-kilter arcs that LABEL encounters are the shaft arcs (j, t) »

C.,< 0 and £,
it

it < th. LABEL also calls RECAP after every

increment of flow such that the cost coefficients C't are always the
J
closest estirate of the prorated capital cost as is possible.

Subroutine RECAP: One of the keys to formulating the shaft

location problem (the fixed-charge transportation problem) as a
network is that when the final solution is reached, the arcs that
contribute the fixed charge (a subset of the shaft arcs) will have
their effective arc costs such that their fixed charge (capital cost
of locating a shaft at block j = PJ.) will be prorated according to the
flow that passes along that arc. Thus, for the optimal solution to
the shaft location problem, for those shaft arcs that are selected,
Cjto o Pj/fj’co where the superscript o denotes the values at
optimality. This is so that in the objective function of the primal

problem:
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MinZ = Z C..f. + Z C., f,
transp. 3 1 shaft  Jt Jt
arcs. arcs

if Cjt is computed as above, the problem remains linear and may be
solved by the OKA. RECAP therefore calculates the new values of
cjt after every change in flow in LABEL. It is not a continuous
change. Summarizing, RECAP calculates Cjt,: Pj/fjt for each

shaft arc withf,, >0. Iff. =0, thenC. = -m. +1m,.
jt it jt j ot

Subroutine LABELl: LABEL! is the labeling routine of
NETFLO. There is no flow augmentation routine and no pricing
routine. Given an out-of-kilter arc, LABEL! will scan all nodes
in an effort to find a labeled circuit containing the arc. As the
program is set up however, LABEL! will never find such a
circuit as its input is always an out-of-kilter arc that will lead
to a non-breakthrough. However, this labeling procedure is
necessary as an input to subrouting PRICE.

Subroutine PRICE: PRICE determines the minimum increase

in the node prices of unlabeled nodes that will permit at least one
more node to be labeled. The out-of-kilter arc being considered
is the same as that input to LABEL]l Having determined this
increment in node price, §, by the rules given by (21) and (22),
PRICE then adds this & to the old node prices i where i belongs

to the set of unlabeled nodes.



Subroutine TCOST: TCOST calculates the total cost of the

circulation in the network. The total cost equals the sum of the

transportation and the capital costs. The transportation costs,

TC = 2 C,. f ., 1ie{block nodes), je (shaft nodes)
i,] 1] 1]

The capital costs, CC = Pj» yj; j € (shaft nodes) and

0, iff, =
ilthO

iTh, itf. >0
jt

J

The total cost = TC + CC.

The Main Program

This is essentially a control program that makes sure that
each subroutine is performed in the proper order. It carries out
checks to determine the status of each arc and also to determine if
the solution at the end of every iteration can be improved. If it can,
the program initiates another iteration. If it cannot, (all Ejt = 0),
the solution is optimal and the program outputs the solution. The.
logic used in determining the sequence of subroutines is given in

the flow chart of the algorithm (Figure 6) and is described earlier.
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COMPUTATIONAL RESULTS

Sample Problems

Problem l: The algorithm has been used to determine the
optimal number and location of shafts for the fictional deposit
described by Figure 7. The cost of shaft sinking was assumed to
be directly related to only the depth of sinking and estimated capital
costs for blocks 8-12, 14-19, 24-29, and 33 were thereby determined.
Transportation was assumed to be rectilinear with a unit transporta-
tion cost of $ 20/1000 tons transported over 1000 ft. All input data
are given in Table 2.

Problem 2: The second problem is essentially similar to
the first except that the capital cost for block 15 was changed from
$900,000 to $ 400,000 and that of block 28 from $ 510,000 to
$210,000.

Problem 3: The third problem is the same as problem 2
except that the capital cost of block 16 was changed from $650,000

to $ 50,000.

60
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Results
Problem 1: The results are included as a sample output in
Appendix II. The solution to problem 1 is:

1. The number of hoisting shafts = 2.

2. The shafts should be located in blocks 11 and 29.

3. The total tonnage that will pass through the shaft in
block 11 = 29 x 106 tons; the corresponding '"capacity”
of the shaft in block 29'= 11 x 106 tons.

4. The expected total cost of transportation plus capital
shaft sinking costs = § 3, 110, 000.

5. The minimal cost transportation network describing the
shaft to which material from each block should be
transported is described in the sample output given
in Appendix II.

Problem 2:

1. The number of hoisting shafts = 2.

2. The location of the shafts are in blocks 15 and 28.
3. The "capacity" of each shaft for the life of the mine
is 24 x 106 tons through the shaft in block 15 and

16 x 106 tons through the 'shaft in block 28.
4. The expected total cost = $2,410,000.

5. The minimal cost transportation network is not included

in this thesis.
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Table 2: Input Da?a

Number of blocks = 40

Number of potential shaft locations = 18

Unit transportation cost = $20/ 1000 tons transported 1000 ft.
Total tonnage = 40000 x 103 tons.

Block Coordinates, ft. Capital Cost, $
X Y

[o=)

1500 6500 -

2 2500 " -
3 3500 " -

4 4500 " -

5 5500 " -

6 6500 " -

7 1500 5500 -

8 2500 " 1,050,000
9 3500 " 800,000
10 4500 " 810,000
11 5500 " 430,000
12 6500 " 400,000
13 1500 4500 -

14 2500 " 800,000
15 3500 " 900,000
16 4500 " 650,000
17 5500 " 600,000
18 6500 " 520,000
19 7500 " 400,000
20 8500 " -
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Table 2: Input Data (Cont.)

Block Coordinates, ft. Capital Cost, $
X Y
21 9500 4500 -
22 1500 3500 -
23 2500 " -
24 3500 " 850,000
25 4500 " 880,000
26 5500 " 720,000
27 6500 " 650,000
28 7500 " 510,000
29 8500 " 380,000
30 9500 " -
31 1500 2500 -
32 2500 " -
33 3500 " 700,000
34 4500 " -
35 5500 " -
36 6500 " -
37 7500 " -
38 8500 " -
39 9500 " -

40 1500 1500 -
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1.

2.

65

Problem 3:

The number of shafts = 2.

The location of the shafts are in blocks 16 and 28.

The '"capacity' of each shaft is 29 x 106 tons through
the shaft in block 16 and 11 x 106 tons through the shaft
in block 28.

The expected total cost = $ 2,220, 000.

The minimal cost transportation network shows that
material from blocks 19, 20, 21 27. 28, 29, 30, 36,
37, 38 and 39 are transported to the shaft in block 28
while the material from the other blocks goes to the

shaft in block 16.
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DISCUSSION

The algorithm to determine the optimal number and location
of mine hoisting shafts presented in this thesis has not yet been
proven to be optimal. At present, the best that can be done is to
show that the value of the objective function decreases with every
iteration. The difficulty in proving optimality is in showing that
the best solution that is obtained from the sequence of minimal
cost solutions of the network (Fig. 5) is actually the optimal
solution to the fixed-charge shaft location problem. It is possible
that Balas' duality theory (Balas, 1967) as applied to the fixed-
charge problem could be used in proving the optimality of the
shaft location algorithm. The results of test problems tried so

far have all been optimal.

66
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FURTHER APPLICATIONS

As mentioned earlier, the shaft location problem is a
special case of the fixed-charge problem with linear transportation
costs. The algorithm developed in this thesis can be used for any
fixed-charge problem with linear transportation costs provided the
transportation network is defined. This algorithm is unique in that
a network approach is used to find a solution to a fixed-charge
problem.

The simplicity of the algorithm will permit the user to
determine optimal solutions to numerous problems that were
hitherto only done by sophisticated mathematicians or done not at
all. Examples of such problems are:

1. Optimal location of any facility where a transportation
network is defined and a capital cost is associated
with each facility; location of warcehouses, distribution
centers, survival shelters, railway stations, etc.

With respect to the mining industry, the optimal loca-
tion of shafts, cleaning plants. offices, shops, etc.
may be determined. In combination with Sharp's

algorithm (Sharp, 1972) for the determination of the

67
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optimal transportation network in a coal mine, the shaft
location algorithm may be used in the determination of
the complete optimal layout (surface and underground)
of an underground, shaft accessed coal mine.

2. With proper formulation of the problem, this algorithm
could be used to solve the ventilation problem of
determining the number and location of ventilation
shafts in a mine and the fan capacity in each shaft.

Summarizing, the algorithm described in this thesis, may

be used to solve any fixed-charge problem with linear transporta-
tion costs. Extensions of this work would be to develop a method
of sensitivity analysis of the cost parameters. This is necessary
since most of the cost parameters used as input in the fixed-charge
problem are usually estimates subject to wide fluctuations.
Sensitivity analysis will permit best decisions to be made under
the uncertainty of the cost parameters. With reference to the
shaft location problem, sensitivity analysis could be used to
determine the daily tonnage capacity for which the shaft should be
designed. Since capital cests for sinking a shaft depend on the
depth of sinking, the daily tonnage capacity and subsurface geolog-
ical parameters, the capital costs of sinking a shaft is obviously a

variable. Sensitivity analysis of the capital costs and repeated
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application of the shaft location algorithm should permit the user
to. determine optimal shaft capacity in addition to the optimal

number and location of the shafts.

69
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APPENDIX I
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