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ABSTRACT

Rock compaction due to reduction of fluid pressure in 
subsurface strata causes reduction of rock permeability, 
porosity, and thickness. Flow relationships in the rock 
are affected by these changes as well as changes of fluid 
viscosity and density. Where these changes are negligible, 
they are assumed constant and flow is described with a 
differential equation known as the diffusivity equation:

Solutions to this equation are used to predict pressure be­
havior or to infer various rock characteristics from measured 
pressure behavior and to predict the amount of rock compaction 
resulting from fluid withdrawals. When variation of the above 
properties is not negligible an equation of the form

is obtained. This equation may be put in the same form as the 
diffusivity equation with a variable which is defined

=  M e  .k 3t

V • (pf | VP)

K (P) =

The differential equation is then

v2 K(P) = i p

iii



Standard solutions to the diffusivity equation in terms
of pressure may be used for the equation in terms of K(P) if the
quantity may be considered constant. Data from the

k
Wilmington Field verify this assumption. With these solutions, 
rock compaction may be predicted and well flow tests analyzed 
for flow in rocks in which permeability, thickness, porosity, 
fluid viscosity, and fluid density vary significantly as func­
tions of pressure. Core data may be used to describe these 
variations or they may be determined from analysis of pressures 
measured during flow tests. With these results reservoir trans-
missibility and storage coefficients may be determined as
functions of pressure.
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INTRODUCTION

Compaction of rock due to withdrawal of fluids from sub­
surface sediments is a phenomenon accompanied in various parts 
of the world by land-surface subsidence, reduction of aquifer 
and/or petroleum reservoir storage capacities and transmissi- 
bilities, and compaction of well equipment.

Several techniques are used to predict the amount of rock 
compaction which can be expected from withdrawal of fluid. These 
techniques generally fall into two categories :

1. Field observations of some effect caused by fluid 
withdrawal, such as land-surface subsidence, corre­
lation of that effect with amount of fluid withdrawn, 
and extrapolation to future time.

2. Sampling and measurement of rock characteristics 
which can be used with analytical techniques for 
prediction.

Techniques in most widespread use are in the first category. A 
disadvantage of such techniques is that accurate predictions are 
possible only after a history has been accumulated; in other words 
compaction must be permitted in order to make a prediction.

Terzaghi ) and Terzaghi and Peck ̂  presented solutions for 
the head within a layer of rock as a function of time and distance 
By relating rock compaction to head with a coefficient of compres­
sibility, rock compaction as a function of time is described. This
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paper presents a method for determining in situ variation of 
rock properties as a function of pressure with flowing tests 
in wells. Terzaghi's method of calculating rock compaction 
is modified to account for variation of permeability, viscosity, 
and fluid density with pressure.
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ANALYSIS

In this paper, rock compaction is considered to be due 
only to reduction of fluid pressure within the pores of con­
fined subsurface sediments. Reduction of fluid pressure is 
caused by removal of fluid from the pores without a reduction 
of saturation; namely, fluid removal is accomplished by fluid 
expansion associated with pressure reduction. Fluid-pressure 
reduction causes compaction of the rock and results in re­
duction of vertical rock dimensions only. There is no change 
of horizontal rock dimensions. Overburden and tectonic forces 
on the subject rock stratum are constant.

As rock compaction results from fluid-pressure reduction 
associated with a flowing fluid the flow system of the fluid 
is examined.

Consider a finite volume of porous material large compared 
to the size of an individual pore or rock grain and yet small 
compared to the size of the rock unit we wish to analyze. Such 
a cube is designated a representative elementary volume by Bear^3 ̂ 
and is defined as of size such that increases or decreases of the 
size of the volume cause an increase of fluctuations of the 
porosity of the volume. As such, "its largest dimensions must 
be much smaller than those of the flow domain, yet it must be 
large enough to contain a representative group of samples of
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the void space in the neighborhood of the considered point. 
The representative elementary volume as defined above is the 
smallest volume such that adding to it or subtracting from it 
one or several flow channels has a negligible effect on the 
value of volumetric porosity, <f>". The pore space of the rock 
is assumed to be completely saturated with fluid.

A function, f, is defined such that
f (x,y,z,t) = 1 in pore space

0 in rock

is density, and

v^ is particle velocity. 
Rock porosity, <J>, is defined

V
where V is the representative elementary volume.

p, and p are defined such that rf r

V

V
dV .

v^ and vr are also defined
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M is the mass flux density and

s = v r v 11 py a v . .. .(7)
V

From conservation of mass,

V • M = - . . . (8)
at

where
pz = 7  / pP av . . .  (9)

V'-'
= 1 lpw [(l-f) + f] dV . . (10)

V
= (l-<J))pr + (f)pf. . .(11)

Likewise, equation (7) may be written

5 = i [(l-f) + f] py [(l-f) + f] dV . .(12)
Jv

= ^  f  vv py (l-f)2 dV + ̂J v v p^ f2 dV . . .(13)
V Vwith f(l-f)s3 0. 

For the fluid.

V f  = v  ^  f dV>vi" Ipu fdv- • •a4)
V

If p^f = 0 or
= pMi , a constant, 

p^f = . pHf.
By substituting in (14),
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From (2) -
vfpf = i f dV = i J vppy f dV. . . (16)

V , V

Similarly, (l-f)p^ = (l-f)p^2 where p^2 is a constant if
grain density is uniform.

Therefore
v r Pr  = ÿ  J vv pu (l-f) dV . . (17)

V
and, substituting in (13) and noting that f = f2 and 
(l-f) = (l-f)2,

6 = vrpr + vfpf . . .(18)
With (18) and (11) equation (8) becomes

(PrK + PfVf) = - | P/& + (pPfKl-i • .(19)

0 is designated fluid potential and
» = gh . . (20)

where h is fluid head above a datum.
The equation of motion is postulated in the following form.

vf = - £ pf V» . . .(21)
Equation (21) is a modified form of Darcy's experimental results 
in which the fluid density and viscosity are noted explicitly and 
the constant of proportionality includes only the extensive qualities 
of the rock and rock-fluid system which affect flow. Equation (21) 
is therefore the defining equation for the constant of proportion­
ality, k, which is designated permeability.

Dilatation, 0, is

6 6 v ./r, . . (22)
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where is the displacement of a point in the rock system 
from its initial position.

vr = lim .

At->-o . . (25)
Therefore,

V • vr = lim .

At->o . . (26)
It is assumed that the rock material does not change in 
volume,

8 = A* . .(27)
and

r, -> dé
V • vr = dt ' . .(28)

The porosity is a function of fluid pressure and stress in 
the rock system.

4» = 4> (pft ) . . . (29)

' V ' = |p H  + If IF • . . (30)
With the assumption that overburden and tectonic forces are 
constant, $ is a function of pressure only and equation (30) 
becomes

V • = H  If  • . .(31)
With rock grain density a constant, p*i , in space and time, 
equation (4) may be written
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or
Pr = P̂ 2 (1-4)) .

Therefore, = pMz and expanding equation (19),

pr v ' vr + V-(pfvf) = -

Substituting from (31)
at

at

and
(pfvf ) = -

a(pf4>)
at

The right side of equation (36) is
3p.9 (pf4>)

at = ■ pf It + *

■  ■ pf* ( i  H  +

at

1 3P
pf apy at

= - pf(f)C 9P
at

where
a«,
ap

. .(33)

. .(34)

. .(35)

. .(36)

. .(37) 

. .(38) 

. .(39)

. .(40)

and is designated the isothermal coefficient of compressi­
bility. Equation (23) is substituted in the left side of 
equation (36),

V • (Pf vf) = V • (-pf — pfV$) , 

and equation (36) becomes

. .(41)

V * (pf2 jj- V») = Pf(j>c ||- . .(42)
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From our definition of $, equation (20), 
V$ = V (gh) = gVh.

For horizontal flow,I pr \I AT> 1= g V
PV

dP 1
Pf (&) g

/

-  VP pf

By substitution of (44) in (42), 

V (Pf jj- VP) - Pftc || .

Defining a variable K (P) such that
P

K(P) A p£ £  dP
pi

then

and
V K (P)

3K(P)
3t

= Pf p VP

f P
ap
at

and equation (45) is
4>uc

V • (VK) = -T--

. .(43)

. .(44)

. .(45)

(46)

3K
at

which is the standard diffusivity equation if the quantity

. .(47)

. . (48)

. .(49)
<Pvc

may be considered a constant for the pressure range of interest.
Table 1 presents results of measurements of core properties 

for the Wilmington Oil Field, Ranger Zone, California. The 
Wilmington Oil Field underlies part of the downtown and port area 
of Long Beach, California. Withdrawal of fluids during oil pro­
duction operations in the area has been accompanied by considerable



AV
ER
AG
E 

WI
LM
IN
GT
ON
 

FI
EL
D 

DA
TA

T-1473 10

"̂4 «M-Pl>1n$j
K0hi|-e-

no•H
rooH

roorH
rooH

roOrH
rooH

Xo X *-> X X X0
C> o
x co <n

oy o
Y

s><
f'A if) H—s H

m O rr r-v r-l 00
- -  - - ^!S !5->

>4 W -H rr -<y «3* TTpl S w 1 1 1 I 1 lh  h  d  a o o O o o orH rH rH rH rH rH
S 5 > § X X X X X X
to H « X G\ <r> r* VO <T> ro(0 pH rH 00 co r» VO in inW Cm D 0 • • • • «S W « > A OS-U k ' o o m u o

rH o o o o 0
1

4̂ Q *rl ■M1H S w l l 1 l i IH Eh D DU o o o o o o^ Z ̂  X rH rH H H rH rHH W O rHm h  > o X X X X X XH U  >C0 H W \ TT VO CM r- ro CMto Cm « H r> VO •H 00 VOH Cm O 0 • • • • # •K W PU > CN CM rH rH rH
to OS  U  Cm “O O mU 0

^ 4J ro CM CM CMP ti • • • ••H <D o\ r- VO in rom *e> u ro ro ro ro ro ■ ro0 u
U 0)0 toto
M•»>4SH r~ rH oA • • •H tg r- Tf CM CM ro r*9 e VO 00 in r> rHm VO in

0j

s
sE0.

tr o o o o O O
•rl in o in o in OCO CM in r~ o CM ina rH rH rH i

<d

i—irtf-P1
ilI .ojoirdl,o

• : 4Me CM HIQ.O ro
U4H Ô. +
>tP ». m•W to oto £0 O iu •H
o P 4H
to •rl£ O
t) •Hfl 4H II<d 0)'O 4-<>i e Cdtop 0 ro rd•HrH 4H•H 1 4MA 73 H|0-<tf Q>g P(d +rH0) yD< u -0-IC4rH 73173K. <tf0) Ü rH [O-Hy mCO oto <11<u »
u 4H uto O



T-1473 11

land-surface subsidence. Resultant damage to port facilities and 
work to prevent encroachment of the Pacific Ocean in industrial 
areas where the land surface subsided below sea level has caused 
Wilmington to be greatly publicized and extensively studied and 
monitored.

Results of the core data for Wilmington indicate that as­
sumption the quantity is a constant is reasonable for the

k
average of the available samples.

Equation (49) is based on the assumption that the time- 
dependence of total stress equals zero. Biot^^ presented 
general equations which include the effect of static mechanical 
equilibrium as well as conservation of mass. The difference 
between the two developments is discussed by Verruijt^^. The 
effect of static mechanical equilibrium is not included in this 
thesis.
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FLOW TESTS IN WELLS

With equation (49) in terms of K (P), standard solutions 
for the diffusivity equation may be used with modification to 
describe pressure behavior during flow tests of wells through 
which fluid is removed from compacting subsurface strata.

An example application is to a well-reservoir system 
assumed to have the following characteristics.

1. Reservoir stratum of infinite horizontal extent and 
initial thickness equal at all points.

2. Stratum completely penetrated by a vertical well bore 
through which fluid is withdrawn.

3. Fluid flow is single-phase, isothermal, horizontal, and 
along a radial path toward the well bore.

For this example, equation (49) is written in polar coordinates,

32K , 1 3K *UC 3K ,criN
^ 7  r 3r 3T 3t ' " (50)

where r is the distance from the center of the well bore. An
example solution to this equation is the one for a test with a
constant rate of fluid withdrawal during the test period. Boundary
conditions are as follows.
1* Initial pressure constant as function of r.

For all r and t = o,
P = Pi? K (P)=0.
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2. Infinite reservoir.
lim P = P.; lim K(P)=0; for all time.r+«>

3. Constant fluid-withdrawal rate from well. Well of 
negligible radius.

(H ■lim
r+0 I) ■ - §?3P

3

or

lim
r*>0

lim
r->0

kJ
y

y
kp.

3K(P)
r 1 )

( 3K(P)
3r )-

3
Qpf
2irJ

Q_2ir

= constant for all time . .(51)

The solution to equation (50) for the boundary conditions
(51) is K (P) = Ei (- . .(52)

w
where the quantity QP

4irJ
f,w is a constant.
w

Use of this equation to determine pressure behavior in a 
reservoir with pressure-dependent rock and fluid properties 
requires knowledge of the relation between K(P) and P. To

Vrelate K(P) to pressure, the quantity — is plotted as a 
function of pressure and integrated between P^ and P (see 
Figure 1).

FIGURE 1
Determination of K(P) as Function of Pressure

pf ÿ
Area under curve 
between P and P. 
equals K (P).

PressureP
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If K(P) is determined for several pressures, a plot of 
K(P) versus P may be constructed:

FIGURE 2 
K (P) as a Function of Pressure

Pressure
0

With a relation established between K(P) and P , P may be 
obtained as a function of time and distance with calculated 
values of K (P) from equation (52).

The calculation procedure outlined above requires — 
be known as a function of pressure in order to calculate 
pressure behavior. In well testing, the pressure behavior 
may be measured in the well bore as a function of time. By 
reversing the above procedure, the transmissibility coefficient 
and storage coefficient may be determined as functions of 
pressure.

Solutions to equation (49) are available for various 
boundary conditions and the solution for the boundary conditions
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which most accurately describe the physical test conditions 
should be used or the test conducted with a procedure as close 
to that described by the boundary conditions as possible. As 
an illustration, in order to use the example solution given, 
the test should have a constant fluid withdrawal rate and be 
in a large reservoir with static fluid conditions before the 
test. The pressure is continuously measured in the well bore 
from a time before flow begins as the well is opened and 
produced. With pressure measured in the well bore, equation
(52) is

k .  - ■

With r = r^, the argument of the exponential integral is less 
than 0.01 within a few seconds. The exponential integral may 
then be approximated with the following expression to an accuracy 
greater than is available with most well-test pressure- and 
flow-measuring devices.

Ei (-x)| = In x + 0.5772 . . . (54)
xcO.Ol

With equation (54) substituted in (53),
21 <l>ycrIn i + In — + 0.5772). . (55).5772J. .

r=rw w
By taking the derivative of (53) with respect to time and noting 
that ®^fw is constant.

W g i .  I - (- e-^ r = r “ ^  V • -(56)w
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From equation (48)

3K(P) , k 3P
T t  I ~ T7f V 3t i=rr=rw - -w

Equating the right sides of equations (56) and (57) gives

^Pfw f e ^ D w  \ • k 3P |
4lrJw V t J Pfw U 3t ^=r •w

Solving for ^  | = T^, transmissibility,

m â kJ I = P___ 1_ I - e 4tPww y J, 4it dPw

Within a few seconds time, for typical values of (p, y , c , r^, 
and k , ,

e 4tDw - - Y
t

with greater accuracy than is available for measurement of
reservoir and well conditions for test analysis. With #c- ^  I

w
equation (59)becomes

Twâr  I = - w  i I
for which oc is slope of pressure-time behavior in the well bore 
at time t. With equation (61) , the transmissibility may be 
calculated as a function of pressure from the data obtained 
from a constant-rate draw-down type of well flow test. With a 
rearrangement of equation (58) and equation (61) values of

V may be determined as a function of pressure.

(57)

(58)

(59)

(60)

f

(61)
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k = Qpfw 1 1
pf y " 4tJw oc t ' ... (62)

The relationship between K(P) and P may be established as
• Vdescribed previously by plotting Pf — as a function of 

pressure and integrating. See Figures 1 and 2.
With K(P) established as a function of pressure, the 

measured pressure may be converted to K(P) and equations (53)
A Vor (55) solved for the constant n =--%---- . With the value of9TJC

n thus obtained, the storage coefficient, S , may be calculated 
for a given pressure with the already determined value of 
transmissibility at that pressure.

_ A k _ kJ kJ 1 T
n -  "  i r  -  s ' - (63)

where S = J is the storage coefficient.
Another technique for well testing and analysis is based 

on measuring the pressure behavior during flow at two different 
rates. Again the solution of equation (52) is used for illustra­
tive purposes. The equations for K(P) at two rates are :

• x »

K2<P) = E i ( -  ^ i k ^ " )  * - < 6 5 >

If pressure is measured at the same time from the beginning of 
production for both rates, t^ = t^ = t^ is the time of observa­
tion. Subtraction of equation (64) from equation (65) gives:

K2 (P) - Kl(P) = ÿ  Ei <- . .(6 6 )

with the ratio pfw constant.
J w
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FIGURE 3
Use of Pressures Recorded at Two Different Flow Rates

Pressure
P1

P2

Time

: £<p> - ^  • •<«>
AK(P)
AQ = AK (P)
AP AP
AQ

At the time of observation

Ev  5 1

as shown in Figure 3. With

. . (68)

• .(69)

dK(P)
dP
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and the definition ^  = $ equation (6 8 ) becomes

2
Pfw Ei (- *!-! > -•) = P, ^ . . (70)47rJw8 4ktx u

from which

T â r  = n e  Ei (-

From calculations at several different times and knowledge 
of the corresponding pressures, T is known as a function of pres­
sure. Determination of T by equation (71) requires knowledge of

_ . 4>yc r A k
the quantity W- . If n = ^ 5 - is known, tDw may

be calculated from its definition. If n is not known, it may 
be calculated from the data for a single flow rate as described 
previously. An alternate method is to equate the right sides 
of equations (71) and (61):

" w 1 ^  “ " à 1 ' • < »
from which

Ei (- T—— ) — 0 — r * ..(73)Dw tx
With knowledge of tDw, n may be calculated, and with T, the 
storage coefficient, S, can be obtained from equation (63).

Assumption of constant n means that only one determina­
tion of n is theoretically necessary. A determination of n 
by independent means, e.g., core analysis, may be possible 
at one pressure from which n is known for all pressures. With
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a value of n z S may be calculated from knowledge of T with 
equation (63). Use of laboratory and well-test data for 
determination of n may include experimental, procedural, 
analytical, or equipment errors, however, and it is recom­
mended that several such determinations be used to establish 
n.

In the above development, Q has been considered positive 
if it represents a rate of production, or fluid removal, from 
the zone of interest. If the pressures are measured during 
periods of fluid injection at constant rate, the solutions and 
interpretive procedures described above are valid if Q is 
assigned a negative value for calculation with the equations.

From the example analysis of a flow test. Appendix II, 
it is noted that the calculated values of n show no trend to 
increase or decrease with pressure changes, thus verifying the 
assumption of constant n. Variations of the calculated values 
of n are erratic and are therefore believed the result of lack 
of precision in the calculation procedure.
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PREDICTION OF ROCK COMPACTION 
DUE TO FLUID WITHDRAWAL

Another application of equation (49) is for boundary 
conditions describing vertical drainage of an extensive 
horizontal aquifer. This is an application to the situ­
ation where the compacting layer is draining into an over - 
or underlying layer from which fluid is removed. Such 
conditions are present in many instances of significant 
land-surface subsidence. For illustrative purposes the 
modified analytical procedure is presented for the same 
conditions as used in the classic Terzaghi solution.

Fluid is flowing vertically in the compacting layer 
which is of thickness J throughout, the top and bottom 
boundaries are horizontal, one is sealed and the fluid 
head is maintained constant at the other.

Equation (42) is

which is written in terms of head with equation (43) and the 
relation

Pf te ât (74)

+ z (75)

P
o

from which

dh
dt

1 dP .(76)p f g d t
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Therefore, equation (74) may be written in terms of head

f y
If K(h) is defined

h

V • (p^ 2 I7 V (gh) ) = pf<t>c 5F

K (h) = I Pf 57 g dh/ y

then

and

VK(h) = Pf ^ gVh ,

d K (h) 
dt

_ „2 k dh
" pf ÿ g dt '

When equations(79) and (80) are substituted in equation (77),

V • (VK (h) ) =
4>yc 9K (h)

k  a t

The boundary conditions for the problem described above are

(1) At t=0
(2) At z=0
(3) At z=J

h=h^; 0<z<J; K(h) = K(h^).
h=hQ ; t^ 0 ; K (h) = 0.
I l - o ,  «O, 2 | M .  0.

(4) lim h=h ; 0^z<J; lim K(h) = 0.

The solution of equation (81) with the boundary conditions (82) 
is :

K(h) = 4Kihi ̂ e tn 1
2n+T sin (\ zd)

n=0

(77)

(78)

(79)

(80)

(81)

(82)

. (83)
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Figure 4
K(h) AS A FUNCTION OF DIMENSIONLESS TIME, t ,

AND DIMENSIONLESS DISTANCE, zD

K(h)
% (h, )

1.0
t = 0 . 0 1

0.048

0.6

4

0.2
1.0

0
0 0.2 0.4 0.6 0.8 1.0

=D = J
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where
. . (84) 

. .(85)

ZD ~ I  ' . . (86)
Plots of K(h) as a function of zD are presented in Figure (4) 
for various values of t^. Shrinkage is determined from values 
of K(h) calculated with equation (83). If cfî  is defined,

then

. â à 5YbBh VB dh

VB = VBi eXp CBh dh'
hi

With horizontal dimensions constant,
Ax Ay Az = and Ax^ Ay^ Az^ =

Therefore,
Az = (Az)^ exp CBh dh'

hi

. (87)

. (88)

. (89)

With the shrinkage As = Az. - Az
h

As = Az. 1 - exp CBh dh
hi

. (90)

Total Shrinkage, S^,of the layer is given by

ds = 
o o

J,* r  h
1 -exp CBhdh

hi

dz. . (91)
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With this relation between shrinkage and head, the relation 
between K(h) and head (equation 78), and the relation between 
K(h) and distance and time (equation 83), shrinkage can be 
determined as a function of time.

With equation (83) K(h) is determined for a given time 
and distance. Equation (78) is then solved to relate K(h) 
to h. The integration may be done graphically as illustrated 
in Figure 5.

FIGURE 5a
Determination of K(h) as Function of Head

area under curve 
between h and h____ -I _ T, /-u \ Oequals K(h)

h° — ^  hHead
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FIGURE 5b 

K(h) as Function of Head

K (h)

Head

Values for K(h) are determined for several values of h 
as shown in Figure 5a and plotted as a function of h as shown 
in Figure 5b. With a plot such as Figure 5b and the calculated 
value for K(h), h may be obtained for the time and distance of 
interest. This value of h is to determine the quantity

YI cBh^hl of equation (91).
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This quantity also may be determined by graphical integration. 
A plot of versus h is constructed and the area under the 
curve between h^ and h is the value of the term. See Figure 6.

FIGURE 6

Bulk Compressibility vs Fluid Head

At a given time, this process is repeated for several distances. 
The values of r- h

1 - exp °Bhdh’ are plotted as

hi
a function of distance. By determination of area under the curve
Of  r- h

1 - exp CBhd h ' versus
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the integration of in equation (91) may be performed graphi­
cally. See Figure 7.

FIGURE 7

Plot for Determination of Shrinkage

Distance, z

hi
'Bh

I
dh*

Area under curve 
equals shrinkage, S,

The above process is repeated for various times to determine
shrinkage as a function of time.

If the exponential term is expanded the shrinkage may be
h

evaluated from a plot of _ / c ^  dh versus z where the high-

order terms are neglected.
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SUMMARY AND CONCLUSIONS

The differential equation describing fluid flow in a 
subsurface sediment with permeability, porosity, thickness, 
fluid viscosity, and fluid density as significant functions 
of pressure has been linearized with a variable transformation 
to give an equation similar to the standard diffusivity 
equation :

V* K(P) = .

Solutions to the standard diffusivity equation may be used to
. # c

solve this equation if the quantity —  may be considered 
constant. Core data from the Wilmington Field verify this 
assumption. Use of core data for prediction of rock-property 
variation as a function of pressure requires extensive sampling 
for accurate prediction of large-scale behavior. Variation of 
these quantities may be obtained in situ from analysis of 
pressures measured during well flow tests.

Detailed descriptions of application of the modified 
equation to rock-compaction prediction and flow-test analysis 
have been presented with an example of each type. The example 
rock-compaction calculation is for the classic Terzaghi problem: 
vertical drainage of an infinite horizontal aquifer. The ex­
ample flow test is for production at a constant flow rate from 
a reservoir of infinite horizontal extent. Other problems could
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be solved with application of appropriate boundary conditions. It was 
noted that the value of - calculated from the flow-test results 
verified the assumption that this quantity may be considered constant.

From this work it is concluded:
1. A transformation reduces the non-linear differential equation 

describing fluid flow in a subsurface sediment to a linear 
equation which can be solved with standard techniques if the 
diffusivity coefficient may be considered constant. Where 
the coefficient may not be considered constant, the trans­
formation should not be used.

2. Available data, though limited, indicate the assumption of 
a constant diffusivity coefficient is reasonable for com­
paction pressures from 0 to 1500 psia for unconsolidated 
sediments.

3. The linearized equation permits solution of rock compaction 
and pressure behavior problems for rocks in which porosity, 
permeability, compressibility, fluid viscosity, and fluid 
density are significant functions of fluid pressure.

4. Reservoir storage and transmissibility coefficients may be 
determined as functions of pressure from pressure drawdown 
or buildup well tests.

5. When fluid withdrawal is planned beneath areas where land- 
surface subsidence could have undesirable effects, rock 
properties should be obtained as a function of pressure 
with a sufficient number of core samples to permit descrip­
tion of large-scale behavior of the rock from which fluid is 
to be withdrawn.
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LIST OF SYMBOLS

CB isothermal coefficient of bulk compressibility
in terms of pressure,

A 1 B Vg dP '
cB, isothermal coefficient of bulk compressibility

in terms of head,
a 1 dvn , dVn

CBh = Vg diT = pf9 Vg dP" = ° - 4 3 3 CB •

c isothermal coefficient of total compressibility,

c = | al + ?f 3 ^  equation (40).

isothermal coefficient of pore volume compressibility,

O. A 1 ^f Vp dP *

f function, see equation (1 ) .
g gravitational constant,
h fluid head, see equation (75).
J Total layer thickness,
k permeability
K(P); K(h)-transormed variables in terms of pressure and head, 

respectively, see equations (46) and (78).
m mass flux rate of fluid.
P,Pg fluid pressure.
Pg grain-to-grain pressure.

Q volumetric flow rate at reservoir conditions,
r radius.
rw well radius
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s shrinkage, elemental
ST total shrinkage

S storage coefficient, S = 4>cJ.
t time

A ktt_. dimensionless time, t^ =D D <j)iicJ2
A ktt_ , dimensionless time, t_MDw Dw <|>ycrw 2

T transmissibility coefficient, T =
v velocity.
V representative elementary volume.
V- bulk volume.Jd
Vp pore volume.

x,y horizontal-distance coordinates
z  vertical-distance coordinate.

A z2d dimensionless distance, = j

Greek Symbols;

<j> porosity.
$ potential, see equation (20)
^ 2n+l _A 2

£ displacement.
6 dilatation
p density.
t stress.
V viscosity.
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OC

<n*

3 e A
n n A

âP ; see equation (61)

AQ
k

Subscripts :

D dimensionless
f fluid
i initial
o original, or base, condition
r rock
w well
x observation point
22 total

Superscript: 
y microscopic
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APPENDIX I 

EXAMPLE ROCK COMPACTION CALCULATION

The following example calculation is for compaction 
of a sand with average Wilmington Sand properties due to 
a head reduction from 9,000 feet to 6,000 feet. Fluid 
contained and withdrawn assumed to be water.
DEVELOPMENT OF UNIT CONSTANT :

k (md) x Id
1000 md x 0.9869 x 10- 8 5EÎ x Pf (2!p) 2x dh(ft) x 30.48

1 gmU(cp) cm-sec Ip
Ip 100 cp

= 30.08 x 10-9

K(h), <25L£§£) = 30.08 x IQ- 8 p 2 M g ) ,  ah'fft,

AVERAGE WILMINGTON DATA

PRESSURE, P 
psig

250
500
750

1000
1250
1500

AVG. PERM, 
k, md.

1467
944.7
682.4
552.1
473.0
417.0

AVG._POROSITY AVG. COEFFICIENT OF: 
<t>f %

39.7
37.7 
36.3
35.2
34.2
33.2

FORMATION 
COMPRESS- 
IBILITY . 
Cf, psi

4.74x10 
2.66 " 
2.12 " 
1.87 "
1.73 "
1.62 "

-4

BULK
COMPRESS-
IBILITY_1
CB ' PSi

1.889x10 
0.992 
0.769 
0.656 
0.590 
0.529

-4

cm
ft
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CALCULATION OF SHRINKAGE - TIME RELATIONSHIP 
AVERAGE WILMINGTON DATA - RANGER ZONE

2GRAIN-TO-GRAIN AVG. pf ir ' BULK COEFF 
OF COMP.,

PRESSURE, P , 
psia

k,
md. te.YüË.Ncm3/ cp

gm sec 
cm2f t

h,
ft. CBvol/vol/ps

(a) (b) (c) (d) (e) (f)
265 1467 2673 80.40xl0"6 9247 1.889xl0~4
515 945 1722 51.80xl0”6 8670 0.992xl0~4
765 682 1242 37.36xl0"6 8092 0.769xl0-4

1015 552 1006 30.26xl0“6 7515 0.656xl0-4
1265 473 862 25.93xl0~6 6938 0.590xl0-4
1515 417 760 22.86xl0-6 6360 0.529xl0-4

NOTES :

(a) , (b) , (c) ,

(d)

(e)

From laboratory data, averaged.
p. = 1.002 2£3 at 124°F.x cm
u = 0.55 cp at 124°F.w
30.08 x 10-9 x (c). (see Development of 

Unit Constant)
Average Depth = 4269 feet.
Max. P = 4269 psi.

(f)

Head = 4269 - Pn
0.433

°B = èB = v^7t %  = +cf
Determine c^ and  ̂ from lab data. Multiply, 
then average.
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CORRELATION BETWEEN K(h) AND h

0
6000 7000 8000 9000 10,000

Fluid head, feet
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CALCULATION OF SHRINKAGE - TIME RELATIONSHIP 
AVERAGE WILMINGTON DATA - RANGER ZONE

(1 ) (2 ) (3) (4) (5)

Y
j/J

K (h)
K (h-i )

K(h)
cm-sec

h,
ft.

0 .433 /cBdh'
hl

= 0 . 0 1

0.4 0.995 104,475 8990 5. 6 x 1 0 - 4

0.35 0.980 102,900 8970 16. 8 x IQ" 4

0.30 0.950 99,750 8920 43 X 1 0 - 4

0.25 0.905 95,025 8840 83 X i < r 4

0 . 2 0 0.825 86,625 8690 157 X 1 0 ' 4

0.15 0.680 71,400 8390 273 X 1 0 - 4

0 . 1 0 0.505 53,025 7950 422 X 1 0 ' 4

0.05 0.280 29,400 7190 641 X 1 0 - 4

0 0 0 6000 930 X 1 0 ~ 4

V = 0.04

0 . 8 0.992 104,160 8990 5. 6 x 1 0 - 4

0.7 0.978 102,690 8960 17 X 1 0 " 4

0 . 6 0.952 99,960 8920 43 X 1 0 " 4

0.5 0.908 95,340 8840 83 X 1 0 ~ 4

0.4 0.830 87,150 8700 150 X 1 0 - 4

0.3 0.695 72,975 8420 260 X I<r4
0 . 2 0.510 53,550 7960 420 X l(f 4
0 . 1 0.290 30,450 7220 639 X 1 0 - 4

0 0 0 0 930 X icf4
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CALCULATION OF SHRINKAGE - TIME RELATIONSHIP
AVERAGE WILMINGTON DATA - RANGER ZONE

(1 ) (2) (3) (4) (5)
I1

0.433 jf cBdl

j/J
K (h) 
K(hi)

K(h) 
cm sec

h,
ft. hi

% = 0 . 1

1 . 0 0.935 98,175 8890 56 X 1 0 " 4

0.9 0.925 97,125 8875 63 X 1 0 ~ 4

0 . 8 0.905 95,025 8840 83 X 1 0 ~ 4

0.7 0.865 90,825 8770 116 X 1 0 - 4

0 . 6 0.800 84,000 8640 178 X 1 0 ~ 4

0.5 0.720 75,600 8480 242 X 1 6 ' 4

0.4 0.615 64,575 8230 333 X 1 0 - 4

0.3 0.490 51,450 7900 442 X 1 0 " 4

0 . 2 0.345 36,225 7430 576 X 1 0 ~ 4

0 . 1 0.185 19,425 6820 737 X 1 0 - 4

0 0 0 6000 930 X 1 0 ~ 4

s - 0.4

1 . 0 0.470 49,350 7840 460 X 1 0 ~ 4

0.9 0.460 48,300 7820 465 X 1 0 ~ 4

0 . 8 0.440 46,200 7750 486 X 1 0 “ 4

0.7 0.415 43,575 7670 510 X 1 0 ~ 4

0 . 6 0.375 39,375 7530 548 X 1 0 " 4

0.5 0.330 34,650 7375 592 X 1 0 " 4

0.4 0.275 28,875 7175 644 X 1 0 ' 4
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CALCULATION OF SHRINKAGE - TIME RELATIONSHIP
AVERAGE WILMINGTON DATA - RANGER ZONE

(1 ) (2 ) (3) (4) (5)
0.433 f CBC

. j / J
K(h)
KthV

K(h) 
cm sec

h,
ft. t

J

li

% = 0.4 (continued)

0.3 0 . 2 1 0 22,050 6925 711 x 1 0 “ 4

0 . 2 0.145 15,225 6650 780 x 1 0 ” 4

0 . 1 0.075 7,875 6380 843 x i o ~ 4

0 0 0 6000 930 x i o ~ 4

t o = 0 . 1

1 . 0 0 . 1 1 0 11,550 6500 815 x 1 0 “ 4

0 . 8 0 . 1 0 0 10,500 6460 823 x 1 0 ” 4

0 . 6 0.080 8,400 6365 845 x 1 0 ~ 4

0.4 0.055 5,775 6250 875 x 1 0 " 4

0 . 2 0.030 3,150 6130 902 x 1 0 " 4

0 0 0 6000 930 x 1 0 ~ 4

NOTES :
(1), (2) From Fig. 3.
(3) . K(hj.) = (2) x 105,000.
(4) From graph K(h) vs h,

,(5) From graph, 0.433 I c^dh vs h .
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INTEGRAL OF c_ dh' B
AS A FUNCTION OF FLUID HEAD

coCOCDH
g•HCO!Q
o
r—I

1000 rir.Mh:

i::t# Tf:

6000 7000 8000 9000

Fluid Head, feet
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CHART FOR DETERMINATION 
OF SHRINKAGE 

AS A FUNCTION OF TIME

1000

mm
Q)fH
§-HtoIQ
o
rH

5
■H «: o

CO
co<3*

II

uS

r

- > - •- - 1 - - '

0.01
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INTEGRATING UNDER LAST CURVE

D' DEGREE OF
DIMENSIONLESS SHRINKAGE, CONSOLIDATION,

TIME S, ft/ft U = S/S

S = 930 x 10“ 4 ft/ft00

0 . 0 1 104 x 10“ 4 0 . 1 1 2

0.04 204.8 x 10- 4 0 . 2 2 0

0 . 1 321.6 x 10" 4 0.346
0.4 624.0 x 10~ 4 0.671

oH 859.2 x 10~ 4 0.924
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APPENDIX II
EXAMPLE 

PRESSURE DRAWDOWN TEST

DETERMINATION OF K(P) , TRANSMISSIBILITY, STORAGE 
COEFFICIENT, AND AS FUNCTIONS OF PRESSURE

A well is opened to flow at a constant rate
of 251 BOPD with a 
pressure is recorded with a 
The following pressure data

hours psig
0 1596
1 1288
2 1237
3 1207
4 1182
5 1163
8 1117

1 0 1094
1 2 1075

. volume factor of 1.2. The 
down-hole pressure recorder, 
are recorded.

t,
hours

Pf lr
psig

14 1059
16 1044
18 1031
2 2 1008
24 999
30 . 973
36 951
42 933
48 919
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1600

1500

1400

1300

1200

1100

1000

900

800

EXAMPLE
PRESSURE AS A FUNCTION OF TIME

1

D 2 4 6 8 10 12 16 20 24 28 32 36 40 44 52

Time, hours



T-1473 48

CALCULATION OF TRANSMISSIBILITY 
AS A FUNCTION OF PRESSURE

(1 )
TIME, 
hr s.

(2 )
dp/dt 

psi/hr.

(3)
PRESSURE

psig

(4)
Tw=kJ/u 
md-ft/cp

(5)

pV p

(6 )
PRESSUl

psia
0 1596
2 36.6 1237 290.5 36.3 1252
4 2 1 . 8 1183 243.9 30.5 1198
6 16.1 1146 2 2 0 . 1 27.5 1161
8 13.0 1117 204.5 25.6 1132

1 0 1 0 . 6 1094 2 0 0 . 6 25.1 1109
1 2 9.2 1075 192.6 24.1 1090
14 8 . 1 1057 187.5 23.4 1072
16 7.1 1042 187.2 23.4 1057
18 6.3 1029 187.5 23.4 1044
2 0 5.6 1017 189.9 23.7 1032
25 4.5 992 189.0 23.6 1007
30 3.8 971 186.5 23.3 986
35 3.2 954 189.7 23.7 969
40 2.7 939 196.9 24.6 954
45 2 . 6 925 181.7 22.7 940

Q  = 251 T  x -i ^ R • B . 
* STR = 301.2
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NOTES :

(1) Measured.
(2) Slope of P vs. t plot at time t.
(3) Measured.
(4) See Equation (61)
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kCORRELATION BETWEEN p  - AND P FOR 

DETERMINATION OF K(P) AS A FUNCTION OF PRESSURE

I IS '

A

120

110

100

fi

g

m m #

HnHem

900 1000 1100 1200 1300 1400 1500 1600

Wellborë Pressure, P , psia
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CORRELATION BETWEEN 

K(P) AND P

Wellbore Pressure, P , psia 

900 1000 1100 1200 1300 1400 1500 1600
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CALCULATION OF n AND STORAGE COEFFICIENT, S

(7) (8)

TIME PRESSURE

(9) 
K(Pf) ,

(10)

In (nt)

(11)
nt,

md-hr

(1 2 )

md

K(Pf)

K(Pf)

0*00481 Qpfw 
Jw

0.00481 x 301

In ^ + In
948.24 (fryer,

(13)
S,

HRS. PSIA gm/cm-sec cp-psi 1 cp-psi-i (psi) ’JL (ft

2 1252 -1.63 13.673 867,106 433,553 676.85 X 1 0
4 1198 -1.76 14.392 1,779,726 444,931 568.27 X 1 0
6 1161 -1.81 14.668 2,345,389 390,898 512.82 X 1 0
8 1132 -1 . 8 8 15.055 3,453,780 431,723 476.47 X 1 0

1 0 1109 -1.91 15.221 4,077,035 407,703 467.39 X 1 0
1 2 1090 -1.96 15.498 5,378,313 448,193 448.75 X 1 0
14 1072 -1.99 15.664 6,350,224 453,587 436.87 X 1 0
16 1057 -2 . 0 1 15.774 7,088,414 443,025 436.17 X 1 0
18 1044 -2.03 15.885 7,920,570 440,032 436.87 X 1 0
2 0 1032 -2.05 15.996 8,850,409 442,520 442.46 X 1 0
25 1007 -2.09 16.217 11,039,232 441,569 440.36 X 1 0
30 986 -2 . 1 2 16.383 13,032,691 434,423 434.54 X 1 0
35 969 -2.14 16.493 14,548,136 415,661 441.99 X 1 0
40 954 -2.16 16.604 16,256,025 406,400 458.77 X 1 0
45 940 -2.18 16.715 18,164,543 403,657 423.35 X 1 0

w + 0.5772

K(Pf) = 0.1808

948.24r 2w + 0 .5 7 7 2]

Fin £ - In n + 4.6572j = 0.842 - 0.1808 In (nt)

NOTES :

(7) , (8 )
(9)
(10)

(ID
(12)
(13)

Measured.
Conversion Chart, P^ to K (Pf).

= In (nt)
-K(Pf) - 0.842 

- 0.1808
Antilog of (10)

t t  = 11 ; coi: I?)' - co1- da)
col. (4)

“ Avg. col. (1 2 )

(T
l 

CT
l 

CD 
(T

l 
03

 
C

T
lC

T
tC

r\
0

>
<

T
l<

T
l(T

l(T
\(T
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\
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STORAGE COEFFICIENT

AS A FUNCTION OF TIME

800

-P
Hi
mCu

0)u
II
CO

1o
ïî
§u
0)CnidMO+>CO

700

600

500

400

300

200

1 0 0

l;.;r rrii

$ h±

I

E l

r

TZ

10 15 20 25 30
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UNIT-CONVERSION CONSTANT:

k:- kj _ -70.6 Q (B/D)
A  « ( E g )  tx ,hti

(Slopes are negative for drawdown) 

DEVELOPMENT OF UNIT-CONVERSION CONSTANT:

„ Id 0.9869 x 10”®cin2 t 30.48 cm
T = kj = <md> x lOOO md x ------ a-----—  x <ft> x- f t ----

h

f *-3-Q (B/D) x 5.615 x
IP
3

(3 0 . 4 8  |e)

66-400(55£̂at (%) - - "'««Mg
psi

- 70.6 Q (B/D)
tx (hr)
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