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ABSTRACT

Polymers are one of the most important materials in modern @ustry. An area of in-
creased interest is understanding polymer blend behaviot aurfaces. Understanding of
these processes can help to improve material properties Isas adhesion, viscosity and sur-
face chemical composition. Current research into blendsmdlymers with the same monomer
makeup but di erent architectures have been an area of incaging research. Previous work
has examined blends of linear and branched systems. Howevéenlls of polymers with cyclic
chains are of increasing interest as new synthetic techneg have allowed cyclic blends to
be more easily studied. Cyclic polymers have interesting gperties because of their lack of
end groups and more compact size when compared with linearyoers of the same molec-
ular weight (MW). Wall Polymer Reference Interaction Site Malel (Wall-PRISM) studies
were conducted to compare with Neutron Re ectivity (NR) studes of cyclic/linear blends
near surfaces. To accomplish this a new cyclic model was deped based on the linear
Non-overlapping Freely Jointed chain model. The Wall-PRISM alculations were also per-
formed over a range of densities and with di erent surface istesses to study e ects on
chain packing at the surface.

Even with increased computational power, large polymer sgsns can often still prove
costly to simulate. Self-consistent PRISM (SC-PRISM) is atate-of-the-art hybrid approach
that simulates only a single chain with e ective interactios calculated by theory to mimic
the in uence of the surrounding chains. The recent introdugn of Two-Chain SC-PRISM,
simulating two chains with e ective interactions, showed mprovement of results over SC-
PRSIM for polyethylene melts when compared with MD studiesHowever, numerical prob-
lems with using polymer chain simulation together with PRI# theory have kept Two-
Chain SC-PRISM from being applied to a wide range of polymeystems. | have developed

new methods for incorporating the simulation data to work wh PRISM theory. This new



method was tested on several small molecule systems with bdtard sphere and attractive
Lennard-Jones potentials and showed overall improvementawvthe single molecule version
of RISM/PRISM. This new method was then extended to allow fomttractive potentials,
overcoming another limitation of conventional RISM/PRISM With the new method tested
and veri ed on smaller molecular systems, a foundation isithfor applying the Two-Chain
SC-PRISM method to more complex polymer systems such as pal/n blends and those

with attractive interactions such as polymer electrolyte gstems.



TABLE OF CONTENTS

ABSTRACT . . . iii
LIST OF FIGURES . . . . . . . e e e IX
LIST OF TABLES . . . . . . e e XVi
LIST OF SYMBOLS . . . . . . e XVi
LIST OF ABBREVIATIONS . . . . . . . . e XVii |
ACKNOWLEDGMENTS . . . . . . e e e XiX
DEDICATION . . . . e e XX
CHAPTER 1 INTRODUCTION . . . . . . . e e s 1
CHAPTER 2 BACKGROUND . . . . . . . e e 6
2.1 Surface segregation of linear/nonlinear polymerblesd . . . . . . .. ... ... 6
2.2 Experimental methods for measuring surface segregatim polymer blends . . . 6
2.3 Factors that in uence polymer blend surface segregatio. . . . . ... .. ... 9

2.4 Theoretical and computational study of architecturail driven surface

segregation in polymerblends . . . ... ... ... L, 11
2.4.1 Self-Consistent Field Theory . . . . . . ... .. ... .. ... .... 11
2.4.2 Wall-PRISM and Monte Carlo methods . . . . . . ... ... ... .. 15
2.5 Reference Interaction Site Model (RISM) . . . . . .. .. ... ... ..... 16
2.6 Polymer Reference Interaction Site Model (PRISM) . . . . .. ... .. ... 17
2.7 Self-Consistent PRISM (SC-PRISM or One-Chain SC-PRISM . . . . . . .. 18
2.8 Two-Chain Self-Consistent PRISM (Two-Chain SC-PRISM). . . . . .. ... 19



2.8 1 Summary . ... e e e e 20

CHAPTER 3 RISM/PRISM THEORIES . . .. ... .. .. ... .. .. .. ..... 23
3.1 Integral equationtheory . . .. ... .. .. ... .. .. ... .. ... 23
3.1.1 Reference Interaction Site Model (RISM) . . . . . .. ... ... ... 25
3.1.2 Polymer Reference Interaction Site Model (PRISM) . . .. . ... .. 26
3.1.3 Closure equations . . . . . . . . . e e 28
3.1.4 Picard iteration solution for PRISM equations . . . . . .. .. ... .. 29
3.2 Wall-PRISM theory . . . . . . . . . . . e 31
3.3 Self-Consistent PRISM . . . . . . . .. . ... 35
3.3.1 Solvation potential . . . .. ... ... ... ... o 36
3.3.2 Self-Consistent PRISM method . . . . ... ... ... ........ 37
3.4 Two-Chain SC-PRISM . . . . . . . .. 39
3.41 Two-Chaintheory . . . ... .. . . . . . .. 39
3.4.2 General Two-Chain numerical scheme . . ... ... ... .. ... . 43
3.5 Two-Chain Monte Carlo simulation . . . . . ... ... ... .. ... .... 45
3.5.1 Directsampling . . . . . . . .. .. é
352 Windowsampling . . . . . .. ... . . . ... .. 48
CHAPTER 4 SURFACE SEGREGATION OF LINEAR/CYCLIC BLENDS . . . . .. 53
4.1 Non-overlapping freely jointed chain polymer model . . . .. .. .. ... .. 54

4.1.1 Linear chain - new derivation of NFJC intramolecular coslation

functions .. . . . . .. 54
4.1.2 Cyclic chain - derivation of new model . . .. ... .......... 60
42 Wall-PRISMresults . . . . . . . . . 63

Vi



4.2.1 Resolution smoothing to compare with experimental dsity proles . . 69

4.2.2 Softwall derivation . . . . . ... ... ... 71
4.3 SUMMAIY . . . o e e e e e e e e e 74
CHAPTER 5 MULTI-SITE TWO-CHAIN . . . . . . . .. . . . . 78
5.1 Two-Chain SC-PRISM numerical hurdles . . . . .. ... ... .. ..... 78

5.2 The \tweaking" method to project out unphysical noise fom simulation

correlation functions . . . . . . .. 87
5.2.1 Alternate self-consistent scheme . . . . . ... .. ... .. ... ... 95
5.3 Overlapping heterodimers . . . . . . . . . .. . ... . .. .. e 99
53.1 Modellresults . . ... ... .. ... ... .. 100
532 Modelllresults . . .. .. ... . ... . 1P
533 Modellllresults . . ... ... .. ... ... . 12
5.3.4 Density range for Model | . . . . ... ... oL as
5.4 Lennard-Jones heterodimers . . . . . . . .. ... .. ... e 106
541 ModelllLI . .. .. . . . e 108
542 Model llILI . ... .. . . . e 108
55 Trimer systems . . . . . . . e e e e 14
5.5.1 Sulfurdioxide . . . . . .. . ... 13
5.5.2 Linear hard sphere trimers . . . . .. .. ... .. .. .. .. ... 120
55,3 Testingdensityrange . ... .. ... . ... .. ... il
5.6 Summary . ... 126
CHAPTER 6 TWO-MOLECULE RISMWATER . . . . . . .. ... ... .. .... 128
6.1 Coulomb potential and appropriate divergence . . . . . . ... ... .. .. 128

Vil



6.1.1 Results forwater . . . . . . . . . . ... &3]

6.2 SUMMArY . . . . . . e 138
CHAPTER 7 CONCLUSIONS AND FUTUREWORK . . . . .. ... .. ... .. 139
REFERENCES CITED . . . . . . . . e e e 143
APPENDIX A - WALL-PRISM . . . . . . . . e 154

A.1 Non-overlapping freely jointed chain calculations . . . . ... .. ... ... 154

A2 Wall-PRISM . . . . . . 156

A3 Datasmoothing . . . . . . . . . . . . . . e 13
APPENDIX B - PARALLEL DIRECT SAMPLING . . . .. ... ... ... .... 163
APPENDIX C - TWO-CHAIN CODE . . . . . . . . . . . e 164

C.1 Directsamplingcode . . . .. .. .. .. . . . .. ... . . 164

C.2 Hard sphere trimer RISM/PRISM code . . . . . . ... ... ........ 185

C.3 Water RISM/PRISM code . . . . . . . . . . . . . b7

C.4 k "divergence equations . . . . . . .. e e e e 208

C.4.1 DImer . . . . . . e 208
C.4.2 BentTrimer . . . . . . . . . 209
C.4.3 LinearTrimer . . . . . . . . . . e 211

viii



Figure 2.1

Figure 2.2

Figure 2.3

Figure 2.4

Figure 2.5

Figure 2.6

Figure 3.1

Figure 3.2

Figure 3.3

LIST OF FIGURES

Polymers at substrate and air/vacuum surfaces, thi monomers
depicted as spheres (and bonds between monomers not showif)e
enrichment of one type of polymer over another will show up ithe
comparisons of the density proles. . . . ... ... .. .. .......

Neutron Re ectivity experimental geometry. . . . . .. .. .. ... ...

Re ectivity curves for a blend of 20 volume % pom-po branched hPS
with 80 volume % linear dPS. The inset shows the tted result$or the

volume fraction pro le of the 6-pom, pom, at a given depthz. . . . . ..

Model illustrating pompom polymer with variable inear connecting
sections used in SCFT study by Hu as well as the star polymer mdde .

Comparison of SCFT and NR results for the integratedkeess of the
various 6-pom polymers at the surface of a blend with linearopymers .
All chains are 36k in molecular weight. The bulk volume fractins of
linear and pompom polymer are jjear = 0:8 and ,om =0:2
respectively. . . . . . .

The radial distribution functions, g(r), betweenmonomers forN = 24
and N = 66 polymer melts, whereN is the number of monomer units
in the polymer chain. The monomers interact with the repulsie
Lennard-Jones potential with parameters for the non-bonded
interactions of =k =46:5K and =3:93A. The bond length is 154 A
for both systems. ForN = 24 the temperature was 40K with a
density of =0:03104A 2 and for N = 66 the temperature was 44&
and a density of =0:3104A 3. The intramolecular chain parameters
are reported in The points are from MD simulations , the daslie
curves are the One-Chain SC-PRISM results and the solid liseare
from the single site Two-Chain SC-PRISM theory . . . . ... ... ..

lllustratation of the de nition of the total correlation between particle
pl and p2 in terms of chains of the direct correlation function.d.

The Picard iteration scheme used here to solve théFM/PRISM

Equations. . . . . . ... e

Annulus site con guration as precursor for Wall-PRSM solution.

13

. 25

30

. 35



Figure 3.4

Figure 3.5

Figure 3.6

Figure 3.7
Figure 3.8

Figure 3.9

Figure 3.10

Figure 4.1

Figure 4.2

Figure 4.3

Figure 4.4

Figure 4.5

Final Wall-PRISM system con guration whereR1,R, and Rsfrom
Figure 3.3 are taken to the in nite radius limit.

Single Chain SC-PRISM theory solution scheme. . .... . . .. ... ..

Two-Chain SC-PRISM theory solution scheme with cwergence based
on C(r).

Direct sampling method for two chains. . . . . . . .. ... ... ....

Window sampling method of two chains. . . . . ... ... ... ....
Window overlap con guration and designation of Léfand Right

window halves. . . . . .. .. . .. ...
Radial distribution function reconstructed fron window probablity
distribution functions for a polyethylene chain modeled aa chain of 24
sites M = 24) interacting with a repulsive LJ potential,

ro = rwigth = 3A. Top: gure shows theg(r) results from the joined
window samples (solid line) and a direct sampling method ¢cies)
Bottom: are the probability distributions from the even nunbered
windowsi = 2;4;6:::14 and go from left to right.

Example of anlN = 10 linear tangential monomer chain where the
numbers indicate the site indices for and . Examples are shown for
the de nition j j with respect to the site indices. Note that the
actual conformation of the chain does not have to be a straigline, but
Is shown this way to simplify visualization of .

Kratky plot of the Ideal Freely Jointed Chain and theNon-Overlapping

Freely Jointed Chain for aN =20 linear chain. . . . . . .. ... ... ..

Example of arN = 10 cyclic tangent monomer chain where the
numbers indicate the site indices and . Examples are shown for the

de nition of  with respect to the site identities. This results show the
two di erent paths of length =1 and =9 for the case of =1 and
=10, e

Kratky plot of Ideal Freely Jointed Chain and the Non©verlapping
Freely Jointed Chain for aN = 20 cyclic chain.

Kratky plots comparing the linear and cyclic chainntramolecular
structure factors for A) ldeal FJC and B) Non-overlapping FJC

48



Figure 4.6

Figure 4.7

Figure 4.8

Figure 4.9

Figure 4.10

Figure 4.11

Figure 4.12

Figure 4.13

Figure 4.14

Figure 4.15

Figure 4.16

Bulk pair distribution function from PRISM for a binary blend of 80/20
Linear/Cyclic Polystyrene with = 0:45.

Wall-PRISM monomer-wall pair distribution funcion for a binary
blend of 80/20 Linear/Cyclic Polystyrene. The origin in ths plot
indicates the start of the wall, with r indicating the distance from the
wall into the bulk.

Comparison of the same 80/20 Linear/Cyclic Polygtene at 4 di erent
densities. The densities are given at the top of each plot.

The di erence in normalized density, with the regins in dark gray
where the linear chain is in excess and in light gray the cycli

Net integrated excess of linear chains for varyimglume fractions ().

Wall-PRISM density pro les for linear and cyclicblends at = 0:45, A)
without, and B) with smoothing using the Hann window method.

Comparison of linear chain density pro les with epth, z, of a
linear/cyclic blend. Black: NR of the free surface of a blendRed
dotted: smoothed Wall-PRISM theory of a blend next to a hard wil.
Note in the NR pro les, the density falls to the left, as expecte for a
free surface.

Soft wall potential compared with hard wall in nte potential. The
start of the walls is at '% whereH = 30. See Figure 3.4.

Wall-PRISM ofCp, and Cg,whereA and B are the cyclic and linear
chains respectively for the initial Picard iteration step ® show change
in wall-PRISM closure for a soft wall. The black line indica¢s a hard
wall is enforced exactly, the gray dotted line shows where ehsoft wall
approximation is made to act like a hard wall and the red dotté shows
a true soft wall.

Panels A) and B) are the cyclic and linear Wall-Poiyier g(r) results
respectively. These plots show a range of sti ness&s

Plot of integrated excess of linear polymers atrace vsS for reducing
sti ness of wall.

Xi

. 66

. 69



Figure 5.1

Figure 5.2

Figure 5.3

Figure 5.4

Figure 5.5

Figure 5.6

Figure 5.7

Figure 5.8

Figure 5.9

The single-site type homodimer model, and the cesponding

equivalent multi-site heterodimer model used in the scaland matrix
Two-Molecule SC-PRISM thoeries respectively. These cospond to

the same physical molecule, when B di ers only as a label but no

physical property. . . . . . . . .. .. 79

Plots showing the numerical divergence appeariigy € yew (k) for the

rst iteration in solving the Two-Chain SC-PRISM theory when using
the heterodimer model matrix form compared with the homodimr
scalar form. These results are for an initial guess @f(r) = 0, and thus
zero solvation potential. A) is zoomed in to show that the scaf and
matrix results agree for largeik . B) shows the scale of the divergences

atlow K. . . . 80
Plot of the determinant of the intramolecular streture factor for the
heterodimer. . . . . . . .. 81
Method for modifying simulation data to satisfy no-divergence

constraints. Panel A) shows an example of the points selectéat tail
tting and B) shows application of the tail tting. .. ... ... .... 86

Poor tail tting as a result of trying to satisfy k 4 and k 2 conditions
using only the tted tail parameters. The system is a hard spére
heterodimer outlined in section 5.1, with system parameterof

A= B =3:93A, and pimer =0:006293A 3. ... ... ... ... .. 87

Proposed new method where each valuehgf;) in a range receives an
additive \tweak" ¢. The tweaks can be positive or negative. The blue
circles represent the raw simulation datah(r),ay, and the black arrows
represent the addition of tweaks. . . . ... ... ... .. ........ 90

Cuew (K) from multi-site Two-Chain theory using the \tweaking"

method for the rst iteration using identical conditions asthose in

Figure 5.2. A) shows elimination of the lowk numerical divergence, and
good agreement with scalar Two-Chain theory B) is zoomed i tshow

the match. . . . . . . .. 95

\Tweaking" raw simulation h(r) to obtain \ xed" h(r) that do not
show lowk divergence. A), B) and C) show the change in h(r) with the
addition of the tweaking vector forAA , AB and BB respectively. D)

shows the change irtk-space as it is applied t&yew (k). . . . . . .. .. 96
Alternate iterative Two-Chain solution scheme usg method from and
including tweaking vector step. AFD is the Average Fractional

Dierence. . . . . . . . 97

Xil



Figure 5.10

Figure 5.11

Figure 5.12

Figure 5.13

Figure 5.14

Figure 5.15

Figure 5.16

Figure 5.17

Figure 5.18

Figure 5.19

Comparison of symmetric heterodimer intermolelar correlation

function, h(r), using the multi-site two-molecule theory with the

equivalent homodimer solved using the scalar Two-Chain they. The

x-axis corresponds ta divided by the hard sphere diameter of the sites

( =3:93A). . e 98

Comparison of multi-site and scalar Two-Moleagiltheories applied to
attractive homodimer system: molecular nitrogen. The systn uses an

HNC solvation potential, with a molecule density of = 0:01851A 3,
T=65K, =0:073%cal=mol, =3:315A and a bond length of

L =1:1A. The full Lennard Jones potential was used and is de ned in
Equation 5.36. . . . . ... 99

Comparison of One-Chain, Two-Chain and Monte Carresults for
Model I . . . . . e 101

Comparison of One-Chain, Two-Chain and Monte CarResults for
Model II. The three panels A), B) and C) give the RDF for theAA,
AB and BB site pairs respectively. . . . .. ... .. oL 103

Comparison of One-Chain, Two-Chain and Monte CarResults for
Model IlI. The three panels A), B) and C) give the RDF for theAA,
AB and BB site pairs respectively. . . ... .. ... ... L. 104

Radial distribution functions for Model | for vaying densities. A)
=0:00092A 3, B) =0:0018A 3, C) =0:0046A °and D)
=0:0064A 3. . ... 106

Comparison of One-Chain, Two-Chain and Molecul®ynamics
Results for Model Il respulsive LJ. The three panels A), B) and Cgive
the RDF for the AA, AB and BB site pairs respectively. . .. ... .. 109

Comparison of One-Chain, Two-Chain and Molecul®ynamics results
for Model Il full LJ. The three panels A), B) and C) give the RDF fa
the AA, AB and BB site pairs respectively. . . .. ... ... ..... 110

Comparison of One-Chain, Two-Chain and Molecul®ynamics

Results for Model 11l Repulsive LJ. The three panels A), B) and &

give the RDF for the AA, AB and BB site pairs respectively. Possible
reasons for the o set of the full LJ results are mentioned pxgously

about Model I full LJ. . . . . .. .. ... . 111

Comparison of One-Chain, Two-Chain and Molecul®ynamics

Results for Model 111 Full LJ. The three panels A), B) and C) givethe
RDF for the AA, AB and BB site pairs respectively. . . ... ... .. 112

Xiii



Figure 5.20

Figure 5.21

Figure 5.22

Figure 5.23

Figure 5.24

Figure 5.25

Figure 5.26

Figure 5.27

Figure 5.28

Figure 6.1

Figure 6.2

Comparison of One-Chain, Two-Chain and Molecul®ynamics

Results for Model 111, averagingg(r) from the full and repulsive LJ

cases. The three panels A), B) and C) give the RDF for thAA, AB

and BB site pairs respectively. . . . ... ... ... ... ... 113

Bent and linear trimer models having two site-tygs. The left panel
depicts a linear trimer and the right panel depicts a bent tmer. . . . 114

Comparison of One-Chain, Two-Chain and Molecul®ynamics results
for sulfur dioxide for T =350 K and = 0:0109A 3. A) SS, B) SO/OS,
and C) OO site-site elements irg(r). . . . .. ... ... ... ..... 118

Comparison of One-Chain, Two-Chain and Molecul®ynamics
Results for SQ at T =250 K =0:0136A 3. A)SS, B) SO/OS, and
C) OO site-site elements ing(r) . . .. .. ... .. ... ... ..... 119

Linear Trimer: Comparison of One-Chain, Two-Chia and Molecular
Dynamics results for =0:0 : A) End to End, B) End to Middle, C)

Middle to Middle site-type correlations. The Two-Moleculeresults are

found using the HNC solvation potential. . . . ... ... ....... 12

Linear Trimer: Comparison of One-Chain, Two-Chia and Molecular
Dynamics Results for =0:2 : A) End to End, B) End to Middle, C)
Middle to Middle site-type correlations . . . . . . ... ... ... .. . 123

Linear Trimer: Comparison of One-Chain, Two-Clia and Molecular
Dynamics Results for =0:35:A) End to End, B) End to Middle, C)
Middle to Middle site-type correlations . . . . . ... ... ... ... . 124

Linear Trimer: Comparison of One-Chain, Two-Cha and Molecular
Dynamics Results for = 0:445 A) End to End, B) End to Middle, C)
End to End zoomed in, D) End-Middle zoomed in, . . . . .. ... ... a5

Linear Trimer: Comparison of One-Chain, Two-Cha and Molecular
Dynamics Results for =0:45 : Middle to Middle . . . . . ... .. .. 126

Diagram of \tweaking" vector and tail t for Coulombic potentials for
use with Two-Molecule RISM. . . . . . . ... ... ... ... ..... 135

Comparison of MD, One-Molecule and Two-Moleculel&M for the

SPC model of water. A) OO, B) OH/HO, C) HH site-site distribution
functions . . . . . 137

Xiv



Figure 6.3  C(k) results showing the controlled divergence using the dieteic and
h(r) sum rules. Both A) and B) are of the same plot with B) being
zoomed in. ...

Figure B.1 Diagram of Parallel Direct Sampling Scheme . . . . ... ... .. ..

XV



LIST OF TABLES

Table 3.1 De nition of solvation potentials W(r)) . . . . . . .. .. ... ... ....

Table 5.1 Parameters for the 3 overlapping dimer systems teelested with
Two-Molecule theory . . . . . . . . . ..

Table 5.2 Table of LJ parameters used for Model Il and Model llLJ dimers
Table 5.3 System and Lennard Jones parametersforsO . . . . ... ... .. ..
Table 5.4 Linear trimer system parameters . . . . . . . . . .. .. ... ... ...

Table 6.1 Parameters for SPC and SPC/E Models . . . . ... ... . ... ...

XVi



LIST OF SYMBOLS

Total Correlation Function . . . . . . . . . . . . . . . e h(r)
Direct Correlation Function . . . . . . . . . . . . . . . e C(r)
Radial Distribution Function . . . . . . . . .. . ... . ... .. a(r)
Intramolecular Radial Distribution Function . . . . . .. ... ... ... ....... L(r)

XVii



LIST OF ABBREVIATIONS

Reference Interaction Site Model . . . . . . . ... .. .. . .. . ... . ... RISM
Polymer Reference Interaction Site Model . . . . . .. ... ... ... ..... PRISM
Total Correlation Function . . . . . . . . . . . . . . . e TCF
Direct Correlation Function . . . . . . . . . . . . . . . DCF
Ornstein-Zernike . . . . . . . e 0oz
Fast Fourier Transform . . . . . . . . . . . . . e FFT

Xvili



ACKNOWLEDGMENTS

First and foremost | must thank my adviser Dr. David Wu. | am foever grateful for him
taking a chance on taking me as a student and the kindness andtignce he has shown me
over the years. | would be remiss if | didn't thank Dr. James Ddey for his help in learning
the art of computational science and for always being ther® tanswer my questions. Also |
must thank Dr. Mark Eberhart for advising me to always consulMaxwell's demon.

| thank my research group mates Dr. Ben Zeidman, Dr. Renfeng HMichael Servis,
Jason Goins, Joe Maestas and Shuo Liu. You all have given me grfegdback and ideas and
you were instrumental in my working through all the challengs | faced in nishing my PhD.
Thank you to my friends Je Ward for constantly answering my Lhux and programming
guestions and Ryan Abo as a great sounding board for ideas.

| also need to thank my parents and family for their love and faport and for nurturing
my love of science. Thank you to my children for understandinthat sometimes Dad had
to work instead of play with you. Finally | would like to thank with deepest gratitude my
wife for the love she has given me over these past years. She slaown such great patience
and support during our marriage and especially during theggast years as | completed my

degree.

Xix



Dedicated to my ever curious children. Never stop asking why.

XX



CHAPTER 1
INTRODUCTION

Fluid systems are an integral part of modern technology. Ewhing from seemingly
simple systems such as water to complex systems such as tgaiystal displays used in
modern computing can be understood using principals of ststical mechanics and data from
computer simulation. Gaining insight into these systems &m a theoretical and molecular
perspective can allow ever better technologies to be credteOne of the most important
aspects for understanding liquid systems is determining Woits constituents behave and
arrange themselves. For uid systems the densities and moidar interactions are high
enough that they can't be ignored as they can be in the ideal gdimit. Also, unlike solid,
crystalline systems there is no long range translational @er. This gives a system where
local order must be accounted for but at long ranges the systeis uncorrelated.

Even with these di culties theoretical approaches have preed very useful for the study
of polymer systems. One area of polymer research that conigs to grow is research into
polymer blends. While many blends of unlike polymers are claterized by a tendency
toward demixing due to dierences in monomer chemistry, biels of polymers with the
same monomer constituents but with di erences in monomer oaectivity, i.e., in polymer
architecture, exhibit interesting physical behaviors. Inparticular, architectural polymer
blends can undergo segregation of the polymer componentdrathe presence of a surface or
interface. Understanding surface composition can be crullyjaimportant in material design.
A linear response theory by Wu and Fredrickson [1] predictettiat surface enrichment of one
component of an architectural blend could be interpreted iterms of surface potentials for
ends and branching points. Further theoretical work by [2] sing self consistent eld theory
(SCFT) was able to reproduce trends seen in Neutron Re ectiwitexperiments for di ering

pom-pom branched/linear blends performed by the Foster rearch group at the University



of Akron.

Continued work by both Foster and Wu research groups lookedtd surface segregation
behavior in cyclic linear blends. The linear response theoof Wu and Fredrickson as well
as the SCFT calculation by Hu concluded that entropic considations would lead to cyclic
preference at a surface for high molecular weight chains; wever, experiments showed a
crossover from this surface preference of cyclic chains agjth MW to a surface preference
for linear chains at small molecular weights. For small chas, packing e ects were likely an
important feature that was lost in the course grained SCFT. Irthe work in this thesis, |
extended the non-overlapping FJC model of Curro and Schweiz@&] from linear topologies
to cyclic topologies, and then applied this model to the prdem of surface enrichment using
the Wall Polymer Reference Interaction Site Model (Wall-PRSM) theory.

Another factor in studying uid systems that can be challengig is that of molecular scale.
Liquid systems can be composed of small molecules as well acmmolecules such as poly-
mers and proteins and also be mixtures of the above. In the mid00's computer simulations
were di cult to perform on large or complex systems. As such thoretical methods were
often preferable as a means for understanding liquid systemWith the increase in computer
performance and e ciency more and larger systems are able be simulated. While theory
is still integral to physical understanding, use of simulabns continues to grow. However,
the rapid increase of computational cost is an issue when niog beyond small molecules to
higher molecular weight systems such as polymers. Simutats of polymer blends that can
capture miscibility e ects can take months of computation ime on a super-computer [4].
The di culties of explicit simulation of systems is compourded by natural slow dynamics
or rare events, such as ion transport in a polymer electrolgt Simulating the system may
not only be computationally taxing, but also be unable to cajure important events such as
inter-chain hopping of the ions. Theoretical approaches gaelp address these limitations.

Combining theoretical and simulation techniques can givene best of both by not only

reducing the total computation time but also getting imporant physically detailed informa-



tion from the limited simulation. Self-consistent PRISM (£-PRISM) [5]is a leading hybrid
theory/simulation technique that simulates a single polyrar chain, accounting for the other
chains through statistical mechanical theory. It has been B8 to model a range of systems
from blends to polymer coated nanoparticles [4, 6]. Howevehe accuracy of SC-PRISM
can be limited by the loss of explicit molecular interactios when only simulating a single
chain. Studies have shown discrepancies in the pair coraba functions calculated from
SC-PRISM and from MD studies of polymer blends, especially amall distances.

To better capture these short-ranged interactions, Li andaworkers suggested that sim-
ulations could be carried out on two polymer chains explidit, with the remaining chains
handled by theory. Moreover, by simulating two chains exgditly, it was suggested that the
theory may do a better job of accounting for attractive inteactions, which was not handled
well by PRISM or SC-PRISM. Such a hybrid \Two-Chain PRISM" theory/simulation cal-
culation was carried out for polyethylene and shown to impxe@ results without increasing
the computational cost signi cantly[7]. However, there rerained a problem in applying this
hybrid Two-Chain SC-PRISM system to anything but single si¢ polyethylene. To make the
Two-Chain PRISM theory a generally applicable methodologsequires the ability to extend
the method to multiple components and site-types. To do thigwvolves moving from scalar
to matrix quantities, that results in a matrix inversion that ampli es numerical noise from
the simulation and ultimately lead to numerical divergence that prevent converging on a
solution. Solving this problem is a challenging but necesyatask if any complex and more
interesting systems, including those with attractive inteactions, are to be studied.

The research of this thesis is mainly focused on extendingreent molecular level statis-
tical liquid-state theory, addressing the two problems dissed above. The rst portion of
this thesis develops theory for the architecture controléesurface enrichment in small molec-
ular weight linear/cyclic blends using Wall-PRISM. The deelopment of a method to use
the Two-Chain PRISM method with multiple interaction types constitutes a majority of my

work and forms the larger second part of this thesis. While Tw€hain PRISM theory is



intended to be directly applicable for polymer systems, thenajority of my work is on the
general development of Two-Chain PRISM theory methodologwand was primarily tested
on smaller molecule systems for proof of concept.

My thesis is organized in the following manner. Chapter 2 sumarizes the state of the
art for the two background areas of my thesis, with the secoratea being the majority of the
work. The rst area is the experimental and theoretical metbds for studying architecturally
asymmetric binary polymer blends. The second area is liqugtate-theory and the theoretical
and computational approaches used for both small moleculasd macromolecules. Special
attention will be focused on work dealing with SC-PRISM as Wlleas the Two-Chain SC-
PRISM method. Chapter 3 will cover all the Reference Interdion Site Model (RISM)
theories, and their application to polymer systems, the Pginer Reference Interaction Site
Model (PRISM) theories used in this thesis. This includes froduction to the RISM theory
for small molecules and extension to ideal polymer melts WiPRISM. Then Wall-PRISM is
reviewed for work of polymer blends near surfaces. Finallyye two hybrid theory/simulation
PRISM theories, namely SC-PRISM and Two-Chain SC-PRISM, ar covered, including
discussion of closure relations and solvation potential ppximations. This section will
be referenced heavily throughout the thesis. Chapter 4 wilhtroduce the Wall-PRISM
method for polymers near a surface. Here results for calcutats on small molecular weight
polymer blends will be presented. Also, included here will keederivation for a ring polymer
intramolecular correlation function based on a non-oventping freely-jointed chain model.
The Wall-PRISM results will be compared with those from the @arse-grained Self-Consistent
Field Theory (SCFT) and neutron re ectivity (NR) experiments for linear/ring polymer
blends at a surface. Chapter 5 will introduce my new methodrf@ontrolling numerical issues
arising from applying Two-Chain PRISM theory to simulationdata for multi-site Two-Chain
SC-PRISM. For testing purposes the RISM form will be used ansimall molecules such as
molecular dimers and trimers will be tested and compared vitsimulation methods as well

as conventional (pure theory) RISM results. Chapter 6 will gesent further development of



my multi-site method and application to charged systems wht Coulomb type forces. This
will be demonstrated using a SPC water system. Again this witle compared with MD/MC

simulations and single chain SC-RISM results.



CHAPTER 2
BACKGROUND

This chapter will provide context and current work for the two main areas of my thesis.
First, background on surface segregation will be presented conjunction with the Wall-
PRISM theory for polymers at a surface. Second, backgrounch &RISM/PRISM theories
in general as well as the hybrid simulation/theory methodsSC-PRISM and Two-Chain

SC-PRISM.
2.1 Surface segregation of linear/nonlinear polymer blends

The next few sections will brie y review both experimental ad theoretical studies of
surface segregation for linear/nonlinear polymer blendsl will review both experimental
methods for surface excess measurements as well as exploeeretical explanations of seg-
regation behavior. The main focus is on blends of polymersmposed of the same monomer
but di ering polymer architecture. In dealing with blends a surfaces it is helpful to visualize
how the density for each polymer type can vary compared to daother and compared to

the bulk. The type of system of interest is illustrated in Figue 2.1 below.
2.2 Experimental methods for measuring surface segregation in pol ymer blends

While the majority of the thesis will cover work dealing with heoretical and simulation
methods for studying polymers, experimental methods arerfdamental in guiding the the-
ory. For studying surface segregation there are multiple ¢aniques that can be used. These
include neutron re ectivity (NR), nuclear reaction analyss, surface enhanced Raman scat-
tering (SERS), secondary ion mass spectrometry (SIMS), feard-recoil spectrometry and
X-ray photoelectron spectroscopy (XPS). The Wall-PRISM thexy results in chapter 4 are

compared with NR studies so | present a brief review here ofuteon re ectivity.
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over another will show up in the comparisons of the density piles.
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Figure 2.2: Neutron Re ectivity experimental geometry.



In an NR experiment an incident beam of neutrons strikes the tasample surface, but
at a very acute angle (see Figure 2.2). The intensity of the rected neutron beam with an
angle equal to the corresponding incident beam is measurey the detector and the angle
of both the incident and re ected (measured) beams will be veed over a range. As the
angle is varied, the re ected intensity will also vary as thescattering length density changes
with the depth within the sample. From this characteristic iange in scattering intensity a
density pro le can be determined for a sample. To determinehis pro le, the re ectivity vs
the momentum of the transfer vectorg of the neutron beam is recorded. The re ectivity is
de ned asR = Ir=l, , Wherel, and | g are the intensities of the incident and re ected beams
respectively. Thez component (normal to the sample surface) of the momentum tnafer
vector, g, will depend only on the neutron wavelength, , and the angle, , of the incident

beam (see Equation 2.1 below)

o = 4—sin( ) (2.1)

The scattering of the incident beam within the sample will deend on the depth dependent

scattering length density (SLD or s, ). The SLD is given by the equation
P n

i b

Vv

sL(z) = (2.2)

wherel is the scattering length of atomi andV is a reference volume containing atoms of
the material, for instance containing a single monomer undf the polymer. NR can typically
be used to determine 5, to a resolution of 1\ and to a depth of 2-3 thousandA. Data
is collected by probing the surface to generate a plot similéo Figure 2.3. These data are
then t by non-linear regression to a model for the SLD depth m le. For determination
of excess density in polymer blends the two polymers need te listinguishable by NR.
For blends composed of the same monomer, isotopic labelirande used, since deuterium
and hydrogen have very di erent neutron scattering lengths One polymer type will be
made with deuterated monomers while the other will have hydgenated monomers. The

blend is typically made in a common solvent then spin coatednd allowed to anneal at



high temperature. Figure 2.3 shows an example with hydrogeted polystyrene (hPS) and
deuterated polystyrene (dPS).
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Figure 2.3: Re ectivity curves for a blend of 20 volume % pomgm branched hPS with 80
volume % linear dPS. The inset shows the tted results for th@olume fraction pro le of the
6-pom, om, at a given depthz [8].

2.3 Factors that in uence polymer blend surface segregation

There are multiple factors that can in uence surface segragon in polymer blends. As
mentioned earlier one of the simplest systems to look at is ®@fased on size. It has been
shown by both experiment and theory that surface segregatian a polymer blend can re-
sult solely from di erences in chain length. Hong et al. [9] fond that for linear blends of
deuterated and hydrogenated polystyrene that the size of ¢hchain had a clear e ect and
that the smaller chains were typically preferred at the sudce, especially if the sizes were
drastically di erent. Computer simulations also have show that at least part of the segre-
gation behavior can be attributed to polymer coil size [10]For symmetric polymer blends
Hariharan et al. [11] found that surface segregation was dem by the incompatibility of the
blends. For blends of disparately sized chains the shorterobecules would show preference

at the surface. These segregation e ects were more dramatdh greater di erences in sizes



of chains [11, 12]. However, it was also found that when the lgrchains were made ener-
getically preferred at the surface the entropic preferender short chains can be balanced to
favor neither chain size at the surface.

It should be noted that inclusion of deuterium, commonly uskin NR experiments, while
helpful in providing contrast, has been shown itself to caesa weak surface segregation
e ect. There is a slight di erence in the carbon deuterium bad length versus the carbon
protium bond length, as well as in their polarizabilities. his can lead to molar volumes
and surface free energy di erences between the hydrogerchtend deuterated polymer blend
melts. These di erences can result in measurable changegshe free energy of mixing and a
slight surface preference for the deuterated chains [12{14]Jo determine the contribution to
surface segregation from isotopic di erences alone, blendf deuterated and hydrogenated
polymers with the same architecture (e.g. both linear cha#) are studied (Lee2014).

The thickness of the Im can also determine the degree to wiicsegregation will occur.
Budkowski et al [15] found that for thick polymer Ims segregtion was minimal and more
similar to the bulk, however, for very thin Ims the e ect was more pronounced in blends
of dPS and hPS. However, Hong [9] found that among very thin Img¢he excess of dPS at
the surface increased linearly with the thickness of the ImWalton [16] found that thicker
Ims of P(MMA-rMngG) and PMMA blends had a more pronounced suface preference for
P(MMA-r-MnG) than for thinner Ims of the same composition.

More recently it has been shown that polymer architecture caplay an important role
in surface segregation. Architecture is an appealing strajg for driving surface segregation,
as such a strategy can be universally applied to polymers afbérary monomer chemistry.
Branching is one of the major ways of changing polymer arcbkitture, and is exploited to vary
polymer properties such as crystallinity, toughness, andeology. Side chains on polymers
can in uence segregation. While not always enriched at the bstrate surface, the interface
between the air/'vacuum and polymer was found to be enriched iblends and copolymers

containing more short side branches [17{19]. Experimentsmducted by Walton et al showed
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that while linear PEO tended to be depleted at the surface wineblended with linear PMMA

it would be enriched when a branched architecture was intreded to the linear PMMA [16].
Likewise, Foster et al. showed that star branched polymersene prefered at surfaces relative
to linear chains [20].

Cyclic polymers are of interest for blending purposes beciof their interesting rheologi-
cal properties, in the bulk and as additives, as well as app@ag as biological macromolecules
such as cyclic DNA and chromatins [21{23]. Moreover, the phgs of cyclic polymers re-
mains a challenge to theory due to the lack of e ective theotieal tools to account for the
topological non-crossing constraints of an ensemble of byachains. While cyclic polymers
have interesting properties they are di cult to synthesize however, recent advances in an-
ionic polymerization techniques have allowed for higher MVénd better control of cyclic
polymers [24]. A scalable synthesis for cyclic poly€aprolactone) has also been reported
using a rotaxane precursor and rotaxane protocol [25]. Cyclpolymers were also synthe-
sized using a combination of RAFT and a UV light induced Diels-Aldr click reaction. This
method was able to e ciently produce ring structures at roomtemperature without the need

for catalysts or inert atmosphere [26].

2.4 Theoretical and computational study of architecturally driven surface s eg-
regation in polymer blends

This section will review di erent methods for studying polyners at a surface relevant for
architecturally driven surface segregation. It will focusn the coarse-grained Self-Consistent
Field Theory, designed to capture large length-scale physjcand the atomistic Wall-PRISM
theory, designed to capture the physics of monomer scale kimg. | also briey discuss

Monte Carlo simulations for polymers.
2.4.1 Self-Consistent Field Theory

Self-Consistent Field Theory (SCFT), developed by Edwardsf228] and others[1, 29{33],

has been used to model both bulk and surface properties of yrokers. The main assumption
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of SCFT is that any polymer molecule in the system can be moddlas a single polymer
molecule moving in an average potential that is produced byé other polymer chains. This
assumption holds for every chain, and so these mean eld patals are determined self-
consistently. The single test chain in a homogeneous enviroent (e.g. in a pure melt)
can be assumed to have Gaussian (random-walk) statistic;ydaso one can then compute
the conformational statistics of this test chain in a mean a@mical potential eld. When
coarse-grained, the mean eld can be assumed to be local andttiermore proportional to
the average density. This can be extended to apply to systemtnanly in the bulk but also
at a free air/'vacuum surface or interacting with a substrate Herein | assume these surfaces
are neutral and hard; however, attractive or repulsive poteials between the chains and
each other as well as the chains and the surfaces can be ineldiéds an addition to the mean
eld potential. SCFT has been successfully applied to a wideaviety of polymer systems
including brushes, copolymers and di erent blends [34{36]

Wu and Fredrickson [1] developed a linear response analysisthe SCFT for blends of
architecturally di erent polymers. Molten blends of linea chains with di erent branched
and cyclic chains were studied. Their linear response apghmation solved the SCFT for
these blends in the limit that the liquid is incompressibile They showed that the accounting
for the complex conformational entropy di erences of a chaiat the surface compared to the
bulk would result in end points being favored at the surface lle branching points would
be disfavored. Moreover, these entropic contributions clilibe e ectively described as an
e ective surface potential for chain ends and branch pointsA simple way to understand the
surface preference for ends is to recognize that a chain wah end near the surface would
only have to avoid the surface a single time, whereas a typlaaonomer in the middle of the
chain being near the surface would result in two chain pathseeding to avoid the surface.
The net preference for chain ends is equivalent to that resimg from chain ends attracted
to the surface via a potential. The branch points on the othehand would be more and

more disfavored at the surface with more branching arms, si@ each of the various chain
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paths emanating from the branch point would need to avoid thevall completely. This is
entropically unfavored since the number of polymer con gations is much more limited and
was shown to be equivalent to an e ective repulsive potentidetween the branch point and
the surface. They concluded that for linear/branched blergiboth polymer types will have
preference for the ends. For systems where the linear chaare much smaller the entropic
penalty is such that the small linear chains should be prefed.

While this linear response theory is a good starting point founderstanding di erent
factors in architecturally driven surface segregation, its limited because only the chain
ends and branch points are accounted for while the polymergology and lengths of chains
between end and branch points are not. NR studies of a family pbm-pom/linear blends
with the same total molecular weight and pom-pom topology, Ut di ering in lengths between
the branch points, showed di erences with the predictionsfahe linear response theory of

Wu and Fredrickson, showing a more complete model was neef8x.
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Figure 2.4: Model illustrating pompom polymer with variablelinear connecting sections
used in SCFT study by Hu [2]as well as the star polymer model.

To address these limitations, Hu [2] carried out numerical S&I calculations on the
same family of blends of linear chains with pom-pom molecsl@as studied by Yang et al.
The pompom molecules consisted of 6 end points, 2 on each pdrance the nomenclature
\6pomNk", where N is the MW of the chain in kD), but with varying lengths of the the
linear portion between the two branch points as well as vamg the length of the poms
too keep all polymer molecules were taken to have a moleculaeight of 36,000 g/mol.

So for a pompom model with a long linear section the pompom enavould have shorter
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relative chains and vice-versa. A model of this pompom polyanis shown in Figure 2.4
along with a star polymer molecule. Linear response theorygaicts the same enrichment
regardless of the length of the linear portion. The SCFT, hower, successfully captured the
variation of integrated surface excess of 6-pom observedtire NR scattering studies. The
\integrated excess" is de ned to be the integral of the exces/olume fraction over the surface
composition pro le. See section 4.2and Equation 4.19 for meodiscussion and explanation

of the integrated excess. See Figure 2.5 below.
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Figure 2.5: Comparison of SCFT and NR results for the integratedxcess of the various
6-pom polymers at the surface of a blend with linear polymef&]. All chains are 36k in
molecular weight. The bulk volume fractions of linear and popom polymer are jjpear =0:8
and ,om = 0:2 respectively.

Using the same linear response SCFT framework above, Wu and dhiekson[1] also
predicted that in linear and cyclic blends, cyclic chains wdd be preferred at the surface

at exactly twice the composition as that in the bulk. However Wile this is also driven by
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di erences in conformational entropy, the surface prefenee cannot be simply modeled as a
surface potential, as it can be for ends and branch points. HR][carried out numerical SCFT
calculations on linear/cyclic blends, and found a surfacexeess of cyclic polymers regardless
of chain size, in agreement with the linear response theory BVu and Fredrickson. Recent
NR studies by Foster et al. also found that in agreement with iear response theory for
larger polymers, the cyclics had a surface composition nBadouble their bulk value for
large MW blends [38]. However, as the molecular weight of thelymer chains decreased,
the NR results showed a crossover to a surface preference fug tinear chains instead. As
mentioned above, packing e ects become more dominant for alier chains and could be
important in surface segregation. Chapter 4 of this thesisilvcover my work using packing
e ects to explain the preference for linear chains in line&yclic blends for low molecular

weights.

2.4.2 Wall-PRISM and Monte Carlo methods

| present here a brief introduction to Wall-PRISM as it is rehted to my work with surface
segregation; however, as an extension of PRISM theory, it éxplained in greater detail in
section 2.6 below.

Wall-PRISM is an extension of PRISM theory developed by Yethaj and Hall to model
polymers near a surface [39]. Because it is based on PRISM, aomistic theory, Wall-
PRISM can incorporate molecular interactions such as paclkj of polymer molecules at a
surface. The packing of polymers, a feature that is not accoted for in coarse-grained
theories such as SCFT, has been shown to be important for snealipolymers. In keeping
with the theme of polymer blends based on architectural dieences, Yethiraj looked at
systems involving linear and star polymers[40]. Yethirajound that linear polymers are
preferred directly at the surface due to packing e ects, hower, the integrated excess of
the linear vs star polymers over a molecular length scale netle surface typically showed
preference for star polymers in most cases. The star polymerichment increases with the

length of the side chain arms. Moreover the segregation bef@ was dependent on the
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density of the system. For low density systems more approxate to a solution than a melt,
the star polymers were typically found at the surface regakess of the length of the branch
chains. As the density was increased to correspond to that ofreelt, linear chains were again
preferred at the surface because of their packing e ciencyf the blends with short branched
star chains. Only the long branch length blends would showaat preference at high density
over linear chains. This variability in surface preferenceontrasts with the prediction of the
coarse-grained linear response theory by Wu and Fredricksthat for similar MW polymer
blends, the more branched polymer should be preferred besalof the attractive potential
of the ends with the surface.

Monte-Carlo simulations were also performed in conjunctiowith Wall-PRISM calcula-
tions to look at the e ect of chain stiness on binary segreg@on [41, 42]. These studies
looked at blends of identical chains with di erent sti nesslevels. While it was always found
that the less exible chains were preferred at the surfacehé the excess of sti molecules
in simulation was less than predicted by the theories. Whilegeking of the sti molecules
was important, it was also argued that the entropy penalty fothe sti er chains explained
the lower surface excess in the simulations. At lower densi it was then the more exible
chains that would be favored at the surface due to the reducegucking and more important
con gurational entropy e ects. Further simulation of blends of stars and linear polymers
at surfaces was studied by Yethiraj [43]. The polymers wereadeled as hard spheres with
attractive potentials between the polymers and between thgolymers and the walls. These
systems also showed a preference for the branched systenr dve linear system even with

the additional attractive potentials.
2.5 Reference Interaction Site Model (RISM)

Integral equation theories of liquids have been shown to bauaeful tool for understanding
the liquid state [44]. Initially developed for atomic liquds and liquids of small molecules,
such liquid-state theories incorporate atomic level detaand capture both packing e ects

as well as longer-ranged pair distribution information. Th basic premise is to use atomic
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and molecular interaction potentials along with a diagramratic analysis of the equilibrium

distribution functions to generate relations, typically ntegral equations, for the correlation
functions between atoms and molecules in a solution. The celation functions can be

directly compared with scattering experiments, e.g. whosesulting structure factors are the
Fourier transforms of the correlation functions. These imgral equations generally involve
approximations, or \closures", that allow solution of the guations. In the remainder of this

chapter, | present an overview of these methods, and give a raaletailed exposition in the

next chapter.

One of the most successful liquid state theories of the padsd years has been the Ref-
erence Interaction Site Model (RISM) theory. First develope in the 1970's by Chandler
and Andersen [45] as an extension of the previous integral @fjon theories of atoms. It
was based on the Ornstein-Zernike integral equation theoifpr atomic liquids, but incor-
porated the intramolecular correlation in addition to the intermolecular correlations prop-
agated within a molecular liquid. The molecules are represted as collections of spherical
sites connected together, and so the intramolecular coragéibn function is an input into the
calculation of intermolecular correlation functions. Thespherical sites can represent single
atoms in molecules or larger multi-atom sites. Initial workon RISM was carried out with
small molecule diatomics such as molecular nitrogen and bnme [46], then also polyatomic
rigid molecules such as benzene, carbon tetrachloride anartwon disul de [47], showing
agreement with both simulation and scattering experimentsRISM also showed the abil-
ity to capture the behavior of non-rigid molecules and was @fied to a variety of exible

molecules including alkane chains [48, 49].
2.6 Polymer Reference Interaction Site Model (PRISM)

The RISM theory was extended from small molecules to macrotaoules by Curro and
Schweizer [50] in 1987, and their resulting theory is name@imer RISM or PRISM. As with
RISM, the intramolecular correlation function is needed aan input to the theory, allowing

calculation of intermolecular correlations. The developant of PRISM thus relied on the
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assumption that polymer chains will exhibit ideal conformaons in the polymer melt. This
assumption of ideal conformations is justi ed by the screemg of the intramolecular excluded
volume interactions by the intermolecular interactions bveen chains. This represents a
signi cant simpli cation, since the intramolecular corrdation function needed by RISM type
theories can be precalculated for a given chain model. Theaege a variety of polymer chain
models with varying degrees of realism that have been used ®MRISM for generating the
intramolecular correlation function, such as the freelysgjinted [51{53], Gaussian [3], and

semi exible chains [5, 54].
2.7 Self-Consistent PRISM (SC-PRISM or One-Chain SC-PRISM)

In a pure melt chain conformational non-ideality is less priounced especially in dense
systems, however for polymer alloys and blends it was showy lboth experiment and simu-
lation [55, 56] that the non-idealities are non-negligibleTo address this, the self-consistent
PRISM (SC-PRISM) [5]theory was developed by Schweizer, Hoglh and Curro. In this
theory the intramolecular correlations would be determirgk self-consistently. To do this a
single polymer molecule would be simulated with moleculaydamics or Monte Carlo meth-
ods. The benet of simulating the polymer is that monomers Wli be repelled rather than
overlap, more accurately representing the steric interacins within the polymer chain. Care
needed to be take when simulating the single chain howeveredause incorporating only
the bare (e.g. Lennard-Jones) potential between sites leattsa self-avoiding chain, more
representative of a polymer in a solvent rather than in a deesmelt. Also, the single chain
simulation would in this case not account for polymer blendanposition. To account for
these e ects, the polymer chain is simulated in a mean- eldadvation potential in addition
to the bare potential for the intrachain interactions. The nean- eld potential is calculated
self-consistently from the PRISM equations. As such, SC-PBM is a prototypical hybrid
theory/simulation approach for modeling polymers.

SC-PRISM theory has been applied to many systems includin@lyole ns blends. Heine

et. al [4] looked at miscibility of blends of isotactic polyppylene/polyethylene blends and

18



compared results with both molecular dynamics (MD) studiegas well as scattering exper-
iments. They were able to evaluate the changes in individughain energies contributing
to the heat of mixing, from both the MD studies as well as the S@RISM theory. The
major intramolecular energy contributions to the heat of miing were found to be the tor-
sional and van der Waals energies. More current work invohg SC-PRISM centers around
understanding surface modi cation of nanoparticles with plymer chains. Martin et. al [6]
were concerned with understanding how polymer size disttibions on the surface of the
coated nano-particles changed the aggregation behaviorsolution. They found that with
increasing polydispersity the attractive well between péicles was reduced and an increase
in particle dispersity should be seen. Also, they found thatraincrease in nano-particle size
would cause an even greater dispersion because monomer dnogv on the atter surface
of the larger nano-particle would enhance the polydispetgie ect of the grafted polymer
chains. Banerjee et al. [57] looked at systems of dilute naparticles in a solution with non-
microphase separating AB multiblock copolymers and the e ¢of the multiblock copolymer
chemistry on nano-particle dispersion and misibility in plymer melts. The diblock systems
were such that one monomer type was more strongly adsorbed tetnano-particle than the
other. They found that the e ect of wettablilty of the polymer to the nano-particle surface
on interparticle dispersion was di erent than that for the homopolymer systems. They also
found that the dispersion of the nano-particles was strongldependent on the relative sizes
of the nano-particles and block chain lengths. Miscibilityof larger particles was found to

correlate with longer block sizes while small particles weiinsensitive to the block size.
2.8 Two-Chain Self-Consistent PRISM (Two-Chain SC-PRISM)

While SC-PRISM was able to improve on pure PRISM there were #tisome notable
de ciencies. As mentioned above, simulations of a single ¢cha&an more realistically capture
correlations within a single chain, but can still not captue the correlations between chains.
A solution to this issue was proposed by Li and coworkers [7jastead of simulating asin-

gle chainin SC-PRISM, which we thus also call One-Chain SC-PRISM, onean simulate
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two chains which we call Two-Chain SC-PRISM. Results from (One-Cha)niSC-PRISM are
compared against those from the two chain method, Two-Chai8C-PRISM, in Figure 2.6
below. By using two chains in the simulation, the short rangeorrelation functions can
be seen to be improved. However with existing methods this néwo-chain hybrid theory
method could not be applied to systems with more than a singite type. The Two-Chain
SC-PRISM calculations were thus limited to only polyethylee. Improvements to the ra-
dial distribution function, g(r), at small r values can be seen in Figure 2.6 for parameters
corresponding to linear polyethylene (PE). While these di ences may appear subtle, be-
cause interaction energies depend strongly on how close tmonomers can approach each
other, these di erences can result in relatively large di e2nces in mixing energies that can

determine bulk or surface segregation.
2.8.1 Summary

To summarize, neutron re ectivity is an experimental techique able to capture surface
segregation in polymer blends. Isotopic di erences used mhance contrast must also be
accounted for, as di erences in bond distances and polarizlty can lead to preference of
the deuterated polymers at the surface. Segregation due tochitectural di erences for
linear and branched systems can be understood qualitatiyehkt the level of linear response
theory, by only considering the number of branch and end pdgand these interactions can
be thought of as surface potentials. However, for more acctearesults the chain lengths
between ends and branch points must also be taken into accourCoarse-grained SCFT
studies can produce good results for explaining surface sagation that accounts for such
variations in distance between ends and branch points, as lWwas for both enthalpic and
entropic driving forces. However simulation and Wall-PRISMtheories have shown that
local interactions and packing may dominate for the limit olow molecular weight chains.
The synthesis and study of cyclic chains is an interesting drgrowing eld, with improved
synthetic routes stimulating more studies on cyclic polynts. Cyclic chains have interesting

properties because of their more compact size, non-crogsiapology, and lack of chain ends.
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Figure 2.6: The radial distribution functions, g(r), betwe@ monomers forN = 24 and
N = 66 polymer melts, whereN is the number of monomer units in the polymer chain.
The monomers interact with the repulsive Lennard-Jones patéal with parameters for the
non-bonded interactions of=k = 46:5K and = 3:93A. The bond length is 154 A for both
systems. ForN = 24 the temperature was 403 with a density of =0:03104A 3 and for
N = 66 the temperature was 44& and a density of = 0:3104A 3. The intramolecular
chain parameters are reported in [58] The points are from MDrsulations [59], the dashed
curves are the One-Chain SC-PRISM results and the solid limeare from the single site
Two-Chain SC-PRISM theory [7].
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High molecular weight cyclics are preferred at the surface wh blended with linear chains,
as predicted by both linear response and SCFT theories and ebged by NR experiments.
However, low molecular weight cyclic chains are observed te llisfavored at a surface in
favor of linear chains due to packing e ects. | will test thishypothesis in this thesis using
Wall-PRISM theory.

RISM theory is an integral equation theory and the generalaion of the OZ relation for
molecules. RISM has been successfully applied to many diesit molecular systems. PRISM
is the polymer extension of the RISM theory. Both RISM and PR3M require input of the
intramolecular correlation function as well as a closure laion to solve the RISM or PRISM
equations. The SC-PRISM method generates the intramoleaul correlation function by
using a Monte Carlo simulations and the pivot algorithm of aisgle polymer chain. The
single chain is simulated in a solvation potential that mings the presence of the other
chains in the melt. SC-PRISM has been successfully applieala range of systems including
polymer melts. A new method involving the simulation of two rolecules together has shown
to give improved radial distribution functions over one-chim SC-PRISM when compared
with MD results. Two-chain results also allow the closure tation to be found directly from

the simulation results rather than having to be approximatd.
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CHAPTER 3
RISM/PRISM THEORIES

This section is dedicated to covering the RISM/PRISM theosas that will be used in this
thesis, as such, this chapter will be referenced extensiwelThe chapter will begin with the
RISM theory for small molecules followed by the PRISM theoryor macromolecules. The
PRISM theory will then be expanded in the sections that folly, rst, with Wall-PRISM
for polymers at a surface while last two sections will disceighe one-chain self consistent
PRISM (SC-PRISM) and the Two-Chain self consistent PRISM (Wo-Chain) both of which
utilize Monte Carlo simulations of the polymer chains. The Wo-Chain SC-PRISM theory
is the basis for the remainder of the work in the thesis, howex, because a great deal of it

is method development, | will focus on small molecules forséng in Chapters 5 and 6.
3.1 Integral equation theory

As an introduction, consider an equilibrated system oN uniform atoms modeled as
spherical particles in a volume)y, at a constant temperatureT. The structure of the system
can be measured with the radial distribution function,g(r), and is de ned with Equation
3.1, where the number density,, is de ned by = N=V and the angled brackets denote the

ensemble average.
* +

X
%g(r) = (r) (1) 3.1)

i6j;i =1
The function g(r) is related to the probability that two particles are at a digance r from
one another in the uniform liquid. A more intuitive way to think of this is to consider the
function g (r) as giving the density of particles at a distance from an arbitrarily chosen
particle. In the limit of very large separation, the densityof the particles will be equal to
, therefore, g(r) is expected to approach unity. In this way | can use(r) to talk about

both the short range local structure and long range bulk bekar of a liquid. Also, the
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thermodynamics of the system can then be calculated usingeghnformation from g(r) as
well as the interaction pair potential energies.

Within liquid state theory, a foundational equation is the Omnstein-Zernike (OZ) re-
lation (see Equation 3.2). The integral on the right hand sie of this equation is the
three-dimensional convolution (see Equation 3.5) d(r) and h(r), where C(r) is the di-
rect correlation function andh(r) is the total correlation function and is related to the radal
distribution function by the equation h(r) = g(r) 1. While the total correlation function

is fairly straight forward, the direct correlation function de nition is more subtle.
Z
h(r)= C(r) + C(ir  r)nh(r)ar® (3.2)
To understand the role ofC(r), | start by looking at Equation 3.2 and notice | can rewrite
it as an iterative expansion between arbitrary labeled atomin the system. For instance, if

| want to look at the total correlation between particles laleled p1 and p2 | can de ne the

expansion from Equation 3.2 as:

Z
h(pl; p2) = C(Zlol;Z p2) +  C(pl; p3)C(p3; p2)dp3 (3.3)
+ 2 C(pL; p3)C(p3; p4)C(p4; p2)dp3dpd + : :: (3.4)
The above equation can be rewritten in terms of the convolwhn using Equation 3.5.
g(r) f(r)= ‘ f(rYg(r® r)dr® (3.5)

For a visual representation see Figure 3.1. Because the sébéling is arbitrary, the system is
assumed to be isotropic and ead(r) is short ranged. The iterative expansion in Equation

3.3 simpli es to the following series of convolutions.

h(r)= C(r)+ C(r) C(r)+ 2C(r) C(r) C(r)+ 3C(r) C(r) C(r) C(r)+::: (3.6)

The RHS of the above equation can be interpreted as stating thawo particles at a given

distancer will be correlated with one another rst by their own direct correlation, which is
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the rst C(r) on the RHS, and then subsequently through the higher-orderedsity terms
that are the chains of correlation constructed with direct arrelation functions of intermediate
atoms. For instance, see in Figure 3.1, how there is a path froplto p2 made by direct
correlation functions going frompl ! p3! p4! p2. This leads to the model that the

direct correlation function captures some multi-body e ets.

Figure 3.1: lllustratation of the de nition of the total corr elation between particlepl and
p2 in terms of chains of the direct correlation function.d.

3.1.1 Reference Interaction Site Model (RISM)

The RISM theory of Chandler and Andersen [60] is a generalizéatm of the Ornstein-
Zernike relation for isotropic molecular liquids. In RISM,the molecules are composed of
spherical sites that interact. These sites can representas or polyatomic subunits within
a larger molecule. The main di erence between the OZ relatioand the RISM theory is
that within RISM, correlations can now be propagated withina molecule. C(r) is still
the direct correlation function and h(r) is still the total correlation function. These two
functions describe correlations between sites on separatwlecules and so are called the
intermolecular correlation functions while the correlabns within the molecules are handled
by the intramolecular radial distribution function, ! (r), and whose Fourier Transform is

de ned in Equation 3.12. The RISM equation of Chandler and Aneérsen is de ned below in
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Equation 3.7. If the RISM equation is applied to an atomic cas! (r) will be the identity

matrix, and the OZ relation is recovered.

h(r) = ’ dfoz dr? (r rHCEr P () + h(r%] (3.7)
h(r)=1() C(r) ! (r)+ L (r) C(r) h(r) (3.8)
F(v(r)) = (k) = ’ v(r)e 2" dr (3.9)

oK) = Zol v(r)smifrkr)4 r 2dr (3.10)

Taking the Fourier Transform (FT), | can express the RISM equion in k-space. The
de nition for the 3d FT is given in Equation 3.9. The benet of doing the FT is that

convolutions of functions inr-space become simple multiplication of functions ik-space as
shown in Equation 3.11. This leads to the simpli cation of tle r-space convolution de nition

of RISM to the k-space de nition of RISM in 3.11.
A(k) = 2 (KEKNMK)+ P (K)E(KAK) (3.11)

where!’YK) is the intramolecular structure and is de ned below for rigd molecules. Here

and are the site types and each molecule will contaiMl and M total sites.

1 XX
(k)= M i (K) (3.12)
i
and where!% (k) is de ned below andL; is the distance between sité and site] .

sin(kLy )

Py (k) = KL
I

3.1.2 Polymer Reference Interaction Site Model (PRISM)

Curro and Schweizer developed PRISM theory, which an is thetension of RISM for
polymers [61]. In PRISM, the polymers are assumed to exhikideal behavior in the melt.
Also, end groups are, for simplicity, not treated as distincsites, as the size of the molecule is

so large that the end e ects of the polymer chains is reducech@ assumed to be negligible.
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Consider a case now similar to the rst of spherical polymerbut now a polymer melt
at equilibrium with a volume of V, that is comprised of N identical polymer chains at
temperature T. Each chain will be composed d¥i spherical monomer sites. The monomer
sites could be of the same type or multiple types. If the polyers are composed of identical
site types, the PRISM equations will be scalar in nature, hoever, if multiple sites are
required for the polymer chains (e.g. in isotactic polyprogene, iPP) the PRISM equations
will be of a matrix form. Care should be taken when expressintge terms by the respective

molecular and site densities. Here | express the full RISM/ABM equations:

R (k)= f (k) (3.13)
"= (k) (3.14)
Ak) = “(KEWK) (k) + " (K)C (KA (K) (3.15)

The structure factor, de ned in Equation 3.16, is also usefuas it can be compared to

experimental scattering data. The intensity of the scattdng data, f(k), is related directly
P

to the structure factor by way of the relationf(k)= b b S (k) whereb is the scattering

cross section of sites of type and § (k) is de ned below.
S =" W+H (K (3.16)

To solve the RISM/PRISM Equation (3.15) the chain structure "(k), is required as input.
This can be determined by using a polymer chain model mentied in 2.6 or by using simu-
lation information from Monte Carlo or Molecular Dynamics.Even after the intramolecular
radial distribution function information is determined the PRISM Equation 3.15 is still un-
der de ned. To fully de ne the system of equations, closureetations are introduced that
give approximations for how two intermolecular correlatio functions, h(r) and C(r), are

related. The next section will cover these closure equatisrmore fully.
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3.1.3 Closure equations

To solve the RISM/PRISM equations, as mentioned previouslynformation of not only
the chain structure is required but also an approximation othe relationship of the two
intermolecular correlation functions ofh(r) and C(r) is needed. Theory and simulations
have shown that in many circumstance<C(r) is e ectively a short-ranged function [44].
There are several approximations for how to relate(r) and C(r), however, there is no single
best closure relation and so the choice of closure will be ®m specic (site interaction
potentials, pressure, temperature, etc.) [62] .

The Percus-Yevick (PY) closure is derived using Percus' meid of a perturbation ex-
pansion as well as by Stell's graph summation method [62]. @Y closure is typically used
and most successful in approximating the local structure cfimple hard-core liquids [44].

The PY closure is given by the following equations.

C (Nn=@1 e" M) r< (3.17)
g (=0 r>

where are the minimum contact distances getween two sites. For harspheres, | can

21
r<
approximate the site pair potential as,u (r) = 5 , Which simpli es Equation
0 r>
3.17 to the following relationship
= >
PY Closure= (=0 r (3.18)
g (r)=0 r<
where = %( + ) with and  being the diameters of the respective sites of

type and
Another common closure equation is the hypernetted chain (HN{2M]. An exact cluster

expansion expression allows the direct correlation funoti to be de ned as

C ()= V (+h (O+d (1) In(h (r)+1) (3.19)
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whereV (r) is the potential between sites and andd (r) is the bridge function. For the
HNC approximation, the bridge function is assumed to be zero.hIs results in the following

equation as the de nition of the HNC closure.
C n= V (M)+h (r) Inth (r)+1) (3.20)

While the HNC closure contains more classes of diagrams from tbleister expansion than
PY and is able to handle attractive potentials where the PY dsure tends to work best with
only repulsive potentials, HNC will also tend to predict muchdrger uctuations in the bulk
density especially at low density with high MW polymer chais leading to long length scale
inaccuracies [63].

Finally, another common closure is the Martynov-Sarkisov (I8) closure [64], given by
C (= V (N+h (r) @+Inth (r)+1)?2 % (3.21)

This closure is a generalization of the HNC closure and has showetter accuracy than
PY for hard core spherical molecules. The MS closure, as féretHNC closure, is hon-zero

outside of the hard core diameter [64, 65].
3.1.4 Picard iteration solution for PRISM equations

For much of this thesis the RISM/PRISM equations will be soled using the Picard
iteration technique [44]. A diagram of this method is shownni Figure 3.2. The method
| used employs a smooth, continuous function, (r), that relates the two intermolecular

correlation functions ofh(r) and C(r) through the following relation
start (1) = h(r)  C(r) (3.22)

For the rst iteration there is a guess made for (r). Often the rst guessis (r) = 0.
Otherwise, it will be the M* (r) (de ned later) from the previous iteration. Using the desied
closure equation from section 3.1.3 and Equation 3.22, a nealue for C(r) is calculated.
An FFT is then performed to give €(k). Using the RISM/PRISM Equation 3.11 or 3.15

and Equation 3.22 a new estimate fof (k) can be found using the following equation:
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AN =[1 0 MRICET M RCKNK)  C(K) (3.23)

The inverse FFT is used to calculate N®V(r). The average fractional di erence (AFD)
Vv

*lj 1 Ngria % New old 2
AFD =

New 4 Old (3'24)

gid o .
is then calculated to determine if the solution is converged-or the work on bulk and Wall-
PRISM a tolerance of AFD < 10 7 was used as the convergence criterion. If the AFD
indicates that it is not converged, the original ©'(r) is then mixed with the new Ne¥(r)
by the relation MX (r)=(1 ) 9Y(r) New(r) where Q0< < 1:0. for work in this
thesis is typically in the range of @5 0:01. Better convergence is found by mixing the two

(r) functions.

Yol D = Yy (D)

FFT
Yo (D) from VoD and Yoo (D)

AFD <107

Figure 3.2: The Picard iteration scheme used here to solve tReSM/PRISM Equations.
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3.2 Wall-PRISM theory

Wall-PRISM theory [39], of Yethiraj and Hall, is an extensiorof PRISM theory and was
developed for studying polymer melts near a hard surface. las been applied to a variety
of molecular and polymer systems such as alkane chains [@®jnplex polymer architectures
[67] and polyole n blends of linear and branched polymersQi

The system of interest in Chapter 4 is a binary blend of two derent polystyrene polymer
chain architectures. The two topologies will be the linearhain and a cyclic chain. These
will be designated asA for monomer site units on the linear chain and for monomer site
units on the cyclic chain. There will be a third component whah will be the wall site, to
be designatedv. The 3 x 3 (sitesA, B and w) matrix PRISM Equation 3.15 will be rst
solved for thef(k) matrix elements in the limit of the wall site, w, being in nitely dilute.
Second, the PRISM equation will be solved with the wall sitenithe limit of in nite radius
resulting in an approximation of a at surface. The result isthe following equations (3.25,

3.26 and 3.27) for the total correlation functions of the pgmer melt in the bulk.

A abaa(K) = Saa (k) alaa(K) (3.25)
a 8hag (K) = Sag (K) (3.26)
s shss (K)= S (k)  &Pes (k) (3.27)

The total correlation between the polymers and the wall sitare then given by the Wall-

PRISM Equations,

aPaw (k) = Saa (k)éAw (k) + Sas (k)éBw (k) (3.28)

8 few (K) = Saa (K)Caw (K) + Sas (K)Caw (K) (3.29)
These can be written more compactly as

X
huw k)= S (KCuw(K) (3.30)

where$8 (k) is the partial structure factor and all other terms are as deed above.
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h i
alaa(k) 1 gPes (k)Cas (K)

Saa (k) = 0 (3.31)
s (k)= A B-Y\AA(k?;\IIis (K)Cas (K) (3.32)
h [
sPea(K) 1 aPan (K)Can (K)
Ses (K) = 0 (3.33)
T =1 aPaa(KCa(K)  5Pes (K)Cos (K) +, (3.34)

A B -Y\AA r\BB (k) éAA (k)éBB (k) éAB (k)2

As mentioned previously, the spherical wall site diameter nstibe grown to approximate a
at substrate or surface. To model two surfaces an annulusrsicture is used (see Figure 3.3).
The polymer blend will be in the gray area while the blue is daed to be the impenetrable,
hard surface. | then de neR, R; = H whereH is the width of the system containing the
polymer. For some cases this could be the width of the slit p@for con ned polymers but in
this thesis it will represent the approximate width of the pdymer blend Im, with the solid
substrate being one wall and the air/vacuum being represesd by the second. The polymer
blend will be allowed to reside between the two surfaces sutiat R; <r <R ,. The solvent
site will now be grown in the limit of R1; R,; and Rz ! 1, whereRj is the size of the outer
diameter of the wall \particle".

To facilitate taking this limit, the compact form of the Wall-PRISM equation (3.30) will
be used. It is rewritten in real space as a three-dimensionabnvolution but the coordinate
system will be changed to a bipolar one with the origin at theenter of the solvent site that

will be acting as the surface.
Z 1 Z r+t
tS (t)dt yCw (y)dy (3.35)

0 ir tj

2 X
hw(r): T

This meansr will be the position of a site on a polymer chain with respecitthe new origin,

as depicted in Figure 3.4. The following variables are also ded
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=1 (R '%) (3.36)

s=y (R o) 337)

The recast Wall-PRISM Equation 3.35, along with Equations 36 and 3.37, are solved in

the limitas R;!'1  to give the following result.

X YA 1 Z z+t
hw (2) = 2 S (t)dt C. (s)ds (3.38)
0

iz tj
The polymer-wall interaction will be assumed to be a hard sghne like interaction, and so
the PY closure (see eqn. 3.18) will be used. For the modied R8&M Equations the PY
closure is:

hw (2= 1 jzj> 5

Cw(2)=0 B<z< B

PY ClOSUfGNa” PRISM — (339)

However, using this form of the PY closure produces some mathatical di culties.
When calculating the Fourier Transform,C,, (z) will not approach zeroasz! 1 . To
make a more mathematically friendly set of equations on wliiicto perform the Fourier
Transform, a modi ed version of the direct correlation funton will be used which will have
the asymptotic portion designatedC% ! (z) (see Equation 3.42) subtracted o so it will
approach zero for large: The total correlation function, h, (z), also does not decay to zero

asz! 1 sogw (z) will be used instead (see Equation 3.43 ).

Chr(@=Cu(@d CT* (@ (3.40)

gw (2) =1+ hy (3.41)

2Ses (0)  5Sas (0)
$2:(0)  Saa (0)Ses (0)
85a (0)  aSas (0)
& 0)  San(0)Ss: (0)

cit (@ (3.42)

it @
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X Z 1 Z z+t
gw (2) =2 tS (t)dt C, (s)ds (3.43)
0 jz tj
By taking advantage of the convolution equation theorem | gawrite 3.43 in a more compact

form below.
X
ow (K= S (NCT ' (K (3.44)

Looking at Equation 3.42, the partial structure factors of he polymer blend in the bulk
must rst be obtain by solving the bulk PRISM Equations, 3.15 for this system speci ed
with Equation 3.25 using the PY closure. This system of equans is solved using the Picard
iteration [44] where the computational details are outling in [68] (also see Section 3.1.4 as
well as A.2). The solution scheme works as follows. First, tharictions are discretized onto
a grid with Ngiq discrete points. The distance between the grid points will é constant
and is de ned as r. For the Fourier Transforms, the grid will be de ned ink-space with

k= =(Ngig r). A new function
(r)=h(r) C(r) (3.45)

is introduced that relates the two intermolecular functios together and is smooth.

Using the PY closure condition found in Equation 3.18 and the alnition of (r) in
Equation 3.45,C(r) is then calculated using an initial guess for (r). This initial guess is
designated as ©(r). €(k) is then calculated fromC(r) using the discrete sine FFT. Using
the k-space de nition of (r) found in Equation 3.23, gives a new estimation of(r) | will
call N®¥(r). The new and old versions of (r) are now mixed with a mixing ratio of so
that ™x(r) = (1 ) Ol(r) New(r) where Q0 < < 1:0. For stability, values for
are typically less than 0.10. The new estimates are then coaned against the old estimates
for convergence. When the average fractional di erence (AFDgee equation 3.24) is smaller
than some tolerance (in this workAFD < 10 7) value the system is considered converged.
If the system is not considered converged theri™ (r) is the new guess and the calculation

starts again.
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After the bulk correlation functions are calculated, the fustionsC%;, ' (z) and C3,,* (2)
can be calculated using the partial structure factor and e@tion 3.42. Once these values are
found, a similar Picard iteration method can be used to solvine Wall-PRISM Equations.
Using w (z) = gw (2)+ C;, (2), the wall PY closure relation found in Equation the new PY
closure for the Wall-PRISM equations is found in Equation &7. Again an initial guess is
made for  (z). Using the new Wall-PRISM PY closure relationC (z) is calculated. A

new ., (r) can then be calculated using the following equation:
AR = (1 rICK) MR, (k) Cp (k) (3.46)

The Picard iteration for Wall-PRISM can be found implementd in computer code in Ap-

pendix A.2.

Co(@=Cyt (@ jzj<

PY Closureya = L
WEENT @ W@ iz

(3.47)

NI | T

Figure 3.3: Annulus site con guration as precursor for Wall-RISM solution.

3.3 Self-Consistent PRISM

One of the most critical factors in the calculation of RISM/FRISM results is the in-

tramolecular correlation function. As discussed previousglthere are several analytical mod-
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Figure 3.4: Final Wall-PRISM system con guration whereR,R, and Rzfrom Figure 3.3 are
taken to the in nite radius limit.

els that can be employed; however these can su er from siteeslap and incorrect polymer
volumes. Also, in studies of polymer blends it has been showmat blending will alter the
intramolecular correlations as polymer con gurations chage due to the presence of di erent

polymer chain types [69].
3.3.1 Solvation potential

As mentioned in the SC-PRISM background section, a single neaule/polymer chain
simulation is used to give realistic intramolecular corrations. For the single chain simulation
a solvation potential is used to account for the intermoledar interactions with the other
chains in the melt. However, there have been several proposaavation potentials. These
potentials can be derived from the closures in section 3.1.3The rst is an HNC-style

potential,
Wine (r) = C(r) S(r) C(r) (3.48)

and is based on a Gaussian uctuation potential [70{72]. Tlsi potential is typically more
accurate for long range potentials with attractive and repisive potentials such as Coulombic

and Lennard-Jones potentials. In keeping with previous seahs, C(r) is the direct correla-
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tion function and S(r) is the inverse Fourier transform of the total structure fator de ned
in Equation 3.16.

The other two solvation potentials typically used are alsodsed on theC(r) S(r) C(r)
approximation and are solved using the PY and MS closures. rshort range repulsive
behavior consistent with dense hard sphere systems, PY ispigally used and is given by
3.49

[73]

Wpey(r)= In(1+ C(r) S(r) C(r)) (3.49)

Finally the MS closure will give the MS-type solvation potentl de ned as

Wys = p1+2C(r) S(r) C(r)+1 (3.50)

The MS solvation potential has been shown to provide more agate approximations for
hard-sphere diatomic liquids [63] and is of an intermediatstrength between the HNC and

PY potentials. The 3 solvation potentials are summarized iffable 3.1.

Table 3.1: De nition of solvation potentials (W (r))

| Solvation Potential Model | Equation |
Hypernetted Chain(HNC) Wyne (r) = C(r) S(r) C(r)
Percus-Yevick(PY) Wpy(r)=, In(1+ C(r) S(r) C(r))
Martynov-Sarkisov(MS) | Wys = = 1+2C(r) S(r) C(r)+1

3.3.2 Self-Consistent PRISM method

The solvation potential de nitions outlined in the previous section show that the corre-
lation functions! (r), C(r) and h(r) are required to calculate them.! (r) will be determined
from simulation and C(r) and h(r) will be determined using the RISM/PRISM Equations
(3.15). However, to determineC(r) and h(r) from the RISM/PRISM Equations requires
knowledge of! (r). This interdependence of equations, sets up the equatiots be solved

self-consistently. The SC-PRISM scheme is illustrated in §ure 3.5 below. To solve this
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problem, an initial approximation for the solvation potental,W (r), is made. For a new
system, this guess is commonly taken to be zero. A single ahd@1C simulation will then
be performed and this will give a resulting intramolecular arelation function, ! (r). Us-
ing the RISM/PRISM equation as well as the PY closure, new vaks ofC(r)and h(r) are
found using a Picard iterative scheme (see Section 3.1.4).itdsthe resultingC(r), h(r) and
I (r), a new solvation potential, W, of the desired type can be found. However, this new
guess for the solvation potential is mixed with the prior guss for the solvation potential to
improve convergence. Here, | den&Vvi*l(r) = (1 aW' (r) + aw"¥(r), wherei is the
iteration index of the previous solution (or the input soluton for the rst step), and i +1
is the iteration index for the next (mixed) solution. Thea variable will tell how strongly or
weakly to mix in the new solution and will be a value of & a < 1. Typically this value will
be fairly small, on the order of @5 or less.

Computation time can be reduced by incorporation of the Momt Carlo reweighting
scheme [4, 69, 74]. The method allows previously generatdthia con gurations to be
reused using the new solvation potentialv'*!, in calculation of the new! (r). If there
are J conformations generated to determiné o,4(r) using the old solvation potential (de-
ned as W' (r) above) then! yew(r) can be calculated by using the new solvation potential
W (r)new (de ned as W'*1 (r) above) with the old polymer con rmations using the equatia

X

. 1 : . .
H newi T W newD = Z ! JOIdeOIdge [Wew (j) Woid ()] (3.51)
j=1

where

7 =" & W) Wou() (3.52)

The reweighting can be performed until the di erence in the @spective energy for the two

solvation potentials is large enough to cause the followireguation
. J
minfZ; 1=2g < 1 (3.53)

to fail. If it does fail the criterion, then a new set of polyme con gurations is generated.
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Mix and Check for self-consistent convergence on W(r)

i Single Chain | (1) h(r), C(r), S(kEnd W(r)

_
Monte Carlo PRISM-PY
Start/

Input W(r) 0

Picard Tteration Solution

Figure 3.5: Single Chain SC-PRISM theory solution scheme.

3.4 Two-Chain SC-PRISM

The method for the Two-Chain PRISM theory was developed by Wand Li [7]. While
One-Chain SC-PRISM has shown improved results due to the maimolecular correlation
originating from a Monte Carlo simulation in a solvation poential, it has also been shown
that One-Chain results at small distances did not agree witMolecular Dynamics studies, as
shown for example in Figure 2.6. To improve on this, two chaingill be sampled interacting

together.
3.4.1 Two-Chain theory

| will still be working with the RISM/PRISM theories that | ha ve outlined before, how-
ever, it will be bene cial to rewrite some of the equations ém the perspective of simulated
chain con gurations. By deriving it from this perspective,l can then show how the sim-
ulation with a solvation potential is incorporated with the RISM/PRISM theory for both
the One-Chain SC-PRISM as well as the Two-Chain theory. Theatk here is based on the
two-chain DFT theory of Donley, Curro and McCoy that is abbrevated DCM [75]. This
theory is a more computationally demanding theory, howeveit is exact in the limit of two
isolated chains. The DCM theory is based on the density furiohal theory of Chandler,
McCoy and Singer (CMS) [76{78], which accounts for the medi+induced solvation po-

tential. Let us again consider a case of a molecular liquid &guilibrium that consists of
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N identical polymer chains in a volumeV and at a temperatureT. Each molecule/chain
is again composed oM spherical sites. | allow the sites to be of di erent types sohere
are M sites of type and M sites of type and so on. | de ne the site density as
= M N=V with the other site densities de ned in the same manner. Thehain density
IS chain = N=V. | specify each site's spatial position on an arbitrary chaias follows. The
3-dimensional position is de ned as;; wherej is the number of the site of type on the
molecule/chain labeledi. For a system of many molecules, all such molecules/chaindlw
have multiple con gurations. | designate the set of all the @n gurations of molecules or
polymers with the symbolR, and so the set of con gurations for thath chain isR;. | de ne
the total potential energy of the system of N chains to b&)y. This potential energy can
be broken down into the intramolecular energy contributionU(R;), from each individual
molecule/chain and the intermolecular contribution,u(R;; R,), between chains/molecules
and g. To get the total potential energy | sum over all the molecukg/chains and all the pairs

of molecules/chains de ned below as

X X1 X
W (R1; Rz 5 RN) = U(Ri) + u(Ri;Rg) (3.54)

i i=1 g=i+1
Note that all energy values here are given in units ¢z T.

The intrachain energy, U(R;), consists of all the bending, stretching, and torsional en
ergies of the molecule/chain. The interchain potential emgy depends on the distances
between sites. The two sums work such that every site type deed by for molecule/chain
i and for molecule/chainq will be considered in pairs and the total interaction energwill

be summed as

X MM
uU(Ri;Rq) = Uijgt (1) (3.55)
; jif
The intramolecular structure factor is then de ned below,m Equation 3.56, and it should
be noted that (r) is the Dirac delta function in this context. In this case thechain labeled

1 is selected, but it could have been any of the molecules/chs.
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X 1
(r) to(r) M (r ryj +rag) (3.56)
jif

The brackets,h i, denote the thermodynamic average de ned as

h 1=

(3.57)

The radial distribution function, g (r), can be written as

X

\Y/
g (N=—o—-—  h(r ry +r3)
MM jif

(Note V here is the volume, not the potential energyy .)

These equations give the correlation functions in terms ohé system potential energy.
As | have shown, a portion of the total potential energy is therergy of interaction of the
many molecules/chains with one another. However, for a twowtecule/chain simulation,
| would like to average over all but two of the molecules/chas interactions. | therefore
address the loss of the other molecules/chains by replacitteem with an e ective potential
that will approximate the in uence of the other molecules/tains. First, | discuss the more
familiar one-chain SC-PRISM, then the new Two-Chain SC-PFRM as they are very similar.
The intramolecular correlation function de ned in Equatian 3.56 can be expressed in terms

of a single molecule/chain:

X 1
(r) (r) B (r ri +r1¢) (3.58)
jif R1

Now the brackets denote the average of a the probability dishution for a single molecule/chain

conformation
Z
h g dRP(R) (3.59)

and the probability distribution for the single chain is

e Vl(R)

P(R) dRe Vi(R)

(3.60)

However, now the total potential energy is replaced by a fremergy potential
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Vi(R) = U(R) + W(R) (3.61)

where | de ne the total solvation potential component of thesingle chain interactions as
X MX;M
W(R) = Wiyj s (jray  ragl) (3.62)
: iif
(See Table 3.1 for the form&V(R) used in this thesis.)

In this way, Equation 3.61 is similar to 3.54 with the seconderm in Equation 3.54
replaced by the solvation potential and the rst term of 3.54now a sum only over a single
chain rather than the whole system of molecules/chains. Themainder of the One-Chain
SC-PRISM calculation involves solving the RISM/PRISM equiions as outlined before using
the Picard iteration to obtain the functions needed to get tle next solvation potential guess.

One benet of doing the Two-Chain simulation is to also get tb radial distribution
function information as well as the intramolecular correldon information. | have already
shown how to get the intramolecular correlation fucntion byusing a solvation potential
rather than a many molecule/chain simulation. For nding the radial distribution function
| will again invoke the DCM theory that makes use of the CMS desity functional theory

and allows the many molecule/chain average to be reduced twd molecules/chains. Here |

de ne the radial distribution function, g (r) below
*% y NXM ++
9 = (r ryj +ra¢)e V2(RuR2) (3.63)

it R1;R2
where now the e ective interaction potential is between théwo chains and de ned in Equa-

tion 3.64 below.

X MX\A - . . .
V2(R1;R2) = Urj 2¢ (ray  Tae )+ Wiy 25 (ra; rag ) (3.64)
; jif
One thing to notice from the de nition of g (r) is the use of the double brackets. The
double brackets refer to now doing an average over the setscoihformations for both the

non-interacting chains, however, done with respect to theindependent intramolecular prob-
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ability distributions.
Z Z

hh g, g, dR1dR,P (R1)P(R>) (3.65)

For convenience when doing the evaluation fay (r) with simulation, | can invoke transla-
tional invariance and rewrite Equation 3.63 in the more hefpl form below.
Z | V2 My M
g (r)= dR1dRP(R1)P(R2) (rui)e VZ(Rl’RZ)W (r ry +r2¢) (3.66)
jif
The reason for the delta function is to limit the integral to aly con gurations that have the
rst site on molecule/chain number 1,r;,, at the origin.

An additional benet of doing the two-molecule/chain simuldion is that the closure
approximation can be replaced by Equation 3.63 and the resgi®re solvation potential ap-
proximation from Table 3.1. Having the simulation itself gie the closure relation potentially
gives a more accurate representation of the behavior of th&ermolecular correlation func-
tion. The equations needed for solving the two-molecule/ein approach are 3.58, 3.63 and
the PRISM Equation 3.15. The solution scheme will be coverad the next section. Also,

the Monte Carlo sampling methods for the two-chains will beavered.
3.4.2 General Two-Chain numerical scheme

In the single molecule/chain SC-PRISM method the MC simuladn only produced the
intramolecular correlation function. However, now with twochains the MC will also be
used to generate the radial distribution functiong(r), as described in the previous section.
Because the Two-Chain simulation is focused on improving s@ts at smaller interaction
distances, the two-molecule/chain sampling will only be de out to a limited range. This
means that the long tail region for theg(r) must be accounted for. Because the one-chain
theory gives good long range results, a single chain SC-PRI1Salculation is done rst. This
will supply the tail portion to be pieced on to the simulationdata. The general scheme for

solving the Two-Molecule/Chain theory is again a Picard typ iteration. To help guide the
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reader, see Figure 3.6 for a visual representation of the nuneal scheme. First, | will de ne

a few new terms using the PRISM Equation:

(r) H@) () (3.67)

(r) C(r) (r) (3.68)

1 Chain , ‘
PRISM PY (Supplies long range behavior)
PRISM: W(r) Two Chain | @(r) and g(r ), S(k)
@(r) and C(r) Monte Carlo PRISM

Mix and Check for self-consistent convergence on C(r)

Figure 3.6: Two-Chain SC-PRISM theory solution scheme withonwvergence based o€(r).

An initial guess for! (r) and C(r) is made. The startingC(r) is labeled asC itai (r).
The FFT is applied to these functions to give their k-space repsentations of £k) and € (k):
The PRISM equation can be rewritten to solve foA (k) and that value will be designated as
A pRrism (k). Using the inverse FFT to getHpgrism (r), | can ndthe yew(r) using Equation
3.68 and yew(r) using Equation 3.67. After these values are found, th@ (k)5(k)€ (k) term
can be found. Reviewing table Table 3.1 shows all 3 solvatigotential types rely on this
term. After the appropriate solvation potential is found, itis put into the two-chain Monte
Carlo simulation. There are two di erent sampling methods hat can be used. For specics
on these two methods, see the next two sections. After the sitation is completed, the
intramolecular correlation function, (r), and the total correlation function, H(r), can be
found from the radial distribution function, g(r), generated by the simulation. The tail from
the One-Molecule/Chain SC-PRISM is then patched on to accotifor the long range values
of r not sampled. This allows the two-chain simulation to be more cient and focus on the

shorter ranger values. Once (r) and Hsj, (r) are found, a new direct correlation function,

44



C(r), can be found using the relations below

"New(K) = F[Hsim (1) new()] (3.69)

CNew(k) = ANéW(k)ANew(k)ANéW(k) (3.70)

To improve convergence theC yey (1) is mixed with Chiiar (r) in @ manner shown below in

Equation 3.71 to giveCyix (r)
CMix (I’) = aCNew(r) + (1 a)Clnitial (I’) (3-71)

wherea is known as a \mixing ratio". It is de ned to be 0 <a < 1 and is typically small
and on the order ofa = 0:3 or smaller. This newC yix (r) will then becomeC, s (r) for
the next iteration. Prior to this step, however, there is a covergence test to determine when
the solution is converged. When theC yew (r)is very close toC o (r) based on the error

being de ned as

I 1
1 Nsrid , 2
Error = (Cinitiar (1j)  Crnew(r})) (3.72)
Grid j=1

the calculation is considered a converged solution. HeMyg/q is the number of discrete

points (in most of this work, it is 2048 points) andr; is the value ofr at the discrete values

of index j. The criteria typically used is that Error < 10 ° for a converged result.
3.5 Two-Chain Monte Carlo simulation

The Monte Carlo simulation for two chains can be used for smaiolecules or large
polymer chains. For polymer chains and non-rigid moleculéise standard pivot algorithm is
used [79]. The standard pivot algorithm consists of a pivotep where by an angle, de ned
by 3 consecutive monomers in the chain, is picked at randomaithe two resulting arms will
be bent around the central angle site by a set angle. The chamalso twisted in a torsional
move around a random dihedral made from 4 consecutive monamits. For branched
systems pivot steps can also take place on improper dihedgroups. The arms from the

bond angle are bent by 20 around an axis normal to the plane made by the 3 monomer
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sites in the angle. The torsional move consists of doing a sting move of 180 around
the axis made by the two middle dihedral sites. After each pivanove is made, the bonded
and non-bonded energies are calculated and the acceptan€ehe move will be based on
a Metropolis criteria. Previous work looked at the auto-coelation function of the pivot
moves and found a correlation time of 400 pivot steps[4], trefore, every 400 pivot steps the
con guration of the chains will be saved. From these saved r@urations the intramolecular
correlation function (r) can be found. The evaluation of the radial distribution fulction
g(r) will require non-Boltzmann sampling methods to keep the eins from drifting apart.
The two separate sampling methods that have been utilized eathe direct and the window
sampling methods. Both of these methods of sampling used tmettwo-chain MC simulation

are explained in the next two sections.
3.5.1 Direct sampling

For the direct sampling method, the radial distribution furction will be calculated by
using the de nition for g (r) found in quation 3.66. The direct sampling set up of the two
chains is shown in Figure 3.7. Here, | average over con gurati® of the two chains from
the given probability distributions that are de ned to be for non-interacting chains that are
held at a xed distance apart. Each of these chains will be fro a single-chain distribution
generated using the pivot algorithm method described abavé&he direct sampling is based
on the method developed by Yethiraj et al. [80].

The method of direct sampling works as follows. A set of sirggchain con gurations is
generated using the solvation potential and the standard yot algorithm. From this set of
con gurations, the intramolecular correlation function @n be calculated via Equation 3.58.
The two-molecule/chain con gurations from this set are cheen at random. Subsequently two
random sites on the two-molecules/chains are also choserrandom as well. Molecule/Chain
number one will have its random site placed at the origin. Metule/Chain number two will
have its random site also placed at the origin. Molecule/Chiatwo will then be translated by

a discrete distance that is pointing in a random direction and orientation from the origin.
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This will be repeated for all discrete values af of interest (recall | only actually sample to
a certain distance and then piece in the One-Chain SC-PRISMsults for larger.)

| can improve the statistics by collecting information on dlthe pairs that are interacting
in the two-chain simulation. Recall, that | de ned g (r) specically assuming that the
chains are non-interacting and so samples with a uniform gdrability to all scalar distances
r = jrij  ra¢j, which will introduce a sampling bias that is proportional b 1=r2. In
order to sample the other pairs, | need to include a normalidan correction for the bias.
For the two-chain con guration wherer = jr; ro¢ j (this is de ned above by the two
random sites on the chains), | can then calculate the other stances and label them as
ro= jria rasyj Wherer®is the distance between theith and yth sites of typek and s on
molecule/chain 1 and 2 respectively. See Figure 3.7 for exae® ofr®. Therefore, | can
calculate the radial distribution function for ges(r9 by multiplying every con guration that
will be binned for when accumulating the average Boltzmanmaétor ( e V2(RiR2)) by a value
of r2=r®, This allows for the two-molecule/chain con guration to catribute data for all the
interacting pairs rather than just those de ned byr = jri;  ro¢ j . This does two things.
First, it allows for more e cient simulation as new two-moleale/chain pairs don't need to
be generated for every pair sampling. Second, it reduces thaise of the simulation as there
will be M 2 data points rather than a single one and so the noise for thedial distribution
function will be reduced by a factor of 1cp M M . For doing the actual sampling here are

the equations for calculatingg (r):
r-2
Gs(r) = ge PR (3.73)

using the de nitions of r and r®above. The radial distribution function is then

*
Mx;M +

1
g (r)= MM Oks(r)
ks
where theh ::i indicate the average over all two-molecule/chain con guttgons generated for

respectiver distances.
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Figure 3.7: Direct sampling method for two chains.

3.5.2 Window sampling

While direct sampling has the advantage of givingy(r) from an average over the sets
of two-chain con gurations it doesn't incorporate importance sampling in generation of the
con gurations. This can result in problems in the sampling tatistics as molecules/chains
can spend time in unlikely con gurations. This ine ciency can be especially true for large
polymer chains. This can be addressed by employing a windoangpling method [81].
For generation of the two-molecule/chain con gurations a Mtropolis sampling technique is
employed where the con gurations are proportional to theiBoltzmann weight. One chain
will be put at the origin to start, however, it is not con ned to stay there and the second
chain will be free to move. However, the middle site of the malele/chain is restricted from
leaving its windowed boundaries. As such, | will de ne the diance between the middle site
of chain 1 at the origin and the middle site of chain 2 to be,. The size of the window
is chosen such that the free energy change inside the windowll wot be larger than kg T.

This value for the size of the windows must be determined byi&l and error. Consecutive
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windows will overlap by half their widths. See Figure 3.8 for rmexample of the use of

overlapping windows.

Window 2 ‘Window 4
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Figure 3.8: Window sampling method of two chains.

The overlap of the windows is used to improve stitching the parate window probability
functions together to make a smootlg(r). The windows are set up such that there is a
starting minimum distance for window 1 from the origin. Thisis the distance labeled .
There will be n windows all ofryig, . Recall that riq IS determined by ensuring that the
free energy change inside of the windows is no larger th&gT. Each simulation of two

chains will consist of one standard pivot move for each molde/chain. See Section 3.5 for
pivot move details. Finally, a displacement move and a rotatin move is performed on chain
number two. Any move, including pivot moves, that causes,, to step out of its respective
window will be rejected even if it is energetically favorabl Every 400 MC steps the two-

chain con gurations will be saved and the pairs will be binmg and then an average is taken
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over the total N saved con gurations.

LR
PN=x oy 4r?

(r jry +r2¢j) (3.74)

Each window will generate its own probability distributionusing the Equation 3.74 above.
These now need to be stitched together to make a continuousfiion over all the windows.
This is done by using a multiplicative factor in a least squas method to t the overlapping
portions of adjacent windows together. The windows are did#buted such that | can nd
window interval boundaries for theith window as fo + 3(i  1)rwian ;o *+ (i + 1) Fwigin |-
Since adjacent windows overlap | will then split our probaltity distributions into 2 di erent
functions depending on which half I am in. So the probabilitdistribution for the left half
of the ith window is P (r) for the con gurations wherer, 2 [ro + L width 5To + ST width ]
and for the right side P“"(r) is de ned wherern, 2 [ro + Swidth ;7o + “rwign ]. The rst
3 windows are shown in Figure 3.9 for clarity. This means thatd¢an de ne where the two
probability distributions overlap as P(i;')(r)and pl l“)(r). These two portions will di er by
a weighting factor,A" Y, such thatp® () = A" PP (). As said before this weighting

factor is determined via a least square t de ned below in Eqgation 3.75

Rf0+ 5T width @i;1) (i 1r)
A, drP™(r)PY ~(r)
(i1 — ro+ 3G ruian
A Rro+ Sruwian drp ) (i) (3.75)
rP(r) P ()

ro+ 3 1)rwidn

Since each window is t successively there will be a net weigyig factor from all the weighting
terms such asAWA®@  A™ Y The probability distribution for the ith interval, P, can
therefore be taken as an average of the two contributions froeach of the overlapping

windows.

YZ
p(i) =( A(j)[B(i)(r)p(i 1:r)(r) +(1 B(i)(l’))A(i 1)p(i;l)(r)])
i=1

where the factorB " is de ned as

(A(i 1))2P(i;|)(r)

B = — . :
P(' 1?")(r)+(A(| 1))2P(|§|)(r)
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Figure 3.9: Window overlap con guration and designation of Lfe and Right window halves.

An example of PE with M=24 (24 monomer units) is shown in Figure 30 The distri-
butions for each window display long tails beyond the boundg of the respective windows
on the order of the chain dimensions. Therefore, the distuition function will still have a
contribution in the range of interest beyond what is being siulated explicitly. This means
the joined distribution results, p°® ,will have a continuous cuto at large r values. For large
molecule/chain separation, instead of piecing on the tairdm the one-chain simulation |
instead use the last window results to approximate the prolbdity distribution further out.
The distributions in windows further out will just be the nal simulated window shifted by
%rwidth and so | can use the nal window to approximate the distributon functions and make
up the missing data:

X 1
P (r)=P°(r)+ PM(r érwidth) (3.76)
i=1
where P(”)(r) is the nal window distribution function (for Figure 3.10 n = 14 son®= 15
in this case). Then the entire probability function,P (r), over the range of [QR], can be

related to the radial distribution function by a nal multip licative factor A such that
g ()= AP (r)

Here A can be determined again using the least squares t but in a rge where the

tail of both P (r) and g (r) are at. g (r) is supplied again from the one-chain SC-
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PRISM results. The intramolecular correlation function isalso extracted from the saved
two-molecule/chain con gurations. However, because | nowalie interacting chains there
is a bias introduced. The single chain structure is then fouhby averaging the two-chain

con guration and reweighting factor for the respective twechain con guration, according to

1 X WMo . .
e2(RuR2) (v jriy  rig )

()=

2
4r i=1;2 jif

20 25 a0
1(A)

Figure 3.10: Radial distribution function reconstructed fom window probablity distribution
functions for a polyethylene chain modeled as a chain of 24esi (M = 24) interacting with
a repulsive LJ potential; ro = ryign = 3A. Top: gure shows the g(r) results from the
joined window samples (solid line) and a direct sampling medd (circles) Bottom: are the
probability distributions from the even numbered windows = 2;4;6:::14 and go from left
to right[7].
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CHAPTER 4
SURFACE SEGREGATION OF LINEAR/CYCLIC BLENDS

This chapter will focus on surface segregation of lower molgar weight linear/cyclic
polymer blends. As discussed in Chapter 2, surface segregatbf polymer blends can be
driven by di erences in polymer molecular architecture. Revious work had dealt with blends
of linear and branched polymers with various architectured.inear response theory predicts
that segregation behavior can be understood in terms of sace potentials that include both
enthalpic as well as entropic factors [1]; however, NR measuanents on pom-pom molecules
showed that these potentials alone weren't su cient to exmin the observed segregation
behavior [37]. SCFT calculations by Hu [2] were performed to plain the results of the NR
studies, focusing on the in uence of the chain length betweedranch points. The SCFT
results showed agreement with the experiments (see Figur&2. The success of this work
motivated further work with linear/cyclic blends.

While the surface enrichment in blends of linear and branchegzblymers could be largely,
though not completely, explained in terms of e ective potetmals for end and branch points,
the driving force for segregation of cyclic polymers is intesting because it lacks end groups.
Instead, linear response theory showed that because linedrains have a larger con gura-
tional entropy penalty as compared with cyclic chains, theyclic chains are enriched at the
surface by a factor of 2 compared to the bulk composition. SCFgalculations on linear/-
cyclic blends by Hu were in agreement in nding cyclics enhaad by a factor of 1.8 for all
molecular weights [2]. However, while NR results con rmed a dace preference for cyclics
at high MW, at low MW linear chains were actually preferred at be surface [38]. A likely
reason that SCFT fails to capture the preference for linear eins at low MW is the larger

relative importance of packing e ects for small chains.
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Wall-PRISM is an atomistic theory and can capture the packig e ects of the chains at
the surface that SCFT cannot. However, models for the polymehain types and the corre-
sponding intramolecular correlation functiond (r) are required. While the intramolecular
correlation function for a non-overlapping freely jointecchain model had been developed for
linear chains [3], the corresponding model for cyclic charhad not been developed. The
following is my work developing the cyclic model and evaluiaity the needed intramolec-
ular correlation function. Using this model, | present belowny Wall-PRISM calculation
results for comparison with NR experiments, focusing on a lolé of 2 kD linear and cyclic
polystyrene chains that shows a surface preference for theelar component. The rst few

sections describe the polymer models used for the blend.
4.1 Non-overlapping freely jointed chain polymer model

The model for the polymer chain used for the linear and cyclidend is the non-overlapping
freely jointed chain (NFJC) [3]. This model treats the polymer loain as an ideal freely jointed
chain (IFJC) in the sense that successive bonds, each with ctarg and equal bond length,
have orientations that are statistically uncorrelated, e. \freely jointed". However, unlike the
ideal freely jointed chain, overlap of the two beads under nsideration for the intramolecular
correlation function are explicitly forbidden. For long clains, the NFJC has been shown to
be inaccurate when compared with MD simulations [82] , howewx for shorter chains the
results are more reasonable because the intramolecularretations are short ranged. The
NFJC model also has the virtue that no prior chain conformationnformation is required.
The NJFC model was successfully used in the original Wall-PRW& paper [39] for small

4-mer and 8-mer linear polymers.

4.1.1 Linear chain - new derivation of NFJC intramolecular correlati on func-
tions

The 2 kD polystyrene (PS) chains consist of approximately 2€tyrene monomer units,

for both linear and cyclic chains. The PS monomer sites are iheled as coarse-grained
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tangential spheres.

| rst attempted to use directly the model given for the linea Non-overlapping Freely
Jointed Chain by Curro and Schweizer Schweizer and Curro [3Yethiraj and Hall [39],
Schweizer and Curro [83]. The model assigns the intramolémudistribution functions ! (r)
to have their ideal uncorrelated values for distances beydnhe hard sphere diameter for all
non-bonded sites and . Within the hard sphere diameter the probability of overlapmg

con gurations will be zero. Thus

(

()= 0 R r<
' 2)3B  dkdkr(IEdy 0y
for | j 2, where
B @ Joy?
is a normalization factor such that!* (0) 1, and where
Z, Z,
f (K)= Ki dRsin(KR)  dK X Osi (KOR)(S'”(KC) i

0 0

Here | use the dimensionless variables & = r= and K = k . The dependence on the
indices and reduces to one just on the number of links | j between the two sites,
and so we use the notatioh YK ) below to refer to! (K) for | j. See Figure 4.1 for
an illustration of the de nition of . Note thatthe =0 and =1 cases can be evaluated

analytically in k space to give

Po(k) =1 (4.2)
and
r(K) = Sink(:fL) 4.2)

wherel is the bond length between successive monomers dnet  for tangential spheres.

The intramolecular structure factor is then
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which can be rewritten as

X 1 -
N(K) =4 1FIC (K )+ NE N ) (K) (sméK)

=2

)) (4.4)

where!NFIC (K) is the Fourier transform of the intramolecular structure &ctor for the ideal
freely jointed chain model (IFJC), given in Equations 4.5 and .8 below. N is the number

of monomer sites on the chain. Thus we have

MRS )= f) 2@ f2 2N f +2N N+ (4.5)
_ sin(kL)
f= L (4.6)

with L being the bond length between monomers and being the number of monomers
in the chain. Recall that the only di erence between the NFJC andhe IFJC is that in-
tramolecular overlaps are forbidden in the NFJC, but all other spects of the model are the
same. Therefore the second term on the right-hand side (RHS) Bquation 4.4 involves
enforcement of the overlap restriction ir space forr < . This second term in Equation
4.4 can be evaluated using

sin(K)
K

r(K) B (( ) F(K)) (4.7)
where

B @ J)* (4.8)

and

Z . . .
J\(K):Ki 0 dyy(sw;(y)) (smK(K yy) S|nK(K++yy))

with the zero wave vector limit of the latter term given by

(4.9)
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z | .
foy= 2 gy SN0, (S";(y) cos) (4.10)

0 y

Figure 4.1: Example of anN = 10 linear tangential monomer chain where the numbers
indicate the site indices for and . Examples are shown for the de nition | J with
respect to the site indices. Note that the actual conformatioof the chain does not have to
be a straight line, but is shown this way to simplify visualiation of

Equations 4.9 and 4.10 are evaluated numerically. Calcuiats for the NFJC (k) for
short chains of 20 and 2000 monomers were obtained using timethod and compared with
published results from [84]. However, when the above methoasvaltered for cyclic topology
calculation of the NFJC (k) the resulting Wall-PRISM calculations could not be conveged
due to numerical instability.

Accordingly, | tried a new method for calculating the intramdecular correlation func-
tions, described below, solving the freely jointed chain timmolecular correlation func-
tion in r space rather thank space. Then the non-overlap will be enforced directly in
space. The intramolecular correlation functions obey theecursive relationship! .1 (r) =
Rdr°! (r9! 4(r r9 since a chain of +1 sites is formed of a chain of sites connected
by a single bond to another single site. This equation can belged by induction to yield
the following analytical real-space expression for the ir@tmolecular correlation function for

2. (For =0and =1, I use the analytic k-space expressions given above.)
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2
!IFJC (r) — ﬂ;[x ( 1)3 2 rs 1 (411)
2 ( 2 o S
F((x D=2)
( pm H( 2m r)( 2m) 23
m=0 m
F((x D=2)
( o H( 2m r)( 2m) 2%
m=0

where the functionF (x) is the (integer) oor function and H (x) is the Heaviside (unit step)
function. The explicit expressions fot 'F7¢ (r) can be calculated once and saved as input for
further calculation. The non-overlapping (NO) condition isnow strictly enforced in r-space
by de ning the ! NFJI€ (r) to be zero inside the site diameter in Equation 4.12 using ¢hideal

function. (For the ideal freely jointed chain, this step is kipped. )
(

0 r<

RO ey s

(4.12)

The 3d Fourier sine transform is then performed to give thle-space representation for values
of from2toN 1. The intramolecular correlation functiond £k) for either the ideal freely

jointed chain or non-overlapping freely jointed chain canhten nally be calculated using

X 1
Plinear (K) = Ni . = n (C)J;\ = NPo(k) +2(N 1) (k) (4.13)

where the!” (k) is either WFIC (k) or "NFIC (k) depending on the desired model.

Here | compare! fk) for both the ideal freely jointed chain and the non-overlaping
freely jointed chain forN = 20 using the standard Kratky plot in Figure 4.2. The plots are
identical at very smallk but then di erentiate much more for L <k < 5. Itis in that range
that the ideal case plateaus as is expected for a random cothile the non-overlapping case
does not. Fork > 5, the curves for the ideal and non-overlapping cases becopaallel
and any di erence is caused by the enforcement of the non-olapping sites.

The mean squared radius of gyration for each of the two chaiean be calculated to be
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50 — Ideal
...... Non-Overlapping

Figure 4.2: Kratky plot of the Ideal Freely Jointed Chain and tle Non-Overlapping Freely
Jointed Chain for aN = 20 linear chain.
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_(N+1)(N 1) 2

2
Ry 1dear = 6N (4.14)
for the ideal case, and
2 Z 1
2 — 4
RS vo = N ) drr”! (r) (4.15)

for the non-overlapping case Yamakawa [85], which can alse Written in k space as Schweizer

and Curro [3]

33 @N(K)
2 —_
Rino = 28 0 —aK?

(4.16)

Using these expressions, the radius of gyration for thid = 20 linear polystyrene chains
studied here areR**? = 1:82 assuming an ideal freely jointed chain andRj° = 1:89

assuming a non-overlapping freely chain. While they are cksthe non-overlapping form is
slightly larger, which is to be expected from the chain expaion due to enforcement of the

non-overlapping condition.
4.1.2 Cyclic chain - derivation of new model

As mentioned above, to apply Wall-PRISM theory to understandurface segregation in
blends of small linear and cyclic chains, the intramoleculaorrelation function is needed.
Here, | develop the cyclic model as an extension of the prevowork on the linear non-
overlapping freely jointed chain discussed in the previousection. For cyclic chains, there
are no end groups, and so the intramolecular correlation lveten any two sites is determined
by the statistics of the two chain paths connecting the two &s, one of length , and the
other of lengthN . Figure 4.3 illustrates an example of the two paths for the liks between
sites =1land =10.

To account for both the long and short paths described abovéje statistical weight of
the two sites and being at particular positions is given by the product of the tatistical
weights of the long and short paths alone. The statistical wght of one of the paths is given

as that of a linear chain connecting the two sites. Thus we hav
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Figure 4.3: Example of arN = 10 cyclic tangent monomer chain where the numbers indicate
the site indices and . Examples are shown for the de nition of with respect to the site
identities. This results show the two di erent paths of lengh =1 and =9 for the case
of =1and =10.

1RM ()= 1 (D) (1) (4.17)

where! (r) is the function de ned for the corresponding model for ling chains given above.
For instance, for a cyclic ideal freely jointed chain, the gression for! '92 (r) from Equation
4.11 above can be used. This is again calculated for alexcept for =0 and =1, which
are trivial and exactly equal to the linear case. Likewisepf a cyclic non-overlapping freely
jointed chain, the non-overlapping of sites is enforced forR"9 (r) for 2 < N as shown
in Equation 4.12. As for linears, this step is omitted for thedeal FJC case. The 3D sine
Fourier transform is then evaluated for each functior R"9 (r), and the resulting k space
versions are combined in the equation below to give the naksult for the intramolecular

correlation function for a cyclic chain

PRi (k)—ixzr\(k)+NV\(k)+2N'\(k) (4.18)

* Ring _N :2!,\(0) -0 1 .
Notice that in the ring/cyclic formulation the summation goes from =2to =N 2
rather than = N 1. This is because in the ring/cyclic topology, the last situmbered

asN is necessarily attached to the rst site. This will therefoe be equivalent to it being a

second function as in the =1, resulting in a second contribution ofN I;(k) to Equation
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4.18. This approach generated intramolecular correlatiofunctions for cyclic chains that
resulted in stable and convergent Wall-PRISM calculationgor blends . Again, | plot a
comparison between the two intramolecular functions belom Figure 4.4. In the case of
cyclic chains, as for linear chains, at smalk there is only small di erences between the
non-overlapping and ideal cases. However at<lk < 5 there is an even more dramatic
deviation than was seen for linear chains. Fdk > 5, again the two models give curves

which become parallel to each other.

50 — Ideal
...... Non-Overlapping

Figure 4.4: Kratky plot of Ideal Freely Jointed Chain and the NorOverlapping Freely
Jointed Chain for aN = 20 cyclic chain.

The intramolecular structure factors for the linear and cylc chains are compared in
Figure 4.5, with panel A depicting the ideal chains and panel Bepicting the non-overlapping
chains. Forthe ideal case, the linear and ring chains agregk < 0:5aswell asfok > 3:5.
Between 05 and 35, there is a deviation where the ring has more of a peaked port near

k = 1:2 while the linear chain exhibits a plateau there. For the nooverlapping chains
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shown in panel B, the linear and cyclic chains are similar f&« < 0:5. The tail regions for
k > 5:5 have similar slopes but do not match up completely. There &greater di erence in
the middle k value region for the non-overlapping versions of the chaicempared with the

ideal case.

B)
60 60
50 50 — Linear
...... Ring
.40 40
=
:13. 30 30
[S)
~
=20 20
10 10
0 0
0 0 1 2 3 4 5 6
ko

Figure 4.5: Kratky plots comparing the linear and cyclic cha intramolecular structure
factors for A) Ideal FJC and B) Non-overlapping FJC

The non-overlapping freely jointed chain models, which céyre steric packing e ects in
the intramolecular correlation function, will be used as te model for the following sections
for the surface segregation calculations using Wall-PRISMAS mentioned previously, the
non-overlapping model does not do well for large polymersutodoes show good results for

the smaller molecular weight system being tested.

4.2 Wall-PRISM results

With the chain models and intramolecular correlation funcons in hand, | carried out
Wall-PRISM calculations for a blend of linear and cyclic pgimers with parameters designed
to match those studied by NR. The blend is composed of 80% limeand 20% cyclic PS
chains of 20 monomer units each. As discussed in chapter 3,o0prio doing the Wall-
PRISM surface calculations, the bulk PRISM Equations (3.28.27 or 3.15) must rst be

solved. The PRISM equations are solved using a general Pidateration scheme described
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in section 3.1.4, with the PY closure (see Equation 3.18). Ehpacking fraction for the
polymer chains is = 0:45, which gives a site density of:0344 3 for the linear chains
and 00086 3 for the cyclic chains. Unless otherwise speci ed, lengthslivbe reported in
units of  for the PS monomer site. Thus the two chains monomer diameteare de ned
as jinear = cycic = 1. The numerical solution was evaluated on a grid oNgiq = 2048
evenly spaced points with a spacing of r = 0:02 and a spacing of k = = r=Ng;q for
the k-space FFT representation. The Picard iteration was run ith with a 5% mixing ratio,
and run until a convergence tolerance oAFD < 10 ’ was achieved (see Equation 3.24 for
AFD de nition). The results for the bulk intermolecular pair distribution function g(r) are
shown below in Figure 4.6. The packing of cyclic molecules ne& other cyclics shows the
strongest structure, exhibiting sharper peaks ig(r), perhaps re ecting their more compact

and rigid shape.

2.0 |
:' — Linear-Linear
8 . Linear-Cyclic
1.5 : -... Cyclic-Cyclic
E 1-0 ‘m‘-’tuvvl""“."- "
50
0.5
0.0
0 1 2 3 4 5

rlo

Figure 4.6: Bulk pair distribution function from PRISM for a binary blend of 80/20 Lin-
ear/Cyclic Polystyrene with = 0:45.

64



To solve the Wall-PRISM equations, rst the respective asymptotic direct correlation
functions are calculated using Equation 3.42. This is cowgd with Equation 3.44 and the
PY closure for Wall-PRISM Equation, 3.39. This is again sokd using Picard iteration. All
other parameters are the same as those used for the bulk PRISMdlution above, including
the mixing ratio and the AFD tolerance. Theg(r) results for the Wall-PRISM calculations

are shown in Figure 4.7.

rlo

Figure 4.7: Wall-PRISM monomer-wall pair distribution fundion for a binary blend of
80/20 Linear/Cyclic Polystyrene. The origin in this plot indicates the start of the wall, with
r indicating the distance from the wall into the bulk.

The Wall-PRISM results show both linear and cyclic chains eithed directly at the sur-
face when compared with the bulk. Most signi cantly, the lirear polymers are preferentially
enriched over cyclic polymers at the surface, in agreemenitiivexperiments done by the
Foster group [38]. There is also indication of the packing @he polymers at the surface
by the pronounced multiple peaks in theg(r) plot. From the radial distribution plots for a
range of densities, Figure 4.8 shows the emergence of indreapacking as the system moves

from a dilute solution to a dense melt.
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A) p = 0.00095 monomers/ o®

B) p = 0.0067 monomers/ o
— Cyclic
...... Linear
)
0
0.0 0.0
0 1 2 3 4 5 0 1 2 3 4
rlo rlo
C) p = 0.029 monomers/ g D) p = 0.043 monomers/ o
— Cyclic

— Cyclic
...... Linear «.. Linear

g(r)

0.0

rlo

Figure 4.8: Comparison of the same 80/20 Linear/Cyclic Polygene at 4 di erent densities.
The densities are given at the top of each plot.
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While linear chains are always preferentially enriched diclly at the surface ¢ = 0)
moving away from the surface, there are regions where cycbbains are enriched. For
example in Figure 4.8 B, cyclic chains are preferred near=1:5 .

Given that the spatial resolution of NR is limited by the invese of the maximum scatter-
ing wavevector, the experimentally measured surface exsegpresents an integrated excess
over the spatial resolution length. To aid comparison betvem theory and experiment, | cal-
culate the integrated excess of linear chains from the WdHARISM results. The normalized
densities pro les from the surface of both components arelcalated by rst calculating the
normalized density of the two blend component sites by usinidpe bulk density and g(r)

calculated from Wall-PRISM. The excess of the linear compent is calculated as the di er-

ence between the linear and ring normalized densities, j.e. (r) = “:‘j:e’ar(r) CV;;‘;“C(”. A
plot of this di erence is shown in Figure 4.9. A positive valueof  (r) indicates that the
normalized density of the linear density pro les is in excasof the cyclic chain. When the
value is negative it indicates that the density pro le for the cyclic chain will be in excess.
The value of the net integrated excess, IE, is then determidéby taking the integral of the

density pro le di erences over the entire range.
Z 1

IE = dr (r) (4.19)
0

Figure 4.10 plots the net integrated excess IE versus the budlensity. For the lowest
densities in the range of ® 0:006 monomers 3 the cyclic component is actually preferred.
This is likely due to the fact that the cyclic chains are smadlr because of their more restricted
con gurations. At higher densities, the linear chains pacletter at a at surface, and are
then found in increasing excess at the surface until the irgeated excess hits a maximum at
around a density of 035 monomers 2 after which the integrated excess decreases, though

still shows preference for the linear chains.
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Figure 4.9: The di erence in normalized density, with the re@ns in dark gray where the
linear chain is in excess and in light gray the cyclic.
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Figure 4.10: Net integrated excess of linear chains for vargirvolume fractions ().
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4.2.1 Resolution smoothing to compare with experimental density pro les

To compare with experimental density pro les derived from NRthe theoretical Wall-
PRISM results must be smoothed to account for the resolutioof the NR experiments. The
subangstrom resolution of the simulation can be smoothed t@ccount for this to give a
density pro le result at a resolution similar to that of the NR scattering results. The Hann

window method [86, 87] is used to smooth the function using agolution ofkyax = % . For

comparing with experiment, | estimate the diameter of the P$nonomer to be 5:0A.
Figure 4.11 illustrates how the e ect of smoothing the densgjtpro les for both linear and
cyclic chains. The packing structure is washed away by the smothing, leaving behind only

the averaged slight excess of linear over a longer distance.

A) B)
3.0p 3.0
— Cyclic — Cyclic
05 ...... Linear 250 e Linear
2.0 2.0
= -
E1.5 Y 1.5
l 0 1'0 ..........................................
0.5
4 5 6 "% 1 2 3 4 5
rlo rlo

Figure 4.11: Wall-PRISM density pro les for linear and cyck blends at = 0:45, A) without,
and B) with smoothing using the Hann window method.

The smoothed Wall-PRISM density pro le for linear chains a& compared with the ex-
perimental NR results in Figure 4.12. The black lines indicatéhe density pro le for the
linear chains. While they do not match exactly, there is quatative agreement on width and

magnitude of the excess density of linear chains.
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Figure 4.12: Comparison of linear chain density pro les withdepth, z, of a linear/cyclic
blend. Black: NR of the free surface of a blend, Red dotted: swihed Wall-PRISM theory
of a blend next to a hard wall. Note in the NR pro les, the densityfalls to the left, as
expected for a free surface.
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4.2.2 Soft wall derivation

The previous calculations assumed the polymer blend was iontact with a perfectly
hard wall. This is an approximation meant to capture the freeenergy penalty of monomers
being found beyond the interface with a substrate (due to ste/repulsive exclusion) or
beyond a free surface (due to a loss of cohesive energy). Hakein experiment both the
polymer/substrate interface and polymer/air surface willlikely allow for some penetration
of the polymer beyond the nominal boundary. To account for s | can modify the Wall-
PRISM closure approximation with a \soft" quadratic potential, characterized by a sti ness
S, rather than a hard wall potential, as depicted in Figure 4.13

8 H
3S(52) z< (%)

V(Z)wal=chain = _ 0 3 z %) (4.20)
Ts(2x)? 2> (H)
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zlo

Figure 4.13: Soft wall potential compared with hard wall in nite potential. The start of the
walls is at H7 whereH = 30. See Figure 3.4.

Here | solve the Wall-PRISM equations for a soft wall potentlausing the PY closure.
Recall that for Wall-PRISM the closure is de ned in Equation3.39. However, this closure is
de ned for an in nitely hard sphere. Using the full de nition of the PY closure in Equation

3.17, | can apply the PY closure to the quadratic \soft" wall ptential. In the Picard solution
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schemeC, (z) and g\ (z) are related through the function , (z) by
gw ()= w(@)+ Cp(2) (4.21)

| can then use the full PY de nition (see Equation 3.17) for tle direct correlation function

for the chain/wall site
Cw=(1 e D)gyu(2) (4.22)

where (z) = V (Z)wai=chain - | can then use the de nition of C, (z) in Equation 3.40 and

Equations 4.22 and 4.21 from above to get the following relahship
Co(@+Cht @=01 e D) w(@+Cph(2) (4.23)
That can be simpli ed to give
Co(@= w@e @ 1) c&! (e @ (4.24)

| can double check that using this relationship will give ushe PY closure used in the

Picard iteration and de ned in equation 3.47. Using the hard ail potential

8
21 z< (%)

V(2)sittwan = J0 & z D) (4.25)
1 z> (H?)

| nd that in between the two walls(jzj < %) Equation 4.24 becomes

Co(@= w(@(E 1) Ci ' (2)¢€ (4.26)
which simpli es to

Co(@= w(@@ 1) CT' (21

Co(@= C4' (2) (4.27)
Outside the two walls (zj > %), Equation 4.24 becomes
Co(@= w(@(et 1) CT* (29€!

which simpli es to

Cr(@= w(@0O 1) CT' (20
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Chr@= w( (4.28)

The two conditions in Equations 4.27 and 4.28 match our Picdriteration closure de nition
for hard walls from Equation 3.47.

A base stiness value ,S, of the wall in Equation 4.20 needs to be determined for
calculation of the wall-PRISM closure. 1 will nd the minimum value of S for the soft
potential in Equation 4.20 and Equation 4.24that will repraluce the results for this rst
iteration of nding C, (z) for the fully sti wall, calculated using the analytic PY closure in
Equation 3.47 and the HS potential in Equation 4.25 , to withima tolerance of 10*2.. The
\base" level of sti ness is then reduced to, in e ect, softerthe wall. | found the minimum
value to replicate the true HS potential to beS  65000. To show how the magnitude
of the stiness value, S, changes the Wall-PRISM closure | have shown a comparison in
Figure 4.14. The largerS value indeed reproduces the sti wall results while the smigr
S value deviates neard. This also will happen at % however for clarity only part of the

C, (2) plot is shown.

The quadratic potential is de ned below where is still the monomer diameter andS
sets the sti ness of the wall. As mentioned previoush$ = 65000, is used for a completely
sti wall.

The radial distribution functions for both cyclic and linea chains are plotted in Fig-
ure 4.15 for a range of sti nesses. Even for a reduction of 90%s S = 65000 andS = 6500,
the change in the RDF is not substantial as the lines for bothra very similar. However, the
in uence of the softer wall forS = 6500 is visible as theg(r) is non-zero at just less than
r = 0. Looking more broadly there is evidence for chain penetian into the wall especially
when comparing the \softer" potentials. The peak height esgzxially for lower values ofS
are smaller and the peaks themselves are broadened with e&sing softness. The peaks

also shift left as e ectively the wall is shifting left with the softer potential. with the softer
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Figure 4.14: Wall-PRISM of Cn, and Cgpwhere A and B are the cyclic and linear chains
respectively for the initial Picard iteration step to show bange in wall-PRISM closure for a
soft wall. The black line indicates a hard wall is enforced extly, the gray dotted line shows
where the soft wall approximation is made to act like a hard whand the red dotted shows
a true soft wall.

potential.

Figure 4.16 plots the net integrated excess of linear chains asfunction of sti ness

showing that lower MW linear chains are still preferred at tke surface even of soft walls.

Over all the range of sti ness values there is only about a 10%&duction in linear excess.
There is however a sharp drop-o at arounds = 5000 down to S = 325. Values ofS < 325

were tried, however | was unable to get convergent Wall-PRM calculations.

4.3 Summary

Wall-PRISM theory is applied to a study of small molecular wight linear/cyclic polystyrene
blends. This work was motivated by both NR experiments and SCF3$tudies of architectural

e ects in surface segregation of binary polymer blends.
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Figure 4.15: Panels A) and B) are the cyclic and linear Wall-Pginer g(r) results respectively.
These plots show a range of sti nesses.
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Figure 4.16: Plot of integrated excess of linear polymers airgace vsS for reducing sti ness
of wall.
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A new cyclic model was developed based on the NFJC model of linedmains. Also,
a new computational method was developed for calculation @fie intramolecular radial
distribution function for both linear and cyclic chains tha allowed for convergent Wall-
PRISM calculations. Wall-PRISM calculations were performd for blends of linear and
cyclic polymer chains both of 20 monomer units. In agreememith experiment, and in
contrast to SCFT, Wall-PRISM calculations showed preferemcfor linear over cyclic chains
due to packing e ects. Also, Wall-PRISM calculations showedreference for the linear chains
directly at the surface as well as further from the surface ev a range of densities. Only for
dilute systems did cyclic chains show a preference when caripg the integrated excess.
For the dilute systems the size of the polymer chains likelyall a greater in uence than
packing leading to preference for the cyclic topology. Liae chains were also shown to still

be preferred at the surface even for systems with soft walls.
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CHAPTER 5
MULTI-SITE TWO-CHAIN

The following section presents my work to develop a method talow Two-Chain SC-
PRISM to work with molecules and polymers with more than oneite type. While the
motivation for this work is to eventually apply it to polymer systems, the development
done here is only on small molecules. In the strict sense, tiverk in this chapter is Two-
Chain SC-PRISM theory for small molecules but the method wibe applicable to polymer
systems as well. As a note | will usually refer to Two-Chain SERISM as \Two-Molecule
RISM" or just \Two-Molecule" in most of the work done in this chapter as the term \chain”
typically refers to polymers. \One-Chain" or \single chairimolecule" refers to the prior
SC-PRISM theory that only considers one molecule or polymehain. This chapter will
illustrate the divergence problem of moving to multi-site Wwo-Chain SC-PRISM and my
method for overcoming the divergence. | will then validateradl assess the performance of
the Two-Molecule method against large molecule simulatisffMD or MC) and One-Molecule
SC-PRISM for several small molecule systems. These incluathermal dimers and trimers

as well as testing attractive potentials of Lennard Jones diens and trimers.
5.1 Two-Chain SC-PRISM numerical hurdles

As mentioned previously, the preliminary Two-Chain SC-PRIBI work of Li and Wu [7]
had shown improvement over the single chain SC-PRISM ressilespecially for short range
correlation results (see Figure 2.6). However, the Two-Chamethod was only applied to
small homonuclear dimers and polyethylene polymer chaing which all the site types are
identical. By having only a single type of site interactionthe RISM/PRISM Equation 3.15,
reduces from a matrix to a scalar equation.

As an example of a multi-site system, | consider a modi catiof a simple homodimer

system used by Li in developing the scalar Two-Chain theory.illustrate here the nature of
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the numerical hurdles, namely strong divergences at low wawector, that occur with naive
direct application of the scalar Two-Chain SC-PRISM methodlogy to a multi-site system.
The dimers have a hard sphere diameter of = 3:93A, with a bond length L = 3:93A
and packing fraction of = 0:40. These sizes were chosen as they correspond to the size of
monomers and bond lengths used for the polyethylene chainghis results in a molecular
density of pimer = 0:006293A 3. This dimer can be made into a multi-site model and
compared with the scalar results by leaving all other attribtes the same and only altering
the site label (see Figure 5.1). For the homodimer, the dengibf sites iIS o = 2 pimer -
For the heterodimer, the site densities used in the matrix fon of the RISM equation are
pmer = A = p. The number of discrete points used idNgig = 2048 that are spaced
r =0:1A apart, giving a value of k= =( rNg;q) for the grid spacing in Fourier space.
Because the bond is of xed length! (k) is known exactly and given by the following relation

for the homodimer scalar version:

rk)=1+ Sink(tl‘) (5.1)
and
_ 1 sin(kL)
"= sink) 1 (5.2)

for the heterodimer version.

Homodimer Heterodimer

Figure 5.1: The single-site type homodimer model, and the ecesponding equivalent multi-
site heterodimer model used in the scalar and matrix Two-Metule SC-PRISM thoeries
respectively. These correspond to the same physical molegwhen B di ers only as a label
but in no physical property.
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For a review of the Two-Molecule scheme see section 3.4.2.giBaing with an initial
guess ofC(r) = 0, the resulting solvation potential is W (r) = 0. This is used as input into
the two-molecule simulation to giveH sim, (r). The resulting CNeW(k) is calculated using 3.70.
Below | show the results in Figure 5.2 for this calculation p&rmed using the scalar form of
the equations where only one site type is used, and the matrfigrm where the A-B site type
interactions are allowed. When comparing panels A) and B) in Fige 5.2 the divergence
in €(k) in the matrix (multi-site) form of the Two-Molecule theory is clearly evident for

k< O1A.

A) B)
100 H 30000
' . ! T
20000f: AB/BA
H BB
10000 ‘\ — Scalar
g \
: o—=
-10000} |
-20000f ;
-30000L:
=300 0.1 0.2 0.3 0.4 0.5 0.6 0.1 0.2 0.3 0.4 0.5 0.6
k(AT k(A™)

Figure 5.2: Plots showing the numerical divergence appeagiin € e (k) for the rst itera-
tion in solving the Two-Chain SC-PRISM theory when using thdneterodimer model matrix
form compared with the homodimer scalar form. These resultse for an initial guess of
C(r) = 0, and thus zero solvation potential. A) is zoomed in to showhat the scalar and
matrix results agree for largeik . B) shows the scale of the divergences at ldw

To understand why the divergence occurs, it is important to ote that in the process
of solving for € yew (k) using the RISM/PRISM equations, a matrix inversion is utilzed as

mentioned previously. Here is the explicit expression for &2 matrix inversion below.

a b
M c d (5.3)
1 d b
1 [
M iMj cC a (54)

where
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iMj ad bc (5.5)

is the determinant of the 2x2 matrix. Because of the initial gess ofC(r) = 0, the initial

calculation of € yew (K) is simply given by the expression
Crnew(k) = " YA K" (k) (5.6)

In Figure 5.3 | plot the determinant j"*(k)j and show that the resulting function approaches
zero ask ! 0 leading to a divergence i (k) at small k because the inverse leads to a
prefactor of I=j"(k)j . Analytically, this divergence is not a problem because thidivision
by zero is canceled by the low wavevector behavior Bf(k)  O(k?) in the calculation of
Cnew(K). However, numerical simulations will have noise present ifi (k) as a result of
imperfect noisy sampling. This noise is O(1) and not O(k?), and is therefore ampli ed
by the divergence in™ (k) when put into the PRISM equations. To understand the nature
of the e ect by the simulation noise | looked at the series exgmsion of thek-space matrix

inversion with the expansion of the simulation results useith A (k).

1.0

0.8

— 0.6

(k)

<3
— 0.4

0.2

0.0

0.0 0.5 1.0 1.5 2.0
k(A™)

Figure 5.3: Plot of the determinant of the intramolecular stucture factor for the heterodimer.

The following results were calculated in Mathematica and uized the Series[] function.

One of the bene ts of doing the analysis in Mathematica is thahere are internal algorithms
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which will collect the power terms from the multiple matrix nultiplications in the calculation.
This problem would be signi cantly more time consuming to dee completely by hand
without the use of a symbolic mathematics program. First, | ealuate the series expansion
of the intramolecular structure factor for the dimer. RecdlL is the bond length between

the sites.

2] 2 4) 4 6] 6
1 1 k<L + k4L k°L
1 k2L2 + K4L4 k6L 6 6 1120 5040 (57)
6 120 5040

M (k) =

The Taylor series expansion for the total correlation funabn is

A(k) =
@ oKz AD okt A (@)K @ oKz AD Okt A® @)k
fan (0 + BR0L B2 O, BROK (g, L, IO, BROC T
A (k2 4 6 A% k2 | AL ©Ok* | AL (0)KS '
Ao (0) + Mo T 4 habelc 4 b figp (0) + Tee DI 4 B O 4 T 3

In this context the superscript in parentheses, for instarec(2) in ﬁfj\ (0), indicates the second
derivative with respect to k. Using the series expansion deitions in Equations 5.7 and 5.8
as well as Equation 5.6C yew (K) is calculated. Each of the 4 matrix components@,';',fw(k),

New k), Chew (k) and CNev (k)) will be displayed separately for readability.

éAA (k) = 9(fian (0 fins (?()4|4ﬁBA (0)+ figs (0)

3 812fian (0) 312Aag (0) 312figa (0) 212Agg (0)+15 AY) (0) 1502 (0) 15AE (0)+15 AL (0)
TOKZT +::0 (5.9)

CAB (k) = 9(hiaa (0) fing (?()4|4ﬁBA (0)+ figg (0))

3 312fian (0) 812Aag (0)+2 12figa (0)+3 I12Agg (0)+15 AY) (0) 1502 (0) 15AE (0)+15 AL (0)
+ (510)

éBA (k) = 9(hiaa (0) fiag (?()4|4ﬁBA (0)+ figg (0))

3 312fian (0)+2 12Apg (0) 812figa (0)+3 12Agg (0)+15 AY) (0) 150D (0) 15AE (0)+15 AL (0)
10k214

(5.11)
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Cog (k) = 2aa @ fias O fioa 0+ s (@) 4

k414

3 212faa (0) 312fias (0) 312fga (0)+8|2ﬁBfo(ka)|:15 A2 ) 150@ (0) 1502 (0)+15 A% (0) v (512)

The resulting matrix elements contain terms withk # andk 2 as well as higher order terms
present. In the case of a perfect simulation without noise #se terms should have zero
contribution. The zero wave vector values for the total coelation functions, e.g. fiaa (0),
in the the k # and k 2 are such that they cancel leaving th& 4 and k 2 terms at smallk
with no contribution. | then analyze on the discretized grichow the smallk values a ect the
divergence in terms of their magnitude. The smallest value used in my discrete system is
k; = 0:0153A 1, which means thatk, * = 1:806 10’A*. Figure 5.2 B) shows a similar order
of magnitude in terms of the lowk divergence. There is likewise a similar, though smaller,
contribution to the divergence from thek 2 terms as well that are on order of 10 Inspecting
the k 4 term for all the matrix elements in Equations 5.9 through 5.2, a requirement is that
fan (0) Aag(0) fga (0) + Agg(0) = 0 in order to eliminate the contribution of the k 4
portion. This requirement is enforcing the stoichiometry bthe system. In the limit of
a perfect simulation (which would give the exact values of thcorrelation functions), this
condition would be automatically satis ed. A slight deviaion from satisfying this rule will
result in a divergence irC yew (k). The same line of thinking is then applied to thek 2 terms,
resulting in further, larger equations containing higher ater terms (ﬁf,l (0) etc.) that must
all be satis ed simultaneously.

The resulting equations, for the heterodimer case, that mube satis ed to remove the

spurious divergence are the following.

(ﬁAA 0) fias 0) figa 0) + fiss 0)=0 (5.13)

812fian (0) 31%Aas (0) 31%Aga(0) 22Ags (0)+15R2) 1572 (0) 15ﬁ<522\(0)+15ﬁ§g(c2):o)
5.14
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312fian (0) 81%Aag (0)+21%Aga (0)+31%Ags (0)+15AZ) (0) 15H2 (0) 15H2) (0)+15A% (0) = 0
(5.15)

312fian (0)+212ha5 (0) 81%Aga (0)+31%Ags (0)+15AZ) (0) 15H2 (0) 15H%) (0)+15A% (0) =0
(5.16)

2%fian (0) 312fiag (0) 3I2figa (0)+812Ags (0)+15AL) (0) 1502 (0) 15HE) (0)+15A% (0) = 0
(5.17)

To summarize, | have identi ed a set of equations, based onédhseries expansion cﬁNew(k)
and using 5.9 through 5.12, that must be satis ed to elimina the divergence.

These equations are automatically satis ed for the exact &dions, but nite simulations
introduce noise in the numerical intermolecular correlatin functions,fi  (k), that produce a
spurious low wave vector divergence in the theory. For ingtae, for a symmetric heterodimer,
5.13 implies that all matrix elementsh (k) are equal. However, for Figure 5.2, the simulation
produced numerical value$iaa (0) = 694922, fiag (0) = Aga (0) = 694743, andhigs (0) =

692260 that are not all equal. This di erence results in a non-ze coe cient for the k 4
term sincefiaa (0)  fiag (0)  figa (0) + figg (0) = 2:30477. Using these values, the rst term

in the equation for Caa (K) is

9(ﬁAA 0) fiag (0) figa 0) + figs 0))

a7 =157 10

consistent with the divergence magnitude seen in Figure 5.2.B'he other matrix elements
have divergences that are similar in magnitude, though sotmaes negative.

The expansion explains why the divergence is present andathows a way to correct the
problem. The origin of the problem comes from using noisyspace simulation data, however,
all the equations are written in terms ofk space total correlation functions. The task then
is to remove the noise appropriately from the simulation dat One can take advantage of
the mathematical relationships between the zero wave vectof the Fourier transform of a

function and the function in r space function, speci cally
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ﬁmF4RHM(m2

@)= 4 5 dh (r)r*

A®@©)=¢ " dh (r)r®
A®0)= ¢ 5 drh (r)r®

7
A®©)=¢ ;5 drh (r)rt° (5.18)

This means that | can control the values ofi (0), (@ (0), ... etc to correct them and have
them cancel by addressing the simulation directly im space. One thing to note here is
that the k 4 and k ? conditions are not all linearly independent. Also, for the e of the
symmetric heterodimer,hag (r) = hga(r) , and the 5k 4 andk 2 conditions can be reduced
to 3 linearly independent equations.

My initial attempts at controlling this divergence by controlling the h  (r) integral value
were to piece on a tail that would decay to zero for large Figure 5.4 depicts the addition of
a tail to the simulation data. The working hypothesis motivaing the addition of a tail is that
the simulation is doing a good job capturing the correlatioriunctions at shorter distances,
and it is rather the missing correlation functions at longedistances that result in the zero
wavevector values ofi (k) to be unequal. Thus the correlation functionh (r) consists of
the raw simulation data up to a maximum distance, which can baumerically integrated
using a polynomial interpolation, followed by an analytic &il, which can be analytically
integrated. | assumed an exponential decay form for the t® tails. This results in 3
exponential tails e ' with prexponential coe cients aa, as, and gg and exponential
coe cients of 1, , and 3. These 6 parameters are determined by a least squares t ofeth
3 tails to the data over a limited range, subject to the non-adergence constraints of the 5
Equations (5.13, 5.14, 5.17, 5.15 and 5.16) that can be reddcto 3 linearly independent
equations. Figure 5.4 A) shows the range of data, plotted in grm, used to t the tails.
Figure 5.4B) shows the use of the t tail in place of the noisy da at the highest values of

simulated r and beyond.
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Figure 5.4: Method for modifying simulation data to satisfy on-divergence constraints.
Panel A) shows an example of the points selected for tail ttig and B) shows application
of the tail tting.

This method proved to only work in a number of limited cases ahoften resulting in
plots that looked like Figure 5.5 There would be a small to modate reduction in divergence
at low k values for the newly calculated (k), however, not su cient to completely remove
the divergence. After looking at how the method attempted to ark it becomes obvious why
this method is a awed approach. The basic idea is to take theumerically problematic and
uncontrollable simulation results at smaller values and x it with a fully tunable function
for larger r values with the tail t. As mentioned previously the terms fi (O);ﬁ(z) (0) and
similar terms are divided into two portions for the equivalat r-space integral. In terms of
their contribution to the integral 4 Rol drh (r)r? , the tail portions were found to only
contribute about 0:09% of the total integral value. Because so little of the totaintegral
value can be adjusted by the tail it just isn't always possild to make up the di erences
caused by the simulation with the tail portion alone. Using tls method resulted in ill tting
tails that lead to unusable, unphysical results. Dierent aproaches were tried including
extending the tail section to encompass more of the total iagral, however, most attempts
resulted in either continued divergences it (k); or results that fundamentally changed the

new € (k) too much when compared with the scalar results.
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Figure 5.5: Poor tail tting as a result of trying to satisfy k 4 and k 2 conditions using only
the tted tail parameters. The system is a hard sphere hetedimer outlined in section 5.1,
with system parameters of o = g =3:93A, and pimer = 0:006293A 3.

The conclusion from these studies is that the dominant conbution to the simulation
noise leading to the unphysical divergences i@ (k) are not from the correlation at large
distances, as originally hypothesized, but rather at smalind intermediate distances. The
next section describes a method to appropriately project vthe noise from the simulation
data at small and intermediate distances to overcome the nwarical hurdle associate with
divergences inC (k).

5.2 The \tweaking" method to project out unphysical noise from simulation
correlation functions

The previous section involved my initial attempt to use a tted tail function to correct
the two-molecule multi-site numerical problems and showethat correcting the tail was
not su cient to correct the A (O);ﬁ(z) (0) :::etcterms to satisfy thek “and k 2 conditions
su ciently and consistently. | have developed a new methodhat will modify the simulation
data itself but in such a way that it remains relatively una ected, in keeping with the concept
of only ltering out simulation noise. Because so much of thealculation of the integral relies

on the magnitude of the smaller region ofh (r) from the simulation, this new method
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will take each discrete point from the simulation and modifyit very slightly. These slight
modi cations, it is hoped, will leave the results true to theoriginal simulations while having
a pronounced e ect on the calculation of the zero wave vecteomponents. Since this section
involves matrices with many entries and lengthy mathematal expressions that are di cult
to write in the limited space of the page, the reader is refexd to C.2 for more detail, as it
contains the actual software for the system tested in sectic.5.2.

Because | will be modifying many of the simulation points, iis more useful to used
the trapezoid method of numerical integration rather than plynomial interpolation. The
trapezoid method is shown in the following equation.

ZB X1

() DEED+2 £+ (1) 519

A i=2
whereh = r is the grid spacing andn = Ngig is the total number of discrete points

used. Each of the termdi (0); (@ (0):::etccan be expressed numerically in terms of this

approximation as de ned below.

A =4 L(h (r)r2+2" Lrh (r)r2+h (r)rd)

A®©0)= % -I(h (rl)r1‘+2P{L;h (rri+h (ra)rd)

A®©) = 4 -~ (h (rl)r%°+zpi”=;h (r)ri+h (ra)ri (5.20)

The remaining terms are not shown in the interest of claritybut can be found by the same
method using Equation 5.18.

The simulation data are now modi ed by the addition of small clanges, or what | call
a vector of \tweaks", over a range ofr. There are no tweaks made inside the hard core
overlap distance, since for perfectly hard spherés (r)=0for r< 1=2( + ). Thus the
rst point to be tweaked is at a distancer; that is just outside this region. Tweaks are then

made on the simulation data up to where the actual simulatiors cut-o and the single chain
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SC-PRISM PY solution is pieced on.i = S will indicate the index where the \tweaking"
segment starts andi = P will indicate the index for when the tweaking range stops for
each respective pair. These values will not necessarily be the same for all (r). | then

rewrite my integrals from Equation 5.20 for thehi (0) and other terms as

B ©=4 L(h (Or+2" S, h (r)r2+2 Fo (h )+ d )2+
2" 0 e h (1))

P P .
A%0) = 4-t(h (ro)rg +2 S, th ()42 g (h (r)+d )i+
20 Loah (rri+h (r)rf)

P P |
A90)= L r(h (rrio+2 S, tho(ryri+2 Sg (h (r)+ d )ri®+ (5.21)

20 Toah (ri®+h (r)rio

where the underscore ifi (0) indicates that a tweak of magnitudeq (sometimes abbre-
viated g below) has been added to the original simulation valués (r;). See Figure 5.6 for
an illustration of the addition of tweaks. As above, the omited terms above can be found
using the same method.

| can now rewrite the equations setting thek 4 and k 2 coe cients to zero for dimers
(Equations 5.13 - 5.17) using the respective trapezoid sunation de nitions with the addi-
tional tweaking constantsq found in 5.17. Because of the sharegl values between di erent
k 4andk 2 non-divergence conditions, the entire system representsirgear set of equations
and can be written in matrix form. Note that ‘™ (0) denotes them-th derivative with
respect tok at k = 0. (The m = 0 case is justﬁ (0).) Equations 5.13 - 5.17 are then
rewritten as such below. For the resulting matrix the rows aoespond to thek 4 and k ?
conditional equations and the columns indicate the respee¢ h (r) used in the integral.

The system of equations to solve to nd all theg values is shown below.
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h(r)

Figure 5.6: Proposed new method where each valuehff;) in a range receives an additive

\tweak" ¢.

The tweaks can be positive or negative. The blue circles rgsent the raw

simulation data, h(r)aw, and the black arrows represent the addition of tweaks.

ﬁAA 0) ﬁAB 0) ﬁBA 0)+ ﬁBB (0)=0

82Ap0 (0) + 15Ra (0)  312R,g (0)-15A%s (0)  312Aga (0)-1800A (0)
212A45 (0) + 15A2 (0) = 0

312App (0)+15A5n (0)  812Ang (0)-15Ass (0)212Aga (0)  15Acn (0) (5.22)

+312A55 (0) + 15A%2 (0) = 0

2A2fpp (0)+15A5n (0)  312Ang (0)-1502 (0)  312Ag, (0)  15hga (0)

+812A55 (0) + 15A%2 (0) = 0

These equations can be simplify by noticing that in Equation 5.21, the original raw

h (ri) terms can be separated from the tweaking terms and taken over to the RHS. For

example, the rst equation in 5.21 can be rewritten to have sarate sums for theh (r)

and g terms:
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A =4 S(h (r)r2+2 5, th (rrz+2' Do (h (r)r2+
P 2 P n 1 2 2
2 o @rf+2  iZp b (r)ri+ ho (r)r)

Notice that this separation leaves the original trapezoidahtegral de nition of i (0) with
the addition of the sum term of unknowng values, i.e.
i ©@=h O+ r 4 (4 )a)r? (5.23)
i=S
Likewise, the otherA"™ (0) can be found using the de nitions ofi"™ (0) the A™(0), and
moving the analogous terms of Equation 5.22 to the right handide (RHS). | de ne the

results for each RHS below:

RHS; = (ﬁAA 0) fiag 0) figa 0) + figs )= r

(5.24)

RHS, =  (812Aa (0) + 1502 (0)  312A,5 (0)
-15h 2 (0)-312figa (0)-15R%) (0)  212figg (0) + 15A (0))= r (5.25)
(5.26)

RHS; =  (312Aaa (0)+15A (0)  812fisg (0)
-15h2 (0)+212Ag, (0)-150%) (0)+3 12Agg (0)+15A% (0))= r (5.27)
(5.28)

RHS,= ( 22Aaa (0)+15A2 (0) 312A,5(0)
-1502 (0)-312figa (0)-150E) (0) + 812fgg (0) + 15AE (0))= r (5.29)

The left hand side (LHS) then becomes only the terms with the Wmown ¢ constants. Thus
the equations above can be cast into matrix form. Because difet large number of elements,
the matrix is condensed to t reasonably on the page. The cahins with ... indicate the
rest of ther values in the series from the equations and are de ned exptlg later. The :::
in the fourth column indicates are therga columns that were removed to save space but will

follow the same pattern as the others.
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4§ s 4 rg s rs.,
812rd + (4 ), o 3% 215( 4 )rd. i 2( 4)rd 2A%E
A2rd  + (4 )rd o 82 215( 4 )rd o 3%rd o+ 2( 4)rd
A%c3 + (4 )rd o 313 Z15( 4 )rd o 12rd + 2( 4 )rd
(5.30)

Each entry in this matrix is actually a compact form that will be expanded into more

columns. For example, the rst entry in the matrix 4 rgAA + expands to
2 2 2
4rs, 415, 0 4TE,
and the lower right corner of the matrix for the entry |2r§8B + %’( 4 )r‘S‘BB - expands
to
2,2 15 4 2y 2 15 4 2¢2 15 4
| rSBB + ?( 4 )rSBB I rSBB+1 + ?( 4 )rSBB+1 S rPBB + ?( 4 )rPBB

with the rp,, terms being the nal column.

Each collection of columns for a given pair will have P S +1terms. So for the
A B dimer system being considered, the resulting matrix will hee Q total columns (see
Equation 5.31 below) and in this case four rows, however, thember of rows is determined by
the number of equations needed to solve the equations eliraimg the k " type divergences.
Q also de nes the number of elements in the \tweaking" vector.The matrix de ned in
Equation 5.30 can be represented in a more compact form by stibuting R  for all the

rs terms above.

Q=(Par San)+(Paz  Sas)+(Psa Sga)+(Pes Ses) (5.31)
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2 3
s

Osan +1

(bAA
qSAB
R 3

o : RHSl

Raan 0 Rag i Reg i é e _ @ RHS; é
i 2197 h O, RHS3

Raa 0 Rag i Reg i Osgp +1 RHS,

(5.32)

quA
%BB
qSBB +1
qDBB
This set of linear equations is underdetermined since theage more variables than equa-

tions. To solve these linear equations with minimum tweak ngmitudes, | use the Moore-

Penrose pseudo inverse: A linear system
AXx=Db
can be solved to give a solution vector
z=A"b
where A™ is the pseudo inverse o such that
kzk, k xk,

and kk, is the Eucledian norm. This gives us a solution that is the mimum solution to the
under-de ned problem. Therefore theq vector components solved in this way to satisfy the
k " conditions will be the smallest of all the possible solutian

| tested this tweaking method on the same system in Figure 5.6rfwhich the tail tting
scheme failed. Using this tweaking method successfully eiirated the divergence in€ (k)

divergence (see Figure 5.7), and moreover passed the testagfroducing the scalar version of
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the Two-Chain theory as a benchmark, as it should for symmatr heterodimers. However,
it is necessary to determine how much the \tweaking" vectorsi changing the results from
the raw simulation data. Figure 5.8 A) - C) shows the change of éhh (r) from the raw
simulation data to that of the simulation data with the tweaking vector added, which | call
the \ xed" data. Rather than the points being shifted in any direction the points all seem
to shift one direction or another. This is something that is bserved upon repeated testing.
Typically the AA and the BB will shift in the opposite direction of the AB=BA data. The
individual tweaks moving in the same direction is consistémwith how the pseudo-inverse
works. If the points were shifted in arbitrary random direcions, the individual tweaking
values would have to be larger overall since shifting 2 adgt points in opposite directions
would have a smaller e ect on the overall integral than two agcent points moving a smaller
amount in the same direction. Doing very small shifts in theasme direction can satisfy the
optimization constraints of thek " conditions while changing the overall plot very little in
keeping with minimizing the Euclidean norm of the resultingweaking vectorgq. A more
helpful look at the application of the tweaking vector to theresulting xed h (r) data is too
look at the di erences in terms of the respectivé*u (k) since this is what is being applied
to the PRISM equations to giveCyew (k). Figure 5.8 D) shows the di erence between the
raw and \ xed" fi (k). For all the respective  pairs the largest di erences come at low
wave vectors. This is consistent with where th€y.w (k) was previously showing divergence.
At longer wave vectors the di erence approaches zero indibag that the tweaking vector
technique is targeting the correct part of the simulation d& for correction.

While the initial iteration showed promise in correcting thedivergence, as seen above,
further iterations showed numerical instability. Using smbk mixing fractions only delayed
computational problems. Testing indicated that the tweakig vector method was working
correctly upon each iteration, and so likely the problem wasith the Picard solution scheme
itself. To address these numerical problems associated hvithe convergence scheme, an

alternate method for solving the Two-Molecule theory was esl and is outlined in the next
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Figure 5.7: Cyew (k) from multi-site Two-Chain theory using the \tweaking" method for the
rst iteration using identical conditions as those in Figure5.2. A) shows elimination of the
low-k numerical divergence, and good agreement with scalar Twdy&ln theory B) is zoomed
in to show the match.

section.
5.2.1 Alternate self-consistent scheme

An alternate to the Picard iteration method based on convergee in €(k), used for
solving the Two-Chain PRISM theory, was developed by Donlest al. [75, 88]. First a new

function, " (k), is de ned to be
"= @ "KCsur (k) Csan (k) (5.33)

whereCStart (k) is either the initial guess or the result of the previous itation. Using the

RISM/PRISM Equation 3.15, Aprism (k) and € siar (K)S(K) € start (k) can be written as:
Aprism (K) = “(k) " (k) " (k) (5.34)
éStalrt (k)é(k)CStart (k) = éStart (k) " (k) (5-35)

The results from equation 5.35 can then be used with the desit solvation potential de nition
from table Table 3.1. The results from the simulation with ths solvation potential can then

be used to nd B simyiation (k). The change in the direct correlation function is then foud
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with the following relation
Ck)= "(k) "Hsm(K) () * " (K
The new guess for the direct correlation function is then gan by
Crew(k) = Cstan (k) + a( €(K)

The parametera is used to improve convergence by reducing the e ect o€ (k). A typical
range for the values used in this thesis is@5< a < 0:05. The total computational method

is outlined in Figure 5.9.

Crev(D

New

Apply “tweaking” vector

C,.. (0 from
C._(r) and 6C(r)

Start

[

AFD < 10°

Figure 5.9: Alternate iterative Two-Chain solution scheme usg method from [75, 88] and
including tweaking vector step. AFD is the Average Fractional Derence.

After utilizing the new convergence scheme, the numericakises for multiple iterations
went away and the calculations were much better behaved. Thmlution scheme was run
to convergence and compared with scalar results for an ides@l system from the original
Two-Chain work on homonuclear dimers [7]. A comparison is @ln in Figure 5.10

A small issue was discovered with my code where normalizatiof my simulation data

was 0 by a single index. This resulted in small non-zero padn of the h(r) for r= > 1.0.
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Figure 5.10: Comparison of symmetric heterodimer intermatalar correlation function, h(r),
using the multi-site two-molecule theory with the equivalet homodimer solved using the
scalar Two-Chain theory. The x-axis corresponds to divided by the hard sphere diameter
of the sites ( = 3:93A).

Some of the simulations in the thesis have this small error. Aaort has been made to
correct these and has shown only minor changes in the result$ will make the reader
aware of any results that contain this error. Additionally, vork done on the original two-
molecule scalar theory [7] incorporated LJ in addition to tb hard sphere potentials. A
natural attractive homonuclear dimer system to study is macular nitrogen. Here | use
the molecular nitrogen system as a proof of concept for thisufti-site Two-Chain theory
and method of solution with a LJ potential. The results can beseen in Figure 5.11. The
molecular nitrogen system is modeled as a multi-site hetationer, but in name only with no
physical properties di erences between the two sites, justs my initial hard sphere system
was. All the parameters are kept such that the system can be cpared with results for the
equivalent homodimer system using the scalar equations. Mypproach will next be tested
on a series of systems of asymmetric dimers where the sizehaf two sites will vary. This is
a system that the original Two-Molecule theory was incapaélof solving, but can be treated

by my multi-site Two-Molecule theory and solution method.
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Figure 5.11: Comparison of multi-site and scalar Two-Moletaitheories applied to attractive
homodimer system: molecular nitrogen. The system uses an HN@wation potential, with

a molecule density of = 0:01851A 3, T = 65K, = 0:0739%cal=mol, = 3:315A and
a bond length ofL = 1:1 A. The full Lennard Jones potential was used and is de ned in
Equation 5.36.

5.3 Overlapping heterodimers

Chandler and coworkers [89] applied RISM theory for a systewf 3 di erent models
of overlapping hard spheres. The 3 dierent models, outlimein Table 5.1, correspond
to speci c molecules: Model | is liquidCl, or Br,, Model Il is H3C | and Model il
H3;C F. Chandler et al. found that the RISM results for these systesdid not entirely
match the hard sphere Monte Carlo simulation of many dimersand this di erence was
especially prevalent at smaller values. This is an ideal set of models on which to test the
Two-Molecule theory to see if there is an improvement over ¢htraditional single molecule
(\One-Molecule") method. Results for all three models wilbe compared with hard sphere
Monte Carlo simulations of 512 molecules. The size of the bisxadjusted to give the correct
density in each case. While (chandler1977a) does give MC résuhese were redone to give
more easily comparable results. All the Monte Carlo simulains were rst run and compared
to the published results to verify consistency. All densite presented in the Chandler paper

were based on a reduced density of 0.9. The reduced densitycbt = 0:9 is de ned whered
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is the diameter of a sphere of the same total volume as the molde. They based all dimer
parameter values on the siteA diameter, A, where site A is the larger of the two spheres.
| have reported all results here for o = 3:93A, and so will report all quantities including
bond lengths as well as molecule densities based on this sitékewise, the Monte Carlo

simulations were performed using these sizes as well.

Table 5.1: Parameters for the 3 overlapping dimer systems he tested with Two-Molecule
theory [89]

| Model | A(A) | e(A) | Bond Length L (A) | pimer (A ®) | Diagram |

I 3.93 | 3.93 2.358 0.00827 .
[l 3.93 | 3.105 1.9257 0.01130 .
1 3.93 | 2.653 1.36 0.01356 .

Below are the results reported for the 3 di erent models. Foromparison, the One-

Molecule SC-RISM PY results are given as well as the hard speeMonte Carlo simulation
that consisted of 512 molecules. The two-molecule SC-RISMr& run with all three solvation

potentials (PY, HNC and MS).
5.3.1 Model I results

Because Model | consists of the same site, di ering in labehly but not in any properties,
the results for all the  interaction pairs are identical. Looking at Figure 5.12 it isli cult
to tell if any of the systems more closely approximates themsulation results. All of the
theoretical methods underestimate the magnitude of the cpsat r 1.6 . The HNC
solvation potential seems to be somewhat better than the PY.

Each two-molecule Monte Carlo simulation was run using a palfel Direct Sampling

method (see Appendix B). A population of 20,000 di erent congurations were pregenerated

100



and 28 direct sampling steps were taken. Recall that 1 sampling sebnstitutes going from
ri = initial to r; = final , which in this case isr = 1:7 to 307 A by steps of r =0:1A.

All three models appear to agree in terms of the location of the cusps. The One-
Molecule PY and Two-Molecule HNC seem to more correctly approxate the low r slope
up fromr = 1:5 to 1.0 where the HS interaction starts. Of particular note is how &lthe
PRISM type theories, regardless whether One or Two-Mole@&jlunderestimate the rst cusp
at r = 1:5. In this region it appears to be more favorable than average have increased
site density. Likewise, all the theories seem to underestiteathe depth of the well between
r = 1:5 and 20. Interestingly, abover = 2:0 the One-Molecule PY overestimates the radial
distribution function while both two-molecule theories sem to agree more or less with the
Monte Carlo simulation. One thing to note is how the Two-Chai bins the simulation data
makes it appear to to be non-zero very slightly near= = 1:0. This is a result of the fact
that for the index of r; = 39, g(r) can be non-zero. For instance, if the distances being
measured is = 3:94 A then this will not be within the hard sphere diameter of 33 A,

however, they they will contribute a non-zero Boltzmann faor in the index of r; = 39.

2.5 ) . 512 Molecule Simulation
t‘\ 1 Molecule PY
2.0, 2 Mol le PY
AN olecule
E ‘3\ --- 2 Molecule MS
150 =
= [ N - -2 Molecule HNC
= i D
m 1-0 ->'~‘°‘a'.::.._-\'.' “ﬂ-;::m:‘*
"V
0.5
0.0
1.0 1.5 2.0 2.5 3.0
r/ Oa

Figure 5.12: Comparison of One-Chain, Two-Chain and Monte @a results for Model |
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5.3.2 Model Il results

The results for Model Il are displayed in Figure 5.13. While Moal | can in principle
be solved using the scalar form of the Two-Chain theory, sdians for Model I and Model
[1l require the multi-site form of the Two-Chain theory. Model Il was run with the same
computational parameters as for the Model | case, but with # density, site diameters and
bond lengths given in Table 5.1. Similar results to Model | ¢cabe seen in Figure 5.13.
In Panel A) the RDF for the AA interaction results shows that the theories mostly give
similar results, with the HNC solvation potential the most acarate Two-Molecule theory
particularly at lower values ofr. In Panel B) the RDF for the AB interaction has the Two-
Molecule theory with PY solvation potential giving reasonbly good results until close to
r= =1 from above, where the slope for g(r) near the HS exclusionex is less than for
either the Monte Carlo simulation or the other 2 theories. Irpanel C) the RDF for the BB
interaction from the theory with the PY solvation potential seems to give a lower slope near
r= =1:0. The HNC solvation potential gives an overall qualitativelygood result for g(r),
but is consistently a little low in the rst solvation peak. Again it appears that all theories

underestimate the sharp cusps. C) shows this best et =1:3.
5.3.3 Model Il results

Up to now, there is not a great di erence between the di erent heories for Model |
and Il. The results for Model Il in Figure 5.14, however, do strt to show some noticeable
improvement of the Two-Molecule theory over the One-Moleée counterpart. The lowr=
values show improvement and match much better, especially panels B) and C), though
the One-Molecule SC-PRISM is somewhat better beyond the rsolvation peak. Panel A)
again shows that the Two-Molecule theory gives results vesimilar in both character and
guality to the One-Molecule PY results.

Overall, all the theories give similar results to the Monte @rlo simulation. Again the PY

for all but Panel C) seems to have a more shallow slope when apgchingr= = 1:0 while
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Figure 5.13: Comparison of One-Chain, Two-Chain and Monte @a Results for Model II.
The three panels A), B) and C) give the RDF for theAA, AB and BB site pairs respectively.
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HNC and One-Molecule PY show good agreement with the simulatioesults at lowr. One

place the two-molecule theory shows improvement is in Pan®) for the g(r) nearing the HS

diameter for AB interactions. Here the Two-Molecule theory gqatures the positive slope of

g(r) at r = 0 seen in simulation, but the One-Molecule theory does noflhis is again shown

in Panel C) where near the BB hard sphere diameter, the shapé g(r) is matched almost

exactly by the two-molecule theory.

A)
al . 512 Molecule Simulation
B 1 Molecule PY
\ 2 Molecule PY
3 ] --- 2 Molecule MS
— 1‘ — -2 Molecule HNC
= %
22 W
\
\
1 \\,\' M’mﬁ““%mﬂ"‘ww
STyee s
0
1.0 1.5 2.0 2.5 3.0
to,
C)
1.2 \
A\
10 I/'". oy qﬁdmw
0.8 £
—_ §
= f . .
o) 0.6’ . 512 Molecule Simulation
0.4 1 Molecule PY
: 2 Molecule PY
0.2 --- 2 Molecule MS
0.0 - -2 Molecule HNC
1.0 1.5 2.0 2.5 3.0
t o,

1.5

1.0

a(r)

0.5

0.0

. 512 Molecule Simulation
1 Molecule PY
2 Molecule PY
--- 2 Molecule MS
- -2 Molecule HNC

1.0

15

2.0 25
o,

Figure 5.14: Comparison of One-Chain, Two-Chain and Monte @a Results for Model IlI.
The three panels A), B) and C) give the RDF for theAA, AB and BB site pairs respectively.
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5.3.4 Density range for Model |

| examine here the accuracy of the Two-Molecule theory as anfttion of density. In the
limit of low density the two-molecule theory reduces to theelicit sampling of the bare
interaction between two molecules. The Two-Molecule theprshould thus be exact in the
zero density limit. It is hoped that this accuracy at low densy persists to higher densities.
In Figure 5.15 | show the results at 4 di erent reduced densiis: A) d®=0:1, B) d®=0:2,
C) d®=0:40, D) d3=0:7. As is expected at the zero density limit shown in Panel A) the
Two-Molecule theory and the simulation are in good agreemienAt 1:5<r= < 3:0. The
deviation from the simulation is likely due to the larger, 52 molecule simulation, not being
run long enough rather than a problem with the Two-Chain codePanel B) is more dense,
with = 0:0018A 3, compared with Panel A) with = 0:00092A 3, but still shows Two-
Molecule is more accurate than the One-Molecule theory at sthr. Panel C) again shows
the Two-Molecule captures the simulation results more fdifully, however, at the highest
density as shown in Panel D), the One-Molecule and Two-Molgle theory are comparable
in accuracy.

Summarizing the comparisons with Model I-I1l, the Two-Moleule theory has shown
similar results to the One-Molecule theory, and in some inshces better results. However,
while the Two-Molecule theory does show some improvementesvOne-Molecule theory, the
hope was for more dramatic improvement. In studies of systansimilar to Model I-111,
Ladani et al. argued that there are preferred orientationstehigher densities due to packing
that are not captured by One-Molecule RISM [90]. In approximting the solvation potential,
this packing physics due to the presence of other moleculesyralso be lacking, though a
Two-Molecule theory could in principle more explicitly capure packing, compared to a One-
Molecule theory. | can then compare the results fag(r) as density increases to see when
the Two-Molecule theory seems to break down. For clarity, ldve only displayed the results
for the Two-Molecule PRISM using the MS solvation potential which was the solvation

potential that was most accurate compared to simulation. A) ad B) show results with the
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Two-Molecule theory matching must better especially at low values. C) again shows more
consistent agreement with the simulation over the One-Matele results especially showing
the decreasing value near= = 1:0 consistent with the simulation. At the highest density

the two chain begins to show more obvious disagreement withe simulation.
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Figure 5.15: Radial distribution functions for Model | for vaying densities. A) =
0:00092A 3, B) =0:0018A 3, C) =0:0046A *and D) =0:0064A 3.

5.4 Lennard-Jones heterodimers

| further tested the accuracy and applicability of the Two-Mlecule theory by applying

it to attractive asymmetric dimers. LJ dimer systems were seup based on the Model Il
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and Model Ill systems above with the LJ parameters borroweddm the N, system tested
earlier. Model | was not studied asN, had already given good results. The parameters for

both systems are found in Table 5.2 and the the LJ potential ide ned to be
Ua(=4 1" () (5.36)

These systems were then compared with molecular dynamics PYstudies as well as One-
Molecule SC-PRISM PY calculations on the same system. All sifations and RISM/PRISM

calculations were run at a temperature of 60.

Table 5.2: Table of LJ parameters used for Model 1l and ModelllLJ dimers

| | Model Il | Model Il |

a(A) 3.930 3.930

s (A) 3.105 2.653

a (kcal/mol) 0.074 0.074

g (kcal/mol) 0.058 0.050

Lond (A) 1.923 1.360
mol (A 3) 0.0102 | 0.01249

It has been shown that local structure for high density systes is mostly controlled by
packing constraints. Therefore, the short-ranged repul& interactions between the sites
is perhaps the most important one to consider. The long rangeorrelations tend to be
controlled by the long-ranged attractive tails. For Modeldl and Model 1l LJ, both the full
LJ as well as the repulsive LJ were used. The the Lennard-Jongstential was decomposed

by Weeks, Chandler and Anderson91, 92 into a repulsive LJ coilution

(4((r)12 9+ r 2

and an attractive tail contribution
( r 216
Untt (1) = (5.38)

4% ()% r>2¥°
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5.4.1 Model Il LI

As shown in Figure 5.16, the Two-Molecule theory for the repule LJ Model Il is
clearly in much better agreement with simulation than the Or-Molecule SC-PRISM theory.
Looking at Panels A) and B), while there are some di erenceshére is good overall agreement
with the MD result for any of the three di erent solvation potentials. The HNC tends to
peak slightly di erently than the other methods as it is shifed to the right. It appears
to be shifted in all three panels, but most dramatically in Pael A). Panel C) shows the
largest di erent between the MD and Two-Molecule theory radlts. The MD results show
two distinct peaks atr = 3:4 A andr = 5:2A. The Two-Molecule theory shows these peaks
however they are much more attened.

Results using the full LI Model Il are shown in Figure 5.17 Agaijrthe Two-Chain theory
is doing a much better job overall than the One-Chain theorytamatching simulation. The
agreement between the Two-Chain theory and the MD simulatioare still good, though not
as good as for the repulsive case.. This is especially true fdot C) where the plot is no
longer attened. Interestingly the shift to lower r is not present here for the HNC solvation
potential. The full LJ results appear to not capture the magitude of the peaks and valleys
as well as in the case of the repulsive LJ model. For both Mod#land Model IIl Full
LJ there appears to be an issue where the Two-Chain resultseaall o set slightly. While
it doesn't change the overall results it does suggest thereagnbe an issue with either the
proper binning of results from the Two-Chain simulation or guld again be a result of the

the incorrect normalization addressed earlier for the HS diens Model I-111.
5.4.2 Model IIl LI

Again the Two-Chain theory is signi cantly better than the One-Chain theory, in com-
paring results for the repulsive LJ Model 11, as shown in Figee 5.18. The Two-Chain theory
is in overall good and much improved, though not perfect, agement with MD simulations.

Just as with the Model Il repulsive LJ results, the HNC solvationpotential Two-Molecule
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Figure 5.16: Comparison of One-Chain, Two-Chain and Mole@ul Dynamics Results for
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theory results appear to be slightly shifted when comparedith the other models. This
is again most present in plot A). Panel C) shows very good compson with MD results
except for the regionr < 4:0 where the shoulder falls o much sooner in the Two-Molecule
theory results. Again these results appear to underestimathe rst peak to an extent.

However, even more than for Model II, the Model I1l results svo a large improvement over

the One-Molecule theory results.
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Figure 5.18: Comparison of One-Chain, Two-Chain and Mole@ul Dynamics Results for
Model 11l Repulsive LJ. The three panels A), B) and C) give the R[P for the AA, AB and
BB site pairs respectively. Possible reasons for the o set did full LJ results are mentioned

previously about Model Il full LJ.
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Comparison of the theories and simulation for the full LJ Modl Il are shown in Fig-
ure 5.19. Again, there is a clear improvement from the Two-Chatheory compared to the

One-Chain theory. There is again an overestimate of g(r) byhe theories, especially at the
rst peak. However, at larger r values,r > 5:0 A , the full LJ appears to approximate the

MD results much tighter. Again, Panel A) shows that there is a st in the HNC results

when compared to the other two solvation potentials. In PaneC) the shoulder drops o

e MD simulations near = 3:0 A.

much faster than th
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Figure 5.19: Comparison of One-Chain, Two-Chain and Mole@ul Dynamics Results for
Model IIl Full LJ. The three panels A), B) and C) give the RDF for the AA, AB and BB

site pairs respectively.
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Curiously, an average of Model Ill Repulsive LJ and Model IlIFull LJ g(r) curves
generates the best agreement with simulation, as seen in Figwb.20. Likely the full LJ is
too strongly attractive while the repulsive LJ su ers from having no attractive potential.
The full LJ being too strong may be su ering from inaccuracie in the solvation potential
to account for the steric e ects of the other molecules to theorrect degree. Similarly, the
repulsive is not showing preference as strongly at certaimsthnces because of the attraction,

resulting in a less pronounced and more ag(r).

Figure 5.20: Comparison of One-Chain, Two-Chain and Mole@il Dynamics Results for
Model I, averaging g(r) from the full and repulsive LJ cases. The three panels A), B)nal
C) give the RDF for the AA, AB and BB site pairs respectively.

113



5.5 Trimer systems

In this section, | test the accuracy and applicability of theTwo-Molecule theory to
bent and linear multi-site type trimer systems. This poses ahallenge at the next level of
molecular complexity. The geometrical richness of a trimerompared to a dimer also makes
packing more complex, possibly suggesting an advantage fbwo-Molecule theories over
One-Molecule theories for accurately capturing packing.

A trimer, or three-site molecule, can have a bent or linear aformation, as illustrated
below in Figure 5.21. For atomic sites, the trimer is simply ariatomic molecule. The trimer
systems studied here have two site-types and are of the B-A-Bgology form. A BAB trimer
has two intramolecular lengths that characterize the intrmolecular correlation function. As
illustrated in Figure 5.21, L denotes the BA bond length, which is taken to be xed. The
BB bond length is 2.y, where y depends on the bending angle of the trimer. For a liae
molecule the distance from the two B sites isl2 and soy = 0O for a linear trimer. As the

trimer becomes more bent, the parametey increases from the linear value of = 0.

Figure 5.21: Bent and linear trimer models having two site-fyes. The left panel depicts a
linear trimer and the right panel depicts a bent trimer.

The Two-Chain theory for molecules with three atoms and two icerent sites can be
solved using extensions of the techniques detailed above thmers. As for dimers, the
coe cients for the k " terms need to equal zero to avoid spurious divergences duerioor-
poration of noisy simulation data forh (r). The exacth (r) functions would satisfy these
conditions automatically, but the noisy simulation data ca be \tweaked", i.e. a minimally

small correction can be added to each function value, to pext the noisy data back onto
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the space of functions that don't cause divergences. Thid &llows the same procedure as
for dimers above.
Using the bond length geometries discussed above, the intral@cular correlation function

for the trimer is

1 2sin(kL)
Nk) = i kL 5.39
( ) 2(smk(IL<L)) 2(1+2( S|r|1(((I;E_2Ly)y))) ( )
and the pair correlation expansion for the trimers is
A (k) = (5.40)

A2 k2 ;| AD okt , AC (ks 2 A9 okt | A® ke
an (0) # P8I+ BasQIC 4 TGS g (0) + A (O)K? + B2 4 B

4 6
9 A9 okt A (oyké 2 AL ok+ | AL (o)ke
oen (0)+ AZ (02 + 1O 1 B O 4y (0) + 20 (02 + 2 4 B0

Again using the series expansion of Equation 5.39, tlke" terms and conditions that set
them equal to zero can be found. For bent trimers, there is aigaa singlek * term and then
four k 2 terms corresponding to each respective site-type pair. Four linearly independent
equations can be found by using the single 4 term, and a combination of three of thek 2

terms.

144@AA (O) ﬁAB (0) ﬁBA (0) + f‘\]BB (O))
kfy?(y 4L)?

(5.41)

which is similar to the dimer case (see Equation 5.9 for an exale of thek *term). The k 2
terms that need to have zero coe cient for the calculation of €(k) are rather long and not
shown here. (See Appendix C.4.2 for the full set of equationsad.) However, again they are
similar to the dimer case in that they are functions dependémn fi (0) and ﬁ(z)(r) terms.
As for dimers, the 4 linearly independent equations are sobyeising the scheme outlined in

Figure 5.9.
5.5.1 Sulfur dioxide

The linear trimer case introduces new divergences, and isadyzed here. We rst test

the Two-Molecule theory on sulfur dioxide as a model bent @tomic. Borstnik et al. has
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compared RISM calculations with Molecular Dynamics simutaons of sulfur dioxide at two
di erent temperatures and densities [93]. The sulfur dioxie was modeled as rigid molecules
with atomic sites interacting via full LJ potentials. Using the trimer correction scheme
derived above, | solved the multi-site Two-Molecule PRISMofF SO,. Table 5.3 contains
parameters for SQ, with the bond angle = 1195 resulting iny = 0:39 A for "(k) in

Equation 5.39. The One-Molecule and MD results were takenofin Ref. [93].

Table 5.3: System and Lennard Jones parameters for O

| | T =350K | T = 250K |

s(A) 3.625 3.625
o(A) 3.015 3.015
s(kcal/mol) 0.332 0.332
o (kcal/mol) 0.132 0.132
L(A) 1.434 1.434
mol (A 3) 0.0109 0.0136

The SO, systems studied have relatively strong LJ potentials. Findig the solution to
self-consistent non-linear equations, such as those in th@o-Molecule theory, by iteration
can sometimes be highly dependent on nding an initial guesghich is not too far from the
converged solution. Typically for these types of simulaties the initial guess isC(r) = 0:0,
which results in an initial solvation potential of W (r) = 0:0. With no solvation potential
to the high attractive forces, the next iteration is very di erent from the prior iteration and
the iterative search to converge to a solution fails.

To handle the strong attractions, we adopt a strategy of slowg turning on the strength
of the attractive potential, and solving the Two-Molecule heory equations at intermediate
stages of growing in the attraction. In this way, we can nd a onverged solution for a weak
attraction, and then use that solution to nd the solution to a slightly stronger attraction,
and so on until the full attraction strength is attained. Thus, as an initial system with
a weak attration to solve, we choose to reduce the strength tife LJ potentials to 10%

their full value. The scheme for converging to a solution waten run for a subsequent 300
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iterations. The (partially) converged solution from this educed LJ potential was then used
as input for another 300 iterations solving a system with aP reduced LJ potential. This was
repeated again, increasing the LJ strength by:0 factor each time until the LJ was at 100%.
This scheme was able to stabilize the calculation and allownding a convereged solution.
However, this could only be done for the HNC solvaiton model. A¢impts for using the PY
and MS solvation potential were unable to be completed becseitheC(r) S(r) C(r) term
at low r values would become negative enough in both cases to resnlnegative values as
arguments for the Log and square root terms of the solvationopentials, rendering them
unusable.

Given the results from the density range for the Hard Sphere rdels where the lower
density Two-Molecule theory corresponded with the simulan data better, | hypothesized
that the lower density SG at the higher temperature ( = 0:0109A 2 and T = 350K) would
give the better result. Those results are shown below in Figar5.22. The Two-Molecule
HNC theory is perhaps a little but not substantially better than the One-Molecule theory
in matching MD, as had been the case for the lower density hasphere cases.

The lower temperature higher density results are given in Fige 5.23. These result show a
signi cant improvement of the Two-Molecule theory over theDne-Molecule Theory. Another
interesting note is that in the Model Il and Model Il LJ case ing the full Lennard Jones
tended to over emphasize the peaks. This is not the case foyaf the terms here. However,
for both the Two-Molecule and One- Molecule RISM cases the gdes and valleys are not
nearly as pronounced, though less so with the Two-Moleculase. The MD simulation here
was taken directly from [93]. Looking at this simulation da& there may be reason to think
the simulation could be run again. For instance, panel C) fra Figure 5.22 looks to be too
high above 1 forg(r) and may not be normalized correctly. In future work these siulations

will be run again to check for accuracy.
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Figure 5.22: Comparison of One-Chain, Two-Chain and Mole@ul Dynamics results for
sulfur dioxide for T = 350 K and = 0:0109A 3. A) SS, B) SO/OS, and C) OO site-site
elements ing(r).
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Figure 5.23: Comparison of One-Chain, Two-Chain and Mole@ul Dynamics Results for
SO, at T =250 K =0:0136A 3. A)SS, B) SO/OS, and C) OO site-site elements ig(r)
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5.5.2 Linear hard sphere trimers

Finally, | test the Two-Molecule theory on Linear Hard Sphere fimers. As mentioned
above, the linear geometry introduces a new divergence termot present for the bent ge-
ometry, that needs to be controlled. This is obvious if one tks at thek # term derived for
the trimer series expansion (see Equation 5.41 ). Recall find~igure 5.21 thaty = O for the
linear trimer case. Settingy = 0 in the trimer intramolecular structure factor in Equation
5.39 results in an additional zero in the denominator in Equen 5.41. The symmetry of
the molecule actually results in higher ordek " terms in the resulting series expansion. For
the linear triatomic case there are now terms fok & and k © in addition to the typical k *
and k ? terms. The matrix components for the linear triatomic calclation of Crew are
much larger since they now include 4 separate " terms. These terms are again equations
based onﬁ(m)(O) where now the derivatives of higher order includen =4 and m = 6 where
the de nition of the higher order derivatives can be found irEquation 5.18. The goal is to
adjust these values to eliminate the th& " divergences. Because of the additional higher
order k " terms there are now 13 linearly independent equations to sel In addition, the
higher order terms mean the numerical solution must be solyéo higher precision. The rst
indexedk value givesk, ® = 3:26  10"*. This requires having the pseudo inverse solution
nd tweaking vector solutions to a much higher tolerance. $ice the solutions are solved
in Mathematica the precision is for all calculations set irdrnally to be 32-digit precision to
ensure the tolerance is met. This does have one drawback iratht results in much longer
discrete FFT calculations.

The system tested is based on calculations by Yethiraj et a[94] to compare di erent
theoretical models to Monte Carlo simulations in modeling Agid, linear, tangent hard sphere
chain. As was the case for my hard sphere dimers systems, thiseelr system was tested
over a range of densities from the zero density limit to a reded density of d® = 0:0850 .
In the following systems, the sites are hard spheres of idemal sizes. However, the sites are

designated as middle sites (M) and end sites (E). For a triatoic system there are 2 end sites
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and 1 middle site. The four systems tested have their parames listed in table Table 5.4

below.

Table 5.4: Linear trimer system parameters

’ SyStem‘ ‘ o ‘ Molecule (A 3) ‘
1 0.000| 0.000 0.00000
2 0.200| 0.380 0.00209
3 0.350| 0.670 0.00367
4 0.445| 0.850 0.00466

Solutions for this were again attempted with all solvation ptentials; however, similar
problems arose when using the PY and MS systems. Thereforee tonly solvation potential
leading to a solution was again the HNC type. Also, this system by tested is the one
speci cally outlined in both the sampling code and Mathemata Two-Molecule numerical
scheme in Appendix C.1 and C.2 respectively. The equation®ifn the Taylor expansion

used for correcting the simulation data are included in Appetix C.4.3.
5.5.3 Testing density range

Earlier for the initial overlapping hard sphere Models | - II, | showed how at lower
densities the Two-Molecule theory outperformed the One-Necule results for the Model |
system. Yethiraj et al. also looked at a density range for tliredi erent theoretical methods
to compare with One-Molecule SC-RISM PY. Again the zero dengitimit is identical to the
zero density limit of the Monte Carlo simulation. The One-Mtecule theory tends to only
agree at long range. Also, the One-Molecule results do not always get thg(r) cusps in
the correct place (see Figure 5.24 A) ).

Increasing the density, the Two-Molecule theory results @t show overall improvement
over the One-Molecule results. Once again at lokvwvalues, the Two-Molecule theory results
match the simulation g(r) much more accurately. Figure 5.25 B) does show more devia-
tion for the Two-Molecule theory than the previous resultshowever there is still better

overall agreement with the Monte Carlo simulation than the @e-Molecule theory. The

121



Figure 5.24: Linear Trimer: Comparison of One-Chain, Two-Chin and Molecular Dynamics
results for = 0:0: A) End to End, B) End to Middle, C) Middle to Middle site-type
correlations. The Two-Molecule results are found using théNC solvation potential.
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One-Molecule results show a more sharp upturn at low whereas the simulation is fairly
at. The Two-Molecule theory does show an upturn but it is mub less steep. The same is

true for Figure 5.25 C) where the One-Molecule results overtiesate the low r results.

Figure 5.25: Linear Trimer: Comparison of One-Chain, Two-Ciin and Molecular Dynamics
Results for = 0:2 : A) End to End, B) End to Middle, C) Middle to Middle site-type

correlations

An interesting results starts to show up at = 0:35, as shown in Figure 5.26. At the
lowestr values, the One-Molecule results€ < 1:5) are slightly better at approximating the
slope and magnitude ofy(r), however, some subtle structure at lowis starting to emerge in

the Monte Carlo simulation. For both End-End and End-Middlecorrelations in Figure 5.26

A) and B) respectively, a slight peak atr= t 1:7 can be seen. The Two-Molecule theory
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does capture this peak, if slightly larger than the simulatin results for the End-Middle.
However, there is a complete lack of these peaks in the One-kllle results. Figure 5.26

D) is a zoom in of Figure 5.26 B) for the End-Middle pair distrilntion functions.

Figure 5.26: Linear Trimer: Comparison of One-Chain, Two-Ciin and Molecular Dynamics
Results for = 0:35:A) End to End, B) End to Middle, C) Middle to Middle site-type
correlations

In Figure 5.27 A) and B) there is even more distinct structure irthis most dense system

tested. The One-Molecule theory results do not capture in gnway these secondary peaks

nearr= t 1.7.
Figure 5.28 shows the Middle-Middle(r) results. Here there is good agreement for both

the One and Two-Molecule RISM/PRISM results and the Monte Cdo simulation. The
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Figure 5.27: Linear Trimer: Comparison of One-Chain, Two-CGhin and Molecular Dynamics
Results for = 0:445 A) End to End, B) End to Middle, C) End to End zoomed in, D)
End-Middle zoomed in,
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zoomed in versions of Panels A) and B) are seen in Panels C) andr&pectively. The
Two-Molecule theory clearly does a much better job at matchg all the cusps seen in the
Monte Carlo simulation. However, the simulation peaks tendat be a little more broad and
the Two-Molecule theory results are more sharp. The One-Madule results do not show all

the peaks and also seem to overestimate some of the peak hisigh

Figure 5.28: Linear Trimer: Comparison of One-Chain, Two-Ghn and Molecular Dynamics
Results for =0:45 : Middle to Middle

5.6 Summary

A new method has been developed to modify simulation results allow for multi-site
two-molecule SC-PRISM. This method involves adding a smaltweaking" vector to raw
simulation data to removek " divergence terms in the calculation of the direct correlatn
function in a manner that satisfy sets of equations to projémut nonphysical noise. The
method also uses the pseudo inverse in determination of thewveaking" vector values to

ensure the simulation data is modi ed in the smallest amounpossible.
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The initial test for the new method was applied to a hard spherhomonuclear diatomic
where the A and B sites were identical. The symmetry of this system allowed o be
directly compared with the one-site scalar two-molecule SERISM. Molecular nitrogen was
then tested as it also included attractive forces from the Ljpotential. Again the g(r) for
the multi-site system compared well with the scalar calcutens.

Models I-11I for hard sphere systems and Models Il and Il foL.J did not show large
variation when comparing solvation potential choice. Whenhere were di erences there
was not one of the 3 potentials that was consistently betterhtan the other models. For
the athermal Models I-11l the Two-Molecule typically gave Bghtly better results than the
One-Molecule but not in every case. However, Model's Il andllivere modi ed to include
Lennard-Jones potentials and calculations for both repuis and full LJ showed signi cant
improvement over the One-Molecule PY results.

Two dierent trimer systems were tested. The rst were two dierent sulfur dioxide
systems. For both systems the Two-Molecule th80, calculations showed improvement
over One-Molecule. This was especially true for the lowerntgerature higher density (
T=250K =0:0136A 3) system.

Linear trimers required higher ordek " terms to solve. This resulted in solutions needing
to be solved to higher tolerances. The Two-Molecule calctians were much more accurate
than the One-Chain when compared with the Monte Carlo simuteon at all tested densities.
Especially impressive was the linear trimer Two-Molecule [® results for volume fractions

=0:35 and =0:445. Subtleg(r) peaks were captured by the Two-Molecule method and

were completely absent in the One-Molecule.
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CHAPTER 6
TWO-MOLECULE RISM WATER

Up to this chapter, | have covered athermal (hard sphere) anddnnard Jones systems
that involve either no or moderate attractive potentials. $stems that involve ion solvation
or hydrogen bonding are very relevant for study but more di alt because of the strong
potentials present in them. Here | extend my multi-site Two-Mlecule theory to work with

strong Coulomb potentials.
6.1 Coulomb potential and appropriate divergence

Stillinger and Lovett, in 1968, showed a that the dielectricconstant can be de ned in
terms of the total correlation functions for single atom ioic solutions [95, 96]. Later Mitchel
et al. [97] derived this relation rigorously. They both foud that electrolyte solutions obey

the following relation:

3 X 21 .
> = zZz . hij (r)4 r “dr (6.1)

wherez; is the charge on speciesand ; is the concentration of species, is the dielectric
constantand = k% They started rst by looking at simple systems of atomic ios. | have
covered the integral equation treatment of atomic systemssing the OZ relation in Equation

3.2, which can be naturally rewritten ink-space as
Ay =11 €K1 €k (6.2)

At long range the direct correlation function is assumed todproportional to the coulomb
potential, that is to say Cj (r) % forr 11 [97]. Using this asymptotic expression
in the Fourier transform of the direct correlation function

Z,

¢ =4 ( »? c et
0 kr

dr (6.3)

gives in the limitask! O
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¢ ® >

(6.4)

For the atomic electrolyte system there is thus an expectekl 2 divergence for the direct
correlation function at smallk. This is an interesting result in the context of the methods
developed in the prior chapters to remove any divergence Wik to a negative power. The
guestion then becomes if this divergence is also expectedtfee case of charged molecular
systems , and if so, what equations need to be satis ed to cool the divergence that is
analogous to the Stillinger-Lovett rules found in Equation6.1 while suppressing spurious
divergent behavior due to numerical simulation noise.

Using linear response theory, Chandler derived an expressi@tating the dielectric con-
stant of the medium in terms of sums of the correlation funabns for exible molecules
[98].

X
1 = lim 4k—2 zz$ (K (6.5)

Here,8 (k) is the structure factor and is de ned previously in Equatio 3.16 andz is the
charge on site type . This expression relates thé& 2 coulomb divergence of the direct corre-
lation function to the inter and intra-molecular correlation functions as well as the dielectric
constant. Using this de nition for the dielectric constant neans that the expected diver-
gence can be controlled by correctly estimating the dieleat from the correlation functions.

8 (k) can be expanded in a Taylor series ik :

k2 X
zz8 (k)= 5 2z 8@ () + ::: (6.6)
Here, the value for the zero wave vector second derivative bt structure factor can be found
by solving the integral for the second-moment in terms of theorrelation functions. Using the
de nition in Equation 3.16, the structure factor can be detemined. The correction scheme
used for the Two-Molecule RISM theory will be very similar tahat presented in Chapter 5 in

that minimal modi cations or \tweaks" to the simulation dat a are made in order to correct
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the total correlation functions to eliminate unphysical beavior resulting from numerical
noise of the simulation data. However, while thé 4 correction will be done exactly as
for the bent trimer derivation, since we will be consideringvater, the otherk 2 divergence
terms will not be included since this divergence is expectadd not to be eliminated. Rather,
the amplitude of the k 2 divergence will need to be controlled to correspond to a déelric
constant. In previous work from Chapter 5, the Two-Moleculesimulation was done over
a limited range, and then a tail was pieced on from the One-Matule SC-PRISM results.
For the Coulomb potential, as shown above, the long rangedependence of the real space
correlation functions is important in correctly estimatirg the dielectric constant. In this way
the simulation data h (r) will be corrected for both simulation noise as well as expec
long range behavior.

To determine the long range behavior character | start withie radial distribution func-

tion, which can be de ned as
gry)=e © (6.7)
where (r) is the potential of mean force. A series expansion for the gonential yields
g(r)=1 (r)y+ ::
Rede ning in terms of h(r) leads to
h(r) t (r) (6.8)

At long range, | can approximate the potential of mean forcaniterms of an e ective potential,
U(r), acting on two molecules at long range in a dielectric mediu This estimation will

depend on the systems being studied. Once | determine the rfothat the potential will

take at long range, the simulation data can be t and the tail aded similarly to how the
initial solution for the Two-Molecule problem was solved athe end of section 5.1. There will
be a least squares t over the appropriate data range as wel dahe addition of a tweaking
vector. (See Figure 6.1 for the tail tting range and further &planation.) For a long range

water potential of mean force, the water molecules can be &ted as two permanent, freely
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rotating, dipoles interacting in a dielectric medium. This ype of system of permanent xed

dipoles corresponds to the Keesom potential [99].

2 2
un =4 ()% ) 5 —a——s 6.9
=4 ((D* ) g peTs (6.9)
where ; are the respective dipole moments,, is the permitivity of free space, and is
the diameter of the interacting sites. At large distances # LJ portion of the potential is

basically zero so the potential can be approximated with thillowing expression.

2 2

UKeesom (r) = m (6 10)

So the long range behavior forh(r) will be approximated by the Keesom potential, asymp-
totically behaving asr 6. The solution method will work just as before, in terms of masof
the method for xing the simulation data involve the tweaking of simulation points; however
now, the k 2 divergence will be controlled to be in accordance with the eliectric constant.
In addition, the tails for the h(r) functions will be t to potentials with the form of Equation
6.10 that will be approximated as functions withr ¢ behavior.

The construction of the matrix for using the pseudo inversesidone in a similar manner,
corresponding to the equations below. The rst row is just tb equation that must be
satis ed for bent trimers (see Appendix C.4.2 for full derivéion) to avoid the k # divergence
found in Equation 5.41. The second row is the dielectric coitidn for the k 2 divergence

from Equations 6.5 and 6.6. The last four equations are fronhe¢ least squares t for the

tail region
fAoo(0)  Aou(0) Ao (0)+ Ay (0)=0 (6.11)
2020800 (0) + Zozi S(OH (0) + 2420850 (0) + z4 24 éﬂH ©= ! 1.1 (612
| Fs(hoo(r ) UBo(ri) = (6.13)
| FS(hOH (ri) Ugu(r))=0 (6.14)
| FS(hHO (r) USeri)=0 (6.15)
. FS(hHH (r) UR(ri))=0 (6.16)
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Here U* (r) is the potential to be t at large r to approximate the potential of mean
force. The superscriptx = A, B, C and D are the parameters to be t. For water, | de ne
these potentials asAr 6, Br ¢,Cr ®andDr ©. The form ofr ¢ is in keeping with the form
of the Keesom potential. Herdh (r)isdenedash (ri)=h (r))+fdg ;0 +;:50 O
FS andFP , in the above relations, refer to the index of hr¢) simulation data that are going
to be t. These tted values will also have a tweaking value iluded. This ensures that the
tail region is t smoothly with the simulation data. Also, the terms A (0) will have to be
slightly modi ed from their de nition in Equation 5.23. Pre viously the values fofi (0) were
generated by including the unmodi edh (0) which can be found from doing the numerical
integration using the appropriate de nition of the zero wae vector integral using Equation
5.19 and the respective equation from 5.18 with the additiahportion due to the \tweaking"
g vector, which for the trapezoidal integral de nition used § r P iP:S (4 )(g)r?. It was
this portion that would end up giving the matrix elements to slve for the g values using
the pseudo inverse. However, this method, when applied preusly to the HS system, relied
on using the tail portion from the One-Molecule RISM ,wheresanow the tail will be tto a
potential by a single or multiple parameter ts. For the caseof water there will only be a
single parameter to t. This requires the integral de nition of A (0) to be expanded to an
additional term for the tail tting parameters. Below TS is de ned as the index where the

tted tail elements will be grafted on.

A @=4 £ (F+2’ 1340 @)+
fPiP:s 4 )g)yE+ r(4 )" Nowt  LUX (r)r2 + JUX (fnge )12, ) (6.17)

Again, the other higher derivative terms offi (0) can be found in a similar manner using
their de nitions in Equation 5.18 The de nition of S(z) (0) is found using Equations 3.16,
3.13 and 3.14:

%0 = AP0+ ro) (6.18)
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The intramolecuar structure factor term, n® (0), can be solved analytically for rigid
molecules or determined from simulation data. For simulatedata the statistics are consid-
erably better than the g(r) because the size of the molecule is limited in size and so ¢an
sampled more accurately. The result is that Equation 6.12 nabe reduced instead to satis-
fying the dielectric conditions based only on the ﬁ(z) (0) terms. The equations are now
set up such that | can de ne the matrix and vector elements todve the problem using the
pseudo inverse method as before. First, | will de ne the RHS egtions for the 6 equations

(6.11 through 6.16).

X r T)% 1
RHS:= (4 —(h (r)rf+2 h (rrf)
OH i=2
1 X 1 r ®
RHS, = =( (=)@4 —(h (r)ri+2 h (r)rh)
2\ 3" 2 .
O;H i=2
XP
RHS; = 2 hoo(ri)
i=FS
XP
RHS, = 2 hOH (ri)
i=FS
XP
RHS5= 2 hHo(ri)
i=FS
XP
RHSg = 2 hHH (ri) (619)
i=FS

The matrix is constructed similarly to Equation 5.30 earliefor the non-Coulombic systems.

i=FS
The matrix entries are also de ned for where the tweaking ireked values overlap with the

tail tting indices. Each row will have zeros for the most pat but will have the value of 2
from the linear t (see Equations 6.13 - 6.16) The valueZRO will indicate the matrix

elements are a row of zeros associated with the tweaking indeS and P where the
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length of each respectiv& RO  row isP S . (Note here thisS is de ned in Chapter

5 and is not related to the structure factor above.) The ternF  below will indicate where
the value 2 will be for the indices that have both an associateg but are also used in the
least squares t for the tails. The subscript here foO; and 2 is merely used to indicate its
place in the row. The actual location in the matrix would haveo be adjusted depending on

the relative lengths of the sub-rows de ned withP  and S

F =104;00 25,2, :2rp 0 (6.20)

rd rg . rd rg_ ::: rd rg Ta, Tg Tc Tp
(Y3 ) 32rd, (51 ) o wzozard,, o (1) EZird, TO TP T TP
Foo ZROoH o ZROuH Loo 0 0 0
ZROOO FOH . ZROHH 0 LOH 0 0
ZRO¢g0 ZROon ... ZROun 0 0 Luo 0
ZROOO ZROOH . Fun 0 0 0 Lun

The values ofT, and T,? are merely the integral values of the tails and de ned below

N(;(d 1

1
B 6,2 6 (2

Ty= r4d ( N érNGrid "N rig )
i=TS
N 1

4 E.d 1
2 _ 6,4 6 4
T)g ) = I’é ( rory ErNGrid "'Naig )
i=TS

The system is then set up in the same way as Equation 5.32, hawg the g tweaking vector
has 4 additional terms for the curve tting. The length ofQ, and the number of columns in

the matrix will be
Q=(Paa Spa)*(Pae  Sag)+(Psa Sga)+(Pes Sgg)+4 (6.21)

The new \tweaking" vector q is de ned below:
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2

Osan +1
Opan
Osas

Osas +1
OPas
Osga

en 41 (6.22)
OPga
Osee

qSBB +1
Opgs

Figure 6.1: Diagram of \tweaking" vector and tail t for Coulombic potentials for use with
Two-Molecule RISM.

6.1.1 Results for water

The One-Molecule and Two-Molecule theories and MD simulatn of SPC model was run

using the parameters found in Table 6.1. Just as was done forettsulfur dioxide system
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where the LJ was fairly strong, the water system must have th&olvation potential grown in
slowly. To do this, the Coulomb potential is initially turned down to only 5% of its strength.
The Two-Molecule RISM is then run for 200 iterations. The pantial is increased to 10%
and run for 200 steps again. This is continued where the potal is increased by 5% until
it is at 100% at which point it is run until convergence. The HNCsolvation potential was

used in these calculations.

Table 6.1: Parameters for SPC and SPC/E Models

] \ SPC \ SPCI/E \

H,0(A 3) 0.0333 | 0.0333
Temp. (K) 298 298
o(A) 3.166 | 3.166

o(kcal/mol) | 0.15535| 0.15535
L Bond 1.00 1.00

H-O-H Angle | 109.47 | 109.47

) -0.8200| -0.8476

o4 (e) 0.4100 | 0.4238

My Two-Molecule RISM results are compared to work done by Luet al. [100] calculating
SPC water results using the One-Molecule RISM method with aHNC closure as well as
molecular dynamics simulations in Figure 6.2. The rst thingto notice is that for all the
3 g(r) functions, the peak location is correctly predicted by th&wo-Molecule theory while
the the One-Molecule theory tends to have the peaks shiftetightly. Neither scheme gets
all the relative peaks height correctly, but the Two-Molecle theory does an overall better
job. Panel A) shows that both the One- and Two-Molecule theogs lack the weak peak near
4:5A.

Overall the Two-Molecule RISM method gives better resultshtan that of the One-
Molecule RISM method. In Figure 6.3, | show the divergen€(k) results. These results
appear to be well controlled by using the correlation funabn de nition for the dielectric in
Equation 6.5. The divergence stays very constant in its oval magnitude of O(10) and

does not grow uncontrollably with each subsequent iteratio
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Figure 6.2: Comparison of MD, One-Molecule and Two-MolecuRISM for the SPC model
of water. A) OO, B) OH/HO, C) HH site-site distribution functions
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Figure 6.3: €(k) results showing the controlled divergence using the dieteic and h(r) sum
rules. Both A) and B) are of the same plot with B) being zoomed in

6.2 Summary

The \tweaking" vector method was modi ed to work for chargedsystems with coulomb
potentials. The method involved only solving the equationdor projecting out the k *
divergent terms. Allk 2were left alone as it is expected that for strongly interaatig systems,
€(k) will have a smallk 2 divergence. Instead, the&k 2 divergence is controlled using an
additional the h(r) de nition of the dielectric for molecules. Along with the \tweaking"
vector, a tted tail was included to more accurately re ect the long range behavior of the
water molecules. Two-Molecule water calculations were neaccurate than One-Molecule
at nding g(r) peak locations as well as peak magnitude. Even more impriessis that
long range, strong attractions were able to be handled proge by RISM by using this new

multi-site method.
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CHAPTER 7
CONCLUSIONS AND FUTURE WORK

In the rst part of this thesis, surface segregation in blensl of short cyclic and linear
polymers were studied theoretically and compared with expement. A new cyclic polymer
model based on a linear non-overlapping freely jointed cimmodel was developed. A series
of Wall-PRISM calculations were done using a blend of the dycand linear polymers. It was
theorized that packing e ects were more important than cordrmational entropy reductions
for short chains, explaining the experimentally observednachment of short linear chains
at the surface compared to the bulk. In agreement with NR expienents, Wall-PRISM
calculations predicted that linear chains are enriched dictly at the surface, and have a
higher net integrated excess. Further studies were done tonsider surface segregation as a
function of system density. For all densities, the linear @ins were preferred directly at the
surface. For most densities, the net integrated excess aidar chains was positive (linear
enriched), but for the lowest densities, the cyclic chainghtegrated excess was net positive.
This was likely due to the smaller size of cyclic chains allimg them to more closely approach
the wall under dilute conditions. Further surface segregain studies were conducted on the
e ect of the wall sti ness. The surface potential was adjustd to allow the polymer chains
to penetrate to varying degrees. A soft wall may better appramate the e ective potential
felt by a monomer at a free surface. These \soft" Wall-PRISMaiculations showed a slight
decrease in integrated excess of linear chains with increggssoftness, as packing e ects were
reduced at a softer surface.

Since only a single size of polymer chain was consideredufgtwork could involve looking
at larger sizes of chains. The method outlined here might nobntinue to match experiment
as well because it has been shown that at larger chain size® tbon gurational entropy

dominates in determining surface segregation, as evidedd®sy both experiment and SCFT
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calculations. Currently the chain models used in the Wall-RISM calculations are the same
for the bulk as well as near the surface. Modi cations to thewrrent models could be made
to give a more realistic model of the polymer chains in a more@m ned geometry. There
are however some limitations to this model, as the intramatelar correlation functions for
the polymers are the same as used for the bulk. It has been simothirough MC simula-
tion that packing is important but con gurational entropy cannot be ignored and is more
pronounced at lower densities because of the reduction ofckng e ects[42]. Likewise, the
conformational entropy changes could be captured by movirnig a classical density functional
theory.

| developed a multi-site Two-Molecule RISM theory, a hybrigimulation/theory approach
that is more accurate than pure theory and faster than pure necular simulation. Instead,
a simulation of two chains of interest allows more realistidetermination of molecular cor-
relation functions at small distances, with RISM theory prueiding the in uence of the rest
of the molecules. Key to the implementation of the Two-Molede theory is a new method
| developed for correcting simulation noise for use in Two-Mecule RISM theory. This new
method involves usingh(r) sum rules to generate a vector of small \tweaking" adjustnrés
to correct the divergences caused when solving RISM/PRISMyegations using simulation
data. The method was tested on various small molecule systernf both athermal and
Lennard-Jones type. Overall, the Two-Molecule theory redsl showed improvement over
the current state-of-the-art single chain SC-PRISM method The improvements tended to
be most signi cant at smallr, showing improved physics for two molecules interacting. his
new method was also expanded to include Coulomb potential-he Coulomb potentials
were corrected with not only the \tweaking" adjustments butalso the long range portion
of the radial distribution function was modeled on a Keesomgqtential rather than using
the previously used method of stitching the tail region on &éim One-Molecule SC-PRISM
solutions. This tail region was t to control the expectedk ? divergence of the direct cor-

relation function for a system with Coulomb potentials. An agtantage of the Two-Molecule
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RISM hybrid/simulation approach is that the simulation portion is trivially parallelizable.
In addition to the theoretical developments, | also paralleed the direct sampling Monte
Carlo method to be used for the Two-Molecule theory and to dexase overall computation
time.

One area of concern for the Two-Molecule method over tradinal simulations is that
it relies on a solvation potential to faithfully represent te e ect of other molecules in the
solution. There are instances where the Two-Molecule thgois only marginally better than
the One-Molecule theory, and likely this is because of deamcies in the solvation potential
approximation. In deriving the solvation potential approxmation additional, higher order

terms, can be included. One of these terms is the bridge furan, d; (r), de ned as
dij (r) = In(hy (r)+ 1)+ uy(r) hy(r)+ C(r) (7.1)

where u; (r) is the pair potential and h(r) and C(r) are the total correlation function and
direct correlation function. In the HNC approximation, the bridge function is set to equal
zero. However, recent work by Chuev et al. [101] has shown medkimprovement for
the One-Molecule RISM theory for water when the bridge funans from MD simulations
of water are included. As a rst step toward improving the theoy, the bridge function
from either MD simulation results and calculated from the Tw-Chain simulation will be
calculated for hard sphere, LJ and water systems and includi@vith the calculation of the
solvation potential.

Future work for the multi-site Two-Molecule RISM/PRISM theory will also involve mov-
ing to larger, exible molecules and polymers. Likely a rststep will be to look at simple
multi-site systems such as isotactic polypropylene as wel expand to looking at polyole n
blends. The miscibility and blend thermodynamics of polyeln blends is known to depend
sensitively on packing e ects. Currently PRISM studies of kends have the two di erent
polymer types interacting only through the solvation potetial. With the ability to now do
multi-site Two-Chain SC-PRISM, the two chains will be alloved to interact explicitly and

better capture packing e ects. This will hopefully allow f& more accurate property predic-
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tion for polymer blends compared to One-Molecule SC-PRISMhite still being more e cient
computationally than MD. Lastly, a major motivation in developing the Two-Chain theory is
to study PEO=Li" solid polymer electrolyte systems typically associated thibatteries. By
utilizing the e ciency of Two-Chain SC-PRISM theory, one can generate con gurations of
complexedLi * in PEO chains to determine the free energy of complexation dnfrom that,
the rates of \hopping" of Li*. The large size, long interaction lengths of charged spesie
and long computational time involved in capturing interchan hopping have made study of
these important systems limited. Future work with the newlyenhanced Two-Chain method
will involve study of ion solvation and complexation by polyers as well as study of the
e ect of polymer conformations on ion complexation as wellsathe determination of rates
of interchain di usion in solid polymer electrolytes. Finaly, further work in improving sam-
pling methods with parallelization will further increase he e ciency of current Two-Chain

SC-PRISM.
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APPENDIX A - WALL-PRISM

This section of the Appendix includes the code for calculatinthe linear and cyclic

polymer intramolecular correlation functions as well as tactual Wall-PRISM calculations.
A.1 Non-overlapping freely jointed chain calculations

Here is the code for calculating both the linear and cyclic cives.

First is for the linear chain

Listing A.1: Non-overlapping Freely Jointed Chain Linear

( define grid parameters )

ngrid=2048;

delr=4/100;

delk=n[Pi]/delr/ngrid;

rvalues=Table [(i 1/2) delr,fi,1,ngridg];

kvalues=Table [(i 1/2) delk,fi,1,ngridg];

( omega tau)

wtauid3[r_,n[Tau] _]:=1/(2”( n[Tau]+1) n[Pi] (n[Tau] 2)!) n!n(
n UnderoverscriptBox [n(n[Sum]n), n(s = 0n), n(n[Tau] 2n) In(
n SuperscriptBox [n((n( 1n))n), n(sn)] Binomial [n[Tau] 2, s]
n SuperscriptBox [n(rn), n(s In)] n(

n UnderoverscriptBox [n(n[Sum]n), n(m = 0n), n(Floor [n((n[Tau] 1)n)

/2] n)]
n SuperscriptBox [n((n( 21n))n), n(mn)] Binomial [n[Tau], m] UnitStep [n[
Tau] 2n mn r]

n SuperscriptBox [n((n[Tau] 2n mn )n), n(n[Tau] 2 sn)]n) n)n)
( 20 unit monomer so n = 20 )

n=20;
omegarideald=Table [Table [N[wtauid3[(i 1/2) delr,j],32],fi,1,ngridg],f]
,2,n 1g];

f20.561 " Null g
omegardno=Table [Join [Table [0 ,f 25g],Drop [omegarideald[[i]],25]]fi,1,
Length [omegaridealdg];
omegakd=Table [(2 n[Pi] delr Sqgrt [2 ngrid]FourierDST[N[omegardno [[i]]
rvalues ,60],4])/kvalues fi,1,Length [omegarideald]g];
( finding the normalization constant by integrated the r spae version.
It will probably give errors about asking for values out of rage

)
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norm=Table [Interpolation [Table [f kvalues[[]j]],omegakd[[i,j]lg.fj.,1,ngrid
g],0].,fi,1,Length [omegarideald]g];

( the tau=l is found separately)

( 1=1 since we are working in units of sigma)

1=1;

tauonek=Table [Sin [(i 1/2)delk []/((i 1/2)delk I),fi,1,ngridg];

omegakdtotal=(Sum[(2(n i)omegakd[[i 21]])/norm[[i 1]].,fi,2,n 1g]+n
1+2(19) tauonek)/n;

( save output values for both ideal and nonoverlapping

omegarideald> omegard20merchainfjcno . dat

omegakdtotal> omegakd20merchainfijcnormno . dat

Second is for the cyclic chain

Listing A.2: Non-overlapping Freely Jointed Chain Cyclic

ngrid=2048;

delr=4/100;

delk=n[Pi]/delr/ngrid;

rvalues=Table [(i 1/2) delr,fi,1,ngridg];
kvalues=Table [(i 1/2) delk,fi,1,ngrid g];

wtauid3[r_,n[Tau] _]:=1/(2~( n[Tau]+1) n[Pi] (n[Tau] 2)!) n!n(

n UnderoverscriptBox [n(n[Sum]n), n(s = 0n), n(n[Tau] 2n) In(

n SuperscriptBox [n((n( 1n))n), n(sn)] Binomial [n[Tau] 2, s]

n SuperscriptBox [n(rn), n(s 1n)] n(

n UnderoverscriptBox [n(n[Sum]n), n(m = 0n), n(Floor [n((n[Tau] 1)n)

/2] n)]
n SuperscriptBox [n((n( 1n))n), n(mn)] Binomial [n[Tau], m] UnitStep [n[
Tau] 2n mn r]

n SuperscriptBox [n((n[Tau] 2nmn )n), n(n[Tau] 2 sn)]n)n)n)

n=20;

omegarideald=Table [Table [N[wtauid3[(i 1/2) delr,j],64],fi,1,ngridg],f]
,2,n 2g];

omegard=Table [omegarideald [[i]] omegarideald [[Length [omegarideald] i
+1]],fi,1,Length [omegarideald]g];

omegardno=Table [Join [Table [0 ,f 25¢g],Drop [omegard[[i]].,25]] fi,1,Length [
omegard]g];

omegakd=Table [(2 n[Pi] delr Sqgrt [2 ngrid]FourierDST[N[omegardno [[i]]
rvalues ,64],4])/kvalues [fi,1,Length [omegard]g];

norm=Table [Interpolation [Table [f kvalues[[]j]],omegakd[[i,j]lg,fj,1,ngrid
g].,0],fi,1,Length [omegard]g];

I=1;

tauonek=Table [Sin [(i 1/2)delk 1]/((i 1/2)delk I),fi,1,ngridg];

omegakdtotal=(Sum[(n omegakd[[i]])/norm[[i]],fi,1,Length [omegardlg]+n
1+n tauonek+n tauonek)/n;
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SetDirectory ["C:nnUsersnnthemadchemistnnDocumentsnnMy._DropboxnnPRISM
nné 13 2011"];

omegard> omegard20merringfjcno . dat

omegakdtotal> omegakd20merringfjcnormno . dat

A.2 Wall-PRISM

Here is the code for doing the Wall-PRISM calculations. It hasvo parts. The rst part
calculates the bulk blend then the second part uses the reufrom the rst part in the

calculation of the surface behavior.
Listing A.3: wall-PRISM code

( define grid )

ngrid=2048;

delr=4/100;

delk=n[Pi ]/ delr/ngrid;

rvalues=Table [(i 1/2) delr,fi,1,ngridg];
kvalues=Table [(i 1/2) delk,fi,1,ngridg];
( import results from wall PRISM )
gwzaa=< gwzaafjc20merringno . dat;
gwzbb=<«< gwzbbfjc20merchainno.dat;

( include density values pa and pb)
denaa=gwzaa pa;

denbb=gwzbb pb;

h = 30;
( reslen determines the resolution and how large the smoothgh windows
will be )

reslen=0.25;

truncmax=Floor [h/2/delr];

hwzaatrun=gwzaa [[ Table [i,f i,truncmax,1, 1g]]] 1;

hwzbbtrun=gwzbb [[ Table [i,fi,truncmax,1, 1g]]] 1;

hwkaatrun=( delr Sqrt [2/n[Pi]])/ Sqrt [2/ngrid] FourierDCT[hwzaatrun ,4];

hwkbbtrun=( delr Sqrt [2/n[Pi]])/ Sqrt [2/ngrid] FourierDCT[hwzbbtrun ,4];

kmax=Floor [reslen/delk];

hwkaatrunwin= Join [ hwkaatrun [[ Range [kmax]]] Table [((1/2) ( Cos[Pi (ik 1/2)/
kmax ]+1)), fik,1,kmaxg]

,Table [0 ,f i ,kmax+1,truncmax g]];

hwkbbtrunwin= Join [hwkbbtrun [[ Range [kmax]]] Table [((1/2) ( Cos[Pi (ik 1/2)/
kmax ]+1)), fik,1,kmaxg]

,Table [0 ,f i ,kmax+1,truncmax g]];

gwzaatrunwin=FourierDCT [ hwkaatrunwin ,4]/(( delr Sqrt [2/n[Pi]])/ Sqrt [2/
ngrid]) +1;
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gwzbbtrunwin=FourierDCT [ hwkbbtrunwin ,4]/(( delr Sqrt [2/n[Pi]])/ Sqart [2/
ngrid]) +1;

A.3 Data smoothing

Code for doing the Hann window smoothing. Based on original smthing code made by

David T. Wu.
Listing A.4: Hann Window Smoothing

( defining grid )

ngrid=2048;

delr=4/100;

delk=n[Pi]/delr/ngrid;

rvalues=Table [(i 1/2) delr,fi,1,ngridg];

kvalues=Table [(i 1/2) delk,fi,1,ngrid g];

( importing omega files )

wa=<< omegakd20merringfjcnormno . dat;

wh=<< omegakd20merchainfjcnormno. dat;

wd=Table [ff wa[[i]],0g,f0,wb[[i]]gg.,.fi,1,ngridg];

sigmaAA=1;

sigmaBB=1,;

sigmaAB=(sigmaAA+sigmaBB)/2;

sigmaBA=(sigmaAA+sigmaBB) /2;

( defining closures PY)

Clear [hcloseAA]

hcloseAA=fg;

i=1;

While [(i 1/2) delr<sigmaAA, hcloseAA=Append [hcloseAA, 1];i++]
hcloselenAA=Length [hcloseAA];

Clear [hcloseBB]

hcloseBB=fg;

i=1;

While [(i 1/2) delr<sigmaBB, hcloseBB=Append [hcloseBB, 1];i++]
hcloselenBB=ength [hcloseBB];

Clear [hcloseAB]

hcloseAB=fg;

i=1;

While [(i 1/2) delr<sigmaAB, hcloseAB=Append [hcloseAB, 1];i++]
hcloselenAB=Length [hcloseAB];

Clear [hcloseBA]

hcloseBA=fg;

i=1;

While [(i 1/2) delr<sigmaBA, hcloseBA=Append [hcloseBA, 1];i++]
hcloselenBA=Length [hcloseBA];
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C(r) closures

Clear [ccloseAA]

ccloseAA=1fg;

i=ngrid ;

While [(i 1/2) delr>=sigmaAA, ccloseAA=Append [ccloseAA ,0];i ]

ccloselenAA=Length [ccloseAA];

Clear [ccloseBB]

ccloseBB=fg;

i=ngrid ;

While [(i 1/2) delr>=sigmaBB, ccloseBB=Append [ccloseBB ,0];i ]

ccloselenBB=Length [ccloseBB];

Clear [ccloseAB]

ccloseAB=fg;

i=ngrid ;

While [(i 1/2) delr>=sigmaAB, ccloseAB=Append [ccloseAB ,0];i ]

ccloselenAB=Length [ccloseAB];

Clear [ccloseBA]

ccloseBA=fg;

i=ngrid ;

While [(i 1/2) delr>=sigmaBA, ccloseBA=Append [ccloseBA ,0];i ]

ccloselenBA=Length [ccloseBA];

( define densities below. be careful to know if it is chain densy or
monomer site density )

p=ff na pa,0g,f0,nb pbgg;

id=ff 1,0g,f0,1g9g;

AFD=1;

AFDList= fg;

gammainitial=Table [ff 0,0g,f0,09g,f ngrid g];

gammafirst=gammainitial ;

step=1;

tol=10" 7;

0ld=95/100;

new=1 old;

( start of picard iteration for bulk PRISM )

Monitor [ While [AFD>tol ,

extractgAA= Table [Extract [gammafirst,fi,1,1qg],fi,hcloselenAAq];

extractgBB=Table [Extract [gammalfirst,fi,2,2g],fi,hcloselenBBg];

extractgAB=Table [Extract [gammalfirst,fi,1,2qg],fi,hcloselenABg];

extractgBA= Table [Extract [gammafirst,fi,2,19],fi,hcloselenBAg];

csolutionAA=( Join [hcloseAA extractgAA, ccloseAA])rvalues;

csolutionBB=( Join [hcloseBB extractgBB ,ccloseBB]) rvalues;

csolutionAB=( Join [hcloseAB extractgAB ,ccloseAB]) rvalues;

csolutionBA=( Join [hcloseBA extractgBA ,ccloseBA])rvalues;

chatAA=2 n[Pi] delr Sqrt [2 ngrid](FourierDST[ SetPrecision [csolutionAA
,32],4]1/ kvalues);

chatBB=2 n[Pi] delr Sqgrt [2 ngrid](FourierDST[ SetPrecision [csolutionBB
,32],4]1/ kvalues);
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chatAB=2 n[Pi] delr Sqgrt [2 ngrid](FourierDST][ SetPrecision [csolutionAB
,32],4]/ kvalues);

chatBA=2 n[Pi] delr Sqgrt [2 ngrid](FourierDST][ SetPrecision [csolutionBA
,32],4]/ kvalues);

chatmatrix= Table [ff chatAA[[i]].,chatAB[[i]] g,f chatBA[[i]],chatBB[][i
119g.fi,ngridg] ;

gammahat=Table [(wd[[i]]. chatmatrix[[i]].( Inverse [id p .wd[[i]].
chatmatrix [[i]]]) .wd[[i]] chatmatrix [[i]]) kvalues|[[i]],fi,ngrid g];

gammaAA=FourierDST[ SetPrecision [Table [gammahat[[i,1,1]].fi,ngrid
g],32],4]/(rvalues 2n[Pi] delr Sqgrt [2 ngrid]);

gammaBB=FourierDST [ SetPrecision [Table [gammahat[[i,2,2]].,fi,ngrid
g],32],4]/(rvalues 2n[Pi] delr Sqgrt [2 ngrid]);

gammaAB=FourierDST [ SetPrecision [Table [gammahat[[i,1,2]].,fi,ngrid
gl,32],4]/(rvalues 2n[Pi] delr Sqgrt [2 ngrid]);

gammaBA=FourierDST [ SetPrecision [Table [gammahat[[i,2,1]].,fi,ngrid
g],32],4]/(rvalues 2n[Pi] delr Sqgrt [2 ngrid]);

gammasecondT able [ff gammaAA[[i]] ,gammaAB[[i]]g,f gammaBA[[i]] ,gammaBB[[ i
1199.fi,ngrid g]

AFD= Sqrt [1/ngrid Sum[((gammafirst[[i,1,1]] gammasecond[[i,1,1]])/(
gammafirst[[i,1,1]]+gammasecond[[i,1,1]]))"2+((gammafirst[[i,2,2]]
gammasecond [[i,2,2]])/(gammafirst[[i,2,2]]+gammaseond[[i,2,2]]))
A2+((gammafirst[[i,1,2]] gammasecond[[i,1,2]])/(gammafirst[[i,1,2]]+
gammasecond[[i,1,2]]))"2+((gammafirst[[i,2,1]] gammasecond[[i,2,1]])
/(gammafirst[[i,2,1]]+gammasecond[[i,2,1]]))"2,fi,1,ngrid g]];

gammafirst=old gammafirstthew gammasecond;

AFDList= Append [AFDList,AFD];

If [Mod [step ,500]==0,

gammarfirst> gammasolnnofjchighprecisionTMP . dat ;;

AFDList > AFDLIstTMP . dat;

step>> stepTMP ;]

step++;

],f step ,AFDg]

Print ["Number_of_steps.",step];

Print ["AFD= _" ,AFD];

hsolutionAA= Table [gammafirst[[i,1,1]],f i,ngrid ccloselenAA+1,ngridg]+
ccloseAA;

hAA= Join [hcloseAA , hsolutionAA];

hofrAA= Table [f rvalues [[i]] ,hAA[[i]]g,fi,1,ngridg];

hsolutionAB= Table [gammafirst[[i,1,2]],fi,ngrid ccloselenAB+1,ngridg]+
ccloseAB;

hAB= Join [hcloseAB , hsolutionAB ];

hofrAB=Table [f rvalues[[i]].,hAB[[i]]g.fi,1,ngridg];

hsolutionBA=Table [gammafirst[[i,1,2]],fi,ngrid ccloselenBA+1,ngridg]+
ccloseBA;

hBA= Join [hcloseBA , hsolutionBA];

hofrBA=Table [f rvalues[[i]],hBA[[i]]lg.fi,1,ngridg];
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hsolutionBB=Table [gammafirst[[i,2,2]],f i,ngrid ccloselenBB+1,ngridg]+
ccloseBB;

hBB=Join [ hcloseBB , hsolutionBB ];

hofrBB=Table [f rvalues [[i]].,hBB[[i]]g,.fi,1,ngridg];

( save output files)

gammafirst> gammasolnnofjchighprecisionTMP . dat;
step > stepTMP,

AFDList > AFDLIistTMP. dat;

chatmatrix > chatmatrixfjc20merno . dat;

( define width of polymer melt)

h=30;

omegaazerointerpolation [Table [f kvalues[[i]], ,wd[[i,1,1]]g,fi,1,ngrid
9].0];

omegabzerodnterpolation [Table [f kvalues|[[i]] ,wd[[i1,2,2]]g,fi,1,ngrid
g].0];

chataazero=Interpolation [Table [f kvalues[[i]],chatmatrix[[i,1,1]]lg,fi,1,
ngrid g],0];

chatabzero=Interpolation [Table [f kvalues[[i]],chatmatrix[[i,1,2]]g,fi,1,
ngrid g] ,0];

chatbazero=Interpolation [Table [f kvalues[[i]], chatmatrix[[i,2,1]]g,fi,1,
ngrid g] ,0];

chatbbzero=Interpolation [Table [f kvalues[[i]], chatmatrix[[i,2,2]]g,fi,1,
ngrid g],0];

lambdazero=1 pa na omegaazero chataazeropb nb omegabzero chatbbzero+pa
na pb nb omegaazero omegabzero(chataazero chatbbzerchatabzero”2);
shataazero=(pa na omegaazero(lpb nb omegabzero chatbbzero))/lambdazero

shatabzero=(pa na pb nb omegaazero omegabzero chatabzerdambdazero;
shatbbzero=(pb nb omegabzero(l pa na omegaazero chataazero))/lambdazero

alAA= ((pa na shatbbzero pb nb shatabzero)/(shatabzero”2 shataazero
shatbbzero));

alBB= ((pb nb shataazero pa na shatabzero)/(shatabzero”2 shataazero
shatbbzero));

( defining wall PRISM closures )

cpaaclosure=fg;

i=1;

While [(i 1/2) delr<h/2,cpaaclosure=Append [cpaaclosure ,alAA]; i++]

cpaacloselenzength [cpaaclosure];

cpbbclosure=fg;

i=1;

While [(i 1/2) delr<h/2,cpbbclosure=Append [cpbbclosure ,alBB]; i++]
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cpbbcloselenstength [cpbbclosure];

( defining parameters for wall PRISM picard iteration )

gammazinitial=Table [ff 0g,f0gg,f ngrid g];

gammafirst=gammazinitial ;

step2=1;

AFD2=1;

01d2=95/100;

new2=1 old2;

tol=10" 7;

nmatrix= ff na,0g,f 0,nbgg;

structure=Table [Inverse [id p.wd[[i]].chatmatrix[[i]]].wd[[i]].p, fi,1,
ngrid g];

AFD2List= fg;

( begin wall PRISM picard iteration )

Monitor [ While [AFD2>tol ,

extractgammawaa=Table [gammafirst[[i,1,1]].,fi,cpaacloselen+1,ngridg];

extractgammawbb=Table [gammafirst[[i,2,1]].,fi,cpbbcloselen+1,ngridg];

cpaa=Join [cpaaclosure, (extractgammawaa)];

cpbb=Join [cpbbclosure, (extractgammawbb)];

cpaahat=( delr Sqrt [2/n[Pi]])/ Sqgrt [2/ngrid] FourierDCT[ SetPrecision |
cpaa,iterPrecision],4];

cpbbhat=( delr Sqrt [2/n[Pi]])/ Sqrt [2/ngrid] FourierDCT[ SetPrecision |
cpbb,iterPrecision],4];

cphat=Table [ff cpaahat[[i]]g.f cpbbhat[[i]]lgg.fi,1,ngridg];

gammak=Table [Inverse [p]. structure [[i]].cphat[[i]] cphat[[i]],fi,1,ngrid
9l

gammaaa=FourierDCT [ SetPrecision [Table [gammak[[i,1,1]].,fi,1,ngriddg],
iterPrecision] ,4]/(( delr Sqrt [2/n[Pi]])/ Sqgrt [2/ngrid]) ;

gammabb=FourierDCT|[ SetPrecision [Table [gammak[[i,2,1]].,fi,1,ngridg],
iterPrecision],4]/(( delr Sgrt [2/n[Pi]])/ Sqrt [2/ngrid]);

gammaseconddable [ff gammaaa[[i]]g,f gammabb[[i]]gg,.fi,1,ngridg];

AFD2= Sqrt [1/ngrid Sum[((gammafirst[[i,1,1]] gammasecond[[i,1,1]])/(
gammalfirst[[i,1,1]]+gammasecond[[i,1,1]]))"2+((gammafirst[[i,2,1]]
gammasecond [[i,2,1]])/(gammafirst[[i,2,1]]+gammaseond|[[i,2,1]]))
n2.,fi,1,ngrid g]];

gammafirst=old2 gammafirsttnew2 gammasecond;

AFD2List= Append [AFD2List,AFD2];

If [Mod [step2,1000]==0,

gammafirst> gammawall . dat;

AFD2List > AFD2List. dat;

step2> step2.dat;]

step2++;], f step2 ,AFD2, getPlothr , getPlotgammadiff g]

( save output results)

gammarfirst> gammawall . dat;
AFD2List> AFD2List.dat;
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step2> step2.dat;

gwkaa=Table [gammak[[i,1,1]].,fi,1,ngridg]+cpaahat;

gwkbb=Table [gammak|[[i,2,1]] ,fi,1,ngridg]+cpbbhat;
gwzaa=FourierDCT[gwkaa ,4]/(( delr Sqrt [2/n[Pi]])/ Sqrt [2/ngrid]);
gwzbb=FourierDCT [gwkbb ,4]/(( delr Sqrt [2/n[Pi]])/ Sqrt [2/ngrid]);
denaa=gwzaa pa;

denbb=gwzbb pb;

( output final g(r) data from wall prism )

gwzaa> gwzaafjc20merringno . dat;

gwzbb> gwzbbfjc20merchainno . dat;
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APPENDIX B - PARALLEL DIRECT SAMPLING

For Two-Molecule RISM, 99% of the time is spent in the simulan. Of the simulation
time, generation of the con gurations of small molecules ia very small portion. Most of
the time is instead spent sampling the two molecules. With mbsodern computers having
multiple cores | can take advantage by splitting the sampligp time among the cores. To do
this, | rst generate my population of small molecules. Thera copy of the con gurations
are made for each thread. Testing has shown that the number thireads should be equal to
the number of physical cores. (Typically 4 cores gives maximn performance.) The total
number of MC steps is divided by the number of cores and giverspeci c thread ID (TID).
Each thread will then run normal direct sampling runs just aéw number of them in total.
The results from these samplings are stored in a large arrayhis array is however many
threads there are times the number of grid points. Each threlawill have an o set included
that is equal to TID ngrid. This ensures that there are no race conditions of having two
threads try to write to the same portion of the array. Care shold be taken to have each
thread have its own random number seed that is independent thfe other threads to ensure
good statistics. Once all the threads are completed, the & array is then consolidated

down into a single array of appropriate length. See Figure Blielow.

Figure B.1: Diagram of Parallel Direct Sampling Scheme
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APPENDIX C - TWO-CHAIN CODE

The code for all these systems run was written in two parts. Tésimulation portion
of the code was written in C++. The RISM/PRISM solving features and application of
the \tweaking" vector was all written in Mathematica. Mathlink and subsequently Wolfram
Symbolic Transfer Protocol (WSTP) were used. These were abbmpiled as per the instruc-
tions for making linked executables from the Mathematica dmmentation. Here | will give

example code for the athermal trimer.
C.1 Direct sampling code

Below is the code for the athermal trimer as well as the neededde to compile it to
work with WSTP. This also includes the code, though commentedug to work with water.

This should be usable as an example to alter the code to work the speci c system.

Listing C.5: C++ code for HS Trimer Direct Sampling

#include "wstp.h"
#include <iostream>
#include <cmath>
#include <thread>
#include <random>
#include <cstdlib>
#include <ctime>
#include <cstring>
using namespace std;

/Ilthread safe random number generators

inline float rng(unsigned int seedp)
f
return (float )rand_r(seedp) / (float )RAND MAX;

g

inline int rand_IntRange(int a, int b, unsigned int seedp)
f

164



return rand_r(seedp) % (b a + 1) + a;
g
/lgives a random vector of length r
void randomonsphere (float c¢c[3], float r, unsigned int seedp)
f
const float pi = 3.14159265f;

float theta = rng(seedp) 2.0f pi;
float u = 2.0f rng(seedp) 1.0f;

float t =r sqrt(1.0f uu;

c[0] = cos(theta) t;
c[1] = sin(theta) t;
c[2] =r u ;

g
/[Imatrix multiplication funciton

void matvectmultiply( float matl[][3], float vect[3], float result[3])
f
for (int g =0; g < 3; g+

f
result[q] = O;
g
for (int x = 0; X < 3; X++)
f
for (int ¢ =0; ¢c < 3; c+¥)
f
result[x] += matl[x][c] vect[c];
g
g

g
/Imoves molecule to origin

void zerodisplace (float chain[][3], int site)

f
float zero[3];
for (int i =0; i < 3; i++)
f
zero[i] = (chain[site][i]);
g
for (int i =0; i < 3; 1++)

for (int j = 0;j < 3;j++)
f
chain[i][j] + zero[j];
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void compute_energy(int start, int stop, int mcmax, unsigned int seed,
float ret, int threadld, int vectlen, int poplen, float wrO,float
wrl, float wr2,float sigmaa,float sigmab, float bl,float bondangle,
float tp, int numcols, float delr,int ngrid, float solFactor) // if
someone need it
/Istd::cerr < "Thread: " <« threadld < "nn";

/lfloat sited[3];

Pi 3.14159265f;

float

kb = 0.0019833794749f,;

float

111/(4
float

Pi
ke

epsilon_.o) for coulombic term
332.06377868;

int rmin start;
int rmax = stop;
/Ifloat ljshift
/Ifloat ljcutoff

315426.;
1.1224620483;

float
float

lj _entemp;
coul_entemp;

float wr[2048][3];

for (int i
wr[i][0]
wr[i][1]
wri][2]

0; i < 2048;
wrO[i];
=wrl[i];
wr2[i];

i++) f

/I float wrO[ngrid]
/Ifloat wrl[ngrid]
/I float wr2[ngrid]

f0.0fg;
f0.0fg;
f0.0fg;

float gr[2048][3] = f0.0f, 0.0f, 0.0fg;

float sigma[3] = f 0.5f (sigmaa + sigmaa),

0.5f (sigmab + sigmab) g;

0.5f (sigmaa + sigmab)

/[Ifloat epsilon[3] = fsqrt(epsilona epsilona),sqrt(epsilona epsilonb

),sqrt(epsilonb epsilonb)g;
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/I float qglist [3] = fgoxygen goxygen, ghydrogenqoxygen, ghydrogen
ghydrogeng;

unsigned int seedp = &seed;

/I Below generates the Dimer configuration population and distance
vector orientations
/I generate new array for vectors
/[Ifloat vectorlist[vectlen][numcols];
/I float chainpop[poplen][numcols];
/lgenerate new array for vectors
float vectorlist = new float [vectlen];
for (int i = 0; i < vectlen; +i)
f
vectorlist[i] = new float [3];

g
/lgenerate new array orientations of dimers
float chainpop = new float [3 poplen];
for (int i = 0; i < 3 poplen; +i)
f

chainpop[i] = new float [3];
g

/Ipopulate orientation and vector arrays
float bondanglerr = bondangle Pi/180;
float ycoord = sin(Pi Pi/2 bondangler/2) bl;
float xcoord = cos(Pi Pi/2 bondangle.r/2) bl;

float trimer _ini[3][3] =ff 0.0f, 0.0f, 0.0fg,f xcoord,ycoord,0.0f
g,f2 xcoord,0.0f,0.0fggq;

float phi;

float theta;

float gamma;

/Ifloat rx[3][3];

/Ifloat ry[3][3];

/Ifloat rz[3][3];

float trimer _temp[3][3];

float siterotationx[3];

float siterotationy[3];

float siterotationz [3];

/[ldefine sites
/10 = Hydrogen
/I 1 = Oxygen
int sitetype[3] = f1,0,1q;
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int pair_index [3][3];
for (int i =0; i < 3; i+ f
for (int j =0; j < 3; j++) f
if (sitetype[i] = 0 && sitetype[j] = 0) f
pair_index[i][]j] = O;
g
else if (sitetype[i] = 0 & sitetype[j] = 1) f
pair_index[i][]j] = 1;
g
else if (sitetype[i] = 1 & sitetype[j] = 0) f
pair_index[i][]j] = 1;
g
else if (sitetype[i] = 1 && sitetype[j] = 1) f
pair_index[i][]] = 2;

g
g
g
/[IGenerating the randomly oriented trimers
for (int i = 0; i < poplen; i ++)f

phi = rng(seedp) 2 Pi;

theta = rng(seedp) 2 Pi;

gamma = rng(seedp) 2 Pi;

float rx[3][3] = ff 1.0f,0.0f,0.0fg,f0.0, cos(phi), sin(phi)
g,f0.0, sin(phi),cos(phi)gg;

float ry[3][3] = ff cos(theta), 0.0f, sin(theta)g,f0.0f, 1.0f,
0.0fg,f sin(theta), 0.0f, cos(theta)gg;

float rz[3][3] = ff cos(gamma), sin(gamma), 0.0fg,f sin(gamma),
cos(gamma), 0.0fy,f0.0f, 0.0f, 1.0fgg;

for (int j=0; j < 3; j++) f
matvectmultiply (rx, trimer _ini[j], siterotationx);

matvectmultiply (ry, siterotationx,
siterotationy);

matvectmultiply (rz, siterotationy ,
siterotationz);

for (int k= 0; k < 3; k++) f

trimer _temp[j][k] = siterotationz[k];
g

g

for (int j = 0; j < 3; j++) f
for (int k= 0; k < 3; k++)f
chainpop[3 i + j][k] = trimer _temp[j][k];
g
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g

for (int p = 0; p < vectlen; p++)

f
float sited[3];
randomonsphere(sited, 1, seedp);
for (int ¢ = 0; ¢ < numcols; c++)
f

vectorlist[p][c] = sited[c];

g

g
/IActual sampling. The outer loop does the total number of MC steps.

The inner loop for n is what controls the two molecules over a
specified distance(rmin and rmax)
for (int iii = 0; iii < mcmax; +iii)
f
for (int n =rmin; n <= rmax; n++)
f
int choicel
int choice2
int choice3

rand_IntRange (0, poplen 1, seedp);
rand_IntRange (0, poplen 1, seedp);
rand_IntRange (0, vectlen 1, seedp);

float chainl[3][3];

float chain2[3][3];

float dis[3];

for (int g = 0; g < 3; g+t

f

for (int gq = 0; qq < 3; qq++)f

chainl[q][qq] chainpop[choicel 3 + q][qq];
chain2[q]l[qq] chainpop[choice23 + q][qq];

9
dis[q]

vectorlist[choice3][q] delr n;

g

float solE 0.0f;

/lzero random site

int choice_sitel =rand_IntRange(0,3 1,seedp);
int choice_site2 =rand_IntRange (0,3 1,seedp);
zerodisplace(chainl, choicesitel);
zerodisplace(chain2, choicesite2);

int temp[3][3]
float energy
float entemp

ff o, 0,0g9g,f 0, O, 0Og,f O, O, O g;

o o ll
o
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for (int j = 0; j < 3; j++)

f
for (int k= 10; k < 3 ; k++)
f
float sr = 0.0f;
for (int s = 0; s < 3; s++)
f
float vr = chainl[k][s] chain2[j][s] + dis|[s
1;
Sr += vr vr;
g
sr = sqrt(sr);
int disindex = round(sr/delr);
if (disindex > 0)f
temp[j]l[k] = disindex;
g
elsef
temp[j][k] = O;
g
int rindex = ceil(sr/delr);
float rFactor = (rindex (sr/
delr ));
if (rindex = 0)
f
solE = solE +solFactor wr[O][ pair_index[j][k]];
g
else if (rlndex < ngrid)
f
solE = solE + solFactor (wr[rindex 1]
pair_index[j][k]] (rFactor) + (1 rFactor
) wr[rindex ][ pair _index[j][k]]);
g
/IFor Water only LJ is calculated on the oxygen,
which is the site in index 1;
/1 if(j =1&% k ==1) f
/! float r2inv = sigma]
pair_index[j][k]] sigma[pair_index[j][k]] / (sr sr);
1l float r6inv = r2inv
r2inv r2inv;
/! lj_.entemp = 4 epsilon
[pair_index[j][k]] (r6inv (r6inv 1.0));
/! energy = energy +
lj_entemp;
/1 g

/IThe hard sphere is enforced here rather crudely by just makng the
potential extermely sharp and high.
if (sr >= sigma[pair_index[j][k]]) f
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entemp = 0.0;
g
elsef

entemp =
g

/Icoul _entemp

1000000000.0f;

energy = energy + entemp;

grtemp[j][k]][ pair_index[j][k]] += exp(

g
g
for (int j =0; j < 3; j++)
f
for (int k= 0; k < 3; k++)
f
energy + solE) / (kb
g
g

g

/I pack and marshall data
int i = 0;
for (int k = 0; k != ngrid; +K)
f
for (int g =0; g != 3; +Qq)

f
ret[i] = gr[k][q];
+i
g
g
/I free dynamic memory
for (int i = 0; i < vectlen; i++)
f
delete [] vectorlist[i];
g
for (int i = 0; i < 3 poplen; i+t
f
delete [] chainpop[i];
g

delete [] vectorlist;
delete [] chainpop;
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void wstpthreadhstrimer(float wr0, int wrOlen, float wrl, int wrllen,
float wr2, int wr2len, float plist, int plistlen, float solFactor
int poplen, int vectlen, int mcmax, int start, int stop)

float sigmaa plist[0];
float sigmab = plist[1];
float bl = plist[2];

float tp = plist[3];

float bondangle = plist[4];
/I float epsilona plist[4];
/Ifloat epsilonb plist[5];
/I float g _oxygen = plist[6];
/Ifloat g _hydrogen = plist[7];
/[Ifloat scale = plist[8];
float delr = 0.1f;

int numcols = 3;

int ngrid = 2048;

int dim[2];
dim[0] = ngrid;
dim[1l] = 3;

constexpr int nt = 4; // four threads

float rpnt];
std ::thread t[nt];
unsigned int seed[nt];

int

preseed;

preseed = time (NULL);
/I fork multiple threads
for (int s = 0; s != nt; +s)

f

g

seed[s] = preseed (s + 1) + preseed s; // different for each

thread
ris] = new float [ngrid 3]; /I different for each thread !
t[s] = std :: thread(compute _energy, start, stop, mcmax/nt,

seed[s], r[s], s, vectlen, poplen, wr0, wrl,wr2, sigmaa,
sigmab, bl, bondangle, tp, numcols, delr, ngrid, solFactop;

/I (int start, int stop, int mcmax, unsigned int seed, float ret,

int threadld, int vectlen, int poplen,float wr0[2048],float wrl
[2048],float wr2[2048], float sigmaa, float sigmab, floatbl, float

tp, int numcols, float delr,int ngrid,float solFactor);

for (int s = 0; s != nt; +s) // wait till all threads are done

t[s].join();

/I final result storage
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float gr[2048][3] = f0.0f, 0.0f, 0.0fg;

/I unpack marshalled data and merge

for (int s = 0; s = nt; +s)
f
float rr = r[s];
int i = 0;
for (int k = 0; k !'= ngrid; +K)
f
for (int g = 0; q != 3; +q)
f
grikifal += rr[i];
+i ;
g
g
g
WSPutReal32Array (stdlink , ( float )gr, (int )dim,( const char )0,
2);
return

g
/lthis is needed to work with WSTP

#if  WINDOWS WSTP

#if __BORLANDC __
#Hragma argsused
#endif

int PASCAL WinMain( HINSTANCE hinstCurrent, HINSTANCE hinstP revious,
LPSTR IpszCmdLine, int nCmdShow)
f
char buff[512];
char FAR buff_start = buff;
char FAR argv[32];
char FAR FAR argv_end = argv + 32;

hinstPrevious = hinstPrevious; / suppress warning /
if ( 'WSiInitializelcon( hinstCurrent, nCmdShow)) return 1;

WSScanString( argv, &argv_end, &pszCmdLine, &buff_start);
return WSMain( (int )(argv_end argv), argv);

g

#else

int main(int argc, char argv[])
f
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return WSMain(argc, argv);
g

#endif

Here is the le needed to make sure the Mathematica functionsalinked to the correct

libraries. These two les are compiled separately then lirdd.

Listing C.6: C++ code using WSTP libraries

This file automatically produced by wsprep from:
WSTP _Thread_Water.tm
mprep Revision 18 Copyright (c) Wolfram Research, Inc. 1990 2013

/
#define MPREP _REVISION 18
#include "wstp.h"

int WSAbort = 0;
int WSDone = O;
long WSSpecialCharacter = 'n0";

WSLINK stdlink = 0;
WSEnvironment stdenv = 0;
#if WSINTERFACE >= 3
WSYieldFunctionObject stdyielder = (WSYieldFunctionObj ect)0;
WSMessageHandlerObject stdhandler = (WSMessageHandler@ject) 0;
#else

WSYieldFunctionObject stdyielder = 0;

WSMessageHandlerObject stdhandler 0;
#endif / WSINTERFACE >= 3 /
/ end header
/
void wstpthreadhstrimer P(( float _tpl, int _tpll, float _tp2, int
_tpl2, float _tp3, int _tpl3, float _tpd4, int _tpl4, float _tp5,

int _tp6, int _tp7, int _tp8, int _tp9, int _tpl0));

#if WSPROTOTYPES
static int _trO( WSLINK mlp)

#else
static int _trO(mlp) WSLINK mlp;
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#endif

f
int res = 0;
float _tpl;
int _tpll;
float _tp2;
int _tpl2;
float _tp3;
int _tpl3;
float _tp4;
int _tpl4;
float _tp5;
int _tp6;
int _tp7;
int _tp8;
int _tp9;
int _tpl0;
if (! WSGetReal32List( mlp, &_tpl, &_tpll) ) goto LO;
if (! WSGetReal32List( mlp, &_tp2, &_tpl2) ) goto L1;
if (! WSGetReal32List( mlp, &_tp3, &_tpl3) ) goto L2;
if (! WSGetReal32List( mlp, &_tp4, &_tpl4) ) goto L3;
if (! WSGetReal32( mlp, &_tp5) ) goto L4;
if (! WSGetlinteger( mlp, & _tp6) ) goto L5;
if (! WSGetinteger( mlp, & _tp7) ) goto L6;
if (! WSGetinteger( mlp, & _tp8) ) goto L7;
if (! WSGetinteger( mlp, & _tp9) ) goto L8;
if (! WSGetinteger( mlp, & _tpl1l0) ) goto L9;
if (! WSNewPacket(mlp) ) goto L10;
wstpthreadhstrimer( _tp1, _tpll, _tp2, _tpl2, _tp3, _tpl3, _tp4,
_tpl4, _tp5, _tp6, _tp7, _tp8, _tp9, _tpl0);
res = 1;
L10: L9: L8: L7: L6: L5: L4: WSReleaseReal32List(mlp, _tp4, _tpl4);
L3: WSReleaseReal32List(mlp, _tp3, _tpl3);
L2: WSReleaseReal32List(mlp, _tp2, _tpl2);
L1: WSReleaseReal32List(mlp, _tpl, _tpll);
LO: return res;
g/ _trO0 [/
static struct func f
int f_nargs;
int manual ;
int ( f_func)P((WSLINK));
const char f_name;
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g _tramps[l] = f
f10, 0, _trO, "wstpthreadhstrimer” g
g;
#define CARDOF EVALSTRS 0
static int _definepattern P(( WSLINK, char , char , int));

int _WSDocCallPacket P(( WSLINK, struct func[], int));

#if WSPROTOTYPES
int WSinstall( WSLINK mlp)

#else
int WSinstall(mlp) WSLINK mlp;
#endif
f
int _res;
_res = WSConnect(mlp);
if (_res) _res = _definepattern(mlp, (char )"

wstpthreadhstrimer[al_List, _a2_List, _a3_List, _pl_List, _
b_Real,_c_Integer,._.d_Integer,_.e_Integer ,_f_Integer ,._
g_Integer]", (char )"fal,.a2,.a3,.pl,.b,.c,.d,_e,.f,_gg",
0);

if (_.res) _res = WSPutSymbol( mlp, "End");

if (.res) _res = WSFlush( mlp);

return _res;

g / WSinstall /

#if  WSPROTOTYPES
int WSDoCallPacket( WSLINK mlip)
#else
int WSDoCallPacket( mlp) WSLINK mip;
#endif
f
return _WSDoCallPacket( mlp, _tramps, 1);
g/ WSDoCallPacket /

/ begin trailer
/

#ifndef EVALSTRS _AS BYTESTRINGS

# define EVALSTRS ASBYTESTRINGS 1
#endif
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#if CARDOF EVALSTRS
#if WSPROTOTYPES
static int _doevalstr( WSLINK mip, int n)

#else

static int _doevalstr( mip, n)
WSLINK mip; int n;

#endif

f

long bytesleft, charsleft, bytesnow;
#if IEVALSTRS ASBYTESTRINGS

long charsnow;

#endif
char S, p;
char t;
s = (char )evalstrs;

while ( n > 0)f
if( s = 0) break;
while ( s+ != 0) fg

g

if( s = 0) return O;

bytesleft = 0;

charsleft = 0;

p=3:;

while ( p)f
t = p; while ( t) +t;
bytesnow =t p;

bytesleft += bytesnow;
charsleft += bytesnow;
#if 'EVALSTRS _AS BYTESTRINGS

t= p;
charsleft = WSCharacterOffset( &, t + bytesnow,
bytesnow) ;
/ assert( t = p + bytesnow); /
#endif
P,

WSPutNext( milp, WSTKSIR) ;
#if EVALSTRS ASBYTESTRINGS

p=-:;

while ( p)f
t = p; while ( t) +t;
bytesnow =t p;
bytesleft = bytesnow;
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WSPut8BitCharacters( mlp, bytesleft, (unsigned char

, bytesnow);
P
g
#else
WSPut7BitCount( mlp, charsleft, bytesleft);
p=-:;
while ( p)f
t = p; while ( t) +t;
bytesnow =t p;
bytesleft = bytesnow;
t= p;
charsnow = bytesnow WSCharacterOffset( &t, t +
bytesnow, bytesnow);
/| assert( t = p + bytesnow); /
charsleft = charsnow;
WSPut7BitCharacters( mlp, charsleft, p, bytesnow,
charsnow) ;
P,
g
#endif
return  WSError( mlp) = WSECK;
g

#endif / CARDOF EVALSTRS /

#if  WSPROTOTYPES

static int _definepattern( WSLINK mlp, char patt, char args, int
func_n)
#else
static int _definepattern( mlp, patt, args, func_n)
WSLINK  mlp;
char patt, args;
int func.n;
#endif

WSPutFunction( mlp, "DefineExternal™, ( long)3);
WSPutString( mlp, patt);
WSPutString( mlp, args);
WSPutinteger( mlp, func_n);
return 'WSError(mip);
g/ _definepattern /

#if  WSPROTOTYPES

) P

int _WSDoCallPacket( WSLINK mlp, struct func functable[], int nfuncs)

#else
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int _WSDocCallPacket( mlp, functable, nfuncs)
WSLINK mlip;
struct func functable[];
int nfuncs;
#endif
f
#if WSINTERFACE >= 4
int len;
#else
long len;
#endif
int n, res = 0;
struct func funcp;

if ( ! WSGetinteger( mlp, &) jj n< 0 jj n>= nfuncs) goto LO
funcp = &functable[n];
if ( funcp >f_nargs>=0

#if WSINTERFACE >= 4
& (! WSTestHead(mlp, "List", &len)

#else
& (' WSCheckFunction(mlp, "List", &len)
#endif
ij ( 'funcp >manual & (len != funcp >f_nargs))
jj ( funcp >manual & (len < funcp >f_nargs))
)
) goto LO;
stdlink = mlp;
res = ( funcp >f_func)( mip);
LO: if ( res = 0)
res = WSClearError( mlp) & WSPutSymbol( mlp, "$Failed"
);

return res & WSEndPacket( mlp) & WSNewPacket( mlp);
g / _WSDocCallPacket /

#if WSPROTOTYPES
wsapi_packet WSAnswer( WSLINK mlp)

#else

wsapi_packet WSAnswer( mlp)
WSLINK mlip;

#endif

f
wsapi_packet pkt = 0;
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#if WSINTERFACE >= 4
int waitResult;

while (! WSDone && ! WSError(mlip)
& (waitResult = WSWaitForLinkActivity (mlp) ,waitResult )

&&
waitResult = WSWAITSUCCESS && (pkt = WSNextPacket(mip)
., pkt) &
pkt = CALLPKT)
f
WSAbort = 0;
if (! WSDoCallPacket(mlp))
pkt = O;
g
#else
while ( 'WSDone & !'WSError(mlp) & (pkt = WSNextPacket(mlp) ,
pkt) &% pkt = CALLPKT) f
WSAbort = 0;
if ( 'WSDoCallPacket(mlp)) pkt = 0;
g
#endif
WSAbort = 0;
return pkt;

g/ WSAnswer /

Module[ f me = $ParentLink g,
$ParentLink = contents of RESUMEPKT;

Message[ MessageNamejParentLink, "notfe"], me];
me]
/

#f WSPROTOTYPES
static int refuseto_be_a_frontend( WSLINK mlp)

#else

static int refuse.to_be_a_frontend( mlp)
WSLINK mlip;

#endif

f
int pkt;

WSPutFunction( mlp, "EvaluatePacket", 1);
WSPutFunction( mlp, "Module", 2);
WSPutFunction( mlp, "List", 1);

WSPutFunction( mlp, "Set", 2);
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WSPutSymbol( mlp, "me");
WSPutSymbol( mlp, "$ParentLink");
WSPutFunction( mlp, "CompoundExpression", 3);
WSPutFunction( mlp, "Set", 2);
WSPutSymbol( mlp, "$ParentLink");
WSTransferExpression( mlp, mlp);
WSPutFunction( mlp, "Message", 2);
WSPutFunction( mlp, "MessageName", 2);
WSPutSymbol( mlp, "$ParentLink");
WSPutString( mlp, "notfe");
WSPutSymbol( mlp, "me");
WSPutSymbol( mlp, "me");
WSEndPacket( mip);

while ( (pkt = WSNextPacket( milp), pkt) & pkt != SUSPENDPKT)
WSNewPacket( mlp);

WSNewPacket( mip) ;

return WSError( mip) = WSECK;

WSPROTOTYPES
WSINTERFACE >= 3
WSEvaluate( WSLINK mlp, char s)

WSEvaluate( WSLINK mlp, charp _ct s)

WSINTERFACE >= 3 /

WSEvaluate( mip, s)

WSLINK mlp;

WSINTERFACE >= 3

char s;

charp_ct s;
WSINTERFACE >= 3 /

if ( WSAbort) return O;

return WSPutFunction( mlp, "EvaluatePacket", 1L)
& WSPutFunction( milp, "ToExpression", 1L)
&% WSPutString( mip, s)
&% WSEndPacket( mlp);

WSEvaluate /

WSPROTOTYPES
WSINTERFACE >= 3
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int WSEvaluateString( WSLINK mlp, char s)
#else
int WSEvaluateString( WSLINK mlp, charp _ct s)
#endif / WSINTERFACE >= 3 /
#else
int WSEvaluateString( milp, s)
WSLINK mlp;
#if WSINTERFACE >= 3
char s;
#else
charp_ct s;
#endif / WSINTERFACE >= 3 /
#endif
f
int pkt;
if ( WSAbort) return O;
if ( WSEvaluate( mlp, s))f

while ( (pkt = WSAnswer( mlp), pkt) & pkt !'= RETURNPKT)

WSNewPacket( mlp);
WSNewPacket( mlp) ;
g
return  WSError( mlp) = WSECK;
g/ WSEvaluateString /

#if WSINTERFACE >= 3
#if  WSPROTOTYPES

void WSDefaultHandler( WSLINK mlp, int message,
#else
void WSDefaultHandler( mlp, message, n)
WSLINK mlp;
int message, n;
#endif
#else

#f WSPROTOTYPES
void WSDefaultHandler( WSLINK mlp, unsigned long

n)
#else
void WSDefaultHandler( mlp, message, n)
WSLINK mlp;
unsigned long message, n;
#endif

#endif / WSINTERFACE >= 3 /
f
switch (messagef}
case WSTerminateMessage:
WSDone = 1;
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case WSinterruptMessage:
case WSAbortMessage:
WSAbort = 1;
default :
return ;

g

#if WSPROTOTYPES

#if WSINTERFACE >= 3

static int _WSMain( char argv, char argv_end, char commandline)

#else

static int _WSMain( charpp_ct argv, charpp.ct argv_end, charp.ct
commandline)

#endif |/ WSINTERFACE >= 3 /

#else

static int _WSMain( argv, argv_end, commandline)

#if WSINTERFACE >= 3

char argv, argv_end;
char commandline;
H#else

charpp_ct argv, argv_end;
charp_ct commandline;
#endif [/ WSINTERFACE >= 3 /

#endif
f
WSLINK mlp;
#if WSINTERFACE >= 3
int err;
#else
long err;

#endif / WSINTERFACE >= 3 /

#if WSINTERFACE >= 4

if ( !stdenv)
stdenv = WSlInitialize ( (WSEnvironmentParameter)0);
#else
if ( !'stdenv)
stdenv = WSinitialize( (WSParametersPointer)0);
#endif

if ( stdenv = (WSEnvironment)0) goto RO;

#if WSINTERFACE >= 3
if ( !'stdhandler)
stdhandler = (WSMessageHandlerObject) WSDefaultHandler;
#else
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if ( !'stdhandler)
stdhandler = WSCreateMessageHandler( stdenv,
WSDefaultHandler, 0);
#endif |/ WSINTERFACE >= 3 /

mlp = commandline
? WSOpenString( stdenv, commandline, &err)
#if WSINTERFACE >= 3
. WSOpenArgcArgv( stdenv, (int)(argv_end argv), argv,

&err);
#else
: WSOpenArgv( stdenv, argv, argv_.end, &err);
#endif
if ( mlp = (WSLINK)O) f
WSAlert( stdenv, WSErrorString( stdenv, err));
goto R1;
g
f( stdyielder) WSSetYieldFunction( mlp, stdyielder);
if ( stdhandler) WSSetMessageHandler( mlp, stdhandler);
if ( WSInstall( mlp))
while ( WSAnswer( mlp) =— RESUMEPKT) f
if (! refuse_.to_be_a_frontend( mlp)) break ;
g
WSClose( mlp);
R1: WSDeinitialize ( stdenv);
stdenv = (WSEnvironment)0;
RO: return !'WSDone;

g/ _WSMain |/

#if  WSPROTOTYPES

#if WSINTERFACE >= 3

int WSMainString( char commandline)

#else

int WSMainString( charp_ct commandline)

#endif / WSINTERFACE >= 3 /

#else

#if WSINTERFACE >= 3

int WSMainString( commandline) char commandline;
#else

int WSMainString( commandline) charp_ct commandline;
#endif |/ WSINTERFACE >= 3 /

#endif
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return _WSMain( (charpp_ct)0, (charpp_ct)0, commandline);
g

#if  WSPROTOTYPES
int WSMainArgv( char argv, char argv_end) / note not FAR pointers
/

#else
int WSMainArgv( argv, argv_end) char argv , argv_end;
#endif
f

static char FAR far_argv[128];

int count = O;

while (argv < argv_end)

far_argv[count++] = argv++;

return _WSMain( far_argv, far_argv + count, (charp _ct)0);

g

#if WSPROTOTYPES
#if WSINTERFACE >= 3
int WSMain( int argc, char argv)
#else
int WSMain( int argc, charpp.ct argv)
#endif / WSINTERFACE >= 3 /
#else
#if WSINTERFACE >= 3
int WSMain( argc, argv) int argc; char argv;
#else
int WSMain( argc, argv) int argc; charpp.ct argv;
#endif |/ WSINTERFACE >= 3 /
#endif
f
#if WSINTERFACE >= 3
return _WSMain( argv, argv + argc, (char )O0);
#else
return _WSMain( argv, argv + argc, (charp_ct)0);
#endif / WSINTERFACE >= 3 /
g

C.2 Hard sphere trimer RISM/PRISM code

Here is the code for the athermal trimer. This is code speci dg for the linear trimer

version.
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Listing C.7: Mathematica Linear Trimer code

( tol is set for determination of completion of self consisten portion
)

tol = 10" 5;

( Grid Spacing and number of points for real and k space)

( Linear system requires higher precision because of k8 divergence
conditions )

ngrid = 2048;

delr = SetPrecision [0.1,precision];

delk =N [n[Pi]/(delr ngrid),precision];

rvalues = Table [i delr ,fi,1,ngridg];

kvalues = Table [i delk,fi,1,ngridg];

( Dimer Density. Also for Hetero dimer equal to the site densiies )

rho=SetPrecision [0.002092, precision];

( Sizes of the respective sites inn[Angstrom] )

sigmaa=SetPrecision [3.93, precision];

sigmab= SetPrecision [3.93, precision];

( n[Epsilon] for each respective site for LJ. This is not neededfor
Hard Sphere )

( epsilona=0.15535;

epsilonb=0.046; )

( Bond length )

|I=SetPrecision [3.93, precision];

( distance between End Sites)

aa =2 |;

( angle for the the trimer. This is needed as input for the CH code
when generating the molecules)

angle =180.00;

( kb is Boltzmann's constant in kcal/K )

kb =0.0019833794749;

( temperature in Kelvin )

t =41.26;

( Here we set simulation to zero after a certain point so as not @
have to sample over all the grid points. Here we are using 6.5
Subscript[Xn[Sigma], A] )

simcutoff = Round [sigmaa 6.5];

simcutoffindex = Round [simcutoff/delr]

( total number of MC steps)

mcsteps =1024 256,

( Respective Site Densities.)

rhoa = rho;
rhob=rho 2;
nrho = 0.38;

( Tells which solvaiton potential to use in the simulation fran the
RISM/PRISM results )
Model = "HNC";
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( water stuff not needed here)

( goxygen = 0.8476;

ghydrogen = Abs[qoxygen]/2)

( plist is the paramter list sent to the MathLink G+ code )

plist = fsigmaa,sigmab,|,t,angla

( density matrix )

rhom =ff rhoa,0.0g,f0.0, rhobgg;

( Analytical form of Overscript[ n[Omega], ”*](k) for dimers )

omega = Table [ff 1,(2 Sin[delk i |])/(delk i |)g,f2 (Sin[delk i |]/(delk
i 1)),2 (1+Sin[delk i aa]/(delk i aa))gg,fi,1,ngridg];

( PRISM equations and solvation potential solving)

solvefordelta[chatk. ,omegahat]:= Table [ Inverse [(IldentityMatrix [2]
chatk[[i]].(rhoa omegahat[[i]]))].chatk[[i]],fi,1,ngridqg]

solveforcsc[chatk ,delta_]:=Table [ chatk[[i]] delta[[i]].fi,1,ngrid(g]

solveforhkprism[omegak , deltak_]:=Module [fg ,Table [ omegak[[i]].(deltak
[[1]]) .omegak[[i]].fi,1,ngridg]]

wkhnc [chatk_,shatk_]:=Table [ chatk[[i]].shatk[[i]].chatk[[i]],fi,1,

ngrid g]

( Fourier Transform functions for matrices )

DFFSTForward[data _, delr_, kvalues_, rvalues_,transformtype_] := Module
[f datar = data,dr = delr, k=kvalues ,r=rvalues ,ngrid = Length [kvalues
],type =transformtype ,returntemp = Table [ff 0,09,f0,0gg,fi,1,Length [
kvalues]g]g, Table [returntemp[[ All ,i,j]]=2 n[Pi] dr Sqgrt [2 ngrid]
FourierDST [datar [[ All ,i,j]] rvalues , type]/kvalues,fi,1,2g9,fj,1,29];

returntemp]
DFFSTBackward[data_, delr_, kvalues_., rvalues_, transformtype_]:= Module

[f datak = data,dr = delr, k=kvalues ,h r=rvalues ,ngrid = Length [kvalues
], type =transformtype ,returntemp = Table [ff 0,09,f0,0gg,fi,1,Length [
kvalues]g]g, Table [returntemp[[ All ,i,]j]]=FourierDST[datak[[ All ,i,]

11 kvalues , typel/(2 n[Pi] dr Sqgrt [2 ngrid] rvalues).,fi,1,2g9,f]
,1,29g]; returntemp]

( numerical integration function using trapezoid method )

trap[data_,h_]:=Module [fg ,h/2 (data[[1]]+ Sum[2 data[[i]].,fi,2,Length |
data] 1g]+ data[[ Length [data]]]) ]

( performs numerical integration to solve for the zero wave vetor of a
function from either FFT functions or from the real space functions
)

solvefzerok[fk ,delr_]:=Module [frg,trap[DFFSTBackward[fk ,delr , kvalues,
rvalues ,1] rvalues”™2 4 n[Pi],delr]]

solvefzeroppk[fk ,delr_]:=Module [frg,trap[DFFSTBackward[fk ,h delr , kvalues
,rvalues ,1] 1/ 3 rvalues”4 (4n[Pi]) ,delr]]

solvefzeror[fr. ,delr_]:=Module [frg,trap[fr rvalues”™2 4 n[Pi],delr]]

solvefzeroppr([fr.,delr_]:=Module [frg,trap[fr 1/ 3 rvalues”4 (4n[Pi]),
delr]]

solvefzerodr[fr. ,delr_]:=Module [frg,trap[fr 1/5 rvalues”6 (4n[Pi]),delr

1]
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solvefzero6r[fr.,delr_]:=Module [frg,trap[fr 1/ 7 rvalues”™8 (4n[Pi]),
delr]]

solvefzero8r[fr.,delr_]:=Module [frg,trap[fr 1/9 rvalues”~10 (4n[Pi]),
delr]]

( functions to go from a 1x3 to a 2x2 representation)

to2b2from3[data_]:= Module [f list = data,ngrid = Length [data],temp =
Table [ff 0,09,f0,0gg,fi,1,Length [data]glg, temp[[All ,1,1]]=1list[[ All
y1]];temp [[AI ,1,2]]=list[[ All ,2]];temp[[All ,2,1]]=Tlist[[ All ,2]];
temp[[All ,2,2]] = list[[ All ,3]];temp]

to3blfrom2b2[data_]:= Module [fg ,Transpose [f data[[All ,1,1]],data[[All
,1,2]] . data[[All ,2,2]]g9]];

( Installing MathLink G+ Monte Carlo 2 chain code )

SetDirectory [NotebookDirectory []]

mclink=Install ["WSTP _Thread_HS_Trimer"]

( writes directories if not only present. These are where intemediate
results are saved)

If [DirectoryQ["wr"]== False ,CreateDirectory ["wr"], Print ["wr _already.
exists"]];

If [DirectoryQ["cr"]== False ,CreateDirectory ["cr"], Print ["cr _already.
exists"]];

If [DirectoryQ["hr _prism"]== False , CreateDirectory ["hr _prism"], Print ["
hr_prism_already_exists"]];

If [DirectoryQ["hr _simulation"]== False , CreateDirectory ["hr _simulation"],
Print ["hr _simulation _already_exists"]];

If [DirectoryQ["hr _fixed"]== False ,CreateDirectory ["hr _fixed"], Print ["
hr_fixed._already._exists"]];

If [DirectoryQ["ck"]== False ,CreateDirectory ["ck"], Print ["ck _already.
exists"]];

If [DirectoryQ["delta _ck"]== False ,CreateDirectory ["delta_ck"], Print ["
delta_ck_already_exist"]];

If [DirectoryQ["diff _hk"]== False , CreateDirectory ["diff _hk"], Print ["
diff _hk _already_exists"]];

If [DirectoryQ["results"]== False ,CreateDirectory ["results"], Print ["
results_already._exists"]];

If [DirectoryQ["restartfiles"]== False ,CreateDirectory ["restartfiles"],
Print ["results _already_exists"]];

( These funcitons are used to check the various kmh conditional
expressions. This is used to ensure the solver is working coectly
)

k8thaa[haa ,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_, hd4aa ,h4ab_, h4dba_,
h4bb_,h6aa ,h6ab_,h6ba_,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,I_,ksmall_
]1:=(2025 (haa hab hba+hbb))/(1"8 ksmall”8)

k8thab[haa_, hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_, hd4aa ,h4ab_, hdba_,
h4bb_, h6aa_ ,h6ab_,h6ba._,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,|_, ksmall_
]:= ((2025 (haa hab hbathbb))/(2 18 ksmall”~8))
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k8thba[haa_, hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_ ,h2bb_,h4aa ,h4ab_, hdba_,
h4bb_,h6aa ,h6ab_,h6ba_,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,I_,ksmall_
]:= ((2025 (haa hab hbathbb))/(2 178 ksmall"8))

k8thbb[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_, hd4aa ,h4ab_, hdba_,
h4bb_,h6aa. ,h6ab_,h6ba ,h6bb_,h8aa ,h8ab_,h8ba.,h8bb_,I_, ksmall_
]1:=(2025 (haa hab hbat+hbb))/(4 178 ksmall~8)

k6éthaa[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_,h4aa ,h4ab_, hdba_,
h4bb_,h6aa.,h6ab_,h6ba_,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,I_,ksmall_
]l:= (675 ( 21 h2aa+2l1 h2ab+21 h2ba 21 h2bb+16 haa 12 9 hab 72 9
hba 172+2 hbb [72))/(14 178 ksmall”~6))

k6thab[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_ ,h2bb_,h4aa ,h4ab_, hdba_,
h4bb_,h6aa_,h6ab_,h6ba_,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,I_,ksmall_
]1:=(675 ( 21 h2aa+21 h2ab+21 h2ba 21 h2bb+9 haa 172 2 hab 172 2 hba
"2 5 hbb [72))/(28 178 ksmall”~6)

k6thba[haa_, hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_ ,h2bb_,h4aa ,h4ab_, hdba_,
h4bb_,h6aa ,h6ab_,h6ba_,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,1_,ksmall_
1:=(675 ( 21 h2aa+21 h2ab+21 h2ba 21 h2bb+9 haa |72 2 hab "2 2 hba
"2 5 hbb [72))/(28 178 ksmall”"6)

k6thbb[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_, h4aa ,h4ab_, hdba_,
h4bb_, h6aa_ ,h6ab_,h6ba_,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,I_, ksmall_
l:= (675 ( 21 h2aa+21 h2ab+21 h2ba 21 h2bb+2 haa 172+5 hab [72+5
hba 172 12 hbb 172))/(56 178 ksmall”6))

k4thaa[haa_ ,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba ,h2bb_,h4aa ,h4ab_, hdba_,
h4bb_,h6aa.,h6ab_,h6ba_,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,I1_,ksmall_
1:=1/(392 178 ksmall~4) 45 (735 hd4aa 735 h4ab 735 h4ba+735 h4bb 3360
h2aa 172+1890 h2ab [72+1890 h2ba [72 420 h2bb 172+1696 haa |74 527
hab 174 527 hba 174 152 hbb [74)

k4thab[haa_, hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_, hd4aa ,h4ab_, h4dba_,
h4bb_,h6aa ,h6ab_,h6ba_,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,I_,ksmall_
1:=1/(784 178 ksmall”4) 45 (735 h4aa 735 h4ab 735 h4ba+735 h4bb 1890
h2aa 172+420 h2ab 172+420 h2ba [72+1050 h2bb [172+527 haa 74 240
hab 174+152 hba 174+51 hbb [74)

k4thba[haa_, hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_, hd4aa ,h4ab_, hdba_,
h4bb_,h6aa. ,h6ab_,h6ba ,h6bb_,h8aa ,h8ab_,h8ba.,h8bb_,I_, ksmall_
l:= (1/(784 178 ksmall”®4))45 (735 hdaa 735 hdab 735 h4ba+735 h4bb
1890 h2aa 172+420 h2ab 172+420 h2ba 172+1050 h2bb 172+527 ha |
N+152 hab 174 240 hba [74+51 hbb [74)

kd4thbb[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_, hd4aa ,h4ab_,h4ba_,
h4bb_, h6aa ,h6ab_,h6ba_ ,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,I1_, ksmall_
l:= (1/(1568 178 ksmall”*4))45 ( 735 h4aa+735 h4ab+735 hdba 735 h4bb
+420 h2aa [72+1050 h2ab [72+1050 h2ba 172 2520 h2bb [172+152 haa |
AM+51 hab [M+51 hba 174 744 hbb |174)

k2thaa[haa ,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba ,h2bb_, h4aa ,h4ab_,h4ba_,
h4bb_,h6aa ,h6ab_,h6ba_,h6bb_,h8aa ,h8ab_,h8ba_ ,h8bb_,I1_,ksmall_]:=
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(1/(5488 178 ksmall”~2))45 ( 343 h6aa+343 h6ab+343 h6ba 343 h6bb
+3920 h4aa 172 2205 hd4ab 172 2205 h4ba 172+490 h4bb |72 11872 h2aa |
N"+3689 h2ab 174+3689 h2ba 174+1064 h2bb [74+2816 haa 176+4 hab |
"6+40 hba 176 54 hbb [76)

k2thab[haa_, hab_,hbb_, hba_,h2aa ,h2ab_,h2ba_ ,h2bb_,h4aa ,h4ab_, hdba_,
h4bb_,h6aa ,h6ab_,h6ba_,h6bb_,h8aa ,h8ab_,h8ba_,h8bb_,I1_,ksmall_
1:=1/(10976 178 ksmall~2) 45 (343 h6aa 343 h6ab 343 h6ba+343 h6bb

2205 h4aa [72+490 h4ab 172+490 h4ba 172+1225 h4bb [172+3689 Raa |
N4 1680 h2ab 174+1064 h2ba 174+357 h2bb 174+40 haa |76 544 hab |
"6 54 hba 176 226 hbb 176)

k2thba[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba ,h2bb_, h4aa ,h4ab_,h4ba_,
h4bb_,h6aa. ,h6ab_,h6ba ,h6bb_,h8aa ,h8ab_,h8ba ,h8bb_,I_, ksmall_
l:= (1/(10976 178 ksmall~2))45 (343 h6aa 343 h6ab 343 h6ba+343 h6bb

2205 h4aa [172+490 hd4ab 172+490 h4ba 172+1225 h4bb [72+3689 Raa |
N"+1064 h2ab 74 1680 h2ba 174+357 h2bb 174+40 haa 176 54 hab |
"6 544 hba [I76 226 hbb 176)

k2thbb[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_,h4aa ,h4ab_,h4ba_,
h4bb_, h6aa ,h6ab_,h6ba.,h6bb_,h8aa ,h8ab_,h8ba.,h8bb_,|_, ksmall.
]:=1/(21952 178 ksmall~2) 45 (343 h6aa 343 h6ab 343 h6ba+343 hb6bb

490 hd4aa 172 1225 hd4ab 72 1225 h4ba 172+2940 h4bb 72 1064 h2aa |
N4 357 h2ab 174 357 h2ba 174+5208 h2bb [74+54 haa [76+226 hab |
"6+226 hba [76+768 hbb 176)

( below uses the simulation cut off as well as the site size to
calculate how large the correcting vector should be for eachThis
changes the size of the correcting matrix below )

begaa = Round [sigmaa/delr];

begab = Round [1/2 (sigmaa+sigmab)/delr];

begbb = Round [sigmab/delr];

end = simcutoffindex;

lenaa=Length [rvalues[[begaa;;end]]]

lenab=Length [rvalues[[begab;;end]]]

lenbb=Length [rvalues [[begbb;;end]]]

( Second Moment zero wavevectors of Overscripn[Omega], "]J(k) )

w2aa = 0;

w2ab= ((2 172)/3);

w2ba= (172/3);

w2bb = (aa”2/3);

( h blanks )

hblankaam =Table [ SetPrecision [0.0, precision] fi,begaa,endg];

hblankabm =Table [ SetPrecision [0.0, precision] fi,begab,endg];

hblankbam =Table [ SetPrecision [0.0, precision] fi,begab,endg];

hblankbbm = Table [SetPrecision [0.0, precision] fi,begbb,endg];
( zero moment )

haam = 4 n[Pi] delr Table [rvalues[[i]]*2 ,fi,begaa,endg];

habm =4 n[Pi] delr Table [rvalues[[i]]*2,fi,begab,endg];
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hbam =4 n[Pi] delr Table [rvalues[[i]]*2,fi,begab,endg];

hbbm = 4 n[Pi] delr Table [rvalues[[i]]*2,fi,begbb,endg];

( second moment)

h2aam =4 n[Pi] delr Table [rvalues[[i]]"4/ 3.,fi,begaa,endg];

h2abm =4 n[Pi] delr Table [rvalues|[[i]]*4/ 3,fi,begab,endg];

h2bam = 4 n[Pi] delr Table [rvalues[[i]]*4/ 3.,fi,begab,endg];

h2bbm =4 n[Pi] delr Table [rvalues[[i]]"4/ 3,fi,begbb,endg];

( fourth moment )

h4aam =4 n[Pi] delr Table [rvalues[[i]]"6/5,f i, begaa,hendg];

h4abm =4 n[Pi] delr Table [rvalues[[i]]"6/5,fi,begab,endg];

hdbam = 4 n[Pi] delr Table [rvalues[[i]]"6/5,fi,begab,endg];

h4bbm =4 n[Pi] delr Table [rvalues[[i]]"6/5,fi,begbb,endg];

( sixth moment )

h6aam =4 n[Pi] delr Table [rvalues|[[i]]*"8/ 7.,fi,begaa,endg];

héabm =4 n[Pi] delr Table [rvalues[[i]]*"8/ 7.fi,begab,endg];

hébam = 4 n[Pi] delr Table [rvalues[[i]]*8/ 7.,fi,begab,endg];

hébbm =4 n[Pi] delr Table [rvalues[[i]]*8/ 7.,fi,begbb,endg];

( eighth moment)

h8aam =4 n[Pi] delr Table [rvalues[[i]]*10/9,fi,6begaa,endg];

h8abm =4 n[Pi] delr Table [rvalues[[i]]"10/9,fi,6 begab,endg];

h8bam = 4 n[Pi] delr Table [rvalues[[i]]*10/9,fi,begab,endg];

h8bbm =4 n[Pi] delr Table [rvalues[[i]]*10/9,fi,begbb,endg];

first =Join [haam, habm, hbam,hbbm];

second =Join [16 haam |72 21 h2aam, 9 habm [72+21 h2abm, 9 hbam [72+21
h2bam,2 hbbm |72 21 h2bbm];

third = Join [1696 haam [”4 3360 h2aam [72+735 h4aam, 527 habm [74+1890
h2abm 72 735 h4abm, 527 hbam 174+1890 h2bam [72 735 h4bam, 152 hbbm
[~"4 420 h2bbm 172+735 h4bbm];

fourth = Join [2816 haam |76 11872 h2aam [7"4+3920 h4aam |72 343 h6aam,40
habm [76+3689 h2abm 174 2205 h4abm [72+343 h6abm,40 hbam [76+3689
h2bam 174 2205 h4bam [72+343 h6bam, 54 hbbm [76+1064 h2bbm [174+490
hdabbm [72 343 hébbm];

fifth=Join [9 haam |72 21 h2aam, 2 habm [72+21 h2abm, 2 hbam [/2+21
h2bam, 5 hbbm 72 21 h2bbm];

sixth=Join [527 haam |74 1890 h2aam 172+735 h4aam, 240 habm [74+420
h2abm 72 735 h4abm,152 hbam [74+420 h2bam |72 735 h4bam,51 hbbm |
N+1050 h2bbm [72+735 h4bbm];

seventh=Join [40 haam [76+3689 h2aam |74 2205 h4aam [172+343 h6aam, 544
habm 176 1680 h2abm [74+490 h4abm 172 343 h6abm, 54 hbam [176+1064
h2bam 174+490 h4bam |72 343 h6bam, 226 hbbm [76+357 h2bbm [74+343
hébbm+1225 h4bbm 1/2];

eighth = Join [9 haam |72 21 h2aam, 2 habm [72+21 h2abm, 2 hbam [72+21
h2bam, 5 hbbm 72 21 h2bbm];

ninth=Join [527 haam |74 1890 h2aam [72+735 h4aam,152 habm [74+420 h2abm
[72 735 hd4abm, 240 hbam [74+420 h2bam [72 735 h4bam,51 hbbm |
N+1050 h2bbm [72+735 h4bbm];
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tenth=Join [40 haam [76+3689 h2aam [”"4 2205 h4aam [72+343 h6aam, 54 habm
["6+1064 h2abm [174+490 h4abm |72 343 h6abm, 544 hbam |76 1680 h2bam
["4+490 hd4bam 172 343 h6bam, 226 hbbm [76+357 h2bbm [174+1225 h4bbm
["2+343 h6bbm];

eleventh=Join [ 2haam |72 21 h2aam,5 habm [172+21 h2abm,5 hbam [72+21
h2bam, 12 hbbm 172 21 h2bbm];

twelfth=Join [152 haam [7"4+420 h2aam |72 735 h4aam,51 habm [74+1050
h2abm [72+735 h4abm,51 hbam [74+1050 h2bam 172+735 h4bam, 744 hbbm |
N 2520 h2bbm 172 735 h4bbm];

thirteenth=Join [54 haam |76 1064 h2aam 174 490 h4aam |72+343 h6aam,226
habm [76 357 h2abm [74 1225 h4abm |72 343 h6abm,226 hbam |76 357
h2bam 74 1225 h4bam |72 343 h6bam,768 hbbm [76+5208 h2bbm 174+2940
hdbbm [72+343 h6bbm];

( the vectors above are not linearly independent below are sedted the
terms the give the matrix the maximum rank)

gmatrix=f first ,second, third , fourth , fifth , sixth , seventh , eight h , ninth,
tenth , eleventh , twelfth , thirteenth g;

( Random Seeds given to MathLink C++...this will likely be renoved to
have the CH code do this automatically using the time as a sedk.
This is no longer needed but included in the off chance an olde
version of the simulation code is used)

randlist = Randominteger[10000,5000];

( using c(r) = 1 inside the hard sphere as the first guess. This is
determined for each one based on the respective sigma.Sornmes this
results in problems and having c(r)=0 is a better initial guess.
That is the case here. This is still included)

craa = Join [Table[ 1.0,fi,1,Round [1/2 (sigmaa+sigmaa)/delr] g], Table
[0.0,fi,1,ngrid Round [1/2 (sigmaatsigmaa)/delr] g]];

crab = Join [Table [ 1.0,fi,1,Round [1/2 (sigmaatsigmab)/delr] g], Table
[0.0,fi,1,ngrid Round [1/2 (sigmaatsigmab)/delr] g]];

crbb = Join [Table [ 1.0,fi,1,Round [1/2 (sigmab+sigmab)/delr] g], Table
[0.0,fi,1,ngrid Round [1/2 (sigmab+sigmab)/delr] g]];

crhs =Table [ff craa[[i]],crab[[i]]lg,fcrab[[i]],crbb[[i]]lgg,.fi,1,ngridg];

crini = crhs;

( imports the tail portion ot be pieced on from the single chain
results )

hrinputtail= SetPrecision [Import ["hrfinal2 .wdx"], precision];

crini = SetPrecision [Table [ff 0.0,0.0g9,f0.0,0.099g,f ngridg], precision];

( sets up the lists used to save intermediate results. it also eleps
track of the error to check tol for convergence.

mix is important as this tells deltaC how strong to be. savestp says
how often to save the results and output to the respectitve fders.

n is used just for making the files names long enough to save
their respective run number. | just keeps track of how many
iterations have happened)
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cr = crini;

check = fg;
error=fg;
error2="1g;
hrfixedlist = fg;
hrlist = fg;
wrlist = fg;
deltalist = fg;
cklist = fg;
debuglist = fg;
mix = SetPrecision [.025, precision];
hrprismlist = fg;
dhklist= fg;
dhkfirstlist = fg;
savestep =20;

n=10000;
err = 20;
j=0;

( Intermediate results are saved ever step so it can be restart Below
is used to import these in the case the code needs to be restamn )

( cr=ToExpression@Import[Directory[] <> "/restartfiles/cr.tsv","Data"];

dhkfirstlist=ToExpression@Import[Directory[] <> "/restartfiles/
dhkfirstlist.tsv","Data"];

error=Flatten [ ToExpression@Import[Directory[] <> "/restartfiles/error.tsv
","Data"]];

j = ToExpression@Import[Directory[] <> "/restartfiles/n.tsv","Data

‘101,111 1;)

ckmix = DFFSTForward[cr,delr ,kvalues ,rvalues ,1];
( start of the loop )

While [err>tol ,++j;

ck=ckmix;
ckold = ck;
crold = cr;

delta = solvefordelta[ck,omegal;

hkprism = solveforhkprism|[omega, delta];

If [IntegerQ [j/savestep], hrprism=DFFSTBackward[hkprism, delr ,kva lues,
rvalues ,1];Export [Directory []<> "/hr _prism/hrprism" < IntegerString][j
,10,IntegerLength[n]l<> ".tsv", hrprism]];

Which [Model="PY" ,wr = kb t Log[l1.0+DFFSTBackward[solveforcsc[ck, delta
],delr ,kvalues ,rvalues ,1]]; , Model ="HNC" ,wr= kb t DFFSTBackward[
solveforcsc[ck,delta],delr ,kvalues , rvalues ,1];,Mode= "MS",wr=kb t
( Sqgrt [1+2 DFFSTBackward[solveforcsc[ck,delta], delr,kvalues ,h ralues
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111+1) 5]

If [IntegerQ [j/savestep],Export [Directory []<> "/wr/wr" < IntegerString][j
,10,IntegerLength[n]l<> ".tsv",wr]];

( grun is the actual simulation and will give an output list tha is
then used by grl, gr2 etc.)

grun =SetPrecision [wstpthreadhstrimer[wr[[ All ,1,1]],wr[[All ,1,2]],wr[]
All ,2,2]],plist,1.0,20000,20000,mcsteps,17,320], predon |;

( the tail is pieced on here)

grl = Join [Table [grun[[i+1,1]]/(mcsteps (i)”*2),fi,1,simcutoffindexqg],
Table [ hrinputtail [[i,1,1]]+1, fi,simcutoffindex+1,ngrid g]];

gr2 = Join [Table [grun[[i+1,2]]/(4 mcsteps i72),fi,1,simcutoffindexqg],
Table [ hrinputtail [[i,1,2]]+1, fi,simcutoffindex+1,ngrid g]];

gr3 = Join [Table [grun[[i+1,3]]/(4 mcsteps i72),fi,1,simcutoffindexqg],
Table [ hrinputtail [[i,2,2]]+1, fi,simcutoffindex+1,ngrid g]];

grl 1;

gr2 1;

hr3 gr2 1;

hr4 = gr3 1;

hrlnew =hrl;

hr2new =hr2;

hr3new =hr3;

hrdnew =hr4;

hrnew =Table [ff 0,09,f 0,099g,fi,1,ngridg];

hrnew [[All ,1,1]]=hr1;

hrnew [[All ,1,2]]=hr2;

hrnew [[All ,2,1]]=hr3;

hrnew [[All ,2,2]]=hr4;

If [IntegerQ [j/savestep],Export [Directory []<> "/hr _simulation/hrsim" <
IntegerString[j,10,IntegerLength[n]]<> ".tsv" hrnew]];

hrtemp=hrnew;

hrnew=hrtemp ;

hksim = DFFSTForward[hrnew, delr , kvalues ,rvalues ,1];

( calculates hath(0), hat_h''(0) etc by integrating )

ff haa,habg,f hba,hbbgg=solvefzeror[hrnew, delr]

ff h2aa,h2abg,f h2ba,h2bbgg=solvefzeroppr[hrnew, delr]

ff hdaa,hd4abg,f hdba, h4bbgg=solvefzero4r[hrnew, delr];

ff h6aa,h6abg,f h6ba, h6bbgg=solvefzero6r[hrnew, delr];

ff h8aa,h8abg,f h8ba,h8bbgg=solvefzero8r[hrnew, delr]

( Calculate the RHS terms)

rhsl = (haa hab hbathbb );

hrl
hr2

rhs2 (16 haa 172 21 h2aa 9 hab 172+21 h2ab 9 hba [172+21 h2ba+2 hbb |
A2 21 h2bb);
rhs3 = (1696 haa 174 3360 h2aa 172+735 hd4aa 527 hab [74+1890 h2ab |

N2 735 hd4ab 527 hba 174+1890 h2ba 172 735 h4ba 152 hbb 174 420 h2bb
[7"2+735 h4dbb);

rhs4 = (2816 haa 176 11872 h2aa 174+3920 h4aa |72 343 h6aa+40 hab |
"6+3689 h2ab 174 2205 hd4ab [72+343 h6ab+40 hba 176+3689 h2ba |
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N4 2205 hdba [72+343 h6ba 54 hbb 176+1064 h2bb 174+490 h4bb 172 343
h6bb) ;
rhs5 = (9 haa 172 21 h2aa 2 hab 172+21 h2ab 2 hba [72+21 h2ba 5 hbb |
A2 21 h2bb);
rhs6= (527 haa 174 1890 h2aa [72+735 h4aa 240 hab 174+420 h2ab |72 735
h4ab+152 hba 174+420 h2ba 172 735 h4ba+51 hbb [74+1050 h2bb [72+735
h4bb) ;
rhs7= (40 haa 1"6+3689 h2aa 174 2205 h4aa [72+343 h6aa 544 hab 176 1680
h2ab 174+490 h4ab 172 343 h6ab 54 hba [76+1064 h2ba 174+490 h4ba |
N2 343 h6ba 226 hbb 176+357 h2bb 174+343 h6bb+1225 h4bb [172);
rhs8= (9 haa 172 21 h2aa 2 hab [72+21 h2ab 2 hba [172+21 h2ba 5 hbb |
A2 21 h2bb);
rhs9= (527 haa 14 1890 h2aa |72+735 h4aa+152 hab [174+420 h2ab 172 735
hdab 240 hba 174+420 h2ba 172 735 h4ba+51 hbb [74+1050 h2bb [72+735
h4bb) ;
rhs10= (40 haa 176+3689 h2aa |74 2205 h4aa |172+343 h6aa 54 hab |76+1064
h2ab 174+490 h4ab 72 343 h6ab 544 hba 176 1680 h2ba [74+490 h4ba |
A2 343 h6ba 226 hbb 176+357 h2bb 174+1225 h4bb [172+343 h6bb);
rhsll= (2haa 172 21 h2aa+5 hab [72+21 h2ab+5 hba [72+21 h2ba 12 hbb |
A2 21 h2bb);
rhs1l2 = (152 haa 174+420 h2aa |72 735 h4aa+51 hab 174+1050 h2ab [72+735
h4ab+51 hba [74+1050 h2ba 172+735 h4ba 744 hbb 174 2520 h2bb |
A2 735 hdbb);
rhs13= (54 haa 176 1064 h2aa |74 490 h4aa 1"2+343 h6aa+226 hab |76 357
h2ab 174 1225 h4ab 72 343 h6ab+226 hba 76 357 h2ba |74 1225 h4ba |
N2 343 h6ba+768 hbb 176+5208 h2bb 174+2940 h4bb [72+343 h6bb);
( use the respective RHS terms that correspond with the gmatxr from
above )
cvector=frhsl,rhs3,rhs4 ,rhs7 ,rhs9,rhs1ll ,rhs12,rhsig,
thing=Pseudolnverse [gmatrix]. cvector;
( The following will apply the tweaking vector)
hrilfixed = hrl;
hrifixed [[ begaa;;end]]=hrlfixed[[begaa;;end]]+thing[[1l;;lenaal]];
hr2fixed = hr2;
hr2fixed [[ begab ;;end]]=hr2fixed [[ begab ;; end]]+thing[[1+]lenaa;;lenaa+
lenab]];
hr3fixed = hr3;
hr3fixed [[ begab;;end]]=hr3fixed [[ begab;;end]]+thing[[1+]lenaatlenab ;;
lenaatlenab+lenab ]];
hr4fixed = hr4;
hr4fixed [[begbb ;;end]]=hr4fixed [[ begbb;;end]]+thing[[1+lenaa+lenab+
lenab ;; lenaatlenab+lenab+lenbb]];
hrfixed =Table [ff 0,09,f0,09qg,fi,1,ngridg];
hrfixed [[All ,1,1]]=hrlfixed;
hrfixed [[All ,1,2]]=hr2fixed;
hrfixed [[All ,2,1]]=hr3fixed;
hrfixed [[All ,2,2]]=hr4fixed;
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hr=hrfixed ;

If [IntegerQ [j/savestep],Export [Directory []<> "/hr _fixed/hrfixed" <
IntegerString[j,10,IntegerLength[n]]<> ".tsv", hr]];

hknew = DFFSTForward[hr, delr , kvalues ,rvalues ,1];

dhk = Table [hksim[[i]] hknew[[i]],fi,1,ngridg];

AppendTo [dhkfirstlist ,dhk[[1]]];

deltahk = Table [ff 1,29,f2,49g hknew][[i]] ff 1,29,f2,49g hkprism[[i]],fi
,1,ngrid g];

deltack =Table [Inverse [omega[[i]]].(ff 1,2g9,f2,4gg hknew[[i]]) .Inverse |
omegal[[i]]] ( delta[[i]]).fi,1,ngridg];

If [IntegerQ [j/savestep],Export [Directory []<> "/diff _hk/diffhk" <
IntegerString[j,10,IntegerLength[n]]<> ".tsv",dhk]];

If [IntegerQ [j/savestep],Export [Directory []<> "/delta _ck/deltack"<
IntegerString[j,10,IntegerLength[n]]<> ".tsv",deltack]];

( calculate new C)

ckmix = ckold +mix deltack;

cr=DFFSTBackward[ckmix, delr , kvalues ,rvalues ,1]; If [IntegerQ [j/savestep],
Export [Directory []<> "/ck/cknew" < IntegerString[j,10,IntegerLength[n
J]<> ".tsv",ckmix]];

If [IntegerQ [j/savestep],Export [Directory []<> "/cr/cr" < IntegerString]|]j
,10,IntegerLength[n]l<> ".tsv",cr]];

( check for convergence)

err=Total [(Sum[Flatten [(cr[[i]] crold][[i]])"2],fi,1,ngridg])];

AppendTo [error,err];

ff haa, habg,f hba,hbbgg=solvefzeror[hrfixed ,h delr];

ff h2aa,h2abg,f h2ba,h2bbgg=solvefzeroppr[hrfixed ,delr];

ff hdaa, h4abg,f hdba, h4bbgg=solvefzero4r[hrfixed ,delr];

ff h6aa,h6abg,f h6éba, h6bbgg=solvefzero6r[hrfixed ,delr];

ff h8aa,h8abg,f h8ba, h8bbgg=solvefzero8r[ hrfixed ,delr];

( hktest = DFFSTForward[hrnew, delr ,kvalues ,rvalues ,1]; )res = ff "
Iteration .=."< ToString [j],"1/k"8 _term","1/k"6 _term","1/k"4 _term","
1/k"2 _term" ,"1/k"8+1/k"6+1/k"4+1/k" 2" g,f"Subscript[Overscript[n[
Delta]C, -], AA](Subscript[k, -1])",a=k8thaa[haa, hab,bhbb, hba, h2aa,
h2ab,h2ba,h2bb, h4aa,h4ab,h4ba, h4bb,h6aa,h h6ab,h6ba6bb,h8aa,6 h8ab,
h8ba,h8bb, |, kvalues[[1]]],b=k6thaa[haa,hab,hbb,hbah2aa,h2ab,h2ba,
h2bb, hd4aa, h4ab,h4ba,hh4bb,h6aa,h6ab,h6ba,h6bb,h8aa8hab,h8ba,h8bb,|,
kvalues[[1]]] , c=kd4thaa[haa, hab,hhbb,hba,h2aa,h2ab,h@a,h2bb,hd4aa, hdab
,hdba,h4bb,h6aa,h6ab,h6ba,h6bb,h8aa,bh8ab,h8ba,6h8bl, kvalues[[1]]],d
=k2thaa|[haa,hab,hbb,hba,h2aa,h2ab,h2ba,h2bb, h4aa, hdb,hd4ba,h h4bb,6 h6aa
,h6ab , h6ba,h6bb,h8aa,hh8ab,h8ba,h8bb, |, kvalues[[1]]]atb+tc+d g,f"
Subscript[Overscript[n[Delta]C, _"], _AB](Subscript[k, -1])",a=k8thab|
haa,hab,hbb,hba,h2aa,h2ab,h2ba,h2bb, hd4aa,hd4ab,hdbddbb,h6aa, h6ab,
h6éba,h6bb,h8aa,h8ab,h8ba,h8bb, |, kvalues[[1]]] ,b=k6lhab[haa, hab,hbb,
hba, h2aa,h2ab,h2ba,h2bb, h4aa,h4ab,hd4ba,hd4bb,h6aa,6 bbb, h6ba,6h6bb,h8aa
,h8ab ,h8ba,h8bb, |, kvalues[[1]]] , c=kd4thab[haa, hab,hb,hhba,h2aa,h2ab,
h2ba, h2bb,h4aa, hd4ab,h4ba,h4bb,h6aa,h6ab,h6ba,h6bb 8aa,h8ab, h8ba,
h8bb, |, kvalues[[1]]] ,d=k2thab[haa,hab,hbb,hba,h2aa h2ab,h2ba,h2bb,
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h4aa, h4ab, h4ba, h4bb,h6aa,h h6ab,h6ba,h6bb,h8aa,h8ab8ha,6h8bb, I,
kvalues[[1]]] ,atb+tc+d g,f "Subscript[Overscript[n[Delta]C, _"], _BA](
Subscript[k,.1])",a=k8thba[haa,h hab,hbb,hba,h2aa,h2ab,h2ba,h2bb, Haa,
h4ab , h4ba,hh4bb,h6aa,h6ab,h6ba,h6bb,h8aa,h8ab,h8ba8bb,|, kvalues
[[1]]] ,b=k6thba[haa, hab,hbb,hba,h2aa,h2ab,h2ba,h2bhhd4aa,hhd4ab, hdba,
h4bb , h6aa,h6ab,h6ba,h6bb,h8aa,h8ab,h8ba,h8bb, I, kvales[[1]]],c=
kd4thba[haa,hab,hbb,hba,h2aa,h2ab,h2ba,h2bb,hd4aa, h4n hdba, h4bb, h6aa,
h6ab ,h6ba,h6bb,h8aa,h8ab,h8ba,h8bb, |, kvalues[[1]]]d=k2thba[haa,hab,
hbb, hba, h2aa,h2ab,h2ba,h2bb, hd4aa, hd4ab,h h4ba,h4bb, h@égh6ab,h6ba, h6bb,
h8aa,hh8ab,h8ba,h8bb, |, kvalues[[1]]], atb+c+dg,f "Subscript[Overscript
[n[Delta]C, "], .BB](Subscript[k, .1])",a=k8thbb[haa, hab, hbb,hba, h2aa,
h2ab,h2ba,h2bb, h4aa,h4ab,h4ba, h4bb,h6aa,h h6ab,h6ba6bb,h8aa, h8ab,
h8ba,h8bb, |, kvalues[[1]]],b=k6thbb[haa, hab,hbb,hba h2aa,h2ab,h2ba,
h2bb , h4aa, h4ab, h4ba,hh4bb,h6aa,h6ab,h6ba,h6bb,h8aa8hab,h8ba,h8bb,|,
kvalues[[1]]] , c=k4thbb[haa, hab,hhbb,6hba,h2aa,h h2ab,hhBa,h2bb,hd4aa, hdab
,hdba,h4bb,h6aa,h6ab,h6ba,h6bb,h8aa,h8ab,h8ba,6h8bl, kvalues[[1]]],d
=k2thbb[haa, hab,hhbb,hba,h2aa,h2ab,h2ba,h2bb,h4aa, hdb,h4ba,hh4bb, h6aa
,h6ab , h6ba,h6bb,h8aa,hh8ab,h8ba,h8bb,!|, kvalues[[1]]]atb+ctd gg;

AppendTo [check,res]Export [Directory []<> "/restartfiles/cr.tsv",crold];

Export [Directory []<> "/restartfiles/n.tsv",|];

Export [Directory []<> "/restartfiles/error.tsv",error];

Export [Directory []<> "/restartfiles/dhkfirstlist.tsv",dhkfirstlist];]

( export final results )

hrfinalprism = hrprism;

hrfinalsim= hrfixed;

crfinal = crold;
wrfinal = wr;
ckfinal = ckold;

Export [Directory []<> "/results/hrfinalprism.tsv", hrfinalprism]
Export [Directory []<> "/results/hrfinalsim.tsv", hrfinalsim]
Export [Directory []<> "/results/crfinal.tsv",crfinal]

Export [Directory [J<> "/results/wrfinal.tsv",wrfinal]

Export [Directory []<> "/results/ckfinal.tsv",ckfinal]

Export [Directory [J<> "/results/error.tsv",error]

C.3 Water RISM/PRISM code

The following code is for the Two-Molecule RISM theory for war. This includes the
modi cations allowing for the k 2 divergence that is controlled by the dielectric with the tali

t.
Listing C.8: Mathematica Linear Trimer code

tol = 10" 5;
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SetDirectory [NotebookDirectory []];

( Grid Spacing and number of points for real and k space)

ngrid = 2048;

delr = 0.1;

delk =N [n[Pi]/(delr ngrid)];

rvalues = Table [i delr ,fi,1,ngridg];

kvalues = Table [i delk,fi,1,ngridg];

( Dimer Density. Also for Hetero dimer equal to the site densifes )

rho=.033329;

( Sizes of the respective sites inn[Angstrom] )

sigmaa=3.166;

sigmab= 0.4;

( n[Epsilon] for each respective site for LJ)

epsilona=0.15535;

epsilonb=0.046;

( Bond length )

1=1.00;

( distance between hydrogens)

aa = 2 0.816493;

( kb is Boltzmann's constant in Cal/K )

kb =0.0019833794749;

( temperature in Kelvin )

t =298;

( Here we set simulation to zero after a certain point so as not @
have to sample over all the grid points. Here we are using 4
Subscript[Xn[Sigma], A] )

simcutoff = sigmaa 5;

simcutoffindex = Round [simcutoff/delr]

( total number of MC steps)

mcsteps =1024 256;

( Respective Site Densities.)

rhoa = rho;
rhob=rho 2;
nrho = 0.9;
Model = "HNC";

goxygen = 0.82;

ghydrogen = Abs [qoxygen]/2

electron = 4.803 ~ 10;

zo = goxygen (1 ~12) electron;

zh = ghydrogen (1 ~12) electron;

epsilondielectric = 80.4;

betafit = 1/(t 1.381);

( plist is the paramter list sent to the MathLink G+ code the final
term tells how strong to allow the coulomb to be)

plist = fsigmaa,sigmab,|,t,epsilona,epsilonb,goxygen,ghydrosn,1.0g

( density matrix )
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rhom =ff rhoa,0.0g,f0.0, rhobgg;

( Analytical form of Overscript[ n[Omega], "](k) for dimers )

omega = Table [ff 1,2 Sin[delk i I]/(delk i 1)g,f2 Sin[delk i I]/(delk i
1),2+2 Sin[delk i aa]/(delk i aa)gg,fi,1l,ngridg];

( PRISM equations and solvation potential solving)

solvefordelta[chatk ,omegahat]:= Table [ Inverse [(ldentityMatrix [2]
chatk [[i]].(rhoa omegahat[[i]]))].chatk[[i]],fi,1,ngridg]

solveforcsc[chatk ,delta_]:=Table [ chatk[[i]] delta[[i]].fi,1,ngrid(g]

solveforhkprism[omegak , deltak_]:=Module [fg ,Table [ omegak[[i]].(deltak
[[1]]) .omegak[[i]].fi,1,ngridg]]

wkhnc [chatk_,shatk_]:=Table [ chatk[[i]].shatk[[i]].chatk[[i]],fi,1,
ngrid g]

( Fourier Transform functions for matrices )

DFFSTForward[data ., delr_, kvalues_., rvalues_, transformtype_] := Module
[f datar = data,dr = delr, k=kvalues ,r=rvalues ,hngrid = Length [kvalues
],type =transformtype ,returntemp = Table [ff 0,0g,f0,0gg,fi,1,Length [
kvalues]glg, Table [returntemp [[All ,i,j]]=2 n[Pi] dr Sqrt [2 ngrid]
FourierDST [datar[[ All ,i,j]] rvalues ,h type]/kvalues , fi,1,2g,fj,1,29];
returntemp]

DFFSTBackward[data_, delr_, kvalues_., rvalues_, transformtype_]:= Module

[f datak = data,dr = delr, k=kvalues,h r=rvalues ,hngrid = Length [kvalues
], type =transformtype ,returntemp = Table [ff 0,09,f0,0gg,fi,1,Length [
kvalues]g]g, Table [returntemp[[ All ,i,j]]=FourierDST[datak[[ All ,i,]

11 kvalues ,type]/(2 n[Pi] dr Sqgrt [2 ngrid] rvalues) fi,l1,2g,f]
,1,2g];returntemp]

( numerical integration function using trapezoid method trap 2 is if
the tail is being added because you won't use all the simulatn
points. )

trap[data_,h_,start_,end_]:=Module [fg ,h/2 (data[[start]]+ Sum[2 data[[i
11.fi,start+l,end 1g]+ data[[end]]) ]

trap2[data_,h_, start_,end_]:=Module [fg ,h/2 (data[[start]]+ Sum[2 data]]
i]]1,fi,start+1l,end g])]

traptail[data _,h_, start_,end. ]:= Module [fg ,h/2 ( Sum[2 data[[i]].f i,
start ,end 1g]+ data[[end]])]

( performs numerical integration to solve for the zero wave vetor of a
function from either FFT functions or from the real space functions
)

solvefzerok[fk ,delr_,start_,end_]:=Module [frg,trap[DFFSTBackward]fk,
delr ,kvalues ,rvalues , 1] rvalues”2 4 n[Pi],delr,start ,end]]

solvefzeroppk[fk ,delr_,start_,end_]:=Module [frg,trap[DFFSTBackward][fk,
delr , kvalues ,rvalues ,1]1/ 3 rvalues”™4 (4n[Pi]) ,delr,start,end]]

solvefzerorfull [fr.,delr_,start_,end_]:=Module [frg,trap[fr rvalues
N2 4n[Pi],delr,start ,end]]

solvefzeror[fr. ,delr_,start_,end_]:=Module [frg,trap2[fr rvalues”2 4n]

Pi],delr,start ,end]]
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solvefzeroppr[fr.,delr_,start_,end_]:=Module [frg,trap2[fr 1/ 3 rvalues
N4 (4n[Pi]) ,delr,start ,end]]

solvefzeropprfull [fr_,delr_,start_,end_]:=Module [frg,trap[fr 1/ 3
rvalues”™4 (4n[Pi]) ,delr,start ,end]]

solvefzerortail [fr_,delr_,start_,end_]:=Module [frg,traptail[fr rvalues
A2 4n[Pi],delr,start,end]]

solvefzeropprtail [fr_,delr_,start_,end_]:=Module [frg,traptail[fr 1/ 3
rvalues”™4 (4n[Pi]) ,delr,start ,end]]

( functions to go from a 1x3 to a 2x2 representation)

to2b2from3[data_]:= Module [f list = data,ngrid = Length [data],temp =
Table [ff 0,0g,f0,09g,fi,1,Length [data]glg, temp[[All ,1,1]]=Ilist[[ All
y1]]temp [[AI ,1,2]]=list [[ All ,2]];temp[[All ,2,1]]=Tlist[[ All ,2]];
temp[[All ,2,2]] = list[[ All ,3]];temp]

to3blfrom2b2[data_]:=Module [fg ,Transpose [f data[[All ,1,1]],data[[All
,1,2]], data[[All ,2,2]]9]];

( Installing MathLink G+ Monte Carlo 2 chain code )

SetDirectory [NotebookDirectory []];

mclink=Install ["WSTP _Thread_Water"];

If [DirectoryQ["wr"]== False ,CreateDirectory ["wr"], Print ["wr _already.
exists"]];

If [DirectoryQ["cr"]== False ,CreateDirectory ["cr"], Print ["cr _already.
exists"]];

If [DirectoryQ["hr _prism"]== False , CreateDirectory ["hr _prism"], Print ["
hr_prism_already_exists"]];

If [DirectoryQ["hr _simulation"]== False , CreateDirectory ["hr _simulation"],
Print ["hr _simulation _already_exists"]];

If [DirectoryQ["hr _fixed"]== False ,CreateDirectory ["hr _fixed"], Print ["
hr_fixed_already._exists"]];

If [DirectoryQ["ck"]== False ,CreateDirectory ["ck"], Print ["ck _already.
exists"]];

If [DirectoryQ["delta _ck"]== False , CreateDirectory ["delta_ck"], Print ["
delta_ck._already_exist"]];

If [DirectoryQ["diff _hk"]== False , CreateDirectory ["diff _hk"], Print ["
diff _hk _already_exists"]];

If [DirectoryQ["results"]== False ,CreateDirectory ["results"], Print ["
results_already._exists"]];

If [DirectoryQ["restartfiles"]== False ,CreateDirectory ["restartfiles"],
Print ["results _already_exists"]];

"wr _already_exists”

"cr _already._exists"

"hr _prism_already_exists"

"hr _simulation _already_exists"
"hr _fixed_already_exists"

"ck _already_exists"
"delta_ck_already_exist"

"diff _hk _already_exists"

200



"results _already_exists"
"results _already._exists"
k4thaa[haa_ ,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_ ,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_, gaa ,gab_,gba_,gbb_,g2aa ,g2ab_,g2ba ,g2bb_, ksmall_]:=(16 (haa
hab hbathbb))/((2 w2aa w2ab 2 w2batw2bb)”2 ksmall"4)
k4thab[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba ,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_, gaa ,gab_,gba_,gbb_,g2aa ,g2ab_,g2ba ,g2bb_, ksmall_]:= ((8 (
haa hab hbathbb))/((2 w2aa w2ab 2 w2batw2bb)”*2 ksmall”~4))
k4thba[haa_, hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_, gaa ,gab_,gba_,gbb_,g2aa ,g2ab_,g2ba ,g2bb_, ksmall_]:= ((8 (
haa hab hbathbb))/((2 w2aa w2ab 2 w2batw2bb)”2 ksmall”~4))
kdthbb[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_, gaa ,gab_,gba_,gbb_,g2aa ,g2ab_,g2ba ,g2bb_, ksmall_]:=(4 (haa
hab hbathbb))/((2 w2aa w2ab 2 w2batw2bb)”2 ksmall”4)
k2thaa[haa_ ,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba ,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_,gaa ,gab_,gba_ ,gbb_,g2aa ,g2ab_,g2ba ,g2bb_, ksmall_]:= 1/
ksmall”2 2 ((16 h2aa 16 h2ab 16 h2ba+16 h2bb 8 hba w2ab+8 hbb w2ab
16 hab w2ba+16 hbb w2ba+16 haa w2bb 8 hab w2bb 8 hba w2bb)/( 4 w2aa
+2 w2ab+4 w2ba 2 w2bb)"2 (64 (haa hab hbathbb) (w2ab w2ba w2aa w2bb)
)/( 4 w2aa+2 w2ab+4 w2ba 2 w2bb)”3)
k2thab[haa_, hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_, gaa ,gab_,gba_,gbb_,g2aa ,g2ab_,g2ba ,g2bb_,ksmall_]:=( ((8 (2
h2aa 2 h2ab 2 h2ba+2 h2bb 2 hab w2aa+2 hbb w2aathaa w2ab 2 hba w2ab
+hbb w2ab+haa w2bb hab w2bb))/( 4 w2aa+2 w2ab+4 w2ba 2 w2bb)"2)+(64
(haa hab hbathbb) (w2ab w2ba w2aa w2bb))/( 4 w2aa+2 w2ab+4 w2ba 2
w2bb)”3)/ksmall”~2
k2thba[haa_, hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_,gaa ,gab_,gba_,gbb_,g2aa ,g2ab_,g2ba ,g2bb_, ksmall_]:= (1/
ksmall~2)2 ((8 h2aa 8 h2ab 8 h2ba+8 h2bb 8 hba w2aa+8 hbb w2aa+8 haa
w2ba 16 hab w2ba+8 hbb w2ba+4 haa w2bb 4 hba w2bb)/( 4 w2aa+2 w2ab
+4 w2ba 2 w2bb)”*2 (32 (haa hab hbathbb) (w2ab w2ba w2aa w2bb))/( 4
w2aa+2 w2ab+4 w2ba 2 w2bb)~3)
k2thbb[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_ ,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_,gaa ,gab_,gba_,gbb_,g2aa ,g2ab_,g2ba ,g2bb_, ksmall_]:=((8 h2aa
8 h2ab 8 h2ba+8 h2bb 8 hab w2aa 8 hba w2aa+16 hbb w2aa+4 haa wZ2ab 4
hba w2ab+8 haa w2ba 8 hab w2ba)/( 4 w2aa+2 w2ab+4 w2ba 2 w2bb)
A2 (32 (haa hab hbathbb) (w2ab w2ba w2aa w2bb))/( 4 w2aa+2 w2ab+4
w2ba 2 w2bb)”3)/ksmall”2
kOthaa[haa ,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba ,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_,gaa ,gab_,gba_,gbb_,g2aa ,g2ab_,g2ba ,g2bb_,ksmall_]:=2 ( ((2
(16 h2aa 16 h2ab 16 h2ba+16 h2bb 8 hba w2ab+8 hbb w2ab 16 hab w2ba
+16 hbb w2ba+16 haa w2bb 8 hab w2bb 8 hba w2bb) (w2ab w2ba w2aa w2bb
))/( 4 w2aa+2 w2ab+4 w2ba 2 w2bb)”3)+(96 (haa hab hbathbb) (w2ab
w2ba w2aa w2bb)"2)/( 4 w2aat+2 w2ab+4 w2ba 2 w2bb)"+( 4 h2ba w2ab+4
h2bb w2ab 8 h2ab w2ba+8 h2bb w2ba+4 hbb w2ab w2ba+8 h2aa w2bb4 h2ab
w2bb 4 h2ba w2bb 2 hba w2ab w2bb 4 hab w2ba w2bb+2 haa w2bb"2)/( 4
w2aa+2 w2ab+4 w2ba 2 w2bb)~2)
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kOthab[haa_, hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_ ,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_,gaa ,gab_,gba ,gbb_,g2aa ,g2ab_,g2ba ,g2bb_, ksmall_]:=((16 (2
h2aa 2 h2ab 2 h2ba+2 h2bb 2 hab w2aa+2 hbb w2aathaa w2ab 2 hba w2ab+
hbb w2ab+haa w2bb hab w2bb) (w2ab w2ba w2aa w2bb))/( 4 w2aa+2 w2ab+4
w2ba 2 w2bb)”~3 (96 (haa hab hbathbb) (w2ab w2ba w2aa w2bb)”*2)/( 4
w2aa+2 w2ab+4 w2ba 2 w2bb)”4+(8 h2ab w2aa 8 h2bb w2aa 4 h2aa w2ab+8
h2ba w2ab 4 h2bb w2ab 4 hbb w2aa w2ab+2 hba w2ab”2 4 h2aa w2bb+4
h2ab w2bb+4 hab w2aa w2bb 2 haa w2ab w2bb)/( 4 w2aat+2 w2ab+4 w2ba 2
w2bb)"2)

kOthba[haa_., hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_,gaa ,gab_,gba ,gbb_,g2aa ,g2ab_,g2ba ,g2bb_,ksmall_]:= 2 ( ((2
(8 h2aa 8 h2ab 8 h2ba+8 h2bb 8 hba w2aa+8 hbb w2aa+8 haa w2ba 16
hab w2ba+8 hbb w2ba+4 haa w2bb 4 hba w2bb) (w2ab w2ba w2aa w2bb))
/(4 w2aa+2 w2ab+4 w2ba 2 w2bb)”3)+(48 (haa hab hbathbb) (w2ab w2ba
w2aa w2bb)”*2)/( 4 w2aat+2 w2ab+4 w2ba 2 w2bb)”+( 4 h2ba w2aa+4 h2bb
w2aa+4 h2aa w2ba 8 h2ab w2ba+4 h2bb w2ba+4 hbb w2aa w2ba 4 hab w2ba
A2+2 h2aa w2bb 2 h2ba w2bb 2 hba w2aa w2bb+2 haa w2ba w2bb)/( 4 w2aa
+2 w2ab+4 w2ba 2 w2bb)~2)

kOthbb[haa_,hab_,hbb_,hba_,h2aa ,h2ab_,h2ba_,h2bb_,w2aa ,w2ab_,w2ba_,
w2bb_, gaa ,gab_,gba_,gbb_,g2aa ,g2ab_,g2ba ,g2bb_,ksmall_]:=(( 4
h2ab w2aa 4 h2ba w2aa+8 h2bb w2aa+4 hbb w2aa”2+2 h2aa w2ab2 h2ba
w2ab 2 hba w2aa w2ab+4 h2aa w2ba4 h2ab w2ba 4 hab w2aa w2ba+2 haa
w2ab w2ba)/( 4 w2aa+2 w2ab+4 w2ba 2 w2bb)”*2 (2 (8 h2aa 8 h2ab 8 h2ba
+8 h2bb 8 hab w2aa 8 hba w2aa+16 hbb w2aa+4 haa w2ab 4 hba w2ab+8
haa w2ba 8 hab w2ba) (w2ab w2ba w2aa w2bb))/( 4 w2aa+2 w2ab+4 w2ba 2
w2bb)”*3+(48 (haa hab hbathbb) (w2ab w2ba w2aa w2bb)"2)/( 4 w2aa+2
w2ab+4 w2ba 2 w2bb)”"4)

( below uses the simulation cut off as well as the site size to
calculate how large the correcting vector should be for eachThis
changes the size of the correcting matrix below )

begaa = Round [sigmaa/delr];

begab = Round [1/2 (sigmaatsigmab)/delr];

begbb = Round [sigmab/delr];

end = simcutoffindex;

lenaa=Length [rvalues[[begaa;;end]]];

lenab=Length [rvalues[[begab;;end]]];

lenbb=Length [rvalues [[begbb;;end]]];

( tfp is the number of tail fitting points

tfs is the tail fit start index

tfsp is the tail fit stop index )

tfp = 50;
tfs =end tfp;
tfsp =end;

( tail output...here is where we start applying the tail)

tos = end+1;

tosp = ngrid;

( Second Moment zero wavevectors of Overscripn[Omega], "]J(k) )
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w2aa = O;

w2ab= ((2 172)/3);

w2ba= (172/3);

w2bb = (aa”2/3);

( creating matrix )

haam = 4 n[Pi] delr Table [rvalues|[[i]]*2 ,fi,begaa,endg];

habm =4 n[Pi] delr Table [rvalues[[i]]*2,fi,begab,endg];

hbam =4 n[Pi] delr Table [rvalues[[i]]*2,fi,begab,endg];

hbbm = 4 n[Pi] delr Table [rvalues[[i]]*2,fi,begbb,endg];

h2aam =4 n[Pi] delr Table [rvalues|[[i]]*4/ 3.,fi,begaa,endg];

h2abm =4 n[Pi] delr Table [rvalues[[i]]"4/ 3.,fi,begab,endg];

h2bam = 4 n[Pi] delr Table [rvalues[[i]]*4/ 3.,fi,begab,endg];

h2bbm =4 n[Pi] delr Table [rvalues[[i]]*4/ 3.,fi,begbb,endg];

htail = 4 n[Pi] delr Sum[1/rvalues[[i]]"6 rvalues]|[[i]]*2.,fi,tos, tosp

1g]+ 1/2 4n[Pi] delr 1/rvalues[[tosp]]"6 rvalues[[tosp]]"2;

h2tail = 4 n[Pi] delr Sum[1/( 3 rvalues[[i]]"*6) rvalues|[[i]]"4 fi,tos,
tosp 1g]+1/2 4n[Pi] delr 1/( 3 rvalues[[tosp]]”6) rvalues[[tosp]]"4;

Islhs = 2 Sum[l/rvalues|[[i]]"6,fi,tfs , tfsp g];

first =Join [haam, habm, hbam,hbbm,f htail, htail, htail, htail g];
second = 1/2Join [zo zo rhoa rhoa h2aam,zo zh rhoa rhob h2abm,zh zo rhob
rhoa h2bam,zh zh rhob rhob h2bbm,f zo zo rhoa rhoa h2tail ,zo zh rhoa
rhob h2tail ,zh zo rhob rhoa h2tail ,zh zh rhob rhob h2tail g];
third = Join [Table [0.0,fi,begaa,tfs 1g],Table [2.0,fi, tfs,h tfsp g],Table
[0.0,fi,begab,endg],Table [0.0,f i,begab,endg],Table [0.0,fi,begbb,end
g].f Islhs ,0,0,09];
fourth = Join [Table [0.0,f i,begaa,endg],Table [0.0,fi,begab,tfs 1g],Table
[2.0,fi,tfs , tfsp g],Table [0.0,fi,begab,endg],Table [0.0,fi,begbb,end
gl.f0,Islhs ,0,0g];
fifth = Join [Table [0.0 ,fi,begaa,endg],Table [0.0,fi,begab,endg], Table
[0.0,fi,begab,tfs 1g],Table [2.0,fi,6 tfs 6 tfsp g],Table [0.0,fi,begbb,end
g].f0,0,Islhs ,0g];
sixth = Join [Table [0.0 ,f i,begaa,endy],Table [0.0,f i,begab,endg], Table
[0.0,fi,begab,endg],Table [0.0,fi,begbb,tfs 1g],Table [2.0,fi,tfs , tfsp
g],f0,0,0,Islhsg];

gmatrix = ffirst ,second,third, fourth, fifth , sixth g;

( Random Seeds given to MathLink C++...this will likely be renoved to
have the CH code do this automatically using the time as a sek )

randlist = RandomlInteger[10000,5000];

( using c¢c(r) = 1 inside the hard sphere as the first guess. This is
determined for each one based on the respective sigmpa

craa = Join [Table [ 1.0,fi,1,Round [1/2(sigmaa+tsigmaa)/delr] g], Table
[0.0,fi,1,ngrid Round [1/2(sigmaatsigmaa)/delr] g]l];
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crab = Join [Table [ 1.0,fi,1,Round [1/2(sigmaa+sigmab)/delr] g], Table
[0.0,fi,1,ngrid Round [1/2(sigmaatsigmab)/delr] gl];

crbb = Join [Table [ 1.0,fi,1,Round [1/2(sigmab+sigmab)/delr] g], Table
[0.0,fi,1,ngrid Round [1/2(sigmab+sigmab)/delr] gl];

crhs =Table [ff craa[[i]],crab[[i]]lg,fcrab[[i]],crbb[[i]]lgg,fi,1,ngridg];

crini = crhs;

crini = Table [ff 0.0,0.09,f0.0,0.09g,f ngrid g];

hrinputtail = crini;
cr = crini;

check = fg;
error=fg;
error2="1g;
hrfixedlist = fg;
hrlist = fg;
wrlist = fg;
deltalist = fg;
cklist = fg;
debuglist = fg;
mix = .005;
hrprismlist = fg;
dhklist= fg;

dhkfirstlist = fg;
savestep =20;

n=10000;
err = 20;
j=0;

While [err>tol ,++j;

crold = cr;

ck = DFFSTForward[cr, delr , kvalues , rvalues ,1];

ckold =ck;

delta = solvefordelta[ck,omegal;

hkprism = solveforhkprism|[omega, delta];

hrprism=DFFSTBackward[ hkprism , delr , kvalues ,rvalues , 1];

If [IntegerQ [j/savestep],Export [Directory []<> "/hr _prism/hrprism" <
IntegerString[j,10,IntegerLength[n]]<> ".tsv", hrprism]];

Which [Modeln[Equal ]"PY",wr = kb t Log[l.0+DFFSTBackward[solveforcsc[ck,
delta],delr,kvalues,rvalues ,1]]; ,Model n[Equal ]"HNC" ,wr= kb t
DFFSTBackward[ solveforcsc[ck, delta],delr ,kvalues ,rnalues ,1]; , Model
n[Equal ] "MS",wr=kb t ( Sqrt [1+2 DFFSTBackward[ solveforcsc[ck, delta
],delr , kvalues ,rvalues ,1]]+1) ;]

If [IntegerQ [j/savestep],Export [Directory []<> "/wr/wr" < IntegerString][j
,10, IntegerLength[n]}k> ".tsv",wr]];

grun =wstpthreadwater[wr[[ All ,1,1]],wr[[All ,1,2]],wr[[All ,2,2]], plist
,1.0,20000,20000, mcsteps ,17,320];
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grl = Join [Table [grun[[i+1,1]]/(mcsteps (i)"2),fi,1,simcutoffindexqg],
Table [1.0,f i,simcutoffindex+1,ngrid g]];

gr2 = Join [Table [grun[[i+1,2]]/(4 mcsteps i72),fi,1,simcutoffindexqg],
Table [1.0 ,fi,simcutoffindex+1,ngrid g]];

gr3 = Join [Table [grun[[i+1,3]]/(4 mcsteps i*2),fi,1,simcutoffindexg],
Table [1.0,f i,simcutoffindex+1,ngrid g]];

grl 1;

gr2 1;

hr3 = gr2 1,

hr4 gr3 1;

hrinew =hrl;

hr2new =hr2;

hr3new =hr3;

hrdnew =hr4;

hrnew =Table [ff 0,0g,f0,09g,fi,1,ngrid g];

hrnew [[All ,1,1]]=hr1;

hrnew [[All ,1,2]]=hr2;

hrnew [[All ,2,1]]=hr3;

hrnew [[All ,2,2]]=hr4;

If [IntegerQ [j/savestep],Export [Directory []<> "/hr _simulation/hrsim" <
IntegerString[j,10,IntegerLength[n]]<> ".tsv" hrnew]];

hksim = DFFSTForward[hrnew, delr , kvalues ,rvalues ,1];

ff gaa,gabg,f gba,gbbgg = solvefzerok [hkprism,hdelr,1,end];

ff g2aa,g2alpg,f g2ba,g2blbgg = solvefzeroppk [hkprism,delr,1,end];

ff haa,habg,f hba,hbbgg=solvefzeror[hrnew, delr ,1,end];

( transition points are used that is why the integral is from 1 © tn
instead of end)

( ff haa,habg,f hba, hblgg=ff haa, habg,f hba,hblgyg; )

ff h2aa,h2abg,f h2ba,h2bbgg=solvefzeroppr[hrnew, delr ,1,end];

hrl
hr2

( i don't need the tail integrals because those are included orthe LHS
already )

( ff htailaa, htailabg,f htailba , htailbbgg= solvefzerortail [hrnew, delr ,tos
,tosp1;

ff h2tailaa ,h2tailabg,f h2tailba , h2tailbbgg=solvefzeropprtail [hrnew, delr,
tos ,tosp]; )

( ff h2aa,h2alg,f h2ba,h2blyg=ff h2aa, h2aly,f h2ba, h2blgg; )

( we keep the rhsl because this is the 1/k™4 correction term anchalf
of the 1/k”"2 we expect an additional 1/k”2 divergence that isto be
controlled by the dielectric h(r) sums)

rhsl = (haa hab hba+hbb);

rhs2 = 1/2(zo zo rhoa rhoa h2aa +zo zh rhoa rhob h2ab+zh zo rhob rhoa
h2ba+zh zh rhob rhob h2bb) 1/2(zo zo rhoa w2aat+zo zh rhoa w2ab+zh zo
rhob w2bat+zh zh rhob w2bb) (1/epsilondielectric 1)(1/(4 n[Pi]
betafit));

rhs3= 2Sum[hrl[[i]],fi,tfs , tfsp g];

rhsd= 2Sum[hr2[[i]],f i, tfs, tfsp g];

rhs5= 2Sum[hr3[[i]],fi,tfs , tfsp g];
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rhs6= 2Sum[hr4[[i]],fi,tfs , tfsp g];
cvector=frhsl,rhs2,rhs3,rhs4 ,rhs5,rhs@;
thing= Pseudolnverse [gmatrix]. cvector;
coefficients = Take [thing, 4];

( generate tails )

tailaa = coefficients[[1]] Table [1/rvalues[[i]]"6,fi,tos,tospg];
tailab = coefficients[[2]] Table [1/rvalues[[i]]"6,fi,tos,tospg];
tailba = coefficients [[3]] Table [1/rvalues[[i]]"6,fi,tos,tospg];
tailbb = coefficients[[4]] Table [1/rvalues[[i]]"6,fi,tos, tospg];

hrlfixed =Join [ hrl][[1;;end]], tailaa];

hrifixed [[ begaa;;end]]=hrlfixed[[begaa;;end]]+thing[[1l;;lenaal]];

hr2fixed = Join [ hr2[[1;;end]], tailab];

hr2fixed [[ begab ;;end]]=hr2fixed [[ begab;;end]]+thing[[1+]lenaa;;lenaa+
lenab]];

hr3fixed =Join [ hr3[[1;;end]], tailbal;

hr3fixed [[ begab;;end]]=hr3fixed [[ begab;;end]]+thing[[1+]lenaatlenab ;;
lenaatlenab+lenab ]];

hr4fixed = Join [ hrd4[[1;;end]], tailbb];

hr4fixed [[ begbb ;; end]]=hr4fixed [[ begbb;;end]]+thing[[1+]lenaa+lenab+
lenab ;; lenaatlenab+lenab+lenbb]];

hrfixed =Table [ff 0,09,f0,09qg,fi,1,ngridg];

hrfixed [[All ,1,1]]=hrlfixed;

hrfixed [[All ,1,2]]=hr2fixed;

hrfixed [[All ,2,1]]=hr3fixed;

hrfixed [[ All ,2,2]]=hr4fixed;

hr=hrfixed;

If [IntegerQ [j/savestep],Export [Directory []<> "/hr _fixed/hrfixed" <
IntegerString[j,10,IntegerLength[n]]<> ".tsv", hr]];

hknew = DFFSTForward[hr, delr , kvalues ,rvalues ,1];

dhk = Table [hksim[[i]] hknew][[i]],fi,1,ngridg];

AppendTo [dhkfirstlist ,dhk[[1]]];

deltahk = Table [ff 1,2g9,f 2,499 hknew[[i]] ff 1,29,f2,49g hkprism[[i]],fi
,1,ngridg];

deltack =Table [Inverse [omegal[[i]]].(ff 1,29,f 2,499 hknew[[i]]) .Inverse |
omegal[[i]]] ( delta[[i]]).fi,1,ngridg];

If [IntegerQ [j/savestep],Export [Directory []<> "/diff _hk/diffhk" <
IntegerString[j,10,IntegerLength[n]]<> ".tsv",dhk]];

If [IntegerQ [j/savestep],Export [Directory []<> "/delta _ck/deltack"<
IntegerString[j,10,IntegerLength[n]]<> ".tsv",deltack]];

hkunmod = DFFSTForward [ hrnew , delr , kvalues , rvalues ,1];

deltackunmod =Table [Inverse [omega[[i]]].(hkunmod[[i]] hkprism[[i]]).
Inverse [omegal[i]]] .fi,1,ngridg];

ckmix = ckold +mix deltack;

If [IntegerQ [j/savestep],Export [Directory []<> "/ck/cknew" < IntegerString|
j,10,IntegerLength[n]]<> ".tsv",ckmix]];

cr=DFFSTBackward[ckmix , delr , kvalues , rvalues ,1];
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If [IntegerQ [j/savestep],Export [Directory []<> "/cricr" < IntegerString][j
,10, IntegerLength[n]lk> ".tsv",cr]];

err=Total [(Sum[Flatten [(cr[[i]] crold[[i]])"2],fi,1,ngridg])];

AppendTo [error ,err];

ff haa,habg,f hba,hbbgg=solvefzerorfull[hrfixed ,hdelr,1,ngrid];

ff h2aa,h2abg,f h2ba,h2bbgg=solvefzeropprfull [hrfixed ,delr ,1,ngrid];

hktest = DFFSTForward[hrnew, delr , kvalues ,rvalues ,1];res = ff "lteration .
=_"< ToString [j],"1/k”4 _term","1/k”2 _term","1/k"0 _term","1/k"4+1/k
A2+1/kn0" g,f"Subscript[Overscript[C, 7], .AA](Subscript[k, _1])",a=
kd4thaa[haa, hab,hbb,hba,h2aa,h2ab,h2ba,h2bb,w2aa,wbgw2ba,w2bb, gaa,
gab,gba,gbb,g2aa,g2ab,g2ba,g2bb, kvalues[[1]]] , b=kBta[haa, hab,hbb,
hba,h2aa,h2ab,h2ba,h2bb,w2aa,w2ab,w2ba,w2bb, gaa, gagba,gbb,g2aa,
g2ab,g2ba,g2bb, kvalues[[1]]],c=kOthaa[haa, hab,h hbb, a, h2aa,h2ab,h2ba
,h2bb ,w2aa,w2ab,w2ba,w2bb, gaa,gab,gba,gbb,g2aa, g2abg2ba, g2bb,
kvalues[[1]]] ,atb+tcg,f"Subscript[Overscript[C, _"], _AB](Subscript[k, .
1])",a=k4thab[haa, hab,hbb,hba,h2aa,h2ab,h2ba,h2bb,waa,w2ab,w2ba,
w2bb, gaa,gab,gba,gbb,g2aa,g2ab,g2ba,g2bb, kvalues [[1] , b=k2thab[haa,
hab,hbb, hba,h2aa,h2ab,h2ba,h2bb,w2aa,w2ab,w2ba,w2hlyaa,bgab,gba,gbb,
g2aa,g2ab,g2ba,g2bb, kvalues[[1]]] , c=kOthab[haa, hathbb, hba, h2aa,b h2ab
,h2ba, h2bb,w2aa,w2ab,w2ba,w2bb,gaa, gab,gba,gbb,g2ag2ab, g2ba,g2bb,
kvalues[[1]]] ,atbtcg,f "Subscript[Overscript[C, _"], BA](Subscript[k, -
1" ,a=k4thba[haa,hab,hbb,hba,h2aa,h2ab,h2ba, h2bb,vaa,w2ab,w2ba,
w2bb, gaa,gab,gba,gbb,g2aa,g2ab,g2ba,g2bb, kvalues [[[l] , b=k2thba[haa,
hab,hbb,hba, h2aa,h2ab,h2ba,h2bb,w2aa,w2ab,w2ba,w2hlyaa,gab,gba,gbb,
g2aa,g2ab,g2ba,g2bb, kvalues[[1]]] , c=kOthba[haa, hathpb, hba, h2aa,b h2ab
,h2ba, h2bb,w2aa,w2ab,w2ba,w2bb, gaa,gab,gba,gbb,g2ag2ab,g2ba,g2bb,
kvalues[[1]]] ,atbtcg,f "Subscript[Overscript[C, _"], _BB](Subscript[k, -
1" ,a=k4thbb[haa, hab,hbb,hba,h2aa,6h2ab,h2ba,h2bb,waa,w2ab,w2ba,
w2bb, gaa,gab,gba,gbb,g2aa,g2ab,g2ba,g2bb, kvalues [[[] , b=k2thbb[haa,
hab,hbb,hba,h2aa,h2ab,h2ba,h2bb,w2aa,w2ab,w2ba,w2hlgyaa,gab,gba,gbb,
g2aa,g2ab,g2ba,g2bb, kvalues[[1]]] , c=kOthbb[haa, habhbb, hba, h2aa, h2ab
,h2ba,h2bb,w2aa,w2ab,w2ba,w2bb,gaa,gab,gba,gbb,g2ag2ab,g2ba, g2bb,
kvalues[[1]]] ,atb+tcgg;

AppendTo [check,res]Export [Directory []<> "/restartfiles/cr.tsv",crold];

Export [Directory []<> "/restartfiles/n.tsv",j];

Export [Directory []<> "/restartfiles/error.tsv",error];

Export [Directory []<> "/restartfiles/dhkfirstlist.tsv",dhkfirstlist];]//
AbsoluteTiming

hrfinalprism = hrprism;

hrfinalsim= hrfixed;

crfinal = crold;
wrfinal = wr;
ckfinal = ckold;

Export [Directory []<> "/results/hrfinalprism.tsv", hrfinalprism]
Export [Directory [J<> "/results/hrfinalsim.tsv", hrfinalsim]
Export [Directory []<> "/results/crfinal.tsv",crfinal]

Export [Directory [J<> "/results/wrfinal.tsv",wrfinal]
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Export [Directory [J<> "/results/ckfinal.tsv",ckfinal]
Export [Directory []<> "/results/error.tsv",error]

C.4 Kk " divergence equations

Below are the detailed equations used to project out the unghkical k " divergences in
the calculation of Cyew (K) in the Two-Chain SC-PRISM hybrid theory/simulation method
for the trimer molecules. The Dimer molecule equations areritten out explicitly in Chapter
5. For the trimer molecules belowL is the bond length between the two sites ang is used
to indicate how far from linear the molecule is. Linear moletes correspond toy = O.
Of important note is when comparing the software code pregexd earlier in the Appendix,
the following derivations already have included the analytal values for!* (0) and N (0).
While they say \full expansions” | have only included the terns from the expansion withk

terms in them. The \+ :::" refers to terms that are independent ok.
C.4.1 Dimer

The Caa (K) full expansion is de ned below:

9(haa (0) Fiag(0) figa(0) + Age (0))
k4L?

3
+
10k2L*
1573 0)  150E) (0) + 15A (0))

(8L?Aan (0) 3L2Axs (0) 3L2Aga(0) 2L2Agg (0) + 15A) (0)

The Cag (k) full expansion is de ned below:
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9(fan 0) fag(0) Rga(0) + Aigs (0))
k4L

3
10k2L?
1513 (0)  18Ag, (0) + 15AE (0))

(3L%Apn (0)  8L2Ag (0) + 2L 2iga (0) + 3L 2figg (0) + 15A%) (0)

+
The Cga () full expansion is de ned below:

9(fan 0) fag(0) Aga(0) + Ags (0))
k4L*

1(—]SEF(:%LZﬁAA(O)+2L2ﬁAB(0) 8L%Aga (0) + 3L 2Agg (0) + 15AF) (0)
1553 (0) 150, (0) + 15h53 (0))

+
The Cgg (k) full expansion is de ned below:

9(fian 0) fag(0) Rga(0) + Ags (0))
k4L*

3
+
10k2L4
1503 (0) 185, (0) + 15A (0)

( 2L%han(0) 3L%Aag(0) 3L2Aga (0) + 8L 2Agg (0) + 15A%) (0)
+

C.4.2 Bent Trimer

The C€aa (K) full expansion is de ned below:
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144(0an (0)  Aag(0)  2figa (0) + 2figs (0))
k4y2(y 4L)2

12
5kz(y3(y  4L)%)
72305 (0)y  144L5Rga (0)y + 224L3Ag5 (0)y + 56L2fiaa (0)y? + 34L*Apg (0)Y?
+68L%fga (0)y?  2481%gs (0)y?  32LAaa (0)y°  8LAAs (0)y®  16Lfga (0)y®
+96L Agg (0)y° + 120LAY (0)y  120LA2 (0)y  240LAE) (0)y + 240LAZ (0)y
+4hpn (0)y* + fing (O)y* + 2ea (0)y*  12gs (0)y*  30RAZ, (0)y? + 30A% (0)y?
+60A%) (0)y*  60RE (0)y?)

( 32L%a (0) + 32L*fiag (0) + 64L*figa (0)  64L*hgg (0) + 32L%fiaa (O)y

+

The Cag (k) full expansion is de ned below:

1440an (0) fas(0)  2hga (0) + 2fgs (0))
k*(y?(y 4L)?)

(32L*Aaa (0)  32L%ag (0)  64L%hga (0) + 64L*hgg (0)  72L3Han (O)y

12
5kz(y3(y  4L)%)

+112L3A5 (O)y + 224L3Aga (O)y  304L%fgg (0)y + 34L2Aaa (0)Y?  44L%Ha5 (0)Y?
2481*figa (0)y? + 268L°Agg (0)y?  8LAA (0)y® + 8L fiag (0)y* + 96L figa (0)y?
96LAgs (0)y®  120LA2 (0)y + 120LAE (0)y + 240LAY) (0)y  240LA%) (0)y

+hian 0)y*  fag (Q)y*  12ea (O)y* + 12Ags (0)y* + 30AZ) (O)y?  30AL, (0)y?
6Ch, (0)y? + 60AE (0)y?)

+

The Cga (k) full expansion is de ned below:
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72(0an 0)  Aag(0) 2Mga(0) + 2figs (0))
k*(y*(y 4L)?)

(32L*Aaa (0)  32L%as (0)  64L%hga (0) + 64L*hgg (0)  72L3Han (O)y

6
5kZ (y3(y  4L)%)

+112L%A 5 (O)y + 224L%hga (O)y  304L%Ag5 (0)y + 34L%Aan (0)y?  124L12A 45 (0)y?
88L%figa (0)y? + 268L%Mgg (0)y?  8Lfaa (0)y® + 48Lfiag (0)y2 + 16L Aiga (0)y°
96LAgs (0)y®  120LA2 (0)y + 120LAE (0)y + 240LAY) (0)y  240LA%) (0)y

+han Q)" 6Aag (O)y*  2figa (0)y* + 125 (O)y* + 30A2 (0)y?  30AL, (0)y?
6Ch, (0)y? + 60AE (0)y?)

The Cgg (k) full expansion is de ned below:

72(0an (0)  fag(0) 2Mga (0) + 2fgs (0))
kty2(y 4L)2

(16L*Aaa (0)  16L%as (0)  32L%ga (0) + 32L%hgs (0)  56L%faa (O)y

N 12
5k2y3(y 4L)3
+76L 3% (0)y + 152L%hga (0)y  192L3Agg (0)y + 62L%Aan (0)y?  67L%Aag (0)Y?
1341%Aga (0)y? + 144L%Ag5 (0)y?  24LApa (0)y® + 24LRAg (0)y® + 48LHAga (0)y°
48LAgs (0)y®  60LAD (0)y + 60LAL (0)y + 120LAL) (0)y  120LAZ (0)y
+3fiaa (O)y*  3aa (0)y*  6fiza (0)y* + 6fizs (0)y* + 15A(A (0)y?
1502 (0)y*  30RE) (0)y” + 30AE (0)y?)

C.4.3 Linear Trimer

The Caa (K) full expansion is de ned below:
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202504 (0) fas(0) figa(0) + fgs (0))
k8L 8

o (16U (0) A Map(0) 9L 7ea (0)

+2L%Ags (0)  21A%) (0) + 210 (0) + 2102 (0)  21RZ (0))

45
+
39KA4L8
3360.2A%) (0) + 1890L%A% (0) + 1890L2A%) (0)  42a.2h& (0) 7352 (0) 735H¢) (0)
+7350) (0))

(73504, (0) + 1696L*Apn (0)  527%Aps (0) 527Mga(0) 152 *Agg (0)
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