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ABSTRACT

The mechanical properties of polymers are becoming increasingly important both on

their own and as matrix materials in composites for military, automotive, aerospace,

medical applications, to name a few. At the same time, it is well-known that the

mechanical properties of polymers are highly strain rate dependent. Traditional methods

used to characterize material model parameters under dynamic conditions are limited by

several restrictive assumptions. Generally, they investigate one deformation mode at one

strain rate at a time. Therefore, traditional material characterization requires many

experiments to fully identify mechanical properties. This dissertation leverages

ultra-high-speed imaging and full-field metrology, including the grid method and digital

image correlation, along with computational simulation to design an image-based inertial

impact test (IBII) for polymers that utilizes the acceleration fields as loading information.

An inverse technique, the virtual fields method (VFM) is used to extract stiffness

sensitivity across strain rates in tension and compression for a model material of PMMA.

Moreover, this work expands the existing VFM framework to account for viscoelastic

material parameter identification. Using finite element simulations, the Maxwell form of

the standard solid model is employed. The resulting model displacement fields are used to

simulate the full-field images that would be produced from a physical experiment, and

VFM is used to extract the constitutive parameters over a sweep of processing parameters.

Specifically, the effects of image noise and the ideal processing settings for spatial and

temporal resolution are quantified for optimal experimental configurations. The

simulations reliably produce the bulk modulus, shear modulus, and associated time

constant from a single IBII test. This ability to identify multiple constitutive parameters’

evolution over time from a single experiment demonstrates considerable promise towards

reducing the number of experiments required to fully describe the mechanical behavior of
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polymers at high strain rates.
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CHAPTER 1

MOTIVATION

Polymers typically exhibit a strong time dependence in their mechanical response. Due

to this time dependence, they are often used in applications that are subjected to high-rate

loading such as in airplane windscreens subjected to bird strikes or in protective helmets.

In order to design these structures, the mechanical response of the materials under impact

loading must be well understood. However, classical experimental techniques are limited by

restrictive assumptions such as the need to maintain static equilibrium and often can only

investigate one deformation mode at a time [3, 4]. Therefore, characterization of materials

across a range of deformation modes and strain rates typically requires a large number of

experiments on multiple specialized machines.

Recent advancements in full-�eld quantitative imaging techniques [5, 6] and inverse

methods for constitutive parameter identi�cation [7] have resulted in the development of a

number of novel experiments that seek to relax these assumptions and extract multiple

parameters from complex load cases [8]. In particular, the image-based inertial impact

(IBII) test has emerged as a powerful tool for the identi�cation of multiple constitutive

parameters at high strain rates [9, 10]. The technique utilizes quantitative ultra-high-speed

(UHS) imaging to capture time resolved full-�eld measurements of the heterogeneous

kinematic �elds generated during an edge-on impact of a thin plate. The virtual �elds

method (VFM) is then used to inversely identify the in-plane constitutive parameters from

the deformation data. The use of the VFM also enables the use of the acceleration �elds as

an embedded load cell, allowing the for the extraction of constitutive parameters at every

point on the sample without a priori knowledge of the loading. Although the IBII test has

been used to identify orthotropic elastic properties at high-rates [11] and to characterize

rate dependent plasticity [12], the evolution of elastic constitutive parameters over time has

yet to be properly addressed.
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This investigation seeks to expand the existing IBII framework towards the

identi�cation of time-dependent material properties in elastic regime by using the

generalized Maxwell model for linear viscoelasticity. First, IBII experiments on a model

polymer, polymethyl methacrylate (PMMA), are analyzed under the assumption of linear

elasticity. Then a �nite element model of an IBII experiment is used to generate synthetic

images simulating the experiment to determine the optimum processing parameters for a

physical experiment. Finally, the generalized Maxwell model is applied to the IBII

experiments on PMMA.

1.1 Thesis Structure

This thesis includes the following:

ˆ Chapter 2 outlines the current landscape of high-rate experimental mechanics. First,

the classical experimental techniques used to characterize materials over strain rates

ranging from the quasi-static to the high strain rate regimes are introduced. Then

the impact of introduction of quantitative ultra-high-speed imaging and subsequent

development of full-�eld inverse techniques is discussed.

ˆ Chapter 3 provides an overview of the VFM for the inverse identi�cation of

constitutive parameters. The chapter begins with the theory of the principle of

virtual work before presenting the derivations of the VFM for linear and non-linear

problems.

ˆ Chapter 4 outlines the development and use of the single-stage gas gun used to

conduct IBII experiments.

ˆ Chapter 5 presents the results of a full-height IBII experiment on PMMA. A linear

elastic implementation of the VFM is then used to extract the high strain rate

moduli of the PMMA.
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ˆ Chapter 6 introduces the generalized Maxwell formulation of the standard solid

model to describe the time dependence of these polymers. The chapter also presents

the computational development of a half-height IBII test for the identi�cation of

viscoelastic constitutive parameters using the virtual �elds method. The experiment

is simulated using a �nite element model and computer-generated synthetic images

and then analyzed as in a real experiment to determine the optimal processing

parameters. This chapter is simultaneously submitted as a journal publication in

Strain.

ˆ Chapter 7 presents background information that was omitted from the publication in

Chapter 6. This chapter also includes an initial experimental veri�cation of the

half-height IBII test for viscoelastic materials.

ˆ Finally, Chapter 8 discusses the novelty and scienti�c advancements of the half-height

IBII experiment presented throughout this thesis. Furthermore, the chapter discusses

numerous opportunities for further use of the VFM in high-rate experimental

mechanics.
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CHAPTER 2

HIGH-RATE MECHANICAL TESTING

This chapter reviews relevant techniques for high-rate mechanical testing. First, current

high strain rate testing methods are brie
y described. Next, quantitative imaging

techniques are described, allowing rich full-�eld kinematic data to be extracted. Finally,

inverse techniques for material parameter identi�cation are presented, namely the virtual

�elds method (VFM).

2.1 Relevant Rate Dependent Characterization Techniques

In traditional mechanical tests at quasi-static (10� 5 s� 1 � _" � 100 s� 1) strain rates, the

wave speed greatly exceeds the rate of deformation, resulting in negligible inertial e�ects.

However, as the strain rate increases, the e�ects of stress wave propagation in both the

specimen and loading apparatus must be taken into account. The following sections discuss

the applicable strain rate regimes and wave propagation considerations for three of the most

common experimental techniques: mechanical load frames, drop towers, and Kolsky bars.

2.1.1 Mechanical Load Frames

Mechanical load frames are ubiquitous in mechanical characterization of materials and

can probe material response over several orders of magnitude of strain rate. Most

commonly, load frame experiments are conducted in the quasi-static

(10� 5 s� 1 � _" � 100 s� 1) and creep ( _" < 10� 5 s� 1) strain rate regimes. At these strain

rates, the rate of deformation is insigni�cant compared to the wave speed in the material

and machine, allowing for the assumption that the specimen is in mechanical equilibrium

for the duration of the experiment. Specialized loading methods, such as high-pressure

hydraulic or pneumatic systems, can be used for material characterization at strain rates of

_" < 102 s� 1, encompassing the lower end of high strain rate testing [13, 14].
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In specialized loading methods, a linear control system allows the loading grip to

translate at higher velocities, and a load cell located at the top frame of the machine

records the load. However, at elevated strain rates, wave propagation and inertial e�ects

within both the specimen and the load frame become increasingly important and violate

the assumption of specimen equilibrium, resulting in an unknown stress distribution within

the sample. Furthermore, wave propagation in the load frame can result in a ringing

phenomenon in the load cell [13, 15].

2.1.2 Drop Towers

Another common technique for the intermediate strain rate regime

(101 s� 1 � _" < 103 s� 1) is the drop weight test. These tests involve using gravity to

accelerate a massive impactor into a sample of material. Varying the impactor tip allows

for various loading conditions, and strain rates measured from drop tower tests can reach

500s� 1 [14]. These experiments are commonly used in commercial industry for quality

control and �nite element (FE) models [16], although the calibration of load measurement

and impact contact conditions can be di�cult to control and implement [17]. The standard

treatment for analyzing drop weight experiments involves treating the impactor as a rigid

body and using the Newton's laws of motion and the change in velocity of the weight

during the impact to extract the load on the specimen. However, wave propagation

resulting from subresonant excitation of the impactor can result in oscillations in the load

frame signal of comparable magnitude to the specimen response, particularly when the

impactor is instrumented directly with accelerometers [18].

2.1.3 Kolsky (Split-Hopkinson Pressure) Bars

One of the most common techniques for high-rate mechanical experimentation at strain

rates 102 s� 1 � _" � 104 s� 1 is the Kolsky (split-Hopkinson pressure) bar. A Kolsky bar,

presented schematically in Figure 2.1, involves transmitting a stress wave through a small

specimen placed between two long slender elastic bars with known properties. This initial
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stress pulse can be produced by a number of methods including explosive loading [19], the

release of a pre-stressed portion of the bar [20], and most commonly the impact of a striker

bar [21].

Figure 2.1 Schematic of Kolsky bar con�guration used to study dynamic strain rates.

In the traditional compression con�guration shown in Figure 2.1, the impact of the

striker bar on the face of the incident bar generates a compressive stress wave. This stress

pulse propagates along the incident bar until it reaches the specimen interface. At the

interface, a portion of the wave re
ects as a tensile wave back into the incident bar.

Another portion of the wave transmits through the specimen and into the transmitter bar.

In the standard Kolsky bar method, these three stress pulses are measured with

instrumentation such as strain gauges on the incident and transmitter bars. A Kolsky bar

experiment must satisfy several key assumptions to produce valid results, including

one-dimensional wave propagation in the bars, purely elastic deformation in the incident

and transmitter bars between the specimen and the measurement locations, and

quasi-static stress equilibrium without inertial e�ects in the specimen. These assumptions

place stringent requirements on the geometry of both the bars and the specimen [22].
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When these assumptions are satis�ed, the engineering stress-strain curve in the

specimen can be calculated from the recorded strain signals using:

_� (t) = � 2
CB

L s
� R(t) (2.1)

� (t) = � 2
CB

L s

Z t

0
� R(� )d� (2.2)

� (t) =
AB EB

As
� T (t): (2.3)

Here

ˆ � l represents the incident strain magnitude

ˆ � R is the re
ected strain magnitude

ˆ � T gives the transmitted strain signal

ˆ CB is the longitudinal wave speed of Kolsky bars

ˆ L s is the length of the specimen along the loading axis

ˆ AB is the cross-sectional area of Kolsky bars

ˆ EB gives Young's modulus of Kolsky bars

ˆ As is cross-sectional area of specimen on the specimen

ˆ Cs is wave speed of specimen

These equations are only valid over the portion of the experiment where the specimen is

in force equilibrium with incident and transmitter bar interfaces. Achieving equilibrium

requires several reverberations of the stress waves within the sample and takes a �nite

period of time. Often, while ringing up to equilibrium, the specimen undergoes localized

damage or yielding. Therefore, Kolsky bars are largely considered to be poorly suitable for

the characterization of high-rate elastic behavior, and are most often limited to the

investigation of failure and plasticity.
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Kolsky experiments are well-established in the �eld of experimental mechanics and

provide useful information on the dynamic behavior of materials. However, strict

requirements on geometry and necessary assumptions (1D stress wave, stress equilibrium)

motivate the need to explore other testing methods, speci�cally those that provide rich,

full-�eld kinematic data. This thesis aims to improve the characterization of materials in

the 102 s� 1 � _" � 103 s� 1 strain rate regime which is within the range of strain rates in

which Kolsky bars are predominately employed. Therefore, the Kolsky technique is

regularly referenced and used for comparison throughout this work.

2.1.4 Limitations of the Standard Methods

The three techniques described in the previous sections �nd widespread use in

characterizing the rate dependence in the mechanical response of materials. However, these

methods also share similar limitations. Load frames, drop frames, and Kolsky bars

traditionally rely on force instrumentation that is remote from the specimen and

consequently do not measure the response of the specimen directly. Therefore, the tests

must be designed in such a way that the stress and strain distributions in the specimen are

known. Typically, this restriction requires simple loading cases such as pure compression,

pure tension, or bending. The remote sensing also requires the attainment of quasi-static

equilibrium in the specimen, and only provides a point measurement of the average

response. As a result, full rate-dependent material characterization requires a large array of

tests at multiple strain rates under multiple deformation modes.

Finally, inertial e�ects and wave propagation in the loading apparatus can also

introduce signi�cant errors in the results obtained from these common techniques. In

Kolsky bars, the di�erent frequency components of the longitudinal waves propagate at

slightly di�erent velocities. This dispersion in the wave can result in

Pochammer-Chree [23, 24] oscillations in the measured stress{strain curves that must be

corrected to decouple the response of the bars from that of the specimen [25]. Similarly,

wave propagation due to subresonant oscillations in the load cell of load frames [15] and
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the impactor in drop weights [18] can cause an error in the measured material response.

However, quantitative full-�eld imaging has enabled the development of full-�eld inverse

techniques that can measure specimen response directly and use inertial e�ects to improve

material characterization. The remainder of this chapter introduces these full-�eld

techniques and the resulting advances in high-rate mechanical characterization.

2.2 Full-�eld Imaging and Inverse Methods

With the rapid advancement of camera technology, full-�eld quantitative imaging has

become increasingly common in material characterization experiments. Full-�eld kinematic

measurements provide quantitative maps of mechanical quantities, such as displacements,

across the surface of a mechanical test specimen. While a number of full-�eld imaging

techniques exist, this section describes two of the most common di�use white light full-�eld

metrology techniques, digital image correlation (DIC) and the grid method. This section

introduces and compares the two methods, then discusses the use of these full-�eld

measurements for the inverse identi�cation of material constitutive parameters.

2.2.1 Ultra-High-Speed Video

Signi�cant advances in digital camera technology from the latter half of the 20th to the

21st century have enabled the integration of high-speed and ultra-high-speed (UHS)

imaging into dynamic experiments. The use of high-speed video to study dynamic events

can trace its origins to the development of a rotating mirror �lm camera system to record

explosive events for the Manhattan project. As camera technology developed further, the

rise of charge coupled device (CCD) and complementary metal oxide semiconductor

(CMOS) enabled a shift from �lm toward direct-to-digital imaging [26].

Obtaining useful quantitative deformation information at high strain rates requires

extremely fast frame rates. For example, at _" = 103 s� 1, a sample reaches 1% strain within

10 � s, and longitudinal waves typically have longitudinal wave speeds in excess of

1 mm=� s. However, traditional high-speed cameras with standard CCD and CMOS sensor
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technologies are limited in how fast they can save the captured images to memory, which in

turn limits achievable frame rate. In some cameras, the frame rate can be increased by

only utilizing a portion of the sensor, but that results in rapidly decreasing spatial

resolution as frame rate increases [26].

For UHS imaging with frame rates in excess of one million frames per second (1 Mfps)

at full resolution, several di�erent approaches have been used. The �rst approach utilizes

multiple sensors to capture images sequentially, allowing the achievable frame rates of all

the sensors to be superimposed. For example, the Cordin 580 camera can capture

4112 px� 3008 px images at 4 Mfps in the 78 frame con�guration [27] by using a rotating

mirror design (similar to the previously mentioned high-speed �lm camera used in the

Manhattan Project) allowing for high resolutions at high frame rates. However, these

rotating mirror cameras have several disadvantages due to the mechanical rotating mirror

assembly and multiple sensors including increased size, more complex hardware

requirements (such as a compressed gas source to rotate the mirror), and issues with image

distortions and registration between sensors [26, 28]. In a similar approach, gated

intensi�er cameras (ICCD) use beam-splitters to split the incoming light onto di�erent

portions of the sensor array. Due to the intensity reduction caused by the beam-splitter,

these cameras often require light intensity ampli�ers which also increase greylevel noise in

addition to similar image distortion problems as the rotating mirror cameras. ICCD do

o�er the highest frame rates (� 109 fps) of commonly available UHS technologies, but are

typically limited in record length to only tens of frames [26, 28]. These two camera

technologies are well suited to qualitative imaging due to their large sensor sizes and

extremely high frame rates, however, they struggle with quantitative imaging due to the

increased noise and variable distortions caused by the increased complexity of their optical

paths and multiple sensors [26, 28, 29].

The other primary approach for the development of UHS imaging systems is to address

the transfer rate issue by locating the memory in close proximity to the sensor array. An
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early version of this UHS camera style is thein situ storage CCD technology (ISIS-CCD)

that is used in the Shimadzu HPV line of cameras. ISIS-CCD cameras have short-term

memory located on the chip along with the photo gates. Each pixel has 103 linear CCD

storage units with one unit for each frame. While the camera is acquiring it continuously

refreshes the memory on each storage unit for each frame until the camera is triggered and

the images are read into computer memory one frame at a time[30]. This approach enables

over 100 frames at frame rates of up to 1 Mfps but the location of the memory on the sensor

chip reduces both the spatial resolution and the �ll factor. For example, the Shimadzu

HPV-1 camera has a spatial resolution of only 312 px� 260 px with a �ll factor of 14% on

the horizontal axis, which is the smallest sensor among available UHS cameras [28, 31].

However, Shimadzu HPV-1 and HPV-2 exhibit lower greylevel noise in their images than

both the worst sensor in a representative rotating mirror camera and ICCD camera [29].

The successor cameras to the HPV line, the HPV-X line of cameras, uses FTCMOS

sensor architecture. This is similar to the previous ISIS-CCD technology with dedicated

memory for each frame located on the chip with the photogates. However, the FTCMOS

sensor can achieve faster readout speeds between memory and light-detecting pixels by

parallel transfer over 20� 2 parallel horizontal scanning and output circuits distributed

along 2 vertical scanning circuits [32, 33]. These sensor improvements allow the HPV-X1 to

capture 128 frames at 5 Mfps with a spatial resolution of 400 px� 250 px and a �ll factor

of 37%. The Specialized Imaging Kirana uses a similar approach with CCD cells arranged

in a CMOS architecture [34] which allows the frames 180 to be captured at a spatial

resolution of 924 px� 768 px with a �ll factor of 40% at 5 Mfps. While the Kirana o�ers

higher spatial resolution and �ll factor with a longer record length at 5 Mfps than the

HPV-X, it was also found to have �ve times more sensor noise than the HPV-X and more

signi�cant temporal 
ickering. In a comparative study, increased sensor noise hindered

inverse identi�cation of metal plasticity constitutive parameters with the Kirana compared

to the HPV-X [31].
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2.2.2 Digital Image Correlation and the Grid Method

A variety of quantitative imaging techniques exist for the measurement of full-�eld

kinematic �elds using digital cameras. These techniques can be split into interferometric

and noninterferometric techniques. Interferometric techniques, such as speckle

interferometry [35], use the interference of light to generate fringe patterns from which

kinematic quantities can be measured, and were common in the 20th century, but became

less common due to high costs and di�culties in the experimental setup. Instead,

noninterferometric, intensity-based techniques that track spatially varying grey level

intensity patterns both spatially and temporally to obtain displacements have been gaining

favor in recent years [36]. Two of the most common of these techniques are digital image

correlation (DIC) and the grid method.

DIC is one of the most commonly used full-�eld metrology methods in experimental

mechanics due to its ease of use and available documentation. DIC uses digital cameras to

track the movement of random speckle patterns on the surface of a specimen, as seen

in Figure 2.2(a). A common implementation of DIC is subset, or local, DIC. In

subset-based DIC, subsets of pixels with a size of SS pixels� SS pixels are swept across the

image by a step size ST and the location of the speckles within each subset are compared

with a reference image to determine the displacements. These pixel displacements are then

mapped to physical displacements to obtain the full �eld kinematic data [6]. These

patterns can be applied using a variety of methods such as using premade stamps, printing

the pattern on the surface of the specimen directly, or using an airbrush or spray paint,

making it applicable to a wide variety of materials [37]. As the size of the speckle patterns

can be reasonably controlled, the major limitation of this technique is the resolution of the

camera being used. DIC has been used with a wide variety of high-rate experimental

con�gurations, including but not limited to in-situ impacts [38], Kolsky experiments

[39{41], dynamic fracture [42, 43].
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Figure 2.2 Specimens printed using a) Digital Image Correlation and b) the Grid Method.

The grid method is another noninterferometric technique that tracks the movement of

grid pitches on the surface of a specimen to extract in-plane quantities such as

displacements and strains. A periodic grid pattern is printed onto the surface of a

specimen, as seen in Figure 2.2(b), and images of the grid are taken before and during

loading. Window Fourier analysis is then used to extract the spatial frequency or phase of

the grid. An iterative algorithm is then used to extract the in-plane displacements from the

change in phase between the each image [5]. Although this method provides excellent

spatial resolution, it relies on reproducible, high-quality grid patterns, which can be

challenging to create. The grid method is also very sensitive to grid quality and alignment

of the camera sensor with respect to the grid. Grid inconsistencies or slight misalignment

can result in parasitic fringes of nonphysical deformations observed in the extracted

displacement �elds, which may be di�cult to diagnose, leading to extensive

troubleshooting e�orts. However, due to its superior displacement resolution at a given

spatial resolution, the grid method is the main metrology technique used throughout this

thesis. Section 6.14 describes the grid method in further detail.

13



When selecting an appropriate metrological technique for an experiment, the

experimenter must take into account several factors. As a result of the random nature of

the speckle pattern used for the DIC subset, the DIC is more user-friendly than the grid

method. Random speckle patterns can be produced more easily and reliably and high

quality results can be achieved with a simple manual speckle application using an airbrush

and acrylic paints [37, 42, 43]. In contrast, grid method patterns must be regular and

repeatable and typically require printing with very high spatial resolution printers and

photoplotters [5, 44, 45]. Furthermore, DIC is more tolerant to in-plane misalignment

between the senor and the specimen than the grid method. However, the grid method has

been shown to provide a superior trade-o� between displacement and spatial

resolution [45, 46]. For subset-based DIC, each subset requires at least 3 features which

must each be� 3 px for a total of at least 9 px per subset, while the grid method requires

only at least 5 px per grid period. The improved compromise between spatial and

deformation resolutions with the grid method over DIC makes the grid method highly

favorable for experiments using UHS cameras, which typically have fewer pixels than

conventional machine vision cameras [10, 28]. Consequently, the grid method is more

commonly used for the IBII experiments explored in this work, where displacements must

be di�erentiated in time to calculate accelerations [45].

2.2.3 Full-Field Inverse Methods

The widespread use of full-�eld quantitative imaging techniques has led to the

development of full-�eld inverse techniques for the characterization of materials.

Traditional mechanical testing at both quasi-static and dynamic strain rates is based on a

simpli�ed experimental design, such as uniaxial tension or compression, simple torsion, or

statically determinate bending, for which the stress distribution in the sample is knowna

priori . This knowledge allows for material response to be measured with simple point

instrumentation. However, because of the simpli�ed loading and metrology, these

techniques also require many experiments to fully identify the constitutive response. With
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the richer kinematic �elds and large quantity of data points provided by full-�eld imaging,

these simple assumptions can be relaxed and more complex heterogeneous and statically

indeterminant strain �elds can be utilized to extract more constitutive parameters from

fewer experiments [8, 36]. The two most prevalent of these inverse methods are �nite

element model updating (FEMU) and the virtual �elds method (VFM).

The development of the FEMU technique began with a 1971 paper by Kavanagh and

Clough [47] in which the authors used a �nite element formulation of the minimum

potential energy theorem to develop the basis for an experimental test program for the

characterization of composite materials. The technique involves creating a �nite element

model of a physical experiment matching the geometry and boundary conditions. The

constitutive parameters of the modelled specimen are iteratively updated until the output

kinematics match those measured from the experiment. FEMU precedes the widespread

adoption of quantitative imaging and early investigations in structural mechanics used a

discrete array of accelerometers mounted on the test specimen [48]. More recent

investigations have used DIC to obtain the experimental �elds to characterize a variety of

materials [49{52]. However, because the FEMU method requires an iterative updating of a

�nite element simulation, it can be computationally expensive.

The other major full-�eld inverse technique is the VFM which was developed by

Gr�ediac in 1990 [53]. Rather than using a �nite element model to calculate the kinematic

�elds from known geometry and boundary conditions, the VFM estimates the internal

stresses in the specimen using the measured kinematic �elds and an assumed form of the

constitutive model. The principle of virtual work is then solved with a selection of

kinematically admissible test functions to extract the material properties. For linear

models, the principle of virtual work can be solved directly for the constitutive parameters,

but for nonlinear material models an iterative algorithm is still required. However, because

the VFM only solves the principle of virtual work rather than a full �nite element model to

extract the constitutive parameters, the VFM has been observed to be more than 100
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times more computationally e�cient than FEMU for hyperelastic [54] and elastoplastic [55]

constitutive models. Another technique emerging from the VFM is the equilibrium gap

method which is a special case of the VFM that minimizes the principle of virtual work

locally rather than globally [56]. Instead of identifying global material properties, the

equilibrium gap method is more comonly used to identify localized damage in composite

materials [57, 58]. This study heavily utilizes the VFM to extract viscoelastic consitutitve

parameters and Chapter 3 describes the method in detail. Additionally, a detailed review

of the theory and applications in VFM can be found in [7].
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CHAPTER 3

THE VIRTUAL FIELDS METHOD

The virtual �elds method (VFM) is a technique for the inverse identi�cation of

constitutive properties from full-�eld deformation measurements. Traditional mechanical

experiments often involve heavily simpli�ed loading cases such as uniaxial tension,

three-point bending, or simple shear designed to generate homogeneous or predictably

distributed deformations. In contrast, the VFM utilizes the principle of virtual work and

an appropriate virtual �eld choice to leverage the inherent heterogeneity of deformations

present in more complicated loading cases. Compared to another common full-�eld inverse

technique, the �nite element updating method, the VFM has been shown to be

signi�cantly more computationally e�cient [54].

The VFM was originally developed by Gr�ediac and Vautrin [53] to identify the bending

rigidity in thin anisotropic plates. Since its introduction, the VFM has been used to

characterize a wide variety of materials under quasi-static loading cases. These materials

models include, but are not limited to, orthotropic elasticity [59{62],

hyperelasticity [63{66], plasticity [67{73], and viscoelasticity [74, 75]. Furthermore, because

the principle of virtual work is based on the equation of motion and mechanical

equilibrium, it has been modi�ed to detect damage in composites [57, 58]. The VFM was

expanded to high strain rate loading conditions using a modi�ed Kolsky bar

apparatus [76]. However, Kolsky experiments are typically designed to minimize inertial

e�ects within a specimen, whereas with the VFM accelerations can be used as a load cell,

and novel experiments were quickly developed that leverage the inertial e�ects for

improved identi�cations with the VFM [9, 10, 40, 45, 77{80].

This section presents a framework for identifying viscoelastic constitutive parameters

from an IBII experiment, or a similar one. It begins with an introduction to the principle

of virtual work and linear VFM methods. Then the general framework for nonlinear VFM
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is described before �nally applying the nonlinear VFM to a viscoelastic material. For a

more detailed description of the VFM theory and an extensive review of early applications,

the reader is referred to the textbook by Pierron and Gr�ediac [7].

3.1 The Principle of Virtual Work

The virtual �elds method is derived from the principle of virtual work. This principle

can be illustrated by considering an arbitrary solid (presented in Figure 3.1) with a density

of � and volume ofV subjected to an external load. This solid is subjected to body forcesb

and external traction forcesTi , applied over the surfaceST . Displacement is prescribed

along the boundarySu. This loading case results in an internal stress �eld de�ned by the

Cauchy stress tensor (� ij ) and deformations are described by the displacement �eld (ui ).

With the application of a kinematically admissible (KA) virtual displacement �eld (u�
i ),

the principle of virtual work can be derived from the weak form of the equation of motion:

�
Z

V
� ij " �

ij dV
| {z }

W �
internal

+
Z

S
Ti u�

i dS +
Z

V
bi u�

i dV
| {z }

W �
external

=
Z

V
�a i u�

i dV
| {z }

W �
inertial

8u� KA : (3.1)

Here:

ˆ W �
external is the virtual work of the tractions and body forces over the virtual

displacement �eld,

ˆ W �
inertial is the virtual work resulting from accelerations (ai ),

ˆ W �
internal is the work of internal forces and virtual strains (" �

ij ).

In Equation 6.1 the surfaceS is the entire surface of the solid, including bothST and

Su together (S = SU [ ST ) with the remaining free surface. To be considered kinematically

admissible, the virtual �eld must obey the physical displacement boundary conditions.

However, in practice, the distribution of tractions onSu is typically unknown, and the use

of a KA virtual displacement such that u�
i = 0 along Su allows those tractions to be
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discounted from the analysis. For the purposes of this study, virtual strains (" �
ij ) are

related to u�
i through the strain{displacement relations for the in�nitesimal strain tensor:

" �
ij =

1
2

�
@u�i
@xj

+
@u�j
@xi

�
(3.2)

Figure 3.1 A schematic of a general solid of any shape subjected to external tractions and
prescribed displacements.

Although the virtual displacement �elds used in this study are analogous to

displacements in units of meters, resulting in virtual works with units of work Nm, this is

not strictly required. u�
i and " �

ij serve purely as mathematical test functions and do not

relate to the actual strain and displacement �elds. Likewise, the virtual works do not

require units of work and instead depend on the units of the virtual �elds. Therefore, the

principle of virtual work is not an energy balance and only relates to the forces. In fact, an

in�nite number of virtual �elds can satisfy the principle of virtual work provided they meet

the following conditions:

ˆ The virtual strains are the symmetric part of the gradient of the virtual

displacements," �
ij = usym

i;j ,

ˆ u�
i must be piecewise continuous,
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ˆ u�
i must satisfy kinematic admissibility.

When using the VFM to extract material properties from the principal of virtual work,

� ij is not measured directly and is instead expressed using a constitutive relation with the

functional form:

� ij = f (" ij ; t; X ; Q) (3.3)

where:

ˆ " ij is the actual strain in the material,

ˆ t is time,

ˆ X represents a list of internal state variables describing the state and deformation of

the material,

ˆ Q is a list containing the constitutive parameters.

With careful selection of the appropriate virtual �elds, the constitutive parameters can

be extracted by solving Equation 3.3 forQ. Throughout this work the kinematic �elds ui ,

ai , and " ij ; the virtual �elds u�
i and " �

ij , and the stress �eld� ij are all functions of time,

however, this functional notation is omitted for clarity. The following section presents an

example of using the linear VFM to identify isotropic linear elastic constants from the

impulsive loading on the edge of a thin plate.

3.2 The Linear Virtual Fields Method

Consider the special case of a thin plate, as presented in Figure 3.2, with a surfaceS, a

density � and a constant thicknessB. The plate is impulsively loaded along one edgeST

with all other surfaces free. The thickness of the plate is small compared to the other

dimensions, and the specimen is assumed to be in a state of plane stress with constant

deformation throughout the thickness. Neglecting body forces and choosing a set of virtual

20



�elds such that virtual displacements are null along thex1 = L surface where the tractions

are applied cancels outW �
external reducing Equation 6.1 to:

�
Z

V
� ij (" ij ; Q)" �

ij dV =
Z

V
�a i u�

i dV: (3.4)

The elimination of unknown tractions from the principle of virtual work e�ectively allows

the accelerations present in a dynamic experiment to be used as a load cell, enabling the

identi�cation of constitutive parameter without a direct measurement of either the impact

forces or the distribution of forces in the specimen.

Figure 3.2 A schematic of an edge impact on a linear elastic thin plate.

In the case of linear elasticity, the constitutive law is given by Equation 3.5:

� ij = Cijkl " kl (3.5)

whereCijkl is the elastic sti�ness tensor. Taking the plane stress deformation into account,

the two-dimensional stress (Equation 3.6a) and strain (Equation 3.6b) tensors can be

expressed in vector form as:
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� =

2

4
� 1 = � 11

� 2 = � 22

� 6 = � 12

3

5 (3.6a)

" =

2

4
"1 = "11

"2 = "22

"6 = 2"12

3

5 : (3.6b)

For an isotropic elastic solid, the 4th order sti�ness tensor (Equation 3.6b) can be simpli�ed

into a 2nd order and rewritten as:

2

4
� 1

� 2

� 6

3

5 =

2

4
C11 C12 0
C12 C22 = C11 0
0 0 C66 = C11 � C12

2

3

5

2

4
"1

"2

"6

3

5 : (3.7)

To extract the constitutive parameters, a system of equations must be developed with

the number of independent virtual �elds that must, at minimum, match the number of

independent elastic constants. In this case, there are two independent elastic constants,C11

and C12, and therefore at least two independent virtual �elds must be de�ned to solve for

the constitutive parameters. The following two sections present two di�erent approaches to

determining the virtual �elds for the extraction of linear elastic constitutive properties.

3.2.1 Manually De�ned Virtual Fields

Some of the �rst investigations that extract linear elastic constitutive parameters with

the VFM used manually de�ned polynomial virtual �elds [9, 53, 76]. Consider two

manually de�ned virtual displacement �elds:

u(1) � =
�

0
x2(x1 � L)

�
and u(2) � =

�
(x1 � L)

0

�
(3.8)

Applying the strain{displacement relations for the in�nitesimal strain tensor

(Equation 3.2) yields the virtual strain �elds:
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" (1) � =

2

4
0

x1 � L
x2

3

5 and " (2) � =

2

4
1
0
0

3

5 : (3.9)

Taking into account the constant thickness, the volume integrals in Equation 3.4 reduce

to surface integrals. Then with the substitution of the constitutive law (Equation 3.7),

Equation 3.4 becomes the system of equations:

2

4

R
S

�
"1" (1) �

1 + "2" (1) �
2 + 1

2"6" (1) �
6

�
dS

R
S

�
"2" (1) �

1 + "1" (1) �
2 � 1

2"6" (1) �
6

�
dS

R
S

�
"1" (2) �

1 + "2" (2) �
2 + 1

2"6" (2) �
6

�
dS

R
S

�
"2" (2) �

1 + "1" (2) �
2 � 1

2"6" (2) �
6

�
dS

3

5
�
C11

C12

�

=

" R
S �a i u

(1) �
i dSR

S �a i u
(2) �
i dS

#

: (3.10)

Finally, substituting the manually de�ned virtual �elds (Equations 3.8 and 3.9) yields a full

system of equations from which the constitutive parametersC11 and C12 can be obtained

by direct inversion:

�
C11

C12

�
=

" R
S

�
"2 (x1 � L) + 1

2"6x2
�

dS
R

S

�
"1" (1) �

2 � 1
2"6" (1) �

6

�
dS

R
S "1dS

R
S "2dS

#� 1 � R
S �a 2x2 (x1 � L)R

S �a 1 (x1 � L)

�
:

(3.11)

Manually de�ned virtual �elds generated through similar approaches have been used in

multiple investigations, primarily to identify various high-rate sti�ness properties of

composites [9, 76, 81{83]. However, experimental full-�eld displacement measurements

contain some form of measurement noise that causes signi�cant errors in sti�ness

identi�cation. As a result, these manually de�ned virtual �elds are falling out of favor in

IBII experiments in favor of the stress-gauge virtual �elds and special optimized virtual

�elds, which yield more robust identi�cations in the face of measurement noise.
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3.2.2 The Stress Gauge Virtual Fields

The most commonly used set of virtual �elds for high-rate constitutive parameter

identi�cation are the stress gauge, or rigid body, virtual �elds. These virtual �elds involve

the imposition of virtual rigid-body motions that result in null virtual strain that

eliminates the contributions ofW �
internal . Neglecting the body forces reduces the principle of

virtual work (Equation 3.3) to:
Z

S
Ti u�

i dS =
Z

V
�a i u�

i dV: (3.12)

These stress gauge virtual �elds include a rigid body translation alongx1:

uSG(1) � =
�
1
0

�
; (3.13)

a rigid body translation alongx2:

uSG(2) � =
�
0
1

�
; (3.14)

and an in-plane rigid body rotation:

uSG(3) � =
�

x2

� x1

�
: (3.15)

To apply these virtual �elds towards the identi�cation of constitutive parameters,

consider the thin rectangular plate presented schematically in Figure 3.3. The specimen is

loaded with some generalized impulsive pressure pulse along the edgex1 = L with all other

surfaces free. This rectangular plate is subdivided at an internal cross section a distancex0

from the x1 = 0 free edge.
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Figure 3.3 A schematic representation of the stress gauge VFM.

Assuming a state of plane stress and uniform deformation through the thickness of the

plate, the external virtual work surface integral reduces to a line integral over 0� x2 � H

evaluated at the cross sectionx0. Similarly, the integral of the inertial virtual work volume

integral reduces to a surface integral in the region bounded by 0� x1 � x0 and 0� x2 � H .

Applying the rigid body virtual translation from Equation 3.13 to Equation 3.12 yields:

Z

l
T1dl =

Z

S
�a 1dS: (3.16)

The stress and internal traction at thex0 cross section are related throughTi = � ij nj

wherenj is the surface normal vector at thex0 cross section. Therefore, the stress-traction

relation can be written as:

Ti (x0) = � 11(x0) (3.17)

Substituting the stress-traction relation (Equation 3.17) and pulling the constant density

out of the W �
inertial integral (Equation 3.12) gives:
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Z H

0
� 11dx2 = �

Z H

0

Z x0

0
a1dx1dx2: (3.18)

The line integral of � 11 along the vertical slice atx1 = x0 can be approximated as the sum

of � 11 at every point along the slice multiplied by the height of the slice. Similarly, the

surface integral

H
m

mX

j =1

� (j )
11 � x0

S
n

nX

i =1

a(i )
1 : (3.19)

where:

ˆ m is the number of number ofx2 coordinates along the line 0� x2 � H at x0,

ˆ n is the number of data points located within the surface bounded by 0� x1 � x0

and 0 � x2 � H ,

ˆ S is the area bounded by that same surface.

Dividing these integrals by the total number of points along the corresponding line and

surface gives the longitudinal stress gauge equation for the average longitudinal stress:

� 11 = �x 0a1
S: (3.20)

Here, the overbar without a superscript indicates an average along the vertical slice atx0

and the overbar with a superscript (S) denotes an average over the surface between the

x1 = 0 and x0.

To obtain the shear stress gauge equation, a similar procedure is followed using a

virtual rigid body translation in the direction x2 (Equation 3.14). Substitution of the

virtual �eld and the stress-traction relations (Equation 3.17) into Equation 3.16 produces:

Z H

0
� 12dx2 =

Z H

0

Z x0

0
�a 2dx1dx2: (3.21)
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Upon evaluation of the integrals in the same manner as before, the average shear stress

along x0 can be calculated with the shear stress gauge equation:

� 12 = �x 0a2
s: (3.22)

An additional stress gauge equation for the average 1st moment of the longitudinal

stress can be developed in a similar manner utilizing the virtual in-plane rigid body

rotation. Substituting the virtual rigid body rotation (Equation 3.15) into Equation 3.16

results in:

Z H

0
� 11x2dx2 � x0

Z H

0
� 12dx2 = �

Z H

0

Z x0

0
(a1x2 � a2x1) dx1dx2; (3.23)

and evaluating the integrals as spatial averages produces:

� 11x2 = x0� 12 + �x 0
�
a1x2

S � a2x2
S
�

: (3.24)

Substituting the shear stress gauge equation (Equation 3.22) and gathering like terms

generates the stress gauge equation for the average 1st moment of stress:

� 11x2 = �x 0
�
x0a2

S + a1x2
S � a2x1

S
�

: (3.25)

These three stress gauge equations allow the accelerations to be used as an embedded

load cell to calculate the distribution of the width-averaged stresses along the length of the

specimen. For linear problems, such as in elasticity, these stress averages can be plotted

against the appropriate strain averages, and the constitutive parameters can be extracted

with a linear regression. Because these stress averages can be calculated before assuming a

form of the constitutive model, techniques utilizing the stress gauge virtual �elds and

similar approaches are referred to as non-parametric methods [9, 40, 84, 85] while virtual

�elds that require an evaluation of W �
internal , such as the manual �elds described in 3.2.1,

are used in the parametric VFM. With this ability to calculate stress averages, virtual
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stress gauge �elds provide a method for corroborating constitutive parameters identi�ed

with a parametric virtual �eld. Additionally, because the stress gauge virtual �elds utilize

spatial averages of the measured kinematic �elds, they provide some level of �ltering and

can improve identi�cation quality in the presence of noise. These two factors result in the

rigid body virtual �elds being among the most commonly used virtual �elds in high-rate

inertial experiments such as IBII [9{12, 81{83, 86, 87], image-based ultrasonic shaking [78],

and image-based inertial release [80] experiments. These �elds have also been used to

calculate the high-rate sti�ness and spall strength of concrete [77] and to con�rm

equilibrium in a Kolsky bar experiment on a soft polyurethane foam [40].

3.3 The Nonlinear VFM

While the linear elastic constitutive model can be directly solved using a linear system

of equations or with simple curve �tting of the stress gauge equations, in some material

models the stress cannot be described as an explicit function of strain. For these nonlinear

material models, a nonlinear VFM should be applied. As in the linear approach, the

nonlinear VFM starts from the principle of virtual work (Equation 6.1). To satisfy

equilibrium, the virtual work terms must sum up to 0:

0 = W �
internal + W �

external � W �
inertial 8u�

i KA : (3.26)

Neglecting body forces, a cost function consisting of the square of the sum of the virtual

work terms can be generated:

� =
� Z

S
Ti u�

i dS �
Z

V
� ij " �

ij dV �
Z

V
�a i u�

i dV
� 2

: (3.27)

When this cost function is minimized the unknown constitutive parameters are identi�ed.

This approach has been used to identify constitutive parameters for a variety of

nonlinear models including plasticity at low [68] and high [12, 31, 87, 88] strain rates and

hyperelasticity [63{66], and viscoelasticity [74, 75, 79]. These early investigations into
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viscoelasticity either identi�ed only shear moduli with a constant Poisson's ratio across a

range of assumed time constants [79], or identi�ed viscoelastic behavior under quasi-static

loading conditions [74, 75]. In this work, the viscoelastic VFM is further expanded to

simultaneously identify two independent moduli, bulk and shear, along with an associated

time constant. The following section outlines the development of this cost function using

the stress gauge virtual �elds, which can then be applied to high strain rate viscoelasticity.

3.3.1 The Stress Gauge Cost Function

The application of the stress gauge virtual �elds towards the identi�cation of nonlinear

constitutive parameters, begins with applying the rigid body virtual �elds (Equations 3.13,

3.14, and 3.15) to the cost function (Equation 3.27). These �elds eliminate the internal

virtual work term, reducing the cost function to:

� =
� Z

S
Ti u�

i dS �
Z

V
�a i u�

i dV
� 2

: (3.28)

Then, applying the analysis in Section 3.2.2 the cost function can be rewritten as the sum

of the square of the di�erences between the average stress predicted by the constitutive

model (� Model
ij ) and calculated from measured kinematic �elds using the stress gauge

equations (� SG
ij ). The stress gauge equations provide for calculation of width-averaged

in-plane shear (� 12) and longitudinal (� 11) stress. Thus two cost functions can be

developed for shear and longitudinal stresses respectively:

� 12 =
NX

n=1

MX

m=1

�
� Model

12

�
x(n)

1 ; t (m)
�

� � SG
12

�
x(n)

1 ; t (m)
� � 2

; (3.29a)

� 11 =
NX

n=1

MX

m=1

�
� Model

11

�
x(n)

1 ; t (m)
�

� � SG
11

�
x(n)

1 ; t (m)
� � 2

: (3.29b)

Here,N is the number ofx1 coordinates andM is the number of time data points over

which the cost function is calculated.
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Figure 3.4 Outline of constitutive parameter identi�cation with the stress gauge
implementation of the nonlinear VFM.

The process for extracting nonlinear constitutive parameters using the stress gauge

implementation of the nonlinear VFM is outlined in Figure 3.4. First, the strain and

acceleration �elds are obtained by calculating full-�eld displacement measures in an

experiment. The accelerations are used to calculate the average shear and longitudinal

stresses (Equations 3.22 and 3.20, respectively). The strains are then input into the chosen

constitutive law along with initial guess parameters. Finally, the guess parameters are

iterated until both � 11 and � 12 are minimized; at which point, the constitutive parameters

are identi�ed.

Calculating � Model
ij for use in � ij requires the development of a stress reconstruction

algorithm. The following section presents the formulation and veri�cation of the stress

reconstruction algorithm for the generalized Maxwell model.

3.3.2 Viscoelastic Stress Reconstruction

The goal of this work is to extract generalized Maxwell viscoelastic constitutive

parameters using the IBII test. To achieve this, a stress reconstruction algorithm must be

30



implemented to calculate� Model
ij for input into the cost function (Equation 3.29). The

in-plane strain components can be calculated at every point in the region of interest (ROI)

directly from measured displacements using the in�nitesimal strain tensor.

To calculate the in-plane stress components as a function of time, the three-dimensional

numerical implementation of the generalized Maxwell model proposed by Mun [89]:

� ij (tn+1 ) = Cijkl 0 " kl (tn+1 )

�
MX

m=1

Cijkl m

(

" kl (tn ) + exp
�

�
� t
� m

� �
" kl m (tn ) � " kl (tn )

�

� � " kl (tn+1 )
�
1 �

� m

� t

h
1 � exp

�
�

� t
� m

�i � )

(3.30a)

" km (tn ) = " kl (tn� 1)[t] + exp
�

�
� t
� m

�h
" kl m (tn� 1) � " kl (tn� 1)

i

+
� " kl (tn )

� t

"

� t � � m

h
1 � exp

�
�

� t
� m

�i
#

(3.30b)

Here " kl m represents an internal state variable that serves to encode the time history of

elemental relaxation from one time increment to the next.Cijkl m is the elastic sti�ness

tensor (the spring in each Maxwell element of the model) and the instantaneous sti�ness

tensor is:

Cijkl 0 = Cijkl 1 +
MX

m=1

Cijkl m (3.31)

Calculation of � 11 using Equation 3.30 requires the full-�eld through-thickness strain"33.

However IBII experiments are typically only instrumented with a single camera and only

obtain deformation measurements within the image plane. Therefore, the out-of-plane

strain must be calculated from the measured in-plane strains, and the trial constitutive

parameters. Applying the plane stress assumption to Equation 3.30,"33 can be extracted

as:
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"33(tn+1 ) =
� creep(tn+1 )

C3333relax (tn+1 )
; : (3.32a)

� creep(tn+1 ) =
MX

m=1

"

C3311m B11m + C3322m B22m

+ C3333m

�
"33(tn ) + exp

�
� � t
� m

�
["33m (tn ) � "33(tn )]

�

� "33(tn )
�
1 �

� m

� t

�
1 � exp

�
�

� t
� m

���

� C33110 "11(tn+1 ) � C33220 "22(tn+1 )

#

(3.32b)

C3333relax =

"

C33330 � C3333m

MX

m=1

�
1 �

� m

� t

�
1 � exp

�
�

� t
� m

��� #� 1

(3.32c)

B ij m = " ij (tn ) + exp
�

�
� t
� m

�
[" ij m (tn ) � " ij (tn )]

+ [ " ij (tn+1 ) � " ij (tn )]
�
1 �

� m

� t

�
1 � exp

�
�

� t
� m

���
:

(3.32d)

Here, � creep is an e�ective out-of-plane creep stress that would be imposed by the

out-of-plane strains, andC3333relax is the relaxation of theC3333 component of the sti�ness

tensor for the material. In a typical experiment," ij , � ij , and t are measured, and the

constitutive parametersCijkl 1 , Cijkl m , and � m must be knowna priori or identi�ed. In the

remainder of this work, the long-term sti�ness parameterscijkl 1 are assumed to be known,

and the elemental sti�nessesCijkl m and associated time constants� m are identi�ed from

the measured deformation data.

3.3.3 Parameter Identi�cation

With the stress reconstruction algorithm created, the constitutive parameters can be

identi�ed using the process outlined in Figure 3.4. Identi�cation begins with in-plane

displacements, which are di�erentiated in space (to obtain measured strains) and in time

(to obtain measured accelerations). Accelerations are fed into the stress gauge equations
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(Equations 3.20 and 3.22) to calculate� SG
11 and � SG

12 . The full-�eld strains and initial guess

constitutive parameters are fed into the stress reconstruction algorithms from Section 3.3.2

and then averaged over the height of the sample to obtain� Model
11 and � Model

12 . Finally, the

stress averages are input into their respective cost functions (Equation 3.29) which are then

minimized to extract the constitutive parameters.

3.3.4 Alternative Virtual Field Choices

As with the linear VFM, the stress gauge virtual �elds are not the only �elds that have

been used for nonlinear inverse identi�cations. The stress gauge virtual �elds are limited

by the fact that they can only obtain the longitudinal and in-plane shear components of

the average stresses. They do not provide any information on the stresses caused by the

Poisson's e�ect. Additionally, the stress gauge virtual �elds only provide information on

the stress distribution along the impact axis and therefore only account for the

heterogeneous stress distribution along thex1 axis. Identi�cation could be improved with

information on the transverse stress distribution.

Manually de�ned polynomial �elds, similar to those introduced in Section 3.2.1, have

been used to identify viscoelastic parameters from drop-weight experiments [79] and for

plasticity identi�cation [69, 71{73, 88]. Another set of virtual �elds is the sensitivity-based

virtual �eld introduced by Marek et al. [90]. These �elds are derived at each time step from:

�� (k)
ij (" ij ; t; Q) = � (k)

ij (" ij ; t; Q) � � (k)
ij (" ij ; t; Q + � Q (k)) (3.33)

where�� (k)
ij is the sensitivity of the stress due to a small perturbation,� Q (k ) , in the kth

parameter ofQ. The stress sensitivies are calculated at each data point in space and time

and then mapped to the virtual displacements using a virtual mesh enforcing the boundary

conditions. These virtual �elds have found signi�cant use in the study of plasticity

[12, 70, 87, 90, 91].
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In addition to the above choices, an in�nite number of valid �elds exist, provided they

are continuous, piecewise di�erentiable, and kinematically admissible across the test

specimen. In fact, before the creation of the IBII test, a computational approach was

developed to generate piecewise virtual �elds optimized for the reduction of detrimental

e�ects of measurement noise [92] and applied to the identi�cation of linear elastic

constitutive parameters under quasi-static conditions [7]. These \special optimized" virtual

�elds were implemented into the IBII experiment from its conception [9]. These virtual

�elds are algorithmically generated by assuming a set of basis functions such as

polynomials or piecewise functions analogous to �nite elements. These basis functions have

some linearly linked coe�cients to satisfy the virtual boundary conditions. The virtual

�elds are then iteratively adjusted until the solution that minimizes the noise sensitivity of

the extracted constitutive parameters is found. To ensure the independence of these

optimal �elds, a set of speciality conditions is applied that the �elds must satisfy. The full

process of de�ning these special optimized kinematic �elds is beyond the scope of this

thesis, and the reader is referred to [7, 92] for the full derivation. These special optimized

virtual �elds have been found to produce much more robust identi�cations with noisy

experimental data and have therefore been used in the vast majority of studies using the

IBII test to characterize elastic materials [9, 10, 45, 81{83]

Having de�ned the nonlinear parameter identi�cation procedure, the next step is to

develop the experimental procedure and the setup to extract constitutive parameters from

an impact experiment. The following chapter presents the design of the single-stage gas

gun apparatus used for the image-based inertial impact experiments.
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CHAPTER 4

DESIGN OF THE IBII APPARATUS

4.1 The IBII Test

First proposed by Pierron et al. [9], the image-based inertial impact (IBII) test was

developed to address the limitations of traditional dynamic experiments, such as the

Kolsky bar [21]. Unlike Kolsky bars which typically require a minimization of inertial

e�ects to satisfy the equilibrium requirement for a valid test [21], the IBII test uses the

Virtual Fields Method (VFM; recall Chapter 3) to take advantage of inertial e�ects for

constitutive parameter identi�cation. Additionally, while traditional dynamic experiments

provide measurements of only one deformation mode, quantitative full-�eld imaging

techniques enable IBII experiments to investigate the three in-plane deformation modes to

extract up to four orthotropic sti�ness components [11, 93].

Figure 4.1 A schematic representation of a half-height IBII experiment.

In an IBII test, portrayed schematically in Figure 4.1, a thin plate specimen is bonded

to a waveguide. A projectile is propelled towards the waveguide and upon impact generates

a compressive wave that propagates into the specimen, before re
ecting o� the opposite

free surface as a tensile wave. If the waveguide is bonded along a fraction of the specimen
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height, as in Figure 4.1, or if the impact between impactor and waveguide are misaligned

vertically, additional shear stresses are introduced. The specimen is instrumented with a

quantitative full-�eld imaging pattern (recall section 2.2.2) , such as the regular grid

portrayed in Figure 4.1, and imaged during impact by an ultra-high-speed (UHS) camera.

The time-resolved in-plane displacement �elds are measured from the resulting images.

The in-plane strains and accelerations are calculated from the displacement and input into

the VFM (recall Chapter 3) to extract the constitutive parameters. The following section

presents the design and veri�cation of the IBII apparatus used throughout this work.

4.2 The IBII Apparatus

The IBII apparatus used in this work is an in-house designed, single-stage gas

gun. Figure 4.2 presents a photograph of the setup and engineering drawings for all major

components are contained in the supplement data. The gas gun consists of three main

components: a breech rated for internal pressure of 300 psi (2:93 MPa), a 3 m long barrel

with internal diameter of 50 mm and a steel test section to position the sample and contain

the projectile and any debris from the impact.

Figure 4.2 A photograph of the gas gun in the eXtreme STRuctures Materials LABoratory
(X-STRM LAB) at Colorado School of Mines.
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4.2.1 Gas Gun and Projectile Design

The gas gun used in this investigation is an upgrade to the �rst stage of the combined

single- and two-stage light gas gun described in Lamberson and Boettcher [94]. Figure 4.3

presents a computer-aided design (CAD) model of the uprange end of the gas gun

assembly. The main body of the breech is reused from the pre-existing gas gun and is

constructed from a section of 12 in, schedule 40 pipe in 316 stainless steel. The barrel

passes through the central axis of the breech and is supported by two 
at sealing 
anges.

The pressure seal in the breech is achieved with o-rings between the breech body and the

sealing 
anges, as well as between the barrel and two additional sealing �xtures. The

breech assembly is rated for a working internal pressure of 300 psi and is protected by a

pressure relief valve set to 130 psi (896 kPa).

Figure 4.3 A CAD illustration of the breech and barrel assembly of the single stage gas gun.

The barrel of the gas gun is a gun-drilled 3 m long 316 stainless steel tube with an

outer diameter of 76 mm and a bore of 50 mm. To reduce internal friction and ensure

repeatable projectile velocities, the bore is honed to a 0:4 � m Ra surface �nish. The gas

gun utilizes a wrap around design with the projectile (pictured in Figure 4.4) serving as the

�ring valve and the only moving part. This projectile consists of a polycarbonate sabot

bonded to a metal impactor. The sabot serves to protect the barrel from the metal
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impactor and to provide a gas seal via two x-ring seals.

Figure 4.4 A photograph of the projectile with the pressure �tting and positioning �xture.

To operate the gun, the projectile is inserted in the uprange end of the barrel with an

SAE � 32 pressure �tting (Figure 4.4) behind it. A positioning �xture inside the �tting

places the sabot such that the four cutouts in the barrel are centered between the x-rings.

Then a vacuum pump is used to generate a negative pressure uprange of the projectile

holding it in place while the breech is pressurized to the desired �ring pressure. To �re, the

vacuum is reversed pushing the uprange x-ring in front of the barrel slots, which allows the

air from the breech to rapidly expand propelling the projectile downrange.

Predictions of projectile velocity for a given breech pressure can be obtained from the

isentropic expansion of the air in the breech [95] using:

vp = �

vu
u
t 2P0V0

mp (
 � 1)

"

1 �
�

V0

V0 + AbLb)

� 
 � 1
#

: (4.1)

where:

ˆ vp is the velocity of the projectile.

ˆ mp is the projectile mass.
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ˆ � is the e�ciency of the system.

ˆ P0 is the breech pressure.

ˆ V0 is the breech volume.

ˆ 
 is the adiabatic index of the driver gas (1.4 for dry air).

ˆ Ab is the cross-sectional area of the bore.

ˆ Lb is the length of the barrel.

Figure 4.5 presents theoretical projectile velocities for a 249 g projectile as a function

of breech pressure in psi at full and 75% e�ciency. These theoretical curves are plotted

along with experimentally measured projectile velocities for the physical projectile at

breech pressures of 8; 12 and 16 psi. Due to the low friction between the x-rings and the

barrel and the wrap-around design of the barrel, e�ciencies� � 75% were achieved for

most shots with e�ciency increasing with increasing breech pressure.

Figure 4.5 A comparison of theoretical and experimentally measured projectile velocities
for a projectile with a mass of 249 g.
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4.2.2 Test Section

The launch of the IBII projectile and subsequent impact with the specimen assembly

generate numerous hazards that can damage equipment or injure lab personnel. Therefore,

a system needed to be designed to contain the projectile, the specimen assembly, and any

associated debris generated during impact while still providing a clear view for the imaging

system. At the same time, the specimen assembly needed to be readily accessible and

easily manipulated into position. To satisfy these requirements, the test section

(Figure 4.6) was designed in three primary segments: a momentum trap, a test platform,

and a movable canopy.

Figure 4.6 A photograph of the test section for the IBII rig.

The primary purpose of the momentum trap is to stop and contain the projectile and

impact debris along the line of impact. The momentum trap consists of a mild steel box

with the end open on the uprange side. Although this steel box alone is capable of

stopping and containing the projectile and waveguide, direct impact of the projectile and

the steel can damage the impactor tip or break the sabot, necessitating more frequent

replacement and increasing the cost of the IBII experiments. Over time, these impacts can
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also cause damage to the steel plates themselves or to the fasteners that hold the

momentum trap together. To protect the projectile and momentum trap components, the

momentum trap box was lined with polyeurethane foam. The momentum trap was also

�lled with old rags to increase the distance over which the projectile decelerates and to

reduce the maximum force imparted during impact.

The test platform is located immediately uprange of the momentum trap and serves to

hold the specimen and the velocity instrumentation system. This platform consists of a

steel plate with a 
atness tolerance of 0:051 mm (0:002 in) supported by two U channels.

To enable adjustable positioning of the velocity measurement system and the sample

positioning system, an optical breadboard is mounted to 
oor plate of the test platform.

These velocity measurement and sample positioning systems are described in detail in

Sections 4.2.4 and 4.2.3, respectively.

To adjust the position of the sample and the velocity measurement system, all

components on the test section must be easily accessible on all sides prior to the

experiment. However, during the experiment all impact debris must be contained to

protect laboratory equipment and personnel while still providing an unobstructed view of

the impact to the camera. To provide containment on all sides, a steel canopy was

constructed with polycarbonate windows mounted on the canopy structure to allow an

unobstructed view of the specimen for the camera on either side of the test platform.

However, polycarbonate was found to cause image distortions that obscured the grid, so a

borosilicate glass insert was used in the center of the polycarbonate window to reduce

optical distortions. To enable easy manipulation of the specimen and velocity

instrumentation, the canopy is supported by caster wheels and designed to telescope over

the momentum trap during the setup of an experiment. During the experiment, the canopy

is rolled over the test section into contact with a �rewall consisting of a vertical steel plate.

This �rewall prevents any impact debris from exiting the test section uprange of the

impact, and the interface between the momentum trap and canopy is sealed with angle iron.
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