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ABSTRACT

Zirconia-based shape memory ceramics (SMCs) are a class of intelligent materials that
can be utilized in industries such as aerospace and biomedical engineering for their remarkable
superelasticity (SE) and shape memory effect (SME). These ceramics are brittle and unable to
fully accommodate the large shape change due to martensitic phase transformation (MPT) and
this leads to their low fracture toughness and short cyclic life.

In this Ph.D. research, we aimed to develop a reliable computational framework to study
the complex interactions between phase transformation, microstructural features, fracture, and
plasticity in order to design SMCs with a higher fatigue life. For this purpose, first, we proposed
a modified phase-field (PF) fracture model to study cracking in brittle materials at microscopic
domains. Unlike traditional models, this modified model incorporates the influence of both
fracture strength and cleavage plane effects simultaneously. As a result, it accurately reproduces
the mechanical response and crack propagation path and reveals that intergranular fracture is the
dominant type of cracking in ceramics.

Additionally, to investigate the interaction between cracking and MPT in SE SMCs, an
advanced PF-based model was developed. Unlike previous PF-MPT models, this model
successfully predicts the correct elastic response in the stress-strain curve. This improvement is
attributed to the proposed modified chemical free energy formulation. This is the first PF model
used for simulating cracking in SE regime and accurately predicts reverse MPT behind the crack
tip, a phenomenon attributed to SE regime. In addition, the model captures the effects of grain
orientation and predicts a final stress drop in the stress-strain curve.

Furthermore, to explore the influence of different microstructural features on the cyclic

life of SMCs prior to fatigue crack initiation, the modified chemical free energy model was



integrated with a viscoplasticity model. The plastic strain accumulation (PSA) was used as a
cyclic life indicator, and we aimed to lower PSA by microstructure tailoring. Simulations
revealed that by controlling grain orientations, lowering the GB density, or locating pores at
GBs, the PSA decreases significantly.

Finally, a new predictive numerical framework was developed incorporating the PF
fracture, PF-MPT, and crystal viscoplasticity to study crystal-orientation dependent SE and SME
behaviors of 3D micropillars. Through validation against experimental data, the proposed
framework demonstrated the ability to accurately predict the intricate interplay between MPT,
cracking, and plasticity. Our investigation revealed a broad spectrum of crystal orientations in
which these ceramics undergo a complete MPT cycle without experiencing fracturing or
slipping. However, we also identified certain orientations where either fracturing or slipping
emerges as the dominant mechanism, with little to no observable MPT.

The findings of this Ph.D. research provided valuable insights into the crystal-orientation
dependent mechanical properties of SMCs and strategies for enhancing their cyclic life, thus

possibly enabling their practical applications.
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CHAPTER 1
INTRODUCTION

Zirconia based SMCs are a class of smart materials that can be used as actuators, sensors,
thermal protection layers, and energy dampers due to their light weight and high melting
temperature [1-4]. However, low fracture toughness and premature cracking have halted their
applications under both overload and cyclic loadings. This issue is rooted in the required large
shape change (both shearing and volume change) associated with MPT which these ceramics are
unable to fully accommodate in macroscopic samples [5]. However, multiple experimental
studies on microscopic samples reported full MPT over multiple loading cycles before fracture
was developed in these ceramics [5, 6]. These studies established that microstructural features
such as grain orientation and sample size play an important role in determining fracture and
cyclic life in these ceramics. Therefore, microscope studies to identify the effects of
microstructural features is a critical step toward designing microscopic and consequently
macroscopic SMCs with desirable and enhanced mechanical properties. The current
experimental studies [5-8] are limited to studying the effects of grain orientation and sample size
and have not explored other important features such as grain size, textures, and pores. In
addition, experimental studies have limitations and are unable to separately capture the effects of
the microstructural features, i.e. entirely decoupled from other effects. Computational models
can address the experimental studies limitations and can be used as a guide for future
experiments. In this Ph.D. thesis, we have developed two PF based computational frameworks to
investigate the overload cracking and cyclic response in Zirconia-based SMCs. The models
formulated in this research are applicable beyond zirconia-based materials and can be effectively

utilized for studying other shape memory materials, such as NiTi.



1.1 Overload Crack Propagation

The performance and durability of engineering materials including SMCs are dependent
on their fracture behavior. Fracture can happen under overload conditions or due to cyclic
loadings. Modeling crack propagation in transforming materials like SMCs presents unique
challenges compared to non-transforming materials due to the intricate interactive evolution
between cracks and MPT. Crack affects MPT where MPT can start from the crack tip.
Additionally, MPT can alter the crack path leading to significant crack deflections and
bifurcation.

Furthermore, MPT is an inelastic mechanism that dissipates a considerable amount of
energy at the crack tip. This energy dissipation not only has a blunting effect on crack
propagation, but also contribute to the rising R-curve observed in SMCs [9, 10]. The rising R-
curve phenomenon refers to transformation toughening with crack extension, which is attributed
to the energy-absorbing mechanisms associated with MPT. When the system is in SE regime,
reverse MPT occurs behind the crack tip due to vanishing load bearing capacity behind the crack
tip triggering the reverse transformation of martensite back to the original phase [11]. Reverse
MPT behind the crack tip does not happen when the system is in SME regime.

In addition, the crack propagation and MPT are highly dependent on microstructural
features such as grain size, GBs, and grain orientation. It is noteworthy that transformed
microstructures, as observed in experimental studies comprise alternating regions of tetragonal

and monoclinic phases (Figure 1.1) [12, 13].



Figure 1.1 TEM micrograph of alternating regions of untransformed (tetragonal) and transformed
(monoclinic) regions in ceria-stabilized zirconia, taken from [13]

Although there are many numerical studies on the microstructural evolution in SMCs
[14-19], there are a limited number of papers [20-25] on the interactive evolution of cracking and
MPT in these ceramics. However, they did not report a final stress drop in the stress-strain curve,
mainly due to using load-controlled, rather than displacement-controlled, boundary conditions.

In other words, these models were not able to establish an ultimate strength in the stress-strain
curve and this is a common and noticeable shortcoming in all of these studies. Additionally, none
of the previous studies [20-25] were performed in the SE regime due to the complexity of
capturing reverse MPT behind the crack tip. Furthermore, these studies did not provide insight
on the interaction between cracking and MPT and did not report an R-curve or crack propagation

rate consistent with the experimentally reported transformation toughening in SMCs.

1.2 Cyclic Loadings

When SMCs are used as actuators or thermal protection layers, they undergo mechanical
and/or thermal cyclic loadings. There are few experimental papers showing that microscopic
samples can tolerate up to 100 cycles before they fracture, depending on the microstructure
characteristics. For example, Lai et al. [5] showed that ceria stabilized tetragonal zirconia
micropillars with diameters ranging from 1.14um to 1.9um and few grains (oligocrystalline) are

able to handle compressive cyclic loads up to 53 cycles before they fracture. In a different study,



Du et al. [6] showed that single crystal spherical samples of 16mol%Ce-ZrO- are able to handle

up to about 110 cycles before they fracture as illustrated in Figure 1.2.
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Figure 1.2 A zirconia-based single crystal SE SMC sample under compressive cyclic loading
which fractures after 109 cycles, taken from [6].

In addition, it has been experimentally observed that these ceramics at microscale can
show significant amount of plastic deformation as a result of irreversible mechanisms such as

slip (Figure 1.3) [8] or GB sliding [26].
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Figure 1.3 Observation of slip in single crystal SMCs micropillars in some crystal orientations,
taken from [8].



In polycrystalline materials, cyclic plastic deformation mainly occurs at the sites with the
highest stress concentration such as GBs [27], phase interfaces [28], and around inclusions [29]
and the accumulation of these plastic strains leads to emergences of fatigue crack formation and
propagation. Since SMCs are brittle, the cyclic life after fatigue crack formation will be limited
[6]. Therefore, delaying fatigue crack formation is an effective approach to increase their cyclic
life. The fatigue crack formation can be delayed by reducing the rate of PSA due to possible
irreversible mechanisms. The occurrence of irreversible mechanism is highly dependent on the
microstructural features. For instance, Zeng et al. [8] tested the compressive behavior of single
crystal zirconia-based SMC micropillars with a wide range of crystal orientations. They observed
that the inelastic deformation is governed only by slip in some specific crystal orientations and in
some others only by MPT, and some crystal orientations show a combination of both MPT and
slip plasticity (Figure 1.3). The same observations were reported by molecular dynamics (MD)
[30] and phase-field (PF) simulations [18, 31]. These results indicate that it is possible to reduce
the PSA and consequently increase the cyclic life of these ceramics by tailoring their
microstructure. In simulating cyclic response of these ceramics, the PSA rate can be used as a
cyclic life indicator to compare different microstructures and possibly find microstructure(s) with
lowest PSA.

PSA has been used as a fatigue crack indicator in previous studies on different materials
under cyclic loadings [32, 33]. In addition, there are limited number of studies on the cyclic
response of shape memory materials including SMCs [34-37]. However, none of previous
studies explored the effects of microstructural features on the PSA. In addition, most of these

studies used complicated plastic models with numerous parameters, but they have not provided



prescriptions on determining these parameters [34, 38-41] and have not compared their results

with experiments quantitively.

1.3 Modeling Techniques
1.3.1 Fracture

Among a variety of methods to model fracture, four methods of continuum damage
models (such as Johnson and Cook’s damage model [42], or Gurson’s model [43]), cohesive
zone methods (CZM) [44], extended finite element method (XFEM) [45, 46], and PF method
[47, 48] have gained the most interest in the literature.

In continuum damage models, a parameter is used to define damage and this parameter
degrades stiffness or the plastic yield surface to predict softening in the stress-strain curve as
damage evolves. The softening causes strain localization in a single band of elements and makes
these models extremely mesh objective [49].

CZM is another widely used method to simulate fractures in engineering materials. In this
method a traction-separation relation is defined along the edges of elements where crack
propagates on. The traction-separation relation determines the critical energy after which the
separation between nodes occurs and the shape of the plot of the traction-separation law has a
noticeable effect on the predicted stress-strain curve. The main drawback of CZM methods is
that the crack path must be known prior to start of the simulation.

XFEM is a different method to model fracture. In this method, element shape functions
must be modified to produce displacement jump across the crack face. Element modification,
which is also known as element enrichment is a time-consuming process and makes the

implementation of XFEM models challenging. In addition, this method is not able to predict



crack nucleation and crack path and an additional model is needed to dictate the crack nucleation
and propagation path [50].

The PF method has been widely used recently to simulate fractures in brittle materials
[47]. In PF method for brittle fracture, crack evolution (nucleation and propagation) is handled
by only one equation and this equation can be solved by simple Lagrange elements. Equations
(1.2) through (1.4) show the total energy of the system (F,,.), elastic energy (F;), fracture energy
(Fs), the crack evolution obtained through minimizing the energy functional with respect to

order parameter (OP) ¢.

Ftot(ut'¢) - l + Ffr (11)
Fo(its ) = f ~ () Cyacllel) v (1.2)
\%4
2
o) = [ (54510 )av (L3)
\%4

ap  (6F, . &

E:M( &t,st) —(1— P)Cijrefiel! + G, (T—lvqu) (1.4)

where g(¢p) = (1 — ¢)? is a degradation function to penalize the load bearing capacity as crack
develops, G, is the material critical energy release rate, Cjjy; is the material’s elastic modulus (E
in isotropic materials), efjl is elastic strain, M is a mobility parameter, and [ is PF regularization

parameter.

In PF fracture, element enrichment is not required, and the crack path does not need to be
known before the start of the simulation. In PF fracture method similar to other PF methods, the
discontinuity associated with fracture is smeared out over a band rather than being localized at a
sharp interface. There is a regularization parameter [ which controls the width of the localized

band (Figure 1.4) and when [ — 0 the problem converges to discrete fracture problem. Figure 1.4



shows a schematic of sharp crack (a), 2D representation of PF crack (b), and a 3D illustration of

PF crack profile (c) [51].

o
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0.500

0.250

0.00
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Figure 1.4 discrete crack (a), 2D PF crack approximation (b), 3D visualization of PF fracture
profile (c), taken from [51].

It is worth noting, [ must be small enough compared to sample dimension and some
researchers suggest 10% of the length vertical to the crack path [52]. One of the shortcomings of
this method is that the strength (o) depends on three parameters of elastic modulus (E), critical
energy release rate (G.), and [ and it does not consider the actual strength of the material. The
equation shows the strength predicted by original brittle PF fracture which is obtained from

analytical solution of time-independent, homogeneous, one-dimensional problem of (1.4):

EG (1.5)




Based on equation (1.5), in microscale simulations, since [ is small, the o, is calculated
to be extremely high and unrealistic. In this Ph.D. research we introduce a modification to the
original brittle PF fracture to take into account the strength of the material to produce accurate
stress-strain curve in microscale simulations.

1.3.2 PF method for MPT

The PF approach also stands out as a reliable method to model MPT in shape memory
materials. In this method the energy dissipation due to MPT, also known as chemical energy
(F.p), is written in terms of OPs and these OPs represent different phases in the system. The time
evolution of each OP is derived by minimizing the total energy of the system with respect to

each OP. The following equation shows the widely used 2-3-4 F;:

n%) av (1.6)

v p=1 p=1

where n,, is the OP and varies between 0 to 1. ,, = 0 represents original phase (tetragonal (T))
and n, = 1 represents pth product phase (monoclinic (M)) as shown in Figure 1.5.

N1=0;m,=1
(monoclinicvariant 2)

m=1;m,=0
(monoclinicvariant 1)

N &Nz =0
(Tetragonal)

Figure 1.5 Microstructure prediction by PF-MPT.



In Eq. (1.6), AG is the chemical driving force and is the difference in the specific F,
between the parent and the product. a, b, and ¢ are model constants, and they determine the
shape of the F, plot. To predict localized transformed regions and alternating regions of T and
M (Figure 1.1 and Figure 1.5), the shape of chemical energy must be either double-well [16, 26,
53] or concave [54]. Figure 1.6 depicts the widely used F;,, double-well plots appropriate for

modeling SE or SME behaviors.
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Figure 1.6 Schematics of F.;, double-well used for simulating SE and SME behaviors.

Most PF-MPT models underestimate the elastic modulus in the beginning of the stress-
strain curve and are unable to produce accurate mechanical response. This issue is rooted in the
order of F, polynomial and the rate of OPs’ evolution upon loading. In this research, to address
this issue we introduce a modification to the 2-3-4 F;, to control and slow down the evolution
rate of OPs in the beginning of loading. We show that our modified F, retains all the

requirements for F,, and is able to predict accurate stress-strain curve.

1.4 Objectives and Thesis Layout

The objectives of this thesis are as follows:

10



1. To modify the original PF brittle fracture model so as to take into account the strength
of the material. In addition, the model we present includes the effects of cleavage
planes. Including the effects of material’s strength and cleavage plane makes our
model a suitable model to study crack propagation in microscale samples and is able
to produce correct stress-strain curve and crack path.

2. To modify PF-MPT models so as to correctly simulate the stress-strain curve in shape
memory materials. Most previous PF-MPT underestimate the elastic modulus in the
beginning of stress-strain by around 35%. We address this issue by modifying the F,
to control the evolution rate of OPs. We show our model reduces the error to less than
5% and is able to produce reasonable stress-strain curve and microstructure.

3. To investigate the effects of microstructural features on cyclic response of SMCs by
combining our modified PF-MPT and a viscoplasticity model. We study
systematically the isolated effects of grain size, grain orientation, pores, and textures .
We model the irreversible mechanisms such as slip GB sliding etc., in an average
sense using a simple Von Mises based viscoplasticity model. We show that the model
is able to predict rational PSA at each cycle and the results are close to experimental
reports. We use the PSA rate as a cyclic life indicator and put suggestions to reduce it
by tailoring microstructure.

4. To investigate the effects of grain orientation on the interplay between the MPT and
failure in 3D SMC micropillars. To validate the model, we compare our results with
available experimental reports. Our model can produce the same trend for orientation-

dependence fracture, slip, or MPT.
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The rest of this thesis is organized as follows. Chapter 2 presents a modified PF fracture
which includes the effects of material strength and cleavage plane. We tested this model on bi-
crystals and polycrystalline samples, and we report predicted crack path and stress-strain curve.
Chapter 3 details our modified PF-MPT model. We first test our mode on crack free single
crystal samples to show the accuracy of predicted stress-strain curve under tensile loading. Then
we add a central fracture to investigate the interactive evolution between cracking and MPT in
SE SMCs for two different grain orientations. In chapter 4, we investigate the effects of
microstructural features such as grain size, grain orientation, texture, pores as well as sample size
on the cyclic response of polycrystalline SMCs. For this, we combine our modified PF-MPT
with a viscoplasticity model. In Chapter 5 we investigate the mechanical response of 3D
micropillars and we provide a pole plot to specify grain orientation effects on the competition
between MPT, fracture and slip and we compare these results with experimental reports. At the

end, Chapter 6 concludes the thesis and provides direction for future developments.
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CHAPTER 2
MODIFICATION TO BRITTLE PF FRACTURE MODEL TO INCLUDE MATERIAL
STRENGTH AND CLEAVAGE PLANE

Reproduced from A. Lotfolahpour and M. Asle Zaeem, “Effects of cleavage plane and material strength
on fracture of polycrystalline brittle materials: A phase-field modeling study”, Computational Materials
Science 197 (2021): 110642.
2.1 Abstract
A modified phase-field model for fracture is presented which includes the material

strength and cleavage planes to quantitatively predict the crack propagation path and the
mechanical response in polycrystalline brittle materials. To demonstrate the capability of this
model, the crack initiation and propagation and the mechanical response in zirconium diboride
bi-crystal and polycrystalline samples are investigated. Using a relationship analogous to the
modified Read-Shockley model for grain boundaries with large misorientation angles, the
fracture surface energy and the strength of the grain boundaries are made dependent on the
misorientation angle of the adjacent grains. In general, the crack path inside each grain follows
the orientation of the cleavage plane similar to the experimental observations. At the grain
boundaries, a low fracture surface energy and/or a low material strength can result in
intergranular crack propagation. Comparing the results of different models shows that to have a
reasonable mechanical response it is necessary to include the material strength and cleavage
planes in the formulations of the model. The proposed phase-field model enables designing

texture and engineering grain boundaries to control intergranular and transgranular crack

propagations and the macroscopic mechanical response.
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2.2 Introduction

The size, shape and orientation of the grains and the properties of grain boundaries (GBs)
strongly affect the overall mechanical properties and fracture behavior of polycrystalline
materials. Consequently, prediction of cracking and fracture at the microscopic length scale is
essential to obtain an accurate estimate of durability of structures.

At GBs, the atoms are not as well-ordered as inside the grains, also impurities and foreign
atoms can segregate along GBs, making them weaker than inside the grains [55-57]. Therefore,
GBs with a lower strength than grain interiors are more favorable sites for propagation of
microcracks.

In general, microcracks can grow inside the grains (transgranular crack) or along the GBs
(intergranular crack). Additionally, based on experimental observations the transgranular
microcracks often change their direction grain to grain, and this behavior can be explained by
cleavage or preferential planes with the lowest fracture resistance in the crystals [58, 59]. For
example, there have been a variety of studies showing that the (0 0 1) plane is the cleavage plane
in most body centered cubic (bcc) structures [60-62]. Also in another study done by Matsunaga
et al. [63], it was observed that (010) plane is the cleavage plane of magnesium oxide by both
experiments and molecular dynamics simulations [63].

To study and predict the fracture in polycrystalline materials, different numerical
approaches have been proposed, mainly based on the extended finite element method (XFEM),
the cohesive zone model (CZM), and the phase-field method (PFM). XFEM usually requires
predefining the crack paths and enriching the involved nodes on the predefined paths; therefore,
in the case of multiple crack interactions, XFEM may encounter convergence problems and also

can become computationally expensive. In addition, predicting crack nucleation in XFEM needs
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additional assumptions that makes its implementation more difficult. On the other hand, in CZM,
the cohesive law must be defined along element boundaries; therefore, the crack propagation
becomes mesh dependent. PFM was proposed to overcome some of these shortcomings.

PFM for fracture was first introduced by Francfort and Marigo [64]. They proposed a
variational model based on Griffith’s theory for studying the quasi-static brittle fracture. Initially
this approach was used only for single crystal, single phase materials at macroscale level [65-67].
Also, in the original PFM studies, the fracture surface energy release rate (G.) was the only
material property which determined the initiation and propagation of the crack. In order to
address this shortcoming, Emdadi et al. [52] proposed a new model which considers the effect of

material strength (o;,) on the crack initiation and growth in addition to G,. This model was used

later to design microarchitecture of ZrB,-based ceramics to increase their fracture toughness
[68].

More recently, some studies used PFM in microscale for predicting the initiation and
propagation of transgranular and intergranular cracks in polycrystalline materials. For example
Abdollahi et al. [69] studied the crack propagation in barium titanate polycrystalline and used the
grain growth model proposed by Fan et al. [70] for representing the polycrystalline
microstructure. Clyton et al. [71] proposed a PFM in order to consider the cleavage planes in
each grain in polycrystalline materials. They investigated the effect of crystal and GB properties
on crack path and mechanical response of SiC and Zn polycrystals. In another study by Nguyen
etal. [72], the PFM in [71] was used for considering cleavage planes inside the grains, and they
represented the GB as a smeared region instead of discrete boundary. Paggi et al. [73] studied the
crack propagation in a two-dimensional (2D) solar grade polycrystalline silicon using a

combination of phase-field and cohesive zone approaches. They considered orientation

15



dependent elastic constant and fracture surface energy in each grain. Also, they studied the effect
of different GB fracture surface energy on the crack path. Nguyen-Thahn et al. [74] proposed a
new adaptive higher order phase-field model to simulate crack in 2D and three-dimensional
polycrystalline materials. In their model, the cleavage planes and elastic anisotropy are
considered, however the effect of grain boundary properties versus misorientation angles and the
strength of the material were not considered. Very recently, Emdadi and Asle Zaeem [75]
considered different strengths and crack surface energies for GBs and inside grains, and studied
intergranular and transgranular crack propagation in ZrB: bicrystal systems. To the best of our
knowledge, no previous study concurrently considered the effect of cleavage planes and different
strengths for GBs and inside grains to investigate the fracture behaviors in polycrystalline
materials.

In this paper, we propose a model which considers the effects of both material strength
and cleavage planes on crack initiation, propagation, and mechanical response in polycrystalline
brittle materials. To demonstrate the capability of this model, the crack initiation and propagation

in zirconium diboride (ZrB,) bi-crystal and polycrystalline samples are investigated.

2.3 Phase-Field Model

The initial variational form of Griffith’ fracture theory [76] is:

E(uT) = fFe(s(u))dQ+GCf ds, (2.1)

Q r

where F, is the elastic energy density, £(u) is the strain tensor, and u is the displacement. G, is
the fracture surface energy in Griffith’s theory, Q is the domain volume in 3D or the domain area
in 2D cases, and T' is the crack surface area. Bourdin et al. [65] proposed the regularized

formulation of Eq.(2.1) as:
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E(u,¢) = f g(®)F,(e(w)dQ + G, f ydQ — f t.uds, (2.2)

Q Q aQ

¢2

2k |V¢|2 (2.3)

V=

¢ is the scaler PF variable which represents the crack (¢ = 1) and the intact material
(¢ = 0). 0Q is the boundary of the domain. k is a positive regularization parameter with
dimension of length to regulate the fracture zone. g(¢) is the degradation function; g(¢) =
(1 — ¢)? is one of the widely used degradation functions [74, 77, 78] that we adopt in this work
as well.

The above formulation does not consider the material strength in the fracture process. In
this paper, similar to Emdadi et al. [52], a correction parameter (B) is derived and used to
consider the effect of material strength on the crack path and mechanical response. In this paper,
we introduce a more physical approach to calculate parameter B and to ensure a proper
mechanical response. The details on deriving the parameter B is explained in the following sub-

section and in the Appendix A.

2.4 Cleavage planes
To consider cleavage planes in the PFM formulation, Clayton et al. [71] modified

Eq.(2.3) by introducing a second order tensor (w):

¢2
=ttt w s @), 24)
w=I+a(l-MQM), (2.5)

where M is the unit vector normal to the preferential cleavage planes. For example, if the
cleavage plane is oriented ¢ degree counterclockwise with respect to x axis (horizontal axis) in

Cartesian coordinates, the vector M is: —sin(¢) i+ cos(¢)j. Inaddition, @ > 1 is used to
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prevent crack from propagating on planes not normal to M, which also determines the extent of
surface energy anisotropy (Figure 2.4).
By combining equations (2.2), (2.4) and (2.5), and making the variation of E equal to

zero, following equation is obtained:

SE(u, ¢) = f g(¢p) ————~ ( ( ) : 5edQ) — ft-@uds+fg(¢)'@6¢da
Q

Q 0Q (2.6)
+ G, f {% —k[V?¢p + a(VZp —M @ M: vv¢)]} dQ = 0.
Q
Eq. (2.6) must be valid for arbitrary values of Su and §¢, therefore, it leads to two
equations:
f oF, (e(u))
g(¢p) —5—=:6edQ — f t Suds = 0, 2.7)
Q 0
i d) 2 2 —
f () F. (e(w)56dQ + G, f {E _ K[V + a(V2h — M @ M: vv¢)]} do = 0. (2.8)
Q Q

By applying the Gauss divergence theorem to Eq.(2.7) and Eq.(2.8), the following
balance equations will be obtained for the PFM evolution and the linear momentum equation,

respectively:
8(®) E(ew) = Gc (2= k[V2¢ + (V2§ — M @ M: V)] ) = 0 (2.9)

div(a(u, ) = 0;0(u,9) = gd) LoD _ g(p)c:e 2.10)
Now similar to [52], the correction parameter B is introduced to consider the material

strength and is multiplied to strain tensor, the final form of Eq.(2.10) becomes:

div(o(u, ¢)) = 0 o(u, ¢) = g(¢) =) (8(”))_ g(0)C: (VBe). 2.11)
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As explained in Appendix A, for deriving parameter B, the width of the regularized crack

is needed. The crack width is calculated to be Zk\/l +a(l- cosz(g + ¢)), and the parameter B

is determined as below:

T .
Jl +a(l- c052(7 + @)k 2.12)
B = ,
k
. _ 27EG, o1
25602’ '

where g is the material strength (fracture stress) and ¢ is the cleavage plane angle inside each
grain. The parameter k* is obtained through equating the maximum stress in front of crack tip to
the material strength. The maximum stress is calculated based on the analytical solution of
homogenous, one dimensional, quasi-static crack evolution equation [79, 80]. More details on
the derivation of parameter B is provided in Appendix A.

In this paper, to ensure irreversibility of crack (crack healing prevention), the method
proposed by Miehe et al. [81] is used by considering the maximum strain energy density history:

F,(e(u),t) = maxF, (e(w),s), se€][0,t]. (2.14)

Since in this study only tension is applied, the anisotropy with respect to tension and
compression is not considered in the model. Readers can refer to [79] for anisotropies in tension

and compression.

2.5 Fracture surface energy and strength of GBs

Since the defects, impurities, and foreign atoms segregate in GBs, these regions have a
higher energy and a lower strength compared to grain interior. Therefore, GBs are weak regions
which are favorable for crack to initiate and/or propagate. In a study by Dai et al. [57] the

strength of different types of GBs in ZrB, with and without solute foreign atoms was calculated

19



using first principle calculations. They showed that GBs have a lower strength than grain
interior, also their strength is highly dependent on the type of foreign solute atoms.
Read-Shockley model [82] relates the GB energy to misorientation angle of the
neighboring grains for low-angle GBs. Wolf [83] modified the Read-Shockley model for both
low and high-angle GBs. In this paper, the strength and fracture surface energy of GBs are
dependent on GB misorientation angle. In both bi-crystal and polycrystalline models we consider

a large range of grain orientations, therefore we use the modified Read-Shockley model [83]:
a3 (6,7) = o |1 = (1 = x)sin(6;) x (1 - nsin(6y))|, 0°<6; <90° (2.15)
ol (180° — 6;;) = of**[1 — (1 — x)sin(180° — 6;;) x (1 — Insin(180° — 6;;))],90° < §;; < 180°
where of® and af””‘ are GB strength and grain interior strength, respectively, and 6;; is GB
misorientation angle. )(af“”‘ (0 < y < 1) is the minimum strength along the GBs. Since, based
on the experimental results, the fracture strength of GBs can be less than 30% of the grain
interior [84], we consider that y is equal to 0.25. Since in most of polycrystalline materials, low-
angle GBs are more resistant to fracture than high-angle GBs [85, 86], a similar equation to
Eq.(2.15) is used for making the fracture surface energy of GB (G£Z) dependent on GB

misorientation as well.

2.6 Mechanical Properties of ZrB,

The ZrB,, has a hexagonal crystal structure and its single crystal elastic constants at room
temperature are C;; = 567.8 GPa, C33 = 436.1 GPa, C;, = 56.9 GPa, C;3 = 120.5 GPa, Cy, =
247.5 GPa in the coordinate system where x5 is parallel with the axis of the hexagonal (z in

Figure 2.1) [87]. We considered different GB orientations for bi-crystal and polycrystalline models,
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and the following transformation operation is used to determine the elastic stiffness matrix for
individual grains with different grain orientations:

Cil}llé%k = RiijanoRlp Cmnopv (2.16)

where Cy,n0p IS the elastic stiffness matrix of a grain in the local coordinate system, and Ci’}ﬁ" is

its elastic stiffness matrix in the global coordinate system. R;; is the rotation matrix for a grain

with an orientation angle of 8;:

cos (6;) sin (6y)

Rij = [—sin (6x) cos(6p)) (2.17)

The fracture surface energy in grain interiors is GE%¢ = 24# [88]. Also, the strength in

grain interiors is af””‘ = 350 MPa which is selected based on one of the highest values
reported by experiments for the bulk ZrB, at room temperature [89]. In this study, two parallel
cleavage planes are considered in each grain which they are (1011) and (1011) [90]. It is worth
mentioning that both cleavage planes have the same normal vector (M). Also, considering the
lattice parameters of a = 3.17A° and ¢ = 3.544 A [91], the angle of cleavage planes with respect
to the top plane of (0001) of the crystal (¢ in Figure 2.1) is about 48.19° in each grain. In the

GBs the isotropic properties of ZrB,, E = 500 GPa and v = 0.13 [88], is assumed. In those bi-

crystal models that cleavage plane is considered, the value of 5 is chosen for a (Eq.(2.5)).
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Figure 2.1 The cleavage planes of ZrB, crystal: a) Prismatic view, and b) Isometric view

2.7 Creating Grains and GBs

Figure 2.2 shows a schematic of three adjacent grains and demonstrates the approach
used for creating grains and GBs in both bicrystal and polycrystalline models. The orientation
angle of grain 1 (6, ) is equal to 0. By rotating the crystals only around a, axis, a new grain is
created. In this example, grain 2 and grain 3 are created by rotating grain 1 for 30° and 60°
counterclockwise around a, axis, respectively. Since a, is the only rotation axis and it is
perpendicular to (1210) plane, 180° is the crystal symmetry. In other words, when the
misorientation angle between two grains is equal to 0° or 180°, prismatic planes match, therefore

no GB forms.
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Figure 2.2 A schematic of three adjacent grains, their orientations, and cleavage planes.

2.8 Solution Scheme

The governing equations of the presented PFM were solved in a finite element
framework using the mathematics modulus of COMSOL Multiphysics. Lagrangian triangle
elements were used in all the simulations. The widely used staggered scheme, which is called the
segregated scheme in COMSOL, is adopted to solve the governing equation. Since the total
energy functional with respect to the primary variables is non-convex, the monolithic scheme for
solving these governing equations has convergence problems. By fixing one primary variable in
the staggered scheme, the total energy functional becomes convex, therefore it usually does not
have convergence problem; this process has been widely used for solving governing equations of
PFM of fracture [92]. It is worth mentioning, all simulations were performed on a desktop

computer equipped with two Xeon Gold 6163 processors (24 CPU cores) and 128 GB of RAM.

2.9 Results and Discussion

In this section the numerical results for crack propagation in bi-crystals and

polycrystalline models are presented. In subsection 2.9.1, the effect of parameter a in Eq.(2.5) on
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the extent of anisotropy of the fracture surface energy is studied using a benchmark problem
introduced in [72]. In subsection 2.9.2, first, four models without considering the cleavage planes
and strength are considered to investigate the effect of fracture surface energy of the GB on the
crack path. Then the effect of cleavage planes and GB strength on the crack path in the same bi-
crystal models are investigated. Finally, in subsection 2.9.3, the crack propagation in a
polycrystalline model is studied considering all the physical characteristics.

2.9.1 Fracture surface energy anisotropy

A benchmark problem is considered to study the effect of parameter « on the fracture
surface energy anisotropy, shown in Figure 2.3a [72]. The order parameter is set to 1 (fully
cracked) inside a circle with radius of 0.05 mm at the center of the domain. Also, a single
cleavage direction of ¢ = 45° is considered in the entire domain. The magnitude of the fracture
surface energy around the circle and at a distance of 2/ = 0.01 mm is measured. Then the

normalized surface energy is plotted in Figure 2.3b. It is worth mentioning that E and G, are

considered equal to 500 GPa and 24# respectively. When a = 0 there won’t be fracture
surface energy anisotropy and the original PFM equation is recovered. Also, as it can be seen in
Figure 2.3b, by increasing the a the fracture surface energy anisotropy will increase. In this
paper in some bi-crystal and polycrystalline models that cleavage plane is considered, in grain

interior, « is chosen to be 5 and in GBs it is equal to zero. After testing several values for o, 0=5

was the minimum value that crack followed the predefined cleavage planes inside the grains.
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Figure 2.3 a) Geometry of the benchmark problem for studying the effect of a on the surface
energy anisotropy, and b) the normalized surface energy for different values of a for the case of
a material containing cleavage direction of 45°.

2.9.2 Crack path and mechanical response of bicrystal models

The geometry, dimensions and boundary conditions of the bi-crystal model are given in
Figure 2.4. The GB width is 10 nm. 6; is the grain orientation and ¢; is the direction of cleavage
plane in each grain, and their relationship is shown in Figure 2.2. In all bi-crystal models, k =
5nm and 8; = 0°. Also, 6, is calculated based on the selected values of GSE or UJ?B using
Eq.(2.15). In addition, 6 inside the GB is zero. Likewise, a uniform displacement of u* =1 X t
is applied to the top edge. 1 is a uniform displacement rate of 20 nms~! and the time increment
is 500 ps. The bottom boundary is fixed in both x and y directions. A uniform mesh (the mesh
size is the same in entire domain) with 322,139 linear triangle elements is used in bi-crystal
models. It is worth mentioning that we conducted a mesh study, we found at least three elements
should be used within GB width to ensure convergence and accuracy. Plane stress condition is

assumed for all the simulations.
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Figure 2.4 The bi-crystal model and its boundary conditions.

The crack path in the bi-crystal models is investigated considering different G2, and the
results are shown in Figure 2.5. In these models, the effect of GEZ on the crack path is studied
without (Figure 2.5 (a)-(d)) and with (Figure 2.5 (e)-(h)) considering cleavage planes. It is
evident that the crack follows the cleavage plane direction inside each grain. Also, by decreasing
the GSB, with or without considering cleavage planes, the crack tends to become intergranular. In

other words, there is a transition from transgranular to intergranular crack by decreasing GS2.
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Figure 2.5 The effect of G2 on the crack path in bi-crystal model: (a-d) without cleavage planes,
and (e-h) with cleavage planes.

To study the effect of strength of GB, the correction parameter B is added to Eq.(2.10).

GEB =21 # is chosen independent of GB misorientation angle. Four different o/® equal to
of"k,0.750 5%, 0.505"*  and 0.2505"% are considered to study the effect of a5 on crack
path. 6, is calculated based on the values of o ® using Eq.(2.15). Results in Figure 2.6 show by

reducing the o,/?, the crack tends to grow and stay inside the GB before entering grain 2. The

presented results demonstrate that the PFM is effectively modified for considering the effects of

material strength on the crack path.
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Figure 2.6 The effect of strength on the crack path in bi-crystals, G¢8 = 21 % .
m

Additionally, we investigated the mechanical response of bi-crystal samples. In other
brittle fracture models, the length scale parameter k significantly affects the maximum stress

(o) that material can bear before fracture initiates. To target a specific value of o,,, other models

[67, 79, 80] consider k to be a material property which is chosen according to Eq.(2.13). For
ZrB, with G, = 24 5, 0y = 350 MPa, and Young’s modulus (E) equal to 500 GPa, Eq.(2.13)

yields to k of 10.33 um. Essentially for each material property set, there is one value of k. But
this length scale is only appropriate for domains that are in millimeter length scale. Because the
diffusive crack width is equal to 2k, such a value of k cannot be used for small domains that are
several microns by several microns, such as the ones for study of polycrystalline systems. On the
other hand, for small domains like the ones in this paper, if a small k is chosen, for example k =
5 nm in this paper, although an acceptable crack width and path will be obtained, the maximum

stress will be very high, therefore, the mechanical response will be unrealistic. Figure 2.7b shows
the mechanical response of bi-crystal model considering G¢8 = 21 # and without strength (case

(f) in Figure 2.5). As it is shown in this figure the maximum stress is about 10GPa which is

unacceptable since the failure strength in grain interiors is 350 MPa; the maximum amount of

28



stress that single crystal ZrB, can tolerate in tension. The modified phase-field model presented
in this paper solves this problem and not only provides a correct crack path, but also yields an

acceptable mechanical response. Figure 2.7(d) shows the mechanical response of bi-crystal
model considering GSE = 21# and ;% = 262 MPa (case (b) in Figure 2.6). In Figure 2.7(d),

the maximum stress is about 155 MPa which is in an acceptable range. The tensile strength in
grain interiors is equal to 350 MPa, and since there is an initial crack and a GB in the domain, it
is reasonable that the predicted maximum stress is lower than the strength in grain interiors. It is
also worth mentioning that the length of initial crack affects the maximum stress, and a smaller

initial crack produces a higher stress before propagation starts.

® 10000

(a) ’  (b)

8000

6000

Stress (MPa)

J

4000 |

2000

0 1 2 3

Strain (%)
160

(d) ra
_ 120t /
& /
2t 7
g /
% s | /f/
v
0 0.02 0.04

Strain (%)
Figure 2.7 Crack paths and stress-strain curves for bi-crystal models: a) crack path with GE8 =
21 LZ and without strength, b) stress-strain curve of (a), c) crack path with G2 = 21 LZ and
m m
0% = 262 MPa, and d) stress-strain curve of (c).
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2.9.3 Crack path and mechanical response of polycrystalline models

In this section the crack evolution in a polycrystalline model consisting of 13 grains with
an average size of about 2 um (the average grain size of ZrB, [93]) will be investigated. The
boundary conditions and random grain orientations of the polycrystalline model are depicted in
Figure 2.8. The same thickness of GBs and k (regularized parameter) used in bi-crystal models
are used for polycrystalline model as well. Plane stress condition is assumed. The bottom edge is
fully constrained and a uniform displacement of u* = u X t is applied to the top edge. @ is a
uniform displacement rate of 80 nms~! and the time increment is 500 ps. A uniform mesh with

3,424,409 linear triangle elements is used.

u=(0,u")
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Figure 2.8 Polycrystalline model: a) boundary conditions, and b) random grain orientation angles
() and cleavage plane directions (¢).

Figure 2.9(al)-(a4) shows the crack path in the polycrystalline model without considering
cleavage planes and strength at different time steps. Likewise, Figure 2.9(b1)-(b4) shows the
crack path with cleavage planes and without considering strength. In rows (a) and (b) the effect
of strength is not considered, but since G, is dependent on misorientation angle, intergranular

fracture is observed in some GBs. Eventually, Figure 2.9(c1)-(c4) shows the crack path with both
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cleavage planes and strength’s effect at different time steps. As it is shown in this figure, there is
a combination of transgranular and intergranular cracks similar to experimental observations
[94]. Also, since the strength in GBs is lower than grain interior, it has a noticeable effect on
crack path and promotes intergranular fracture. Figure 2.10a shows the mechanical response of
polycrystalline model considering cleavage planes but without considering the strength (row b in
Figure 2.9). In this case the maximum stress is about 6 GPa which is much higher than the tensile
strength of the grain interior, which is unacceptable. On the other hand, Figure 2.10b shows the
mechanical response with considering strength using the modified phase-field model (row c in
Figure 2.9). The maximum stress is about 110 MPa which is in an acceptable range. It is worth
mentioning, for polycrystalline ZrB,, the strength has been reported by experiment to be in the

range of 150 MPa [95] to 350 MPa [89] at room temperature.

Figure 2.9 The crack propagation in polycrystalline model: (al)-(a4) without considering the
cleavage planes and strength, (b1)-(b4) with considering only the cleavage planes, and (c1)-(c4)
with considering both the cleavage planes and strength.
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Figure 2.10 Stress-strain curve of the polycrystalline model: a) with cleavage plane and without
strength (row b in Figure 2.9), and b) with cleavage plane and strength (row c in Figure 2.9).

2.9.4 Crack path in polycrystalline models with strong texture

In the previous section, the crack path and mechanical response of the polycrystalline
model with random misorientation angles was studied. In this section the crack path in the
polycrystalline models with low misorientation angles (texture) is studied. For this purpose, two
sets of misorientation angles of 8 = 0° + 10° (Texture0) and 8 = 55° + 10° (Texture55) are
considered (Figure 2.11). The same boundary conditions shown in Figure 2.8 are applied. Figure
2.13 show the crack path in TextureO and Texture55, respectively. In these figures similar to
Figure 2.9, row (a) shows the crack path without cleavage planes and strength, row (b) shows the
crack path with cleavage planes and without strength, and row (c) shows the crack path with
considering both the cleavage planes and strength. It is worth mentioning, similar to Figure 2.9,

in all rows the G, is dependent on misorientation angles.

32



»d

\ : B 6
45° 50° 55° 60° 65°

-10° -5° 0°

|
5° 10°
! T \ ; B

-58.19° -53.19° -48.19° -43.19° -38.19° -3.19° 1.81° 6.81° 11.81° 16.81°

Figure 2.11 Grain orientation angle and cleavage direction for a) TextureO , and b) Texture55.

Since in these two cases the misorientation angles of neighboring grains are rather small,
the values of G2 and g ? are close to GZ“* and g5, respectively; therefore, intergranular
crack is not promoted. Figure 2.14 shows the comparison of mechanical responses of

polycrystalline models with random grain orientations (Figure 2.8) and those with texture.

Figure 2.12 The crack propagation in TextureO model: (al)-(a4) without considering the
cleavage planes and strength, (b1)-(b4) with considering only the cleavage planes, and (c1)-(c4)
with considering both the cleavage planes and strength.

Both Texture0 and Texture55 show a lower toughness compared to the case with random
grain orientations. This observation can be explained based on crack deflection due to

intergranular fracture. According to experimental results [96], crack deflection along GBs in
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ceramics can lead to increase in toughness. From Figure 2.14, the apparent Young’s modulus of
TextureO model is lower than that of two other cases because of elastic anisotropy. In other
words, since in TextureO the orientation of the grains is close to 0°, the apparent Young’s
modulus is close to €35 = 436.1 GPa. In addition, the apparent Young’s modulus in the case
with random grain orientations is about 520 GPa, which is in good agreement with the

experimental result of 500 GPa for ZrB, [88].

Figure 2.13 The crack propagation in Texture55 model: (al)-(a4) without considering the
cleavage planes and strength, (b1)-(b4) with considering only the cleavage planes, and (c1)-
(c4) with considering both the cleavage planes and strength
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Figure 2.14 Comparison of stress-strain curves of polycrystalline models with random grain
orientations, Texture0, and Texture55.
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2.10 Conclusion

A modified phase-field model was presented to study crack propagation and mechanical
response in polycrystalline brittle materials. The fracture surface energy and strength in GBs
were considered to be a function of the misorientation angle of the neighboring grains. An
equation similar to the modified Read-Shockley model was used, where a larger GB
misorientation leads to a lower fracture surface energy and strength in the GB compared to the
grain interiors.

Bi-crystal simulations showed the effect of fracture surface energy, cleavage planes, and
strength on the crack path. When cleavage planes were considered, crack propagated along those
planes in each grain. Also, the results illustrated that lower fracture surface energy and strength
in GBs promote intergranular fracture. Likewise, bi-crystal results showed that the presented
model yields a reasonable mechanical response which cannot be obtained by other models.
Polycrystalline results illustrated that the model is able to predict the experimentally observed of
the combination of intergranular and transgranular crack in polycrystalline brittle materials,
where the transgranular cracks propagate along predefined cleavage planes in each grain. In
addition, similar to results of bi-crystal model, polycrystalline results showed that model
effectively takes the strength into account on the predicting crack path and mechanical response.

In summary, the proposed model includes the fracture surface energy, cleavage plane
direction and material strength in its formulations, providing a more guantitative phase-field
model for crack propagation in polycrystalline materials. Also, this model is more flexible
compared to other models to be calibrated based on experimental results. The presented model
can be used to design grain and GB structure and topology to control crack propagation and

fracture toughness of polycrystalline materials.
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2.11 Appendix A - Derivation of Parameter B
Before deriving parameter B, we need to calculate the crack width and critical stress.

According to Clayton and Knap [71], the crack surface energy is:

y(¢p, Vo, w) =%+§w: Vo RVe) ; w=T+a(I-MQM), (2.18)
where M is the unit vector normal to the preferential cleavage planes. For example, if the
cleavage plane is oriented ¢ degree counterclockwise with respect to x axis (horizontal axis) in
the Cartesian coordinates, the vector M is: —sin (¢)i + cos (¢)j. In addition, « > 1 is used to
prevent crack from propagating on planes not normal to M. The variational derivative of the

crack density function is:

8y :%—k[v% + a(V2¢p — M @ M: VV¢) (2.19)

The expansion of Eq.(2.19) results in:

¢ 0% 9%*¢ 0°¢ 0%¢ 2 (T 0*¢
b =~ klg+ Gya t G+ a0t (340) 5
T T 0%¢ T 0%¢ (2.20)
_ _ . _ _r . 2 _ _
2cos(2+6)sm(2+9) xy sin (2+9) ayz]'

Following the approach introduced in [66], we can obtain the profile of crack in one

dimension:

x|

¢(X) —e k\/1+a(1—cosz(g+(p)).

(2.21)
When plotting ¢p(x), the tangential lines at x=0 (¢p = 1) intercept the x axis (horizontal

axis) in the Cartesian coordinates at:

ile +a(l- cosz(g + ¢)) (2.22)

So, the crack width can be defined as:

Zk\/l +a(l—cos?(G+¢)) . (2.23)
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Similar to Emdadi et al. [52], we multiply VB to the elastic strain. Therefore, the
equilibrium equation of ¢, Eq. (2.9) in this paper, becomes:

g(¢)'F.(e(w)) —%(% — k[V?¢p + a(V?p —M Q@ M: va)]) = 0. (2.24)

Following the approach in [52], we define the average crack surface energy as:

Ge

ZBk\/l +a(l- cosz(g + ¢)) (2.25)

Therefore, by imposing the condition that for each k, the average crack surface energy is

G
ZkC*, and the parameter B becomes:

equal to

T .

Jl +a(l- cosz(z + @)k (2.26)
k )

where parameter k* is obtained through equating the maximum stress in front of crack tip to the

B =

material strength [79, 80].
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CHAPTER 3
INTERACTIVE EVOLUTION BETWEEN CRACK PROPAGATION AND
MARTENSITIC PHASE TRANSFORMATION

Reproduced from A. Lotfolahpour, W. Huber, and M. Asle Zaeem, “A phase-field model for
interactive evolution of phase transformation and cracking in superelastic shape memory
ceramics”, Computational Materials Science 216 (2023): 111844.

3.1 Abstract

This work presents a modified phase-field model for accurate coupling of phase
transformation and cracking in shape memory ceramics. The existing phase-field models
underestimate the elastic response at the beginning of the mechanical response. We modified the
chemical free energy to control the rate of phase transformation and consequently obtain a
physical elastic response before initiation of phase transformation. First, the forward and reverse
martensitic phase transformation in a super-elastic single crystal 3mol% yttria-stabilized
tetragonal zirconia is studied. Then, the interaction between phase transformation and fracture
under displacement-controlled loading condition is investigated. The model predicts a realistic
mechanical response and the experimentally observed microstructure and crack deflection due to
the phase transformation. In addition, the model captures the reverse phase transformation and
the stress drop due to the crack propagation.

Shape memory ceramics (SMCs) have various applications in the biomedical and
aerospace industries [1]. One of the main characteristics of SMCs is their recoverable
stress/temperature-induced solid-state martensitic phase transformation (MPT), which results in
strain recovery. Based on the temperature of the material, two different behaviors can be
observed: super-elasticity (SE) (also known as pseudoelasticity) or the shape memory effect
(SME) (also known as pseudoplasticity). If the temperature is higher than the equilibrium

transformation temperature, SE is observed. In SE behavior, the strain is fully recovered when
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the load is removed, and a stress-strain hysteresis loop is obtained [16, 31, 97]. If the temperature
is lower than the equilibrium transformation temperature, the SME is observed. In SME, after
removing the load there is a large residual strain and a temperature higher than the equilibrium
temperature is required to recover the original shape and phase of the material [16, 31, 97-99].

The main ingredient of SMCs is often zirconia. Zirconia-based ceramics have high
strength, high operating temperature, and high corrosion resistance which make these ceramics
suitable for extreme operating conditions. In addition, they show promising SME and SE
behaviors due to stress or temperature induced recoverable phase transformation between their
tetragonal (T) and monoclinic (M) phases (T« M). However, because these phases are brittle,
zirconia-based ceramics have a low fracture toughness. In addition, T—M phase transformation
causes inelastic dilatation, which contributes to low SME and SE fatigue life in SMCs [18].

Since the overall mechanical properties and fracture behavior of materials is strongly
affected by their microstructure, studying microstructure evolution and fracture at the
microscopic length scale is essential to obtain an accurate estimate of durability of structures.
There are a few experimental works on zirconia ceramics to study the microstructural evolution
[5, 11] and interaction between crack and phase transformation [100] in order to study and
improve the fracture and overall mechanical properties of SMCs. In addition to requiring a
considerable amount of materials, testing time and cost, experiments are unable to fully capture
the interactions between cracking and phase transformation in ceramics, because both happen at
a very high pace. Therefore, numerical studies could be suitable alternatives to study such
interactions.

Phase-field (PF) modeling stands out as a powerful numerical approach for simulating

MPT [31]. In the PF approach, the product of a phase transformation is represented by a scalar
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called an order parameter (OP). In addition, the PF approach has been widely applied as a
powerful and robust approach for modeling fracture in brittle [47, 80, 101, 102] and ductile
materials [50, 103] where an OP represents the crack surface.

Based on experimental observations, when phase transformation occurs in shape memory
materials, the strain localization produces a twinned-martensite (strip-like microstructure)
microstructure of alternating austenite-martensite or martensite-martensite variants [13, 104]. To
obtain a reliable mechanical response and experimentally observed microstructures, one must
choose an appropriate chemical free energy in the total free energy functional of the PF model of
MPT. The chemical free energy represents the energy dissipation due to MPT, and 2-3-4 and 2-
4-6 polynomials are commonly used in the literature for first order transformations [31].
Depending on the parameters of the polynomial, the shape of chemical free energy can be either
double-well, concave, or convex. In addition to the chemical free energy, the relationship
between the OPs and the stress-free strain tensor (or OP-strain relation) plays an important role
in prediction of the mechanical response.

Mamivand et al. [14] were the first to develop a PF model for T—M phase transformation
in single crystal zirconia under stress-controlled loading conditions. They used a 2-4-6
polynomial and a quadratic OP-strain relation. They validated their simulated microstructure
against experimental results. In another work, Mamivand et al. [105] used a similar model and
studied both SE and SME in a polycrystalline zirconia under a stress-controlled loading
condition; they showed that the obtained twinned-martensite microstructure and mechanical
response were consistent with experiments. Recently, Cisse and Asle Zaeem [16] developed a
non-isothermal elastoplastic PF model considering 2-4-6 and a quadratic OP-strain relation to

study the SE and SME in both single crystal and polycrystalline 3mol% yttria-stabilized
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tetragonal zirconia (3Y-STZ) under stress-controlled loading conditions. In [106], the authors
used a 2-3-4 polynomial and a linear OP-strain relationship to study the ferroelastic domain
switching in a zirconia crystal in the presence of crack propagation which was qualitatively
compared to experimental observations. A combination of the linear OP-strain relation with 2-3-
4 or 2-4-6 polynomials has also been used for modeling MPT in other shape memory materials
like NiTi [40, 107-110].

Based on the aforementioned research works, linear or quadratic OP-strain relation has
been used in PF models for simulating the MPT in SMCs and shape memory alloys. But we will
show in Sec.3.5 of this paper that under some circumstances the quadratic OP-strain relation
loses its generality and validity. We will discuss the advantage and this advantage of linear and
quadratic OP-strain relations in Sec.3.5 and explain why the linear OP-strain relation is used in
this paper. It is also important note that PF models of MPT underestimate the elastic modulus in
the initial part of the stress-strain response regardless of the choice of the OP-strain relation or
the chemical free energy polynomial; we will also address this shortcoming of the current PF
models in this work.

There are only limited studies to investigate the interactions of MPT and cracking in
SMCs. Zhao et al. [21] studied this interaction in single crystal zirconia under a displacement
controlled loading condition using PF method. They considered a chemical free energy
polynomial that simulates SME. Although they obtained a twinned-martensite microstructure as
a result of the SME chemical free energy polynomial, they did not report the mechanical
response in the form of a stress-strain curve, and it is not expected that the employed

formulations generate a reasonable mechanical response. Zhu and Lao [20] used the same PF
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model in [21] to study phase transformation and fracture in polycrystalline zirconia. Their work
lacked prediction of mechanical response as well.

Moshkelgosha et al. studied fracture propagation in single crystal zirconia [22] and
separately in polycrystalline zirconia [23] adopting a chemical free energy polynomial that
simulates SME. They applied a stress-controlled loading condition. Although they obtained
experimentally observed twinned-martensite microstructures, their mechanical response did
show any drop in the stress-strain curve when crack initiated and propagated. Also, they
predicted a maximum strain of at least 5.5% for single crystal and 12% for polycrystalline before
fracture is fully developed, which is unphysical. This is an indication that stress-controlled
loading is not appropriate to simulate fracture. In a different study by the same authors [24], they
studied phase transformation and fracture in a 3D single crystal zirconia by applying a
displacement-controlled loading, however, they did not show any drop in the stress-strain curve
after crack initiation and propagation. Also, their maximum reported strain under uniaxial
tension was 15%, while the experimental work by Lai et al. [5] reported a maximum bending
strain of 8%. Therefore, it is expected that a specimen under uniaxial tension fails at a lower
strain.

Generally, since most of the experimental studies for determining the mechanical
properties are under displacement-controlled loading conditions [111-119], the numerical results
obtained under stress-controlled loading cannot be compared and validated with experiments.
Especially, when the goal is to study crack propagation in a continuum model, quasi-static stress-
controlled loading cannot be used, because when the crack propagation starts, the stress-
controlled loading causes unbounded displacement and the final drop in the mechanical response

cannot be obtained by the stress-controlled loading conditions [120].
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Based on the above literature review, we can conclude that none of the current models
can properly simulate the coupled phase transformation and fracture in SMCs and produce
acceptable microstructures and stress-strain curves under displacement-controlled loading
conditions. In this paper, first, we examine the double well, concave, and convex chemical
energies, to determine which functional form produces the most accurate predictions of
microstructure and mechanical response. Then, we propose a solution to the under-prediction of
the elastic modulus observed in PF simulations of SE. Finally, we show that, with the proposed
modification, accurate predictions of the interaction between MPT and fracture can be made

using the PF approach.

3.2 Coupling PT and fracture in PF context

We use OPs noted as 7,, to describe the state of p" monoclinic variants. The np Varies
between 0 to 1, and n,, = 1 means the p™" monoclinic variant exists and when np = 0, the other
monoclinic variants or the tetragonal phase exist. To derive the governing equations for MPT,

first we need to construct the total free energy of the system (Fi..):

Frot(Uis M1, M2 ooy M) = Fep + Fen +ng' (3.1)

where Fg; is elastic strain energy density, F.y, is chemical free energy, and Fgq is gradient

energy of the tetragonal- monoclinic or monoclinic-monoclinic phases. In the following, each of

these energies is explained in detail.

3.2.1 Elastic strain energy (F¢p)

The elastic strain energy can be written as:
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1
el _el
Fo(u,) = f Cijra€ri€ij v,

(3.2)
74

where V is the domain volume, u; is the displacement, C;j; is the elastic tensor and eiejl is the
elastic strain which is defined as the difference between total strain (st"t) and the transformation

strain (gf}):

el _ _tot tr
& =& — & (3.3

where considering the linear OP-strain relation [107, 109, 121], &;; is defined as:

m

=) o, (34

p=1

where s 9 is the stress-free strain tensor which represents the change in microstructure between
parent and product phases [16]. It should be noted that in this paper, the small strain assumption
(gl-t]‘?t = % (u;; +u;,)), is considered. We use the linear relation, and the reason is explained in
Sec. 3.5 based on comparing these two forms of OP-strain relation.

The elastic constant difference between tetragonal and monoclinic phases is represented

by the following relation [16]:

Cijra MMy M, ) = Cligg + zn (quz ukl) 35)

where C;.

ikt @nd cM

iji are elastic constants of the tetragonal and monoclinic phases, respectively.

The elastic energy defined in Eq.(3.2) is based on Hooke’s law and thus, the stress tensor is

related to elastic strain tensor through the following equation:

Uij(ui) = Ci,-kz(nl.nz, ...,nm)Ei]l, (3.6)
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3.2.2  Chemical free energy (F,)

The Fg, drives the MPT and the shape of this energy plays an important role in predicting
the mechanical response and microstructure. The 2-3-4 or 2-4-6 Landau polynomials defined in
terms of OPs are the most common types of F;, used in the literature. Wen et al. [122] explained
that the particular order of the Landau polynomial does not have a significant effect on the

predicted microstructure. Therefore, we use the 2-3-4 Landau polynomial:

2
m

m m
Pl emy) = [ 86| @Y 2 =bY e e[ Y a | |av (37)
4 p=1 p=1

p=1
where AG is the chemical driving force which is the difference in the specific F.;, between the
parent and the product. According to [16, 123], the following equation can be used to calculate

AG for 3Y-STZ at different temperatures:

AG(t » m) = —6159.18 + 6.98T, (3.8)

where the energy is in Jmol~*(or Jm~3) and the temperature (T) is in Kelvin (K).

In Eq. (3.7) a, b, and c are coefficients that should be chosen in a way that maintains the
value of the interfacial energy within the physical reasonable range and yields F.;, =
AG(t —» m) atn, = 1. In addition, the values of these parameters determine the shape of Fy,.
Although a variety of shapes can be obtained through tuning expansion coefficients, the double-
well, concave, convex have been used in the literature for modeling SE behavior. In Sec.3.7.1,
we will study the difference between these three types of F.;, in terms of mechanical response

and microstructure for modeling SE behavior in a single crystal 3Y-STZ sample.
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3.2.3 Gradient free energy
Gradient free energy represents the interfacial energy between tetragonal-monoclinic or
monoclinic-monoclinic phases and ensures a non-abrupt transition between different phases. It is

defined as:

ﬁ m
i
uinen)= [ %3 i na .

where V is the gradient operator and f3;; is gradient energy tensor. We assume that the gradient

energy coefficient is isotropic (8;; = Bd;;) [16]. Therefore the Eq.(3.9) will be:

Foa(ny 1y wim, ) = f ngnp)zdv. (3.10)
v p=1

3.3 Coupling MPT with fracture

We use ¢ as the OP of fracture, and when ¢ = 1 the crack is fully developed and when
¢ = 0 the material is undamaged. In order to couple MPT with PF fracture, we modify the total
free energy of the system by adding the fracture energy (F.) and degrading the elastic constants
based on the evolution of fracture through multiplying it by a degradation function, g(¢). These

modifications lead to:

Ftot(ui' Tll' UZ' ---'Um' ¢) = Fel + Fch + ng + Ffr' (3'11)

where Fy, is defined as [65]:

2
Fio) = [ (g + 5wt av .12
14

where G, is the fracture surface energy in Griffith’s theory, and k is a positive regularization

parameter with the dimension of length to regulate the width of the crack phase field.
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In addition, to accommodate the crack phase field, F,, is redefined as:

1
Fo(u, ¢) = f Eg(d))cijkl(nl;nz, ...,nm)ef}lzeé}l dv, (3.13)
v

where g(¢) is the degradation function and g(¢) = (1 — ¢)? is one of the widely used
degradation functions [74, 77] that we use in this paper as well. Also, based on Eq.(3.13), the

stress tensor (Eq.(3.6)) will change to:

oy(u;, @) = g(‘l’)cijkl(nrnz' ""nm)gill' (3.14)

We use the method proposed by Miehe et al. [81] to ensure irreversibility of crack (crack

healing prevention):
Fq(u;t) = maxF(u;,s), s€]0,t].
1w t) 1w ) [0, ¢] (3.15)

3.4 Governing equations

The evolution of both MPT and PF fracture can be obtained through Ginzburg-Landau
equation [124, 125]. This equation relates the rate of each OP to the variational derivative of total
free energy with respect to the same OP. Using Ginzburg-Landau equation for MPT leads to the

following equation:

% _ L<65Ftot> - L <(2Fel +‘;Fch n 5;gd +(;Ffr>’
t np np np nP nP

(3.16)

where L is the kinetic coefficient, and:

6Fy 1 1
5,76 = 58(@831(0??“ ~ Clja) €kt = Eg(¢)Ci,-kz(n1,n2, o T ) e (D)€
P (3.17)

1
- 58(@®)C (Mg o, )0 (D)),
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OFen _ pG(aan. — 3b? + 4 iz) 1
= AG(2an, n, +4cn, ) 1), (3.18)
p=1
OF 3.19
gd _ —ﬁVZT] , ( )
6np p
SF; . (3.20)
om, '
Also, using the Ginzburg-Landau equation for PF fracture leads to:
d 6F 6F OF 6F 6F
_¢: M( tot) .y ( el + ch + gd n fr)' (321)
ot 5¢ 5 ¢ S ¢
where M is called the fracture mobility coefficient, and:
6F1 1
55 =~ (L= OCia(mmy o, eliey, (3.22)
6F 4
b 0, (3.23)
8Fg _ . (3.24)
5¢ ’
oF 3.25
L= G, (f— kv2¢>. (3:25)
8¢ k

Examination of Eq.(3.3) and Eq.(3.17) reveals that MPT can have a blunting effect on
the crack initiation and propagation through reducing the available elastic energy. Meanwhile,
based on Eq.(3.22), fracture halts the propagation of MPT by reducing elastic strain energy in the
cracked regions (¢ > 0).

In addition, by neglecting the body forces, the equilibrium equations become:

divo(u;, ¢) = 0. (3.26)
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3.5 The difference between linear and quadratic OP-strain relations

As it was mentioned before, in this paper we use the linear OP-strain relation. We chose
the linear relation over the quadratic relation because the quadratic relation can become invalid
in some situations explained below.

Using the linear relation, the OPs’ evolution equation (Eq.(3.16)) without considering the

effect of fracture, will become:

an, 1
Fra (qul 'il;‘kl)gill ~3 Cijkl(nlr Ny e nm)eg? (P)Sf}
1 2 2
= Cia(Myy 1y 0, e )iy + AG(2an, — 3bmy + 4ery, ) n2) (3.27)
p=1
2
— BV,
The quadratic relation (eit; = Yo (p)np) leads to the following equation for the
OPs’ evolution:
anp

Fre L 583-1(0?,4;{1 - C;S'kl)filz
1
- nPCijkl(nl' Mgr v nm)gg?(p)ggl_ npcijkl(nl' UPTRRY nm)gg'o (P)en (3.28)

+AG(2an, - 3br); +4cn, Z r)Z) — sznp
p=1

In Eq.(3.28), all terms except the first term are zero when the initial value of n,, = 0.
Then if (CY; — Ciy,) is zero (e.g. if MPT in polycrystalline samples [107] or if ferroelastic
domain switching [106] is studied) Eq.(3.28) becomes zero and consequently n,, never grows.

Therefore, Eq.(3.28) loses its generality and validity and cannot accurately predict MPT. This

problem does not occur when the linear OP-strain relation is considered since the second term in
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Eq.(3.27) is not zero and starts to increase upon the start of loading and never loses its generality

and validity. Therefore, we use the linear OP-strain relation in this paper.

3.6  Solution scheme

The governing equations presented in the previous section are solved in a finite element
framework using the solid mechanics and mathematics modulus of COMSOL Multiphysics. All
simulations are under displacement-controlled loading, and the boundary conditions and sample
dimensions are shown in Figure 3.1a. Also, Figure 3.1b shows the applied displacement versus
time. Furthermore, the plane stress condition is considered in all 2D simulations.

For all models, with and without fracture, quadrilateral elements are generated by the
mapped mesh algorithm feature in COMSOL. A mesh study was conducted where we found that
a mesh size of 0.04 um (or 2500 quadrilateral elements in the domain) were sufficient to resolve
the interface of different phases. Discretizing the sample with more elements did not change the
microstructure and mechanical response, therefore we used 2500 quadrilateral elements. The
displacements are solved using “Solid Mechanics” module with quadratic shape functions. The
crack PF and Martensite PF are solved using the “General Form PDE” module of COMSOL with
linear shape functions. The staggered [126] scheme is used to solve the governing equations
where nonlinear sub-problems are solved with Newton’s method. The time step of 0.01s is used

for all simulations.
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Figure 3.1 a) Dimensions and boundary conditions, and b) Applied displacement versus time for
simulating forward and reverse transformation without fracture. x- axis represents a, direction
and z axis represent c, of the tetragonal phase.

3.7 Results and Discussion
3.7.1 Comparison of different F, for modeling SE in 3Y-STZ

In this section, we compare three different forms of F.,, (double-well, concave and
convex) for modeling SE in a 2D idealization of a 3Y-STZ single crystal sample without
considering fracture. Table shows the values of a, b, and ¢ for each F,. These parameters are
determined to ensure each Fg, has a minimum at n = 0. For the double-well case, the energy has
a local minimum at n = 1 as well. Also, in all three F,, AG (in Eq.(3.7)) is ~156 Jmol !
(7.2 x 10° Jm~3) which is obtained by Eq.(3.8) considering the temperature is constant at 905 K.
This temperature is higher than the reported equilibrium temperature of 883 K for 3Y-STZ [16,
127, 128], therefore, the system will show SE behavior (i.e., strain recovery occurs after
unloading without a need for increasing the temperature).Figure 3.2 shows the plot of these three

forms of Fy,.
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Table 3.1 Coefficients of different chemical free energies.

Coefficient Double-Well Concave Convex
a 13.89 9.2 3.13
b 23.75 12.89 4.01
c 10.78 4,74 1.85
—~ 10
£ 9 | Double-well
5
= 8 I Concave >
> 7  — —Convex Pz
5 6 -7
c s
L 5 F ~
O 4 ~ -
o - AG
w 3 r P -~
= 7
8 27 -
E 1 k —
% 0 LA = /I | | | | | y |

-001 0 01 0203040506070809 1 1112

Order Parameter n

Figure 3.2 Three different F;, used for modeling SE.

Eq.(3.29) and Eq.(3.30) show the stiffness tensor of tetragonal [129, 130] and monoclinic
[130], respectively. In addition, two monoclinic variants exist in the a — ¢ plane, and their stress-

free strain tensors are given in Eq.(3.31) and Eq.(3.32) [14].

361100 62 0 0 0
100361 62 0 0 0
62 62 2640 0 0
=% % 0 590 oGP (3.29)
0 0 0 0590
0 0 0 0 064
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327142 55 0 0 -21
142 408196 0 0 31

v _ | 55196258 0 0 —18
Ciu=1% "0 "0 100-23 0 |9F% (3.30)
0 0 0 -2381 0
2131 -18 0 0 126
00.1y _ [ 0.0049 —0.0761 (3.31)
€ij (1)_[—0.0761 0.0180 I’
000y _ [0.0049 0.0761 (3.32)
&j (2) = [0.0761 0.0180]'

We consider the global coordinates when 68 = 0°, to be aligned with those of the
tetragonal phase where x- axis represents a, direction and z axis represents c; (see Figure 3.1a)
and 8 = 0° corresponds to [001] oriented crystal. The stress-free strain tensor and elastic
stiffness tensor are transferred to the global coordinate system using the following rotation

operations:
f*°(0) = RucRjuell’ (), (3.33)

Ci(j;'kl = RiijanoRlpCmnop' (3.34)
where e{’j‘) (p) and Crpop are, respectively, the stress-free strain tensor and the elastic stiffness
matrix in the local coordinate system. R;; is the rotation matrix for a grain with an orientation

angle of 8, which in 2D is defined as:

_ [ cos(8) sin(B)
Rij = 1-sin (8) cos(O)f (3.35)
6 measures positive counterclockwise. Table shows all other parameters used for
running the simulations. It is worth mentioning, the kinetic coefficient (L) in Eq.(3.16) can be

arbitrary selected since there is not a report on the speed of PT in zirconia-based ceramics [105]
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3 3
and a wide range value from 2 x 10~° "]“—S [22-24] to 10 T—S [16] has been used in the literature. In

this paper we choose this value to be 5 x 1078 T—: The gradient energy coefficient (8) in

Eq.(3.19) must be selected such that gives a reasonable interface thickness (few nanometers)
[105, 131], we chose f = 1 X 10‘9iand based on the our results gives a reasonable interface

thickness between different phases. Furthermore, the initial values of 7, are set to 107° to
overcome the possibility of numerical artifacts. In addition, considering the crack length scale
parameter (k) in Eq.(3.12) to be 20 nm which is one percent of the domain length, is small
enough to obtain a stable solution, a correct crack path, and an admissible diffusive area with a

reasonable accuracy and computing cost [52, 79, 132].

Table 3.2 Simulation parameters.

Parameter Value
. . .. m3
Kinetic coefficient, L 5% 1078 i
S
Gradient energy coefficient, 8 1 x 10—9l
m
. .. m3
Mobility coefficient, M [52, 132] 1 i
S
Critical energy release rate, G, [133] 24L2
m
Crack length scale parameter, k 20 nm

Figure 3.3 (I), (II), and (III) show the mechanical response and microstructure for [001]
oriented sample predicted by convex, concave, and double-well F,, respectively. In Figure 3.3,
the expression of n, + 21, is used to show the transformed regions, and if this expression is
equal to 0, no transformation has occurred and the tetragonal phase exists, if this expression is 1,
the first variant of the monoclinic phase exits, and if it is equal to 2, the second variant of the

monoclinic phase exists. In addition, the stress and strain in the stress-strain curve are calculated
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based on the reaction force and the displacement at the top edge of sample. Based on these
figures both double-well and concave predict the experimentally observed twinned-martensite
microstructure. However, the convex F, is not able to predict such a twinned-martensite
microstructure, therefore it is not a proper F.;, for modeling microstructures of shape memory
materials. There are several works, such the MPT model used by Simoes and Martinez-Pafieda
[97] for simulating fracture in shape memory materials, that used a convex potential energy,
which are unable to properly predict microstructures in shape memory materials and are
appropriate for macroscopic length scales. The microstructures predicted by the concave F, is
consistent with previously reported results, such as those reported by Esfahani et al. for SE in
NiTi alloys [54]. Although, both double-well and concave F;, predict admissible microstructures
and mechanical response, we proceed with the double-well F.;, because it grants stability at both

parent and product phases through having minima at both r7,, = 0 and 1.
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Figure 3.3 Predicted stress-strain curve and microstructure for [001] oriented smaple by (I)
Convex, (II) Concave , and (IIT) Double-well Fy,.

According to Figure 3.3, although all three forms of F, yield a hysteresis strain-strain

curve, none of them predicts a plateau region when the transformation starts, while this is
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observed in the experimental stress-strain curves for shape memory materials. Also, it is worth
noting that the stress at each strain and the ultimate stress (the stress at the highest strain), is
different in these three cases. This can be explained based on the fact that the first derivative of
F,,, with respect to OPs determines the evolution rate of the OPs (Eq.(3.16)), and this determines
the rate of the transformation strain tensor (Eq.(3.4)). On the other hand, the transformation
strain rate directly affects the rate of subtraction of the stress-free strain tensor from the total
strain tensor, and this consequently changes the elastic strain tensor rate (Eq.(3.3)). Also, since
the stress tensor is calculated based on the elastic strain tensor (Eq.(3.14)), each F;, leads to a
different stress at each strain.

The elastic modulus in the beginning of the stress-strain curve should be close
to 247 GPa which is the inverse of the second diagonal component of the compliance tensor of
tetragonal phase (the c; axis of the crystal is along the z-direction). Since we use the double-well
F.,, the elastic modulus based on Figure 3.3(111) is calculated to be 160 GPa, which is about
35% lower than 247 GPa . This means the elastic modulus is highly affected by MPT. The same
issue appears in most of previous works, regardless of the choice of the chemical free energy or
OP-strain relation [19, 108, 121, 134, 135]. To address this issue, we propose a modification to
the Fg;, in the following section.

3.7.2  Modification of the chemical free energy (Fg,)

In Figure 3.3, all three forms of F_;, yield a hysteresis stress-strain curve, but in all three
stress-strain curves a plateau region (or a region with low or even negative hardening) is missing,
and most importantly the elastic modulus is underestimated in the beginning of the stress-strain
curve. This problem is rooted in the Eq.(3.16). This equation which expresses the evolution (the

rate) of each OP, is dependent on the first derivative of the F.;, with respect to each OP
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(Eq.(3.18)). On the other hand, the rate of OPs affects the rate of the elastic strain tensor
(Eq.(3.3)), and the rate of the elastic strain tensor affects the stress (Eq.(3.26)). Therefore, by
controlling the first derivate of F, with respect to OPs, the rate of OPs and subsequently the
shape of the mechanical response can be controlled. Based on the above explanation, we

propose the following modification to the Fg,:

2
Fen(1uzs o) = J, BG (@ X3y = bIiind + c(Zpiynd)” +d iyl )av;  (:30)
1<n<?2,

where d and n are new coefficients to be determined in addition to a, b, and c. Parameter n takes
a value between 1 to 2, and in this paper, we consider it to be equal to 1.1. This parameter should
be small enough (close to 1) to keep the elastic modulus unaffected by the OP at the beginning of
loading by approximating a linear term in F,;, (Eq.(3.36)). To elaborate more, the added term

(d Z;”=1|17p |n), at the beginning of the loading (when the OPs are small) adds a considerable
amount of positive energy to the system (see Eq.(3.16), Eq.(3.36), and Eq.(3.37)) which slows
down the evolution rate of OPs. Therefore, at the beginning of loading, the material behaves
elastically. It should be noted that we use absolute value of n,, to ensure that the modified
double-well F;, and its first derivative (shown in Figure 3.4b) are well defined around n,, = 0.

Considering this modification, the Eq.(3.18) will change to:

6F,
oy

m
-1
= AG(2an, — 3bn3 + 4cny, Z n2 +nd|n,|" sign(ny)). (3.37)
p=1
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Figure 3.4 a) The modified double-well versus double-well form of F,,, and b) The first
derivative of the modified double-well form of F, with respect to n around n = 0.

Since the proposed modification is for controlling the rate of OPs by adding an extra term

of d 30, |n, |", it can be easily applied to 2-4-6 form of F, as well.

To examine the modified F, in terms of microstructure and mechanical response

prediction, by choosing n = 1.1 and considering the same AG, we determine a, b, ¢, and d such

that modified F;, produces a double-well function close to the double-well F, seen in Figure 3.2

The values of these parameters are presented in Table .3. Also, the same domain and boundary

conditions shown in Figure 3.1 are considered. Figure 3.4a shows the modified and unmodified

double-well Fey,. In both cases, Fy, has two minima, one at ,, = 0 and one at 7, = 1.

Table 3.3 Coefficients of the modified chemical free energy (Eqg. (3.36)).

a 2.64
b 10.04
c 5.37
d 3.05
n 0.1
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Figure 3.5 Predicted stress-strain curve and microstructure for [001] oriented smaple by modified
Fep.

In Figure 3.5, the modified F,;, predicts a plateau region in the stress-strain curve which
is more realistic compared to the unmodified double-well. Additionally, it predicts the
experimentally observed twin-martensite microstructures for zirconia-based ceramics [13].

Furthermore, the elastic modulus in the beginning of the stress-strain curve based on
Figure 3.5, is about 235 GPa, which is 5% less than the 247 GPa. This shows that the modified
PF model has a low effect on the elastic modulus in the beginning of the stress-strain curve and
yields a realistic stress-strain curve. In addition, this low error shows that n = 1.1 is an
acceptable choice. In the following section we use the modified PF model to study the interaction

of fracture and MPT.
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3.7.3 Interaction of MPT and fracture
The modified F, is used to study the interaction between MPT and fracture in a pre-
cracked 3Y-STZ single crystal. Three different crystal orientations of 8 = 0° ([001]), +15°
([104]), and 90° ([100]) are considered. The domain of Figure 3.1 is considered with an initial
center crack of 0.2um (10% of the domain width) which is modeled with a Dirichlet boundary

condition of ¢ = 1 imposed on the initial crack length. A monotonically increasing displacement

rate of u* = 2 x 1073 % is imposed on the top surface. Linear quadrilateral elements with a

maximum size of 0.008um, which is equal to 0.4k, is used in the sample. This element size is
chosen based on the element size suggested by Miehe et al. [66]. In their work they suggested
that the maximum size of the quadrilateral elements must be less than 50 percent of the k to
ensure accuracy and convergence. Additionally, to reduce the computational demand of the
model, only the elements within +0.2 um of the horizontal centerline are given degree of
freedom for the crack phase field.

Figure 3.6 shows the obtained stress-strain curve, MPT, crack path, and stress map (S33
is shown which is the z component of stress tensor and is in the direction of applied
displacement) for four different points on the stress-strain curve. As it is expected, since the
stress concentration is high around the crack tips, the transformation starts from the crack tips
and then spreads to the other regions of the sample, similar to experimental observations [12].
Also, according to Figure 3.6, as the crack propagates, the reverse MPT (from monoclinic to
tetragonal) occurs behind the crack tips (in the wake of the crack tips). This reverse MPT isin a
good agreement with the experimental observation for crack propagation in the SE shape
memory materials [136]. This reverse MPT occurs because in the SE regime, the reverse MPT

occurs in the regions which experience unloading. This unloading is due to diminished load
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bearing capability resulting from separation of crack faces in the wake of the crack tips. This
unloading process is clearly shown in the stress map in the fourth row of Figure 3.6. The white

triangles in the stress map indicate the regions behind the crack tips that unloading occurs at

point C in Figure 3.6.
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Figure 3.6 Stress-strain curve, MPT, crack path, and stress map for [001] oriented sample under
uniaxial tension in the z direction.

In Figure 3.6, before the start of the plateau region in the stress-strain curve (before point
A), the sample is mostly in tetragonal phase. After this point, the phase transformation starts

from the crack tips and then propagates to the rest of the sample. Based on Figure 3.6, the
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ultimate strain is 4%. In the experimental study by Lai et al. [5], a maximum bending strain of
8% was reported for a coarse-grained micropillar specimen. Therefore, a model prediction of the
maximum strain for a cracked single crystal experiencing uniaxial tension is expected to be less
than the reported maximum bending strain. Furthermore, our model predicts the stress drop
observed in the displacement-controlled loading experiments due to the crack propagation
(between point B and D) which was not captured in [22, 23] due to using the stress-controlled
loading conditions.

Figure 3.7 depicts both the average volume fraction of the monoclinic variants and half
crack length versus applied displacement. This figure shows that MPT starts as soon as the load
is applied, and the crack starts to propagate after the applied displacement reaches to 0.008 um
(point a). In addition, after the crack length reaches to about 0.45 um (point c), the average
volume fraction of the monoclinic variants starts to decrease and will become zero after the crack
is fully developed. The average volume fraction of the monoclinic variants decreases due to the

reverse MPT happening beyond the crack tips.
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Figure 3.7 The average volume fraction of the monoclinic variants vs. half crack length versus
applied displacement for [001] oriented sample.
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In Figure 3.7, the crack advances at a low rate until its half-length grows to about
0.12 um (point B). The crack then grows at a very high rate until it propagates through the whole
domain. This behavior is indicative of the rising R-curve behavior due to transformation
toughening in yttria-stabilized zirconia ceramics [9, 10, 137] which is captured by our phase-
field simulations.

In order to test the validity of microstructure prediction and crack path by the proposed
phase-field model, we repeated the uniaxial tension simulation for [104] oriented sample. Figure
3.8 shows the obtained microstructure, crack path, and stress map (S33 component). The
deformed shape of the domain is also provided in the fourth row. Figure 3.8b depicts the
experimental microstructure and crack path for a zirconia based ceramic [11] with a similar
crystal orientation with respect to crack direction. In this experiment, the material was in SE
regime, and the reverse PT behind the crack tip and crack deflection due to PT were observed
when crack propagated. As it can be seen in Figure 3.8 our model accurately captures the reverse
PT and crack deflection due to MPT similar to the experimental results. By comparing Figure 3.6
and. Figure 3.84a, it is evident that the crystal orientation affects the mechanical response,
direction (distribution pattern) of transformed regions, and crack path. The rotation of the
stiffness tensor and the stress-free strain tensor led to a different transformation stress (point A)
and different fracture stress (o) (point B) for different crystal orientations. The predicted
transformation and fracture stresses are 1000 MPa and 1800 MPa for [001] and 600 MPa and
1400 MPa for [104] oriented sample. According to the zirconia-based coarse-grained
micropillar bending test [5], a transformation stress of about 1200 MPa and a fracture stress of

about 2200 MPa were reported; therefore, we can conclude that our proposed modified model is
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able to quantitatively predict the mechanical behavior of SE zirconia and effectively captures the
effect of grain orientation on predicting the mechanical response and microstructure.

Finally, the case of & = 90° ([100]) was considered. The results are not presented here as
neither phase transformation nor crack deflection occurred in this case. For this crystal
orientation under the applied displacement boundary condition, a very small elongation occurs in
the [001] direction, MPT is not considerable, and only a straight fracture path is observed. The
mechanical response and crack path are an indication of a purely brittle material behavior. This
predictions are consistent with the previously reported results by PFM [16] and MD [30]

simulations, showing the importance of crystal orientation on the overall behavior of SMCs.
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Figure 3.8 a) Stress-strain curve, MPT, crack path (deformed and undeformed), and stress map

for [104] oriented sample under uniaxial tension in z direction, and b) Experimentally observed
MPT and crack deflection due to PT in a zirconia-based ceramic [11].
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3.8 Conclusion

We presented a modified phase-field model for studying interactions of MPT and
cracking in a super-elastic 3 mol% yttria-stabilized tetragonal zirconia crystal. We identified the
following shortcomings in previous PF studies coupling MPT and cracking:

The interaction between SE behavior due to MPT and crack propagation at the
microscale were not studied previously. Therefore, the important features of reverse MPT due to
crack propagation were not simulated before.

In many MPT models the elastic modulus is not recovered in the initial stages of the
loading, and this is due to the high evolution rate of the order parameter(s) at the beginning of
loading.

In previously reported stress-strain curves, stress drop due to crack propagation was not
captured, therefore, a conclusion about the strength of the material could not be made. This
shortcoming is typically due to the use of stress-controlled boundary conditions, which were
used in most previous models.

In this paper, we addressed these shortcomings, by modifying the chemical free energy
and enabling displacement-controlled boundary conditions. The modification included adding an
extra term to the 2-3-4 chemical free energy to accurately predict the mechanical response and
reversible tetragonal to monoclinic transformation. This added term gives more control on the
phase transformation rate (evolution of order parameters) and solves the problem of
underestimating the elastic modulus observed in other phase-field models. The obtained results
for transformation assisted deformation showed that the modified model is capable of predicting
a realistic mechanical response, the experimentally observed microstructure, and the forward and

reverse phase transformation in shape memory ceramics.
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In addition, we applied the modified phase-field to study transformation-fracture
interactions under displacement-controlled loading condition. We also studied the effect of
different crystal orientation with respect to loading direction. The model can predict a realistic
mechanical response and fracture strain, the experimentally observed microstructure and crack
path due to phase transformation, the effect of grain orientation on both microstructure and
mechanical response, and the reverse phase transformation due to crack propagation in super-
elastic shape memory ceramics. In addition, since we applied a displacement-controlled
boundary condition, we were able to observe a final drop in the stress-strain curve due to crack
propagation and establish a strength close to experimentally reported one for zirconia-based
ceramics. Comparisons with experiments showed that the proposed modified model effectively
captures accurate microstructures and crack deflection due to phase transformation and provides
an admissible stress-strain curve. Such predictions are difficult to obtain from experiments which
show the advantage of phase-field modeling in studying interactions of phase transformation and

cracking.
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CHAPTER 4
LOCALIZED PLASTIC STRAIN ACCUMULATION IN SHAPE MEMORY CERAMICS
UNDER CYCLIC LOADING

Reproduced from A. Lotfolahpour and M. Asle Zaeem, “Localized plastic strain accumulation in
shape memory ceramics under cyclic loading”, International Journal of Mechanical Sciences 272
(2024): 109295.

4.1 Abstract

The premature failure of shape memory ceramics (SMCs) under cyclic loading is a
critical issue limiting their applications as actuators and thermal protection layers. Martensitic
phase transformation (MPT), essential for superelasticity and shape memory functionalities in
SMCs, induces localized plastic deformations due to phase expansion. In polycrystalline
materials, the accumulation of localized plastic strain serves as the primary mechanism for
fatigue crack initiation under cyclic loading. In this research, a phase-field phase transformation
model coupled with a viscoplasticity model is presented to study the effects of microstructural
features, engineered pores, and sample size on plastic strain accumulation (PSA) during cyclic
loading of SMCs. Our findings highlight that the GBs are critical regions with high PSA, with
noticeable reductions observed by decreasing the grain boundary density. Additionally, we found
that engineered pores effectively reduced cyclic PSA, however, we identified a threshold on the
volume fraction of pores. Also, textured microstructures with certain characteristics demonstrate
significant influence on cyclic PSA. A cross-correlation data analysis approach is employed to
study the relationship between the studied microstructural features and PSA to facilitate the
identification of the most important factors controlling the irreversible PSA during compressive
cyclic loading. By mitigating the rate of PSA, significant enhancements in cyclic life before

fatigue crack initiation can be achieved, enabling superior performance in practical applications.
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4.2 Introduction

Zirconia based shape memory ceramics (SMC)s are a class of smart materials that can be
used as actuators, sensors, thermal protection layers, and energy dampers in a variety of
industries such as aerospace and biomedical [1-4]. The underlying mechanism of superelasticity
(SE) and shape memory effect (SME) behaviors in these materials is governed by MPT between
two different crystallographic phases of tetragonal (T) and monoclinic (M). The shape change
during MPT is associated with a large shearing and normal strains which cause large mismatch
stresses mainly at phase interfaces and grain boundaries (GBs) [5]. The material must be able to
accommodate these strains, otherwise after a few loading cycles, in the regions with large
mismatch stresses, microscopic fatigue cracks initiate and propagate which then lead to a
macroscopic failure.

In the macroscopic scale, these ceramics fracture at strains as low as 2% which is lower
than the full transformation strain about 7% [5]. However, in microscopic samples, under certain
microstructure configurations, multiple SE or SME cycles with full forward and reverse
transformation can be observed [5, 6]. For example, Lai et al. [5] made micropillars of ceria or
yttria-stabilized zirconia ceramics with low number of grains and GBs through reducing the
diameter of the micropillars, and in some of the samples they observed up to 55 complete SE
cycles before fracture occurred. The underlying mechanism of crack initiation in these
polycrystalline ceramics were reported to be the localized PSA mainly at GBs and phase
interfaces [8, 138, 139]. SMCs are brittle and unable to fully accommodate the shape change due
to MPT, and this can cause high mismatch stresses at GBs, phase interfaces, and around
precipitates. The mismatch stresses cause local plastic strains originated from irreversible

mechanisms such as GB sliding and dislocation activity [139]. In addition, both experimental [8]
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and numerical studies [18, 30, 31] well establish that the occurrence of MPT and plasticity is
highly dependent on the crystallographic orientations of grains with respect to the loading
direction [8, 18, 30, 31]. Under cyclic loading, in the regions where plastic deformation
originates, the PSA increases with each loading cycle and when it reaches a critical value, fatigue
crack initiates [140-143]. Therefore, the PSA rate directly affects the fatigue life of materials and
can be used as a fatigue indicator parameter to evaluate the number of loading cycles before
fatigue crack initiation [32, 143, 144].

Computational studies can be used to further investigate the effects of the microstructural
features such as grain orientation, grain boundary density (GBD), and grain size (GS), as well as
engineered pores on the plastic strain localization and accumulation in polycrystalline SE
zirconia-based SMCs. Computational studies enable investigation of the effects of each
microstructural feature separately and collectively which is difficult, if not impossible, by
experimental studies. Among the previous models for studying microstructure evolution in
materials, the phase-field (PF) approach has emerged a powerful computational method that has
been successfully applied to study MPT [31] and microstructure evolution in single crystal and
polycrystalline shape memory alloys [34, 54, 145, 146] and SMCs [14-16, 53, 147]. In this
approach the PF order parameters (OPSs) represent the parent and product phases, and the shape
change between parent and product phases is implemented through a stress-free strain tensor.

The PF approach or constitutive models coupled with plasticity models have been
previously used to study the interaction between MPT and plastic deformations in shape memory
materials, with a particular focus on NiTi alloys [38-41, 148-153]. Among these studies, Yu et al.
[150], proposed a crystal plasticity-based model to simulate MPT and plastic deformation in

NiTi single crystals. Similar to experimental observations, their model predicted a high residual
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plastic strain during initial cycles and their model captured the effects of crystal orientation.
Paranjape et al. [40] coupled a PF-MPT model with a crystal plasticity model to investigate the
evolution of plastic deformation under cyclic thermal loadings. They studied the effects of plastic
strain on MPT and transformation temperature. In a different study, Paranjape et al. [152]
coupled PF-MPT with a rate-dependent crystal plasticity to simulate the interaction between slip
plasticity and MPT in NiTi single crystal micropillars. They found a correlation between
orientation of phase interface and dominating slip systems. Xie et al. [39], developed a crystal
plasticity-based PF model and studied the cyclic behavior of a single crystal sample. They
showed that plastic strain highly affects the stress-strain curve, and the accumulation occurs
mainly along the phase interfaces. Xu et al. [41] coupled a PF-MPT model with a crystal
plasticity model to study cyclic response of NiTi single crystals under thermal loads. They
investigated the effects of plastic strain on forward and reverse MPT as well as martensite
reorientation. Later on, Ju et al. [153] developed a comprehensive model that incorporates MPT
and different types of plasticity, including slip. They predicted cyclic degradation in NiTi single
crystal samples, and the obtained hysteresis loop and PSA was in good agreement with
experiment.

The above studies on coupling MPT and plasticity in shape memory materials were
focused on single crystal samples, limiting their ability to capture the effects of microstructural
features such as GBs and grain size on the interaction between MPT and PSA. It is important to
note that there have been some attempts to model the interaction between MPT and plasticity in
polycrystalline samples [34-37, 154-157]. For example, Xie et al. [34] utilized a crystal
plasticity-based PF model and studied the cyclic behavior of polycrystalline NiTi samples under

different loading rates. Additionally, Cisse and Asle Zaeem [35] studied the mechanical response
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and PSA in Cu-based SMAs under thermal loading. They predicted the stress-strain stabilization
as well as cyclic plastic accumulation at GB triple junctions. In addition, they showed that plastic
strain prevents complete shape recovery of the SMA in both SME and SE regimes. Xu et al. [36]
proposed a crystal plasticity PF based model to study the cyclic degradation in polycrystalline
NiTi samples. They observed an increasing irrecoverable cyclic plastic strain and examined the
impact of plastic strain on the mechanical response of samples. Additionally, they studied the
effects of strain rates and applied constant stress on the cyclic PSA. Chaugule and B.Le
Graverend [37] developed a crystal plasticity-based model that incorporated mechanisms of
MPT, transformation induced plasticity (TRIP), and viscoplasticity. They investigated the
coupling between these mechanisms in single and polycrystal samples of a high temperature
shape memory alloy (HTSMA). They successfully observed the progressive accumulation of
viscoplastic strain versus number of thermal loading cycles similar to experimental observation.
Kan et al. [157] developed a micromechanical model which included a viscoplasticity model to
simulate cyclic response of HTSMAs. They applied cyclic thermal loadings and identified
viscoplasticity as a primary irreversible mechanism in HTSMAs. Furthermore, their analysis
revealed that viscoplasticity has a larger impact on the cyclic response under lower loading rates.
None of the studies investigating the interplay between MPT and plasticity in
polycrystalline shape memory materials offer insights into the correlation between
microstructural features, PSA, and fatigue crack initiation. Furthermore, these studies did not
explore the influence of microstructural features on reducing PSA to enhance cyclic life prior to
fatigue crack initiation. A recent study investigated the fatigue crack initiation and propagation in
shape memory materials [143] by developing a TRIP-based fatigue model which incorporated

TRIP accumulation as a fatigue indicator parameter for predicting low-cycle fatigue crack
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initiation in polycrystalline NiTi samples. They validated their model against experimental data.
However, their study did not examine the effects of microstructural features on TRIP, and also it
did not offer any strategies to reduce TRIP accumulation.

There have been studies on fatigue crack propagation modeling in macroscopic domains
[97, 158-162]. However, the majority of these studies lacked the inclusion of PSA which is a
crucial phenomenon leading to fatigue crack initiation. Even when plasticity is considered,
similar to microscale studies, none of previous studies provided insights into the fatigue crack
initiation process or offered approaches to increase cyclic life before fatigue crack initiation by
mitigating PSA.

In summary, previous works on coupling MPT with plasticity have not investigated the
effects of microstructural features on the interaction between MPT and PSA in shape memory
alloys and ceramics. Furthermore, none of these studies provided strategies to mitigate PSA to
enhance cyclic life before fatigue crack initiation. In this research we aim to address these gaps
by presenting a PF-based framework coupling PF-MPT with a viscoplasticity model to
investigate the effects of the microstructural features on the plastic strain localization and
accumulation in polycrystalline SMCs. To derive the viscoplasticity governing equations, we
start from the total energy of the system and treat the plastic multiplier as an OP and minimize
the total energy with respect to this OP. Then we demonstrate that with this approach we can
recover the Bingham [163] viscoplasticity model. This approach yields a simple viscoplasticity
model and we show that it predicts acceptable cyclic PSA that agrees with experimental results.
The ideas and simulations presented in this work for reducing PSA have not been investigated in
previous experimental or computational studies. The primary objective of this study is to provide

guidance on mitigating PSA in order to enhance the cyclic life of SMCs.
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4.3 Phase-Field Model

This section first details the coupling between PF modeling of MPT and viscoplasticity.
We start the formulation from the total energy of the system (F,) that includes all potential
source and sink energies and proceed to elaborate on each energy term in detail. Subsequently,
we express the governing equations and derive the OPs evolution equations using the Ginzburg-
Landua relation and energy minimization principles. In subsection 4.3.2, we explain the PF
approach to generate polycrystals and discuss the advantages of this approach compared to other

approaches to create polycrystalline microstructures.

4.3.1 Coupling the PF of MPT and Viscoplasticity
In PF model of MPT, n; are used as the order parameters representing different phases in
the system. n; = 0 represents the tetragonal phase and n; = 1 represents each of the two

monoclinic variants in the c-a plane of zirconia. The F, can be written as:

Feot (Ui N1,M2, - Mm) = Fe1 + Fen + Fga + Fp1, (4.1)
where Fg; is the elastic strain energy, Fy, is the chemical free energy, Fgq is the gradient energy
of the tetragonal-monoclinic or monoclinic-monoclinic interfaces, and Fy, is the energy
dissipation due to plastic deformation. These energies are explained in detail in the following.

e Elastic strain energy (Fe)):
F, can be written as:

1
Fe(w) = j ECijklglg%Sfjl av, (4.2)
|74
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where u; is the displacement, C;; is the elastic tensor, and efjl is the elastic strain which is

defined as the difference between the total strain (e{}’t), transformation strain (e}}), and plastic

strain (eipjl):

el _ _tot tr pl
&j = &j — & — & (4.3)

Considering a linear relation between the OPs and strains [53, 107, 109, 121], s}} IS

defined as:

m

el = ), el oy, (44

p=1

where gl-ojo is the stress-free strain tensor which represents the change in microstructure between

parent and product phases [16]. The small strain assumption is considered and is defined as:

1
Eg:})t = 5 (ui'j + uj,i)' (45)

The difference between elastic constants in tetragonal and monoclinic phases is
represented by the following linear relation [16]:

m
Cijrt (M1, M2s s ) = Cligy + 2 1p(CHha — Cli), (4.6)
p=1

where Cg-kl and Ci"fkl are elastic constants of the tetragonal and monoclinic phases,

respectively. m is the number of product phases (monoclinic variants in this study). The elastic
energy defined in Eq. (4.2) is based on the Hooke’s law, therefore the stress tensor is related to

elastic strain tensor through the following equation:

0ij(uimp) = Cijii (M1, M2 s ) ERL- (4.7)

e Chemical free energy (Fp):
F¢, determines the system’s energy dissipation due to MPT. The 2-3-4 or 2-4-6 Landau

polynomials defined in terms of order parameters are the most common types of F.y, [31].
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However, these chemical energies underestimate the elastic response in the beginning of the
stress-strain curve. Lotfolahpour et al. [53] proposed a modification to the 2-3-4 polynomial to

address the elastic modulus underestimation, which is used in this paper:

m m m 2 m
n
Fch(m.nz.---.nm)=fAG aZnﬁ—bZnSJr ¢ Zné +d2|np| av; i
p=1 p=1 p p=1 (4.8)

v =1
1<n<?2,

where AG is the chemical driving force and is the difference in the specific F;, between the
parent and the product. The following equation can be used to calculate AG for 3Y-STZ at

different temperatures [16, 123]:

AG(T - M) = —6159.18 + 6.98T, (4.9
where the energy is in Jmol~%(or Jm~3) and the temperature (T) is in Kelvin (K). In addition, a,
b, c, d, and n are coefficients that should be chosen in a way that maintains the value of the

interfacial energy within the physical reasonable range [53] and at n,, = 1 resultin Fy, =
AG(T - M).
e Gradient free energy (Fyq):

Fqyq represents the interfacial energy between tetragonal-monoclinic or monoclinic-

monoclinic phases and ensures a smooth transition of the OPs between different phases. It is

expressed as:

m
B.::
v p=1
where V is the gradient operator and B;; is gradient energy tensor. We assume that the gradient

energy coefficient is isotropic (B;; = B4;;) [16]. Therefore the Eq. (4.10) becomes:
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m

(Vp)2av. (4.12)
=1

N oo

ng(Th; N2, "'rnm) = f
%4 p

e Plastic energy (Fp)):

F

pl represents the system’s energy dissipation due to plastic deformation, and it can be

expressed as [164]:

1 1
Fpr = f f oy (sgq) deby v (4.12)

where g, is the yield stress which is dependent on the equivalent plastic strain (e}f},) and is

defined as:

gy = 0y + Hely. (4.13)

gy, IS the initial yield stress. H is the hardening coefficients.

e Governing equations

The evolution of the OPs representing the MPT can be obtained through Ginzburg-

Landau relation [124, 125]:

0 SF, 6Fy OF, OF SF,
Mp — L( tot) . < el + ch + gd + pl >’ (4.14)
dat Sy onp,  6np,  Omp  Omy

where L is the mobility parameter and controls the evolution rate of the OP 7,,. The expansion of

the above equation is:

§Fy 1 1
5 == Efﬁl(Ci’ﬁz — Cl)efl — Ecijkl(nl'nz' o Im)ERL (P)ES]
Mo
. (4.15)
= 5 Cijra (10,2, o M)}’ DI,
m
6Fch 2 2 n-1 .,
51 = AG(2an, — 3bny, + 4cny, Z npy + nd|r;p| 51gn(r;p)) (4.16)
P

p=1
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SF. (4.17)
gd 2
= —BV*np,,
51y P
51y '

It is worth noting that in Eq.(4. 15), the &£} is dependent on plastic strains (Eq.(4.3)). In
other words, this equation shows how plasticity affects the evolution rate of n,,. In this paper to
model plasticity, we consider an associative rate-dependent plasticity model. The plastic strain

tensor is defined as:

t
. do...:
)
0

where A is the plastic multiplier and N;; are the plastic flow directions [165]. The rate of the A
can be found through minimizing the F,,. with respect to A. It should be noted that this approach
is similar to deriving the evolution rate of OPs based on the Ginzburg-Landau relation in PF

approach.

(4.20)

E‘“( 5/1)_ (5,1 Yo T e )

where u is the viscosity coefficient which controls the plastic strain evolution rate and plays the

same role as L in Eq.(4.14), and the expansion of the above equation leads to:

8;;1 = _%Cijkl(m’nz, ...,nm)Nklefjl - %Cijkl(nl,nz, ...,nm)Nije,i%, (4.21)
o (422)

(Sg—id =0, (4.23)

55;—? = 0y, + HA|N|. (4.24)

The Eq.(4. 21) presents the source terms for plastic strain evolution. In this equation the

elastic constants are dependent on the tetragonal and monoclinic variants (7,,). In addition, the
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efjl is dependent on the transformation strain (s{}) and consequently on 7,,. These dependencies
reveal the coupled relationship between plasticity and MPT and shows that the evolution of the
1, affects the elastic constants and elastic strain and consequently the evolution of plastic strain.
In addition, in Eq.(4. 24), A is eé’é. In order to make the plastic strain evolve only when stresses

exceed the yield stress, we impose the Kuhn-Tucker conditions [166]:

8 Fror By SFeor [ 01
< — > —\|=0. 4.25
oy =0, at_o’ (6/1)(6t) 0 (4.25)
The plastic strain rate can be expressed as:
pl _ 94 4.26
SB = EN ( )

This expression can be inserted in Eq.(4.19) to calculate the elpjl. It is worth mentioning,

this associative rate-dependent plasticity model resembles Bingham viscoplasticity model [163,

165]. Furthermore, the average plastic strain at time t is calculated through:

t
— 1
|l = — f £lqdA (4.27)
where A;,:q; 1S the total domain area. In addition, by neglecting the body forces, the mechanical

equilibrium equations lead to:

div O'(U,i, T]l) =0. (428)

4.3.2  Generating polycrystals
This subsection explains our approach to creating polycrystals with different grain sizes.
In addition, we explain the advantages of this approach in terms of discretization compared to
other methods for creating polycrystals. To generate polycrystals, we use the PF grain growth
model [167]. In this approach, a polycrystalline microstructure can be described by many field

variables which each variable represents a grain and its orientation, and these variables are
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continuous in space. The temporal evolution of these field variables is described by the
Ginzburg-Landau relation. This approach can create realistic polycrystals and overcomes the
difficulties of generating high quality mesh due to the presence of lines (GBs) and GBs junctions
when the grains and GBs are drawn manually or when the topology of the microstructure is
directly imported to the numerical model.

We first create polycrystals without considering MPT, plasticity or any other physics. In
this approach an OP ¢&; represents the ith grain in the domain. The total energy of the system can

be expressed as following [167]:

FE =6 [+ ) S wena, (429
v i=1
F= Qg +hEn+ V;;E?Ef, (4.30)

where 1 is the domain volume, a, § and y are the model constants, G is the energy barrier, k; are
the gradient energy coefficients which directly determine the width of smeared interface between
grains, and s is the total number of the grain orientations. It worth mentioning that the number of
grains in the domain could be higher or lower than s depending on the initial conditions and the
model parameters. The evolution equations of the OPs are obtained based on the Ginzburg-

Landau relation [124, 125] and are provided below:

S S

dé&;

d—‘? = OG(—afi + BEF + 27 ) Y G HIGVE) i&] = 12,055 1%, (4.31)
i=1 j#i

where 9 is the mobility parameter and controls the evolution rate of the OPs.
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4.4  Solution Scheme and Model Parameters
In this section, first the details of the solution scheme are presented. Then, we describe

the boundary conditions, the second and fourth order tensors rotation, and the model parameters.

4.4.1 Solution scheme and boundary conditions

The governing equations presented in the previous section are solved in a finite element
framework using the solid mechanics and mathematics modulus of COMSOL Multiphysics.
First, we only solve the PF polycrystal equations to produce the polycrystalline models (grain
geometries). In this step, mechanical loads are not applied. We consider the number of OPs s (s
in Eg.(4.29)) to be 30. In addition, to have a non-zero solution, we apply an initial randomly
distributed value between 0 and 0.1 for each OP. After obtaining the polycrystalline structure, we
assign an orientation to each grain and use the model for studying MPT under cyclic loading.

The governing equations of MPT, plasticity model, and mechanical equilibrium are
solved by applying a cyclic displacement-controlled loading. Furthermore, the plane stress
condition is considered in all these 2D simulations. The dimensions of the models and their
boundary conditions are shown in Figure 4.1. Based on this figure, rollers are applied on the
bottom and left edges to avoid PSA at the boundaries.

For all models, quadrilateral elements are generated by the mapped mesh algorithm
feature in COMSOL. A mesh study is conducted, a mesh size of 0.04 um (or 10,000
quadrilateral elements in the domain) is found to be sufficient to resolve the interface of different
OPs. Discretizing the samples with more elements did not noticeably change the microstructure,
PT, PSA rate, and mechanical response, therefore we used 10,000 quadrilateral elements. The
polycrystalline PF equations and the martensite PF and plasticity equations are solved using the

“General Form PDE” module of COMSOL with linear shape functions. The displacements are
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solved using the Solid Mechanics module with quadratic shape functions. The staggered scheme
[126] is used to solve the governing equations where nonlinear sub-problems are solved with

Newton’s method. A time step of 0.1s is used for all simulations.
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Figure 4.1 a) domain dimensions and boundary conditions, and b) applied displacement versus
loading cycle.

It should be noted that in Figure 4.1a) 8 defines the grain orientation with respect to the
global coordinates and measures positive counterclockwise. When 8 = 0°, the a, axis and c;
axis of the tetragonal phase are aligned with x axis and y axis respectively. In addition, in this
paper, 8 = 0° corresponds to [010] oriented crystal. The following equations will be used to

transfer the local stress-free strain tensor (e (p)) and local elastic stiffness tensor

(Crnnop (M1, M2, -, Mm)) 10 the global coordinate system:

2% (p) = RucRj1ff (0), (4.32)

Cijt = RimRjnRioRipCrmnops (4.33)
R;; is the rotation matrix for a grain with an orientation angle of 8, which in 2D is

defined as:

cos(8) sin(8)

Rij = _sin6) cos(®)|

(4.34)
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4.4.2  Material properties and model parameters

This subsection details the mechanical properties of the material under investigation,
model parameters, and the methodology for calculating the energy difference between the T and
M phases. It is worth mentioning that the rationale behind selecting the value of u in the
viscoplasticity model is discussed in Section 4.4. 3Y-STZ, which is a SMC [138, 168], is the
material of study in this work. The equilibrium temperature of 3Y-STZ is reported to be ~883 K
[16]. We consider the temperature of the system is constant and equal to 905 K and we use this
temperature to calculate AG in Eq.(4. (4.9) which yields AG = 156 Jmol™! (7.2 x 10° Jm™3). It
is worth noting that the considered temperature is higher than the equilibrium temperature,
therefore, the system is in SE regime (strain recovery occurs after unloading without a need for
temperature change). Eq. (4.35) and (4.36) show the stiffness tensor of tetragonal and monoclinic
phases, respectively [130, 169]. In addition, the stress-free strain tensors of two monoclinic

variants in a — c plane are given in Eq. (4.37) and (38) [18, 24]:

361100 62 0 0 0
100361 62 0 0 0
T 62 62 2640 0 0
Cire=10 0 0 590 0]|F (4.35)
0 0 0 0590
0 0 0 0064
327142 55 0 0 —21
142408196 0 0 31
M _|55196258 0 0 —18
Ciu=1% 0 0 100-23 0 |GF% (4.36)
0 0 0 —2381 0
—2131-18 0 0 126
0.0419 —0.0761 (4.37)

00 _
& (1) = [—0.0761 —0.0181)
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0.0419

00 —
&y (2) = [0.0761

0.0761

(4.38)

—0.0181F

Table 4.1 shows the other model parameters used in the simulations.

Table 4.1 Model parameters.

Parameters

Values

a,b,c,d,and n in Eq.(4. 8)

2.64, 10.04, 5.37, 3.05, and 1.1 [53]

gy0 and H in Eq.(4. 13)

3000 MPaand 10 GPa, and 1 [16]

Bin Eq.(4. (11)

1x107°Jm™1 [16]

L inEqg.(4. 14) and u in Eq.(4. 20)

5% 107° Pa~1s™! [53]

a, B, v, ki, and G in Eq.(4. 29) and Eq.(4. 30)

1,1,1, 2% 107 m?, and 1 Pa

9 in Eq.(4. 31)

2 Pa 1571

It should be noted that we select a, 8, y in the PF polycrystal model in a way that the
shape of the source energy, f in Eq.(4. 29), is a double well, and the value of f at { = 1 is
negative and lower than f at { = 0. This makes { = 1 the most stable phase in the system and {s
start to evolve upon starting the simulation if the initial value is slightly larger than zero. In
addition, the k; determine the interface thickness and must be selected small enough to guarantee
a reasonable and physical thickness for the interfaces (the transition thickness from one OP to
another OP). In appendix B , the interface thickness calculation for a 1D steady state case is

explained in detail.

4.5 Results and Discussion

First, the cyclic stress-strain curves and the PSA for a polycrystalline model with random
grain orientations are presented. The findings from this initial model serve as the primary
reference for evaluating the results of other models with different microstructural features. In the

subsequent subsections, different strategies to mitigate PSA are investigated. At the end of this
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section and to further elucidate the findings of this research, we conduct a cross-correlation data
analysis to demonstrate the correlation between microstructural features, PSA, and MPT fraction.
To create the polycrystalline models, we only solve the polycrystal PF equation
(Eq.(4.29)), and Figure 4.2(a) depicts the obtained microstructure. To make the OPs ({;) evolve,
we consider a random distribution of initial values larger than zero and smaller than 0.1 for each
OP. The average GS is 0.35 um. A range of 0.2 um to 2 um has been reported for 3Y-STZ GS
experimentally [170]. After obtaining the microstructure, a random orientation (RO) between 0 °
and 90° is assigned to each OP ¢;. The total length of GBs in this microstructure is about 84 um,
and we calculate the GBD by dividing the total length of GBs by the total area of 16 pum?, which
yields 5.3 um™?1. For more details on the GB length and GBD calculation see appendix B. It is
worth mentioning that by changing 9 in Eq.(4. 31), the number of grains and the average GS can
be controlled. The microstructure obtained from this step is used in the simulations where the
effects of microstructural features on the MPT, mechanical response, and PSA are studied. To
study the texture effects, models with different grain orientations are built, which are described

later in this section.
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Figure 4.2 a) The obtained microstructure using 30 OPs in Eq.(4. 29, and b) Random orientations
are assigned to grains.

We start with the initial model shown in Figure 4.2(a) to study the effects of grain
orientation, GBD and pores on the PT and PSA under cyclic compressive loading. The
mechanical response for cycle 1 (C1), 3 (C3), 7 (C7), and 9 (C9) is presented in Figure 4.3. In
the stress-strain plot, the stress refers to the absolute value of average stress in the loading
direction (o) and the strain refers to absolute value of engineering strain in the loading direction
(gy). From C1 to C7, after each cycle the forward transformation starting stress decreases and the
hysteresis loop becomes narrower. However, there is not a notable difference between hysteresis
loops of C7, C8 (not plotted) and C9. In other words, the system stabilizes (known as training
effect [6, 171]) after 7 cycles. This behavior was experimentally observed in other shape memory
materials [171]. Depending on the material properties and boundary conditions, the number of
cycles after which stabilization happens can widely change. Lai et al [5], reported 10 cycles for a
coarse-grained zirconia-based SE SMC micropillar under compressive loading. Du et. al [6],
reported 81 cycles before the stabilized hysteresis loop was observed in a single crystal zirconia-

based spherical sample under compression loading.
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Figure 4.3 Mechanical response (|, | vs. |¢,|) of C1, C3, C7, and C9; MPT map at the beginning
(D, end of loading (1), and end of unloading (111) of C9.

Figure 4.3 also displays the MPT at the beginning of loading (I), end of loading (II), and
the end of unloading (IIT) of C9. Both monoclinic variants are present at the end of loading (11),
and since the system is in the SE regime, after unloading most of the transformed regions
transform back to the tetragonal phase. However, there are some regions that do not transform
back. This occurs due to PSA near or at GBs. The plastic strain causes the accumulation of
residual stress upon unloading and consequently, pockets of martensite are left behind. This
process occurs in each cycle. In addition, at the end of loading, the grains with an angle between

10° and 60° show MPT and grains with an angle outside this range do not show noticeable MPT.
Figure 4.4 presents the plot of average PSA (|E| Eq. (4.27)) in percent over the entire

domain. There is a PSA of 0.047% after C1, and the accumulation rate decreases in each

additional cycle. This observation is consistent with experimental results of PSA in
polycrystalline materials under cyclic loadings [154]. |E| keeps on accumulating in each cycle

even after C7 (|P!| = 0.074%) after which the mechanical response stabilizes. This explains the
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fatigue failure in these materials. In other words, when polycrystalline materials including
ceramics are under cyclic loading, with each additional cyclic loading not only new plastic sites
emerge, but also in the regions that already experienced plastic deformation, the plastic strain
keeps on increasing until it locally reaches a critical value after which microscopic fatigue cracks
can initiate. Then the microscopic fatigue cracks start to grow until total failure happens. In
addition, the cyclic plastic strain in these ceramics is a result of the accumulation of irreversible
mechanisms such as slip [8] and GB sliding [147] which we model these mechanisms by a
general von mises based viscoplasticity model. Since SMCs are brittle, the number of cycles
from fatigue crack initiation to total failure is very limited [6], and if the fatigue crack initiation
is delayed by reducing the PSA, their lifetime can increase significantly. It is worth mentioning
that the PSA starts from 0.047% after C1 and reaches 0.094% at the end of C9. These values are
in good agreement with the residual strain shown in experimental cyclic stress-strain curves [5].
This also confirms that the value of u in the viscoplasticity model is reasonable. It is worth
mentioning, to find a proper value for u, we used stress-strain curves reported by deformation
experiments of few grains micropillars [5]. We ran few grains simulations and tried different p to

produce reasonable stress-strain curves with a focus on values of cyclic PSA.
Figure 4.4 also shows the equivalent plastic strain distribution (eﬁ,’f,) in the domain at the

end of C1, C3, and C9. The PSA is highest in triple junctions of GBs and keeps on increasing in
each cycle. This cyclic increase of plastic strain is consistent with experimental materials [154]
and numerical [151] studies on cyclic response of polycrystalline shape memory materials. This
means triple junctions are critical sites that fatigue cracks possibly initiate from and lead to
intergranular cracks. These results are consistent with experimental observation of fracture in

SMCs [6, 7]. The PSA can be used as a parameter to compare the cyclic life before fatigue crack
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initiation in different cases [32, 144]. In the following, we aim to study different microstructural
features such as grain orientation, GBD, and pores in order to reduce the overall PSA in the

polycrystalline samples.
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Figure 4.4 PSA plot; Equivalent plastic strain maps are shown at the end of unloading of C1, C3
and C9.

45.1 Effects of grain boundary density
Based on the results presented in Figure 4.4, GBs are critical sites at which plastic strain
is highest. Therefore, through reducing the GBD, the PSA can be mitigated. In this subsection,
we explore the effects of GBD through two different approaches. In the first approach, we reduce
the GBD by cutting two small sub domains (Sland S2) of 1um X 2 um from the initial model.
These sub domains are shown in Figure 4.5. In these sub domains the average GS remains the

same as the initial model, which is 0.35 pm. In addition, the grain orientations remain random in
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both S1 and S2. The calculation of the GBD leads to 3.8 um~! and 3 um™~! for S1 and S2,
respectively. Figure 4.5 shows the comparison of the |§| in these sub domains with the initial
model. The inset figures in the bottom of Figure 4.5 (a) show the MPT in both sub domains at
the end of loading of C9. In both S1 and S2, the |P!| is predicted to be lower than the initial
model (4um X 4 pum). This result suggests that by reducing the GBD through making the

sample size smaller, |E| can be mitigated noticeably. One can also expect that for larger

samples, a lower GBD will result in lower |P!].
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Figure 4.5 a) The PSA in the initial model, S1, and S2 sub domains; Inset-Top) the location of
sub domains S1 and S2 in the initial model; Inset-Bottom) the MPT in S1 and S2 at the end of
loading of C9; b) the equivalent plastic strain in S1 and S2 at the end of C9.

Few experimental studies also investigated the effects of GBD on the fatigue life
zirconia-based SMCs. Lai et al. [5] produced ceria and yttria stabilized zirconia micropillars with
fewer grains and GBs by reducing the diameter of micropillars, and they applied cyclic
compressive and bending loadings to the samples. They observed large strains up to 7% and the
ability to cycle reversibly through the MPT up to 50 cycles before failure occurs. Furthermore,

Du et al. [6] produced oligocrystalline and single crystal spherical samples to mitigate the
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cracking problems in cyclic loading of polycrystalline zirconia-based SMCs. The reduced
number of grains and GBs as well as lowering the diameter of the spherical samples resulted in
lowering the GBD. They were able to observe up to 110 SE cycles in some samples with a
diameter less than 4 um under cyclic compressive loading. We can conclude that model
prediction is consistent with experimental observations and the PSA is an effective indicator of
cyclic life in polycrystalline materials.

In the second approach for studying the effect of GBD, we produced coarse-grained
microstructure by increasing the GS to reduce GBD. To increase the average GS, we increased
the mobility parameter in Eq.(4. 31) to 30 Pa~1s~1. Figure 4.6(b, top row) shows the obtained
microstructure and grain orientations, where the average GS is ~ 1 um, the total length of the
GBs is ~ 33 um, and the GBD is 2.03 um™*. We study two different cases: RO (8 between 0°
and 90°) and texture 1 (TX1) (6 between 0° and 30°). Figure 4.6(a) shows plots of |E| for the
initial model (GS = 0.35um, GBD = 5.3 um~1, RO), coarse-grained microstructure with RO

(GS=1um, GBD = 2.06 uim RO), and coarse-grained microstructure with texture (GS = 1um,

GBD =2.06 um~1, TX1). Figure 4.6(b, bottom row) shows the plastic strain distribution
throughout the domain for both coarse-grained cases. The inset figures show the MPT for both
coarse-grained cases. Figure 4.6 results indicates that by reducing the number of GBs and GBD
through increasing the GS, |§| can be significantly mitigated. This observation can be
explained based on two concepts; first, by reducing the number of grains in the domain, the
number of triple junctions, GBs, and GBD decreases, and this leads to a lower PSA. Second, the
GBs are non-transforming regions, and they halt MPT. Therefore, by reducing the number of

GBs, the MPT develops larger bands and occurs easier without being stopped at the GBs and this
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makes the MPT the dominant energy dissipation mechanism in the system, therefore reduces the
energy dissipation through plastic deformation.

The TX1 results shows that by reducing the number of GBs as well as tailoring the grains
orientation, |ﬁ| can be drastically lowered, and this will lead to a significant higher cyclic life.

This result can be used as a guide for future experimental studies and design of SMCs.
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Figure 4.6 (a) The PSA versus number of loading cycles; Inset) MPT for RO and TX1 cases at
the end of loading of C9; (b) the microstructure and grains orientation (top row), and the
equivalent plastic strain in the domains at the end of C9 (bottom row).

45.2  Effects of grain orientations
The result of TX1 revealed that the grain orientation has a large impact on the PSA. This
result guides us to investigate the effects of textures in more detail. In this subsection we
investigate the effects of strong textures by considering three different textures in the initial
domain (GS = 0.35 um) and compare the results with the case where grains have random
orientations between 8 = 0° and 8 = 90°, presented in Figure 4.3 and Figure 4.4. In texture 2
(TX2) a random orientation between 8 = 0° and 8 = 30°, in texture 3 (TX3) a random

orientation between 8 = 35° and 8 = 45°, and in TX4 a random orientation between 8 = 60°
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and 8 = 90°, all with respect to the loading direction, is considered for each grain. The same
polycrystal microstructure used in previous simulations is considered.

Figure 4.7 (a) displays the PSA for different grain orientations of RO, TX2, TX3, and
TX4. The inset figures present the MPT map for these textures. By comparing these results to
Figure 4.4, we can conclude that grain orientation plays a drastic role in PSA and MPT. TX2

leads to a noticeable lower |€P!|, and TX4 leads to a drastically higher || compared to RO. In

addition, |P!| is the lowest in TX2 among all textures. In TX2 and TX3 cases, since most grains
are oriented in a direction that MPT happens, a large portion of the elastic energy is dissipated
through MPT and not plastic deformation. In addition, both TX2 and TX3 have a lower plastic
deformation than the RO case, therefore, a higher cyclic life is expected compared to RO. In
TX4 case, the transformed domains are smaller, and they are limited to limited number of grains
with angles between 60° to 70°. The main mechanism of energy dissipation is plastic
deformation, and this leads to a higher PSA and consequently a lower cyclic life before fatigue

crack initiation is expected.

(@), (b)

Figure 4.7 (a) PSA plots; Inset) MPT for TX2, TX3 and TX4 at the end of loading of C9; (b)
TX2 and TX3 grains orientation (top row), and equivalent plastic strain in TX2, TX3 and TX4
cases at the end of C9 (bottom row).



45.3 Effects of engineered pores

MPT in zirconia-based SMCs is accompanied by large localized deformations due to
phase expansion. If the material is not able to accommodate the large deformations and
mismatch stresses, cracks will emerge after few cycles of loading [5-7, 138]. In this section, we
study the effect of pores on plastic deformation. We first consider a random distribution of pores
and then we investigate the effects of pores located closer to GBs. These pores can generate
during manufacturing processing or service as a result of volume change due to MPT or high
localized stress mainly at GB junctions or around material inclusions [18, 172]. Different
manufacturing techniques and inclusions can be used to engineer the GBs and inclusions’ sites
and consequently the location of possible pores [172]. Engineered pores may provide space for
phase expansion when the material undergoes MPT and consequently decrease the plastic
deformation. We study this hypothesis by considering five different PVF of 0.5%, 1%, 1.5% ,
2% , and 2.5%. For PVF of 0.5% and 1% two different pore radiuses (r) of 0.04 pm and
0.06 um are considered, and for PVF of 1.5%, 2% , and 2.5% only pores with a radius of
0.06 um are considered. The same microstructure and grain orientation distribution as initial
model (Figure 4.3) is considered for all cases with pores. Figure 4.8(a) shows the plot of |§| for
different PVF and pore radiuses; the case labeled “without pores™ refers to the initial model
shown in Figure 4.3 and Figure 4.4. Figure 4.8(b) presents the plastic strain distribution in the
domains with PVF of 0.5% and 1% with different radiuses of 0.04 um and 0.06 um. There is
not a noticeable difference in the MPT pattern with pores compared to the initial model shown in
Figure 4.4. Based on Figure 4. 8(a), in the most studied cases, the existence of pores reduces
|E|, therefore leads to a higher cyclic life. This can be explained based on the fact that pores

provide more room for the system to accommodate the expansion due to the MPT and this
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alleviates the mismatch stresses and reduced the PSA at GBs. However, for the PVF higher than
2%, |ﬁ| increases with a high slope rather than staying flat after cycle 3. Based on Figure 4.
8(a), for cases with PVF of 2% and 2.5%, |§| even becomes higher than the case with PVF of
1.5% at the end of C9, and the difference is expected to become larger after C9. These results

suggest that pores can reduces the |5| however there is a threshold for the PVF.
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Figure 4.8 (a) PSA plots for different PVF and pore size, and (b) equivalent plastic strain in the
domains with randomly distributed pores at the end of C9 for 4 different cases.

As far as pore radius, the smaller radius leads to a lower |¢P!| for the same PVF. This
result shows that the number of pores plays a pivotal role. For the same PVF, a smaller pore
radius leads to a higher number of pores, which means in more locations over the domain the
phase expansion due to MPT can be accommodated and this leads to a lower |£PI|. In addition,
these results show that pore radius of 0.04 pum is still large enough to accommodate the shape
change due to the MPT. In Figure 4.8 for all seven cases, pores are randomly distributed over the

domain. Since GBs are crucial regions with the highest PSA, we conduct new studies by locating
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the pores on the GBs with the highest plastic strain. A PVF of 0.5% at GBs (PVFGBs) and two
different pores radiuses of r = 0.04 um and r = 0.06 um are considered.

Figure 4. 9(a) shows the plots of |E| for the new cases against the case without pores
(the initial model) and the case with PVF = 0.5% of randomly distributed pores. By locating

pores on the GBs, |m| decreases significantly compared to the case with randomly distributed

pores. The case of PVFGBs = 0.5% with r = 0.04 um reduces |P!| by 30% with respect to PVF
=0.5% and r = 0.04 um, and 38% with respect to the case without pores. These results confirm
that GBs are critical regions and by providing space near GBs to accommodate the phase

expansion due to the MPT, the cyclic life before fatigue crack initiation can be increased.
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Figure 4.9 (a) PSA plot; (b) the equivalent plastic strain distribution in the domains with
randomly distributed pores at the end of C9 (top row) and in the domains with pores located at
GBs at the end of C9 (bottom row).

4.5.4  Analysis of parameters controlling PSA
In this section, we apply a cross-correlation data analysis approach to study the

relationship between the microstructural features, the PSA and the MPT fraction (at the end of
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loading of C9) through a heatmap. To calculate the MPT fraction we use the equation of

1

" ¥% . m;A; where A; is the area of ith monoclinic variant and A, is the total area of the
total

domain. The correlation matrix is calculated based on the Pearson approach [173, 174] using a
correlation coefficient (r) which can vary between —1 and 1. If the value is positive, then it
means there is a direct correlation between two variables, meaning by increasing one variable the
other variable increases as well. If the value is negative, it means there is an inverse correlation,
meaning when one variable increases the other variable decreases. If the value is zero, there is no
correlation between the two variables. In addition, if the value is closer to 1 or — 1 thereis a
stronger positive or negative correlation, respectively. The correlation is calculated based on the

below equation:

. X —00i—Y)
VI — 02X (y; — ¥)?

where x; are different values of variable x in a sample, x is the mean of x;, y; are

(4.39)

different values of variable y in a sample, and ¥ is the mean of y;.
We consider two target variables of |§| (at C9) and MPT fraction (at the end of loading

of C9), and four attribute variables of pores size (PS), PVF, average grain orientations of
textured samples (AGOTX) with respect to loading direction, and GBD. Figure 4.10 shows the

obtained heatmap.

96



|€Pt| (%) at Co

, 075 |
i MPT fraction | aso
PS 025 !
| 0.00 |
; PVF i
-0.25 |
i AGOTX |
: -0.50 |
i GBD i
: -0.75 |

Figure 4.10 The correlation between the studied microstructural features and two target variables
of |eP!| (at C9) and MPT fraction (at the end of loading of C9).

The plastic deformation and MPT are two energy dissipation mechanisms, and the high
negative correlation of -0.6 indicates that only one of them can be the dominant energy
dissipation mechanism in a system. The heatmap also shows that the highest correlation is
between MPT fraction and the average grain orientations with respect to the loading direction in
a textured sample (AGOTX). The correlation is negative (-0.84) which means by increasing the
average grain orientation in the textured cases, MPT decreases and therefore MPT would not be
the dominant source of energy dissipation and plastic deformation will be the main source of

energy dissipation. This is why the heatmap predicts a high positive correlation of 0.78 between

AGOTX and |§| In addition, the heatmap shows a relatively high correlation of 0.42 between
GBD and |§| As expected, this correlation is positive since in the previous sections, we
showed that by reducing GBD, |E| decreases noticeably. Furthermore, the heatmap presents a

positive correlation between |eP!| and PVF and PS. However, these correlations are small, and
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this is because based on the results, |5| can decrease more by changing the AGOTX and GBD
compared to applying pores to the system. Based on the previous results in this paper and what
the heatmap presents, the AGOTX has the highest effect in controlling |E| then the GBD plays

the most effective role, and next is the pore volume fraction.

4.6 Conclusions

We integrated a phase-field MPT model with a viscoplasticity model to investigate the
effects of microstructural features, such as grains orientation, pores, GBs, as well as domain size
on MPT and PSA in polycrystalline SMCs subjected to compressive cyclic loading. We used
average PSA as an indicator of cyclic life, aiming to enhance the material's ability to withstand a
higher number of cycles before fatigue crack initiation by reducing average PSA.

In these materials, the previous experimental and computational studies have established
that the plastic strain originates from irreversible mechanisms such as slip and GB sliding. To
simulate plastic strain, we employed a straightforward viscoplasticity model with a few constants
that require determination. Our results showed that this model is capable of predicting cyclic
plastic strains effectively, aligning quantitatively with available experimental reports.

Our simulations predicted a high plastic strain at the GBs particularly at triple junctions,
and this result is consistent with experimental observations. Given that GBs are critical sites with
the highest plastic strain, we studied the effects of GBD on PSA. The model predicts a lower
PSA if GBD is lowered achieved by domain size reduction or increased average GS. The results
on the domain size effects are in good agreement with existing experimental observations.
Furthermore, our research reveals that engineered pores can play a more effective role in

reducing the PSA when located close to the GBs. This can be attributed to pores offering space
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to accommodate the expansion due to MPT. However, we have identified a threshold for PVF; if
PVF exceeded 2%, additional porosity may play a negative role and increase PSA and
consequently decrease the cyclic life. Our model also captures the impact of grain orientations
effectively. Textured microstructures with grains oriented close to 45° with respect to the loading
direction exhibited drastic reduction in PSA, primarily due to MPT becoming the dominant
energy dissipation mechanism. This phenomenon could lead to significantly enhanced cyclic life
in polycrystalline SMCs.

The ideas and simulations presented in this study for reducing PSA in polycrystalline
shape memory materials represent novel contributions not explored in previous experimental or
computational studies. The primary purpose of this study was to offer insights for future research
on tailoring the microstructure to enhance the cyclic life of SMCs. In addition, the model

presented in this research is extendable to other polycrystalline shape memory materials.

4.7 Appendix B
Here we explain the approach used for calculating the GB length and GBD. With the
solution to Eq.(4. 29) (the PF polycrystalline model) at hand, we assign a grain orientation to

each grain according to Eq. (4.40).

0 =06, X +6; X5 ... 030X 30, (4.40)
where 6; is the selected orientation for grain i.
Now, the GBs are identified with the following equation and dGB field is shown in

Figure 4.40:

dGB = J(g)z + (%)2 m-1 (4.41)
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Figure 4.11 The distribution of dGB.

EqQ. 4.41 calculates the magnitude of the gradient of 8 over the domain, and this equation
yields different values for different GBs. The value of dGB depends on the misorientation angle
between two neighboring grains. In addition, this number is ~0 inside the grains.

Now, we calculate the minimum value for dGB which we consider representing a GB.

First, we consider the steady state problem in a 1D domain with only one OP (. Therefore the

Eq. (4.29)-(4.31) become:

k
PRON =G [ (f + 5@, (4.42)
1’4
A ICE 2em, (@43
0 = —a(x) + B{(x)3 — kV?{(x) (4.44)

Considering G = 1Pa, a and S equal to 1 (see Table 4.1), the Eq. 4.44 recovers the
steady state Allen-Cahn equation [125]. It is worth mentioning that we consider k =

2 x 10716 m? (Table 4.1). Applying the boundary conditions of {(+o) = +1 and {(—o0) =
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—1 yields an analytical solution of {(x) = tanh (\/%) which is plotted in Figure 4.12 in a

domain size of 0.2 um. From the profile shown in Figure 4.12, we define the width of the
smeared interface as the intersection of the tangent line (¢;) at x = 0 with { = +1. This yields an
interface width of 2v/2k ~ 0.04 um. It is worth noting that this GB thickness is small enough
compared to the domain size, and for this microscale study, using a smaller GB thickness does

not noticeably affect the results.

¢
Ce= \/%x
1 — " /'_/’
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T — = _1__

Interface width =22k

Figure 4.12 The analytical solution of Eq.(4.44) (tanh (\/%_k)) and the process of calculating the
smeared interface width.

Now, we consider that two grains are separated when they are misoriented by at least
AB,,in = 0.105 radians over the width of the smeared interface. Therefore, the minimum value

of dGB to define a GB is:

— AQmin
2V2k
By applying the above constraint, the plot of dGB is shown in Figure 4.13.

dGB i = 2.6 x10°m™? (4.45)
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Figure 4.13 The distribution of dGB > 2.6 X 10 m™!

By integrating dGB over the entire domain we will obtain the total area of dGB. By
dividing this area by the size of two elements (based on Figure 4.13, the dGB is over two
elements for almost all GBs, the size of each element is 0.02pm), we can calculate the total
length of GBs. To calculate the GBD, we divide the total length of GBs by the domain area. For
example, for the case of Figure 4.13, the GB length calculation yields 84 um and GBD is

calculated by dividing the GB length by the domain area (16 pm?) which yields 5.3 um™1.
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CHAPTER 5
A 3D PHASE-FIELD MODEL FOR PREDICTING ORIENTATION-DEPENDENT
DEFORMATION AND FAILURE OF MICROPILLAR SHAPE MEMORY CERAMICS

5.1 Abstract

Microscopic samples of zirconia-based shape memory ceramics (SMCs) have shown full
martensitic phase transformation (MPT) over multiple loading cycles without cracking.
However, it is crucial to note that the occurrence of MPT is highly influenced by grain
orientation. Depending on the specific orientation of grains relative to the loading direction,
alternative mechanisms such as plastic slip and fracture may emerge. We introduce a phase-field
(PF) based framework coupling a PF-MPT, a PF fracture, and a crystal viscoplasticity model to
examine how grain orientation impacts MPT, plastic slip, and fracture mechanisms in SMCs
micropillars. We focused on single crystal micropillars to distinguish the orientations that
facilitate each mechanism. We found a wide range of grain orientations in which micropillars
predominantly exhibit MPT. Furthermore, micropillars with grain orientations close to (100) and
(001) predominantly experience fracture, with minimal plastic slip observed. In addition,
samples with (110) orientation show significant amount slip plasticity. The results obtained in
this research are in good agreement with experimental data. We generated a pole figure to clarify

our findings on the interplay between MPT, cracking, and slip under compressive loadings.

5.2 Introduction:

Zirconia-based SMCs are a type of intelligent material known for their capacity of
demonstrating either superelasticity or shape memory effect functionalities as a result of MPT.
The MPT arises from phase change mainly between tetragonal (T) and monoclinic (M) phases.

The shape change induced by MPT is large and due to the inherent brittleness of these ceramics,
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they are often unable to accommodate such significant transformations. This is the main reason
for their low fracture toughness and short cyclic life. Multiple experimental studies on
microscopic samples of these ceramics have consistently highlighted GBs as critical sites for
crack initiation. These investigations have demonstrated that by reducing the number of grains
and consequently minimizing the presence of GBs and even generating single crystal samples,
these ceramics can undergo complete MPT over numbers of loading cycles before experiencing
fracture. For example, Lai et al. [5] produced micropillars with low number of grains and they
observed that some samples can handle up to 55 cycles before they fractured. In addition,
experimental studies have identified plastic slips as one primary irreversible mechanism in these
ceramics. Zeng et al. [8] observed that depending on the crystal orientation in single crystal
micropillars, these ceramics can exhibit MPT, plastic slip, fracture, or a combination of these
three mechanisms.

MPT, plastic slip, and fracture are highly dependent on microstructural features and
comprehensively understanding how these features influence the interplay between these
mechanisms can be challenging, if not impossible, solely through experimental methods. In this
case, numerical studies can be a reliable alternative to experiments. The PF method has emerged
as a powerful approach for modeling both MPT and fracture in engineering materials including
zirconia-based SMCs. Mamivand et al. [14] for the first time used PF method to model the
transformation from T to M phase observed in zirconia-based SMCs. Their model successfully
captured the crystal alternation between the two phases and accurately predicted the
experimentally observed microstructure. The PF method has also been utilized to model the
interaction between MPT and cracking in SMCs [20-24, 53]. For instance, Moshkelgosha and

Mamivand conducted studies on fracture propagation in both single crystal [22] and

104



polycrystalline [23] zirconia-based SMCs using the PF method. They employed stress-controlled
loading conditions. In a separate investigation by the same authors [24], they explored phase
transformation and fracture in a three-dimensional single crystal SMC, observing the initiation
and propagation of martensitic phase transformation (MPT) from the crack tip. Their predicted
crack deflection due to MPT, consistent with experimental reports. Notably, none of these
studies reported an ultimate stress or final stress drop in their stress-strain curves, primarily
because of the stress-controlled loading conditions applied. Additionally, these studies focused
only on SME behavior and in none the SE was considered. Furthermore, none of these models
include plasticity, therefore they were not able to study the interplay between MPT, fracture, and
slip. Later on, Lotfolahpour et al. [53] employed the PF method to investigate the interaction
between MPT and cracking in the SE regime. They addressed a common issue of elastic modulus
underestimation associated with most phase-field (PF) martensitic phase transformation (MPT)
models by modifying the PF MPT formulation. They studied the effects of grain orientation on
MPT and crack path and captured reverse MPT behind the crack tip. They successfully
established an ultimate strength for the material under investigation by applying displacement-
controlled loadings. Cisse and Asle Zaeem [16], coupled the PF MPT with a von mises based
plasticity model to study the interaction between MPT and plasticity in SMCs under monolithic
loading conditions. They identified GBs as critical sites with the highest plastic strain. In
addition, they observed that plastic deformation impedes MPT and compromises the
functionality of SMCs. There are additional studies that focus on coupling PF-MPT with
plasticity, either general plasticity or crystal plasticity models, to examine the interaction
between MPT and plastic deformation in shape memory materials, with a primary focus on NiTi

[34, 143, 150]. However, none of previous studies have investigated MPT, plasticity, and
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fracture simultaneously. Consequently, they have not been able to establish a comprehensive
understanding of the interaction between these mechanisms.

In this study, for the first time we couple MPT, plastic slip, and fracture to investigate the
interplay between these mechanisms in 3D domains. To achieve this, we utilize the PF method to
model both MPT and fracture, while adopting a crystal viscoplasticity model to accurately
represent plastic slip behavior in SMCs. We employ the model for predicting the orientation-
dependent deformation and failure of micropillar SMCs. To better present our findings we

illustrate the results in a pole figure.

5.3 Formulation

In this section, we explain the coupling of elasticity, PF MPT, and PF fracture. Then we
add plastic strains, from slip systems to the inelastic strain expression and discuss the calculation
of the plastic strains based on a crystal viscoplasticity model. We start the formulation by

expressing the total energy of the system as:

Feot (Wi M1, M2, s Nm) = Fe1 + Fen + ng + F (51)
where Fg; is the elastic strain energy, Fc, is the chemical free energy, Fgq is the gradient energy

of the tetragonal-monoclinic or monoclinic-monoclinic interfaces, and Fy, is the fracture energy.

These energies are explained in detail in the following.

e Elastic strain energy (Fe)):
F, can be written as:

1
Fer(uy) =f§g(¢)cijk1€§%€fjl av, (5.2)
%4
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where u; is the displacement, C;j, is the elastic tensor, and g(¢) is the degradation function to
account for the effects of fracture on the elastic energy. It should be noted g(¢) = (1 — ¢)? is

one of the widely used degradation functions that we also use in this work. In addition, eiejl is the

elastic strain which is defined as the difference between the total strain (e{]‘?t), transformation
strain (eit}), and plastic strain (eipjl) (plastic strain calculation will be explained later in this

section):

1
e (5.3)

el _ gtot _

& i £

Considering a linear relation between the OPs and strains [53, 107, 109, 121], s{} IS

defined as:

m

e = ) eSO, (5.4)

p=1
where s?j" is the stress-free strain tensor which represents the change in microstructure between

parent and product phases [16]. The small strain assumption is considered and is defined as:

tot _

1
&j =3 (uij + ). (5.5)
The difference between elastic constants in tetragonal and monoclinic phases is
represented by the following linear relation [16]:

m
Cijra (M1, M2s 0 hm) = Cla + 2 Mo (Clii = Cljir)s (5.6)
p=1

where Cf;;, and C}j,; are elastic constants of the tetragonal and monoclinic phases, respectively.

m is the number of product phases (monoclinic variants in this study). The elastic energy defined
in Eq. (5.2) is based on the Hooke’s law, therefore the stress tensor is related to elastic strain

tensor through the following equation:
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01 (Ui mp) = Cijia M1, M2s s M) ERL (5.7)
e Chemical free energy (Fgp):

F,, determines the system’s energy dissipation due to MPT. The 2-3-4 or 2-4-6 Landau
polynomials defined in terms of order parameters are the most common types of F, [31].
However, these chemical energies underestimate the elastic response in the beginning of the
stress-strain curve. Lotfolahpour et al. [53] proposed a modification to the 2-3-4 polynomial to
address the elastic modulus underestimation, which is used in this paper:

m

m m 2 m
Fen(1,M2, ) tm) = f |AG] aE ng — bz mp+ c Z ng | + dZIan" v ;
v p=1 p=1 p=1 p=1 (5.8)

1<n«K2,

where AG is the chemical driving force and is the difference in the specific F;, between the
parent and the product. The following equation can be used to calculate AG for 3Y-STZ at

different temperatures [16, 123]:

AG(T - M) = —6159.18 + 6.98T, (5.9)
where the energy is in Jmol~*(or Jm~3) and the temperature (T) is in Kelvin (K). In addition, a,
b, c, d, and n are coefficients that should be chosen in a way that maintains the value of the
interfacial energy within the physical reasonable range [53] and at n,, = 1 resultin Fy, =
AG(T - M).
e Gradient free energy (Fgq):

Fyq represents the interfacial energy between tetragonal-monoclinic or monoclinic-

monoclinic phases and ensures a smooth transition of the OPs between different phases. It is

expressed as:
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m
Foa(M1,M2) - M) = f 7’2 Vin,Vin,dv, (5.10)

where V is the gradient operator and B;; is gradient energy tensor. We assume that the gradient

energy coefficient is isotropic (B;; = Bé;;) [16]. Therefore the Eq. (5.10) becomes:

(Vnp)2dV. (5.11)

N o
ilpgt

Fea(M1,M2, s ) = f
v

e Fracture energy (Ff):
F;, presents the fracture energy in the system and is defined as [65, 74, 80]:

2
Fr@) = [ 6 (fk |\7¢|2)dv (5.12)
|4

where G, is the fracture surface energy in Griffith’s theory, and k is a positive regularization
parameter with the dimension of length to regulate the width of the crack phase field. In this
paper, we use the method proposed by Miehe et al. [81] to ensure irreversibility of crack (crack

healing prevention):
Fel(ui' t) = max Fel(ui' S)' SE [0' t]' (513)

5.4 Governing equations

The evolution of both MPT and PF fracture are obtained by Ginzburg-Landau equation
[124]. This equation relates the rate of each OP to the variational derivative of total free energy
with respect to the same OP. Using Ginzburg-Landau equation for MPT yields following

equation:

Ny _ 8F ot _
—F - —
Jt oy

where L is the kinetic coefficient, and:

, <6Fe1 | OFen | OFga  OF, )

6np  Smp - Smp - Oy (5.14)
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6Fq

1 1
= 5 8@ (Clila — Cliia) ekt = 5 8@ Cijra (1, M2, - M)l D]

é
T . (5.15)
= 5 8(®)Cijir (10,12, o M) (D)
SF, S
= AG(2an, — 3bn} + deny > 7R), (5.16)
oy ~
0Fga 2 (5.17)
Sy —BV<ny,
OFp (5.18)
= 0.
oy
In addition, using the Ginzburg-Landau equation for PF fracture leads to:
0p (8For\ _ 8Fy OFq OFgq OF
E‘M(5¢>_M<5¢+5¢+5¢+6¢ ' (5.19)
where M is called the fracture mobility coefficient, and:
6F,
6(;1 = —(1 = O)Cijia (M1, M) - Im)ERIES) (5.20)
8Fen _ .
5p (5.21)
6Fga 0 (5.22)
5
6Fy ¢ 2 (5.23)
5 = Gc<k kv ¢).
In addition, by neglecting the body forces, the equilibrium equations become:
div o(u;, ¢) = 0. (5.24)

5.5 Crystal viscoplasticity
Experimental observations well established plastic slip as the predominant irreversible
mechanism in single crystal zirconia-based SMCs [8]. To incorporate slip in our formulation, we

employ crystal viscoplasticity. Slip systems are defined by two vectors: normal vector of the slip
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plane (p) and the slip direction vector (d). Plastic strain tensor of the nth slip systems is

expressed as [175]:
N
pl _ .
n=1 .

where N is the total number of slip systems, y,, is the plastic slip evolution rate, and P;; are the
components of the orientation tensor (P,,), also knowns as symmetrized Schmid tensor, of the

nth slip system and is calculated as:

1 — a9 . I —
P, = Z(pn ® dp + dn & pn) (5.26)

In addition, the accumulated plastic slip and the magnitude of plastic slip at time t are

defined as follows [175]:

y = ;wnl 52)
¢ (5.28)

Iyl = f ydt

0

The slip systems become active when the resolved shear stress on the slip plane and in
the slip direction reaches a critical or yield stress threshold (z.,.). The resolved shear stress in the
slip direction, a scalar quantity, is computed as follows:

Th = a(ui: ¢)Pn
(5.29)

There are various flow rules to calculate the y,,. In this study, we adopt a Chaboche-type

potential defined as follows [175]:
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. |Tn| — Terpm
Yn =0 sgn(ty,) (——),"
Tpy (5.30)

where 9 is viscosity coefficient, m and t;, are model constants, and the Macaulay brackets is

defined as (), = max (0,%). 7., is a function of |y| and is defined to take the following form:

ift.. >0, .
T = 0. + H Iylf" W Ter, YOminn
{ c'n Yon " (5.31)

Ter, = Oyo., . i
cry YOming, if 7o, < OYomin,

where gy, is the initial yield, H,, is the hardening modulus, and Oy 0rminy, is the lowest yield

stress, respectively, of nth slip system.

5.6 Solution Scheme, boundary conditions, model and material constants:

The governing equations presented in the previous section are solved in a finite element
framework using the solid mechanics and mathematics modulus of COMSOL Multiphysics. All
simulations are under load-controlled loading conditions unless otherwise stated. The boundary
conditions and sample dimensions are shown in Figure 5.1. For all models, quadrilateral 3D
elements are generated by the swept mesh algorithm feature in COMSOL. A mesh study was
conducted where we found that a mesh size of 0.07 um (or 18200 quadrilateral elements in the
domain) were sufficient to resolve the interface of different phases and PF fracture profile. The
displacements are solved using “Solid Mechanics” module with linear shape functions. The
crack PF and Martensite PF are solved using the “General Form PDE” module of COMSOL with
linear shape functions. In addition, the crystal plasticity strains are calculated using the “domain
ODEs” module with linear shape functions. The staggered scheme [126] is used to solve the
governing equations where nonlinear problems are solved with Newton’s method. The time step

of 0.05s is used for all simulations.
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Figure 5.1 Micropillar dimensions and boundary conditions.
5.7 Material properties and model parameters

3Y-STZ, which is a SMC [138, 168], is the material of study in this work. The

equilibrium temperature of 3Y-STZ is reported to be ~883 K [16]. We consider the temperature
of the system is constant and equal to 820 K and we use this temperature to calculate AG in Eq.
(5.9) which yields AG = —433 Jmol~! (=20 x 10° Jm~3). It is worth noting that the considered
temperature is lower than the equilibrium temperature, therefore, the system is in SME regime
(strain recovery does not occur after unloading). Eq. (5.32) and Eq. (5.33) show the stiffness
tensor of tetragonal and monoclinic phases, respectively [130, 169]. In addition, 3Y-STZ has 12

different M variants, and the stress-free strain tensor of each variant is expressed in Eq. (5.34)

[24].
361100 62 0 0 0
100361 62 0 0 0
r _ |62 622640 0 0
Cim=19 0 0 590 0] (5.32)
0 0 0 0590 :
0 0 0 0 064
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327142 55 0 0 —21
142408196 0 0 31
M _ |55 196258 0 0 —18
Cok=1% "0 0 100-23 0 |°F% (5.33)
0 0 0 -2381 0 '
—2131-18 0 0 126
0 0.0418 —0.0769 0 o 0.0418 0.0769 0
& (1) = [-0.0769 0.0048 0 &ij (2) =10.0769 0.0048 0
0 0 —0.0114 0 0 —0.0114
00 0.0049 0 —0.0769 0 00049 0 0.0769
gj (3) = 0 00117 0 g (4) = 0 00117 0
—-0.0769 0  0.0180 00769 0 0.0180
0 00117 0 0 00 00117 0 0
gy (5) = 0  0.0049 —0.0760 & (6) = 0 0.0049 0.0760
0 —0.0760 0.0180 0 0.0760 0.0180 (5.34)
0 0.0048 —0.0769 0 00 0.0048 0.0769 0
& (7) = 1-0.0769 0.0418 0 & 8) = [ 0.0769 0.0418 0
0 0 —0.0114 0 0 —0.0114
0 0.0117 0 0 0 0.0117 0 0
gj (9) = 0 0.0419 —0.0760 g; (10) = 0  0.0419 —0.0760
0 —0.0760—0.0180] 0 —0.0760—0.0180
00 0.0419 0 —0.0769 o 00419 0  0.0769
gj (11) = 0 00117 0 g; (12) = 0 0.0117 0
—0.0769 0 —0.0181] 00769 0 —0.0181

Table 5.1 shows the other model parameters used in the simulations.

Table 5.1 Model parameters

Parameters

Values

a,b,c,d,andn

2.15,11.95,7.5,1.25,and 1.1

UyOn' Uyominn' an En' Tp y and my

0.550 GPa, 0.275 GPa, —150 GPa,1,1,and 1

B 1x107%Jm™?!

L 1x107° Pa~1s™1 [53]

9 1x 10*Pa~1s7?!
G, k 200 Nm~1[13], 0.15 pm
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a, b, c,d, and n are calculated in a way that the F,;, plot is a double-well [16] and the
value of F, is equal to —20 x 10° Jm~3 at n,, = 1. Plastic slip, similar to MPT, forms localized
small bands. Incorporating stress softening into the yield stress is crucial for accurately modeling
this phenomenon, which necessitates selecting a negative value for the hardening coefficient H
[176]. The chosen value is notably large and negative, a decision informed by molecular
dynamics (MD) findings that report a sharp decline in the stress-strain curve upon slip initiation
[177]. In addition, it's important to note that the yield stress never reaches zero or becomes

negative, after slip initiation. Consequently, we must establish a minimum yield stress (Gyominn)
to account for this behavior. Based on the observed trend in MD simulations, we set Oy0mmin,, 10

be 50% of the initial slip yield stress [177]. Also, the approach to find Oy, value, is discussed in

section 5.9 . We chose B = 1 X 10‘6é and based on our results gives a reasonable interface

thickness between different phases and choosing smaller value did not affect the results
noticeably. It is worth mentioning, we considered the family of {110}<110> as the slip systems
of the tetragonal phase [139] . This system encompasses four distinct slip systems, therefore N
is Eq. (5.25) is 4. In addition, the Euler angles of the studied micropillars are given in table 5.2. It
is important to highlight that orientation of (100) indicates alignment of the a-axis, b-axis, and c-
axis of the tetragonal phase with the z-axis, y-axis, and x-axis respectively of the global
coordinate system (Figure 5.1), while an orientation of (001) denotes alignment of the a-axis, b-
axis, and c-axis of the tetragonal phase with the x-axis, y-axis, and z-axis respectively of the

global coordinate system.

115



Table 5.2 Pillars ID and orientations

Euler Angles (in degrees)

Pillar ID

El E2 E3

pl 0 0 0
p2 190 45 230
p3 285 45 320
p5 300 60 350
p6 30 75 340
p7 0 90 45

p8 0 90 0
p9 68 104 305
p10 245 35 200
p1l 265 63 16

5.8 Results and Discussion:

We investigated 11 grain orientations, as detailed in Table 5.2. To visually represent our
findings, we constructed a pole figure with three vertices corresponding to orientations of (100),
(110), and (001) as shown in Figure 5.2. To differentiate between MPT, slipping, and cracking,
we followed a systematic approach. Initially, a load ranging between 1.5mN to 2mN was
applied, and simulations were run for one cycle. If MPT occurred, we classified the pillar as a
transforming pillar. In cases where MPT did not occur, we increased the load to approximately
3mN and observed the results after one cycle. If slipping was observed, we designated the pillar
as having undergone plastic slip. If plastic slip was not observed, we further increased the load to
approximately 5mN or higher until cracking was observed. This step-by-step process allowed us
to categorize the behavior of each pillar accurately.

Figure 5.2 illustrates that a broad range of tested pillars exhibits full MPT. However,

pillar p8 displays fracture with minimal MPT and slipping. In pillar p1, a combination of fracture
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and MPT is observed with a minor plastic slip. In this pillar, MPT initiates at a high load,

explaining the extended plateau before complete fracture development.
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Figure 5.2 Pole figure presenting the effects of grain orientation on the interplay between MPT,
cracking, and slip in micropillars.

Furthermore, pillar p7 demonstrates both MPT and a considerable amount of plastic slip.
Our findings highlight that the slip systems characterized by p = <110>and d = <110>and p =
<110> and d = <110> exhibit the highest accumulation of plastic slip among all four slip systems
considered. The plastic slip is particularly pronounced at the bottom edge of the pillar. This can
be attributed to the fully fixed boundary conditions, which induce high stress concentrations,
consequently leading to significant plastic deformation. However, it's worth noting that plastic
slip also occurs within the middle section of the pillar, as depicted in Figure 5.2. It is worth
noting that in an experimental report , pillars with similar grain orientations have been observed

to exhibit only plastic slip without MPT [8].
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The pole figure presented in Figure 5.2, agrees well with a similar experimental test
conducted on zirconia-based SMCs [8]. The discrepancy in MPT start load and residual
displacement between p7 in this study and the experimental data could be due to high variations
in the mechanical properties of the materials under examination. While we utilized properties of
3-YSZ, the material in [8] the material was different and was 2Y203-5TiO2-ZrO, (mol%).

In addition, similar to experimental observations [8], our simulations revealed that in
pillars exhibiting MPT, only one M variant out of the 12 possible variants develops; specifically,
variant 2 (n,) and variant 6 (1), with a predominant occurrence of n,. This observation can be

explained based on the deformation conditions described by ei"j" (2). A deformation exerting

contraction along the c-axis and expansion along the a-axis and b-axis of the tetragonal crystal
structure favors the formation of n,. This deformation pattern aligns with the effects induced by
a compressive load applied along the z-axis. However, the formation of an M variant depends on
different factors such as grain orientation, loading direction, and boundary conditions, making it
a complex and unpredictable phenomenon.

Figure 5.3 depicts the load-displacement plots of selected pillars with full MPT. From
this figure, it can be deduced that grain orientation significantly impacts the elastic modulus in
both loading and unloading paths, the critical stress for MPT initiation, and the duration of the
plateau. Based on Figure 5.3, the critical MPT load (MPT start load) ranges from 0.9 mN (790
MPa) to 1.3 mN (1150 MPa). In addition, the residual displacement is also highly dependent on

the grain orientation and ranges from 105 nm (3% strain) to 190 nm (5.4% strain).

118



15 ¢

Load (mN)

0.5

0 100 200
Displacement (nm)

Figure 5.3 Load-displacement curve for selected pillar with full MPT.

It is important to note that simulations featuring fracture do not exhibit a final drop and
diverge once the crack is fully developed, due to applied force-controlled loading. To observe the
ultimate strength and achieve a final drop in the stress-strain curve, a displacement-controlled
loading must be applied [53]. To obtain a final drop and establish an ultimate strength,
displacement-controlled loading was applied to pillar p1, and the outcomes are presented in

Figure 5.4.
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Figure 5.4 The crack path, MPT, and mechanical response of p1 under load-controlled and
displacement-controlled loading conditions.
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In this figure after the final drop in load, another plateau is observed. This is due to the
MPT occurrence after crack initiates. This observation explains transformation toughening. In
other words, when crack initiates, since stress becomes very high in front of the crack tip(s),
MPT triggers and becomes a source of energy dissipation in addition to cracking. The energy
dissipation due to MPT slows down the crack propagation. This phenomenon reflects as a
plateau or strain hardening in the load-displacement plot. This result is consistent with MD
observations on single crystal 3-YSZ [177]. Furthermore, the distinction in the nature of these
two boundary conditions leads to differences in the crack path observed. While load-controlled
simulations exhibit the occurrence of n, in displacement-controlled conditions, n,,; emerges as
the only M phase. This observation can be explained by recognizing that cracks significantly
affect the stress distribution within the domain, ultimately affecting the occurrence of different M
phases. Therefore, variations in stress distribution resulting from different crack paths can lead to

the occurrence of different M phases in the material.
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5.9 Identification of Ty, in the crystal viscoplasticity model

In the slip system of {110}<110>, with consideration for the direction of the applied
external load, the grain orientation of (110) (or Euler angles of (0°,90°, 45°)) yields the highest
resolved shear, as the slip directions closely align with the loading direction. To determine the

critical resolved shear stress (ayon), we first selected the average plastic yield stress to be 3000

MPa [16]. To generate this average stress, a load of 3.4 mN considering the micropillar’s radius

of 1.2pum. We applied 3.5 mN to p7 and systematically decreased values for Tyo,, starting from

3000 MPa until a slip band was observed. Throughout this process, the objective is to identify

the maximum values of Tyo,. that induce plastic slip, therefore the MPT function is turned off.
The critical value of Tyo,, is determined to be around 550 MPa. Figure 5.5 depicts the slip band
and the load-displacement curve obtained during the identification of Tyo,,- This figure shows

that plastic slip localizes to a small band similar to experimental observations. Furthermore, once
slip band forms, the viscosity coefficient () influences the deformation and residual
displacement. In Figure 5.5, the residual displacement falls within a reasonable and acceptable

range, indicating that the value selected for ¥ is suitable.
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Figure 5.5 Slip band formation and load-displacement curve of p1 with Ty, = 550 MPa and
with MPT turned off.
5.10 Conclusions:

We present a numerical framework combining PF fracture, PF-MPT, and crystal
viscoplasticity to investigate the effects of grain orientation on the interplay of mechanisms of
MPT, fracture, and plastic slip in SME SMCs under compressive loading conditions.

Our findings reveal that single crystal 3-YSZ micropillars exhibit complete MPT for a
wide range of crystal orientations without experiencing irreversible mechanisms of fracture or
plastic slip. We observed that the initiation load for MPT ranges between 0.9 mN (790 MPa) to
1.3 mN (1150 MPa) which is in good agreement with experimental data. Moreover, when the
pillar's a-axis aligns with the loading direction (global z-axis) and its b and ¢ axes align with the
y and x directions, respectively, fracture emerges as the predominant mechanism, with both MPT

and slip occurring minimally.
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When examining the pillar with the (001) orientation, we observe a combination of both
MPT and fracture mechanisms. In the simulation performed under displacement-controlled
loading condition, we observed that fracture initiates first in this pillar, followed by the
occurrence of MPT. The MPT induces a transformation toughening effect before the pillar
experiences complete cracking. Such complex phenomena are challenging, if not impossible, to
fully capture through experimental means alone. Additionally, this outcome shows the necessity
of employing displacement-controlled loading for simulating fracture and capturing the complete
process of crack propagation and establishing the ultimate strength of materials. Unlike load-
controlled loading, displacement-controlled loading enables a more comprehensive
understanding of fracture mechanisms and facilitates the observation of the entire crack
propagation process.

For pillars oriented along the (110) direction, we observe a combination of MPT and
significant plastic slip. Our model predicts that plastic slip accumulates predominantly on the slip
systems with a normal vector p = <110> and along d = <110> and p = <110> and along d =
<110>. While other slip systems may also be activated, the amount of plastic slip observed is
minimal.

The results of this investigation demonstrate the efficiency, predictiveness, and accuracy
exhibited by the proposed numerical framework. Our results illustrate that the proposed
numerical approach yields predictions in excellent agreement with experimental findings.
Moreover, it enables the capture of phenomena that are challenging, if not impossible, to observe

solely through experimental studies.
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CHAPTER 6
CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

6.1 Conclusions

SMCs, characterized by their ability to recover their original shape upon the application
of heat or mechanical load, have gained significant attention across different engineering fields.
These remarkable materials find application across a wide array of industries, including
aerospace, healthcare, automotive, and consumer electronics. However, their practical
applications have been hindered by challenges like low fracture toughness and limited fatigue

life.

Studying fracture properties and fatigue behavior is a critical step in designing
engineering structures composed of engineering materials, such as SMCs. Computational studies
provide a means to investigate the intricate interactions between MPT, cracking, as well as
plastic deformation; interactions that are challenging or impossible to investigate by
experimental studies alone. In this Ph.D. research, we introduced a modified PF fracture model
capable of accurately predicting crack paths and mechanical responses in brittle polycrystalline
materials. Additionally, we proposed two distinct computational frameworks designed for

precise prediction of crack propagation and cyclic responses in SMCs.

First, we explained that the ultimate stress predicted by the original PF fracture model
does not include the material strength and is dependent on materials elastic modulus, critical
energy release rate and the PF lengths scale parameter. We demonstrated that the original model
yields unrealistic ultimate stress in microscopic domains, primarily due to the small length scale
parameter. To address this limitation, we proposed a modification to the original PF formulation,

which incorporates the material's strength. Furthermore, we integrated our modified model with
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a PF fracture model that accounts for the effects of cleavage planes. Our results indicate that in
ZrB,, both transgranular and intergranular cracking are observed, with a higher inclination
towards transgranular cracking. In addition, the proposed models effectively consider both
material strength and cleavage planes, resulting in realistic mechanical responses and accurate

predictions of crack paths in brittle polycrystalline materials.

Furthermore, we identified that the previous PF-MPT models underestimate the elastic
modulus in the initial stage of stress-strain curve, leading to inaccuracies in mechanical response
predictions. We addressed this issue by modifying the commonly used 2-3-4 chemical free
energy formulation. This modification involved the addition of an extra term to the chemical free
energy while maintaining its requisite characteristics. We demonstrated that our modified model
is capable of predicting all stages of stress-strain curve accurately. We coupled the modified
model with a PF fracture model to investigate the effects of grain orientation on the interactive
evolution of MPT and cracking in SMCs operating in the SE regime under displacement-
controlled loading conditions. Our results indicate that the model captures the effects of grain
orientation accurately and predicts reverse MPT behind the crack tip. The results reveal that a
slight change in the grain orientation exerts a significant impact on the MPT and crack path.
Moreover, the MPT not only affects the crack path but also induces transformation toughening
and crack deflection. Furthermore, the model yields a realistic stress-strain curve that exhibits all
the features of a propagated cracked SMC, including a final drop in the stress-strain curve as
well as a stress plateau due to MPT before crack propagation.

Additionally, we integrated our modified PF-MPT formulation with a straightforward
viscoplasticity model to examine how microstructural features impact the cyclic response of

polycrystalline SMCs. We utilized the PSA as a representative of cyclic life prior to fatigue crack
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initiation. We explored various strategies aimed at mitigating PSAs to potentially enhance the
cyclic life of these ceramics. Our investigation revealed that the adjustment of the microstructure
can significantly reduce PSA, potentially leading to an extended cyclic life before fatigue crack
initiation. We Employed cross-correlation data analysis to delineate the key microstructural
features in controlling PSA under cyclic loading conditions. This research reveals that by
creating textures with specific grain orientation relative to the loading direction, the cyclic life of
these ceramics can be significantly extended by mitigating PSA. In addition, pores can also
increase the cyclic life noticeably if placed at GBs.

Finally, we developed a comprehensive predictive 3D PF based numerical framework
incorporating PF fracture, PF-MPT, and crystal viscoplasticity. We examined the effects of grain
orientation on the interplay between MPT, fracture, and plastic slip in single crystal 3D
micropillars. To visualize our findings, we generated a pole figure illustrating the dominant
regions for each mechanism. Through a thorough comparison with experimental data, the model
demonstrates its capability of predicting similar trends observed by experiment; however, there
are some differences primarily stem from variations in material properties used in our model
compared to those of the material used in the experimental setting. We found that grain
orientation in single crystal micropillars has a large impact on activation of different mechanics
of fracture, MPT, or slip or a combination of these mechanisms. In addition, we identify a large
range of grain orientation resulting in full MPT. This study highlights the accuracy of a reliable
numerical framework in predicting experimental observations, suggesting its potential as an
alternative to experimental studies. A reliable numerical model not only does capture the
experimental observations accurately, but it also demonstrates the capability to capture

phenomena that are challenging or even impossible to investigate by experiments.
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6.2 Recommendations for Future Work

The PF fracture model employed in this research is suitable for brittle materials. While
the investigations outlined in this research are transferable to shape memory alloys like NiTi, a
transition to NiTi necessitates the adoption of a ductile PF model. Unlike the PF brittle fracture
model, a fracture model for ductile materials must include various factors such as triaxiality, lude
angle effects, and void coherence to accurately capture the behavior of ductile materials like
NiTi.

Furthermore, determining the appropriate yield surface for calculating the onset of MPT
in large samples of shape memory materials, which predominantly exhibit isotropic behavior,
poses a significant challenge. Unlike the simpler yield surfaces such as Mohr-Coulomb or Mises
used in non-transforming materials, the yield surface in these materials is more complex and has
unusual shape. To address this challenge, numerical studies can offer a viable solution. Initially,
the PF polycrystal model employed in this study can generate polycrystals comprising a
significant number of crystals, effectively representing nearly isotropic behavior. Subsequently,
the modified PF-MPT model proposed in this research can be applied to determine the initiation
of MPT under various loading conditions. By repeating this process, multiple points can be
identified and plotted against applied stresses, resulting in a representation of the material's yield
surface. Employing this methodology, only a few experiments are required to validate or refine
the obtained plot, leading to substantial savings in both expense and time.

The accuracy of the PF fracture model is highly dependent on the resolution of the crack
profile which is exponential. The accurate resolution of this profile necessitates a refined mesh,
particularly within the fracture process zone, making the PF fracture model computationally

expensive. To address this issue, a meshing algorithm can be developed to generate refined mesh
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in front of the crack tip within the process zone while generating a coarser mesh behind the crack
tip. By implementing such an algorithm, the efficiency of the PF fracture model can be

significantly enhanced, thus facilitating its application in larger-scale 3D simulations.
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