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ABSTRACT

A numerical  study is made o f  the problem o f  two dimen­

s ional  t r a n s i e n t  na tu ra l  convect ion o f  f l u i d  f low through 

porous media heated from below. The system is taken to be 

i n i t i a l l y  a t  a uni form te m p er a t u re . The system is heated 

from below cons ider ing the side wal l s  to be p e r f e c t l y  

i n s u l a t e d .

The problem is formulated in terms o f  th ree  s im u l ­

taneous p a r t i a l  d i f f e r e n t i a l  equa t ions ,  ( a )  a t ime depen­

dent equat ion in te m p er a t u re , (b)  an e l l i p t i c  equat ion  

r e l a t i n g  stream func t ion  and v o r t i c i t y ,  (c )  a t ime depen­

dent equat ion in v o r t i c i t y .  Several  procedures in v o l v in g  

var ious f i n i t e  d i f f e r e n c e  approximat ions o f  these equat ions  

are used and an i n v e s t i g a t i o n  is made in to  the s t a b i l i t y  o f  

of  such methods. The e x p l i c i t  up-wind d i f f e r e n c e  technique  

is employed to advance the f i e l d s  of  temperature and v o r t i ­

c i t y  across a t ime step from s u i t a b l e  d i f f e r e n c e  forms of  

equat ions (a & c ) .  The method o f  successive o v e r - r e l a x a -  

t io n  is then used to solve equat ion ( b ) f o r  new values of  

stream fu n c t i o n ,  from which new v e l o c i t y  f i e l d s  are ob ta ined .

The c r i t e r i o n  f o r  the onset o f  convect ion is found to  

be in an e x c e l l e n t  agreement wi th the previous i n v e s t i g a t i o n s ,  

fo r  the non- f low case,  t h a t  is the c r i t i c a l  Darcy -Ray le igh
1/ p

number (Ra “ j j j )  ~ ^tt . For the f low case a s t r a i g h t  l i n e

i v
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is found when c r i t i c a l  Darcy-Rayle igh numbers are p l o t t e d  

ag a ins t  Reynolds numbers. The region above the l i n e  is  

considered to be un s ta b le ,  wh i le  the region under i t  is  

the s t a b le  one.

Solu t ions  were found f o r  Grashof numbers ranging
1 15from 9 .33  x 10 to 2 .18  x 10 , f o r  dimension!ess inverse

p e r m e a b i l i t y  from 0 .0  to 4 x 10* * » fo r  Reynolds numbers 

from 0 .0  to 100,  f o r  Prandt l  number o f  0 .7 3 3 ,  fo r  v o lu ­

me t r ic  s p e c i f i c  heat  r a t i o  of  2 . x 1 0 ”  ̂ and f o r  aspect  

r a t i o s  of  0 . 5 ,  1 .0  and 2 . 0 .  The r e s u l t s  are presented  

as t r a n s i e n t  and steady s t a te  p lots  o f  s t reaml ines and i s o ­

therms .

As a p r a c t i c a l  a p p l i c a t i o n ,  the s t a b i l i t y  o f  v e r t i c a l  

f low o i l  shale r e t o r t s  was considered.  For t y p i c a l  

opera t ing  parameters , these appear to be s t a b l e .

v
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CHAPTER I 

INTRODUCTION

1.1 O b je c t iv e

The purpose o f  t h i s  work was to i n v e s t i g a t e  heat  

convect ion wi th  respect  to s t a b i l i t y  in porous media wi th  

net  f low of  the working f l u i d  and subjected to a v e r t i c a l  

t emperature g ra d ie n t  imposed by heat ing from below.

The o b j e c t i v e  was to f i n d  a c r i t e r i o n  f o r  the onset  

of  convect ion .  The i n v e s t i g a t i o n  was c a r r i e d  out numeri ­

c a l l y  by so lv ing the system o f  p a r t i a l  d i f f e r e n t i a l  equa­

t i ons  considered to descr ibe  two dimensional  f l u i d  f low  

in porous media ( c o n t i n u i t y ,  momentum and e n e r g y ) . The 

system of  p a r t i a l  d i f f e r e n t i a l  equat ions was solved under 

the assumptions of  constant  physical  p r o p e r t i e s  o f  the  

working f l u i d ,  and using the Boussinesq approximat ion f o r  

the d e n s i t y ,  t h a t , f o r  small  temperature v a r i a t i o n s ,  the  

de ns i ty  can be considered constant  everywhere except in 

the buoyant fo rc e  te rm .

This problem is o f  some p r a c t i c a l  i n t e r e s t ,  e s p e c i a l l y  

in o i l  shale r e t o r t s ,  where the cold incoming a i r  f lows in 

above the combustion zone, and is t h e r e f o r e  p o t e n t i a l l y  

c o n v e c t i v e ly  unstable  in the rock m a t r i x .
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1.2 L i t e r a t u r e  Review and General Discussion of  Natural

Convection

When a h o r i z on ta l  l a y e r  o f  f l u i d  is being heated from

below in a g r a v i t a t i o n a l  f i e l d ,  the p o s s i b i l i t y  e x is ts  tha t

convect ion cur ren ts  a r i s e ,  due to the dens i ty  g r a d ie n t .  In

the case where the temperature g ra d ie n t  exceeds a c e r t a i n

c r i t i c a l  v a lu e ,  the f l u i d  s t a te  becomes unstable because

the buoyant fo rce  is s u f f i c i e n t  to overcome the d i s s i p a -
/

t i v e  e f f e c t s . This phenomenon was f i r s t  observed by Benard 

in 1900 ( 1 ) .  The buoyant fo rce  can also be produced by 

i n t e r n a l  he a t i ng .  The r a t i o  o f  r e s t r a i n i n g  viscous fo rce  

and the buoyant fo rce  tending to d r iv e  the convect ion is  

def ined as Rayle igh number.

Ra = GqATH^
OLV

where AT is the temperature d i f f e r e n c e  across the l a y e r ,

H is the depth of  the f l u i d  l a y e r ,  3»v,a  are r e s p e c t i v e l y  

the vo lumetr ic  expansion c o e f f i c i e n t ,  k inemat ic  v i s c o s i t y ,  

and thermal d i f f u s i v i t y  of  the f l u i d ,  g is the a c c e l e r a t i o n  

of  g r a v i t y .

Rayleigh (2 )  made the f i r s t  t h e o r e t i c a l  an a ly s is  of  the  

s o - c a l l e d  Benard problem concerning the s t a b i l i t y  o f  a f l u i d  

l a y e r  in the presence o f  a temperature g r ad ie n t  p a r a l l e l  to 

the g r a v i t a t i o n a l  f o r c e .  He used l i n e a r  theory to analyze  

the i n s t a b i l i t y  problem.
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Fol lowing Benard1s c l a s s i c a l  exper iments , both p h ys i ­

cal  and mathematical  ex p lana t ions  have been pursued by 

many ou ts tanding s c i e n t i s t s .  Pel lew and Southwel l  (3)  

performed a l i n e a r  s t a b i l i t y  ana lys is  o f  a viscous f l u i d  

l a y e r  heated from below under a v a r i e t y  o f  boundary condi ­

t io ns  and found t h a t  convect ion r e s u l t i n g  from i n s t a b i l i t y  

of  the conduct ion so lu t io n  could occur wi th a v a r i e t y  of  

c e l l  shapes can be achieved by using n o n - l i n e a r  a n a l y s i s .  

Malkus and Veronis (4 )  introduced the idea of  f i n i t e  

ampl i tude thermal convect ion and found the p o s s i b i l i t y  of  

a d d i t i o n a l  t r a n s i t i o n s  in the nature of  heat  t r a n s f e r  

beyond the f i r s t  t r a n s i t i o n  from conduct ion convect ion.  

Fol lowing t h i s  f i n i t e  ampl i tude d isturbance concept ,  

S c h l u t e r ,  Lor t z  and Busse (5 )  found t h a t  two-dimensional  

r o l l s  are a poss ib le  form of  convect ion.

In a d d i t io n  to the t h e o r e t i c a l  work,  many exper imen­

t a l  e f f o r t s  has been devoted to determining the heat  t r a n s ­

f e r  r e l a t i o n s h i p  and convect ive  t r a n s i t i o n s  f o r  Benard 

convect ion .  Some e a r l y  s tudies  are those of  Schmit and 

Mil  verson ( 6 ) ,  Malkus ( 7 ) ,  and Krishnamurt i  ( 8 ) made 

d e t a i l e d  measurements o f  the heat t r a n s f e r  r e l a t i o n s h i p .  

Rossby (9)  performed the exper iment  to study Benard 

convect ion inc lud ing  the r o t a t i o n  e f f e c t .
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Convection wi th an i n t e r n a l  heat ing source drew i n t e r e s t
s

in the past two decades. Buoyant forces in t h i s  case are  

dr iven  by a n o n - l i n e a r  conduct ion temperature f i e l d .  Uni ­

form i n t e r n a l  heat ing has been proposed as a model f o r  

the e a r t h ' s  mant le ( 1 0 ) and ou ter  regions of  s t e l l e r  

i n t e r i o r s  ( 1 1 ) .  The Rayleigh number fo r  t h is  problem is 

def ined as

* •  ■

Here temperature d i f f e r e n c e  across the l a y er  in conduct ion  

i s  AT = (SH^/2fc) , where S is  the i n t e r n a l  heat  source 

s t rength  and k is the thermal c o n d u c t i v i t y  of  the f l u i d .

This parameter  is  always meaningful  f o r  any bounding tem­

pe ra tu re  .

G o ld s t e in ,  Sparrow and Jonsson (12)  s tudied the l i n e a r  

s t a b i l i t y  problem f o r  an i n t e r n a l l y  heated f l u i d  l a y e r .

They found t h a t  wi th  in c reas ing  depar tu re  from the l i n e a r  

temperature p r o f i l e ,  the f l u i d  l a y e r  becomes more prone to 

i n s t a b i l i t y ,  t h a t  i s ,  the c r i t i c a l  Rayleigh number decrea­

ses.  Roberts (13)  made l i n e a r  s t a b i l i t y  c a l c u l a t i o n s  f o r  

an i n t e r n a l  1 y heated f l u i d  l a y e r  wi th  an in su la te d  lower  

boundary.  T h r i l b y  (14)  extended Roberts work wi th  a num­

e r i c a l  s t u d y . An exper imenta l  i n v e s t i g a t i o n  of  the same 

problem was c a r r i e d  out  by T r i t t o n  and Zarraga ( 1 5 ) .

T h e i r  study,  l a r g e l y  q u a l i t a t i v e ,  involved v i s u a l i z a t i o n
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of  the f low pa t te rns  in the convect ion p rocess . They found
3

t h a t  near the c r i t i c a l  Rayleigh number, s t ab le  hexagon c e l l s  

formed wi th  decreasing f low in the c e n t e r , counter  to the  

motion observed in Benard Convect ion.

In an a n a l y t i c a l  study Joseph and Sh i r  (16)  appl ied  

the "energy method" to f l u i d  l ayers  w i th  uni form in te r n a l  

heat sources.  They found th a t  possible  s u b c r i t i c a l  i n s t a ­

b i l i t i e s  e x i s t .

The s t a b i l i t y  o f  thermal convect ion in a porous medium 

is also an extension of  Benard convect ion mot ivated by 

geophysical  i n t e r e s t s  ( 3 , 4 ) .  In t h i s  problem f low w i t h in  

the porous l a y e r  is assumed to f o l l o w  Darcy 's Law. The 

Rayleigh number is modi f ied  to in corpora te  the p e r m e a b i l i t y  

of  the m a te r i a l  in the l a y e r  as wel l  as i t s  th ick n es s .  I t  

is def ined as Ra = 6 gATKH/amv . In t h i s  th es i s  we sha l l  

c a l l  t h i s  the Darcy -Ray le i  gh number, where K is the perme­

a b i l i t y ,  and am is the thermal d i f f u s i v i t y  of  the f l u i d -  

sa tura ted  porous l a y e r .  Analogously ,  another  c lass of  

thermal  convect ion to inc lude  as an extension o f  Benard 

convect ion is  convect ion in a porous l a y e r  dr iven by 

de ns i ty  g ra d ie n t  produced by a uni form i n t e r n a l  heat source. 

The Darcy -Ray le igh  number f o r  th is  case is de f ined the same 

way as fo r  a f l u i d  l a y e r  w i th  i n t e r n a l  h e a t in g ,  but also  

inc ludes the p e r m e a b i l i t y ,  thus .



where km is the thermal  c o n d u c t i v i t y  of  the f l u i d  s a t u r a ­

ted porous l a y e r .  ;

Horton and Rogers (17)  and Lapwood (18)  show t h a t  

under c e r t a i n  c o n d i t i o n s ,  f r e e  convect ion may occur in a 

f l u i d  sa tu r a t ed  porous medium uni formal  y heated from below 

which is s i m i l a r  to Bernard's problem. This idea has been 

used in s tudies  of  storage of  food,  in e x p la in in g  the i n s u l a t ­

ing problems o f  porous m a t e r i a l s  ( 1 9 , 2 0 , 2 1 )  and in seeking

the s o lu t i on  to the problem of  how to dispose of  nuclear

r e a c t o r  water  ( 2 2 ) .  I t  is also of  i n t e r e s t  in geophysical

s t u d i e s .  Examples of  r e l a t e d  geophysical  problems are the

study of  geothermal (hot  spr ing)  area s (2 3 ) ,  earthquake ( 2 4 ) ,

and volcan ism ( 2 5 ) .  Schneider ( 26)  has done experiments wi th

h o r i z o n t a l  porous l ay ers  heated from below and presents the

heat t r a n s f e r  r e l a t i o n s h i p  in the form of  Nussel t  number vs

Rayle igh number c u rv es . Katto and Masuoka (27)  show t h a t  by
k

d e f in in g  the thermal  d i f f u s i v i t y  as am = j where km is

the thermal  c o n d u c t i v i t y  of  the sa tu ra ted  l a y e r  and
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(pCp)p is the dens i t y  t imes the s p e c i f i c  heat  o f  sa tura ted  

f l u i d ,  exper imental  data could be brought in to  b e t t e r  agree ­

ment w i th  t h e o r e t i c a l  p r e d ic t i o n s  f o r  the c r i t i c a l  Rayleigh  

number a t  which conduct ion f i r s t  becomes unstable .

Examples of  o ther  studies  are those of  Elder  ( 2 8 ) .

Busse and Joseph ( 2 9 ) ,  using a v a r i a t i o n a l  method to set  

bounds on the heat t r a n s p o r t  f o r  a porous l a y e r  heated 

from below, p r e d i c t  the slope of  the heat t r a n s p o r t  curve 

( nu vs. Ra ) bo be ( 1 / 2  ir a t  the onset o f  co nv e c t io n .

In numerical  s t u d i e s ,  the r e  are two major numerical  

methods t h a t  have been ap p l ie d  to the problem of  a porous 

medium heated from below. Most common are the f i n i t e  d i f ­

f e rence  te chn iqu es , used t y p i c a l l y  by Horn (30) ,  Horn and 

O ' S u l l i v a n  ( 3 1 ) ,  Catagi rone ( 3 2 ) ,  Holst  and Az iz  ( 3 3 ) ,

Cheng and T eckchandani ( 3 4 ) ,  and Rana, Horn and Cheng ( 3 5 ) .  

The techniques vary from study to study,  but g e n e r a l l y  

consis t  o f  the s o lu t i on  of  an e l l i p t i c  Po isson- type equa­

t io n  der ived  from conservat ion  of  mass and momentum toge ­

th er  wi th  the t ime dependent , hyperbo l ic  convervat ion  

of  energy e q u a t i o n . The energy equat ion is commonly 

solved using e x p l i c i t  or  i t e r a t i v e  t ime d i f f e r e n c i n g ,  

and the Poisson f low equat ion e i t h e r  by d i r e c t  so lu t io n  

using even and odd r e d u c t i o n , f o r  example,  Horne and 

O ' s u l l i v a n  (31)  or i t e r a t i v e l y  by a l t e r n a t i n g  i m p l i c i t  

d i f f e r e n c e  methods, f o r  example Catagi  rone ( 3 2 ) ,  W i l k s ( 3 6 ) .
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The second method is  to use spect ra l  decomposi t ion,  

which was used by Strous ( 3 7 ) ,  Strous and Schubert  (38)  

and Horne( 3 0 ) .  In t h i s  technique the temperature  f i e l d  

is  expressed in terms of  Fo ur ie r  modes. Thus the p a r t i a l  

d i f f e r e n t i a l  set  o f  equat ions is reduced to a set  of  sim­

ul taneous no n l in e a r  o r d i n a r y  d i f f e r e n t i a l  equat ions in  

terms of  Fo ur ie r  t emperature  components.

We have been unable to f i n d  any repor ted t h e o r e t i c a l  

or exper imental  s tudies  f o r  the convect ive  i n s t a b i l i t y  of  

f l u i d  sa tu ra te d  porous media heated from below wi th net  

f low o f  the f l u i d .  This d i r e c t l y  leads to the problem at  

hand.
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CHAPTER I I  

DEVELOPMENT OF GOVERNING EQUATIONS

2.1  Equations Governing the Problem:

Fol lowing common p r a c t i c e  f o r  s tudies of  convec­

t i v e  i n s t a b i l i t y ,  the f l u i d  physical  p r o p er t i es  are assumed 

to be constant  everywhere except  f o r  the d e n s i ty ,  which is 

assumed to be a fu nc t i on  of  temperature in the momentum 

equat ion according to the equat ion of  s t a te  :

p = p 0 / [ i  + e ( t - t 0  )]

Here 6 is  the volume expansion c o e f f i c i e n t  a t  Tq and has 

the value of  ( 1/T0 ) f o r  the case of  ideal  gas. I t  is  

assumed t h a t  the app l i ed  temperature d i f f e r e n c e  is small  

compared wi th  ( 1 / 3 ) .  This is the s o - c a l l e d  Boussinesq 

ap pr ox im a t io n .

Thus, the f l u i d  is considered to be incompressib le ,  

except  f o r  the term in which the v a r i a t i o n  of  de ns i ty  is 

e s s e n t i a l  to the whole problem. The motion is assumed to 

be two d i mens iona l .

Using the axes as shown in Figure 2 . 1 ,  the governing  

equat ions (41,, 40 , 21 , 39 , 26 ) f o r  the porous i s o t r o p i c  

medium of  p e r m e a b i l i t y  K are :

C o n t i n u i t y :

t 7 + t 7 = 0 - 0 <2 - 1)
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v = V * A i r T = T

3T
3X

POROUS BED <u
c

$-
0)

4->
c
QJ(_)

i l
ax = o

T = T

A i r  V e l o c i t y  = v Q

FIGURE 2.1  THE PROBLEM OF NATURAL CONVECTION OF FLUID 

FLOW THROUGH POROUS MEDIUM
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Motion :

x -  component

If* “ÜT* 'If- -iÜ-Fï*'”2" - ir-
y  -  component :

H  + “I t  + vl 7  = 9 S(T-T0 ) -  -  j7 v ( 2 . 2 )

Energy

I t  + ( 4 + # )  T - ( ^ j /  T ( 2 . 3 )

Equation ( 2 . 2 )  is the equat ion of  motion using 

Brinkmann1s extension of  Darcy 's  Law ( 2 1 ) .  Darcy 's  Law 

is a special  case r e s u l t i n g  f o r  low p e r m e a b i l i t y , K ,  i . e . :

x - component

v 1 3P
° 'n k u -  " p0 ax 

y - Component

^ V -  g6 ( T - T 0 ) - ^  ( 2 . 4 )

For a d i a b a t i c  side w a l l s ,  the i n i t i a l  and boundary cond i ­

t ions  a re :
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t  = 0 u = v = 0,  T = To 0 <_x£l, 0 <y<_H

t  > 0 u = 0,  vi = 0,  T = To at  ÿ = H

u = 0,  v = 0,  T = T^ at  y = 0

A l l  the above boundary cond i t ions are f o r  non- f low case 

th a t  i s ,  when no f l u i d  crosses the boundaries of  the  

region.

For the f low case:

I t  must be noted t h a t  Darcy 's  Law is used f o r  low 

p e r m e a b i l i t y .  However, f o r  high p e r m e a b i l i t y  Br inkman1 

extension of  Darcy 's  Law is a p p l i e d ,  wh i le  in the l i m i t  

of  high p e r m e a b i l i t y  the Brinkman's extension of  Dar cy 1 

Law reduces to the  Nav ie r -Stokes e q u a t i o n .

t  = 0 , u = 0 , v = v0 T = To 0<x<L, o<y<H

t  > 0

u = 0,  v = vq , T = T0 a t  y = H

u = 0,  v = vq , T -  T̂  a t  y = 0

0 at  x - L

0 a t  x = 0
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2 .2  Dimension!ess Form of  the Equa t ions :

Equations 2 . 1 ,  2 . 2 ,  2 .3  may now be expressed in 

non-dimensional  form by d e f i n i n g  s u i t a b l e  dimension!ess  

v a r i a b l e s .  I f  we de f ine  the f low ing q u a n t i t i e s  as:

re fe re nce  length  

re fe re nc e  v e l o c i t y  

re fe rence  temperature d i f f e r e n c e

re fe re nce  t ime  

re fe re nce  pressure

Then dimension!ess d i s t a n c e , v e l o c i t y ,  t e m p e r a tu re , t ime  

and pressure are de f ined by

X = g  , Y = y/H

U = u / ( y / p 0 H) V = v / ( p / p 0 H) ( 2 . 5 )

T-T o
6 = yTÿ-p T = t / ( P 0 H /U )

P = (P/PR)

From equat ions 2 . 1 ,  2 . 2 ,  2 .3  and 2 .5  the dimension!ess  

forms o f  the equat ions of  c o n t i n u i t y ,  motion and energy 

to g e t h e r  wi th  the i n i t i a l  and boundary c o n d i t io n s ,  are now

H :

4 :

V To :

poH2

PR
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C o n t in u i t y

It + It “ 0 (2.6)
Motion

f 7 + U t f  + V! f =  ( -  l l + v 2  U - N- U ( 2 - 7 )

I t  + u t y  + v i f  = ( -  ^  T T + 72 v + Gre .  NV

Energy

| i  + (U | 6  + V | 9  } Y = _x  v 2 e ( 2 . 8 )

where the dimens ion 1 ess groups appearing in the above 

equat ions can be de f ined  as

2
N = H / k  , a dimension!ess re c i p ro ca l  p e r m e a b i l i t y

Pr = — t he Prnadt l  number 

Y = ( pCp) f / ( p C p ) m , a heat ca pac i ty  r a t i o

Gr = 9 B(T-T^)  ^3^ t Qr ashof  number

I n i t i a l  and Boundary Condi t ions  

For Non Flow Case:

t = 0 U = V = 0,  6 = 0  0<X<L/H, 0<Y<1
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: > 0

U = 0,  V = 0,  6 = 0  a t  Y = i

U = 0,  V = 0,  6 = 1 . 0  at  Y = 0

U = V = 0,  ! y  = 0 X = 0

u = °’ H = °- -ff = ° at x =
and fo r  the f low case ( down f low)

t  = 0 U = 0,  V = ~Re, 6 = 0,  0 £  X £  L / H ,

t  > 0

U = 0,  V = - Re, 6 = 0  a t  Y = ]

U = 0,  V = -Re, 6 = 1 .0  at  Y = (

U = 0,  V = -  Re, |^- = 0 For X = 0

U = 0,  = 0 For X = L/H

where
pv  H

Re = — —  = Reynolds Number

L/H

0<Y<1

and
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2 .3  El imi  nat ion o f  Pressure from Equati  on o f  Mota on : 

I n t r o d u c t i o n  o f  Stream Function and V o r t i c i t y

Equat ion ( 2 . 7 )  does not represent  a form e n t i r e l y  

su i ted  to f i n i t e  d i f f e r e n c e  computat ion,  owing to the 

appearance of  pressure in both equat ions of  motion.  An 

e q u i v a l e n t ,  but more convenient  vers ion of  ( 2 . 7 )  w i l l  

now be der iv ed .  Again f o l lo w in g  a common procedure , l e t  

the x and Y- momentum balances be d i f f e r e n t i a t e d  wi th  

respect  to Y and X r e s p e c t i v e l y ,  and l e t  e i t h e r  o f  r e s u l t i n g
3  2 p 3  2 p

equat ions be subt rac ted  from the o t he r .  Since ,

pressure is  e l i m i n a t e d ;  a l s o ,  the c o n t i n u i t y  r e l a t i o n
3 u 3 w
y y  + pÿ  = 0 causes c e r t a i n  o t her  terms to vanish and there  

r e s u l t s .

8 , 3 U  3 V ,  . .. , 3 2 U 3 2 V x . v ,  3 2 U 3 2 V x .
3 7  ( 3 Ÿ  '  3 X 1 +  U ( W  +  V ‘  S X T Y  +

, 3 U 3 U  3U 3 V x  . , 3 V  3 U  3 V  3 V x  3 3 U 3 3V
'3X 3 Y " ÏÏ7  gx’ ' 3  Y 3 Y * 3 Y 3X ; ax2 3 Y " 3 X3

+

A  -  4  .  N ( i O . i V ) .  G r 36 ( 2 . 9 )
3 Y -  3 Y - 3 X  3 Y  "  ^

The so lenoida l  f low impl ied by the c o n t i n u i t y  equa­

t io ns  guarantees the ex is tence  of  a dimension!ess stream 

f u n c t i o n , \p , such t h a t
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U = #  ' V = -  H  ‘ ( 2  1 0 )

The v o r t i c i t y  Ç is de f ined  as

Ç = V x V

I t  can be shown t h a t  the dimension!ess v o r t i c i t y  is

w = - <ff -
Equation ( 2 . 9 )  then can be w r i t t e n  as 

| ^ + U|W + v|w = Gr | |  .  N w +  V2W ( 2 . 1 1 )

When equat ion ( 2 . 4 )  is expressed in non-dimensional  

form,  by fo l l o w i n g  the same procedures as were fo l lowed f o r

the case of  Brinkman's extension of  Darcy 's  Law, the

r e s u l t i n g  equat ion w i l l  be,

w =nf(H> (2-12)
The i n i t i a l  and boundary cond i t ions a r e ,

For the non- f low case : 

t = 0  w = 0 6 = 0

V = 0 U = 0 f  For 0<X < L / H , 0<Y<1

^ -  O

t  > 0 = V = U = 0 at  Y = 1 .0  and Y = 0 .0

6 = 0  a t  Y = i . o

0 = 1 . 0  at  Y = 0 . 0
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ip - U = V = 0, | |  = 0 31 X = 0

U ‘ ° > I j  = 0 If = 0 a t  X = L/H

and f o r  the downflow case

t  = 0 W = 0,  6 = 0 For 0j<X<L/H, 0<Y<1

V = - R e , U = 0

t  > 0 \p = ReX - C U = 0, V = -Re a t  Y = 0
and Y = 1 

6 = 0 .  a t  Y = 1

6 = 1 . 0  a t  Y = 0

U = 0,  V = -Re,  H  = 0 a t  X = 0

U = 0,  ü  = 0 , 3 6 / 9 X = 0 a t  X = L/H

For more d e t a i l s  on boundary cond i t ions  see sect ion 3 . 5 .
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CHAPTER I I I  
METHOD OF SOLUTION

3.1 In t r o d u c t i o n

The p a r t i a l  d i f f e r e n t i a l  equat ions ( P . O . Es) 

governing the problem have been es tab l i s he d  as

where y = (pCp) f / ( p C p ) m

plus assoc ia ted  i n i t i a l  and boundary cond i t ions and two 

r e l a t i o n s  between stream fu nc t ion  and v e l o c i t i e s .  Equa­

t ions ( 3 . 1 )  and ( 3 . 2 )  r e l a t e  the f i r s t  order  t ime d e r i v a ­

t i v e s ,  whereas equat ion ( 3 . 3 )  s ta tes  th a t  the Laplac ian  

of the stream fu nc t io n  equals minus the v o r t i c i t y ,  and 

conta ins  no d e r i v a t i v e s  in vo l v i ng  t ime.  The v o r t i c i t y  and 

energy equat ions are c lassed as o f  pa ra bo l ic  t ype .  

U n f o r t u n a t e l y , they are n o n - l i n e a r  due to the presence o f  

the c o e f f i c i e n t  v é l o c i t é s  U and V. On the o t her  hand, the  

stream f u n c t i o n / v o r t i c i ty  r e l a t i o n  is an e l l i p t i c  type.

3 w , U o_w + V 3 w 
3 t  3 X 3 Y Gr + V^wrN w ( 3 . 1 )

( 3 . 2 )

w ( 3 . 3 )
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B r i e f l y ,  equat ions ( 3 . 1 ) ,  ( 3 . 2 )  and ( 3 . 3 )  w i l l  be 

represented in f i n i t e  d i f f e r e n c e  form. The d i f f e r e n c e  of  

( 3 . 1 )  and ( 3 . 2 )  may then be used to p r e d i c t  the changes 

of  temperature  and v o r t i c i t y  across a t ime s tep.  Solut ion  

of  the d i f f e r e n c e  form o f  ( 3 . 3 )  then y i e l d s  a new stream 

fu n c t i o n .  This procedure may be repeated f o r  as many t ime  

steps as des i red .

The methods a v a i l a b l e  f o r  ob ta in ing  a f i n i t e  d i f f e r ­

ence approximat ion (P.O.A)  to the so lu t ion  of  pa rabo l ic  

and e l l i p t i c  (P.O.  Es) d i f f e r  in c e r t a i n  fe a tu re s  and so the 

two types w i l l  be t r e a t e d  in turn in sect ions ( 3 . 3 )  and

( 3 . 4 ) .

3 .2  System of  Gr id Points

I t  is f i r s t  to e s t a b l i s h  a system of  g r id  points  

in the region occupied by the independent v a r i a b le s  in 

ob ta i n ing  the (P .O.A)  to the so lu t io n  of  any ( P . O . Es) .  The 

scheme is  known as a r e c t a n g u la r  g r i d ,  shown in ( F ig .  3 . 1 ) .  

Square meshes of  s i ze  h x h are chosen f o r  the numerical  

work. Because of  the symmetry about the c e n t e r l i n e  only  h a l f  

of  the f low needs to be computed, thus r e s u l t i n g  in l a rge  

savings in computat ional  e f f o r t s .

The subscr ip ts  ( ] , j )  denote the point  having space 

coordinates  X = ( i - 1 ) AX = ( j - l ) A X .  In a d d i t i o n ,  the t h i r d  sub­

s c r i p t  could be used to denote the number of  t ime
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N

1

i i M1

FIGURE 3 .1  SYSTEM OF GRID POINTS
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increments At elapsed since t = 0. Now a th ree -d imens iona l

a r ra y  can e a s i l y  occupy a l a r g e  amount o f  computer s t o r a g e .

A lso ,  the  computat ions in t h i s  work invo lve  values only

one t ime step removed from the ' c u r r e n t ' v a l u e  of  t ime.

Hence, instead of  working w i th  ( e . g . )  the three-d imensiona l

a r r ay  6 . . , where the su bscr ip t  n denotes a value ofi , j  » n
temperature  6 at  t ime x = nAx, i t  is  here thought p r e f e r a b l e  

to employ instead two-dimensional  a r r a y , such as ( 6 u , j ) ,  

and ( 61 ,•)» where (6 . . ) denotes a value j u s t  one t ime• > j  i , j
step ahead of  ( 6 .  . ) .  As soon as the new values of  6% . at

• ,  j  • > J

the end of  a p a r t i c u l a r  t ime step are computed, they then

become the s t a r t i n g  values 6.  . f o r  the next t ime i n c r e -
1 » J

ment , and so the computat ion proceeds.
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3 .3  Pi f fe rence  Form of  Stream F u n c t i o n / V o r t i ci  t y  Equati  on

The methods of  ob ta in ing  (F .D .A )  to e l l i p t i c  type  

( P . D . E . ) are wel l  e s ta b l i s h e d .  The Laplac ian is  a p p r o x i ­

mated by c e n t r a l  d i f f e r e n c e .

-  2> i . , . i + V i - . i  +

AX2

AY

For AX = AY = h

Equation ( 3 . 4 )  can be w r i t t e n  as

2
* l - j  = + ’" u i . j  + + + - I  wi , j ( 3 ' 5)

An improved techn ique ,  c a l l e d  successive o v e r r e l a x a ­

t i o n  (S.O.R)  method, gives f a s t e r  convergence.  This method 

used the fo l l o w i n g  i t e r a t i o n  scheme f o r  a r ec ta ng u l a r

domain of  square meshes. Suppose th a t  the f i e l d  of  v o r t i -
(n )

c i t y  is  a l ready  known toge th er  wi th an est imate  ip. . o f  the
T , J

stream func t io n  at  every point  a f t e r  the nth i t e r a t i o n .  Then
( n + 1 )

a new est imate  ip.  . is
' » J

(n+1) ( n ) (n+1)  (n)  (n +1 ) (n)
* i . j  “ * i - , j  + T *  V i . j  + j - i + ♦ i . j + i
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Where ( w ) is  an a r b i t r a r y  i t e r a t i o n  parameter .  I f  w = 1 .0 ,  

successive o v e r r e l a x a t i o n  is eq u i v a l en t  to the Gauss-Seidel  

method. As ( ) is increased beyond u n i t y ,  the number of

i t e r a t i o n s  requ i red  t o  produce, in some sense, a given degree 

of  convergence, is  known to f i r s t  decrease and then to 

i ncrease aga in .  The optimum value of  r e l a x a t i o n  parameter ,

(o .0pt > l i e s  between 1.0 and 2 . 0  (42 , 43 ) , and i t s  

exact  lo c a t i o n  i s  a mat te r  o f  some importance in reducing  

the amount of  computat ion,  p a r t i c u l a r l y  as the e l l i p t i c  

equat ion ( 3 . 3 )  w i l l  have to be solved r e p e a te d ly ,  once at  

every t ime step.  The i t e r a t e d  r e s u l t s  converges most r a p i d l y  

when cD.0 pt  is assigned the optimum va lue ,  Chow ( 4 2 ) .

= 8-4 / 4 - a 2
^ opt a 2 ■ C 3 .7 )

where a = Cos (tt/M) + Cos ( tt/ N ) ,  where M, N a r e , respec­

t i v e l y ,  the t o t a l  number of  increments in to  which the h o r i ­

zonta l  and v e r t i c a l  sides of  the r ec ta ng u l a r  region are  

d iv ide d .
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3.4  Pi f f e r e n c e  Form o f  Vor t i  ci  t y  and Energy EquaU ons 

The procedure f o r  t r e a t i n g  the para bo l ic  type  

( P . D . E . )  may be subdivided in to  e x p l i c i t ,  and i m p l i c i t  

methods, depending on whether the space d e r i v a t i v e s  are  

represented a t  an old or at  an advanced point  o f  t ime.  

E x p l i c i t  methods enable a d i r e c t  c a l c u l a t i o n  to be made of  

the values of  the dependent v a r ia b le s  a t  the advanced 

point  of  t ime ; the assoc ia ted computer programing t e n d s , 

t h e r e f o r e , to be r e l a t i v e l y  simple.  Al though the i m p l i c i t  

methods are g e n e r a l l y  u n c o n d i t io n a l l y  s t a b l e ,  they need 

more computat ional  e f f o r t  in programing.

An improved e x p l i c i t  method c a l l e d  the up-Wind d i f f e r ­

encing method is  used in t h i s  work. The reason fo r  choosing 

t h i s  method is not only because i t  is  simple f o r  computer  

programing,  but also f o r  i t s  advantage of  handl ing non­

l i n e a r  terms appearing in the v o r t i c i t y  and energy e q u a t io n s . 

Furthermore, i t  has been proven th a t  t h i s  method is compu­

t a t i o n a l l y  s t ab le  in the range of  i n t e r e s t .

Chow (42 ) shows how the governing equat ions f o r  f r e e  

convect ion of  a f l u i d  in two-dimensional  enclosure may be 

solved by using the up-wind d i f f e r e n c i n g  method. The scheme 

t h a t  Chow used was f i r s t  developed by Torrance ( 4 4 ) ,  and 

Torrance and Rockett  ( 4 5 ) .  The method has been app l ied  

here to the porous medium equat ions wi th  boundary cond i t ions
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f o r  both zero f low across the  boundaries and f o r  a. f i n i t e  

net f low through the medium.

The fo l l o w i n g  i s  the up-wind d i f f e r e n c e  r e p r e s e n t a ­

t i o ns  of  both the v o r t i c i t y  and the energy equat ions .

V o r t i ci  t y :

The n o n - l i n e a r  terms + ^|y- in equat ion ( 3 . 1 )  can 

be approximated using the up-wind d i f f e r e n c e  ( 4 0 , 4 2 , 4 3 )  

a s f o l 1ows:

I f  we de f in e  Uf and Ub as the average v e l o c i t i e s  evaluated  

r e s p e c t i v e l y ,  at  h a l f  a g r id  forward and backward from the  

po int  ( i , j  ) , then
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Ub = 1 /2  (U.  , + CL . , )
I » J I ” 1 liJ

S i m i l a r l y ,

Vf = l / 2 ( V1ij+1 + V1 t j )

Vb = l / 2 ( V i , + V. ) 
1 > J 1 » J “ 1

I f  we f u r t h e r  d e f i n e ,

PI = ( U f -  IU f I  ) wj + 1 + (Uf  + | U f | “ Ub + | U b | )

w. . - (Ub + | U b | ) w. , , ( 3 . 8 )
I 9 J I ■* 1 9 U

P2 = (V f  - | V f | ) wi j  + 1 + (V f  + |V f |  - Vb + | Vb| )

w. . -  ( Vb + | V b | ) w. ( 3 . 9 )
* 9 J ' » J -  I

and i f  we l e t  AX = AY = h

Then (U#?) = P l / 2 h  ( 3 . 1 0 )
i , j

and

(Vl r ) i , j  = P2/2h ( 3 . 1 1 )



T-2603 28

The remaining terms in ( 2 . 1 1 )  are approximated by .using 

forward d i f f e r e n c i n g  in t ime and c e n t r a l  d i f f e r e n c i n g  

in space; t h e i r  i n d iv id u a l  expressions f o l l o w :

9w .  W * i » J ~ " i , j
9 x  A t

36 _ +
3 X 2h

( 3 . 1 2 )

( 3 . 1 3 )

Equation 3.13 can be expressed as = p3/2h ( 3 . 1 4 )

3?W 5ZW _ 1 ,

^T2 T ?  '  i T "  ( i + 1 »3 * 4 Wi . j  + Wi - I - j  + \  , j  + l

+ wi ,  j - V  ( 3 . 1 5 )

l e t  P4 = ( w
i + i . j  - 4wi , j  + wi - i , j  + wi , j +i + wi , j - i )

V2„ = P4 /h2 ( 3 . 1 6 )

Now put a l l  terms to ge th er  in the v o r t i c i t y  equa t ion ,  and

rear r ang e .

w' l , j  = ( l - N )  w1 . + | 1  ( -PI -P2+GrP3 +2P4/H) ( 3 . 1 7 )
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Equation ( 2 . 1 7 )  can simply be approximated as

" ' i . j  ■ if  ) ( 3 . 1 8 )

S i m i l a r l y ,  the energy equat ion can be approximated as:

ei',d -  f t  ( ( - P 1 - P 2 )  Y+  j L  ( 3 . 1 9 )

as 6 replaces w in P i ,  P2 and P4.
The v e l o c i t y  equat ion ( 2 . 1 0 )  is approximated

a t  the i n t e r i o r  g r id  po ints  using the ce n t ra l  d i f f e r e n c e

formula .  The f i n i t e  d i f f e r e n c e  forms are :

" i . j  °  ̂ ) ( 3 . 2 1 )
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3 .5  F i n i t e  P i f f e r e n c e  Form o f  Boundary Condi t ions

3 . 5 - a  Temperature

At t ime t  = 0,  the temperature d i s t r i b u t i o n  is such 

t h a t  0 = 0 . 0  everywhere, except  6 = 1. a t  the bottom.

As t ime i n c r e a s e s , t h e  f l u i d  temperature changes. The 

symmetry o f  the temperature f i e l d  requ i res  t h a t ,

and a t  the boundary X = 0,  the wal l  is  assumed to be 

i n su l a t ed  t h a t  is

The temperature along i = 1 and i =M can be c a lc u la t e d  

using 3 .19  w i th  the boundary cond i t ions  ( 3 . 2 2 )  and ( 3 . 2 3 )  

i n co rp o ra te d ,  t h a t  is

( 3 . 2 3 )

Ub = U ( M - l , j ) / 2 .

Vf

PI

P2

- (Vb + M )  eM>j . j

P4

6 ( 3 . 2 4 )



Si m i 1a r l y

= ei)3 + | |  ( ( - P l i  - P2P)y + $  P44/H))

where.

Pli  - 2(uf - | uf | ) e ,  + 2(uf + |uf| ) e. .
-  » J *  » J

P22 = (Vf l  - | V f l | ) 6, , + (Vfl+ |Vf l |  - Vbl

+ | Vbl | ) 6 ; , j  - (Vbl + | Vbl | ). j._1
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3 . 6 - 6  V e l o c i t y  

Flow Case :

t  = 0 U = 0 . 0 ,  V = - Re 

Where Re is the Reynolds Number to be given in  the data  

and de f ined  as Re = ( p vQ h/u ) ,  vo is the i n i t i a l  f l u i d  

v e l o c i t y .  As t ime i n c r e a s e s , U and V w i l l  be changed whi le  

at  the boundar ies,

V j  " U1 . J  " Ui ,N “ Ui , l  = 0 -° 

h . i  -  - (

from the ani t -symmetr i  c d i s t r i b u t i o n  of  \p about the cente r  

l i n e ,  * M+1) j  = -

»M,j -

Vi , l  = Vi , N  = - Re 

Non-Flow Case:

t  = 0 U = V = 0 everywhere

t  >0 A l l  o ther  boundary cond i t ions s t i l l  hold as in 

the i n i t i a l  cond i t ions

3 .5  -  C Stream Functions
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Flow Case : (downflow)

*M+l . j  " -

* M , j  = 0 .0

The i n i t i a l  va lue of  ^ can be der ived from the r e l a t i o n

V = -  I f  ( 3 . 2 5 )

i n t e g r a t i n g  ( 3 . 2 5 )  g ives:

VX = - if; + ; X = i  A X = ih

\pQ i s  constant  and can be found as 

a t  i  = M ( c e n t e r  l i n e )  j  = 0 .0

V1h = - * i , j  + ^0 
or VMh = 0 + ipQ

i f  V = - Re

. = Re h ( 1 -M)
* » J

For Non-Flow Case :

U = V = 0 ,  . = 0 .0
j > j

As t ime inc re as es ,  the values of   ̂ changes, and the values

of  \p a t  the boundaries are kept a t  i n i t i a l  va lues .  At the

cente r  l i n e  ÿ = 0 .0

3 . 5 - d  V o r t i c i t y

t  = 0 w. . = 0 . 0  
• » J
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As t ime inc re as es ,  the values of  w change , and the boundary 

values can be found as:

- , ,  ■ - 1 4  * 4 11 3 Y

m I y  -  I y ) ( 3 - ^ )

At the boundary ( 1 ,  j  )

( f r V j  “ 0 = u i , j

wi , j  =

3 V( g y ) l  j  can be found by using th ree  po in t  forward

i+1  i+2d i f f e r e n c e  scheme as 1*

Take two Ta y l o r  se r i es  expansion  

about the points  1=1 and 1=2

V2 , j " Vl , j  + h + + * - -

v3.4 • V j + 2 i,j n  + - - -

M u l t i p l y  the f i r s t  equat ion by 4 and subt r ac t  the second 

equat ion from i t .



at  the cen te r  l i n e

wM, j  = 0 - °

At the top and bottom boundaries

<S>M = " 0-°

U 1,1 = U i , N = 0 - °

« . . i  '  - ‘ s ’ , ,

by the same method as f o r  w. .
i  > J

vli , l  = -  ( 4 U1 ,2 " U1 ,3 " 3 U1 , l )
2h

" 1 , 1  = (U1,3 * 4 " 1 , 2 )  /2h
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w -  / 9U\
i ,N " " ' W  i ,N

and by ta k i ng  th re e  po int  backward d i f f e r e n c e  scheme, the  

r e s u l t  i s

V U H  " (  4 Ul>N~ 12h- U i ’ N' 2 ) ( 3 -3 0 )

3 .6  Procedures

The procedures to f in d  the convect ion i n s t a b i l i t y  

c r i t e r i o n  were performed by t r i a l  and e r ro rs  as fo l l o w s :

1. S t a r t i n g  wi th low va lues ,  d i f f e r e n t  Grashof numbers 

were t r i e d  f o r  f i x e d  values of  Reynolds number and dimen­

sion!  ess inverse p e r m e a b i l i t y .  When convect ion currents  

appeared in the computer ou tp u t ,  the values of  Gr fo r  

t h i s  case and the preceeding case were recorded.

2. Values o f  Gr between these two values recorded in 

step 1 were t r i e d  u n t i l  the e r r o r  was minimized.

3. The average values of  Gr f o r  the highest  s t a b le  and 

lowest  unstable  cases were tabu la ted  to g ive  the summary 

of  runs per formed.

4. Rayle igh number or Darcy -Rayle igh  number are c a lc u la te d  

from the r e l a t i o n s

Ra = Gr x Pr f o r  s i n g l e  phase f l u i d

Ra y  = ....f o r  porous media.
H
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5. The above procedures were repeated f o r  o ther  values  

of  Re and N.
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CHAPTER IV

PRESENTATION AND DISCUSSIONS OF THE RESULTS

The r e s u l t s  presented here are d iv ided in to  two 

sec t io ns .  F i r s t  the c r i t i c a l  Rayleigh numbers are found 

f o r  the case where the working f l u i d  ( a i r )  is  i n i t i a l l y  

s t a t i o n a r y  (no n- f low  ca se ) .  Then the s i t u a t i o n  where the  

net  f low through is i n i t i a l l y  considered ( f l o w - c a s e ) .  The 

second case is  the main purpose of  t h i s  work; wh i le  the 

f i r s t  i s  presented f o r  the comparison w i th  previous i n v e s t i ­

ga t io ns .  In both cases,  the study is performed numer ica l l y
4 11f o r  porous media (4x10 £  N £  4x10 ) ,  h igh ly  permeable

-  2 - 1  media (4x10*  <_ N £ 4 x 1 0 "  ) and f o r  a s in g le  phase f l u i d

(CUN < 4x l0"2 ).

D i f f e r e n t  non-dimension!ess forms of  the equat ion of  

motion are used ac co rd i ng l y .  For porous media Darcy's law 

form is used; f o r  h igh ly  permeable media,  (eqn.  2 . 1 1 ) ,  and 

f o r  a s in g le  phase f l u i d  (eqn.  2 . 1 1 )  is used wi th  N = 0 . 0 .

The r e s u l t s  of  de te rmina t ions  of  c r i t i c a l  Grashof and 

Rayle igh numbers are presented in Tables ( 4 . 2 )  and ( 4 . 3 ) ,  

and Figures ( 4 . 1 )  and ( 4 . 2 ) .  I t  is  seen t h a t  so lu t ions  were 

found f o r  Grashof numbers ranging from 9 .33x10*  to 2.18 x 

101 5 , f o r  N from 0 .0  to 4 x 1 0 * * ,  f o r  width to height  

r a t i o s  of  0 . 5 ,  1. and 2 . ,  f o r  a Prandt l  number o f  0.733  

and f o r  Reynolds numbers from 0 .0  to 100.
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F i n a l l y  the f lo w  pa t te rns  are shown in Figures (4.4--
i

4 . 2 7 )  as contour  p l o ts  o f  stream l i n e s  and iso - therms .

4 .1  Non-FIow Case (0<Re<10~^)

This sec t ion is presented here to compare wi th other  

t h e o r e t i c a l  i n v e s t i g a t i o n s  ( 4 5 , 4 6 , 1 8 ) .  The problem of  the  

onset  o f  convect ion in a porous medium has been given a 

conclus ive  answer of  the same standard as in the o rd inary  

l a y e r  of  f l u i d .  The c r i t e r i o n  fo r  the onset of  convect ion  

curren ts  can be der ived w i th  the governing equat ions in 

q u i t e  the same way as in a ho r i zo n t a l  l a y e r  o f  f l u i d  except  

t h a t  f o r  the d i f f e r e n c e  in the boundary c o n d i t io n s .  Then 

the c r i t e r i o n ,  which Lapwood (18)  has der ived  can be w r i t t e n  

as the Darcy -Ray le igh  number

Ra. = 4tt̂
H

where Ra is the c r i t i c a l  Rayle igh number

Ra = gSH3AT/vam 

Table 4 .1  shows the comparison between the present  

work and the previous i n v e s t i g a t i o n s  in computing the  

c r i t i c a l  Darcy -Ray le igh  number fo r  porous and Rayle igh  

number f o r  a s in g le  phase f l u i d .
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TABLE 4 . 1  COMPARISON OF PRESENT WORK AND PREVIOUS 
INVESTIGATIONS FOR NON-FLOW CASE

Al l  Previous  
Work

Present
Work %Error

2
1. Porous medium 4tt = 39 .48  

(Darcey-Rayleigh 
No. )

39.6 0.3%

2. S ing le  Phase 
( Rayleigh No. )

1708 1710 0 . 12%

4 . 2  Flow Case ( 1 0 ' 2 Re 100)

a. Porous Media (4x10 < N < 4 x l O ^ )

Computations were made f o r  the case o f  downflow of  

f l u i d  ( a i r )  through porous media.  The aim was to f i n d  a 

c r i t e r i o n  f o r  the onset of  convect ion .  Table  ( 4 . 2 )  shows 

the v a r i a t i o n  of  c r i t i c a l  Grashof numbers as a r e s u l t  of  

changing Reynolds numbers. F igure ( 4 . 1 )  shows a fa m i l y  of  

s t r a i g h t  l i n e s  when Grashof numbers are p l o t t e d  vs Reynolds 

numbers a t  d i f f e r e n t  values of  N. Since Darcy-Rayle igh  

number is the most important  as a c r i t e r i o n  f o r  the onset  

of  convec t ion ,  these numbers are p l o t t e d  vs Reynolds num­

bers showing the lower s t r a i g h t  l i n e  in Figure ( 4 . 3 ) .

Figures 4 .1  and 4 .2  show t h a t  d i f f e r e n t  values of  

(N) have d i f f e r e n t  values o f  c r i t i c a l  Grashof numbers a t  

a f i x e d  va lue o f  Reynolds number. However,  F igure 4 . 3
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shows t h a t  a t  a f i x e d  value of  Reynolds number there  is 

only one va lue of  c r i t i c a l  Rayleigh number f o r  4 x 10^1N_<

4 x 10**  and another  value f o r  0£N£4 x 10" * .

b. S ing!e  Phase and Highly  Permeable Media 

The upper l i n e  of  F igure ( 4 . 3 )  and Table ( 4 . 3 )  shows 

the c r i t e r i o n  o f  the onset  o f  convect ion f o r  the h igh ly  

permeable and s in g le  phase media.  I t  must be mentioned 

t h a t  the region under any l i n e s  of  Figure ( 4 . 3 )  represents  

the s t ab l e  convect ion region wh i le  above i t  is the non­

s t a b le  one.

Aspect r a t i o s  (width  to height  r a t i o s )  were studied  

and found t h a t  the r e  were no e f f e c t s  on the onset o f  con­

ve c t ion  c u r r e n t s .  Aspect r a t i o s  of  0 . 5 ,  1 and 2 were used 

in t h i s  work.  Computat ions were made f o r  the upflow of  

f l u i d  and found t h a t  has the same convect ion i n s t a b i l i t y  

c r i t e r i o n  as f o r  downflow.
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TABLE 4

4 x 104

4.  x lO7

4 x l 0 8

.2 SUMMARY OF CRITICAL RAYLEIGH NUMBERS FOR
4x10 < N < 4x10
Pr = 0 .733 .
Y = 2 . xlO"
Aspect Rat io  = 1&2

_Re_ ( ^ ) ç '

0 . 0  2.15x10? 3.94x10
0.001 2 . 1 5 x 1 0 ;  3 .9 4x 10 .
0.01 2.18x10 3.99x10

0 .1  2 . 1 8 x l 0 8 3 . 9 9 x lO S

1.0  2 .18x 10*  3 .99x10*

1 0 . 0  2 . 1 8 X 1 0 10 3 . 9 9 x 1 0 *

100.0  2 . 18xlOU  3 .99x10*

0 . 0  2 . ISxlOn 3.94x10
0.001 2 . 1 5 x 1 0 , .  3 .9 4 x 1 0 ,
0 .01  2 .17x10  3.97x10^

0 .1  2 . ISx lO11 3 . 9 9 x lO S

1.0  2. ISx lO 12 3 .99x10*

10.0 2 . 1 8 x l 0 1S 3 .99x10*

100.0 2 . 1 8 x l O S*  3 .99x10*

0 .0  2 . 1 7 x l O SS 3 . 9 7 x l 0 S
0.001 2 . 1 7 x 1 0 , ,  3 . 9 7 x 1 0 ,
0 .01  2 .19x10 4 .00x10

0 .1  2 . 1 8 x l O S2 3 . 9 9 x l O S

1 . 0  2 . 1 8 X 1 0 13 ' 3 . 9 9 x 1 0 *

10.0 2 . 1 8 x l 0 S*  3 .9 9x10*

100.0  2 . 1 8 x l O S* 3 .9 9x10*
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4 . xlO 0 .0
0 . 001 
0.01

0 .1

1.0

10.0 

100.0

4 . x lO 10 0 .0
0 . 001 
0.01

0.1

1. 0

4 . x lO11 0 .0
0.01 
0.01 

0.1  

1.0

TABLE 4 . 2 ( c o n t . )

( G r ) c

2 . 1 5 x 1 0 * }
2 . 1 5 x 1 0 ; ,
2 .17x10

2 .18x10*3

2 .18x10*4

2 .17x10*5

2 .1 7 x l o } ?  
2 . 1 7 x 1 0 , ,  
2 .18x10

2 .18x10*4  

2 .18x10*5

2 . 1 5 x i n } 3  
2 . 1 5 x 1 0 ^  
2.18x10

2. IS x lO 15

( Ra>c°

3 . 94xl o} 
3 .9 4x 10 ,  
3.97x10

3 .99x10*

3 . 99x104

3 . 99x105

3 . 97x lo }  
3 .9 7x 10 ,  
3.99x10

3 .99x10*

3 . 9 9 x l 0 4

3 . 94xl o}
3.94x10 ,  
3.99x10

3 .99x10*
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TABLE

N

0. 0

4 x l 0 “2 

*F0R N

4 . 3  SUMMARY OF CRITICAL RAYLEIGH NUMBERS FOR

0 < N < 4 x 1 0 * 1 
Pr = 0 .733  

Aspect Rat io = 1 & 2
Y = 1 .0  FOR N = 0
Y -  2.  x 10’ 4 FOR N > 0

Re (Gr )ç  ( Ra)ç

0 .0  2 .33x10*  1 .708x10*
0.001 2 . 3 3 x l 0 i  1.708x102
0.01  2 .33x10 1.708x10

0.1  2 .33x10*  1 . 7 0 8x lü 5

1 .0  2 .33x10*  1 .708x10*

10.0 2 .33x10*  1 .708x10*

100.0 2 .33x 10*  1 .708x10*

0 . 0  9 .33x10*  1 .710x10*
0.001 9 .3 3x 10 ,  1.710x102
0 .01  9 .31x10*  1.706x10

0 .1  9 .32x10*  1 .707x10*

1 .0  9 .33x10*  1 .710x10*

10 .0  9 .33x10*  1 .710x10*

100.0 9 .31x10*  1 .706x10*

0 .0  ( Ra)c = ( GrxPr )
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F IG .4.1 GRASHOF NUMBER VS. REYNOLDS  
NUMBER A T  D IFFER ENT VALUES OF NA

•  N 8 4 x 1 0 4 Ï tft j ï  
■  N « 4 * 107 g r p

*  N . 4 * 1 0 8 

★  N * 4 * 10*

♦ N M m IO”  S p
A  N* 4 * 10" Œ ? :

111 IB I ! fÜ
1 0 s 1C10“ 1 10

R e - N U M B E R
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F IG .4.2 GRASHOF NUMBER VS. REYNOLDS  
NUMBER FOR H IG H  P E R M E A B IL IT Y

X N = 4 *  10** 

•  N » 0.0

10-' 1 10
R e - N U M B E R
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F IG .4.3 C R IT IC A L R A Y L E IG H  NUMBERS VS. 
REYNOLDS NUMBERS

#  4 *  NS 4 * 10

0 .0  £  N £  4 * 1 0 ’'

iO-1 1 10
R e - N U M B E R
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4 .3  St ream! ines and Isotherms

The numerical  so lu t i on s  to the set  o f  p a r t i a l  d i f f e r ­

e n t i a l  equat ions are presented in the form of  contour  p l o ts  

of  the stream fu nc t i on  and the temperature given in Figures  

( 4 . 4 - 4 . 2 7 ) .  The s t reaml ines  y i e l d  an imme dia te .p ic tu re  

of  the f low p a t t e r n . The method used here to p l o t  the  

s t reaml ines  and isotherms is  descr ibed in re fe rence  ( 4 2 ) .

I t  is simply to p r i n t  d i f f e r e n t  symbols in the f l u i d  domain,  

depending on the loca l  values o f  stream fu nc t ion  and tem­

p e ra tu r e .

The examinat ion of  iso- therms shows the e f f e c t  o f  

f l u i d  f low on temperature  d i s t r i b u t i o n .  The isotherms which 

are  p l o t t e d  always correspond to ,

8 = 0 . 0 ,  0 . 0 0 1 ,  0 .0 03 ,  0 . 0 1 ,  O.OS, 0 . 2 ,  0 . 3 ,  0 . 5 ,

0 . 6 ,  0 . 7 ,  0 . 8 .  0 . 9 ,  1 . 0 .

and the s t reaml ines  correspond to

ip = - 2 . 0 ,  - 1 . 0 ,  - . 9 ,  - . 8 ,  - . 7 ,  - . 6 ,  - . 5 ,  - . 3 ,  - . 2 ,

- . 0 5 ,  - . 0 1 ,  - . 0 0 3 ,  - . 0 0 1 ,  0 . 0 ,  0 .0 01 ,  0 . 0 0 3 ,  0 . 1 ,  

. 0 5 ,  0 . 2 ,  0 . 3 ,  0 . 5 ,  0 . 6 ,  0 . 7 ,  0 . 8 ,  0 . 9 ,  1 . 0 ,  2 . 0 .

The symbols correspond to the above values and can be 

found in Appendix ( C - 3 ) .

Figures ( 4 . 4 - 4 . 1 1 )  show the s t reaml ines and isotherms  

f o r  the downflow case and cond i t ions  in d ic a t ed  under each
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figure at d ifferen t time steps. I t  can be seen from the printed symbols 

that the flow is directed downward. At t  = 0.025 (Figure 4.4) shows a 

weak convection motion developing the flu id . As time increases convec­

tion currents develop in the flu id  until f in a lly  a steady state is 

reached. At time t  = 0.5 (Figure 4.7) one vortex is established at 

the corner where the insulated and the hot bottom intersect. A second 

vortex forms by the centerline. The vorticies expand towards the 

sides forming a complete picture of the convect flow pattern at t  = 1.5. 

The isotherms at t  = 1.5 are shown in Figure (4 .12). Figures (4.13 and 

and 4.14) are the streamlines and the isotherms for the downflow case 

of a highly permeable medium. I t  shows the anti-clock-wise vortex 

which expands towards the sides and the bulk of the flu id  as time 

increases until t  = 1.5 where i t  is considered the steady state.

The streamlines and isotherms for the upflow case in porous 

media are shown in Figures (4 .17-4 .18). At t = 0.0075 a small convec­

tion cell starts at the lower l e f t  corner. As time increases a second 

cell forms by the centerline and the flow pattern expands towards the 

sides.
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h»u»tfĉbtfctliitl«f«i tfc<«i fcltfc lkl#,Wk IkLk Wk klkfw&w l*.(h tfctfcfa.UiU.fa ft. u.
UilUtiJdti ̂ )0JUJUJUJU3t«JUlUDU?UlU)teHâ3lâ)UJlâJltileMeJUlLUti3»i3âH«3tilU3 UIs;ùju:u:u)u;ti3uit*;u)tâiu3isjuju3u)t»)u)u3u)faju3ti:u)u)toiuiun*3uju3uiuiu3 uju
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A t t e n t i o n  w i l l  now be d i r e c t e d  to an examinat ion of  

the s t reaml ines and iso - therms of  Figures ( 4 . 1 9 - 4 . 2 4 ) ,  

which represent  the f i n a l  stages in the so lu t io n  o f  the  

non- f low case.  At t  = 1.5  (F ig u re  4 . 1 9 )  the f l u i d  f low  

p a t t e rn  consists  of  two v o r t i c e s , the one in the l e f t  

i s  in the a n t i - c l o c k - w i s e  d i r e c t i o n  and the o ther  in the  

r i g h t  is in the c l o ck -w ise  d i r e c t i o n .  L i t t l e  f u r t h e r  

change occurs to these v o r t i c i e s  when t ime increased  

beyond t  = 1 . 5 .  Figure ( 4 . 2 0 )  shows the iso- therms have 

moved in to  the f l u i d  and i t  can be seen t h a t  they are  

s l i g h t l y  d i s t o r t e d  due to the f l u i d  mot ion. Figures  

( 4 . 2 1  - 4 . 2 2 )  represent  the f low pa t te rns  and the i s o ­

therms f o r  the non- f low case of  s ing le -phase  f l u i d  a t  t ime  

t  = 1 . 5 .  Fol lowing these are Figures (4 .2 3  - 4 . 2 4 ) ,  which 

show the convect ion cur ren ts  of  the non- f low case of  

h ig h l y  permeable media.

I t  must be noted here th a t  a l l  the above mentioned 

f i g u r e s  correspond to an aspect  r a t i o  of  one, and a l l  of  

which correspond to values computed f o r  a 10 x 10 g r i d .
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Figures ( 4 . 7 5 - 4 . 2 7 )  show the s t reaml ines  f o r  d i f f e r ­

ent  aspect  r a t i o .  F igure ( 4 . 2 5 )  shows the s t reaml ines  

f o r  the downflow case wi th  aspect  r a t i o  - 0 .5  a t  t ime  

t  = 1 . 5 .  Comparison wi th  Figure ( 4 . 1 1 )  where the aspect  

r a t i o  was 1 .0  shows no fundamental  change in the f low  

p a t t e r n .  F igure ( 4 . 2 6 )  shows the s t reaml ines  f o r  the  

upflow case w i th  an aspect  r a t i o  o f  two and t  = 1 .5 .

This can be compared to Figure ( 4 . 1 8 ) .  Figure ( 4 . 2 7 )  

presented the case f o r  non- f low wi th  an aspect  r a t i o  

= 2 .0  which can be s i m i l a r l y  compared to Figure ( 4 . 1 9 ) .  

Figures ( 4 . 2 6  - 4 . 2 7 )  correspond to values computed f o r  

21 x 9 g r i d .

I t  is concluded t h a t  w i t h i n  the range of  aspect  r a t i  

considered,  the f low s t r u c t u r e  is u n a f f e c t e d .



T-2603 73

in
o

n
o

«C
OC

u
UJ
Q.inc

oQ

o

SO  QOQOOOOQOOOOOOOOQO QQ QQQOQO U U U U U U U U U Uu u u u u u u u u u  u u u  u u u u u u u u u u  u uu u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u  œ œ a  u  u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u  aaaeeas u u u u u u  u u u u u u u u  u u u u  u u u u  u u u u  U U U U U U  CCSOBCQ 05 CDUu u u u  u u u u u u u u u u  UUU UUU UUUUU UUUUU 00 CD CO COUUUUUU UUUU UUU UUUU UUUU UUUUU UUUU 30 0050 00UUUUU UUUU UUUU UUUU UUUUU UUUUUUU comu u  u u u u u u u u u u u u u u u u  u u u u  u u u u  u u u  mœ mu u u u u u u u u u u u u u u u u u u u u u u u u u u u  mm m
u u u u u u u u u u  u u u u u u u u  u u u u u u u u u u u  mm mu u u u u u  u u u u  u u u u  u u u u  u u u u  u u u  u u u u  m 00

u u u o u u u u u u u u u u u u o u u u u  mm mu u u u u u u u u u u u u u  mm mu u u u u u u u u u u u  mm oou u u u u u u u u u u  mm mu u u u u u u u u u u  m mu u u u u u u u  u u  mmmUUUUUU Q INfNTN 0*0
mmmmmmmm uuuuu o*n mm v  irmoiu
mmcemsooaammsmmm uuuu o*o*mmv vovcso mu
mmmxacamamammmamm uuu cno* mvtr*o>o»c
mmammaaammaaaammamm uuu incn m «A o*
mmammmammaaeaccamaaaam uuu own vi'C'O >©o*
mmaaamamaaaamaaaaaaama uu o*r*mv m
mmaammmammamamaamamaamm uu o*o*mv mvo
mmaaaaaamaammmamaaamamam uuu<n m 
mmmmmmaaaaaaaaamaaaaaaamm uu <n vom
mmaaaaaaaaamaaaaaaaaamaama uu o#m vO>o <oo* 
ammmmaaaamaaaaaaaxamamaaama uum m mvo so 
mmamamaaamaaaaaaamaaamaaaaamm uu mvascsO'S u 
mmamaaaaaaaamamaaaamamaaaaammaa uu m in 
mmmmmmcommmamaaaammammmmamammmmmmmma uu i u a

o  o  o  oo>o m *o
O tai<C
♦ moo-̂ iHQ 
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4 . 4  A p p l i c a t io n  to Oi l  Shale Retor t

Typica l  p e r m e a b i l i t i e s  f o r  o i l  shale r e t o r t s  were 

c a lc u la t e d  from exper imenta l  pressure drop data given by 

Raley ( 4 7 ) .

Then Darcy -Ray le igh  numbers and Reynolds numbers 

were es ta b l i s h e d  from t y p i c a l  r e t o r t  opera t ing cond i t ions .  

These were c a lc u la t e d  in terms of  a v a r i a b l e  he igh t  H, 

above the combustion zone and f o r  a f i x e d  gas v e l o c i t y  of  

3 f t / h r .  The l a t t e r  va lue is considered to be a r a t h e r  

low value f o r  r e t o r t  o p e r a t i o n . An operat ing  l i n e  can 

then be p l o t t e d  on a graph o f  Darcy-Rayle igh number vs.  

Reynolds number w i th  H as the v a r i a b l e .  This has been done 

in Figure ( 4 . 2 8 )  f o r  values of  p e r m e a b i l i t y  ranging between 

3 .0  x 10~ 8 and 4 .0  x 10"^ f t   ̂ and f o r  values of  km, of

0.0414 and 0 .0265 B t u / h r . f t  ° F . These values of  km are  

a c t u a l l y  the c o n d u c t i v i t i e s  o f  a i r  a t  1500 °F and 600°F  

r e s p e c t i v e l y ,  and represent  lower bounds to the poss ib le  

values of  bed c o n d u c t i v i t y .  The ranges of  these two quan­

t i t i e s  represent  an es t imate  of  the u n c e r t a i n t y  in the  

p r e d i c t i o n  o f  t y p i c a l  r e t o r t  parameters.

Also on Figure ( 4 . 2 8 )  i s  shown the c r i t i c a l  Darcy-  

Rayl eigh number l i n e  of  F igure ( 4 . 3 ) .  I t  is c l e a r  t h a t  

under normal op era t ing  c o n d i t i o n s , t y p i c a l  r e t o r t s  w i l l  

not be a f f e c t e d  by convect ive  f low i n s t a b i l i t y .  The only
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TABLE 4 . 4  SUMMARY OF 

AT DIFFERENT

( B t u / h r - f t ° F  K ( f t 2 ) H(m)

VALUES OF Ra 

VALUES OF H

RaK/H2

AND Re 

Re

0.0414 1 . 36 x l0 ~6 1 1 . 3 x l 0 2 1 . 8 8

2 2 . 6 x l 0 2 3.76

1 0 1 . 3x1 0 3 18.8

2 0 2 . 6 x 1 0 3 37.6

50 6 . 5 x l 0 3 94 .0

8 . 3 7 x l 0 ' 6 1 9 . 5 7 x l 0 2 2.23

2 1 . 9 14x103 4 .47

1 0 9 . 5 7 x l 0 3 22 .3

2 0 1.914x10* 44 .6

50 4.785x10* 111.7

0.0265 4 . x lO ” 4 1 5 .9x10* 5.05

1 0 5 . 9x 1 0 5 50.5

2 0 1 . 18 x l0 6 1 0 1 . 0

50 2 . 9 5 x l 0 6 252.6

3. xlO -  8 1

10

20

50

4 .4

44 .0

88 . 0  

2 . 2 x 1 0 '

5 .05  

50.5  

101.0 

252 .5
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case where t h i s  might occur would be i f  the gas f low were 

t e m p o r a r i l y  stopped and the Rayleigh number were to be 

z e r o . This would be represented on the f i g u r e  by a h o r i ­

zonta l  l i n e  drawn from any of  the operat ing l i n e s  to 

i n t e r s e c t  the Darcy -Rayle igh  number a x i s .  As i s  seen, 

a l l  would i n t e r s e c t  above the non- f low c r i t i c a l  value of

The f o l l o w i n g  is an example of  the c a l c u l a t i o n s .

1 . C a lc u la t i o n  of  P er m e a b i l i t y

From Darcy 's  Law neg lec t ing  the g r a v i t y  e f f e c t ,  

K = yV/AP

y,  V, AP are taken from Appendices A - l , A-2 a t  1500°F

k -  0-038 x 0 .10575
N ~ 3600 x 0 .816

k = 1 .36  x 10~ 6 f t 2

2. C a l c u l a t i o n  of  Rayleigh number :

53AT H3 ( pCp) f  „

81 ■ — - X —  ' " 7

B .  1/T„, T0 .  J0°F

p,Cp,  V, k^ are taken from Appendix B - l .
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n. _ 3 2 . 2 x 1 . 8Bx 1 0 " 3 x 1430x3600x3600x5.6x lO~3x i . 3 6 x l O " 6 H
Ka 5 .225x0.0414

Ra = 39.65 H, H is the depth of  combustion zone.

3. Reynolds number

f o r  f l u i d  v e l o c i t y  of  3 f t / h r  = 8 .3 3 x 1 0 ”  ̂ f t / s e c .

Re = pVq H/p

.  0 . 0 2 0 2 4 x 8 . 3 3 x l0 " 4 ,,
( 0 .1 0 5 7 5 /3 6 0 0 )  M

Re = 0 .575  H

When (K) the p e r m e a b i l i t y  and km the c o n d u c t i v i t y  are  

c h a n g e d , d i f f e r e n t  values of  Re and Ra w i l l  be found by the 

same method as above. Rayle igh numbers and Reynolds numbers 

can be c a l c u l a t e d  as a fu nc t i on  of  (H ) .  Table 4 .4  shows a 

summary of  those numbers at  d i f f e r e n t  values of  ( H) .

4 .5  S t a b i l i t y  of  the Numerical  Method

According to the q u a s i ! i n e a r  ana ly s is  o f  Lox and 

Richtmyer (48)  app l i ed  to the energy equai ton and to v o r t i -  

c i t y  equat ion in dimensi on !ess form,  the numerical  method 

is  s t a b le  i f  the fo l l o w i n g  s t a b i l i t y  c r i t e r i o n  is  s a t i s f i e d .

1. For energy equat ion and when N = 0 in the  

v o r t i c i t y  equat ion

At 1  ( ^ - ( U f + |  Uf | -Ub+|Ub|+Vf+|Vf | -Vb+|  Vb| ) +

4 / h 2 P r ) ' 1
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2.  For the v o r t i c i t y  equat ion expressed i n. terms o f  

Brinkmann' s extension of  Darcy 's  Law

______________________ 1 -  N________________________
At -  ^ l / 2 h ( U f + | U f | - U b + | U b | + V f + | Vf  I -Vb + | V b | ) + 4 / h 2 Pr)

H2
where N = —̂

The r i g h t  hand side of  the second equat ion is def ined as 

(P7)  in the computer program, the r i g h t  hand side of  the 

f i r s t  equat ion is also de f ined  as (P7)  wi th  N = 0.

The values o f  ( P7) are c a l c u l a t e d  at  var ious t i n e  steps and 

shown under every f i g u r e  o f  Figures (4 .4  - 4 . 2 7 )  and sum­

mar ized in Table ( 4 . 5 ) .

I t  i s  seen t h a t  P7 u s u a l l y  decreases as the c a l c u l a ­

t io n  proceeds in t im e ,  but nowhere was a value less than 

A t  encountered . This supports the conclusion t h a t  the  

computat ions were s t a b l e .

4 . 6 .  V a l i d i t y  of  the Resul ts

Three types of  checks were made from which the r e s u l t s  

were considered v a l i d :

1. The comparison w i th  the publ ished t h e o r e t i c a l  

work was mentioned in Sect ion ( 4 . 1 )  f o r  the porous medium 

non- f low case,  and wi th the Benard convect ion problem fo r  

s in g le  phase f l u i d .  The comparison was in e x c e l l e n t  agre e ­

ment.
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2. The numerical  s t a b i l i t y  o f  the method was checked.  

C al c u la t i o n s  o f  the c r i t e r i a  P7 (see Table  ( 4 . 5 ) )  support  

the conclusion t h a t  the computations were s t a b l e .  Sect ion  

( 4 . 5 ) .

3. D i f f e r e n t  g r id  systems were used and i t  was found 

t h a t  they gave almost the same r e s u l t s  fo r  c r i t i c a l  Darcy-  

Rayl eigh numbers as shown in Table ( 4 . 6 ) .

TABLE 4 . 6  COMPARISON OF RESULTS AT DIFFERENT GRID

N  Re Gr id (Gr )c  Ra K/H2

4 x l 0 9 0 . 0 1 0 x 1 0 2 . 1 5 X 1 0 11 3 . 9 4 X 1 0 1

2 0 x 2 0 2 . 1 BxlO11 3 . 9 4 X 1 0 1

1 . 0 1 0 x 1 0 ro *—*
 

00
 

X
 ►—» o I—» -p* 3 . 9 9 x l 0 4

2 0 x 2 0 2 . 1 7 x l 0 14 3 . 9 7 X 1 0 4
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CHAPTER V i
CONCLUSIONS

From the r e s u l t s  obta ined the f o l l o w i n g  may be concluded:

1. For the non- f low case,  the c r i t i c a l  Darcy-Rayleigh
K

number is  found to be Ra—5— = 39 .6  in agreement w i th  p u b l i -
H

shed t h e o r e t i c a l  va lues .  This i s  v e r i f i e d  f o r  the perme­

a b i l i t y  range 4x10*  ^N  £ 4 x 1 0 * *  . In the high p e r m e a b i l i t y  
-  2 - 1l i m i t  ( 4x10 ’  £  N £  4x10" ) a c r i t i c a l  Darcy -Rayle igh  number 

of  1710 i s  found. For the s in g le  phase f l u i d ,  a c r i t i c a l  

Rayle igh number o f  1710 is  a lso found in agreement w i th  the  

wel l -known r e s u l t  f o r  Benard convect ion .  Wall  e f f e c t s  do 

not appear to be impor tan t .

2. For the f low  case,  a l i n e a r  r e l a t i o n s h i p  between 

c r i t i c a l  Rayleigh number and Reynolds number is  found f o r
* n p

Reynolds numbers ranging from 10 to 10 . The c r i t i c a l  

Rayle igh number is constant  f o r  the non- f low case.

3.  N e i t h e r  aspect  r a t i o  nor the f low d i r e c t i o n  (upf low  

vs downflow) a f f e c t  the values o f  the c r i t i c a l  Darcy -Ray le i gh 

number.

4.  The numerical  method is  considered to be compu­

t a t i o n a l l y  s t ab le  in the range of  i n t e r e s t .

5. For a p p l i c a t i o n  to o i l  shale r e t o r t s ,  i t  i s  conclu ­

ded t h a t  a t y p i c a l  o i l  shale  r e t o r t  is  c o n v e c t i v e ly  s t ab le  

under normal op era t ing  c o n d i t io n s .
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CHAPTER VI 

RECOMMENDATIONS

From the r e s u l t s  and conclusions i t  is recommended to:

1. V i s u a l i z e  the convect ion motion of  f l u i d  f low  

through porous media and measure the temperature  

d i s t r i b u t i o n  e x p e r i m e n t a l l y , i f  poss ib le .

2. Extend the present  work f o r  o ther  coordinates  

( f o r  example,  c y l i n d r i c a l  c o o r d i n a t e s ) .

3. Modi fy the method used to solve the n o n - l i n e a r  

p a r t i a l  d i f f e r e n t i a l  equat ions f o r  the problem of  Reynolds 

numbers higher  than 1 0 0 , where t h i s  method f a i l s  to con­

verge.

4.  Modi fy the boundary cond i t ions  when other  c o o r d i ­

nates are used.

5. Study the nature and the e f f e c t  of  in t e r n a l  heat  

g e n e r a t i o n .
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NOMENCLATURE

Roman L e t t e r  D e f i n i t i o n

Cp S p e c i f i c  heat
3 2Gr Grashof number = gBATH /v

g A cc e l e r a t io n  due to g r a v i t y

H Height  of  the porous bed

h Grid spacing in x or y d i r e c t i o n

K P e r m e a b i l i t y  of  the f l u i d

km Thermal c o n d u c t iv i t y  o f  the ( f l u i d
medium sat r u a te d  porous l a y e r )

L Width o f  the bed

M Number of  g r id  spacing in the x-
di  r e c t i  on

N Number of  g r id  spacing in the y -
di r e c t i  on

N Reciprocal  o f  dimension!ess perme­
a b i l i t y  =

K
P Pressure

PR Reference pressure

Pr Prandt l  number, = yCp/km

Ra Rayleigh number, = gBATH/vam

t Time

T Temperautre

AT Temperature d i f f e r e n c e ,  = ( T g -T } )

u V e l o c i t y  in the x - d i r e c t i o n

U Dimension!ess v e l o c i t y  in x - d i  r e c t i  on
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Roman L e t t e r  

v

V 

w

X

X

y

Y

Greek L e t t e r  

a

a m
6

y
AX

AY

0

A t

D é f i n i t i o n  

V e l o c i t y  in the y - d i r e c t i o n  

Dimensi on!ess v e l o c i t y  in y - d i  r e c t i  on 

Dimension!ess v o r t i c i t y  

Hor i zon ta l  co or d i n a te ,  measured from 

the bottom l e f t  hand corner  

Dimension!ess hor i zonal  coordinate  

V e r t i c a l  coord inate  measured upwards 

from the bottom l e f t  hand corner  

Dimens ion!ess v e r t i c a l  coordinate

Déf in i t i  on 

Thermal d i f f u s i v i t y  

Thermal d i f f u s i v i t y  o f  the medium 

Volume c o e f f i c i e n t  of  thermal expansion 

= 1/To

Heat capa c i ty  r a t i o ,  (pCp) f / ( p C p) m 

Grid spacing in x - d i  r e c t i  on 

Grid spacing in y - d i  r e c t i  on
T^Tn

Dimension!ess t e m p e r a tu re , = ?— f
1 1 " 0

Dimension!ess t ime increment  

Dimension!ess t ime
a? 3%Laplac ian o p e r a t o r ,  = — « +
dX* 9Y^
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Greek L e t t e r  D e f i n i t i o n

Ç V o r t i c i t y

y V i s c o s i t y

v Kinematic v i s c o s i t y

p Densi ty

ÿ  Dimension!ess stream fu nc t i on

co Re laxa t ion parameter

o)0 pt Optimum r e l a x a t i o n  parameter

Subscr ipts

0 Refers to cond i t ions a t  t ime t  -  O

1 Refers to the hot side

f  Refers to f l u i d ,  or forward

i Denotes a g r id  po int  whose ho r i zo n t a l

coord inate  is x = i x 

j  Denotes a g r id  po int  whose v e r t i c a l

coord inate  is Y = j A Y 

R Denotes re fe ren ce  q u a n t i t y

m Refers to medium

n Refers to number of  t ime steps

Y Refers to r a t i o  (pCp) f / ( p C p ) m
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26,  4 ,  753 ( 1 9 6 6 ) .

17. Horton,  C. W. and Rogers,  F . T . ,  "Convection Currents  
in a Porous Medium," J.  Appl ied Phys. 16, 367
( 1945) . ---------------------------- ------------------------- z—

18. Lapwood, E. R. ,  "Convection of  F l u id  in a Porous
Medium," Prdc . Camb. P h i l .  Soc. ,  44 ,  508 (1948)

19.  L o re n t z e n , G. and Brendeng, E. ,  "On the In f lu en ce  of
Free Convect ion in I n s u l a t e d , V e r t i c a l  Wa l ls , "
10th I n t .  Cong. of  R e f r i g e r a t i o n ,  294 (1 95 9 ) .

—> 20. M a r t i n ,  G.and Haselden,  G. G . , "Heat T r an s f e r  by
Natura l  Convect ion in Porous I n s u l a t i o n s , "  1 1 th 
I n t .  Cong. o f  R e f r i g e r a t i o n ,  Paper 11 -2 ,  Munich 
( 1 9 6 0 ) .

21.  N e a l , G.and Nader , W. , " P r a c t i c a l  S i g n i f i c a n c e  of  
Brinkman’ s Extension of  Darcy 's  Law : Coupled 
P a r a l l e l  Flows Wi th in  a Channel and a Bounding 
Porous Medium," The Canadian Journal  o f  Chem.
Engg. , 52,  475 ( 1974) .



T-2603 91

22. L i s t ,  J . , "The Convect ive S t a b i l i t y  o f  a Confined
Satura ted  Porous Medium Conta in ing Uni formly  
D i s t r i b u t e d  Heat Sources, " Technica l  Memoran­
dum, 6 5 -1 0 ,  CIT ( 1 9 6 6 ) .

23.  Wooding, R. A . ,  "Steady S ta t e  F*ree Thermal Convec­
t i o n  of  L iquid  in a Satura ted  Permeable Medium."
J.  F l u id  Mech. 2,  273 (1 9 5 7 ) .

24.  Frank,  F . C. ,  "On D i l a t a n c y  in R e la t io n  to Seismic
Sources, " Rev. Geophs. 3,  485 ( 1965) .

25. E ld e r ,  J . W. ,  " P e n e t r a t i v e  Convection I t s  Role in
Vu 1 cam* sm, " Bul l  . Vo lcan. 29,  327 ( 1966) .

26. S ch n e i d er , K. J.  " I n v e s t i g a t i o n  of  the In f lu e nc e  of
Free Thermal Convect ion on Heat T r an s f e r  Through 
Granular  M a t e r i a l  ," 11th I n t .  Cong, o f  R e f r i g ­
e r a t i o n ,  paper 11 - 4 ,  Munich (1 9 6 3 ) .

27.  Ka t to ,  Y. and Masoka, T . ,  " C r i t e r i o n  f o r  the Onset
of  Convect ive Flow in a F l u id  in a Porous Medium," 
I n t .  J.  Heat Mass T r a n s f e r ,  10,  297-309 (1 96 7 ) .

28.  E ld e r ,  0.  W. , "Steady Free Convection in a Porous
Medium Heated from Below, "_J_. F lu id  Mech. ,  27,  1,  
29 (1 9 6 7 ) .

29. Busse, F. and Joseph, D. D . , "Bounds f o r  Heat T rans ­
por t  in a Porous Lay er , "  J.  F l u id  Mech. 54 , 521 , 
( 1 9 7 2 ) .

30. Horn, R. N. ,  "Three Dimensional  Natura l  Convect ion in
a Conf ined Porous Medium Heated from Below,"
J.  F lu id  Mech. 92,  751 (1 97 5 ) .

3 1 . Horn, R. N. and O ' S u l l i v a n ,  J . J . ,  " O s c i l l a t o r y  Con­
vec t ion  in a Porous Medium Heated from Below,"
J.  F l u id  Mech. 6 6 , 339 (1 9 7 4 ) .



T-2603 92

32. Catagi  rone , J . P . ,  "Thermoconvective I n s t a b i l i t i e s  
in a Ho r i zo n ta l  Porous La yer , "  J.. FI ui d Mech. .
72,  169 ( 1 9 7 5 ) .

-> 3 3. H o l s t ,  P. H. and A z i z ,  K. ,  "T rans ien t  Three-Dimen­
sional  Natura l  Convection in Confined Porous 
Media , "  I n t e r n a t i o n a l  J.  Heat and Mass Trans­
f e r ,  15,  73 (1 9 7 2 ) .

34. Cheng , P. and Teckchandani , L . ,  "Numerical  So lu t ion
f o r  T r an s ie n t  and L iqu id  Withdrawal  in a L i q u id -  
Dominated Geothermal R e s e r v o i r , "  American Geophys. 
Union Monograph, 20,  705 ( 1 97 7 ) .

35.  Rana, R. , Horne, R. N. ,  and Cheng, P . ,  "Natural  Convec
t i o n  in a M u l t i - L a y e r e d  Geothermal R e s e r v o i r , "
J.  Heat T r a n s f e r , 101, 411 ( 1 97 9 ) .

36.  Wi lkes ,  J . 0 . ,  Ph.D. Thes is ,  Univ.  Michigan,  Ann
Arbor ( 1963 ) .

—̂ 3 7 .  S t r a u s , J. M. , "Large Ampli tude Convect ion in Porous 
Media, "  J.  F l u id  Mech. 64 , 51 ( 1974 ) .

-t? 33. S t r a u s , 0.  M. and Schubert ,  G. , "Three Dimensional
Convect ion in Cubic Box of  F l u i d - S a t u r a t e d  Porous 
M a t e r i a l ," J. F l u id  Mech. , 91,  155 (1 97 9 ) .

3 9. Joseph, D. D. ,  "Bounds fo r  Heat T r an s f e r  in a Porous
La ye r , "  Vol .  54,  Par t  3,  521-543 ( 1 9 7 2 ) .

40.  Joseph, D. D. , " S t a b i l i t y  of  Convection in Containers
of  A r b i t r a r y  Shape, " J.  F l u id  Mech. 47,  257-282  
( 1 9 7 1 ) .

41.  Wankat,  P. C. and Schowai ter ,  W. R. ,  " S t a b i l i t y  of
Combined Heat and Mass T r a n s fe r  in Porous Medium," 
Phy. F lu id ,  13, 2418 (1 97 0 ) .

4 2. Chow, C. - Y . ,  "An I n t r o d u c t io n  to Computat ional  F lu id
Mechanics,"  John-Wi1ey & Sons, New Y o r k , (161,  
3 5 9 - 3 7 4 ) ( 1 9 7 9 ) .

4 3. Roache, P. J . ,  "Computat ional  F l u id  Dynamics,"
Hermosa Pu b l is he rs ,  Albuquerque,  N.M. ( 1 6 1 ,  217,  
336) ( 1 9 7 2 ) .



T-2603 93

44.

45.

4-6.

47.

48.

49.

Tor rance ,  K. E . , "Comparison of  F i n i t e  D i f f e r e n c e  
Computat ions of  Natura l  Convect ion ,"  J . , o f  
Research of  Nat iona l  Bureau of  S tandards , 728,  
281-301 (196877™^

T o r r a n c e , K. E. and R o c k e t t , J.  A . ,  "Numerical  Study 
of  Natura l  Convect ion in an Enclosure wi th  L o c a l ­
ized Heat ing from Below-Creeping Flow to the  
Onset of  Laminar I n s t a b i l i t y , "  J_. F lu id  Mech. ,
36,  33-54 (1 9 6 9 ) .

Chandrasekhar ,  S . ,  "Hydrodynamic and Hydromagnetic  
S t a b i l i t y , "  Oxford U n i v e r s i t y  Press,  London, 
359-360 (1 9 6 1 ) .

Raley ,  J . H. ,  Sandhol t z , W. A. and Ackerman, F . J . ,  
"Resul ts  from Simulated,  Modi f i ed  I n - S i  tu 
R eto r t ing  in P i l o t  R e t o r t s ," 11th Oi l  Shale  
Symposium Proceedings,  CSM. 331 ( 1 9 7 8 ) .

Lax , P. D. and Richtmyer ,  R. 0 . ,  "Survey o f  the
S t a b i l i t y  of  L inear  F i n i t e  D i f f e r e n c e  Equat ions , "  
Comm. Pure Appl ied Math. Vol .  9 , 267 -293 ,
343-364 ,  ( 1 9 5 6 ) .

Chapman, A. J . ,  "Heat T r an s f e r :  Th i rd  E d i t i o n ,
MacMi l lan Pub l ish ing Co. ,  I n c . ,  New York,
576-594 ,  ( 1 9 7 4 ) .



T-2603

CHAPTER V I I  

APPENDICES



T-2603

A -  Computation o f  Numerical  S t a b i l i t y  C r i t e r i o n :  .

1. Energy Equat ion and Navier  Stokes Equat ion:

The energy equat ion ( 3 . 1 9 )  can be w r i t t e n

in the form:

6 i , j  = a l 0i + l , j  + a26 i - 1 , j  + a38i , j  + a46i , J  + 1 +

Lax and Richtmyer (48)  showed th a t  the scheme is s t ab le

i f  a 3 > , 0  in ( Â - 1 ) .  From the energy equa t ion ,  a g is the

c o e f f i c i e n t  of  0 . which can be c a lc u la te d  as:
i  » J. »

e' i , j  * 6 i , j  + iïï |_'((Uf' Uf )6i + l , j  + (Uf+lUf|'Ub+llJbl)ei

- (ub+|ub| )e . .1>M) - ( ( V f -  vf )ei J  + 1

+(Vf+|Vf|-Vb

+ l Vbl ) 9 i , j - ( vl>+ |Vb| ) 6 1 j . ^ + 2 / p r h
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By c o l l e c t i n g  the c o e f f i c i e n t s  o f  6 . equat ing to zero
1 » J

and r e a r r a n g in g .

A t  <  ( l / 2 h ( U f + | U f | -  Ub+|Ub| - V f + | V f | - V b + | V b | ) -  4 / p r h 2 )

2. Brinkman's Extension of  Darcy 's  Law:

By f o l l o w i n g  the same procedures as used 

in the energy equa t ion ,

At -  ^ l / 2 h ( U f + | U f | - U b + | U b | - V f + | V f | - V b + | V b | - 4 / p r h 2 )

B. Physical  P ro per t i e s  of  A i r  and Sandstone

B - l .  A l l  physical  p r o p e r t i e s  of  a i r  and sandstone 

are taken from R ef e re nc e ( 4 9 ) .

B-2.  The pressure drop and f l u i d  v e l o c i t y  are taken  

from Reference ( 4 7 ) ,  they are:

A p( 1b / f t 2 ) 0 .201 0 .204 0 .816 20 .4

V ( f t / s e c )  0 .033 0.062 0 .038 0.038

C. Computer Programs

Four programs are  employed in the present  work. They 

w i l l  be r e f e r r e d  to d e s c r i p t i v e l y  as: ASH.For,  SAL.For,

KAL. For ,  RAM.For. I t  must be noted th a t  those programs 

are  modi f ied  from Chow (42 )  o r i g i n a l  programs, and may be 

descr ibed b r i e f l y  as fo l l o w s :
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C - l .  ASH.For:  The main program which c a l l s  the other

th re e  subrout ines .  This program s p e c i f i e s  the i n i t i a l  

and boundary co nd i t ions  f o r  U, V, 6 , and w.  I t  reads 

the  data o f  v a r i a b l e  parameters Gr , Pr ,  y , Re, N and 

maximum steps.  I t  a lso s p e c i f i e s  the g r id  spacing M, N, 

a t  anyt ime temperature and v o r t i c i t y  d i s t r i b u t i o n s  are  

obta ined from the cond i t ions  a t  the previous t ime step.

C-2.  SAL.For:  I t  is  the subrout ine c a l l e d  ( SoRLX)

which is used to f i n d  the stream func t ion  f o r  a c e r t a i n  

known v o r t i c i t y  d i s t r i b u t i o n  by so lv ing the poisson- type  

equat ion .  The maximum e r r o r  al lowed in t h i s  program fo r  

the successive r e l a x a t i o n  method is -0001 .  The boundary 

cond i t ions  s ta ted  in t h i s  subrout ine  are those s ta ted  in 

Sect ion ( 3 . 5 - C ) .

C-3.  K A L -For:  I t  is  the subrout ine contour  which is  

used f o r  the purpose o f  p l o t t i n g  the f low by p r i n t i n g  d i f ­

f e r e n t  sym'bol s in the f l u i d  domain, depending on the loca l  

values of  the stream fu nc t ions  and the te m p er a t u re . The 

f i n a l  output  shows a rough p i c t u r e  of  the f low pa t t e rn  or  

of  the i so - t he rma ls  depending on the contour p l o t  requi red  

to be seen. Flow pa t te rns  or /and i so - th erma ls  are p l o t te d  

only a t  p a r t i c u l a r  t ime steps when the number o f  steps  

equals one of  the se lec ted  values stored in the a r r a y  N PLOT 

in the main program.
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Computer output  w i l l  show the f o l l o w i n g  symbols 

corresponding to the f o l l o w i n g  data va lues.  ( F i g s . 4 . 1 2 - 4 . 2 7 )  

1- Stream Funct ion

A For < - 2 .0

B it - 0 . 5 < < -  0 .3

C h - 0 . 2 < 4» < - 0 .05

D h - 0 . 0 1 < $ < -  0 .003

- h - 0 .001< < 0 .0

+ h
0 .0 < < 0.001

1
n 0.003 < < 0 .01

2
n 0.05 < < 0 .2

3 h 0.3 < 4> < 0.5

4 h 0 . 6 < 4* < 0 . 7

5 h 0 . 8 < 4> < 0 . 9

6 h
1 .0 < ip < 2 .0

2. Temperature

+ For

oo < 8 < 0 . 001

1 h 0. 003 < 0 < 0 . 01

2 h 0 . 0 5 < e < 0 . 2

3 h 0 . 3 < e < 0 . 5

4 h 0 . 6 < 0 < 0 . 7

5 h 0 . 8 < 0 < 0 . 9

h 0 > 1 . 0
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C-4.  RAM.For: I t  is the fu nc t ion  PNEW which is

used to comput the v o r t i c i t y  and temperature a t  a l l  i n t e r ­

i o r  po ints  except  those on the cen t e r  l i n e  along which the  

v o r t i c i t y  vanishes.  This  is j u s t  the i n t e g r a t i o n  by f i n i t e  

d i f f e r e n c e  of  the energy and v o r t i c i t y  equat ions.  For 

Darcy 's  Law the v o r t i c i t y  is  ca lc u la te d  in the main por-  

gram using equat ion ( 3 . 1 8 ) .

I t  must be noted t h a t  a l l  th ree  programs, except  

(SAL.For )  are changed from run to run according to the  

change in the aspect r a t i o  "where M and N are changed",  

or according to the expression of  the v o r t i c i t y  equat ion  

whether i t  is  according to N av ie r ,  Brinkman's or  Darcy 's  

Law. Fnr Nav ier  Stokes and Brinkman's Darcy 's  the fu n c ­

t i o n  PNE.W is used to i n t e g r a t e  both the energy and the  

v o r t i c i t y  equat ions.

The program l i s t i n g  presented here is j u s t  f o r  one 

case run and i t  has to change some of i t s  statements  

according to the run requirement  as s ta ted  e a r l i e r .
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c — ---------------------------     _ _ _ _ _ _ _
C******..PROGRAM (ASH.FOR),INSTABILITY OF FLUID 
C*******FLOW THROUGH POROUS MEDIA HEATED FROM BELOW*****
C--------------------------------------------------------------------------------------------------------------

DIMENSION PSI(10,10),U(10,10),V(10,10),OMEGA(10,10) 
1,OMNEW(10,10),THNEW(10,1C),RH3(10,10),NPLOT(10),
1THETA(10,10)
common h, dt, i , j, uf, ufa, ub, uba, vf, vfa, vb, vba
WRITE(4,105)

C********FAC IS THE RATIO OF HEAT CAPACITY DENSITY OF THE 
C*******FLU!D TO THAT OF THE MEDIUM ITS VALUE IS EQUAL 
C* *** TO 4.E-4 FOR POROUS MEDIA AND l.EOO FOR 
C#**** SINGLE PHASE * * * * * « « * * * « * # * * * * * • • * * • •
105 F0RMAT(5X,'WHAT IS GR,DT,FAC, RE,PR,RN,MAXSTP*)

READ(4,106) GR,DT,FAC,RE,PR,RN,MAXSTP
106 FORMAT(6E,I)

DATA NPLOT/IO,50,100,200,300,400,500,600,700,800/
PRINVS=FAC/PR
M=10
MM1=M-1
N = 10
NM1=N-1
RATI0=MM1/NM1
H=l./ ( N-l.)

C******** SPECIFY INITIAL CONDITIONS FOR U,V,OMEGA,THETA.
C******* OMEGA AND U WILL BE KEPT THE SAME FOR ALL TIMES •*** 

NSTEP=0 
NFIC=0 
T=0.0
DO 1 1=1,M 
DO 1 J=1,N 
U(I,J)=0.0 
V(I,J)=RE 
OMEGA(I,J)=0•0 
THETA(I,J)=0•0

1 IF(J.EQ.l) THETA(I,J)=l.
C* ** COMPUT STREAM FUNCTION BASED ON VORTICITY FIELD *****
2 DO 3 1=1,M 

DO 3 J=1,N
3 RHS(I,J)=-OMEGA(I,J)

CALL SORLX(PSI,RHS,M,N,H,.0001,ITER,RE)
C * * *  COMPUTE U,V AT INTERIOR POINTS *****

DO 4 1=2,MM1 
DO 4 J=2,NM1
U(I,J)=(PSI(I,J*1)-PSICI,J-1))/(2.*H)

4 V(I,J)=-(PSI(I*1,J)-PSI(I-1,J))/(2.*H)
DO 5 J=2,NM1

5 V(M,J)=PSI(MM1,J)/H
C***** COMPUTE VORTICITY AND STREAM FUNCTIONS AT INTERIOR GRID***" 
C"**** POINTS . COMPUTATION WILL BE TERMENATED IF NSTEP EXCtEDS*** 
C * *** (MAXSTP). INCREASE TIME STEP BY ONE ***

1 0 0
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NSTEP=NSTEP*1 
IF(NSTEP.CT.MAXSTP) STOP 
T=T+DT 
DO 6
DO 6 J=2/KM1 
UF=(U(I+l,J)+U(I,J))/2.
UFA=ABS(UF)
U a = ( U C I - l , J ) * U ( I , J ) ) / 2 .
UBA=ABS(UB)
VF=(V(I/ J*l)*V(I,J))/2.
VFA=ABS(VF)
VB=(V(I,J-l)+V(I,J))/2.
VBA=ABS(VB)
THNEW(I,J)=PNEW(THETA,THETA,M,K,FAC,0.0,PRINVS,0.0)

***** THE NEXT STATEMENT IS USED ONLY WHEN THE VORTICITY 
**** EQUATION EXPRESSED BY BRINKMAN EXTENSION OF DARCY'S 
**•• LOW OR BY NAVIER STOCK EQUATION (RN=0.0). * * * * * * * * * * *  

OMNEW(1/J)=PNE«(CMEGA/THETA/M/N/O.O/GR/O.O/RN)
***** THE NEXT STATEMENT IS USED WHEN THE VORTICITY EQN.
***** IS EXPRESSED BY DARCY'S LAW * *

0MNEW(I/J)=CR/(RN*2.*H)*(THETA(I*1/ J)-THETA(I-1,J))
DO 7 J=2/NM1 
UB=U(M-l,J)/2.
UBA=ABS(UB)
UF=(U(2/J)*U(1,J))Z2.
UFA=ABS(UF)
VF=(V(M,J*l)*V(M,J))/2.
VFl=(V(l/ J*l)*V(l,J))/2.
VFA=ABS(VF)
VF1A=ABS(VF1)
VB=(V(M/ J-l)*V(M,J)>/2.
VBl=(V(l,J-l)*V(l/ J))/2.
VBA=ABS(VB>
VB1A=ABS(VB1)
Pl=-2.*(Ud*UBA)*THETA(MMl/J)*2.*(-UB*UBA)«THETA(MZJ )  
P11=2.*(UF-UFA)*THETA(2,J)*2.*CUF*UFA)*THETA(1/ J) 
P2=(VF-VFA)*THETA(M,J*l)*(VF*VFA-Va*VBA)*THcTA(M/ J) 

1-(VB*VBA)*THETA(M/J-1)
P22=(VF1-VF1À)*THETA(1/J*I)♦(VF1*VF1A-V31*VB1A)*THETA(1/J) 

1-(VB1*VB1A)*THETA(1,J-1) 
P4=2.*THETA(MM1/J)*THETA(M,J*1)*THETA(M/J-1)-4.*THEIA(M/ J) 
P44=2.*THETA(2,J)*THETA(1/ J*1)*THETA(1/ J-1)-4.*THETA(1,J) 

C***** CALCULATION OF NUMERICAL INSTABILITY CRITERION *»*•••*•** 
P5=1./(2.*H)*(UF*ABS(UF)-UB*ABS(UB>)
P6=1./(2.*H)*(VF*A9S(VF)-VB*ABS(VB))

C***** RN IS EQUAL 0.0 WHEN THE NEXT STATEMENT IS USED 
C * *** FOR THE ENERGY EQUATION OR NAVIER STOKES EQN.,
€****• AND USED AS IT IS WHEN BRINKMAN EXT. OF DARCY'S 
€****• LAW IS USED **•*

P7=(l.-RN)/(P5*P6*4.*PRINVS/(H*H))
THNEW(M,J)=THETA(M,J)*DTZ(2.*H)*((-P1-P2)*FAC*2.*?RINVS*P4/H)
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THNEW<1,J)=THETà(1/ J)*DT/(2.*H)*((-P11-P22>*FAC*2.*PF1NVS*P44/H)
7 OMNEV(H,J)=0.0
€****• THE ELEMENTS OF OMNEW /THNE'd ARE ASSIGNED TO OMEGA / AND THETA*** 

DO 8 1=2, M 
DO 8 J=2/NM1 
OMEGA(I,J)=OKNE«(I,J)

8 THETACI,J)=THNEWC1,J)
C* *** OMEGA AT THE BOUNDARIES ARE UPDATED 

DO 9 1=2,MH1
OMEGA( I,1)=(-4»*U(I,2)*U(I,3))/(2«*H)

9 OMEGACI,N)=(4.*U(I,N-1)-U(I,N-2))/(2»*H)
DO 10 J=2,NMl
IF(THETA(1,J).EQ.0.0) THETAC1,J)=THETA(M,J)

10 OMEGA(l,J)=(4.*V(2,J)-V(3,J)-3.*V(l,J))/(2e*H)
C***** DEPENDING ON THE NEXT "CALL* ,PLOT ISOTHERMALS 
C* * *  OR STREAM LINES WHEN NSTEP EQUALS ONE OF THE
C* *** VALUES SPECIFIED IN "NPLOT* *******

DO 11 K=l#10
IF(NSTEP-NPLOT(K))ll,12,ll

11 CONTINUE 
GO TO 2

12 NFIG=NFIG*1 
WRITEC 3,13)

13 FORMAT(1H1)
14 WRITEC 3,15)
15 FORMAT C//)

CALL CONTURCPSI,1.,1.0,70,H)
WRITEC3,25) T,GR,RN,PR,RE,P7,RATIO,NSTEP,MAXSTP 

25 FURMATC//SIX,eTlME=',E/51X,*GR=',EZ51X,,RN=,,E/
151X,'PR=',E/51X,'RE=',E/51X,-P7=',E/51X,
1'RATIO=-,E/51X,'NSTEP=',I/51X,'MAXSTP=',I)
GO TO 2 
END
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SUBROUTINE S0RLX(F,Q,M,N,H,ERRMAX/ 1TER,RE)

***** PROGRAM 'SAL.FOR* /SUCCESSIVE OVERRELAXATION 
***** METHOD TO SOLVE POISSON TYPE EQUATION OF THE FORM 
***** LAP(F)=Q IN A RECTANGULAR DOMAIN *******

DIMENSION F(M/N)/Q(M/N)
MM1=M-1
NMlsN-1

***** CALCULATE THE OPTIMUM VALUE OF OMEGA ************* 
PI=4.*ATAN(1.)
ALPHA=COS(PI/M)*COS(PI/N)
OPTOM=(B.-4. *SQRT(4.-ALPHA**2))/ALPHA**2 

***** INITIAL AND BOUNDARY CONDITIONS FOR STREAM FUNCTION **** 
ITER=0 
DO 1 1=1,M 
DO 1 J=1,N 
FCI/J)=H*RE*(I-M)

***** BEFORE EACH ITERATION ADD O i i Z  TO ITFR*****
ITER=ITER*1
ERPOR=0.0

C***** COMPUTE F(I,J) AT EXTERIOR POINTS*****
DO 3 I=2,MM1 
DO 3 J=2,NM1 
FULD=r(1,J)
F(I,J)=F(I/ J)*.15*3t>TG v,*(F(I-l,J)*F(l*l/ J)*r (1,0-;)

1*F(I/J*1)-4.*F(I/ J)-H*H*QCI/ J))
3 ERRjP=rR?û *AF3(F(I,J)-F:lO)

IF(£.RXCr..Gr.EÂA,vAX) GO TO 2
RETURN
END
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SUBROUTINE CONTUR(PSI/ XRANGE,YRANCE,NX,H)

***** PROGRAM "KAL.FOR" , CONTUR PLOT FOR PSI OR THETA 
***** IN RECTANGULAR DOMAIN OF SIZE (XRANGE)*(YRANGE) 
***** NX IS THE NUMBER OF SYMBOLS TO BE PRINTED IN 
***** A HORIZONTAL LINE, AND H IS THE SQUARE GRID SIZE 
***** BASED ON WHICH VALUES OF PSI(I,J) OR THETA(I,J) 
***** ARE PLOTTED. SYMBOLS SPECIFIED IN ARRAY 'SYMBOL* 
***** ARE THOSE USED FOR 'PSI' OR 'THETA' FALLING WITHIN 
***** THE INTERIOR BOUNDED BY VALUES SPECIFIED IN THE 
***** ARRAY 'VALUE' *«

REAL LX,LY
DIMENSION PSI(10,10),VALUE(22),SYMSQL(23),GRAPH(100)
DATA VALUE/-2.,-.5,-.3,-.2,-.05,-.01,-.003,-.001 

1,*0,«001,.003,.01,.05,.2,.3,.5,.6,.7,*8,.9,1.,2./
DATA SYMBOL/1 HA,1H ,1HB,1H ,1HC,1H ,1HD,1H ,1H-,

11H+,1H , 1H1,1H ,1H2,1H ,1H3,1H ,1H4,1H ,1H5,1K , l H 6 , l » t  /  
NY=.6 *NX*YRANGE/XRANGE 
DELXsXPANGE/NX 
DELYsYPANGE/NY 
DO 5 JSYMBL=1,NY 
Y=YRANGE-(JSYMBL-.5)*DELY 
J=l+Y/H 
LY=Y-(J-1)*H 
HMLYsH-LY 
DO 4 ISYMBL=1,NX 
Xs(ISYMBL-.5)*DELX 
I=1»X/H 
LX=X-(I-1)*H 
HMLX=H-LX 
A1=HMLX*HMLY 
A2=HMLX*LY 
A3=LX*LY 
A4=LX*HMLY
PSIC=(A1*PSI(I,J)*A2*PSI(I,J*1)*A3*PSI(I*1,J*1)* 

1A4*PSI(I+1,J))/H*"2 
DO 2 K=l,22
IF(PSIC-VALUE(K)>1,1,2
NRANGE=K
GO TO 3
CONTINUE
NRANGE=23
CRAPH(ISYMBL)=SYMB3L(NRANGE)
CONTINUE
WRITE(3,6)(GRAPH(I),I=1,NX)

• FORMAT(20X,100A1)
RETURN
END
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C***** PROGRAM #RAM.FOR#,TO INTEGRATE EQUATION OF THE 
C**»** FORM OP/DT=-D(UP)/DX-D(VP)/D¥*A*DQ/OX*B*LAP(P)
C* *** IK WHICH 0 AND LAP REPRESENT PARTIAL DERIVATIVE 
£••*•* AND LAPLACIAN OPERATORS RESPECTIVELY ***

FUNCTION PNEW(P,Q,M,N,FAC,A,B,C)
DIMENSION P(M/N)/Q(M/N)
COMMON H/DT/I/J/UF/UFA/UB/UBA/VF/VFA/VB/VBA 
F1=(UF-UFA)*P(I*1,J)*(UF*UFA-UB*UBA)*P(I,J) 

1-(UB+U3A)*P(I-1/J) 
P2=(VF-VFA)*PCI,J*1)*CVF*VFA-VB*VBA)*P(I/ J) 

1-(V9*VBA)»P(I/ J-1)
F3=Q(I*1,J)-U(I-1,J)
P4=P(I+l,J)+P(l-l,J)+P(I,J+l)+P(I,J-l)-4.*P(I,J)
FNEW=P(I,J)+DT/(2.*H)*((-Pl-P2)»fAC+A*P3+2.*B"P4/K)

1-C*P(I/J)
RETURN
END


