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ABSTRACT

A numerical study is made of the problem of two dimen-
sional transient natural convection of fluid flow through
porous media heated from below. The system is taken to be
initially at a uniform temperature. The system is heated
from below considering the side walls to be perfectly
insulated.

The problem is formulated in terms of three simul-
taneous partial differential equations, (a) a time depen-
dent equation in temperature, (b) an elliptic equation
relating stream function and vorticity, (c) a time depen-
dent equation in vorticity. Several procedures involving
various finite difference approximations of these equations
are used and an investigation is made into the stability of
of such methods. The explicit up-wind difference technique
is employed to advance the fields of temperature and vorti-
city across a time step from suitable difference forms of
equations (a & c). The method of successive over-relaxa-
tion is then used to solve equation (b) for new values of
stream function, from which new velocity fields are obtained.

The criterion for the onset of convection is found to
be in an excellent agreement with the previous investigations,
for the non-flow case, that is the critical Darcy-Rayleigh
2

number (Ra —ﬁ%) = 4m For the flow case a straight line

iv
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is found when critical Darcy-Rayleigh numbers are plotted
against Reynolds numbers. The region above the line is
cbnsidered to be unstable, while the region under it is
the stable one.

Solutions were found for Grashof numbers ranging
from 9.33 x 10l to 2.18 x 1015, for dimensionless inverse

11, for Reynolds numbers

permeability from 0.0 to 4 x 10
from 0.0 to 100, for Prandtl number of 0.733, for volu-
metric specific heat ratio of 2. x 104 and for aspect
ratios of 0.5, 1.0 and 2.0. The results are presented
as transient and steady state plots of stream]ines and iso-
therms.

As a practical application, the stability of vertical

flow 0i1 shale retorts was considered. For typical

operating parameters, these appear to be stable.
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CHAPTER I
INTRODUCTION

1.1 Objective

The purpose of this work was to investigate heat
convection with respect to stability in porous media with
net flow of the working fluid and subjécted to a vertical
temperature gradient imposed by heating from below.

The objective was to find a criterion for the onset
of convection. The investigation was carried out numeri-
cally by solving the system of partial differential equa-
tions considered to describe two dimensional fluid flow
in porous media (continuity, momentum and energy). The
system of partial differential equations was solved under
the assumptions of constant physical properties of the
working fluid, and using the Boussinesq approximation for
the density, that,for small temperature variations, the
density can be considered constant everywhere except in
the buoyant force term.

This problem is of some practical interest, especially
in 0il shale retorts, where the cold incoming air flows in
above the combustion zone, and is therefore potentially

convectively unstable in the rock matrix.
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1.2 Literature Review and General Discussion of Natural

Convection

When a horizontal layer of fluid is being heated from
below in a gravitational field, the possibility exists that
convection currents arise, due to the density gradient. 1In
the case where the temperature gradient exceeds a certain
critical value, the fluid state becomes unstable because
the buoyant force is sufficient to overcome the dissipa-
tive effects. This phenomenon was first observed by Be;érd
in 1900 (1). The buoyant force can also be produced by
internal heating. The ratio of restraining viscous force
and the buoyant force tending to drive the convection is

defined as Rayleigh number.

Ra = @gz‘.TH3

av
where AT is the temperature difference across the layer,

H is the depth of the fluid layer, B,v,a are respectively
the volumetric expansion coefficient, kinematic viscosity,
and thermal diffusivity of the fluid, g is the acceleration
of gravity.

Rayleigh (2) made the first theoretical analysis of the
so-called Beénard problem concerning the stability of a fluid
lTayer in the presence of a temperature gradient parallel to
the gravitational force. He used linear theory to analyze

the instability problem.
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Following Bénard's classical experiments, both physi-
cal and mathematical explanations have been pursugd by
many outstanding scientists. Pellew and Southwell (3)
performed a linear stability analysis of a viscous fluid
layer heated from below under a variety of boundary condi-
tions and found that convection resulting from instability
of the conduction solution could occur with a variety of
cell shapes can be achieved by using non-linear analysis.
Malkus and Veronis (4) introduced the idea of finite
amplitude thermal convection and found the possibility of
additional transitions in the nature of heat transfer
beyond the first transition from conduction convection.
Following this finite amplitude disturbance concept,
Schluter, Lortz and Busse (5) found that two-dimensional
rolls are a possible form of convection.

In addition to the theoretical work, many experimen-
tal efforts has been devoted to determining the heat trans-
fer relationship and convective transitions for Benard
convection. Some early studies are those of Schmit and
Milverson (6), Malkus (7), and Krishnamurti (8) made
detailed measurements of the heai transfer relationship.
Rossby (@) performed the experiment to study Benard

convection including the rotation effect.
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Convection with an internal heating source drew interest
in the past two decades. Buoyant forces in this Zase are
driven by a non-linear conduction temperature field. Uni-
form internal heating has been proposed as a model for
the earth's mantle (13) and outer regions of steller
interiors (11). The Rayleigh number for this problem is
defined as |

3 <yl
Ra = é%g—(%%—)
Here temperature difference across the layer in conduction
is AT = (SHZ/ZR), where S is the internal heat source
strength and k is the thermal conductivity of the fluid.
This parameter is always meaningful for any'bounding tem-
perature.

Goldstein, Sparrow and Jonsson (12) studied the linear
stability problem for an internally heated fluid layer.
They found that with increasing departure from the linear
temperature profile, the fluid layer becomes more prone to
instability, that is, the critical Rayleigh number decrea-
ses. Roberts (13) made linear stability calculations for
an internally heated fluid layer with an insulated lower
boundary. Thrilby (14) extended Roberts work with a num-
erical study. An experimental investigation of the same
problem was carried out by Tritton and Zarraga (15).

Their study, largely qualitative, involved visualization
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of the flow patterns in the convection process. They found:
that near the critical Rayleigh number, stable he;agon cells
forméd with decreasing flow in the center, counter to the
motion observed in Benard Convection.

In an analytical study Joseph and Shir (16) applied
the "énergy method" to fluid layers with uniform internal
heat sources. They found that possible subcritical insta-
bilities exist.

The stability of thermal convection in a porous medium
is also an extension of Benard convection motivated by
geophysical interests (3,4). In this problem flow within
the porous layer is assumed to follow Darcy's Law. The
Rayleigh number is modified to incorporate the permeability
of the material in the layer as well as its thickness. It
is defined as Ra = BgATKH/amv. In this thesis we shall
call this the Darcy-Rayleigh number, where K is the perme-

ability, and o_ is the thermal diffusivity of the fluid-

m
saturated porous layer. Analogously, another class of
~thermal convection to include as an extension of Benard
convection is convection in a porous layer driven by
density gradient produced by a uniform internal heat source.
The Darcy-Rayleigh number for this case is defined the same
way as for a fluid layer with internal heating, but also

includes the permeability, thus,
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_g__ (-F')

where km is the thérma] conductivity of the fluid satura-
ted porous layer. :
Horton and Roéers (17) .and Lapwood (18) show that
under certain conditions, free convection may occur in a
fluid saturated pofous medium uniformaly heated from below
which is similar tb Benard's problem. This idea has been
used in studies oféstorage of food, in explaining the insulat-

ing problems of porous materials (19,20,2]1) and in seeking

the ‘solution to the problem of how to dispose of nuclear
reactor water (22). It is also of interest in geophysical
studies. Examples of re]atgd geophysical problems are the
study of geothermal (hot spring) areas(23), earthquake (24),
and volcanism (25). Schneider (26) has done experiments with
horizontal porous layers heated from below and presents the
heat transfer relationship in the form of Nusselt number vs
Raylzigh number curves. Katto and Masuoka (27) show that by
m

defining the thermal diffusivity as o_ = TBT%T_ where k  is
F

the thermal conductivity of the saturated layer and
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(pCp)F is the density times the specific heat of iaturated
fluid, experimental data could be brought into better agree-
ment with theoretical predictions for the critical Rayleigh
number at which conduction first becomes unstable.

Examples of other studies are those of Elder (28).
Busse and Joseph (29), using a variational method to set
bounds on the heat transport for a porous layer heated
from below, predict the slope of the heat transport curve

2 at the onset of convection.

(nu vs Rac) bo be (1/2 =
In numerical studies, there are two major numerical
methods that have been applied to the problem of a porous
medium heated from below. Most common are the finite dif-
ference techniques, used typically by Horn (30), Horn and
0'Sullivan (31), Catagirone (32), Holst and Aziz (33),
Cheng and Teckchandani (34), and Rana, Horn and Cheng (35)5
The techniques vary from study to study, but generally
consist of the solution of an elliptic Poisson-type equa-
tion derived from conservation of mass and momentum toge-
ther with the time dependent, hyperbolic convervation
of energy equation. The energy equation is commonly
solved using explicit or iterative time differencing,
and the Poisson flow equation either by direct solution
using even and odd reduction, for example, Horne and

O'sullivan (31) or iteratively by alternating implicit

difference methods, for example Catagirone (32), Wilks(36).
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The second method is to use spectral decomposition,
which was ‘used by Strous (37), Strous and Schubert (38)
and Horne(30). In this technique the temperature field
is expressed in terms of Fourier modes. Thus the partial
differential set of equations is reduced to a set of sim-
ultaneous nonlinear ordinary differential equations in
terms of Fourier temperature components.

We have been unable to find any reported theoretical
or experimental studies for the convective instability of
fluid saturated porous media heated from below with net
flow of the fluid. This directlv leads to the problem at
hand.
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CHAPTER II
DEVELOPMENT OF GOVERNING EQUATIONS

2.1 Equations Governing the Problem:

Following common practice for studies of convec-
tive instability, the fluid physical properties are assumed
to be constant everywhere except for the density, which is
assumed to be a function of temperature in the momentum
equation according to the equation of state:

o = oo/[1 * 8 (1-1)]
Here B is the volume expansion coefficient at To and has
the value of (1/16) for the case of ideal gas. It ié
assumed that the applied temperature difference is small
compared with (1/8). This is the so-called Boussinesg
approximation.

Thus, the fluid is considered to be incompressible,
except for the term in which the variation of density is
essential to the whole problem. The motion is assumed to
be two dimensional.

Using the axes as shown in Figure 2.1, the governing
equations (41., 40, 21, 39, 26 ) for the porous isotropic
medium of permeability K are:

Continuity:

Q
==
+
Q>
<
|

0.0 (2.1)

(<%
x
@
<
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FIGURE 2.1 THE PROBLEM OF NATURAL CONVECTION OF FLUID
FLOW THROUGH POROUS MEDIUM

10
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Motion:

X - component

Q
| =

sdu ., you. 1 @

u 2 v
3 x 5y - "6 ax TWu-gu

at

Y - component:

_B_V_ é.l,. 3_V_= - - .i.a_E - \i ,
Tt Uyt vay = 98(T-Ty) 5 By K v (2.2)
Energy
aT 3T oT. _ km 2
a—t"" (Ua—;‘* V'a—y') Y -(b—c;)-mv T (2.3)

Equation (2.2) is the equation of motion using
Brinkmann's extension of Darcy's Law (21). Darcy's Law

is a special case resulting for low permeability, K, i.e.:

X - component

y - Component

Voy o= . . L3p
¢V = 98(T-Ty) P, Y (2.4)

For adiabatic side walls, the initial and boundary condi-

tions are:
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t=20 u=v=20,T-=To 0<x<L, O<y<H
t>0 u =0, v§= 0, T =To at y = H
u =0, v:= 0, T = Ti at y =0
u=0, =0, -0atx=1

A1l the above boundary conditions are for non-flow case,
that is, when no fluid crosses the boundaries of the
region.

For the flow case:

t =0, u=20, v = Vo T =T, O<x<L, o<y<H
t>0
u=20,vs= vo, T=1T, at y = H
u=20, v-=s vo, T = T1 at y = 0
- - T . =
u=20,v-= Vo' 3x 0 at x =0
u=0, -0, S-oatx=t

It must be noted tﬁat Darcy's Law is used for low
permeability. However, for high permeability Brinkman's
extension of Darcy's Law is applied, while in the limit
of high permeability the Brinkman’s extension of Darcy's

Law reduces to the Navier-Stokes equation.
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2.2 Dimensionless Form of the Equations:

Equations 2.1, 2.2, 2.3 may now be expressed in
non-dimensional form by defining suitable dimensionless

variables. If we define the flowing quantities as:

H : reference length
—% : reference velocity
Po
T‘l-‘-To : reference temperature difference
Pon2
u : reference time
PR : reference pressure

Then dimensionless distance, velocity, temperature, time

and pressure are defined by

_ X -
X"Ha Y .Y/H

U = U/(u/poH) V = V/(u/poH) (2.5)
T-T
_ .o _ 2
9 = T, T = t/(ooH /u)
P = (p/PR)

From equations 2.1, 2.2, 2.3 and 2.5 the dimensionless
forms of the equations of continuity, motion and energy

together with the initial and boundary conditions, are now
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Continuity :
oU oV _
S *tasy =0 (2.6)
Motion
3
oU , U3l Vau H™ PRy 3P 2
st oax * ey - (T ) ax tT U - N (2.7)
3
3V ., U3V _ VaV _ H3PRy 3P , .2
st " oax ey T (- g ey TV Vv Gre - N
Energy
X Uas , V 30 _ Y o2
st Ot ey )y U (2.8)

where the dimensionless groups appearing in the above

equations can be defined as

N = Hz/k » @ dimensionless reciprocal permeability
Pr = —%%E, the Prnadtl number
Y = (pCp)f/(pCp)m, a heat capacity ratio
Gr = gB(T;Tl) H3, the Grashof number
v

Initial and Boundary Conditions

For Non Flow Case:

T=0 U=V-=0, 8=0 0<X<L/H, 0<¥<1
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and for

where

0, V=20, 6
0, V=20, 6
U=V=20
- v
U 0, X
the flow cas
u=2~0, V =
u=0, V=-
u=20, V=-
u=20, V=
u=o0, 29
QX
pv_H
Re = —2 =

=0 at ¥ =1
= 1.0 at Y =0
90 _ o
, 2=0 Xx=0
= 0, —%% =0 at X = L/H

e (down flow)

-Re, 8 =10, 0<X<L/H, 0<¥<1

Re, 6 =0 at Y =1
Re, 6 =1.0 at vy =0

30 _ -
~ Re, X - 0 For X 0 and

, %— = 0 For X = L/H

Reynolds Number

15
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2.3 Elimination of Pressure from Equation of Motion:

Introduction of Stream Function and Vorticity

Equation (2.7) does not represent a form entirely
suited to finite difference computation, owing to the
appearance of pressure in both equations of motion. An
equivalent, but more convenient version of (2;7) will
now be derived. Again following a common procedure, let
the X and Y- momentum balances be differentiated with
respect to Y and X respectively, and let either of resulting
equations be subtracted from the other. Since %;gY== %$§X’

pressure is eliminated; also, the continuity relation

%% + %% = 0 causes certain other terms to vanish and there
results.
2 2 2 2
3 ,9U ) 3~ U 3~V 3°U 3"V
5t (57 ~37) + U (gxgy- axz) v (avz - axoy) *
QU _au av v au_avoavy o ol a¥v o,
93X 3Y - 38X 73X 3Y oY 3Y X axzav a3
3 3
27U vV ol 3V 98
- - N (= - =)~ Gr (2.9)
3Y3 eYzax oY X X

The solenoidal flow implied by the continuity equa-
tions guarantees the existenceofadimensionless stream

function, ¢ , such that
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—B_U_}. :-a :
v=2%, v 3—& (2.10)

.The vorticity & 1is defined as

-
E =V x V

It can be shown that the dimensionless vorticity is

W= - (= -

2U 3V,
3Y T X

Equation (2.9) then can be written as

+ V%% = Gr 5% SN ow+ Vow (2.11)

z
@

v 4 Ud
9T ]

=

When equation (2.4) is expressed in non-dimensional
form, by following the same procedures as were followed for
the case of Brinkman's extension of Darcy's Law, the

resulting equation will be,

= Gr 26
W= (57) (2.12)

The initial and boundary conditions are,

For the non-flow case:

T=0 w=20 8 =0
V=20 Uu=20 For 0<X <L/H, 0<Y<1
vy =0
>0 v =V=0U=0 at Y =1.0 and Y = 0.0
8 =0 at Y = 1.0
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v = U=V=0, %9 =0 at X = 0
u=020-0 28-0 atx=uLs
and for the downf]ow case

t=0 W=20, 6=20 For 0<X<L/H, 0<Y<1
V =-Re, U =0

>0 ¥ =ReX -C U=0, V=-Reat Y =0

' and Y = 1
8 =0 . at ¥ =1
6 = 1.0 at Y =20
_ - 96 _ =

U = O,EV = -Re, ax 0 at X 0
U =0, %% = 0,36/3X = 0 at X = L/H

For more details on boundary conditions see section 3.5.



T-2603 19

CHAPTER III
METHOD OF SOLUTION

3.1 Introduction

The partial differential equations (P.D.Es)

governing the problem have been established as

Qo

38 2

c
Q2
=

ow + V

. W 38

L 2 5y = 6rsy U weNw (3.1)

30 Ude L, V3B, . . Y 2

aw U ey Yyt ey VS (3.2)
W= - vzw (3.3)

where v = (pCp)c/(pCp)

plus associated initial and boundary conditions and two
relations between stream function and velocities. Equa-
tions (3.1) and (3.2) relate the first order time deriva-
tives, whereas equation (3.3) states that the Laplacian
of the stream function equals minus the vorticity, and
contains no derivatives involving time. The vorticity and
energy equations are classed as of parabolic type.
Unfortunately, theyare non-linear due to the presence of
the coefficient velocites U and V. On the other hand, the

stream function/vorticity relation is an elliptic type.
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Briefly, equations (3.1), (3.2) and (3.3) will be
represented jnfinite difference form. The differe;ce of
(3.1) and (3.2) may then be used to predict the changes
of temperature and vorticity across a time step. Solution
of the difference form of (3.3) then yields a new stream
function. This procedure may be repeated for as many time
steps as desired.

The methods available for obtaining a finite differ-
ence approximation (F.D.A) to the solution of parabolic
and elliptic (P.D. Es) differ in certain features and so the
two types will be treated in turn in sections (3.3) and

(3.4).

3.2 System of Grid Points

It is first to establish a system of grid points

in the region occupied by the independent variables in
obtaining the (F.D.A) to the solution of any (P.D.Es). The
scheme is knownasarectangular grid, shown in (Fig. 3.1).
Square meshes of size h x h are chosen for the numerical
work. Because of the symmetry about the centerline only half
of the flow needs to be computed, thus resulting in large
savings in computational efforts.

The subscripts (i,j) denote the point having space
coordinates X =(i-1)AX = (j-1)aX. 1In addition, the third sub-

script could be used to denote the number of time



T-2306 21

FIGURE 3.1 SYSTEM OF GRID POINTS
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increments At elapsed since T = 0. Now a three-dipensiona1
array can easily occupy a large amount of computer storage.
Also, the computations in this work involve values only
one time step removed from the 'current'value of time.
Hence, instead of working with (e.g.) the three-dimensional

array % s where the subscript n denotes a value of

sJ M
temperature 6 at time t = nAt, it is here thought preferable

to employv instead two-dimensional array, such as (ei,j),

and (e'i,j)’ where (eli j) denotes a value just one time

step ahead of (6 J.). As soon as the new values of 6; j at

the end of a particular time step are computed, they then

become the starting values 61 j for the next time incre-

ment, and so the computation proceeds.
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3.3 Difference Form of Stream Function/Vorticity Equation

The methods of obtaining (F.D.A) to elliptic type
(P.D.E.) are well established. The Lap]acién ijs approxi-

mated by central difference.

Ip'i-l,,]' = 2!111-"" d)

J i+10j- +
A2
Y. . - . . .
_i,.j-1 2w1sJ wTLl+1 = -w, (3.4)
AY2 193 )
For AX = AY = h
Equation (3.4) can be written as
Vis: o= Lw +y £y £y P (3.8)
i3 T aWiin, g Y Ve, T YL 1,j+1) 7 Yi,;03

An improved technique, called successive overrelaxa-
tion (S.0.R) method, gives faster convergence. This method
used the following iteration scheme for a rectangular

domain of square meshes. Suppose that the field of vorti-
city is already known togethgr with an estimate wi?; of the
stream function at every point after the nth iteration. Then
a new estimate wgn§1gs

k]

(n+1)  (n) o , (n+l) (n) (n+1) (n)
Vi T Vit w ULt Ve, Y gt Vi
Ty T MLy (3.6)
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Where (.w ) is an arbitrary iteration parameter. If o = 1.0,
successive overrelaxation is equivalent to the GaJss-Seidel
method. As () iséincreased beyond unity, the number of
iterations required to produce, in some sense, a given degree
of convergence, is known to first decrease and then to
increase again. The optimum value of relaxation parameter,
w'opt’ lies between i.O and 2.0 (42, 43), and its

exact location is a matter of some importance in reducing
the amount of computation, particularly as the elliptic
equation (3.3) will‘have to be solved repeatedly, once at

every time step. The iterated results converges most rapidly

is assigned the optimum value, Chow (42).

8-4 V4-g?

opt * 7 13.7)

when mopt

w

where o = Cos (m/M) + Cos (m/N), where M, N are, respec-
tively, the total number of increments into which the hori-
zontal and vertical sides of the rectangular region are

divided.
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3.4 Difference Form of Vorticity and Energy Equations

The procedure for treating the parabolic type
(P.D.E.) may be subdivided into explicit, and implicit
methods, depending on whether the space derivatives are
represented at an old or at an advanced point of time.
Explicit methods enable a direct calculation to be made of
the values of the dependent variables at the advanced
point of time; the associated computer programing tends,
therefore, to be relatively simple. Although the implicit
methods are generally unfonditional]y stable, they need
more computational effort in programing.

An improved explicit method called the up-wind differ-
encing method is used in this work. The reason for choosing
this method is not only because it is simple for computer
programing, but also for its advantage of handling non-
linear terms appearing in the vorticity and energy equations.
Furthermore, it has been proven that this method is compu-
tationally stable in the range of interest.

Chow (42) shows how the governing equations for free
convection of a fluid in two-dimensional enclosure may be
solved by using the up-wind differencing method. The scheme
that Chow used was first developed by Torrance (44), and
Torrance and Rockett (45). The method has been applied

here to the porous medium equations with boundary conditions
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for both zero flow across the boundaries and for a finite
net flow through the medium.

The following is the up-wind difference representa-
tions of both the vorticity and the energy equations.
Vorticity:

The non-linear terms Ug%

be approximated using the up-wind difference (40,42,43)

Vow . .
+ "3y in equation (3.1) can

as follows:

If we define Uf and Ub as the average velocities evaluated
respectively, at half a grid forward and backward from the
point (i,j), then

uf = 172 (U +U. )

i+1,] i,]
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Simila

If we

P1 =

P2 =

and if

Then

and

Ub = 1/2 (Ui,j + Ui-l,j)
rly,
Vf = 1/2(Vi,j+1 + Vi,j)
= ..+ VY,
Vb = 1/2(Vy 5+ Vg s )
further define,

(Uf- JUfl) Wiy + (Uf +JUf|- Ub + [Ub])

1,j
Wi 5 - (Ub+ [Ub]) wy g g (3.8)
(Vf - |VFf]) Wi oje1t (Vf + |Vf] - Vb + |Vb])
- , (3.9)

i3 (Vb + |Vvb]) MiL5o1
we let AX = AY = h
(Y = P1/2h (3.10)

ok i.J

ow = 3.11
(Vav)i,j P2/2h ( )

27
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The remairning terms in (2.11) are approximated by using
forward differencing in time and central differencing

in space; their individual expressions follow:

éﬂ = i’j iii

o X (3.12)
30 _ “i+1,5 %i-1,3

X 2h (3.13)

Equation 3.13 can be expressed as = P3/2h (3.14)

|
><|@
I

8XZ+ 72 = = (wi+1,j -4 Wi + Wig, 3 * Wi g1

. wi,j-l) (3.15)
let P4 =(Wi+1,j - 4wi’j + wi-l,j * wi’j+1 ¥ wi’j'l)
v, = Pasn? (3.18)

Now put all terms together in the vorticity equation, and
rearrange,

Wil o= (1-N) Wi gt %% (-P1-P2+GrP3 +2P4/h) (3.17)
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Equation (2.17) can simply be approximated as

0., .,-.6. .
1+1 1‘1’
Gr ( s J J )

W T W Zh

i (3.18)

Similarly, the energy equation can be approximated as:

\

8 - AT ((-p1. 2 P4

Ly = AE (P1p2) v+ T TR (3.19)
as O replacesw in P1, P2 and P4.

The velocity equation (2.10) is approximated
at the interior grid points using the central difference

formula. The finite difference forms are:

Very oUs v .
Vi3 = - ¢ 1 telal (3.20)

Vs s,1-Us =
U- L= ( 1?J+.1 19\]'_1_)

ij >h (3.21)
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3.5 Finite Difference Form of Boundary Condition§

3.5-a Temperature

At timet= 0, the temperature distribution is such
that 6 = 0.0 everywhere, except 6 = 1. at the bottom.
As time increases,the fluid temperature changes. The

symmetry of the temperature field requires that,

=0 => By+1,5 = OM-1,j (3.22)

and at the boundary X = 0, the wall is assumed to be

insulated that is .
96

5 =0 D 82,5 = %0, (3.23)

ll,j

The temperature along i=1 and i=M can be calculated
using 3.19 with the boundary conditions (3.22) and (3.23)
incorporated, that is

Ub U(M-1,3)/2.

vf = (VM,j+1+VM,j)/2'

PL = -2(Ub + fub|) &y, s+2 (-Ub+[ub[) &y
P2 = (V- IVED) By ok (vr ] b s Jbpey
- (Vb +]|vb]) oM. 3-1
P4 = 281,5% Owiart O, -1 T Py
e+ BT (1. 2y P4
O,5 = O, *zn ((-P1-P2) v + 57 ) (3.24)
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Similarly
8-, . =0, . +5T ((.p11 - p22)y + £Y  Paash))
1, 1,j 2h Pr
where,
P11 = 2(Uuf - [uf]|) e,_,,j + 2(Uf + |UF]) el,j
P22 = (VF1 - | VF1]) By L)+ (VFI+ [VFI] - Vbl
+ [Vb1]) 84,4 = (Vb1 + [Vbl]) el,j_1
PA4 =28y b8 a0t Byigp - 88 ]
VFl = (Vi,jfl + vl’j)/z
Vbl = (Vg 5.+ Vp )72

31
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3.5-b Velocity

Flow Case:

T =0 u-=20.0, V =-Re
Where Re is the Reynolds Number to be given in the data
and defined as Re = ( pYyH/u), vo is the initial fluid
velocity. As time increases, U and V will be changed while

at the boundaries,

Um,5 U ,5 = Yy,n =Yy, = 0.0
o M1, Y-l
Ym,5 = 7h )

from the anit-symmetric distribution of ¢y about the center

Tines ¥yeq,5 7 7 Yu-1,g
Uyo1os
v, . = —=lai
M,J h
VT.’1 = vi,N =-Re

Non-Flow Case:

T =20 U=V =20 everywhere
T >0 A1l other boundary conditions still hold as in
the initial conditions

3.5 - C Stream Functions
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Flow Case: (downflow)

YMm+1,5 ° " YM-1,d

YM,5 = 0.0

The initial value of y can be derived from the relation

9
v -2 (3.25)
integrating (3.25) gives:
VX = - v+ g X = iaX = ih

wo is constant and can be found as

at 1 = M (center line) 29 j" 0.0
Vih = - wi,j + wo
or VMh = 0 + wo
if ) = - Re
wi,j = Re h(i-M)
For Non-Flow Case:
Uu=VvV-=20, wj,j = 0.0

As time increases, the values of ¢ changes, and the values
of ¢ at the boundaries are kept at initial values. At the
center line ¥ = 0.0

3.5-d Vorticity
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As time increases, the values of w change , and the boundary

values can be found as:

A i~ B

QL

2 2
oX oY

vV al
(-——ax - —BY) (3.26)
At the boundary (1,])

R _ _
(3v)1,5 =0 =V

(%¥)1 j ¢an be found by using three point forward

difference scheme as

i i+1 i+2
Take two Taylor series expansion
about the points i=1 and i=2
2 .
aV. 3°V 2

, = . o+ (= + —_— h + - - -

V2,5 V1t s vt Gl o
2 2

.. av 32y LM
3,0 7 Ve P2 M e gyt -

Multiply the first equation by 4 and subtract the second

equation from it.
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i av
4 Vp,5 - V3,5 =3V, *2zx)y,;h
or
3V )
(3%)1,5 = 4 Va,5 = V3,5 - 3Vq,;
7h
Wy g = Ay g - Vg - 3V (3.27)
7h
at the center line
= 0.0 (3.28)

wM,j

At the top and bottom boundaries

V) LAV L
Gx)3,1 = Gx)y,n = 0.0
Ui, = Usgy =00

2U
Wiy = - ()
i,l1 oy i1

by the same method as for w, j

- (4 V1, - VYy,3 - 30
7T

wi,1 = Uy 3 4 Uy 5)/2h (3.29)

-9
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au

iN ‘-~ ( Y)i,N :

(o34

and by taking three point backward difference scheme, the

result is

4 U, - U,
i N-1 i ,N-2
>h ) (3.30)

VI = (

3.6 Procedures

The procedures to find the convection instability
criterionwere performed by trial and errors as follows:
1. Starting with low values, different Grashof numbers
were tried for fixed values of Reynolds number and dimen-
sionless inverse permeability. When convection currents
appeared in the compufer output, the values of Gr for
this case and the preceeding case were recorded.

2. Values of Gr between these two values recorded in

step 1 were tried until the error was minimized.

3. The average values of Gr for the highest stable and
lowest unstable cases were tabulated to give the summary

of runs performed.

4. Rayleigh number or Darcy-Rayleigh number are calculated

from the relations

Ra Gr x Pr for single phase fluid

Ra K - &rx Pr for porous media.
H

2 N
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5. The above procedures were repeated for other values

of Re and N.

37
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CHAPTER IV
PRESENTATION AND DISCUSSIONS OF THE RESULTS

The results presented here are divided into two
sections. First the critical Rayleigh numbers are found
for the case where the working fluid (air) is initially
stationary (non-flow case). Then the situation where the
net flow through is initially considered (flow-case). The
second case is the main purpose of this work; while the
first is presented for the comparison with previous investi-
gations. In both cases, the study is performed numerically

. 11

for porous media (4x10 < N < 4x10 ), highly permeable

2 E_N'.§4x10°1) and for a single phase fluid

2)‘

media (4x10°
(0<N <4x10”

Different non-dimensionless forms of the equation of
motion are used accordingly. For porous media Darcy's law
form is used; for highly permeable media, (eqn. 2.11), and
for a single phase fluid (eqn. 2.11) is used with N = 0.0.

The results of determinations of critical Grashof and
Rayleigh numbers are presented in Tables (4.2) and (4.3),
and Figures (4.1) and (4.2). It is seen that solutions were

1

found for Grashof numbers ranging from 9.33x10° to 2.18 x

1015, for N from 0.0 to 4 x 10!

,» for width to height
ratios of 0.5, 1. and 2., for a Prandtl number of 0.733

and for Reynolds numbers from 0.0 to 100.
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Finally the flow patterns areshown in Figures (4.4-

4.27) as contour plots of stream lines and iso-therms.

4.1 Non-Flow Case (0<Re<10”3)

This section is presented here to compare with other
theoretical investigations (45,46,18). The problem of the
onset of convection in a porous medium has been given a
conclusive answer of the same standard as in the ordinary
layer of fluid. The criterion for the onset of convection
currents can be derived with the governing equations in
quite the same way as in a horizontal layer of fluid except
that for the difference in the boundary conditions. Then
the criterion, which Lapwood (18) has derived can be written

as the Darcy-Rayleigh number

K _
Ra. — = 4t

H
where Ra is the critical Rayleigh number

2

Ra = gBH3AT/vam
Table 4.1 shows the comparison between the present
work and the previous investigations in computing the
critical Darcy-Rayleigh number for porous and Rayleigh

number for a single phase fluid.
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TABLE 4.1 COMPARISON OF PRESENT WORK AND PREVIOUS
INVESTIGATIONS FOR NON-FLOW CASE €

A11 Previous Present
Work Work %Error

1. Porous medium 4m2 = 39.48 39.6 0.34%

(Darcey-Rayleigh

No.)
2. Single Phase 1708 9

(Rayleigh No.) ° 1710 0.12%
4.2 Flow Case (10°2 Re 100)

a. Porous Media (4x104iN§Ax1011)

Computations were made for the case of downflow of
fluid (air) through porous media. The aim was to find a
criterion for the onset of convection. Table (4.2) shows
the variation of critical Grashof numbers as a result of
changing Reynolds numbers. Figure (4.1) shows a family of
straight lines when Grashof numbers are plotted vs Reynolds
numbers at different values of N. Since Darcy-Rayleigh
number is the most important as a criterion for the onset
of convection, these numbers are plotted vs Reynolds num-
bers showing the lower straight line in Figure (4.3).

Figures 4.i and 4.2 show that different values of
(N) have different values of critical Grashof numbers at

a fixed value of Reynolds number. However, Figure 4.3
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shows that at a fixed value of Reynolds number thgre is

only one value of critical Rayleigh number for 4 x 104

4 x 10!} and another value for 0<N<4 «x 1071,

<N<

b. Single Phase and Highly Permeable Media

The upper line of Figure (4.3) and Table (4.3) shows
the criterion of the onset of convection for the highly
permeable and single phase media. It must be mentioned
that the region under any lines of Figure (4.3) represents
the stable convection region while above it is the non-
stable one.

Aspect ratios (width to height ratios) were studied
and found that there were no effects on the onset of con-
vection currents. Aspect ratios of 0.5, 1 and 2 were used
in this work. Computations were made for the upflow of
fluid and found that has the same convection instability

criterion as for downflow.
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TABLE 4.2 SUMMARY OF CRITICAL RAYLEIGH NUMBERS FOR

=
0
er

4 x 10

4.x10

4x10

10.
100.

10.
100.

10.
100.

2 oO0O o [ N New]

o OO0 oO
. .

o O o

ax10% < N < ax10ll :

Pr = 0.733_4

y = 2.x10

Aspect Ratio = 1&2

_ Gr x Pr
(Gr). (Ra)c- N

2.15x102 3.94x10
2.15x103 3.94x10,
2.18x10 3.99x10
2.18x108 3.99x10°
2.18x10° 3.99x10%
2.18x1010 3.99x10°
2.18x10! 3.99x10°
2.15x103 3.94x10
2.15x1010 3.94x102
2.17x10 3.97x10
2.18x101! 3.99x10°
2.18x1012 3.99x10%
2.18x10%3 3.99x10°
2.18x10%4 3.99x10°
2.17x10%8 3.97x10%
2.17x1011 3.97x102
2.19%10 4.00x10
2.18x1012 3.99x10°
2.18x10%3 - 3.99x10%
2.18x10%4 3.99x10°
2.18x10%° .3.99x10°
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TABLE 4.2(cont.)

- _H _ Gr x
N = K Re (Gr)c (Ra)c' N
4.x10° 0.0 2.15x10%% 3.94x10§
‘ 0.001 2.15x101% 3.94x107
0.01 2.17x10 3.97x10
0.1 2.18x1013 3.99x10°
1.0 2.18x101% 3.99x10%
10.0 2.17x10%° 3.99x10°
100.0 - )
a.x1019 0.0 2.17x10%§ 3.97x10%
0.001 2.17x102 3.97x10,
0.01 2.18x10 3.99x10
0.1 2.18x1014 3.99x10°
1.0 2.18x1015 3.99x10%
a.x1011 0.0 2.15x10§§ 3.94x101
0.01 2.15x101; 3.94x103
0.01 2.18x10 3.39x10
0.1 2.18x10%° 3.99x10°
1.0 - -
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TABLE 4.3 SUMMARY OF CRITICAL RAYLEIGH NUMBERS FOR

0<N

Pr
Aspect:'Ratio
Y

Y

|=

(@Yoo

10.
100.

4x10°

o oo o

10.
100.0

*FOR N = 0.0

(Ve (Ve (Ve (Vo] WO WO O

N NN N

<
0
1
1
2

(

4x10"!
.733
8 2
.0 FOR N
.x 1074

Gr)c

.33x10!
.33x10,

.333103
.33x104
.33x10
.33x10
.33x10
.33x10

.33x10

3

5
6
7
8

1

.31x10

.32x10

3
4

.33x10

.33x10
.31x10

5
6

(Ra)C = (GrxPr)

0
FOR N>O

(

*
Ra)c

1
1.
1

1.

.708x10
.708x10
.708x10
.710x10
.710x10
.706x10
.707x10
.710x10
.710x10

.706x10

3
.708x103

708X104

.708x10

708x10

o N O o,

Pww

0 N o u»
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FIG.4.3 CRITICAL RAYLEIGH NUMBERS VS.

REYNOLDS NUMBERS
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4.3 Streamlines and Isotherms

The numerical solutions to the set of partial differ-
ential equations are presented in the form of contour plots
of the stream function and the temperature given in Figures
(4.4-4.27). The streamlines yield an immediate picture
of the flow pattern. The method used here to plot the
streamlines and isotherms is described in reference (42).

It is simply to print different symbols in the fluid domain,
depending on the local values of stream function and tem-
perature.

The examination of iso-therms shows the effect of
fluid flow on temperature distribution. The isotherms which

are plotted always correspond to,

e = 0.0, 0.001, 0.003, 0.01, O0.05, 0.2, 0.3, 0.5,
0.6, 0.7, 0.8. 0.9, 1.0.

and the streamlines correspond to
vy =-2.0, -1.0, -.9, -.8, -.7, -.6, -.5, -.3, -.2,
-.05, -.01, -.003, -.001, 0.0, 0.001, 0.003, 0.1,
.05, 0.2, 0.3, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 2.0.

The symbols correspond to the above values and can be
found in Appendix (C-3).
Figures (4.4-4.11) show the streamlines and isotherms

for the downflow case and conditions indicated under each
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figure at different time steps. It can be seen from the pripted symbols
that the flow is directed downward. At T = 0.025 (Figure 4.;) shows a
weak convection motion developing the fluid. As time increases convec-
tion currents develop in the fluid until finally a steady state is
reached. At time T = 0.5 (Figure 4.7) one vortex is established at
the corner where the insulated and the hot bottom intersect. A second
vortex forms by the centerline. The vorticies expand towards the
sides forming a complete picture of the convect flow pattern at T = 1.5,
The isotherms at T = 1.5 are shown in Figure (4.12). Figures (4.13 and
and 4.14) are the streamlines and the isotherms for the downflow case
of a highly permeable medium. It shows the anti-clock-wise vortex
which expands towards the sides and the bulk of the fluid as time
increases until T = 1.5 where it is considered the steady state.

The streamlines and isotherms for the upflow case in porous
media are shown in Figures (4.17-4.18). At T = 0.0075 a small convec-
tion cell starts at the lower left corner. As time increases a second
cell forms by the centerline and the flow pattern expands towards the

sides.
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Attention will now be directed to an examination of
the streamlines and iso-therms of Figures (4.19-4.24),
which represent the final stages in the solution of the
non-flow case. Att= 1.5 (Figure 4.19) the fluid flow
pattern consists of two vortices, the one in the left
is in the anti-clock-wise direction and the other in the
right is in the clock-wise direction. Little further
change occurs to these vorticies when time increased
beyond t = 1.5. Figure (4.20) shows the iso-therms have
moved into the fluid and it can be seen that they are
slightly distorted due to the fluid motion. Figures
(4.21 - 4.22) represent the flow patterns and the iso-
therms for the non-flow case of single-phase fluid at time
T = 1.5. Following these are Figures (4.23 - 4.24), which
show the convection currents of the non-flow case of
highly permeable media.

It must be noted here that all the above mentioned
figures correspond to an aspect ratio of one, and all of

which correspond to values computed for a 10 x 10 grid.
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1.5

STREAMLINES FOR SINGLE PHASE FLUID (NON-FLON) T =

FIGURE 4.21
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FIGURE 4.22 ISOTHERMS FOR SINGLE PHASE FLUID (NON-FLOW), 7 = 1.5



70

T-2603

S°1

=1 (MOT4-NON) VIGIW 3T8V3IWY3Id ATHOIH ¥0d SINITWYIYLS €2°b IYN9I4

009 =d
M ;

JONE UKL T ol ]
OF X X~ « Nt
Oxoi.X XX

S0
10+36 3Nl

.0

L A 4 )

ENONONOION NN N NN N OO

40000000 000000000000000000 *uaannaqnﬁuuu
*” 1
*

T R i
33settay EE wwm

mmm

Mun
TR i
£ i |
s 4 &1

“
. % ,

ﬁg_:gg_Emz_gz_mm z%m

(X XXX X3

m
s [ T
.
’e
.. .
" I 1
44000000000 2004000

12444844422 222 2 440000009
L2342 22222222222 24 4940000000
142242442222 22 22222 2224 4498800400400 000
(3222242222222 22222222222 22222222222 ¥ 27 1 0680400002228 23 22222 XYY 3
QP00 0000000000000000000000800000000890000000 0000000000000 0000000000



71

T-2603

5°1

1 (MO14-NON) VIG3IW 379V3IWY3Id ATHOLH H04 SWYIHLIOSI #2°v 34N9I4

00 = AloXYA
vy =d431°N
1043000009140 = DTItH
00+46 THG69°0 =LJ
00+400€0000°9 =34
@oomwmmommw.c =6d
0-3 0000p°0 =hk4g
$52300001L6 0 =d
104366666F1°0 =14WI1l
vvvvvmmvvvvvvvvvvvvvvvvvvvvvvvvvwvvvevmvvvcvvvvvvvvvv?vvvvvvvv
CEECELEELECEECEECCErEEREELECECCEtECECCECECCrEECEEECECECEErLEEEECEEEEEE
MnnmﬁnmmnmnnmmmnnmmwmmnnﬁmmnmmmmmmmnmnmmammmmmMﬁmmmnmﬂnmmﬂmm e
NNNMNNNNNNNNNMMNNNNNNNH . ¢ezzeceIcee
Nm:NmmmmMNMWWMMWWMMWWMMMMWWWMMwmmmwm%mwmmmmwmmmmmmmm m
f [ . C [ .
geeeeele gzreeeeeeeeee cereeee -~W-mw- ceeeceeeeeee
WMWWNNNNNNMNMMMNNNN~NN~NMNNNNNNNNMNNNNNNNNNNN m-m----~m~ muﬁ
iy +
Ext .
1999 11 13894984 1988 ¢ 11 1111 1998888204 +
T R TR oo R
*449494

4444049404
222 22 R R R R R R R R R R R R R R R R R X 4540000020000 00040 00
22222 2 22 2 2 2 2 2 R 2 A R R A R R 2 R R R R R R R R R R R R R R R R R R YRR R R

PEPLP PB4 0002000200 40000000000 0000000000000 0 4084902204000 04000000004

0000430000000 4204330340300 9033 0300000200040 0 490022320000 00000000
222222 22 R e R R R R R 2 A R 2 A R R R R R R L R R R R R YRR YR R Y YWY
144422222222 22 R 2 2 2 2 a2 A R A A A R 2 2 R R R A R A R R A R R R R R R R YY)
(22222 2 222 R 2 R 2 S 2 2 2 2 R R A 2 A R R R R R Y R YRy PR YR
PLP4404 0004000003440 0000 0004000400000 0000 9430440000000 0000000 04040004
(2222 2 R IR R A A R R R R A R R R R R R R R N Y R YRR Y YR TR
14842282422 22 22222 R R A 2 A A R 2 R 2 R A R R X R R R A R R R R R R R R R R
CEELP0400 00090000403 00000 000000000000 00400000009 0020092342900 0040000449
AR A A2 22 R R A A A R A 2 2 A2 2 R Al A A A 2 X A R A R R R R R R R T R R R N )
L0002 3400000002000 00 0000000000000 00000 0000000040000 00000800204040
(2 R R R R R R R 2 R R R R R R R R R Y R R Y e R Y Y YY)
(284220222222 2 A 22 A a2 A 22 A 2 R 2 2 A A 2 A 2 R A R R R R R R A R R R R R R R R R R
G040 30000003 0000044000030 0000400000000 000 000002000000 004042 000000004
(22 2 22 2T R R AR R R R R R X R A A A R R R R R A A R R R R R R R R R Y S
(22 222 X2 22 2 A2 A2 2 R X 2 A R 2 A2 A R X A R R Z R R A R A X 2 R R R R R R R R R R R R R R Y R Y
PEEPP0090 0444042000002 0000020000400 0000000000000 0920 0040200000000 000 00
PEPPP P20 0 0000000300003 00 0040000000000 03000004040 00000000 0400004044
[ 22 22 2 X R TR R R R A R R R R R A R A R R R R R R R R R R R R YR
(2 2 2 2 2 X 22 X R R 2 R A R R R A R R R R R R X R R R R R R R R RS
122222 2222 22 22 2 S A2 A R A2 2 2 AR AR A 2 2 R A A R R R R R R A R R R e R R R R R R R XX R R R R



T-2603 72

Figures (4.75-4.27) show the streamlines for differ-
ent aspect ratio. Figure (4.25) shows the strea%lines
for the downflow case with aspect ratio - 0.5 at time
T = 1.5. Comparison with Figure (4.11) where the aspect
ratio was 1.0 shows no fundamental change in the flow
pattern. Figure (4.26) shows the streamlines for the
upflow case with an aspect ratio of two and T = 1.5.
This can be compared to Figure (4.18). Figure (4.27)
presented the case for non-flow with an aspect ratio
= 2.0 which can be similarly compared to Figure (4.19).
Figures (4.26 -4.27) correspond to values computed for
21 x 9 grid.

It is concluded that within the range of aspect ratios

considered, the flow structure is unaffected.
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4.4 Application to 0il Shale Retort

Typical permeabilities for o0il shale retorts were
calculated from experimental pressure drop data given by
Raley (47).

Then Darcy-Rayleigh numbers and Reynolds numbers
were established from typical retort operating conditions.
These were calculated in terms of a variable height H,
above the combustion zone and for a fixed gas velocity of
3 ft/hr. The latter value is considered to be a rather
lTow value for retort operation. An operating line can
then be plotted on a graph of Darcy-Rayleigh number vs.
Reynolds number with H as the variable. This has been done
in Figure (4.28) for values of permeability ranging between

3.0 x 1078 -4 gy 2

and 4.0 x 10 ft and for values of km, of
0.0414 and 0.0265 Btu/hr. ft °F. These values of km are
actually the conductivities of air at 1500 °F and 600°F
respectively, and represent lower bounds to the possible
values of bed conductivity. The ranges of these two quan-
tities represent an estimate of the uncertainty in the
prediction of typical retort parameters.

Also on Figure (4.28) is shown the critical Darcy-
Rayleigh number line of Figure (4.3). It is clear that
under normal operating conditions, typical retorts will

not be affected by convective flow instability. The only
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k

m 0
(Btu/hr-ft"F

TABLE 4.4

SUMMARY OF VALUES OF Ra AND Re

AT DIFFERENT VALUES OF H

K (ft2)

H(m)

0.0414

0.0265

1.36x10°

8.37x10"

4.x10°%

3.x10°

6

6

1
2
10
20
50

10
20
50

10
20
50

10
20
50

—

£ = O = O O

[8))

44 .
88.

.3x10
.6x10
.3x10
.6x10
.5x10

.57x10
.914x10
.57x10
.914x10
.785x10

.9x10
.9x10
.18x10
.95x10

RaK/H?

w W w NN

2
3
3
4
4

4
5

6
6

Re

37.
94.

44.
111.

50.
101.
252.

50.
101.
252.

.88
.76
18.

.23
.47
22.

.05

5
0
5
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case where this might occur would be if the gas ﬁlow were
temporarily stopped and the Rayleigh number were to be
zero. This would be represented on the figure by a hori-
zontal line drawn from any of the operating lines to
intersect the Darcy-Rayleigh number axis. As is seen,
all would intersect above the non-flow critical value of
4 2
m .

The following is an example of the calculations.

1. Calculation of Permeability
From Darcy's Law neglecting the gravity effect,
K = uv/aPp ‘

W, V, AP are taken from Appendices A-1,A-2 at 1500°F

0.038 x 0.10575
3600 x 0.816

2

>
"

1.36 x 1070 ft
2. Calculation of Rayleigh number:

93aT H3(pCp), "
Ra = k i
H

B = UTy, T,

p,Cp, V, km are taken from Appendix B-1.
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32.2x1.88x10 3x1430x3600x3600x5.6x10 3x1.36x10"° H

Ra = ~5.225x0.0414

Ra

39.65 H, H is the depth of combustion zone.
3. Reynolds number

for fluid velocity of 3 ft/hr = 8.33x10™% ft/sec.

Re = oV, H/u
_ 0.02024x8.33x107%
(0.10575/3600)
Re = 0.575 H

When (K) the permeability and km the conductivity are
changed,different values of Re and Ra will be found by the
same method as above. Rayleigh numbers and Reynolds numbers
can be calculated as a function of (H). Table 4.4 shows a

summary of those numbers at different values of (H).

4.5 Stability of the Numerical Method

According to the quasilinear analysis of Lox and
Richtmyer (48) applied to the energy equaiton and to vorti-
city equation in dimensionless form, the numerical method
is stable if the following stability criterion is satisfied.

1. For energy equation and when N = 0 in the

vorticity equation
At S (R(UF+|UF|-Ub+|UB|+VF+[VF[-Vb+[Vb]) +

a/hepr)"1
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2. For the vorticity equation expressed in.terms of

Brinkmann's extension of Darcy's Law

1 -N
<
bt — (1/2h(Uf+]Uf]-Ub+[Ub|+Vf+|Vf1-Vb+iVb|)+4/h2Pr)
2
_H
where N = X

The right hand side of the second equation is defined as
(P7) in the computer program, the right hand side of the
first equation is also defined as (P7) with® N = 0.
The values of (P7) are calculated at various time steps and
shown under every figure of Figures (4.4 - 4.27) and sum-
marized in Table (4.5).

It is seen that P7 usually decreases as the calcula-
tion proceeds in time, but nowhere was a value less than
At encountered. This supports the conclusion that the

computations were stable.

4.6. Validity of the Results

Three types of checks were made from which the results
were considered valid:

1. The comparison with the published theoretical
work was mentioned in Section (4.1) for the porous medium
non-flow case, and with the Benard convection probliem for
single phase fluid. The comparison was in excellent agree-

ment.
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2. The numerical stability of the method was checked.
Calculations of the criteria P7 (see Table (4.5)) ;upport
the conclusion that the computations were stable, Section
(4.5).

3. Different grid systems were used and it was found
that they gave almost the same results for critical Darcy-

Rayleigh numbers as shown in Table (4.6).

TABLE 4.6 COMPARISON OF RESULTS AT DIFFERENT GRID

N Re Grid (6r)c Ra K/HZ
ax10° 0.0 10x10 2.15x1011  3.94x10!
20x20 2.15x10%1  3.94x10?
1.0 10x10 2.18x101%  3.99x10*
20x20 2.17x10*%  3.97x10%
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CHAPTER V
CONCLUSIONS
From the results obtained the following may be concluded:
1. For the non-flow case, the critical Darcy-Rayleigh

X

numbef is found to be Ra 5~ = 39.6 in agreement with publi-

H

shed theoretical values. This is verified for the perme-

ability range 4x10% <N<4x10l. 1n the high permeability
2

1imit (4x10° _iN.§4x10'1) a critical Darcy-Rayleigh number
of 1710 is found. For the single phase fluid, a critical
Rayleigh number of 1710 is also found in agreement with the
well-known result for Benard convection. Wall effects do
not appear to be important.

2. For the flow case, a linear relationship between
critical Rayleigh number and Reynolds number is found for
Reynolds numbers ranging from 10'3 to 102. The critical
Rayleigh number is constant for the non-flow case.

3. Neither aspect ratio nor the flow direction (upflow
vs downflow) affect the values of the critical Darcy-Rayleigh
number,

4. The numerical method is considered to be compu-
tationally stable in the range of interest.

5. For application to oil shale retorts, it is conclu-

ded that a typical 0il shale retort is convectively stable

under normal operating conditions.
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CHAPTER VI
RECOMMENDATIONS

From the results and conclusions‘it is recommended to:

1. Visualize the convection motion of fluid flow
through porous medié and measure the temperature
distribution experimentally, if possible.

2. Extend the present work for other coordinates
(for example, cylindrical coordinates).

3. Modify the method used to solve the non-linear
partial differential equations for the problem of Reynolds
numbers higher than 100, where this method fails to con-
verge.

4. Modify the boundary conditions when other coordi-
nates are used.

5. Study the nature and the effect of internal heat

generation.
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Roman Letter

PR
Pr
Ra

NOMENCLATURE

Definition

Specific heat

Grashof number = g8ATHS/v?
Acceleration due to gravity
Height of the porous bed

Grid spacing in x or y direction
Permeability of the fluid

Thermal conductivity of the (fluid
medium satruated porous layer)

Width of the bed

Number of grid spacing in the x-
direction

Number of grid spacing in the y-
direction

Reciprocal of dimensionless perme-
ability = HZ
K
Pressure
Reference pressure
Prandtl number, = uCp/km
Rayleigh number, = gBATH/vam
Time
Temperautre

Temperature difference, = (T,-T,)

Velocity in the x-direction

Dimensionless velocity in x-direction

86
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Roman Letter

Greek Letter

LX

AyY

AT

87

Definition

Velocity in the y-direction

Dimensionless velocity in y-direction

Dimensionless vorticity

Horizontal coordinate, measured from
the bottom left hand corner

Dimensionless horizonal coordinate

Vertical coordinate measured upwards
from the bottom left hand corner

Dimensionless vertical coordinate

Definition

Thermal diffusivity

Thermal diffusivity of the medium

Volume coefficient of thermal expansion
= 1/To

Heat capacity ratio, (pCp)f/(pCp)m

Grid spacing in x-direction

Grid spacing in y-direction

T-T
Dimensionless temperature, = —4
"17To
Dimensionless time increment
Dimensionless time
2 2

i 3
Laplacian operator, = =—, +
X% ay?
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Greek Letter

3

“opt

Subscripts

0

88

Definition

Vorticity

Viscosity

Kinematic viscosity

Density

Dimensionless stream function
Relaxation parameter

Optimum relaxation parameter

Refers to conditions at time t = 0

Refers to the hot side

Refers to fluid, or forward

Denotes a grid point whose horizontal
coordinate is x = i x

Denotes a grid point whose vertical
coordinate is Y = jAY

Denotes reference quantity

Refers to medium

Refers to number of time steps

Refers to ratio (oCp)e/(pCp)py
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A - Computation of Numerical Stability Criterion: .

1. Energy Equation and Navier Stokes Equation:
The energy equation (3.19) can be written
in the form:

t

i,5 T 1%ie1,5 T %2% 1,5 T %%, 7

° 48,041 7

25%4,35-1

Lax and Richtmyer (48) showed that the scheme is stable

if ay >,0 in (A-1). From the energy equation, aq is the

coefficient of ei’j which can be calculated as:

At | _ '
."J i’j + é—ﬁ L'((Uf' Uf )8i+1,j+\Uf+!Uf[-Ub+[Ubl)ei’j

-(Ub*[UB[)o; ) ) -((VF- VF Doy iy
+(VE+|VF]-Vb

+IVbl)ei’j-(Vb+lVb[)ei’j_1)+2/prh

(0541,5%04-1,

*05,5-17 4 04,5 ]

A-1
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By collecting the coefficients of ei 3 equating to zero

and rearranging,
At < (1/2h{UF+|UF] - Ub+|Ub]- VF+|VF|-Vb+|Vb])- 4/prh?)

2. Brinkman's Extension of Darcy's Law:
By following the same procedures as used

in the energy equation,

1 - N .
At < ({7ZR(UFFTUFT= UBSTUB| <VF+ VFT-Vb+ VB[ =4/prh2)

B. Physical Properties of Air and Sandstone

B-1. A1l physical pronerties of air and sandstone
are taken from Reference(49).
B-2. The pressure drop and fluid velocity are taken

from Reference (47), they are:

ap(1b /ft%) 0.201 0.204 0.816 20.4
V (ft/sec) 0.033 0.062 0.038 0.038

C. Computer Programs

Four programs are employed in the present work. They
will be referred to descriptively as: ASH.For, SAL.For,
KAL.For, RAM.For. It must be noted that those programs
are modified from Chow (42) original programs, and may be

described briefly as follows:
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C-1. ASH.For: The main program which calls the other
three subroutines. This program specifies the in;tia1
and boundary conditions for U, V, 8, and w. It reads
the data of variable parameters Gr, Pr, y, Re, N and
maximum steps. It also specifies the grid spacing M, N,
at anytime temperature and vorticity distributions are
obtained from the conditions at the previous time step.

C-2. SAL.For: It is the subroutine called (SoRLX)
which is used to find the stream function for a certain
known vorticity distribution by solving the poisson-type
equation. The maximum error allowed in this program for
the successive relaxation method is -0001. The boundary
conditions stated in this subroutine are those stated in

Section (3.5-C).

C-3. KAL.For: It is the subroutine contour which is
used for the purpose of plotting the flow by printing dif-
ferent Sym%o]s in the fluid domain, depending on the local
values of the stream functions and the temperature. The
final output shows a rough picture of the flow pattern or
of the iso-thermals depending on the contour plot required
to be seen. Flow patterns or/and iso-thermals are plotted
only at pérticu]ar time steps when the number of steps
equals one of the selected values stored in the array NPLOT

in the main program.
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Computer output will show the following symbols

corresponding to the following data values. (Figs:4.12-4.27)

1- Stream Function

A

o O

O O AwWwN

For

Temperature

For

O O O O o o
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.05
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AT R
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I
e & € € € € e € e & e <
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w o
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. 001
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C-4. RAM.For: It is the function PNEW which is
used to comput the vorticity and temperature at aTH inter-
ior points except those on the center line along which the
vorticity vanishes. This is just the integration by finite
difference of the energy and vorticity equations. For
Darcy's Law the vorticity is calculated in the main por-
gram using equation (3.18).

It must be noted that all three programs, except
(SAL.For) are changed from run to run according to the
change in the aspect ratio "where M and N are changed",
or according to the expression of the vorticity equation
whether it is according to Navier, Brinkman's or Darcy's
Law. Fnr Navier Stokes and Brinkman's Darcy's the func-
tion PNEW is used to integrate both the energy and the
vorticity equations.

The program listing presented here is just for one
case run and it has to change some O0f its statements

according to the run requirement as stated earlier.
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Cecvoavocssscocnncascacccccncaces

CrexeanwepROGRAM (ASH.FOR),INSTABILITY UF FLUID
CexexaeepOW THROUGH POROUS MEDIA HEATED FROM BELQW®tewe
c-‘------------------.------.--‘---------
DIMENSION PSI(10,10),U(10,10),V(10,10),0MEGA(10,10)
1,0MNEW(10,10),THNEW(10,10),RHS5(10,10),NPLOT(10),
1THETA(10,10)
CUMMON H,DT,I,J,UF,UFA,UB,UBA,VF,VFA,VB,VBA
WRITE(4,105)
CeeweswasFAC IS THE RATIO OF HEAT CAPACITY DENSITY OF THE
CreswseefFLUID TO THAT OF THE MEDIUM ITS VALUE IS EQUAL
Ce===* T0Q0 4,E-4 FOR POROUS MEDIA AND 1.E00 FOR
cl"l. SINGLE PH‘SE (3233333222222 20232221%]
105 FORMAT(5X, “WHAT 1S GR,DT,FAC, RE,PR,RN,MAXSTP®)
READ(4,106) GR,DT,FAC,RE,PR,RN,MAXSTP
106 FORMAT(6E,1)
DATA NPLOT/10,50,100,200,300,400,500,600,700,800/
PRINVS=FAC/PR
M=10
MMlz=M=]
N=10
NM1=N=-1
RATIO=MM1/NM1
H=le/(N=1.)
Ceessaear SPECIFY INITIAL CONDITIONS FOR U,V,OMEGA,THETA.
Crewet®e OMEGA AND U WILL BE KEPT THE SAME FOR ALL TIMES =erw»
NSTEP=0
NFIG=z0
T=0.0
DO 1 I=1,M
DO 1 J=1,N
U(I,J)=°o°
V(I1,J)=RE
OMEGA(I,J)=0.0
THETA(I,J)=0.0

1 IF(J.EQ.1) THETA(I,J)=1.
Cwws*=s COMPUT STREAM FUNCTION BASED ON VORTICITY FIELD wwe=*
2 D3 3 I=1,M
Do 3 J=1,N
3 RHS(1,J)==-0MEGA(1,J)

CALL SORLX(PSI,RHS,M,N,H,.0001,1ITER,RE)
Ceeexs  COMPUTE U,V AT INTERIOR POINTS ***w«

DO 4 I=2,MM]

DO 4 J=2,NM1

U(1,d)=(PSI(I1,J+1)=-PSI(I,J~1))/(2.*H)
4 V(I,J)==(PSI(1+1,J)=PSI(I~1,J))}/(2."H)

DO § J=2,NM1
5 V(M,J)=PSI(MM1,J)/H
Cw#x*x COMPUTE VORTICITY AND STREAM FUNCTIONS AT INTERIOR GRID®**»
ce***** POINTS . COMPUTATION WILL BE TERMENATED IF NSTEP EXCcSDS***
Cenw®» (MAXSTP)s INCREASE TIME STEP BY ONE ol

100
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NSTEP=NSTEP+1
IF(NSTEP.GT.MAXSTP) STOP
T=TeDT
DO 6 1=2,MM1
DO 6 J=2,NM1
UF=(U(I+1,J)+U(I,J))/2.
UFA=ABS(UF)
UB=(U(I=-1,J)+U(I,Jd))/2.
UBA=ABS(UB)
VF=(V(I,J+1)+V(I,0))/2.
VFA=ABS(VF)
VB=(V(I,Jd=1)+V(I1,J))/2.
VBA=ABS(VB)
THNEW(I,J)=PNEW(THETA,THETA,M,N,FAC,0,0,PRINVS,0.0)
Cewewe THE NEXT STATEMENT IS USED ONLY WAEN THE VORTICITV
Cee=s= EQUATION EXPRESSED BY BRINKMAN EXTENSION OF DARCY’S
Cw®e® LOW OR BY NAVIER STOCK EQUATIUN (RN=0.0), wotmewrawrwnwn
[ OMNEW(I,J)=PNEw(CMEGA,THETA,M,N,0.0,GR,0.,0,RN)
Cee=xwe THE NEXT STATEMENT IS USED WHEN THE VORTICITY EQN.
Cre=wr ]S EXPRESSED BY DARCY”S LA« exew
[ OMNEW(I,J)=CR/(RN"2.*H)*(THETA(I+1,J)=THETA(I=1,J))
DO 7 J=2,NM1
UB=U(M=1,J)/2.
UBA=ABS(UB)
UF=(U(2,J)+U(1,J))/2.
UFA=ABS(UF)
VE=(V(M,Jel)eV(M,0)) /2,
VF1=(V(1,J+1)+V(1,J0))/2.
VFA=ABS(VF)
VF1A=ABS(VF1l)
VB=(V(M,J=1)¢V(M,J))/2.
VB1=(V(1,J=1)+V(1,J))/2.
VBA=ABS(VB)
VB1A=ABS(VBl)
Pl==2,"(UB+UBA)*THETA(MM]1,J)¢2.*(=UB+UBA)"THETA(M,J)
Pl1=2.*(UF=UFA)*THETA(2,J)*2.*(UF¢UFA) *THETA(1,J)
P2=(VF=VFA)*THETA(M,J*1 )¢ (VF+VFA=VB+VBA)*THETA(¥,J)
1=(VBeVBA)*THETA(M,J=1)
P22=(VF1=VF1A)*THETA(1,J¢1)+(VF1eVF1A=VB1+VBLlA)*THETA(L,J)
l1=(VBleVB1A)*THETA(1,J-1)
P4=2.*THETA(MM] ,J)+THETA(M,J*1)¢THETA(M,J=1)=4,"THETA(Y,J)
P44=2.*THETA(2,3)+THETA(1,J+1)¢THETA(1,J=1)=4.,*THETA(1,J)
Cwswew CALCULATION OF NUMERICAL INSTABILITY CRITERIUN ®wwenswmew
P531¢/(2."H)*(UF+ABS(UF)=UB+ABS(UB))
P6=1e/(2"H)*(VF*ABS(VF)=VB+ABS(VB))
Cewews RN IS EQUAL 0.0 wHEN THE NEXT STATEMENT IS USED
Ce#e**® FOR THE ENERGY EQUATION OR NAVIER STQKES EQN.,
Crenee AND USED AS IT IS 4HEN BRINKMAN EXTe. OF DARCY’S
Ceresa [ AW IS USED wewe
P7=(1e=RN)/(PS+P6+4,*PRINVS/(H*H))
THNEW(M,J)=THETA(M,J)*DT/(2.*H)*((=P1=P2)*FAC+2."PRINVS*P4/H)
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THNEW(1,J)=THETA(1,J)¢DT/(2.*H)*((=P11=P22)*FAC+2.*PRINVS*P 44/H)

7 OMNEW(M,J)=0.0

Cewwes THE ELEMENTS OF OMNEW ,THNEW ARE ASSIGNED TO OMEGA ,AND TAETA®er
DO 8 I=2,M
DO 8 J=2,NM1
OMEGA(I,J)=CMNEW(I,J)

8 THETA(I,J)=THNEW(1,J)

Cee=** OMEGA AT THE BOUNDARIES ARE UPDATED SEEARETISTRRR IR RETRSY
DO 9 I=2,MMl1
OMEGA(1,1)=(=4.*U(1,2)+U(1,3))/(2.*H)

9 OMEGA(I,N)=(4.*U(I,N=1)=U(I,N=2))/(2.*H)

D0 10 J=2,NM1
IF(THETA(1,J)«EQ.0.0) THETA(1,J)=THETA(M,J)
10 OMEGA(1,J)=(4.7"V(2,J)=V(3,J)=3."V(1,J))/(2."H)
Ceesss DEPENDING ON THE NEXT °CALL® ,PLOT ISOTHERMALS
Ce®**s OR STREAM LINES WHEN NSTEP EQUALS CNE OF THE
Cewx®e VALUES SPECIFIED IN °NPLOT® traneee
DO 11 K=1,10
IF(NSTEP=NPLOT(K))11,12,11
11 CONTINUE
GO 10 2
12 NFIG=NF1Gel
WRITE(3,13)
13 FOURMAT(1H1)
14 WRITE(3,15)
15 FORMAT(//)
CALL CONTUR(PSI,1.,1.0,70,H)
WRITE(3,25) T,GR,RN,PR,RE,PT,RATIO, NSTEP,MAXSTP
25 FURMAT(//51X,°TIME=",E/51X,“°GR=",E/S1X, "RN=",E/
151X, °PR=°,£/51X, "RE=*,E/S1X, °P71=°,E/51X,
1°RATIO=",E/S1X, °NSTEP=°,1/51X, "MAXSTP=",1)
GO 10 2 :
END
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SUBROUTINE SGRLX(F;Q,“,V,H, SRRMAX,ITER,RE)
Crocvaccvcencvccccas cose cocecvoccconvesncave
Cex*=re> PRUGRAM °*SAL.FOR”? ,SUCCESSIVE OVERRELAXATION
Ceewws METHOD TO SOLVE POISSON TYPE EQUATION OF THE FORM
Crewws [AP(F)=Q IN A RECTANGULAR DOMAIN bbbl dedl
c--------------’-- LAl b Ll L X L A L X 2 2 T L X T L X T ¥ ¥ T X T L L T 3 o £ 2 2 3

DIMENSION F(M,N),G(M,N)

MMl=M=1

NMl=N-1 .

Cewwws CALCULATE THE CPTIMUM VALUE OF OMEGA *wewwatzrwees

PI=4,*ATAN(1,)

ALPHA=COS(PI/¥)+COS(PL/N)

OPTOM=(Be=4."SQRT(4.,~ALPHA®"2))/ALPLEA®*2
Cewxws INITIAL AND BOUNDARY CONDITIONS FOR STREZAM FUNCTICN *==~*

ITER=0

D01 I=1,M

DG 1 J=1 sN
1 F(I,J)=H*RE*(I-M)

Crewws  BIFJRE TACH ITERATION ADD CihZI TO ITFR*wexe
2 ITER=ITZRe+]

ERPOR=0.0
Ceweer COMPUTE F(I,J) AT ENTERIOR POLNTS*r*e~

Dd 3 I=2,Mv1

DC 3 J=2,u4l

FULD=F(1,J)

FOI,d)2F(i,d) 425" 3P TC " (F(1=1,d)¢F(1e1,0)¢F(1,d=1)

14F(1,Jd¢1)=4."F (I, J)=E"H"w (1, J))

3 EAPIR=TRFCASATS(F(I,0)=FILD)
TE(2RRCAeGTLEAAMAX) 6T TT 2
RETURN

END
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SUBROUTINE CONTUR(PSI,XRANGE,YRANGE,NX,H)

c---
c.'...
c."'.
c."'.
c.""
C.Q"'
c"".
CQQ".
Creann
CQ"'.

c

PROGRAM °KAL.FGR® , CONTUR PLOT FOR PSI OR THETA

IN RECTANGULAR DOMAIN OF SIZE (XRANGE)*(YRANGE)

NX IS THE NUMBER OF SYMBOLS TO BE PRINTED IN

A HORIZONTAL LINE, AND H IS THZ SJQUARE GRID SIZE
BASED ON WHICH VALUES OF PSI(I,J) OR THETA(I,J)

ARE PLOTTED., SYMBOLS SPECIFIED IN ARRAY °SYMBOL®
ARE THOSE USED FOR “PSI° OR °THETA® FALLING #ITHIN
THE INTERIOR BOUNDED BY VALUES SPECIFIED IN THE
ARRAY °“VALUE® e

b

1

REAL LX,LY

DIMENSION PSI(10,10),VALUE(22),SYMBOL(23),GRAPH(100)
DATA VALUE/*2e/=eS5s=¢3s=e2/=¢05,-¢01,-.003,-.001
1001000110003'-011005’02103’05106,.7,08,09’1.’20/
DATA SYMBOL/1HA,1H ,1HB,1H ,1HC,1H ,1HD,lH ,1lH~-,
1d+,1H ,1H1,1H ,1H2,1H ,1H3,1H ,1H4,1H ,14S,1H ,1K6,1a /
NY=.,6*NX*YRANGE/XRANGE ‘
PELX=XFANGE/NX

DELY=YRANGE/NY

DO 5 JSYMBL=1,NY

¥Y=YRANGE=(JS¥YMBL~.S)*DELY

JsleY/H

LYzY=(J=1)*H

HMLY=H~LY

DO 4 IsyMBL=1,NX

X=(ISYMBL=~45)*DELX

I=1eX/H

LX=X-(I=1)*H

1

OONRLW N =

HMLX=H=LX

AL=HMLX*HMLY

A2=HMLX*LY

A3=LX*LY

A4=LX*HMLY
PSIC=(A1*PSI(I,J3)¢A2*PSI(I,J*1)+A3*PSI(I+1,J¢1)¢
A4*PSI(Ie1,J))/H*"2

D) 2 K=1,22
IF(PSIC=-VALUE(K))1,1,2
NRANGE=K

GO T0 3

CONTINUE

NRANGE =23
GRAPH(ISYMBL)=SYMBIL(NRANGE)
CONTINUE
WRITE(3,6)(GRAPH(I),I=1,NX)

- FORMAT(20X,100A1)

RETURN
END

104
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Ceeeee PROGRAM °RAM.FOR®,TO INTEGRATE EQUATION OF THE
Cr=ee® FORM DP/DT==D(UP)/DX=D(VP)/DY¢A*DQ/DX+B"LAP(P)
Creear IN @HICH D AND LAP REPRESENT PARTIAL DERIVATIVE
Ceewe® AND LAPLACIAN OPERATORS RESPECTIVELY ' bkt
FUNCTION PNEW(P,Q,M,N,FAC,A,8,C)
DIMENSION P(M,N),Q(M,N)
COMMON H,DT,I,J,UF,UFA,UB,UBA,VF,VFA,VB,V3A
Fl=(UF=UFA)*P(I+1,J)¢(UF+UFA=UB+UBA)*P(I,J)
1-(UB+UBA)*P(I-1,J)
F2=(VF=VFA)"P(1,J¢1)¢(VF+VFA=VB+VBA)*P(1,J)
1-(V3+VBA)*P(I,J-1)
F3=Q(I+1,d)=0(1-1,J)
P4=P(I+1,J)+P(1=1,J)eP(1,J¢1)+P(I,J0=1)=4,.*P(I,D)
ENEWZP(1,J)*DT/(2.*H)*((=P1=P2)*FAC+A*PI+2,*3"P4/H)
1-C*P(1,J)
RETURN
END



