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ABSTRACT

Many seismic processing techniques warp a seismic trace.isltvarping often results in
wavelet distortion throughout the trace and needs to be reawed to prevent errors in future
processing steps. | propose a new method to reduce waveletalition that deconvolves the
wavelet from a trace to be warped, warps the resulting impus without distorting them,
and convolves with the wavelet in a reference trace. Moreayé¢his warping-with-wavelets
algorithm can be used to estimate the required wavelets in ¢htrace to be warped and in
the reference trace. The primary advantage over previous theds is that this algorithm
involves deconvolution of the wavelet from the trace to be wped before warping. 1 o er a
speci ¢ example of where this method can be applied to redus@velet distortion by warping
the re ectors in a PS seismic image to align with those in a PPessmic image. Not only

is wavelet distortion reduced in the warped PS image, but PPnal PS wavelets are also

estimated.
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CHAPTER 1
INTRODUCTION

Many seismic processing technigques squeeze or stretch @@ trace. One technique
that stretches a trace is normal moveout (NMO) correction. Banes (1992) points out that
when NMO correction is applied to a common midpoint (CMP) gathr, nonzero-o set traces
are stretched, such that the events in these traces align \witcorresponding events in the
zero-o set trace. A technique that squeezes a trace is theqaress of aligning the events in a
PS image with those in a PP image. Events in a PS image appearafater time than in a PP
image because the events in a PP image are a result of a dowrdvaropagating P-wave that
is re ected upward, while the events in a PS image are a resuwf a downward propagating
P-wave that is converted to an upward propagating S-wave upae ection. Because S-waves
are slower than P-waves, it takes more time for the informain seen in a PS image to reach
the receivers (Stewartet al., 2002). In both cases, warping (stretching or squeezing) eate
will produce wavelet distortion, which can cause problemsif later processing steps.

Barnes points out that after NMO correction, the wavelets preent in corrected traces are
stretched, which indicates a decrease in resolution. Becauthis e ect is considerably worse
at larger o sets and earlier times, a mute is used to zero dathat is stretched beyond a set
threshold. Several authors also note that the process of gzing a PS image to PP time
distorts the seismic wavelet (Bansal & Matheney, 2010; Gaiset al., 2011, 2013; Ursenbach
et al., 2013). If the required amount of squeezing varies in spacetine, then the warped
PS wavelet also varies. The resulting nonstationary warpdéS wavelet can cause errors in
inversions for subsurface properties such as density and &d S-wave velocities (Bansal &
Matheney, 2010; Jing & Rape, 2004; Khare & Rape, 2007; Veire &hdr , 2006).

Several techniques have been developed to limit wavelet tdigsion caused by applying

NMO correction. One of these techniques, proposed by Bioneli al. (2014), performs par-



tial NMO corrections followed by the application of shaping lters. By performing these
partial corrections, the wavelets, along the re ector thatis being corrected, become slightly
distorted. This slight distortion is removed when these disrted wavelets are shaped to
stretch-free wavelets, which are estimated along the same ector in the original CMP
gather. This technique is similar to techniques used to reda wavelet distortion caused by
squeezing a PS image because they involve shaping the digtdrwavelets to some desired
result.

A proposed solution to the problem of PS wavelet distortionds been to design a lter,
for each time, that shapes the distorted PS wavelet to a sirggbesired stationary PS wavelet
(Bansal & Matheney, 2010). To design the necessary shapinigers, the original wavelet in
the PS image must be extracted. Bansal & Matheney (2010) do thdescribe the wavelet
extraction process, but given the original PS wavelet and thamount of squeezing, they
compute a squeezed wavelet. The spectrum of the appropriaeaping Iter is calculated by
dividing the spectrum of the desired stationary PS waveletybthe spectrum of the squeezed
wavelet. Applying time- and space-varying shaping lters coputed in this way removes
wavelet distortion from the squeezed PS image.

Another method of correcting PS wavelet distortion is prop@sl by Gaiseret al. (2011).
This method uses nonstationary linear lIters to modify the Swvave periods of warped PS-
waves to match the periods of P-waves. This modi cation caes the warped PS-waves to
resemble S-waves that have been transformed to P-wave tim&aiser et al. (2011) point
out that this method is able to better match the PS-wave data vth the P-wave data than
if only warping was applied, but wavelet distortions occur écause the averag¥,=V; ratios
are assumed to be constant over the time of the wavelet. Gaiset al. (2013) remove this
assumption to reduce wavelet distortion and apply lters tlat compress PS wavelets to yield
results similar to those in Gaiseeet al. (2011).

In previously proposed solutions, the common step to cortewavelet distortion caused

by NMO correction or by squeezing a PS image is to apply a lterfeer warping to shape



the distorted wavelet to some desired result. | propose a dirent solution that includes
deconvolving the wavelet before warping, based on the obgsion that the problem of
wavelet distortion would not exist if the wavelet was an implse. Moreover, my warping-
with-wavelets algorithm provides a method to estimate theaquired wavelet to deconvolve.
In this thesis, my main focus is to discuss how warping-wittvavelets algorithm can
reduce PS wavelet distortion when squeezing a PS image to Pimeé, but recognize that
these concepts can also be used to reduce wavelet distort@aused by NMO correction or
any other geophysical transformation that involves squeiey or stretching. In Chapter 2, |
explore how this method can be used to squeeze a simple tracébe warped to a reference
trace, assuming that the wavelets in both traces are known. hapter 3 then explains how
one can estimate the wavelets in the reference trace and teato be warped. This idea is
then tested on synthetic PP and PS traces. Chapter 4 preseriise results of applying this

method to real PP and PS images.



CHAPTER 2
WARPING-WITH-WAVELETS

This chapter demonstrates how to squeeze a trace to be warpeda reference trace
while avoiding wavelet distortion. After presenting the cooept of squeezing impulses without
wavelet distortion, | apply this same concept to squeezingteace without wavelet distortion.
In this work, | assume that the trace to be warped and the refence trace have the same
re ection coe cients and the same wavelet. | also examine th case where the trace to be
warped and the reference trace have di erent wavelets, wiias similar to warping a PS
trace to a PP time. The process of squeezing a trace without vedet distortion involves 1)
deconvolving the wavelet from the trace to be warped, 2) sgemng the impulses to their
corresponding events in the reference trace, and 3) convaly these squeezed impulses with

the wavelet from the reference trace.
2.1  Warping impulses without distortion

Suppose that the wavelet in a seismic signal is a delta funati (t). Figures 2.1a and

2.1b represent two simple synthetic signals:

pit)y= (t t1) (t t2);
qit)y= (t 2t;) (t 2t);

such that
p(t) = 29(21): (2.1)
Equation 2.1 is a special case of the more general relatioipsh
p(t) = uAt)q(u(t); (2.2)

where u(t) is the mapping from time in q(t) to time in p(t). The amplitude scaling byuqt)

in equations 2.1 and 2.2 is necessary because both the sqeeéemnd original delta functions



need to be equivalent to avoid wavelet distortion. To make #se functions equivalent, one
multiplies the squeezed delta function by the derivative dhe input to the squeezed function
as shown by the following property of the Dirac delta functio: (t) = (t). Note that

the function 2q(2t) displayed in Figure 2.1c exhibits no wavelet distortion.

Amplitude Amplitude Amplitude
S0 d 0 S0 ]

0.1p(t) q(t) 2q(2t)

0.5-

O

g 1

=

151

Figure 2.1: Impulsive signalp(t) (a) and q(t) (b) to be aligned by warping. The relationship
betweenp(t) and q(t) is p(t) = 2q(2t). Using the known time shifts to warpq(t) to p(t) yields
no wavelet distortion (c).

In the case described above, the signals are assumed to betinoous and need to be
sampled. Let column vectorp and g represent the sampled versions of continuous signals
p(t) and q(t), respectively.

In the sampled world, one can represent equation 2.2 as

piny = LU0 D gy 23)

wheren is a sample index imp, u is a sample index ing, and T is the sampling interval inp
and g. Note that u[n] has the same length as the number of samplespnand contains the
sample indices ofj (u) that correspond to the sample indices ip (n). For simplicity, | have

not included any sinc interpolation that would be required ¢ evaluatequ[n]] in equation 2.3.



One can rewrite equation 2.3 as
p=Wq; (2.4)

where the matrix W represents the linear operator required to squeezeto p and scale
g as outlined in equation 2.3. Note that according to the scalghntheorem of the Fourier
transform, when one squeezes a sequence in the sampled dorbgisome factor, the Fourier
transform of the sequence is stretched by that same factor. hig is an issue becauseg is
composed of impulses that contain frequencies out to the Nyigtifrequency and whenq is
squeezed, these frequencies will be aliased.

To solve this aliasing issue, | assume that the amount of sqeeng applied toq is constant
at 2 and is represented with the matrixXW .. | also assume that the sampling interval for all
sampled sequences in the rest of this thesis is 4 ms/samplaplying a Nyquist frequency
of 125 Hz, which is also the maximum frequency @f. When q is squeezed t@ (W .q), the
maximum frequency ofW .q is 250 Hz, which is above the current Nyquist frequency and
indicates that W .q is aliased. To prevent aliasing, | increase the Nyquist fregacy by the
maximum amount of squeezing applied t@ by the squeezing operatolV . In the case of
W ., the maximum amount of squeezing is 2.

To increase the Nyquist frequency by 2, | decrease the sampgjiinterval by 2 using
interpolation. Because the original sampling interval is 4ns/sample, the new sampling
interval needs to be 2 ms/sample. By decreasing the sampliimgerval by 2, one increases
the Nyquist frequency to 250 Hz. This upsampling operation ieepresented by the matrix
U.

The sequencdJgq has a Nyquist frequency of 250 Hz and a maximum frequency of only
125 Hz. By applying the squeezing operatd ., the maximum frequency increases to 250
Hz, which is not above the Nyquist frequency of the sequence amtlicates that aliasing
does not occur. This squeezed sequence is labalduq .

Once | have squeezed the events mqto the events inp, the sampling interval of W .Uq

needs to be increased back to the original sampling interval 4 ms/sample. Recall that the



maximum and Nyquist frequencies o¥V .Uq are both 250 Hz. If | were to simply increase
the sampling interval from 2 to 4 ms/sample, the resulting spience would be aliased because
the maximum frequency (250 Hz) of the sequence would be abotgenew Nyquist frequency
(125 Hz). This indicates that before downsampling, | need topaly a low-pass anti-aliasing
Iter to W .UqQ to suppress any frequencies that are above the new Nyquistduency of 125
Hz. The low-pass Iter operator is represented by the matrit .

The sequencd.W Uqg has a Nyquist frequency of 250 Hz and a maximum frequency
of 125 Hz. When | increase the sampling interval dfW ;Uq from 2 to 4 ms/sample,
the sequence is not aliased because the maximum and Nyquigtguencies are both 125
Hz. This downsampling operator is represented by the matri¥ , which produces the nal
warped sequenc®&LW .Uq.

The above scenario wher®V . is used as a squeezing operator is a simple case. It is also
a case wheré&V .Lq would have been su cient to prevent aliasing. In more comptiated and
realistic cases, the amount of squeezing from the trace to berped to the reference trace
varies (represented by the matrixw ), simply applying a low-pass Iter before squeezing
would be insu cient.

For simplicity, | assume that W, applies an amount of squeezing that varies from 3 to 2.
This indicates that the low-pass IterL in W, Lg will suppress all frequencies above one-third
of the current Nyquist frequency (the Nyquist frequency dividd by the maximum amount of
squeezing) to prevent aliasing. Because the amount of sqrieg applied byW , varies with
time, the stretching of the Fourier transform is not constahat 3 and the resulting Fourier
transform will not have frequencies stretched back up to thBlyquist frequency, which will
not preserve the impulsive characteristic of.

One can represent the cascade of operat&f/kW Uq or VLW ,Uq by a single matrixS.
The result of squeezing) to p without aliasing is represented byp = Sq. For completeness

and clari cation, Figure 2.1 has been relabeled with this nesqueezing notation in Figure 2.2.
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Figure 2.2: Impulsive sequencegs (a) and g (b) to be aligned by warping. The relationship
betweenp and q is p = Sg. Using the known time shifts to warpq to be aligned with p
yields no wavelet distortion (c).

2.2 Warping wavelets without distortion

Consider a non-impulsive wavelet (Figure 2.3) with Z transform

1
(1 168&+0:76z23)(1 127z L+0:76z 2)’

which has an in nite number of wavelet coe cients and ve inverse wavelet coe cients,

Amplitude (normalized)
o

T T T T T T T T T T T T T T T T T

015 01 005 0 0.05 0.1 0.15
Time (s)

Figure 2.3: Known waveletc in both the reference tracef and the trace to be warpedg
shown in Figure 2.4.

and also consider synthetic traces computed by convolvingis wavelet with the sequences



of impulsesp and g from Figure 2.2:

; (2.6)
(2.7)

Q —
I n
O O
Q T

This convolution with the wavelet ¢ complicates the relationship betweeri (Figure 2.4a)
and g (Figure 2.4Db), so thatf 6 Sg (Figure 2.4c).

Figure 2.4c illustrates that, where the wavelet is not an imgdse, simply warping one
trace to align with another trace distorts the wavelet. The ramples in Figures 2.2 and 2.4
suggest that deconvolution of the wavelet should be perfoed before warping. That is,
letting a denote the inverse of the wavelet such thata c = , one should (1) convolve with
the inverse waveleta, (2) warp, and (3) convolve with the waveletc. This process is known

as warping-with-wavelets

a) , b) . c) .
Amplitude Amplitude Amplitude
0 5.0 5 100 5 0 8§ 1010 5 0 5 10
olf g Sg
0.5 %
0
g 1
i: %
15-

Figure 2.4: Both sequence$ (a) and g (b) have the same wavelet. Note that simply
squeezing to f causes wavelet distortion (c).

Recall that the convolution of two sequences(and g) can be written as the multiplication
of a matrix with a vector. For illustration, let us suppose ttat the inverse waveleta has three

coe cients (ag, a;, @) and g has 5 coe cients (Qo, 01, 92, O3, G4), Such that convolution of



a with g is represented by

2 32 3
aa 0 0 0 0 w
aa a9 0 0 0%Rm
Ag =RBa, a; a 0 O0%RaY; (2.8)
0 a a1 a9 0°4gs
0 0 & a a&
or equivalently,
2 3
O G 07 &
Ga=ggz % gé“aﬁ: (2.9)
B R 0 X
U B P

Note that columns of A contain only delayed copies o and columns of G contain only
delayed copies of}, so that both A and G are Toeplitz matrices. Also, recall that convolution
is commutative (Ag = Ga) and that convolution of the inverse waveleti with g is equivalent

to deconvolution of the waveletc from g.

a) : b) . c) . d) .
Amplitude Amplitude Amplitude Amplitude
4202 ¢ 4202 ¢ 42024 42021
0/8 Ag SAg CSAg

— N

154

Time (s)

Figure 2.5: Sequencg (a), the sequencé\g (b) obtained by deconvolving the wavelet from
g, the sequence&SAg (c) obtained by squeezingAg, and the sequenc&€SAg (d) obtained
by convolving SAg with the wavelet c.

To warp g (Figure 2.4b) to f (Figure 2.4a) without wavelet distortion, warping-with-

wavelets requires convolving with its inverse waveleta, yielding Ag (Figure 2.5b). This
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deconvolved trace is then squeezed to align its events withase inf to construct SAg, as
shown in Figure 2.5c. The squeezing operat&is constructed using the known amount of
squeezing required to squeeze eventsgno the events inf. Note that when working with
real PS traces, which contain noise, it is unlikely thaSAg will contain a set of impulses
as in Figure 2.5c. Because it is unlikely thaBAg will contain an ideal set of impulses,
SAg is not the nal product of the warping-with-wavelets algorthm. Finally, the wavelet
c is convolved with SAg to get CSAg (Figure 2.5d). Figure 2.6 highlights that wavelet
distortion is reduced by using warping-with-wavelets (Figre 2.6b) instead of by simply

warping (Figure 2.6¢).

a) b) c)

Amplitude Amplitude Amplitude
40, 50,5 10 0 50 5 10 -0 5 0 5 10

olf CSAg Sg

0.5-

0

g

=

151

Figure 2.6: Sequencek(a), the sequence&CSAg (b) obtained using the warping-with-wavelet
algorithm, and the sequencég (c) obtained using only warping.

Note that S is a linear and time-varying operator, meaning thatS cannot commute
(CSAg 6 CASg and CSAg 6 SCAg). If S did commute, CSAg would equal CASg,
which would simply beSg becauseCA = |. However, note that in Figure 2.6,CSAg 6 Sg.

Thus far, | have presented a situation where one can waig to f if both traces have
the same wavelet. At this point, | assume thaf and g have di erent wavelets, as shown in

Figure 2.7.
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To create these new and g, | rede ne the Z transform of the waveletc to be

1

CD= T 12mvo7e90 o5& T+07a 2 (2.10)
and de ne the Z transform of a new wavelet to be
1
D(z) = (2.12)

(1 16&+0.760(1 127z 1+0:76z %)
Figures 2.8a and 2.8b show the new wavelaetsand d, respectively. Both of these wavelets
have an in nite number of wavelet coe cients and ve inversewavelet coe cients. The new
f and g are a result of convolvingp and g (from Figure 2.2) with waveletsc (Figure 2.8a)

and d (Figure 2.8b), respectively.

a) , b) . c) .
Amplitude Amplitude Amplitude
10 60 5 10 -0 5 0 5 1010 5 0 5 10
olf g Sg
0.5- %
0
g 1
151

Figure 2.7: Sequencé (a) contains the waveletd, and the sequenceay (b) contains the
waveletc. Simply warping g to f causes wavelet distortion (c).

To warp the trace to be warpedg (Figure 2.7b) to the reference tracd (Figure 2.7a),
following the warping-with-wavelets algorithm, one rst onvolvesg with the inverse wavelet

in g (b), squeezes, and then convolvé&Bg with the wavelet in f (c) so that
f CSBg: (2.12)

The purpose for convolvingSBg with the wavelet in f (c) is to compare di erences between

12
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Figure 2.8: Known waveletc (a) in the reference tracef and the known waveletd (b) in
trace to be warpedg. The tracesf and g are shown in Figure 2.7.

a) b) c)
Amplitude Amplitude Amplitude
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Figure 2.9: Sequencek(a), the sequenceCSBg (b) obtained using the warping-with-wavelet
algorithm, and the sequencé&g (c) obtained using only warping.
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f and g that are not related to the wavelet.

The result of using the warping-with-wavelets algorithm vth two wavelets is seen in
Figure 2.9. Note that, unlike the case where simply warping igsed (Figure 2.9c), the
warping-with-wavelets result has no wavelet distortion (Fjure 2.9b). Also, note that by
performing warping-with-wavelets and forcingd and g to have the same wavelet, one can
tell that f and g have similar re ection coe cients, unlike the case in Figure2.7 where this

similarity in re ection coe cients is not apparent.
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CHAPTER 3
ESTIMATING WAVELETS

While the warping-with-wavelets algorithm requires that the inverse wavelet in the trace
to be warped and the wavelet in the reference trace are knowtnhese wavelets are rarely
known and need to be estimated. This chapter demonstrateswmne can use the warping-
with-wavelets algorithm to estimate the wavelets in the re&frence trace and the trace to be
warped. If the reference trace and the trace to be warped areraposed of the same wavelet,
only one wavelet needs to be estimated, and if they are compdsof two di erent wavelets,
two wavelets need to be estimated. In the text that follows, present one method to estimate

one wavelet and two methods to estimate two wavelets.
3.1 Estimating one wavelet

A trace to be warped ) and a reference traced) are displayed in Figure 3.1. Both
traces are a result of convolving the wavelet (de ned by the Z transform in equation 2.5
and shown in Figure 2.3) with the same random re ection coe aents that are located at
di erent samples within f and g. The relationship between re ection coe cients inf and
g isu[n] = 2n (Figure 3.1d). These traces represent simple PR)(and PS (g) traces that
have the same wavelet and the same re ection coe cients.

In Figure 3.1c, note that simply squeezingy to f causes wavelet distortion. To avoid
this distortion using the warping-with-wavelets algoritm, the waveletc, or equivalently, its
inverse waveleta, must be known. | now consider how one might use warping-wihavelets
to estimate a and, hencec.

Because only the wavelet exists inf and g, the warping-with-wavelets algorithm is

simply

f CSAg: (3.1)
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b d
a) Amplitude ) Amplitude °) Amplitude )Amount of squeezing
105 0 5 10 1050 8 10 105 0 5100 1 2 32
0f g Sg (u[n]—u[n—1])
T

0.5+

Time (s)

1.5

Figure 3.1: A simple PP trace f) (a), and a simple PS trace ¢) (b). Both traces have the
same wavelet and the same re ection coe cients. The relatizsship between events in the
PP trace and the PS trace isu[n] = 2n, indicating that when one squeezes the PS trace to
the PP trace, a constant amount of squeezing (d) is applied &t causes the same wavelet
distortion throughout the squeezed PS trac&g (c).

Multiplying both sides of equation 3.1 byA, one obtains
Af  SAg: (3.2)

Because convolution is commutative, equation 3.2 can be néten as

Fa SGa; (3.3)
or
Fa SGa O: (3.4)
ldene Y F -SG so that
Ya O: (3.5)
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The number of columns inY equals the number of unknown coe cients in the inverse wavet

a. For simplicity, | assume that the inverse wavelet has three coe cients: ag, a;, and a.

Y= Yo Y1 Y2 (3.6)
where
Yo = fo Sgy; (3.7)
yi1=f1 Sgy; (3.8)
y2=f2 S0 (3.9)

Here, fq is simply f, f; is f delayed by one sample, ané, is f delayed by two samples.
Likewise, g, is simply g, g, is g delayed by one sample, and, is g delayed by two samples.
Notice that in computing the matrix Y, the warping operatorS is applied multiple times to
di erent delayed versions ofg.

The trivial solution to equation 3.5 isa = 0. | eliminate this solution by setting the
coe cient ap = 1. One could setag to any value, but this would only scale the coe cients of
the waveletc by ap. This scale ambiguity indicates that using equation 3.5 ahe does not
allow the true amplitudes ofc and a to be recovered; only their shapes can be estimated.

With ap = 1, equation 3.5 becomes

a
Y1 Y2 a; Yo- (3.10)

In equation 3.10, there are as many equations as time samplaesf and g, but only
two unknowns a; and a,, which leads one to use the least-squares method and minimiz
ky, + a1y, + axy,ks. To compute a; and a,, | solve the normal equations obtained by

multiplying both sides of equation 3.10 byyf, y,]':

YY1 Y2 @ - Yo . (3.11)
Ya2¥y1 Ya¥: & Y2Yo

The leftmost matrix in equation 3.11 is not Toeplitz becauséhe matrix S is a time-varying
operator that is applied to delayed copies afj. This matrix is, however, symmetric positive

semide nite, which enables one to solve equation 3.11 by Gbsky decomposition. A similar
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system of equations can be obtained for any number of coe ai&s in the inverse waveleta,

which need not be causal.
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Figure 3.2: Estimated wavelet (dots) computed by the waveletstimation process is nearly
identical to the known wavelet (red curve) inf and g from Figure 3.1. To make the wavelet
C appear more continuous in this gure, | use interpolation toincrease the estimated 81
coe cients to 321 coe cients.
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Figure 3.3: Estimated shaping lter h used to shapeSg (Figure 3.1c) tof (Figure 3.1a).
To make the shaping Iter h appear more continuous in this gure, | use interpolation to
increase the estimated 81 coe cients to 321 coe cients.

After estimating the inverse waveleta, one can easily recover the wavele&t as the Iter
that shapes the inverse wavelea to a unit impulse (e.g., Robinson & Treitel, 2000). Five
inverse wavelet coe cients i, = 5) and 81 wavelet coe cients (n. = 81) are used for this

wavelet estimation. Figure 3.2 shows how the estimated waeel(dots) lies on top of the
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known wavelet (red line). Both wavelets have been normalidéo have a maximum amplitude
of one because the true amplitudes cannot be estimated.

Estimations of the waveletc and inverse waveleta allow one to apply the warping-
with-wavelets algorithm; that is, computeCSAg (Figure 3.4a). Note how the result of the
warping-with-wavelets algorithmCSAg (red) lies on top off (black), indicating that wavelet
distortion has not occurred. Also, note that Figure 3.4 only stws portions off and CSAg
between 0 and 1.1 seconds. This display highlights only tharsples inf that correspond to

samples ing and, therefore,CSAg .

b
a) Amplitude ) Amplitude
0 S 0 85t 0 5 0 8 10
0f f
1CSAg HSg
0.5

Time (s)

14

Figure 3.4: Sequencg from Figure 3.1, is in each panel above in black. The sequeri€8Ag
(a) obtained using the warping-with-wavelets algorithm ad the sequencéiSg (b) obtained
using the shaping Iter h are overlaid on top off in red. Only portions off and CSAg are

shown because this display highlights only the samples firthat correspond to samples irg
and, therefore,CSAg .

An alternative to using warping-with-wavelets to reduce waslet distortion is to use a
shaping lIter to shape Sg (with wavelet distortion) to f (without wavelet distortion). This

alternative is similar to the shaping Iters designed by Basal & Matheney (2010), except
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that my shaping lIter is time-invariant. A shaping Iter of 8 1 coe cients is estimated
(Figure 3.3) and convolved withSg to create HSg (Figure 3.4b). Note that the shaping
Iter result (Figure 3.4b) is the same as the warping-with-waelets result (Figure 3.4a).

The shaping lter and warping-with-wavelets results are tle same in Figure 3.4 because
the amount of squeezing applied b$ is constant, as shown in Figure 3.1d. Applying constant
squeezing to all samples ig means that every sample has been distorted in the same way.

A simple shaping Iter can correct this constant wavelet diwrtion.

a b c d
) Amplitude ) Amplitude ) Amplitude )Amount of squeezing
105 0 5 10 0.5 0 5 10 050 5100 1 2 3
0f g Sg = (u[n]—u[n—1])
T

—=

0.5

Time (s)

1.5

Figure 3.5: A simple PP trace f) (a), and a simple PS trace ¢) (b). Both traces have the
same wavelet and re ection coe cients. The relationship b&veen events in the PP trace
and the PS trace isu[n] = aln(1+ bn), indicating that when one squeezes the PS trace to the
PP trace, a varying amount of squeezing is applied that causdi erent amounts of wavelet
distortion throughout the squeezed PS trac&g (c).

Thus far, the relationship between re ection coe cients inf and g has only required a
constant amount of squeezing to align re ection coe cientsn g with those in f (Figure 3.1).
At this point, | make the relationship between re ection coecients in f and g more compli-

cated and realistic, such that the amount of squeezing reged to align re ection coe cients
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in g with those in f is time-varying (Figure 3.5). In Figure 3.5, the relationshipbetween

re ection coe cients in f andg is
u[n] = aln(1 + bn); (3.12)
wherea = #@ b= u’—;; In([—‘l)), Unm is the last sample index irg, ry is the amount of squeezing

applied to the sample ing that corresponds to the rst sample inf, andr, is the amount of

squeezing applied to the last sample ig (uy).
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Figure 3.6: Estimated wavelet (dots) computed by the wavelegstimation process is nearly
identical to the known wavelet (red curve) inf and g from Figure 3.5. To make the wavelet
C appear more continuous in this gure, | use interpolation toincrease the estimated 81
coe cients to 321 coe cients.
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Figure 3.7: Estimated shaping lter h used to shapeSg (Figure 3.5c) tof (Figure 3.5a).
To make the shaping Iter h appear more continuous in this gure, | use interpolation to
increase the estimated 81 coe cients to 321 coe cients.
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Work done by Compton (2014) shows that the amount of squeegrapplied to a PS trace

(Ul 1Dy to warp it to a PP trace is related to the V,=\4 ratios in the subsurface by

(] un 1)) _ @+l

- =& (3.13)

According to Hardageet al. (2011), a possible range of,=\; ratios in the Texas Gulf Coast
is 5.3 through 2.1, which corresponds to arpy and r, of 3.15 and 1.55, respectively. For the

rest of the thesis, these values of and r; are used for any other traces that use the relation

described in equation 3.12.

a) ) b) .
Amplitude Amplitude

[T T T TN TR AN S S ST SN NS T S SR TR SN SN SR WA S B PR I SN S A U N T S SR SR ST SN SO SN N I TR SO ST SR N

ICSAg HSg

0.5+

Time (s)

Figure 3.8: Sequencg from Figure 3.5, is in each panel above in black. The sequeri€8Ag
(a) obtained using the warping-with-wavelets algorithm ad the sequencéiSg (b) obtained
using a shaping Iter are overlaid on top off in red.

When a varying amount of squeezing (Figure 3.5d) is applied tdh¢ events ing to
align them with the events inf, the amount of wavelet distortion throughoutg also varies.
The varying amount of wavelet distortion is highlighted in Fgure 3.5c, whereSg is more

compressed in the beginning than at the end.
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A varying amount of wavelet distortion does not prevent onedm estimating the wavelet
c. In Figure 3.6, the known and estimated wavelets are represed by the red line and black
dots, respectively. As with the constant amount squeezing sa (Figure 3.2), the estimated
wavelet lies on top of the known wavelet.

With the estimated waveletc, one can use the warping-with-wavelets algorithm to squeez
g to f. Figure 3.8a showd in black and the warping-with-wavelets result CSAg ) in red.
Like in the constant amount of squeezing case, wavelet digion does not exist in CSAg .

A shaping lter h, with the same parameters of the shaping Iter in Figure 3.3,si esti-
mated to shapeSg (Figure 3.5¢) tof (Figure 3.5a). The result of convolvingh (Figure 3.7)
with Sg is HSg (Figure 3.8b). Note that, in contrast to CSAg, HSg (red line) does not lie
on top of f (black line). HSg is dierent from f because a reasonably sized shaping Iter

cannot account for the varying amount of wavelet distortionhat occurs inSg (Figure 3.5c).
3.2 Estimating two wavelets with the cyclic search

Wavelets in PP and PS traces are unlikely to be identical, ingrt, because attenuation
often a ects S-waves more than it does P-waves (Ursenbaeh al., 2013). An example of a
simple PP (f) and PS (g) trace with di erent wavelets is shown in Figures 3.9a and 319
respectively. Traced and g are created by convolving re ection coe cients with wavelés ¢
(Figure 2.8a) andd (Figure 2.8b), respectively. The re ection coe cients usedo createf and
g have the same amplitude, but the coe cients inf are a squeezed version of the coe cients
in g. The relation between the coe cients inf and g is outlined in equation 3.12.

Di erent wavelets in the reference trace () and the trace to be warped ¢) suggests that
| should estimate two wavelets instead of one wavelet. To @siate two wavelets, | start
with the warping-with-wavelets algorithm shown in equatia 2.12, which accounts fof and
g containing di erent wavelets ¢ and d, respectively. Note that this equation is nonlinear
with respect to the unknown wavelet coe cients and containghe unknown waveletc and
unknown inverse waveleb (inverse wavelet of the waveletl). Becauseb is not an inverse

of ¢ (CB61), | cannot eliminate the unknown waveletc by simply multiplying both sides
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of equation 2.12 byB and instead iteratively compute ve coe cients of b (n, =5) and 81

coe cients of ¢ (n; = 81).

a) . b) . c) . d) .
Amplitude Amplitude Amplitude Amount of squeezing

-|12-|9-|6-|3(|) I|3 6 ?1?'12—?'|6-.3 036 S|)1|2-12-|9-|6-|3 036 ?120 1 2 3

0f g S% (u[n]—u[n—1])
] T

0.5+

Time (s)

1.5

Figure 3.9: A simple PP trace {) (a), and a simple PS trace ¢) (b). f and g have di erent

wavelets € and d, respectively), but the same re ection coe cients. The re&tionship be-
tween events in the PP trace and the PS trace ig[n] = aln(1 + bn), indicating that when

one squeezes the PS trace to the PP trace, a varying amount gusezing is applied that
causes di erent amounts of wavelet distortion throughouthe squeezed PS trac8g (c).

To start this iterative process, an initial wavelet is selded for either c or b. In previous
work, wavelet distortion is reduced by using a shaping Iteto shapeSg (Figure 3.9c) to a
desired result, which | choose to bé (Figure 3.9a). To recreate this shaping Iter with the
warping-with-wavelets algorithm (equation 2.12), the ingrse waveleto needs to be a unit
impulse (). This initial choice of b indicates that the estimatedc is simply the shaping
Iter that shapes Sg to f.

Computing q = Sg simpli es equation 2.12 to

f Cq; (3.14)
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or, equivalently,
f  Qc;

where columns of the matrixQ contain delayed copies of.

(3.15)
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Figure 3.10: Starting wavelets for the cyclic search a(a), a shaping Iter h that shapes
Sg (Figure 3.9¢) tof (Figure 3.9a), andd (b), a unit impulse. To make the waveletsc

and d appear more continuous in this gure, | use interpolation toncrease the estimated
81 coe cients to 321 coe cients. Note that the waveletd has only been interpolated with
zeros to emphasize that this wavelet starts as an impulse.

In equation 3.15, there are as many equations as sampled iand g, and a signi cantly

smaller number of unknown wavelet coe cients inc. Due to the relatively small number of

unknowns, | estimatec using the least-squares method to minimizkf  Qck3. Speci cally,

| solve the normal equations obtained by multiplying both sles of equation 3.15 b':

Q'Qc = Q'f:
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The matricesQ, Q!, and Q! Q are Toeplitz because columns d contain delayed copies of
g. Therefore, the resulting wavelett is a Iter that shapes the warpedg (Sg) to match f.
In other words, the estimated wavelet is similar to the shaping lters designed by Bansal
& Matheney (2010), but here is time-invariant.

At this point in the cyclic search, one iteration is complete The current estimations
of ¢ and d are shown in Figures 3.10a and 3.10b, respectively. Note thdtet waveletc in
Figure 3.10a is the same as the shaping Iteln that shapesSg to f, and the waveletd in
Figure 3.10b is the inverse of a unit impulse.

With the current estimation of the waveletc, one can estimate an updated inverse wavelet

b. This is done by computingP = CSG, which reduces equation 2.12 to
f Pb: (3.17)

As in equation 3.15, equation 3.17 contains as many equatioas samples inf and g and
a signi cantly smaller number of unknown inverse wavelet @cients in b. The relatively
small number of unknowns compared to equations again leads the least-squares method
and to minimize kf  Pak3. That is, solve the normal equations obtained by multiplyig

both sides of equation 3.17 bp':
P'Pb = PIf: (3.18)

Here, the matricesP, P!, and P! P are not Toeplitz because the time-varying operata® in
P = CSG is applied to all delayed copies of in the columns of G. Therefore, | compute
the inverse waveletb using Cholesky decomposition oP! P instead of using faster solvers
appropriate for Toeplitz matrices.

In equation 3.17, note that if one multiplies the wavelett by a constant and divides
the estimated inverse waveleb by the same constant, the matrix on the right-hand side is
unchanged, which means that only the shape of the inverse wedet b can be recovered, not
its true amplitudes. This same logic can be applied to equat 3.15 (where one solves for

the waveletc), meaning that only the shape of the wavelet can be recovered, not its true
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amplitudes.
To compute an updated estimate of the wavelet, | use equation 3.15. Using the most
recent estimate of the inverse waveldi, | compute g = SBg and solve equation 3.16 for the

waveletc. At this point, two iterations are complete.
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Figure 3.11: RMS of all residuals for each iteration in the clic search.

This iterative process continues until the maximum numberfaterations has been reached
or the percent change in the root-mean-square (RMS) of allgieluals is below 0.01 percent.

In the cyclic search, the RMS of all residuals is de ned as
s

(CSBg f)I(CSBg f)

3.19
Y (3.19)

because the RMS of all residuals in the cyclic search needsbi®s comparable to the RMS
of all residuals in the Gauss-Newton method, which is disceskin the next subsection.
In equation 3.19,ns is the number of samples analyzed withifi and n,, is the number of
coe cients in b. The stopping condition of 0.01 percent is based on when thgnghetic tests

converge to the correct solution.
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In this synthetic case, the stopping condition is not reaclaeuntil around 160 iterations
are complete, as shown in Figure 3.11. Note that the RMS of allgiduals does not change
signi cantly from the rst to the last iteration. This indic ates that the shaping Iter h

(iteration 0) reduces most of the wavelet distortion, but nball of it.
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Figure 3.12: Estimatedc (a) and d (b) wavelets (dots) computed by the cyclic search are
similar to the known c (a) and d (b) wavelets (red curve) inf and g from Figure 3.9. To
make the waveletsc and d appear more continuous in this gure, | use interpolation to
increase the estimated 81 coe cients to 321 coe cients.

Final estimates of the waveletg and d are shown in Figures 3.12a and 3.12b, respectively.
The known wavelets are shown in red, and the estimated wavedeare shown as dots. Note
how the estimated wavelets are similar to the known wavelets

With estimated waveletsc and d, one can use the warping-with-wavelets algorithm to
align events ing with those in f. Note how the warping-with-wavelets algorithm (Fig-

ure 3.13a) reduces wavelet distortion more e ectively thaa shaping Iter (Figure 3.13b).
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The only example in this subsection contains a varying amotiof squeezing, as shown
in Figure 3.9d, because two wavelets cannot be estimated whére amount of squeezing
is constant. A constant amount of squeezing would result in @nstant amount of wavelet
distortion throughout Sg, which, as shown in Figure 3.4b, a shaping Itelh can account
for. Because a shaping Iterh can account for all wavelet distortion, the wavelet in the
warping-with-wavelets algorithm for two wavelets (equatin 2.12) can shap&Bg to be the

same ad, no matter what b is.

Amplitude Amplitude
2o a2
0[f R f —
CSBg HSg

O

2 0.5-

i: T —
— —

— b

Figure 3.13: Sequenck from Figure 3.9, is in black in each of the above panels. Thegsence
CSBg (a) obtained using the warping-with-wavelets algorithm ad wavelets estimated by
the cyclic search is in red and overlaid ontd. The sequencedSg (b) obtained using a
shaping Iter h is also in red and is overlaid ontd.

3.3 Estimating two wavelets with the Gauss-Newton method

The cyclic search is a simple way to solve for unknown wavedet and b in the nonlinear
system of equations shown in equation 2.12. A more elegantya solve for these unknowns

is the Gauss-Newton method. Nocedal & Wright (2006) describlis method as an iterative
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technique that solves for unknown parameters simultanedysby minimizing a nonlinear
objective function. In the case of solving for the wavelet and inverse waveletb, the

nonlinear objective function
= krk3 (3.20)
is minimized. In equation 3.20,
r=CSBg f: (3.21)
The general form of the normal equations solved in the Gaubkwton method is
I = dlrg (3.22)

where Jy is the Jacobian matrix, i is the update vector,ry is the residual vector, andk is
the iteration number (Nocedal & Wright, 2006). Note that in eguation 3.22,JLJk and J'krk
are the approximated Hessian and the negative of the gradieof , respectively. Also note
that one does not solve for an unknown vector directly, but $ees for an update vector |
that updates previous estimates of an unknown vector.

| use the Gauss-Newton method over Newton's method because #@sha number of
advantages over Newton's method. First, the Gauss-Newton metti reduces computation
time by computing an approximation to the Hessian and not theuil Hessian. Second, when
Jk « 6 0, isalways pointing in the descent direction. In Newton's metbd, , only points
in the descent direction when the Hessian is positive-de rét Finally, the update vector
minimizes the linear least-squares probleml,  + rk3, which indicates that linear least-
square methods can be used to solve foy.

To use equation 3.22 to solve for updates to unknowiisand c, the termsry, , and Ji

need to be de ned using equation 3.21. The residual vectoy is de ned as
re = CkSByg f; (3.23)
which is simply equation 3.21. The update vectory is de ned as

ML (3.24)

Ck
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A Jacobian matrix (J) contains the rst partial derivatives of the residuals and § de ned as

J= 2 g (3.25)

Recall that CSBg can be reduced toQc and Pb (equation 3.15 and 3.17, respectively),
which indicates that the residual vectorr can be rewritten asr = Qc  forr = Pb f.
These forms ofr allow one to easily reduce equation 3.25 to
J= P Q ; (3.26)
which indicates that Jy is
Jk= Px Q: (3.27)

By using equations 3.23, 3.24, 3.27, equation 3.22 is expaddo

PLP« P'er be Pa((CkSBkg f)
QP QiQx Ck Qi (CkSBkg )

To compute the approximated Hessian and gradient in equatia® 28, initial estimates of

(3.28)

b and c are needed. In the cyclic search, the initial estimates &f and c are a unit impulse
and a shaping Iter h that shapesSg to f, respectively; therefore, the starting solution for
b and c in the Gauss-method method is the same as the cyclic searcimiial estimates.

It is possible for two di erent sets ofc and b to be estimated and have the same residual
vector r. For example, one could estimate and b and also 1@ and %b. In this case,
r =10CSs;Bg f= CSBg f. To eliminate this scale factor ambiguity, | set the unknown
coe cient Iy to 1 and modify equation 3.28, so that this coe cient remainsat 1 for all
iterations. Note that by can be set to any value. If one were to sé to 10, thenc would be
scaled by%, which indicates that the true amplitudes ofc and b cannot be estimated.

To keep I equal to 1 for all iterations,  needs to be O for all iterations. Below is
an example where | assume that the wavelat and the inverse waveleth have only two

coe cients and are both causal; then equation 3.28 can be eapded to
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2 32 3 2 3
PolPo Po'P1 Po'do Po'a: Por
pl: Po pl: P1 pl: Jo pl: 01 g blé - gp}ﬁé : (3.29)
Jo'Po do'P1 Jo'do Jo'Q: 0 Aol
di'po Gi'p1 ailge ailar o qar

Because p = 0 is located in the rst row of the update vector, the rst row and column of
the approximated Hessian are set to zero, except for the elemen the diagonal; the rst

element of the gradient is also set to zero. These modi catis reduce equation 3.29 to

2 32 3 2 3
Polpo O 0 0 bo 0
0 pidpr pilge pi! %Z § blé _ p}LFZ , (3.30)
0 do'p: do'do Qoo 0° qPr ' '
0 di'pr gildo ailos cl qir

Once by is constrained to 1, | can use equation 3.28 to solve fop, and .. Note

-
that the approximated Hessian in equation 3.28 is a symmetrositive semide nite matrix,

and thus one could use Cholesky decomposition to solve fay, and .. This  will be

pointing in the descent direction of the nonlinear objecti function, but it may not decrease
equation 3.20 with each iteration. Therefore, a line searéh used to determine the fraction
of  that will be used for the update ofc and b. This line search determines an, between
0 and 1, such that a decrease in the nonlinear objective fuimm (equation 3.20) occurs with
each iteration. Once an is chosen, previous estimates df and ¢ are updated, so that the

new estimates ofb and c are

Prsr = b+ .
Ck+1 = Ckt ¢

(3.31)
Recall that the cyclic search stops when the maximum numbeif derations has been
reached or when the percent change in the RMS of all residu@sbelow 0.01 percent. Even
though the Gauss-Newton method has the same stopping conditias the cyclic search, it
does not end when the stopping condition is met. Instead ofcgiping the Gauss-Newton
method, | penalize the outer lags of the inverse wavelét, which drives the coe cients of
the outer lags ofb towards zero. To understand why this is reasonable to do, csider the

following scenario where | have estimated the true inverseaveletb. If | increase the number

of coe cients by one and re-estimate the inverse waveldi, because the last estimate was
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the true estimate, the value of the new coe cient is zero. By pnalizing the outer lags of
b and driving these coe cients towards zero, | create a situabn that occurs when the true
wavelet is known.

Outer lags inb, but not in c, are penalized because the starting inverse waveletis an
impulse, which only has one non-zero coe cient. The other @cients, that are equal to
zero, can be anything, which is why | choose to control theseecoients by penalizing them.

To incorporate penalizing outer lags ofb into equation 3.28, the residual vector is
rede ned as

r= pd (3.32)
Fp
In equation 3.32,r4 is the data residual vector (4t = CSBg f) and r, is the penalization
residual vector, wherer, = Xb, X is a scaled diagonal matrix, and is the degree at which
the outer lags of b are penalized. The diagonal elements of the matriX are equal to
the absolute value of the lag between the coe cient ob that the diagonal element inX
is multiplied by in r, and the coe cient of b corresponding to zero seconds. Expanding

equation 3.20 using the newest de nition of the residual vear yields

=rhra+ rhrp; (3.33)

which can be further expanded to
=(CSBg f)l(CSBg f)+ b/ X!Xb: (3.34)
The magnitude ofb! X! Xb is not comparable to the magnitude of SBg f)! (CSBg  f).

To make the magnitude of those terms comparable, | multiplyaeh diagonal element oX

by P fIf. The new de nition of the residual vector simply modi es egation 3.28 to

PP+ XIX PLQy o, _ PL(CkSBkg f)+ XIXby |
QLPx« A« QL(CkSBkg f) '

To determine the value of , a line search is used. With each value tested, equation 3.35

(3.35)

is solved for , and . and an appropriate is chosen as previously described. Aftet,,

¢, and are computed,c and b are updated using equation 3.31. The that produces
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an updatedc and b that yield the smallest value of equation 3.33 is selectedrfthe next
iteration of the Gauss-Newton method.
Too large of a can increase the value of equation 3.33 past its starting v in the

iterative process (Lordo). Thus, | set the maximum value of to

I |
_ 1rdord0 rdbprdbp.
max = 3 | , (3.36)
2 Molp

Wherer'o,ord0 is the two norm squared of the data residual from the startingeration, r'dbprdbp
is the two norm squared of the data residual before penalizan, and r|prp is the two norm
squared of the penalization residual calculated with the tisiate of b acquired before penal-
ization. This de nition of 5 prevents the value of equation 3.33 from increasing past the
midpoint between its value at iteration O (r[jordo) and its value before penalization rﬂdbprdbp).

= 0 does not penalize the outer lags db, so a lower bound of is also calculated:

1
min = 10 max - (3.37)

This ensures the outer lags ob are penalized when required.

Once is found, the Gauss-Newton iterations continue to use equati 3.35, and is
chosen only once. When the stopping condition is met again,is set to 0 to try and drive
down the value of equation 3.33 even further. When the stopmncondition is met for a
third time, the Gauss-Newton method o cially ends. At this point, the method con rms
whether or not the value of equation 3.33 at the end of the methl is lower than the value
reached before penalizing the outer lags m. If the former is lower than the latter, the nal
b and c are the wavelets returned by the method; otherwise, thie and ¢ achieved before
penalization are returned.

If the approximated Hessian in equations 3.28 or 3.35 becomet positive de nite, due
to rounding errors, the penalization scheme discussed pi@ysly can be used; this is similar
to adding values to the diagonal of the matrix to make the maix positive de nite again.

Recall that an example of a simple PPf() and PS (g) trace with di erent wavelets is

shown in Figures 3.9a and 3.9b, respectively. Tracésand g are created by convolving the
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same re ection coe cients with waveletsc (Figure 2.8a) andd (Figure 2.8b), respectively.

The relation between re ection coe cients in f and g is outlined in equation 3.12.
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Figure 3.14: RMS of all residuals for each iteration in the Gas-Newton method.

The starting PP (c) and PS (d) wavelets used for the Gauss-Newton method are the same
as the those for the cyclic search and are shown in Figures &léind 3.10b, respectively.
These starting wavelets result in the rst RMS of all residubs value shown in Figure 3.14.

Note that in the Gauss-Newton method the RMS of all residuals de ned as
S

(CSBg f)I(CSBg f)+ rpry.
N + Ny '

(3.38)

Also note that, as with the cyclic search, 81 unknown coe ciets in ¢ (n, = 81) and ve
unknown coe cients in b (n, =5) are estimated.

As discussed previously, the Gauss-Newton method can be deddinto three stages
(shown in Figure 3.14): before-penalization, during-penahtion, and after-penalization. The
before-penalization stage spans from iteration O to 180. iEhstage exists for most of the

iterations because the stopping condition has not been rdeal until iteration 180. The
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during-penalization stage exists from iteration 181 to 18Znd starts with a large spike in
the RMS of all residuals. This spike is due to the fact that th@uter lags in the inverse PS
waveletb are penalized. The calculation of the RMS of all residualsrfiteration 181 uses
the b and c from iteration 180 and the chosen, so that it is possible to observe the increase
in the RMS of all residuals due to penalizing outer lags di. After the initial spike, the
penalized Gauss-Newton method iterates until the stoppingoadition is met, which occurs

quickly. The after-penalization stage spans from iteratin 183 to 185. The sudden drop in the
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Figure 3.15: Estimatedc (a) and d (b) wavelets (dots) computed by the Gauss-Newton
method are nearly identical to the knownc (a) and d (b) wavelets (red curve) inf and g
from Figure 3.9. To make the wavelets and d appear more continuous in this gure, | use
interpolation to increase the estimated 81 coe cients to 32 coe cients.

RMS of all residuals occurs over one iteration because the B\Mf all residuals for iteration
183 is calculated using = 0 and the b and ¢ from the previous iteration. The third stage

also ends quickly. The nal RMS of all residuals in the aftepenalization stage is smaller
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than that in the before-penalization stage, which indicat that the b and ¢ determined in
the after-penalization stage are returned by the Gauss-Neart method.

The during-penalization stage allows the Gauss-Newton mettl to escape any perceived
local minimum encountered by the stopping condition. By inading the penalization resid-
ual, I am attempting to Il in any local minimum holes or pass egions of the nonlinear
objective function that have a small gradient. In this syntletic case, the during-penalization
stage is not e ective at decreasing the RMS of all residuals.

The completion of the Gauss-Newton method yields estimate§the PP (c) and PS (d)

wavelets, as shown in Figure 3.15. Note how the estimated waatsl lie on top of the known

wavelets.
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Figure 3.16: Sequenck from Figure 3.9, is in black in each of the above panels. Seque
CSBg (a) obtained using the warping-with-wavelets algorithm ad wavelets estimated by
the Gauss-Newton method is in red and overlaid onth SequenceHSg (b) obtained using
a shaping Iter h is also in red and are overlaid ontd.

With the estimated waveletsc and d, one can use the warping-with-wavelets algorithm

to align events in g with those in f. As the plot of the RMS of all residuals indicates
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(Figure 3.14), the shaping lter result reduces most of the weelet distortion (Figure 3.16b),
while the warping-with-wavelets algorithm reduces all disrtion (Figure 3.16a). This is

similar to the result obtained with the cyclic search.
3.4 Comparison of cyclic search and Gauss-Newton method

Two methods have been proposed to estimate two wavelets. Téyclic search is a simple
way to solve nonlinear systems, while the Gauss-Newton meth@és a more common way.
Both methods have their advantages and disadvantages in btes of time to complete one

iteration and the ability to estimate wavelets in the presece of noise.
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Figure 3.17: Sequencé with a noise-to-signal ratio of 0.0 (a), 0.2 (b), 0.4 (c), 0.6d), 0.8

(e), and 1.0 (f) and sequencg with a noise-to-signal ratio of 0.0 (g), 0.2 (h), 0.4 (i), 0.§)),
0.8 (k), and 1.0 (I).
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The normal equations solved in the cyclic search are shownequations 3.16 and 3.18.
The size of the matricesQ! Q and P! P in these normal equations ar@. x n. and ny X Ny,
respectively. Becaus®' Q is a Toeplitz matrix, the corresponding normal equations ca
be solved by a fast Toeplitz solver (Levinson recursion) wieethe computational cost is
proportional to n2 oating point operations ( ops) (Robinson & Treitel, 2000). The matrix
P! P is not Toeplitz, but is symmetric positive semide nite, indcating that the corresponding
normal equations can be solved by Cholesky decompositiono $olve equation 3.18 with

Cholesky decomposition involves a computational cost progional to :n ops (Trefethen

& Bau, 1997).
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Figure 3.18: Knownc (a) and d (b) wavelets represented by the red line and the cyclic serc
estimated ¢ and d wavelets represented by the black, green, blue, cyan, pinknd orange

dots from f and g with noise-to-signal ratios of 0.0, 0.2, 0.4, 0.6, 0.8, andO] respectively.

To make the waveletsc and d appear more continuous in this gure, | use interpolation to
increase the estimated 81 coe cients to 321 coe cients.

39



The normal equations solved in the Gauss-Newton method arecstn in equation 3.35.
The approximated Hessian is a symmetric positive semide @tmatrix indicating that these
normal equations can be solved by Cholesky decompositiorhish has a computational cost
proportional to %(nb + n¢)® ops. Because the Gauss-Newton method has a computational
cost proportional to %(nb+ nc)® and the cyclic search has a computational cost proportional

to only %ng + nZ ops, each cyclic search iteration is faster than a Gauss-Néw iteration.
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Figure 3.19: Knownc (a) and d (b) wavelets represented by the red line and the Gauss-
Newton method estimatedc and d wavelets represented by the black, green, blue, cyan,
pink, and orange dots fromf and g with noise-to-signal ratios of 0.0, 0.2, 0.4, 0.6, 0.8, and
1.0, respectively. To make the wavelets and d appear more continuous in this gure, | use
interpolation to increase the estimated 81 coe cients to 32 coe cients.

| have analyzed the cyclic search and the Gauss-Newton methaath the assumption
that the noise-to-signal ratio is zero, where the noise-wignal ratio is the ratio of RMS of

the noise and the RMS of the signal. Without this assumption, e can add bandlimited
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noise to a trace and increase its noise-to-signal ratio.

In Figure 3.17, six di erent pairs off and g are shown. Thef and g seen in Figures 3.17a
and 3.17g, respectively, have a noise-to-signal ratio ofragand thus are the samd and g
seen in Figure 3.9. Figure 3.17 showsand g with a noise-to-signal ratio of 0.0, 0.2, 0.4, 0.6,
0.8, and 1.0.

The corresponding estimates of the waveletsand d from anf and g with di erent noise-
to-signal ratios are seen in Figure 3.18, using the cyclic sefa, and in Figure 3.19, using the
Gauss-Newton method. The known wavelets in Figures 3.18 and 3.are represented by the
red solid line, and the estimated wavelets for di erent noes-to-signal ratios are represented
by dots. Note that the estimates ofc and d using the Gauss-Newton method (Figure 3.19)
appear to be more concentrated over the known wavelets thahe estimates from the cyclic

search (Figure 3.18).
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CHAPTER 4
APPLICATION TO PP-PS IMAGES

In this chapter, real PP and PS images are used to test the wang-with-wavelets algo-
rithm, and the cyclic search and the Gauss-Newton wavelet @siation techniques. To use
the warping-with-wavelets algorithm to warp images, let te PP and PS images be repre-
sented as column vector§ and g, respectively. Before estimating the PP and PS wavelets,
the noise in the PS image is reduced and the amplitudes in thd®Rand PS images are made
comparable. The estimated PP and PS wavelets are used in tlakgorithm to squeeze the

PS image without wavelet distortion, and this squeezed imags compared with the image

produced by using a shaping lIter to reduce wavelet distortin.

4.1 Data Conditioning

Subsets of real PP and PS images are shown in Figures 4.1a arkb4respectively. The

Distance (km)

Distance (km) b)

PP Time (s)
PS Time (s)

Figure 4.1: PP image (a) and a PS image (b). Both are provided adesy of SINOPEC.
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images are plotted in a way that aligns events in the PP imadewith those in the PS image
g. Note how the PS image is noisier than the PP imagd. Ursenbachet al. (2013) point out
that PS images tend to have a lower frequency content than Pifhages because attenuation
often a ects S-waves more than it does P-waves. This lack aEfjuency content often results
in poorer resolution in the PS image than in the PP image.

Before PP and PS wavelets are estimated, | apply a recursivep@nential smoothing Iter
horizontally across the PS image to reduce noise. The resnyf image is seen in Figure 4.2b
and is less noisy than the original PS image (Figure 4.2a). |¢n make the PP and PS
amplitudes comparable by applying a time-varying gain to ktb the PP and PS images,

which makes the RMS of the amplitudes of each image equal toeon

b) Distance (km)

a) Distance (km)

PS Time (s)

Figure 4.2: Noisy PS image (a) and the result of applying a reaive exponential Iter (b) to
reduce the noise. All images have been scaled for display tovbdahe same RMS amplitude.
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4.2 Wavelets estimated with the cyclic search

A method that estimates PP and PS wavelets is the cyclic sedwcWith this method, |
estimate 81 PP wavelet coe cients (. = 81) and 23 inverse PS wavelet coe cientsif, = 23).
Figures 4.3a and 4.3b show initial estimates of the PP and PS veets after the rstiteration.
Recall that initial estimates of the PP waveletc and the PS waveletd are equivalent to the
shaping lter h that shapes the squeezed PS ima&s to the PP imagef and the inverse of
a unit impulse, respectively. In the rest of this chapter, | aostruct the squeezing operator

S using time shifts found by smooth dynamic warping (Compton &ale, 2013).

Figure 4.3: Initial PP (a) and PS (b) wavelets for cyclic seafcand Gauss-Newton method.
To make the PP and PS wavelets appear more continuous in thigure, | use interpolation
to increase the estimated 81 coe cients to 321 coe cients. N that the PS wavelet has
only been interpolated with zeros to emphasize that this walet starts as an impulse.
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Figure 4.4: RMS of all residuals for each iteration in the cyic search.

Figure 4.5: Estimated PP (a) and PS (b) wavelets using cyclicearch. To make the PP
and PS wavelets appear more continuous in this gure, | usetarpolation to increase the
estimated 81 coe cients to 321 coe cients.
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Figure 4.6: Amplitude spectra of the PP (a) and PS (b) waveletsstimated using the cyclic
search, and amplitude spectra of the PP (c) and PS (d) images.
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A plot of the RMS of all residuals with iterations shows that aly a small decrease in the
residuals occurs (Figure 4.4), which indicates that the shap Iter h reduces most of the
wavelet distortion. The nal PP and PS wavelets estimated aér 23 iterations are shown in
Figures 4.5a and 4.5b, respectively. Note how the nal PP wavele (Figure 4.5a) is similar
to the shaping lter h (Figure 4.3a). Also notice that amplitude spectra of the PP waslet
c and the PS waveletd (Figures 4.6a and 4.6b, respectively) are similar to the amplde

spectra of the PP and PS images (Figures 4.6¢c and 4.6d, respesy).
4.3 Wavelets estimated with the Gauss-Newton method

Another way to estimate PP and PS wavelets is the Gauss-Newtonetihod. Recall that
the initial wavelets used to start the Gauss-Newton methodra the shaping Iter h that
shapes the squeezed PS imag to the PP imagef (Figure 4.3a) and the inverse of the
unit impulse (Figure 4.3b).

The nal RMS of all residuals for the Gauss-Newton method (Fige 4.7) is smaller than

the nal RMS of all residuals for the cyclic search (Figure 44 The before-, during-, and

Figure 4.7: RMS of all residuals for each iteration in the GagsNewton method.

after-penalization stages span from iterations 0 to 1, 2 to83 and 39 to 40, respectively.
Before-penalization and after-penalization stages are lgnone iteration long because the

stopping condition is met quickly. Recall that the during-gnalization stage is designed
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Figure 4.8: RMS of all residuals for each iteration in the GagsNewton method with a
stopping condition of 0.0001 percent.

Figure 4.9: Estimated PP (a) and PS (b) wavelets using Gauss-W&n method. To make
the PP and PS wavelets appear more continuous in this gure,use interpolation to increase
the estimated 81 coe cients to 321 coe cients.
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Figure 4.10: Amplitude spectra of the PP (a) and PS (b) waveletestimated using the
Gauss-Newton method, and amplitude spectra of the PP (c) andSP(d) images.
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to navigate around local minima or portions of the objectivdunction that have a small
gradient. To see if the during-penalization stage helps dease the RMS of all residuals
faster, | decrease the stopping condition of the Gauss-Newtanethod to 0.0001 percent
(Figure 4.8). The before-, during-, and after-penalizatiorstages now span from iterations
0 to 95, 96 to 103, and 104 to 109, respectively. Note that if trauring-penalization stage
is not started early in the iterative process, the RMS of allesiduals decreases slowly. Also
note that there is not a large di erence in the nal RMS of all residuals in Figures 4.7 and
4.8, which indicates that the decrease in the RMS of all residls per iteration is less when
the stopping condition is equal to 0.0001 percent than wheimé stopping condition is equal
to 0.01 percent.

After 41 iterations, the Gauss-Newton method estimates the PBnd PS wavelets (Fig-
ures 4.9a and 4.9b, respectively). As with the cyclic searchptice how the estimated PP
wavelet ¢ (Figures 4.9a) is similar to the shaping Iterh (Figures 4.3a). The amplitude
spectra of the PP waveletc and PS waveletd estimated by the Gauss-Newton method
(Figures 4.10a and 4.10b, respectively) have di erent shape¢han the amplitude spectra of
the PP waveletc and PS waveletd estimated by the cyclic search (Figures 4.6a and 4.6b,
respectively). These di erences are due to the Gauss-Newtorethod driving down the RMS
of all residuals more than the cyclic search and also due tor@izing the outer coe cients

in the inverse PS waveleb.
4.4 Warping-with-wavelets result compared with the shaping Iter result

Simply squeezing the PS imagg to the PP imagef results in a squeezed PS image
Sg (Figure 4.11c) that contains wavelet distortion. The wavelkedistortion at early sam-
ples within the squeezed PS imag8g is more extreme than at other samples withirSg
because the early samples had a higher amount of squeezingliag to them as shown by
the V,=\% ratio image (Figure 4.13). Horizontal rows of similai,=V; ratios appear in Fig-
ure 4.13 because the time shifts estimated by smooth dynami@rping, which are used to

calculate V,,=\4 ratios, are estimated every 0.2 seconds (Compton, 2014).
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To reduce the wavelet distortion in the squeezed PS imadey, the shaping Iter h
(Figure 4.3a) is used to shape the squeezed PS im&yg (Figure 4.11c) to the PP image
f (Figure 4.11a). The application of this shaping Iter yieldsthe shaped and squeezed PS

Figure 4.11: PP image (a) with PS images obtained by applyingsaping lIter after warping
(b), and simply warping the PS image (c). All images have beeraed for display to have
the same RMS amplitude.

image HSg (Figure 4.11b). Note that there are no large di erences betwaethe squeezed
PS imageSg and the shaped and squeezed PS imagsg. The reason for the lack of
signi cant di erences is that there is not a large variationin the estimated V,=V; ratios

with time (Figure 4.13). The largest variations in theV,=V; ratios occur between 0.4 and
0.8 seconds and between 1.8 and 2.0 seconds. To observe igatsdi erences between the

squeezed PS imag8g and the shaped and squeezed PS imagsg, | only examine the
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data within 0.4 and 0.8 seconds.

Figure 4.12 is Figure 4.11, except that only samples betweerGand 0.8 seconds are
shown. At this small scale, one can observe the di erencestlveen the squeezed PS image
Sg (Figure 4.12c) and the shaped and squeezed PS imdg8&g (Figure 4.12b). These
di erences are due to the reduction in wavelet distortion aased by applying the shaping

lter h.

Figure 4.12: PP image (a) with PS images obtained by applyingshaping lter after warping
(b), and simply warping the PS image (c). Note that only data beveen 0.4 and 0.8 seconds
are shown. All images have been scaled for display to have tleare RMS amplitude.

By applying the shaping lIter h to the squeezed PS imag8g, most, but not all, of the
wavelet distortion is reduced. The wavelet distortion is r@uced further by using the warping-

with-wavelets algorithm. Recall that the warping-with-wavelets algorithm is deconvolving
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the PS waveletd from the PS imageg, squeezing the deconvolved PS imad&y to PP
time, and convolving the squeezed and deconvolved PS im&8g with the PP wavelet c.
By convolving SBg with the PP wavelet ¢, remaining di erences between the PP image
f and the warping-with-wavelets resultCSBg are mainly due to variations in PP and PS
re ectivity. Because | have two sets of estimated PP and PS walets, | apply this algorithm
to generate two warped PS imageSSBg using the wavelets estimated by the cyclic search
and Gauss-Newton method (Figures 4.14b and 4.14c, respediiye Because both sets of
wavelets produce similar RMS of all residuals, there is ligl di erence between the two

warping-with-wavelets results.

Figure 4.13:V,=\; ratios estimated using smooth dynamic warping.
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Although both warping-with-wavelets results look similar,they were created by using

di erent PP and PS wavelets. To attempt to determine which seof wavelets best matches

Figure 4.14: PP image (a) with PS images obtained by three wang methods: the warping-
with-wavelets algorithm using the cyclic search (b), the waing-with-wavelets algorithm
using the Gauss-Newton method (c), and the application of a aping lter after warping

(d). All images have been scaled for display to have the same BMumplitude.

the true wavelets, | use the wavelets estimated by the cyclgearch and the Gauss-Newton
method to calculate the RMS of the di erence betweelCSBg and f and compare these
RMS values. The lowest RMS value is reached by using the wastsl estimated by the
Gauss-Newton method, as shown in Figures 4.4 and 4.7. | also mxae how well the esti-
mated inverse PS waveleb is able to deconvolve the PS imagg. | expect the re ectors
in a deconvolved PS image to look more impulsive than how theppear in a PS image.

Convolving the PS imageg with the inverse PS waveletb, estimated by the Gauss-Newton
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method, produces a deconvolved PS imad&y (Figure 4.15b). This deconvolved image
contains several re ectors that are more impulsive than theorresponding re ectors in the
original PS imageg; most of these re ectors exist between 0.9 and 1.9 secondfsthe inverse
PS waveletb, estimated by the cyclic search, is used to deconvolve the Rageg, re ectors

are barely visible because an abundance of high frequen@est (Figure 4.15c).

Figure 4.15: PS image (a) with deconvolved PS images obtainby deconvolving the PS
wavelet estimated by the Gauss-Newton method (b) and the cyclsearch (c). All images
have been scaled for display to have the same RMS amplitude.

A deconvolved image should also have a whitened amplitudeesprum. In Figures 4.16a,
4.16b, and 4.16c are the amplitude spectra of the PS image the deconvolved PS image
Bg constructed using the estimated PS waveldd from the Gauss-Newton method, and

the deconvolved PS imagd3g constructed using the estimatedb from the cyclic search,
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respectively.

Note how the frequencies in the spectrum of thBg related to the Gauss-Newton method
(Figure 4.16b) appear to be more evenly distributed than thedquencies in the spectrum of
the Bg related to the cyclic search (Figure 4.16c). This observatioalso suggests that the
PP and PS wavelets estimated by the Gauss-Newton method arettee representations of

the true PP and PS wavelets than the wavelets estimated by theyclic search.

Figure 4.16: Amplitude spectra of the PS image (a), the PS imagenvolved with the inverse
PS waveletb estimated by the Gauss-Newton method (b), and the PS image aaived with
the inverse PS waveleb estimated by the cyclic search (c).
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Variations between the warping-with-wavelets results (Figres 4.14b and 4.14c) and the
shaping lter result (Figures 4.14d) are due to the ability ofthe warping-with-wavelets
algorithm to better reduce wavelet distortion. Most of thes variations exist between 0.4
and 0.8 seconds because, within this interval, the shapindter h cannot account for the

wavelet distortion produced by higher than averag®,=\; ratios.
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CHAPTER 5
CONCLUSIONS

In this thesis, | presented two warping-with-wavelets algghms to minimize wavelet
distortion caused by warping. One algorithm assumes a sieglvavelet for both the PP and
PS images and the other algorithm assumes di erent wavelets those images. In the case of
di erent wavelets, the warping-with-wavelets algorithm deconvolves the PS wavelet from the
PS image, reducing the image to a set of impulses, these imgrg are then squeezed without
distortion, and are convolved with the PP wavelet. By conveing the squeezed impulses
with the PP wavelet, the di erences between the PP image andhe warped PS image are
due to di erences in the PP and PS re ection coe cients.

To estimate the PP and PS wavelets to use in the warping-witlavelets algorithm, a
nonlinear objective function is minimized using either a @fic search or the Gauss-Newton
method. This nonlinear objective function is constructedyusing the warping-with-wavelets
algorithm. Whether the PP and PS wavelets are estimated with ayclic search or a Gauss-
Newton method, the resulting warped PS image contains lessweset distortion than simply
using a shaping lter to shape the warped PS image to some desl result.

Although the focus of this thesis is on reducing wavelet distiion caused by squeezing a
PS image to PP time, the warping-with-wavelets algorithm cabe applied to any geophysical
transformation that involves squeezing or stretching, anxample would be NMO correction.
In each application of this algorithm, a reduction in waveledistortion occurs and estimates

of the wavelets in the image to be warped and the reference igeare obtained.
5.1 Future Work

The current implementation of the warping-with-wavelets fgorithm does not account
for attenuation, meaning that the algorithm assumes that a eismic image is the result

of convolving one wavelet with re ection coe cients. Becage attenuation decreases the
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frequency content of the wavelet with time, a seismic imagewtains multiple wavelets. To
estimate several wavelets using the cyclic search or the GatNewton method, multiple
subsets of the image are created, so that a single set of watelis estimated with each
subset. Because the amount of warping applied within eachlmset is likely to be less than the
amount of warping applied throughout the entire image, estnating two wavelets becomes
more dicult. Future implementations of this method should account for attenuation by
using some other technique than estimating wavelets of seakesubsets of the image.

To estimate the PP and and PS wavelets with the cyclic searcht Gauss-Newton method,
81 coe cients of the PP and PS wavelets and 23 coe cients of th inverse PS wavelet are
estimated. 81 wavelet coe cients were estimated becausedHength of the wavelet spans
several re ectors within the seismic data. 23 inverse wawtl coe cients were estimated
because this number of coe cients produced a signi cant deease in the RMS of all residuals
and wavelets that looked realistic. A more concrete way to termine how many inverse

wavelet coe cients to estimate needs to be developed.

59



REFERENCES CITED

Bansal, Rishi, & Matheney, Mike. 2010. Wavelet distortion arrection due to domain con-
version. Geophysics 75, V77{V87.

Barnes, Arthur E. 1992. Another look at NMO stretch. Geophysics57, 749{751.

Biondi, Ettore, Stuchi, Eusebio, & Mazzotti, Alfredo. 2014. Nonstretch normal moveout
through iterative partial correction and deconvolution. Geophysics 79, V131{V141.

Compton, Stefan. 2014. Automatic multicomponent image regfration. CWP Report 786

Compton, Stefan, & Hale, Dave. 2013. Estimatiny,/ Vs ratios using smooth dynamic image
warping. SEG Technical Program Expanded Abstractd639{1643.

Gaiser, James, Verm, Richard, & Chaveste, Alvaro. 2011. Extdimg the high end of C-
wave bandwidth to match P-wavelengths.SEG Technical Program Expanded Abstracts
4334{4338.

Gaiser, James, Verm, Richard, & Chaveste, Alvaro. 2013. Pseu8-wave broadband response
of C-waves after domain changeThe Leading Edge32, 50{62.

Hardage, Bob A., DeAngelo, Michael V., Murray, Paul E., & Sava, @ina. 2011 Multicompo-
nent Seismic TechnologyGeophysical reference series, no. 18 edn. Society of Exalion
Geophysicists.

Jing, Charlie, & Rape, Tommie. 2004. Resolvability analysi®r rock property inversions of
multicomponent seismic data.SEG Technical Program Expanded Abstract897{900.

Khare, Vijay, & Rape, Tommie. 2007. Density inversion usingojnt PP/PS data: Sensitivity
to the angle range.SEG Technical Program Expanded Abstract965{969.

Nocedal, Jorge, & Wright, Stephen J. 2006Numerical Optimization. 2nd edn. New York:
Springer.

Robinson, Enders A., & Treitel, Sven. 2000. Geophysical SignAnalysis. Society of Explo-
ration Geophysicists.

Stewart, Robert R., Gaiser, James E., Brown, R. James, & LawteiDon C. 2002. Tutorial
Converted-wave seismic exploration: Methodsseophysics67, 1348{1363.

60



Trefethen, Lloyd N., & Bau, David. 1997. Numerical Linear Algebra Philadelphia: Society
of Industrial and Applied Mathematics.

Ursenbach, Chuck, Cary, Peter, & Perz, Mike. 2013. Limits onesolution enhancement for
PS data mapped to PP time.The Leading Edge32, 64{71.

Veire, Helene Hafslund, & Landr, Martin. 2006. Simultaneoudnversion of PP and PS
seismic data.Geophysics 71, R1{R10.

61



	Abstract
	Table of Contents
	List of Figures
	List of Symbols
	Acknowledgments
	Introduction
	Warping-with-wavelets
	Warping impulses without distortion
	Warping wavelets without distortion

	Estimating wavelets
	Estimating one wavelet
	Estimating two wavelets with the cyclic search
	Estimating two wavelets with the Gauss-Newton method
	Comparison of cyclic search and Gauss-Newton method

	Application to PP-PS images
	Data Conditioning
	Wavelets estimated with the cyclic search
	Wavelets estimated with the Gauss-Newton method
	Warping-with-wavelets result compared with the shaping filter result

	Conclusions
	Future Work


