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ABSTRACT 

 

This work presents improvements to the study of tsunamigenic offshore earthquakes and 

complex earthquakes, i.e., earthquakes that are better represented as multiple events, through the 

use of underwater acoustic normal mode solutions and updated inversion techniques. When 

considering offshore earthquakes, normal mode solutions, i.e., analytic solutions that can be 

expressed as an infinite sum of residues, are used to model the acoustic field generated by an 

event. The environment under consideration, an ocean environment where water is overlying the 

seafloor, is approximated as a fluid layer overlying an elastic bottom. A source, such as an 

explosion or earthquake, is represented as a point source that is located in either the water 

column or the sediment layer. Using a generalized Greenôs function formulation for normal 

mode solutions, accurate solutions are obtained for various source cases and are benchmarked 

against elastic parabolic equation solutions that have been previously benchmarked against 

wavenumber integration solutions. Normal mode solutions for seismo-acoustic propagation 

problems using generalized Greenôs functions can then be used to study tsunamigenic 

earthquakes. Moment tensor representations of earthquake sources are used to find forcing terms 

that represent earthquakes of varying shear-to-compressional composition. The extension of this 

technique to a range-dependent environment where a coupling integral technique is used to 

ensure mode coupling across range segments is then explored.  

When considering complex events that do not necessarily occur offshore, the 

environment being considered is now the earth rather than the ocean. In this case it is beneficial 

to find characteristics of the earthquake instead of studying pressure fields generated by events. 

Using normal mode solutions of this new system, a matrix-vector equation may be found which, 

through least-squares inversion techniques, can characterize a complex earthquake as two near-
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simultaneous events rather than a single event. This allows for a more accurate characterization 

of the earthquake being modeled. A statistical test is used to compare results from a single source 

inversion to results obtained with a double source inversion and select the most appropriate 

number of sources for any given earthquake. 
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INTRODUCTION  

ñFor the things of this world cannot be made known without a knowledge of mathematics.ò 

-Roger Bacon 

ñOnly God almighty and naval research can save us from the perils of the sea.ò 

ï John Warner 

 

When dealing with unpredictable acts of nature, the ability to accurately study the cause 

of the disaster, the affect the surrounding environment had on the intensity of the disaster, and 

the effect of the disaster is of utmost importance. Earthquakes and tsunamis are particularly 

important to study due to the combination of their inaugurable occurrence and the devastation 

left in their wake. Within this work, the ability to model the pressure field in the ocean following 

an earthquake using mathematical techniques within the field of underwater acoustics will  be 

taken advantage of and used to provide new insight on what factors contribute to an earthquake 

being tsunamigenic. Matrix inversion techniques, a cornerstone of applied mathematics, have 

been previously applied in the field of seismology to determine characteristics of earthquakes. 

Extending these inversion techniques can provide more accurate source locations of earthquakes 

which in turn can save lives in an emergency response situation. Applying statistical techniques, 

another form of applied mathematics, to seismological studies can provide a quantitative form of 

model selection when characterizing earthquakes, improving upon the more qualitative selection 

process requiring seismological analysts to select the more appropriate model using their best 

judgment.  

In order to study the acoustic field generated by an offshore earthquake, the environment 

is approximated as a waveguide. There are various ways to set up a waveguide-type problem; in 
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general, the ocean is modeled as a water column overlying a penetrable half space. In order to 

accurately model sound propagation in the ocean, the seafloor should be represented as an 

elastic-solid in order to allow for shear waves in the sediment layer. Additionally, the source 

must be approximated in such a way that both shear and compressional waves can be emitted, 

allowing a realistic event, such as an earthquake, to be used as the source.  

Accurate approximation of the bathymetry of the seafloor is also important due to the 

significance of the ocean bottom as a boundary. Many waveguides approximate the seafloor as a 

horizontal bottom. When considering deep water cases such an approximation can be considered 

accurate, however, in reality the ocean bottom is characterized by numerous variations in bottom 

slope. A waveguide that allows for a sloping seafloor provides a more realistic bottom 

approximation.  

This work focuses on how the understanding of earthquakes and their effects on the 

surrounding environment can be enhanced through the use of normal mode solutions, i.e., 

analytic solutions given as an infinite sum of residues, for seismo-acoustic propagation problems 

and improved inversion techniques. Chapter 1 presents background information on the field of 

underwater acoustics; three classic waveguides are presented and background work done in the 

field of normal mode solutions is described. Chapter 2 explains how normal mode solutions for 

seismo-acoustic problems are found through the use of generalized Greenôs functions. The 

generalized Greenôs function formulation expresses the equations for displacement potentials in 

a way that allows for five point source cases: (i) a compressional source in the water column; (ii ) 

a compressional source in the sediment layer; (iii) a shear source in the sediment layer; (iv) a 

source in the sediment layer emitting both shear and compressional waves; and (v) a source at 

the interface emitting compressional waves in the water column and both compressional and 
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shear waves in the sediment layer. The generalized Greenôs function formulation and its benefits 

are detailed and accurate solutions are obtained for three cases: (i) a point source located in the 

water column; (ii) a point source located in the sediment layer; and (iii) a point source located on 

the interface between the water column and sediment layer. Chapter 3 focuses on modeling the 

pressure field in the ocean following an earthquake by finding normal mode solutions where the 

source being considered is generated by an offshore earthquake. A process is detailed on how to 

convert a moment tensor used in geophysics to represent an earthquake event into a form which 

may be used within the generalized Greenôs function technique of Chapter 2. Chapter 4 

approximates the environment as a waveguide with a sloping elastic bottom. A mode coupling 

technique that can be used to obtain analytic solutions for a point source located in the water 

column is discussed. Chapter 5 provides a brief background on inversion techniques currently 

used to characterize earthquakes, specifically focusing on W-phase inversion techniques and 

describes the Akaike statistical method. A double source W-phase inversion technique which 

allows an earthquake to be modeled as two events occurring near-simultaneously is introduced. 

An automated model selection process is also discussed, wherein the Akaike information 

criterion test is used to determine whether an earthquake is better represented by a single source 

or a double source. 
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CHAPTER 1 

BACKGROUND 

This work focuses on finding normal mode solutions, i.e., exact solutions as an infinite 

sum of residues, for seismo-acoustic problems that can be used to model the acoustic field 

generated by an offshore earthquake. The environment under consideration consists of a water 

column overlying an elastic bottom with the point source located either in the water column or in 

the sediment layer. Both the range-independent case, i.e., the ocean floor has a flat bottom, and 

the range-dependent case, i.e., the ocean has a sloping floor, are considered. Prior to considering 

the range-dependent case, three canonical waveguides in range ïindependent environments are 

introduced. 

Consider the stratified ocean acoustic environment of a fluid layer overlying an elastic 

sediment half space representing the seafloor. A point source, emitting either a compressional or 

shear wave, is assumed in either the fluid or the elastic layer. A first approximation to this 

environment would be an ideal fluid waveguide in which the sea surface and floor are taken to be 

pressure-release, or rigid. Despite the fact that this waveguide is greatly oversimplified, it does 

illustrate basic waveguide phenomena well. The first accurate representation of the ocean 

acoustic waveguide was given by Pekeris in 1948 in which the seafloor is represented by an 

infinite fluid half space, allowing energy to be transmitted across the water bottom interface.
3
 

The Pekeris waveguide has boundary conditions corresponding to vanishing pressure at the sea 

surface, and continuity of both particle displacement and pressure across the bottom interface. A 

more accurate representation of the ocean acoustic channel is the elastic Pekeris waveguide, 

extending the Pekeris waveguide to allow for an elastic-solid bottom.
4
 The elastic Pekeris 
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waveguide is used to approximate the environment. To treat the point source singularity, a delta 

function is used to represent the source, leading to Greenôs function formulations.  

1.1 The Wave Equation 

The wave equation can be written in terms of the displacement potential, ‰, as, 

ᶯ‰ Ὢ►ȟὸȟ                                (1.1) 

where ὧ is the wave speed and Ὢ►ȟὸ is the volume injection of the source as a function of time 

and space.
1
 For the environment considered in this work, a cylindrical coordinate system, 

► ὶȟ—ȟᾀ, is used since only the depth ᾀ, oriented positively downward, and ὶ, the radial 

distance from the ᾀ-axis, vary from the source. Azimuthal symmetry is assumed, resulting in no 

dependence on —. The time dependence can be removed by assuming the wave source is time-

harmonic of the form Ὡ .  Equation 1.1 may then be rewritten as, 

ᶯ‰ Ὧ‰ Ὢὶȟᾀȟ                                (1.2) 

where Ὧ  and Ὢὶȟᾀ is the forcing term representing the point source. Equation 1.2 is the 

two-dimensional Helmholtz equation, a linear differential equation whose solution is given as the 

sum of the solutions to the homogeneous Helmholtz equation and the particular Helmholtz 

equation. Throughout this work, the forcing term used in Eq. 1.2 is assumed to be a point source 

located at ὶȟᾀ πȟᾀ  with a strength of Ὓ τ“ ”‫ϳ  where ” is the density in either 

the water column or the sediment layer, depending on the source location, and is the angular ‫ 

frequency of the wave.  

The assumption of a time-harmonic forcing term used in the formulation of Eq. 1.2, also 

leads to the displacement potential being directly proportional to the acoustic pressure ὴ.1 As ὴ is 



6 
 
 

given by, 

ὴ ”
‬‰

‬ὸ
ȟ 

for ” the density. Applying the time-harmonic assumption results in, 

ὴ ”.‰‫ 

1.2 Solving the Two-Dimensional Helmholtz Equation 

In order to solve the two-dimensional Helmholtz equation, the solution to the 

homogeneous equation, 

  ɳ ‰ Ὧ‰ πȟ           (1.3) 

must first be found. Equation 1.3 is solved by assuming a separable solution, 

‰ὶȟᾀ ὙὶὤᾀȢ 

Plugging the separable form of ‰ into Eq. 1.3 and keeping in mind that  

ᶯ‰
‬‰

‬ᾀ

ρ

ὶ

‬‰

‬ὶ

‬‰

‬ὶ
ȟ 

 results in, 

   ὤὙ ὤὙ ὤὙ ὯὙὤ πȢ                   (1.4) 

Equation 1.4 can now be separated into Ὑ and ὤ components: 

                   Ὧ Ȣ                       (1.5) 

Since Eq. 1.5 relates a function of  ὶ to a function of ᾀ, both sides must be equal to a constant. In 

this case, let the constant be Ὧ, where Ὧ is the horizontal wavenumber. The Ὑ and ὤ 

components may now be considered separately. The Ὑ equation will give the range-dependent 
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solution while the ὤ equation will give the depth-dependent solution. In order to find the range-

dependent solution, the equation, 

                ὶὙ Ὑ ὯὶὙ πȟ                     (1.6) 

is considered. This is Besselôs differential equation which has solutions in terms of Bessel 

functions of the first and second kind. The solution may also be written in terms of Hankel 

functions as, 

 Ὑὶ ὅὌ ὶὯ ὅὌ ὶὯ ȟ                             (1.7) 

where Ὄ ὶὯ  is the Hankel function of the first kind and Ὄ ὶὯ  is the Hankel function of 

the second kind. Note that as mentioned this could also have been written in terms of Bessel 

functions since, 

Ὄ ὶὯ ὐὶὯ Ὥὣ ὶὯ ȟ 

and, 

Ὄ ὶὯ ὐὶὯ Ὥὣ ὶὯ ȟ 

where, ὐὶὯ  is the Bessel function of the first kind and ὣ ὶὯ  is the Bessel function of the 

second kind.  

Next, the depth-dependent solution must be found from the ὤ equation, 

         ὤ Ὧ Ὧ ὤ πȢ                                 (1.8) 

This is a second-order differential equation which has a solution of the form, 

                                                   ὤᾀ ὃὩ ὄὩ Ȣ                  (1.9) 

The solution to Eq. 1.3 can now be written as ‰ὶȟᾀ Ὑὶὤᾀ where Ὑὶ is given by Eq. 

1.7 and ὤᾀ is given by Eq. 1.9. In order to determine the full field solution, the Hankel 

transform pair, 
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‰ὶȟᾀ
ρ

ς
‰ὯȟᾀὌ Ὧὶ Ὄ ὯὶὯὨὯȟ 

‰Ὧȟᾀ
ρ

ς
‰ὶȟᾀὌ Ὧὶ Ὄ ὯὶὶὨὶȟ 

must be used to sum over all wavenumbers. The transform can be simplified by replacing 

Ὄ Ὧὶ with the equivalent expression, Ὄ Ὧὶ, resulting in 

‰ὶȟᾀ
ρ

ς
‰ὯȟᾀὌ Ὧὶ Ὄ ὯὶὯὨὯȢ 

This integral may be further simplified by splitting it into two integrals, 

‰ὶȟᾀ
ρ

ς
‰ὯȟᾀὌ ὯὶὯὨὯ  

ρ

ς
‰ὯȟᾀὌ ὯὶὯὨὯȢ 

which results in 

‰ὶȟᾀ
ρ

ς
‰ὯȟᾀὌ ὯὶὯὨὯȢ 

The Hankel transform transforms the range dependence out of  ‰. The solution to the depth-

separated Helmholtz equation in cylindrical coordinates with a point source at ὶȟᾀ πȟᾀ  

and strength Ὓ , 

Ὧ Ὧ ‰Ὧȟᾀ Ὓ ȟ                              (1.10) 

may now be written as 

‰Ὧȟᾀ Ὓ Ὣ Ὧȟᾀȟᾀ Ὄ ὯȟᾀȢ    (1.11) 

The homogeneous solution Ὄ Ὧȟᾀ has already been found to be 

Ὄ Ὧȟᾀ ὃὩ ὄὩ ȟ where Ὧ
Ὧ ὯȟὯ Ὧ

ὭὯ ὯȟὯ Ὧ
, 

and ὃ and ὄ are amplitudes which will be determined using the boundary conditions. Now that 
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Figure 1.1: A vibrating sphere in an infinite medium.
1
  

 

the homogeneous solution has been found, the depth-dependent Greenôs function, Ὣ Ὧȟᾀȟᾀȟ 

must be considered. 

1.3 Finding the Greenôs Function 

Prior to finding the depth-dependent Greenôs function, the simpler case of finding the 

free-field Greenôs function will be reviewed. Consider an acoustic field produced in an infinite 

homogeneous fluid, where the field is produced by a small vibrating sphere of radius ὥ with 

surface displacement ό ὸȟὥ Ὗὸ at the boundary of the sphere. Since the field is in a 

homogeneous fluid, it is omni-directional, i.e., the field depends only on the range from the 

source, and the radial displacement can be given as,  

ό
‬‰ὶȟὸ

‬ὶ
Ȣ 

This displacement potential, ‰ὶȟὸ, satisfies the homogeneous wave equation in spherical 

coordinates, 

ᶯ‰ὶȟὸ
ȟ

πȟ                            (1.12) 
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where  

ᶯ
ρ

ὶ

‬

‬ὶ
ὶ
‬

‬ὶ
Ȣ 

The frequency-time Fourier transform pair,  

‰ὶȟὸ
ρ

ς“
‰ὶȟ‫Ὡ Ὠ‫ȟ 

‰ὶȟ‫ ‰ὶȟὸὩ Ὠὸȟ 

can be used to transform the time-dependence out of the wave equation. Taking the transform of 

Eq. 1.12 yields,  

ᶯ‰ὶȟὸ
ρ

ὧ

‬‰ὶȟὸ

‬ὸ
Ὡ ὨὸπȢ 

Splitting the integral gives, 

      ᷿ ᶯ‰ὶȟὸὩ Ὠὸ᷿
ȟ
Ὡ ὨὸπȢ    (1.13)      

The second integral can be integrated by parts twice to obtain, 

‫

ὧ
‰ὶȟὸὩ ὨὸȢ 

Plugging this back into Eq. 1.13 and recombining the two integrals results in, 

ᶯ Ὧ ‰ὶȟὸὩ Ὠὸπȟ 

where Ὧ ‫ ὧϳ  is the medium wavenumber at angular velocity This results in the .‫ 

homogeneous Helmholtz equation, 

ὶ Ὧ ‰ὶȟὸ πȟ                                             (1.14) 

with boundary condition, ό ὥ Ὗ‫ . Since the sphere is the only source in the infinite 
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medium, the radiation condition of no incoming waves at infinity can be applied allowing the 

solution of Eq. 1.14 to be expressed as, 

‰ὶ ὃ Ȣ      (1.15) 

The displacement field corresponding to Eq. 1.15 is  

ό ὃὩ
ὭὯ

ὥ

ρ

ὶ
Ȣ 

For the case of a simple point source, the radius of the sphere is small when compared to the 

acoustic wavelength, i.e., ὯὥḺρ. This allows the surface displacement to be approximated as 

ό ‫ȟὥ ὃὩ
ὭὯὥρ

ὥ
ḙ
ὃ

ὥ
Ȣ 

Applying the boundary condition yields the amplitude,  

ὃ ὥὟ‫Ȣ 

Source strength, or the volume-injection amplitude produced by the source at frequency is ,‫ 

defined as Ὓ τ“ὥὟ‫ . Writing ὃ in terms of the source strength and plugging into Eq. 

1.15 results in the solution for the field in the fluid, 

       ‰ὶ Ὓ Ȣ      (1.16) 

The fraction in Eq. 1.16 is the free-field Greenôs function, which for a source at ► ►, is 

written as 

Ὣ ►ȟ►
Ὡ ȿ►►ȿ

τ“ȿ► ►ȿ
Ȣ 

The free-field Greenôs function satisfies the inhomogeneous Helmholtz equation  

ᶯ Ὧ Ὣ ►ȟ► ►‏ ► Ȣ        (1.17) 

Therefore, for a simple point source of strength Ὓ , at ὶ, the inhomogeneous Helmholtz 
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equation is given by  

            ᶯ Ὧ ‰►ȟ‫ Ὓ‏► ► Ȣ    (1.18) 

For a boundary value problem, a general solution to Eq. 1.18 is needed that sums the particular 

solution and the homogeneous solution. In order to find ‰Ὧȟᾀ from Eq. 1.11, a depth-

dependent Greenôs function of the form, 

Ὣ Ὧȟᾀȟᾀ ὃὯ
Ὡ ȟ ᾀ ᾀ

Ὡ ȟ      ᾀ ᾀ
 

ὃὯ Ὡ ȿ ȿȟ 

is needed. 

The depth-dependent Greenôs function, hereafter referred to simply as the Greenôs function, is 

found by solving,  

Ὠ

Ὠᾀ
Ὧ Ὧ Ὣ Ὧȟᾀȟᾀ

ᾀ‏ ᾀ

ς“
Ȣ 

Integrating this from ᾀ ‭ to ᾀ ‭ gives,  

Ὣ Ὧȟᾀȟᾀ ὕ‭ Ȣ    (1.19) 

Inserting the derivative of the Greenôs function into (1.19) leads to, 

ὭὯὩ ὭὯὩ ὃὯ ὕ‭
ρ

ς“
Ȣ 

Letting ‭O π gives, 

ςὭὯὃὯ
ρ

ς“
Ȣ 

The amplitude ὃ can now be solved for, resulting in,  

ὃὯ
ρ

τ“Ὧ
Ȣ 
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The final form of the Greenôs function may be written as, 

Ὣ Ὧȟᾀȟᾀ
Ὡ ȿ ȿ

τ“ὭὯ
Ȣ 

Plugging the Greenôs function and the homogeneous solution into Eq. 1.11 yields the solution to 

the depth-separated Helmholtz equation,  

‰Ὧȟᾀ Ὓ
ȿ ȿ

ὃὩ ὄὩ Ȣ                  (1.20) 

The amplitudes of the homogeneous solution, ὃ and ὄ, are found using the boundary conditions. 

This source term setup is used for all of the waveguides discussed throughout this work.  

1.4 The Ideal Fluid Waveguide 

An initial approximation to the stratified ocean environment is the ideal fluid waveguide. 

This waveguide is bounded above and below by vacuums represented by pressure release 

boundaries, which are perfectly reflecting.  For the setup of the ideal fluid waveguide, let a point 

source emitting a compressional wave lie at ᾀ  ᾀ on the ᾀ axis and let the depth of the water 

column be ᾀ Ὄ. The wave speed of the fluid ὧ is constant and the density ” is also constant. 

This setup along with typical values of the wave speed and the density is shown in Figure 1.2. 

Since the ideal fluid waveguide considers only the water column, the solution to the wave 

equation is given in terms of the displacement potential ‰ . The kernel of the Hankel transform 

is then given by, 

    ‰ Ὓ
ȟȿ ȿ

ȟ
ὃὩ ȟ ὄὩ ȟ      (1.21) 

with Ὧȟ Ὧ Ὧ the vertical wavenumber and Ὧ ‫
ὧϳ the water wave number at angular 

frequency Applying the pressure release boundary conditions at ᾀ .‫ π and ᾀ Ὄ causes the  
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Figure 1.2: An ideal fluid waveguide of constant speed and density shown with typical values for 

ὧ and ”. 
  

displacement potential to also vanish at these points since it has been shown that the pressure is 

directly proportional to the displacement potential. Applying these boundary conditions to (1.21) 

and setting the resulting system of equations up as a linear system for ὃ and ὄ results in, 

ρ ρ
Ὡ ȟ Ὡ ȟ

ὃ
ὄ

Ὓ

τ“ὭὯȟ

Ὡ ȟ

Ὡ ȟ
Ȣ 

Solving for ὃ and ὄ through row reduction of the matrix and then plugging the resulting solution 

into (1.21) gives the solution, 

‰
Ὓ

τ“
Ὢὼ

ừ
Ử
Ừ

Ử
ứÓÉÎὯᾀÓÉÎὯ Ὄ ᾀ

ὯÓÉÎὯὌ
ȟ ᾀ ᾀ

ÓÉÎὯᾀ ÓÉÎὯ Ὄ ᾀ

ὯÓÉÎὯὌ
ȟ ᾀ ᾀ

 

which has singularities when  

Ὧ
ὲ“

Ὄ
ȟ ὲ ρȟςȟȣȟ 

or in terms of the horizontal wavenumber, when  
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Ὧ Ὧ
ὲ“

Ὄ
ȟ ὲ ρȟςȟȣ 

Note that ὲ π in the above solution since Ὧ π corresponds to a solution which does not 

satisfy the pressure release condition. The singularities in the solution occur at values of Ὧ 

which cause the determinate of the coefficient matrix to equal zero. In the case of the ideal fluid 

wave guide, this occurs when ÓÉÎὯὌ π; this equation is referred to as the characteristic 

equation. The solution found has an infinite number of Ὧ values, both real and imaginary, at 

which singularities occur. These poles are important when evaluating the inverse of the Hankel 

transform.  By definition, the wavenumber integral must be evaluated along the positive real 

wavenumber axis. Cauchyôs theorem may be used to deform the contour of integration into the 

complex plane with only outgoing and decaying waves enclosed by the selected contour in order 

to satisfy the radiation condition. The contour chosen satisfying these conditions encloses only 

the poles on the positive real and imaginary axes. 

Applying Cauchyôs residue theorem, the modal sum of residues is obtained resulting in the final 

solution 

‰ὶȟᾀ
ὭὛ

τὌ
ÓÉÎὯ ᾀÓÉÎὯ ᾀ Ὄ Ὧ ὶȢ 

It should be noted that although the roots for the ideal fluid waveguide were easily found, when 

considering more realistic environments the characteristic equations become transcendental and a 

numerical root finder must be used to determine the roots.  
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Figure 1.3: A Pekeris waveguide illustrated with typical values for sound speed and density. 

 

1.5 The Pekeris Waveguide 

Although the ideal fluid waveguide is able to represent ocean acoustic propagation, a 

physically accurate approximation was not possible until the introduction of the Pekeris 

waveguide. The Pekeris waveguide extends the ideal fluid waveguide to allow for a penetrable 

bottom. A pressure release boundary is still assumed above the water column but now instead of 

an isospeed water column, a semi-infinite fluid half space with differing sound speed and density 

below depth ᾀ Ὄ is assumed as shown in Figure 1.3. Since there is now one sound speed and 

density for the upper fluid and a different sound speed and density for the lower fluid, the values 

ὧ and ” will be used to represent the sound speed and density, respectively, in the upper layer 

while ὧ and ” will be used in the lower layer. Each of the domains being considered has an 

associated displacement potential which must be solved for in a manner similar to that used in 

the case of the ideal fluid waveguide. As in the case of the ideal fluid waveguide, the kernel of 

the Hankel function for the upper layer may be written as  
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‰ Ὧȟᾀ Ὓ
Ὡ ȟȿ ȿ

τ“ὭὯȟ
ὃὩ ȟ ὄὩ ȟ  

with the vertical wavenumber defined as Ὧȟ Ὧ Ὧ, and the water wavenumber at angular 

frequency given by Ὧ ‫ ‫
ὧ.  The kernel of the Hankel function for the lower layer is 

formed differently because there is no source in the lower fluid. Since the source is only in the 

upper layer, there will be no upward traveling waves in the lower layer and all downward 

propagating waves must vanish at infinity. The kernel for the lower layer is therefore given by  

‰ Ὧȟᾀ ὅὩ ȟ  

with Ὧ ‫
ὧ and the vertical wavenumber defined as 

Ὧȟ

ừ
Ừ

ứ Ὧ Ὧȟ ȿὯȿ ȿὯȿ

ὭὯ Ὧȟ ȿὯȿ ȿὯȿ

 

in order to satisfy the radiation condition for ᾀO Њ. Three boundary conditions must be 

enforced for the Pekeris waveguide: vanishing pressure at the sea surface; continuity of pressure 

at the interface ᾀ Ὄ; continuity of particle displacement across the fluid interface at ᾀ Ὄ. 

These boundary conditions may be written as 

‰ π at ᾀ π, 

”‰ ”‰  at ᾀ Ὄ, 

 at ᾀ Ὄ. 

Plugging the values for ‰  and ‰  into the boundary conditions and writing the system in matrix 

form results in  
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ρ ρ π
”Ὡ ȟ ”Ὡ ȟ ”

ὯȟὩ ȟ ὯȟὩ ȟ Ὧȟ

ὃ
ὄ
ὅ

ὭὛ

τ“Ὧȟ

Ὡ ȟ

”Ὡ ȟ

ὯȟὩ ȟ

Ȣ 

This equation has singularities when the determinant of the coefficient matrix equals zero, i.e., 

when  

                                             ÔÁÎὯȟὌ
ȟ

ȟ
πȢ     (1.22) 

Equation 1.22 is the characteristic equation for the Pekeris waveguide. As in the case of the ideal 

fluid waveguide, the roots to Eq 1.22 that have real Ὧ correspond to the normal modes, modes 

propagating without loss.  

In order to evaluate the solution given by the inverse Hankel transform, an integration 

contour must be formed. For the Pekeris waveguide this contour will pass below the positive 

poles along the real axis and above the poles on the negative real axis. Since the square root 

function used in the definition of the vertical wavenumbers is multi-valued in the complex plane, 

there must be branch points located at Ὧ. Branch cuts originating from these points may be 

arbitrary as long as they do not cross the real wavenumber axis where the integral must be 

evaluated. In this work, the EJP (Ewing, Jardetsky, and Press) branch cut will be used.
1
 When 

using this branch cut, the vertical wavenumber is real along the positive axis, covering the 

interval ὯȟὯ  and the entire imaginary axis. The poles included in the contour integration 

correspond to outgoing and decaying waves. These are represented by filled circles in Figure 1.4 

which shows the cut and contour of integration. 

Using Cauchyôs residue theorem, the Hankel transform can now be evaluated along the 

selected contour giving the approximate solution to the Pekeris waveguide problem written as a 

modal sum of residues: 
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Figure 1.4: The contour along the real and complex Ὧ plane with the EJP branch cut. The 
contour envelops the upper half plane and extends out to infinity. 

 

‰ὶȟᾀḙ
ὭὛ

ςὌ
ὥὯ ÓÉÎὯ ᾀÓÉÎὯ ᾀ Ὄ Ὧ ὶ 

where Ὧ  are the modal wavenumbers determined from the characteristic equation, and the 

vertical wavenumber in the water for the ὲ  mode is given by Ὧ Ὧ Ὧ . The 

amplitudes ὥὯ , referred to as modal excitations, are found by applying the residue theorem; 

for more detail on modal excitations refer to (Ref. [1] and Ref. [16]).  

1.6 The Elastic Pekeris Waveguide 

A further extension of the Pekeris waveguide is the elastic Pekeris waveguide which 

considers an elastic-solid bottom instead of the fluid bottom assumed in the Pekeris waveguide. 

The water column in the elastic Pekeris waveguide is set up in the same manner as that in the  
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Figure 1.5: A Pekeris waveguide illustrated with typical values for sound speed and density. 

 

Pekeris waveguide. Now, however, the lower layer is assumed to be an elastic half space with 

compressional wave speed ὧ, shear wave speed ὧ, and density ” as seen in Figure 1.5. The 

wavenumbers are defined as 

Ὧ
‫

ὧ
ȟ Ὥ ρȟςȟί 

where ρ corresponds to the compressional wave in the water column, ς corresponds to the 

compressional wave in the sediment layer, and ί corresponds to the shear wave which occurs 

only in the sediment layer.  

The standard solution to the elastic Pekeris waveguide, developed by Press and Ewing in 

the 1950s, does not use a Greenôs function formulation as was used in the previous two 

waveguides. In Chapter 3 of this work a general Greenôs function formula is developed allowing 

for a Greenôs function treatment of the source. In order to find a solution to the elastic Pekeris 

waveguide using the original technique, potentials ‰ , ‰ , and ‪  satisfying the homogeneous 

Helmholtz equation  
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ᶯ Ὧ ‰ πȟ Ὦ ρȟς 

ᶯ Ὧ ‪ πȟ 

must be found. Potential satisfying this requirement are of the form  

‰ ὶȟᾀ ς ὃÓÉÎὯȟᾀὐὯὶὯὨὯȟ π ᾀ ᾀ 

‰ ὶȟᾀ ς ὄÓÉÎὯȟᾀ ὅÃÏÓὯȟᾀὐὯὶὯὨὯȟ ᾀ ᾀ Ὄ 

‰ ὶȟᾀ ς ὈὩ ȟ ὐὯὶὯὨὯȟ ᾀ Ὄ 

‪ ὶȟᾀ ς ὉὩ ȟὐὯὶὯὨὯȟ ᾀ Ὄ 

where ‰  is the displacement potential above the source, ‰  is the displacement potential below 

the source, and the vertical wavenumbers are given by Ὧȟ Ὧ Ὧ for the compressional 

waves in the water column and by  

Ὧȟ

ừ
Ừ

ứ Ὧ Ὧȟ ȿὯȿ Ὧ

ὭὯ Ὧȟ ȿὯȿ Ὧ

ȟ Ὦ ςȟί 

in the sediment layer. As in the Pekeris waveguide case, the vertical wavenumbers in the lower 

layer are defined so that the radiation condition for ᾀO Њ is satisfied.  

The horizontal and vertical displacements of particles, ό and ύ respectively, can be defined in 

terms of the compressional and shear potentials as 

ό
‬‰

‬ὶ
ȟ ύ

‬‰

‬ᾀ
ȟ 

ό
‬‰

‬ὶ

‬‪

‬ὶ‬ᾀ
ȟ ύ

‬‰

‬ᾀ

‬‪

‬ᾀ
Ὧ‪Ȣ 
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The elastic Pekeris waveguide has four boundary and interface conditions which must be 

accounted for: pressure release at the surface, continuity of vertical displacement, continuity of 

normal stress, and zero tangential stress at the bottom interface. These conditions may be written 

as 

‰ π at ᾀ πȟ 

ύ ύ  at ᾀ Ὄȟ 

„ „  at ᾀ Ὄȟ 

„ π at ᾀ Ὄȟ 

where the normal and tangential stresses are given by  

„ ‗ɳ ‰ ς‘
‬ύ

‬ᾀ
ȟ 

„ ‘
‬ό

‬ᾀ

‬ύ

‬ὶ
 

with LamÅǲ constants ‗ and ‘. The medium wave speeds may be written in terms of the LamÅǲ 

constants as 

ὧ
‗ ς‘

”
ȟ Ὦ ρȟς 

ὧ
‘

”
Ȣ 

Note that since the shear modulus ‘ is characteristic of a solid, ‘ π.  

Since the impulse being considered is symmetric, the fluid above and below the source 

must move in opposite directions leading to two additional conditions; discontinuity of vertical 

displacement and continuity of pressure at ὶȟᾀ ὶȟᾀ , expressed as 
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ςὤ at ᾀ ᾀ 

„ „  at ᾀ ᾀ 

where ὤ is a function to be determined when solving for ‰ , ‰ , and ‪ . Substituting the 

potentials into the boundary and source conditions results in a linear system of six equations 

which may be used to solve for the unknown coefficients. The solution to this linear system will 

have poles when the characteristic equation of the elastic Pekeris waveguide propagation 

problem is equal to zero: 

”ὯὯȟ
Ὥ”Ὧȟ

ÔÁÎὌὯȟ τὯὯȟὯȟ ςὯ Ὧ πȢ 

The contour and EJP branch cut shown in Figure 1.4 will once again be used to apply Cauchyôs 

residue theorem resulting in the normal mode solutions, 

‰ ὶȟᾀ

ḙ
ς“

Ὄ

ς

“ὶ

”ὧὯ Ὄ

Ὧ ”ὧὯȟὓ ὧ ὧϳ ρÃÏÓὯȟὌ
Ὡ

ϳ
ÓÉÎὯȟᾀÓÉÎὯȟᾀ ȟ

π ᾀ Ὄ 

‰ ὶȟᾀḙ
ς“

Ὄ

ς

“ὶ

”ὧ ς ὧ ὧϳ Ὧ Ὄ

Ὧ ”ὧὯȟὓ ὧ ὧϳ ρ
Ὡ

ϳ
ÓÉÎὯȟᾀ Ὡ ȟ ȟ

ᾀ Ὄ 

‪ ὶȟᾀḙ
ς“

Ὄ

ς

“ὶ

”ὧὯȟ

Ὧ ”ὧὯȟὓ
Ὡ

ϳ
ÓÉÎὯȟᾀὩ ȟ ȟ ᾀ Ὄ 

where  
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ὓ
”ὧ

”ὧ

ÓÉÎὯȟὌ

ὧ ὧϳ ρρ ὧ ὧϳ
ρ
ρ ὧ ὧϳ

ὧ ὧϳ ρ

Ὧ Ὄ ρ ὧ ὧϳ

ὧ ὧϳ ρ
ÓÅÃὯȟὌ

τ
ρ ὧ ὧϳ

ρ ὧ ὧϳ

ρ ὧ ὧϳ

ρ ὧ ὧϳ
ςρ ὧ ὧϳ ρ ὧ ὧϳ

ςς ὧ ὧϳ ÃÏÓὯȟὌȢ 

The horizontal wavenumber is given by Ὧ , the ὲ  root to the characteristic equation, and the 

phase velocity is ὧ ‫Ὧϳ . The values Ὧȟ, Ὧȟ, and Ὧȟ vary with Ὧ  since they are 

functions of the horizontal wavenumber. The wavesystem described here will be attenuated for 

complex Ὧ  to a degree depending on the magnitude of the imaginary component.  
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CHAPTER 2 

GENERALIZED NORMAL MODE SOLUTIONS FOR SEISMO-ACOUSTIC 

PROPAGATION SIMULATIONS 

Consider the stratified ocean acoustic environment of a fluid layer overlying an elastic 

sediment half space representing the seafloor. A point source, emitting either a compressional or 

shear wave, is assumed in either the fluid or the elastic layer. This work employs the elastic 

Pekeris waveguide as an approximation to this environment. The Pekeris waveguide represents 

the bottom by an infinite fluid half space and has boundary conditions corresponding to 

vanishing pressure at the sea surface, and continuity of both particle displacement and pressure 

across the bottom interface. The elastic Pekeris waveguide allows for an elastic solid bottom; 

representing a fluid layer overlaying an elastic solid, with a pressure release surface above, and 

an elastic half space below.
4
 To treat the point source singularity, a forcing function is 

represented as a delta function, leading to a Greenôs function formulation.
8
 The method 

introduced in this paper can be applied to model situations where a purely compressional source 

in the elastic medium is not physically realistic, such as the pile-driving problem which is 

discussed. Other scenarios in which the introduced technique could be applied include detecting 

unexploded ordnance, and modeling natural disasters occurring in aquatic environments such as 

earthquakes, tsunamis, and volcanic eruptions.  

To solve for the displacement potentials associated with the waveguide, a normal mode 

solution approach is used.
5
 In Section 2.1, a general form of the Greenôs function formulation for 

normal mode solutions is introduced. Typically the equations for the compressional and shear 

potentials must be calculated based on the location of the point source and the type of waves 

being emitted. If the point source is in the water column emitting compressional waves, the 
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equations for the potentials will be different than the equations found when considering a point 

source emitting compressional waves in the sediment layer. The general form of the Greenôs 

function formulation developed in this paper allows for each of the possible point source cases 

considered: a compressional source in the water; a compressional source in the sediment layer; a 

shear source in the sediment layer; a source in the sediment layer emitting both shear and 

compressional waves; or a source at the interface emitting compressional waves in the water 

column and both compressional and shear waves in the sediment layer to be included in the 

equations found for the potentials. Using this formulation eliminates the need to recalculate the 

equations for the potentials when changing the source type or location.  In Section 2.2, an 

analytic solution obtained for a point source emitting compressional waves in the sediment layer 

is compared with a wavenumber integration solution. Also, the normal mode solution found for 

the point source in the sediment layer emitting shear waves is compared against solutions 

obtained from an elastic parabolic equation.  The solutions obtained for a point source emitting 

both compressional and shear waves are benchmarked against those generated by elastic 

parabolic equations.  

2.1 Normal Mode Solution Technique 

Consider a time-harmonic point source within the seismo-acoustic environment that is the 

elastic Pekeris waveguide. The waveguide considered throughout this work has a water column 

of depth Ὄ with constant compressional wave speed ὧ and density ”, overlaying an elastic half 

space of constant density ” with compressional wave speed ὧ and shear wave speed ὧ. The 

axes are oriented such that the depth ᾀ is positive downward and ὶ is the radial distance from the 

ᾀ-axis.  Above the water column at ᾀ π there is a pressure release boundary. An azimuthally 

symmetric cylindrical geometry is assumed in a range-independent environment. In all cases 
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being considered, the point source is assumed to have an angular frequency strength Ὓ ,‫ , and 

to lie on the ᾀ-axis at position ὶȟᾀ πȟᾀ  with time dependence Ὡ . 

The compressional and shear displacement potentials are used, in particular for the 

compressional potential in the water column, the compressional potential in the sediment layer, 

and the shear potential in the sediment layer, ‰ , ‰ , and ‪ . The potentials may be written in 

terms of the inverse Hankel transform, summing over all possible wavenumbers: 

‰ ὶȟᾀ ᷿ ‰ ὯȟᾀὌ ὯὶὯὨὯ,         (2.2) 

                                         ‰ ὶȟᾀ ᷿ ‰ ὯȟᾀὌ ὯὶὯὨὯ,                     (2.3) 

                                         ‪ ὶȟᾀ ᷿ ‪ ὯȟᾀὌ ὯὶὯὨὯ,         (2.4)  

where Ὧ is the horizontal wavenumber and Ὄ  is the Hankel function of the first kind. Vertical  

wavenumbers are defined in terms of the medium and horizontal wavenumbers: 

Ὧȟ Ὧ Ὧ, 

Ὧȟ

ừ
Ừ

ứ Ὧ Ὧȟ ȿὯȿ Ὧ

ὭὯ Ὧȟ ȿὯȿ Ὧ

 

where Ὦ ςȟί, the subscripts (1) and (2) represent a quantity associated with the compressional 

field in the water or sediment layer, respectively, and the subscript (s) represents a quantity 

associated with the shear field. The Ὧȟ terms are defined such that the radiation condition of no 

incoming waves at infinity is satisfied. 

The equations for normal stress and tangential stress are given by, 

                „ ‗ɳ ‰ ς‘‬ύ‬ᾀ,                    (2.4) 

„ ‘‬ό‬ᾀ
‬ύ
‬ὶ,  
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with LamÅǲ constants ‗ and ‘. The vertical ύ and horizontal ό displacements can be written in 

terms of the range and depth-dependent displacement potentials:
5 

       
ό ȟ ύ ȟ

ό ȟύ Ὧ‪Ȣ
        (2.5) 

 Medium wave speeds are related to the LamÅǲ constants by 

ὧ
‗ ς‘

”
ȟὮ ρȟς 

and 

ὧ
‘

”
ȟ 

where the shear modulus ‘, characteristic of a solid, implies ‘ π. Complex wave speeds, 

ὅ ὧ ρ Ὥ‘‌ϳ  and ὅ ὧ ρ Ὥ–‌ϳ  are used so that loss in the bottom is accounted 

for;
 6
 ‌  and ‌ are the compressional and shear wave attenuations, in decibels per wavelength, 

and – τπ“ÌÏÇὩ . Both the compressional and shear waves have corresponding medium 

wavenumbers: Ὧ ‫Ⱦὧ, Ὧ ‫Ⱦὅ, and Ὧ .‫Ⱦὅ 

Boundary conditions are pressure release at the surface, continuity of vertical 

displacement, ύ, at the bottom interface, continuity of normal stress, „ , at the bottom interface, 

and zero tangential stress, „ , at the bottom interface: 

‰ π at ᾀ π, 

                ύ ύ  at ᾀ Ὄ,                     (2.6) 

„ „  at ᾀ Ὄ, 

„ π at ᾀ Ὄ. 
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Using a general Greenôs function formulation allows a point source being considered to 

emit either compressional waves in the water column or any possible combination of 

compressional and shear waves from the sediment layer, or the interface between the water 

column and the sediment layer. In order to represent all possible cases when deriving normal 

mode solutions, a general formula is developed. The possibility of each case is allowed for by 

leaving the Greenôs function associated with each potential in the equation throughout the 

derivation. The Greenôs function corresponding to the compressional potential in the water is 

denoted as Ὃ , the Greenôs function corresponding to the compressional potential in the 

sediment layer is Ὃ , and the Greenôs function corresponding to the shear potential in the 

sediment layer is Ὃ. The general form of the Greenôs function is given by, 

Ὃ
Ὓ

τ“ὭὯ
Ὡ ȿ ȿȢ 

Each Greenôs function is dependent on depth and the horizontal wavenumber. The depth-

dependent potentials ‰ Ὧȟᾀ, ‰ Ὧȟᾀ, and ‪ Ὧȟᾀ are defined as: 

             ‰ Ὧȟᾀ Ὃ Ὧȟᾀ ὃὩ ȟ ὄὩ ȟ ,      (2.5) 

  ‰ Ὧȟᾀ Ὃ Ὧȟᾀ ὅὩ ȟ ,       (2.6) 

  ‪ Ὧȟᾀ Ὃ Ὧȟᾀ ὈὩ ȟ ,       (2.7) 

where ὃ, ὄ, ὅ, and Ὀ are amplitude coefficients dependent on the horizontal wavenumber. 

Applying the boundary conditions, given in (2.4), results in a system of four equations 

with four unknowns that can be written in matrix-vector form -Ø Â, where 

                   ὓ

ụ
Ụ
Ụ
Ụ
ợ

ρ ρ     π                        π
ὭὯȟὩ ȟ ὭὯȟὩ ȟ ὭὯȟ                 Ὧ

”‫Ὡ ȟ

π
”‫Ὡ ȟ

π

ς‘Ὧ ”‫
ςὭὯȟ

ςὭ‘ὯὯȟ

Ὧ ὯȟỨ
ủ
ủ
ủ
Ủ

,          (2.8) 
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    ●

ὃ
ὄ
ὅ
Ὀ

, 

 and, 

  ╫

ụ
Ụ
Ụ
Ụ
Ụ
ợ

Ὃ ȿ

ȿ ȿ Ὧ Ὃȿ

”‫Ὃ ȿ ‗Ὧ ς‘ Ὃ ȿ ς‘ Ὧ Ὃȿ

ς ȿ ς Ὧ Ὃȿ Ứ
ủ
ủ
ủ
ủ
Ủ

.           (2.9) 

The characteristic equation,  

ÄÅÔ-
”ὯὯȟ
Ὥ”Ὧȟ

ÔÁÎὯȟὌ τὯὯȟὯȟ ςὯ Ὧ ȟ 

is an environment specific equation whose roots are necessary for obtaining a solution for this 

system. The roots of the characteristic equation are found by setting the determinant of - equal 

to zero. These roots are referred to as normal modes, modes propagating without loss. 

Singularities occur when the characteristic equation is equal to zero.  

Performing row reduction on the augmented matrix -ȿÂ determines the amplitude 

coefficients. Plugging these values into the equations for the potentials results in,  

‰ Ὧȟᾀ
ρ

ὭὪὯ
Ὃ ὭὪὯ

ὭÓÉÎὯȟᾀὭὅ” ςὯ Ὧ τὯὯȟὯȟ Ὃ Ὃ Ὃ

ὯȟὯ Ὃ”‫ Ὃ ςὅ”Ὃ

ὭὅὯ” ςὯ ςὯȟὯȟ Ὧ Ὃ ςὋ

ὭὋ ὭÃÏÓὯȟᾀ Ὄ Ὧȟ” ςὯ Ὧ τὯὯȟὯȟ

ὯȟὯ”ÓÉÎὯȟᾀ Ὄ ȟ 

(2.10) 
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‰ Ὧȟᾀ
ρ

ὭὪὯ
Ὃ ὭὪὯ

Ὡ ȟ Ὃ ὯȟςὯ Ὧ ”‫

”‫ ςὯ Ὧ ÓÉÎὯȟὌ Ὃ Ὃ Ὃ

ὯȟςὯ Ὧ ÃÏÓὯȟὌ Ὃ”‫ Ὃ ςὅ”Ὃ

ςὭὅὯὯȟὯȟ”ÃÏÓὯȟὌ ὯÓÉÎὯȟὌ”‫ ςὋ Ὃ ȟ 

(2.11) 

and, 

‪ Ὧȟᾀ
ρ

ὭὪὯ
ὋὭὪὯ

Ὡ ȟ Ὃ ςὭὯȟὯȟ”‫

ςὭὯȟÓÉÎὯȟὌ”‫ Ὃ Ὃ Ὃ

ςὭὯȟὯȟÃÏÓὯȟὌ Ὃ”‫ Ὃ ςὅ”Ὃ

Ὧȟ”ὅ Ὧ ςὯ ÃÏÓὯȟὌ ὭὯȟÓÉÎὯȟὌ”‫ ςὋ Ὃ ȟ 

(2.12) 

where  

ὪὯ ḧ”‫ὯὯȟÓÉÎὯȟὌ Ὥ”ὅὯȟτὯὯȟὯȟ ςὯ Ὧ ÃÏÓὯȟὌ ,     (2.13) 

 is the characteristic equation multiplied by Ὥ”ὅὯȟÃÏÓὯȟὌ , so that it does not have poles,  

and, 

   

Ὃ Ὃ ȿ ȟ Ὃ ȟ Ὃ Ὧ Ὃ ȟ

Ὃ ȟὋ ‗Ὧ ς‘ Ὃ ȟὋ Ὧ Ὃ ȟ

Ὃ Ὃ ȿ ȟ Ὃ ȟ Ὃ ς Ὧ Ὃȿ Ȣ

      (2.14) 
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The function ὪὯ  in (2.15) does not have any poles and is used to determine the horizontal 

wavenumbers in the complex plane through the use of the root-finding technique developed by 

McCollom, et. al.
 8
 

Modal sum representations for ‰ ὶȟᾀ, ‰ ὶȟᾀ, and ‪ ὶȟᾀ are found by applying the 

residue theorem and using the Ewing, Jardetsky, and Press integration contour and branch cuts:
1, 

7, 8
 

‰ ὶȟᾀ “Ὥ
Ὄ Ὧ ὶὯ

Ὢ Ὧ
ÓÉÎὯȟᾀ Ὥὅ” ςὯ Ὧ

τὯ ὯȟὯȟ Ὃ Ὃ Ὃ

ὯȟὯ Ὃ”‫ Ὃ ςὅ”Ὃ

Ὥὅ Ὧ ” ςὯ ςὯȟὯȟ Ὧ Ὃ ςὋ

Ὃ ὭÃÏÓὯȟ ᾀ Ὄ Ὧȟ” ςὯ Ὧ τὯ ὯȟὯȟ

ὯȟὯ”ÓÉÎὯȟ ᾀ Ὄ ȟ 

(2.15) 

‰ ὶȟᾀ “Ὥ
Ὄ Ὧ ὶὯ

Ὢ Ὧ
Ὡ ȟ Ὃ ὭὯȟ ςὯ Ὧ ”‫

Ὥ”‫ ςὯ Ὧ ÓÉÎὯȟὌ Ὃ Ὃ Ὃ

ὭὯȟ ςὯ Ὧ ÃÏÓὯȟὌ Ὃ”‫ Ὃ ςὅ”Ὃ  
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ςὅ Ὧ ὯȟὯȟ”ÃÏÓὯȟὌ ὭὯ ÓÉÎὯȟὌ”‫ ςὋ

Ὃ ȟ             (2.16) 

and 

‪ ὶȟᾀ “Ὥ
Ὄ Ὧ ὶὯ

Ὢ Ὧ
Ὡ ȟ Ὃ ςὯȟὯȟ”‫

ςὯȟÓÉÎὯȟὌ”‫ Ὃ Ὃ Ὃ

ςὯȟὯȟÃÏÓὯȟὌ Ὃ”‫ Ὃ ςὅ”Ὃ

Ὧȟ”ὅ Ὧ ςὯ ὭÃÏÓὯȟὌ ὯȟÓÉÎὯȟὌ”‫ ςὋ

Ὃ ȟ 

  (2.17) 

where vertical wavenumbers given in terms of the ὲ  horizontal wavenumber Ὧ  are Ὧȟ, 

Ὧȟ, and Ὧȟ and Ὢ Ὧ  is the first derivative of ὪὯ . The ὲ  horizontal wavenumber 

satisfies the characteristic equation. Once the roots are found, (2.17) to (2.19) are used to 

calculate solutions. 

2.2 Examples 

Two scenarios are considered to demonstrate accuracy of generalized Greenôs function 

solutions: (a) a point source emitting a shear wave in the sediment layer; and (b) a source 

emitting both compressional and shear waves in the sediment layer. Transmission loss (TL) will 

be used to benchmark the normal mode solution against a parabolic equation solution, 
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experimental data, and a wavenumber integration solution. Transmission loss is a standard metric 

of comparison in underwater acoustics and is defined by 

4,ὶȟᾀ ςπÌÏÇ
ȟ

,  

where ὴὶȟᾀ is the acoustic pressure and ὴ is the reference pressure 1 meter from the source. A 

source strength of Ὓ τ“ ϳ”‫  is assumed where Ὓ  is in units of Í 0Áϳ ; this represents 

the volume injection amplitude needed to produce a pressure amplitude of 1 0Á at 1 meter from 

the source, a unit amplitude source. 

A. Point source emitting shear waves in the sediment layer 

When setting up the generalized Greenôs formulation for a point source in the sediment 

layer emitting a shear wave, only the Greenôs function associated with the point source being 

considered is used. In this case, 

         Ὃ
ȟ
Ὡ ȟȿ ȿ,                 (2.18) 

Ὃ Ὃ π. 

The functions used within (2.17) to (2.19) involving Ὃ  and Ὃ  are assigned a value of zero 

and, 

            Ὃ
ȟ
Ὧ ὯȟὩ ȟ ȟὋ

ȟ
ὭὯȟὯȟ Ὧ Ὡ ȟ ȟ    (2.19) 

Ὃ
Ὓ

τ“ὭὯȟ
Ὧ ςὯȟὩ ȟ Ȣ 

Normal mode solutions are benchmarked against an elastic parabolic equation solution. 

For this case, solutions are compared at a frequency of 15 Hz with a receiver depth of ᾀ

ςππ Í (Figure 2.1a) and ᾀ τωω Í (Figure 2.1c) and at a frequency 50 Hz with a receiver 
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depth of ᾀ ςππ Í (Figure 2.1b) and ᾀ τωω Í (Figure 2.1d). The two solutions have 

excellent agreement farther from the source and share similar curve shapes close to the source. 

The solutions were also compared at 50 Hz using a source depth close to the interface, ᾀ

υπρ Í with receiver depths of ᾀ ςππ Í (Figure 2.2a) and ᾀ τωω Í (Figure 2.2b). From 

these comparisons, it can be seen that the generalized Greenôs function formulation is able to 

handle not only varying frequencies and receiver depths, but also varying source depths.   

 

  

 

Figure 2.1: Transmission loss vs. range for a range-independent environment with source depth 

of ᾀ φππ Í. The solid line represents the solution from the parabolic equation (PE) method 

and the dotted line shows the analytic solution for a point source in the sediment emitting a shear 

wave. Frequencies of 15 Hz (a), (c) and 50 Hz (b), (d) are used at receiver depths of ᾀ ςππ Í 

(a), (b) and ᾀ τωω Í (c), (d). 

 

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

40

50

60

70

80

90

100

Range (m)

L
o

s
s
 (

d
B

 r
e

 1
 m

)

 

 

PE

Elastic Pekeris Loss J

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

40

50

60

70

80

90

100

Range (m)

L
o

s
s
 (

d
B

 r
e

 1
 m

)

 

 

PE

Elastic Pekeris Loss J

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

40

50

60

70

80

90

100

110

Range (m)

L
o

s
s
 (

d
B

 r
e

 1
 m

)

 

 

PE

Elastic Pekeris Loss J

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

40

50

60

70

80

90

100

Range (m)

L
o

s
s
 (

d
B

 r
e

 1
 m

)

 

 

PE

Elastic Pekeris Loss J



36 
 
 

 

 

 

 

Figure 2.2: Transmission loss vs. range for a range-independent environment with source depth 

of ᾀ υπρ Í. The solid line represents the solution from the parabolic equation (PE) method 
and the dotted line shows the analytic solution for a point source in the sediment emitting a shear 

wave. A frequency of 50 Hz is used at receiver depths of ᾀ ςππ Í (a) and ᾀ τωω Í (b). 
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B.   Point source emitting compressional and shear waves in the sediment layer 

Consider a generic seismic source: that of a point source in the sediment layer emitting 

both compressional and shear waves. This means that when the generalized Greenôs formulation 

is set up, both Ὃ  and Ὃ will be in the equation. Additionally, a mechanism is needed to adjust 

what percentage of the total wave being emitted is compressional and what percentage is shear; 

the variables ὥ and ὥ are used to represent the percent of the wave that is compressional and 

the percent that is shear, where π ὥȟὥ ρ. For the formulation, the functions containing 

Ὃ  will all be set to zero, Ὃ  and Ὃ are defined as they were in the previous two sections, and 

the remaining functions are determined to be: 

Ὃ
ὥὛ

τ“ὭὯȟ
ὭὯȟὩ ȟ ȟὋ

ὥὛ

τ“ὭὯȟ
ς‘Ὧ ”‫ Ὡ ȟ ȟ 

         Ὃ
ȟ
ὭὯȟὩ ȟ ȟὋ

ȟ
Ὧ ὯȟὩ ȟ ȟ               (2.20) 

Ὃ
ὥὛ

τ“ὭὯȟ
ὭὯȟὯȟ Ὧ Ὡ ȟ ȟὋ

ὥὛ

τ“ὭὯȟ
Ὧ ςὯȟὩ ȟ Ȣ 

Figure 2.3 compares the normal mode solutions found for this case against elastic parabolic 

equation solutions. A progression of solution curves, changing the percentage of the source that 

is compressional from 100 % to 0 % in increments of 10%, is considered. In the cases used in 

Figure 2.3, the solution curve retains a very similar shape between the 100% compressional case 

and the 70% compressional case with the only notable difference being the increase in 

transmission loss between each successive case. It can be seen that the shape of the curve does 

not distinctly change until a very low compressional component is considered.  When ὥ πȢςπ, 

the shape of the curve begins to change and rapid change occurs from this point until the final 

case where ὥ π.  
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The normal mode and parabolic equation solutions were compared at a frequency of 15 

Hz with a source depth of ᾀ φππ Í, and a receiver depth of ᾀ ςππ Í. Four cases were 

selected for comparison: ὥ Ȣχπ and ὥ Ȣσπ (a), ὥ φπ and ὥ Ȣτπ (b), ὥ Ȣτπ and 

ὥ Ȣφπ (c), and ὥ Ȣσπ and ὥ Ȣχπ (d). In all four cases, the two solutions have excellent 

agreement, sharing similar curve shape and amplitude. As lower values of ὥ are selected, the 

solution curve changes rapidly as demonstrated in Figure 2.4 where the cases ὥ πȢπχ (a), 

ὥ πȢπυ (b), ὥ πȢπρ (c), and ὥ π (d) are compared. Shear waves have greater loss when 

compared against compressional waves.
13

 The greater transmission loss of the shear wave 

solution explains why the solution associated with the compressional  wave dominates until there 

is very little compressional component. This dominance of the compressional component has 

also been noticed when modeling the compressional and shear energy in beach and island 

propagation problems using parabolic equation methods indicating that this is a commonly 

occurring physical property that should be looked into in more depth in the future.
13

  

C.   Point source emitting compressional and shear waves at the interface  

As an extension to Section 2.2 Part B, consider a point source located at the interface 

ᾀ Ὄ. When the generalized Greenôs formulation is set up for this case, all three Greenôs 

functions Ὃ , Ὃ , and Ὃ will be used in the equation; this case represents situations such as 

pile driving at the seafloor. As in Part B the variables ὥ and ὥ will be used to represent the 

percent of the source composed of compressional and shear waves in the sediment layer, 

respectively. An additional variable ὥ  is introduced to represent the percent of the source 

corresponding to a compressional wave in the water column. The Greenôs functions Ὃ  and Ὃ 

are the same as in the previous section and the Greenôs function corresponding to a source 

emitting a compressional wave in the water column is set up as follows: 
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Figure 2.3: Transmission loss vs. range for a range-independent environment with source depth 

of ᾀ φππ Í, a receiver depth of ᾀ ςππ Í and frequency of 15 Hz. The solid line 

represents the solution from the parabolic equation (PE) method and the dotted line shows the 

analytic solution for a point source in the sediment emitting both a shear wave and a 

compressional wave with ὥ Ȣχπ and ὥ Ȣσπ (a), ὥ Ȣφπ and ὥ Ȣτπ (b), ὥ Ȣτπ and 

ὥ Ȣφπ (c), and ὥ Ȣσπ and ὥ Ȣχπ (d). 
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Figure 2.4: Transmission loss vs. range for a range-independent environment with source depth 

of ᾀ φππ Í, a receiver depth of ᾀ ςππ Í and frequency of 15 Hz. The solid line 

represents the solution from the parabolic equation (PE) method and the dotted line shows the 

analytic solution for a point source in the sediment emitting both a shear wave and a 

compressional wave with ὥ Ȣπχ and ὥ Ȣωσ (a), ὥ Ȣπυ and ὥ Ȣωυ (b), ὥ Ȣπσ and 

ὥ Ȣωχ (c), and ὥ π and ὥ ρȢπ (d). 
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Ὃ
Ὓ

τ“ὭὯȟ
Ὡ ȟȿ ȿȢ 

The functions used in equations (17) to (19) associated with the three Greenôs functions may be 

written as: 

Ὃ
ὥὛ

τ“ὭὯȟ
Ὡ ȟ ȟὋ

ὥὛ

τ“ὭὯȟ
ὭὯȟὩ ȟ ȟ Ὃ

ὥὛ

τ“ὭὯȟ
Ὡ ȟ ȟ 

Ὃ
ὥὛ

τ“ὭὯȟ
ὭὯȟὩ ȟ ȟὋ

ὥὛ

τ“ὭὯȟ
ς‘Ὧ ”‫ Ὡ ȟ ȟ  

Ὃ
ὥὛ

τ“ὭὯȟ
ὭὯȟὩ ȟ ȟὋ

ὥὛ

τ“ὭὯȟ
Ὧ ὯȟὩ ȟ ȟ 

Ὃ
ὥὛ

τ“ὭὯȟ
ὭὯȟὯȟ Ὧ Ὡ ȟ ȟὋ

ὥὛ

τ“ὭὯȟ
Ὧ ςὯȟὩ ȟ Ȣ 

Figure 2.5 shows the analytic solution for the source at the interface ᾀ υππ Í (a), compared 

to the analytic solution found for a source below the interface, ᾀ υυπ Í (b), and for a source 

above the interface, ᾀ τυπ Í (c); in this example ὥ ὥ ὥ ρȢπ for the case where the 

source is at the interface. As the source is moved across the interface, changes in the shape of the 

solution curve can clearly be seen. 

2.3 Discussion 

Within this work, a general mode solution has been developed for seismo-acoustic 

propagation scenarios using the Greenôs function formulation. Use of this generalized 

formulation allows the Greenôs function to be easily changed without having to redo any 

computations. It also allows a combination of Greenôs functions to be used in varying 

proportions which allows for solutions for the case where there is a point source emitting both 

compressional and shear waves. The simplicity and effectiveness of this formulation makes it an 

excellent alternative to previous techniques used to find the normal mode solution for the ocean 



42 
 
 

 

 

 

                                                 

Figure 2.5: A range-independent environment with a frequency of 50 Hz and a receiver depth of 

ᾀ ςππ Í. The analytic solution for a point source emitting shear waves in the sediment layer 
and compressional waves in both the water column and the sediment layer at source depth of 

ᾀ υππ Í (a) compared to the analytic solution at ᾀ υυπ Í (b) and ᾀ τυπ Í (c). 
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acoustic problem of the Pekeris waveguide with an elastic bottom. The generalized formula 

could also be altered for use with other ocean acoustic problems. 

The accuracy of the generalized normal mode solution in various scenarios was 

demonstrated. It should be noted that although not shown in this work, the formulation shown 

here is capable of producing solutions for a point source emitting a compressional wave in both 

the water and the sediment, which has also been compared in several works.
4,8,10,11

 Comparisons 

to the case with a point source emitting shear and combined waves were also performed. An 

accurate comparison of this type, using normal mode solutions has never been achieved prior to 

this work. The ability to obtain an analytic solution in good agreement with elastic parabolic 

equation solutions demonstrates how this method can be extended to both scenarios previously 

considered and to new cases, such as representing a shear wave point source and, looking 

forward, to simulating generic seismic events.  

The general Greenôs function formulation for normal mode solutions was also able to 

model scenarios where the point source in the sediment layer emitted both compressional and 

shear waves. Through the use of coefficients, the percentage of compressional and shear waves 

being emitted is easily varied. The progression shows that the compressional component 

dominates the solution until the total wave being emitted by the point source is less than ςπϷ 

compressional. While the dominance of the compressional wave is expected from a physical 

perspective, this is the first time it has been observed in such a progression.  Additionally it has 

been shown that the generalized normal mode solution is capable of modeling a point source at 

the interface emitting shear waves in the sediment layer and compressional waves in both the 

water column and the sediment layer, a scenario which the elastic parabolic equation is currently 

unable to simulate. 
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The generalized normal mode solution technique would be of great use in situations 

where using a purely compressional or purely shear wave as a source does not adequately model 

the considered scenario. Since a purely shear wave is not physically realistic, using a combined 

source will allow the modeling of more realistic scenarios. One example of this is pile driving 

and its impact on aquatic creatures; many studies have been conducted recently considering the 

effects of pile driving on fish, including some which are protected under the Endangered Species 

Act, such as the Pacific salmon.
14

 The sound produced by pile driving differs from sounds 

produced by sonar, seismic air guns, and pure tones, the effects of which have been previously 

studied.
14

 Due to the difference in the sounds, extrapolation of the previous studies cannot be 

used for the pile driving case.
15

 Since the generalized normal mode solution technique is able to 

model any combination of compressional and shear sources, it could be adjusted to study the 

acoustic field produced by pile driving. Using the generalized normal mode solution, the 

frequency of the sound produced, depth of the water, and other environmental conditions can 

easily be changed; this allows for piles of different composition (e.g., concrete, wood) to be used 

in the model and for different locations (e.g., rivers, ocean) to be used as the environment. 

In the future, elastic normal mode solutions could be extended to include range-

dependent scenarios. This would allow for a sloping ocean floor and provide results that are 

more accurate than current strictly range-independent solution. The developed solution can also 

be adjusted for use in cases considering multiple point sources and multiple layers of different 

materials.  
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CHAPTER 3 

EARTHQUAKE MODELING 

All seismic point sources, such as earthquakes, can be described using seismic moment 

tensors. Seismic moment tensors can completely describe the equivalent forces of the point 

source which can then be related to physical source models. This relationship between seismic 

moment tensors and physical models allows seismic moment tensors to be used to find 

information about earthquakes, such as the strike, dip, and slip of the fault. In addition to being 

used to find characteristics of the fault, seismic moment tensors can also be used to find what 

percentage of the earthquake is composed of compressional waves and what percentage is 

composed of shear waves. The information found by examining the seismic moment tensor is 

typically displayed as a focal mechanism, a.k.a., a beachball, such as those shown in Figure 3.1. 

The first row in Fig. 3.1 depicts isotropic moment tensors, i.e., moment tensors corresponding to 

a source emitting only compressional waves; an explosion is shown on the left and an implosion 

is shown on the right. The following three rows are double-couple sources, i.e., sources that are 

partly composed of shear waves, and the remaining rows contain compensated linear vector 

dipoles (CLVDs). Compensated linear vector dipoles are thought to occur in volcanic regions or 

due to earthquakes of differing geometries which occur almost simultaneously on nearby faults.
17

 

Compensated linear vector diploes will not be considered here; the focus instead will be on 

isotropic and double-couple events. 

When a source cannot be described as a purely compressional or shear event, a moment 

tensor decomposition can be found. There are several standard moment tensor decompositions.
 

Since this work is focused on the isotropic and double-couple moment tensors, a decomposition 

which represents the moment tensor as a sum of an isotropic part and three double-couple  
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Figure 3.1: Moment tensor and beachball representation of isotropic events (1
st
 row), double-

couple events (2
nd

 and 3
rd
 rows), and CLVDs (last three rows).

17 

 

components is selected.
18

 Using this decomposition, any moment tensor ὓ being considered can 

be written as, 

ὓ
ρ

σ
ά ά ά ╘

ρ

σ
ά ά ╪╪ ╪╪  

ρ

σ
ά ά ╪╪ ╪╪

ρ

σ
ά ά ╪╪ ╪╪ ȟ 

where ╘ is the identity matrix, ά  is the Ὥ  eigenvalue of the moment tensor and ╪ is the Ὥ  

eigenvector of the moment tensor. Since the percent double-couple of an earthquake is easily 
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found using the moment tensor and all moment tensors can be written as isotropic and double-

couple components, the generalized Greenôs function formulation for normal mode solutions 

developed in Chapter 2 may be used to model earthquakes. It should be noted that the 

earthquakes chosen for modeling are not CLVD events and are able to be represented as a single 

point source.  

3.1 Forming Forcing Terms Using the Moment Tensor 

In order to model an earthquake, Ὢ►ȟὸ in Eq. 1.1 should be replaced with a similar term 

derived from the earthquakeôs moment tensor. In Chapter 2, the case of a purely compressional 

source and the case of a purely shear source were combined in order to obtain a solution for a 

source emitting a combination of compressional and shear waves. Since modeling an earthquake 

requires a source with both compressional and shear components, an isotropic moment tensor 

will be used to find a specific Ὢ►ȟὸ corresponding to a purely compressional source and a 

double-couple moment tensor will be used to find a Ὢ►ȟὸ corresponding to a purely shear 

source. The case where an isotropic moment tensor is used will be considered first.  

It has been shown in prior works that the elements of a moment tensor may be written in 

terms of delta functions.
19

 The isotropic moment tensor may be written in terms of delta 

functions as, 

ụ
Ụ
Ụ
Ụ
ợρ π π
π ρ π
π π ρ

Ứ
ủ
ủ
ủ
Ủ

ᶿ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ

π π

π π

π π

Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

Ȣ   (3.1) 

When dealing with seismic sources, Ὢ►ȟὸ is often written in terms of a compressional forcing 

term ɮ and a shear forcing term .
20 

The combined forcing term is given as,  
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█►ȟὸ ​ɮ ​ Ȣ    (3.2)
 

In the case currently being considered, the shear forcing term is zero resulting in a forcing term 

of, 

Ὢ►ȟὸ ​ɮȟ       

where, 
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Writing the nonzero components of Eq. 3.1 as a vector and setting it equal to Eq. 3.3 results in, 
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Solving each component of Eq. 3.4 results in the compressional forcing term, 

ɮ
ᾀ‏ὶ‏ ᾀ

ς“ὶ
Ȣ 

The double-couple forcing term can also be found using a similar technique. The double-

couple moment tensor can be written in terms of delta functions as, 

π π ρ
π π π
ρ π π

ᶿ
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Ȣ   (3.5) 



49 
 
 

When finding the double-couple forcing term, the compressional forcing term in Eq. 3.2 is zero 

resulting in, 

█►ȟὸ ​ ȟ 

where, 

​

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ

ɰ ɰ

ɰ ɰ

ὶɰ ɰ

Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

Ȣ    (3.6) 

Writing the nonzero components of Eq. 3.5 as a vector and setting it equal to Eq. 3.6 gives, 
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Due to the axial symmetry of the environment being considered,  

‬

‬—
ɰ

‬

‬—
ɰ πȟ 

and the — component of ​ ɰ does not have to be considered.
5
 There are therefore only two 

components of  Eq. 3.7 being considered: 
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Figure 3.2: Magnitude 6.1 Bella Bella, Canada earthquake of 2013. Centroid location and 

percentage double couple are shown in the left box. The earthquake focal mechanism is shown in 

the right box.  

 

Solving the second equation results in the homogeneous solution of ɰ π. The first equation 

will therefore be used to find the shear forcing term. Solving the first equation results in a shear 

forcing term of, 

 
ᾀ‏ὶ‏ ᾀ

ς“ὶ
Ȣ 

Since the moment tensors are proportional to the delta function representations, any scalar 

multiple of the selected forcing terms are also valid forcing terms.  

Now that a compressional forcing term has been obtained for isotropic moment tensors and a 

shear forcing term has been found for double-couple moment tensors the Greenôs function 

formulation for normal mode solutions can be used to model the acoustic field in the water 

column generated by an earthquake. Two earthquakes will be considered, the 2013 Mw 6.1 Bella 

Bella, Canada earthquake and the 2009 Mw 5.9 Azores Islands earthquake. Figure 3.2 shows the 

centroid location and percent double couple of the Bella Bella earthquake obtained from the 

United States Geological Survey (USGS) website. For each of the events being considered, the 

percent double couple found by the USGS will be used within the generalized Greenôs function 

formulation to weigh the compressional and shear forcing terms found using the moment tensor. 

 

2013 ὓ  6.1 Bella Bella, Canada Earthquake 

Latitude: 51.244 N 

Longitude: 130.397 W 

Depth: 2.7 km 

73% Double Couple 
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Figure 3.3: Historic seismicity for the Bella Bella region since January 1976. Focal mechanisms 

are shown for all earthquakes with magnitudes of 5.0 or above. The top left inset shows the 

location of the 2013 Bella Bella earthquake on the globe. The bottom left inset contains the focal 

mechanism found by the USGS for the Bella Bella event. 

 

3.2 September 2013 Bella Bella Earthquake Comparisons  

The first event being considered is the Mw 6.1 Bella Bella, Canada earthquake that 

occurred on September 3, 2013. The historic seismicity since 1976 of the Bella Bella area is 

shown in Fig. 3.3 with focal mechanisms colored according to centroid depth. According to the 

USGS Did You Feel It? (DYFI?) report and ShakeMap, the event caused very light damage to 

the surrounding area and was perceived as moderate shaking. In order to model the sound 

propagation in the ocean generated by the Bella Bella earthquake using the technique developed  
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Figure 3.4: Transmission loss vs. range for a range-independent environment using the 2013 

Bella Bella geoacoustic parameters.  

 

 

 
Figure 3.5: Transmission loss vs. range for a range-independent environment using the 2013 

Bella Bella geoacoustic parameters and frequencies of 5Hz, 10Hz, and 15Hz. 
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Figure 3.6: Transmission loss vs. range for a range-independent environment using the 2013 

Bella Bella geoacoustic parameters and compressional attenuations of 0.0 Ä"Ⱦʇ, 0.5 Ä"Ⱦʇ, and 

1.0 Ä"Ⱦʇ. 
 

in Chapter 2, the shear wave speed, compressional wave speed, solid density, and shear 

attenuation values must be found. All of the required values are dependent on the sediment 

composition found where the event occurred. Sediment composition can be found using the 

National Oceanic and Atmospheric Administration (NOAA) NOS Hydrographic Survey Data 

and Index to Marine and Lacustrine Geological Samples (IMLGS) databases.
21, 22

 These 

databases use data gathered from a combination of sediment cores, dredges, and grabs to detail 

sediment composition of the seafloor. Once the seafloor composition has been determined, the 

wave speeds, density, and attenuation can be found using geoacoustic tables, such as those 

developed by Edwin Hamilton in 1980.
23, 24

 The geoacoustic parameters, seen in Table 3.1, can 

then be used with the generalized Greenôs function formulation to generate the transmission loss 

curve for the Bella Bella event, shown in Fig. 3.4.  
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Figure 3.7: Historic seismicity for the Azores Islands region since January 1976. Focal 

mechanisms are shown for all earthquakes with magnitudes of 5.0 or above. The top left inset 

shows the location of the 2009 Azores Islands earthquake on the globe. The bottom left inset 

contains the focal mechanism found by the USGS for the Azores Islands event.  

 

Sound propagation in the ocean caused by an earthquake has never been previously 

modeled so there is no solution to compare with the generated transmission loss curve. In order 

to demonstrate the validity of the analytic solution obtained, the frequency of the event and the 

compressional attenuation used will be varied and the resulting transmission loss curves will be  

compared. Physically, it is expected that increased frequency will result in increased 

transmission loss. Increased attenuation is also expected to result in transmission loss increasing 

more rapidly with range. The effects of changing the frequency of the event are shown in Fig. 

3.5. The frequency of the event was decreased from the original frequency of 15Hz to a  
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Figure 3.8: Transmission loss vs. range for a range-independent environment using the 2009 

Azores Islands geoacoustic parameters.  

 

frequency of 5Hz in increments of 5Hz. As can be seen in Fig. 3.5, as the frequency is increased, 

the transmission loss also increases as is physically expected. The transmission loss curves 

obtained when the attenuation is altered can be seen in Fig. 3.6. In Fig. 3.6, the attenuation was 

increased from the lossless case of zero attenuation in increments of 0.5 Ä"Ⱦʇ to an attenuation 

of 1.0 Ä"Ⱦʇ. As was expected, as the attenuation increased, the transmission loss also increased 

with range. The agreement of the results shown in Figs. 3.5 and 3.6 with the physical expectation 

of transmission loss increasing with the increase of frequency and the increase of attenuation 

confirms the validity of the results. 

3.3 April 2009 Azores Islands Earthquake Comparisons 

Now that the sound propagation in the ocean generated by the 2013 Bella Bella event has 

been modeled, the 2009 Mw 5.9 Azores Islands earthquake will be used as a source to  
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Figure 3.9: Transmission loss vs. range for a range-independent environment for the 2013 Bella 

Bella earthquake and the 2009 Azores Islands earthquake.  

 

 

 
Figure 3.10: Transmission loss vs. range for a range-independent environment using the 2009 

Azores Islands geoacoustic parameters associated with sediment composed of limestone, gravel, 

or clay. 
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demonstrate that the parameters associated with the earthquake, such as the percent double 

couple and depth of the event, are also affecting the final results. The Azores Islands earthquake 

is shown in Fig. 3.7 along with the historic seismicity of the surrounding area. The historic 

seismicity shows all earthquakes of magnitude 5.0 or greater since 1976 with focal mechanisms 

colored according to centroid depth. The geoacoustic parameters of this event, shown in Table 

3.2, were once again found using the NOAA databases to find the sediment composition of the 

area and then using geoacoustic tables to match the sediment composition with the appropriate 

wave speeds, solid density, and shear attenuation. The transmission loss curve for the Azores 

Islands event is shown in Fig. 3.8. A comparison of the transmission loss curve generated for the 

Bella Bella earthquake and the transmission loss curve found for the Azores Islands earthquake 

is shown in Fig. 3.9. This comparison demonstrates the differences between the two events 

brought about by their differing source location, centroid depth, and percent double couple of the 

events. 

The generalized Greenôs function technique presented here for modeling the sound 

propagation in the ocean generated by an earthquake could also be used in academic 

applications. Once such application is studying how sediment composition, which is typically not 

taken into account when modeling an earthquake, affects the acoustic field generated by an 

earthquake. Figure 3.10 demonstrates how changing the sediment composition of the Azores 

earthquake from gravel to clay or limestone alters the transmission loss curves. Studying how 

changes in the physical environment affect offshore earthquakes can provide insight into natural 

disasters such as tsunamis. The majority of tsunamis are caused by great earthquakes occurring 

along subduction zones at shallow depths.
27

 Seafloor recorders that measure pressure in the 

ocean are used to monitor tsunamis and send ahead early warning signals.
26

 The ability to model 
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tsunamigenic earthquakes combined with knowledge of subduction zone locations and activity 

could be used to determine areas at higher risk for tsunamis and specific parameters, i.e., depth, 

magnitude, sediment composition, required for an earthquake to generate a tsunami in a given 

location.   

 

Table 3.1: Physical Parameters Bella Bella Earthquake 

Parameter Value 

Bottom Depth, H (m) 

Liquid Density, ” ÇȾÃÍ  

1840 

1.0 

Solid Density, ” ÇȾὧά  2.5 

Compressional Speed Liquid, ὧ ÍȾÓ 1500 

Compressional Speed Solid, ὧ ÍȾÓ 4500 

Shear Speed Solid, ὧ ÍȾÓ 2500 

Compressional Attenuation, ‌  Ä"Ⱦʇ 0.1 

Shear Attenuation, ‌ Ä"Ⱦʇ 0.2 
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Table 3.2: Physical Parameters Azores Islands Earthquake 

Parameter Value 

Bottom Depth, H (m) 

Liquid Density, ” ÇȾÃÍ  

1603 

1.0 

Solid Density, ” ÇȾὧά  2.0 

Compressional Speed Liquid, ὧ ÍȾÓ 1500 

Compressional Speed Solid, ὧ ÍȾÓ 1800 

Shear Speed Solid, ὧ ÍȾÓ 1760 

Compressional Attenuation, ‌  Ä"Ⱦʇ 0.6 

Shear Attenuation, ‌ Ä"Ⱦʇ 1.5 
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CHAPTER 4 

A COUPLED MODE SOLUTION FOR SEISMO-ACOUSTIC PROPAGATION IN A 

RANGE-DEPENDENT ELASTIC PEKERIS WAVEGUIDE 

When modeling an ocean environment, a horizontal bottom is often used as an 

approximation of the seafloor. Although this approximation is accurate in some cases, such as 

when considering deep water, in reality the ocean bottom is characterized by many changes in 

bottom slope making a horizontal bottom approximation unsuitable.
27

 In the situations where 

bathymetry varies in range, a range-dependent environment that allows for a sloping seafloor can 

be used. 

Consider the stratified ocean acoustic environment of a fluid layer overlying an upward 

sloping elastic sediment layer representing the seafloor. Solutions can be found for this 

environment using the parabolic equation approximation however, a coupled mode solution has 

not previously been developed. A coupled mode solution is an extension to a normal mode 

solution which allows modes between range regions to interact with one another via mode 

coupling. This mode coupling technique was first applied to an environment approximated by a 

Pekeris waveguide in the 1980ôs by Richard Evans.
28 
Building off of Evansô technique and the 

work done in Chapter 2, a coupled mode solution is found for an upslope environment 

approximated by a finite number of adjoining elastic Pekeris waveguides.  

The environment being considered can be approximated by an elastic Pekeris waveguide 

split into ὓ regions of depth Ὤ where each region ends at range ὶ, Ὥ ρȟỄȟὓ ρ and 

Ὦ ρȟỄȟὓ. This method of approximating the sloping bottom by a series of flat surfaces is 

referred to as a stair-step approximation. Figure 4.1 shows a five region approximation to the  
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Figure 4.1: Five region elastic Pekeris waveguide with upward sloping bottom. Pressure release 

interfaces are located at ᾀ π and ᾀ ὌȢ 
 

sloping elastic Pekeris waveguide. In addition to the pressure release surface located at ᾀ π, a 

pressure release interface has been included at ᾀ Ὄ. The inclusion of this second pressure 

release interface is necessary for correct coupling to occur. The depths Ὤ and Ὤ  of each 

adjacent region in the upslope case have the property Ὤ Ὤ . 

4.1 Interface Conditions 

 There are two types of interface conditions being considered: (i) depth-dependent 

interface conditions, and (ii) range-dependent interface conditions. The depth-dependent 

interface conditions are applied in the same manner as the boundary conditions discussed in 

Chapter 2. For the range-dependent elastic Pekeris waveguide, the boundary conditions are: (i) a 

pressure release surface; (ii ) continuity of vertical displacement at the interface ᾀ Ὤ; (iii ) 
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continuity of normal stress at ᾀ Ὤ; (iv) zero tangential stress at ᾀ Ὤ; (v) a pressure release 

interface at ᾀ Ὄ. When applying the range-dependent boundary conditions there are three 

different interfaces that must be accounted for: (i) fluid-fluid interface; (ii) fluid -solid interface; 

(iii) solid-solid interface. 

The equations for normal stresses and tangential stress in the Ὥ region are given by, 

„ ‗ɳ ‰ ς‘
‬ύ
‬ᾀ, 

                   „ ‗ɳ ‰ ς‘
‬ό
‬ᾀ,               (4.1) 

„ ‘
‬ό
‬ᾀ

‬ύ
‬ὶ, 

with LamÅǲ constants ‗ and ‘. The vertical ύ and horizontal ό displacements in the Ὥ region can 

be written in terms of the range and depth-dependent displacement potentials:
5 

       
όȟ

ȟȟ ύȟ
ȟȟ

όȟ
ȟ ȟȟύȟ

ȟ ȟ Ὧ‪ȟȢ
    (4.2) 

The fluid-fluid interface conditions are continuity of horizontal displacement, 

  όȟ όȟ  at ὶ ὶ,     (4.3) 

and continuity of normal stress, 

„ ȟ „ ȟ  at ὶ ὶ.     (4.4) 

At the fluid-solid interface, the interface conditions are continuity of horizontal displacement,  

όȟ όȟ  at ὶ ὶ,     (4.5) 

continuity of normal stress,  

      „ ȟ „ ȟ  at ὶ ὶ,     (4.6) 
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and zero tangential stress, 

    π „ ȟ  at ὶ ὶ.            (4.7) 

The final set of interface conditions, for the solid-solid interface, are continuity of vertical 

displacement, 

ύȟ ύȟ  at ὶ ὶ,    (4.8) 

continuity of horizontal displacement,  

όȟ όȟ  at ὶ ὶ,    (4.9) 

continuity of normal stress, 

       „ ȟ „ ȟ  at ὶ ὶ,    (4.10) 

and continuity of tangential stress, 

       „ ȟ „ ȟ  at ὶ ὶ.    (4.11) 

4.2 Range-independent Solution 

Before the displacement potentials for the range-dependent case can be found, the 

solutions for the range-independent case must be computed. The addition of the pressure release 

interface at ᾀ Ὄ results in displacement potentials similar to those found in Chapter 2 but with 

the inclusion of upward traveling waves in the sediment layer. Assuming a point source located 

in the water column, the displacement potentials may be written as: 

‰ȟὯȟᾀ
Ὓ

τ“ὭὯȟ
Ὡ ȟȿ ȿ ὃὩ ȟ ὃὩ ȟ ȟ 

      ‰ȟὯȟᾀ ὄὩ ȟ ὄὩ ȟ ȟ    (4.12) 

‪ȟὯȟᾀ ὅὩ ȟ ὅὩ ȟ ȟ 
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where ὃ , ὃ , ὄ , ὄ , ὅ , and ὅ  are amplitude coefficients dependent on the horizontal 

wavenumber. 

The depth-dependent boundary conditions can now be expressed as: 

‰ȟ π at ᾀ πȟ 

ύȟ ύȟ at ᾀ Ὤȟ 

„ ȟ „ ȟ at ᾀ Ὤȟ 

„ ȟ π at ᾀ Ὤȟ    (4.13) 

‰ȟ π at ᾀ Ὄȟ 

‪ȟ π at ᾀ ὌȢ 

Applying the boundary conditions in (4.13), results in a system of six equations with six 

unknowns that can be written in matrix-vector form ὓ● ╫, where  
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In order to obtain a solution for this system, the roots of the characteristic equation must be 

found by setting the determinant of ὓ equal to zero: 
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Ὦ

Ὧᾀȟί
Ὦ Ὧᾀȟί

Ὦ ‘ Ὧᾀȟς
Ὦ” Ὧᾀȟρ

Ὦ” ‫ Ὡ Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ

ςὯὶ
ςὯᾀȟρ
Ὦ‘

ςὯᾀȟρ
Ὦ
Ὧᾀȟί
Ὦ ςὯᾀȟς

Ὦ
Ὧᾀȟί
Ὦ ‘ Ὧᾀȟς

Ὦ” Ὧᾀȟρ
Ὦ” ‫ Ὡ Ὧᾀȟς

Ὦ
Ὧᾀȟί
Ὦ

ςὯᾀȟρ
Ὦ

Ὧὶ
ς

Ὧᾀȟί
Ὦ ‘ Ὧᾀȟς

Ὦ” Ὧᾀȟρ
Ὦ” ‫ Ὡ Ὧᾀȟρ

Ὦ
Ὧᾀȟς
Ὦ

Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ

ςὯᾀȟρ
Ὦ

Ὧὶ
ς

Ὧᾀȟί
Ὦ ‘ Ὧᾀȟς

Ὦ” Ὧᾀȟρ
Ὦ” ‫

τὩ Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ

Ὧᾀȟρ
Ὦ
Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ

Ὧᾀȟί
Ὦ ςὯᾀȟς

Ὦ
Ὧᾀȟί
Ὦ”‫ÃÏÓὬ

ὌὯᾀȟς
Ὦ ÓÉÎὬὯᾀȟρ

Ὦ ÓÉÎὬ ὌὯᾀȟί
Ὦ Ὧᾀȟρ

ὮÃÏÓὬὯᾀȟρ
Ὦ ςὯᾀȟς

Ὦ
Ὧί
ς Ὧᾀȟί

Ὦ ‘

Ὧᾀȟί
Ὦ”‫ ÃÏÓὬ Ὄ Ὧᾀȟς

Ὦ
Ὧᾀȟί
Ὦ ςὯᾀȟς

Ὦ
Ὧί
ς Ὧᾀȟί

Ὦ ‘ Ὧᾀȟί
Ὦ”‫ ÃÏÓὬ

Ὄ Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ ςὭὯᾀȟς

Ὦ
Ὧί
ς Ὧᾀȟί

Ὦ ‘ ÓÉÎὬ Ὄ Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ ÓÉÎὬ

Ὄ Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ  

 

Performing row reduction on the augmented matrix ὓȿ╫ determines the amplitude coefficients:  
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ὃ
ὭὛ

τὯᾀȟρ
Ὦ“Ὣ Ὧ

ÃÏÓὯᾀȟρ
ὮÚ ÓÉÎὯᾀȟρ

ὮÚ σςὭὩ Ὧᾀȟρ
Ὦ

Ὧᾀȟς
Ὦ

Ὧᾀȟς
Ὦ

Ὧᾀȟρ
Ὦ
Ὧᾀȟς
Ὦ
Ὧὶ
ς

Ὧᾀȟί
Ὦ ʍ‫ÃÏÓὬ ὌὯᾀȟς

Ὦ ÓÉÎὬ ὌὯᾀȟί
Ὦ ÔÁÎὬὯᾀȟρ

Ὦ ȟ 

 

 

ὃ
Ὓ

ς“Ὣ Ὧ
Ὡ Ὧᾀȟρ

Ὦ

ÓÉÎὯᾀȟρ
ὮÚ

ρ

Ὧᾀȟρ
Ὦ Ὡ Ὧᾀȟρ

Ὦ

Ὧᾀȟρ
Ὦ
ρφὩ Ὧᾀȟς

Ὦ
Ὧᾀȟρ
Ὦ
Ὧᾀȟς
Ὦ

Ὧᾀȟς
Ὦ
Ὧὶ
ς

Ὧᾀȟί
Ὦ ʍ‫ÃÏÓὬ ὌὯᾀȟς

Ὦ ÓÉÎὬ ὌὯᾀȟί
Ὦ ȟ 

 

ὄ
Ὓ

“Ὣ Ὧ
ψὩ Ὧᾀȟς

Ὦ

Ὧᾀȟς
Ὦ Ὧ Ὧᾀȟί

Ὦ Ὧ Ὧᾀȟί
Ὦ ʍ‫ÃÏÓὬ ὌὯᾀȟς

Ὦ ÓÉÎὬ

ὌὯᾀȟί
Ὦ ÓÉÎὯᾀȟρ

ὮÚ ȟ 

 

ὄ
ςὭὛ

“Ὣ Ὧ
Ὡ Ὧᾀȟς

Ὦ
Ὧᾀȟί
Ὦ

ρ Ὡ Ὧᾀȟς
Ὦ

ρ Ὡ Ὧᾀȟί
Ὦ

Ὧᾀȟς
Ὦ Ὧ Ὧᾀȟί

Ὦ Ὧ

Ὧᾀȟί
Ὦ ʍ‫ÓÉÎὯᾀȟρ

ὮÚ ȟ 

 

ὅ
τὛ

“Ὣ Ὧ
Ὡ Ὧᾀȟς

Ὦ
Ὧᾀȟί
Ὦ

Ὧᾀȟς
Ὦʍ‫ÃÏÓὬ ὌὯᾀȟς

Ὦ ÓÉÎὯᾀȟρ
ὮÚ ȟ 

and, 

ὅ
τὛ

“Ὣ Ὧ
Ὡ Ὧᾀȟς

Ὦ
Ὧᾀȟί
Ὦ

Ὧᾀȟς
Ὦʍ‫ÃÏÓὬ ὌὯᾀȟς

Ὦ ÓÉÎὯᾀȟρ
ὮÚ ȟ 

where, 

Ὣ Ὧ ψὭὩ Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ

Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ

ρ

Ὡ Ὧᾀȟρ
Ὦ

Ὧᾀȟρ
Ὦ
Ὧᾀȟς
ὮÃÏÓὬ ὌὯᾀȟς

Ὦ τὯᾀȟρ
Ὦ
Ὧᾀȟί
Ὦ Ὡ Ὧᾀȟί

Ὦ

Ὧὶ
ς 
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  Ὡ Ὧᾀȟί
Ὦ

Ὧί
ς Ὧᾀȟί

Ὦ ‘ÃÏÓὬὯᾀȟρ
Ὦ Ὥ Ὡ Ὧᾀȟί

Ὦ

Ὡ Ὧᾀȟί
Ὦ

Ὧὶ
ς

Ὧᾀȟί
Ὦ ʍ‫ ÓÉÎÄὯᾀȟρ

Ὦ Ὥ Ὡ Ὧᾀȟί
Ὦ

Ὡ Ὧᾀȟί
Ὦ

Ὧᾀȟρ
Ὦ

Ὧὶ
ς Ὧᾀȟί

Ὦ ςὯὶ
ς‘

”‫ ÃÏÓÄὯᾀȟρ
Ὦ ÓÉÎÄ ὌὯᾀȟς

Ὦ ȟ  

Ὣ Ὧ ψὭὩ Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ

Ὧᾀȟς
Ὦ
Ὧᾀȟί
Ὦ

ρ Ὡ Ὧᾀȟς
Ὦ

Ὧᾀȟς
Ὦ
Ὧᾀȟς
ὮÃÏÓὬ

ὌὯᾀȟς
Ὦ τὯᾀȟρ

Ὦ
Ὧᾀȟί
Ὦ Ὡ Ὧᾀȟί

Ὦ

Ὧὶ
ς Ὡ Ὧᾀȟί

Ὦ

Ὧί
ς Ὧᾀȟί

Ὦ ‘ÃÏÓὬὯᾀȟρ
Ὦ Ὥ Ὡ Ὧᾀȟί

Ὦ

Ὡ Ὧᾀȟί
Ὦ

Ὧὶ
ς Ὧᾀȟί

Ὦ ʍ‫ÓÉÎὬὯᾀȟρ
Ὦ Ὥ Ὡ Ὧᾀȟί

Ὦ

Ὡ Ὧᾀȟί
Ὦ

Ὧᾀȟρ
Ὦ

Ὧὶ
ς

Ὧᾀȟί
Ὦ ςὯὶ

ς‘ ”‫ ÃÏÓὬὯᾀȟρ
Ὦ ÓÉÎὬ ὌὯᾀȟς

Ὦ ȟ 

and, 

Ὣ Ὧ τὭὩ Ὧᾀȟς
Ὦ

Ὧᾀȟί
Ὦ

Ὧᾀȟς
Ὦ
Ὧᾀȟί
Ὦ

Ὧᾀȟς
ὮÃÏÓὬ ὌὯᾀȟς

Ὦ τὯᾀȟρ
Ὦ
Ὧᾀȟί
Ὦ Ὡ Ὧᾀȟί

Ὦ

Ὧὶ
ς Ὡ Ὧᾀȟί

Ὦ

Ὧί
ς

Ὧᾀȟί
Ὦ ‘ÃÏÓὬὯᾀȟρ

Ὦ Ὥ Ὡ Ὧᾀȟί
Ὦ

Ὡ Ὧᾀȟί
Ὦ

Ὧὶ
ς Ὧᾀȟί

Ὦ ʍ‫ÓÉÎὬὯᾀȟρ
Ὦ

Ὥ Ὡ Ὧᾀȟί
Ὦ

Ὡ Ὧᾀȟί
Ὦ

Ὧᾀȟρ
Ὦ

Ὧὶ
ς Ὧᾀȟί

Ὦ ςὯὶ
ς‘ ”‫ ÃÏÓὬὯᾀȟρ

Ὦ ÓÉÎὬ

ὌὯᾀȟς
Ὦ Ȣ 

 

These amplitude coefficients can then be plugged into (4.12) to obtain the displacement 

potentials: 

‰ȟὯȟᾀ
Ὓ

τ“Ὧᾀȟρ
ὮὫ Ὧ

ὭὩὯᾀȟρ
Ὦ

ÃÏÓὯᾀȟρ
Ὦᾀ

Ὡ Ὧᾀȟρ
Ὦ

Ὧᾀȟς
Ὦ

ρ Ὡ Ὧᾀȟρ
Ὦ ÓÉÎὯᾀȟρ

Ὦ
ᾀ ρςψὭὩ Ὧᾀȟρ

Ὦ
Ὧᾀȟς
Ὦ

Ὧᾀȟρ
Ὦ
Ὧᾀȟς
Ὦ
Ὧὶ
ς

Ὧᾀȟί
Ὦ ʍ‫ÃÏÓὬὯᾀȟρ

Ὦ ÃÏÓὬ ὌὯᾀȟς
Ὦ ÓÉÎὬ ὌὯᾀȟί

Ὦ ÓÉÎὯᾀȟρ
Ὦᾀ

ςὩ Ὧᾀȟρ
Ὦ
Ὧᾀȟς
Ὦ

Ὡ Ὧᾀȟρ
Ὦ

ÃÏÓὬὯᾀȟρ
Ὦ ςÓÉÎὬὯᾀȟρ

Ὦ ÓÉÎὯᾀȟρ
Ὦᾀ ȟ 
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‰ȟὯȟᾀ
ρφὭὛ

“Ὣ Ὧ
Ὡ Ὧᾀȟς

Ὦ

Ὧᾀȟς
Ὦ Ὧ Ὧᾀȟί

Ὦ Ὧ Ὧᾀȟί
Ὦ ʍ‫ÃÏÓὬ ὌὯᾀȟς

Ὦ ÓÉÎὬ

ὌὯᾀȟί
Ὦ ÓÉÎὯᾀȟς

Ὦ Ὄ ᾀÓÉÎὯᾀȟρ
Ὦᾀ ȟ 

‪ȟὯȟᾀ
ψὭὛ

“Ὣ Ὧ
Ὡ Ὧᾀȟς

Ὦ

Ὧᾀȟς
Ὦʍ‫ÃÏÓὬ ὌὯᾀȟς

Ὦ ÓÉÎὯᾀȟί
Ὦ Ὄ ᾀÓÉÎὯᾀȟρ

Ὦᾀ Ȣ 

 Modal sum representation for the displacement potentials can be found by applying the residue 

theorem and using the Ewing, Jardetsky, and Press integration contour and branch cuts, as was 

done in Chapter 2. Once the roots have been found for each region and a separable solution has 

been determined for region one, the range-dependent boundary conditions can be applied along 

with a radiation condition and source condition to determine the solutions in the remaining 

regions.  

4.3 Range-Dependent Solution 

Using the separable form of the solution along with the characteristic equation, the 

eigenfunctions of the problem can be found. Here, ɰ is the eigenfunction which has differing 

values for the water column and the sediment layer, and accounts for both the shear and 

compressional components of the sediment layer. The eigenfunction is normalized to obtain: 

ɮὯȟᾀ ‎ ɰὯȟᾀȟ 

where, 

‎
ρ

”ᾀ
ɰ ὯȟᾀὨᾀȢ 

The solution in each region can now be given as: 

‰ȟὶȟᾀ ὈȟὌρȟ ὶ ὈȟὌςȟ ὶ ɮὯȟȟᾀȟ 
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‰ȟὶȟᾀ ὉȟὌρȟ ὶ ὉȟὌςȟ ὶ ɮὯȟȟᾀȟ 

and,              (4.14) 

‪ȟὶȟᾀ ὊȟὌρȟ ὶ ὊȟὌςȟ ὶ ɮὯȟȟᾀȟ 

where, 

Ὦ ρȟȣȟὓȟ ᾀ Ὤ for ‰ȟὶȟᾀ, Ὤ ᾀ Ὄ for ‰ȟὶȟᾀ and ‪ȟὶȟᾀȟ and, 

Ὄρȟ ὶ
Ὄ Ὧȟὶ

Ὄ Ὧȟὶ
ȟ 

Ὄςȟ ὶ
Ὄ Ὧȟὶ

Ὄ Ὧȟὶ
ȟ 

 

are ratios of Hankel functions.
28, 29, 30

 When evaluating the ratios of Hankel functions, it should 

be noted that ὶ ὶ when Ὦ ρ. The coefficients in the first region can be found by applying 

the source condition of, 

Ὀȟ
Ὥὥ Ὧȟ

τ”
ɮὯȟȟᾀ Ὄ Ὧȟὶ Ὀȟ

Ὄ Ὧȟὶ

Ὄ Ὧȟὶ
ȟ 

and the boundary condition at infinity, 

Ὀȟ π for ὲ ρȟȣȟὔ, 

where ὥ Ὧȟ  are the coefficients from the range-independent solution that are only dependent 

on the horizontal wavenumbers. Source conditions and boundary conditions at infinity can be 

found in a similar manner for the remaining displacement potentials.  
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Once the solution in the first region has been found, the range-dependent interface conditions can 

be applied and the following recursive relationship between the coefficients in adjacent regions 

is obtained: 

Ὀȟ
ρ

ς
ὅ ὯȟȟὯȟ

Ὧȟ

Ὧȟ
ὅ ὯȟȟὯȟ ὌρȟὶὈȟ

ρ

ς
ὅ ὯȟȟὯȟ

Ὧȟ

Ὧȟ
ὅ ὯȟȟὯȟ ὌςȟὶὈȟȟ 

Ὀȟ
ρ

ς
ὅ ὯȟȟὯȟ

Ὧȟ

Ὧȟ
ὅ ὯȟȟὯȟ ὌρȟὶὈȟ

ρ

ς
ὅ ὯȟȟὯȟ

Ὧȟ

Ὧȟ
ὅ ὯȟȟὯȟ ὌςȟὶὈȟȟ 

 

where ὅ  and ὅ  are the coupling integrals, given by: 

ὅ ὯȟȟὯȟ
ρ

” ᾀ
ɮὯȟȟᾀɮὯȟȟᾀὨᾀȟ 

ὅ ὯȟȟὯȟ
ρ

” ᾀ
ɮὯȟȟᾀɮὯȟȟᾀὨᾀȢ 

 

The recursive relations can be set up in matrix-vector form as, 

    
▀ȟ
▀ȟ

Ὓ Ὓ
Ὓ Ὓ

▀ȟ
▀ȟ
ȟ     (4.15) 

where, 

Ὓ Ὓ
Ὓ Ὓ

Ὑȟ Ὑȟ
Ὑȟ Ὑȟ

Ễ
Ὑȟ Ὑȟ
Ὑȟ Ὑȟ

ȟ 
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▀ȟ is a vector containing Ὀȟ, and ▀ȟ is a vector containing Ὀȟ. 

The ὙȟȟὙȟȟὙȟȟὙȟ matrices are given by: 

Ὑȟ
ρ

ς
ὅ ὅ Ὄȟ 

Ὑȟ
ρ

ς
ὅ ὅ Ὄȟ 

Ὑȟ
ρ

ς
ὅ ὅ Ὄȟ 

and, 

Ὑȟ
ρ

ς
ὅ ὅ Ὄȟ 

where ὅ is a matrix made up of right coupling integrals, ὅ  is a matrix made up of left coupling 

integrals multiplied by a ratio of horizontal wavenumbers, Ὄ  is a matrix composed of ratios of 

Hankel functions of the first kind, and Ὄ  is a matrix composed of ratios of Hankel functions of 

the second kind. Applying the fluid-solid and solid-solid interface conditions given in (4.5)-

(4.11) to the remaining displacement potentials in (4.14) allows recursive relationships to be 

found in a similar manner for Ὁȟ ȟὉȟ ȟὊȟ ȟ and Ὂȟ Ȣ 

The source condition and boundary condition as ὶO Њ can also be expressed in matrix-

vector form as, 

       Ὓ ὛὈ▀ȟ Ὓ▀ȟ     (4.16) 

Ὓ▀ȟ Ὓ▀ȟȟ     (4.17) 

where Ὀ is a diagonal matrix containing values of  

Ὄ Ὧȟὶ

Ὄ Ὧȟὶ
ȟ 
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and ▀ is a vector containing  

Ὥὥ Ὧȟ
τ”

ɮὯȟȟᾀ Ὄ ὯȟὶȢ 

4.4 Implementation Considerations 

In order to accurately implement this technique, an appropriate depth for the lower 

pressure release interface must be found. One technique that can be used to find the best depth 

for Ὄ is to perform an analysis computing the difference in loss at τȢυ ËÍ, selecting the Ὄ value 

that results in a πȢρ Ä" difference in loss.
28

 The depth selected for Ὄ must be sufficiently deep so 

that significant energy is not returned to the water column but not so deep that the solutions of 

the coupling integrals become too large to numerically evaluate.
29

 The implementation of the 

matrix-vector system shown in (4.15) must also be considered. In order for (4.15) to correctly 

multiply, each matrix, 

Ὑȟ Ὑȟ
Ὑȟ Ὑȟ

ȟ 

must have the same dimensions. The dimension of the matrix is dependent on the number of 

horizontal wavenumbers found in each region. Physically, it is expected that in the upslope case, 

the deepest region will have the most modes and as the depth decreases, the number of modes 

will also decrease. This results in progressively smaller matrices as the regions are iterated 

through. One option that can be used to ensure consistent matrix size is to fill the remaining 

entries of the matrix with zeros once all of the modes in a region have been considered. This will 

result in a sparse matrix and require that a pseudo inverse be used when finding ▀ȟ in (4.16). 

Another option to ensure the matrices in (4.15) are all the same size is to use evanescent modes 

in addition to normal modes within the solution. This technique is more computationally 
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intensive when compared to filling the matrices with zeros since the evanescent modes in each 

region must be found prior to setting up (4.15). The evanescent modes have large imaginary 

components which will lead to the ratios of Hankel functions in (4.14) evaluating to zero. It 

should be noted that although using evanescent modes works in (4.14), if other forms of the 

ratios of Hankel functions are used, a different recursive relationship is found involving 

denominators composed of ratios of Hankel functions.
1
 If this is the case, evaluating the 

evanescent modes will result in the recursive equations evaluating to infinity.  
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CHAPTER 5 

NORMAL MODES FOR W-PHASE MOMENT TENSOR INVERSION 

In addition to being used in the field of underwater acoustics, normal modes have been 

used for years in seismology allowing for accurate synthetic seismogram calculations and the 

derivation of centroid moment tensors which provide improved earthquake characterization. 

When considering normal modes from a seismic perspective, the environment under 

consideration is now the earth rather than the ocean. In order to approximate the earth, a 

reference earth model is used in a manner similar to how the elastic Pekeris waveguide was used 

to approximate the ocean environment. Many reference earth models have been developed over 

the years such as the Spherically Symmetric Non-Rotating Elastic Isotropic (SNREI) model and 

the Preliminary Reference Earth Model (PREM) with more accurate models constantly in 

development.
31, 32

 Here the SNREI model will be used as the starting reference model and the 

PREM model will be assumed when discussing W-Phase inversion techniques.  

5.1 Normal Mode Solutions of the Earth 

Before using inversion techniques to find seismic moment tensors, a normal mode 

solution for the displacement must first be found. The displacement is governed by the 

elastodynamic wave equation, 

” ◊ ‘ɳ ᶯ ◊ ‗ ς‘ᶯ Ͻɳ◊ ╕ȟ   (5.1) 

with density ”ȟ  LamÅǲ constants ‗ and ‘, displacement ◊►ȟὸ, and forcing term ╕.
33

 The 

elastodynamic wave equation can be reduced to the wave equation used in the previous chapters, 

i.e., Eq. 1.1, by applying appropriate assumptions. Equation (5.1) can be rewritten as, 

‗ ς‘ᶯ Ͻɳ◊ ‘ɳ ᶯ ◊ ”◊ȟ   (5.2) 
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where ◊ ‬◊
‬ὸ and ╕ π for simplicity. Using cylindrical coordinates ὶȟ—ȟᾀ, let ό be 

the displacement in the ὶ direction, ὺ be the displacement in the — direction, and ύ be the 

displacement in the ᾀ direction. An assumption of axial symmetry results in no dependence on —. 

Equation A.1 may now be written in terms of displacements using the substitutions: 

Ͻɳ◊ ὶό ύȟ    (5.3) 

ᶯ ◊ π░ ό ύ ▒ π▓ȟ    (5.4) 

ᶯ ᶯ ◊ ό ύ ░ π▒ ό ό ύ ύ ▓ȟ (5.5) 

    ɳ Ͻɳ◊ ό ό ό ύ ░ ό ό ύ ▓Ȣ (5.6) 

Substituting (5.3)-(5.6) into (5.2) results in the two equations of motion, 

   ‗ ς‘ ό ό ό ύ ‘ ό ύ ” όȟ  (5.7) 

‗ ς‘
‬

‬ὶ‬ᾀ
ό
ρ

ὶ

‬

‬ᾀ
ό

‬

‬ᾀ
ύ ‘

‬

‬ὶ‬ᾀ
ό
ρ

ὶ

‬

‬ᾀ
ό

‬

‬ὶ
ύ
ρ

ὶ

‬

‬ὶ
ύ ”

‬

‬ὸ
ύȢ 

The displacements can be written in terms of potentials ‰ and ὡ as: 

    ό ‰ ὡȟ     (5.8) 

ύ
‬

‬ᾀ
‰
ρ

ὶ

‬

‬ὶ
ὶὡȢ 

Plugging (5.8) into equations (5.7) yields the two equations of motion in terms of the potentials 

‰ and ὡ. Inserting (5.8) into the first equation of (5.7) results in: 

‗ ς‘
‬

‬ὶ
‰

‬

‬ὶ‬ᾀ
ὡ

ρ

ὶ

‬

‬ὶ
‰
ρ

ὶ

‬

‬ὶ‬ᾀ
ὡ

ρ

ὶ

‬

‬ὶ
‰

ρ

ὶ

‬

‬ᾀ
ὡ

‬

‬ᾀ‬ὶ
‰

‬

‬ᾀ

‬

‬ὶ

ρ

ὶ

‬

‬ὶ
ὶὡ ‘

‬

‬ᾀ‬ὶ
‰

‬

‬ᾀ
ὡ

‬

‬ᾀ‬ὶ
‰ 
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‬

‬ᾀ

‬

‬ὶ

ρ

ὶ

‬

‬ὶ
ὶὡ ”

‬

‬ὸ

‬

‬ὶ
‰

‬

‬ᾀ
ὡ Ȣ 

Simplifying and bringing the terms dependent on ὡ to the left side of the equation and the terms 

dependent on ‰ to the right side of the equation gives, 

”
‬

‬ὸ

‬

‬ᾀ
ὡ ‘

‬

‬ᾀ
ὡ

‬

‬ὶ‬ᾀ
ὡ

ρ

ὶ

‬

‬ὶ‬ᾀ
ὡ

ρ

ὶ

‬

‬ᾀ
ὡ

”
‬

‬ὸ

‬

‬ὶ
‰ ‗ ς‘

‬

‬ὶ
‰
ρ

ὶ

‬

‬ὶ
‰

ρ

ὶ

‬

‬ὶ
‰

‬

‬ᾀ‬ὶ
‰ȟ 

which simplifies down to, 

” ὡ ‘ᶯὡ ὡ ” ‰ ‗ ς‘ᶯ‰Ȣ    (5.9) 

Inserting (5.8) into the second equation of (5.7) results in: 

‗ ς‘
‬

‬ᾀ‬ὶ
‰

‬

‬ὶ‬ᾀ
ὡ

ρ

ὶ

‬

‬ὶ‬ᾀ
‰
ρ

ὶ

‬

‬ᾀ
ὡ

‬

‬ᾀ
‰

‬

‬ὶ‬ᾀ
ὡ

ρ

ὶ

‬

‬ᾀ
ὡ

‘

ὶ

‬

‬ᾀ‬ὶ
‰

‬

‬ὶ‬ᾀ
ὡ

‬

‬ᾀ‬ὶ
‰

‬

‬ὶ

ρ

ὶ

‬

‬ὶ
ὶὡ

‘
‬

‬ᾀ‬ὶ
‰

‬

‬ὶ‬ᾀ
ὡ

‬

‬ᾀ‬ὶ
‰

‬

‬ὶ

ρ

ὶ

‬

‬ὶ
ὶὡ

”
‬

‬ὸ

‬

‬ᾀ
‰
ρ

ὶ

‬

‬ὶ
ὶὡȢ 

Bringing the terms dependent on ὡ to the left side of the equation, bringing the terms dependent 

on ‰ to the right side of the equation, and simplifying gives, 

”
‬

‬ὸ

ρ

ὶ

‬

‬ὶ
ὶὡ ‘

ρ

ὶ

‬

‬ὶ
ὶ
‬

‬ᾀ
ὡ

‬

‬ὶ

ρ

ὶ

‬

‬ὶ
ὶὡ

‬

‬ᾀ
”
‬

‬ὸ
‰ ‗ ς‘ᶯ‰ȟ 

which further simplifies to, 
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    ὶ” ὡ ‘ᶯὡ ὡ ” ‰ ‗ ς‘ᶯ‰Ȣ   (5.10) 

One way to solve (5.9) and (5.10) is to set both sides equal to zero which results in two 

equations: 

” ‰ ‗ ς‘ᶯ‰ πȟ    (5.11) 

and, 

         ” ὡ ‘ᶯὡ ὡ πȢ   (5.12) 

Rewriting (5.11) and (5.12) with,  

ὡ
‬

‬ὶ
‪ȟ 

gives the wave equations for the scalar compressional potential ‰ and the scalar shear potential 

‪: 

ᶯ‰
”

‗ ς‘

‬

‬ὸ
‰ȟ 

ᶯ‪
”

‘

‬

‬ὸ
‪Ȣ 

When using (5.1) with an earth reference model, a spherical coordinate system ὶȟ—ȟ‰ , 

shown in Fig. 5.1, is assumed. Using the SNREI model, the eigenfunctions ◊  can be written in 

terms of scalar functions Ὗ , ὠ , and ὡ  (e.g., Gilbert and Dziewonski, 1975) as either 

eigenfunctions of spheroidal normal modes,  

   „ Ὗ ► ὠᶯ ὣ —ȟ‰ȟ           (5.13)      

or eigenfunctions of torsional normal modes, 

† ὡ ►—ȟ‰ ᶯὣ ȟ 

with spherical harmonics ὣ —ȟ‰ȟ radial order ὲȟ spherical harmonic order ὰȟ azimuthal order 
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Figure 5.1: Definition of the coordinate system.
35 

 

άȢi The gradient operator ɳ is given by 

ᶯ Ᵽ
‬

‬—
ÃÓÃ—ꜚ

‬

‬‰
 ȟ 

 where ►, Ᵽ and ꜚ  are unit vectors in the directions of increasing ὶ, — and ‰.
31, 36, 37, 38, 39 

 Al l displacement at the surface of the earth can be expressed as a linear combination of the 

eigenfunctions ◊ȡ 34 

◊►ȟὸ ὥ ὸ◊ ►ȟ 

where ὥ ὸ are expansion coefficients. 

The solution to (5.1) with a forcing term at position ► given by, 

╕►ȟὸ ╜Ͻɳ‏► ► ɡὸȟ 

where ╜ is the moment tensor associated with the forcing term and ɡὸ is the Heaviside step 

                                                             
i Spheroidal and torsional modes both have horizontal components making them both necessary when modeling 
changes in the horizontal positions of sites. Only spheroidal modes have a component in the radial direction 
resulting in torsional modes being unnecessary when modeling changes in the vertical position of sites or changes 
in the rotation or gravity of the earth.31 
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function, can now be given as:
34 

        ◊►ȟὸ В ╜ȡⱠ ► ◊ ► ρ ÃÏÓ‫ὸὩ ϳ Ȣ    (5.14) 

In (5.3), ╜ȡⱠ is the contraction over two adjacent indices (i.e., ὓ ‐), ‫  is the 

eigenfrequency of the Ὧ  normal mode, ὗ  is the associated dissipation, and Ⱡ is the strain 

tensor associated with ◊ ► made up of components, 

‐
ρ

ς

‬

‬ὶ
ό

‬

‬ὶ
ό Ȣ 

5.2 Moment Tensor Inversion 

Equation (5.3) can be written in matrix-vector form as: 

ụ
Ụ
Ụ
Ụ
ợό
ȟ όȟ Ễ όȟ

όȟ όȟ Ễ όȟ

ể
όȟ

ể
όȟ

Ệ    ể   
Ễ όȟỨ

ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὓ
ὓ
ὓ
ὓ
ὓ
ὓ Ứ
ủ
ủ
ủ
ủ
Ủ ό

ό
ể
ό

ȟ   (5.15) 

where ό is the displacement at receiver station Ὥ, ὓ  is the Ὦȟὰ  component of the moment 

tensor, and όȟ is the synthetic displacement at station Ὥ computed for a moment tensor where 

only ὓ ρ.39
 The synthetic displacement can be found by letting the three components of the 

displacement at a point ὖ be given by: 

ό ὸ ὓ ό ὸȠὶȟὶ ὓ ό ὸȠ—ȟ— ὓ ό ὸȠ‰ȟ‰ ὓ ό ὸȠὶȟ—ȟ 

ό ὸ ὓ ό ὸȠὶȟὶ ὓ ό ὸȠ—ȟ— ὓ ό ὸȠ‰ȟ‰ ὓ ό ὸȠὶȟ—ȟ 

ό ὸ ὓ ό ὸȠὶȟ‰ ὓ ό ὸȠ—ȟ‰ȟ 

where, the ὴ  component of displacement due to a source ὓ ρ is given by ό ὸȠάȟὲ 

which can be found using (5.2) and (5.3).
33, 39

 The displacement at a different point ὗ with 
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Figure 5.2: W-phase centroid moment tensor inversion timeline following an earthquake 

occurring at ὸ π. Following the receipt of data, a preliminary epicenter (PDE) is determined. 

This epicenter is used to perform an inversion to find a starting estimate for the magnitude of the 

event. A grid search is then performed to find the best fitting time delay followed by another 

inversion to find a better fitting characterization of the event. A second grid search is performed 

to find the best centroid location followed by a final inversion providing the best characterization 

of the event. This is done twice, first using all stations within a υπЈ epicentral distance and then 

using all stations within a ωπЈ epicentral distance. The top figures show the final location for the 
2006 Kuril earthquake given by the preliminary epicenter estimate (PDE centroid location), an 

alternate inversion technique (GCMT centroid location), and the W-phase inversion technique 

(WCMT centroid location). The number of channels used after data screening is given by ὔ, ‎ is 

the azimuthal gap, and Ў is the epicentral distance. The horizontal axis represents increasing 
time.

42
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azimuth ɮ can be found in the same manner but with rotated moment tensor components ὓ  

used instead where, 

ὓ ὙὓὙȟ 

and 

Ὑ
ÃÏÓɮ ÓÉÎɮ π
ÓÉÎɮ ÃÏÓɮ π
π π ρ

Ȣ 

The displacements ό are recorded at each station so once the synthetic displacement 

potentials have been appropriately calculated, (5.4) can be inverted using an unconstrained linear 

least squares technique to find the six moment tensor elements. If additional physical constraints 

are known, for example, if the source is assumed to have no net volume change, i.e., ὓ

ὓ ὓ , these linear constraints can be included in the least squares inversion. The initial 

moment tensor inversion is performed using an initial estimate of the centroid position, i.e., 

longitude, latitude, and depth, of an earthquake and an initial estimate of the time-shift, i.e., a 

value that shifts the W-phase at all stations in the same direction by the same amount. 

Subsequent inversions are performed using different values for the parameters with the best 

centroid position and time-shift selected by minimizing the root-mean square waveform misfit: 

ÒÍÓ
В ό ό

ὲ
ȟ 

where ὲ is the number of stations that recorded the event, ό is the actual waveform recorded at 

station Ὦ, and ό is the predicted waveform for the Ὦ  station. A timeline showing how this 

process works in real-time scenarios is shown in Fig. 5.2. 
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Figure 5.3: W-phase arrival time. The arrival of the compressional wave is marked with a 

vertical line labeled P. The arrival of the shear wave is shown at the vertical line labeled S. The 

W-phase can be seen between these two body waves.
41 

 

5.3 The W-phase 

Each station recording data from an earthquake records the entire duration of the event. 

In order to quickly characterize the earthquake, only a portion of this recording is used. In the 

past, since the portion of the recording prior to the initial arrival of the compressional wave does 

not contain enough data to accurately characterize an event, the entirety of the recording up until 

the shear wave arrival has been used. Recently, a W-phase has been identified which uses long-

period energy arriving between the compressional and shear waves as shown in Fig. 5.3. The W-

phase contains enough information to accurately invert for earthquake characteristics without 

having to wait until shear wave arrival. Additionally, using the W-phase within the inversion has 

proven able to provide accurate and rapid results for a much larger magnitude range of 

earthquakes than previous methods.
43

 The rapid results obtained using the W-phase are useful 
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not only for real-time earthquake information but also for tsunami warning centers, allowing 

tsunamigenic earthquakes to be identified sooner.   

5.4 Double Source W-phase Inversion 

Currently the W-phase inversion technique is used only to identify single source events, 

i.e., earthquakes that can be modeled as a single point source. In reality, many events modeled as 

single sources are actually multiple earthquakes occurring near-simultaneously. An extension to 

the W-phase inversion that can simultaneously invert multiple events is therefore necessary. An 

extension to a double source event, i.e., two earthquakes occurring near-simultaneously, will be 

discussed here and in Chapter 6. The resulting double source W-phase inversion must be both 

accurate and able to perform in near real-time so that it can be used operationally in the event of 

an earthquake. When two earthquakes occur around the same time, rather than inverting for one 

moment tensor as in the single source case, a moment tensor must be found for each event. The 

displacement ό at station Ὥ will still be the same as in the single source inversion but synthetic 

displacements must now be calculated using both moment tensors. The resulting matrix-vector 

equation, an extension of (5.4), is given by: 
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ȟ Ễ όȟ
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where ὓ  is element Ὥ-Ὦ of the source moment tensor for the first event and ὓ  is element Ὥ-Ὦ of 

the source moment tensor for the second event. Similarly, όȟ
ȟ

 is the displacement at station Ὧ 

computed for a moment tensor with only ὓ ρ while όȟ
ȟ

 is the displacement at station Ὧ 

computed for a moment tensor with only ὓ ρ. The observed W-phase at station Ὥ is still 

given by ό, being a superposition of the two sub-events. The best centroid locations and time-

delays for the two events are found in the same manner as the single source case.  

Prior to an earthquake being characterized, the number of sources within the event may 

be unknown. Even following an event it is sometimes difficult to identify whether a single or 

multiple source event has taken place. In addition to the double source inversion extension, a 

method should also be implemented to identify whether an event should be classified as a single 

or double source. One possible implementation is to run both a single source inversion and a 

double source inversion and compare the two results with an Akaike Information Criterion (AIC) 

statistical test using the single source run as the first model and the double source run as the 

second model. The AIC test uses the number of degrees of freedom of each model along with 

their sum-of-squares error to evaluate the relative fit of each solution: 

Ў!)#ὔ ÌÎ
ὛὛς

ὛὛρ
ςЎ$&ȟ 

where ὔ is the sample size, i.e., the number of stations used, Ў$& is the difference in degrees of 

freedom between the two models, ὛὛρ is the sum-of-squares error of the simpler model, i.e., the 

single source inversion, and ὛὛς is the sum-of-squares error of the more complex model, i.e., the 

double source inversion.
44, 45 

If Ў!)# is negative then the more complex model should be 

selected, otherwise a single source inversion is chosen as the better fit. Incorporating this test 

following both a single source and double source inversion allows automatic model selection to  
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Table 5.1. Corner frequencies used for Butterworth bandpass filtering in the W-phase inversions. 

Corner frequencies are selected based on initial magnitude estimates. 

 

Magnitude 

Range (Mw) 

Low Corner 

(Hz)(s) 

High 

Corner 

(Hz)(s) 

- ψȢπ 0.001(1000s) 0.005(200s) 

ψȢπ -
χȢυ 

0.002(500s) 0.0067(150s) 

χȢυ -
χȢπ 

0.002(500s) 0.0083(120s) 

χȢπ -
φȢυ 

0.0025(400s) 0.01(100s) 

φȢυ -  0.0067(150s) 0.02(50s) 

 

occur. The AIC test is ideal for selecting a single source or double source model in this case 

because it accounts for the complexity of the two models and it is easily extended to generic 

multiple source cases. If a triple source is considered, the AIC test can be used to compare the 

single source and double source models first and then if the double source case is selected, the 

double source model and the triple source model can be compared in the same way. This 

comparison of models using the AIC test can then continue until the more complex model is no 

longer selected with each new comparison taking into account the added complexity of the new 

model.   

5.5  Inversion Protocol 

The double point source W-phase inversion involves four main stages.
46

 In the first stage, 

a single point source W-phase inversion is performed using the NEIC Preliminary 

Determinations of Epicenters (PDE) hypocenter. An initial magnitude estimate, obtained from 

either NEIC preliminary evaluations or from a NOAA tsunami warning center, is used to 

establish the appropriate filter; see Duputel et. al., 2012 and Table 5.1. A single source inversion 

using the matrix-vector system shown in (5.15) is performed using the least-squares technique.  
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Once the single source solution has been obtained, the double point source W-phase 

inversion is performed using the centroid parameters of the single source inversion as a starting 

point and the matrix-vector system shown in (5.16). The centroid locations of both sub-events 

being considered in the double point source inversion are fixed at the centroid location found for 

the single source solution. Since centroid locations are derived using a least squares grid search 

approach, fixing the centroid locations greatly speeds up the run time of the inversion while still 

providing an accurate characterization of the two sub-events. In the third stage, a grid search is 

applied to find the time shift pair that minimizes the root mean square (RMS) error of the 

waveform misfit. A second inversion is then performed using the optimized time shift pair. The 

final stage compares the single source model and the double point source model using Akaikeôs 

method to determine the most appropriate model for the event.
47

  

 If the double point source model is selected by the AIC test, an extended double point 

source W-phase inversion can be run to find the optimized centroid locations for the two sub-

events. In order to find the centroid locations another grid search would be applied following the 

inversion using the optimized time shift pair. The centroid grid search performs a preliminary 

depth grid search allowing the depths of both events to vary. Once a depth pair is selected, a grid 

search to find the optimal horizontal location (longitude, latitude) of the two sub-events is 

performed. Within the horizontal search the depths of the events are fixed at the optimal depths 

selected in the previous iteration. A final inversion using the optimized time shift pair and 

centroid locations yields the final solution. The results shown here use fixed centroid positions 

when running the double point source model unless otherwise specified. 
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Here, ὓ  is element Ὥ-Ὦ of the source moment tensor for the first event and ὓ  is element Ὥ-Ὦ of 

the source moment tensor for the second event. Similarly, όȟ
ȟ

 is the displacement at station Ὧ  

 

 

 

 

  

 

 

 

 

 

 

Figure 5.4: Map of the world showing all M7.5+ earthquakes that have occurred since January 1, 

2000. The events are represented by the corresponding global centroid moment tensor (GCMT) 

solution.
48,49 

The CMTs are colored according to the centroid depth of the event. 

 

5.6  Results 

In this section the results of applying the protocol previously defined, i.e., performing a 

single source inversion followed by a double point source inversion and AIC test, to earthquakes 

since January 1, 2000 with magnitudes of 7.5 or greater are presented. The GCMT solutions of 

the events selected for testing are shown in Fig.5.4, plotted at their respective hypocenter 

locations and colored according to centroid depth. The CMT solutions and magnitudes derived 

for these events using the protocol introduced in this paper are listed in Table 5.2. The table lists  

the event name, the date the event occurred and the inversion type selected (single vs double 

source) along with the derived magnitudes and CMT solutions. The inversion type listed is the  

Depths (km) 
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Table 5.2. The results from running the technique introduced in this paper for all earthquakes 

since January 1, 2000 with magnitude 7.5 or greater. The columns contain the event name, date 

the event occurred, magnitude(s), whether a single source or double point source inversion was 

used, the time delay(s) and the focal mechanism(s) obtained. Note that if a double point source 

model was selected, the magnitudes and focal mechanisms of both events are shown in order of 

occurrence. Asterisks indicate disturbed events. 
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Table 5.2. Continued. 

 

 

 

 

 

 

 

 



90 
 
 

Table 5.2. Continued. 
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Table 5.2. Continued.  
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Table 5.2. Finished. 

 

 

 

model selected by the AIC test. If a double point source model was selected, the magnitudes and 

focal mechanisms of both events are shown, in the order in which they occurred. 

It was anticipated that very few events would be classified as complex ï i.e., as double source 

solutions. This expectation is validated by the results in Table 5.2, since the majority of events 

were classified as single source events. Overall, 86% of the 81 events considered here were 

classified as single source events using the AIC test. Of the 14% of events classified as double 

source events, nine earthquakes had been previously found to be multiple point source events 

nine earthquakes had been previously found to be multiple point source events (2000 Enggano, 

2002 Central Alaska, 2007 Central Peru, 2008 Sichuan, 2009 Samoa Islands, 2012 Sumatra, 

2013 Scotia Sea, 2013 Sea of Okhotsk, 2013 Awaran), two earthquakes had been previously 

modeled only as single source events (2003 Carlsberg, 2012 Haida Gwaii), and three earthquakes 

had not been previously studied in depth (2002 Papua, 2012 Sea of Okhotsk, 2014  

Kirakira).
50,51,52,53,54,55,56,57,58,59,60

 There were also two single source events that had been found to  
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Figure 5.5:  Historical seismicity for the area surrounding the 2009 Samoa great earthquake. The 

blue focal mechanisms show events of magnitude 5.0 and greater from January 1976 to 

November 2014. The top right inset shows the corresponding W-phase two point source solution 

for the event. The global location of the event is shown in the top left inset. 

 

be multiple point source events previously (2000 Wharton Basin, 2004 Sumatra).
61,62

 Although 

the 2003 Carlsberg earthquake has not been previously modeled as multiple source events, 

studies modeling this event as a single source earthquake have suggested that a single source 

model may not be representative of the source, indicating that this earthquakes may be better 

modeled as complex.
63,64

 The magnitudes and CMTs for all of the single source solutions are in 

agreement with those found by the USGS and the GCMT group. The magnitudes for the double 
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source solutions are either in agreement with published literature, when such research has been 

performed, or sum to a moment similar to that given by the USGS and the GCMT group. 

In order to provide a more in-depth analysis of the technique presented in this paper, in 

the following section the full results of the procedure introduced here are described for two of the 

events in Table 5.2; the September 29, 2009 Samoa earthquake and the April 19, 2014 Pangua 

earthquake.  

A. Double Source Model ï 2009 Samoa Great Earthquake 

The 2009 Samoa great earthquake was found to be a two point source event using the 

presented technique and has been previously identified as a multiple source event by other 

authors.
50,65

 In order to provide a full description of the two point source inversion procedure, the 

results of the inversion, the results of all grid searches performed, and a comparison of 

waveforms are presented here. The W-phase solutions found using the two point source 

inversion are shown in the inset of Fig. 5.5. These CMTs were derived using a fixed centroid 

location corresponding to the centroid location of the single source solution. The W-phase 

double point source inversion infers a normal faulting sub-event followed by a thrust faulting 

sub-event. Both events are consistent with the results of previous studies of this complex 

earthquake.  

Prior to finding the two solutions shown in Fig. 5.5, a single source solution was derived. 

The CMT of the best single source solution is shown in Fig. 5.6a alongside a cross section of the 

inferred, single source slip distribution derived by the NEIC in the hours after the earthquake.
66

 

This event had a large amount of slip surrounding the hypocenter with significant rotation seen 

in the rake vectors. The significant rotation of the rake vectors along with the poor fit of the 

single source mechanism with long period Rayleigh Waves (left column of Fig. 5.6b) indicates a  
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Figure 5.6: (a) Single source moment tensor W-phase inversion solution shown alongside a cross 

section of the slip distribution for the September 29, 2009 Samoa event. (b) Surface wave motion 

for simple and composite models. Ultralong period (774s-1000s) Rayleigh-wave motions (black) 

for the W-phase point source solution (red, on left) and for the W-phase double source solution 

(red on right). The W-phase interval is indicated by the red dots on the traces. 

 

Figure 1. (a) Single point-source moment tensor W-phase inversion solution shown alongside a cross section of the 

slip distribution for the September 29, 2009 Samoa event. (b) Surface wave modeling for simple and composite 

models. Ultralong period (774-1000 s) Rayleigh-wave motions (black) for the W-phase point source solution (red, on 

left) and for the W-phase two-point source solution (red, on right). The W-phase interval is indicated by the red dots 

on the traces.
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potentially complex event, which may need a multiple point source solution. The left column of 

Fig. 5.6b shows the predicted ultralong period Rayleigh-wave motions, in black, for the single 

source solution, versus the observed W-phase waveforms in red. The single source solution 

shows discrepancies in both phase and amplitude. Such discrepancies, especially with regard to 

phase, suggest that the single source solution may not be fully describing the event. 

After performing the W-phase single source inversion, a two point source inversion is 

performed. Figure 5.7a shows the focal mechanisms derived for the two point source solution. 

For operational-based, real-time double point source W-phase inversions, the centroid location of 

both events is initially fixed at the centroid location of the single source event, to save 

computation time. The fixed location for this event is shown in Fig. 5.7b. It was found that this 

constraint does not notably influence the results of the inversion while it significantly decreases 

the time taken to derive the final solutions. The result obtained from the time shift grid search 

performed during the double source inversion is shown in Fig. 5.7c, implying that the initial 

normal event occurred at a time delay of 35 seconds and was followed by a thrust event with a 

time delay of 115 seconds. The right column of Fig. 5.7b shows a comparison with the 

subsequent two point source solution at the same stations used for the single source solution. The 

phase and amplitude discrepancies have been corrected, implying that the two point source 

model provides the better solution. The AIC test performed for the single source and double 

source inversion also indicates that the double source model should be selected. Figure 5.8 shows 

the results of a double source W-phase inversion if a centroid grid search is also performed. In 

this case the focal mechanisms of the two solutions still show that there was a normal event 

followed by a thrust event, occurring at around the same times as in the fixed centroid solution; 

however now the thrust sub-event has a larger magnitude (8.35 vs 8.04) and the second sub-  
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Figure 5.7: (a) The focal mechanisms obtained using the two point source W-phase inversion 

technique for the September 29, 2009 Samoa event. (b) Location of the event (red star) using a 

fixed centroid location based off of the single source W-phase inversion solution. (c) A sample 

of the point source time delays explored for the two sources. The color of each point corresponds 

to the RMS error with respect to the minimum error. A gold star marks the selected point source 

delay times at 115 seconds along the source 1 axis and 35 seconds along the source 2 axis. 
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event has been relocated to the north-west of the initial event. Figure 5.8b shows the new 

centroid locations of the two events. Since the centroids were allowed to differ from the single 

source event location, grid searches were performed to find the optimal depths, and horizontal 

locations. The results of the searches are shown in Fig. 5.8c and Fig. 5.8e.  

Previous published literature has found that the 2009 Samoa event was actually three sub-

events: a MW 8.1 normal sub-event followed by two MW 7.8 thrust events.
50

 The initial normal 

event was modeled to describe the first 60 to 100 seconds of the source process, while 

subsequent energy was attributed to the triggered thrust sub-events. Since a maximum of two 

events are used in the double source inversion technique, the two thrust sub-events of the Lay et. 

al. study were combined into the single thrust sub-event shown in Figs 5.7 and 5.8. This merging 

of the two Mw 7.8 sub-events explains the larger magnitude (Mw 8.04) of the thrust event found 

in this study. The time shifts found here for the two sub-events are also consistent with the time 

shifts found for the three sub-events by Lay et. al., with the single thrust sub-event of this study 

corresponding to the later of the two thrust sub-events in the Lay et. al. study. If the depths of the 

two events are fixed at 18km (as was done by Lay et. al.) and the time shifts are set to correspond 

to those selected by Lay et. al. for the first two sub-events, the results shown in Fig. 5.9 are 

obtained. These adjustments result in a Mw 8.03 normal sub-event followed by a Mw 8.02 thrust 

sub-event occurring to the southeast of the original sub-event, within the Tonga subduction zone. 

These results are in agreement with those found by Lay et. al.
50

 Constraining components of the 

inversion to fit the finite fault model, seismic wave data, or the tectonic setting of the event, as 

was done here for the 2009 Samoa great earthquake, can also be attempted in real-time to obtain 

more accurate results, if preliminary results from unconstrained searches seem questionable. 

Another example of this approach can be seen in Fig. 5.10, which describes results from 
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Figure 5.8: (a) The focal mechanisms obtained for the 2009 Samoa event using an unconstrained 

centroid grid search. (b) Location of the first (gold star) and second (red star) sub-events using a 

centroid grid search to determine optimum locations. (c) The horizontal locations explored using 

the centroid grid search. The color of each point corresponds to the RMS error. A gold star 

marks the selected location for the first sub-event and a green star marks the selected location for 

the second sub-event. (d) A sample of the point source delays explored for the two sources. The 

color of each point corresponds to the RMS error with respect to the minimum error. (e) The 

depths explored using the centroid grid search where color corresponds to the RMS error with 

respect to the minimum error. 
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Figure 5.9: (a) The focal mechanisms obtained using the two point source W-phase inversion 

technique for the September 29, 2009 Samoa event using a centroid grid search with depths and 

time shifts fixed to correspond to Lay 2010. (b) Location of the first (gold star) and second (red 

star) event using a centroid grid search to determine optimum locations. The blue shading 

indicates depth to slab in km.  (c) The latitude and longitude locations explored using the 

centroid grid search. The color of each point corresponds to the RMS error. A gold star marks 

the selected location for the first event and a green star marks the selected location for the second 

event. 
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Figure 5.10: (a) The focal mechanisms obtained using the double source W-phase inversion 

technique for the 2008 Sichuan event using a centroid grid search with fixed dips. (b) The 

horizontal locations explored using the centroid grid search. The color of each point corresponds 

the RMS error. A gold star marks the selected location for the first sub-event and a light blue star 

marks the selected location for the second sub-event. (c) A sample of the point source delays 

explored for the two sources. The color of each point corresponds to the RMS error with respect 

to the minimum error. A gold star marks the selected point source delay times at 37 seconds 

along the source 1 axis and 77 seconds along the source 2 axis. (d) Location of the first and 

second sub-events using a centroid grid search with fixed dips to determine optimum locations. 
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performing a double point source inversion for the 2008 Sichuan earthquake. The finite fault 

model of the Sichuan event suggests that a thrust event near the hypocenter was followed by a 

strike-slip sub-event to the northeast.
 
In order to remain consistent with the finite fault model, the 

dip of the first event is constrained to 33 degrees and the dip of the second event to 60  

degrees prior to the inversion. Constraining the inversion in this manner resulted in a Mw 7.81 

thrust sub-event followed by a Mw 7.63 strike-slip sub-event to the northeast, consistent with 

other studies.
55

   

The depths, time shifts, and focal mechanisms selected when using a time shift grid 

search followed by a centroid grid search are very similar to those selected when performing 

only a time shift grid search, but result in a much slower run time. Since the solutions derived 

using only a time shift grid search are acceptable, it is preferable to use this inversion technique 

during real-time operations, reserving the centroid grid search inversion for research purposes 

only. 

B. Single Source Model ï 2014 Panguna Earthquake 

The 2014 Panguna Earthquake was selected to represent a full run for a single source 

event. The Panguna earthquake was a magnitude 7.51 event that occurred near Papua New 

Guinea, on April 19 (Fig. 5.11). The single source solution selected using two-stage inversion 

technique developed in this study is shown in the inset of Fig. 5.11. The CMT was found to be a 

thrust event (Fig. 5.12a) and is consistent with other historic earthquakes in the area. A time shift 

of 12 seconds was selected using the grid search, agreeing with the moment rate function derived 

for the event.
66

 Additionally, the cross section of the slip distribution shown in Fig. 5.12a shows 

consistent slip throughout the rupture, suggesting a single source estimate can fully describe the 

event. Figure 5.12b compares the data and synthetic waveforms using a passband of 0.002 - 
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Figure 5.11: Historical seismicity for the area surrounding the 2014 Panguna earthquake. The 

blue focal mechanisms show events of magnitude 5.5 and greater from January 1976 to 

November 2014. The bottom left inset shows the corresponding W-phase point source solution 

for the event. The global location of the event is shown in the top right inset. 

 

0.0067 Hz, showing good agreement between the two. In order to ensure that a double source 

model would not provide any improvements upon the single source solution, the ultralong period 

Rayleigh-wave motions were compared to predictions for the W-phase point source solution and 

for the W-phase two point source solution. Unlike the results of this comparison for the Samoa 

earthquake (Fig. 5.13a) using a two point source solution did not improve waveform fits for the 

Panguna event (Fig. 5.13b). In addition to the lack of improvement seen in waveforms when 

extending from a single to a double source, the AIC test also indicates that a single source model 
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Figure 5.12: Moment rate function and double-couple focal mechanism shown alongside a cross 

section of slip distribution for the April 19, 2014 Panguna event. (b) Representative data (black) 

and synthetic (red) waveforms using a passband of 0.002 - 0.0067 Hz. The red dots indicate the 

W-phase interval. 

 

Mw = 7.51

ts = 12s

94% thrust event

Figure 3. (a) Moment rate function and double-couple focal mechanism shown alongside a cross section of slip 

distribution for the April 19, 2014 Panguna event. (b) Representative data (black) and synthetic (red) waveforms 

using a passband of 0.002 - 0.0067 Hz. The red dots indicate the W-phase interval.

HIA(IC,00,LHZ)

-0.12

-0.09

-0.06

-0.03

0.00

0.03

0.06

0.09

m
m

0 1000 2000

sec

( f ,D ) = 335.0Ü, 63.7Ü
TAOE(G,00,LHZ)

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

m
m

0 1000 2000

sec

( f ,D ) = 96.6Ü, 64.2Ü
NWAO(IU,00,LHZ)

-0.30

-0.15

0.00

0.15

0.30

0.45

m
m

0 1000 2000

sec

(f ,D ) = 228.3Ü, 43.7Ü

CAN(G,00,LHZ)

-0.36

-0.24

-0.12

0.00

0.12

0.24

0.36

m
m

0 1000 2000

sec

( f ,D ) = 190.2Ü, 29.0Ü
TARA(IU,00,LHZ)

-0.54

-0.36

-0.18

0.00

0.18

0.36

0.54

m
m

0 1000 2000

sec

( f ,D ) = 66.4Ü, 19.6Ü
EGAK(US,00,LHZ)

-0.06
-0.05
-0.04
-0.03
-0.02
-0.01
0.00
0.01
0.02
0.03
0.04
0.05

m
m

0 1000 2000

sec

(f ,D ) = 22.7Ü, 85.3Ü

(a) Model for single-source event

(b) Representative data and synthetic waveforms



105 
 
 

 

Figure 5.13: (a) Ultralong period (774-1000s) Rayleigh-wave motions (black) compared to 

predictions for the W-phase point source solution (red, on left) and for the W-phase two point 

source solution (red, on right) for the 2009 Samoa earthquake. (b) Ultralong period (774-1000s) 

Rayleigh-wave motions (black) compared to predictions for the W-phase point source solution 

(red, on left) and for the W-phase two point source solution (red, on right) for the 2014 Panguna 

earthquake. In both figures that W-phase interval is indicated by the red dots on the traces. 
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is most appropriate for this event. Since no improvement was made to the predictions for the W- 

phase solution when a two point source case was considered, the AIC test recommends a single 

source model, and since the single source solution has excellent agreement with the moment rate 

function, representative data, and historical seismicity, it was concluded that a single source 

model provides a better representation for this earthquake. 

5.7  Conclusions 

The double source W-phase inversion has proven to be a quick and accurate way to 

characterize complex earthquakes. Results can be obtained in real-time, with an average run time 

of 25.7 minutes on a quad-core CPU system with Intel Xeon E5620 processors running at 

2.4GHz, by performing a time delay grid search with fixed centroid locations within the 

inversion. Including a centroid grid search allows for more in-depth evaluations after an initial 

estimate of the double source has been derived. The ability to use either only a time shift grid 

search or a full centroid grid search makes this technique useful for both real-time and research-

based scenarios. Additionally, using an AIC test has proven to be a reliable technique for 

selecting the optimal model from either the single source or double source cases. 

It has been shown that the double source W-phase inversion technique used in 

conjunction with an AIC test can be successfully applied to very large earthquakes (Mw Ó 7.5). In 

the future this technique could be extended to characterize N-source events in a similar manner, 

using an AIC test to determine the optimal number of sources that should be used to model the 

event. 
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