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ABSTRACT

Knowledge of wave propagation in elastically aniso-
tropic materials has long been a topic of interest. A
system of particles, called cuboids, is developed in which
elastic constants (compressional and shear) can be
theoretically calculated as a function of stress in
three mutually orthogonal directions. These stress
dependent elastic constants are then used in the solution
of the wave equation. This results in three solutions
for velocity and particle motion, which correspond to three
body phases of propagation, in any arbitrary direction
through this anisotropic medium. As this is done for
many arbitrary directions, the spatial variation of
velocity and particle motion is defined for each phase
of propagation.

The spatial variation of the body wave velocity in
elastically anisotropié materials can be 10% or more.

The magnitude of this change in velocity with direction

is found to be primarily affected by the relative magni-
tude of the shear modulus. Materials which show low VS/Vp
ratios can be expected to show large (greater than 10%)

ébatial changes in velocity.
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Particle motion of the three body waves P, SH, and
SV can be described as longitudinal, transverse-horizontal,
and transverse-vertical, respectively. In materials
showing elastic anisotropy these vibration directions
are skewed as much as 5 - 10° from the assumed vibration
for compressional waves and as much as 45o for the
transverse waves.

The results of this paper can be summarized briefly

in the following conclusions:

- The spatial variation of both the compressional
and shear velocity is large enough (5 - 10%) to
be seen with modern recording equipment.

-~ The magnitudé of the velocity variation is
dependent on the relative value of the shear
modulus.

- If the velocity and particle motion of the com~
pressional and shear waves are known, the relative
magnitude and orientation of the stresses can be
determined.

- The particle motion of the plane wave does not
correspond to that of the conventional far-field
seismic modes of propagation (P, SH, Sv).

iv
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INTRODUCTION

Scope of Work

During the last fifteen years attempts have been made
to determine in situ stress levels in earth materials using
seismic waves. Seismologists have obtained mixed results
studying VS/Vp ratios as indicators of present or changing
stress levels. For the most part these studies have been
related to earthquake precursor phenomena and the like.
Their work in general does not consider the spatial varia-
tion in velocity, but rather the change in velocity, with
respect to time in one or two directions.

This paper offers a theoretical explanation'of the
spatial variation of velocity and particle motion as
observed in an elastically anisotropic material. This
can be related to anisotropic stress systems by assuming
that the elastic anisotropy ié due to stress. It is found
that relative stress levels can be determined along with
their orientation if detailed examination is made of all
body phases of propagation. Some of the effects which are

crucial in the determination of the stress system are
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subtle and may not be observable with conventional instru-
mentation. The method and ideas presented offer an
alternative interpretation to existing data and suggest
phenomena which might hold the key to determining in situ

stress levels.
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Background

Detailed knowledge of the velocity and particle motion
of a seismic wave may lead to a determination of the stress
environment. From the results presented here it is seen
that this may indeed be possible. A theoretical model of
a porous material is used to calculate the necessary elastic
constants. These elastic constants are then used in the
solution of the homogeneous wave equation. Solutions of
this equation define the velocity and particle motion of
a plane wave traveling in an arbitrary direction.

The elementary particle of the model is called a
cuboid. A cuboid is a cube with spherical caps on each
face. Figure 1l-b is a side view of a cuboid. These
particles are assembled in a simple cubic packing as
shown in Figure l-a. As shown in the figure, this type
of packing has three orthogonal axes, each of which is

oriented normal to a face of a cube.
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Cubic packing and Cuboid
(with caps dotted)

It can be seen that if the radius of the spherical
cap were changed, the porosity of the packing would also
change. Previous models of porous materials utilized
packings of spheres. White (1965), Gassman (1951) and
others used packings (simple cubic, hexagonal, etc.) of
uniformly sized spheres. Brandt (1955) used a very com-

plicated packing of randomly sized spheres to approximate
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low porosity materials. In the packings of uniform
spheres the relation for stress and strain are simple

but the porosity must remain fixed. In the packing of
randomly sized spheres the porosity is low but all
mathematical descriptions are complicated. The prime
advantage of the cuboid modei is the mathematical sim-
plicity of uniform curvature at the contacts and a poros-
ity which can be selected over a wide range.

The fundamental equations in thé development of this
thesis are those which describe the behavior of two identi-
cal spheres in contact. 'These relations were derived by
Hertz (188l). A good discussion of Hertz's theory can be
found in White (1965) and Love (1944). If the assumption
is made that all the deformation takes place in the neighbor-
hood of the contact, then these equations can be used to
describe two cuboids in contact at a spherical cap. Gassman
(1951) considered a hexagonal packing of uniform spheres and
determined the velocity and ray paths of an elastic plane
wave traveling only vertically or horiiontally. In his
derivation of compressional and shear elastic constants he

neglects the effects of the tangential forces producéd at
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the contacfs between spheres. This leaves the development
of his work somewhat incomplete. Mindlin (1949) developed
relations for the téngential compliance of uniform spheres
in contact. In a later paper Mindlin and his co-workers
(1951) continued the investigation into tangential forces
and how attenuation occurs. This work led to conclusions
that when two spheres are in contact and subjected to a
tangential force, slip takes place in an annulus around
the area of contact. White (1966) carried this line of
thinking further by proposing that this slip is one of‘the
main sources of attenuation in the propagation of a seismic
wave.

White (1953) has published work relating to velocity
as a function of stress in a simple cubic packing of
spheres. In this paper he uses Hertz's relations to
develop expressions for the axial elastic constants
(compressional and shear) in thé sphere pack. These
relations show good gqualitative agreement with experimental-
results for velocities in near surface formations. In a
later paper (White, 1964) he again uses the simple cubic

packing of spheres, but this time presents some relations
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for the two dimensional variations of compressional and
shear velocity, which he concludes to be of a negligible
amount. From the work of these authors certain conclu-
sions can be summarized, which are also examined in this
thesis:

1) velocity should be approximately proportional
to the sixth root of pressure,

2) velocity is relatively constant with respect
to azimuth in a simple cubic packing of
spheres,

3) a qualitative comparison between sphere pack
models and e#perimental data for wvarious
granular media, shows good agreement (White,
et al, 1953, Brandt, 1955).

Out of necessity this thesis is of a limited scope.

The cuboid packing was considered to be without pore
fluids. Arbitrary stresses were applied only in the axial
direction in two configurations. In Case I the three
axial .stresses were set equal to a value of arbitrary
magnitude (QX =0, =0, = 11.9 bars). Case II had the

y

stresses in the x and y directions 20% less than that in
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the z direction (ox = cy = 9,52 bars, Oz =.ll.9 bars).
The curvature of all of the spherical caps was the same.
A plane sinusoidal elastic wave of arbitrary frequency
(wavelength assumed long with respect to the cubéid) was
used in the solution of the wave equation. Since the
results are independent of frequency (in the low frequency
range), the expressions apply directly to transient
waveforms as well. Attenuation was not considered.
The results of this thesis can be summarized briefly
"in the following conclusions:

- The spatial variation of both the compressional
and shear velocity is large enough (5 - 10%)
to be seen with modern recording equipment,
under favorable conditions.

- The magnitude of the velocity variation is
dependent on the relative value of the shear
modulus.

- If the velocity and particle motion of the
compressional and shear waves are known, the

relative magnitude and orientation of the

stresses can be determined.
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- The particle motion of the plane wave does not
correspond to that of the conventional far field

seismic modes of propagation (P, SH, SV).
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THEORY

In this section the necessary relations are developed
to describe the elastic behavior and are applied to the
solution of the wave equation. A presentation is also

made of the method of solution of the wave equation.

The Model

A simple cubic packing of cuboid particles is used
to develop relations between stress and strain. These
elastic constants are then used in the homogeneous wave
equation in order to find solutions corresponding to the
~velocity and particle motion for plane waves. There are
two distinct advantages to the cuboid model: First, at
the contact, there are two spherical surfaces in contact.
This allows the retention of the relations developed for
two spheres in contact. Secondly, QinCe the radius of.
the cap is arbitrary, the porosity and elastic moduli
can be readily modified without complicating any of the
relations. These changes cannot be made in the conven-

tional sphere pack without complicating all relations.
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Figure 2 illustrates the geometry of a general contact.
Two cuboids, of cap radius A, are compressed by an axial

force G distributed across the face of the unit cube. Due

Figure 2

Geometry of Cuboids in Contact
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to the application of this axial force, the centers of the
two cuboids approach one another by a distance S (White,

1965) :

'1/3

(1)

where E is Young's modulus and Vv is Poisson's ratio. The
two surfaces come into contact over a circular area of

radius B:

1/3
B = [3(1 - mi—i} (2)

Before these equations can be applied to the cuboid
model, an assumption must be made. This can be stated
as follows:

- All significant deformation is confined to a
volume, around the contact, which is small
compared to the volume of the cuboid.

In other words stresses in one axial direction do not

influence stresses in the transverse directions. This can

also be stated as the stress in one axial direction has no
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effect on the compressional velocity in the transverse
directions.

This assumption can be supported by some experi-
mental work (Benzing, et al, 1973). Figure 3 is taken
from Benzing (1973) and shows the resﬁlts of his work
with compressional waves in rock cores. Cylindrical cores
were cut from granodiorite samples and subjected to various
values of axial stress (0,) and confining stress (o,).
Compressional waves were then propagated in either the
axial or diametral directions, with travel time being
recorded. In Figure 3-a the compressional wave was propa-
éated in the diametral direction, at a constant confining
pressure, with increaéing axial stress. Over the range of
stresses, well within the‘elastic range, there ié no
measurable change in the travel time. In Figure 3-b
the compressional wave is propagated in the axial direction
at a constant confining pressure and increasing axial stress.
For this case the travel time decreases (or velocity increases)
a large amount. This figure also shows that it makes little
difference if the stresses are hydrostatic (o; = o0,) or

uniaxial (0,>>0,). Figures C and D show the same effects
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for other combinations of propagation direction and stress
direction. Taken together these results support the
assumption that velocity is unaffected by stresses oriented
normal to the direction of propagation, provided that the
stresses remain within the elastic limits of the material.

A restriction imposed on this model is that the
stresses remain within the elastic region. This requires
some arbitrary failure criterion to determine when a
stress is too great. The maximum stress allowed for any
value of A will be that which produces radius of contact
greater than one-tenth the size of the cap. In other words,
when B becomes greater than one-tenth r (one-half the length
of the cuboid edge) the model is arbitrarily assumed to have
reached the elastic limit.

From the geometry of the contact area, Figure 2, and
that of the cuboid particle, it is not difficult to calcu-
late the porosity of an unstressed packing as a function
of the cap radius A. The derivation appears in Appendix B
and the result is shown in equation (3):

A s [2—0058(2 +HSin28ﬂ + 4r°@ (3)
4(r + A(L - CosB))’

Porosity = 1 -
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This equation is presented graphically in Figure 4. A
maximum porosity of 67% is obtained when A/r = 1. At

A/r = 100 the void space is about 1% of the total volume.
As the cuboid pack undergoes loading and is compacted, the
porosity is slightly reduced. The total change in poros-
ity at the failure criterion for any value of A/r, amounts
to less than 10% of the initial value. This means that
the bulk density will increase by a small amount at low
porosity. Since the velocity is inversely proportional

to the square root of the bulk density, this gffect will

not be significant.

The Elasticity of the Cuboid Packing

.
The compressional elastic constant is written as the

ratio of incremental normal stress to incremental strain.
White (1965) presents the relation between incremental
force and incremental displacement for two spheres in

contact as,

Nl/3
A6 _ |3aE’G (4)
As 4(1 - v2)2
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Figure 4

ie porosity of a simple
cubicpacking of cuboids is shown
as a unction of A/r. The packing
is untressed and is the maximum
bPossijle porosity. When the pack
is stressed the porosity will de-
crease gbout 10% (of the initial

value), at the highest stress applied.
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\
where G is the preloading normal force. Through the

previous assumption this equation for two spheres can
also be used for two cuboids in contact. The additional
normal force, 4G, is assumed to be distributed evenly
over the face of the -unit cube yielding an average stress

AE, of,

" DD (5)

where D is the distance between the centers of two cuboids

along the appropriate axis and is written as,

D= 2{r + A(1 - CosB) - S/2} (5a)

The additional displacement, AS, due to the incremental

force AG can be written as an average strain Ag

The compressional elastic constant in an axial direction,

for the cuboid array is written as,
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P
x = AP

P Ae
Realizing that in this model the differences between Dx'
Dy and Dz are insignificant, equations 4, 5 and 6 can be
combined to express the axial compressional elastic

constant as,

1/3
1 3AE®G
Kp ) [;(1 - VZ)J (7)

wherein V is the Poisson's ratio of the material of which
the cuboid is composed. From this expression (7) the

compressional velocity can be written as,

K |1/2
V=—_E'-: ’
P |5
where S; the average density is written as o= (1 - ¢)Ds

(9 is the porosity and pS is the density of the cuboid
material).

In Figure 5 the velocity is plotted as a function of
depth in a gravity loaded simple cubic packing of cuboids,

for various values of A/r. .Depth'was plotted instead of
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stress, because for any value of cap radius the bulk
density is different. Hence, the preloading force, G, is
a different function of depth. This preloading force, G,

can be written as a function of depth as,
G = (;.g z D?)

where z is depth and g is the acceleration of gravity.
The velocity can now be written as a function of depth

in the form,

1/2

1 (3ar? z 1/3
Vp= 5 [4(1 - v?)? (pg Da

The dotted curve labeled, W, is the velocity-depth
relation calculated by White (1965) for a gravity loaded
simple cubic packing of spheres. The results for the
sphere pack can be directly compared with a simple cubic
packing of cuboids of A/r = 1. In making this comparison
it is found that the cuboids velocity should be 1.05 of

the dashed curve for the sphere pack velocity.
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>f the shear elastic constant proceeds

of argument. Figure 6 shows some

Figure 6

etry of cuboids in contact
r shearing force.



. 23
T-2043

For a simple cubic packing of spheres, the relation between
incremental values of shear force AG' and incremental shear

displacement, - 4S', is given by White (1965) as,

AG' _ (6(1 - v?) AEZG)V3
AS' (2 = v) (1 + v)

(8)

where G is the normal preloading force. In the sphere
pack (Figure la) two equal and opposite incremental shear
forces, of magnitude AG', cause the spheres to rotate
until a compensating torque is provided by horizontally
adjacent spheres. Each of these four forces has a magni-
tude of AG'. This argument is applied to the cuboid model
by assuming that all significant deformation takes place
in a small volume around the contact. In addition, the
cuboid model does not require the axial preloading forces
to be equal.

As in the sphere pack, an incremental shear force
exists across each contact and the resulting shear displa?e-
ment across the contact is dependent on the preloading
forcé normal to the contact, In Figure 6, a force, AG!',

oriented in the y‘direction is applied across the contacts
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normal to the x direction. A displacement of AS'X occurs
at these contacts and AS‘y is produced across the contacts
normal to the y direction. These displacements are unequal
because the axial preloading forces Gx and Gy are unequal.

The total shear displacement is AS' and is,
AS' = AS'X + AS'Y (9)

The averége shear strain is then written as
Ae = __; (10)

The shear force AG' is distributed across the face of the

unit cube. The average shear stress Aﬁs,

— AGI
Aps = 0D (11)
Y Z

The shear elastic constant for incremental shear stress

in the axial direction is written as

A
K = -5 _ AGt 1 faG!
s - AS'* T D £S' + AS
X %

A€
S

(wh =
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Substituting the previous equations and simplifying the

shear elastic constant becomes,
1

o 1/3
_ _ 1 [ (6(1-v®)AE?) 1
Cee =% =0 ( (2-v) (1+v) ] 173 T 1/3 (12)

G G
X Yy

K. in this case is the shear modulus Cgg. The C,, and Css

s
moduli are found similarly. The speed of a transverse
wave travelling along the -x-axis with motion in the

y-direction (or travelling in the y-direction with motion

along the x-axis) 1is,

In actual practice the difference between Dx' Dy and DZ

is small enough to be discounted.

The Solution of the Wave Egquation

In a/Simple cubic packing there are three orthogonal
axes of orthotropic symmetry. These are the direction in
which the forces are applied and the elastic constants are

calculated. Figure 7 shows the three axes (x, y, and z)
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and the two elastic constants calculated for each dir-
ection (one compressional and one shear). These elastic
coefficients are written as they appear in the equations.

The C;,, Czz, Css constants are compressional and the

Csas Css, Cgs values are the shear constants.

z
C33.Ce6
Y
C22,Cs5
x/ C11:Caa
Figure 7

Coordinate axes and associated elastic
constants.

26
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Now that the elastic constants have been defined the expres-
sions for the propagation of a plane wave, through this
model, will be derived.

The homogeneous wave equation can be written, for
plane waves of small amplitude, as,

2
o 801 = Y44 (12)

ot= 9% .
j

where Ui is the particle displacement along the ith axis

and Yij summation over repeated indices assumed can be

written as,

y, = (12a)
ij e, |
1]
and,
ouU,
e,. = i i=73
+J 9x
J
U U,
=0 i+ 8_] ;1L # 3
X, oxX.
J i

where W is the strain energy density function. For this
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particular model this function is written as,

2 2 2
2W = Cy,e%1,+Co5e",,+C33e 35+

2(Cizeyy1e224Ciz3e1,e55+C 3@, e33) +

2 2
C44e 23+C55e231+C65e 12

where the Cij terms are the appropriate elastic constants
and °iy the strains. From the assumption which was made
earlier, that stress‘changes along an axis do not affect
stresses in the transverse directions, it can be stated
that,

e
9 ©

¢
Cip =Cz5 =Cy53 =0 n ,J4f
e
Y *

'This simplifies the strain energy density function W to,

2 .2 2 2
2W = C1e%11+C5& 22+C33¢e 33+Cuse 25+

2 2
Ccge 371Csse 12 (13)

The component of particle displacement on the ij axis

can be written as a time variant function of the form,
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Uj = A, exp {in(a,x;ta,Xz+ azxXs- vtk

3
3 =1,2,3 (14)

where Aj is the amplitude of the particle motion on the
jth axis, i1 is the imaginary number “véij n is an arbi-
trary wave number, a1, 5,z is the direction cosine between
the direction of propagation and the l,2,3th axis, and v
is the velocity of the plane wave.

Differentiating sfatement 14, with respect to time

and space, results in terms of two types as shown below,

92U,

= —Ajnzvzexp in (o %X+ ayXg+azXs~-vi)}
2

ot

and

92U,
s

8Xk8Xm

_Ajnzakamexpﬁﬁn(alx1+a2x2+a3x3—vtn

There now exists three equations which describe the propa-

gation of a plane wave through an orthotropic material.
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These equations are written together as the product

of a two dimensional matrix of elastic constants (Kij)

and a vector of amplitude coefficients (Aj), which is set

to zero.
(K..) (A.) =0
]

This is written in an expanded form as,

[g]_] [Cssalag] [Cssd.lC(.a] A,
[Cssalaz:‘ [Qz] [C44C12C13:! Ay =0 (15)
[Cssalaaj [Cosazazl [C5] Az
where,
¢, = Cria? + Ceeal + cssag - pv?
C.?, = Cea&% + ng@% + C440.§ - sz
Ca = Cssal + Chpaaf + Cggaf - pv®

Equation 15 is now solved for its eigenvalues pv?® and

eigenvectors (Aj) which correspond to solutions for velocity
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and vectors which describe parEicle motion. In order to
solve for the eigenvalues, the determinant of the matrix

Kij is set equal to zero.

‘Kij‘ =0

This matrix is real and symmetric, as such there should
be three real solutions. Each of these three eigenvalues
is then substituted into equation 15. For every eigen-
value there is a solution of vector Aj corresponding to
an eigenvector. Thése éigenvéctors correspond to the dir-
ection of particle motion and are mutually orthogonal. .
There are now three solutiqns, each consisting of an
eigenvalue and an eigenvector. The three eigenvalues
are generally unequal, and correspond to the velocity of
propagation. For any arbitrary direction of prbpagation,
the three solutions were labelled on the basis that the
velocity should be a continuous function of direction.
One of the three solutions (labelled lohgitudinal) is a
high velocity phase with a particle motion almost parallel

to the direction of propagation. The other two solutions
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(Labeled tl1 and t2) have slower velocities (generally
unequal), with particle motion in a plane almost normal
to the direction of propagation.
In order to facilitate the visualization of the
)

particle motion a new set of cartesian axes was devised.

In Figure 8 the new system axes (L, T Tv) are rotated

h’
relative to the x, y and z axes, first by an amount 0

around the z-axis in the y direction, then in a clockwise

direction about the Th axis by an amount (90 - g.)

Figure 8
Geometry of propagation
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This leaves the Th axis in the x-y plane. Only the
positive axes are shown in the figure. The L axis
(longitudinal) is also the direction of propagation, the
Tv axis (transverse-vertical) and Th axis (transverse-
horizontal) are in a plane normal to the direction of
propagation. From a seismological point of view the L
axis is the P-wave axis with TV being the SV and Th the
SH axes. The amplitude of the vibration on these three

axes clearly illustrates the effect of elastic anisotropy

on the particle motion.
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RESULTS

In the previous section, relations describing the
velocity and particle motion of a plane wave were found.
This section is a presentation of the results of these
relations. The results are presented, but an interpre-
tation of them is left to thé following section. A
primary aim here is to obtain a good understanding of
what was found so the meaning of these findings can be
‘discussed and interpreted later.

The results were obtaingd from a model consisting
of a simple cubic packing of cuboids with an arbitrary
cap radius. The details of this arbitrary model can be
studied and extended to models of other cap radii. The
material properties of the cuboid particles were arbi-

trarily assumed to be those of quartz:

Density = 2.65 (grams/cc)
Young's Modulus = 102 (dynes/cm?)
Poisson's Ratio = 0.15

The cap radius A is measured in units of r (one-half the

34
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length of the cube edge. This model uses a cap radius of
10r. A simple cubic packing of these cuboids has an
undeformed porosity of 8.54% and a bulk density of 2.42
(grams/cc). These values do not change greatly when
subjected to deformation.

Two stress configurétions are used, in Case I the
three axial stresses (GX, Oy' GZ) are equal and have a
magnitude of 11.9 bars. 1In Case II the axial stresses
are unequal, with those in the x and y directions being
20% less than that in the z direction (ox = Oy = 9.52
bars and o, = 11.9 bars). In all the figures, velocity
is shown relative to the compressional velocity along the
Z axis. This stress anisotropy is reflected in the values
of the axial elastic constants. Compressional elastic
constants, it is recalled, are only affected by changes in
stress in the direction of the elastic constant. The
difference between two axial compressional elastic con-
stants will be equal to the cube root of the ratio of
the stresses. When considering the shear elastic con-
stants for anisotropic axial stresses, two stresses must

be considered. For example, the C,, elastic constant is
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associated with shear waves traveling along the y axis
with vibration only in the z direction or waves propagating
in the z direction with particle motion parallel to the y
axis. It is for this reason that the C,, elastic constant
is associated with the x axis. In the derivation of these
shear constants it can be seen that stresses oriented
parallel to the direction of propagation or the particle
motion will affect the magnitude of the constant.

Particle motion is illustrated by the vibration

amplitude components'bn the L, T TV axes. Values of

w
t@ese components range from zero to one. The orientation
of these axes was discussed earlier and is shown in Figure
8. The three axes form a right-handed coordinate system
with the L axis being in the direction of propagation,

Th is transverse and in the x-y plane (horizontal), and

Tv is transverse and in the L-z plane (vertical). The
amplitude components of the particle motion may be posi-
tive or negative and the sign is noted adjacent to the
curves.

In each graph the angle @ is variable (angle from

the z-axis to the direction of propagation) and 6 is
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constant (angle from X axis in x-y plane). Réalizing
this, the figures become cross sections at values of
constant 6. Velocity curves are labeled P, tl, t2,
because the P solution is seen to be predominantly
longitudinal with the other two solutions being
transverse.

It should be remembered that these results are the
solution of the wave equation with the cuboid model
being used only as a means of calculating elastic constants.
Labeling of the two shear modes is intended to avoid
confusion with the seismological conventions of SH and

SV.
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11.9 BARS

I
Qa .
It

CASE I: O0_ =0
X

Figures 9 - 13 show the spatial variation of velocity
and particle motion for this case. In Figure 9 (a-4d)
- only the velocity is shown, at four values of é. The
curve labeled P has predohinantly longitudinal particle
motion. Solutions labeled tl and t2 correspond to the
two transverse solutions. The longitudinal velocity in
general decreases at all values of 0 for increasing d.
It might initially be expected that minimal values would
occur at g = 450, but this is not always the case.
A minimum is found at 6 =0, g = 450 and this minimum
occurs at higher values of @ for increasing 6.

In the solutions for the transverse phases (tl, t2)
the magnitude of the velocity is seen to increase, with
g up to g = 45°. The velocity of t2 seems to be greater
than tl everywhere except at 6 = 45°. The reasons for
this change will be discussed later (see Discussion).

The particle motions for various directions of propa-

gation are shown in Figures 10 - 13. Also included in

these figures is the curve for velocity which is pfovided
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as a reference. In each figure there are three graphs
each of which corresponds to a different solution of the
wave equation (labeled longitudinal, tl, t2). The left
axis (g = 0) of each graph is labeled from zero to one,
both the amplitude component and velocity curves are read
off it.

For the most part the three solutions correspond very
well to the conventional P, SH and SV modes of propagation.
The particle motion shows some important differences.from
these notations. At both 6 = 0° and 6 = 45° the longi-
tudinal and t2 solutions show components of.particle motion
different than that expected. In the longitudinal solution
(Figures 10 and 13) there is a small component of trans-
verse motion in addition to the predominantly longitudinal
motion. Note also the change in sign of the T§ component.

The t2 curves mirror the longitudinal solution. The
tl solution in both figures is seen to be completeiy
transverse horizontal with no longitudinal or vertical
components; Figures 11 and 12 (6 = 150, 300) show some
surprising features. In these figures the shear modes

appear to change their primary direction of vibration
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.y . . o
as the direction of propagation changes. Between @ = 50

and g = 809 the major components of vibration change as

if the polarization directions were being rotated about
the direction of propagation with increasing g. Notice

" that the t2 solution has a larger longitudinal compqnent
than the tl solution. The point of changeover in dominant
component occurs at a lower value of g at 6 = 300'than

at 6 = 150.
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Figure 9

Dependence of relative velocities on direction:
in planes of constant .
for the compressional wave. Stress in all axial dir-

ections is the same.

Unity is the axial velocity
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CASE II: o_=0__ = 9.52 BARS, 0_ = 11.9 BARS
: X \% z ,

In this case many of the symmetries that were apparent
in Case I are no longer present. Figures 14 - 18 are in
'exactly the same format as Figures 9 - 13. The curves
themselves are of the same general shape with the primary
differences being the position and magnitude of the maxima
and minima.

A comparison between the velocity curves (Figures 9 and
14) show only small différences. Although these differences
are small, they are caused by the stress-induced anisotropy,
and are the result of different axial stresses.

The particle motion curves show some marked differences
from Case I. At 6 =.0 the symmetry in the t2 and longitud-
inal solutions is no longer apparent. In the figure for

45 the tl solution is no longer purely T. motion. At

| h

8 = 15 the dominant component of particle motion is the
same at all values of g where previously there was a

change (or rotation) in the dominant component. The figure
for ® = 30° shows the rotation but the point of

change in dominance is found at a higher value of @ than
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/

in Case I. At all values of 6 the t2 solution always has
a greater L component than the tl solution. The major
difference between Case I and Case II seems to be in the

spatial behavior of the particle motion.
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Dependence of relative velocities on direction
in planes of constant O. Unity is the compres-
sional wave velocity in the z-direction. Stress
in the z-direction is 20% greater than in the x
and y directions.
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DISCUSSION

The primary aim of this section is synthesizing the
insights and observations to form a good basis for drawing
some conclusions. The results are examined in some detail
and repeated references are made to Figures 9 - 18 of the

Results Section.

Spatial Variation of Velocity

The examination of Figures 9 and 14 summarizes the
spatial variation of velocity (both longitudinal and
transverse). The longitudinal velocity is seen to have a
greater value in an axial direction than off the axis.
Even in the case where one axial velocity is less than
the other, there are intermediate directions which are
less than either. This minimal value occurs between 45
and 60 degrees from the direction of highest velocity.
In either case the greatest change in velocity seen was
about 5%.

Azimuth seems to have about the same effect on the

transverse modes as the longitudinal modes. Although
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velocities are seen to change with azimuth, the magnitude
of this change is on the order of 5%. The t2 solution
has a generally greater change than the tl and is larger
in magnitude (except in one case). If the axial stresses
are equal (Case I), the two solutions will be equal for
propagation along any axis. In the case of uneéqual stresses
(Case II) it should be expected that propagation in the
direction of highest~streés will have both shear modes of
equal velocity. Both of the other two axial directions
will yield two different shear velocities. It was seen
earlier, in the derivation of the shear constant, that the
value of the shear constant is dependent on the stress
in the direction of propagation and stress parallel to
the particle motion. With this knowledge the orientations
of the maximum, intermediate and minimum elastic constants
can be deduced. Further, if it is assumed that the medium
is initially elastically isotropic, then the three
directions define the orientation of the principal stresses.
The relative magﬁitude of the shear and compressional
elastic constants plays a very important role in the spatial

variation of the velocity. For most real world materials
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velocity ratios (Vs/Vp) are on the order of .6 to .7. The
axial velocity ratio for this particular model is .68.

For ratios which are smaller, the model shows a larger
change in the magnitudes of the velocities. For example,
in the previous results the choice of the model parameters
resulted in an axial velocity ratio of approximately .68
and the magnitude of the variation was on the orde; of 5%.
If model parameters were chosen such that the axial velocity
ratio was about .61, the spatial velocity variation would
be as shown in Figure 19. The curves in this figure can
be seen to have the same basic shape as Figures 9 and 14,
but the changes in velocity are now about 10%. It is
readily apparent that a model with a lower velocity ratio
would have a greater Spatial-variation and hence there

would be a better chance of finding the directions of

principal stress.

Spatial Variation of Particle Motion

The particle motion seems to be more sensitive to
different axial elastic constants than to the difference

between shear and compressional elastic constants along
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Figure 19
Dependence of relative velocities on direction
in planes of constant 6. The ratio of elastic constants

is smaller than in the previous figures.

axial directions is the same.

Stress in all
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one axis. In other words the spatial variation of the
particle motion is almost invariable if all the axial
elastic constants are the same, regardless of the relative
magnitude of the shear elastic constant. Differences are
readily apparent between the case where the axial elastic
constants are the same and the case where they are unequal
(e.g., Case I vs. Case II).

The actual particle motion in an elastically anisot-
ropi¢ medium is not what "seismological intuition" indicates
it should be. This experience says that three types of
body waves exist: P, SH and SV and the particle motion
for each is defined. P waves vibrate completely in the
direction of prdpagation. SH waves have paréicle motions
transverse to the direction of propagation and in a
horizontal plane. Finally, SV motion is transverse to the
direction of propagation and in a vertical plane. The
results of this thesis indicate that this intuition is
not applicable when the propagating medium is elastically
anisotropic. The method of presentation is designed to
present differences from the expected results (i.e., only

P, SH, and SV motion).
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Looking first at the longitudinal mode of propagation
(i.e., Figures 10 - 13 and 15 - 18), it is apparent the
only directions, where particle motion is always. purely
longitudinal, are the axial directions. In other
directions the particle motion has other components. The
vibration direction then is skewed relative to the direction
of propagation (see Figure 20). This skewing of the
particle motion is variable and can be as great as 5° or

more.

Direction of

propagation
’ Particle
motion
Figure 20

Particle motion of the compressional wave
Propagating in an anisotropic medium.
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The direction of the particle motion when not parallel to
the direction of propagation tends to be oriented in a
direction which is more parallel with an axial direction
of higher ela;tic constant. If both axial directions have
the same elastic constant, the vibration tends towards the
closer (in direction) axis. When both axes are equally
distant, vibration is completely longitudinal. If the axes
have unequal elastic constants, the particle motion tends
toward the axis of greater elastic constant even though

it may be more parallel to one of the other axes. The

greater the difference between the axial elastic con-

J

7

}stants, the greater is the angle at which the particle
motion continues to skew itself towards the axis of
greatest elastic constant.

The transverse modes of vibration (solutions tl and
t2, Figures 10 - 13, 15 - 18) show a markedly different
spatial variation. For the axial propagation directions
the vibration is polarized completely in the transverse
axial directions.A When propagation is in directions other
than axial, the two transverse solutions are mutually

perpendicular in a plane which is not guite normal to the
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propagation axis. In addition, for values of 6§ between

0° and 45° the two solutions rotate clockwise about a
normal to their plane of vibration (direction of longi-
tudinal vibration), as the direction of propagation changes

° to g = 90°. This is not meant to say that the

from g = 0
vibration directions of the wave rotate as it propagates.
The particle motion of the wave remains constant for any
direction of propagation; however, for increasing values of
@ (constant ©6) the particle motion changes in a pre-
dictable manner. In fact this changing Qf vibration
direction is in a clockwise direction, as @ increases from.
OO to 900. The velocities do not show a radical change

in value, in fact the tl solution is always less than the
t2 solution (except at 6 = 450). Another observation is
that in the range of @ between 50° and 80° neither trans-
verse solution vibrates in or near the horizontal or
vertical planes.

When comparing Case I and II, it is observed that at

o . . . .
15" in Case II (Figure 16), the rotation apparent in

@
I

Case I is no longer present. Instead the transverse particle

. . o o .
motions (as @ increases from 0 to 90 ) rotate clockwise
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a small amount (120) and then rotate back nearly to their
initial positions. In Figure 16 (6 = 30°) the rotation
is compléte, but the crossover point and the shape of the
curves are more similar to those for Case I, 6 = 15°.
This suggests that for increasing values of 6, the
transverse solutions show increased amounts of rotation
until they reach a value at which the rotation is coﬁplete.
The value of 6 for which the rotation is complete appears
to be dependent on the difference between the axial elastic
constants. The greater the difference the larger the
value of 6 at which this crossover. takes place.

Unlike the solutions for velocity, the spatial
variation in particle motion is only affected slightly
by changeé in the rélative magnitude of the shear and
compressional elastic constants. Indeed, the particle

motion seems to be a better indicator of the relative

‘magnitude of the axial elastic constants.

Experimental Elastic Anisotropy

As was mentioned before, the results shown here are

simply solutions to the homogeneous wave equation. The
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cuboid model was used only as a method of calculating
elastic moduli as a function of stress. This means that
the model is not necessarily one of a granular maferial,
but of a general elastically anisotropic material with
zero "Poisson's-ratio". In addition, if the anisotropy
is stress induced, the model becomes on which predicts
the effect of the relative magnitude and orientation of
the pfincipal stresses. It is now important that these
results bg related to phenomenavwhich have been or could
be observed in the "real" world.

Elastically anisotropic materials have been studied
in detail in connection with the idea of dilatancy and
earthquake precursors. The basic idea behind these dis-
cussions (Benzing, 1973) is that most rocks, although
grossly homogeneous, contain randomly oriented "penny
shaped" cracks of a high aspect ratio. When these rbcks,
are subjected to compressional stresses, cracks oriented
in or near a plane normal to the direction of stress tend
to close. The closing of these cracks causes an increase
in the compressional elastic constant in that direction.

The increased stress also increases the shear constants
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for waves which either vibrate or propagate in the
direction of the stress. The idea of dilatancy is used
as a mechanism to relate changes in elastic constants to
changes in stress. The model itself can only predict
.the effects of changes in elastic constants. In order to
discuss how those constants are changed other models

must be called on.

Nur and Simmons (1969) did an experimental study into
stress induced velocity anisotropy in samples of Barre
granite. Their results clearly show that their rock
sample became anisotropic under a uniaxial stress condi-
tion. Indeed, they conclude that application of nonhy-
drostatic stress to a rock that contains microcracks
induces elastic anisotropy. Their results for compressional
waves were very similar to other experimental papers showing
increases in velocity in the direction of stress'and small
increases in the transverse directions. The propagation
of shear waves in their work seems to show some agree-
ment with results shown in this thesis.

Figure 21 is composed of two figures\from Nur and

Simmons (1969). The geometry of the experimental apparatus
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is shown in Figure 2l-a. A cylinder 10 cm in diameter and
10 cm long was loaded uniaxially normal to its axis, with
the angle 6 measured from this direction as a rotation
around the axis. In Figure 21-b shows the observed wave
form at the receiver for a shear wave propagating along

the axis of the cylinder. The angle 6 is between the dir-
~ection of polarization of the transducers and the direction
of applied stress. The amplitude of the waveform decreases
from 6 = 0° to ©=60° and then increases again. Nur and
Simmons attribute this change to the destructive
interference of two phases propagating at slightly dif-
ferent velocities, vibrating in the same direction.

Using this thesis as a basis for interpretation it
should be realized that the shear vibration direction for
propagation along an axis of principal stress will be
-parallel to one or both of the other axes of principal
-stress. In this case the particle motion is expected to
be in either the direction of applied stress or normal to
it. Although the induced vibration is at an angle to the
stress axis the particle motion will be skewed towards

that direction. This skewing of the particle motion
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Fig. 1. Geometrical relations. The cylindrical
rock sample is subjected to an applied uniaxial
stress. Velocities of elastic waves are measured
either along a diameter or along the axia of the
cylinder. The sample, with the transducers at-
tached, is rotated with respect to the applied
stress so that the wave always travels through
exacily the same path in the rock, while only the
relative direction of stress is being changed. Di-
rections of polarization of the shear transducers
are indicated by SV and SH.

a

P=400 Bar
- SHEAR

Fig. 7. Observed received shear wave form
traveling along the axis of the cylinder at 400
bars at various angles 8 beween the direction of
applied stress and direction of polarization of -the
transducers. At 8 = 70°, the fast wave is polarized
in the plane that includes the direction of the
applied stress.

Figure 21

(a) Experimental setup and geometry. Uniaxial

stress is applied in the diametral direction.

(b) Recorded wave forms for axial propagation

various polarization angles 8.

(after, Nur and Simmons (1969))

65
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will continue until the influence of the other axis
causes the particle motion to vibrate in that direction.
Nur and Simmons orient their receiver parallel to the
‘polarization of the source. According to the previous
work it seems likely that the shear wave, which is propa-
gated down the axis of the core, will not have a particle
motion parallel to the induced vibration. Indeed this
discrepancy will increase as the polarization angle
increases; therefore, it should be expected that the
amplitude of the received wave decreases as the polari-
zation angle increases. This means that the receiver
actually records a component of the actual vibration,
which in the case where there is a large stress anisotropy
could be much smaller than the induced amplitude.

Another point which Nur and Simmons bring up is bi-
axial stress. They state that there are a number of
combinations of biaxial stresses which will produce the
same velocity in a given direction. This ambiguity leads
them to the conclusion velocify is not unigquely related to
stress. They do not consider the spatial variation of

velocity for each biaxial stress case nor do they consider
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shear wave velocities. In addition ﬁo these oversights,
their statements are made without due consideration of
the particle motion and its spatial variation. TheSe
omissions do not necessafily preclude the validity of
this conclusion, but indicate that more work would have

some interesting results.

67
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CONCLUS IONS

Conventional investigations into velocity changes
due to stress deal with these changes within é limited
range of propagation directions. Results of these inves-
tiga?ions indicate that in some cases changes in velocity
correspond to changes in stress levels. These results
do not yield an orientation or relative magnitude of the
stress axes. 1In addition the particle motion or amplitude
of the waveform seldom has been treated adequately.

In a theoretical investigation, this thesis shows
that the change in velocity, between thevdirections of
the principal stresses, can be expected to exceed 3 - 5%.
The amouﬁt of this variatiop is found to increase from 5%
when Vs/vp = ,61l. Indeed, if the changes in stress
levels cause changes in VS/VP, then the magnitude of
variation seen will change.

The results show also that if the stress field is
to be investigated, then velocity measurements of P, SH,
SV type waves must be measured in a variety of directions.

The relative difference in stress level in different
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directions is indicated by subtlé’changes in the longi-
tudinal particle motion and large changes in the trans-
verse particle motion. Compressional particle motion may
only differ by approximatelyhsc, but the transverse modes
actually rotate (in a clockwise direction) as propagation
moves from one axial direction to another. Particle
motion, if of a detectable magnitude, is a good indicator
of the relative magnitude of two orthogdnal stresses.

These theoretical studies indicate that the orienta-
tion and relative magnitude of the in situ stresses can be
deduced from a detailed knowledge of the elastic waves.
The necessary information includes velocity and particle
motion for the three types of body waves (P, SH, SV).

It is most important that these studies extend over a
large range of azimuth and zenith.

Field in;estigation should take place in areas where
the effects of elastic anisotropy are greatest. The
spatial variation of velocity increases when the VS/Vp
ratio decreases. An examination of the spatial variation

of velocity in subsurface coal mines, around a borehole,

or in tectonically active areas may prove rewarding.
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Earthquake seismology commonly makes use of Byerly's
method of determing the orientation of the fault plane.
In this method,  receiver station locations are plotted on
an equiangular steéereonet (eg.- Wulff stereonet) according
to their azimuth and extended position, relative to the
earthquaké epicenter. The extended position is an angular
distance equal to twice the emergence’angle of thé compres-—
sional raypath. If the crust is sufficiently anisotropic
around a particular station the particle motion will be
skewed as much as 5° from the raypath. The raypath and
particle motion are commonly assumed parallel, -which could
give rise to errors of as much as 10° in the extended. pos-
ition. This anisotropy may account for some of the scatter
normally found on fault plane solutions.

In short, many areas of investigation are worthy of

a second look in light of this work.
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APPENDIX A

We can write the strain-energy potential as,

2 2 2 M
2W = Cy1€11 + Cgpe€zz + Caazess +2Ci1zey11€33 +2C1z€11€22 +
N 2 2 2
2Cz3€22@33 + Cise€23 + Css€3; + Csse1
The equation of motion for a disturbance of small amplitude
in a medium of density p is,

2

20 _ 8%y dYip DYy
PTot2 T ox, 5%, %,
2 .
a—pﬁ = .a_‘f.al %2 ﬂzs
P o2 9% + %o + 9%3 (1)
2 .
9 U, — o0¥aq %2 + Y23
8t2 9%y 00Xz 9Xa ’
where the stresses, Y. o= %ﬂ
J eij

Now the stresses can be written as,

Y11 = Ci1e11 + Cyzezp + Ciges;
Y22 = Czz€zz + Cizeijy + Czzess
Yag = Czg€zz + Ciz€; + Cpz€zz
(2)
Y12 = Y21 = Cge€12
Y1z T Y31 = Css€a
Y23 = ¥Yaz = Csas€23

Neglecting body forces we can now write the equations of
motion by substituting eqg.l into 2,
2

9_U )
D'g;% = 5;&[011611 + Cipezz + Cyize€za] +

,Q— [Ceserz2] + Q—H[Cssealj
0Xo 0X3
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2

9 U 9
—ggg = 5§5[C22622 + Cizeyy + Czazezal] +

. 0
%§£[C66912] + 5§5[C44e233

2

0 U 2}

0 53 = 5§$[C33333 + Cizey1 + Czazezz] +
d 9 .
5§a[csse31] + 8x2[c44623]

Now rewrite the strain in terms of the displacement u. .

PUL = C11Uyn1 + Ci2Uzzy + CiaUssy + Cee[Uiz2+Uz12] +
Css[Ua13tUiaa]

pUz = C22Uzzz + C12Uz1z + CzaUszsz + Ceel[Uy21+Uz11] + (3)

Cas[Uz33+Uszs] ’

pUs = C33Uzas + Ci3Uyia + C23Uzzs + Csé[U§i1+U%31] +

944[U%32+U@zz]
Let the displacements be of the form,
Uj = Ajexp[ln(akxk—vvt)] (4)
where, Aj*is the amplitude in the jth.direction

i is the imaginary number V-1

v 1is the velocity in the propagation direction

n is the wave number , aj is a direction cosine
Equation (3) can now be rewritten using eq. 4, which results

in terms of two forms,
Uj = —Ajn v exp[in(quk— vt) ]
and, (5)
2
Uj;lm = -Aj‘ alamexp[ln(akxk— yt)}

Using eqg.5 and eqg.3 and simplifying we obtain,

2
pA1 V1

2
Ci1A1q1 + CizAjaz01 + CyalAzaias +

B 2 2
.Cgg[Asttrags + Aras] * Cesl[Byaz + Bzaiazl

2 2 .
pAng = szAaaz + Clelalaz -+ C23A3a2a'3 +
, ' 2 2
Ces[Arayas + Aoy ) + CealPzas + Azazas)

2 2 .
pR3Vy = CzzBzas + CiaBAjaias + CoaBzazas +

2 2
Css[Azay + Ajaq05] + CualBjasas + Azas]
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By rearranging the terms and making the following substitution
we can further simplify the equations,

2 2 2 2
i = Ciiay + Cseaz + Cssag = pVvV
2 2 2 2
Cz2 = Cggay + Cozaz + Casaz — pVv
2 2 2 2

Ca = Cssar + Caaaz + Czaaz - pVv

substituting,
0 = C1A; + [Ciz:+ CeslarazBs; + [Cis + CsslarasBs
0 = [Ciza + CeslarazBy + (zB; + [Cpa + Csslazaalsa (6)
0 = [C1a + CsslaraaBy + [Cza + CislazaaBz + (alga

In the body of the thesis it was assumed that compression
in an axial direction produces no deformation on the transverse
axes. Therefore,
Ciz = Ciaz = Ca3 =0 (7)
Using eq.7 in eq.6, we can simplify and write a matrix of

amplitude coefficients as,

‘;[§1] [Cesai102] [éésa1a33
[Cesaraz] [Cz2] [Cra0zasz]
[Cssaiaal [Cisazas] [Cal

We can now write the matrix equation describing the
propagation of an elastic plane wave in a media of rhombic symmetry,

This equation can now be solved for the eigenvalues and

eigenvectors.
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Appendix B
Derivation of the undeformed porosity of

cubically packed cuboids. /

Let VSS equal the volume of one spherical cap of radius

A, as shown in figure I.

X
Figure I
Cuboid cap

The volume integral is set up as follows,

2% A (a%-x2y%
Voo = qub fdz fp dp
"0 0
27 A
= j:lq: —I;lz (%(Az—zz))
0

Acosg

2T A
j;kb %[Azz - 23/3]
Yo Acossg
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Simplifying, 3

o

\Y =

| .2]
ss & - cosB(2 + sin“B)

The total volume of the undeformed cuboid can be written as,

v = 6VSs + VC

where VC= volume of cube = 8r3. Substituting the last two

equations the total volume becomes,

vV = 2 A3 (2 - cosB(2 + sin‘zs)) + 813

The total volume of a unit cube containing one cuboid is,

where D is the distance between two opposite contact points

and is written as,
D = 2(r + A(l-cosB))
Now, the unit volume is written as,

v, - .P(r + A(l-cosB)5]3

The porosity can now be written as,

o - 1 -(V/Vu)

Substituting the appropriate equations and simplifying the
porosity is written as,

o - 1 -

A3(2'- cosB(2+sin28)) + 4r3

4(r + A(l-cosB))>
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