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ABSTRACT

Fourier-integral and least-squares interpretation tech-
nigues are used to evaluate nine ideas about the processing
of geaphysical'potential-field data. Computed data sets are
employed with parameters similar to those encountered in
gravity or magnetic explorations.

The design of a spacing of observation points such that
the spectrum of the sampling pattern matches a desired
.spectrum is obtained with a M&nte-Carlo method, Small per-
turbations to an equally-spaced survey cause similarly small
changes in the sampling spectrun,

The.phase spectrum of a potential-field profile indi-

1

he presence of a broad-band signal (such as prcduced

I

cates
by a magnetic ancmaly) despite interferring noise.

ng component and a radially symmetric compon=

e

The strik

0]

nt of an anomaly are separated by a two-dimensional strike

3

filter. The-separatiom is accompanied by lateral spreading
of the anomalie..

Aliasing contribﬁﬁes to error when two~dimensiocnal
filters are rotated. Several figqures illustrate this diffi-

culty.

—

The contributions of sides used in the polygonal-



cylinder method of gravity interpretation axe Fourier trans-
formed. The resulting spectra demonstrate variation wvith

‘angle of the side to the surface, and with depth cf burial,

Energy in the amplitude spectrum shifts to hicher frequencies

'
-

.5-»‘

as the side becomes more vertical, The phase spectrum is
less linear as the depth of burial increases.,

In this study, the convolution method is superior to

weighted or unweighted polynomial methods for regional remcval,

However, the prerequisites of the filtering method make its
superiority less definite in exploraticn application.
The material in this dissertation supplements most steps

in a conventional potential-field survey.



T 1222

TABLE OF CONTENTS

Page

INTRODUCTION o o o o s o 6 o o o o o o o o o o o« o o s 1

FACTORS T DATA COLLECTION 4 o o o o o o s s o o ¢ s &« 4
Jon—-equally Spaced Sampling Desighe « o o o o o o 4

INtrodUCtion o o o s o o o s o o o s o o ¢ s 4
Theory L] [ ] + L) ] L L] L ) L] L ) [ ] . E . . [ L] [ ] [ ] 5
Results of Experimental Computations . « « o 5

ConclusionS. « o« e & o o & 8 & 6 e o & ¢ » 13

Field-Sampling ProcedUr@S o « o o o o o o o o o 14

Introduction o o « o o o o 2 s ¢ o o ¢ o & » 14
Results of Experimental Computations ., « + 15
ConclusiCiSe o s o o s o o o s s o« o & & o o 15
Interpolation s 6 o o & & & s & 0 s 3 8 3 ¢ e 3 @ 20

Introduction and Description of Problem, . . 21
Tllecry ® . ® [ ] L] [ ] L] e . . 3 ® L] @ [ ) [ ] ] [ ] L] 22
Interpolation OperatOrS. « 4 o o o a o o o @ 2

' Sample~-and=Hold ¢« 4 « « o o ¢ ¢ o o 24

Linear Interprolatione o« ¢ o o o o 25

A Four-Point Interpolation Method . 28

Sinx/% Interpolatione « ¢ o o« o o & 32

Results of Computational Experiments . o« » o 32

CONClUSLONS: s o ¢« o ¢ « o s o 3 6 & o o o o 36

POTENTIAL‘FIELD INTERPFPETATION USING”THE
FOURIEZR INTEGRAL o o o 5 o o a8 o o s « s o o ¢ s o o o 40

Spectral Methods and Potential Field Data o+ o« o o 40
REView Of Literature e & o & o ¢ & [ ¢ o ¢ 40
Review of Pertinent Fourier Transform

Theory 6 & o 6 e & & 6 e & & e & © o 8 s o 41
Spectra of Potential FieldS. « « ¢ o & ¢ o 47
Results of Computational Experiments « « « o 50

Identificaticn of Broad Band Events o« o o o ¢ o o 65
 Previcus Work and TheoXy « « « o ¢ o o o o o 65
Practical ConsidexationsS « ¢ o o o o o« ¢ o s 06
Results of Computational Experiments . . « 67
Fourier Transforms and Polygonal Cylinders. « « « 73

Descrintion of the Problem o o o o o o & o 73
Purpcose and Scope 0f StudY o ¢ 4 o s 0 e e o 14
Results of Computational Experinments « « o o 77

_ConClusionS. 6 & 5 e e 6 6 3 & & & &« o o & » 94

v



T 1222

Two=dimensional Fourier Transforms. . .
INTroduUCtion « s o o o o o o & o
Generation of Filters and Data « .
Results of Computational Experiment
ConClUSionS. E 3 E ] . L ] [ ] [ E 3 [ ) » L[] L

Rotation of Two-dimensional Filters . .
INtroduction + « o« o o o o ¢ ¢ ¢
Theory of Rotation « o« o o « o o
Aliasing ConsiderationS. o« o« « o

® o o o o (jleo o @

THE POLYNOMIAL METHOD COF POTENTIAL-IIELD DATA
ANALYSIS L ] ® L [ ] ] [ ® L] . L[] L] * [ 2 [ ] L] . . [ 3 L

MApproximation of Functions . o o o

Fitting of Cartesian Polynomials . .

Recursive Weightings ¢ o o o o o ¢ o

Results of Computational Experiments
Conclusions Regarding Filtering

vs, Polynomial Fitting . + « « o &

DISCUSSION OF RESULTSs 5 o o ¢ 5 o 2 ¢ s ¢ o o

APPENDICES 4 « o o o o o o o o o o o o o o 8

BIBLIOGRAPHY ¢ o o o 6 o o o o o & s o ¢ o o o

vi

& o o e & o

* - ® ] L ] L]

[ ] [ ] - *»

] - - L ]

e ¢ © o & 8 e o o

Page

95
95
96
99
105
106
106
107
109



T 1222

Figure

la.

2D

3a,.

4.

5a.

5b.

6o

FIGURES

Desired spectrum (solid line) and obtained
spectrum for 30 sample points. Desired
phaseiszero.}o..........'.-.n

Obtained sampling function . o« « « ¢ o o ¢ o o
Desired spectrum (solid lines) and

obtained spectrum for 30 sample proints,
Desired phase is 1linear: « o« o o o o o s o o s
Obtained Sam{)ling fullction e o s o & & & o o o
Desired spectrum (solid line) and

obtained spectrum for 30 sample points,

Desired phase is Z€XO.: o » s o ¢ o o s o o s o

Obtained sampling functicn « « + ¢ o o ¢ ¢ « o

Desired spectrum and obtained spectrum for
30 sample points. Desired phase is linear
and is not shown « ¢ ¢« ¢ ¢ ¢ o o o o o ¢ o o o

Obtained sampling function « « « « o o o « o

Amplitude spectrum of egually-spaced sampling
function., Phase is linear and not shown . . .

Equally-spaced sampling function « « o o « o o

Specimen of sampling functicn, random
nunber get 2, modulation 10 pexcent. « o« ¢ o o

Specimen of sampling function, random
number set 1, modulation 10 percents o« + o o

Specimen of sampling function, randem
number Set 2, modulation 5 percent « . « o« o
Specimen of sampling function, random
number set 1, modulation 5 percent e« o o s o o

Page.

19

10

11l
11

12
12

16

16



T 1222

.

Figure

10. Fourier transform of 250 points generated
with same parameters as Figure 6 (Ax=1,0)

1l. Fourier transform of 250 points generated
with same parameters as Figure 8 (Ax=1,0)

12, Fourier transform of 250 points with
1% random modulation.: « « « ¢ s ¢ o o 2 o

13, Demonstration of the sampling theorem , .

14, Spectrum of sample~and-hold interpolation
Operator. e & o 8 o o s s 8 s s e e s & s

15. Spectrum of linear-interpolation operator . .

l6a., Spectrum of four-point interpolation operator

16b. Sinx/x interpolation function and its
amplitude SpecChLruUuMs « « o ¢ o o o o o &

17, Illustration of two cases for real space-
domain OperatorSe « o o o o s s o o o o o

18, Spectrum of buried, infinite horizontal
Cylinder. L] ] L] L] [ ] L] [ ] . [ ] L] ] * L] e [ ] L]

19. Data Set 1 with low-order regional gradient

20. Data Set 2 with high-order regional gradient,

2l. TFourier transform of data Set 1 (fig. 19)

22, Fourier transform of data Set 2 (fig. 20)

23, Spectrum of small spheres only. « « o o o

24, Fourier transform of regional alone

. from figure 13.¢ o o« s ¢ ¢ o ¢ o ¢ o o o

25, Fourier transform of regional alone ,
‘from figure 20. e o o o 6 o & o6 & o & o o

26, Residual derived from fifty-roint Bartlett

filter convolved with low-order regional.

viii

18

19

23

26
29

31

33

43

55

56

57

61



T1222
Figur
27.
28.
29.
30.

31.

32.

33.
34,

35.
36.
37.
38.
39.

40.

e

Residual derived from fifty-point Bartlett
filter convolved with high-order regional.

filter

Residual derived from fifty—pointfﬁamming'

filter convolved with low—-orxrder regional .

Residual derived ffom fifty-point Hamming

filter convolved with high-order

Digitized potential-field curve after Fraser,

Fuller, and ward (1966, p. 1070,

regional.

fig. 54d).

Amplitude and phase spectrum of figure 30.

on expanded scale. . . . . « . .

‘Amplitude and phase spectrum of figure 30

Slopes (B and D) and average error per
point (A and C) calculated for ten phase
values per pcint on each graph (see Table 5)

The atrraction of a polygonal cvlinder
which is infinitely long in the direction

perpendicular to the page. . . .

Polygonal sides at depth of 0.8L
attraction due to each side. . .

Polygonal sides at depth of 1.0L
attraction due to each side. . .

Polygonal sides at depth of 1.5L
attraction due to each side. . .

‘Polygonal sides at depth of 2.0L

attraction due to each side. . .

Polygonal_sideé at depth of 2.5L
attraction  due to each side . .

Amplitude spectra of curves from

Depth = O-SL L e e . . L] . . .

41.

Amplitude spectra of curves from

Depth = 1.0L . . . . . . . . .. .

ix

. L] . - .

and the

and the

and the

. 3 . e .

and the

. . . . -

and the

. . . . .

figur 35.

- . . . .

figure 36.

.

Page
61
62
62

68
69

70
71
75
78
79
80
81
82

83

84



T 1222

Page

86

87

89

90

91

92

93

97

98

100

101

102

103

Figure
42, Anplitude spectra of curves from figure 37,
Depth:'lcSL.oo.e..........
43, Amplitude spectra of curves from figure 38,
Depth = 2.0 L 4 ¢ o o o s o o 6 o o s s & o
44, Amplitude spectra of curves from figure 39.
Depth = 2;5 L o ¢ o o o o ¢ o o o o o o o o
45, Phase spectra of curves from figure 35,
Depth =O.8 Le o o o o ¢ ¢ o o o ¢ o o o o o
45, Phase spectra of curves from figure 36,
Dept11=l.0L............A...
47. Phase spectra of curves from figure 37.
Defbtl’l = los L o o ¢ o o o 6 o 6 6 o o o 6
48, Phase spectra of curves from figure 38,
Depth = 2.0 L o o ¢ 4 o o s« o o o o &t o o
49, Phase spectra cf curves from figure 39,
Dept}l = 2.5 L L [ ] L] - L] [ ] [ ] L] [ 3 ,. L ] L ] L Q L
50, Amplitude spectrum used to generate filter
in figure 5. Amplitude within the pass
band is 1.0, other amplitudes are 0,0 . . .
51l Two~dimensional inverse Fourier transform
of figure 50e o 6. 6 8 o o o » & & o & & o
52. The trend filter in figure 51 reversed and
with the upper right-hand triangular half
multiplied by ”1000 e 6 o o & e ¢ ¢ & ¢ &
53.- Total ancmaly of sphere and cylinder. . .« .
54, Results of convolution of filter in figure
51 with data shown in figure 53 ¢« « & ¢ &« o
55, The filter in figure 52 convolved with
the data in figure 53 ¢« 4 ¢ ¢« o ¢ o o ¢ o o
56, Anomaly due to semi-infinite cylinder . - - - - . 104



T 1222

Figure

57. .

58,
59.
60.

6l.
62.
63,

64,

Sample problem in trend filtering showing
aliasing problems if strike filter is
tOtaled [ ] [ ] [ 4 . . [ ] L 3 [ ] L] (] L] . e e [ ] L L] L] L]
Spectrum of strike filter befoxe rotation . .
Rotating the filter rotates the spectrum., . .

Spectrum after interpolation on rotated grid,

Spectrum showing aliasing after resampling
on unrotated axis ¢ o o & & s s s s & s s s

Weighted and unweighted polynomial fits
superimposed on the high-ordex regional data.

Weighted and unweighted polynomial fits
superimposed on the low-order regional data .

Comparison of a conventional survey with
methods discussed in this sStudy « « « ¢ s + o

xi

111

112

112

113

113

129

130

136



T 1222

5.
6.
7.

;B.

C.

TABLES

Error Figures for Sampling Functions .,

Interpretation Figures for Interpolation

Anomaly Parameters for Data Sets .

BError Summary for Results of
Convolution StU.dYo a6 8 e o e o o

Location of Points on Figure 33, .

Summary Oof Results o &« 5 o ¢ s o ¢

Summary of Polynomial=-Fitting Results.

APPENDICES

Least~Squares Fitting of the Attraction of
Regular Geowmetric Figure to Observed Data.

A Four-Point Interpolation Formula .

Polynomial-Weighting Methode « o o o o o o

COI‘ﬂputer Progralns e o6 6 o & o e o o

xii

L]

Page
13
35
58

63
72
73
131

142
146
149

151



T 1222

ACKNOWLEDGMENTS

The generosity of the following organizations financed
the graduate education of this writex:
U.S. Steel Corporation
Mokil 0il Ccxporation
National Aeronautics and Space Administration.
The most helpful item in the generation of this thesis
was contact with other graduate students. Donald Sayder,
and many others, furnished a sympathetic ear and centinuing
guidance.
The figures were prepared by my wife, Francine, whose

encouragement never waned.,

xiii



T 1222

INTRODUCTION

This thesis contains nine ideas germane to'potential~
field data processing, Though implemented to
the degree necessary to show their feasibility and applica-
kility to the handéling of potential~field data, these nine
processes solve none of the persistent problems of intexr-
pretation. However, consideration of the ideas presented
should require reformulation of the questions of potential-

L

ih

@

1d data processing and interpretation,

The enormous increase in man's ability to manipulate
data has spawned but one rxeal change in the methods of inter-
pretation of potential-field data: the technigue of Strakov
(Strakov, 1964; Naidw, 19¢6). A tribute to the previgus
methods of intexpretation is that they have survived¢ Com=-
puters, thus far, enable’the.interpreter to exploit the pre-
viously used methods more fully rather than to develop new
concepts,

The cocmputer can also cont;ibute to the. xealm df concept
formation and concept evaluation., Once the onerous jbb of
implementing a flexible suite of programs is completed, new

-

ideas can eas

T

ly be developned and/or discarded. The imagina-

ticn 1s free to speculate among analysis technigues and to
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select neW‘concépts for application to geopﬁysics. The
computer is, therefore, a vital partner in this thesis,

At each step of a conventional survey, insight derived
from this study, or the-aétual techniques contained herein,
may be applied. The focus of this study is on the data pro-
ceésing methods used at each step of the survev, and how they
can be improved. The nine ideas investigated are: .

1. A distribution of observation points, a sampling pattern,
is developed using a.trial—and—erfor method. The evaluation
of the performance is done in the frequency domain.

2. The =sampling pattern desired is seldom realized in practice
due to location error or impracticality. The actual patterns
used may be evaluated in the frequency domain to ascer%ain how
closely they match the desired theoretical response.

3. Most observation methods sample the continuous potential
field at discrete points. By interpolation, an avproximation
to the continuous field can be found. An evaluation of four
methods of interpolation is done by the use of a synthetic
body for which the continucus field is known. A least-squares
fit of the attraction function to the interpolated values.is
used to evaluate the methods.

4. Fourier analysié methods can be used on potential-field
data. Applicable methods are reviewed and filtering is applied
to synthetic data for the purpose ofvregional removal. The
success of this methoa is again measured by a least-sguares
rfit of the known function to the residual.

5. The phase spectrum is shown to be related to the location

in space of the power at any freguency. Most potential functions
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have appreciable power at all freguencies. The method of
location of these wide-band signals despite noise is shown.

6. The polygonal method of interpretation is widely used;
examining the method with spectral techniques provides insight
into the shortcomings of the polygonal method.

7. Radially-symmetric two-dimensional filters are widely
discussed in the literature. A theorem of two—dimensiénal
Fourier transform theory aliows the efficient design of
'strike' filters, although sampling considerations restrict the
free use of the rotation possibilities.

8. Non-radially-symmetric operators are effective on certain
types of problems. A synthetic example demonstrates their use,
9. Least—squafes polynomial f£itting is often used in the |
processing of potential-field data. A weighting method which
has a stronger philosophical basis is investigated.

The investigations in this thesis aftacﬁ,but do not over-
come, the problems in potential-field surveys. 1In this work
and in the literature) the single anomaly problem has ‘received
inordinate attention. Though methods of finding single
anomaliesvare necessary, the reél problem is to isolate a set
of data so ﬁhat it is assignable to a single geologic cause,
to preserve the guantitative values so that the residual
data is interpretéble by quantitative methods, and to inte-

grate auxiliary geologic knbwledge with these operations.
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FACTORS IN DATA COLLECTION

Non-Bgually Spaced Sampling Design

Introduction == Aliasing is a form of error caused by an

insufficient number of equally-spaced samples, Varicus spectral
components appear to be identical and cannot be separated if
too few samples are taken. Aliasing is a serxious problem in
equally~spaced sampling prograns; non-equally spaced samples
should eliminate.;he problem if the spacing is properly chosen,
or possibly, change the nature of the problem. There is an
abundance of literature in this field (Banard, 1966, has an

extensive bibliography); however, it will suffice to shew here

)]

a scheme for chocsing sample spacings which will reduce alia
ing problems in the portion of the spectrum of interest to
potential~field studies,

The Monte Carlo ox trial-and-exror method is used to find
the sample spacing. A random-number generator is used to
calculate a sampling function; then the spectrun of the pro=-
posed function is comparéd to the desired spectrum, The
measure of success is the sum of the sguaxes of the diffexr—
ences in the real and imaginary parts between the desirad and -
proposed spectra., If this squared-error term is decreased,
that configuration iS'savéd'uhtil another sampling functiocn
with even less error is produced by the random—-number gener-

ator.
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Theory == The Monte Carlo method will work if almost
all the possible configurations are tried. To evaluate the
efficiency of this technique, consider a particular configura-
tion which might be desirable. The random-number génerator
produces a set of numbers with a uniform probability density.
Suppose the desired spectra was best appioximated by a con-
figuration with all the samples close tcgether (certainly a
spike at the origin satisfies all the requirements for flat-
ness of spectra and zero-phase shift desired in potential-
theory work). By the normalization technique used (described
below) such a configuration requires (for a sampling functiqn
of ten spikes with two fixed points at 0.0 and 1l.0) that
seven of the random numbers be very small-and that the last
one be Véry large. The prcbability of this event is
P(7 numbers < 0,1 and 1 numbexr > 0,9) = (1/10}7.(1/10) or
about 1/108. so 108 tries may be necessary before one pos-
sibly desirable configuration>is reached,

The above analysis indicates that although the Monte
" Carlce nmethod will solve the problem, the number of attempts
must be very large;to insure success., The number of trials

in this study was restricted because of the cost,.

Results of Experimental Computations.

The sampling pattern cr function was chosen in the fol-

lowing way.
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1. The two end points are restricted at 0.0 and 1,0, There’
is no loss of generality because rescaling the location
of the sampling impulses is straightforward.

2. The random numbers are then used to calcdlate the distance
between impulses, For n impulses, n-1 random nunbexs
are chosen; the sum of these numbers is normalized to be
1.0 so that the impulses will all lie between 0.0 and 1.0,
The spectra of the trial-sampling function is calculated
and compared with the spectra of the equally-spaced
sampling function with AX = 1/n-1., The sum of the squares
of the differences of real and imaginary pérts'is then
calculated. If this sum is less than the best previous
error figure, the configuration is saved and the Monte
Carlo process continues,

To test the above method the following experiments were
performed. First, to see if the method is convergent, the
Fourier~series kernel for ten equally-spaced samples was tried
as the desired spectrum, A convergent method should not be
‘able to obtain a better fit to the data than the equispaced
sampling function. After 250 Monte Carlo trials, no better
sampling function was found,

The second experiment was an attempt to produce a sampling
patterh with a spectrum which fgduces the peaks at multiples
of twice the Nyquist frequency. Such a spectrum would have a
flat amplitude response over a wide range (0.0 to 1.5 on the

dimensionless scale of the corresponding equispaced functicn).
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The phase spectrum would be zero or at least linear,

After extensive experimentation it was found that
improvement in the error figure is obtained most rapidly
when there are more impulses than specified frequency points,
Tha feollowing experiments were attempted.

1. Thirty impulses'with 28 of them free to vary were com-
bined with 20 fixed freguency values over the range of 0 to
26.6 (Af = 1,4 cycles per unit length {CPUL}). For this
experiment, the Nyquist frequency, fN, for the equispaced
case is5 at 14,5 CPUL. The range of the fixed frequency 1is
about 2fy,

This experiment was attempted with the phase restricted
to zero (Fig. la) and with a desired linear phase cbtained
from the equispaced sampling function (Fig., 2a). The sampling
functidné are shown in figures 1lb and 2b.

2, The frequency range was then doubled (Af = 2.5 CPUL)
using the same number of impulses. The frequency then ranges
ovax about 4 f, coveiing completely-the first sideband (the
peak in the spectrum of the equally-spaced sampling pattern
at 2£y). Figure 3 shows the zero-phase version; figure 4
shows the result when a linear phase was requested,

Spectra for these Configﬁrations, calculated over a
very wide range, were found to agree with that spectrum
obtained at the constrained points, Figure 5 shows the
spectrum dqe.to equally=spaced impulses to which figures 1-4-

can be compared, The exrror values are shown in Table 1,
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Table 1

Error Figures for Sampling Functions

Figure Egquispaced Error of Percentage .
Number Af Phase Erroxr Best Fit 5 of 4

1 1.4 zero 1.65x10%%  1,34x10%4 813

2 1.4 linear 1.,56x10%%  1,44x10%4 923

3 2.8 zero 1.69x10%4 1.35x10"4 80%

4 2.8 linear 1l.60x10v%  1.s0x10%? 943

Coniclusions =-- Although the pexcentage of improvement is

low, the effects on the amplitude spectrum are marked, Side-
bands of the amplitude spectrum have been substantially
reduced, The phase-~distortion suppression is similar to the
amplitude spectrum sideband suppression,

Since Barnard compared the efficacy of his pertufbation
methed by using the power spectrum only, the results here
presented are a unique investigation into phase effects of
non—~egqually spaced sampling functions.,

More sophisticated programs using faster algorithms and
complicated planning methods would lower the cost and allow
almost all the feasible alternatives to be checked out. For
example, if the configuration is similar to one attempted
before, the error term does not have to be calculated., The

.1’ . 3 /, * : v . -
word similar has many possible meanings in this context.
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Field-Sampling Proceduxes

Introduction ~- The previous section was concerned with
the design of a sampling scheme for potential-field data.
The desired parameters from the spectral point of view are
wide bandwidth and low phase distortion, Because ordinary
field-survey reguirements are not compatible with precise
design, it is instructive to take a practical model of a
field survey and analyze its perfcrmance with respect to the
design parameters mentioned, The model chosen for the usual
field sampling procedure is one in which the participants
werétihstructed to take data at evenly spaced intervals; but
because of measurement inaccuracies, field difficulties,
and access problems (lakes, etc.){ measurements were taken
at only qguasi-periodic intervals, The mathematical expres-
‘sion of this mocdel is

Sn = sampling function = S(nAx + J§)
where § is a normally distributed random variable with zero
mean and a standard deviation of 1 to 10 percent of Ax.,
Though Sn has a random component, itsvfinitg duration
allows the Fourier transform method to be used on specific

cases,

14



T 1222 15

Results of Experimental Computations ~- Two suites of

random numbers, set 1 and set 2, were used to generate typical
sampling curves. The square root of the variance of these
suites was adjusted (modulated) to equal 10, 5, or 1l pexcent
of the distance between an ideal equi-spaced sampling func-
tion, Specimens (about 20 points) of the l0-percent and 5-
percent variance curves are shown in figures 6-9, Transfer
functicns for these sampling functions are shown in figures
10~12, The spectra of the specimens derived using the other
suite of random numbers are very similar to those shown,

As an addition to the model, five percent of the sta-
tions were removed at random, These missing data correspond
to the inevitable gaps in any coverage.

Cenglusions -~ Figure 6 indicates that the sampling

function is very ragged,.but that the spectrum of this set
of impulses is remarkably well-behaved (Fig. 10). The
largest high-frequency lobes do not reach 1.0 pexcent of the
central peak. The central peak retains its desirable spike-
like character.,

The conclusion is that even severe variation in the
distance between samples will cause only a small modifica-
tion of the amplitude spectrum of the observed field., The
principle effects are at the high end of the spectrum and
can cause broadening of the spectrum with which this

sanpling spectrum is correlated.
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FIGURE 6. SPECIMEN OF SAMPLING FUNCTION, RANDOM
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FIGURE 7 SPECIMEN OF SAMPLING FUNCTION, RANDOM

NUMBER SET |, MODULATION 10 PFERCENT
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FIGURE 8. SPECIMEN OF SAMPLING FUNCTION, RANDOCM
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‘NUMBER SET 2, MODULATION 5 PERCENT

L

FIGURE 9.  SPECIMEN OF SAMPLING FUNCTION, RANDOM
NUMBER SET |, MODULATION 5 PERCENT
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Interpolation

Introduction and Description of Problem == The relation=-

ship between the continuous potentialmfield generated by a
causative body and its imperfect representation by the point-
set of observations recorded in exploraticn has not becen
fully explored. The uniqueness problem most familiax to

geophysicists is illustrated by the following equation for

the radial component of a point source:

S
2
lz|* |x]

where r = a vector from the field point to the mass point
[r|= /ror
k = universal gravitational constant
M = the mass of the point source

->

A

il

the attraction of the point scurce,

The attraction (or at least a ccmpbnent of it) 1s known; the
above 1is therefore one equation with two unknowns: r and M.
If one unknown is assumed, the other may be calculated.

A les

0

appraeciated problem with which this chapter is
concerned is the uniqueness problem asscciated with sampling.
If one is given a point-set of error-free cbservations and a
known density contrast, can morelthan one significantiy
different causative body be found which fit these cbserva-

tions? This problem is of extreme importance when the more
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practical case is considered: that of observations which
are made with a component of erxrxor, fair to poor coverage,
and corresponding large allowable error between the calcu-
lated and the observed data. |

The possible solution of this problem, outlined
in this section, is demonstrated by varying the sampling
-0of a synthetic anomaly so that an interpretation of the data
is available for comparison. A solution by use of interpola-
tion techhiques'to £i1ll in points between the obsexvaticns
is propecsed,

EESQEZ == The effecits of sampling (Papoulis, 1962;
Gray, 1967) for the equally—spaced sample case are well docu-
mented and will only be reviewed here., The multiplication
of the continuous function by a finite Dirac comb is eqguiva-

lent to convolution of the spectrum of the continuous

function with the spectrum of the finite Dirac comb, the
Fourier series kernel. Qualitatively there are two effects
op‘the spectrums
L. A swearing effect (typical of convolution procedures)
15 produced.
2, The Fourlier-series kernel is periodic.. ThE'outpht of
its convolution with the original spectrum is a periodic

function.
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Because the typical spectrum of a potentiél~field’func—
tion is fairly smooth, the first effect is small and méy cause
a more shallow interpretation than the true causative body.
The second effect is more serious, Aliasing of potential-
field signals is seavere; therefore, the spectrum is dis-
torted., The effect of the sampling theorem must be considered.,

Because the sampling theorem’ié discussed in depth else-
where (Bracewell, 1965), a gualitative discussion will be
given here. Note that the restrictions concerning bandwidth
of the sampling theorem do not apply to potential data
therefore the coancluszsicns of the sampling theorem cannot be
used., To the extent that the data do fulfill the require-
ments,appraximate inferences may be stated,

A continuocus band-limited function is completely deter-
nined by sawmples in the time domain 1f the samples are made
at a sufficient rate., The rate is related to the bandwidth
of the continuous function; the continuous function can
belrecoveredvby an interpolation proceduré if this sampling
rate is achieved. Figure 13, 1illustrating the
procedure,'has Fourier transform pairs cn either side of the
double arrows, Reading down the page produces two equations
demonstrating the sampling of a function and its recovery by

an interpolation procedure. The . equations are:
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FIGURE 13. DEMONSTRATION OF THE SAMPLING THEOREM
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f(x)

S(x) = s(x)
s(x) * I(x) = f(x)

F(k) * D(k) = Fp(k)

li

Fa(k) s I(k) F (k)
where S(x), S(k) are the dirac comb and its transform
£f(x), F(k) are the band=limited function andrits

transform

s(x),Fa(k) are the sampled function and its trans-

form

I(x), I(k) are the interpolation function and its

transform
* denotes convolution
. denotes multiplication,

In the potential=field case, the functions are not kand-
linited; however, as with almost band-limited time functions,
an approximation to the centinuous function can be derived by

interpolation.

Interpolation Operators =- Four interpolation methods
are used to obtain an apptoximation to the continuous func-
tion., It is necessary to study the spectra of the inter-
polation operators to gain insight into the resultsrof“their
application,
1. ‘Sample-and-ilold Operator

The sample-and~hold operator interpolates a constant value
over the region following.ah observation point. The interpolated

value is the value observed at the previous observation point.
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The Fourier transform of this operator is given by:

At -jut griubt_y  HIWAE/2
F(w) = J e dt = - . Y
o ~ju Jtiwat/2  AE/
-jwit/2 _
— 2A0te sinwAt/2 |
wAt/2

This spectrum is plotted in figure 14, HNote that the
truncation of the sidebands (which are centered at fAt =

1.0, 2.0, 3.0, +¢.) is gradual.

2., Linear Interpolation

For the linear case, the four-point interpolation‘
method, and many other interxpolation methods, it is neces-
sary to establish the following technique for evaluation of

the transform of a polynomial (from Papoulis, 1962, p. 16):

If
f(x) <=> F(w)
then
n
LLEE) _ (50® Fw)
ax

where the derivatives exists. If f£(x) is a polynomial in a

region such as

: N n ,
f(x) = ¥ a.x for Xy < x < Xy

=0 , othexwise
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because
n a_nid -juwxg =jwxq
a x <=> {e e }
. .nt+l
(jw)
then
N a.ni ~juxg -jwx
f(x) <=> % L {e + e l}

= . n+i
n=l (jw) (Papoulis, p. 53-54)

For n = 0, the sample-and-hold method discussed above

becomes ,for t = Ax,

Flw) = c?swt 1l _ sinwt

had

Jw ~“Jjw -w

% {coswt = 1} + sinwt

Jfﬂz(lwcoswt) _ Zesinw €/2

A(w) = =
: w2 w
__=1 coswt=1 -1 wt w t
0 (w) tan e tan { ( > ) 2

as previously derxrived,
Specifically, for the linear-interpolation case, the
interpolation function is
r(xl) - f(xo)
AX

* X + f(xo);x S x <%

(o]

or if the sampled function is given by

N
f(x) = I an'G(x—nAx)
n=o
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the interpolation function is given by

X N
(1L - K;) * I a, § (x=-nAx)
n=o
% N
+ i * a, 6(x-(n-1)4x); ndx < x < (n+1) Ax
n=o0

The impulse response of this interpolation function can
ve found by putting in a single impulse and observing the out-
puet function., For the linear case the output function is a
triangie of width 2Ax Centered on the input impulse, The
transfer function is therxefore

4 sinc? WAX

Axw?
which is plotted in figure 15, Note that the firxst zero is

at
wAx _ 7 -
“‘2"““"‘ - "2‘ ! fo - 05 °

3. A Four«Point Interpolation Method
The derivation of this second-order method of interpola-
tion is given in Appendix B, This four-point interpolation
scheme is treated here because of its ability to produce
smooth, interpolated values with few discontinuities and
little ovexshcot., The formula is:
+ a; + as

aj-1 i i+l T 3542
f£(x) = = > ¢ x




T 1222

29
3]
(&
o }
b=
-
o
s
(=4

-

0.25 050

fAX
+

w 0.25 0.50

2 O ! i
x
a.

=71
fAX
FIGURE I5. SPECTRUM OF LENEAR—ENTERPOLATION OPERATOR
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where ay is the value at xj. The convolution forrmulas are:
X2 N
2% - (-
) % a, S (x=-(n+1)Ax)

n=o0
<2 N
+ (E— + xX) * L a, 6 (x~(n-1)4x)
n=o
<2 N
+ zn * I an § (x=(n=-2)4x) ; nAx<x<(n+l)4x .

- x2 3X
St 1l ~AX<x<2hx% and zero otherwise,

The transfer functicn is

emjszx 2

- g o (4iéx) = 4A§ + 23)
3w w jw
+jwAx
ce w2 28x, 2
~jw2hx
. e (Zij + 1
4 ) w2
+iwAx
+ 3e '(__jAX__]_.__)
4 , w w2
. -~ JwAx
+ 2sinw3Ax . 2
R e
)

The numerical transform of the impulse response is shown

in figure 1l6a,
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AMPLITUDE

FIGURE I6A.
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4, Sin x/x Interpolation

Sin x/x ox sinc functions (Bracewell, p. 67) are the
ideal interpolation functions. The sampling theorem states
that a band-limited function can be completely restored by
use of the sinc=interpolation functions. However, potential
functions are not band=limited, and recovery of the function
is limited by the sampling theorem, However, a more serious
disadvantage of the sinc function becomes prominent. ‘The
sinc function is infinitely long; therefore, theoretically,
an infinite sum is needed to evaluate each interpolated point.
In practice a finite or tapered sinc funcﬁion is used, but the

theoxy for the infinite sinc function is presented below:
N
£f(x) = sinc(x) * L an § (x=-nAx)

. . mTX
27TSin -
TS AR

Ax o IX -
AX

The function is plotted in figure 16b,

Results of Computational Experiments -- In order to
test the above contentions, the anomaly of the attraction
of a spherical body was calculated using different sampling
rates, Then the four different intexpolation schemes were
applied, The final interpretation was done using the least-
squares fit of the attraction of a spherical body., All
distances are normalized with respect to the station spacing.

Anothex practical aspect is the degree of improvement

of sinc interpolation over that of linear or the fouxr-point
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interpolation method, If the additional amount of work

associated with the use of sinc interpolation produces

little improvement in the interpolated function, the simpler

four-point or linear formula should always be used,

The results of the interpolations are displayed in

Table 2, along with the results of the interpretation of the

interpolated profiles.,

A comparison of the methods of interpolation can be

surmarized as follows:

L.

3

Except f£or the éampleuand-hold method, the center of the
causative body was located almost exactly. The given
values were symmetric about the location of the bcdy.
The methods studied preserve those given ?alues; thus
this result is unsurprising., The results of sample-and-
hold interpolation contain a predictable degree of

asymmetry and are definitely inferior to the results of

.the other methods,

The measured peak values were very close to the correct

value (within O, lpercent), The sample-and-hold method and
second~order method provided consistently better results
than the linear interpolation methods The sinc me thod

gave results which were consistently low, a feature which

will be discussed below.

The average errxor 0f£0,04-1 percent indicates that all the
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Table 2
Interpretation Results for Interpolation

Numbexr of Sum of Error Interpreted Interpreted Interpreted

Method Points* Squared$# = Deoth@ Peak Value& Location$
151, 1 1.10x10™2 24,995 0.9999 52,498
21 1 7.90x10"°% 25,006 0.9995 51,999
:BE 1 4,69x10"°3 25,005 0.9999 51,999
*SX 1 4,89x10~2 24,996 0,9629 51,989
BL 2 2.,92x10~2 25,005 0.9994 53,000
LI 2 2.29x10~" 25,025 0.,9985 52,001
BE 2 1.07x10"" 25.021 0.9996 52,001
SX 2 6.79x10"! 25,060 0.,9617 52.073
BL 3 5.47x10"2 25.020 0,9986 53,500
LI 3 4, 88x10-" 25,019 0.9977 52,000
BE 3 2.33x10°° 25.016 0,9997 52.000
SX 3 2,17x10"32 24,930 0.,9640 51,970
BL 4 8.74x10™?2 25,027 0,9979 * 54,002
LI 4 8.68xL0~" 25,081 0.9954 51.999
BE 4 6422%x10™° 25,068 0,9986 52,000
SX 4 6.71x10"? 25,067 0.9689 52,012
BL 9 3.55x10~? 25,194 0,9901 56.507
LI 9 1.13x10-2 25,379 0.9806 51,998
BE 9 1.30x10"3 25,353 0.9919 52,003
5X 9

3.:34x10~2 24,930 1.0086 51,762

*number of points inserted between given actual values
#sum of differences squared between interpolated values
and interpreted values :
@actual value 25,000 in units of the station spacin

&actual value - 1.000 in arbitrary units

2actual value 52,000 measured from the first input point
!sample-and-hold '

’Linear '

3Four point

“sin x/x

ui
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methods did extremely well with respect to determination
of the depth of the body.

4, The total sguared error of the least-squares fit declined
by a factor of 30-100 in going from the sample-and-hold
method to the linear method, and by a factor of 2-20 in
going from the linear method.to the second-order method.
The results for sinx/x were again poor, principally
because of the error in the peak value cbtained.

As the number of points interpclated increases, the
results show a reasonable decline in quality. The advantage
of a hicher order method over a lowexr order method decreases
as the error grows,

Ceonclusions == The ancmaly used in this study was over-

sampled, and the errors induced by the interpclation method
were small., Thus these results must be considered as
indicative of the relationships between_thevmethOdS studied
rather than indicative of the possible performance of the
operators in an absolute sense,

An attempt was made to isolate the effects of the inter-
polation method used., Random (measurement) errors and
systematic (regional) errors had no place in this study.

As to the sensitivity of the methods used to these types of

errors, the following statements can be made:
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Ae

None of the methods removes the effects of systematic
errorxs {see Chaptexrs 2 and 10 for methods which do).

All of these methods are susceptible to random errors
because they all preserve the values at the observation?
points. Given ;andom error in a series of observations
one would use a method which did not accept the observed
values as valid, but which would minimize the erxor due
to random errors, Such a scheme might be a leastmsquareg
fit of a gquadratic curve to four points instead of the
quadratic scheme used.

This study has applications in many facets of potential-

field work., The following are some of the applications:

L.

Many interpretation methods fail for a lack of data.
Interpolation can provide more control and precipitate
a better interpretation,

Many types of information display, contouring in par-

ticulaxr, need additional control to produce good results,

Interpolation is a vital part of the production of such
displays..

The use of the simplest possible interpolation method
producing satisfactory results will save computer time,
This study allows the effectiveness of these schemes to
be estimated.

The failurxe of the sinx/x operator to produce acceptable
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results can be explained by the following considerations:

1. The operator is infinitély long., To use it an infinite
amount of data must be available. The length used in
this study was not sufficient to produce good results.

The length was not extended because the loss of data at

each end restricts the comparison with the other methods.
2, The results obtained were predictable, The sum of the

coefficienfs by which the contributiéns to one inter-
- polated pcint are mﬁltiplied' is less than 1..0.

For the insextion of one value between the given points

of the interpolating coefficients the sum is about 0,926

for the length of operator used,

Consider this experiment: All the observed values are
equal,. The acceptable interpolated value 1is this constant
value, The sinx/x method obtains a value by the following
formula:

N.

i(2) = X Cyy O
L G Ogek)

= Om "%

where i(%) is the interpolated value and O(m) is any cbserved
value. Thus to produce the coxrect answer the sum of the
cocefficients must equal 1.0.

This experiment yields a method for improving the sinx/x
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method of interpolation. Renormalizing the sum of the
coefficients (except for the x = 0 value) to 1.0 should
improve the performance of the sinx/x operator. This

rencrmalization was not carried out in this study.
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POTENTIAL-FIELD INTERPRETATION USING

THE FOURIER INTEGRAL

Spectral Methods and Potential-Field Data

Review of Literature =- Frequency analysis and trans-

form methods have been extensively used in the intexpreta-
tion of potential-field data, Swartz (1954) utilized hand-
calculated transforms to compare the effectiveness of resid-
uwal operators, Dean (1958) outlined the basic equations for
application cf spectral analysis to gravity and magnetic
interpretaticn. His paper compared several commonly used
grid @perators,and he noted the insight into the difficulties
of downward continuation given by spectral analysis. Byerly
(1965) noted the application of convolution and filter theory
to potential-field problems., Fuller (1967) transformed the
commonly used two-dimensional operators and compared thesg
operators on the basis of their frequency-domain represen-
tation. Fuller also gives one example of a non-radially
symmetric operator. Zurfleh (1967), in his review of the applica-
tions of these methods, offers extensive practical advice
for the use of polynomiaiafitting and linear-filtering
techniques,

Fourier-transform methods have thus been widely con=-

sidered in the literature, Missing from consideration are

40
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details on the two-dimensional Fourier transform and appli-
cations of operators to synthetic data., A vital step in
the treatment of synthetic data is quantitative intexpreta-
tion after filtering,

Review of Pertinent Fourier-Transform Theory == Follow-

ing Papoulis (l962% the one-~dimensional Fourier Transform .
is defined as:
Ll

F(w) = J £(x) exp(-jwx) dx

- OO

il

where w angular frequency

£(x)

i

an arbitrary function of x

j = the square root of -1
Conditions for the existence of F(w) are fulfilled by the
tyres of potential=-field functions measured at the earth's

surface. The inverse transform is given by the following

equation:
¥
£f(x) = s J F{w) exp(+jwx) daw

In general, F(w) is complex. If the real part of F(w) is
denoted by R(w) and the imaginary part by I(w), then F(w)
can be represented as

F(w) = R(w) + jI(w) = A{w) exp(~jé(w))
where A{w) :‘{R(w)2 + I(w)‘?');5

O(w) = tan™+ (I(w)/R(w)) o
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Several properties of the Fourier traansform to be used
‘later include:
l, Translation. If the origin of f(x) is shifted by

an amount x the transform of f(x) will also be altered:

(o) ’
+oo -jwx Fo0 =-jw(z+x,)
Fx~x (w) = [ f(x=xg5)e dx = [ f(2)e dz
(0] - 00 s OO

for z = x - Xge Thus
~jwx, +e ‘-jwz =-jwxg =30 (w)
L (w) = e S f(z)e dz = e A(w)e
O s OO

The phase spectrum of the function whose zero is shifted
forward by x5 is (6(w) + wxo). A zero-intercept straight
line with positive slope equal to x, has been added to the
phase spectrum., The amplitude spectrum is unchanged,

2. Real time operators. For one dimension the reqguirement
that the space-domain function be real restricts the

frequency-~domain functicns which may be considered:

f(x) = a recal time operator

1o

= 5= S {R(wW)+jI(w) }{coswx + Jsinwxldw

. em QD )

A

= Iz [ {R(W)coswx - I(w)sinwxl}dw
27T _o

fo0

+ %? S {R(w)sinwx + I(w)coswx}dw
an OQ
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The last term must be zero for £(t) to be real, The
requirements are that R(w) be even and I(w) be odd:
| R(w) = R(=w) I(w) = =I(=w).
Under these conditions
A(w) = A(=w) 0(w) = =8(-w).,
The-two—diﬁensional Fourier transform is defined ass:
+c0 wj(xkx+yky)
F(kx,ky) = fJ f(x{y)e dxdy

- 00

where k,,k = angular wave number in cycles per unit length,

Y
The inverse transform is:

1 +oo +3 (s +yk,,) v
f(x,y) = 3 IS F(kx,ky)e - dkxdky
(2m) =

The two-dimensional transform has several properties analo-
gous to the properties of the one-dimensional transform:
1. Translation
If F(kx,ky)' <=> £(x,y)
where the doubie-ended arrow denotes the éxisténcé’of artxans-
form pair and

+ »~j(xkx+yky)

FT(kX;ky)‘= Jr f(x-xo,ynyo)e : dxdy

.00

where Fr(kxjky) = Fourier transform of the translated function.,

let 2z = X -'xO

then
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=J (XokytY oKy ) :
The shifting of the zero in the distance domain causes the
addition of a zero-intercept plane to the phase spectrum of

the unshifted function,

2. Real Space-domain Operators

The conditions for rxeal space-domain operators are more
complicated for twe-dimensional transforms than for one=
dimensional transforms, Two sets of conditions
produce the real space~domain operator; one set is
analogous to the conditions in one dimension and another set
depends on the interrelatibnships of the symmetry propecrties
with respect to the twoc axes,

In ihe two=dimensional case the inverse transform is

+o0

f(x,y) = = L 5 JJ (R+jI)°(cos{xkx+yky}+jsin{xkx+ykyBdkxdk
(2m) =0

y

il

where R R(kx,ky)v= the real part of F(kx,ky)

I= I(kx,ky) = the imaginary part of F(kx,ky)
£(x,y) = a real function,
So
Y +o0
E(x,y) = T;ng JJ {Rcos(xkx+yky)»lsin(xkx+yky)}dkxdky
" 0o
40

+ "“lM? IS {Rsin(xkx+yky)+1cos(xkx+yky)}dkxdk

(21) % e !

44
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The imaginary terms in this equation must equal zero,

The non-realizable terms may be zero for several reasons:.

1, Conditions analogous to the one-dimensicnal case., The

last part of the above equation is

? 400 .
Im(f(x,y))= 0 = 1 S/ {Rsinxk _cosyk, + Rcosxk,sinyk
(ZW)Z - - % Y * ¥

+ Icosxk,cosyk, - Isinxkxsinyky}dkxdky

Y

if R is even with respect to ky and k in addition to I

Y
being a) even with respect to ky and cdd with respect to ky

45

or b) even with respect to ky and odd with respect to ky,the

conditions are fulfilled., In addition the possibility of
zero-valued real or imaginary terms must be taken into
account. To summarize the first set of conditioné for a

solely real space-domain operator:

REAL PART IMAGINARY PART
Case 1 even on Ky even on ky

even on ky odd: on ky
Case 2 even on kx odd on ky,

even on ky evenaon»ky

2, Conditions involving symmetry of the two-dimensional

~transfoxrm:
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A type of spectrum of interest is that set of transforms

for which the imaginary part is zero. An alternative

definition of this set is those spectra such that the phase

of the two-dimensional Fourier transform is given by an

integer multiple of w. This set includes the desirable functions
with zero phase which do not distort the phase relationships

of any function with which they are multiplied.

The definition of the set of spectra which produce
a real spaée—domain function is as follows: the real part is
‘symmetric between quadrants 1 (erky>’0) and 3 (kx,kY<0) and
also symmetric between quadrants 2 (k, >0,k <0) and 4
(ky«io,kx:>0). The imaginary part must be antisymmetric
between quadrants 1 and 3 and also antisymmetric between
quadrants 2 and 4. Note that the two above-listed cases
satisfy these reguirements.

The fact that the operators most often applied have bheen
sampled on a discrete grid dictates that most operators will
nct have radial symmetry, but will have the symmefcryj
illustrated in figure 17. Fuller (1967) makes this point and
demonstrates the necessity for considering the full two-
dimensional Fourier transform even when tﬁe continuous
operator has complete radial symmetry. Zurfleh (1967)
also discusses this point and suggeststhat some adjustment-
of the operator is nécessary to‘insure radial symmetry when

it is desired.
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Figure 17 illustrates the difference between the two.
cases in which neither the real not the imaginary part
of the_spectrum is zero. The cases in which the
imaginary part is zero are of substantial interest.

Spectra of Potential Fields -~ Odegard and Berg (1965)

have compiled the Fourier transforms of the attraction due
tec simple geometric bodies. The amplitude spectra have the
general property of exponential decrease with increasing
frequency. The logarithmic decrement of exponential fall-
off coefficient is proportional to the depth of most bodies.
Attracticons measured over bodies centered at shallow depths
are expected to have more relative amplitude density at
higher frequencies than attractions measured over bodies
buried more deeply. The functions have reiative amplitude
density at all fregquencies. The study of Odegard and Berg
(1965) permits the evaluation of aliasing as a contributor
of error in potential-field studies. The extent to which
aliasing is a probleﬁ,can be seen from consideration of

the spectra of the attractions from simple geometric forms.
Whenever the field is sampled, aliasing is present

because the functions are not band~limited.’ Despite

the exponential decrease of the amplitude with increasing

frequency, unexpéctedly high 'sampling rates can
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be shown to be necessary to reduce the aliasing error to 1
percent, If the anomaly in attraction is sampled at a rate,
so that the distance between observations is one-half the
depth, the aliasing errors are on the order of 10 percent at
" the higher freqguencies near the Nyquist point,
Consider figure 18, which is based on figure 1b of

Odegard and Berg's paper (1965).

.0
1l
Q
2
b=
g .
= Qul
<
S
—J

0.0 |

o 10 20

FREQUENCY (cycles/km)

FIGURE 18. SPECTRUM OF BURIED, lNFleITE" HORIZONTAL
CYLINDER.

49



T1222 50

This graph is the spectrum of the attraction due to an
infinite horizontal cylinder at a depth of cne kilometer.
At a sampling interval equal to one-half of the depth to
the center of the cylinder -(1/2 km), the error due to aliasing
at frequencies near the Nygquist frequency (lcvcle/km) is
about 10 percent to the peak value. The error decreases
exponentially and is less than 1 percent for 0.25 cyclés/km.

Results of Computational Experiments -- Two data sets

were genérated and used to test the effectiveness of filter-
ing methods. 1In generating both sets of data, it was assumed
that a large mass point was buried at large depth (to
prbvide regicnal gradient) and four smaller mass points
were buried at shallower depths (to serve as snomalies.to be
found and evaluated). The synthetic profiles are shown in
figures 19 and 20. The smaller anomalies are marked with
Roman numerals. Table 3 gives the parameters for these
anomalies. |

The spectra of the two data sets are shown in figures
21 and 22. The spectra of the regionals albne‘ére shown
in figures 24 and 25, and of the signal alone in figure 23.
It might be supposed from inspection of these figures that
the signal could be separated from the regional by using
a high-pass filter with a cutoff frequency at about 0.02 on

the dimensionless frequency scale.
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Table 3
Znomaly Parameters for Data Sets
Location
Anomaly Depth Peak Value (from left)
I 104 0.,1% 20
1z 10 0.1 50
III 10 0.1 100
iv 10 0.1 150
Regional for 150 1.0 210 .
Data Set 1
Regional for 50 1.0 200
Data Set 2

#Al1l distances are normalized with respect to the station
spacing '

*Normalized gravity values

Low-pass filtex design is severely restricted by the
length of operator desired. The lowest freguency loﬁ—pass
filter for any particular length of operatorxr is given by
the boxcar (constant value) operator (with bandwidth of the
filter defined as the frequency of the fixst zero of the
filter spectrum). The frequency domain representation of
this function is the sinc (or sinx/x) function, The fre-~
quency~-decmain cutoff of the boxcar operator is at the first
zero of the sinc function. Subséquent fiddling with the

operator will cut down the side lobes of the sinc function,
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but the cutoff point will expand past the desired'lowest
possible frequency for ﬁhat length operator. This behavior
is an expression of the principle of uncertainty; the band-
w;dthwtime duration product is never less than a certain
constant value,

The first zero of the sinc function in the fregquency
domain occurs at w = 27/T where T is the length of the box-~
car function in the time domain and w is the angular
frequency. In dimensionless frequency this point is found
at £At = 1/N, where N is the number of points spéced At
apart Lo make up the boxcar function. If

A
= T,

fAt =0,02 = 1/N ; N = 50 points
No attempt was made to vary the filter length from this
apparentiy adequate length of 50At,
The Hamning smoothing function, a well kncwn method
for improving the performance of a filter, is used here.

The equation for the Hamming filter is
.'% (1 + cos {E%})'for [t] < 7

0 le] >t

A Bartlett (triangle) filter has as its transform the

2

o) . :
sin‘x/x2 or sinc® function (Bracewell, p. 67). The virtue

~

of the sinc” function is its ravid drop-off rate and the

decrement of the side lokes, The eqgquation for the Barxtlett

59
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filter is
(1 - LE‘—L)for le] < =

0 for |t]| > T.
These two filters were normalized (sum equal l.OL
convérted to high-pass filters, and then were applied to
the two data sets. The anomalies on each data set weré then
isolated and interpreted by the least=squares method described
in Appendix A,

The disappearance of anomaly I points out a shortcoming
of the convolution method of regionalwanomaly separation,

A filter with a length of N points convolved with a data set
with & length of M points yields only (M=N) valid poin%s of
output. In this case it was the beginning of the data which
suffered, and the first anomaly was lost,.

The residuals derived from the convolutions are shown
in Pigures 26-29, The average level of the curve was
lowered by 0.02 before‘interpretatioh.because of~the»appéar—
ance of the resiauéls. The results of this interpreﬁation
are shown in Table 4,

The‘quantitative results can be summarized as follows:
1l The anomaly peék is located to within one data point,

2. The depths are consistently shallow by an average of
15 percent, |

3. The mass estimates axe consistently low by 40 percent,

4. The standaxd deviation of thé interpretation per point

is uniformly locw (around 3 percent).
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Table 4
Exror Summary for Results of Convolution Study
Anomaly Erxrror x 10'4 Mass Depth Location
Figure 26 II 3.61 0.060 7.26 50.62
B=*LOR? ITI 4,87 0.059 9,04 100,01
v 3.39 0,063 9,39 150,16
Figure 27 II 8,25 0.056 8,63 50.69
B*HOR® TII 5.80 0.058 8,89 39,82
v 12,45 0.045 7. 40 149,385
Figure 28 i1 8,90 0.054 8,50 50,67
HY¥*LOR ITI 5,10 0.059 8,78 99,03
IV 2.92 0.063 9.14 150,13
Figure 29 11 8,30 0.056 8,63 50,67
H*HOR I 17,11 0.053 9.70 98,99
v 14.58 0.045 7.11 149,83

~Bartlett Filter

*Denctes convolution

$SLow-order regional (Figure 18)
3High-order regional (Figure 19)
#Hamming Filtex

63



T 1222

The qualitative results are left for a later secticn
in which the above will be compared with another popular

method of regional=-residual separation, polynomial fitting,
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Identification of Broad-Band Events

Previous Work and Theory =-- The work of Fraser, Fuller,

and Ward (1966) introduced a method uniqgque to geophysics

for the detection of broad-band (wide spectral range) events
despite interfering noise. By use of a series of narrow band-
pass filters, the above authors managed to isclate the loca-
tion on a profile at which power was located over a wide
_variation in frequencies. A similar method presented below
utilizes the following property of Fourier transforms:

In a pravious section it was shown that if

f(x) <====> F(w) = A(W) exp(=jo(w))

then

This fact can be exploited to identify broad-band events,
despite substantial narrow~band noise, The method in
Fraser, Fuller, and Ward (1966) is based on the same con-
siderations., Essentially the same idea is presented below
in a form which clarifies the basis of the idea and allows
one to evaluate its potential,

Broad-=band events, - lTocalized in space (such as
a single potential~field anomaly), by virtue of the above
property of the Fourier txansforms,will’add a linear term
to the phase spectrum of the profile. The slope of this

linear addition is proportional to the location in space of
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the event, Any non-localized noise, particularly that which
is restricted to a narrow band of frequencies, will have an
unpredictable and almost certainly non-linear phase.
spectrum, Thus a search of a phase spectrum for linear
segments will reveal a localized event or anomaly.

Practical Considerations =~ A difficnlty in fitting

linear segmenﬁs of a phase spectrum with a straight line
arises from the way in which the phase values axe calculated,
All phase values are constrained to lie between -7 and +w

by the periodicity of the circular functions-= thewe is an
uncertainty of 2nw, The actual values of the phase spectrum
may run on tirough many multiples of w. The points at which
the Qhés@ values change from + to - arxe difficult to deter-
mine exactly if a distinct linear trend is not being
followed across each jump of 27 in the phase value,

In calculating the slope of a linear portion of the
phase spectrum,an approximate method of compensating for
laxge discontinuities in the phase spectrum is used on the
exanples. A straight line is fit to a non-discontinuous
“portion of the spectrum by the least-squares method (CRC
tables, p. 363, 1957). This line is aésumed~to pass near
the next point outside the portion used in the fit, If it
does notl pass within a preset distance of thé next point,

a discontinuity is assumed to have taken placegand the whole

Li

[4
P

1@ 1s adjusted to pass through the point on the othex side
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of the discontinuity. The next point is then considefed,
and the decision about the existence of a discontinuity is
again made., When no discontinuity is present, the line is
refit to accommodate the newly included point in the least-
squareé fit,

The method remains under full contiol of the user
because the size and number of discontinuities allowed are
_quite variable, depending on the characteristics of the
phase spectrum, The linear slope of the phase spectrum can
be changed by moving the zerc-point locaticn.

Results of Computational Experiments == A curxve used by

Fraser, Fuller, and Ward (1966) was digitized and the methced
applied (see figure 30). Its spectrum appears in figures 31
and 32. ‘The scale is expanded in figure 32, to show the
important low-frequency details,

Figure 33 shows the slopes derived and the errors
associated with each slope determination. A slope of -200
corresponds to a location of 63,5 units from the beginning
of the profile.

Table 5 indicates the frequency range to which each
point on figure 33 corresponds.

Table 6 sumnarizes the results, The Fraser, Fuller,
and Ward figures are seen to be more consistent; however the

locations derxived from the slopes reflect the true uncertaintcy
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Table 5

Location of Points on Figure 33

Point Figure Dimensionless Frequency
Span
1 33 A-B 0. ~-0,01
2 33 A-B 0.011 ~0,02
3 " 0.021 -0,03
4 " 0.031 -0,04
) o 0.041 -0,05
6 " 0,051 -0,06
7 " 0,061 =0,07
8 " 0.071 -0,08
3 " 0,081 -0,09
10. " 0.091 -0,10
1 33 B~D 0. =0,05
2 33 B-D 0.055 ~0,10
3 " 0.105 -0,15
4 " 0,155 -0,20
5 " 0,205 =0,25
6 " 0,255 =0,30
7 " 0.305 -0,35
8 " 0,355 «0.,40
9 " 0.405 =0,45

10 " 0,455 =0,56
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Table 6

Summary of Results

Frequency Slope _ Fraser, Fuller &
Band Values Location Ward Location
0.0-0.01 201 64 52
0.011-0.02 242 77 57
0.071-0.08 255 81 65
0.105-0.15" 186 59 66
0.0 -0.05 200 63 61
Averages

Low frequency 240 76 65

High frequency 200 63 -

present in the data. Reference to the paper of Fraser,

eé: al., (p.1070) shows the true location of the body to be

at about location 70. The slope derived values are

localized around this value. Unfortunatly, the linear trend,

couple& with a delayed boxcar truncator, would have a similar

linear phase. To obtain reliable phase estimates, such trends

must be removed before the data is transformed.

Fourier Transforms and Polygonal Cylinders

Description of the Problem -- -Elongate anomalies are

often observed in exploration gravitY‘work;. Signifi¢ant
engineering effort has been applied to interpretation of
anomalies which are at least three times as long as they
are wide. The effort has culminated in the powerful method of

interpretation by polygonal Cylinders of infinite length.
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The infinite-cylinder assumption works well if the anomaly
is seven to ten times as long as it is wide, and proportion-
ally less well for diminishing ratios Qf length to width,
The polygon assumption is well justified because an increase
in the number of sides, appropriately fitted to a well-
behaved mathematical curve, decreases the error between the
curve and the polygonal outline.

The formulas for the attraction of a polygonal cylinderA
are formulated in terms of pairs of adjacent vertices of the
‘polygon which comprises the cross-section of the infinite
cylinder (Fig. 34). Superposition allows one to find the
attraction of the whole cylinder. The study described below
is concerned with the contribution to the attraction by
one side of a polygonal chinde:,although a change in one
side implies a change in one or more of the other sides to
close the polygon. It is necessary to know the effect of
a change in one side in order that the effect of nultiple

changes can be determined.

Purpose and Scope of Study -- The background of poly-
wrgonal methods indicatés the importance of the above statement.
Once the confribﬁtion of one side of the polygonVCan be

fouﬁd (the direct problem in potential theory), the

problem of indirect interpretation bécomes_of‘interest:

Given the attraction can the causative body be found? For

a given density contrast and a given measure of the error.

the answer is yes. Given (1) the density contrast

of the polygonal cylinder, (2) the desire to minimize
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the sum of the squared error between the attraction of the
cylinder at certain points of observation, and(3) the local
observed values of the attraction as recorded in the field, then
powerful methods do exist (Corbdtb, 1965) to adjust the

- vertices of the polygon appropriately.

However, most who-have tried these methods will
acknowledge difficulty (Snyder, 1968, p. 106-110)., Suf-
ficient control is necessary to keep the brunt of adjust-
ment from falling on any single point, and to keep all
points within a geologically feasible range of values (balow
the surface or other known boundary, etc.). The purpcse of
exhibiting the spectrum of the anomaly caused by one side of
the peolygonal cylinder is to gain insight into the instabil-
ity of the fitting procéss cutlined above, It is possible
to derive the closed~form transform of the formulasrfor the
vertices, but the resultant complicated formula fails to
pass all tests for communication of information or ;nsight.
The pictures of the numerical transforms found here enable
one to extrapolate the consequences_of vertex adjustment,

For one side of a polygon the variables used here are
the depth to the center of the side divided by the length of
‘the side (the burial ratio), the angle made with the sur-
face by the side, and the'frequency (in cycles/length of
side). Because the densitY'contrast is unknown, all of the
ampLitude speétra are normalized to 1.0 maxiﬁum-applitude

value,
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Results of Computational Experiments == Figures 35-39

show the.contfibution of a single éide of a polygon plotted
above the trace of the side. Inasmuch as the profiles

shown are simply the reverse of those with angles greater
than 90 degrees, only the curves for 0, 30, 60, and 90 -
degrees are diéplayed. The symbol "L" is the unit of length
equal tc the length of the side studied.,

The shape of the curves 1s remarkably consistent for the
five burial ratiocs,

Figures 40-44 show the normalized amplitude spectra of
the attraction curves of Figures 35-39, The following pocints
are evident from Figures 40-44:

l. There is little change in the normalized amplitude spectra
as a function of the depth ratios for the ratios diéplayed.

2., As the angle with the surface (8) increases, theré is a
shift of spectral energy to highef-freéuencies.

3, Vertical sides on a polygon do not add to the. overall
average level of the curve.

4, The peak in the spectrum of'thevattraction due to a
vertical side (6 = 90°) is found at 0.1 on the dimension-

less scale, With Ax equal to 0.1 (of the unit length) in
thisrspecific case, the wave-number is seen to beil cYcle/'

unit length, or 1 cyclé/length of vertical side.
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5. There is an indication of aliasing at the highest fre-
quencies and larger angles.

6. - Because of the termination of the contribution curve.
unimportant truncation effects are present. The zeros of the
curves are not repeated at regular intervals. Note that

the amplitude spectra are all normalized to 1.0 which
minimized the effect of the depth variation.

Figures 45-49 show the phase spectra derived from
Figures 35-39, respectively. The phase spcetra are plotted
between *mwso the discontinuities of 27 are present in the
display. The phase specfra are continuous for the most part.
Note that when the amplitude is low, the phase spectra may
be unreliable,

The following observations can be made:

1. A variation,gf the phase spectra with the.anglezof the
side with the surface is present and is more prominent for
the deeper sides. The curvature increases with increasing
angle.

2. A straight line drawn through all spectra wouid have
about the same slope regardless of angle of depth ratio
(seevthe section on broad-band event detection). -This lin-
earity indicates that the‘centér ofAeach attraction curve
is located at the same place with respect to the beginning
of the curve.

3.7 Discontinuities other than those of 2r increase in

number as a function of both angle and depth. For example,
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FIGURE 48. PHASE SPECTRA OF CURVES
FROM FIGURE 38. DEPTH=20L

92



DIMENSIONLESS FREQUENCY

0.50

0.25

93

' ] \
NS \

NNSN

FIGURE 45. PHASE SPECTRA OF CURVES

- FROM FIGURE 39 DEPTH=25L



T 1222 94

compare figure 46, 0 = 0 degrees, with figure 48, € =
90 degreeés.
4., The curved portions of the phase spectra appear with
increasing depth at the angles of 30 and 60 degrees. These
"peaks" are apparent on figure 47,
5. There is some tendency for the apparent linear slope to
change with higher frequency at the greater depth ratios
(Figure 49). .

To summarize the results:
1. The depth has little affect on the amplitude spectra,

2., Depth affects the phase spectra,

©i

3, The amplitude spectra vary substantially as a function
of angle.,

Conclusions -- The peak in the spectrum associated with

a verticél side appears to contradict the work by Odegarxd
and Berg (1965, p. 431) with the attraction of a fault,
Contrary to their findings, vertical sides can cause peaks in
the spectrun.

The phase spectra appear to be the most interesting
development in the study., The}center‘of the single body 1is
located by cqnsideratiOn 6f the linear portion of the phase.
The phase spectra at angles of 30 and 60 degrees, for the
deepex sides, possess curved segments at frequencies neax
.3fAx. A curved portiOn»or-peak in the phase spectrun of an

attraction curve corresponds to several spectral components

with the same phase shift at zero. Because of the differences
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in frequengy petween such components; they will never be in
phase, With this type of phase, a distance~domain function
synthesized of sinusoids will exhibit little cvidence of
those components,

At larger depth ratios and higher freguencies (2,5L,

0.45 £fAx), the approximately linear poxtion of the phase

of slope is probably due to truncation effects and the
contribution to the higher frequencies by the sharp corners

where the attraction curve was terminated,

Two=Dimensional Fourier Transforms

Introduction == This section demcnstrates the use of

wo=dimensional Fourier transforms and the application of

two-dimensional operators to synthetic data, The two-
dimensicnal Fourier transform and its use in processing two-
dimensional potential-=field data have been extensively
studied by Fuller (1967) and Zurfleh (1966), Fuller's tabu-

lations of the transforms of commonly used grid operators

95

se

spectra exhibit an irregular increase in slope, This increas

ié guite complete and instructive, zurfleh (1966) treats many

of the practical aspects of using grid operatorsrdesigned in
the frequency domain. DBoth these rceferences are concerned
with radially symmetric¢ operators, the freqguency-domain rep-
résentation.being thexeby simplified to a signed amplitude
spectrum covering one quadrant, Fuller (l9¢7) gives one

filter which separates two trends on a synthetic map., The
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linear features are about 45 degrees apart and the "strike"

filter does a good job of separating these two trends.

Generation f Filters and Data —-- The filter used in
this study was constructed by the use of an inverse two-
dimensional Fourier transform. The spectrum of the filter
(Fig.50) ,which was approximated digitally, consists of a flat
section trending at an angle of about 45 degrees to the kx,ky
axes. The phase of this filter is zero in all guadrants.

The inverse transform of this wave-number domain func-
tion is shown in figure 51. The filter is normalized so
that the sum of the filter weights is equal to zero. The
impulse response of the desired filter is calculated on a
grid of 1llxll poiﬁts. This trend filter is not radially
symmetric.

To investigate the possibilities of distance-domain
modification of the trend filter, the filter in figure 51
was transposed and the upper triangular half of it was mul-
tiplied by a minus one. The transposition causes the filter
to amplify trends at 90 degrees to the desired strike of the
trend filter in figure 51 (because of the symmetry of the
trend'filter,.this trahsposition is equivalent to a 90
degree rotation, illustratedbin figure Sl). 'The_sign’change

is eqﬁivalent to multiplying the trend filter by
sgn(x+y) = =1 if (x+y) O

= +1 if (x+y) O,
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FIGURE 50. AMPLITUDE SPECTRUM USED TO GENERATE
FILTER IN FIGURE 5I. AMPLITUDE OF PASS-
BAND IS 1O, OTHER AMPLITUDES ARE ZERO
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This function may be considered to be one-dimensional with
its independent variable, z set egual to (x+y). The trunca-
ted, digital version of this function precduces an approximate
derivative with respect to z at frequencies with wavelengths.
much longer than the truncated function. Because this function
is odd, its convolution with a symmetric function produces an
odd function which is, again, a property of the derivafive
operator.

The anomaly chosen for the demonstration is that of a
semi-infinite horizontal cylinder whose end is covered by a
larger masking spherical anomaly. A geologic situation
corresponding to such an anomaly would be a salt ridge ending
in a roughly spherical salt dome. The anomaly causeﬁ by the
cylinder is shown in figure 56; the anomaly caused by the
combination of spherical and cylindrical hodies is shown
in figure 53.

Results 6fAComputational Experiments -- The filter

in figure 51 was convolved with the data of figure 53 to pro-
duce the results shown in figure 54. 1Interesting features
to note are as follows:

1. The ridge is well defined and the magnitude of the

spherical nose is reduced.
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-5Ax

FIGURE 53.TOTAL ANOMALY OF SPHERE AND CYLINDER
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FIGURE 54. RESULTS OF CONVOLUTION OF FILTER
IN FISURE 5/ WITH DATA SHOWN IN
FIGURE 53,
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o 50y

FIGURE 55. THE DATA IN FIGURE 53 CONVOLVED
WITH THE FILTER IN FIGURE 52.
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CYLINDER
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2., The total anomaly is spread both laterally and along the
trace of the cylinder.
3. The values reached by the peak corresponding‘tolthe
cylinder at the lower right hand edge of the figure are lower
- than the true asymptotic value.

The filter in figure 52 was convolved with figure 53 to
produce figure 55, The following results are evident:
1. The zerc-contour line which appears along the trace of
the cylinder,
2. The negative slope indicated above the trace of the
cylindexr and the pcsitive slope below,.
3. The pods of large (absolute value} slope denoting higher
rates of change in the areas influenced by the spherical
ancmalies,

Ceonclusions == The use of two-dimensional filters is a

flexible method of processing two-dimensional gravity data.
The results of this study show that the separation of
anomalies with different trends is feasible and that modi-
fication of the filters used can often produce superior
resulté.

In Figure 54, the'trend,.though broadened,
has been separated frdm the trendless . part of the
anomaly. The values along the cylinder are reduced slightly

from the true values.
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A new concept is présentéd in figure 55. Many inter-
pretations of this type of anomaly, either by derivative
methods or by non-linear techniques, would depend on choos-
ing a representative profile across the elongate anomaly.

If this profile were representative of the body and isolated
from the end effects, excellent results could be obtained.
Figure 55 shows the application c¢f a one-dimensional méthbd
(an approximate first derivative) at all points perpendicu-
lar to the trend of the cylinder.

Descriptively, the filter in figure 52 shows the follow-
ing effects in figure 55:

1. Along the trend the filter is constant with gently down-
sloping sides, a low-pass filter. .

2. Across the 45 degree trend, an approximate derivative

has been taken. The iargest peaks in the output (Fig.SS)

are at the inflection points where the rate of change of the
function is greatest. These peaks are associated with

the sphere and outline the area which the sphere is influen-
cing. The first-derivative approximétion, valid'only at

low frequeﬁcies, is seen to do anrrisingly well in this case.

3
S

Rotation of Two-Dimensional Filters

Introduction -~ The rotation of two-dimensional response
maps and- the effect that this rotation has on the space-

domain operators is considered in this section.
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If an axis of symmetry or a prominent feature isvpresent on
the two-dimensional transform map, a change in its

azimuth is often desired. An example would be a northwest-
southeast-trend filtexr being readied to enhance a north-
south trend. The actual application of rotation to poten-
tial field operators is  outlined, and areas of special
practical and theoretical concern are. indicated.

The problem is to describe what happens when a feature
on the transform map is rotated about the wavenumber origin,
The nature of the transforms of potential fields is con-
sidered; along with the special problem of twc-dimensional
aliasing. Finally, practical aspects of deing these rota-
.tions are considered.

Theory of Rotation -- The twc-dimensional Fourier inte-

gral transform was defined in the section on spectral
methods, For a transform map with a prominent feature on
it, the rotation of this feature with respect to the wave-

b3

number origin by an angle 0 is as follows: <the orxiginal
function has the transform:
+oo +3 (xkx+yky)

fx,y) = fo{, Flkyikyle dkxdk'y

The rotated transform is given by

11

4}?R(k.x ,ky ) F(kxcosewkysine,k cosB+kX§in6)

Y

ox

107
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If

kx!' k,cos8 - k,, sin®

y

ky' = kycose + kx sin®

the solution for kx,ky is

kx

i

kécose +vk§ sin®

] — T 3
ky ky§ose kx sin®@.

The distance-domain operator is

+oo ,
f X = ,___.'1‘ ) I 3 3%
r (X y) YOS {iFR(kx,ky) exp (+jxk, +3/ky) dkxdky

The variables on the right are changed to forms involving

kg ks
£ (x,y) 1 “
r — P k. i ;
(2")2 °°_}T‘(kxcose ky51n6,kycose+kX51ne)
+3 (% (klcosB+k'sing) + v (k!cos8-k'sing))
e % Y Y x dk,dk,, .

The jacobian is equal to 1.0 for this substitution.

+oo +j(kl(xcoée-ysin9)+k§(ycosG%xsinQ))
5 /T F(kx,ky) e X
(2m)2 o dkgdky

= f(xcosB8-ysin®, ycos8+xsin8),
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The effect on f£{x,vy) is also a simple rotation. This
property, as with most Fourier transform theorems, is
reciprocal: a rotation of the space-domain operator causes
a rctation of the wavenumber-domain transform map. A,
derivation of an analogous theorem appears in Banard (1966,

Ps 1“40) .

Aliasing Considerations =- Considered in this section

is the design of two~dimensional operators for the reduction
of potential-field data; Zurfleh (1967) covers the design
of residual filters from regional filters, methods for
truncating the filtexs to a useable length, and the design
of bandpass filters, Though Zurfleh restricts his attention
tc radially symmetric operators, Fuller (1967) details one
non-radially symmetric operator and cautions against its
use without further study. |

A powerful approach to the design of two—dimensional
trend filters is to assume a desired spectrum and then to
calculate or derive the impulse response of the desired
operator., This method is particularly desirable if the
spectrum is calculable, Most desired spectfa are tractable,
including the truncation operators used to shorten the
impulse response in the space domain.

Ancther design approach for two-dimensional strike

operators uses the rotation principle shown above. The
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rotation of operators to enhance a particular trend angle

is effeéective; interpolation formulas are far easier to
calculate than two=-dimensional transforms. Also discussed
in this section is a consideration often over-
locked by those designing velocity filters for seismic work.
‘The aliasing inherent in sampling of potential fields,com-
bined with the aliasing effects of the sampled operator}
generate design problems.

In figure 57; the dotted area represents the
noise spectrum, and the éircleufilled area the signal spec-
trum, Tilting the strike filter (slashed area) to pass the
desired frequencies causeé the strike filter to intércept
substantial noise from the higher crder aliases of the

-
SCoe

i-l-

no

This process needs examination in detail., The rotation

interpolation, and resampling of the operators is followed
in the wavenumber domain in figures 58-61:

l. The aliased spectrﬁm of the operator is shown in figure
58.

2. Rotating the filter rotates the spectrum, figure 59,

110

3. Interpolating on the rotated axis gives an approximation

of the spectrum of the continucus operator, figure 60.
4, Sampling on the non-rotated grid causes aliasing with

respect to the non~rotated grid, figure 61.
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FIGURE 59. ROTATING THE FILTER ROTATES THE SPECTRUM
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FIGURE 60. SPECTRUM AFTER INTERPOLATION
ON ROTATED GRID

FIGURE €l. SPECTRUM SHOWING ALIASING AFTER
RESAMPLING ON UNROTATED AXIS.

(
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If the rotated filter spectrum were superximposed on the
spectrum of the original problem in figure 57, the aliasing
of the rotated filter reinforces any noise which has the
same trend as .the signal,

Thus the conclusion is that aliasing is a serious fac-

tor in the design of strike or trend filters.
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THE POLYNOMIAL METHOD OF

POTENTIAL-FIELD=~DATA ANALYSIS

Approximation of Functions -- The technique of the
functional approximation attempts to replace observational
data, imperfectly determined at a finite numbei of points,
with a continuous function having a small number of para-
neters, The technique can be thought of as a processing
scheme wherein. a large amount of observed data is replaced
by a small number of function parameters.,

If a physical basis is xationalized for each parameter,
then a separation of the source of each portion of the data
is possible, The geophysical problem susceptible to such an
analysis is the proklem of regional-residual or local-
global anomaly separation. The assignment of separate
geologic causes to the components of an observed potential
field is a continuing geophysical problem.

Hamming (1962, p. 81=91) discusses the approximation
of functions at length and specifically raises the following
four guestions about the represéntation process:

1. What samples shall we use?

2. What class of approximating functions shall we use?

3. What criterion of goodness of fit shall we use?

4. What accuracy do we want? (iHamming, 1962, p. 82).

115
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For a specific geophysical problem,questicn 1 is
‘usually answered because the data have usually been obtained
long before analysis 1s begun. or the sampling distributicn
is dictated economically. The design of a field survey was
considered in .a previous sectionj for this section, howeverxr, the
sample points are assumed to have been previously determined,

Question 2 is considered at length in the following
_section on the constrﬁbtion of orthogeonal functions using
sets of linearly independent functions, That section
details the functions available,

For question 3 it is necessary to relate closely the
selected criterion to the physical information available
about the problem. This question is discussed in the sec-
tion on Qeighting and polyncemial fitting,.

The answer to the last question is most .
filippant though actually most difficult. The obvious
answer is %all the accuracy obtainable consistent with the
goal of the analysis." However, the non-uniqueness of
surface~observed potential-field methods makes'thé goal a
shifting target. Accuracy requirements evolve from physical
considerations and objectives inherent in the survey.

The purpose here is to evaluate function-appreximation
technigues which will constrain the geological alternatives

offered the geophysicist,
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The approximation process is as follows:

j» determine

Given fi(xi)' a function observed at points x
which parameter values of P (a;b,;Cr444), an approximating
function, allow the difference between f(xi) and Pn(xi) to
have a certain desired characteristic. As an example,
censider fittihg a set of N observed data points, f(x{),
with an approximating polynomial P, (m,b). Let the desired
characteristic of the difference between the fitted line
and the observed data be such that the sum of the squares

of the differences is a minimum., Thus

SS = the .sum of the squares of the deviations

I
N~

{Pm,b(xi) - f(xi) }2

i=1

whexe P (x.)
my bt m and b :

f(xi). the observed value at xj.

Taking the-partial derivative of SS with respect to m
and setting it equal to zero will give a linear equation
with unknowns m and b. Taking a similar derivative with

respect to b will give the secondvlinear equation with m

and b as unknowns., These equations indicate the extremal

of SS. Since SS can be made as large as desired by increas

ing the P{(m,b) without limit, the extremal is a minimum,
Despite occasional numerical difficulties, m and b can

usually be found from the above equations. This simple

the it value of a function with parameters

117
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example illustrates the method used to fit functions which‘
are linear in their parametexs (the parameters appcar to
the first power oanly). All orders of the Cartesian poly-
nomials are linear in their parameters., The derived
equations are called the normal equations. In the more com-
plex case of a function which is not linearxr in its parameters
a similar technique is used. &
Functions which are orthogonal over the interval to be fitted
are of geophysical interest. QOrthogonality in the interval
(O,L) is defined as

L

J P (x)Pp(x)dx =k if m=n
o

n

0 if m#n,

whexre k is a constant,

PheP, are orthogonal functions.
It can be shown that from a set of functions which are lin-
early independent in an interval, a set of functions
crthogonal over the same intexval can be constructed
(Hamming, 1962, p. 235). Cartesian polynomials consist of
the linearly independentvfﬁnctions which are the positive
powers of X,

The:sets of the orthogonal polynomials derived from the
Cartesian polynomials arxe named according to the interxvals

ocn which the function is orthogonal, The polynomials and
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their intexvals of orthogonality are

LeGendre (P) =1l to +1-
Shifted LeGendre (Sj,) 0 to +1
LaGuerxe (Ly) 0 to + infinity
Hermite (Hp) - infinity to + infinity,

To insure convergence, the polynomials orthogonalized on
the infinite interval include an exponential weighting
function. For the LeGuerre polynomial the weight is exp(-x)
and for the Harmite, exp("XZ).

Hamming (1962, p. 239) shows that all polynomials for
which the kth polynomial is a polynomial of deurxee k
satisfy a three-term recurrence relation. The above poly-
nomials can be generated with the recurrence relationships
though a recursive method may not be numerically favorable,

Anéther important set of orthogonal polynomials is
those derived from the linear &independence of the sine and
cesine functions., The sine and cosine are orthogonal over
the intervalbminus infinity to plus infinity. The commonly
used definitions are:

F,(x) = Fouxrier or exponential polynomials
= exp(jnx) = cos(nx) + jsin{(nx)
where n = the order of the polynomial.
The linear use and fitting of Fourxier polynomials is

treated in a previous section by the more specialized

119
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Fourier integral theory.

Fitting of Cartesian Polynomials -- Cartesian poly-

nomials are fit to a set of observations in a least-sguares
sense by generation of the normal equations. The normal
equations are difficult to solve for high-order polynomials
because of the behavior of the determinant of the set of
linear simultaneous equations to be solved (Hamming, 1962,
p- 231).

One method of circumventing the numerical difficulties
involved with the normal ecuations is to use polynomials
orthogznal over the point set of the observatiéns (Grant,
1956). The relief is only temporary, for the
derivation of the new set of orthogonal poly-
nomials is also numerically difficult (Hamming,1962,

p. 244).

Another method is to use tabulated orthggonal_poly~
nomials. These_polynomials are generated so they are
orthogonal over a range, as for example in the case of the
shifted LeGendre polynoﬁials the range is {1,0)."Continuous
integrable functions are easily fit by such polynomials
over £he range of orthogonality. The.exprésSion f6r‘the co-

efficient of the nth polynomial,a,, is



Pr{x)y(x)dx

5 (1)
Pn (x)dx

o
I
O SpHio

Where y(x) is the given function to be fitted by the poly-

nomial P,.
For a point set well distributed over the interval, the
polynomials will not be orthogonal’but : nearly so:

N
El Pn(xi)Pm(xi) 5 0_ forn #Fm

hE

# 0 forn

m
where x; is the point of observation and n and m are the
order of the fitting polynomial P, or P

The critical factor to note is that when'n 7 m,the
above sum is very much less than the sum for n = m, The
full set cof normal eguations for the orthogonal polynomials
will have a very large main diagonal, and the solutién will
be numerically stable.

The method used in the following work is outlined
belows

Given: Sn(x)npolynomials orthogonal over the range of x,

Yy (x3) -observed values at the points Xie
M ~-maximum order of polynomials to be fitted.
N -~number of observations.

. th .. ' . : .
The k linear equation for the Qh's is

121
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M N
X Ap z Sk(xi)sm(xi) =
mn=1 i=1 i

™M=z

Y(xi)sk(xi) (2)

Note that the above equation degenerates to the previous
equation (1) if

N :

.

1

for k m. Eguation (2) is easily solved with a minimum of

Sk

nunerical problems.

Recursive Weighting == The assumed purpose of a

regianalwresidual separation scheme is to isolate anomalous
~areas on a map. A quotation by Nettleton (1954, p. 2)
however, will instill:caution in the most enthusiastic
mathematical geophysicist:

The fundamental ambiguity in the regional problem
does not appear to be very well appreciated even
at this late date... The variety of regional
treatments of gravity surveys, in particular, is
probably the cause of the remark made facetiously
by a geologist that "the xesgional is what you
take out to meke what's left in look like the
structurel ¥ 1In view of the uncertainties and
ambiguities pointed out, this is perhaps abcut as
good a definition of a correct regional as any
that can be made, But this means that the deter-
mination of a satisfactory regional is a geologic
as well as geophysical pxoblem, If we can detex-
mine limits on the areal extent and relief of an
anomaly which is a reasonable expression of the
kind of structure we are looking for, we then
have scme idea of the type of regional to remove
which will emphasize anomalies of this kind.

In light of the above, consider the question posed in

Section I: What criterion of goodness of fit should be used?
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The two best known methods are:

l., The minimization of the sum of the squared deviations
(least-squares).

2, The minimization of the maximum deviaticn (Tchebyscheff),
These two methodsrg;ew out of the desire of numerical
analys{s for a function which closely matches the obser-
vation points., The importance each of thesg methods
attaches to each point increases with the deviation of that
point from the function being fit., The lesast-squares method
attaches ascending importance roughly proportional to the
square of the deviation of each point. The Tchebyscheff
method attaches importance only to the point of maximum
deviation, These fitting methods do not match the assumed
urpose as stated at the beginning of this section.,

A method is required which will emphasize the anomalous
areas cof the map and cause the smooth variations in the map
to disappear. Such a method is a numerical inverse weight-
ing schewme., For this method each point is weighted accord-
ing to the inverse of its deviation. By continued itera-
tianjthe‘anomalou3'points accrue very little weight and the
smoothly varying points become the cohtrolling points of
the regional.

An outline of the method:

1., A least-squares fit is made to the raw data (each point
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ié weighted equally).

2, A normalized weighting factor is calculated for each
point approximately proportional to the inverse of its
deviation from the least-squares curve, Very small devia-
tions prcduce very ;afge weights; and thus an upper limit must be
provided to prevent the weighting from growing without bound,
3. A new least-squares fit is made to the wgighted data.
Steps 2 and 3 can be repeated., 1In step 2,the small devia-
tions can be raised to a power causing even heavier weight-
ing towards the smaller deviaticns, The exact technique
usaed is outlined in Appendix C,

Results of Computational Experiments -- The polynomial

fitting and weighting schemes outlined above were investi-
gated by“applying them to the two data sets mentioned pre-
viously. This section'sketches those investigations and
will give the results of the extensive experimentation.

There are seven possible sources of variation which
contributerto the results obtained., These are the data
sets, the oxder of the polynomials, the two percentage
weighting factors, the number of weighting iterations,'the
small coastant which compensates for the least-squares
fitting procedure, the segment selected for interpretation,
and the type of polyncmial used, These variables are

discussed individually below.
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The only two;aata sets used are discussed above
and are again shown in Figures 62 and 63, The restriction
of the causative bodies to regular geometry and the clear
definition of anomalies are evident., The variability of
the regional component affords an adequate test of any
regicnal removal scheme. -

What order of polynomial to fit is a subject which has
received much attention in the literature (Zurfleh, 1967;
Grant, 1954). Experimentation with all orders of poly-
nomials from 1-12 indicated that the sum of the sguared
errors term steadily shrinks up to the Sth order and then
begins to grow again. This phenocmenenis obserxrved by cthers
(Grant} 1954). The sixth order was chosen arbitrarily
because its error term is almost identical to that of the
fifth @51784875 to0.1784707) and because its highex order
might £fit closely the heavy weighted points,

The low and high percentage points were chosen from
the infinite range of possibilities. At one extreme, the
low cutoff point would delete no points; at the other
extreme all the points would be lowexed to a near-zexo
uniform weighting. Both cases would give results identical

to the unweighted case. By inspection of the raw weights

125

it was seen that they varied from about 30 percent of the average

Ui

weight (see Appendix C) to 100 times the average Weight.
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Cutoff points of about 40 and 500 percent were used. These

126

cut-off points reweighted about 80 percent of the points. Such

a high percentage of exclusion may have been too large, but
it was very effective in increasing the erxror term that the
least-squares fit had minimized, The only way to visualize
the effects of these parameters is to do the weighting and

fitting, then to look at and/or interpret the éurve. Such

extensive experimentaticn was beyond the economic scope of

his thesis. '

The number of iteraticns was subject to experiment'and
arbitrary termination. As mentioned above, the erxror term '
was increasing with each iteration (a maximum of five itera-
tions was attempted at one time or another). The possibili-
ties are endless, and so the two data decks were subject to
three iterations and then processed for interpretations,

The least~-squares method produces a roughly equal
number of positive and negative anomalies. Such an assump-
tion is false in this case inasmuch as only positive
ancmalies are present., A small positive constant (typically
about 0.02) was added to the residual anomalies to make the
situation correspond to fact,

The extent of each anomaly is conjectural on the part

of the interpretex. The portions of the curve affected by

each causative body as generated were selected for inter-
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pretation. This procedure caused some negative points tc

be included in each interpretation segment. The approxima-
tion is acceptable because the equal length of all segments
contributes to the validity what the small number of negative
points subtracts.

The x~coordinate of the calculated points is normalized
to lie between 0.0 and 1.0. 1In this range the three types
of polynomials available give the same coefficients for the
‘cartesian polynomials. The range of the coordinates was not
a variable in this study.

From the above discussion, a graph representing at least
seven variables plus another axis for a figure of merit of
the interpretation would be necessary to represent the pos-
sibilities in this study. Each axis has a wide range of
variables, and each comﬁutation puts but one point on the
graph. Such experimentation being clearly impractical in
this study, the above discussed restrictions‘were_accepted
for computaticnal experiments.,

The results fox the following set of circumstances:

1. the previously discussed two data sets with four
ancmalies each

2. sixth-order polynomials

3. 40 and 500 percent weighting cutoff range

4. 3 weighting iterations

5. small ceonstants equal tce about 0,02
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6. segments equal to those originally generated

7. Shifted LeGendre polynomials

are shown in Figures 62 and 63, The results of the intexr-

pretaticn are summarized in Table 7. The results for the
unweighted case are shown for comparison,

With respect to determination of the peak value, the
weighted scheme is superiox;except for the third
anomaly of  the second set. The average improvement of
the weighting is about 5%7 percent. The depth figures for
the weighted case are similarly closer to the original
values. Though the weighted values are better by about
6te8 percent, it is interesting that all the depth figures

alues

are about 25 percent shallow., The x=locati
(measured from the beginning of the interpreted segument)
are more accurxate but less precise. The tot ror

figures show that in each case the weighted curve produced

a residual that looked less like a sphere than the residual

of the unweighted method,

Cecnclusions -~ The only conclusions that can be drawn

about the above results is evident; for the case studied
the weighting method of fitting polynomials is superior to

the unweighted method.

128



129

1222

e

v.iva TYNOIO3Y ¥3QUO~HOIK OL LiZ STIVINONATOd QILHIZMNN ANV om%mw.u%..mm 3¥nold

000" 00¢ 000°SL1 000° 031

000" 981

000° 001

000°SL

000°08 .

000" Se

r T 7 Y 7

Q21HOIZM

¥

B

0ag* oos® oov* 00s*

HUTM



130

T 1222

VivYQ IYNOIO3Y H3CHO-MOT OL Lid STIVINONATOL QILHOIAMNN ONY "03LHOIZM'€S 3uNOId

000° 00¢ £00-sL1 000051 000~ 321 0C0- o1 000°SL 000° 08 000" Se ‘8.

i 14 T ! 1 H 1 ¥ 4 k) T ¥ 1 ¥

002"

oop*

0os®

Q3LHOIIMNN

"\
Qag*

000" 1



131

1222

!Ii

*Jusubas J0
Sutuurtboq woxy paansesw 2 {Huroeds UOTILPIS JO SWIDY UT POINSEIW DIL SOOURISTDY

0V 02 88°8 c00T°0 p-0TXTZ°9 AT
6T°02 £p°L Z680°0 £-01%96°T IIT
€6°6T LO°L 9L0°0 ¢ 0TXZZ°C II pa3yUbT=M
- TeuoTbOx
£€°6T 88°L 0LL0°0 ¢|OHXmN.w T I9pPIO MOTT
0T°*02Z 0E°L 6730°0 £-0TX0E°T AT
0Z°07 0€°L ¥260°0 e OTXPL T TIT
ve*o0z Z0°9 0gLO*O m=Oonm.m I poa3ubtoamun
TeuoTHOX
Ly 6T z0*%9 £€90°0 c-0TX62°T T Iopxo MOT
S Tpie L0°8 ££90°0 £-0TX99°9 AT
£€9°6T SLeL T960°0 ¢-0TX9L"Z TIT
T5°02 4 A $9L0°0 5-0TXGE"S IT pa3ybrapm
TeuoTbox
ZL°*8T To°L T690°0 c-0TXLY "2 T I9pIo YbTH
Z0°TC 8e°L %990°0 c=0TXS6"Y AT
ZG*6T £V °8 6S0T°0 e -0TXST ¢ ITT
76°02 gg*o 6€L0°0 mloaxnw.ﬂ IT po3udiomun
; TRUOTHRX
by °8T® gz L# T950°0 ¢-0T¥80°C I , I9pao ySTH
00°71Z 00°0T 000T°0 - sonTep TeurhbrIo
uoTiIe007] uadaqg INTRA Meddq eoxvy oMy uvotydraosaqg

paxenbg Te30., Kreuouy
s3Tnsoy HUTTA TeTwoudTog JO Arewumsg

L 9Tqey



T 1222

-

32

‘Generalizing about the validity of the rxesults is very
difficult.»Although the assumptions seenlreasohable' more experi-
ence with the method is necessary. The resuits of the
weighting method have improved directly with the experience
of the author,

If the cnly general conclusion which can be made is
that the method is promising and further work is needed,
the writer must offer indications of the areas in which more
work . is necessary. Qualitatively, the two variables denoted
as 3 and 5 in the list above seem to need the most attention,
Actual data (with reascnably well known causative bodies)
would add to the evaluation of the method, though the
synthétic data used are realistic except for the small com-
ponent of measurement errxor which would be present in actual
data.

This study would also benefit greatly from additional
technology. It was mentioned above that extensive comput-
ing steps (isolation of segments, addition of constants,
interpretation, and plotting) intervene between the
decision about certain vaiiable values and the feedback of
results, Immediate graphical presentations and interactive
computing power represent an efficient method of studying

the probklem,
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Conclusions Regarding Filtering vs Polynomial Fitting =--

By reference to page 63, £he reader can compare the applica-
tion of filtering technigues and the use of polynomial
fitting tecﬁniques. Quantitatively, the results obtained
by convolution have a total error smaller by about
an order of magnitudej; depths which are closerx to the
original values by abcut a station spacingj and the location
of the peak value which is less vncerxtain by about two
station spacings than the fitting methods. The polynonial
method obtaihed values for the peak of the anomaly which
are better than those cbtained by the filtering method by
about 192 to 12 percent,

zurfleh (1967) has compared gualitatively the two
methoeds of convolution and fitting, Rather than summarize
his arguments, a qualitative comparison based on this study
is presented here.

Therxe is much more human intervention in polynomial
fitting. Such intervention is not bad in itself, but if it
is not artfully done by a person knowlaedgeable about the
mathematical technique being used and vexy well vexsed in
the geology of the area, success is infrequent,

The least-squares method produces an equal number of
positive and negative anomalies. Anomalies of interest
usually (not always) are of one sign. Again,,interventioﬁ

of an artful (or biased) hand is necessary to shift the fit
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to confoxrm to the geology.

This study showed how the length of a convolution
operator can cause the loss of an evident anomaly. Short
operators are a necessity.

A filter is not easily applied to non-equally spaced
data, whereas the polynomial can be adapted readily to give
a fit to randomly spaced data.

Determination of the residual by convolution is done
in one step, whereas the fitting techniques take several
steps to preparé the regional and subtract it.

No direct economic comparison was made of these two
methods; however, for the manner in which the study was done,
the convolution method is the less costly in both time and

money.
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DISCUSSION OF RESULTS

This section is a summary of the conclusions which may
be drawn from the above works and an indication of the
applications of those conclusions in practice. The topics
developed herein can be coordinated with a conventional
survey in the manner indicated in figure 64, That figure
schematically represents the sequence of operations involved
in a conventicnal field survey. The contributions of this
thesis are displayed at their point of incorporation.

Before the potential field is first measured, the infor-
mation from this thesis about the design of the survey
proceduré should be taken into account, Meﬁhods for design
of a survey involving unequal sample spacings and having a
spectrum closely resembling a desired spectrum are discussed,
If the desired spectrum is filat over several sidebands of an
equally spaced survey, unequal spacing of the observation
points can produce an approximation to the desired spectrum.

If equally spaced observation points are desired, a
Fourier transform after the suxvey is completed will indi-
cate the degree tc which the desired sampling swectrum (the
Fourier-series kernel of appropriate order) was attained,
Results of investigation'in this thesis indicate that

moderate misplacement of the cbservation pecints from a

135
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STEPS OF A
CONVENTIONAL SURVEY

136

NEW TECHNIQUES
TO APPLY

MEASURE THE S

CORRECT THE
FIELD DATA

Design of survey

POTENTIAL FIELD M\
Frequency response of

completed survey

Interpolation to aid

display
DISPLAY AND CORRELATE ==

Insight gained from

WITH GEOLOGY TO X

PREPARE FOR
(NTERPRETATION

Fourier transform
of polygonal sides

REMOVE SYSTEMATIC

Filter design

ERROR TO PREPARE FOR T
INTERPRETATION

st

DATA MANIPULATION

Weighted polynomial
fitting

Broad-band event
/ detection

FOR INTERPRETATION <oz

GEOLOGICAL CONCLUSIONS

Fourier transforms of

‘ w@\ polygonal cylinders

Rotation of two~dimensional
filters

FIGURE 64. COMPARISON COF A 'CO.NVENTIONAL SURVEY WITH
METHODS DISCUSSED IN THIS STUDY
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desired survey grid contribute minor yariations to the
spectrun of the sampling function,

Once corrected poteﬁtial field values are in hand, the
generalizations about methods of interpclaticn provide
guldes for further processing. The persistence of certain
parameters describing field data, ncted in the
gection on intérpolationsindicates that excellent interpcla-
tion methods exist which may be useful in many display and
interpretation schemes. Commcnly a rather complete grid of
values is necessary to generate a display. Automatic
machiine contouring is one display method in which interpola-
tion metheds are important to the success of the method.,

The gfid operators described by Fuller (1967) can be applied
only to an equally spaced grid, so interpclation is a neces-
saxy part of that suite of interpretaticn methods.

The regional-residual separation problem is not solved
by the techniques considered in this thesis. More tools
are provided to do a separation, but the separation of local
and global anomalies remains an art to be practiced by the
person wao'mékes use of ancillary geological and geophysical
assumptions. The results of two methods of separation,

olynomial fitting and coavolution, are compared. Many of

+ 0O

1]

the possible variations are evaluated under controlled con=-
ditions by using them on a synthetic example. In addition,

a new metheod using weighted polynomials is demonstrated
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successfully.

Qualitatively, polynomial fitting requires prolonged
calculaticns, but is lsss awkward to use than the other
methods considered. Convolution provides rapid calculation,
but the subtleties of filter design and filter comparison
can be recognized only through long experience. The loss of
cne anomaly near the edge of the data because of end effects
~and the requirement of equally spaced data before applica-
tion are substantial drawbacks of the convolution method,

Quantitatively, for all but one parameter, the convolu-
tion method produced superiocr results to the polynomial method
in this study. The sums of the squared exrrors is
smaller for convolution than were the corresponding sums
obtained'in pdlynomial,interpretation. This decrease
demonstrates that the filtered output looks more like what
one would expect from a sphere than does the output given
by poclyncomial fitting. The depth estimates obtained by
convolution are better than those obtained with the poly-
nomial method. The location of the anomaly peak is pre-
served by convoluiion, the error usually being less than
one station spacing. The polynomial method produced hetter
results in the determination of the peak value of the
anomaly. A polynomial-weighting method.pxoduced superior
results to those obtained with the unweighted polynomials,

the results are still inferior to the results_ obtained

[ d

wu

o
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with convolution,

Several ideas given herein apply to interpretation of
field data. Broadband detection capitalizes on phase infox-
mation to ascertain the space lccation of spectral energy.
In surveys with a high noise level, such as arxe obtained in

near-surface magnetic work, this method has promise,

139

Two-dimensional filters are demonstrated to be effective

‘as a means for separation of interpretaticn of anomalies
having trends on a map, The generation of two~dimensional
filters is investigated; and one difficulty concerning rota-
ticn is graphically illuminated,

The section on Fourier transforms of the attraction of
a polynomial side contributes at several points of a conven-
ticnal sﬁrvey. The attraction of a geometric form used
to fit an observed curve has no chance to fit the observed
data if there are spectral components in the observations
which are not in the attraction curve of the body being fit,
In problem areas where there are high gradients, the
spectral matching of obse:vation and model will contribute
to the effectiveness of the indirect interpretation.

For future work, the aberations of the phase spectrum
seem to provide an indicator to angles and orientaticns of
the polygonal siées causing the attraction. Development of

‘a phase=deccmpositicn method is needed to capitalize on
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these deviations,

In summary, consideration should be given to the topics
developed in this thesis before a potential field survey is
undertaken, The methods contribute to the survey at each
intermediate step of data manipulation$ and, finally, they

allow one to assess the affects of that manipulaticn on the

final interpretation. Several unigue additions to intexpxre-

tation methods are included,

The sampling. functicn does affect the accuracy
with which one can reconstruct the continuous potential
field from the discontinuous set of measurements. In the
preparation ofkthe data, improvements to both polynomial
methods and to convolution methods are necessary. This
study indicates several improvements, notably a non-least-
squares polynomial method.

With respect to the final stage in interpretaticn, the
three=-dinmensional representations of the Fourier transforms
of polygonal sides draw attention to the behavior of the
phase spectrum, Both as an interpretational aid and‘as an
indicator of the presence of certain specific types of
causative bodies,; the phase spectrum deserves further

"attention.
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APPENDIX A

Least~-squares fitting of the attraction of
a reqgular geometric figure to observed data

The attraction of a regular gecometric body is deter-

mined by relatively few parameters. For a sphere,
there are cnly three parameters for the profile case:

x, the location of the center of the body

h, the depth of the body

p, the peak value reached over the center of the body.
Note that p contains the density and the radius of the
sphere, two variables whose relative values are nct usually
known..

he problem is: Given observed data, 0;, at N peints,
determine the three param=ters of the sphere so that the
differsnce between the attraction calculated at each point
and the observed attraction is a minimum when summed and

sguared over all the observation points, In an equation,

the problem is to minimize

N 2
SS = 1L (0, - G;)
. i i
i=1
where SS is the sum of the squares of the error
0y is the observed value at the ith observation point
G; is the calculated valve at the ith cbservation

point found using a particular set of parameters
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The particular set of parameters are those which minimize 'SS,
This problem fits into a general class of mathematical
techniques called guasi-linearization, - 'Signifi-
cantly, a wide class of problems can be soclved with this
rnethod, and once the programming is available, diverse prob-
lems are solved using this technique (see subroutine LS in
Appendix D). The following derivation is generalized because
of its wide applicability.
The calculated function is assumed to be linear with

respect to its parameters for a small change in its parametexs:

M 3G,(1)
G: =G (i) + I 2~ .
1 (o) R 1

j=1 9Ty ]

where G,(i) is an original value of the function to be fitted
' calculated using a set of first guess parameters,

X are the parameters, there are M of them

1

Ari is a small change in the parameters

The partial derivative is evaluated using the first
guess parameters.

Substituting into SS:

N , N o e M 3G (i) 2
S8 = I (0;=G4)° = I {0;=Gg(i) ~ I —z— Ar:
i=1 i7vVi i=1 i =1 orj j

Taking the derivative with respect to Arj-and then setting

it equal to zero will minimize SS,.
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i N 26,(1) w m ) 3G, (1)
=228 2 0= 1 {o;-G (i) }e —57—— =~ L L = o, 3 oy
ddry i=1 © k  i=1 j=1 J
or -

N 2G,_ (i) N M 3G (i) 3G_(i)
C Q o]
£ (G, (i)~0;) = = I I -2 Ar,
j=1 © i’ oxy i=l j=1 or. CEN j
h

which is the k equation in a series of M linear simultaneous

eguations whose solutions are Ar, for n = 1,M, These sclu-
tions, when added to the guessed set of parameters,will pro-
duce a new set of parameters for which SS is nearex the
minimum,

A few words need to be said about the method of calcula-
tion of these new parameters. The coefficient matrix on the
right side of the above equation can be recognized as the
premultiplication of an M x N rectangular matrix by 1its

ranspose, The rectangular matrix is made up of the par-
h

et

tial derivatives with respect to the jt
th

parameter evaluated
at the 1 observation point, BEecause the multiplication
can be dcne and stored entirely within the cne rectangular
matrix (and one linear array N locations long) the calcula-
tion dees not consume inorxdinate amounts of space in a

- gomputer, Also, the set of linear simultansous eqguaticns
generated are a version of the notorcus normal equations
which are difficult to solve. care must be exeréiaed in

the soluaticn of these eguations to assure the correct answers.,
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Because the assumption that the calculated function is.
linear in its parameters is approximate, it may be necessary
to iterate the above procedure until the results are

satisfactory.

The equation for the vertical. component of attraction

of a sphere is:

Mz
A, = 5. 372
(x*+2z7) .

The formulas used to calculate the derivatives are:

BAZ B 2
oM 3/2
(x*+22)
97z 3z xM
X 5/2
(x2+zz) /
3A . 2
Z M 2
= e o (x°=22 )
EYA 5/2
(x2+zz) /
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APPENDIX B

A Four-Point Interpolation Formula

This formula is used for interpolating values cf a
functioq for values of the argument different from the given
equally spaced data.

The formula makes use of a quadratic as an interpolat~
- ing function. The quadratic is fitted to the given function
so that it matches the function exactly at the twe center
peints, It is fitted to the two outer points in such a way
that the square of the deviations from those two points is
a minimum,

. The following is a derivation of the method:
The prdbiem: To fit Ax?® + Bx + C = £(x)
for
RIEPS 30> FEPS ¥
so that for

X f(x) = X

il
o
-

Il

X

i
ot
»

f(x)

X =0 f(x) = C=X

il

x =1 £(x) A+ B+ C=X
C is determined and there is an equation involving A and B

available. The deviation at the two outside points must now

46
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be minimized:

DEVZ = 3

x=—%¢2

2 2
{Ax“+Bx+C-£(x)} .

From above,

C = Xq
A+B = Xy=X
SO
B = X;~Xg A
and |
DEV? = z {Ax2+{xl«x ~A}x+X --f(x)}2
Q o

X=“‘l,+2
Taking the derivative of DEV2 with .respect to A and setting
it equal to zero will minimize the squared deviation,

apBvZ _
9A - -

(x2~x)°2°{Ax2+(Xl—xo—A)X+Xo”f(x)} =0
x=~1r2

Evaluating

0

li

4{A(=1) 2+ (X=X ~B) (=1) =X_,+X}

+4{A(2) %+ (X =Xg=D) (2)+X ~X,)

4

}_{‘l*Xof“X -X )

4

1 2

B ='X1—X6~A = X1~Xo~

A check is provided by

A+ B+ C = X1



So

+ (Xl-Xo)x + Xo

This equation can be written compactly as

X.1~Ko~X (K

£(x) = = L (x%-x) + (X=X} x + X

o

Wote that this formula is general for any spacing of
the functional values if x is treated as the fractionail
distance from Xge If the distance between known points is‘
4x, and if y is the point at which the interpolation is to
be made, the substitution

_¥=X,
AX

X

4
and appropriate definition of the known points

xo'< Y < Xl ’

can be made. The above formula is then used for the inter—

pclation,

1SN
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APPENDIX C

Polynomial Weighting Method

Establishment of the relative weights for the subsequent
fit of a polynomial was done  as follows:
l. Fit an uwnweighted polynomial to the given data.
2. Calculate the raw weights to be assigned to each point.

The formula is:
POWER

WTi = 1,/ (deviation}
where WT is the weight determined

(deviation) is the error between the given value ai that
point and the fitted polynomial,

POWER is an opticnal feature, usually set equal to 1.0.
3. Hormalize the weights so that the sum of the weights is
equal to 1.0,
4. The weight is calculated which will give uniform weight-
ing to all points.
5. Two inputs are given which are the low and high percent=-
ages of the value of the average weight. The lowest and
highest pexmissible values are calculated from tﬁese inputs
and the results of step 4,
6. The normalized weights are individually éompared with
permissible values. If the weight of a point is lower than

the lower limit} the weight of that point is made effectively
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zero, If higher, the weight is set at the highest permis-
sable limit,
7. The new weights are then renormalized so their sum is

1.0, and they are applied to the data.
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APPENDIX D

Computer Programs

Because most of the effort in *this thesis was
in program developiment and testing, a list of the programs
g =L G

i included,along with a short description of each., Copies

w

these programs are available from this writer,

h

o
The programs were prepared and used cn the Colorado
University Control Data Coxporation 6400 computer., The
programs are user oriented, and the logic of each program is
‘externally prcgrammable by the user.
The programs developed are-
1. FAS-~Fourier Analysis and Synthesis, This program does
either a forward or inverse Fourier transform. Either the
time (distance) functiocn or a real-imaginary or amplitude-
phase frequency function may be input.
2. COWNV=Convolution. This program coavolves a one-
dimensicnal filter with a one-dimensional data array.
3, LP=Linear Phase, This program extracts the linear por-
ticns of discontinucus phase functions,
4., SiDE-Attraction ofvPolygonal Cyiinder. Given a set of
vertices and a set of field points, this routine calculateas
the vertical component of the attraction of a polygonal
cylinder’described by the vertices., The attraction is cal-

culated at each of the field points.
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5. BINT-Interpolation. This program interpolates using
four methods, sample and hold, linear, a modified four
point method, and the sinx/x method.
6. BEQ-Fourier Transform, This program Fourier transforms
non-equally spaced data,
7. BPE-Sampling Function Design. This program will design
a sampling function to specifications described in the
frequency domain using a Monte Carlo method,
8. FPr2D-Two~dimensional Fourier Transform,
9. I27TD-Inverse Two-dimensional Focurier Transform,
L0, BLS-~Polynomial Fitting. This program will fit any of
three types of orthogonal polynomials to one-dimensional
data. A welghting scheme is optional.

Several utility routines were also developed:
l., NBLI-Data Handling., This program manipulates data
arrays of either one-or two-dimensional form, Many options
are availablej adding, multiplying by a constant, etc,
2. NBPN-Plotting. A flexible approach to plotting of data
‘and control of the format is afforded by this program.
3. GFORM~Potential Theory. This program generates the
attraction of three regular geometric forms.
4., LS-Least Squares. This subroutine will perfdrm a
least-sguares quasilinear fit of any function to any data.

The subroutine, completely general, is used in BLS, LP,

=t

1
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and NBGiH (below).
5. NBGH-Interpretation. This program does a least-squares

fit of the attraction of a sphere to input data.
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