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ABSTRACT

Much interest has been generated in the development of optimum
control doctrine for inventory systems, due to the fremendous amount of
money tied up in inventories of physical goods in both the private and
public sectors of the economy. Many procedures have been devised which
result in optimum control doctrine for very specific types of inventory
systems, This is perhaps due to the difficulties invoived in cbfaining
optimum solutions to cost equations of inventory models of a more
general nature. Hence the importance, in the more general case, of
easily solved approximate solution procedures for the development of
optimum control chTrine is obvious.

This thesis is concerned with the development of such an approxi-
mation procedure in the form of an iterative solution method. This
method is valid over a wide range of types of inventory systems which
have a periodic inventory level check occuring at regular intervals in
time. Where successful, the iterative procedure converges to a solution

rapidly and can be solved by hand using standard Poisson distribution

tables.
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INTRODUCT ION

inventories of physical goods have become a major portion of the
total investment of both the private and public sectors of the economy.
Inventories are a 'cost-only' part of any supply organization not
explicitly returning any profit as such. Thus the study of inventfory
control and management procedures, possibly resulting in a decrease in
the cost of an inventory system, is easily justified. The reasons for
holding invenTories of physical goods can be classified by an analogy
to the reasons for holding cash (or an inventory of money) as pointed
out by Arrow (1963, p. 4). |In general, three motives can be thought
of: “transaction,. precaution, and speculation. The transaction motive
is the cost of having To order and deliver items as they are demanded;
the precaution motive i{s the cost of not being able to supply a good
when [t is demanded; and the speculation motive is the possibility of
gain due to future changes in price or interest rate.

The transaction motive can best be shown by illustration. Suppose
in the simplesT deterministic case we define the annual demand rate by
A > 0, the guantity ordered each period by Q > 0, and the cost of
placing an order by Alz_O. ‘Then if C is the cost per item (independent

1)

of quantity ordered) and I is the alternative interest rate, and if

we assume the safety stock (amount on hand when an order arrives) to be

(1) The alternative interest rate is defined as the rate at which the
money invested in inventory stock could earn revenue if it were invested
differently (i.e. stocks, bonds, mutual funds, loans, etc.)



T-1654 2

zero, the average annual cost expression can be written:

- AA I'C'Q
K ) + 2 .

By differentiation we see

ARTHYR
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or Q*, the optimum amount to order, is given by

|

since the second derivation of k with respect to Q is positive everywhere.
All other quantities being positive, A > 0 implies Q¥ > 0 and A >0
implies Q* = 0. Thus, if the procurement cost is zero the optimum

order quantity ig‘zero, hence the importance of A (the procurement

cost) is obvious.

The precauTibnary motive is the cost associated with being out-of-
stock when a demand occurs. This cost may be in the form of a loss of
goodwill and lost profit in the case where safes are lost, or the cost
of backordering in the case where demands are backordered. |In a steady
state situation the transaction and precautionary motives are prevalent,
but when prices or -interest rates fluctuate sufficienfly the speculative
motive may also operate. This thesis is only concerned however, with
steady state inventory situations and speculative inventory systems will
not be considered.

The parameters which affect an inventory system model naturally
form a good basis for a classification process of inventory systems.

The first of these parameters is that one concerning the nature of the
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processes which generate demands on the system. The demand parameter
may be deterministic as in the case of an inventory of parts to be used
on an assembly line, or it may be stochastic as demands on.a retail
sales outlet. The second parameter concerns the nature of the supply
processes to an inventory system and can be divided into three separate
categories. First, the lead time (from placement of an order until
delivery), if there is such, is either deterministic or stochastic.
Secénd, the orcer quantities may not have any constraint, or may be

i
all#wed only in lot sizes. Finally, quantity discounts may or may not
be available on orders placed for sufficient quantities of goods, and
when available may apply to the entire order or only to the incremental
quantities in the order which affect the discount rate. As may be seen
in The I{Terafuréi e.g., (Hadley, 1963, p. 40ff and p. 62ff) ordering in
lot size quantities or quantity discounts does not affect the basic nature
of the inventory model used; they simply involve continuous approxi-
mations or iterative procedures to solve. Thg final parameter which
affects the inventory system control docfrinebis the method of data
col lection. Data collection procedures are of two types, transactions
reporting and perioedic review. The transactions reporting method entails
the recording of each sale and immediaTe(z)subfracTion from stock records

of the amount of goods sold. The periodic review method, which for many

types of inventories is the only practical method, in which an accounting

(2) Some large retail stores keep a record of items sold on paper or
magnetic tape at their cash registers which is used to update the
inventory records once each day. Given a sufficiently small demand rate
(in comparison to amount of stock on hand) this may also be thought of
as a transactions reporting system.
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of:the number of units of a particular item is performed periodically,
will be the basis of the renewal theory application.

The costs of an inventory system are numerous; however, not all of
them can be affected by or can themselves affect the choice of control
doctrine and consequently need not be included in an analysis of an
inventory system. We will only be concerned with those costs which
have a direct relationship with the choice of control doctrine. Thus
such costs as insurance or shrinkage which may not be affected by the
stock level will not be considered; however, they may be a factor in
the determination of I (the alternative interest rate). Those costs
directly affected by or directly affecting the choice of control doctrine
are: |) Procurement costs, generally a fixed cost of placing an order,
i.e., administrative and/or transportation costs; 2) Carrying costs or
alternative costs, referred to as such since it is the cost of having
money tied up in an inventory of goods that could otherwise be invested
and accruing interest; 3) Stockout costs, such as the cost of notifying
a customer of the out-of-stock condition and goodwill lost when the
customer is inconvenienced as well as the cost of lost profit or backorder
cost associated with the particular stockout policy in use; 4) Review
cost, only considered in the case of a periodic review system since in
the transactions reporting system the review cost does not affect the
control doctrine.

The first chapter will review the basic Transacfioﬁs reporting
inventory systems and basic periodic review system with deterministic
supply and demand. The first part of the second chapter will present

some results of renewal theory as applied to periodic review inventory
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systems, while the second part is concerned with developing an approx-
imate solution to the stochastic periodic review model using two appli-

cations of renewal theory.
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BASIC SYSTEMS

Transactions Reporting Models

Intfroduction: The difficulty of operating an inventory system is

due primarily to uncertainty in the information used to make predic-
tions and decisions Transactions reporting systems, even though

giving an exact determination of stock levels at any instant in time
thereby reducing this uncertainty, are possible only through the use

of complicated procedures or expensive equipment. When the financial
investment in an inventory is sufficiently large, however, a transac-
tions reporting system is justified since expenditures on equipment

can be offset by }ncreased efficiency. Transactions reporting models
are much easier to devise and results are more exact than is the case
with periodic review systems. Additionally, basic models of transac-
tions reporting systems provide background material leading to models

of periodic review systems. Consequently, the first part of this
chapter is devoted to basic transactions reporting models. In the
;econd part of this chapter is presented a deterministic periodic review
model as an introduction fto the stochastic periodic review model which is
presented in the second chapTer.(B)

In a transactions reporting system the two questions which need

to be answered in order fo operate the system are: When to order and,

(3) Many of the basic models and some of the notation is from Hadley
(1963).
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how much to order. They can be most easily answered in terms of stock
levels. |f we define 'inventory position' as the total amount in
stock plus stock on order then r and R will represent the order-place-
ment and immediately after-ordering inventory positions, respectively
(see fig. 1). For a system in which the demand and supply process
parameters are deterministic, r and R can be found exactly. However,
when either demand or supply processes or both are stochastic then r
and |R can only be determined so that the expectation of profit or cost

. ! N : . C. ;
is ?pftmizeo. 'Actual in-stock level'! is negative when backcrders occur.

' Deterministic Situation: The simplest transactions reporting-

systems occur in cases where the demand and supply processes to the
system are known with certainty and are assumed to be constant over

time. Yet in suc% a simple model there are many ohysical situations
which can be included. To avoid unnecessary complication we will make the
folléwing assumptions: 1) The cost of one unit of an item in inventory
is ;haffecfed by choice of control doctrine agd constant over time; 2) An
item does not become obsolete, i.e., can be kept in inventory for an in-
definite period of time; 3) Each order is delivered in its entirety;

4) Advertising or any other promotional changes in selling price will

not be considered. We will also freat the inventory position, demand,
and supply as continuous variables even though they must by definition

be integer values. This descrepancy can be accounted for and corrected
using techniques presented by Hadley (1963, p. 40ff). Two additional

assumptions will also be made: 5) The procurement lead time (&) is

assumed constant independent of demand rate (i) and quantity ordered;
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6) ' Lead time is small enough so that each order arrives before the next
order is placed.

We can. see intuitively that in the case of lost sales it is
optimal either never to stockout or not fto run the system at all.
Suppose that the periods in stock during a year are thought of as
occuring all together at the beginning of the year and the out-of-
stock pefiods as occuring all together the remainder of the year. Then
if it is plausible fto operate the system at all, costs can be reduced
(or profits increased) by stocking during the out-of-stock period at the
end of the year.

Also noting that the carrying cost will be minimized by letting
the on-hand inventory level be zero when an order arrives, we choose
r to be the numgér of demands during the lead time pericd, i.e.,

r= 2.

Since X is a constant and no stockouts occur, profits derived from the
sale of an i{tem are constant, independent of control doctrine. Thus
minimizing annual cost and maximizing annual profit will yield equivalent
control doctrines. Let us define a cycle as the time between placement
of orders, then if.-T is the length of a cycle the inventory carrying

costs per cycle are given by:

.
I-C [(R - ab) dt| = IcT(R - 1) |
0

Noting however that

R
T=3\-,
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the inventory carrying costs per cycle become

RZ R2} _ ICR?
IC[A "21] T

The number of cycles per year is A/R, thus the annual inventory carry-
ing cost is ICR/2. The procurement cost is simply A (the procurement
cost per cycle) multiplied by the number of cycles per year, or AX/R.

Thus the average annual variable cost expression is

AR ICR )

K = ——

R 2

Critical values of R which minimize k occur when the derivative of x

]

with respect to R vanishes i.e.,

d_K___"AA I'C_
R=RT7Z =0 .

Solving for R we obtain

2\A

R.= I'C,

which results in minimum average annual variable cost since the

second deriva*iQe of k with respect fo R is positive everywhere.

Quantity Discounts: If we relax assumption (1), (see page 8) and

allow the cost per unit (C) fto vary with quantity ordered then there

are two cases to consider: All units quantity discounts, in which the
discount rate for a particular quantity increment is applied fo the entire
order; and incremental quantity discounts, in which the discount rate

for a particular quantity increment is applied only.To that portion of

the order within that quantity increment. |terative procedures using
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the cost expressions.already devised are fairly simple to implement (see

Hadley, 1963, p. 62ff) and will yield good approximations.

Backorder Case: In the case where backorders are allowed, we must

define two new inventory parameters, Q and s, as the amount ordered
.and amount on backorder when an order is received, respectively. Thus
in terms of Q and s we have

R

il

Q - s + AL
and&

Al-SQ

v r

If we let + = 0 be the time of arrival of an order, and t = +1 the time

of arrival of the particular demand which results in zero on-hand inven-
tory, then the inventory carrying cost per cycle is given by

i

IC | (Q-s-AD df = 240 - s)
0

»

Thus since there is an average of A/Q cycles 5er year the annual inventory

carrying cost is

Ic
2Q

(Q - 5)2 :

We assume here that the backorder cost is of the form w + %T
where t is the length of time that the backorder is on the books. The
backorder cost consists then of m, a fixed cost, and ft, a cost proportional
to the length of time that the backorder is on the bpoks. This is not
the only possible choice for a backorder cost relation, but is fairly

accurate in many cases, and any more complicated relation in t increases
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the difficulty of solution significantly. Letting t = t, represent the

2

time that an order arrives and + = 0 the time that stock-out occurs,

we can obtain the backorder cost per cycle as
t2

1 2
s + 1 At dt = 7s +~§

A
ms
A

v)

using the fact that At, = s and treating Q and s as continuous. Since

2
the number of cycles per year is A/Q, we obtain a relaticn for the

average annual cost of backorders,

l—[ﬂls + l-(ﬁsz)] ;

Q 2
and thus for average annual variable cost,
A IC ,~ 2 1 ﬁsz
K = Q'A + 56—(Q -s)" + G-NXS -

The optimum values of Q and s, Q* and s¥*, respectively, must satisfy
de _ dk _
Q ~ d - 0

Assuming ©# 0 and v = IC/m, we find

' L
g% = (4 + I0)7] {-nu [281C01 - W) - wzxz] 2}
) 1
22 q°
= {20, __mAT
ot = (1 + V) [I}C A-ToG + 1c>]

since the second derivatives of x with respect to Q and s are both Poéifive

everywhere.
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Stochastic Situation: We now examine a transactions reporting system

in which the demands on the system cannot be predicted with certainty.
The model discussed here is termed a lot size reorder point-model in
which an order is placed each time for an amount Q known as the lot size
and it is assumed that we do not overshoot the reorder point r, i.e.,
the system must be reviewed éfTer each demand. Thus Those inventory systems
whi%h use a computerized "transactions reporting" system, which reviews
The{ievel of inventory once each day, can only use this model as an
app%oximaTion. Optimum values of Q and r will be determined by form-
ulating an expected annual! variable cost expression and, again using
the methods of calculus, finding critical values of Q and r, namely Q¥
and r¥, which minimize the cost.
The expected annual variable cost can be written
k(Q,r) = E{annual procurement cost} + E{annual carrying cost}
+ E{annual stockout cost}.
We will make the same assumptions as we did im the deterministic case
(see p.8 ), except amend assumption (5) to include a Poisson distributed
demand process; and assumption (6) to include the situation in which more
than one order may‘be outstanding, thus more.closely approximating
a real world situation, although we will assume the probabilify‘of
this event to be very small. We must now determine expressions for the
three expected annual costs in the annual variable cost expression.
However, before these quantities can be determined, a specific demaﬁd

distribution must be specified.
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Description of Demands: The nature of the process generating demands
on the system is ﬁof known with certainty in the stochastic situation;
however, by making certain assumptions about the process we can describe
it probabilisticly. Choosing a specific probabilistic description of
the demand process will enable us to discover certain properties of the
demand process which will be useful in describing the inventory system,
such as the expected number of demands in a particular time interval.

The first assumption we will make is that the process generating
the demands is not changing with time, and that demands occuring in a
specific interval of time are independent of demands occuring during all
other intervals of time. This assumption may seem very restrictive;
however, if the rate of change of the demand process is sufficiently
small so as to belassumed zero over the time period of interest, then
an ensemble average rather than a time average concept can be used in
calculating estimators of expected values and probabilities can be thought
of,as the number of systems in the ensemble approaches infinity, as
the fraction of the systems in the ensemble which yield the appropriate
value of the givén random variable.

The number of demands on an inventory system is related to the time
between arrivals of a demanding agent and the number of demands made by
the agent. As a second assumption, we will define the probability of
more than one demand occuring in a time interval of length h,divided by
h, as approaching zero as h approaches zero. This assumption requires that
only one unit be demanded by each demanding'agenT. Suppose we define
G(t) as the distribution _of the time between demands on the system.

In general, G (1) could depend upon. the particular calendar time, the



T-1654 15

times of occurance of all previous demands, and perhaps many other things.
We will restrict ourselves, first by considering only those G(t)'s

which depend entirely on the time of the last previous demand. Then

G(t+) must be unity at t = 0 since the demand under consideration must

occur after the last previous demand and assuming that another demand

will occur at some future time, G(t+) must approach zero as t»«, A form

of G(1) which can be of interest and which is the one chosen for

ccneideration here is
;

y G(H) = e_AT

Then G(1) is the cumulative distribution function of an exponentially
distributed random variable which we will refer to as the "demand
interarrival +imé“.

We can compute the probability that during time (+ + dt) after a
specific demand, another demand occurs. |f we let the event A be the
occurrance of no demands up to Time T following the specific demand and

i

the event B be the occurrance of a demand in time interval (t+,t + dt)

following the specific demand.

P(A|B)+P(B)

P(B|A)
P(AY -’

= Adt .

We can also find the probability (PO(T) ) that no demands occur in
a time interval of length t from the time when we begin observing the
system, a random point in time. Since we have made the assumption

that demands occuring in an interval of time are independent of demands
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occuring during all other periods of time, we can calculate the proba-
bility of no demands occuring in a time period of length (+ + dt).
Given Adt as the probability that a demand occurs in the time interval
(t,t + dt), the probability that no demand occurs in time interval
(+,t + dt) is 1 - Adt. Thus

P (t + dt) = (1 - AdHIP_(1)

o o
or

dP (1)
0

By C M
0.

Integrating, and using the fact that PO(O) = 1 we obtain
P () = e M
o
This gives us the result that the probability that the time fo the next

demand, given that the observation begins at a random point in tTime,
is e-AT independent of the time that observation began. It can be shown
that this particular probability distribution function for demand

interarrival time leads to the result that the demand process is Poisson

distributed with mean rate A.

Analysis of Cost Equation: The inventory position can only be in

states {r+Q, r+Q -1, r+Q =2, *«« , r+ 2, r + 1} since the system
cannot exist in state r for a finite amount of time (an order is placed
immediately after the inventory position reaches r). Suppose we define
the stochastic process {x(t), t > 0} with state space {0, 1, 2,+++,Q0-1}
as the process of.The inventory position, where x(t+) being in state j

corresponds to the inventory position being r + j + 1. [If we define T1

as a time point when The process (probabilisticly) first restarts itself,
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i.e., the continuation of the process beyond T; is a probabilistic
replica of the whole process starting at zero, such a process is known

as a "regenerative" process. The probability density of Ty is given by

P{T, = 1} = P{Q demands in time 1} = (1)% 7
01

which exists on the interval [0,2). The demand interarrival times are
independent and identically distributed random variables thus the expected
time of arrival of the QTh demand after a recrder is the sum of the
expected interarrival times of the first Q demands following a reorder
and is given by:

E[T,] = offe'” dt = Q/A <=

0

Thus, by a result of the Key Renewal Theorem, quoted in Ross (1970,

p. 95) Pj’ the limiting probability of being in state j is given by:

- E[time in state | per cycle]
Jj ELtime of one cycle]

P

where one cycle is defined as the time between reorders. The

E[demand interarrival time]

f fe‘“ dt = ;—
0

E[time for Q demands to occur]

E[T1] = o/a .

E[time in state j per cycle]

and

E[time of one cycle]

1/ 1.
H , P. = L = - H
ence iTOATQ independent of j.
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Thus the state probabilities p(r + j) of being in state r + j can be
written

1/Q J=1,2,...,0
plr + j) =

0 elsewhere
[f 2 is the lead tTime then the probabilify that x units are on hand at
a time t, given that r + j units were on hand at time t+ - 2 is
plr + j = x;A8),

whe}e p(y;wz) is the Poisson probability of having y demands in fime z

! Do . s . L
when the expected demand rate is w. But the probability of having r * j

units on hand at time t - & is simply 1/Q. Thus we can find ¥y (x) the

1

probability that x units are on hand at time *:

P1(x) = (1/Q) g plr + j = x; AR) .
< j:]
Plus some terms which occur since we have allowed more than one order on

the books at a time; however, we have assumed these terms to be very
small and will omit them. Similarly we can calculate wz(z) the probability
that z backorders are on the books at time t,;from which can be calculated

B(Q,r) the expected number of backorders at any time t:

B(Q,r) = ) zeyp(z)
z=0
Also, we can calculate D(Q,r) the expected on hand inventory at any

-

time t:

r+Q
Y xeu 00,
=0

D(Q,r)

and E(Q,r) the expected number of backorders which ére incurred per vyear:
EQ,r) = ) z+yp(2)
2=0
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We can now write the expected annual variable cost expression

k(Q,r) = (A/Q)eA + IC+D(Q,r) + meE(Q,r) + m-B(Q,r).
It is difficult in general to find optimum values of Q¥ and r* from this
exact expression for «k(Q,r) since r and Q both appear in the limit
of summation in Tae expected value expression D(Q,r). Iterative
procedures of direct search methods have been employed with much success,
however, in obtaining relative minima. As pointed out by Hadley (1963,
p. 188) although it is difficult fto theoreticaily rule out the existance
of local minima different from the absolute minimum, it appears from

direct calculation that these local minima do not exist.

Periodic Review Model

Introduction: In a moderately large inventory situation it is

often too expensive to employ a digital transactions reporting system
and physically impossible to record each sale for the purpose of keeping
a continuous accounting of inventory levels. An occasional check on
inventory Ievel‘musT be made, however, in order that a procurement
of replenishment stock can be ordered whenever the inventory level drops
sufficiently. |f these occasional checks on inventory are made with
regularity (i.e., the time (T) between reviews of the system stock
level is a constant) a periodic review inventory model can be used to
determine optimum control doctrine for the system (see fig. 2).

Again, as with transactions reporting models, certain simplifying
assumptions must be made. They are: |) The cost of one unit of an

item in inventory is unaffected by choice of control doctrine and constant
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over -time; 2) An item does not become obsolete; 3) Each order is

delivered in its entirety; 4) Advertising, promotional, or any other
changes in selling price will not be considered; 5) The procurement

lead time (L) is assumed constant independent of demand rate and quantity
ordered; 6) Lead tTime is small enough so that each order arrives before
the next order is placed; 7) A, the demand rate, is also assumed constant.
Again we will treat all variables as continuous; the integrality of
certain variables will be taken account of in the final procedures.

l

| Let us define a "period" as the length of time (T) between reviews
of the system. A determination of T must involve more than just the
costs involved wiTh the inventory system, in fact, physical limitations
may be more impnganT than cost limitations on T. |In addition, a cost
analysis determination of an optimum value for T would be difficult
analytically in the procedures outlined here. For this reason we will
assume that T is a predeftermined constant for the system being studied.

Let us assume that orders are placed for;procurement of replenishment

stocks just after completion of a review which discloses the stock
level to be below a particular number of units (r). An order is
placed in suffucient quantity to bring the inventory position exactly
to a level R. The inventory level when an order is placed is S, and a

cycle is defined as the period of time between two successive procurement

orders, thus cycle length is an in+egra| multiple of T.

Deterministic Situation: In our first analysis we will assume

that the lead time (&) and demand processes (A) are deterministic.

These assumptions are not generally possible in a real situation; however,
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they allow us to examine the general structure of a periodic review
model without the additional complication of uncertainty of data.
These assumptions will be eliminated in the final model. We can write
a general cost equation for a particular cycle
K = review cost + procurement cost + carrying cost + stockout cost.
It is imporfanf to notice that the cost equation for a periodic
review system includes the additional cost sf the reviews during the
cycle which was not a part of the transactions reporting cost equation.
If we were to simply optimize the cost per cycle, the review cost would
not be a constant; it would depend on the number of periods in a cycle.
This procedure would not necessarily optimize the cost of operating
the system however, since it is possible to minimize the cost per
cycle by orderi;g after each review. A more correct methcd of optimizing
the cost of operating the system is to optimize the cost per unit time
(or rate of cost). The length of a cycle is a constant once values
of R and r have been chosen, thus we can obtain a cost per unit time
equation by simply dividing the cost per cycle by the length of a cycle.
Since the cosT'of a review is constant and the length of a period is
constant, the review cost per unit time is constant .independent of
control doctrine and need not be considered in the cost equation.

If we let n be the number of periods in a cycle then

_R-=5S
n=NT (n

and

nT = = length of a cycle.

[f we assume the penalty of a stockout to be sufficiently high then
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since lead time and demand processes are deterministic, we let S be the
number of demands during the lead time. Thus stockout is zero.(4)

The procurement cost (A) is assumed constant for each order thus A/nT
is the procurement cost per unit time. Since we assumed the demand
processes to be deterministic, the average unit years cf stock held per

cycle is

R+ S
2

where T is measured in years. Thus the carrying cost per cycle can be

nT,

written
3 (R + S)nTIC;
and the rate at which carrying cost is incurred is given by
(R + S)IC.;
Thus the cost pér unit time (k) expression can be written
A R+ S

RoS + > Ic .

£ = A/nT + LR + S)IC =

To optimize cost, we take the partial derivative with respect to R
and set it equal to zero

A o
IC - 22——= 0;

(R-S)

DR
Ni—

3
9

solving for R we 6b+ain
R=vZ s (M/IC) + 5

The above calculations were made allowing the variables to be

(4) By decreasing S by | unit we increase stockout cost by 7 and de-
crease carrying cost by ICnT. Thus if 7 is nat greater than ICnT
in the final, solution, incurring some stockouts might be more
optimum and stockout costs should be included in the model.
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continuous; however, we must have integer values for R, S, and n.

Using equation (1) we can find a value for n

2A
ACIT2

n=(R=-S)/AT =

lf we choose the two integers closest to the value found for n and,
using these, find values for k. The integer (n) which when substituted
into the equation for k results in the smallest cost is the optimum.

n value. Then r can be chosen as S + 1.
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RENEWAL APPL{CATION

Introduction

In this chapter we will be concerned with a periodic review invenfory
system which has stochastic demand processes and procurement lead
Times. An application of renewal theory will be used to determine
many useful quantities pertaining to the system being studied without
ex?iicile solving for values of R and r. Then an iterative procedure
is{developed which will yeild approximate values for R and r. Finally,
several example systems are proposed and the results obtained are

discussed.

Renewal Theory As Applied to Stochastic Periodic Review Systems

Results Concerning N: Since the inventory posiTioﬁ is reset to

the point R at the beginning of each cycie then the cycle lengths are
non-negative identically distributed lattice random variables with
period T which we will denote by Ty- I f we again make the assumption
that demands durihg each period are independent from demands occuring
during all_ofher periods then the ri's are independent. The length of
a cycle is not independent of all other cycles if sales are lost when
the system is out-of-stock since the previous cycles' activities
determine the length of time out-of-stock (at least partially) during
the next cycle. Thus we must assume that all demands occuring when

the system is out-of-stock are backordered.
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If we let Sn be the time up to end of the nfh cycle then

g
S = T,
n i=o |

and define

N(t) = sup {n: S_ <t}

the process {N(t), + > 0} is a renewal process.(5) We can determine many
properties of the inventory system without formulation og a model by
using the results of renewal theory. Many of the results in renewal
theory are applicable to periodic review inventory systems as we will
show.

If we let n; be the number of periods between the starting point
of the ifh cyclelénd the sTarTing_poinT of the (i + I)sdr cycle, then
the ni's are positive independent identically distributed random variables.
|f we have k periods in the ith cycle then there are n (m > 1) less
than R-r demands in k-l periods and at least m demands in the kfh
period. |f we again assume that the demand is Poisson distributed with
mean rate A then the demand during each period is Poisson distributed
with the same expected rate. Using the Poisson assumption of independent

increments we thus obtain the probability mass function of n

R-r
pn=ky = § ¥ plj; At} plR=r = m; A(k - 1T}

m=|  j=m

(5) A process {N(t), + > 0} is defined as a renewal process if N(t) =
sup {n:Sn < t} where Sn is the sum of n non-negative independent, identi-

cally distributed random variables X,; where E[X.] (not necessarily
finite) exists. !
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where p(j; At) is the Poisson probability of J demands in a time period
of length t and p{A} is the probability of the event A.

If we define m(+) as the expected value of N(t) then we can
develop an integral equation for m(+). By conditioning on the length

of the first cycle we obtain
m(t) = [E[N(T) | 7, =x] dF ()
0

where F is tThe common distribution of the ri's. We can find the
conditioned expectation of N(t):

0 x >t
E‘[N(T) | Ty = x] =

T+m+ -x) x<t ;

since if the first cycle ends at a time x < t the process starts all
over again at time x. Thus the expected number of renewals in O,t

is just | plus the expected number of renewals in time (+ - x). We

Then;have
1.
m(t) = f[1 +mt - x)] dF(x)
0
or
m(t) =

..I.
F(1) + fm('f - x) dF(x)
0

assuming that F(0) = 0. According to Feller (1971, p. 358ff), this
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renewal equation can be solved, depending on the functional form of F.
If F(+) is directly Riemann integrable and arifhmaTic(é)wiTh span K then
the solution is given by
met + k) > K™ § F(H+ JK), no w
J=1

where u is defined as

@
M =f xdF(x).
0 g

We know that
F(x) = p{u < R-r demands in the first m-1 periods and R-r-u
‘demands in the m'" period},
where
m = sup{q:q% < x}.
Thus
R~r-1 v
F(x) = 2 p{u < R-r demands in the first m=1 periods}

u=0 th
p{R-r-u demands in the m = period}

R-g-] (A(m—1)T)u o “A(m-1)T ) (AT)(R-r—U) e-AT
u=0 u! (R-r-u)!

The distribution of F(x) is arithmetic with span T and is Riemann
integrable since it is bounded and peicewise continuous; however,
it would seem at least cumbersome to compute the solution for

m(t+n-k) as given above.

(6) A distribution concentrated on multiples of a number K, where K is
called the span of the distribution.



T-1654 29

Central Limit Theorem Result: Suppose we define T(r)/as the

number of periods up to the r.rh cycle. We can write

r-1
T(r‘)= z n
i=0

where n; denotes the number of periods in the i+h cycle, and if we let

n = E[n]
and
o = Var{n]
(r)

then since T is the sum of r independent and identically distributed
random variables (not necessarily with finite variance - see Feller, 1971,

p. 260) the Central Limit Theorem asserts:that
(r)

a
lim p T - ar= —l——-e-%xz dx
o o r Y 2r

The right hand side of the equation is a cumulative normal distribution

function with mean zero and variance 1. |If

T(r) <k

then
T(r) - ru < K - ru
L o/r T oo/r

Also we know that if the number of periods up to the rTh cycle is less

than k then the number of cycles in k periods must -be more than r; so

(r)

if T 7 < k then N(kt) > r. Also, if the number of cycles in k periods
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\
is greater than r then the number of periods up to the r+h cycle is
less than k. Consequently,

T(r)

p{ < k} = p{N(kt) > r} .

But we have that
(r)

Him pING) 2 k= Tim plT kb ARTHUR LAKES LIBRARY
QC&ﬁﬂGEX)SCHCXX,oihﬂNES
e o GALDEN, COLORADO 80401
koo koo
where
oK = rp
lim o—— = a .
o
k>

Thus we have shown that the complementary cumulative distribution of
the number of cycles in a time kt asymptotically approaches a normal

distribution with mean zero and variance 1 for sufficiently large
%V,-

"

values of r and k. //f;

Approximate Solution Procedure

Preliminary Discussion: |f a control doctrine for the system is

not needed, but simply one of the above properfies, namely the expected
member of cycles up to time t (m(t+)), or some parameter of the complementary
cumulative distribution ofhfhe number of cycles in a time kt, then

explicit values of R and r are not needed. However, if an explicit

control doctrine is desfred then a general cost equation is needed.

As with the deterministic model the cost equation consists of four

parts: |) Review cost; 2) Procurement cost; 3) Carrying cost; 4) Stock-

out cost. An exact cost expression can be developed (Hadley, 1963, p.275):
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@ R-r
A+ Y Y p{R-r-j; nAT} H(r+j,T)
. _J n=0 j=1
k(R,r,T) = T + —R-
T Y ¥ npR-r=j;(n-1AT}p{j;AT}
n=1 j=1

where p(y;wz) is the Poisson probability of having y demands in time z
when the expected demand rate is w; and H(r+j,T) is the conditional
expected cost contribution from period (n+l) given that the inventory
position at the beginning of the period is r + j. However, solution
for R*¥ and r* (values of R and r which resul¥ in minimum cost) is
difficult manually and might take as long as a minute on a large, high-
speed, digital computer. The utility of an approximate solution method
Is therefore obvious if it can be solved manually or by computer fairly
easily and quicQIy. R and r are not the only parameters which describe
a periodic review inventory system. Alternatively, the procedure

which we will develop uses N (the expected number'éf periods per cycle)
and S (the stock on hand when an order is placed) as the parameters of
the system. Later in the development, we will use N and S to find
optimizing values for R and r so that the control doctrine can be

implemented.

Additional Renewal Theory: We will denote by {Yn, n=1,2,...} a
' th

renewal reward process where Yn is the reward earned during the n
renewal interval of length Xn' | f we suppose that the pairs {(Xn,Yn),

n=1,2,...} are independent and identically distributed and we let

NCH)
Y¢tty = Y Y,
n
n=1
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then Y(1+) is the total reward earned up to time t. By a well known

renewal theorem (Ross, 1970, p. 52) we know that if E |Y| and E[X] are

finite, then
E[X%Il]~+ %% as t > «

Since each cycle in a periodic review inventory system is in fact a
renewal infervél, the cost per cycle is a renewal reward process. Thus,
the expected cost per unit time is given by the expected cost per cycle
divided by the expected cycle length.

Another result which we will make use of is Wald's Equation.
X

Simply, Wald's Equation states that if we have X independent

17 Xps eee
and identically distributed random variables with finite expectations
and if N is a stfopping time for X1, XZ’ ... such that EN < « then
N
E [ L X, = EX-EN
i=1

For a proof, see (Ross, 1970, p. 38), where the stopping time (N) is
an integer valued positive random variable which may be dependent on

X], X2, e s XN ?uf which must be independent of X X

N+12 “N+2° °°°

Deve lopment of the Rate-of-Cost Expressions: We will now develop

expreésions for the four costs involved in a periodic review system.
Again making the same assumptions which we made for the deterministic
model (see p. 20) with the exceptions that assumpron (5) is amended

to include stochastic procurement lead times with expected value &, and

assumption (7) is amended to include a stochastic (Poisson distributed)
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demand process with expected rate A. As with the deterministic model
we will treat all variables as continuous.

Suppose we let N represent the expected value of the number of
periods in the iTh cycle (ni). If J is the cost of each review, then
the expected cost of reviews during the cycle is

E[nid] =JE [ni] = JN

Th; procurement cost per cycle is simply the constant cost of a procure-
ma%f (A), since exactly cne order is placed during each cycle.
[ Suppose we let Pji represent the number of demands during the j+h

period in the ifh cycle and l.i represent the demand rate. Then
E[F’Ji] =T E[}‘ji] = TA
since the expected demand rate is a constant independent of time. The
PJi's are independent and identically distributed random variables,
so utilizing Wald's Equation we can fina the expected number of demands

per cycle,

n.
i i

E| I Piil= E [ni]- E[Pji} = NTA.

J=1
The carrying cost per cycle can be divided into two parts: The carry-
ing cost incurred due to the units which are demanded during the cycle,
and the cost incurred due to those units which, having been held the
entire cycle, remain at the end of the cycle. We will first examine
the cost due to the units which are demanded during the cycle. Since
we have assumed the variables to be continuous, the expected rate of

carrying cost is
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tA(+) dt) IC

i
‘/‘.

NT

34

where the first term represents the expected carrying cost due to the

total number of units demanded and the second term is the expected cost

reduction due to the demands on the system divided by the expected

length of the period resulting in the reduced expected rate-of-cost

expression.

the value of ni
niT

E A (+) d+t

0

j['ﬂszk dQ(n)

(the number of periods in the i-'-h

<] nIT
E 2 dt |

0 0

nT

tA dt | dQ(n)

0
0

+

x(+2/2) do(n)

o

nZ dQ(n)

IAT2

= 172 E[n2]

Assuming A To be constant over time and conditioning on

cycle),

= n dQ(n)
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where Q(n) is the distribution of the number of periods per cycle. Re-
calling that N is the expected number of periods per cycle, and if the
variance of the number of periods per cycle is small,(7) then

Eln?] - N2 = 0. Hence we can approximate the expected rate at which

carrying cost (of the units not demanded) is incurred by

ICAT2N? ICNTA

INTA - =5 ° —2

Since the expected number of units not demanded is S, the erpectsd
rate at which carrying costs are incurred is

IC [Nlﬁ-+ s].

2 1)

Acain, Ief%ing 1 represent the backoerder penalty cost associated
with each backordered demand, the expected cost of backorderé pér cycie
is m multiplied by the expected number of backorders per cycle. Fre-
quen+|y the penal+y of a backorder is Iarge'enough so that the optimum
expected number of backorders incurred per cycle is small. Consequently,
we make the aséumpfion that the probability of stocking out before an

order is placed is small enough to be neglected (recall that this does

not include the lead time). The expected number of backorders in a

(7) The variance of the number of periods per cycle is directly re-
lated to the distribution of the demand process. It would seem that
the assumption of small variance of the number of periods per cycle
would indicate a fairly 'smooth' demand process, i.e., wide variations
in the average demand rate over time intervals of a length close to a.
cycle length, would be fairly rare occurrences.
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cycle will be j if there are exactly S + j demands during the lead
time. Thus the expected number of backorders can be found by con-

ditioning on the length of the lead time

o

m ) jopl; Ax} dG(x) S
J=S+1

v
o

(2)

where G(x) is the lead time distribution and S is the expected number

of units in stock when an order is placed.

Computational Procedure and Discuzsion

Introduction: We have developed expressions for the four costs

involved in a periodic review system. However, it would not be easy

to solve the resulting cost equation manually and difficult if not im-
possible to obtain an explicit solution for r* and R¥. A numerical
procedure could be developed and programmed on a large computer; how-
ever, depending upon the individual problem, this could be very expen-
sive. Alternatively, an iterative solution procedure will be developed
which can be solved manually without great d%fficu|+y for an approximate

solution.

lTerafive Solution Method: Let us suppose, for the purpose of
obtaining initial approximations, that the probability of stocking out
is small enough to be neglected. Since the cosfs»per cycle of reviews
and procurements are renewal reward processes, we can find the expected
rate at which these costs are incurred by‘dividing them by the expecfed

length of a cycle, see (Ross, 1970, p. 19) for more information.
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Using the results of the previous section, the expected rate-of-cost

expression can then be written

.

_ NTA ]
K1 e N'T 1

J
+Tt IC [ 5t S

where El represents the first approximation of the rate-of-cost. To
find the first approximation (N;) of N (the expected number of periods
per cycle) which resdlfs in a minimum value for El we take the partial

derivative of Ql with respect To N

-~

1. oA, ICA
N 2 2
N“T

Setting this result equal to zero we obtain
R
S 7
Ni o TPIea

In order to find an approximate optimum value for S (S 2 0, the

expected number of units in stock when an order is placed), we would

like to take the partial derivative of X, with respect to S. However,

1

S is the lower limit of the index of summation in the expression for

backorder cost (see p. 30 . We will therefore instead use the following
procedure which is approximately analogous to differentiating El with
respect to S. Suppose we let 8 represent the value of S which results
in a minimum cosf.per cycle. An approximafe value for S can be obtai-
ned by setting the expression for the change in co§f per cycle (wheé

-

S is changed by one unit) to zero and soiving for §. Since the value

~

of N is already fixed, the only costs affected by the change in S are
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the carrying cost of those units not demanded during the cycle, and
the backorder cost (expressions (1) and (2) on p. 35).

Let us choose to change the value of 5 by increasing § by one
unit, the resultant change in carrying cost rate is IC, so the change
in cycle carrying cost is ICNT. We recall that the expected cost of

backordering is

©0

[\
o

m| LJepld; Ax} dG(x) s
J=8+H
0

VDepending on the functional nature of G(x), this integral may be

very difficult to solve. However, since we assumed the variance of
the lead time ¥6 be small, the entire probability mass will be concen-
trated aboUt the mean. Recalling that & is the expected lead time, we

can obtain an approximation to the expected backorder cost:

WEJ‘D{J; AL} '
j=S¥1

or equivalently, .

n) jep{S + Jj; A} (3)
J=1

Thus, the approximate change in expected backorder cost resulting from

~

adding one unit to S is
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[+

m -Z

jepls + j; aer - 7§
J j=

jep{S + j+ 1; A} =
1 J=1

=m| § jepls + j; m} - ¥

(j=-1epis + j; A}
J=1 J=2

-

= wip{S + 1; a2} + )
J=2

p{S + j; AR}}

7 ) pli; ae}
1=5+1

J

fl
3
—
[}
"o~

pl{j; ALl
1o

Hence we obtain the resultant approximate expected change in total

cycle cost:

A

S
"NITIC - w|t = ¥ p{j; Ae}
A

Setting this expression equal to zero we obtain

I e~10>

pli; At} = (w - NlTIC)/n (4)
i=1

Similarly, if we change S by subtracting one unit, we obtain, for the
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approximate expected change in total cycle cost, the expression

§-1
Y pli; A%} = (n - NyTIC) / (5)
i=1

Strict equality in expressions (4) or (5) will be unlikely to
happen; however, we wish to find the value of § which results in the
least difference between the sum of probabilities on the left hand
sides and the expressions on the right hand side, i.e., we would like
a value of S such that

pli; e} > (m - ltllTIC)/w

1

v

S0

and

~

5-1 .
.le{i; AL} < (m - NyTIC) /7
|=

A

Two possible expressions to use for §1 (the first integer approximation

of § which is the cost minimizing value of S ) are first:

v

-~ S ' -
S; = inf { S: Z p{i; A} (m - NITIC)/W } ;

i=1
or second,
S-1

§1 = sup { S: ) pli; Ael}

A

(m - NyTIC) /7 | .

We will choose the former due to its advantages in the iteration

procedures. Since we have éssumed that the demand processes are
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Poisson distributed, the left hand side of the inequality inside the
braces is the cumulative Poisson distribution.
The approximate expected cost of backorders per cycle (éi) can

now be computed from expression (3) on p. 38,

By =m ) jeply; At}
j=S1+1

or equivalently,

S
By = mA% = } jep{j; AL}
K \j=]

This approximate expected backorder cost per cycle is, for each fixed
value of §1, independent of N. Thus we can obtain a second approx-
imate value of N (call it ﬁz), by now not assuming the probability of

stockout to.be small as opposed for previous formulation N, on p. 37,

, = /2(A.+ By)
T2ICA

Following the above computations, second approximations of S and B

=22

are obtained

S
§, = inf {s: T opli; A%} > (m - NZTIC)/H}

i=1

m Y jeplds ae}
J;§2+]

e8]
N
]
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Thus we can develop an iterative procedure after first approximations

of ﬁ, §, and é have been completed where

ﬁi 2(A + Bi—I)
T2ICA
-~ S -~
S, =inf {S: ¥ plk; A} 2 (w = N.TIC)/7m ¢ ,
' k=1 '
B, = ¥ jeplj; As}

J=5+1

The procedure is to compute successive approximate values of N, §, and

é, until §i = §i+l’ af which time the procedure is terminated with

$ =S5, .
i
and
N =N,
i
In this iteration procedure, convergence will always occur. We illus-

trate with two cases (y = N,TIC):

Case I, NyTIC 2 =: In this case, S; will be 1, thus B, will be
greater than zero then y will be greater than m in which case 52
will be 1 énd the procedure will terminate..

Case I, N]TIC < m: In this case, the worst that can posgibly

happen is that Ni+1 will be enough larger than Ni in each iteration so that
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t
~

Si+1 is less than éi' Eventually, this situation will lead to §i=0 and

again we have convergence.

Determination of R and r: R is the number of demands during the

cycle plus the remaining stock unsold at the end of the cycle. Thus
we obtain an approximate optimizing value of R (call it ﬁI) the integer

closest to the value of &, where

R =NTA + S

The operating doctrine is defined as: If a review discloses the
inventory position to be below the level r, then an order is placed
which brings the inventory position up to R. Thus the inventfory posi-
Tion must reach‘fhe value r at some time during the pericd at the end
of which an order is placed. If we denote the times during Tﬁe ith

cycle at which the inventory position reaches r and at which an order

is placed by t.; and t5;, respectively, then

0 (+., -t <T
oi ri

or equivalently,

t.-t.=aT 0<a, <1,
oi - ri i i

where a;, whose expected value we will denote by a, is the proportion
of a period that remains until an order is placed when the inventory.
position reaches r. We will indicate how to use a to find an expression

for r in terms of N and S.
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Suppose we let Ari represent the demand rate during the time inter-
val [fri’Toi]’ the expected number of demands in the time interval

between the inventory position reaching r and the placement of an order

is given by

E[a.TA ] = E[a.]-T-A ., = oT)
i ri i ri

Recalling that S is the expected number of units remaining in stock when

an order is placed, we see that
S=r -aTA
or, equivalently,
r=3S5+aTx (6)

An exact de+erminafion.of a is difficult, and if accomplished
would probably involve an unwieldy expression involving the distribution

of The ni's. Instead, in order to preserve the simplicity of this approx-

Imate solution procedure we will present a heuristic argument to show

.

that o should be 2. We will therefore assume that Toi and +ri are both
uniformly distributed with expectations of +o and Tr, respectively, and

let NI represent the greatest integer in N.

o8+

| | | 1 |
T N 1

(NI - DT NIT (NI + DT (NI + 2)T

t. NT =1,

Fig. 3
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We will examine the two cases; first, where Tri and Toi will both
occur within 2T units of their respective expectations; second, where

t .. and *oi will both occur within 1.5T units of their respective expec-

ri
tations. We could continue to look at cases where Tri and *oi occur

within further expanded |imits about their respective means; however,

since we have assumed the variance of N to be small, we will not do so.
Case I: Suppose we first assume that Tri and +oi will both occur
wifthin 3T units of their respective expectations, then an order will be

i

th

pl%ced for each cycle in the NI s (NI + 1)ST, or (NI +'2)nd period of

Thé cycle. Recalling that NI is the greatest integer in N, and defining
B as the difference between the greatest integer in N plus 1 and N, we
can find N in Tgrms of NI’ a, and B. Due to the restrictions imposed on
%ri and Toi’ we.see O<a+B< 1.5, If1.5>0+B>.5, then the
probability that Tri will occur in the (NI + 1)S+ period is 1.5 = (a + B)
‘and the probability that Tri will occur in the NITh period is a + B - .5
(see Fig. 3). If o + B < .5, then the proba?ili+y that Tri will occur

in the (N + 1)°7 period is 5+ a + 8 and the probability that Wil
occur in the (Ny + 2" period is .5 - o = B. In each situation the
probability of T;é occuring in any interval not mentioned is zero. Thus,
for N we have (conditioning on Tri)

(N, + 1)e(.5+1 - (a+ B)) + NI(u + B8 - .5)

I
N = 1 1.5>a + 83> .5

(NI + 1)e(.5+a+B)+ (N; +2)e(.5 ~0a - B)

I

a+ B < .5

in either case we obtain
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N=N1+105_a-8

ARTHUR Lak
ES LIBR
but since B is defined by COLORADO SCHOOL, OfﬁiE‘S‘

GOLDEN, COLORADO 80401

B=1+N =N

we have a = 1.
Case II: Now let us assume that Toi and Tri will both occur within
1.5T units of their respective expectations. Then an order will be

h d st

nd
placed in the N0, Ny + DT, v+ 207, v+ 3™, vy - 03T, or

I
(NI - Z}ﬂd periods of the cycle. Similarly, we can find N in terms of

NI’ o, and B as fol lows:

(@ + 8- 1.5)(Np = 2) + (Np = 1) + Np +
(1 =(a + 8 = 1.5)-C Np + 1)
2.5>a + 8 2 1.5
(@ + B = .5)e(Np = 1) + (N + 1) +

3N (1.5 - a = B)=(N; +2)

1
Pa—

1.5>a +8 2

v
.
wm

(.5+a+ B)NI + (NI +1) + (NI +2) +

(.5-a- B)°(NI + 3)

v
o

DS >0+ 82

Again using the fact that
we see that in all three situations
3N = BNI - 30 - 38 + 4.5

or again,
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N = NI -a-8+1.5

Thus we see that o = .5 is again the only solution. This argument can be
extended by choosing even larger ranges of values for Toi and Tri? however,
as was stated before, since variance of N was assumed to be small, continu-
ation of the argument is not necessary. Hence we obtain the solution for

r the expected value of r (from equation (6) on p.44)

~

r

S + aTA
or

S + .5TA

-
1}

Finally, since r must be an integer, we choose the closest integer to r,

(FI) as our final approximation of r.

Examples: Three examples have been chosen to illustrate the iter-
ative proceedure:

-Example 1: Suppose we have an item in an inventory system which
costs $ 1.00 (i.e., C = 1) and the inventory level is checked every four
days (i.e., T = .01). |t takes 12 days to recieve an order of this item
on the average (i.e., £ = .03). Transportation and administrative costs
are $ 60.00 for eéch order placed (i.e., A = 60). This item is demanded
at an average rate of 900 per year (i.e., X = 900) and studies indicate
that the backorder penalty cost including lost profit is $§ 1.00 for each
unit demanded when the system is out-of-stock (i.ef, == 1). |If we
assume the alternative interest rate to be 10 % per annum the optimum

values of N and S are calculated as fol lows:
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K 2A
. /TZI‘CA = 115.47

S-1
3; = inf {S: Y p{k; ag} 2 (¢ - ﬁlTIC)/n} = 33
k=1

By =m ¥ jepljs A} = .35

J=S +1
J N, = 115.81
! - -
i So =5, = 33
|
and

Using the cost equaTion of page 37 and calculating the rate of cost per
annum, we find N = 115.81 and S = 33 to be optimal values.

Example 2: Suppose an inventory system stocks an item which costs
$ 100.00 (i.e., € = 100) per unit. The item is fairly small so that
transportation and administrative costs assogiated with a procuremant
are fixed at $§ 900.00 (i.e., A = 900). An inventory level check is made
every 36 déys (i.e., T = .1), and orders are placed whenever the inven-
tory level is sufficienfly small. |+ takes an average of 73 days to
receive an order (i.e., £ = .2) and the lost profit and goodwill are
estimated to be $§ 28.00 for each item backordered (i.e., w = 28). The
item is only demanded at an average rate of one per week (so A = 52).

If we assume an alternative interest rate of 8 % (i.e., I = .08), the

optimal values of N and S are calculated as fol lows:

q

p = 21.21
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§, =9

B, = 50.20

N, = 21.80

S, =5, =9

B, = B, = 50.20

Again using the cost equation on page 37, we find the optimal values of

N and $ 70 agree with the approximate iterative sciution method values.

Example 3: Suppose in the previous example (C = 100, m = 28) we

change the time between reviews to 15 days (i.e., T .041) and increase
the expected lead time to 146 days (i.e., & = .4), then if procurement

cost is $§ 500.00 (i.e., A = 500) and the alternative interest rate is 10 %

(i.e., I = .1), the approximate optimal values of N and S are found to
be

‘N = 37,07

§=20

However, using the cost equation on page 37 and many different values for

N and S, we find optimal values for N and S are
N = 33

and
S =20

Although the difference in N is fairly significanT; the difference in
the values of the annual cost was less than 3 ¢ out of a total cost rate

greater than $ 900.00.
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CONCLUSIONS

The calculation of optimum control doctrine for inventory systems
can be difficult. In all cases tested, the iterative approximation
procedure as described herein appears to converge to optimum or nearly
optimum values for N (the expected number of periods per cycle) and S
(the expected inventory level at time of order placement) from which a
control doctrine can be devised. It is, however, difficult to describe
the exact conditions under which convergence to optimal values will occur
except to delineate the restrictions imposed by the assumptions (discussed
below) made in the determination of the iterative procedure.

We have assumed {haf no stockouts occur prior to the order place-
ment Time. AITh;ugh this assumption may not be valid, if the penalty
cost associated with a backorder is sufficiently large, the probability
that the on hand inventory level drops to zero (thus causing backorders)
before an order is placed, will be small. Hence, under these conditions,
the approximate solution procedure will apparently converge to values
which are sufficiently close to optimum as to result in a negligible
difference in expected total cost rate.

The varignce of n; (the number of periods in the i*h cycle) should
be small in comparison to its expected value, if the value of the expec-
tation is sufficiently large. |t is difficult to determine how large
is sufficiently large, but for approxfmafe_values of N, E[ni], smaller
than 20 direct calculation shows that the iterative procedure results in

fairly large discrepancies in the expected total cost rate.
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Our final assumption of a small variance in lead time should be
valid in many cases since transportation of goods is offen done on car-
riers which follow fairly regular schedules. A determination of the
error caused by increased variance in lead time would be difficult and
would probably depend to a great extent on the particular distribution of
the lead time. |t -would seem though that larger expected values of'lead
time would yield approximations less sensitive to differing values of
the variance.

We have made many other assumptions in the development of the approx-
imate iterative procedure. However, these are standard assumptions (e.g.,
no variation in selling price over the period of interest, constant demand
rate, etc.) and a discussion of their resultant restrictions on the types
of inventory systems for which validity exists can be found in the liter-
ature (e.g., Hadley, 3963). FORTRAN coding for the procedure was quite
easily developed for the examples; however, a manual solution is not
difficult to perform using a standard Poisson distribution table for

backorder costs.
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