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ABSTRACT

Much in te re s t  has been generated in the development of optimum 

control doctrine fo r  inventory systems, due to  the tremendous amount of 

money t ie d  up in inventories of physical goods in both the p r iv a te  and
c

public sectors of the economy. Many procedures have been devised which 

re s u lt  in optimum control doctrine for very s p e c if ic  types of inventory  

systems. Th is  is perhaps due t o  the  d I f f i c u I t i e s  involved in o b ta in in g  

optimum solutions to  cost equations of inventory models of a more 

general nature. Hence the importance, in the more general case, of 

e a s ily  solved approximate solution procedures fo r  the development of 

optimum control doctrine is obvious.

This thesis is concerned with the development of. such an approxi­

mation procedure in the form of an i t e r a t iv e  solution method. This 

method is v a l id  over a wide range of types of inventory systems which 

have a periodic inventory level check occuring a t  regular in te rv a ls  in 

tim e. Where successful, the i t e r a t iv e  procedure converges to  a solution  

rap id ly  and can be solved by hand using standard Poisson d is t r ib u t io n  

tab les .

v i i
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INTRODUCTION

Inventories of physical goods have become a major portion of the

to ta l  investment of both the p r iva te  and public sectors of the economy.

Inventories are a ’ c o s t-o n ly ’ part of any supply organization not

e x p l i c i t l y  returning any p r o f i t  as such. Thus the study of inventory

control and management procedures, possibly resu lt ing  in a decrease in

the cost of an inventory system, is e as ily  j u s t i f i e d .  The reasons for

holding inventories of physical goods can be c la s s i f ie d  by an analogy

to the reasons fo r  holding cash (or an inventory of money) as pointed

out by Arrow (1963, p. 4 ) .  In general, three motives can be thought

o f:  transac tion /'  precaution, and speculation. The transaction motive

is the cost of having to  order and d e liv e r  items as they are demanded;

the precaution motive is the cost o f not being able to supply a good

when i t  is demanded; and the speculation motive is the p o s s ib i l i ty  of

gain due to  fu tu re  changes in price or in te re s t  ra te .

The transaction motive can best be shown by i l l u s t r a t io n .  Suppose

in the simplest de term in is tic  case we define the annual demand ra te  by

A >_ 0, the quantity  ordered each period by Q > 0 , and the cost of

placing an order by A >_ 0. Then i f  C is the cost per item (independent

(1)of quantity  ordered) and I is the a l te rn a t iv e  in te re s t  ra te ,  and i f  

we assume the safety  stock (amount on hand when an order a rr iv e s )  to be

(1) The a l te rn a t iv e  in te re s t  ra te  is defined as the ra te  a t  which the  
money invested in inventory stock could earn revenue i f  i t  were invested 
d i f f e r e n t ly  ( i . e.  stocks, bonds, mutual funds, ioans, e tc . )
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zero, the average annual cost expression can be w rit ten :

By d i f f e r e n t ia t io n  we see

C° l °RJUX> s c S f  U bU r y

O L D e n '

dK _ - A- A , I - C — ^dQ “ Q2"" + 2

or 0 * ,  the optimum amount to  order, is given by

Q* = v ^
2A • A 

I -C  *

since the second derivation  of k with respect to  Q is p o s it ive  everywhere. 

All other q u a n tit ies  being p o s it iv e ,  A > 0 implies Q* > 0 and A -> 0 

implies Q* -*■ 0. Thus, i f  the procurement cost is zero the optimum

stock when a demand occurs. This cost may be in the form of a loss of
i

goodwill and lost p r o f i t  in the case where sales are lo s t ,  or the cost 

of backordering in the case where demands are backordered. In a steady 

s ta te  s i tu a t io n  the transaction  and precautionary motives are preva lent,  

but when prices or in te re s t  rates f lu c tu a te  s u f f ic ie n t ly  the speculative  

motive may also operate. This thesis  is only concerned however, with  

steady s ta te  inventory s itu a tio n s  and speculative inventory systems w il l  

not be considered.

The parameters which a f fe c t  an inventory system-model n a tu ra l ly  

form a good basis fo r  a c la s s i f ic a t io n  process of inventory systems.

The f i r s t  of these parameters is th a t  one concerning the nature of the

order quantity  is 'z e ro ,  hence the importance of A (the procurement 

cost) is obvious.

The precautionary motive is the cost associated with being o u t -o f -
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processes which generate demands on the system. The demand parameter 

may be de te rm in is t ic  as in the case of an inventory of parts to be used 

on an assembly l in e ,  or i t  may be stochastic as demands on.a r e ta i l  

sales o u t le t .  The second parameter concerns the nature of the supply 

processes to an inventory system and can be divided into three separate  

categories. F i r s t ,  the lead time (from placement of an order u n t i l  

d e l jv e r y ) ,  i f  there is such, is e i th e r  de term in is tic  or s tochastic .
i

Second, the  o rde r  q u a n t i t i e s  may not have any c o n s t r a i n t ,  o r  may be
!

allowed only in lo t  s izes . F in a l ly ,  quantity  discounts may or may not 

be a v a ila b le  on orders placed fo r  s u f f ic ie n t  q u a n tit ies  of goods, and 

when a v a ila b le  may apply to the e n t i re  order or only to  the incremental 

q u a n tit ies  in the order which a f fe c t  the discount ra te .  As may be seen 

in the l i t e r a t u r e ,  e .g . ,  (Hadley, I963, p. 4 0 f f  and p. 6 2 f f )  ordering in 

lo t  s ize  qu a n tit ies  or quantity  discounts does not a f fe c t  the basic nature  

of the inventory model used; they simply involve continuous approxi­

mations or i t e r a t iv e  procedures to  solve. The f in a l  parameter which
£

a f fe c ts  the inventory system control doctrine is the method of data

c o l le c t io n .  Data c o l le c t io n  procedures are of two types, transactions

reporting and periodic review. The transactions reporting method e n ta i ls

( 2 )the recording of each sale and immediate subtraction from stock records 

of the amount of goods sold. The periodic review method, which fo r  many 

types of inventories is the only practica l method, in which an accounting

(2) Some large r e ta i l  stores keep a record of items, sold on paper or  
magnetic tape a t  th e i r  cash reg is te rs  which is used to  update the  
inventory records once each day. Given a s u f f ic ie n t ly  small demand ra te  
( in  comparison to amount of stock on hand) th is  may also be thought of 
as a transactions reporting system.
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of the number of units of a p a r t ic u la r  item is performed p e r io d ic a l ly ,  

w il l  be the basis of the renewal theory ap p lica t io n .

The costs of an inventory system are numerous; however, not a l l  of  

them can be affected by or can themselves a f fe c t  the choice of control 

doctrine and consequently need not be included in an analysis of an 

inventory system. We w i l l  only be concerned with those costs which 

have a d ire c t  re la t io n sh ip  with the choice of control doctrine. Thus 

such costs as insurance or shrinkage which may not be affected by the  

stock level w i l l  not be considered; however, they may be a fac to r  in 

the determination of I  (the a l te rn a t iv e  in te re s t  r a t e ) .  Those costs 

d ir e c t ly  a ffected  by or d i r e c t ly  a f fe c t in g  the choice of control doctrine  

are: I )  Procurement costs, genera lly  a fixed cost of placing an order,

i . e . ,  adm in is tra tive  and/or transporta tion  costs; 2) Carrying costs or 

a l te rn a t iv e  costs, re ferred  to  as such since i t  is the cost of having 

money t ie d  up in an inventory of goods th a t  could otherwise be invested 

and accruing in te re s t;  3) Stockout costs, such as the cost of n o t ify in g  

a customer of the ou t-o f-s tock  condition and goodwill lost when the  

customer is inconvenienced as well as the cost of lost p r o f i t  or backorder 

cost associated with the p a r t ic u la r  stockout policy  in use; 4) Review 

cost, only considered in the case of a periodic review system since in 

the transactions reporting system the review cost does not a f fe c t  the  

control doctrine.

The f i r s t  chapter w i l l  review the basic transactions reporting  

inventory systems and basic periodic  review system with de te rm in is t ic  

supply and demand. The f i r s t  part of the second chapter w i l l  present 

some resu lts  of renewal theory as applied to  periodic  review inventory
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systems, while the second part is concerned with developing an approx­

imate so lution to the stochastic  periodic review model using two a p p l i ­

cations of renewal theory.
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BASIC SYSTEMS

Transactions Reporting Models

In trod uction : The d i f f i c u l t y  o f operating an inventory system is

due p r im arily  to  uncertainty in the information used to  make predic­

tions and decisions Transactions reporting systems, even though 

giving an exact determination of stock levels a t  any instant in time 

thereby reducing th is  uncerta in ty , are possible only through the use 

of complicated procedures or expensive equipment. When the f inanc ia l  

investment in an inventory is s u f f ic ie n t ly  large, however, a transac­

t ions reporting system is j u s t i f ie d  since expenditures on equipment 

can be o f fs e t  by increased e f f ic ie n c y .  Transactions reporting models 

are much eas ier to devise and resu lts  are more exact than is the case 

with periodic review systems. A d d it io n a l ly ,  basic models of transac­

t ions reporting systems provide background m ateria l leading to models 

of periodic review systems. Consequently, the f i r s t  part  of th is  

chapter is devoted to  basic transactions reporting models. In the  

second part  of th is  chapter is presented a de term in is tic  periodic review 

model as an introduction to  the stochastic periodic  review model which is 

presented in the second c h a p t e r . ^

In a transactions reporting system the two questions which need 

to  be answered in order to operate the system are: When to  order and^

(3) Many of the basic models and some of the notation is from Hadley 
(1963).
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how much to order. They can be most e as ily  answered in terms of stock 

leve ls . I f  we define ’ inventory p o s it io n 1 as the to ta l  amount in 

stock plus stock on order then r  and R w i l I  represent the o rd er-p lace -  

ment and immediately a f te r -o rd e r in g  inventory positions, respective ly  

(see f ig .  I ) .  For a system in which the demand and supply process 

parameters are d e te rm in is t ic ,  r  and R can be found exa c t ly .  However, 

when e i th e r  demand or supply processes or both are stochastic  then r 

a n d ^  can only be determined so th a t  the expectation of p r o f i t  or cost 

is optimized. 'Actual in-stock le v e l '  is negative when backorders occur.

I

D eterm in is tic  S i tu a t io n : The simplest transactions reporting '

systems occur in cases where the demand and supply processes to  the  

system are known with c e r ta in ty  and are assumed to be constant over 

time. Yet in such a simple model there are many physical s itu a tions  

which can be included. To avoid unnecessary complication we w i l l  make the  

fo llow ing assumptions: I)  The cost o f one un it  of an item in inventory

is unaffected by choice of control doctrine and constant over time; 2) An
I

item does not become obsolete, i . e . ,  can be kept in inventory fo r  an in­

d e f in i t e  period of time; 3) Each order is delivered in i ts  e n t i re ty ;

4) Advertis ing or any other promotional changes in s e l l in g  price  w i l l  

not be considered. We w i l l  also t r e a t  the inventory pos it ion , demand, 

and supply as continuous variab les  even though they must by d e f in i t io n  

be integer values. This descrepancy can be accounted fo r  and corrected  

using techniques presented by Hadley (1963, p. 4 0 f f ) .  Two add itional  

assumptions w i l l  also be made: 5) The procurement lead time (Z) is

assumed constant independent of demand ra te  (A) and quantity  ordered;
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6) Lead time is small enough so th a t  each order a rr iv es  before the next

order is placed.

We can see in tu i t iv e ly  th a t  in the case of lost sales i t  is 

optimal e i th e r  never to Stockout o r  not to run the system a t  a l l .

Suppose th a t  the periods in stock during a year are thought of as 

occuring a l l  together a t  the beginning of the year and the o u t -o f -  

stock periods as occuring a l l  together the remainder of the year. Then 

i f  i t  is p lausib le  to operate the system a t  a l l ,  costs can be reduced 

(or p ro f i ts  increased) by stocking during the o u t-o f-s to ck  period a t  the 

end o f  the year.

Also noting th a t  the carrying cost w i l l  be minimized by le t t in g  

the on-hand inventory level be zero when an order a r r iv e s ,  we choose 

r  to be the number of. demands during the lead time period, i . e . ,

Since X is a constant and no stockouts occur, p ro f i ts  derived from the  

sale of an item are constant, independent of control doctr ine . Thus 

minimizing annual cost and maximizing annual p r o f i t  w i l l  y ie ld  equ iva lent  

control doctrines. Let us define a cycle as the time between placement 

of orders, then i f .  T is the length of a cycle the inventory carrying  

costs per cycle are given by:

r  = X*£ .

T

Noting however th a t

X '
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the inventory carrying costs per cycle become

R2 R2) ICR2
X “ 2A 2A

The number of cycles per year is A/R, thus the annual inventory carry ­

ing cost is ICR/2. The procurement cost is simply A (the procurement 

cost per cycle) m u lt ip lied  by the number of cycles per year, or AX/R. 

Thus the average annual var iab le  cost expression is

C r i t ic a l  values of R which minimize k occur when the d e r iv a t iv e  of .< 

with respect to  R vanishes i . e . ,

d< = -XA I *
dR “ "̂ R2" 2 U *

Solving fo r  R we obtain

which resu lts  in minimum average annual Variab le  cost since the  

second d e r iv a t iv e  of k with respect to  R is p o s it iv e  everywhere.

Quantity Discounts: I f  we re lax  assumption ( 1 ) ,  (see page 8) and

allow the cost per u n it  (C) to vary with quantity  ordered then there  

are two cases to  consider: A ll units quantity  discounts, in which the

discount ra te  fo r  a p a r t ic u la r  quantity  increment is applied to  the e n t ire  

order; and incremental quantity  discounts, in which the discount ra te  

fo r  a p a r t ic u la r  quantity  increment is appl'ied only to  th a t  portion of 

the order w ith in  th a t  quantity  increment. I t e r a t iv e  procedures using
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the cost expressions a I ready devised are f a i r l y  simple to  implement (see 

Hadley, 1963, p. 6 2 f f )  and w i l l  y ie ld  good approximations.

Backorder Case: In the case where backorders are allowed, we must

define two new inventory parameters, Q and s, as the amount ordered 

and amount on backorder when an order is received, resp ec tive ly . Thus 

-erms o f Q and s we have 

R = Q -  s + A£

and !

r  = A£ -  s.

I f  we le t  t  = 0 be the time of a r r iv a l  of an order, and t  = t^ the time  

of a r r iv a l  of the p a r t ic u la r  demand which resu lts  in zero on-hand inven­

to ry ,  then the inventory carrying cost per cycle is given by

p
IC I (Q -  s -  At) dt = | j ( Q  -  s )2

Jo

Thus since there is an average of A/Q cycles per year the annual inventory  

carrying cost is

2Q “

We assume here th a t  the backorder cost is of the form tt + fit 

where t  is the length of time th a t  the backorder is on the books. The 

backorder cost consists then of t t , a fixed cost, and f it ,  a cost proportiona  

to  the length of time th a t  the backorder is on the books. This is not 

the only possible choice fo r  a backorder cost re la t io n ,  but is f a i r l y  

accurate in many cases, and any more complicated re la t io n  in t  increases
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the d i f f i c u l t y  of so lution s ig n i f ic a n t ly .  Letting  t  = represent the  

time th a t  an order a rr iv es  and t  = 0 the time th a t  stock-out occurs, 

we can obtain the backorder cost per cycle as

2
7TS + TT

f +2 1 " ', . ,, , I ITSAt dt = tts + 2 —

0

using the fa c t  th a t  At2 = s and t re a t in g  Q and s as continuous. Since

the number of cycles per year is A/Q, we obtain a re ia t ic n  f o r  the 

average annual cost of backorders,

^  £ttAs + j  ( tts2 ) 

and thus fo r  average annual va r ia b le  cost,

The optimum values of Q and s, Q* and s*, resp ec tive ly , must s a t is fy

die _ d<_ _ n
dQ ds

Assuming tt /  0 and v = IC / tt, we find

s* = ( tt + IC)

Q* = (1 + v)

- 1 { - i rX t  [ 2AAlC(1 -  v) - 2 , 2 i  ± V7T A Is}
2,2 TT Al i A ______

IC A IC ( TT + IC)

since the second d eriva tives  o f k w ith respect to  Q and s are both p o s it ive  

everywhere.
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Stochastic S i tu a t io n : We now examine a transactions reporting system

in which the demands on the system cannot be predicted with c e r ta in ty .

The model discussed here is termed a lo t s ize  reorder point model in 

which an order is placed each time fo r  an amount Q known as the lo t s ize  

and i t  is assumed th a t  we do not overshoot the reorder point r ,  i . e . ,  

the system must be reviewed a f te r  each demand. Thus those inventory systems 

whi|h use a computerized "transactions reporting" system, which reviews 

thej level of inventory once each day, can only use th is  model as an 

approximation. Optimum values of Q and r wiI I be determined by form­

u la ting  an expected annual va r ia b le  cost expression and, again using 

the methods of ca lcu lus , f ind ing c r i t i c a l  values of Q and r ,  namely Q* 

and r * ,  which minimize the cost.

The expected annual var iab le  cost can be w rit ten

< (Q ,r)  = E{annual procurement cost} + E{annual carrying cost}

+ E{annual stockout cost} .

We w il l  make the same assumptions as we did i© the de te rm in is t ic  case 

(see p . 8 except amend assumption (5) to  include a Poisson d is tr ib u ted  

demand process; and assumption (6) to  include the s itu a t io n  in which more 

than one order may be outstanding, thus more c lose ly  approximating 

a real world s i tu a t io n ,  although we w il l  assume the p ro b a b iI i ty  of 

th is  event to  be very small. We must now determine expressions fo r  the  

th ree  expected annual costs in the annual va r iab le  cost expression.

However, before these qu a n tit ies  can be determined, a s p e c if ic  demand 

d is t r ib u t io n  must be spec if ied .
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Description of Demands: The nature of the process generating demands

on the system is not known with c e r ta in ty  in the stochastic s i tu a t io n ;  

however, by making ce rta in  assumptions about the process we can describe  

i t  p ro b a b i I is t ic ly .  Choosing a s p e c if ic  p ro b a b i l is t ic  description of 

the demand process w i l l  enable us to  discover ce rta in  properties of the  

demand process which w il l  be useful in describing the inventory system, 

such as the expected number of demands in a p a r t ic u la r  time in te rv a l .

The f i r s t  assumption we w il l  make is th a t  the process generating  

the demands is not changing with tim e, and th a t  demands occuring in a 

s p e c if ic  in te rva l of time are independent of demands occuring during a l l  

other in te rv a ls  of time. This assumption may seem very r e s t r ic t iv e ;  

however, i f  the ra te  of change of the demand process is s u f f ic ie n t ly  

small so as to be assumed zero over the time period of in te re s t ,  then 

an ensemble average rather than a time average concept can be used in 

ca lcu la t in g  estimators o f expected values and p ro b a b i l i t ie s  can be thought 

o f ,a s  the number of systems in the ensemble approaches in f i n i t y ,  as 

the fra c t io n  of the systems in the ensemble which y ie ld  the appropriate  

value of the given random v a r ia b le .

The number of .demands on an inventory system is re la ted  to the time 

between a r r iv a ls  of a demanding agent and the number of demands made by 

the agent. As a second assumption, we w i l l  define the p ro b a b il i ty  of 

more than one demand occuring in a time in terva l of length hid iv ided by 

b, as approaching zero as h approaches zero. This assumption requires th a t  

only one u n it  be demanded by each demanding agent. Suppose we define  

G (t)  as the d is f r ib u t  ion_of the time between demands on the system.

In general, G ( t )  could depend upon the p a r t ic u la r  calendar tim e, the
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times of occurance of a I I previous demands, and perhaps many other things, 

We w il l  r e s t r ic t  ourselves, f i r s t  by considering only those G ( t ) !s 

which depend e n t i re ly  on the time o f the la s t  previous demand. Then 

G (t)  must be unity  a t  t  = 0 since the demand under consideration must 

occur a f te r  the las t  previous demand and assuming th a t  another demand 

w il l  occur a t  some fu ture  time, G (t)  must approach zero as t -*30. A form 

of Cp( t ) which can be of in te re s t  and which is the one chosen fo r
j

c o n s id e ra t io n  here is
J

I G (t)  = e~X+
i

Then GCt) is the cumulative d is t r ib u t io n  function of an exponentia lly

d is tr ib u ted  random variab le  which we w i l l  re fe r  to as the "demand

in te ra r r iv a l  tim e".

We can compute the p ro b a b il ity  that, during time ( t  + d t) a f te r  a

sp e c if ic  demand, another demand occurs. I f  we le t  the event A be the

occurrance of no demands up to time t  fo llow ing the sp e c if ic  demand and
i

the event B be the occurrance of a demand in time in terval ( t , t  + d t)

fo llow ing the sp e c if ic  demand.

pCB|A) = P(A]B)»P(B)
P(A)

= 1yAe~Xtdt _
-A t '  Xd+ •e

We can also find the p ro b a b il i ty  (PQ(+) ) th a t  no demands occur in 

a time in te rva l of length t  from the time when we begin observing the 

system, a random point in time. Since we have made the assumption 

th a t  demands occuring in an in terval of time are independent of demands
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occuring during a l l  other periods of tim e, we can c a lc u la te  the proba­

b i l i t y  of no demands occuring in a time period of length ( t  + d t ) .

Given Xdt as the p ro b a b il ity  th a t  a demand occurs in the time in terva l  

( t , t  + d t ) ,  the p ro b a b il ity  th a t  no demand occurs in time in terva l  

( t , t  t  d t) is 1 -  Xdt. Thus

P Ct + dt) = (1 -  Xdt)P ( t )  o o

or

dpo (+)

~ F T + r  = - * d+ •o,

in te g ra tin g , and using the fa c t  th a t  P (0) = 1 we obtain

P ( t )  = e“A+ o

This gives us the re s u lt  th a t  the p ro b a b il ity  th a t  the time to  the next 

demand, given t h a t  the  obse rva t ion  begins a t  a random p o in t  in t im e ,  

is e ^  independent of the time th a t  observation began. I t  can be shown 

th a t  th is  p a r t ic u la r  p ro b a b il i ty  d is tr ib u t io n  function fo r  demand 

in te ra r r iv a l  time leads to  the re s u lt  th a t  the demand process is Poisson 

d is tr ib u ted  with mean ra te  X.

Analysis of Cost Equation: The inventory position can only be in

states ( r  + Q, r + Q -  1, r  + Q -  2,  • • •  , r + 2 ,  r + 1 }  since the system 

cannot e x is t  in s ta te  r fo r  a f i n i t e  amount of time (an order is placed 

immediately a f te r  the inventory position reaches r ) . Suppose we define  

the stochastic process { x ( t ) ,  t  > 0} with s ta te  space {0 , 1, 2 , • - • ,Q—1} 

as the process of the inventory pos it ion , where x ( t )  being in s ta te  j  

corresponds to  the inventory position being r + j  + 1. I f  we define Tj 

as a time point when the process (p r o b a b i I is t ic ly )  f i r s t  re s ta r ts  i t s e l f ,
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i . e . ,  the continuation of the process beyond Tj is a p ro b a b i l is t ic  

rep lic a  of the whole process s ta r t in g  a t  zero, such a process is known 

as a "regenerative" process. The p ro b a b il ity  density of T i is given by

P{T, = t }  = P{Q demands in time t }  = (At)^e ^
Q!

which ex is ts  on the in terval [0 ,° ° ) .  The demand in te ra r r iv a l  times are  

independent and id e n t ic a l ly  d is tr ib u te d  random variab les  thus the expected
_j»h

time of a r r iv a l  of the Q ' demand a f te r  a reorder Is the sum of the 

expected in te ra r r iv a l  times of the f i r s t  Q demands follow ing a reorder  

and is given by:

E[Tj]  = o |+ e_VI' d t = Q/X < »

•\0

Thus, by a re s u lt  of the Key Renewal Theorem, quoted in' Ross (1970,

p. 95) P . ,  the l im it in g  p ro b a b il i ty  of being in s ta te  j  is given by:
J

p _ E[time in s ta te  .j per cyc le]  
j  E[time of one cyc le ]

where one cycle is defined as the time between reorders. The

E[time in s ta te  j  per cyc le ] = E[demand in te ra r r iv a l  tim e]

f ' " ' i

and

E[time of one cyc le] = E[time fo r  Q demands to  occur]

= E t T j  = Q/X .

Hence, Pj = ^  independent o f j .
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Thus the s ta te  p ro b a b i l i t ie s  p ( r  + j )  of being in s ta te  r + j  can be 

w ritten
f l /Q  j  = l , 2 , . . . , Q

p ( r  + j )  = j
0 elsewhere

I f  JI is the lead time then the p ro b a b il i ty  th a t  x units  are on hand a t  

a time t ,  given th a t  r  + j  units were on hand a t  time t  -  £ is 

p (r  + j  -  x; A£),

where p'(y;wz) is the Poisson p ro b a b il i ty  of having y demands in time z

when the expected demand r a te  is  w. But the  p r o b a b i l i t y  o f  having r  -f j  

units on hand a t  time t  -  £ is simply l /Q . Thus we can find (x) the 

p ro b a b il i ty  th a t  x units  are on hand a t  time t :

(x) = (1/Q) f  p (r  + j  -  x; A£) .
J = 1

Plus some terms which occur  s ince  we have al lowed more than one o rde r  on 

the books a t  a time; however, we have assumed these terms to  be very 

small and w il l  omit them. S im ila r ly  we can ca lcu la te  i l ^ 2 ) p ro b a b i l i ty  

th a t  z backorders are on the books a t  time t , , f ro m  which can be calcu lated  

B(Q,r) the expected number of backorders a t  any time t :

00

B(Q,r) = I  z-ip2 (z )  * 
z=0

Also, we can ca lc u la te  D(Q ,r) the expected on hand inventory a t  any 

time t :

rtQ
D(Q,r) = . £ x * ^ i (x )  , 

x=Q

and E(Q ,r) the expected number of backorders which are incurred per year:
CO

E(Q ,r) = £ z-ip2 (z)  .
z=0
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We can now w rite  the expected annua! var iab le  cost expression 

k (Q, r )  = (X /Q )• A + lC*D(Q ,r) + ir*E(Q,r) + u -B (Q ,r ) .

I t  is d i f f i c u l t  in general to find optimum values of Q* and r *  from th is  

exact expression fo r  ic(Q,r) since r and Q both appear in the l im i t  

of summation in the expected value expression D (Q ,r ) .  I te r a t iv e  

procedures of d i re c t  search methods have been employed with much success, 

however, in obtaining r e la t iv e  minima. As pointed out by Hadley (1963, 

p. 188) although i t  is d i f f i c u l t  to  th e o re t ic a l ly  ru le  out the ex I stance 

of local minima d i f fe r e n t  from the absolute minimum, i t  appears from 

d ire c t  ca lcu la t io n  th a t  these local minima do not e x is t .

Periodic Review Model

Introduction: In a moderately large inventory s itu a t io n  i t  is

often too expensive to employ a d ig i ta l  transactions reporting system 

and physica lly  impossible to record each sale fo r  the purpose of keeping 

a continuous accounting of inventory levels . An occasional check on 

inventory level must be made, however, in order th a t  a procurement 

of replenishment stock can be ordered whenever the inventory level drops 

s u f f ic ie n t ly .  I f  these occasional checks on inventory are made with  

re g u la r i ty  ( i . e . ,  the time (T) between reviews of the system stock 

level is a constant) a periodic review inventory model can be used to  

determine optimum control doctrine fo r  the system (see f i g .  2 ) .

Again, as with transactions reporting models, ce rta in  s im p lify ing  

assumptions must be made. They are: I)  The cost of one u n it  of an 

item in inventory is unaffected by choice of control doctrine and constant
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over time; 2) An item does not become obsolete; 3) Each order is 

delivered in i ts  e n t i re ty ;  4) Advertis ing, promotional, or any other  

changes in s e l l in g  price wi l l  not be considered; 5) The procurement 

lead time (£) is assumed constant independent of demand ra te  and quantity  

ordered; 6) Lead time is small enough so th a t  each order a rr iv e s  before 

the next order is placed; 7) X, the demand ra te ,  is also assumed constant. 

Again we wi l l  t r e a t  a l l  variab les  as continuous; the in te g r a l i ty  of 

c e r t a i n  v a r ia b le s  w i l l  be taken account o f  in the  f i n a l  procedures.

| Let us define a "period" as the length of time (T) between reviews
I

o f the system. A determination of T must involve more than ju s t  the  

costs involved with the inventory system, in f a c t ,  physical l im ita t io n s  

may be more important than cost l im ita t io n s  on T. In a d d it io n , a cost 

analysis  determination o f an optimum value fo r  T would be d i f f i c u l t  

a n a ly t ic a l ly  in the procedures o u t l in ed ‘ here. For th is  reason we wi l l  

assume th a t  T is a predetermined constant fo r  the system being studied.

Let us assume th a t  orders are placed f o r sprocurement of replenishment 

stocks ju s t  a f te r  completion o f a review which discloses the stock 

level to  be below a p a r t ic u la r  number of units ( r ) .  An order is 

placed in su ffu c ien t quantity  to  bring the inventory position exactly  

to  a level R. The inventory level when an order is placed is S, and a 

cycle is defined as the period of time between two successive procurement 

orders, thus cycle length is an integral m u lt ip le  of T.

D e term in is tic  S i tu a t io n : In our f i r s t  analysi.s we wi l l  assume

th a t  the lead time (£) and demand processes (X) are d e te rm in is t ic .

These assumptions are not generally  possible in a real s i tu a t io n ;  however,
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they allow us to examine the general s tructure  of a periodic  review 

model without the add itional complication of uncertainty o f data.

These assumptions wiI I be e lim inated in the f in a l  model. We can w r ite  

a general cost equation fo r  a p a r t ic u la r  cycle

k = review cost + procurement cost + carrying cost + stockout cost.

I t  is important to notice th a t  the cost equation fo r  a periodic  

review system includes the add itional cost of the reviews during the  

cycle which was not a part of the transactions reporting cost equation.

I f  we were to  simply optimize the cost per cyc le , the review cost would 

not be a constant; i t  would depend on the number of periods in a cyc le .  

This procedure would not necessarily  optimize the cost of operating  

the system however, since i t  is possible to  minimize the cost per 

cycle by ordering a f te r  each review. A more correc t method of optim izing  

the cost of operating the system is to optimize the cost per u n it  time 

(or ra te  of c o s t) .  The length of a cycle is a constant once values 

of R and r have been chosen, thus we can obtain a cost per u n it  time  

equation by simply d iv id ing  the cost per cycle by the length o f a cyc le .  

Since the cost of a review is constant and the length of a period is 

constant, the review cost per u n it  time is constant independent of 

control doctrine and need not be considered in the cost equation.

I f  we le t  n be the number o f periods in a cycle then 

R -  S
n “ A*T ( I )

and
R _ $

nT = — -— -  length o f a cycle .

I f  we assume the penalty of a stockout to  be s u f f ic ie n t ly  high then
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since lead time and demand processes are d e te rm in is t ic ,  we le t  S be the

(4)number of demands during the lead time. Thus stockout is zero.

The procurement cost (A) is assumed constant fo r  each order thus A/nT

is the procurement cost per u n it  t ime. Since we assumed the demand

processes to be d e te rm in is t ic ,  the average un it years cf stock held per

cycle is

R + S t  
— 2—  nT>

where T is measured in years. Thus the ca r ry ing  cost per cyc le  can be 

w r i t t e n

HR  + S)nTlC;

and the ra te  a t  which carrying cost is incurred is given by 

HR + S )IC .

Thus the cos t  per u n i t  t ime (k) expression can be w r i t t e n  

k = A/nT + i (R  + S) IC = +  R *  S IC .

To optim ize cost, we take the p a r t ia l  d e r iv a t iv e  with respect to  R 

and set i t  equal to  zero

— JTP AX _ A .
9R (R-S)

solving fo r  R we obtain

R = i /2 ~  • ( A X / I C ) *  +  S

The above ca lcu la t io ns  were made allowing the variab les  to  be

(4) By decreasing S by I u n it  we increase stockout cost by tt and de­
crease carrying cost by ICnT. Thus i f  tt is not grea ter  than ICnT 
in the f in a l,  so lu t io n , incurring some stockouts might be more
optimum and stockout costs should be included in the model.
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continuous; however, we must have integer values fo r  R, S, and n. 

Using equation (1) we can find a value fo r  n

?A
n = (R -  S )/AT =

AClT2

I f  we choose the two integers c losest to  the value found fo r  n and,

using these, find values fo r  k . The integer (n) which when substituted
- •

into the equation fo r  k  resu lts  in the smallest cost is the optimum 

n value. Then r can be chosen as S + 1.
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RENEWAL APPLICATION

Introduction

In th is  chapter we wiI I be concerned with a periodic  review inventory 

system which has stochastic demand processes and procurement lead 

t imes. An app lica tion  of renewal theory w i l l  be used to  determine 

many useful q u a n tit ies  perta in ing  to  the system being studied without  

e x p l i c i t l y  solving for values of R and r .  Then an i te r a t iv e  procedure 

is|developed which w i l l  y e i ld  approximate values fo r  R and r .  F in a l ly ,  

several example systems are proposed and the resu lts  obtained are  

discussed.

Renewal Theory As Applied to  Stochastic Periodic Review Systems

Results Concerning N: Since the inventory position is reset to

the point R a t  the beginning of each cycle then the cycle lengths are 

non-negative id e n t ic a l ly  d is tr ib u ted  la t t ic e  random variab les  with  

period T which we w i l l  denote by t . .  I f  we again make the assumption 

th a t  demands during each period are independent from demands occuring 

during a l l  o ther periods then the t . ’ s  are independent. The length of 

a cycle is not independent of a l l  o ther cycles i f  sales are los t  when 

the system is o u t-o f-s to ck  since the previous cyc les ’ a c t i v i t i e s  

determine the length of time o u t-o f-s to ck  (a t  least p a r t ia l l y )  during 

the next cycle . Thus we must assume th a t  a l l  demands occuring when 

the system is o u t-o f-s to ck  are backordered.
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"t"hI f  we le t  Sn be the time up to  end of the n cycle then 

n
s = I T.  

n 1-0 1

and define

N (t )  = sup { n: Sn <_ t }

(5)the process { N ( t ) ,  t  0} is a renewal process. We can determine many 

properties of the inventory system without formulation of a model by 

using the resu lts  of renewal theory. Many o f the resu lts  in renewal 

theory are app licable  to periodic review inventory systems as we w il l  

show.

I f  we le t  n. be the number o f periods between the s ta r t in g  point  

of the i"^ cycle and the s ta r t in g  point of the ( i  + l ) S^ cyc le , then 

the n . ’ s are p o s it iv e  independent id e n t ic a l ly  d is tr ib u ted  random v ar iab les .  

I f  we have k periods in the i ^  cycle then there  are n (m >_ 1) less 

than R-r demands in k-l periods and a t  least m demands in the k 

period. I f  we again assume th a t  the demand is Poisson d is tr ib u ted  with  

mean ra te  X then the demand during each period is Poisson d is tr ib u ted  

with the same expected ra te .  Using the Poisson assumption of independent 

increments we thus obtain the p ro b a b il ity  mass function of n 

R-r 00
£{n = k) = J X p{jJ. ” r -  m; X(k -  1 )T}

m=l j=m

(5) A process { N ( t ) ,  t  >_ 0} is defined as a renewal- process i f  N (t )  = 
sup ±  where Sn is the sum of n non-negative independent, id e n t i ­

c a l ly  d is tr ib u ted  random variab les  X .; where E [X .]  (not necessarily  
f i n i t e )  e x is ts .  1 1
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where p( j ; At) is the Poisson p ro b a b il ity  of j  demands in a time period  

of length t  and p{A} is the p ro b a b il ity  of the event A.

I f  we define m(t) as the expected value of N ( t )  then we can 

develop an integral equation fo r  m (t ) .  By conditioning on the length 

of the f i r s t  cycle we obtain

rm(+) = I E[N(+) | t j  = x] dF(x)
J 0

where F is the common d is t r ib u t io n  of the t . ’ s .  We can find  thei

conditioned expectation of N ( t ) :

‘ 0 x > t

1 + m(t -  x) x < t  :
E T N (+) | x 1 = x

since i f  the f i r s t  cycle ends a t  a time x <_t  the process s ta r ts  a I I 

over again a t  time x. Thus the expected number of renewals in 0 , t  

is ju s t  I plus the expected number of renewals in time ( t  -  x ) .  We 

then have

r .

m(t) = / [1 + m(t -  x ) ]  dF(x)

* 0

or

t
m (t) = F ( t )  + I m(t -  x) dF(x)

assuming th a t  F(0) = 0. According to F e l le r  ( 19 7 1, p. 3 5 8 f f ) ,  th is
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renewal equation can be solved, depending on the functional form of F.

I f  F ( t )  is d i r e c t ly  RTemann in tegrab le  and a r i t h m a t i c ^ w i t h  span K then

the so lu tion  is given by

00

m(t + nK) -* Ky”  ̂ J F ( t  + jK ) ,  n »
j=1

where y is defined as

y = f  xdF(x).
J0

We know th a t

FCx) = p{u <_ R -r  demands in the f i r s t  m-l periods and R -r-u  

demands in the m"  ̂ period},

where

m = sup{q:qT < x } .

Thus
R-r-1

FCx) = \  p {u<_R -r  demands in the f i r s t  m-l periods}

U=0 thp{R-r-u demands in the m period}

(X(m-1)T) e (R -r-u )  -XT (XT) e
u! (R -r -u ) !

The d is t r ib u t io n  of F(x) is a r ith m etic  with span T and is Riemann 

in tegrab le  since i t  is bounded and peicewise continuous; however, 

i t  would seem a t  least cumbersome to compute the so lution fo r  

m(t+n«k) as given above.

(6) A d is t r ib u t io n  concentrated on m ultip les  o f a number K, where K is 
ca lled  the span of the d is t r ib u t io n .
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( r )Central L im it Theorem R esu lt: Suppose we define  T ,as the

number of periods up to  the r ^  cyc le . We can w r ite

( \ r ~1 - r ( r )  V
T = I  n. ,

1=0

where n. denotes the number of periods in the i"̂ *"1 cyc le , and i f  we le t  

V = E[n]

and

= Var[n]

( r )then since T is the sum of r  independent and id e n t ic a l ly  d is tr ib u ted  

random variab les  (not necessarily  with f i n i t e  variance -  see F e l le r ,  1971,

p. 260) the Central L im it Theorem a s s e r ts th a t

-  i

r-*=° ( oZ~r

T ( r )  _ " " a
im p < -----------I —Q L < a

J = e ~ ix2  dx ■J 2ir

The r ig h t  hand side of the equation is a cumulative normal d is tr ib u t io n  

function with mean zero and variance 1. I f

T ( r )  < k

then

T( r )  ,T -  ru k -  ry

oV r~  a / r ~

Also we know th a t  i f  the number o f  periods up to  the r ^  cycle is less

than k then the number of cycles in k periods must be more than r ;  so 

( r )i f  T <_ k then N (k t)  >_ r .  Also, i f  the number of cycles in k periods
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this g reater  than r then the number of periods up to  the r cycle is 

less than k. Consequently,
( r  )

p{T <_ k} = p{N(kt) r }  .

But we have th a t
f r )

I im p{N(kt) >_ r }  = I im p{T <_ k} , ARTHUR LAKES LIBRARY 
.COLORADO SCHOOL of MINES 

GOLDEN, COLORADO 80401r-*»
k-x»

p-x»
k-*»

where

a

k-*»

Thus we have shown th a t  the complementary cumulative d is t r ib u t io n  of 

the number of cycles in a time kt asym ptotically  approaches a normal 

d is t r ib u t io n  with mean zero and variance 1 fo r  s u f f ic ie n t ly  large 

values of r and k.

Approximate Solution Procedure

Prelim inary Discussion: I f  a control doctrine fo r  the system is

not needed, but simply one of the above properties , namely the expected 

member of cycles up to time t  (m (t)) ,  or some parameter of the complementary 

cumulative d is t r ib u t io n  of the number of cycles in a time k t ,  then 

e x p l i c i t  values of R and r  are not needed. However, i f  an e x p l ic i t  

control doctrine i.s desired then a general cost equation is needed.

As with the determ in is tic  model the cost equation consists of four  

parts: I )  Review cost; 2) Procurement cost; 3) Carrying cost; 4) Stock­

out cost. An exact cost expression can be developed (Hadley, 1963, p .275):
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oo R-r
A+ I  I  p { R - r - j ;  nAT} H (r+ j ,T )

(c(R r  T) = — + — n^Q —;_________________________

T I  I  n p { R - r - j ; (n -1 ) AT}p{j;AT}  
n=1 j=1

where p(y;wz) is the Poisson p ro b a b il i ty  of having y demands in time z 

when the expected demand ra te  is w; and H ( r + j ,T )  is the conditional  

expected cost contr ibu tion  from period (n+ l)  given th a t  the inventory  

position a t  the beginning of the period is r  t  j .  However, so lution  

fo r  R* and r *  (values o f R and r which re s u lt  in minimum cost) is

d i f f i c u l t  manually and might take as long as a minute on a large, high­

speed, d ig i ta l  computer. The u t i l i t y  of an approximate so lution method 

is there fo re  obvious i f  i t  can be solved manually or by computer f a i r l y  

e a s ily  and q u ick ly . R and r are not the only parameters which describe  

a periodic review inventory system. A l te r n a t iv e ly ,  the procedure 

which we w il l  develop uses N (the expected number of periods per cycle)  

and S (the stock on hand when an order is placed) as the parameters of

the system. Later in the development, we w i l l  use N and S to  find

optim izing values fo r  R and r  so th a t  the control doctrine can be 

implemented.

Additional Renewal Theory; We w i l l  denote by {Yn, n = I , 2 , . . . }  a 

renewal reward process where Yn is the reward earned during the n"^ 

renewal in terval of length Xn- I f  we suppose th a t  the pairs  { (X n,Yn) ,  

n = l , 2 , . . . }  are independent and id e n t ic a l ly  d is tr ib u te d  and we le t  

N (t)
Y(+) = I  Y ,nn=l
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then Y ( t )  is the to ta l  reward earned up to  time t .  By a well known 

renewal theorem (Ross, 1970, p. 52) we know th a t  i f  E |y | and E[X] are  

f i n i t e ,  then

Y ( t ) EY
*  EX as + +t

Since each cycle in a periodic review inventory system is in fa c t  a 

renewal in te rv a l ,  the cost per cycle is a renewal reward process. Thus, 

the expected cost per u n it  time is given by the expected cost per cycle  

divided by the expected cycle length.

Another re s u lt  which we w il l  make use of is Wald’ s Equation.

Simply, Wald’ s Equation states th a t  i f  we have , X2 , . . .  independent 

and id e n t ic a l ly  d is tr ib u te d  random variab les  with f i n i t e  expectations  

and i f  N is a stopping time fo r  X^, X2 , . . .  such th a t  EN < °° then

N
I  X. 

LI  = 1 1
= EX-EN

For a proof, see (Ross, 1970, p. 3 8 ) ,  where the stopping time (N) is 

an integer valued p o s it ive  random var iab le  which may be dependent on 

X j ,  X2 , . . .  , X^ but which must be independent of X^+ ^, X ^ ^ ,  . . .

Development of the Rate-of-Cost Expressions: We w i l l  now develop

expressions fo r  the four costs involved in a periodic review system. 

Again making the same assumptions which we made fo r  the de te rm in is t ic  

model (see p. 20) with the exceptions th a t  assumption (5) is amended 

to  include stochastic  procurement lead times with expected value I ,  and 

assumption (7) is amended to include a stochastic  (Poisson d is tr ib u te d )



T-1654 33

demand process with expected ra te  X. As with the d e te rm in is t ic  model 

we w i l l  t r e a t  a l l  variab les  as continuous.

Suppose we le t  N represent the expected value of the number of
i~h

periods in the i cycle ( n . ) .  I f  J is the cost of each review, then 

the expected cost of reviews during the cycle is 

E[n . J] = J E [ n .]  = JN

The procurement cost per cycle is simply the constant cost of a procure­

ment (A) ,  s ince  e x a c t l y  one o rde r  is placed du r ing  each c y c le .

Suppose we le t  P ..  represent the number of demands during the j  

> and X . . represent the demand ra te .  Then

.th

period in the i eye e and

E P..
L J i .

ii H m X ..
L J i-

= TX

since the expected demand ra te  is a constant independent of tim e. The

P . . Ts are independent and id e n t ic a l ly  d is tr ibu ted  random var iab les ,
J ^

so u t i l i z i n g  Wald’ s Equation we can find the expected number of demands 

per cyc le ,
r  n. h i

1 i
E I p --
,j-i J l .

c
•

LUII

]'EP..
L j i J

= NTX.

The carrying cost per cycle can be divided into two parts: The ca rry ­

ing cost incurred due to  the units which are demanded during the cyc le ,  

and the cost incurred due to  those units which, having been held the  

e n t i re  cyc le , remain a t  the end o f the cyc le . We w i l l  f i r s t  examine 

the cost due to  the units which are demanded during the cyc le . Since 

we have assumed the variab les  to  be continuous, the expected ra te  of 

carrying cost is
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n.T

t A ( t )  dt IC
ICNTA - 0

NT

where the f i r s t  term represents the expected carrying cost due to  the  

to ta l  number of units demanded and the second term is the expected cost 

reduction due to  the demands'on the system divided by the expected 

length of the period resu lt ing  in the reduced expected ra te -o f-c o s t  

expression. Assuming A to be constant over time and conditioning on 

the value of n. (the number of perio’ds in the i"*"̂  c y c le ) ,

- .n ,T r 00 r  i T i
1 t A ( t )  dt

= f E
I tA d t | n. = n dQ(n)

J  0 '  0 J  0

tA dt dQ(n)

[x (+2/2 )
n t

dQ(n)

£n2T2A dQ(n)

= iAT2 I n2 dQ(n) 

0

= zAT2 E[n2]
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where Q(n) is the d is t r ib u t io n  of the number of periods per cyc le . Re- 

c a l l in g  th a t  N is the expected number of periods per cyc le , and i f  the

Since the expected number o f  u n i t s  no t  demanded is S, the expected 

ra te  a t  which carrying costs are incurred is

Again, l e t t i n g  tt represent the backorder penalty  cost associated 

with each backordered demand, the expected cost of backorders per cycle  

is  it m u lt ip lied  by the expected number of backorders per cyc le . Fre­

quently the penalty of a backorder is large enough so th a t  the optimum 

expected number of backorders incurred per cycle is sm all. Consequently, 

we make the assumption th a t  the p ro b a b il i ty  of stocking out before an 

order is placed is small enough to  be neglected ( re c a l l  th a t  th is  does 

not include the lead t im e ) .  The expected number of backorders in a

(7) The variance of the number of periods per cycle is d i r e c t ly  re­
lated to  the d is tr ib u t io n  of the demand process. I t  would seem th a t  
the assumption of small variance o f  the number of periods per cycle  
would ind icate  a f a i r l y  ’ smooth’ demand process, i . e . ,  wide var ia t ion s  
in the average demand ra te  over time in te rva ls  o f a length close to  a 
cycle length, would be f a i r l y  rare occurrences.

variance of the number of periods per cycle is s m a l l * ^  then 

E[n^] -  -  0. Hence we can approximate the expected ra te  a t  which

carrying cost (of the units not demanded) is incurred by

ICNTX ICNTX
2
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cycle w i l l  be j  i f  there are exactly  S + j  demands during the lead 

t im e. Thus the expected number of backorders can be found by con­

d itio n in g  on the length of the lead time

of units in stock when an order is placed.

Computational Procedure and Discussion

In tro d u ctio n : We have developed expressions fo r  the four costs

involved in a periodic review system. However, i t  would not be easy 

to  solve the resu lt ing  cost equation manually and d i f f i c u l t  i f  not im­

possible to  obtain an e x p l i c i t  so lution fo r  r *  and R*. A numerical 

procedure could be developed and programmed on a large computer; how­

ever, depending upon the indiv idual problem, th is  could be very expen­

s ive . A l te rn a t iv e ly ,  an i t e r a t iv e  solution procedure w i l l  be developed 

which can be solved manually without great d i f f i c u l t y  fo r  an approximate 

so lu tion .

I t e r a t iv e  Solution Method: Let us suppose, fo r  the purpose of

obtain ing i n i t i a l  approximations, th a t  the p ro b a b il i ty  of stocking out 

is small enough to be neglected. Since the costs per cycle o f reviews 

and procurements are renewal reward processes, we can find  the expected 

ra te  a t  which these costs are incurred by d iv id ing  them by the expected 

length of a cyc le , see (Ross, 1970, p. 19) fo r  more information.

00

S > 0 (2 )

where G(x) is the lead time d is tr ib u t io n  and S is the expected number
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Using the results  of the previous section , the expected ra te -o f-c o s t  

expression can then be w rit te n

—  A ■ J . r p

K1 ” N-T T
m .  + s

where icj represents the f i r s t  approximation of the ra te -o f -c o s t .  To 

f ind the f i r s t  approximation (N j) of N (the expected number of periods 

per cycle) which resu lts  in a minimum value fo r  <  ̂ we take the p a r t ia l

d e r i v a t i v e  o f  w i th  respec t  t o  N

3k1 = ^A_ ICTX 
3N '  n2t  2

Setting  th is  re s u lt  equal to  zero we obtain

2 A

Ni t 2 ica

In order to  f ind  an approximate optimum value fo r  S (S > 0 , the 

expected number of units in stock when an order is p laced), we would 

l ik e  to  take the p a r t ia l  d e r iv a t iv e  of ic 1 with respect to  S. However,

S is the lower l im i t  of the index of summation in the expression fo r  

backorder cost (see p. 36). We w i l l  there fore  instead use the fo llow ing  

procedure which is approximately analogous to  d i f f e r e n t ia t in g  iĉ  with  

respect to  S. Suppose we le t  S represent the value o f S which resu lts
A

in a minimum cost per cyc le . An approximate value fo r  S can be o b ta i ­

ned by se tt in g  the expression fo r  the change in cost per cycle (when 

S is changed by one u n it )  to  zero and solving fo r  S. Since the value  

of N is already f ix e d , the only costs a ffected  by the change in S are
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the carrying cost of those units  not demanded during the cyc le , and 

the backorder cost (expressions (1) and (2) on p. 35 ).

Let us choose to change the value of § by increasing § by one 

u n it ,  the resu ltan t change in carrying cost ra te  is IC ,  so the change 

in cycle carrying cost is ICNT. We reca lI  th a t  the expected cost of 

backordering is

I j * p { j ;  Ax} dG(x) S > 0

J.
Depending on the functional nature o f  G (x), th is  in tegra l may be 

very d i f f i c u l t  to  solve. However, since we assumed the variance of  

the lead time to  be sm all, the e n t i re  p ro b a b il i ty  mass w i l l  be concen­

t ra te d  about the mean. Recalling th a t  I  is the expected lead tim e, we 

can obtain an approximation to the expected backorder cost:

A£} ,
j=S+l

or e q u iv a le n tly ,  .

00

j*p {S  + j ;  Ail} (3)
j=1

Thus, the approximate change in expected backorder cost resu lt in g  from
A

adding one u n it  to  S is
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I  j 'p f S  + j ;  A£} -  I  j  • p{ S + j  + 1; A£}
j=1 J=1

=  TT 1 j'P^S + j ;  A£} -  I  ( j - 1 ) *p {S  + j ;  A£}
j=1 j=2

=  TT p{S + 1; A£} + I  p{S + j ;  A£}
j=2

tr J p { i ; A£} 

i=S+1

= 7T 1 -  I  p f j ;  ^
j=1 '

Hence we obtain the resu ltan t approximate expected change in to ta l  

cycle cost:

N^TIC -  tt 1 - I p{j; 
j= i

Setting th is  expression equal to  zero we obtain

Ip{i; M} 
1 =  1

=  ( tt -  N xT IO /tt (4)

S im ila r ly ,  i f  we change S by subtracting one u n it ,  we obta in , fo r  the
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approximate expected change in to ta l  cycle cost, the expression

S t r ic t  eq u a lity  in expressions (4) o r (5) w i l l  be u n lik e ly  to
a

happen; however, we wish to  f ind  the value o f S which resu lts  in the  

least d iffe rence  between the sum of p ro b a b i l i t ie s  on the l e f t  hand 

sides and the expressions on the r ig h t  hand s ide , i . e . ,  we would l ik e
A

a value of S such th a t

We w i l l  choose the former due to i ts  advantages in the i te ra t io n  

procedures. Since we have assumed th a t  the demand processes are

A
S-1

I  p{ i ; XZ} = ( I T  -  N iT lO / i r  
i=1

(5)

S
I  p { i ; XZ} > ( tt -  N^TIO /tt  

i = 1

and

S-1
I  p{ i ; XZ} < ( tt -  N i T l O A r  

i = 1

Two possible expressions to  use fo r  Ŝ  (the f i r s t  in teger approximation
A

of S which is the cost minimizing value o f S ) are f i r s t :

S
Sj = in f  « S: £ p{ i ; Ail} > ( i t  -  N i T I O / tt

i = 1

or second,

Sj = sup * S: I  p{ i ; AJt} < ( i t  -  i ^ T l O / i r
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Poisson d is tr ib u te d ,  the l e f t  hand side of the inequa lity  inside the 

braces is the cumulative Poisson d is t r ib u t io n .

The approximate expected cost of backorders per cycle CB ') can 

now be computed from expression (3) on p. 38 ?

Bi = *  I  j * p { j ;  A£}

j=Si+1

or e q u iva len tly ,

B i  =  tt

This approximate expected backorder cost per cycle is ,  fo r  each fixed  

value of S j , independent of N. Thus we can obtain a second approx­

imate value of N (c a l l  i t  N2 ) ,  by now not assuming the p ro b a b il i ty  of 

stockout to-be small as opposed fo r  previous formulation N, on p. 37,

m / 2 ( A .+  Bt )

t 2 icx
A a

Following the above computations, second approximations o f S and B 

are obtained

So = in f S: I  p { i ; XI}  > ( tt -  N2T IC )/tt
1 =  1

§ 2 = ^ 1  j • p-Cj; a* }

j=S2t1
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Thus we can develop an i t e r a t iv e  procedure a f t e r  f i r s t  approximations
A A A

of N, S, and B have been completed where

t 2 ic x

S. = in f  -j S: £ p { k ;  2 ( tt -  N .T IO /n
k=1 '

Bj = ” I j*ptj;
j '3 ,+ 1

The procedure is to  compute successive approximate values of N, S, and 

B, u n t i l  S. = a t  which time the procedure is terminated with

and

S = S.i

N = N. 
I

In th is  i te ra t io n  procedure, convergence wi l l  always occur. We i l l u s ­

t r a t e  with two cases (y -  N2TIC ):

Case I ,  NjTlC > t t :  In th is  case, Sj wi l l  be 1, thus §1 wi l l  be

greater than zero then y w-il I be greater than t t  in which case

wi l l  be 1 and the procedure wi l l  terminate..

Case I I ,  NjTlC <_ t t : In t h is  case, the worst th a t  can possibly

happen is th a t  N.+  ̂ wi l l  be enough larger than N. in each i te ra t io n  so th a t
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S . .,  is less than S . .  Eventually , th is  s itu a tio n  wi l l  lead to S.=0 and i+ l i 1 i i
again we have convergence.

Determination of R and r : R is the number of demands during the

cycle plus the remaining stock unsold a t  the end of the cyc le . Thus 

we obtain an approximate optim izing value of R ( cal l  i t  R j ) the integer  

closest to  the value of R, where

R =■ NTA + S

The operating doctrine is defined as: I f  a review discloses the

inventory position to  be below the level r ,  then an order is placed 

which brings the inventory position up to R. Thus the inventory posi­

t i o n  must reach the  va lue r  a t  some t ime dur ing  the per iod  a t  th e  end 

of which an order is placed. I f  we denote the times during the i**  ̂

cycle a t  which the inventory position reaches r and a t  which an order 

is placed by t r j and t Qj ,  respec tive ly , then

0 < ( t  . -  t  . )  < T oi ri

or eq u iva len tly ,  -

t  . -  t  . =  a .T  0 < a. < 1  ,o i r  i i i

where a j ,  whose expected value we wi l l  denote by a , is the proportion  

of a period th a t  remains u n t i l  an order is placed when the inventory, 

position reaches r .  We wi l l  ind icate  how. to use a 'to f ind an expression 

fo r  r  in terms of N and S.
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Suppose we le t  x p j represent the demand ra te  during the time i nter-

va I t  . , t  .r  i 01 , the expected number of demands in the time interval  

between the inventory position reaching r and the placement of an order 

is given by

E|a.TA . = E |a .1-T-A  . = aTA ,L i r i .  L iJ r i

Recalling th a t  S is the expected number of units  remaining in stock when 

an order is placed, we see th a t

S = r -  aTA

or, eq u iva len tly ,

r  = S + aTA (6)

An exact determination of a is d i f f i c u l t ,  and i f  accomplished 

would probably involve an unwieldy expression involving the d is t r ib u t io n  

of the n . ’ s.  Instead, in order to  preserve the simp I i c i t y  of th is  approx­

imate so lution procedure we wi l l  present a h e u r is t ic  -argument to  show

th a t  a should be i .  We wi l l  there fore  assume th a t  t . . and t_ .  are both01 r i

uniformly d is tr ib u ted  with expectations of t  and t  , respec tive ly , and

le t  Nj represent the g reates t integer in N

j—  a —-|—

(Nj -  1)T (Nj + 1)T 

NT = t

(Nj + 2)1

Fig.  3
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We wi l l  examine the two cases; f i r s t ,  where t  . and t  . wi l l  both* * r i  01

occur w ith in  units of t h e i r  respective expectations; second, where 

t  . and t  . wi l l  both occur w ith in  1.5T units of t h e i r  respective expec­

ta t io n s .  We could continue to  look a t  cases where t  . and t  . occurr  i 01

w ith in  fu r th e r  expanded l i mi ts  about t h e i r  respective means; however,

since we have assumed the variance of N to be smal l ,  we wiI  I not do so.

Case I :  Suppose we f i r s t  assume th a t  t  . and t  . wi l l  both occurr r  r i  01

wi thin jT  units  of th e i r  respective expectations, then an order wi l l  be 

placed fo r  each cycle in the Nj"*"h, (Nj + 1)S"*", or (Nj + 2 ) nd period of
I

the cyc le . Recalling th a t  Nj is the greates t integer in N, and defin ing

3 as the d iffe rence  between the greates t integer in N plus 1 and N, we

can f ind N in terms of N j,  a, and 3. Due to the re s t r ic t io n s  imposed on

t  . and t  . ,  we see 0 < a + 3 < 1.5.  I f  1 . 5 > a  + 3 >  -5 , then the r i o r
s tp ro b a b il i ty  th a t  t  . wi l l  occur in the (Nj + 1) period is 1.5 -  (a + 3)

"t*hand the p ro b a b il ity  th a t  t  . wi l l  occur in the Nj period is a + 3 -  .5

(see Fig. 3 ) .  I f  a + 3 < .5 ,  then the p ro b a b il i ty  th a t  t  . wi l l  occuri r  i
s tin the (Nj + 1) period is .5 + a  + 3 and the p ro b a b il i ty  th a t  t  . wi l l

n

occur in the (Nj + 2) period is .5 -  a -  3. In each s itu a t io n  the  

p ro b a b il i ty  of t r J. occuring in any in terva l not mentioned is zero. Thus, 

fo r  N we have (conditioning on t  . )a r ,

(Nj + 1 ) • ( . 5  + 1 -  (a + 3) )  + Nj (a + 3 -  .5)

N = *{ 1.5 > a + 3 '> .5

(Nj  + 1 ) • ( . 5  + a + 3) + (Nj + 2 ) • ( . 5  -  a -  3)

a + 3 £ *5

In e i th e r  case we obtain
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N * N j + 1 . 5 - a -

but since 3 is defined by com LAKES l®mryCOLORADO SCHOOL of MINP'<? 
GOLDEN, COLORADO 80401

3 = 1 + Nj -  N 

we have a = j .

Case I I :  Now le t  us assume th a t  t  . and t  . wi l l  both occur wi thinoi ri

1.5T units of th e i r  respective expectations. Then an order wi l l  be 

placed in the Nj+h, (Nj + 1 )S+, (Nj + 2 ) ^ ,  (Nj + 3 ) rd , (Nj -  1)S+, or 

(Nj -  2 ) " d periods of the cyc le . S i mi l a r l y ,  we can f ind N in terms of 

N j, a, and 3 as fol lows:

3N =

(a + 3 -  1 . 5 ) * (Nj  -  2) + (Nj -  1) + Nj +

( 1 - ( a  + 3 -  1 .5))-( Nj + 1 )

2 .5  > a + 3 > 1.5

(a + 3 -  . 5 ) • (Nj  -  1) + ( N j  +  1) +  

(1.5 -  a -  3 ) • CNj + 2)

1,5 > a + 3 > .5

( . 5  + a + 3) N j  + (Nj + 1) + (Nj  + 2)  +

( . 5  -  a -  3 ) • (Nj + 3)

.5 > a + 3 > 0

Again using the fa c t  th a t

3 = 1 +  Nj  -  N

we see th a t  in a l l  three s itu a tio n s

3N = 3Nj -  3a -  33 + 4 .5

or again,
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N = N j - a - 3 + 1 . 5

Thus we see th a t  a = .5 is again the only so lu tion . This argument can be 

extended by choosing even larger ranges of values fo r  t  . and t^..; however, 

as was stated before, since variance of N was assumed to  be smal l ,  continu­

ation  of the argument is not necessary. Hence we obtain the so lution fo r  

r  the expected vaIue of r  (from equation (6) on p.  44)

r = S + aTA

or

r  = S + . 5TA

Fi na l l y ,  since r must be an in teger, we choose the c losest integer to r ,

( r j ) as our f i nal  approximation of r .

Examples: Three examples have been chosen to  i l l u s t r a t e  the i t e r ­

a t iv e  proceedure:

Example 1: Suppose we have an item in an inventory system which

costs $ 1.00 ( i . e . ,  C = 1) and the inventory level is checked every four  

days ( i . e . ,  T -  . 01 ) .  I t  takes 12 days to  recieve an order of t h i s  item 

on the average ( i . e . ,  £ = . 03) .  Transportation and ad m in is tra t ive  costs 

are $ 60.00 fo r  each order placed ( i . e . ,  A = 60) .  This item is demanded 

a t  an average ra te  of 900 per year ( i . e . ,  X = 900) and studies indicate  

th a t  the backorder penalty cost including lost p r o f i t  is $ 1.00 fo r  each 

u n i t  demanded when the system is o u t-o f-s to ck  ( i . e . ,  tt~= 1 ) .  I f  we 

assume the a l te rn a t iv e  in te re s t  ra te  to  be 10 % per annum the optimum 

values of N and S are calculated as fol lows:
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Ni
2A

S-1
Sx = In f  \ S: Y p{k; Ail} i  U  -  N .T IO / t t

k=1 1
33

00

= 115.81

~ Si  -  33

and

B2 = B: = .35

Using the cost equation of page 37 and ca lcu la t in g  the ra te  o f cost per

annum, we f ind N = 115.81 and S = 33 to be optimal values.

Example 2: Suppose an inventory system stocks an item which costs 

$ 100.00 ( i . e . ,  C = 100) per u n it .  The item is f a i r l y  small so th a t  

t ransporta tion  and adm in is tra tive  costs associated with a procuremant 

are fixed a t  $ 900.00 ( i . e . ,  A = 900). An inventory level check is made 

every 36 days ( i . e . ,  T = . 1 ) ,  and orders are placed whenever the inven­

tory  level is s u f f i c i e n t l y  smal l .  I t  takes an average o f  73 days to  

receive an order ( i . e . ,  I  = .2)  and the lost p r o f i t  and goodwill are  

estimated to  be $ 28.00 fo r  each item backordered ( i . e . ,  it = 28) .  The 

item is only demanded a t  an average ra te  of one per week (so X = 52) .

I f  we assume an a l te rn a t iv e  in te re s t  ra te  o f  8 % ( i . e . ,  I  = . 08) ,  the  

optimal values of N and S are calcu lated  as fol lows:

Nj = 21.21
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Bx = 50.20  

Nx = 21.80  

S2 = Sx = 9 

B2 = Bx = .50.20

Again using the cost equation on page 37, we f ind the optimal values of 

N and S t o  agree w i th  the  approximate i t e r a t i v e  s o l u t i o n  method va lues .

Example 3: Suppose in the previous example (C = 100, tt = 28) we

change the time.between reviews to  15 days ( i . e . ,  T = .041) and increase 

the expected lead time to 146 days ( i . e . ,  I  = . 4 ) ,  then i f  procurement 

cost is $ 500.00. ( i . e . ,  A = 500) and the a l te rn a t iv e  in te re s t  ra te  is 10 56 

( i . e . ,  I = . 1 ) ,  the approximate optimal values of N and S are found to  

be

N = 37.07  

S = 20

However, using the cost equation on page 37 and many d i f f e r e n t  vaIues fo r  

N and S, we f ind optimal values fo r  N and S are

N = 38

and

S = 20

Although the d iffe rence  in N is f a i r l y  s ig n i f ic a n t ,  the d iffe ren ce  in 

the values of the annual cost was less than 3 <£ out o f a to ta l  cost ra te  

greater  than $ 900.00.
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CONCLUSIONS

The ca lcu la t io n  of optimum control doctrine fo r  inventory systems 

can be d i f f i c u l t .  In a l l  cases tes ted , the i te r a t iv e  approximation 

procedure as described herein appears to  converge to  optimum or nearly  

optimum values fo r  N (the expected number of periods per cyc le) and S 

(the expected inventory level a t  time of order placement) from wihich a 

control doctrine can be devised. I t  is ,  however, d i f f i c u l t  to  describe  

the exact conditions under which convergence to optimal values wi l l  occur 

except to  de lineate  the re s t r ic t io n s  imposed by the assumptions (discussed 

below) made in the determination o f the i t e r a t iv e  procedure.

We have assumed th a t  no stockouts occur p r io r  to  the order place­

ment tim e. Although th is  assumption may not be va l i d ,  i f  the penalty  

cost associated with a backorder is s u f f ic ie n t ly  large, the p ro b a b il i ty  

th a t  the on hand inventory level drops to zero (thus causing backorders) 

before an order is placed, wi l l  be smal l .  Hence, under these conditions,  

the approximate solution procedure wi l l  apparently converge to  values 

which are s u f f ic ie n t ly  close to  optimum as to  re s u lt  in a negl i g i b l e

d iffe ren ce  in expected to ta l  cost ra te .

The variance of n. (the number of periods in the i cycle) should 

be small in comparison to  i ts  expected value, i f  the value o f the expec­

ta t io n  is s u f f i c i e n t l y  large. I t  is d i f f i c u I t  to  determine how large

is s u f f ic ie n t ly  large, but fo r  approximate values o f N, E [n . ] ,  sm aller

than 20 d ire c t  ca lcu la t io n  shows th a t  the i t e r a t iv e  procedure resu lts  in 

f a i r l y  large discrepancies in the expected to ta l  cost ra te .
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Our f inal  assumption of a small  variance in lead time should be 

val i d  in many cases since transporta tion  of goods is o ften  done on car­

r ie rs  which fol low f a i r l y  regular schedules. A determination of the  

erro r  caused by increased variance in lead time would be d i f f i c u l t  and 

would probably depend to a great extent on the p a r t ic u la r  d is tr ib u t io n  of 

the lead time. I t -would seem though th a t  larger expected values of lead 

time would yi el d approximations less sens it ive  to d i f f e r i ng  vaIues of 

the variance.

We have made many other assumptions in the development of the approx­

imate i te r a t iv e  procedure. However, these are standard assumptions ( e . g . ,  

no v a r ia t io n  in se l l i ng  price  over the period of in te re s t ,  constant demand 

ra te ,  e tc . )  and a discussion of th e i r  resu ltan t re s t r ic t io n s  on the types 

of inventory systems fo r  which v a l i d i t y  ex is ts  can be found in the l i t e r ­

ature  ( e . g . ,  Hadley, 1963). FORTRAN coding fo r  the procedure was qu ite  

eas i l y  developed fo r  the examples; however, a manual so lution is not 

d i f f i c u l t  to  perform using a standard Poisson d is t r ib u t io n  t ab l e  fo r  

backorder costs.
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