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ABSTRACT

We develop new quadratic spline collocation (QSC) methods for the solution of
Poisson’s and biharmonic equations in the unit square, 2 = (0,1) x (0,1). In these
methods, the differential operator and the right hand side of the partial differential
equation are peﬁmbed to obtain the collocation equations. The collocation points are
taken to be the midpoints of the cells of a uniform partition of (2 on which the spline
space is defined.

We derive a new QSC method for solving Poisson’s equation with Dirichlet boundary
conditions: Ay = f in Q and u = 0 on 92, where A denotes the standard Laplacian
operator and 99 is the boundary of Q. We derive a matrix decomposition algorithm
(MDA) which employs fast Fourier transforms to solve the resulting linear systém at a
cost of O(N?log N) operations on an N x N partition of 2. We also prove the existence
and uniqueness of the solution. Finally, we present numerical results that indicate optimal
global accuracy and superconvergence phenomena.

We extend the ‘method derived for Poisson’s equation to the solution of the biharmonic
Dirichlet problem: A%u = f in @ and u = du/8n = 0 on 81, where a/ dn is the outward
- normal derivative on 892. We solve the biharmonic problem by rewriting it as a coupled
system of two second-order partial differential equations in » and v = Au. Using the
Schur complement approach, we show that the resulting linear system can be solved at a
cost of O(N3log N) 6perations. Finally, we present numerical results that indicate global

optimal accuracy and superconvergence phenomena.
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Chapter 1

SINTRODUCTION 1

The mam goa.l of thls thesus is to develop new optlma.l qua.dra.tlc splme colloca.tlon
(QSC) methods for the solutmn of two problems in the umt squa.re The ﬁrst problem is

Po;sson s equatlon sub_]ect to homogeneous Dlnchlet bounda.ry condxtlons v

u=0. on BQ, .

where A denotes the sta,nda.rd Lapla/cla,n opera.tor, (0 ‘1) %'(0, 1) is the it squa.re,
and '8 denotes i_té bounda.ry Poisson’s ’é’qi.la;tion is most’ frequently éncountered in" "
electrostatlcs tnechanics physiés of conducting media, and the description of &
gravitational potential. In these problems, the ‘va.fié,tio‘ﬁ of the fidld characterized by either
an electnc or gfewtatlonal potential assoma.ted with'a ‘spatial distribution leads to

P01sson s equatlon o

The second problém is the Biiarmonic Dirichlet problenm,

e e A2y = fedin R

RIS - (1.2)
u—O on 3 —é— 0 on’ BQ

where Ou/0n denotes the outward normal derivative:on 8. This problem models bending
of a.thin elastic clamped rectangular plate, equilibrium, of an elastic rectangle and flow of

very viscous fluid in a square:cavity {23]. A discussion of the history. of problem (1.2) can



also be found in [23}:

Spline collocation methods for ‘the, solution ofbounda.ry value problems for ordinary
and partial differential equations have been ﬁequently used over the past several decades.
In these methods the bounda.ry condltmns and d1fferent1a.l equatlon are satlsﬁed at
spemﬁc pomts of a pa.rtltlon of the problem doma.m However, a.s demonstra.ted by de “
Boor [14] the basxc sphne collocatlon methods are suboptxma.l In fa.ct the ba.sxc nodal
cubic spline colloca.tlon (NCSC) method is only second-order a.ccurate For a ‘'spline spa.ce’ »
-of degree k, we expect an optlmal method to produce accuracy. of order k + 1. Hence, we
would expect fourth-order global accuracy from an NCSC method and third-order global

.a.ccura.cy from a QSC method.

The suboptimal performance led to resea.rch into optimal cubic spline collocation
methods, De Boor and Swartz [15] developed orthogonal spline collocation (OSC) for
two—point boundary—valﬁe 'probleros "(TPBVPS); in which optima.l co‘nvéréence ra.tec v‘were §
obtamed by colloca,tmg at Gauss pomts For TPBVPs, resea.rchers succeeded in modlfymg
basic. NCSC to. obta.m optlma.l accuracy with : a umform partltlon Fyfe [18 developed a.
two step NCSC method (TSM) in whlch one first, determmes the cubic sphne solutlon by
collocating at the nodal points of the partition then i xmproves it by usmg a deferred
correction like approa.ch Archer [5, 6] and Daniel and Swa.rtz {16] mdependently s
developed a one step NCSC method (OSM) for TPBVPs Where the solution is dxrectly

“determined by using a high order perturbation of:the differential equatlor_l. Taking a
comparable approach, Houstis et al., [20] developed an optimal method using QSC instead -
of cubics for second-order TPBVPs In thlS method the dxﬁ'erentla.l equation is collocated

at the mldpomts of the submterva,ls of the pa.rtltlon on which the spline space is defined.
© Hotistis et al, [21] generalized Fyfe’s TSM ‘and ‘Archer’s OSM to elliptic partial
diffé'réﬁtial equations in the unit square with a focus on Dirichlét and Neumann Helmholtz

‘problems. ‘However; it has been shown recently that the analysis'of the OSM for the



- Dirichlet problem in [21] is incorrect [1, 3]. Furthermore, the.OSM is not optimally :
fourth-order accurate for Neumann boundary conditions-as. claimed in.[21]. Since Archer’s.
OSM when applied to TPBVPs with Neumann, mixed or periodic boundary conditions is
only third-order accurate, which s suboptimal, optimal accyracy is not oxpected whet

extended to elliptic problems; see, for example, [24]. =~

Bk Chnstara [18] extended. the work of Houstis et al., [20]-to second order linear elliptic -
problems with Dirichletsa,nd Neumann boundary conditions: using -biquadratic collocation: :
‘methods. These' problems are of the form

T L RIS I

| OUagt busy +ouyy Fduz +ewy +fu=g, n 0, (13

where u, a;b, c,d; e;.f; 9; o, 3,y ‘are functions of z and.y; Note: that: (1.1) is of this form
witha=c=a=1and b=d=e=f=0= v =10..The method .;deVel’o_ped,i_n.[;B]his

‘globa]ly optimal and superconvergent, tha.t is, the method ex’hibits O(h3"") aocura.éy

((((((

collocatxon pomts of the Uz a.nd Uyy approx.lmatlons [13]

= TheiSC; OSC, and NCSC methods: produce large systems of equations and require
efficient séhemeS‘ft_ir their solution. HeQueﬁtly;.thesgv mefhodé'in?\(olve ‘matrix. »
decomposition-algorithms-(MDAs).: In- these:algorithms, fast Fourier ._transfoxi'ms ;(FFTS).
are used to directly solve"ﬁhe-fesulting linear. systems at a cost of O(N?log N) operations

- on an-N-x Nuniform partition. In.[13], Christara does not formulate an: MDA for the... :



OSM. For the new-QSC methods presented here, MDAs are: formulated, resulting in., -
tridi’é.go"na’.l ‘or, at ‘worst, ‘banded systems of equations. :

B1aleck1 et a.l [8] developed ‘and 1mplemented MDAS for the collécation equatlons of !
conditions and the optlmal and superoonvergent TSM with Dmchlet, Neuma.nn, mlxed,
and- periodic - béundary conditions.” In [9], Bialecki et al.;.developed new -0ptima.l<OSMs-~ for
the four types' of boundary conditions, and for-each of the -r&s’ulfing? linear systems, an :
MDA is formulated. These new OSMs are constructed by judiciously perturbing the..

differential operator and the right hand side of the differential equation.

N In [24] Nguyen,. developed a new one-step modxﬁed QSC method for the Helmholtz
equation with Dirichlet, Neumann, mixed and perlodlc boundary cond1t1ons, see a.lso [11]
In each method, Nguyen perturbs the differential operator and the nght hand s1de of the
djﬁe;‘entia,l equation to o_bta.in an optimal sgpercooVergent method, and then uses an MDA
to efficiently solve the resulting linear system. le’ [10], the new QSC method of [11, 24] is
extended to the solution of elliptic pa.litial'diﬁ'erential: equa._ti_ons-of the:form (1.3) with...: .

inhomogeneotis' boundary conditions; where a =1, b'=d =0 and c;e; f are functions of y:

The most frequently used methods for solvmg (1.2) are finite’ dlfference a.nd finite
element methods ‘These methods use two dlﬂ'erent approa,ches t5 solve (1 2) In the first
a.pproach the d1rect a,pproa,ch (1 2) is dlscretlzed 1mmed.1ately usmg, for example a’
The second approach is the mlxed approach, in which (1.2) is first reduced to'a coupled

: system-*of two second-order ‘partial diﬁerentia'l equations:-.infu«-é.n'd v= Au. :This approach
has the advantage of prfoduoillg-a.nf approximation to.u as:well:as Au, which often has ..
phySiéalimea.xl_iﬁg such as vorticity in:fluid dynamics: ‘The cdupled: system is then .« .
.d.i‘_s’ci?etizedusi"njg-,:;'for"eicam_ple,':ﬁ.niﬁe dlﬁerence [4, 17] or finite element {22, 25] methods.
The-algorithmsin: [12, 22] use MDAs to implement their: methods at a.cost of O(N? log:N’).



.. Recently, Bialecki [7] used the mixed approach'and OSC to’solve (1.2). In this work,
Bialecki used the Schur complement method,- preconditioned conjugate gradient method. .
and FFTs o efficiently solve the resulting linear system of .equations. The resulting.
algorithm can be performed at a cost of O(IN?2log N). arithmetic operations.

Furthermore, problems (1.T) ‘and (1.2) were considersd by Abushama in [1,2,'3] In
these Worlt’s, optimal modified N CSC ‘methods are formulé.te&:by,' again, perturbing the
differential operator ‘and the tight hand side’ of the-differential eqiistions. This method also
exhibited fourth-order supérconvergént results ‘at the nodal points for the approximation
to the first paitial derivative and the cross derivative: In the case of problem (1:1); they ™
use an MDA to solve the resulting linear system [1; 3]. For problem (1.2), Abushama and
Bialecki [1, 2] use the Schur complement approach the pre-conditioned conguga.te gradlent

method and ‘an MDA to' efﬁc1ently solve the linear system

This thesis closely para.llels Abusha.ma s work [1], thh quadra,tlc sphnes repla,cmg -
cublc splmes Quadra.tlc splme collocatlon methods are advantageous beca,use no corner or
spec1a.1 boundary equatlons are requn'ed In part1cular, when solvmg the resultmg s
systems, all coefﬁc1ents are deterrmued sunultaneously, unlxke the cubxc case where 1t is
necessaIy to solve for the bounda.ry coefﬁments ﬁ.rst We a,lso see a. dlfference from the
cublc case as Neumann bounda.ry conchuons requlre a perturbatxon in the quadratnc case.
Globa.lly, the cub1c method is more accura,te however the QSC methods presented here

produce accuracy Comparable {6 the cublc case at the nodal pomts e

A brlef outlme of thxs theSl.S is as follows In Chapter 2 we present deﬁmtxons and ‘

llpropertles used throughout tlns work

In Cha,pter 3, we derive the new QSC method for solvmg a second-order TPBVP ;
based on the approach of Houstis et al [20] and Christara. [13]. In this method, the rlght
hand side of the collocatlon equations are perturbed producing a third-order accurate

~method but preserving the basic method’s tridiagonal system.



In Chapter 4, we ‘extend thisihethod: to:solve (1.1). Numerical results aré presented to
show: that the method exhibits optimal convergence globally'and is superconvergent at..- !
specific:points.’ Furthermore,; we describe an' MDA that produces a solution: at a:cost o£~ w
O(NZ?log N) operations.- '

In Qbapt.er 5, we further develop the new QSC method to the solution of a .
fourth-order TRPBVP: Here, the problem first is rewritten s c?lipled,system"OE ;Wo .
second-order TPBVPs and then discretized. \In this case, we;must derive a.perturbation of
the Neumannboundary conditions to Iir;.es.e.rve optimal accuracy. We prove: the existence.
and uniquencss of the solution. Finally, mumerical rosults are presonted to demonstrate

the. m'ethodfs_,fa,ccuracy., .For comparison purposes, a single test problem of the method |

In Chapter 6, we solve a problem closely related to’ (1 2) by oomblmng the methods of‘
Chapters 4 and 5 In a,n approach sumla.r to that in Chapter 5 we rewnte the _ '
‘fourth—order pa.rtlal dlﬁ'erentlal equatlon as a coupled system of two second-order pa.rtla.l
'~d1fferent1al eque.tlons m u and Au An MDA is formula.ted to solve the resultmg hnear ,

ai . We show the solutlon of the method emsts and is umque Fmale,

numencal results are glven to support the a.ccura,cy of the method

S

In cha,pter 7 we solve (1 2) We a,ga,m use the mlxed approach and rewnte the ‘

problem as a system inu and Au and then combme the» methods of Chapters 4 and 5 We

show how to solve the resultmg hnea,r system efﬁc1ently usmg the Schur complement ‘
a.pproach a,nd the MDA developed in Cha.pter 6 Then we present numenca.l results to
'demonstra,te the accura.cy of the method R A o

In Cha.pter 8, we summarize this work and hrghhght a few areas of potentla.l future o




Chapter 2

PRELIMINARIES

__There are several commonalities shared by all of the .'ﬁfOblemé discussed. First, we
define oz = {z:}l, to be a uniform partition of I = [0, 1] such that

z; =1th, 1=0,1,...,N, where h =1/N. We deﬁm; fhe (-:olloca.tion; boints {r}Y, as

7 = (@i + 21)/2, (2.1)
which are the midpoints of the subintervals I; = [#i-1, ], i= 1,...,N. |
Let Sz be the space of quadratic splines defined by

where Pz is the set of polynomials of degree < 2. In order to define abasm for ‘ng,rwe
extend the partition p, by deﬁning zi=th, t=-2,-1,N+1,N + 2. We take a basis of
S2 to be {Bm},l,\::(l), where . :

Bm(a;vj - -;-g (£ —m+2) (2.3)

and £ is the quadratic spHne function defined by
z?, z € [0,1],

—3+6x—22%, zell,2],
£(z) = 5 . (2.4)
- 9—6z +z?, z € [2,3],

0, otherwise.



Using (2:3) and (2.4), we get

1/8, i=gLy. < 4

| J F/@R), i=j=*1,
Bn(m) =14 3/4, i=j, Bp(7i) = '

. 0, otherwise,
1.0, Aoth}ex_wise, :

(e, imger

0, otherwise:
We define the space SP by
SP = {v'ES8, U(O)—-v(l) =0}’

that is, the elements of Sg’ satisfy homogeneous Dirichlet boundary conditions. As a basis

for S, we chose {BR}XN_,, where

Bg = Bm,

l
=

(2.6)

3 -3 3
.
[
B
|

I
2

Bm — Bm-l-.fl"; m =



Thus, from (25) and (2.6), we have

(.

5/8, i=7j=1; or i;5 =N,

1/8, i=1,2,...,N; j=i%1l,
BE(m:) = T

3/4, i=3§=238,.. N=1

0, oﬁlérwise.

(2.7)
f —3/m?, i=i=1, or i=i=N, '
1/h2,  i=1,2...,N; j=i£l,

[BRY' (1) = < L
—2/h?, i=3=2.3,...,N,

| O, otherwise.

Next, let wp € So denote the; interpéla.nt Bf Houstis etv:}\l., [20], defined by

p
wp(n) =u(n), ¢=1,...,N,

g

w (0) = u(0 ___}f_u(tl) 0)/ (2.8)
#(0) = u(0) — T=u(0);

Kt
| wn(D) = (1) = 75zu Q).

Then [QO, (6b)], we have

Wl (72) = ' (73) — 3_4,“(4)(72.) +O(hY), i=1,..,N, (2.9)



10
and from [20, (20)], we have

2 .
" wh(0) =0/(0) — 15u(0) + O(RY),
SRR R (2.10)

N » B2 N ;;,» s
S (1) = ’(1)-’_-,._-1_;2;,“«(3)(1) + .O(h4),v

' ‘Next, we introduce the matrices T, Ar, and Z, which are defined by

— _—3 1 -
1 -2 1 :
T= ¥ '.“L' 7-"'.‘ o (2'11)
1 -3 :
L - N>§N
Ar = disg(NP),, where AT = —dsin® (2%") ! @12
and . ‘
- Z = [zl (2.13)
‘where

[2 . (2i—1)jm . o .
N.SIHT’ sz:.Ih”“*:,N’ ]—1,.,N 1,4
- " (2.14)

,/%(ﬂ)i-l, i=1,...,N; j=N.

Now, the diagonal elements of the matrix Ar are the eigenvalues of T a,nd’the columns of

%5 =

the matrix Z are the correspondjxig eigenvectors of T. It follows that

ZTTZ = Ar, (2.15)



11

and

77 =727 =1, (2.16)

where I is the N x N identit_y'matrix.

We define the tensor product, denoted by ®, of two matrices as follows: for the M X N.
matrix A = (a; ;) and P x Q matrix B, then the matrix A ® B is the M P x NQ block
matrix whose (i, j) block is {a; ;) B.

The last property presénted in this chapter is used throughout this thesis. Let

Z,J, M, N be finite sets of increasing indices. We assume without loss of generality t_ha.t
IT={1,....,I'Y, JT={1,...,07%, M={,...M}, N={1,...,N'}

Then the matrix-vector form of

bij = Z cgl,; Z'Cﬁ)ﬁbﬁ,n, i€, jedJ, (2.17)
A memM neN
is
¢ = (C1 ® C2)9, (2.18)
where
G = (ci’m)iez,meM . O (CJ’" j€TmeN
and

¢ = [¢1,1) .. )_‘f’l,J’:ﬁ .. 7'¢I’,1; ey ¢I',J’]T1

: T
¢ = hbl,l, ... »'d’l,N’) .- 7¢M’,‘1a R :i'lpM’,N'] .
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Chapter 3

. SECOND-ORDER TWO-POINT BOUNDARY VALUE PROBLEM

In this chapter, we consider the two-point boundary-value problem (TPBVP)

’

W"(z) + cu(z) = f(z), z€[0,1], @Y
where ¢ < 0 and o
4(0) = u(1) = 0. (3.2)

| The method developed in this chapter is generahié;i‘iih Cha,pter4 tosolve (1.1) and used :
i:n‘ ‘{Qhapter' 5 in the §olutiox_1 Qf a fourth—otder TPBYP. _
3.1 Derivation | B -

T6 derive our method, we use'the restlts of Houstis et al'; [20] described in equations

(2.8)—(2.10). Combining (2.8), (2.9) and (3.1), we have, for 1 <7 < N,
, ‘B2 s |
wh(73) + cwp(r) = v’ (1) — '2';1'“(-) (7i) + O(R%) + cu(m). (3.3)
Upon using (3.1), equation (3.3) becomes
| | IR
wy(73) + cwn(ri) = () — :‘Z_Zu( )(7) + O(h*). (3.4)
Now, rearranging (3.1) and-differentiating the equation twice and using (3.1), we have

Sfy

u®(m) = £"(m) — ew’(n) = () — elf (7)) — cu(n)],



14

and substituting into (3.4) we have

) + ) < ) <) — e () + PR O (3

Setting
T N Y T L LT ST R N S
= (1 + 5"—-) (3.6)

e&iiﬁtion (3.5) becomes
" h? ", - 4y oY
wh(i) + crwp(n) = £ f(n) — o7 () + O(RT). (3:7)
We define our approximation u, € SzD by
" S . h2 " et et Fretin e Ve ity ETS P
up(73) + crun(ms) = K f(7) — Ezf (), i=1,...,N, (3;8)‘

un(a) = Zums,ﬁ(z) (34§i-

m=1
Then substituting (3.9) into (3.8), we have
N T b R N T .
> umBo(n) +ex Z umtsD(n) = f(r) - f”( R, i=1....N. (3.10)
m=1 - m=1 ‘ L

Now using (2.7), (3.10) leads to the mdtibc—vector equation

(AP + cxBPu =T, (3.11)



where

R NI SR e (RS LETE DS o T ORI TSTUI UL S
. v/ u = [un U2, - ,un]T, £= {nf('rl) - _ngu(rl),:. cokf(TN) — ng”('rN)]

Tl =

BP =

00| =

Usmg(211), Atﬁhé ma.tnces AD a;rid BP can be V\‘v»r'ivtteﬁ as

1

AD __ i
A “ZET’

BP = é—(T+8[).

where I is the NV x NV identity matrix. Substituting into (3.11), we get the system

Khz + sc") Tt C“I] u=

NxN

£

15

T

?

(3.12)

(313)

CUE

(3.15)

2 (3:6)°

This is a simple tridiagonal system and can ‘be solved easily using a tridiagonal solver at a

cost of O(NN) operations.
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3.2 Existence and Uniqueness

To prove the exlstence and umqueness of the solutlon we show that the coeﬁicxent
matrix of* (3. 11) is nonsmgula.r which we prove by settmg f 0 a,nd showmg that u=_0.
We start by assuming that u # 0. Then multiplying (3.11) by u? to get

u?APu + c;s;ua‘BD u=0. (3.17)
From (2.15), (3.14), and (315) we know
_ AD = ZAsZ%, BP = ‘ZFA:,;‘gAZT, (3.18)
where
Aq = LAr, Ap= 1(AT + 81), (3.19)
T 2 gyt :

where I is the N x N 1dent1ty ma,tnx Note that equa,tlons (3 19) a.nd (2 15) 1mply tha.t ,
‘both matrices A” and B? are nonsmgular since nelther has a Zero elgenva,lue

Substituting (3.19) into (3.17), we get
uTZAAZTu + ckuT ZApZTu = 0. (3.20)
Then we set .

Note that since 77T is nonsingular, u 7é0 imp’li‘lés a# 0-.£A;S;u:bs.tituting (3.21) into (3.20),
we have

Z A+ ek Zq2AB =0, e (3i29)
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Since ¢ < 0;-we-have ck < 0.:From (3.19) and (2.15); we have: .:

M <o, \E>o. (3.23)
Hence,
Z I+ anqz AP <0, e (329

i=1 =1

which contradicts (3.22). "Tihéré_fore; u=0
3.3 Numerical Results

- To demonstrate the accuracy of (38) for the-solutionéof {3.1)~(3.2), three test
problems are considered. For each test problem, several values of N are chosen. For 9ach

value of N, eight quantities for u{z) and u'(x) are given, namely,
1. E,(N) — the maximum absolute error at the nodes {z;}Y ;

2. E(N) — the maximum absolute error at the collocation points {73} ,;

8

3. Eg(N ) — the maxnnum a.bsolute error at the Ga.uss pomts {m}rl, where

'm_z,+h(3 V3)/6, andn,+1-»:z:z+h(3+\/_)/6 z-13 2N—1

“ each’ Subinterval I;," i= 1,»2",':.'*'; , N5
5. R.n(N ) = the experimental qoq_yer_gegce rate of the error at the nodes computed

log[En(N / 2)] - log[En(N )]
" log 2

Ra(N) = (329)

6. R.(N) — the experimental convergence rate of the error at the collocation points

computed using (3.25) with E, repia,cing Ey;
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7. Rg(N) — the experimental convergence rate of the';erro; -at.the Gauss points . «

. computed using (3.25) with Eq replacing Fp;

8. Ry4(N) — the experimental convergence rate of the estimated global error computed .

using (3.25) with Ej replacing Ej,.

The value of the u/(z) is not defined a,t the ‘nodes, thus maximum errors and
convergence rates are not computed at the noda,l pomts The oorrespondmg columns are
left blank in all tables. ;
‘Problem 3.1:

1 e=i=9; w(z) = cosh (333 - g) — cosh (g) B A LT (3-26)_

Problem 3.2: | | |

Problem 3.3:

e=-9, u@)=e"(@"~2).

The results for Problems 3. 1——3 3 are glven in Tables 3 1—3 3 respectwely From the
‘results, we see that the method is globa.]ly optlmal tha.t is, thu’d—order accurate for u,
second-order for accurate o/, a.nd ﬁrst—order azccura,te for u”. The method a.lso exhibits
superconve;genceu;peeultgg,fourth—order -accuracy. of the u approximation at the.:no@a.—l and
collocation point;s,. third-order accuracy of the u g.pproxﬁgxatipn '_at‘ the Gauss v;p,pﬂipts, and
second-order accuracy of the " approximation at the collocation points. Problem 3.1 is -
used in [11]. Comparatively for % and a given value 6f N, out error is globally sma.]ler bya,
Vfactor of 1072 than the error reported in [11] Table 2.1. The convergence rates are”

comparable



Table:3.1:. Test Problem 3 1.
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“Maximum Absolute Error

Ey(N )

Rn(N )

Rate:of: Convergence
Ra(N)

Ro(V)

16|
32 &

1287

'3.2185(-5)
12.0324(-6)
1.2735(-7).

:].:7.9645(:9)"
4.9785(<10)
+3.1108(-11)

Eo(N)

2.9376(-4)

2.0465(-5)-

1.3483(-6)

8:6483(-8)-:"
5:4751(-9):~
3:4439(-10): - ¥

i Bg(N)

9.5125(-4)
»1.1372(-4).:
4055(-5)
21.7443(:6)
2.1718(-7)
2.7091(-8)

1:1670(-4)
1:4360(-5)
1:7778(-6)"
2:2105(-7)

9.3631(-4) | e
.3.9852;
3.9963
23.9991 ~
13.9998 -
© 4.0003 ~

:3:8434
3:9239
13.9626
:3.9814
-3.9908

Ry(N)

: .,3.041'5

-~ .3.0057

256 {1

16+
+32:
64
128
256+

7.3629(-2)
1.8636(-2):

4.6737(:3)

"1.1693(=3).
2.9239(-4)
7.3102(-5);

3.0487(-2)

5.6990(-4)
1:4433(-4)

3:6316(-5)

2:7556(-8) -

5.1288(-3)-

©6.9491(-4):
9.0121(-5)"

1:1463(-5)
1.4451(-6)

“1:8139(-7) i+

3.9301(-2). |-
"9.7039(-3) :
:3971(-3).
:9477(-4):
- 1.4807(-4): 1.
'3.6937(-5)x-

1.9821
. 1.9260

. 1i9814

L

:1:.8525

-1.9628

" +3.0030

- +2.0179
©2.0173
; 2.0109
.- 2.0060

"o

16+

128 |-

1.0243(-1)
2.8330(-2)
7.4206(-3)
1.8970(-3)
| 4:7943(-4)
1:2050(-4)

1.8897
9.9153(-1) -
5.0724(-1) -

2.5647(-1) ~

1.2895(-1)

6.4651(-2) .

+.2.7023.

1.4108

| 7.2022(-1) |+
3.6380(-1) | .
.1.8282(-1) |«
9.1640(-2) |-+ ©

© 1:8543

- 1:9679
©1.9843
1.9923

1.9327

. 2.0032

0.9376
0.9701
0.9853
0.9927
0.9964
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Table 3.2: Test Problem 3.2; ¢

n(N)

" Maximum Absolute Error

_E,(N)

'EG(N )

: ‘Ey(N)

i Ra_te’ of Convergence

&W)mm,mmmmm

16
32
‘64

| 256

3.2427(-3)

1:1.9702(-4)
+1.2227(-5)
£7.6282(-7)
12815
+2.9780(-9)

4.7656(-8)

2.6919(-3)

1.7526(-4)
1:1252(-5) i
7:1400(-7): -
4:4984(-8) -
2.8231(-9) -

5.3373(-3)
~5.6692(-4):"
6.5531(-5) -+
7.8823(:6).-
9.6665(-7).
#1.1969(-7) !

©9:5125(-7
LATTT(-T

_?;5;241.9(-3).;«_;_;
5.5808(-4) ] 4.
6.4518(-5) | 4.
7.7584(-6) | 4.

32

16

3.3135(-1)
8.1266(-2)

12.0219(-2)
|+ 5.0486(-3)
128 |
2567|

1.2618(:3)
3.1542(-4)

1.5935(-1)

4:0252(-2) .
1.0086(-2) «+
2:5228(-3) "
6:3079(-4) ..
1:5770(-4)

4.9787(-2)
.6.1531(-3):

7.7681(-4)

+19,6570(-5)
1.2006(-5)
1. 4956(—6)

1.5902(-4

1.7146(-1) }
4:1233(-2) i 2.
0209(-2) |2

64{ ‘1

| 256]"

9.3934(-1)
2:4889(-1)
6.3118(-2)
1:5836(-2)
39624(-3)

9.9082(-4)

8.9813
4.4795

2.2382:

1.1189

5.5943(-1).
2.7971(-1)" »

112687 |-
1 6.3429

13.1712: - .

3:9639(-1

1.0002

1.0001
1.0000
1.0060
1.0000




Table 3.3: Test Problem 3.3.
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N Maximum Absolute Error ‘ ‘ Rate of Convergence ‘
Ea(N)  E(N) __ Eo(N) _ E,(N) | Ra(N) R(N) Ra(N) Ry(N)
”
8 | 1.8965(-5) 6.8097(-5)  3.9527(-4) 3.8525(-4) |
16 | 1.1879(-6)  4.7006(-6)  4.8858(-5) 4.7816(-5) | 3.9969 3.8567 3.0162  3.0102
32 | 7.4283(-8) 3.0860(-7) 6.0537(-6) 5.9391(-6) | 3.9992 3.9290 3.0127  3.0092
64 | 4.6433(-9) 1.9765(-8)  7.5274(-7) 7.3949(-7) | 3.9998 3.9647 3.0076  3.0057
| 128 | 2.9022(-10) 1.2505(-9)  0.3825(-8) 9.2238(-8) | 40000 3.9824 3.0041° 3.0031
256 | 1.8145(-11) 7.8632(-11) 1.1711(-8) 1.1517(-8) | 3.9995 3.9912 - 3.0021  3.0016
u’ '
8 | 3.1591(-2) - 1.4344(-2) 1.3115(-3) 1.6435(-2) ,
16 | 7.9471(-3)  3.7734(-3)  1.6854(-4) 4.0775(-3) | 1.9910 1.9265 2.9601  2.0110
32 | 1.9899(-3) 9.6865(-4) 2.1228(-5) 1.0125(-3) | 1.9977 1.9618  2.9891 2.0097
64 | 4.9767(-4)  2.4546(-4)  2.6589(-6) 2.5209(-4) | 1.9994 1.9805 2.9971  2.0060
128 | 1.2443(-4)  6.1788(-5)  3.3254(-7) 6.2881(-5) | 1.9999 1.9901 2.9992  2.0033
256 | 3.1108(-5)  1.5500(-5)  4.1573(-8) 1.5702(-5) | 2.0000 1.9950 2.9998  2.0017
u” : j .
8 2.5062(-2)  8.4057(-1) 1.1966
16 | 6.6986(-3)  4.3097(-1) 6.1202(-1) 1.9036 0.9638  0.9673
32 1.7242(-3)  2.1810(-1) 3.0939(-1) 1.9579 0.9826  0.9842
64 4.3688(-4)  1.0970(-1) 1.5554(-1) 1.9806 0.9914 0.9922
128 1.0992(-4)  5.5012(-2) 7.7979(-2) 1.9907 0.9957  0.9961
256 0.9981

2.7567(-5)  2.7547(-2) 3.9042(-2) 1.9955 0.9979
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Chapter 4

| POISSON'S BQUATION

Thls chapter generalizes the method developed in Cha,pter 3 to approx:tmate the

solutlon of (1.1).
4.1 Derivation

To generalize the method of Chapter 3, we begm by con51der1ng propertles of the
mterpolant introduced by Chnstara. [13] wmch we denote by wh(:z: y) and is defined by.

r

wp(Ti, Tj) = u(Tiz:’,;j)) : e 1”*72 ]7’.'- T.,’t:”!'\r’ EIEAN

¢ wpla, 75) = u(a, 75) — u(a, 75), a=0,1; j = 1,..., N, (4.1)

128 ®

~ w"(”’ﬁ)‘“(“’/’) Dyu(n,ﬂ), FELLLN B0

A 128

and, at each of the corners of 2, wy, satisfies one of the relations

'wh(ayﬁ) = u‘(as ﬁ) s -'—_Dllu(a 18)

A28
o 4
where a, 8 = 0,1. Then from [13, (2.6)], we’ha,ve‘
D (73, 75) = Dl 7). = P—D"u(fi: 75) + O(h*), (43)

24

and

: h? -
Djwn(7i,75) = Dgu(mi, 75) — ﬂD;;"(TiaTj) + O(h%). 44)



24

Now we prove that g ouminnaaitd

DZDjwn(7i, 7j) = DgDgu(mi, 73) + O(h°). (4.5)

To begin, we denote by S;, the one-dimensional quadra.tic sp]ihe interpolation operator in
the z-direction _ o _
8, : C((0,1]) = 53, e

defined in [13] by the interpolation condition

(szu) (r) = u(n), - (47)

' (Szu)(a) = u(a) - '1%'8'D4u(a), Y =0,1,

and with S, defined similarly: From [13, Lemma 2.1], we have
Say ..;‘;S,;;Sy_/;;_}v; (4.8)

where Sz, denotes the two-dlmensmna.l quadra,tlc sphne mterpolatlon opera.tor defined in

[13] by (4.1) and (4.2). Note that wy, = S,,yu Then, on using (4 8)

D2D2wy, — Dgpgu = Dgpgs,'yu = Dgpgu
= D25, D2S,u ~ D2D%u
= D2S,(D2S,u — D%u) + D2S,(D2) — DX(D2u).

-Now setting = =-DZSyu - Dgu, we have

D2 D2 Spyu(7s, 75) — D2D2u(7i, 75) ="Dg$zz(72,Tj) — D2z(7i, 5) + D2(D2Syu(m, Tj)
" . Ve fA—'?szu(Ti;wTj)f“)& + D28z (Diu(ri,75)) — DI(Diu(7i, 7))
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Then upon using (4.3) and (4.4),

: ‘ S h?
DZDjSeyu(ti, 1) ~ DEDJulti, 73) = s Dz Dyu(7i,75) +.0(R?) — 5 Dz Dyu(ri, 1)

ER ] h2 . ST Yoo
+O(ht) — Engpgu(n, ;) + O(RY)
=0W),
as desired.
.. Adding (4.3) and (44), we have

SPETL AR
LA

| 12 e -
Awp (73, 7) = DRu(ri, ) + Dju(ni, ) — 5r[Dau(7i, 75) + Dyu(rs, 75)] +ORY)

h? A
= -Au('l’,;‘, Ti) — éz[A2u(T,;, Ti) — 2Da2,D3u('ri, 73)] + O(h4),
and on using (1.1),
: h? R, -
Awp(7i, 75) = (75, 75) — -zzAf (73, T5) + i'z‘DiDgu(Ti,Tj) + O(h%). (4.9)
Then using (4.5), we obtain
| B N 2 . 4 e
Awn(7i,75) = 15 DeDywn(Ti, 73) = (7, 73) = g A (7, ) + O(RY). . (4:10)
Finally, replacing wy, with u; and dropping the O(h4) term, it follows that
h2" 2 2 hz .. .
o Aun(m75) = 35 DeDyun(7iy ) = f(70,73) = 57 Af(ria3), %=1, N, (411)

We then seek up, € SP.® SP such that (4.11) is satisfied. Taking

N N

un(@ 1) = 3> v nBE()BR (), (4.12)

m=1n=1
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and substituting into (4.11), we get

Z[BD ()" }:Bn(r,)umn + Z B2 (r;) Z[BD(T,)]"umn
m-—l

RSN I I (4.13)
h2 N N

~15 2 Ba@)" Z[BD(T,)]" Umn = f (75, 75) — Af(n,r,)
m=1 n=1

Then using (2.7), (2.17), and (2.18), we obtain the linear system

[wo s (50~ Bar)oarlumr,
where AD “and BP are given in (312)a.nd (313),respect1vely,

A S .

u=uy,...,un,-. S UN,L - SUNN]

and

= [fl,l;’:"fl,N, ,fN17 1fNN] fi,j =f(TZ7TJ)—"2}_4'Af(T'L:TJ)

4.2 Solving the System
" Substituting (3.14) and (3.15) into (4.14) and simplifying, we obtain -
h2 [T QI+ (T+ 61)® T] WS e gy

where T is given in (2.11) and I i‘s7’€1i"é N x IV identity matrix. Now, (4.15) is equivalent to

(ZT eI ,[T oI+ %(T+ 6[)®T] Zenz e nu =h2(ZT®I)f, ey
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where Z is given in (2.13)(2.14). Then using (2.15), wg#ka.yei
e [AT®I ‘iartene T}ﬁ: WE, @

where @ = (27 ® I)u and T = (2 @ I)f. Since A and' A+ 61 are diagonal, (4.17) "
reduces to the independent systems

'[A?"I + (-é-#\%” + 1) T] U=rE i=1...N, (4.18)
where

W = [, %N = fir,. .., fan]T

This leads to the following Matrix Decomposition Algorithm:
Step 1. Compute e
f=(2T e Df.

~ Step 2. Solve the NV tridiagona.li{systems‘ .

... Step 3. Compute ] £

Since the elements of the matrix Z are éines, stei)s 1ua‘t-1dv.‘r_3.‘ can en;pl;)y fast Féurier
transforms (FFTs) to perform the matrix multiplication at a costofO(N 2 logN )
operations. Since the coefficient matrix in:step.2 is tridiagonal, the solution can be . .
obtained at a cost of O(IN2) operations. Therefore, thé total: cost of this algorithm is .
O‘(NzlldgN).ai“ : T LS TUTIRUTLSETIP Pt & SR
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' We show the existence and umqueness of the solutxon by provmg that the coefficient
matnx of (4. 18) is nonsingular. We do this by settmg f =0 and showing that u = 0.
To begin, we assume that u # 0.-Then w&:fmul-tiply (4:18) byiu” to get - '
)\zTu u+ (EA? + 1) ulTu =0, (4.19)

where 1 < i < N. From (2.15) we have:

u'Tu = uTZATZT (4.20) .

Then we set’ RS T N TA IR L b

q=ZTu. Sl ar(4.21)

Note that since Z7T is nonsingular, u 7é 0 iinpli;as q# 0. Substituting (4.21) into (4.20) 

yields

' N . N TORRRL VNP 2L Siieton
> @i <o, ' T (4.22)
i=1

since —4 < A7’ < 0. Now, we know that Af'u"u <'0 and (E'z\?" + 1) > 0. Hence,

MuTu+ (%Az‘ + 1) uTTu <0, LR (4.23)

which contradlcts (4 19) Therefore, u= 0

PR

4.4 Numerlcal Results L

Three test problems are used to-demonstrate. the accuracy of -the method. Each test.::
-problem:has the same eight-values described in.Chapter 3-for u; Uz, Uy, Uzy; Uzz) anduyy

" Note that for Uz and uyy, the value of Vt‘he approxmation is not defined at the nodal " ;"
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points, hence there are no values for maximum error or convergence rates. For Problems
4.2 and 4.3, values for u, and u,, are not given because the velues are the same as u, and
Uzz, respectively.

Problem 4.1: . . . e Wt
AR v R u(:c,y) ={1 —cos(27r:z:}]s1n(21ry)

s

Problem 4.2:

) = 6 = P ).

Problem 4.3: fa R

Problem 42 w1th u multlphed by 3 was used in’ [1] The results for Problem 4 1—4 3
are glven in Ta.bles 4. 1—4 3, respectlvely We observe that’ (4 11) is globa]ly

Voptlmal—thxrd-order accurate for u, seoond—order a.ccura,te for ux, uy, 'uzy, and ﬁrst—order .
accurate for um., Uyy- Elrthermore, the method is superconvergent We observe

fourth-order accuracy at the nodal and collocation points.of the u ,lapprommaugg,i )

thi;éiébrdef a.ccura.cy at the Gauss points of the ug,. by, Uy appfoﬁ;ﬁe.tions, and

seééﬁd—order accuracy at the’ eeﬂece;tioii’ points of the sy, Uy, approximations.” -
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Table 4.1: Test Problem 4.1.

N "Maximum ‘Absolute Error Rate of Convergence'~ - |
En(N) Ec(N) Ea(N) Eg(N) . | Ra(V) Re(N) Re(N) Ry(N)
.8 ] 8.9801(-3) 1.6064(-3) 1.0062(-2)  1.0734(-2) ,
16 | 5.5107(-4) 1.3808(-4) 1.0488(-3)  1.0589(-3) | 4.0264 3.5402 3.2621  3.3416 |
32 | 3.4275(-5) 1.0044(-5) 1.2431(-4) 1.2336(-4) | 4.0070 3.7811 3.0767 3.1016
64 | 2.1396(-6) 6.7560(-7) 1.5275(-5) -1.5066(-5)- | 4.0018 3.8940 3.0247 3.0335
128 | 1.3368(-7) 4.3775(-8) 1.9001(-6)  1.8705(-6) | 4.0004 3.9480 3.0070  3.0097
Uy
8 | 3.0645(-1) 1.5107(-1) 5.2351(-2)  1.7828(-1) AR T |
16 | 7.9805(-2) 3.9759(-2) 6.6852(-3) = 4.0774(-2) | 1.9411 1.9259 2.9692 2.1284
32 | 2.0129(-2) 1.0054(-2) 8.3235(-4) - '1.0143(-2) |'1.9872 1.9834 3.0059 2.0071
64 | 5.0430(-3) 2.5208(-3) 1.0079(-4)  2.5421(-3) | 1.9969 1.9959 3.0457  1.9965
128 | 1.2614(-3) . 6.3067(-4) .1.2294(-5) . 6.3591(-4). | 1:9992 1.9989, 3.0354 -1.9991 |
uy . . '
8| 6.2895(-1)  13.1673(:1): © 1.0297(-1) .- 3.4237(-1): .- - . g oooedn o)
16 | 1.6051(-1) 8.0482(-2) 1.2377(-2) 8.0845(-2) | 1.9702 1.9765 3.0566 2.0823 |
32 4.0313(-2) 2.0172(-2) :1.5310(-3)  2:0317(-2) . |-1.9934: :1.9963- 3.0151:: 1.9925:]|.
64 | 1.0089(-2) 5.0457(-3) 1.9087(-4) 5.0860(-3) | 1.9984 1.9992 3.0038  1.9981
128 | 2.5231(:3) 1.2616(-3) “2.3843(-5) 1:2719(:3)""|-1:.9996 " 1.9998 - 3.0010" :' 1.9995 |
Uzy i . . : - . ’
8.0 4.1939 18842 - 3.5255(<1) 2.1048° R
16 | 1.0233  4.9881(-1) 4.3419(-2)  5.1506(:1) | 2.0351, 1.9174 3.0214  2.0309
32 | 2.5421(-1) 1.2630(-1) ' 5.2740(:3) = 1.2810(-1) |'2.0091 1.9816 3.0414 = 2.0075 |
| 64 | 6.3451(-2) . 3.1675(-2) 6.3480(-4). . 3.1984(-2) | 2.0023 . 1.9955 . 3,0545  2.0018 }
128 | 1.5856(-2) 7.9251(-3) ~7.7293(-5)  7.9935(-3) | 2:0006 1.9989 3.0379-- 2.0005
Uz V ’
8 8.3752(-1) 8.8193 1.2608(+1) .
16 2.4182(-1) 4.4636 6.3381 1.7922 0.9824  0.9922
32 | 6.2664(-2) 2.2363 3.1707 1.9482 0.9971  0.9993
1 64 1.5807(-2) 1.1187 1.5855 1.9871 0.9993  0.9999 |
128 '3.9606(-3) = 5.5940(-1)  7.9277(-1) 1.9968 0.9998  1.0000
Uyy
8 1.7452 1.7762(+1) 2.5256(+1) ,
16 4.8877(-1) 8.9405 1.2678(+1) | 1.8362 0.9903  0.9943
32 1.2566(-1) 4.4743 6.3417 11.9596 0.9987  0.9994
64 3.1635(-2). 2.2376 3.1710 1.9899 0.9997  0.9999
128 7.9226(-3) 1.1188 '1.5855 1.9975 0.9999  1.0000
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T - Maximum Absolute Error

Ec(N)

Ey(N) | Ra()

" Rate of Convergence

216

64

128"

' 8.0387(-6)
"5.1659(-7)
:3.2318(:8).

2.0278(-9)

71.2678(-10) _

3.9893(-6)

'3.1836(-7) 1+
:2:2648(-8):
1.5005(-9)"
0.7554(-11) "

5.9111(:5) -
7.1286(-6)
8.8470(-7)
' 1.0988(-7) 7
1.3678(-8):-

8.7394(-7)
" 1.0834(:-7):
| 1.3471(-8). |/

5.9007(-5)-]. " a
7.0856(-6)[: 3.9599: .

1 3.9986-
2.3.9943¢-;
4.0001:

3.6474
3.9072

3.051.7

3.0103:
© 3:0093
:3.0060: . :

‘Re(N) Rg(N). Ry (N )

:3.0120

Uz

<16

132
644
1281«

3.0966(-3)

1.7.9293(=4) .
=1.9946(+4)
©4.9943(=5)

1.2491(:5)

1.4460(-3)
3.8172(-4)

'9:7742(-5)
12:4717(-5)

3.2965(-4)" -
:4.5190(-5) .
1 5.8853(-6)
© 7.6538(-T):. .

:6:2131(-6)+:" 9.7703(-8) i +*

1.7866(-3)| -
© 4.3149(4)
1.0477(-4)~

1.9654:
19911

2.5720(:5): | 1.9978"..;
6.3657(-6) | 1.9994:

3.9518

. 1.9215

1.9655

1.9834

1.9921

2:8669 .
2:9408»
2:9429: .
. 2.9697 -

:3.0076

2.0498
+2.0421
+2.0262

| Uzy

32¢
" 64
128

| 6.0757(-2)
“16:1 =

1.5687(-2)

3.9633(:3)
:9.9409(-4)
2.4877(4)

1.8954(-2)
6.1571(-3):"
“1.7500(-3)
4.6647(-4)"

1.0791(-3)
 2.4148(-4)
{ 3.7963(-5) -
1 5.1875(-6) -

L 7.7120(-3) | 1.

2.9018(—2) el S

1.9751(-3)%|: 1.
4.9847(:4)| 1.

1.2509(-4) : 1.9

2:1598 -
2.6692"
2.8715:

"2.0145

1:91-18
1:9652
:1.9863

Uz

216

=324
642
1287}

1.7586(-3)
'5.1618(-4)
+1.3644(-4)
‘3.4762(-5)
18.7586(-6)

16.6840(-7)

8.5555(-2)"
4.3558(-2):
2.1963(-2)
1.1029(-2)
5.5265(-3)

- 6.1807(:2) | -
1.5635(-2) |
- 7.8334(-8) ..

1.2156(-1)f -

. '1.7685
719196
L .1.9727
© 19887

- -2:9563::

0.9739
0.9879
0.9938
0.9968

11.9945

0.9758
09887
0.9943
0.9971
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~ Table:4.3:: Test Problem 4.3,
Maxlmum Absolute Efror

‘Rate of Convergence

BNy

Eo(N)

_Eg(N)

BN)

R'n(N) R(N)

128

1.0650(-5)

1 6.8156(:7)
‘| 4.2602(:8)
‘| -2.6632(:9)
“1.6652(:10)

1.0110(-5)

“7.2852(-7)
4.8784(-8
31544(-9

:2.0050(-10) "

7.2999(-5) "
:9.0305(-6)
- 1.1189(-6)
*1.3916(-7)
.7354(-8)

7.3473(:5) |
8.9816(:6)
1.1067(-6)
1.3728(-7)-
.1.7096(=8) »

- 3.9658"
- 3.9998-
-3.9997
-3.9994:

-3.7946
-3.9005
1/3:9510
. 3.9757

Ro(N) . Ry(N)

3.0150 °
3:0073
:3.0034-

-3.0322

3.0207
+73.0111
.:3.0054°

164
132
TG4y
12814

5.0280(-3)
1.2763(=3)
©3.2030(:4)

8.0151(:5)
£2.0047(-5)

'2.2877(-3)

76.0706(-4)

“L5607(-4)
3.9553(-5) -
9.9551(-6) - -

3.6669(-4) "
o+ 5,1244(:5) -
 6.6986(-6)
8.5375(-7)°

1 2.7729(-3) | -
6.7652(-4) '}
11.6583(-4)
*.4.0965(-5)
1.0175(-5)

- 1.9945
11.9986: -

Croapor ot

1.9780

1.9596
1.9803
+:1.9903

9140

: 12,0352
12,0172

Uzy

6.1994(-2)

|1 1.5794(-2).
| :3.9719(:3)
{19.9474(z4)
|72.4881(-4)

2.2336(-2)

6.6741(-3):.

- 1.0769(-T7)

1.8096(-3): "
1.2.9378(-4)
1 4.0755(-5)
.5.2934(-6)
-6.6933(-7) .

3.0605_(2-2') B
; T.8975(:3) |-
*1.9960(-3) |
5.008.4(44) o
1.2537(-4) "

. 1.9993::

.1 9915:-

21,9992 ¢

o 1.7427
“1:8730
11.9364
1.9680

1.9974: ;.

. 12/0093

119543
+1.9843
1.9947
- 1,9982

3.8909(-3)
1.0691(-3)
2.7720(-4)

'7.0356(-5)

"1.7708(-5)

1.3563(-1) -
6.9497(-2)
3.5151(:2)
1.7675(-2) -
8.8635(-3)"

1.9299(-1)°
9.8670(-2).| .*.
4.9859(-2): | .
©2.5061(-2) |
1.2564(-2)"|: ©

Tr119474

11,9903

0.9679
0:0848

09924 |

0.9962 |
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Chapter 5

FOURTH—ORDER TWO-—POINT BOUNDARY VALUE PROBLEM |

This chapter deals with the solution of the problem

W@y = F) T zefo,1], C(s1)
u(0) = u(1) = /(0) =v'() =0. (5.2)

The developed method is generalized in Chapter 6 to solve the a.uxilia.ry biharmonic

problem.
5.1 Derivation

First, we write (5.1) as the coupled system of equations,

o(z) = o(=), (5.3)

(@) = f(z), (5.4)

subject to the boundary conditions (5.2). Then we obéé}rve that (5.3) is the same as (3.1)
with ¢ = 0 and v replacing f, and (5.4) is the same as (3 1) with ¢ = 0 and v replacing w.
Thus, to solve (5.3) and (5.4) with the boundary oondltlons (5.2), we apply (3.8), and seek

up € SP and v, € Sg such that >

up(13) —vp(m) = -—2—4-f('ri), i= 1,;,. - N, (5.5)

. 2
o) = fm) — o f ) i =1, (5.6)
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Now, to obtain an optimal method, we, pertu;'bthe Neumann boundary conditions.

Noting that u{3) = v’, equation (2.10) yields
7/ h2 ! / /
u'(0) = w},(0) +15 (0) u/(1) = wp(1) + v'(1).

Replacing wp, and v with up, and vy, respéétiveiy, and using tvhe ‘Neuu;s'mh éonditl;ionsﬂin
(5-2) gives the perturbed Neumann boundary conditions

2
10+ i) = 0, upm) + gy =0 (5.7)

Taking

up(z) = Z umBE(x), sobnaevieitd (58)
m=1 ‘
: B i P
vp(z) = Z vmb’m(a:), (5.9)
_ m—-0
and substituting into (5.5)—(5.7), and upon lsing (2.5) and (2.7), we .get the linear system
of equations

r

e Ay By =y, ST

B A (0 T S L (5:10)

h2

where AP is given in (3.12), and

w=lu, . un]T V= ool
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f; = —ﬁIf(Tl')ﬁ_f' wf(TN)]T: £, = [f(TI) - ';L_"l’f”(‘f_l){; - "f(TN) - 'ng”(TN)] ’

1 -2 1
A= 7T , (5.11)
o 210 =2 .1 4. -
L e Lo < NX(N+2)
16 1
1 1 6 1 .
B=3 - (512)
1 61 .
L 4 Nx(N+2)
112 o .. o
0l 0 2
2x N
111 -1 0" 0 .
D= = (5.14)
{0 0 1 —
2% (N+2)

5.2 Existehce and Uniqueness

To show that the solution of (5.5)—(5.7) exists and is unique, we examine a more
general problem that arises in Chapter 6. Since. the coeflicient matrix is square, to show

existence and uniqueness, we simply show that f(z) = 0 implies up(x) = vp(z) =0. To
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that éI;d, consider the problem

2 g
up(a) = up(a) + %v}z(a) =0, a=0,1, (5.15)
1 1 y (1, ] B .
gEun(m) + (g2 +1 ) un(m) — (gA+1 ) oa(n) =0, (5.16)
Loony+ (Ea+1) ofl(m) Zo (5.17)
; hz, Vh\7: 24 h\7 ? .

i=1,...,N,

where we assume that

_4<A<o. (5.18) .
Note that (5.7), (5.5), and (5.6) are equivalent to (5.15), (5.16), and (5.17), respectively,
with A = 0. Now, we take
NN 4
up(@) = ) umBh(a), (5.19)
s m=1 i

N+1
un(z) = > vm B (). : (5.20)
m=0 - S



37
Note that up € SP satisfies the Dirichlet-boundary conditions. Substituting (5.19) and - -

(5.20) into the Neumann boundary conditions and applying (2.5) and (2.7), yields

2 h, -
zu+ s (vi —w) =0,

2 h,
_EUN + E(UN —vn41) = 0.

After rearranging, we get

uy = ﬁ(vo —v), (521)

h2

= L. 22
Up = 24('UN+1 1’1\{) (5:22)

Now, substituting (5.20) into (5.17) and using (2.5), gives

.STiE[Ui_l + 6v; + ‘Ui+1] + (g/\ + 8) §i[2—["if1 — 2v; + vi41) = 0. (5.23)

'lj?hep;collecting. like terms and simplifying, ‘we have

a1vi-1 ¥ G+ a1viil =0, i= 1,000 N, - (5.24)
where
a1 =A+6, (5.25)

ag-= 4\ — 12. (5.26)
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‘Now, taking ¢ =31,N and real"ra,nging-,-; (5:24)-gives .-

a2
Vg = ——V1 — V2,
a; .

a2
UN+1 =~ “UN ~ UN-1.

Now, using (2.5), we have

1 1 1 ) :}"} ahe
('8-/\ + 1) vp(Ti) = (g/\ + 1) §[”i—1 + 6v; + v

Noting that (5.24) implies

az
(vim1 + vig1) =——v;,
R I T

and substituting into (5.29) and simplifying, yields

(EA +1) vh(T’G) = 33_2'171?}5: i=1,...,N,
-where |
_(A+8)(A+24)

b1 A+ 6

)

Now, =sui>st;fituti_ng (5.30) into (5.16) and multipying by 6, we get . .

-1 3 .
ﬁ[alui—-l + agu; + aquiy1] — —=b1v; =0, i=2,...,N -1,

16

ﬁ[q:sul +a1#2_] — 1—6511)1 =0, i=1,

1 3 .
. jzlatun—1 +agun] — ebivy =0, i=N,

'(5.;:27)

(5.28)

(5.29)

(5.30)

“(8.31)

(5.32) -

(5.33)

(5.34)



where

as ——f3A —18.

Substituting (5.21) a,nd,then‘ (5'.}27) into (533) and collecting like ‘térms" gives

a1 by
Y et T g0
where
b2 =A—- 6)

C (13N 4200 +648)
4 = A+6 '

Similarly, using (5.22) and (5.28), equation (5.34) becomes

FRNH

ay by . ba
FEUN-1 7 JgUN-1— gUN = 0.

Now, for i = 2, (5.32) becomes.

lazua + anus] — For — v =0,
T
%: T

b — 1A%+ 312X + 1800
°T 3rA+6)
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(5.35)

(5.36)

(5.39)
(5.40)

(5.41)

(5.42)

after using (5.21) and (5.27) and simplifying. Similarly, substituting (5.22) and (5.28) into

uR
COLORADG G2S
GOLDEN, Co - gno0t
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(5.32) for i = N — 1 and collecting like terms, yields

1 bs bs
h2 [alftN —2+ azuN-1 1] — 1—6-vN—1 —g —0 (543)
Clearly, (5.24) is equivalent to
1 L s .
h—é{alvi_l —+ agv; + alfvi+1] =0, 1=1,...,N, (5.44)

Now, setting

u={u2’°"')'yN—-1]) V= [Ul',..-,UN],

equatlons (5.32), (5 36), (5.39), (5. 40), (5 43) and (5 44) ca,n be written as the linear

system
Am-By-0, " (sa)
 Alv =D, (5.46)

where A, and B, are, respectively, the N x (N —2) and N xN matrices.

_.al . ‘“_. e 2o0.. -
as a1 1 2b3 " b5
ai az ai. 3bh
pomh Cm-l
a a; a1 R | 3b,
a; az 1 bs 2bs
i ay J AR 2by by |

(5.47)
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Then multiplying (5.45) by v and (5.46) by u”, gives

VT Agu —vIBv =0, . (5.48)

u?ATv =0. (5.49)

Since

0=uTATv = RT4;u)T =vT Au,

(5.48) becomes

vIB,v=0. (5.50)°
~ Using (5.47), we have
2(bo + b3)v1va + bav? + bsvd + 3by Y vF + bsviy_y + bav +2(b2 +b3)un—1vn = 0. (5.51)
i=3

As —4 < A <0, we have

32<b; <40, —10<by< -6, —9<b3< -2,
108 < by < 380, 99 < by < 122. (5.52)

Hence,

2|(ba + bs)v1va| < 38(vf + ”g)p

which implies -
2_(62 + b3)vyvg = —38(’0% + ’U%)

Similarly,

2(b2 +b3)un—1vn = ‘;38(71129—12 + o).
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So (5.51) becomes

N-2

02 (bg — 38)v{ + (b5 — 38)v3 +3by V] + (bs — 38)vF_y + (ba — 38)vR.

=3

By (5.52), all terms are positive. Hence,

Substituting into (5.45) and using forward substitution yields

]
P

u=4~0.

From (5.21), (5.22), (5.27), and (5.28), we have - _

u1=0, 'U,N=0, ’Do"—"O, 0N+1=0.

Therefore,

'U,h(il,‘) ::=-:Uh.(>.’1,’) = ‘0‘ ERR
to the problem (5.15)—(5.17) is nonsiﬁgular.
5.3 Solving the System

As written in (5.10), the coefficient matrix is

AP _p |
s=| o 4
2
o h

127 Jenigxenss

(5.53)

(5.54)
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If we rewrite the vector of unknowns as
T W= [vOa ui, 'Ul-’;f <+, UN,UN, vly;}—l] ’

the coefficient matrix becomes -

S
3 st
8 ogt ,g-z
o8 o &
SUogt 8t S
o 2 ;
s
o

n
1
L .U'l
.o

1
-t
Ll
[y
e
[
Cal
[V
Q
(=N
ad
=

Where,:: Pl a 'y

SRS

N . ~ 2 ~ 3 - : ,1.,.—6 4 ~— P B
IO B2 a2.= —h /a3 =,,,F§,z— blv =TV E T CLFTSy 027

. Thus we have the system of linear equations

Sw=r,  (5.56)



where

02 B2 T
[o I ) ) = ), s e F ), Sow) (TN)V,O] ., (557)

which can be solved by a banded solver at a cost of O(IV) operations: .-....; /.o
5.4 Numerical Results

Three test*p;i'oblems were used to test the method. The same eightj‘ quantities given in_
Chapter 3 are given in Tables 5.1-5.4 for u; v/, v, v'; v". Note that v = u”.
Problem 5.1:

u(z) =7%(1 - z)? sin(rz).:.

Problem 5.2: . :
3 . u(z) = [1 — cos(2nz)]?.

Problem 5.3:

- u(z) = e%(x? — x)?.

For Problenxé"Sji; we. present the results of (5.5) and _(5.6) using the unperturbed
N’euma.ﬁn boundary conditions u,(0) = ux(1) = 0 in Table 5.1, and the results using the -
perturbed bounda.ry condltlons given in (5 7) in Ta,ble 5.2. The results for Problems 5.2
and 5.3 a.re presented in Ta.bles 5.3 a.nd 5 4, respectwely F&'om Table 5.1, we see that,
When using the unperturbed boundary CODdlthDS, u- a,nd v exhlblt suboptlma.l
second-order global accuracy Furthermore, nelther w nor vis ;ﬁperconvergent at ‘the |
nodal or collocation points and %" is not supewonvergent at the Gauss points. We do
observe superconvergence of v’ at the Gauss pomts and v” at the collocation points, that
is, third-order and second-order accuracy, respectively. In contrast, the use. of '(5.7) results
in optimal accuracy globally—third-order accuracy in u and v, second-order accuracy in u’

and v’ and first-order accuracy for v”"—and the expected superconvergence



results—fourth-order accuracy for the u and v approximations at the nodal and
collocation points, third-order accuracy for the «’ and v’ approximations at the Gauss
points and sécond-order a.ccura,cy for the v a.pprox1mat1on a.t the co]locatlon points.

Moreover ;the erroris reduced for a.ll va.lues of N for eax:h a,pproxuna,txon with the

exceptxon of v'"and v which are uncha.nged The results. of Problems 5.2 and: 5.3, sumla.rly;

_ ,mdlc_a.tg global optimal accuracy and the same superconvergence phemomer_xa. EEANEIE.
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Table 5 1 Test Problem 5 1 Unperturbed BCS

‘ Mammum Absolute Error

Rate of Convergence

N ,
i Bp(N)i . EBN) . Eg(N) Eo(N) . | Ra(N)  Ro(N) Rg(N) Ry(N)

u

8 | 6.0318(-3) 16.1058(-3): '6:0532(-3) : 6.1072(-3) i . . . . . iiacaasfried e
16 | 1.5280(-3) 1.5326(-3) 1.5293(-3)  1.56327(-3) | 1.9809 1.9941 1.9848 1.9944
32 | 3.8313(-4) 3.8342(-4) 3.8321(-4) 3.8342(4) | 1.9957 1.9990 1.9967  1.9991
64 | 9.5851(-5) 9.5869(-5) 9.5856(-5) 9.5870(-5) | 1.9990 1.9998 1.9992  1.9998
128 | 2.3967(-5) 2.3968(-5) 2.3967(-5)  2.3968(-5) | 1.9997 1.9999 1.9998  2.0000
256 | 5.9920(-6) 5.9921(-6) 5.9920(-6)  5.9921(-6) | 1.9999  2.0000 2.0000  2.0000
— - _ .

8 | 2.7366(-2) 2.7640(-2) 2.4719(-2)  2.7798(-2) , _ ,
16 | 6.5977(-3) 8.0592(-3) 6.1603(-3)  8.0404(-3) | 2.0523 1.7780 2.0046  1.7896
32 | 1.6348(-3) < 2.1576(-3) 1.5353(-3) 2.1457(-3) | 2.0128 1.9012 2.0045 1.9059
64 | 4.0781(-4) 5.5730(-4) 3.8348(-4) 5.5341(-4) | 2.0032 1.9529 2.0012  1.9550
128 | 1.0190(-4) 1.4157(-4) 9.5859(-5) - 1.4048(-4) | 2.0008 1.9770 2.0002  1.9779
256 | 2.5474(-5) 3.5672(-5) 2.3966(-5) 3.5388(-5) | 2.0000 1.9886 1.9999  1.9891

v .

8 | 5.9697(-2) 5.2700(-2) 6.3095(-2)  6.2802(-2) - ;

16 | 1.2926(-2) 1.2500(-2) 1.3926(-2)  1.3898(-2) | 2.2074 2.0759 2.1798 2.1760 |

32 | 3.1087(-3) 3.0822(-3) 3.2701(-3)  3.2669(-3) | 2.0559 . 2.0198 2.0903 - 2.0889 |
64 | 7.6953(-4) 7.6788(-4) 7.9203(-4) 7.9163(-4) | 2.0143 2.0050 2.0457  2.0450
128 | 1.9191(-4) 1.9180(-4) 1.9486(-4)  1.9481(-4) | 2.0036 2.0013 2.0231  2.0227"
2§§ 4.7947(-5) 4.7940(-5) 4.8326(-5)  4.8320(-5) | 2.0009 2.0003 2.0116 2.0114
p - -

8 | 1.0832 5.2543(-1) 2.2672(-1)  5.5978(-1)

16 | 2.6600(-1) 1.3234(-1) 2.8659(-2) 1.3502(-1) | 2.0258 1.9893 2.9839 2.0517.
32 | 6.6204(-2) 3.3089(-2) 3.6092(-3)  3.3442(-2) | 2.0064  1.9998 29892 2.0134
64 | 1.6532(-2) 8.2687(-3) 4.5311(-4)  8.3398(-3) | 2.0016 2.0006 2.9938  2.0036
128 | 4.1319(-3) 2.0665(-3) -5.6770(-5) 2.0835(-3) | 2.0004 2.0004 2.9967 2.0010 |
(256 | 1.0330(-3) 5.1654(-4) 7.1047(-6)  5.2079(-4) | 2.0000 2.0003 2.9983 2.0002
,Ull : ,

8. 4.0669 2.9447(+1) 4.1598(+1) ‘

16 1.1284 1.4686(+1) 2.0792(+1) 1.8497 1.0037  1.0005
32 2.9341(-1) 7.3341 1.0391(+1) -1.9433  1.0017  1.0008

| 64 7.4587(-2) 3.6653 5.1938 1.9759 1.0007 1.0004
128 1.8790(-2) 1.8323 -2.5965 1.9890 1.0003 1.0002 |-
256 4.7146(-3) '9.1608(-1)  1.2982 1.9947 1.0001  1.0001




Table 5.2: Test. Problem 5 1: Perturbed BCs.
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E,;(N)

Maxlmu.m Absolute Error

E(N)

- EG(N)

Rn(N)

- Rateof Convergence
R(N)

2. 0406(-4)

1'1.2375(:5)
}7.6811(-7)
'1.4.7926(-8)
281
1 1.8712(:10)

2.9941(-9)

3.1185(-4)
"1.8731(-5)-

1:1601(-6) -
7:2287(-8)
45164(-9)

12:8224(-10)

3.7130(-4)'

" 4.1330(-5)' -
4.8790(-6)
“ 5.9290(-7) -

7.3083(-8)"

19.0720(-9) -

3.9593(-4) - | -

4.1611(-5)* ‘|

4.7481(-6)

5.7950(-7) -
7.1663(-8)
8.9103(-9) .-

4.0435"
4.0100-
©4.0024
.4.0006: -
. 4.0001-

4.0673

4.0131

-4.0044
-4.0005
4:0002.

3.1673
:3.0826
3.0407 ‘
‘3.0202
3.0100.

0 3.2502 |
3.1316 .
3.0344

- 3.0155

" 3.0077

128
1,256

2.4943(-2)
6.1615(-3)

1 1.5356(-3)
1.3.8360(:4) .
"9.5880(-5)

7.9892(-3)
'2.2828(-3):

6.7004(-4)

'1.7970(-4)
4.6435(-5)°

1:1797(-5)

5.1267(-3)

© 6.1590(-4) -
7.6211(-5) " -
9.4996(-6)
'+ 1.1858(-6) -
i:1.4811(-7) -

3.3933(—3)'7 BE
8.0922(-4)- - 1:
1.9772(-4)
4'.8875(-5) s

2.0173:
2.0045:.
£9:0011 . -
2.0003"

- 1.8072
1.7685

1.8987

'1.9523

-3.0146
3.0041:-
3.002%:1

3.0573 -.. 2.1414
. 2.0681
2.0331:
2.0163

128

12.3969(-5)

9.8103(-3)

11:6.0291(-4)
1.3, 75_2;;(-5)

4.1234(-3)

2.7283(-4)«

-1.7507(-5) !
*1.1086(-6)
6.9746(-8) -

4.3738(-9)

1.3590(-2)

 1.6194(-3)

2.0003(-4)

2.4920(-5)
3.1103(-6)
© 3.8851(-7)

1.2151(:5)

©1.3283(-2) " |-
©1.5987(-3) |
1.9720(-4)
2.4529(-5) |
3.0602(-6) -

3.8222(-7)

' 2.0001°

4.0243°
4.0061¢

4.0015:

14.0004°

1.9768

'3.9178
-.i3.9620
+3.98¥1
'3.9905

3:9952  3.0010 -

3.0010°

1 2.0081

3.0546 -
£ 3.0192
. 3.0071,
0 3.0028

. 256"

1.0832

12.6600(-1)

6.6204(-2)

1'1.6532(-2)
| 4.1319(-3)
11.0330(-3)

5.2543(-1)
11:3234(-1)
3.3089(-2)
'8.2687(-3)

2.2672(-1)

© 2.8659(-2)

- 3.6092(-3) -~
*4.5311(-4) -
2.0665(-3) -
5.1654(-4)

5.6770(-5)"

5.5978(-1) |-
11.3502(-1)"
3.3442(-2) -
- 8.3398(-3) -
'+ 2.0835(-3)" -
© 5.2079(-4) ']

{1 4.0001:

2.0258

- 2.0064

- 2.0016

12.0004:
2.0000:

1.9893
1.9998

2.0006

.2.0004 . 2.
2,0003 2

-3.0012

2.0517
12,0134

¢ . 2.0036
©2.0010°

| 128
{ 256 |

4.0669

14284
2.9341(-1)
-7.4587(-2)
“1:8790(-2)
4.7146(-3)

7.1047(-6)

2.9447(41) ¢

1.4686(-+1)
7.3341
3.6653
1.8323
9.1608(-1)

4.1598(+1) |
2.0792(+1) |
© 1.0391(+1):

il 5.1938 L L

2.5965

12082 |

1.8497
1.9433
“1.9759

1.9890

3 2.0002 !

1.0005 -
1.0008 |
1.0004 |
1.0002 .
1.0001
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~<Table 5.3: Test: Problem 5. 2 i
; Rate of Convergence & &

En(N) ..

E.(N)

N cowe e sMaximum Absolute Error
‘ Ec(N)

E (f\f)

Rn('N) Re(N)

Ro(N) R

116

‘128
256

‘| 3.8542(:6).
2.4099(-7)
1.5060(-8)

1.7871(-2)

- 1.0030(-3)

6.1692(-5)

2.5352(-2)

1.5805(-3) +...
9.8637(-5) -

'355'373(-2).: .
3.2141(-3) -
3.6068(-4)"

6.1619(-6)
3.8507(-7)-..
"2:4066(-8) =

¢14.3356(-5)..
:5.2977(-6) .
65518(7)

- 3.1395(-3)-.

- 3.5594(-4)
4.2671(-5):.]
5.2136(-6). -
. 6.4465(-7)

3;6595(-.2):
1. 4.1552-
- 4.0231;
4.0006
3.9994
4.0002; .

4.0037
- .4,0021
40007
- i4:0002 &sts

:4:0000 :3.015

3 1556 TP 1

1516
32

256:

64

| 2.0316
- 4.5200(-1)

1.1018(-1)
2.7655(-2)
6.9035(-3)

. 1.7259(-3)

8.3257(-1)
2.2226(-1)

'5.5592(-2)

1:3809(-2) -
:3:4529(-3)
:8.6298(-4): - -

4.8882(-1)
(- 6.1077(-2).. -
0 T:6302(-3) .+
. 9.5357(-4) . .
1.1919(-4) "

1.4898(-5)

1.1884 .« - .
2.3912(-1) .|
5.6485(-2) . .| 2.0364:
+1.3982(-2): | 1.9943
°3.4836(-3) |
* 8.7026(-4) : -

2.0021 -

1. 2.0000:. . 2 )

3.1645
1.7782(-1)

| 1:0830(-2)
| 6.7252(-4)

| 4.1965(-5)

| 2.6218(-6)

1.2124

7.7977(-2): ¢
4.8584(-3)
3.0323(-4) -
.1.8944(-5)
1:1839(-6)

3.2889 -

3.5410(-1) .

#:4,2502(-2) "
+ 5.2497(-3) "
- 6.5367(-4) .-
-:8.1600(-5)

' 3.2562.. ),

3.4714(-1)
4.1823(-2)

5.1666(-3) :| f. )

.6.4320(-4) | 4
-8.0280(5) | ¢

4.1535:1,

256 .

2.4159

| 3.4739. -
- 8.6764(-1)
21705(1)

2:T7974

1.0655

6.9845

17411
43451(-1) ..
11:0853(-1)

7,d443: \

s 8354400
» 1.0291 - <o s
1.2815(-1) *
1.6003(-2). -
1.9999(-3) "::

13356 . f

4.3785(-1)"|. 2
1.0943(-1) /] 1.

28|
| 256 |

9.8042(+2)

3:1571(+2)
:8.3559(+1)
2:1183(+1)
5:3141

- - 1.3297

6.2458(+:3)

3.1051(+3) ..
1.5447(+3) ..

7.7063(+2).
3.8494(+2)

1.9248(+2) -

8.7662(4-3) | =
.4.3857(+3) | -
2.1868(+3):
. 1.0917(4-3);
1 5.4544(+2) ¢} ¢
2.7276(42) { -

0:9991

1.0022 |
1.0011
0.9998 |
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Table 5.4: Test Problem 5.3.

N N Maximum Absolute Error Rate of Convergence .

En(N) Ec(N) Ec(N) Eq(N) Rn(N) R(N) Rg(N) Rg(N)

8 | 2.9443(-5)  3.6619(-4) 8.3389(-4)  8.3740(-4) .
16 | 1.9083(-6)  2.5053(-5)  1.0100(-4)  9.8476(-5) | 3.9476 3.8695 3.0456  3.0881
32 | 1.1975(-7)  1.6335(-6). .1.2330(-5) 1.2043(-5) | 3.9942 3.9389 3.0341 3.0316
64 | 7.4979(-9)  1.0421(-7) 1.5199(-6) 1.4897(-6) | 3.9973 3.9704 3.0201 3.0151
128 | 4.6875(-10) 6.5794(-9)  1.8857(-7) 1.8516(-7) | 3.9996 3.9854 3.0108  3.0082
| 256 | 2.9302(-11) 4.1328(-10) 2.3479(-8)  2.3077(-8) | 3.9998 3.9928 3.0056  3.0043

8 | 6.2514(-2) 2.3326(-2)  5.9698(-3)  3.4245(-2) |
16 | 1.5853(-2)  6.8496(-3) 8.2004(-4) 8.3700(-3) | 1.9795 1.7678 2.8639 2.0326
32 | 3.9772(-3)  1.8487(-3)  1.0713(-4) 2.0546(-3) | 1.9949 1.8895 2.9364 2.0264
64 { 9.9517(-4)  4.7977(-4)  1.3680(-5)  5.0804(-4) | 1.9987 1.9461  2.9692  2.0159
128 | 2.4885(-4)  1.2218(-4)  1.7281(-6)  1.2625(-4) | 1.9997 1.9734 2.9848  2.0086

256 | 6.2215(-5)  3.0825(-5)  2.1714(-7) 3.1466(-5) | 1.9999 1.9868 2.9925  2.0045

8 | 2.1693(-3)  9.8179(-4) 9.5847(-3)  9.3264(-3)
16 | 1.3681(-4)  6.3901(-5)  1.2915(-3)  1.2577(-3) | 3.9870 3.9415 2.8917  2.8906
32 | 8.5699(-6)  4.0843(-6)  1.6723(-4)  1.6371(-4) | 3.9967 3.9677 2.9491  2.941i5
64 | 5.3592(-7)  2.5820(-7)  2.1263(-5)  2.0867(-5) | 3.9992 3.9831 2.9754 2.9718

128 | 3.3500(-8) .1.6240(-8)  2.6802(-6) 2.6335(-6) | 3.9998 3.9913 2.9879  2.9862

256 | 2.0938(-9)  1.0181(-9) 3.3641(-7) . 3.3076(-7) | 3.9999 3.9956 2.9940 2.9931

']

8 | 9.1809(-1)  3.9065(-1)  5.1446(-2)  4.8664(-1)
16 | 2.2093(-1) 1.0632(-1)  6.5724(-3) 1.1896(-1) | 1.9974 1.8774 29686 20324
32 | 5.7507(-2)  2.7669(-2)  8.2998(-4)  2.9377(-2) | 19994 1.9421 2.9853 2.0178
64 | 1.4378(-2)  7.0533(-3)  1.0426(-4)  7.2970(-3) | 1.9998 1.9719 2.9929  2.0093

128 | 3.5047(-3)  1.7804(-3)  1.3065(-5) 1.8183(-3) | 2.0000 1.9861 2.9965  2.0047

256 | 8.9868(-4) 4.4721(-4) 1.6350(-6)  4.5381(-4) | 2.0000 1.9931 2.9983  2.0024

1

8 9.7894(-1) 2.3864(+1) 3.4025(-+1) _
16 2:6124(-1)  1.2342(+1) 1.7541(+1) 1.9059 0.9512 0.9559
32 6.7465(-2)  6.2735 8.9027 1.9532 0.9763 0.9784
64 1.7141(-2)  3.1623 4.4845 1.9766 0.9883 0.9893

128 4.3201(-3)  1.5875 2.2505 ( 1.9883 -0.9942 0.9947

256 1.0844(-3) 7.9537(-1) 1.1273 , 1.9942 0.9971 0.9974
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Chapter ‘6 v bups oo Bn

_AUXILIARY. BIHARMONIC PROBLEM . _

This chapter extends- the method ‘developéd v_ixrl,.,1.C.‘4lxa.ptverfs;:I‘4 a.nd 5 to the solution of

__A2’u,($, y) = ..,f(w’ y) in Q’
| (6.1)
u=0 on 80, Dyu =0..0n:y, . Au=0on Ty .
Where . EERTEES

I';={(z,a):z€[0,1],c __._.‘Q’.l}’ _and lt‘g = {(o, yv).': y € [0, 1],0: =0,1}.

6.1 Derivation

As in Chapter 5, we reformulate {6.1) as the coupled syétem'

Au(z, y) = v(z,v),
(6.2)

Av(z,y) = fz,9),
and then we rewrite the boundary condition

Ay = 0 on Ty

v=0. (6.3)
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We then seek uy, € Sef ® Sé) and v € Sé,) ® Sp-such that

— Ay (73, 75 ) + ‘I‘?—DﬁDguh(n', 75) +op (75, 75)

hZe
éz.f('ri’ Tj)’

S g h2 2 2 SN e hpg PN h2 Pl U U Y T

i1 N

Note that (6.4) is the same as (4.11) with"vin place of f.-'* =

Now we perturb the boundary conditions on I'z as m Chapter 5. The boundary

condition v = 0 on 99 implies D2% = 0 on T';. Hence, on I';, we have

v=D2u+ DZu = Dju,

which implies thai:_

P S S B RN IR E S \ wA
Dg'iz = Dyv, on Iy (6.5)

Then replacing wy, with uy in (2.10), and using (6.5) ‘with v replaced with vj, yields the
perturbed Neumann bounda.ry conditions

9 AP .
Dyup, + %Dyvh =0, on I;. (6.6)

Then setting

up(z,y) = Z Z"’fm,nl_gg(z)Bg (v), ©1

m=1n=1

N N+1 -

(@ y) =3 S vmnBL(@)Bn(y)s (6:8)

m=1 n=0
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and substituting into (6.4) and rearranging, we get

- Z{BD('G) " ZBD(TJ)% n z BD(Tz) Z[BD(TJ)]”
" on=1

m=1
(6.9)
N N+1 B2
+ Z [BR(r))” S (BL (1)t + Z BR(7:) Y Buvmn = 4f(n-_, 73,
‘n=1 m=1 n=0
o CN41 o N41 i
- Z [BD(Tz) " Z B (75 )0m,n — Z B2 () Z BZ(Ta)vm,n
m=1 m=1
(6.10)
N+1 - ) h2-.-'-: . S
"' E[BD(Tz)]” Z[Bn("b)] '”m,n"— "f(ThTJ) + '-"A‘f'(Ti;ﬁ)," :
m=1 n=0
N+1 RETES :
mz_jl BR (%) Z[BD(oo]'um,n + 2 5 Z BR(7i). Z B, (a)vm,n =0, o (6{)

”"i,j:=t;”1, .. ,N; « = 0,1

Now, using (2.5), (2.,';7), (2.1’;), 'a,-n(i (218), the set of:-eq-lla;tidns (6.9)—(6.:1"1')ﬁyields the

linear system

- [AD@ BP + (BD - %AD) ®AD} u-+ (B?®B)v =i,

- [AD ® B+ (BD - %AL_’), ® A} v =", (6.12)

2
(BP @ C)u + ;L—z(BD ®D)v=0



where

T
u—[m 1 m N, PVUN, ,UﬁN]
V.= ['Ul',o, ey vl,-N*I—l_»g’,_’x' Sy UN,0y - ?’vN,N'f{-_.ll.;. 3t

. 2
fi —[fl‘?, ~-,f(1) ;L #’]A f‘”_ o),

_ .
£=U,... 1(213, D, ST, f,(,'fj) (T,,T,)+ Af(rz,rj),

and AP, BP, A, B, C, and D are given in (3.12), (3.13), (5.11), (5.12), (5.13); and (5.14),

respectwely
6 2 Solvmg the System

Using (3.14) and (3.15) in (6.12) and simplifying, we have

"Rz [T®I+ (T+6I)®T]u+ K T_+I)‘v®,B]y=vf1,
- h_2T®B+ §4-T;1—( RA Y:fz, (6.13)

(o)l
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Since (613) is-equivalent to © i

—(ZT® I)"—,—l—g[T'@ I+ ":1 (T+ le'Ij‘® T] Zenz! ® Iu
+(2TeI) [(—T + I) ® B] (Z ® I)(Z— ® I)v - (ZT® Df,
—(ZT®1I) [-—T ® B+ (-%iT + I) ® 4— Z® ;)(z—l @ iv=(ZT@Df, (6.14)

(ZT®I) [(%T + I) J® C‘ Zenz'ehu

+’1L—;(ZT®I) [(-;—T-}-I) ®DJ(Z®I)A(Z—I ®I)v -0

where Z is given in (2‘13)_(2'14) and I is the N x N identity matrix, we can use (2.15) m
(6.14) to obtain the system l' e R

h2 [AT®I+ (AT+6.[)®T]H+|:( AT+I)®B] :?1,
[thT®B+(—Ai~+I)®A]v=? (6.15)
R2 |
[(tar+1) o] 22 (ar 1) 0 5] =0

where

i=(z'eDu, V=(Z'elv, i=("enn h=(ZTelh
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Since At and I are diagonal, we can decouple (6.15) into the N linear systems . ...

. —~ 1 H A_" ~ = )
_312. [,\;??.ur (éxf‘ '+;1) T] i+ ’(gx}“ + 1)-}—,«?3@ =T,

_.;[ﬁ)\g‘g + (ﬁAg'+ 1) A] ¥ =12, (6.16)

(B +2)omr 2 (1) Dsimo,
g™ TR =5

where

Note that the last equation of (6.16) (which corresponds to the pefturbed Neumann
boundary conditions) ‘has a commion fa.ctof?'éf '» (%/\;T—t- 1),wh1ch wed1v1de out to get -

~  h?.
Ciis + ;D% =0, . (6.17)

Now, we combine (6.16) and (6.17) into the N linear systems

S| =i |, i=1...N, (6.18)
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where: S-is'the (2N + 2) x \(2'N'+ 2)matrix given by v 0 it e by
—33 [A}‘I+ (6,\’{ +_1) T] (g,\? + 1) B |

. Lirg, (L
; e (g 1) 4

!
.

. ' . h2 _

This leads to the following Matrix Decomposition Algorithm:

Step 1. Compute
h=(TeNf, B= (270N

Step 2. Solve the N linear systems given in (6.18).

Step 3. Compute
u=(ZeDE v=(ZeDv.

Since Z is composed of smes FFTs can be used to perform steps 1 and 3 at a cosii of
O(N?log N) operations. As ertten in (6 18), the coeﬂicmnt matnx has no special
structure, but it can be rewritten in the same form as (5.55). Tia ‘this form, stép 2 can be'
performed-at a cost of O(/V2) operations, leading to a total cost of O(N%log N) operations

for the algorithm.
6.3 Existence and Uniqueness

Since both matrices Z and I | aré'n§;§iﬁg'1ﬂ;;f, .tvo ;hg)wﬂthat the method produces a
unique solution, all that is necessary is to'show that each ‘of the V' systems described by
(6.16) produce & unique solution. ‘Clearly; setting f2 = 0, the second of (6.16) is the =
matrix—vector form of (5.17), and (6.17) is the matrix—vector form of (5:15). All that =

remains is to show:that the first equation of.(6.16) is ‘the matrik-vector form of (5:16):
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The first equation in (6.16) is equivalent to the ﬁrst ‘equation in (6.12): ;Thenfa.pply‘ings
(3.14) and (3.15)‘1';0 the ﬁ.tst argument of ea.ch of the tepsor _produqts g'ifies
. h2 1-
— = Pz = b T+1I Bv—f. 6.19
[h2T®B (8T+I 12h2T)®A ]u+( + )@ 1- (6.19)

Setting f; = 0 multlplymg by -1 a.nd 31mphfy1ng ylelds

: 1, !

: [;;-T@BD (%T+I) ®AD]u—— (§T+I ® Bv =0. (6.20)
As in Section 6.2, we see that thls system1sequ1va.lent to

[ AT ® BP 4 (—-—AT + I) ® AD] ( AT + I) ® BV =0, (6.21).

which can be written as the V Iineaf -s;ys'i;e‘m.s; B

[ﬁ,\TBD (%)\f + '1—‘)«:412] - (%)\;Tf + 1) BV =0, (6.22)

for 7 = 1 . N. ThlS equa.tlon 1s the matnx-vector form of (5 16)

6.4 . Numerlcal Resu]ts
+ We' détnonstrate the ‘accuracy of (6:4) and'(6.6) with the test problein from [1] Chapter
Problem 6.1:

u(z,y) = sin(nwz) sin?(ny).

Table 6.1.contains the results for the approximation of u(z,) and Table 6.2 contains. the
results of the approximation of v(z,y). Both tables have the same.eight, values discussed;
in Chapter 3. .. = . .. ..

As seen:in, the tables, the method produces. third-order accuracy:globally for v and. v, .
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second-order global accuracy for g, Uy, Usgy, Uz, Uy, and vgy, and first-order global
accuracy for ug;, Uyy, VUzz, and vy,. Furthermore, the method is superconvergent for the u
approximation at the nodes a.nd coﬂocatlon pomts, for the Ugy uy, Uzy approximations at
the Gauss pomts a,nd for. the um ‘and - uyy appromma.tlons at the colloca,tlon points.- The
sa,me is true for the v a.nd its’ denvatlve a.pprommatxons at correspondmg points. Note
that. the error for vzz and vy, ;s_él"ethe_r_ la.;‘ge__“ a.bsolutelyi,’%for a.ny value o’f N, however, it'is |

‘ relatlvely sma.ll

In:comparison, the global ‘error reported in [1] Tables 5 3 and 54 for uw a.nd v, . _
irespectxvely, is conmstently sma.ller tha.n the globa.l error demonstrated by (6 4) and (&6)
éTl:us is- expected as the MNCSC method is fourth—order accurate globa.]ly a.nd our method‘

is only thu'd-order accurate However the error at nod :and collocatlon pomts 1s '

'compa.rable for u and v to the globa.l error. The same is true for the Gauss pomts of uz,

,:uy, uwy, Vs, vy, and va ‘when compared to the global error in [1]



60

Table 6.1 Test ‘Problem 6. 1 u(m, y)

N B Max:mum Absolute Error - Ra.te of Convergence S
. En(N) Ec(N), EG(N) g(N) Rn(N) i c(N) RG(N) : g(N) ;
U
8| 2.1619(-3) . 1.4870(-3) , 3.0721(-3). 3.0620(-3).|- .
16 | 1.3443(-4) - 9.2940(-5)  3.1030(-4) 3.0894(-4) | 4.0074 - 3.9999° 33074 3.3090 | .
32 | 8.3923(-6) 5.8068(-6) 3.4644(-5) 3.4249(-5) | 4.0016  4.0005 3.1630_ .3.1732 |
64 | 5.2438(-7) 3.6289(-7) 4.0752(-6) 4.0174(-6) | 4.0004 4.0001 3.0877 ~ 3.0917
128 | '3.2771(-8): 2:2680(-8). - 4.9365(-7) | 4.8611(x7) |- 4.0001 . ..4:0000. 3.0453. - . 3.0469
i8] -3:4125(-2)- ¥ 2:0045(-2)" +9.5336(-3)  + 25710(-2) {* i crooolow e
16 | 9.7086(-3) . 5.0991(-3) 9.8881(-4) 5.3048(-3) | 1.8135 _ 2.0383 3.2693  2.2769
32| 2.4993(-3) ** 1.2650(:3) * 1:1116(:4) ' 1.2667(-3)°| ‘19577 - 2:0111 -+ 3:1530 1~ - 2.0662-
- 64 | 6.2933(-4) 3.1562(-4) . 1.3089(-5) 3.1768(-4) | 1.9897 20029  3.0863 j 119954
128 | 1.5761(-4) " 7.8866(-5) 1. 5867(-6);’ 7. 9483(-4) 171.9974 72,0007 3.0442° *-1:9988"
8| 1.'621‘91('-1) 7.8‘1’4‘9(-’2) ' 2.4351(-2) '8.485‘3(;1) | I - o
16 | 4.0575(-2) 2.0043(-2) .. 3.0661(-3) . 2.0555(-2)..| 2.0230. 19631 3.0189  2.0455
32 | 1.0106(-2) 5.0379(-3) 3.8187(-4) 5.1007(-3) | 2.0054 19922 3.0052  2.0107
64 | 2.5241(-3) 1.2611(-3) 4.7689(-5) 1.2728(-3) | 2.0013 1.9981 3.0013  2.0026
128 | 6.3087(-4) 3.1538(-4) 5.9598(-6) 3.1807(-4) | 2.0003 1.9995 3.0003  2.0007
Ugy . . ; ) '
8 | 6.5365(-1) 3.0292(-1) 7.7831(-2)  3.3403(-1)
16 | 1.5971(-1) 7.8444(-2) 9.6245(-3) 8.0773(-2) | 2.0330 1.9492 3.0156  2.0480
32 | 3.9708(-2) 1.9767(-2) 1.1994(-3) 2.0034(-2) | 2.0080: 1.9886 3.0044 2.0114
64 | 9.9135(-3) 4.9513(-3) 1.4981(-4) 4.9987(-3) | 2.0020 1.9972 3.0011  2.0028
128 | 2.4775(-3) 1.2384(-3) 1.8723(-5) 1.2491(-3) | 2.0005 1.9993 3.0003  2.0007 -
Uzy | '
8 5.4877(-2) 1.1088 1.5797 _
16 1.5303(-2) 5.5847(-1)  7.9241(-1) 1.8424 0.9894  0.9954
32 3.9288(-3) 2.7960(-1) 3.9635(-1) 1.9616 0.9981  0.9995
64 9.8872(-4)  1.3984(-1) . 1.9819(-1) 1.9905 0.9996  0.9999 |.
128 2.4759(-4)  6.9926(-2)  9.9096(-2) 1.9976 0.9999°  1.0000 -
Uyy ’ :
8| 4.6279(-1) 4.4718 6.3359 5
16 1.2402(-1) 2.2376 3.1707 1.8998  0.9989  '0.9988
32 3.1534(-2) 1.1188 1.5855 1.9756  0.9999 0.9998
- 64 7.9163(-3) 5.5942(-1) 7.9277(-1) 1.9940 1.0000  1.0000
1128 1.9811(-3) 2.7971(-1). 3.9639(-1) 1.9985 1.0000  1.0000
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Table 6.2: Test Problem 6.1. v(z;y)

N ‘Maximum Absolute Error Rate of Convergence
| EL(N)  EN)  Eg(N)  Ey(N) | Ru(N). R(N) Re(N) R4(N)
p” :
8 | 7.7085(-2) 2.5317(-2)  1.1322(-1)  1.1616(-1)
16 | 4.7255(-3)  1.6383(-3)  1.2865(-2)  1.2822(-2) | 4.0279 3.9498 3.1376 3.1794
32 | 2.9391(-4) 1‘.0473(-4) 1.5444(-3)  1.5253(-3) | 4.0070 3.9674 3.0583 3.0715
64 | 1.8347(-5)  6.6299(-6) 1.8985(-4) 1.8700(-4) | 4.0018 3.9816 3.0241 3.0279
128 | 1.1463(-6)  4.1718(-7) 2.3565(-5)  2.3190(-5) | 4.0004 3.9902 3.0102 3.0115
Uz
8 | 9.6879(-1) 5.4996(-1) 3.5359(-1)  7.9654(-1)
16 | 2.8511(-1)  1.4654(-1)  4.0522(-2) 1.5911(-1) | 1.7647 1.9080 3.1253  2.3237
32 | 7.3860(-2) 3.7177(-2) 4.8627(-3) 3.7729(-2) | 1.9487 1.9788 3.0589 2.0763
64 | 1.8625(-2)  9.3279(-3) 5.9736(-4) 9.4201(-3) | 1.9876 1.9948 3.0251  2.0019
{128 | 4.6662(-3) 2.3341(-3) 7.4116(-5) 2:3543(-3) | 1.9969 = 1.9987 3.0107 2.0005
vy '
8 | 8.0521 3.9290 1.2395 4.1051 ‘
16 | 1.9976 9.9358(-1)  1.5169(-1)  1.0097 2.0111 1.9835 3.0305 2.0234
32 | 4.9841(-1)  2.4889(-1) 1.8857(-2)  2.5143(-1) | 2.0029 1.9971 3.0080 2.0058
64 1 1.2454(-1) 6.2251(-2) 2.3559(-3) 6.2795(-2) | 2.0007 1.9993 3.0007 2.0014
1128 | 3.1131(-2)  1.5564(-2) . 2.9456(-4) 1.5695(-2) |.2.0002 1.9998 2.9996  2.0004
Uy - ,
8 | 3.1984(+1) 1.5175(+1) 3.8819 1.6223(+1)
16 | 7.8669 3.8852 4.7618(-1) 3.9715 2.0235 1.9656 3.0272 2.0303
32 | 1.9586 9.7634(-1)  5.9228(-2) 9.8775(-1) | 2.0059 1.9925 3.0072 2.0075
64 | 4.8916(-1)  2.4439(-1)  7.4026(-3)  2.4662(-1) | 2.0015 1.9982 3.0002  2.0019
128 | 1.2226(-1) 6.1117(-2) 9.2545(-4) 6.1635(-2) | 2.0004 1.9996 2.9998 2.0005
Uz
8 1.7534 3.2665(+1) 4.6711(+1)
16 4.6108(-1). 1.6516(+1) 2.3457(+1) 1.9270 0.9839 0.9938
32 1.1683(-1) 8.2763 1.1735(+1) 1.9807 0.9968 0.9992
64 2:9306(-2) 4.1403 5.8681 1.9951 0.9993 0.9998
128 7.3327(-3) 2.0704 2.9341 1.9988 0.9998  1.0000
Vyy | : _ ,
8 2.2297(+1) 2.2049(4+2) 3.1248(+2) :
16 '6.0834 1.1042(+2) 1.5646(+2) | 1.8739 0.9978  0.9980
32 1.5537 5.5212(+1) 7.8241(+1) 1.9691 0.9999  0.9998
64 3.9050(-1)  2.7606(+1) 3.9122(+1) 1.9923 1.0000 1.0000
128 9.7754(-2)  1.3803(+1) 1.9561(+1) . 1.9981. 1.0000 1.0000







Chapter 7
BIHARMONIC DIRICHLET PROBLEM

In this chapter, we seek to extend the method developed in Chapter 6 to solve (1.2),

that is, the biharmonic Dirichlet problem o
7.1 Derivation
Again, we start by rewriting (1.2) as the coupled system
‘ ——Au(:z:, y) = __U(x: y)7
Ead ke e : ERE 2 (7.1)

a.nd imposing the same boundary condltlons as in ( 1 2) Now a,pplymg the scheme (4.11)
to (7.1) and perturbing the boundary condltlons as in Cha.pters 5 and 6, we get

N \‘

S E IR SRS R h I K S B A : RER
_Auh(Th TJ) + —D2D2uh(Tla TJ) + vh(T‘L’ TJ) f(T‘h Tj) (7’2)
h2 T ’ h2 ‘
—Avy (73, 75) + EDwDyvh(Ti_s ) = —f(7,75) + EZAf(Ti»Tj): (7.3)
h? )
Dgun(a, 73) + 15 Davn(a, 7j) = 0, (7.4)
" . o
Dyun(ms; ) + 15 Dyvn(7i, B) =0, (7.5)

,j=1,...,N; o,8=0,1.
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This gives us 2N2 + 4N equations and 2N2 + 4N +4 unknowns. Therefore, we impose the
additional condition SRS Ley S E
I op(aiB)E 0, i B =01

(7.6)

‘giving us 2N2 + 4N + 4 equations. We prove (7.6) starting from the fact that

Since u = 0 on 912, we have chu_ =0onT; and 'Dgu =0onTy. Therefdx;é,% at the “c;)'x-'néi'.s},
we have »

v = 0.

~ We introduce an alternative basis for Ss, {Bm}*l where

m=12,...,N, (7.7)

Note that we can convert, from the new basis functions l;m, to the basis functions B, using

ST
N

{B,O:,Bl) LR BN{BN—{‘I] = [go;gly LR gN: EN.}.]_]M,/ (7'8)
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where

L 4 (N+2)x(V+2)

ThlS can be seen usmg the deﬁmtlon of Bm and ma.trnc—vector multlphcatlon It should

s -

a.lso be noted tha,t the matrix M 1s nonsmgula.r

Now we take

N N o

Up = Z Z Um,nB (z)BD(y)’ (7.10)
m=1n=1
S N N1 : | |
m-—-O n—O e
We rewrite vp, in the equivalent fdi"ni
N N+1 A N+1

Uh — Z Z Umn ("')Bn(.‘/) + Z Z Um, Bm(-L)Bn(y) (7.12)

m=1 n=0 2 m=0 N+1 n—-O

Then substituting (7.10) and (7.12) into (7.2), (7.3), (7.4), (7’5), and (7.6), we have

5,\

N a N
- Z B,l,)b('r, I Z BD(TJ)um,n Z BD(’Q) Z{BD(TJ)]”umn
1 n—-l : m—-—l n=l:. .
+15 ZI{B_,%(T,-)I” Z{B,‘?'(rj)]"um,n lem(ro Z B (15)vm,n (7.13)
n=1 L om=
CNALL G 5
+ Z Bm(Ti) Z Bn(TJ)"m, 4.f(7'i» i),

m=0,N +1 - =0



N N+1 N+1

Z B-Zz("'z) Z Bn('rg)'vm,n Z Bm(ﬁ) Z BZ,(TJ)”m,

m—l ;
N+1 ; N+1

- B o (73) Z Bl(riYomm— D Bin(m) D Bu(ri)vmn (7.14)
m—l ‘ m=1,N+1 n=0
N+1 N+1

- Z Bm(Tz) Z BZ(TJ)vm,n + h2 Z 31’-:1(7-;) Z B:’:(Tj)v'm,n

m=1,N+1 n=0 ; m—-l ,N+1 n=0

. h2 .
= —f(m, Tg) + EZAf(Ti, 75),

. N+41

2[3”(71)1'230(13)%,,, Z"B' 3 Balrma (119

m=1 m_l
N+1

+ Y B Y Balromn =0, i
".1{=1,N+1 n=0"

I

s N N1
Z BE(r) Z[BD(TJ)]/U,,,,,, + ’1‘2 > Bon(r) Z Bl (13)0mn (7.16)
m=1 - n=1 T m= A
) e 1 }v+1
+ »Z Bpi(7:) Z Bn(TJ)vm,n =0,
m=1,N+1 n=0
S N#L. Y : ONEL L .

Z Bm(a) Z Bn(ﬂ)vmn 4o Z Bm(a) Z Bn(ﬂ)vm,n - o (7.17).

n=0 m=1, N +1

iji=1,...,N;. af=0,1"

Now, by definition Bm = BD for m = 1 N. So by-(2.3j ~and (2.6_), equation (7.17)-
reduces to P T A DS ~ L

o N+1 o o _
Z Bin(a) Z Bn(ﬁ)vm,n =0, (=01 (7.18)

‘m=1 N+1 oy =0
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Upon using (2.5), (2.7), (2.17) and (2.18), (7.13)~(7.16), and (7.18) become the lincar

e

System of equdtioné

—~ [AD ® BD + (BD — E—AD) ® AD} u+ (Bl?@fi) v+(E® ﬁ) vt =1fi, (7.19)

. LR L RN
- [AD®B+‘ (BD —-—”f—AD> ®A} \ [F®B+ (E— %F)’@A} v =1f, (7.20)

2
(BD®C’);1+ (BD®D)v+-—-(E®D)v ~o0, (7.21)
(C®BD)u+——(C®B)v+ (G’@B)v =0, (7.22)
(H® J)v* =0, | (7.23)

where

T
u=[ui1,...;ULN, -y UNL - UNN]

e 0L . T
vV ="{v1,0,7- s VL, N+1s- - s UN,0s - - UN,N41]

v i . FE ; T
v* = {vo,o,v -+ : 3 VON+1, UN+L,05 - -5 UN+1’,N+1] ’

=AY fzz,,._;., IR Y f‘,” Bt

: ¢
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“f2 =F[f1(,21)’“'7 1(’212(,*;- ) }(\?,)1:;‘-';1"}(\[2’)]\}]7’7 ‘ fZ,i)=_f(Tz’TJ)+-2_ZAf(TMTJ):

B
i

oot
I
0|

1 51
- - Nx(N+2)

]}
i

5

e

2x(N+2)

00| =
k>
-
| =

L 4 Nx2 - 4 nx2
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-1 0
G = ;—L N H = '% H
0 1} . 01
2X2 2x2
. |
| 2100 1
S 2x(N#2):

and AP, BP, and C are given in (3.12), (3.13), and (5.13), respectively.

[

7.2 Solving tl‘zle"d'Sysféth

We seek to solve (7 19) (7 23) usmg the Schur complement approach as in [1}. W
begin by rewriting (7 19)~(7 23) as '

] a- ' i
.St 1+ Siav* = =g, (7.24)
u
- Sa1 | +S2av* =0, (7.25)
: v . N
wheére: Si; is the (2N2 + 2N) x (2N2+2N) matrix
—-AP @ BP — (BD - EAD) ® AP BP®B
. . ~ h2 ~
h? ~
' BPeC B ®D




70

Stz is the (2N? +2N) x (2N + 4) matrix

-~

EQB.
Sy2 = 3
. ~ h? ~

and S21, S22 are, respectively, the: (N 24 IN ) % (2N 2 42N ) and (2N +4) x (2N + 4)

matrices o .
R, = R, =

S21 = , Sag =

Now, using (3.14)‘a,nd‘ (3.15), the matrix 5'11 can be rewritten as

2 [T®I+-6(T+61)®T] - (8T+I)®B
s _ 0 —NireB+(LT+1)0A
ir = ‘hz ; 24
lryec Bl eb
i 8 12 \ 8 |

This is the same coefficient matrix .as in the system (6.13) with the matrices ‘A; B, and:D:

replaced by A, B, and D, respectively. Using (78), we have-

S$ = suR, (7.26)
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where -7 TR :

0 IeM.| i

5 is'the coefficient matrix in (6.13), M i given in'(7.9), and T is the N x N identity =
matrix. Note that since M is nonsingular, the m.a.trix R is nonsingular; and;we know from
Chapter 6 that the matrix 517 is nonsingular. Therefore, the matrix S is nonsingular.
Ffom_(7.24): N o

u }\ -1 ‘ %
= Sll (g *‘Slgv ) (7‘28)
Then substituting into (7.25), we have
: 32151—11 (g — S’mvf') +'S’22Vf* =0, (7’-.29)
from which it follows that

(S21S57 812 — So3) v* = S ST'g. (7.30)

This leads to the following algorithm:.

Step 1. Compnte
r=5SuSie

Step 2. Solve
g ,:_'9;:_.;,”;__» IR Ty el

Step 3. Compute u'and v using =
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The matrix Sl_llSlg is formed one column at a time and the vector Sﬁl g is computed .. .
similariy using the Matrix DecoxrlpOSition "Algorithm from Chapter 6. If implemented
with FFTs, the MDA can be performed at a cost of O(N2 log N) operations. This means
that step 2 (the dommant cost) can be performed at a cost of O(N 3 log N ) operatlons

7.3 Numerical Re‘sults: G

Five test problems are cons1dereﬂ to demonstrate the a.ccuracy of (7 2) (7. 6) In the |

first three problems, u(z,y) is symmetric, ‘that is
u(z,y) = u(y, ), -

‘thus, the results for the y—deriva,_ti;res are exactly the eame as fhe corresponding
g&:ldérivatives, so only the z-deérivatives are given in the tables. For the last two problems',_
the closed form solution is not known.
‘ Problem 7.1:
u(z,y) = [1 — cos(2mz)][1 — cos(2my)].

Problem 7.2:

u(@,y) = sin®(2nz) sin®(2ry):

Problem 7.3:

w(ey) = V(@ — 227 — y).

Problem 7.1 was used in [1] and [7] for the blha.rmomc Dirichlet problem The results for
u and v are given in Table 7.1 and Table 7 2 respectlvely The results of Problem 7. 2 for
u and v are presented in Tables 7.3 and 7.4, respectively,:: Fo_r Probzlemf 7 1 and 7.2, the
results are globally optimal for u and v, that is, they exhibit 'thjrd-order ‘agooura,cy ;'or u
and v, second-order accuracy for u'zx, Usy, Va, a.rid.-:’fvwg, and first-order accuracy for ug; and

Ugz. Furthermore, we see that for u and v the a:pproi;dmations at the nodal and collocation -
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points are fourth-order accurate, the approximations of uz, uzy, and v, are third-order - .
accurate at the Gauss pomts, a.nd the u,,,“c and vm approxxma,tlons are second-order
accurate at the collocatlon pomts Based on the results of prewous chapters, we expect

third-order accuracy at the Gauss points for Uzy, but this was not observed.

For Problem 7 1 in companson, the ma.xunum globa.l error reported in [1] is sma.ller :
tha.n the global error. of our method since the MNCSC method is globa.]ly fourth—order
accurate However, the ma.xmlum error at the nodal and colloca.tlon pomts of w and ¥ a.nd

'the Ga,uss pomts of Ug, uzy,- a,nd v_,,, are compa.ra.ble to the globa.l error in {1]

Problem 7.3 was used in [11]. The results are given'in Te.ble 7.5 for u and Table 7.6 for
v. Here, the accuracy of '(7,2)4(7.‘6) is different. The results exhibit the same globally
optimal Behavior for v as in Problems 7.1 and 7.2. Also, u, ug, Uzy, and uz; demonstrate
the same superconvergence results as in Problems 7.1 and 7.2. However, v and its
derivatives have none of the superconvergence results that would be expected..
Furthermore, vmy”is globally first-order accurate, when second-order accuracy is expected.
A similar loss of accﬁra;cy was oBsewed in [2] when the MNCSC method was generalized
to non-homgeneous boundary conditions and Abushama and Bialecki state that this

phenomenon has also been observed in the method of [7]

Problem 7.4:
flz,y) =1, z,yeN.

This problem corresponds to the bending of a square clamped plate under a uniform load
{71- Table 7.7 gives the computed values of deflection u(0.5,0.5) and the bending moments
Mz(1,0.5) and My(0.5,1), where My = —Au and M, = —Awu on the vertical and
horizontal sides of 912, reSpectively. Compoaratively, [7, Table 4] has the values

u(0.5,0.5) = 0.0126531908, M,(1,0.5) = —0.0513337647, and M, (0.5,1) = —0.0513337647

for N = 128. We observe comparable results.
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Problem 7.5:

. ; 1/(4h2) lf lx 1/2|<h and ly—l/2]<h
flam) =

_ 0, - otherw1se

Thxs problem models the bendmg of a square cla,mped plate under a load of 1 .
conceof:rated at the center [7] The computed values of the deﬁectlon u(O 5 0 5) a.nd the
bending moment My(() 5 1) are presented in Ta.bIe 7 8 In [7] the oorrespondmg va.lues ‘
are reported in Table 6 as, u(O 5 0 5) 0 00560424025 a.nd My(O 5 1) --»—-0 125750723 for.

N = 128. We agam see comparable results



"Table:7.1: Test Problem 7.1 u(Z;5y).

75

Ee(N)

= Ma.:amum Absolute Error
‘Be(N) -

Eb(N) L

H‘Rn(N)

R(N)

i+ - Rate.of Convergence
Rg(N)

g(N)

| 128

1.5762(-2)

1 9.8706(-4)
' 6.1707(-5)
'3.8569(-6)
©2.4106(-7)

5.7382(-3)

3:6825(-4)"
2:3169(-5)
1.4506(-6) -
9:0705(-8)

1.7880(-2) -
1.7189(:3)

1.8454(-4)
:2.1359(-5) i
2.5651(-6)" "

£1.8282(<2) i f
£1.7329(-3) |
©1.8371(:4)
2.1147(:5)
+2.5314(-6)

3.9971
13.9996-
3.9999 -
4.0000 "

'3.9619

3.9904
3.9975

:3.9993

3.3788
3.2194

3111107
3.0578

©:3.3902 |
-.:3.2377

. 3.0624

3.1189. |

6.3436(-1)

©1.1.6078(-1)
2} 4.0329(22)
1:1.0090(-2)
' |-2.5231(-3)

3.1352(-1)

8.0273(-2): -
2.0158(-2) " -
5.0448(3)"
_1.2615(-3)"

. 1.0254(-1)
1.2370(-2)
1.5308(-3) = '
"1.9086(-4) -
2.3842(-5) "

'3.3879(-1) |-
8.1114(-2)-
2.0333(-2) .
TU5.08T0(:3) |
1.2720(-3)" }

1.9802

1.9952

. 1.9988
1.9997 -

1.9656

1:9936

'1.9985

1.9996

3.0144 -

3.0037:

3.0009 -

12.0624

1.9989

1.9961

4.2526

1-1.0264
|7 2.5440(-1)
16.3463(-2)
1.5857(-2)

1.8436

4.9596(-1)" 3
1.2612(-1)
3.1664(-2)
7.9244(-3) 1

3.2164(-1) -
.9644(-2)

14.8802(-3) -
6.0467(-4)

7.5238(-5)

'2.1601 -
-'5.1818(-1):
+1.2829(-1)°
3:1996(-2)
- 7:9943(3)

1°2.0008.

1.8042
1.9754
1:9939

19985

3.0203: -,
3.0221:
3.0127 .1
3.0066 -

20596
¢ 2.0140

1.9997

2.0034 |
2.0009

1.7848
4.9434(-1)
1:2614(-1)
3.1669(-2)

. T:9249(-3)

4.4744:

1.7788(+1)
8.9421° -

2.2376" -

2. 5282(+1) i

-1:8522

1.9705
1.9938

. 1.9986

0.9922
0.9989

0.9998 .

0.9999

0.9956
0.9996
0.9999
1.0000
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Table 7.2: Test: Problem 7.1 'v(:z:, y).

B

Maxxmum Absolute Error

E:(N)

Eg(N )

. Rate of Convergence
Ro(N) Re(N)

R;(N)M_

32

128

‘16 -

64 1

| 7.3662(-1)
4.5314(-2)

2.8198(-3).

1.7604(-4)
1.0999(-5)

2.9702(-1)

2.1486(-2) "
1.3675(-3)

8.5423(-5)

5/4275(-6)

; EG(N )

7.7105(=1) .-
11:8.1849(=2):
9.2347(-3) -
-1.1031(-3) "
51.3474(-4)!

8.0394(-1). " |- -
:8.2819(-2) -
:9.2252(-3) -
£ 1.0931(-3) :
1.3303(-4) ..

| Ry

i4.0229 ;.
..4.0063 .

-4.0016 -:.
.-:4.0004 - ..3

3 2358.
3.1478 .
3.0655
3:0333 -

3.,7801
:3.9738
4:0008
.9763

;"3.5327;91.
31663

3.0771"

16+
32+

128}

3.7045(+1)

9.4960 . . ..
-2.3867 1«
. 5.9744(-1).

1.4941(-1)

1.8425(+1)
47413
1:1928
2:9868(-1).

7:4701(-2)

6.1307 : -
. 7.6676(-1)
©71.9.6516(<2):
1791(:2)
#+1.4463(=3)..

.2.0408(+1) |1
4.7880.-
#1:2031¢ . -

3.0118(-1) -
7.5321(‘2)‘

1.9639-.
©1.9923 -
11,9982
1.9995:

11:9583  2:9992-
1.9909
11.9977

11,9994 3.0273.

210980
2.9809 - 1L
. 1.9981

119927 |

9995 |

Ugy

16
132

[ 128

3.3374(+2)

:8.0965(+1)
2.0082(+1)
5.0106 ' ¢

-1.2520: - ..

1.4710(+2)

3.9241(4+1)

9.9626
2:5003

6.2570(-1)

6.0225(+1) -

19; 7382

4;35;00(:1)3

2.0433
2:0114.
+{.2.0029 -

1:6898(+2) | ©
-4.0843(+1)
25261
6:3119(-1).-

11,9063

:1.9778
1.9944

:1.9986

5. 1 2.0487
) -2.0121
. .2,0030 |

Uzx

128

16
) 32

1.0193(+2)

" 2:8842(+1)

7:4348
1.8729

i 1“1.0819('1)

1.0502(+3) .
5.2925(+2).
2.6493(+2)
1.3250(+2) .+ i
16.6254(+1) #9.3892(+1)::

1.4956(+3) | .
7.5082(+2) .f .
3.7554(+2) |
1.8778(+2)

1:8213

.. 2.0007 |

0.9942
0.9995
0.9999 |
1.0000

4:6913(-1)




Table 7.3: Test Problem'7.2 u(,y).

7

,,(N )

Maaumum Absolute Error

BW)

| Ba) R

“Rate of Convergence
R(N) Ra(N) .

16
32

64

128

5.0092(-2)

°3.1276(-3)
11.9548(-4)
|:1.2320(-5)
' 7.7153(-7)

'EC(N) '

1.9631(-2)

i 1-4144(—3) 3 4F
9.1689(-5) ¢
'5.7859(-6) -
13.6255(-7).

Eg(N)

4.0108(-2) =
<4:1601(-3) -
4.0778(-4) . *
4:5033(-5)
/5:12686(-6) " -

4.8745(-2) :if < =
4:2504(-3) =
“4:1095(-4) |-
-4:4816(-5) |
'5.2153(=6) " | -

410015 -
4.0000 -

3.7949 3.2692 .
3.9473
' :3.9861

3.9963

3.1787:
3.0955°

Ry(N)

3.5196
3.3507 .. 1
3.1969
©3.1032

3.3706

r16:
32

[ 128

1.2559

+3.2141(:1)
+8.0654(-2)
|:2.0181(-2)
5.0462(-3)

5.7200(-1)

$1:6046(-1) -

'410368(-2)
1:0093(-2) -

12.5233(-3)°

4.9797(-1) -
5:4574(-2) -

6:3933(-3) -
7:7851(-4) .-

9.6252(-5) - .

7.6096(-1). |: .
1.7265(-1) - | 1.96
. 4.0839(-2) "}
©1.0183(-2)

2.5445(-3)

3.1898 ;.
:3.0936 =
3.0378""
3.0158:

- :1.8338
1.9909
119998

' 270000

'2.1400
2.0798
2.0037 |

2.0007

Usy .

16
| 32
| 64
| 128 |

©2.0071(+1)
4.2726 -
110277
2.5447(1)

6.3468(-2)

5.7819
19355

5.0266(-1)""
1.2656(-1)°
3:1692(-2) -

3.0367

:3.9774(-1).
4.4041(-2) <~
'511418(-3) "
6.2060(-4)

1.0714(+1){ ‘2.
2.1789. i}

5:1938(-1) | 2.
'1:2836(-1) - | 2.
3:2001(-2) |

) i 15789
8- 1.9450
11,9898
1.9976

2.9326 ..
3.1749
3.0985. -
3.0506-

2.0688
12.0165
'2.0041

2.2978

Uz

{ 216t}
| 32|~
| e
128 |

5.2149
-1.8390
14.9789(-1)
1.2636(-1)

3:1683(-2)

3.3703(-+1)

L779L(+1)"

8.9420 -
4.4744
2.2376. .

4:8557(+1)

2.5285(+1).

'1“2680(-‘}-1‘)7. o
63418 -
131710

0.9217
0.9925
0.9989.
- 0.9998

0.9999

0.9414 -
0.9957
0.9996
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Table.7.4: Test Problem 7.2 'v(a:,y).,

Max:mum Absolute Error
. Eg(N)

Ec(N)

- ...Eg(l\-f,)

| By

Rate of - Convergence

Re(N)

RBe(N). Ry(N)

- 132
g 64
“¥28

1.1952(+1)

7.1282(-1)"

14.3802(-2)
1:2.7251(-3)

1.7012(-4)

2.2826

2:9491(-1)
- 2.1478(-2)
"1.3680(-3).¢

8.5886(-5)"

8.9790 -

7.7793(-1)
+.8.2163(-2)
19.2504(-3) -.9:
:1.1045(-3) " :1.

* 1.1408(+1) | -
' 8:0384(-1)" | 4:

8: 3116(-

12,9523

3.8270
-3.2737
:3.1691

3.5288
3:2431:
3:1509 -
3.0661. .

32
64
128+

16 |.7.44
.1.9014(+1)
A.T748 0

2.5508(+2)
7.4434(+1)

11.2632(+2)

3:7399(+1)
9.5249
2.3886

5.9756(-1)

1.1491(+2):
1:2514(+1) ;
. 156200
e 1.9459(‘1)

1513(+1)

D 24076 |
6.0245(-1).. | 1.

1.8753(+2) |1

-3.1990;

'3.0048: ;-

3.0776

21755
3.0021 -+ °2.1100
1.9979

Vay

32
T 640
128~

16:]

01,1950 15 ..

5.9084(+3)
1.3373(+3)

3.2401(+2)
8.0338(:+1)
2.0043(+1)

1.7512(43)

6.0310(+2): -
1.5815(++2)"

3:9933(+1):

1.7395" ..

2:3673(-2) i

1.1787(+3)"
2.4532(+2) ©
3.9318(+1)

7.5032 !

i3.1230(+3){ -
6.7822(+2) |:2:
11:6352(+2) |

< 4.0510(+1).| 2

3.0392

:.:1.9987

2.2644 | 2.2031
2.6414 . 2.0523 |
2.3896 . 2.0131 |

Yz

164

128+

1:0007(+1)

1.0246(+3)
4.0989(+2)
1.1544(+2)
2:9741(+1)
7.4918

7.6530(+3)
4.2021(+3)-
2.1171(+3)
1.0597(+3)-
5.3000(+2)

<2 1,0105(+1): | 2:

1:1209(++4)

5.9836(+3)

3:0033(+3):| -

:5022(+3)

2.1089 - 20033 |

0.9056 |
09945 |
0.9995 |

0.8649
0.9890
0.9984

T:5112(+2): |

91  0.9996

09999 |
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Table 7.5: Test Problem 7 3 u(:z;, y)

: Ma.xxmum Abselute Error N
L ::Ey (N )

(N)A EN) Eg(N)

Rate of Convergence

16
32

64
128~

~.f21741(-6) 1.1925(-5) -+ 28 8637(:5)
1.6898(-7)  7.5968(-7) ~3.3899(:6)

8.6746(-9)  4.8003(-8)  4.1226(-7)

5.2297(-10) 3.0080(-9) .. 5.0841(-8):

| Ba) _Re(N) Re(), Rg(m

2. 8722(—5) S
3.2985(-6)
-4.0316(-7):-
-4.9871(-8).
~6.2026(-9)-

-4.2839 . 3.9842 3.0396 .. 3.0324
4.0520. 3.9963 3.0195 . 3.0151

aesse - BOTES 80786 3;1223_ :

16
32

64 |
128 g

3.2677(-11) 18811(-10) 6:3143(:9) -

| 2.1239(-3) - 8. 1773(4) £1.9743(-4)
5.3353(-4) ~  2.3524(-4). 2.4769(-5)
'1:3354(-4)  6.2885(-5)  3.0438(-6).:
3.3380(:5).. 1.6211(-5)  3.7520(-7)

:1.1796(=3) | - T I T I U S |
1.9931 " 1.7975  2.9947 2.0665 |
1.9983. 1.9034 3.0246  2.0339
.2.0002 . 1.9557 3.0201  2.0158

2.8162(:4)
6.8771(-5)

1.7006(-5) .

-4.0004 - 3:9992 3.0093. . 3.0073

32

64

128

8.3463(6) 41134(-6), 4.6503(-8) -

| 0.5024(:3) - 42115(3)  14110(:3)

2.3022(-3) 1.1783(-3)  1.6803(-4)
5.8230(-4)  2.8993(-4)  2.4146(-5)

1.4553(-4)  7.2695(-5)  3.5543(-6)"

4.2291(:6)

5.6978(-3) |

1.2405(-3)
3.0479(-4) |

| 7:4864(-5)
1.8532(-5)

-1.9998. 1.9786 3.0123  2.0076 |

'2.0453 1.8377  3.0699 2:1995 |

1.9832 20229 2.7988  2.0250
2:0004 . 1.9958 2.7642  2.0255 |
2.0002 19991 . 28901 20142

N -1
32 o

3.6378(:5)  1.8185(-5) 4. 7944(-7)

. 3.6390(-3) '~‘.=53733(-2)»-:
1 9:4099(-4) < 2.8205(-2) .
. 2,3905(-4) . 1.4450(-2)
.6:0405(-5) ' 7.3126(:3) =

7:6905(-2)

4.0144(-2)
2.0521(-2)
1.0374(-2)

5.2157(-3)

0195137 0.9208  0.9379 |
¢ 1.9769°.:0:9649  0.9681 |
| 1.9846 | 0.9826  0.9841

B

1.5201(-5) % 3:6786(-3)

g 1.9905 - 0.9912 0.9920 |

ARTHUR LAKES gy
LIBRAnY
ugLOMDO scm)m%
DEN, O goany F MIVEs
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Table 7.6: Test Problem 7.3 v(z, ).

N Maximum Absolute Error Rate of Convergence
E.(N) Eo(N) Ec(N)  E4(N) Ro(N) R.(N) Rg(N) Ry (N)
v
8 | 1.6944(-3) 2.9368(-3) 4.9616(-3) 4.9505(-3)
16 | 2.9854(-4) 4.3356(-4) 7.2104(-4) 7.3061(-4) | 2.5048 2.7600 2.7826  2.7604
32 | 4.1354(-5) 5.3536(-5) 9.3431(-5) 9.4936(-5) | 2.8518 3.0176 2.9481  2.9441
64 | 5.1955(-6) 6.3976(-6) 1.1759(-5) 1.1942(-5) | 2.9927 3.0649. 29902  2.9910
128 | 6.4294(-7) 7.7134(-7) 1.4706(-6) 1.4922(- 6) . 3.0145 3.0521 - 2.9992  3.0005
8 | 2.0471(-1) . 4.3682(-2)  4.3103(-2) "99880( 2)} o ,
16 | 5.5496(-2)" '1.4201(-2) 8.8333(-3) 2.9247(-2):| 1.8831" 1.6210°" 2.2868 ' 1.7719
- 32} 1.4015(-2): . 4.0907(-3). - 1:9112(-3): 7.6124(-3)°| 1.9854 . 1.7956 2.2085 :..1.9419
| 64| 3.4934(-3) 1.1077(-3) © 4.6438(-4) 1.9211(-3) | 2.0043 1.8848 2.0411  1.9864
‘128' 8.7043(-4) 28918(—4) 1 1486(-4),"* ‘4‘.8127('-:‘4)'7*5‘2‘.0048 1 9375 2.0154' - 1.9970
LA "-f'~i'4-39115f'i - 45268(-1) 12230 % ¢4 VN G e
18092+ 2:4577(-1) '6:5804(-1) - 1.2441 "~ *'[1.2793 ' 1.0690 0.8942 " - 1.155¢
' 7.5544(-1) . 8. 7502(,2)..._.‘3;22261.(,“-’1.)’ '5:4792(-1) | 1.26007  1.3021  1.0284 - 1.1830
3.3502(-1) 3.2714(-2) 1.5799(-1) 2.5132(-1) | 1.1731 1.4194 1.0300  1.1244
1.5639(-1) 12605(—2) 7.8096(42):*-:‘»1 1967(-1)«"- “1.0991 - 13759 1.0165 07
-25330(- ):» »'4 7948 -
12072(-1)' 689 ' 12.7027 - ©1,0692  0.716W .8271
.5.1448(-2) " 6294(-1)" 141917 o 01,2304 0.8773 0 0.9294
2.2272(-2) 5.0114(-1) 7.2566(-1) ~1.2079 0. 0677
1.0318(-2) 2.5552(:1) " '3.6679(-1) |'* "~ . -1:1100
S . Table 7:7: Test Problem;7“4
N | -..._».'u(osos) e T+ My(1,05). ,,(05 1) :
4 T 296998752664015(-3) . =y 885303342082698(—2) ) -4 885303342082698( 2); j
8 1.267796767803351(-3) . -5.132074343827812(-2) -+ .1+ -5:132974343827811(-2) |
16 1:265486382533946(-3) . <5.133459829513500(-2) < - ..1::-5.133459820513520(-2) |
32 -1.265329965618658(-3) - i -5:133384158446099(-2) : - 5:133384158446123(=2) |
64| 1.265319776660214(-3) - +5:133377004217192(-2) : 1-5:133377004217291(-2). |
128 { ¢ 1.265319130702914(-3) -5.133376508000668(-2) (.- +=5.133376508000717(-2) |
Table 7.8: Test Problem 7.5.
N 1(0.5,0.5) M,(0.5,1)
4 3.418370065472051(-3) -0.656754445688147(-2)
8 4.769397134896294(-3) -1.198296876081964(-1)
16 5.328637127458790(-3) -1.244373503906979(-1)
32 5.523148208813368(-3) -1.254491906133079(-1)
64 | 5.585311195584267(-3) -1.256909975199914(-1)
128" 5.604223281013911(-3) -1.257507063440741(-1)
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i

Chapter 8

'CONCLUDING REMARKS

In th1s thesxs, we have developed new QSC methods for solvmg P01sson s a.nd
blha.rmomc equa.tlons m the umt square, | Q For P01sson 'S equatlon, we denved the new _.
method from the work of Houstxs et al., [20] a.nd the Work of Chnsta.ra. [13] Then usmg a |
matnx decomposmon a.lgonthm W1th FFTs, we solved the resultmg lmea.r system on an
N x N umform pa.rtltlon of Q a.t a cost of O(N 2 log N ) opera.tlons Next we proved the
results tha,t mdlcate globa.l tlnrd—order accura.cy and fourth—order a,ccuracy a.t the noda.l
and collocatxon pomts a.nd thlrd-order accuracy at the Ga.uss pomts of the denvatwe
approximation. | s -

To solve the biharmonie Diriehlet problem, we extended our. rhethod for PolSSon’s .
-equation ; after reducmg the problem to.a coupled system of two second—order pa.rtla.l o
differential equations in « and Au. Based on the work of Chnsta.ra. [13] we, perturbed the
Neumann boundary conditions having shown the derivation w1th a fourth-order
boundary-value problem. We then demonstrated how to solve the resulting linear system
efficiently with the Schur complement approach and a matrix decomposition method which
employs FFTs. The cost of the resnlting algorithm is O(N3log N) for an N - x N :pa.rtition
of Q. Then, we present numerical results that indicate third-order global accuracy for the
v and Au approximations. Furthermor‘e,_ we obtained fourth-order accuracy at the nodal
-and collocation points of the u approximation and third-order accuracy at the Gauss
points of the approximations of the derivatives of u. For two of three test problems, we

observed similar superconvergence results for the approximation of Awu.

The new QSC methods developed in this thesis are closely related to the MNCSC
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method developed by Abushama in (1], [2] and [3] While less accurate globally than the
MNCSC method, our new QSC method has toet

ra.l advanta.ges For example, the method
can be implemented more simply since there are .no corner.equations. This means that in
the quedratic case all COefﬁcients are determined in a single linear system. Furthermore,
the new QSC method presented here produces compa.rable accuracy at the nodal and

colloca.txon pomts Compa.red to the work of Chrlsta.ra [13] the new methods here can

each be solved efﬁcxently Wlth an MDA whlch results in tndragona.l or ba.nded systems of

ey

equa,tlons

““““““““

A few pomts for potentla.l future resea.rch rema.m The o t'rnota,ble area is provmg

the extstence a.nd umqueness ‘of the solutron of the blharmomc Dmchlet problem as well "

Bt in S8

as a forma.l convergence ana.lysxs on the new method in ea.ch chapter. SR

The lack of superconvergence results for the a.pproxxmatlon of Au m solvmg'the
blha.rmomc Dlrlchlet problem in Problem 7 3 are unexpla.med as Well as the lack of
superconvergence in the approximation of the cross deriyative of the Au apprOXiihation rn

Problems 7.1 én& 7.3, However, a similar redii‘c'tidh“ih%écma}:?%s observedm[2]

Fma.lly, ‘the 1 new QSC method could be extended to'a more genera.l domaln than thA :

umt squa.re ‘and to non—ho neous bounda.ry condrtlons
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