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A BSTR A C T

We develop new quadratic spline collocation (QSC) methods for the solution of 

Poisson’s and biharmonic equations in the unit square, Cl =  (0,1) x (0,1). In these 

methods, the differential operator and the right hand side of the partial differential 

equation are perturbed to  obtain the collocation equations. The collocation points are 

taken to  be the midpoints of the cells of a  uniform partition of Cl on which the spline 

space is defined.

We derive a new QSC method for solving Poisson’s equation with Dirichlet boundary 

conditions: A u  =  /  in Û and u — 0 on dCl, where A denotes the standard Laplacian 

operator and dCl is the boundary of Cl. We derive a m atrix decomposition algorithm 

(MDA) which employs fast Fourier transform s to solve the resulting linear system a t a 

cost of 0 { N 2 log A ) operations on an A  x IV partition of Cl. We also prove the existence 

and uniqueness of the solution. Finally, we present numerical results th a t indicate optimal 

global accuracy and superconvergence phenomena.

We extend the method derived for Poisson’s equation to the solution of the biharmonic 

Dirichlet problem: A2n = f  In Cl and u  =  d u /d n  =  0 on dCl, where d /d n  is the outward 

normal derivative on <912. We solve thé biharmonic problem by rewriting it as a coupled 

system of two second-order partial differential equations in u and v ~  Au. Using the 

Schur complement approach, we show th at the resulting linear system can be solved a t a 

cost of Q (N 3 log N)  operations. Finally, we present numerical results th a t indicate global 

optim al accuracy and superconvergence phenomena.
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Chapter 1 

IN TRO DUC TIO N

The main goal of this thesis is to develop new optimal quadratic spline collocation 

(QSC) methods for the solution of two problems in the unit square. The first problem is 

Poisson’s equation subject to homogeneous Dirichlet boundary conditions:

A u  — f  in O,

(1.1)

n =  0  on

where A denotes the standard Laplacian operator, f2 =  (0,1) x (0 ,1 ) is the unit square, 

and dfl  denotes its boundary. Poisson’s equation is most frequently encountered in 

electrostatics, mechanics, physics of conducting media, and the description of a 

gravitational potential. In these problems, the variation of the field characterized by either 

an electric or gravitational potential associated with a spatial distribution leads to 

Poisson’s equation.

The second problem is the biharmonic Dirichlet problem,

:v . t  V ■■ ' V : . ; - —A2u =  —/  in Û,

b  o n : W  O I ,  1 -

where du /d n  denotes the outward normal derivative on dQ. This problem models bending 

of a thin elastic clamped rectangular plate, equilibrium of an elastic rectangle and flow of 

very viscous fluid in a square cavity [23]. A discussion of the history of problem (1 .2 ) can
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also be found in [23]. n u ^

Spline collocation methods for the solution of boundary value problems for ordinary 

and partial differential equations have been frequently used over the past several decades. 

In these methods, the boundary conditions and differential equation are satisfied at 

specific points of a partition of the problem domain. However, as demonstrated by de 

Boor [14], the basic spline collocation methods are suboptimal. In fact, the basic nodal 

cubic spline collocation (NCSC) method is only second-order accurate. For a spline space 

of degree fc, we expect an optimal method to produce accuracy of order k  +  1 . Hence, we 

would expect fourth-order global accuracy from an NCSÇ method and third-order global 

accuracy from a  QSC method.

The suboptimal performance led to research into optimal cubic spline collocation 

methods. De Boor and Swartz [15] developed orthogonal spline collocation (OSC) for 

two-point boundary-value problems (TPBVPs), in which optimal convergence rates were 

obtained by collocating at Gauss points. For TPBVPs, researchers succeeded in modifying 

basic NCSC to obtain optimal accuracy with a uniform partition. Fyfe [18] developed a 

two step NCSC method (TSM) in which one first determines the cubic spline solution by 

collocating at the nodal points of the partition then improves it by using a deferred 

correction like approach. Archer [5, 6 ] and Daniel and Swartz [16] independently 

developed a one step NCSC method (OSM) for TPBVPs where the solution is directly 

determined by using a  high order perturbation of the differential equation. Taking a 

comparable approach, Houstis et al., [20] developed an optimal method using QSC instead 

of cubics for second-order TPBVPs. In this method, the differential equation is collocated 

at the midpoints of the subintervals of the partition on which the spline space is defined.

Houstis et al., [2 1 ] generalized Fyfe’s TSM and Archer’s OSM to elliptic partial 

differential equations in the unit square with a  focus on Dirichlet and Neumann Helmholtz 

problems. However; it has been shown recently tha t the analysis of the OSM for the
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Dirichlet problem in [21] is incorrect [1, 3]. Furthermore, the OSM is not optimally 

fourth-order accurate for Neumann boundary conditions as claimed in [2 1 ]. Since Arçher’s 

OSM when applied to TPBVPs with Neumann, mixed or periodic boundary conditions is 

only third-order accurate, which is suboptimal, optimal accuracy is not, expected when 

extended to elliptic problems; see, for example, [24]. . . -

Christara [13] extended the work of Houstis et à l, [20] to second order linear elliptic 

problems with Dirichlet and Neumann boundary conditions using biquadratic collocation 

methods. These problems are of the form * :

&'UJXX ! buxy Çîtÿy  ̂ dliig; I Gtty I f  u — Q, in f2, (1.3)

with the mixed boundary conditions

... ‘ cm +  =  7 , on (1.4)on

where it, a, 6 , c, d, e, / ,  gi a , /?, 7  are functions of x  and 2/. Note tha t (1 .1 ) is of this form 

with a = c = a  =  1 and b == d — e = f  — 0  =  7  =  0. The method developed in [13] is . 

globally optimal and superconvergent, tha t is, the method exhibits 0 (/i3-fc) accuracy

globally for the &th partial derivative, and the method exhibits fourth-order accuracy at

the nodal and collocation points of the u  approximation, third-order accuracy at the 

Gauss points of the Ux and u y approximations, and second-order accuracy a t the 

collocation points of the m** and ^  approximations [13]. , n

The QSC, OSC, and NCSC methods produce large systems of equations and require 

efficient schemes for their solution. Frequently, these methods involve matrix 

decomposition algorithms (MDAs). In these algorithms, fast Fourier transforms (FFTs) 

are used to directly solve the resulting linear systems at a cost of 0(JV2 logiV) operations 

on an N  x N  uniform partition. In [13], Christara does not formulate an MDA for the
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OSM. For the new QSC methods presented here, MDAs are formulated, resulting in 

tridiagonal or, a t worst, banded systems of equations.

Bialecki et al., [8 ] developed and implemented MDAs for the collocation equations of 

[2 1 ]. Specifically, MDAs are formulated for the Optimal OSM with Dirichlet boundary 

conditions and the optimal and superconvergent TSM with Dirichlet, Neumann, mixed, 

and periodic boundary conditions. In [9], Bialecki e t al.,, developed new optimal OSMs for 

the four types of boundary conditions, and for each of the resulting linear systems, an 

MDA is formulated. These new OSMs are constructed by judiciously perturbing the 

differential operator and the right hand side of the differential equation.

In [24], Nguyen, developed a new one-step modified QSC method for the Helmholtz 

equation with Dirichlet, Neumann, mixed and periodic boundary conditions; see also [11]. 

In each method, Nguyen perturbs the differential operator and the right hand side of the 

differential equation to obtain an optimal superconvergent method, and then uses an MDA 

to efficiently solve the resulting linear system. In [1 0 ], the new QSC method of [1 1 , 24] is 

extended to the solution of elliptic partial differential equations of the form (1.3) with ; 

inhomogeneoiis boundary conditions, where a =  1 , b = d =  0  and c, e, /  are functions of y .

The most frequently used methods for solving (1 .2 ) are finite difference and finite 

element methods. These methods use two different approaches to  solve (1.2). In the first 

approach, the direct approach, (1 .2 ) is discretized immediately using, for example, a 

thirteen-point finite difference formula [1 2 , 19] or C l Hermite bicubic finite elements [26]. 

The second approach is the mixed approach, in which (1.2) is first reduced to a  coupled 

system of two second-order partial differential equations in u and v ^  Au.  This approach 

has the advantage of producing an approximation to u as well as Azz, which often has 

physical meaning such as vorticity in fluid dynamics: The coupled system is then 

discretized using, for example, finite difference [4, 17] or finite element [22, 25] methods. 

The algorithms in [12, 2 2 ] use MDAs to implement their methods at a  cost of 0 ( N 2 logJV).



> Recently, Bialecki [7] used the mixed approach and OSC to solve (1.2). In this work, 

Bialecki used the Schur complement method, preconditioned conjugate gradient method 

and FFTs to efficiently solve the resulting linear system of equations. The resulting 

algorithm can be performed at a  cost of 0 ( N 2 log AT) arithmetic operations. .

Furthermore, problems (1.1) and (1.2) were Considered by Abushama in [1, 2, 3]. In 

these works, optimal modified NCSC methods are formulated by, again, perturbing the 

differential operator and the right hand side of the differential equations. This method also 

exhibited fourth-otder SUpercohvergent results a t the nodal points for the approximation 

to the first partial derivative and the Cross derivative. In the case of problem (1.1), they 

use an MDA to solve the resulting linear system [1 , 3]. For problem (1 .2 ), Abushama and 

Bialecki [1, 2 ] use the Schur complement approach, the pre-conditioned conjugate gradient 

method, and an MDA to efficiently solve the linear system. - ^

This thesis closely parallels Abushama’s work [1], with quadratic splines replacing 

cubic splines. Quadratic spline collocation methods are advantageous because no corner or 

special boundary equations are required. In particular, when solving the resulting 

systems, all coefficients are determined simultaneously, unlike the cubic case where it is 

necessary to solve for the boundary coefficients first. We also see a difference from the 

cubic case as Neumann boundary conditions require a perturbation in the quadratic case. 

Globally, the cubic method is more accurate; however, the QSC methods presented here 

produce accuracy comparable to the cubic case at the nodal points.

A brief outline of this thesis is as follows. In Chapter 2 , we present definitions and 

properties used throughout this work.

In Chapter 3, we derive the new QSC method for solving a second-order TPBVP 

based on the approach of Houstis et al., [20] and Christara [13]. In this method, the right 

hand side of the collocation equations are perturbed producing a third-order accurate 

method but preserving the basic method’s tridiagonal system.
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In Chapter 4, we extend this method to solve (1.1). Numerical results are presented to 

show tha t the method exhibits optimal convergence globally and is superconvergent at 

specific points. Furthermore, we describe an MDA that produces a  solution at a  cost of 

0 ( N 2 log N )  operations. <

In Chapter 5, we further develop the new QSC method to the solution of a  

fourth-order TPBVP. Here, the problem first is rewritten as a coupled system of two 

second-order TPBVPs and then discretized. In this case, we must derive a perturbation of 

the Neumann boundary conditions to  preserve optimal accuracy. We prove the existence 

and uniqueness of the solution. Finally, numerical results are presented to demonstrate 

the method’s accuracy. For comparison purposes, a  single test problem of the method 

without perturbed boundary conditions is presented. „ i • ; iu ».,'

In Chapter 6 , we solve a  problem closely related to (1 .2 ) by combining the methods of. 

Chapters 4 and 5. In an approach similar to tha t in Chapter 5, we rewrite the 

fourth-order partial differential equation as a coupled system of two second-order partial 

differential equations in u and Au. An MDA is formulated to solve the resulting linear 

system. Again, we shpw the solution pf the method exists and is unique. Finally, 

numerical results are given to support the accuracy of the method.

In chapter 7, we solve (1.2). We again use the mixed approach and rewrite the 

problem as a  system in it and A u  and then combine the methods pf Chapters 4 and 5. We 

show how to solve the resulting linear system efficiently using the Schur complement 

approach and the MDA developed in Chapter 6 . Then we present numerical results to 

demonstrate the accuracy of the method.

In Chapter 8 , we summarize this work and highlight a  few areas of potential future 

r e s e Æ ' - ' ' ^  ^
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Chapter 2

PRELIM INARIES

There are several commonalities shared by all of the problems discussed. First, we 

define px =  to be a  uniform partition of I  =  [0,1] such that

Xi = ih, i =  0 ,1 , . . . ,  N ,  where h — 1/N .  We define the collocation points as

7"£ — "b 1) / 2 , (2 .1)

which are the midpoints of the subintervals Xi], i =  1 , .  ,iV.

Let 5 2 be the space of quadratic splines defined by

s 2 =  {'u : v  e  i] ,•>’!/( e  f t , ! .< » ,< (2.2)

where is the set of polynomials of degree <  2. In order to define a basis for we 

extend the partition px by defining xi =  ib> i, =  —2 , —1 , AT +  1 , iV +  2 . We take a basis of 

$2 to  be {5m}^±o, where
1 . ✓ o »  \  f

(2.3)Bm(x) -  - 5  -  m +  2 )  ,

and £ is the quadratic spline function defined by

x2, x € [0 , 1],

—3 4 -fix —2 x2, x € [ l ,  2 ]j

9 — fix 4 - x2, x G [2,3],

0 , otherwise.

(2.4)
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Using (2.3) and (2.4), we get

&m{rù — ^

1/8, i — j i k  1, 

3/4, i 3= j,

0 , otherwise,

l / / i2, i =  j ± l ,

- 2 /h 2, i =  j ,

0 , otherwise.

We define the space S® by

qFl/(2 Zi), f  =  j  ±  1 , 

0 , otherwise,

(2.5)

S f  =  {^ € 5 2  : v(0 ) =  v(l) =  0 },

tha t is, the elements of satisfy 

for , we chose {S ^}^=1, where

homogeneous Dirichlet boundary conditions. As a basis

Bm -  « m -1 , r n =  l, -

13my m  =  2 , . . . ,  AT .1 ,

Sm — Sm+i, m  — AT.

(2.6)
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Thus, from (2.5) and (2.6), we have

Bmin) =  <

, i — j  —. 1, or i rj  = N, 

1 / 8 , i =  1,2, ...,1V; j  = i ±  1, 

3/4, i == j  =  2 ,3 , . . .  ,1V — 1,

0 , otherwise.

—3/h^, i =  j  =  1 , or i ~  j  — N y 

1 /h2, i =  1,2,—  ,1V; j" =  i ±  1, 

- 2 / h 2, =  2,3, . . . , iV,

0 , otherwise.

(27)

Next, let iv/t € %  denote the interpolant of Houstis et al., [20], defined by

Wh{ri) — tt(r»), i =  1 ,.. . ,1V,

=  *(0 ) -  ^ g ^ (4)(0 )>

^ ( i )  =  *4 1 ) -  ^ * * (4 )(i)-

(2.8)

Then [20, (6 b)], we have

' * h2 / ?
liift(xi) =  «"(tv) — ^ « (4, (Ti) +  0 (h4), i =  1 , . ,  jy, (2.9)
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and from [20, (20)], we have

w* u'(0) — j 2 U

h2
(2.10)

Next, we introduce the matrices T, At , and Z, which are defined by

T  =

3 1

1 - 2  1

1 - 2  1 

1 - 3
N x N

(2 .11)

and

A r =  d iag(A f)^1, where A f =  -4 s in 2 , (2.12)

(2.13)

where

=

i  =  l , . . ,  AT; j  =  AZ".

(2.14)

Now, the diagonal elements of the matrix At  are the eigenvalues of T  and the columns of 

the matrix Z  are the corresponding eigenvectors of T. It follows that

Z t T Z  = At , (2.15)
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and

Z TZ  = Z Z T = 1, (2.16)

where I  is the N x N  identity matrix.

We define the tensor product, denoted by <g>, of two matrices as follows: for the M x N  

matrix A  =  (cijj) and P  x  Q matrix B,  then the matrix A<8> B  is the M P  x  N Q  block 

m atrix whose (i, j )  block is ^ a ^ B .

The last property presented in this chapter is used throughout this thesis. Let 

Z, tT, be finite sets of increasing indices. We assume without loss of generality that

X = { 1 , J  =  M =  {1 , . . . ,  M f},

Then the matrix-vector form of

cim ^  j  £ 1 (2.17)
m£A4 nçN

IS

where

and

</> =  (Cl ® C2)V', (2.18)

Cl =  ( C.-,m)i6Z meM V C2 =  ’

<t> = > , 4>r,j']T i

'*l> =  [V7!,!? • • - >^1,^7 , V’M'.l, • -  7
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Chapter 3 

SECO ND-O RDER TW O -PO IN T BO U N D A R Y  VALUE PROBLEM

In this chapter, we consider the tworpoint boundary-yalue problem (TPBVP)

u"(x) 4- cu(x) =  f(x) x  G [0,1], (3.1)

where c <  0  and

u(0) =  u(l) =  0. (3.2)

The method developed in this chapter is generalized in Chapter 4 to solve (1.1) and used 

in Chapter 5 in the solution of a  fourth-order TPBVP.

3.1 D erivation

To derive our method, we use the results of Houstis et al. , [2 0 ] described in equations 

(2.8)-(2.10). Combining (2.8), (2.9) and (3.1), we have, for 1 <  i <  iV,

wh(Ti) +  cwhin) ~  u"(Ti) -  ^ V 4) (Ti) +  0 (h 4) +  cu(Ti). (3.3)

Upon using (3.1), equation (3.3) becomes

, 2
wh(ri) +  cwh(Ti) = f(ri) -  ~ u (4)(ri) +  0(Zi4). (3.4)

Now, rearranging (3.1) and differentiating the equation twice and using (3.1), we have

= f"(n) -  cu"(ri) = f"(Ti) -  c[f (Ti) -  cu(ri)],
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and substituting into (3.4) we have

Setting
f  ch2\  :"rvv-

K = V + i ? ) '

equation (3.5) becomes

w'hiTi) +  CKWh{TÏ) = n f in )  ~  ^ / " ( n )  +  0 (h 4).

We define our approximation by

wh(r i) H- CKUh(Ti) =  «/(Ti) -  ^ /" (T i) ,  2 = 1, • * • , 2V,

which is obtained by replacing Wh with Uh in (3,7) and dropping the 0 (/i4) term.

1 ■■■•. N  \  . r':
uh{x ) — ^   ̂um^m(x)'

■m—1

Then substituting (3.9) into (3.8), we have

N  N  ' , 2  - ^  . 4  ■'■•.V., f .

5 3  Û m { n )  +CAC 2 3  = Kf(Ti) -  ^ /" ( t» ) , Î = 1, . . . , AT.
m=l m—1

Now using (2.7), (3.10) leads to the matrix-vector equation

(Ab +  c k B Z)) u  = f,

(3.5)

(3.6)

(3.7)

Now let 

(3 9)

(3.10)

(3.11)



where

u — [1*1, tt2> * • • » un Ÿ̂  » f

-3 1

1 - 2  1

1 ~ 2 1 

1 - 3 JVxAT

5 1

1 6  1

1 6  1 

1 5
N x N

Using (2.11), the matrices A  and B  can be written as

^  =  i r I

B D = - ( T  + 8I).

where I  is the N x N  identity matrix. Substituting into (3.11), we get the system

;(à+iCK)T  + ckI 11 =  f .

(3.12)

(3.13)

(3:14)

(3.15)

(3.16)

This is a simple tridiagonal system and can be solved easily using a tridiagonal solver at a 

cost of O(N)  operations.
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3.2 Existence and Uniqueness

To prove the existence and uniqueness of the solution, we show tha t the coefficient 

matrix of (3.11) is nonsingular, which we prove by setting f  =  0 and showing th a t u  =  0.

We start by assuming that u  ^  0. Then multiplying (3.11) by u T to get

ut A d u +  ck\i t  B d u =  0. (3.17)

Prom (2.15), (3.14), and (3.15), we know

A d  -  ZA a Z t , B d  =  Z k BZ r , (3.18)

where

Aa =? ^ A t, Ab =  g(Ar + 8/), (3.19)

where I  is the N x N  identity matrix. Note tha t equations (3.19) and (2.15) imply that 

both matrices A D and B D are nonsingular since neither has a zero eigenvalue. 

Substituting (3.19) into (3.17), we get

ut ZAa Z t u + ckut  Z A b Z t  u = 0. (3.20)

Then we set

Note that since Z 1* is nonsingular, u 0 implies q  ^  O. Substituting (3.21) into (3.20), 

we have

+  — 0. '> - j (3i22)
' .-r . .
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Since c <  0, we have crc <  0. From (3.19) and (2.15), we have

< 0, Af >  0. (3.23)

Hence,
AT N

Î Vi 5 3 9?Af +  c/CY l q i Xf  <  (3-24)
i=l i=l

which contradicts (3.22). Therefore, u  =  0.

3.3 Numerical Results

To demonstrate the accuracy of (3.8) for the solution of (3.1)-(3.2), three test 

problems are considered. For each test problem, several values of N are chosen. For each 

value of N, eight quantities for w(x) and %/(#) are given, namely,

1. E n ( N )  — the maximum absolute error at the nodes {a^}^0;

2. E C( N )  — the maximum absolute error at the collocation points

3. E g (N)  — the maximum absolute error at the Gauss points where

r)i = Xi + h(3 — V3)/6, and rji+i =  +  h(3 +  V3)/6, i =  1 ,3 , . . . ,  2 N  — 1 ;

4. E g ( N )  -— an estimate of the global error computed at 10 equally Spaced points in 

each subinterval /*, i =  1 ,2 , . . . ,  AT;

5. R n ( N )  —  the experimental convergence rate of the error at the nodes computed 

using

* . ( * ) = ( 3 . 2 5 )

6 . R C( N )  — the experimental convergence rate of the error a t the collocation points 

computed using (3.25) with E c  replacing E n \



7. R g ( N )  — the experimental convergence rate of the error a t the Gauss points 

computed using (3.25) with E g  replacing E n;

8 . R g ( N )  — the experimental convergence rate of the estimated global error computed 

using (3.25) with Eg replacing E n.

The value of the u'^(x) is not defined at the nodes, thus maximum errors and 

convergence rates are not computed at the nodal points. The corresponding columns are 

left blank in all tables.

Problem 3.1:
c =  —9, u(x) — cosh ^3# —

Problem 3.2:
c =  —7T2, u(x) =  1 cos(27rx). (3.27)

Problem 3.3:

_ ri V; v l

The results for Problems 3.1-3.3 are given in Tables 3.1—3.3, respectively. From the 

results, we see that the method is globally optimal, th a t is, third-order accurate for u, 

second-order for accurate u \  and first-order accurate for u". The method also exhibits 

superconvergence results: fourth-order accuracy of the u  approximation at the nodal and 

collocation points, third-order accuracy of the v! approximation at the Gauss points, and 

second-order accuracy of the u" approximation at the collocation points. Problem 3.1 is 

used in [1 1 ]. Comparatively for u and a given value 6 f /V, our error is globally smaller by a 

factor of 1CT2 than the error reported in [11] Table 2.1. The convergence rates are
4 «      — - ï. ■comparable.

2  y ~  cosh y  . ; : > (3.26)
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Table 3.1: Test Problem 3.1.
N -.■i rMaximum Absolute Error 

En{N) Ecm  j À Eq(N) : Ba(N).
Rate of. Convergence 

RnjN) H e m  Rg (N) Rg(N)
u
8 3 .2 1 8 5 # ) 2 .9 3 7 6 # ) 9 .5 1 2 5 # )  9 .3 6 3 1 # )

16 2 .0 3 2 4 # ) 2 .0 4 6 5 # ) 1 :1 6 7 0 # ) 1 .1 3 7 2 # ) 3.9852 ; 3.8434 3.0270 3.0415
32 1 .2 7 3 5 # ) 1 .3 4 8 3 # ) 1 .4 3 6 0 # ) . 1 .4 0 5 5 # ) 3.9963 3.9239 3.0227 : 3.0163
64 7 .9 6 4 5 # ) 8 .6 4 8 3 # ) v 117778#) 1 .7 4 4 3 # ) 3.9991 3.9626 3.0139 3.0103

128 4.9785 # 0 ) 5 .4 7 5 1 # ) 2 .2 1 0 5 # )  2 .1 7 1 8 # ) 3.9998 3.9814 3.0076 3.0057
256 3 .1 1 0 8 #  1) 314439(-10) 2 .7 5 5 6 # )  2 .7 0 9 1 # ) 4.0003 3.9908 3.0040 3.0030

u
8

16
32
64

128
256

7.3629(2)
1.8636(-2)
4 .6 7 3 7 # )
1 .1 6 9 3 # )
2 .9 2 3 9 # )
7 .3 1 0 2 # )

3.0487(-2)
8 .4 4 2 1 # )
2 .2 2 1 6 # )
5 .6 9 9 0 # )
1 .4 4 3 3 # )
3 .6 3 1 6 # )

5 .1 2 8 8 # )
6 .9 4 9 1 # )
9.0121# )
1 .1 4 6 3 # )
1 .4 4 5 1 # )
1.8139(-7)

3 .9 3 0 1 #
9 .7 0 3 9 #
2 .3 9 7 1 #
5 .9 4 7 7 #
1 .4 8 0 7 #
3 .6 9 3 7 #

1.9821
1.9955
1.9989
1.9997
1.9999

1.8525 2.8837 2.0179
1.9260 2.9469 2.0173
1.9628 2.9748 2.0109
1:9814 2.9878 2.0060
1.9907 2.9940 : 2.0032

1:8543 0.9304 0.9376
1.9327 0.9670 0.9701
1.9679 0.9839 0.9853
1.9843 0.9920 0.9927
1.9923 0.9960 0.9964

u"
8

16
32
64

128
256

1 .0 2 4 3 # )
2 .8 3 3 0 # )
7 .4 2 0 6 # )
1 .8 9 7 0 # )
4 .7 9 4 3 # )
1 .2 0 5 0 # )

1.8897
9 .9 1 5 3 # )
5 .0 7 2 4 # )
2 .5 6 4 7 # )
1 .2 8 9 5 # )
6 .4 6 5 1 # )

2.7023 
1.4108 
7.2022(-1) 
3 .6 3 8 0 # )  
1 .8 2 8 2 # )  
9 .1 6 4 0 # )
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Table 3.2: Test Problem 3.2.
N

E n { N )
Maximum Absolute Error 

E C{ N )  - E G { N ) E q ( N )  a
a /  Rate of Convergence 

I U N )  R C( N )  R g ( N )
A

u
8

16
32
64

128
256

3 2427(-3) 
1.9702(-4) 
1.2227(-5) 
7.6282(-7) 

• 4.7656(^8) 
2 .9 7 8 0 # )

2 .6 9 1 9 #
1.7526(-4
1 .1 2 5 2 #
7.1400(-7
4 .4 9 8 4 #
2.8231(9

5 .3 3 7 3 # )  
5 .6 6 9 2 # )  
6 .5 5 3 1 # )  

: 7 .8 8 2 3 # )  
9 .6 6 6 5 # )  
1 .1 9 6 9 # )

5 .2 4 1 9 # )
5 .5 8 0 8 # )
6 .4 5 1 8 # )
7 .7 5 8 4 # ) .
9 .5 1 2 5 # )
1 .1 7 7 7 # )

A .' A 
4.0408 3.9411 
4.0102 3,9612 
4.0026 3.9781 
4.0006 3.9884 
40002 3.9941

3.2349
3.1129
3.0555
3.0275
3.0137

1 ; 
3,2315 
3.1127 
3.0559 
3.0279 
3.0139

v!
8

16
32
64

128
256

3.3135(-1)
8 .1 2 6 6 # )
2.0219(2)
5 .0 4 8 6 # )
1 .2 6 1 8 # )
3.1542(-4)

1.5935(-1 
4 .0 2 5 2 #  
1 .0 0 8 6 #  
2 :5 2 2 8 #  
6 ,3 0 7 9 #  
1 .5 7 7 0 #

4 .9 7 8 7 # )
6 .1 5 3 1 # )
7 .7 6 8 1 # )
9 .6 5 7 0 # )
1 .2 0 0 6 # ) V
1 .4 9 5 6 # )

1 .7 1 4 6 # )
4 .1 2 3 3 # )
1 .0 2 0 9 # )
2 5 4 6 2 # )
6 .3 6 1 6 # )
1 ,5 9 0 2 # )

A .J A-' v
2.0276 1:9850 
2.0070 1.9968 
2.0017 1.9992 
2.0004 1.9998 
2.0001 1.9999

■M-'a.MM
3.0164
29857
3.0079
3.0078
3.0049

2.0560
2.0139
2.0035
2.0009
2.0002

u"
8

16
32
64

128
256

.A ■ 
V A'A'V :- 

vr'-'A.O

,0 n

9.3934(1
2 :4 8 8 9 #
6 .3 1 1 8 #
1 .5 8 3 6 #
3 .9 6 2 4 #
9 .9 0 8 2 #

8.9813
4.4795
2.2382
1.1189
5.5943( 1)
2 .7 9 7 1 # )

1.2687 
6.3429 
3.1712 : 
1.5856 A 
7.9277(-l) 
3 .9 6 3 9 # )

1:9161 
A; 1.9794 

1.9949 
AM. 1.9987 
:MM 1.9997

1.0036
1.0010
1.0002
1.0001
1.0000

1.0002
1.0001
1.0000
1.0000
1.0000
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Table 3.3: Test Problem 3.3.
N

E n ( N )
Maximum Absolute Error 

E C{ N )  E g ( N ) e 9 ( n ) R n ( N )
Rate of Convergence 

R C( N )  R g ( N ) R g ( N )
u
8

16
32
64

128
256

1.8965(-5)
1.1879(-6)
7.4283(-8)
4.6433(-9)
2.9022(^10)
1.8145(-11)

6.8097(-5)
4.7006(-6)
3.0860(-7)
1.9765(-8)
1.2505(-9)
7 .8632(-ll)

3.9527(-4) 
4.8858(-5) 
6.0537(-6) 
7.5274(-7) 
9.3825(-8) 
1.1711(-8)

3.8525(-4) 
4.7816 (-5) 
5.9391 (-6) 
7.3949(-7) 
9.2238(-8) 
1.1517(-8)

3.9969
3.9992
3.9998
4.0000
3.9995

3.8567 
3.9290 
3.9647 
3.9824 
3.9912 -

3.0162
3.0127
3.0076
3.0041
3.0021

3.0102
3.0092
3.0057
3.0031
3.0016

u1
8

16
32
64

128
256

3.1591(-2) 
7.9471(-3) 
1.9899(-3) 
4.9767(-4) 
1.2443(-4) 
3.1108(-5)

1.4344(-2) 
3.7734(-3) 
9.6865(-4) 
2.4546(-4) 
6.1788(-5) 
1.5500(-5)

1.3115(-3)
1.6854(-4)
2.1228(-5)
2.6589(-6)
3.3254(“7)
4.1573(-8)

1.6435(-2) 
4.0775(-3) 
1.0125(-3) 
2.5209(-4) 
6.2881(-5) 
1.5702(-5)

1.9910
1.9977
1.9994
1.9999
2.0000

1.9265
1.9618
1.9805
1.9901
1.9950

2.9601
2.9891
2.9971
2.9992
2.9998

2.0110
2.0097
2.0060
2.0033
2.0017

u"
8

16
32
64

128
256

2.5062(-2) 
6.6986(-3) 
1.7242(-3) 
4.3688(-4) 
1.0992(-4) 
2.7567(-5)

8.4057(-l) 
4.3097(-l) 
2.1810(-1) 
1.0970(-1) 
5.5012 (-2) 
2.7547(-2)

1.1966
6.1202(-1)
3.0939(-1)
1.5554(-1)
7.7979(-2)
3.9042(-2)

1.9036
1.9579
1.9806
1.9907
1.9955

0.9638
0.9826
0.9914
0.9957
0.9979

0.9673
0.9842
0.9922
0.9961
0.9981
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Chapter 4 

POIS SO N ’S EQUATION

This chapter generalizes the method developed in Chapter 3 to  approximate the 

solution of (1 .1 ).

4.1 D erivation !

To generalize the method of Chapter 3, we begin by considering properties of the 

interpolant introduced by Çhristara [13], which we denote by Wh(x,y) and is defined by

Wh(Ti,Tj) = u(Ti,Tj), i J  =  I , ' " , # ,

h4
Wh(ot, Tj) =  u(oc, Tj) -  ■— D4u(o',rj ), 0  — 0 , 1 ; j  =  1 , . . . ,  iV,

and, a t each of the corners of Û, satisfies one of the relations

h4
wh(ct, (3) -  u (a , p) -  /?),

wh(a,/3) = u(a, (3) -  ^ ^ D 4u{a,p), 

where a.,0 — 0,1. Then from [13, (2.6)], we have

, 2
l:>i u’h(n, T,) =  v'iu(r„ Tj) -  2 -D*u(n, Tj) +  0 (h 4),

(4.1)

(4.2)

(4.3)

and

D lw h(rif tj) = D%u(Ti,Tj) -  ~ D 4u(n , Tj) +  0 (h 4). (4.4)
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Now we prove tha t vs   ̂ u ' >

DlDlŵTj) =  CgDgttfo, n )  +  0(A2). (4.5)

To begin, we denote by Sz, the one-dimensional quadratic spline interpolation operator in 

the ^-direction

S,„ :C ([0 ,1 ] ) - ‘ S2, (4.6)

defined in [13] by the interpolation condition ,

(Sxu)(a) = « ( a ) - ^ V i u M ,  «  =  0 ,! ,  ̂ ’ ^  ^

and with defined similarly. From [13, Lemma 2.1], we have

i
Sxy =  S,zS,y> (4.8)

where Sxy denotes the two-dimensional quadratic spline interpolation operator defined in 

[13] by (4.1) and (4.2). Note that =  Sxyu. Then, on using (4.8),

-  D 2 r>2« =  D lD p xyU  -  D l D l u

=  D l S x ( D l S y u  -  D y U )  +  D l S x ( 3 l )  -  D l ( D ^ u ) .

Now setting z =  DySyu — we have

D l D l S ^ u i r u T j )  -  D l D l u i n ,  t j )  =  D % S x z { T i ,  T j )  -  D l z f a ,  T j )  +  D l { D l S y u { n ,  T j )  

i f y V T j ) } PlSx(Plu(Ti, T j ) )  -  £)2(£)2w(r .,r^))
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T hen upon using (4.3) and (4.4),

576 x y v ’ v v 24

+  0(Zt4) -  r ,)  +  0(fi.4)

as desired.

. Adding (4.3) and (4.4), we have

&™h{n, Tj) =  r> ^(r* , Tj) 4- Dlu{ru Tj) -  ^ { p l u f a  Tj) + D*u(n,  Tj)] 4- 0 ( h 4)24'
0 .
24'=  A ti(r£, Tj) -  — [A2u (t£, Tj) — 2DxDyU(Tiy Tj)] 4- 0(A4),

and on using (1.1),

AWh(TiyTj) =  /(Ti, Tj) -  ^ A / ( t £, Tj) 4- Ÿ^Z)2Z)2u(T£,7j) +  <9(Zl4). <4.9)

Then using (4.5), we obtain

h2 - x \ , z'v/z.éï

A^ ( n ,  Tj) -  ^ D l D l w h(TiyTj) = f { r iy Tj) -  ^ A /(T i ,  Tj) +  0(fo4).

Finally, replacing with and dropping the 0 ( h 4) term, it follows that

, i , i = i , r . , N ,  (4.11)

We then seek 6 0  SÇ* such tha t (4.11) is satisfied. Taking

N N
Uh( x yy )  — T .  T  um,n&m(x ) B n W , (4‘12)

m=l 7i=l



and substituting into (4.11), we get

N N

imOn)]" 5 3  Sn(TJ-)um,n +  5 3
m=l n=l m=l n=l

“ 7 9  5 3  [S m (Ti)]" 5 3 t S n (7j)]" “ m,W =  Tj) ~  — A f i n ,  Tj).
m=l n=l

(4.13)

Then using (2.7), (2.17), and (2.18), we obtain the linear system

[ a d  ®  B d  +  ( b d  -  ^ A ° )  ®  A ® u = f, (4.14)

where and B 15 are given in (3.12) and (3.13), respectively,

u  —  { i t l , !  7 « j 1*l,JVj • • * j 1*JV,1, • * * j 1*7V,Jv] 5

and

f  =  ••  • , /l,A T , . . . , / j y , l ,  . . . , /jV ,Jv]T  , / i , j  =  f ( n , T j )  —  —  A / ( r < t T j)

4 . 2  S o l v i n g  t h e  S y s t e m

Substituting (3.14) and (3.15) into (4.14) and simplifying, we obtain

(4 :15)

where T  is given in (2.11) arid I  is the N  x  N  identity matrix. Now, (4.15) is equivalent to



27

where Z  is given in (2.13)-(2.14). Then using (2.15), we have

u  =  ^ f ,  (4.17)

where u  =  {Z? ® J)u  and f  =  (ZT <8 > / ) f .  Since Aj* and A t +  6 /  are diagonal, (4.17) 

reduces to the independent systems

A?J+(iA

where

ÛI =  [Ui,l, . / ;, UiiN)T\ ; f  — [fi,l,

This leads to the following Matrix Decomposition Algorithm:

Step 1. Compute *

Step 2. Solve the N  tridiagonal systems

Af/+ (|A f + l)  r]'ü, = k% i = 1 N .

Step 3. Compute ’  ̂ ? /
u  =  (Z  0  i)u .

Since the elements of the matrix Z  are sines, steps 1 and 3 can employ fast Fourier 

transforms (FFTs) to  perform the matrix multiplication at a cost of 0 ( N 2 log N )  

operations. Since the coefficient matrix in step 2 is tridiagonal, the solution can be 

obtained a t a cost of 0 { N 2) operations. ■ Therefore, thé total cost of this algorithm is 

0 ( N 2\ogN).  ■- ' ; oib ,t '■

- f  i V r l  U i  == h  f i ,  i  = (4 .18)

A/-® 1 + ~(Ar I-G/)©T
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4.3 E x istence  an d  U niqueness

We show the existence and uniqueness of the solution by proving tha t the coefficient 

matrix of (4.18) is nonsingular. We do this by setting f  =  0 and showing tha t u  =  0.

To begin, we assume that u  ^  0. Then we multiply (4.18) by u T to  get

A iuTu +  ( |A T

where 1 <  i <  N.  From (2.15) we have

ut Tu =  v? ZAtZtvl. (4.20)

Then we set f* >?. j i SO,- -i; i"; : .t "■'"'V'-H'-x

q  =  Z Tu. (4.21)

Note that since Z 7, is nonsingular, u  ^  0 impfies q  ^  0. Substituting (4.21) into (4.20) 

yields

E « f A f < e  "  ̂ ' ,<!i (4.22)
*3=1

^ >  0. Hence,

+  i j  u r T u  < 0 , (4.23)

which contradicts (4.19). Therefore, u  =  0.

4 .4 N u m erica l R esu lts

Three test problems are used to demonstrate the accuracy of the method. Each test 

problem has the same eight values described in Chapter 3 for u, ux, uy, Uxy, uxx, and 

Note that for uXx and t t y t h e  value of the approxmation is not defined a t the nodal

XfuTu +  Q x f

since —4 < X j  <  0. Now, we know that A^uTu  <  0 and +  1

0
+  1 ) u  T u  =  0, (4.19)
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points, hence there are no values for maximum error or convergence rates. For Problems

4.2 and 4.3, values for uy and uyy are not given because the values are the same as ux and 

Uxx y respectively.

Problem 4.1: ..... . : ;
u(xyy) =  {1 — cos(27rx)]sin(27ry). •.........

Problem 4.2:
! (ML; : : M: CL ML L L . : " /  '

- ' u(x, y) =  (x2 — x)(y2 — y)exy. ; : .

Problem 4.3:

L iM  L :::;; , : 'M L

Problem 4.2 with u multiplied by 3 was used in [1]. The results for Problem 4.1-4.3
:  ̂ !

are given in Tables 4.1-4.3, respectively. We observe tha t (4.11) is globally 

optimal—third-order accurate for it, second-order accurate for Ux, uy, Uxy, and first-order 

accurate for it**, uyy. Furthermore, the method is superconvergent. We observe 

fourth-order accuracy at the nodal and collocation points of the u approximation, 

third-order accuracy at the Gauss points of the itx, uxy approximations, and 

second-order accuracy at the collocation points of the uXx, Uyy approximations.
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Table 4.1: Test Problem 4.1.
N

E n{N)
Maximum Absolute Error 
E C(N) E g (N) E À N )  . Rn(N)

Rate of Convergence 
B C(JV) R g (N) R g(N)

u
8

16
32
64

128

8.9801(-3) 
5.5107(-4) 
3.4275(-5) 
2.1396(-6) 
1.3368(-7)

1.6064(-3)
1.3808(-4)
1.0044(-5)
6.7560(-7)
4 .3 7 7 5 # )

1.0062(-2)
1 .0 4 8 8 # )
1 .2 4 3 1 # )
1 .5 2 7 5 # )
1 .9 0 0 1 # )

1.0734(-2)
1 .0 5 8 9 # )
1 .2 3 3 6 # )
1 .5 0 6 6 # )
1 .8 7 0 5 # )

4.0264 
4.0070 

v 4,0018 
4.0004

3.5402
3.7811
3.8940
3.9480

3.2621
3.0767
3.0247
3.0070

3.1016
3.0335
3.0097

Ux
8

16
32
64

128

3.0645(-l)
7.9805(-2)
2.0129(-2)
5.0430(-3)
1.2614(-3)

1.5107(-1) 
3.9759(-2) 
1 .0 0 5 4 # )  
2.5208(-3) 
6 .3 0 6 7 # )

5.2351(-2) 
6 .6 8 5 2 # )  
8 .3 2 2 5 # )  
1 .0 0 7 9 # )  
1.2294(-5)

1.7828(-1)
4.0774(-2)
1 .0 1 4 3 # )
2 .5 4 2 1 # )
6 .3 5 9 1 # )

1.9411
1.9872
1.9969
1.9992

1.9259
1.9834
1.9959
1.9989

2.9692
3.0059
3.0457
3.0354

2.1284
2.0071
1.9965
1.9991

Uy
8

16
32
64

128

6.2895(-l) 
1.6051(-1) 
4.0313 (-2) 
1.0089(-2) 
2 .5 2 3 1 # )

3.1673(-1)
8 .0 4 8 2 # )
2 .0 1 7 2 # )
5 .0 4 5 7 # )
1 .2 6 1 6 # )

1 .0 2 9 7 # )
1.2377(-2)
1 .5 3 1 0 # )
1 .9 0 8 7 # )
2 .3 8 4 3 # )

3.4237( 1)
8.0845(-2)
2 .0 3 1 7 # )
5 .0 8 6 0 # )
1 .2 7 1 9 # )

1.9702
1.9934
1.9984
1.9996

1.9765
1.9963
1.9992
1.9998

3.0566 
3.0151 
3.0038 
3.0010 ^

2.0823
1:9925
1.9981
1.9995

UXy
8

16
32
64

128

4.1939
1.0233
2.5421(-1)
6.3451(-2)
1.5856(-2)

1.8842

1.2630(-1) 
3 1675(-2) 
7 .9 2 5 1 # )

j 3.5255( 1) 
4.3419(-2) 
5 .2 7 4 0 # )  

,6 .3 4 8 0 # )  ,
7 .7 2 9 3 # )

2.1048
5 ,1 5 0 6 # )
1 .2 8 1 0 # )
3:1984(2),
7.9935(-3)

2.0351
2.0091
2.0023
2.0006

1.9174
1.9816
1.9955
1.9989

3.0214
3.0414
3,0545
3.0379

2.0309 
2^0075 ' 
2.0018 
2.0005

Uxx
8

16
32
64

128

8.3752(-l)
2 .4 1 8 2 # )
6 .2 6 6 4 # )
1 .5 8 0 7 # )
3 .9 6 0 6 # )

8.8193
4.4636
2.2363
1.1187
5 .5 9 4 0 # )

1.2608(4-1)
6.3381
3.1707
1.5855
7.9277(-l)

1.7922
1.9482
1.9871
1.9968

0.9824
0.9971
0.9993
0.9998

0.9922
0.9993
0.9999
1.0000

uyy
8

16
32
64

128

1.7452 
4.8877(-1) 
1 .2 5 6 6 # )  
3 .1 6 3 5 # )  
7 .9 2 2 6 # )

1.7762(+1) 
8.9405 
4.4743 
2.2376. 
1.1188

2.5256(4-1)
1.2678(4-1)
6.3417
3.1710
1.5855

1.8362
1.9596
1.9899
1.9975

0.9903
0.9987
0.9997
0.9999

0.9943
0.9994
0.9999
1.0000
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Table 4.2: Test Problem: 4.2,
N

E n ( N )
Maximum Absolute Error 

E C{ N )  E g { N ) E a ( N ) R n { N )
Raté of Convergence 

R c ( N )  R g ( N ) R a ( N )
u
8

16
32
64

128

8.0387(-6) 
5.1659(-7) 
3.2318 (-8) 
2.0278(-9) 
1.2673(-10)

3 .9893(6) 
3.1836(-7) 
2.2648(-8) 
1.5095(-9) 
9.7554(-l 1)

5.9111(-5) 
7.1286(-6) 
8.8470(-7) 

: 1.0988(-7) 
1.3678(-8)

5.9007(-5) 
' 7.0856(-6) 
8.7394(-7) 
1.0834(-7) 
1 .3 4 7 1 # )

3.9599 
' 3.9986 

3.9943 
4.0001;

3.6474
3.8132
3.9072
3.9518

3.0517
3.0103
3:0093
3,0060

3.0579
3.0193
3.0120
3.0076

ux 
8 

16 
32 
64 

128 ;

3.0966(-3)
7.9293(-4)

-1.9946(44)
4.9943(-5) 
1.2491(-5)

1.4460(-3) 
3 .8172(a) 
9.7742(-5): . 
2a717(-5)
6.2131 (-6)

3 .2965(a) 
: 4.5l90(-5) 
5.8853(-6) 
7.6538(-7) 
9.7703(-8)

1.7866(3)
4 .3149(a)
1 .0477(a)
2 .5 7 2 0 # )
6 .3 6 5 7 # )

1.9654;
1.9911
1.9978
1.9994

1.9215
1.9655
1.9834
1.9921

2.8669 ; 
2.9408 
2.9429 
2.9697

2.0498
2.0421
2.0262
2.0145

uxy
8

16
32
64

128

6.0757(-2) 
1.5687:(-2) 
3.9633(-3) 
9 .9409(a) 
2 .4877(a)

1.8954(-2) 
6.1571 (-3) 
1.7500(-3) 
4 .6647(a) 
1 .2044(a)

1.0791(-3) 
2 .4148(a) 
3.7963(-5) 
5.1875(-6) 
6.6840W

2 .9 0 1 8 # ):
7 .7 1 2 0 # )

• 1 .9 7 5 1 # ) 
4 .9847(a) 
1 .2509(a)

1.9535 
j 1.9848 

1.9953 
1.9986

1.6221
1.8149
1.9075
1.9535

2:1598
2.6692
2.8715
2.9563

1.9118
1.9652
1.9863
1.9945

Uxx
8

16
32
64

128

1.7586(-3) 
5.1618(a) 
1 .3644(a) 
3.4762(5)
8.7586(-6)

8.5555(-2)
4.3558(-2)
2.1963(-2)
1.1029(-2)
5 .5 2 6 5 # )

' 1.21b6(-l) 
6 .1 8 0 7 # ) 
3.1147#) 
1 .5 6 3 5 # ) 
7 .8 3 3 4 # )

1.7685
1.9196
1.9727
1.9887

0.9739
0.9879
0.9938
0.9968

0.9758
0:9887
0.9943
0.9971
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Table 4.3: Test Problem 4.3.
N Maximum Absolute Error f ! 

E n W  E c W  Eg(N) E<j(N)
Rate of Convergence 

Rn(N) Rc(N) Rg(N) Ra(N)
u
8

16
32
64

128

1.0650(-5) 1.0110(-5) 7.2999(^5) ' 7.3473(-5) 
6.8156(-7) 7.2852(-7) 9.0305(-6) 8.9816(-6) 
4.2602(^8) 4.8784(-8) 1.1189(-6) 1.1067(f6) 
2.6632(69) 3.1544(-9) 1.3916(-7) 1.3728(-7) 
1.6652(-10) 2.0050(-10) 1.7354(-8) n , 1.7096(-8) ;

3.9658 3.7946 3.0150 3.0322 
3.9998 3.9005 3.0127 3.0207 
3.9997 3.9510 310073 3.0111 
3.9994 3.9757 3.0034 3.0054

Ux 
8 

16 
32 

' 64 
128

5.0280(-3) 2.2877(-3) 3.6669(-4) 2.7729(-3) 
1.2763(-3) 6.0706(-4) 5.1244(-5) 6.7652(-4) 
3.2030(44) 1.5607(-4) ? v 6.6986(46) 1.6583(-4) 
8.0151(65) 3.9553(-5) ; 8.5375(-7) 4.0965(-5) 
2.0047(-5) 9.9551(-6) 1.0769(-7) l,0175(-5)

1.9780 1.9140 2*8391 2.0352 
41.9945 1.9596 2.9355 2.0284 

1.9986 1.9803 2.9720 2.0172 
; 1.9993 1.9903 2.9870 2.0093

UXy
8

16
32
64

128

6.1994(-2) 2.2336(2) 1.8096(-3) 3.0605(-2)
> 1.5794(-2) 6.6741(-3) : 2.9378(-4) 4 7.8975(43) ; 
3.9719(-3) l.822O(-3) 4.O755(-5) 1.9960(-3) 
9.9474(44) 4.76O4(-4) : 5.2934(-6) 5.0084(^4) 
2.4881(-4) 1,2168(-4) 6.6933(-7) 1.2537(-4)

1.9728 : 1.7427 2.6229 ; 4 1.9543 
1.9915 1.8730 2:8497 1,9843 
1.9974 1.9364 2,9447 1.9947 
1.9992 1.9680 2.9834 1 9982

Uxx
8

. 16 
32 
64 

128

3.8909(-3) 1.3563(-1) 1.9299(-1) 
1.0691(-3) 6.9497(42) 9.867O(-2) 

46 6 2.7720(-4) 3.5151(-2) 4.9859(-2) 
7 0356(-5) 1.7675(-2) 2.5061(-2) 

-  ' 6 4 - .a 1.7708(-5) 8.8635(43)1 1.2564(-2)

1.8637 0.9646 0.9679 
U  1,9474 0.9834 0.9848 

1,9782 0.9918 0.9924 
1.9903 0.9958 0.9962
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FOURTH-ORDER TW O -PO IN T BO U N D A R Y  VALUE PROBLEM

This chapter deals with the solution of the problem

« « (x )  - / ( * ) ,  x  G 10,1], ; (5.1)

it(0 ) — u (l)  =  V (0 ) =  V (l) == 0 . (5.2)

The developed method is generalized in Chapter 6  to solve the auxiliary biharmonic 

problem.

5.1 Derivation

First, we write (5.1) as the coupled system of equations,

u” (x) — v(x) , (5.3)

v"(x) = f (x ) ,  (5.4)

subject to the boundary conditions (5.2). Then we observe tha t (5.3) is the same as (3.1) 

with c =  0 and v replacing / ,  and (5.4) is the same as (3.1) with c =  0 and v  replacing it.

Thus, to solve (5.3) and (5.4) with the boundary conditions (5.2), we apply (3.8), and seek

Uh 6  S ÿ  and Vh € S2 such tha t [

h2 ;
uh(n) -  vhin) = i =  1 , . . . ,  N,  (5.5)

=  (5,6)
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Now, to  obtain an optimal method, we perturb the Neumann boundary conditions. 

Noting that — v \  equation (2.10) yields

?/(0 ) =  ur^(0 ) +  ^ v z(0 ), u'(l)  = «4 (1 ) +

Replacing Wh and « with Uh and Vh, respectively, and using the Neumann conditions in 

(5.2) gives the perturbed Neumann boundary conditions

A 2 - f U ? />2
+  Î 2 =  0, vfh(l)  4- ~ < (1 )  r= 0. (5.7)

Taking

N

m —1
: O - : ! ' ■ Î ?
N + l

m = 0

. (5.

(5.9)

and substituting into (5.5)—(5.7), and upon using (2.5) and (2.7), we get the linear system 

of equations
A d xl — B v  =  f i , : " • •' '

■-■-d (5.10)< : Av — f2 ,

C u  +  Ï 2 D v  ^

where A D is given in (3.12), and

U  =  [ « 1 , . . . , U n ]T \  V  == [« 0 , - • • , V N + l ] T ,
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f i  =  ~ 2 4  I / ( r i)>  • • • > / ( 7 isr)]T , h  —

1 - 2  1 

1  - 2  1

1 ; - 2  1
jVx(JV+2)

(5.11)

B =

1 6  1 

1 6

1 6  1
JVx(JV+2)

C =
2 0 ... 0 

0  . . .  6  —2
2xJV

(5.13)

1  - 1  0  0  

0 . . .  0 1 - 1
2x(AT+2)

(5.14)

5.2 Existence and Uniqueness

To show tha t the solution of (5.5)—(5.7) exists and is unique, we examine a more 

general problem that arises in Chapter 6 . Since the coefficient matrix is square, to show 

existence and uniqueness, we simply show tha t f i x )  — 0 implies u ^ x )  =  % (z) =  0. To
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tha t end, consider the problem

h2Uh{oc) =  u'h(a) +  — v'h{oi) = 0 , cr =  0,1, (5.15)

j^Xuh{ri) +  A +  1^ «{'(Tj) — ^-A  +  Vhin) =  0, (5.16)

jp^Vhin)  +  A +  1^ v'hin) — 0, (5.17)

i — 1, • • *, ■iV',

where we assume that

- 4  <  A <  0. (5.18)

Note that (5.7), (5.5), and (5.6) are equivalent to  (5.15), (5.16), and (5.17), respectively, 

with A =  0. Now, we take

N
Dt— ^  „ umBm(x )’ (5.19)

m=l

N + l

Vh(x) = T I  VmBm(x). (5.20)
m=0 .
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Note tha t Uh €  satisfies the Dirichlet boundary conditions. Substituting (5.19) and 

(5.20) into the Neumann boundary conditions and applying (2.5) and (2.7), yields

2  h ,  . ^
h Ul 1 2  ~* ~  ’

2 h .  . n
~ h UN 1 2  ^  ~  Vn+1' ~

After rearranging, we get

h2
m  =  — (^o -  v i), (5.21)

_Â
8h2

h2
UN =  ^ < v N+i — vN). (5,22)

Now, substituting (5.20) into (5.17) and using (2.5), gives

[vi-i +  6 vi +  Vj+i] 4- A +  8 ^ [vi-i — 2vi +  V£+i] =  0. (5.23)

Then collecting like terms and simplifying, we have

aini_i +  0 2  Vi 4- CLiVi+i =  0, i — 1,

where

o i — A 4- 6, 

0 ,2  =  4A — 12.

(5.25)

(5.26)
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Now, taking i =  l ,  iV an d  rearranging, (5.24) gives

Vo =  Vi — V2,ai

a>2
VJV+1 — VJV —ai

Now, using (2.5), we have

+ ^N-i + Bv* + v<+i].

Noting tha t (5.24) implies

{ V i - i  + V i + i )  =  ~ V i ,

and substituting into (5.29) and simplifying, yields

Q *  +  i )  Vfc(Ti) =  i = 1 , . . .  ,N ,

where
(A 4- 8 ) (A 4- ‘

b i  =  - A 4 - 6
>

Now, substituting (5.30) into (5.16) and multipying by 6 , we get

^ 2  [^3 ^ 1  + « 1^ 2] — — ^1^1  — 0, i — 1,

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.33)

(5.34)
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where

03  =  3 A — 18. (5.35)

Substituting (5.21) and then (5.27) into (5.33) and collecting like terms gives

~j^U2 ~  — =  0, (5.36)

where

62 =  A - 6 , (5.37)

V  (13A2 +  24A +  648) j Vr
64   Â T 'o  •

Similarly, using (5.22) and (5.28), equation (5.34) becomes

- ~ u n - i  —  —  0 (5.39)

Now, for i =  2, (5.32) becomes

^2 [0 2 ^ 2  -f oi'tos] — ~gVl ~~ Ï 6 y2 — (5-40)

where

63  -  - 3  (5.41)

1 1 A2 +  312A +  1800 . ..
65  =  ”  — ((A Mi) 1 (5'42)

after using (5.21) and (5.27) and simplifying. Similarly, substituting (5.22) and (5.28) into
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(5.32) for i — N  — 1 and collecting like terms, yields

^2 [O’l^JV-2 +  <Z2'M-Ar-l3 ~  — ~£VN ~  0 (5.43)

Clearly, (5.24) is equivalent to

h2[aiVi^i 4- a2Vi +  oiVi+i] =  0, i — 1 , . . . ,  N, (5.44)

Now, setting

u  =  [^2 , . • - , U iV -l] , V =  [v ii . . . , Ujv] ,

equations (5.32), (5.36), (5.39), (5.40), (5.43), aud (5.44) can be written as the linear 

system

Aun  — Byv =  0,

- A ^v =  0 ,

(5.45)

(5.46)

where and are, respectively, the iV x (AT — 2) and N  x  N  matrices

« 1

0 2  Oi

Oi 02 Oi

Oi 02 Oi

Ox 0 2  

Oi

64 2 6 2

2 6 3  65

36i

35i

&5 2 6 3

2 6 2  £>4

(5.47)
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Then multiplying (5.45) by v T and (5.46) by u T, gives

vt A„u — v TByV =  0, 

u TA jv  =  0 .

Since

0 = uTA^yr — (vt Ahu)t  = v TAuu,

(5.48) becomes ,

v t B v v  —  0 .

Using (5.47), we have

N —2 /.I:; T
2 ( 6 2  + bs)viV2 + 6 4 V1 + 6 5 fg 4- 361 ^2 vi 4~ + 6 4 + 2 ( 6 2  + 63)vjv—î jv

i=3

As —4 <  A <  0 , we have

32 <: 6 1  < 40, —10 < 6 2  < ~̂ 6 , —9 < 6 3  < —2,

108 < 6 4  < 380, 99 < 6 5  < 122.

Hence,

2 | ( 6 2  + 6 3 ) 1̂ ^ 2 1  < 38(vf 4-t»|),

which implies

2 ( 6 2  4- 6 3 ) ^ 1  V2  > —38(vf 4- V2 ).

Similarly,

,(5 .4 8 )

(5 .49)

(5 .50)

0. (5 .51)

(5 .52)

2 ( 6 2  4- 6 3 )ujv-iV jV  >  —3 8 ( y ^ _ 1 4- v%).
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So (5.51) becomes

N—2
0 (6 4  — 38)vj +  (6 5  -r- 38)^2 +  36i ^  ] vf  4~ (6 5  38)u^_j +  (6 4  — 38)v^. (5.53)

i—3

By (5.52), all terms axe positive. Hence,

v = 0.

Substituting into (5.45) and using forward substitution yields

u — 0.

Prom (5.21), (5.22), (5.27), and (5.28), we have

ui — 0, un =  0, vo =  0, vjv+i — 0.

Therefore,

Uh(x) =  Vh(x) =  0.

Note tha t thé existence and uniqueness implies th a t the coefficient matrix corresponding 

to  the problem (5.15)-(5.17) is nonsingular.

5.3 Solving the System

As written in (5.10), the coefficient matrix is

S  =

A D —B  

0  A

o  P (2JV+2) X (2N+2)
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If we rewrite the vector of unknowns as

W  =  [v0 , U i ,  V i , . .  . , U N , V N ,  V jv + l]

the coefficient matrix becomes

ci 02 —ci 0

bi 0 3  62 <21

cii 0 02 0 tii 0

oi 0 02 0 oi ? 0

oi bi 0,2 62 oi Z>i

oi 0 « 2  0 oi 0

tii Z>i 0 3  62 &i

h tii 0 02 til

C2 Ci —Ci

tii 61 02 62 til 61

S (5 .55)

where

Thus we have the system of linear equations

S'w =  r (5 .56)
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where

r  =  [o, —7 ^ f ( r i ) ’f ( r i) — 2^f"(iTi ) r "  • » 2 4 /(tzv)» / ( ta t ) j— — /"(Tiv), oj , (5.57)

which can be solved by a banded solver at a  cost of 0 { N )  operations. ;

5.4 Numerical Results

Three test problems were used to test the method. The same eight quantities given in 

Chapter 3 are given in Tables 5.1—5.4 for u,: ur, v, v*> vu. Note th a t v == un.

Problem 5.1:
u(x) =  x 2( l  — x)2 sm(7rx) . ,

Problem 5.2: i
u(x)  =  [1 — cos(27rx)]2.

Problem 5.3:
. u(x) — ex(x2 — x )2.

For Problem 5.1, we present the results of (5.5) and (5.6) using thé unperturbed 

Neumann boundary conditions t%(0) =  tt^(l) =  0 in Table 5.1, and the results using the 

perturbed boundary conditions given in (5.7) in Table 5.2. The results for Problems 5.2 

and 5.3 are presented in Tables 5.3 and 5.4, respectively. From Table 5.1, we see that, 

when using the unperturbed boundary conditions, it and v exhibit suboptimal 

second-order global accuracy. Furthermore, neither u  nor v  is superconvergent at the 

nodal or collocation points and u' is not superconvergent at the Gauss points. We do 

observe superconvergence of v' at the Gauss points and v" at the collocation points, that 

is, third-order and second-order accuracy, respectively. In contrast, the use of (5.7) results 

in optimal accuracy globally—third-order accuracy in u  and v, second-order accuracy in V 

and v' and first-order accuracy for v" —and the expected superconvergence
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results—fourth-order accuracy for the u and v approximations at the nodal and 

collocation points, third-order accuracy for the v! and v' approximations at the Gauss 

points and second-order accuracy for the v,f approximation at the collocation points.

Moreover,, the error is reduced for all values-of N  for each approximation with the ...

exception of V  and v"  which are unchanged. The results of Problems 5.2 and 5.3 similarly 

indicate global optimal accuracy and the same superconvergence phenomena.
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Table 5.1: Test Problem  5.1: U nperturbed BCs.
N

En(N) .
Maximum Absolute Error 
MC(N) Eg(N) EAN) Rn(N)

Raté of Convergence 
Rc(N) Rg(N) R,(N)

u
8

16
32
64

128
256

6.0318(-3) 
1.5280(-3) 
3.8313(-4) 
9.5851(-5) 
2.3967(-5) 
5.9920(-6)

6.1058(-3)
1.5326(-3)
3.8342(-4)
9.5869(-5)
2.3968(-5)
5.9921(-6)

6.0532(-3) 
1.5293(-3) 
3.8321(-4) 
9 5856(-5) 
2 3967(-5) 
5.9920(-6)

6,1072(-3) :
1.5327(-3)
3.8342(-4)
9.5870(-5)
2.3968(-5)
5.9921(-6)

1.9809
1.9957
1.9990
1.9997
1.9999

1.9941
1.9990
1.9998
1.9999 
2 .0 0 0 0

1.9848
1.9967
1.9992
1.9998
2 .0 0 0 0

1.9944
1.9991
1.9998
2 .0 0 0 0
2 .0 0 0 0

u'
8

16
32
64

128
256

2.7366(-2) 
6.5977(-3) 
1.6348(-3) 
4.0781(-4) 
1.0190(-4) 
2.5474(-5)

2.7640(-2)
8.0592(-3)
2.1576(-3)
5.5730(-4)
1.4157(-4)
3.5672(-5)

2.4719(-2) 
6.1603(-3) 
1.5353(-3) 
3.8348(-4) 
9.5859(-5) 
2.3966(-5)

2.7798(-2) 
8.0404(3) 
2.1457(-3) 
5.5341(-4) 
1.4048(-4) 
3.5388(-5)

2.0523
2.0128
2.0032
2.0008
2 .0 0 0 0

1.7780
1.9012
1.9529
1.9770
1.9886

2.0046
2.0045
2 .0 0 1 2
2 .0 0 0 2
1.9999

1.7896
1.9059
1.9550
1.9779
1.9891

V
8

16
32
64

128
256

5.9697(-2) 
1.2926(-2) 
3.1087(-3) 
7.6953(-4) 
1.9191 (-4) 
4.7947(-5)

5 2700(-2) 
1.2500(-2) 
3.0822(-3) 
7.6788(-4) 
1.9180(-4) 
4.7940(-5)

6.3095(-2)
1.3926(-2)
3.2701(3)
7.9203(-4)
1.9486(-4)
4.8326(-5)

6.2802(-2)
1.3898(-2)
3.2669(3)
79163(-4)
1.9481(-4)
4.8320(5)

2.2074
2.0559
2.0143
2.0036
2.0009

2.0759
2.0198
2.0050
2.0013
2.0003

2.1798
2.0903
2.0457
2.0231
2.0116

2.1760
2.0889
2.0450
2.0227
2.0114

vf
8

16
32
64

128
256

1.0832
2.6600(-1)
6.6204(-2)
1.6532(-2)
4.1319(-3)
1.0330(-3)

5.2543(-l) 
1.3234(-1) 
3.3089(-2) 
8.2687(-3) 
2.0665(-3) 
5.1654(-4)

2.2672(-l) 
2.8659(2) 
3.6092(-3) 
4.5311 (-4) 
5.6770(-5) 
7.1047(-6)

5.5978(-l)
1.3502(-1)
3.3442(-2)
8.3398(-3)
2.0835(-3)
5.2079(-4)

2.0258
2.0064
2.0016
2.0004
2 .0 0 0 0

1.9893
1.9998
2.0006
2.0004
2.0003

2.9839
2.9892
2.9938
2.9967
2.9983

2.0517
2.0134
2.0036
2 .0 0 1 0
2 .0 0 0 2

v"
8

16
32
64

128
256

4.0669
1.1284
2.9341(-1)
7.4587(-2)
1.8790(2)
4.7146(-3)

2.9447(4-1)
1.4686(4-1)
7.3341
3.6653
1.8323
9.1608(-1)

4.1598(4-1)
2.0792(4-1)
1.0391(4-1)
5.1938
2.5965
1.2982

1.8497
1.9433
1.9759
1.9890
1.9947

1.0037
1.0017
1.0007
1.0003
1 .0 0 0 1

1.0005
1.0008
1.0004
1 .0 0 0 2
1 .0 0 0 1
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Table 5.2: Test Problem  5.1: Perturbed BCs.
N

E n { N )
Maximum Absolute Error 
E C{ N )  E g ( N )  i E q( N ) R n ( N )

Rate of Convergence 
R c ( N )  R g ( N ) R q( N ) \

u
8

16
32
64

128
256

2.0406(-4) 
1.2375(-5) 
7.6811(-7) 
4.7926(-8) 
2.9941(-9) 
1.8712 (-10)

3.1185(-4) 
1.8731(-5) 
1.1601 (-6) 
7.2287(-8) 
4.5164(-9) 
2.8224( 10)

3.7130(-4)
4.1330^5)
4.8790(-6)
5.9290(7)
7.3O83(-8) 
9.0720(-9)

3.9593(-4) 
4.1611(-5) 
4.7481(-6) 
5.7950(-7) 
7.1663(-8) T 
8.9103(9)

4.0435
4.0100
4.0024
4.0006
4.0001

4.0573
4.0131
4.0044
4.0005
4.0002

3.1673
3.0826
3.0407
3.0202
3.0100

3.2502
3.1316
3.0344
3.0155
3.0077

u'
8

16
32
64

128
256

2.4943(-2)
6.1615(-3)
1.5356(-3)
3.8360(^-4)
9.5880(-5)
2.3969(-5)

7.9892(-3)
2.2828(-3)
6.7004(-4)
l,7970(-4)
4.6435(-5) •
1.1797(-5)

5.1267(-3) 
6.1590(-4) 
7.6211^5) 
9.4996(-6) 
1.1858(-6) 
1.4811 (-7)

l.497O(-2)
3.3933(3)
8.0922(-4)
1.9772(-4)
4.8875(-5)
1.2151(-5)

2.0173
2.0045
2.0011
2.0003
2.0001

1.8072
1.7685
1.8987
1.9523
1.9768

3.0573
3.0146
3.0041
3.0021
3.0010

2.1414
2.0681
2.0331
2.0163
2.0081

V
8

16
32
64

128
256

9.8103(-3) 
6.0291(-4) 
3.7523(15) 
2.3427(16) 
1.4638(17) 
9.1481(-9)

4.1234(-3) 
2.7283(-4) 
1.7507(-5) 
1.1086(-6) 
6.9746(8) 
4.3738(-9)

1.3590(-2) 
1.6194(-3) 
2.0003H ) 
2.492O(-5) 
3.1103(-6) 
3.8851 (-7)

1.3283(2)
1.5987(-3)
1.9720(-4)
2.4529(-5)
3.O6O2(-6)
3.8222(7)

4.0243
4.0061
4.0015
4.0004
4.0001

3.9178
3.9620
3.9811
3.9905
30952

3.0690
3.0172
3.0048
3.0022
3.0010

3.0546
3.0192
3.0071
3.0028
3.0012

v'
8

16
32
64

128
256

1.0832
2.6600(-l)
6.6204(-2)
1.6532(-2)
4.1319(-3)
1.0330(-3)

5.2543(-l) 
1.3234( 1) 
3.3089(2) 
8.2687(3)
2.0665(-3) : 
5.1654(-4)

2.2672(-l) 
2.8659(-2) 
3.6092(-3) 
4.5311 (-4) 
5.677O(-5) 
7.1047(-6)

5.5978( 1) 
1.3502( 1) 
3.3442(2) 
8.3398(3)
2.0835(-3)
5.2079(-4)

iV 2.0258 
9.0064 
2.0016 
2.0004 
2.0000

1.9893
1.9998
2.0006
2.0004
2.0003

2.9839
2.9892
2.9938
2.9967
2.9983

2.0517
2.0134
2.0036
2.0010
2.0002

v"
8

16
32
64

128
256

4.0669
1.1284
2.9341(-1)
7.4587(-2)
lV8790(-2)
4.7146(-3)

2 .9447(+l)
1.4686(4-1)
7.3341
3.6653
1.8323
9.1608(-1)

4.1598(4-1)
2.0792(4-1)
1.0391(4-1)
5.1938
2.5965 -
1,2982

1.8497
1.9433
1.9759
1.9890
1.9947

1.0037
1.0017
1.0007
1.0003
1.0001

1.0005
1.0008
1.0004
1.0002
1.0001
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Table 5.3: Test Problem  5.2. u;! T
N

En(N)
Maximum Absolute Error 
EC{N) - Eg{N) r Eq{N)

i h Rate of Convergence ' 
R n(N) RC(N) R g ( N )  ,Ra(N)

u
8

16
32
64

128
256

1.7871(-2) 
1.0030(-3) 
6.1692(-5) 
3.8542(-6) 
2.4099(-7) 
1.5060(-8)

2.5352(-2)
1.5805(-3)
9.8637(-5)
6.1619(-6)
3.85O7(-7)
2.4066(-8)

3:5373(-2) 
3.2141(-3) : 
3.6068H) 
4.3356(-5) 
5.2977(-6) 
6.5518(-7)

3.6595(-2) 
: 3.1395(-3) 
3.5594(-4) 
4.2671(-5) 
5.2136(-6) 
6.4465(-7)

. ■ . i  :v.;" i i-
4.1552, 4.0037 
4.0231 4.0021 
4.0006 4.0007 
3.9994 4;0002 
4.0002 4.0000

. ; '‘ -V-: -, ;
3.4602 3.5430 
3.1556 3.1408 
3.0564 3.0603 
3.0328 3.0329 
3.0154 3.0157

ur
8

16
32
64.

128;
256

2.0316 
4.5200( 1) 
1.1018(-1) 
2.7655(-2) 
6.9035(3) 
1.7259(-3)

8.3257(-l) 
2.2226(-l) i 
5.5592(-2) 
1.3809(-2) 
3.4529(-3) 
8.6298(-4)

4.8882( 1)
6.1077(-2)

; 7.6302(-3) 
9.5357(-4) . 
1.1919(-4) 
1.4898(-5)

1.1884 ;
2.3912(,1)
5.6485(-2)
l.3982(-2)
3.4836(-3)
8.7026(-4)

2.1683 1.9053 
2.0364 1.9993 
1.9943 2.0093 
2.0021 1.9997 
2.0000: 2,0004

! 4  :
3.0006 2.3132 
3.0008 2.0818 
3.0003 2.0143 
3.0001 2.0049 
3,0000 : ;2 W 1

V
8

16
32
64

128
256

3.1645 
1.7782(-1) 
1.0830(-2) 
6.7252(-4) 

, 4.1965(5) 
2.62180-6)

1.2124 
7.7977(-2) i  
4.8584(-3) 
3.0323(-4) 
1.8944(-5) 
1.1839(-6)

3.2889 
3.5410(1) v 
4.2502(^2) 
5.2497(-3)

: 6.5367(-4) 
8.1600(-5)

3.2562
3.4714(^1)
4.1823(^2)
5.1666(-3) i;
6.4320(-4)
8 .0 2 8 0 ( -r 5 )

y i !
4.1535 3.9587 
4.0373 4.0045 
4.0093 4.0020 
4.0023 4.0006 
4.0006 ,4.0001

...........-................ ■■■■]........ ......,■ y

I  ̂ I 
3,2154 3.2296 :
3.0586 3.0532 :
3,0172 3.0170 !
3.0056 3.0059
3:0019 3:0022

vr
8

16
32
64

128
256

2.4159
5.6670
1.3949
3.4739
8.6764(-l)
2.1705(-1)

1.0655 
2.7974 ... 
6.9845 u 
1.7411 : 
4.3451(-1) 
1.0853(-1)

7.0443
8.3544
1.0291
1.2815(-1)
1.6003(^2)
1.9999(-3) :

1.3356 y; 
2.9314 y ; 
7.0877 i t y  
1.7560 ; 
4.3785(-l) 
1.0943( 1)

2.0919 1.9294 
2.0224 2.0019 
2.0056 2.0042 
2.0014 2.0025 
1.9991 2.0014

- '........  . 'V

3.0759 2.1878 ; 
3.0212 2.0482 
3.0055 2.0130 ; 
3.0014 2.0038 
3.0003 2.0004 ;

>
8

16
32
64

128
256

9.8042(4-2)
3.1571(4-2)
8.3559(4-1)
2.1183(4-1)
5:3141
1.3297

6.2458(4-3)
3.1051(4-3)
1.5447(4-3)
7.7063(4-2)
3.8494(4-2)
1.9248(4-2)

8.7662(4-3)
4.3857(4-3)
2.1868(4-3)
1.0917(4-3)
5.4544(4-2)
2.7276(4-2)

1.6348 
1.9177 
1.9799 

y 1.9950 
U; 1.9988

i "'-v; • Î
; f- :

1.0083 0.9991 i 
1.0073 1.0040 
1.0032 1.0022 : 
i.o o i4  i.oQ ii : 
0.9999 0.9998 j
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Table 5.4: Test Problem  5.3.
N

En(N)
Maximum Absolute Error 
EC(N) Eg(N) Ea(N) Rn(X)

Rate of Convergence 
R C(N) R g(N) Rg(N)

u
8

16
32
64

128
256

2.9443(-5)
1.9083(-6)
1.1975(-7)
7.4979(-9)
4,6875(-10)
2.9302(-ll)

3.6619(-4)
2.5053(-5)
1.6335(-6)
1.0421(-7)
6.5794(-9)
4.1328(-10)

8.3389(-4)
1.0100(-4)
1.2330(-5)
1.5199(-6)
1.8857(-7)
2.3479(-8)

8.3740(-4) 
9.8476(-5) 
1.2043(-5) 
1.4897(6) 
1.8516(-7) 
2.3077(-8)

3.9476
3.9942
3.9973
3.9996
3.9998

3.8695
3.9389
3.9704
3.9854
3.9928

3.0456
3.0341
3.0201
3.0108
3.0056

3.0881
3.0316
3.0151
3.0082
3.0043

v!
8

16
32
64

128
256

6.2514(-2)
1.5853(-2)
3.9772(-3)
9.9517(-4)
2.4885(-4)
6.2215(-5)

2.3326(-2)
6.8496(-3)
1.8487(-3)
4.7977(-4)
1.2218(-4)
3.0825(-5)

5.9698(-3) 
8.2004(-4) 
l.O7!3(-4) 
l.368O(-5) 
1.7281(-6) 
2.1714(-7)

3.4245(2)
8.3700(-3)
2.0546(-3)
5.0804(-4)
1.2625(-4)
3.1466(-5)

1.9795
1.9949
1.9987
1.9997
1.9999

1.7678
1.8895
1.9461
1.9734
1.9868

2.8639
2.9364
2.9692
2.9848
2.9925

2.0326
2.0264
2.0159
2.0086
2.0045

v
8

16
32
64

128
256

2.1693(-3) 
1.3681(-4) 
8.5699(-6) 
5.3592(-7) 
3.3500(-8) 
2.0938(-9)

9.8179(-4)
6.3901(-5)
4.0843(6)
2.5829(-7)
1.6240(-8)
1.0181(-9)

9.5847(-3) 
1.2915(-3) 
1.6723(-4) 
2.1263(-5) 
2.6802(-6) 
3.3641(-7)

9.3264( 3) 
1.2577(-3) 
1.6371(-4) 
2.0867(-5) 
2.633ô(-6) 
3.3076(-7)

3.9870
3.9967
3.9992
3.9998
3.9999

3.9415
3.9677
3.9831
3.9913
3.9956

2.8917
2.9491
2.9754
2.9879
2.9940

2.8906
2.9415
2.9718
2.9862
2.9931

v'
8

16
32
64

1 2 8
256

9.1809(-1) 
2.2993(-l) 
5.7507(-2) 
1.4378(-2) 
3.5947(-3) 
8.9868(-4)

3.9065(-l) 
1.0632(-1) 
2.7669(-2) 
7.0533(-3) 
1.7804(-3) 
4.4721(-4)

5.1446(-2) 
6.5724(-3) 
8.2998(-4) 
1.0426(-4) 
1.3065(-5) 
1.6350(-6)

4.8664(-l) 
1.1896(-1) 
2.9377(-2) 
7.2970(3) 
1.8183(-3) 
4.5381(-4)

1.9974 
1 9994 
1.9998 
2 .0 0 0 0  
2 .0 0 0 0

1.8774
1.9421
1.9719
1.9861
1.9931

2.9686
2,9853
2.9929
2.9965
2.9983

2.0324
2.0178
2.0093
2.0047
2.0024

v"
8

16
32
64

128
256

9.7894(-l) 
2:6124(-1) 
6.7465(-2) 
1.7141(-2) 
4.3201(-3) 
1.0844(3)

2.3864(4-1)
1.2342(4-1)
6.2735
3.1623
1.5875
7.9537(-l)

3.4025(4-1)
1.7541(4-1)
8.9027
4.4845
2.2505
1.1273

1.9059
1.9532
1.9766
1.9883
1.9942

0.9512
0.9763
0.9883
0.9942
0.9971

0.9559
0.9784
0.9893
0.9947
0.9974
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A U X IL IA R Y  B IH A R M O N IC  PR O B L E M

This chapter extends the method developed in Chapters 4 and 5 to the solution of

—A2u(x, y) =  - f ( x ,  y) in fi,

(6.1)

u =  0 on 9S2, Dyu — 0 on Vx, Au =  0 on l’v,

■ -M i
where

=  {(x, a) : x G [0,1], a  =  0,1}, and Ty =  {(a, y) : y €  [0,1],ce =  0,1}.

6.1 Derivation

As in Chapter 5, we reformulate (6.1) as the coupled system

Au(x ,y )  — v(x,y) ,  ,

Av{x ,y)  — / (x ,y ) ,  

and then we rewrite the boundary condition

A u  =  0 on r y,

(6.2)

as

v  =  0. (6.3)
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We then seek and E 0  %  such that

-£uh(Ti, Tj) 4- ŶD̂.ÙyUh(tî, Ty) + y/tCri, ry)’ = ^/(n, Ty),
<6.4)

-Au^Cri^y) +  Ty) =  ~/(Ti, Ty) +  ^ A/ ( r i» Tj)> f f

— 1 , . . . ,  JV.

Note that (6.4) is the same as (4.11) with v in place of / .

Now we perturb the boundary conditions on T-c as in Chapter 5. The boundary 

condition it =  0 on 912 impHes D^u = 0 on r x. Hence, on T^, we have

V =  D^u  +  DyU — DyU,

- , '  ; " ; .Lb
which impUes that

DyU — Dyv, on Tx. (6.5)

Then replacing i% with in (2.10), and using (6.5) with v replaced with v^, yields the 

perturbed Neumann boundary conditions

h?
J^y^h "b -^DyVfi — 0, on Tx-

Then setting

N  N :

Uhfriy) =  5 2  52 u^ ^ S i{x )b ^  (y),m—l n=l 

N  JV+1

Vh(x, y) = 52 52 vm,n13m{x)Bn{y)i
m=l n=0

<6.6)

<6.7)

(68)
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and substituting into (6.4) and rearranging, we get

W

m=l n=l

JV JV

m=l n=l

JV JV+1
(6.9)

h 2

+  5 3  [Sm(Ti)]" (Tj)]/Ẑ m,n +  ^ 3  53-S ^m ,n  =  ^ [ / (n .T j) ,
m=l n=l m=l n=0

TV JV+1 JV V JV+1 . v a ;'.„:

-  5 3  [Sm(Ti)]" 5 3  Sn(7>-)Um,n -  5 3  Sm(Ti) 5 3  Bn (T̂ V™,i 
m—l  n=0 i7i=l ii=0

JV jy+i 124-53 53 = - f ( n , T j )  4 -  — A / ( T i ,  7 j ) ,
7n,=l n=0

(6.10)

JV JV ,2 Z) JV+i ,vi.U v :

53 sm(r<) 53^(0,)]^ + — 53 Sm(Ti) 53 Sn(a)ym,77 = 0, (6.11)
777=1  77 = 1 777=1 7 7 = 0

i i j  — 1 , . . . ,  JV; 0  =  0,1.

Now, using (2.5), (2,7), (2.if) ,  and (2.18), the set of equations (6.9)-(6.11) yields the 

linear system

AD <g> + (̂ -îH A d u  +  (B ^  ® B) v  =  fi,

Ab ® B  + V — f2, (6.12)

(BD ® C)u + = ( 5 °  ® D)v =  0,



where

U  (« 1 ,1  > * * • i Ù l yN ,  - - • W . J v F  >

v  =  [ui.o, * iVl,JV+lv  • • 1 VJV.O, • • • » VJV>+l]T ,

fi — [/i,i ». * • * >/i,AT’ * • * 5 /^ ,1 7  • • • » ~  24^^Ti’Tĵ

fà — [/l,l > • - ?/i;À > • - * > /at,!» *:* » /AT,iv]T’ f i j  ~

and A-0, B D, A, B, (7, and B  are given in (3.12), (3.13), (5.11), (5.12), (5.13), and (5.14), 

respectively.

6.2 Solving the System

Using (3.14) and (3.15) in (6.12) and simplifying, we have

h2

1

à 2

• -  \^ T  ® S +  +  / ) ® A l v  ^  f2, (6.13)
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Since (6.13) iis equivalent to

T  0 1  +  -  (T  4- 61) ® T- ( Z r  65 / ) ÿ  |

+ ( Z T ® / )  | ( | t  +  / )  ® sj (Z  ® 7 )(Z -i ® I ) v  =  (ZT ® /)f i ,

- (Z 2- ® /) T? t ® b  +

( ZT ® I ) [(5 T+')

{Z 0  I ^ Z - 1 0  7)v == (Z T 0  / ) f2, (6.14)

(Z ® 7 )(Z - i® 7 )u  

(Z ® 7 )(Z -1 ® /) v  =  0 ,

where ^  is given in (2.13)—(2.14) and 7 is the N  x  N  identity matrix, we can use (2.15) in

(6.14) to obtain the system

1

h? Ay 0  7 +  — (Ay +  67) ® 2 lj u  +  |  A t +  7^ ® s j  v  — fi,

( à Ar+/)^ 2  A t ® S  +  1 — A t +  7 ) ® A f2 , (6.15)

( ï ï A r  +  / ) c Gat+/)0 D v  =  0 .

where

5  =  ( Z - 1 ® /)u , v  =  (Z " 1 ® /)v , % == ( Z T ® /)f i, f2  =  (Z T ® / ) f2.



Since At  and /  are diagonal, we can decouple (6.15) into the N  linear systems

— ̂ 2  4-1^ r j  U| +  \

“  | ^ 2  5  +  ( 2 4 ^  +  1)  Vi =  fv2)) (6.16)

+ Y2 + 1 )  ^ Vi =

where

i — 1 , — , i\T,

Note that the last equation of (6.16) (which corresponds to the perturbed Neumann 

boundary conditions) has à common factor of +  1 ^ , which we divide out to  get

C'ùi 1 ^ D v i ^ Q .  (6.17)

Now, we combine (6.16) and (6.17) into the N  linear systems
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w here S  is th é  (2N 4- 2) x (2JV 4- 2) m atrix  given by

0

c

This leads to the following M a tr ix  D ecom position  A lgorithm : 

S te p  1 . Compute

S tep  2 . Solve the N  linear systems given in (6.18).

S tep  3. Compute

u  — (Z  <8 > /)ü , v  = (Z  ® I)v .

Since Z is composed of sines, FFTs can be used to perform steps 1 and 3 at a cost of 

0 ( N 2 log N )  operations. As written in (6.18), the coefficient matrix has no special 

structure, but it can be rewritten in the same form as (5.55). In this form, step 2 can be 

performed at a  cost of 0 ( N 2) operations, leading to a  total cost of p(JV? log N ) operations 

for the algorithm.

6.3 E x isten ce  a n d  U niqueness

Since both matrices Z  and I  are nonsingular, to show tha t the method produces a 

unique solution, all tha t is necessary is to show that each of the JV systems described by 

(6.16) produce a unique solution. Clearly, setting fh =  0, the second of (6.16) is the 

matrix—vector form of (5.17), and (6.17) is the matrix—vector form of (5.15). All tha t 

remains is to  show that the first equation of (6.16) is the matrix-vector form of (5 16).



The first equation in (6.16) is equivalent to the first equation in (6.12). Then applying

(3.14) and (3.15) to the first argument of each of the tensor products gives

^ T ® B D +  ( ' l r  +  / - ^ p T ) ® A D u + ( 1 t  +  .t) ® b 4  =  Ii . (6.19)

Setting fi = 0 multiplying by —1 and simplifying yields

Bv = 0 (6.20)

As in Section 6.2, we see tha t this system is equivalent to

[ i ^  ® B d  +  f  t- / )  © S  -  ( | a t  t / )  ® B v =  0, (6.21)

which can be written as the JV linear systems

[p A f B 0  +  i)  a 1’] a  -  {"iAf 4 -1 ) JKr =  0, (6.22)

for i — 1, . . . ,  JV. This equation is the matrix-vector form of (5.16).

6.4 Numerical Results

We demonstrate the accuracy of (6.4) and (6 .6 ) with the test problem from [1] Chapter

Problem 6.1:

u(x, y) =  sin(Trx) sin2 {ny).

Table 6 .1  contains the results for the approximation of u(x, y) and Table 6 . 2  contains the 

results of the approximation of v(x, y). Both tables have the same eight values discussed 

in Chapter 3. :'•••;  ̂ : ■ -

As seen in. the tables, the method produces. third-order accuracy globally for u  and v,
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second-order global accuracy for ux, uy, uxy, vx, vy, and vxy, and first-order global 

accuracy for uxx, uyy, vxx, and vyy. Furthermore, the method is superconvergent for the u 

approximation at the nodes and collocation, points, for, the uXi uyi uxy approximations at 

the Gauss points, and for the ùxx and uyy approximations a t the collocation points. The 

same is true for the n and its derivative approximations at corresponding points. Note 

tha t the error for vXx and vm  is rather large absolutely for any value of IV, however, it is 

relatively small.

In comparison, the global error reported in [1] Tables 5.3 and 5.4 for u  and 

respectively, is consistently smaller than the global error demonstrated by (6 .4 ) and (6 ,6 ) 

This is expected as the MNCSC method is fourth-order accurate globally and our method 

is only third-order accurate. However, the error at nodes and collocation points is 

comparable for u and v to  the global error. The same is true for the Gauss points of ux\ 

uy, uxy, vx, and Uxy when compared to  the global errof in [Ij.



Table 6.1: Test Problem  6.1. u(x, y)
N

En{N)
Maxîrmim Absolute Error 

EC(N) Eg (N) Eq{N) Rn{N)
Rate of Convergence 
. Rc(N) RG(N) RAN )

u
,;8=:!
16
32
64

128

2.1619(-3) 
1.3443(-4) 
8.3923(-6) 
5.2438(-7) 
3.2771(-8)

1.487Q(_3)
9.2940(-5) 
5.8068(-6) 
3.6289(-7) 

V 2 2 6 8 0 # )

3 .0 7 2 1 # )
3 .1 0 3 0 # )
3 .4 6 4 4 # )  
4 .0 7 5 2 # )  
4.9365(-7) j

3 .0 6 2 0 # )
3 .0 8 9 4 # )
3.4249(-5)
4 .0 1 7 4 # )
4 .8 6 1 1 # )

4.0074
4.0016
4.0004
4.0001

3.9999
4.0005
4.0001
4.0000

3:3074

s a - -
: 3,0453

3.3090
3.1732
3.0917
3.0469

"s
16
32
64

128

3l4125(-2)
9.7086(-3)
2.4993(3)
6.2933(-4)
1.576Ï(-4)

' 2.0945(-2) 
5.0991(-3) 
1.2650(-3) 
3.1562(-4) 
7.8866(-5) '

9 .5 3 3 6 # )
9 .8 8 8 1 # )
1 .1 1 1 6 # )
1 .3 0 8 9 # )
1 .5 8 6 7 # )

2.5710(-2)
5.3048(-3)
1 .2 6 6 7 # )
3 .1 7 6 8 # )
7 .9 4 8 3 # )

1.8135
1:9577
1.9897
1.9974

2.0383 
2.0111 
2.0029 
2 0007

3.2693 
3.1530 
3.0863 
3:0442 ■

2.2769
2.0662
1.9954
1.9988

uv
8

16
32
64

128

1.6491( 1) 
4.0575(“2) 
1.0106(-2) 
2.5241(-3) 
6.3087(-4)

7.8149(-2) 
2.00430-2) , 
5.0379(-3) 
1.2611(-3) 
3.1538(-4)

2 .4 8 5 1 # )
3 .0 6 6 1 # )
3 .8 1 8 7 # )
4 .7 6 8 9 # )
5 .9 5 9 8 # )

8.4853(-l)
2 .0 5 5 5 # )
5 .1 0 0 7 # )
1 .2 7 2 8 # )
3 .1 8 0 7 # )

2.0230
2.0054
2.0013
2.0003

; - . h -

:1.9631
1.9922
1.9981
1.9995

3.0189
3.0052
3.0013
3.0003

2.0455
2.0107
2.0026
2.0007

Uxy
8

16
32
64

128

6.5365(-l)
1.5971(-1)
3.9708(-2)
9.9135(-3)
2.4775(-3)

3.0292(-l) 
7.8444(-2) 
1.9767(-2) 
4 .9 5 1 3 # )  
1.2384(-3)

7 .7 8 3 1 # )
9 .6 2 4 5 # )
1 .1 9 9 4 # )
1 .4 9 8 1 # )
1 .8 7 2 3 # )

3 .3 4 0 3 # )
8 .0 7 7 3 # )
2 .0 0 3 4 # )
4 .9 9 8 7 # )
1 .2 4 9 1 # )

2.0330
2.0080
2.0020
2.0005

1.9492
1.9886
1.9972
1.9993

3.0156
3.0044
3.0011
3.0003

2.0480
2.0114
2.0028
2.0007

Uxx
8

16
32
64

128

5.4877(-2)
l.53O3(-2)
3 .9 2 8 8 # )
9 .8 8 7 2 # )
2 .4 7 5 9 # )

1.1088 
5 .5 8 4 7 # )  
2 .7 9 6 0 # )  
1.3984(-1) . 
6 .9 9 2 6 # )

1.5797 
7.9241(-1) 
3 .9 6 3 5 # )  
1 .9 8 1 9 # )  
9 .9 0 9 6 # )

1.8424
1.9616
1.9905
1.9976

0.9894
0.9981
0.9996
0.9999

0.9954
0.9995
0.9999
1.0000

U y y
8

16
32
64

128

4.6279(-l)
l.24O2(-l)
3 .1 5 3 4 # )
7 .9 1 6 3 # )
1 .9 8 1 1 # )

4.4718 
2.2376 
1.1188 
5 .5 9 4 2 # )  
2.7971(-1)

6.3359
3.1707
1.5855
7 .9 2 7 7 # )
3 .9 6 3 9 # )

1.8998
1.9756
1.9940
1.9985

0.9989
0.9999
1 .0 0 0 0
1 .0 0 0 0

0.9988
0.9998
1 .0 0 0 0
1 .0 0 0 0
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Table 6.2: Test Problem 6.1. u(x, y)
N

En{N)
Maximum Absolute Error 
EC{N) Eg (N) Rn(N)

Rate of Convergence 
RC(N) Rg(N) R9(N)

v
8

16
32
64

128

7.7085(-2) 
4.7255(-3) 
2.9391(-4) 
1.8347(-5) 
1.1463(-6)

2.5317(-2) 
1.6383(-3) 
i.0473(-4) 
6.6299(-6) 
4.1718(-7)

1.1322(-1)
1.2865(-2)
1.5444(-3)
1.8985(-4)
2.3565(-5)

1.1616(-1) 
1.2822(-2) 
1.5253(-3) 
1.8700(-4) 
2.3190(-5)

4.0279
4.0070
4.0018
4.0004

3.9498
3.9674
3.9816
3.9902

3.1376
3.0583
3.0241
3.0102

3.1794
3.0715
3.0279
3.0115

vx
8

16
32
64

128

9.6879(-l) 
2.8511(-1) 
7.3860(-2) 
1.8625(-2) 
4.6662(-3)

5.4996(-l) 
1.4654(-1) 
3.7177(-2) 
9.3279(-3) 
2.3341(-3)

3.5359(-l) 
4.0522(-2) 
4.8627(-3) 
5.9736(-4) 
7.4116(-5)

7.9654(-l)
1.5911(-1)
3.7729(-2)
9.4201(-3)
2.3543(-3)

1.7647
1.9487
1.9876
1.9969

1.9080
1.9788
1.9948
1.9987

3.1253
3.0589
3.0251
3.0107

2.3237
2.0763
2.0019
2.0005

V y
8

16
32
64

128

8.0521 
1.9976 
4.9841(-1) 
1.2454(-1) 
3.1131 (-2)

3.9290
9.9358(-l)
2.4889(-l)
6.2251(-2)
1.5564(-2)

1.2395
1.5169<-1)
1.8857(-2)
2.3559(-3)
2.9456(-4)

4.1051
1.0097
2.5143(-1)
6.2795(-2)
1.5695(-2)

2.0111
2.0029
2.0007
2.0002

1.9835
1.9971
1.9993
1.9998

3.0305
3.0080
3.0007
2.9996

2.0234
2.0058
2.0014
2.0004

Vxy
8

16
32
64

128

3.1984(+1)
7.8669
1.9586
4.8916(-1)
1.2226(-1)

1.5175(+1)
3.8852
9.7634(-l)
2.4439(-l)
6.1117(-2)

3.8819
4.7618(-1)
5.9228(-2)
7.4026(-3)
9.2545(-4)

1.6223(4-1)
3.9715
9.8775(-l)
2.4662(-l)
6.1635(-2)

2.0235
2.0059
2.0015
2.0004

1.9656
1.9925
1.9982
1.9996

3.0272
3.0072
3.0002
2.9998

2.0303
2.0075
2.0019
2.0005

Vxx
8

16
32
64

128

1.7534
4.6108(-1)
1.1683(-1)
2.9306(-2)
7.3327(-3)

3.2665(4-1)
1.6516(4-1)
8.2763
4.1403
2.0704

4.6711(4-1)
2.3457(4-1)
1.1735(4-1)
5.8681
2.9341

1.9270
1.9807
1.9951
1.9988

0.9839
0.9968
0.9993
0.9998

0.9938
0.9992
0.9998
1 .0 0 0 0

vyy
8

16
32
64

128

2.2297(4-1)
6.0834
1.5537
3.9050(-l)
9.7754(-2)

2.2049(4-2)
1.1042(4-2)
5.5212(4-1)
2.7606(4-1)
1.3803(4-1)

3.1248(4-2)
1.5646(4-2)
7.8241(4-1)
3.9122(4-1)
1.9561(4-1)

1.8739
1.9691
1.9923
1.9981

0.9978
0.9999
1 .0 0 0 0
1 .0 0 0 0

0.9980
0.9998
1 .0 0 0 0
1 .0 0 0 0
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Chapter 7 

BIH ARM O NIC DIRICHLET PROBLEM

In this chapter, we seek to extend the method developed in Chapter 6 to solve (1.2), 

that is, the biharmonic Dirichlet problem.

7.1 Derivation

Again, we start by rewriting (1.2) as the coupled system

- A u ( x ,y )  = -v (x ,y ) .

-A v (x ,y )  — - f ( x ,y ) ,

(7.1)

and imposing the same boundary conditions as in (1 .2 ). Now applying the scheme (4.11) 

to (7.1) and perturbing the boundary conditions as in Chapters 5 and 6 , we get

- A u h(ri, Tj) +  — D l D l u h(Ti, Tj) +  Vh(n, Tj) =  — /(Ti/Tj), (7.2)

- A v h{Ti, Tj) +  ~ D l D l v h(Ti,Tj) =  -  f i n ,  Tj) +  ^ A f i n . T j ) ,  (7.3)

h?Dxuh(a, Tj) +  — Dxvh(a, Tj) =  0, (7.4)

Dyuh (Ti,j3) +  ~ D yvh ( n , p) =  0, (7.5)

=  1 ,-..., AT; a ,P  = 0 ,1.
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This gives us 21V2 4- 41V equations and 21V2 +  41V 4 - 4 unknowns. Therefore, we impose the 

additional condition

i7fc( a f0) =  O, a, /? =  0,1, (7.6)

giving us 21V2 4 - 41V 4- 4 equations. We prove (7.6) starting from the fact tha t

v — D xu D y U .

Since it =  0 on «912, we have JD2it =  0 on Fx and DyU =  0 on Ty. Therefore, at the corners, 

we have « : - r:. ; ;.v

We introduce an alternative basis for S2 , {Sm} ^ o  where

f a n ,  m =  0 ,

S ^ , m  =  1,2 , . . . ,  IV, (7 7)

Sm, m =  IV 4-1. "

Note tha t we can convert from the new basis functions Bm to the basis functions Bm using

[£o,#i, . • •, BN,Bjsr+i] — [Bo, B±,. . . , % ,  Sjv+i]M,/ (7.8)
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w here

M  —

1 1

1

(7.9)

1

1  1
(JV+2)x(JV+2)

This can be seen using the definition of Bm and matrix-vector multiplication. It should 

also be noted tha t the matrix M  is nonsingular.

Now we take ' . "  ' ;

N  N

uh == ^  ^   ̂um,nJ3^x)Bn (y),
m=l n—1

jv+i JV+i . _
Vh — ^ 2 / 1 •

... m=0 n=0

(7.10)

(7.11)

We rewrite Vh in the equivalent form

JV JV+1 _ _ JV+1 _ _

vti — ^ 2  0 2  vm,n&Tn(x)Bn(y) +  5 3  'vm,nSm(x)Sn(y). (7.12)
m==l n=0 m=0,JV+l n=0

Then substituting (7.10) and (7.12) into (7.2), (7.3), (7.4), (7.5), and (7.6), we hâve

J jv ' ’ N N

-  2 Z  iBm(Ti)I" 5 3  (T j)«m,n -  ^  B m (n )  X ) ( S f  (T,)]"»m,n
m=l n=l m=l n—1, ,

, 2 JV " , JV   ' ' ' JV _  ' JV+1 _

+  12 ^  [Sm(Ti)]"53{Sn (7j)]"'Mm,n +  Srn(Tf) ^  B n (T j)vm ,n
771= 1 7 7 = 1  171— 1 . 7 1 = 0

■ '■   ' JV+ 1 __ ^ 2  .
+  ^   ̂ Bmirù  ^  1 Bn{Tj}Vm,n ~

7 7 7 = 0 ,JV+1 7 7 = 0

(7.13)
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N  N + l  N  _____ N + l  ____

— ^   ̂^m (Ti) 5 3  ^n (Tj ) vm,n ~  ^   ̂ ^   ̂^n (Tj ) vm,n
m—l n==0 m—l  n=0

, 2 ^  JV+1 ! JV+1 _

+ Ï5  E  Bm(^) E  K(Tj)vm,n -  E  % (^) E  (7.14)
771—1 n=0 771=1,JV+1 71=0

JV+1 i 2 JV+1
1 3  Bm (rj) +  —  5 3  S "(T i) 5 3  B"(T ,)ym,n

7 7 1 = 1 , JV+1 7 1 = 0  7 7 1 = 1 ,JV+1 7 1 = 0

=  -/(n .-T j) +  ^ A /(T i,T j) ,

+ g  £  ^ , ( 7 7 ) ^  ; (7.15)
771=1 7 7 = 1  771= 1 i : i 7 1 = 0  •

_  JV + 1  _

+  ^  ^ &rn{Ti) ^   ̂ (Tj)^m,7i =  0 ,
7 7 1 = 1 ,JV + 1  7 1 = 0

JV JV ,2 JV _  JV+1 _

53 Sm(n) 53[8®(r:()]'«m,n+ ^ 5 3  fw b )  53 ^ x »  (7.16)
771= 1 7 1 = 1  771= 1 " 7 1 = 0

^  r? iV+i ^

+  ^  ] &Tn{Ti) y  y ^n{Tj ) vm,n = 0 ,
7 7 1 = 1 ,JV + 1  7 1 = 0

Ï-':ï S  jv  _  j v + i  _  < —  : j v + i  _  : o v

53 Bm(“ ) 53 + 53 53 ^ ( ^ . n  = o, (7.17)
72-— 72%=l , J V- f - l  . 71=^0

i ,J  =  1 , . . .  ,7V; a,/3 = 0,1.

Now, by definition Sm =  for m =  1 , . . . ,  JV- So by (2.3) and (2.6), equation (7.17)

reduces to  ‘ ^  ̂ \
= ^  Jv+i ^

5 3  e m(a) 5 3  =  0, a, 0  = 0 ,1- (7.18)
77 1 = 1 , JV + 1  7 1 = 0  ^
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Upon using {2.5), (2.7), (2.17) and (2.18), (7.13)-(7.16), and (7.18) become the linear 

system of equations

Ad O B d +  ( b d -  0  ADj u  +  0 b )  V +  ( B 0 B ) v* =  fi, (7.19)

v* =  f2, (7.20)

(Bd 0C7) ù + g  ( b d  0 B ) v + ^  ( B 0 B>) v* =  0 , (7.21)/i2

(C  0  B ^ ) u  if ^  (C  0  B ) v  +  ^  (G  0  B ) v* =  0 , (7.22)A2

( f f 0  J)v* =  0, (7.23)

where

v  =  (vi.o, *. •, yi,jv+i, , vjv.o, - -, vjv.jv+i ]^ ,

V* =; [vo.o, . . : , Vo,JV+1, VJV+1,0, -  ̂• , V N + l,N + l]T ,
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f   ' [ >(2) r(2) f(2) t(2) /]T ■ jt(?)12 — L/1,1 » * • * » * ' * » / JV,1 ’ • * • ’ JN,Ni ’ •'i,j

A==

1  - 1

-2 1

1 - 2  1

1 - 3  1
J  N x ( N + 2 )

S  =  l

1 5 1
1 6

1 6 1 

1 5  1
JVx(JV+2)

- 1  2  0  . . .  0  

0 . . .  0 - 2  1
2x(JV+2)

1 0 i 0

0 0 0 0

B-l : : F = h ;
:

0 0 0 P
0 1 0 1

Nx.2 N x 2



0 0 ... 0 1
2x(JV+2)

and A d , B d , and C are given in (3.12), (3.13), and (5.13), respectively.

7.2 Solving the  System

We seek to  solve (7.19)-(7.23) using the Schur complement approach as in [1]. We 

begin by rewriting (7.19)-(7.23) as

- f i
u

+ s 12y* — *2
V

0

-  g, (7.24)

S21
u

+  522V* — 0 , (7.25)

where S'il is the (2 AT2 +  2N) x (2N 2 +  2 iV) matrix
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S 12 is the (2N 2 +  2N) x (2N  +  4) matrix

'S'12

E ® B

- F & B  +

and <9 2 1 , S22 are, respectively, the (iV2 +  2jV) x (2N 2 + 2N ) and (2N  +  4) x (2N  4- 4) 

matrices , , .

=

, 2
c ® b d — c o b

«S'22 =
12

C O B

B O  V

Now, using (3.14) and (3.15), the matrix S u  can be rewritten as

S n  =

h2 r o / + > - ( r  +  6 / ) o ro Gt,/)O B

Zi2T O B  +

(iT+') oc
^  Z l 
12 G t + ' )

O B

This is the same coefficient matrix as in the system (6.13) with the matrices A, B , and D  

replaced by A, B, and B , respectively. Using (7.8), we have

s}?  =  S u it , (7.26)
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w here

R  = r ® 1 0

0  I<8> M ,

is the coefficient matrix in (6.13), M  ià given in (7.9), and I  is the N  x N  identity 

matrix. Note that since M  is nonsingular, the matrix R  is nonsingular, and we know from 

Chapter 6  tha t the matrix is nonsingular. Therefore, the matrix S'il is nonsingular. 

From (7.24),
u

Then substituting into (7.25), we have

(7.28)

n  (g -  Si2v*) +  S22V* =  0 ,

from which it follows that

( S i i S ^ S u  -  S22) V* =  S a iS ^ g . (7.30)

This leads to the following algorithm:. 

S tep  1. Compute

r  =  S2 iS 111g.

S te p  2 . Solve

2 1S1/ S 12 — v =  r.

S te p  3. Compute u  and v  using

S'il
u

v
=  g — S 12V*.
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The matrix S'f115 i2 is formed one column at a time and the vector S 'f/g  is computed 

similarly using the M a tr ix  D ecom position  A lg o rith rn  from Chapter 6 . If implemented 

with FFTs, the MDA can be performed at a cost of 0 ( N 2 log IV) operations. This means 

that step 2  (the dominant cost) can be performed at a cost of O(TV3 log N )  operations.

7.3 N u m erica l R esu lts  ;u - :

Five test problems are considered to  demonstrate the accuracy of (7.2)—(7.6). In the 

first three problems, u(x, y) is symmetric, tha t is

u{x, y) = u{y, x), j

thus, the results for the ^-derivatives are exactly the same as the corresponding 

^-derivatives, so only the x-derivatives are given in the tables. For the last two problems, 

the closed form solution is not known.

P ro b lem  7.1 î

u(x,y)  — [1 — cos(27rx)] [1 — cos(27ry)].

P ro b lem  7.2:

u(x, y) = sin2 (27rx) sin2 (27ry).

P ro b lem  7.3:

u(x,y)  =  exy(x2 — x)2(y2 -  y)2.

Problem 7.1 was used in [1] and [7] for the biharmonic Dirichlet problem. The results for 

u and v are given in Table 7.1 and Table 7.2, respectively. The results of Problem 7.2 for 

u and v are presented in Tables 7.3 and 7.4, respectively. For Problem 7.1 and 7.2, the 

results are globally optimal for u and v, tha t is, they exhibit third-order accuracy for u 

and «, second-order accuracy for ux, uxy, vx, and vxy, and first-order accuracy for uxx and 

vxx. Furthermore, we see that for u and y the approximations at the nodal and collocation



points are fourth-order accurate, the approximations of itx, uxy, and vx are third-order 

accurate at the Gauss points, and the uxx and vxx approximations are second-order 

accurate a t the collocation points. Based on the results of previous chapters, we expect 

third-order accuracy at the Gauss points for vxy, but this was not observed.

For Problem 7.1 in comparison, the maximum global error reported in [1] is smaller 

than the global error of our method since the MNCSC method is globally fourth-order 

accurate. However, the maximum error a t the nodal and collocation points of u and v and 

the Gauss points of ux , u ^ ,  and vx are comparable to the global error in {!]'

Problem 7.3 was used in [1 1 ]. The results are given in Table 7.5 for u and Table 7.6 for 

v. Here, the accuracy of (7.2)-(7.6) is different. The results exhibit the same globally 

optimal behavior for it as in Problems 7.1 and 7.2. Also, u, ux , uxy, and uxx demonstrate 

the same superconvergence results as in Problems 7.1 and 7.2. However, v and its 

derivatives have none of the superconvergence results tha t would be expected. 

Furthermore, vxy is globally first-order accurate, when second-order accuracy is expected. 

A similar loss of accuracy was observed in [2 ] when the MNCSC method was generalized 

to non-homgeneous boundary conditions and Abushama and Bialecki state that this 

phenomenon has also been observed in the method of [7].

Problem 7.4:
y) = 1 , x ,y  e  Vt.

This problem corresponds to  the bending of a square clamped plate under a  uniform load 

[7]. Table 7.7 gives the computed values of deflection -14(0.5,0.5) and the bending moments 

Me(1,0.5) and My(0.5,1), where M x =  —A u  and My = —A u  on the vertical and 

horizontal sides of dQ, respectively. Comparatively, [7, Table 4] has the values 

u(0.5,0.5) =  0.0126531908, M r(l,0 .5) =  -0.0513337647, and My(0.5,1) =  -0.0513337647 

for TV =  128. We observe comparable results.
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Problem  7.5:

=  <
l/(4Zi2), if ja; — 1/2| < /i and |$/— 1/2| <  Zi, 

0 , otherwise.

This problem models the bending of a square clamped plate under a load of 1 

concentrated a t the center [7]. The computed values of the deflection a (0.5,0.5) and the 

bending moment My(0.5,1 ) are presented in Table 7.8. In [7], the corresponding values . 

are reported in Table 6  as, u(0.5,0.5) =  0.00560424025 and My(0.5,1) == —0.125750723 for 

N  — 128. We again see comparable results.



Table 7.1: T est Problem  7.1 tt(a% y).
N Maximum Absolute Error vr. 

Sn(jV) S C(JV) S G<AT) ' E h(N)  :
Rate o f Convergence 

Rn(N) Rc(N)  R g (N)  R g(N)
u
8

16
32
64

128

1.5762(-2) 5.7382(-3) 1.7880(-2) 1.8282(^2)  ̂
9.8706(-4) 3.6825(-4) ' 1.7189(^3) 1.7329(43) 
6.1707(-5) 2.3169(-5) 1.8454(-4) : 1.8371(-4) 
3.8569(-6) 1.4506(-6) 2.1359(-5) 2.1147(-5) 
2.4106(-7) 9.0705(-8) 2.5651(-6) 2.5314(-6)

3.9971 3.9619 3.3788 3.3992 
3.9996 3.9904 3.2194 3.2377 
3.9999 3.9975 3.1111 3.1189 
4.0000 3.9993 3.0578 3.0624

Ux
8

16
32
64

128

6.3436(-l) 3.1352(-1) 1.0254(-1) 3.3879(-l) 
1.6078(-1) 8.0273(-2) 1.2370(-2) 8.1114(-2) 
4.0329(-2) 2.0158(-2) 1.5308(-3) . : 2.0333( 2) 

: 1.0090(-2) 5.0448(-3) 1.9086(-4) : 5J0870(-3) 
2.5231(-3) 1.2615(-3) 2.3842(-5) 1.2720(3)

1.9802 1.9656 3.0514 2.0624 
1.9952 1 9936 3.0144 1.9961 
1.9988 1.9985 3.0037 1.9989 
1.9997 1.9996 3.0009 1.9997

UXy 
8 

16 
32 
64 ' 

128

4.2526 1.8436 3.2164(-1) 2.1601 
1.0264 4.9596(-l) 3.9644(-2) 5.1818(-1) 
2.5440(-l) 1.2612(-1) 4.8802(-3) : 1.2829(-1) . 
6.3463(-2) 3.1664(2) 6.0467(-4) 3.1996^2) 
1.5857(-2) 7.9244(-3) 7.5238(-5) - - 7.9943( 3)

1 V

1 - : 'i'. ' 4' 4  / 
2:0507 1.8942 3.0203 2.0596 
2.0125 1.9754 3.02214 2.0140 
2.0031 1:9939 3.0127 2.0034 
2.0008 1.9985 3.0066 l 2.0009

uxx
8

16
32
64

128

1.7848 1.7788(4-1) 2.5282(4-1) 
4.9434(-l) 8.9421 1.2680(41) 

0 1.2614(-1) 4.4744 6:3418 
■ 3.1669(2) 2.2376 3.1710 

‘ 7.9249(-3) 1.1188 1/5855

1.8522 0.9922 0.9956 
1.9705 0.9989 0.9996 
1.9938 0.9998 0.9999 
1.9986 0.9999 1.0000



Table 7.2: Test Problem  7.1 v(x,y).
N Maximum Absolute Error 

En{N) 1 E U m  :Eg (N) i A E ^ N ) f
Rate of Convergence 

Bn(N) RC(N) Rg(N) RAN )
V
8

16
32
64

128

7.3662(-1) 2.9702(-l) 7.7105(41) : - 8.0394(-l) 
4.5314(-2) 2.1486(-2) 8.1849(42) ; 8.2819(-2) 
2.81980-3) 1.3675(-3) 9.2347(-3) 9 .2252(3) 
1.7604(-4) 8.5423(-5) 1.1031(-3) f i 1.0931(-3) 
1.0999(-5) 5i4275(-6) 1.3474(-4) t 1.3303(-4)

i 4.0229 : 3.7891 3.2358 ; 3.2791 
4.0063 3.9738 3.1478 3.1663 
4.0016 4.0008 3.0655 3.0771 
4.0004 3.9763 3,0333 3.0386

vx
8

16
32
64

128

3.7045(4-1) 1.8425(4-1) 6.1307 2.0498(4-1) 
9.4960 4.7413 7.6676(-l) 4.7880 
2.3867 1:1928 9.6516(-2) 1.2031 
5.9744(-l). 2.9868(-l) l,1791(-2) 3.0118(-1) 
1.4941(-1) 7.47Ol(-2) l.4463(-3) ; 7.5321(-2)

! ^  . 
A ' . c  : A  

1.9639 1.9583 2.9992 2:0980 
1.9923 1.9909 2.9899 : 1.9927 
1.9982 1.9977 3.0331 1.9981 
1.9995 1.9994 3.0273 1.9995 ;

VXy  
8  

■ 16 
32 
64 

128

3.3374(4-2) 1.4710(4-2) 6.0225(4-1) 1.6898(4-2) 
8.0965(4-1) 3.9241(4-1) 9.7382 ; ; 4.0843(4-1) 
2.0082(4-1) 9.9626 1.8723 1.0125(4-1) 
5.0106 2.5003 4.3500(-l) 2.5261 
1.2520 6.2570(-l) ‘ 1.0819(-1) 6:3119(-1)

■ ■■ ■ .................■ ■ ' -  ;.....!

2,0433 1.9063 2.6286 2:0487 
2.0114 1.9778 2;3789 2.0121 
2.0029 1.9944 2,1057 2.0030 
2.0007 1.9986 2.0075 2.0007

Vxx
8

16
32
64

128

1.0193(4-2) 1.0502(+3) 1.4956(4-3) 
2.8842(4-1) 5.2925(4-2) 7.5082(4-2) 
7.4348 2.6493(4-2) 3,7554(4-2) 
1.8729 1.3250(4-2) 1.8778(4-2) 
4.6913(-1) 6.6254(4-1) 9.3892(4-1)

Ï  ; - A • 
1.8213 0.9887 0.9942 
1,9558 0.9984 0.9995 
1.9890 0.9996 0.9999 
1.9972 0.9999 1:0000 i
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Table 7.3: Test Problem 7.2 u(x ,y).
N

E n(N) -
Maximum Absolute Error 
EC(N) E g (N) E 9(N) ' Rn(N)

Rate of Convergence 
Rc(N) R g (N ) :R^(N)

ÎZ
8

16
32
64

128

5.0092(-2) 
3.1276(-3) 
1.9548(-4) 
1.2320(-5) 
7.7153(-7)

1.963l(-2)
1.4144(-3)
9.1689(-5)
5.7859(6)
3.6255(-7)

4.0108(-2) 
4.1601(-3) 
4.0778#) 
4.5033(-5) 
5.2686#)

4.8745(-2) ; 
4:2504(-3) 
4:1095#) 
4.4816(-5) ' 
5.2153#)

4.0015
4.0000
3.9880
3.9971

3.7949
3.9473
3.9861
3.9963

3.2692
3.3507
3.1787
3.0955

3.5196
3.3706
3.1969
3.1032

Wgj
8

16 i 
32 
64 

128

1.2559 
3.2141(-1) 
8.0654(-2) 
2.0181 (-2 ) 
5.0462(-3)

5.7200(-l)
1.6046(-1)
4.0368(2)
1.0093(2)
2.5233(-3)

4.9797(-l)
5.4574(-2)
6.3933(3)
7:7851(-4) 
9.6252#)

7.6096#)
1.7265#)
4.O839(-2)
1.0183(-2)
2.5445(-3)

1.9662
1.9946
1.9988
1.9997

1.8338
1.9909
1:9998
2 .0 0 0 0

3.1898
3.0936
3.0378
3.0158

2.1400
2.0798
2.0037
2.0007

Uxy
8

16
32
64

128

2.0071(+1)
4.2726
1.0277
2.5447(-l)
6.3468(-2)

5.7819 
1.9355 
5.0266( 1) 
1.2656( 1)
3.1692(-2)

3.0367 
3.9774(-l) 
4.4041(-2) 
5.1418(-3) 
6.2060(4)

1.0714(4-1) 
2.1789 
5.1938#) 
1.2836( 1) 
3’2001(-2)

2.0138 
2.2319 
2.0558
2.0138 
2.0034

; 1.5789 
1.9450 
1.9898 
1.9976

2.9326
3.1749
3.0985
3.0506

2.2978
2.0688
2.0165
2.0041

uxx
8

16
32
64

128

5.2149 
1.8390 
4.9789(-l) 
1.2636( 1) 
3.1683(-2)

3.3703(4-1)
1.7791(4-1)
8.9420
4.4744
2.2376

4.8557(4-1)
2.5285(4-1)
1.2680(4-1)
6.3418
3.1710

> 1.5038 
1.8850 
1.9783 
1 9958

0.9217
0.9925
0.9989
0.9998

0.9414
0.9957
0.9996
0.9999



Table 7.4: T est Problem  7.2 v(x, y).
: n Maximum Absolute Error 

Enm  EC(N) Eg(N) Eq(N) Rn(N)
Rate of Convergence 

Rc(N) Rg (N) R ,(N )
V  
8  

16 i
32
64

128

1.1952(4-1) 
7.1282(-1) 
4.3802(-2) 
2.7251(-3) 
1.7012 (-4)

2.2826 
2.9491( 1) :
2.l478(-2)
1.3680(-3)
8.5886(-5)

8.9790 1.1408(4-1) 
7.7793(-l) 8  O384(-l) 
8.2163(-2) 8.3116(-2) 
9.25O4(-3) 9.2403( 3) : 

; 1.1045(-3) 1.0946(-3)

4.0676
4.0245
4.0066
4.0017

2.9523
3.7794
3.9727
3.9935

3.5288
3.2431
3.1509
3.0661

3.8270
3.2737
3.1691
3.0776

vx
8

16
32
64

128

2.5508(4-2) 
7.4434(4-1) 
1.9014(4-1) 
4.7748 
1.1950 i

1.2632(4-2) 
3.7399(4-1) 
9.5249 
2.3886 
5.9756(-1)

1.1491(4-2) 1.8753(4-2) 
1.2514(4-1) ‘ 4.1513(4-1) 
1.5620 9.6163 
1.9459(-1) 2:4076 
2.3673(-2) . v 6.0245(-l) .

1.7769
1,9689
1.9935
1.9985

1.7560
1.9732
1.9955
1.9990

3.1990
3.0021
3.0048
3.0392

2,1755
2 .1 1 0 0
1.9979
1.9987

V Xy
8

16
32
64

128

5.9084(4-3)
1.3373(4-3)
3.2401(4-2)
8.0338(4-1)
2.0043(4-1)

1.7512(4-3)
6.0310(4-2)
1.5815(4-2)
3.9933(4-1)
1.0007(4-1)

1.1787(4-3) 3.1230(4-3)
: 2.4532(4-2) : 6.7822(4-2) 
3.9318(4-1) 1.6352(4-2) - 
7.5032 : 4.0510(4-1) 
1.7395 i 1.0105(4-1)

2.1435
2.0452
2.0119
2.0030

1.5379
1.9311
1.9857
1.9966

2.2644
2.6414
2.3896
2.1089

2.2031 
2.0523 
2.0131 
2 0033

Vxx
8

16
32
64

128

1.0246(4-3)
4.0989(4-2)
1.1544(4-2)
2.9741(4-1)
7.4918

7.6530(4-3) 111209(4-4) 
4.2021(4-3) 5.9836(4-3) 
2.1171(4-3) 30033(4-3) 
1.0597(4-3) l 1.5022(4-3) 
5.3000(4-2) . 7^5112(4-2)

1.3218
1.8281
1.9566
1.9891

0.8649
0.9890
0.9984
0.9996

0.9056
0.9945
0.9995
0.9999



Table 7.5: Test Problem  7.3 u{x, y).
N

E n ( N )
Maximum Absolute Error 

E C( N )  E g { N ) E q { N ) R n { N )
Rate of Convergence 

R c { N )  R g ( N ) R«(M)
: ■ U 

8  
16 
32 
64 

128

2.1741(-6) 
1.6898(-7) 
8.6746(-9) 
5.2297(-10) 
3.2677(-ll)

1.1925(-5) 
7.5968(-7) 
4.8003(-8) 
3.0080(-9) 
1.8811(-10)

2.8637(-5) 
3.3899(-6) 
4.1226(-7) 
5.0841(-8) 
6.3143(-9)

2.8722(-5) 
3.2985(-6) 
4.0316(7) 
4.9871(-8) 
6.2026(-9)

3.6854
4.2839
4.0520
4.0004

3.9725 
- 3.9842 

3.9963 
3:9992

3.0786
3.0396
3.0195
3.0093

3.1223
3.0324
3.0151
3.0073

V'x
8

16
32
64

128

2.1239(43)
5.3353(-4)
1.3354(-4)
3.3380(-5)
8.3463(-6)

8.1773(-4) 
2.3524(-4) 
6.2885(-5) 
1*6211 (-5) 
4.1134(-6)

1.9743(-4)
2.4769(5)
3.0438(-6)
3.7520(-7)
4.6503(8)

; 1.1796(-3)
2.8162(-4) 
6,8771(-5) 
1.7006(-5) 
4.2291(-6)

1.9931
1.9983
2 .0 0 0 2
1.9998

1.7975
1.9034
1.9557
1.9786

2.9947
3.0246
3.0201
3.0123

2.0665
2.0339
2.0158
2.0076

8
16
32
64

128

9.5024(-3) 
2.3022(-3) 
5.8230(-4) 
1.4553(-4) 
3.6378(-5)

4.2115(-3) 
1.1783(-3) 
2.8993(-4) 
7.2695(-5) 
1.8185(-5)

1.4110(-3) 
1.6803(-4) 
2.4146(-5) 
3.5543(-6) 
4 7944(-7)

5.6978(-3) 
1.2405(-3) 
3.0479(-4) 
7.4864(-5) 
1.8532(-5)

2.0453
1.9832
2.0004
2 .0 0 0 2

1.8377
2.0229
1.9958
1.9991

3.0699
2.7988
2.7642
2.8901

2.1995
2.0250
2.0255
2.0142

\L(nrr
8

16
32
64

128

3.6390(3)
9.4099(-4) v 
2,3905(-4) ( 
6.0405(-5) 1 
1.5201(-5)

5.3733(2)
2.82O5(-2) 
1.4450(-2) 

' 7.3126(-3) 
i 3.6786(-3)

7:6905(-2) 
4.0144 (-2) 
2.0521(2) 
1.0374(-2)
5.2157(-3)

1.9513 
1.9769 

, 1.9846 
1.9905

0.9298
0.9649
0:9826
0.9912

0.9379
0.9681
0.9841
0.9920
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Table 7.6: Test Problem  7.3 u (x ,y).
N

En(N)
Maximum Absolute Error 

EC(N) Eg(N) EAN) Rn(N)
Rate of Convergence 

RC(N) Rg(N) Ra(N)
V
8

16
32
64

128

1.6944(-3)
2.9854(-4)
4.1354(-5)
5.1955(-6)
6.4294(-7)

2.9368(-3 
4.3356(-4 
5.3536(-5 
6.3976(-6 
7 7134(-7

4.9616(-3)
7.2104(-4)
9.3431(-5)
1.1759(-5)
1.4706(-6)

4.9505(-3) 
7.3061(-4) 
9.4936(-5) 
1.1942(-5) 
1.4922(-6)

2.5048
2.8518
2.9927
3.0145

2.7600
3.0176
3.0649
3.0521

2.7826
2.9481
2.9902
2.9992

2.7604
2.9441
2.9910
3.0005

Vx
8

16
32
64

128

2.0471(-1)
5.5496(-2)
1.4015(-2)
3.4934(-3)
8.7043(-4)

4.3682(-2 
1.4201(-2 
4.0907(-3 
1.1077(-3 
2.8918 (-4

4.3103(-2)
8.8333(-3)
1.9112(-3)
4.6438(-4)
1.1486(-4)

9.9880(2)
2.9247(-2)
7.6124(-3)
1.9211(-3)
4.8127(-4)

1.8831
1.9854
2.0043
2.0048

1.6210
1.7956
1.8848
1.9375

2.2868
2.2085
2.0411
2.0154

1.7719
1.9419
1.9864
1.9970

; S
16
32
64

128

4.3915 
1.8092 
7.5544(-l) 
3.3502(-1) 
1.5639(-1)

4.5268(-l 
2.1577(-1 
8.7502(-2 
3.2714(-2 
1.2605(-2

1.2230 
6.5804( 1) 
3.226l(-ï) 
1.5799(-1) 
7.8096(^2)

2.7714
1.2441
5.4792(-l)
2.5132(-1)
1.1967(-1)

1.2793
1.2600
1.1731
1.0991

1.0690
1.3021
1.4194
1.3759

0.8942
1,0284
1.0300
1.0165

1.1556
1.1830
1.1244
1.0705

; Vx x '
;/ 8  

16

64 
: 128

2.5330(1
1.2072(-1 
5.1448(-2 
2.2272(-2 
1.0318 (-2

2.9069
1.7689
9.6294(-l)
5.0114(-1)
2.5552(11)

4.7948 
2.7027 
14191 ; 
7.2566(-l) 
3.6679(-l)

1.0692
1.2304
1.2079
1 ,1 1 0 0

0.7166
0.8773
0.94221
0.9718

0.8271
0.9294
0.9677
0.9843

: Table 7,7: Test Problem 7.4.
N «(0.5,0.5) . i V .r.- Me (1,0.5) - v x  Myo.5,1)
4
8

16
32
64

128

1.296998752664015(-3) 
1.267796767803351(-3) 
1:265486382533946(-3) 
1.265329965618658(-3) 
1.265319776660214(-3) 
1.265319130702914(-3)

-4.885303342082698(-2) 
; -5.132974343827812(-2) 

-5.133459829513500(-2) 
o -5.133384158446099(-2) 

-5.133377004217192(-2) 
-5.133376508000668(-2)

-4.885303342082698(-2) 
-5.132974343827811(-2) 

-5.133459829513520(-2) 
v -  4>.133384158446123(-2) 
i ;  i i :  -5.133377004217291(-2) 

-5.133376508000717(-2)

Table 7.8: Test Problem 7.5.
N «(0.5,0.5) My(0.5,l)
4 3.418370065472051(-3) -9.656754445688147(-2)
8 4.769397134896294(-3) -1.198296876081964(-1)

16 5.328637127458790(-3) -1.244373503906979(-1)
32 5.523148208813368(-3) -1.254491906133079(-1)
64 5.585311195584267(-3) -1.256909975199914(-1)

128 5.604223281013911(-3) -1.257507063440741(-1)
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Chapter 8 

CONCLUDING REMARKS

In this thesis, we have developed new QSC methods for solving Poisson’s and 

biharmonic equations in the unit square, fi. For Poisson’s equation, we derived the new 

method from the work of Houstis et al., [20] and the work of Christara [13]. Then using a 

matrix decomposition algorithm with FFTs, we solved the resulting linear system on an 

N  x N  uniform partition of O at a cost of OÇN2 log N )  operations. Next, we proved the 

existence and uniqueness of the QSC approximation, and then we presented numerical 

results tha t indicate global third-order accuracy and fourth-order accuracy at the nodal 

and collocation points and third-order accuracy at the Gauss points of the derivative 

approximation. ,

To solve the biharmonic Dirichlet problem, we extended pur method for Poisson’s . 

equation after reducing the problem to a coupled system of two second-order partial 7 

differential equations in u  and An. Based on the work of Christara [13], we perturbed the 

Neumahn boundary conditions having shown the derivation with a fourth-order 

boundary-value problem. We then demonstrated how to solve the resulting linear system 

efficiently with the Schur complement approach and a matrix decomposition method which 

employs FFTs. The cost of the resulting algorithm is 0 ( N 3 log N )  for an N  x N  partition 

of ft. Then, we present numerical results th a t indicate third-order global accuracy for the 

u and Ait approximations. Furthermore, we obtained fourth-order accuracy at the nodal 

and collocation points of the u approximation and third-order accuracy at the Gauss 

points of the approximations of the derivatives of it. For two of three test problems, we 

observed similar superconvergence results for the approximation of Alt.

The new QSC methods developed in this thesis are closely related to the MNCSC
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method developed by Abushama in [1], [2], and [3]. While less accurate globally than the 

MNCSC method, our new QSC method has several advantages. For example, the method 

can be implemented more simply since there are no corner equations. This means tha t in 

the quadratic case all coefficients are determined in a single linear system. Furthermore, 

the new QSC method presented here produces comparable accuracy at the nodal and 

collocation points. Compared to the work of Christara [13], the new methods here can 

each be solved efficiently with an MDA, which results in tridiagonal or bahdéd systems of 

equations. .

A few points for potential future research remain. The most notable area is proving 

the existence and uniqueness of the solution of the biharmonic Dirichlet problem, as well 

as a formal convergence analysis on the new method in each chapter.

The lack of superconvergence results for the approximation of Art in solving the 

biharmonic Dirichlet problem in Problem 7.3 are unexplained as well as the lack of 

superconvergence in the approximation of the cross derivative of the Au approximation in 

Problems 7.1 and 7.2. However, a  similar reduction in acèùrâcy was observed in [2 ]J

Finally, the new QSC method could be extended to a more general domaih than the 1 

unit square and to non-homogeneous boundary conditions.  ̂ ^
' *'■ f- /f - ' .ij; • ' 1 v! v..;. ■ j. , kl

' ! r if 'i'-u. J \ W r, ' . ,

i- ' ' : : î"- '”r-V \ - . Av -r -' 5 ■ I \ '>d' i - .;V ""''’’p '

%' .. \ M.r j Ï , & : ' ; /

x-xx.''. {.'V:- , :  : ' : /.r-if:-:' li'.'vv- ^

^  ' f -  ...i ^  '  S .  T  = ' ' ' ' L  i - u ; Hf f

" - ;
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