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ABSTRACT

Model Predictive Control (MPC) of processes when uncertainty is involved is the topic
of this thesis. Specifically, a method to characterize parametric uncertainty for robust model
predictive control is studied. The goal is to reduce the computational complexity of robust
MPC and robust Moving Horizon Estimation (MHE). The main element of this method is the
computation of an approximate convex hull that approzrimately covers the system uncertainty
in a new output prediction mapping. Given the complete uncertainty set, an approximate
convex hull is computed to determine an efficient set of extreme points to represent this
set. The calculated set is a subset of the uncertainty set and can be significantly smaller
than the original set, which results in decreasing the computational complexity. A measure
of the approximation to the original set is used to provide robust output prediction that
is guaranteed to hold for all systems in the original set. In other words, the introduced
method provides a dynamic guaranteed bound on all possible output trajectories. The
control performance of the proposed method will be investigated on the methane reforming

process as a key element of fuel cells, and on a DC-DC floating interleaved boost converter.
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CHAPTER 1
INTRODUCTION

Model Predictive Control (MPC) is widely adopted in industry as an effective means
to deal with nonlinear, multivariable, and/or constrained control problems. This type of
controller employs an explicit model of the plant to predict the future output behavior of
the system. Knowledge of the predicted future is extremely helpful for improving tracking
performance in presence of probable disturbances and signal delays.

In MPC, a control law is calculated by solving a constrained, dynamic, optimal control
problem with a finite horizon to minimize a cost function that is subject to the system
dynamics and physical constraints over a prediction horizon p. Let u € R™, y € R", and
x € R™ be the input, output, and state of the system, respectively, with dynamic equations
1 = f(xg, ug) and y, = h(zy). Let @p(xk, ug) be a cost function that measures the cost of
state zj, and input u; at time k representing a dynamic system at the sampling time t = k7.

At each sampling time, the nominal MPC method solves the following optimization problem.

p
i P 1.1
S i
Trr1 = [z, wr), zo = x(to)
subject to yr = h(z) (1.2)
glu,y) <b

where an estimation procedure is involved to find the initial state xy = x(t). The control
action ug is applied to the system, and the problem is repeated at the next sampling time.
The finite horizon is utilized to obtain an optimization problem that can be feasibly solved
in real time. Early work on MPC focused on the stability of the feedback loop involving the
MPC algorithm and physical system. Mayne et al. [1] introduced some stability conditions
using Lyapunov theory. According to [1], stability of MPC for linear and nonlinear systems

with hard state and constraints may be achieved either by adding a terminal cost and



constraint or by extending the prediction horizon. Studies on the stability and feasibility of
MPC were then continued over the last decade (see [2-4]). Moreover, removal of the terminal
conditions has been a focal point in recent studies. (for example see [4]).

Since MPC is model based, having an accurate model is vital to achieve an appropriate
control result. However, different type of uncertainties, including disturbances and model
uncertainties, are inseparable elements of a control application. Uncertainty due to measure-
ment noise and disturbances can often be addressed efficiently under standard assumptions
(i.e. ii.d. Gaussian distribution). Dynamic uncertainty provides a greater computational
challenge, but is also important. Commonly, a manufacturer produces multiple units of
a product with parameters varying over a range. Consequently, different units may have
different behavior. It implies that a single model is not a reliable representative of the
real plant. This challenge was a starting point for the development of robust MPC by the
end of 1980s. In uncertain cases, the system may be represented by zx1 = f(zk, ug, W),
Yr = h(zy,v;) with bounded w and v, or it may be given in a user-defined set called model
set,ie., fe F={fi,---},heH={hy, -}

A distinguishing feature of robust MPC compared to nominal MPC is that the control
objectives and constraints must be satisfied for all realizations of the uncertainties. Let S
be the set of all realizations of the uncertainties associated with any given representation
(i.e., S ={F,H}). Arobust MPC (RMPC) approach was initially introduced by Campo in
1987 to deal with parametric uncertainty. This approach solved the min-max optimization

problem

uQ, -, Up—1

P
min  max D (xp, u
e o "

subject to (1.2)

Although the min-max problem is conservative due to the fact that the worst case is taken
under consideration, it is useful in applications where the violation of a constraint imposes

a noticeable cost. For instance, a power producer is responsible for producing the desired



output power regardless of the type and amount of uncertainty. Otherwise, the company is
subjected to a significant penalty.

Since § may be an infinite set, Campo and Morari [5] and, later, Allwright and Pa-
pavasiliou [6] replaced all possible realizations with a finite number of realizations under
some conditions and limitations. In [5, 6] the authors found a solution for the min-max
problem over a finite set of extreme models. They utilized the impulse response description
of linear systems to find a model set with finite elements. Using the model set, they presented
their algorithms to account for uncertainties in a case where the impulse response is affine
in the uncertain parameters along with the constraints and objective function being linear.
In this approach, the set of all realizations of uncertainties is replaced with a set of extreme
models, called the model set, corresponding to the extreme parameters of the uncertainty
range. In this case, ¢ uncertain parameters result in 27 extreme points and, consequently, 29
extreme models.

A related robust MPC method uses a polytopic system representation to characterize
model uncertainty (e.g. [7-11]). This approach, which is mostly used for Linear Time
Variant (LTV) systems, reformulates the min-max problem to an optimization with Linear
Matrix Inequality (LMI) constraints. In order to find the robust solution using this method,
a polytope of the uncertain plants should be given in state space form [7].

Calafiore and Campi introduced in [12, 13] a probabilistic framework for robust control
analysis and design called the scenario approach which could be applied to systems with
very general uncertainty distributions. The advantage of this method is that the system can
have a general dependence on the uncertain parameters. Instead of solving an optimization
with infinite number of constraints, an optimization with limited number of constraints is
solved over a set of random samples. In other words, a randomized sampling procedure is
utilized to define the model set and a performance guarantee is given based on the number

of the taken samples.



Other methods, like uncertainty set construction using Bayesian modeling, have been also
studied [14] in robust optimization problems. Also more recently, many robust approaches
with robust stability and feasibility guarantees have been presented. [15, 16] are examples of
the earlier studies on the stability of uncertain systems with bounded w, v using Lyapunov
Theory. Different stability conditions have then been proposed (see [17-20] for example).

For applications where the conservatism is either not necessary or it may result in a poor
performance, stochastic MPC would then be a solution. In stochastic MPC, instead of as-
suming the disturbances to be bounded with constraints satisfied for all possible realizations
of uncertainties, disturbances are assumed to be stochastic and not necessarily bounded [21].
The general problem is, therefore, to solve min, EF®(x,u) where Ea denotes expectation of
a. In this case, constrains are not to be necessarily satisfied for all realizations. Since the
focus of this thesis is on robust MPC using a min-max formulation, readers are referred to
useful surveys of stochastic MPC for more details (see [22, 23]).

Although the advent of the introduced robust methods has been a significant achievement
in this area, these methods suffer some deficiencies. As it is noted, in [5, 6], as the number of
uncertain parameters increases, the number of models in the model set grows exponentially.
This may add to the computational complexity of the MPC implementation to the point
where it may not be applicable for faster sampling rates. In addition, even for linear sys-
tems, the plant is rarely affine in the model parameters. Therefore, the finite parameter set
may not cover the true output uncertainty. In polytopic representation, although this type
of uncertainty representation are widely used in robust MPC, to the best of the author’s
knowledge, it is not straightforward to define the appropriate polytopic set for parametric
uncertainty situation. In the scenario approach, although the performance is improved by
increasing the number of samples from the model set, the computational complexity also
increases which could limit the use of this approach in real time. Moreover, a number of
these samples may be redundant in that they result in redundant constraints in the robust

MPC optimization problem. Furthermore, although for some cases the Bayesian method can



be a useful tool for uncertainty characterization, since the covering element of the Bayesian
method is an ellipsoid, the performance of this method depends on the data (uncertaintny)
distribution, and, in some cases the computed ellipsoids and the resulted uncertainty set are
highly conservative.

In this thesis, we build upon the work of Campo [5] and use the system impulse response
as the system representation. In order to remove the limitations of the Campo method for
systems where impulse responses are not affine in the parameters, we replace the uncertain
parameter set with a finite number of samples similar to the scenario approach. In order
to significantly reduce the computational complexity of the scenario approach, we present
a new approach to remove the redundant samples. The idea is to map the parameter set
to a new prediction mapping that reflects the output trajectory over the prediction horizon.
It turns out that extreme points of the convex hull of the finite set of models in the new
mapping can be used as the reduced model set, and the rest of the models are redundant and
can be removed. This approach significantly decreases the computational complexity while
it still guarantees a bound on all output trajectories corresponding to the all uncertainty
realizations over the prediction horizon.

Many algorithms have been developed to find the convex hull of a set of points in R".
Some of the first efficient algorithms were Graham’s scan method [24] and the gift wrapping
algorithm [25, 26]. For a set of N points these algorithms have O(N log N) worst case run
time for low dimensions (n = 2 or 3) which is the same order as the optimal algorithm. These
were followed by many others; a survey can be found in [27]. The focus on low dimensions
is well motivated by many applications in computational geometry, image processing and
computer vision. However, the proposed RMPC requires finding the convex hull in high
dimensions. Specifically, the dimension of interest in this application will be proportional to
the size of the prediction window, which can be significantly larger than 3.

For higher dimensions, standard methods are the method of Clarkson and Shor [28] and

the Quickhull algorithm [29], which have worst case time complexity in high dimensions of



O(N/2). The time complexity of these algorithms are also closely related to the represen-
tational complexity of the convex hull. For a set of points, the convex hull is a polytope,
and could be represented by the facets, or by the vertices. For a set of N random data in n
dimensions, the expected number of vertices is O(log” ' N) [30]. Thus, even in the average
case, the representational complexity increases exponentially in the dimension n.

This explosion of complexity in higher dimensions can detrimental not only to finding
the convex hull, but in using it, as algorithms that use the convex hull as input may require
processing each element of the representation. This gives double motivation for working
with an approzimate convex hull that covers almost the same space as the true convex hull,
but with a reduced representational complexity. First, in order to reduce the computational
complexity of finding it, and second to reduce the computational burden of using it.

To this end, we first introduce a new method to find the e-approximate convex hull of a
set in high dimension with a lower time complexity compared to the prior work. The method
aims to find minimum number of vertices for a pre-specified violation error €. The developed
approximate convex hull computation method is then utilized for characterizing the model
uncertainty using the new prediction mapping, and, therefore, introducing a new Robust
Moving Horizon Estimation (RMHE). Given the future inputs, the aim of the proposed
RMHE is to determine guaranteed bounds on the uncertain output trajectories over the
future horizon by taking into account the approximation error €. The introduced estimation
approach is then used to develop a novel RMPC. The performance of the proposed controller
is examined by implementing the controller on a DC-DC floating interleaved boost converter
(FIBC) to handle the input voltage uncertainty, and, a methane reforming to satisfy the
physical constraints under uncertain situations.

The main contributions of this work are as follows:

e Introducing a novel method to compute the approximate convex hull of a set in high
dimensions.

e Introducing a new mapping to characterize the parametric uncertainty.



Developing a new RMHE approach using the proposed uncertainty characterization method.
Developing a new RMPC approach using the proposed uncertainty characterization method.
Employing the proposed RMPC to control a DC-DC floating interleaved boost converter
under uncertain situations.

Economic control of the methane reforming using a proper model predictive controller.

Robust control of the methane reforming using the proposed RMPC.
The papers, published or submitted from this work, are listed below:

Hossein Sartipizadeh, Tyrone L. Vincent, and Robert J. Kee. Economic control of methane
reforming, in Proc. IEEE American Control Conference, 2015.

Hossein Sartipizadeh and Tyrone L. Vincent. Uncertainty Characterization for Robust
MPC using an Approximate Convex Hull method, in Proc. IEEE American Control
Conference, 2016.

Hossein Sartipizadeh and Tyrone L. Vincent. Computationally Tractable Robust Moving
Horizon Estimation Using an Approximate Convex Hull, in Proc. 55th IEEE Conference
on Decision and Control (CDC), 2016.

Hossein Sartipizadeh and Tyrone L. Vincent. A method to calculate the Approximate
Convex Hull in High Dimensions, submitted to Computational Geometry, 2016.

Hossein Sartipizadeh and Tyrone L. Vincent. A new Robust MPC approach using an
Approximate Convex Hull, submitted to Automatica, 2016.

Hossein Sartipizadeh and Farnaz Harirchi. Robust Model Predictive Control of DC-DC
Floating Interleaved Boost Converter under Uncertainty, submitted to IEEE GreenTech,
2017.

This thesis is structured as follows: Some of the preliminaries used in the thesis are

introduced in Chapter 2. The focus of Chapter 3 is on developing the approximate convex

hull computation method for high dimensions. Using the approximate convex hull method

introduced in Chapter 3, the focus of Chapter 4 is on developing a new robust MHE with



a new uncertainty characterization. This estimator is used to develop a novel robust MPC
in Chapter 5. Finally, robust control of FIBC and methane reforming using the developed

RMPC is investigated in Chapter 6 and Chapter 7, respectively.



CHAPTER 2
BACKGROUND

In this section we briefly review some of the control concepts including MPC and MHE
as well as convex hull description widely used in this work in addition to some of the most

notable notations.
2.1 Notation

R is the set of real numbers, with R™ a length n vector of real numbers. For x € R",
2T denotes the transpose of z and z; is the ith element of z. For integer 5, 1 < s < o0,
lzlls == >0, |xi|5)% and ||z]|oc = max; |z;|. Given a set © with elements 6 and function
f(8), let f(©) denote the set {f(0)|¢ € ©}. For symmetric, invertible matrix @@ € R"*",
lz|lo = \/m I is the identity matrix, with dimension that may be given as subscripts
for clarity. Given a set & C R", |S| is the number of elements in S, Conv S is the convex
hull of § and S\& is the set obtained by removing the elements in £ from S. For matrix M

let "M denote the r" row of M. Also for set S let S be the set of 7" row of elements of S.
2.2 Convex Hull

The convex hull of a set of points in R™ is the smallest convex set which contains all the
points and is a fundamental construction for mathematics as computational geometry [29].
This concept is widely used in different fields including data searching and signal processing
[31], clustering, image processing, modeling and robust control [11], collision detection [32],
and urban planning [33].

Visually, a set is convex if the line between any two arbitrary points inside the set
completely lies into the set. In 2 and 3 dimension spaces, the convex hull can be shown as a
closed set which the rest of the points lie within. Figure 2.1 demonstrates forming the convex

hull in a plane for a given data set S where the convex hull is the grey polygon. As seen, if



you draw a line between any two points of the set, the line remains in the gray region. The
vertices of the grey polygon are called extreme points while the rest of the points are interior

points of S. Note that points on the boundaries are not considered as extreme points.

Figure 2.1: Convex hull demonstration in 2D

Similarly in high dimensions, one can find a convex polytope which encompasses all the
points. Since visually showing the convex hull in high dimensions is not applicable, we
usually use the mathematical description of the convex hull. According to definition, an
arbitrary vector x € R™ belongs to the convex hull of § = {s1,---,sy} (z € ConvS) iff =
can be written as a convex combination of elements of S. In other words, if we can find set
a={a, - ,ay} so that z = SN ays; where q;s are nonnegative and S | o; = 1, then

x € Conv S. Using this definition, the following results are concluded:

1. s; € § is an extreme point of S iff it can not be written as a convex combination of

the rest of the points. i.e., there is no « to satisty s; = Z#j Q;S;.

2. s; € § is an interior point of § iff it can be written as a convex combination of the

rest of the points. i.e., there is a vector « so that s; = Z#j Q;S;.
2.3 Moving Horizon Estimation

MHE can be employed to determine the current state of the system and therefore predict-

ing the system future behavior. The estimator examines the recent input/output behavior
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of the system, and finds the current state for which the system model best matches this
behavior. By using a window of data, we get the benefit of noise rejection. With the right
model, this state estimate allows us to estimate the current value of the outputs that we
cannot directly measure, but that are important to define the control performance.

Assume a system is given in the following variational state space representation®

Tpr1 = Az + Bouyg + wy, 2.1)
oy = Cxg + Doug + vy,

where du;, € R™ is the system input, oy, € RP is the system output, x; € R™ is the

system state, and wy, € R” and v;, € R’ represent unmeasured signals, denoted process and

measurement noises respectively, which account for disturbances as well as model uncertainty.

The matrices A € R™" B € R™™ (' € RP*™ and D € RP*™ define the system dynamics.

In addition, the unmeasured signals are given a probabilistic description as independent,

identically distributed random sequences with zero mean and covariance

cotwer) = B (%] [, 1) = |8 g o 22)

Uk
Since the estimator can only work with system outputs that are actually measured, we
define the variable dy® to be those elements of the output dy; of (2.1) that are sensed. We
also extract the rows of C, D and v, associated with these elements into variables with

superscript s, so that we can write
oy, = CPxy + D%ouy, + ;. (2.3)

where R?® is the sub matrix of R associated with the sensed outputs. There are another
set of system outputs, both sensed and un-sensed, that are necessary to define the control
performance. In a similar manner, we will represent these outputs with variables with

subscript r

oy, = C"xp + D"ouy + vy, (2.4)

!Because the operating point will be continually changing, it is convent to use a linear system to model the
differential behavior.
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The MHE solves an optimization problem to find the state sequence that best explains
the observed data over a window of p samples into the past, where p is chosen large enough
to ensure estimator stability while also ensuring that only data near the current operating
point is considered. To determine how well a given sequence “explains the observed data”
we measure the energy of the disturbance and noise necessary for the input, output and state
sequences to be compatible with the model (2.1). Specifically, given the sequences duy, 0yg

and xy for k = —p,--- ,0, one can calculate

Wy = T — Az, — Boug, k= —p,...,—1 (2.5)
vp =0y — Cz — D0uy, k= —p,...,0.

This process is illustrated in Figure 2.2. Clearly, the smaller w; and v, are, the better these

sequences match the model, and the MHE seeks the smallest such choice. Since the wj and

v, are modeled as iid random sequences, a well-motivated metric for measuring the size of

wy, and vy, is through a weighted Euclidean norm. Without loss of generality, the MHE solves

the following optimization problem

0 -1
Jmin 3 eillhe + 3 Il
—Dp> )

Tht1 = A.Ik + B(Suk + wy,

subject to
oyp = Cxy, + D0y, + vy,

This optimization problem has a quadratic objective function with linear constraints,
and thus, the global minimum can be found very efficiently, which is important for real time
operation. From the minimizing sequence, Zj, the estimator extracts zy as the estimate of
the current state. In addition, given a input sequence duy for £ > 0, an estimate of the

changes of the control relevant system outputs in the future is given by

Therefore, the absolute value of the output can be calculated as:

i =10+ > 6. (2.8)
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Figure 2.2: State estimation via moving horizon estimation. At each sample time, MHE
finds the state trajectory with the best match between model and most recently observed
input/output data as measured by the required disturbance signal wy, and measurement noise
vk. The current time is sample £ = 0.

where g, can be directly measured for the sensed output or be estimated using a secondary

estimator designed for the large scale.
2.4 Model Predictive Control

MPC is mostly formulated in time domain and the explicit model used by the controller
can be simply its state space representation. In general, MPC performs in two steps. First, a
prediction of the system signals into the future as a function of the future inputs is obtained
and then an optimization problem with future inputs as parameters is solved based on the
desired objectives and constraints. The prediction part commonly uses the initial state x
obtained by an estimator (as described in Section 2.3) to run the explicit model.

Model predictive control also uses real-time optimization to determine the appropriate
control action for the next sample time. As illustrated in Figure 2.3, the optimization
variables are the system input sequence duy over a window p samples into the future. Using

the model, along with the estimate of the current state provided by the MHE, a prediction of
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the output sequence dyj, is obtained. This output sequence is evaluated based on two types

of criteria

e A cost function: The cost for the proposed input and output sequence at time k is
represented by the function ®,. There are a large variety of forms that this function
can take based on the control objectives.

e Constraints: In some cases, there are absolute bounds that must be met by system
outputs in order for proper operating, although there is no preference for the system

outputs within those bounds. For these outputs, the constraint set
i < g+ C < b

is added, where b7"" sets the lower bound, b"** sets the upper bound, and ( is an
auxiliary variable that is non-zero only when the bounds must be violated to achieve
a feasible solution. In this case, a second cost function =(¢) determines the cost of not
meeting the required bounds, and a supervisory controller can initiate shutdown if the

value of ¢ becomes too large.

X0
_MPC Window Control Quality
ou oYy
Optimization ¢ Model k
Variables
e e o« T e
0 1 2 p k 0 1 2 p k

Figure 2.3: Model Predictive Control. At each sample time, MPC finds the input sequence
that provides the best output behavior of the system over a window of time into the future.
The current time is sample k£ = 0.

After finding the best sequence of future inputs, the controller applies ug to the system

and repeats the procedure at the next sampling time.
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CHAPTER 3
COMPUTING THE APPROXIMATE CONVEX HULL IN HIGH DIMENSIONS

In this chapter, a novel method to find the e-approximate convex hull of a set in high
dimensions is presented. This method will be used later as a key element to develop the un-

certainty characterization approach introduced in Chapter 4, and consequently, the proposed

robust MPC in Chapter 52.
3.1 Introduction

In Chapter 2 we described the definition of convex hull. As mentioned, the convex hull
of a set § is the polytope that contains all the points of the set. In practical, in high
dimensions the number of extreme points of a set tends to the number of its elements. In
this case, an approximation of the convex hull with fewer extreme points may be of interest.
An e-approximate convex hull of a set S is the polytope with fewest extreme points such
that all elements of set S are inside or not farther than e from it. Figure 3.1 illustrates the
concept of the approximate convex hull. Let set S = {xy, -+ , T} where z; € R? be as the
points presented in Figure 3.1. The convex hull of § is shown with solid line and consists
of 11 extreme points (shown by black). The e-approximate convex hull of S is determined
with dash lines. As seen, the approximate convex hull approximately covers the set S with
only 6 extreme points, and at the worse case, the distance of the elements of S from the
approximated polytope is €.

The search for an approximate convex hull was apparently first considered by Bentley in
1982 [35]. This method used sampling within a grid to achieve a worst case time complexity
of O(N/2 4 (1/¢)""*N), where ¢ is the maximum error, N is the number of points, and

n is the dimensionality of the space . An approach that uses a grid over angles in polar

2This section is based on a submitted paper: Hossein Sartipizadeh and Tyrone L. Vincent. A method to
calculate the Approximate Convex Hull in High Dimensions submitted to Computational Geometry, 2016
[34].
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Figure 3.1: e-Approximate convex hull illustration

coordinates was later proposed by [36] with a time complexity of O((1/€)""'N). Although
providing a trade-off between run time and accuracy, unfortunately both of these methods
also have an exponential dependence on dimension.

In order to tackle convex sets in high dimensions, [37] introduced a useful norm based
method to compute the convex hull, with a stated time complexity of O(Nn?*). This method
was further extended in [38]. This method could also be modified to determine an ap-
proximate convex hull, although it has not been specifically designed for this purpose. Two
drawbacks are that this method does not explicitly consider the quality of the approximation
as new vertices are found, and that it uses a fairly large number of vertices for initialization.
Based on the initialization approach presented in [37], this method begins with a n-simplex
with n + 1 vertices and therefore is not able to find an optimal approximation with fewer
number of vertices. This would be an issue, for example, in cases when the data closely
follows a low dimensional hyperplane in a higher dimension. Finally, a sparse modeling
method for finding the convex hull is introduced in [39] which can also be utilized for finding
an approximate convex hull. The time complexity of the method is experimentally about
N5,

In this chapter, we present a method for finding an approximate convex hull for which
the time complexity is O(K3/2N?log K) where K is the number of iterations of the proposed
algorithm and is close to V', the number of vertices of the approximate convex hull, which

is usually significantly smaller than N. While much slower than existing methods for low
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dimensions, it is quite feasible to apply even in very high dimensions where methods with an
exponential dependence on dimension would not even be able to run. The performance of the
proposed method compared to the existing methods is investigated through some numerical

experiments.
3.2 The Approximate Convex Hull

Let S be a set of N points in R” space, S = {z1,...,2x}. A key metric that we will utilize
not only to define the approximate convex hull but also as an operation in the algorithm is
the Euclidean distance of a point z € R™ to ConvS. This function is represented as d(z, S),

and its square can be computed via the quadratic program

2 mi G
d(z,8)° = min Hz Yoo

(&7

(3.1)
s. t. (673 Z O, Zl‘i‘l oy = 1

Note that € Conv S if and only if d(z,S) = 0.

This QP problem can be solved using the interior point method [40]. A significant
property of the interior point method applied to this problem is that the number of iterations
required to reach the optimal solution is independent of n, the dimension of x;, but rather
is dependent on |S|, which is the number of variables. In [41] it is shown that the number
of iterations of the interior point method for solving a QP with r independent variables is
of order O(y/rlog é) where ¢, is the accuracy precision of the interior point method. The
complexity of this problem will also be investigated empirically later.

Since the computational complexity depends on |S], it is useful for the size of this set to
be as small as possible. Fortunately, it is clear that if we have available another set £ (such
as the extreme points) such that Conv & = Conv S, then d(z,&) = d(z,S), and one can use £
for the calculation instead. Finally, we note that the extreme points are the smallest subset
& C S such that d(z,€) = d(z,S) for all z € R".

The fact that the extreme points are the smallest subset has a very practical importance

in applications that use the convex hull as input, and require computations to be performed
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on each element of £. Unfortunately, as discussed in the introduction, the number of extreme
points tends to greatly increase in high dimension.

Our objective is to allow for a trade-off between the complexity of the representation of
Conv § and its accuracy. A subset £ C § would be a completely accurate representation if
d(xz,€) =0 for all x € ConvS. For an approximate representation we will relax the distance

to be less than € > 0. Specifically, we have the following definition.

Definition 1. An e-approximate convex hull of S is the conver hull of a minimal subset

E C S such that for all z € S, d(z,E) < e.

Note that we are not guaranteed uniqueness, in that there may be multiple £ with the
same number of elements, satisfying the distance requirements. However, as € increases, the

size of a minimal representation, £, may be able to decrease.
3.3 Finding the Approximate Convex Hull

The quality of an approximate convex hull with vertices £ is determined by both ¢ and
|€|, the number of vertices in that we would like both to be small. Thus, there is a Pareto
front of optimal solutions. To explore this front, one could either minimize ¢ for a fixed
number of vertices or minimize the number of vertices for a fixed error ¢; we will focus on the
former problem. We formulate the following optimization problem to find the approximate
convex hull: find the subset of S of cardinality V' or less which minimizes worst case distance

of a point in S to the convex hull of the subset, which is notated as

min maxd(z,€).
EEPy(S) 2€S

Unfortunately, this is a combinatorial optimization, requiring a search over each element of
Py (S). In order to achieve an acceptable performance, we will introduce a greedy method
that will provide a suboptimal solution. However, this method will still be able to achieve

any desired € performance, although with a potentially larger cardinality than optimal.
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3.4 Basic Greedy Algorithm

The greedy algorithm finds each element of £ sequentially. That is, suppose at step k,

we have identified a set & with |E;| = k. We then find

r=a i ax d(z,& U x), 3.2
P, ey A &V 32

and set &1 = &, Ux. This method initiates with the empty set and terminates either after a
fixed number of steps k, or after the desired € has been reached. This optimization problem
can be solved by searching over all elements of S\E for the outer minimization (as well as
over all elements of S\& in the inner maximization). While this implies a time complexity
of O(VN?) to reach a cardinality of V, this is a vast improvement to searching over Py (S).
In addition, we will introduce methods that can reduce the search space as the iterations

progress.
3.5 Improved Greedy Algorithm

In this section, two strategies are utilized to speed up the basic greedy method introduced
in 3.4. First, the solution to (3.2) is explored in more detail and a searching method is
introduced to reduce the required time of solving (3.2). Also, we find and remove elements of
S that are interior points of &, during processing. The final method to find the approximate

convex hull is presented in Algorithm 2.
3.5.1 Directed Search
Let z; and z; be enumerations of S\&. Let E be a matrix with 4, jth element given by
E;;j=d(%,& Ux;).
The solution to (3.2) can then be obtained by solving
j = arg mjin max E;;

and setting & = x;. In other words, the maximum value of each column of E is evaluated,

and then minimum among those maximums is found. However, creating E requires N?
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evaluations of the distance function d.

Improvement can be obtained by searching for the optimal element in a more systematic
way. To explain this method, an illustrative example is given. Let N = 4 and suppose this
is the first iteration, and therefore F is a square matrix with 16 elements. Suppose E is
populated with the given numbers in Figure 3.2. The maximum of the columns are 6, 7, 4,

and 5. The minimum of these is 4 and therefore min; max; £ = 4 and j=3.

Figure 3.2: Illustrative example: Matrix E

Instead of computing all elements of E, we can calculate only those that are necessary.
The key observation is that the maximum of any subset of elements in a column provides
a lower bound on the maximum over the entire column. In the given example, suppose
only the elements in grey are evaluated. All of the elements of the third column have been
evaluated, thus the maximum over this column is known to be 4. For the remaining columns,
since elements in each column have been evaluated that are greater than 4, the maximum for
these columns must be greater than 4. Thus, it is clear that min; max; F; ; must occur for
the third column, without having to evaluate the remaining elements. We use this property

to develop the following algorithm:

1. Calculate the first row of E.
2. Find the minimum value of the first row and select the corresponding column as the

potential candidate for ;.
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3. Compute the next element of that column and re-evaluate which column has the smallest
maximum. Set that column as the new potential candidate. If two columns have the
same maximum, select one at random.

4. Continue until all elements of one of the columns has been found and its maximum is less
than or equal to the maximum of the other columns over the computed elements. In this
case, ] is the index of that column and the optimal value € is the maximum value of that

column.

In the best case this only requires computing 2N — 1 elements, although it can be N? for
the worst case.

This method is implemented in Algorithm 1. This implementation stores the current
maximum for each column in the vector E € R”, along the row index of currently evaluated
elements for each column in vector C' € R™. E is set to the first row of E at the beginning
and C' to vector 1 which indicates that one element of each column has been computed.
Then in each step, the next element of the column with the minimum value is computed. If
the new element is greater than the previous value, it is saved as the greatest value in E.
The procedure is continued until the counter shows that we have calculated all elements of
a column and its corresponding element in F is still the minimum of E.

Figure 3.3 illustrates the steps of finding min; max; £; ; for the previous example using

Algorithm 1. The elements that are updated in each step are specified by a gray color.
3.5.2 Interior Points

The algorithm can be further improved by finding and eliminating interior points from

consideration.
Definition 2. z € §\&y1 is an interior point of Conv &1 if d(z,Ey1) = 0.

It can be shown that (3.2) always has an optimal solution outside of Conv &, and there-

fore eliminating the interior points will not change the optimal solution.
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Algorithm 1 Finding min max of a matrix
Input: S, &, N =|S\&|
Calculate the first row of E.
Set E to the first row of E and C to 11*N.
Find the minimum of E and indicate its index with J.
éj = CNYJ + 1.
while max C < N do
Calculate EC;J"

Set E§ to max(E;, Eé}j)'

© P IS QAN

Find the minimum of E and indicate its index with j.
Cj = C}- + 1.

: end while

P E= Ej R

: Output: j, €

I
=)

—
w

C E
step 1 1 1 1 1 5 1 2 )
step 2 1 2 1 1 5 5 2 5
step 3 1 2 2 1 ) ) 2 )
step 4 1 2 3 1 5 5 2 5
step 5 1 2 4 1 5 5 4 5

Figure 3.3: Progression of Algorithm 1 when finding min; max; £; ; for the illustrative ex-
ample.

Theorem 1. While Conv &, C Conv S, (3.2) has optimal solution & outside of Conv &.

Proof. Let us assume that the solution to (3.2) at step k is an interior point of Conv &. In this
case, Conv(&, U xy) = Conv & and it is concluded that max; d(z;, & U xx) = max; d(z;, E ).
On the hand, for any exterior point x., max; d(z;, & Uz.) < max; d(z;, &) and consequently
max; d(z;, EgUx,.) < max; d(z;, & Uxy). It is concluded therefore, that solution is not unique
and z. is also an optimal solution of (3.2). Thus, there is always a point at the outside of

Conv & as the optimal solution of (3.2). O

From Theorem 1 the following can be concluded.
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e If (3.2) has a unique solution, it will be outside of Conv &.

e If any interior point is the optimal solution of (3.2), the solution is not unique and

there is always another optimal solution outside of Conv &.

The second case only happens when some columns of E including some corresponding
to the interior points exactly have the same maximum distance. Even in this case, choosing
an interior point as xj is not useful and the algorithm should choose an extreme point of

Conv &. In addition, the following is easy to show.
Remark 1. An interior point of Conv &, will be an interior point of Conv & for k > k.

These results imply that interior points could be removed from S as the iterations progress

without any changes in the calculated approximate convex hull.

Remark 2. Since E;; = d(z;, & U xj), the interior points of Ex+1 can be found via zeros in

the j-th column of E.

Let Zj°* be the set of interior points of &, which have been identified at prior steps. At
iteration k, the directed search is performed over (S\Z;°")\&, and from this the interior
points of & from S\Z;** are identified from zeros in the J-th column, and placed in set Z.
The set Z;°, = Z;** U T, is defined, and the next iteration is performed. This approach
significantly decreases the computational time since in each step we remove some of the
points for the further processing. It also guarantees that the algorithm acts as preferred and
at step k+ 1 will not choose an interior point of £ 1 as the next element of the approximate
convex hull.

In addition, it may be that elements of &£, become interior points of & for some k > k.
These points can be removed either at the end of each iteration, or at the completion of the
algorithm (see Algorithm 2 line 9). This reduces the cardinality of the returned vertex set,

which is desirable.
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Algorithm 2 Approximate Convex Hull

1 Input: S = {z;}L,, V, €ges

2: Initialize £ < an extreme point of S, &' = S.

3: while ’g‘ <V and € > ¢4 do // Iterate until the desired approximate con-
vex hull is achieved

4: for z; € S'\€ and 7z, € S\ do

5: Find j, €, and E; ; by Algorithm 1 where j = arg min; max; d(z, EUx;).

6: end for

7: Ik = {ZZ|E15 < €des VZZ € Sl\g}. // Remove interior points after adding the

’ new extreme point z; to £_1 at step k

8: 8+ S\, £+ EUay;

9: for c=1to |S| do // Check if the elements of £;_; becomes in-
terior points of &

10:  if d(€,€) =0 then

11: E+— E\E;

12: end if

13: end for
14: end while
15: Output: &, €

3.5.3 Initialization

In the first iteration of the greedy method (k = 1), (3.2) returns the element closest to
the center mass of set S which is the best approximation when we want to describe set &
only by one element (V' = 1). However, since we aim to cover the space as much as we can,
for V' > 1 it is better to start from an extreme point of ConvS. We use the following result

to select an extreme point of S as &;.

Fact 1. Let S to be a set of N points in n dimension. Any element of S which has a

minimum or maximum in one of the dimensions, is an extreme point of ConvS [38].
Remark 3. In the case that the desired V' is significantly bigger than n, one may initialize
E with the best n-complez.

3.6 Time Complexity Analysis

For Algorithm 2 let K denote the number of iterations of the while loop at line 3. Within
this loop, N? QP problems are solved to calculate d(z, &), each of which has time complexity

O(Vklog %) where ¢, is the accuracy precision of the interior point method [41]. As seen,
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the time complexity of solving (3.1) is independent of the data dimension n. Therefore, the
time complexity of the proposed approximate convex hull is O(K N 2K log g) or simply
O(K?*2N?log £). Note that K = V unless &, becomes an interior point of & for some
k > ko and is much smaller than N.

Note that by employing the method presented in 3.5.1 the number of QP problems can
be much less than N2. To experimentally show the effect of the directed search method, we
ran Algorithm 2 on 390 data sets with 500 random points with N'(0, I). The dimension of
the data varied from 2 to 40, with 10 data sets for each dimension.

Figure 3.4 shows the cumulative distribution function (CDF) of the percentage of ele-
ments of E which have been computed out of all elements during the experiments. According
to the figure, in more than half of the cases we have only computed at most 20% of the ele-
ments of £ and in 88% of situations we only required to find less than 30% of the elements.
Note that the chosen data sets are random. Having a structured data set can even decrease

further the number of computed elements.
3.7 Numerical Examples

In this section some numerical examples are given for 2D and higher dimensions for better
understanding of the performance of Algorithm 2. In particular, the case where the data

clusters around a lower dimensional hyperplane is investigated.
3.7.1 Evaluating the Proposed Algorithm for a 2D Case

Algorithm 2 is implemented on a shown in Figure 3.5. set S of 20 points in a 2D plane.
This set includes 9 vertices and 11 interior points.

Figure 3.5 demonstrates the selected points by the proposed approximate convex hull
algorithm for V = 1,--- |8 with filled dots. It can be seen that as expected, by choosing a
bigger V', the approximate convex hull gets closer to the real convex hull.

Figure 3.6 shows €, the the maximum distance of point in S to the approximate convex

hull with V' vertices. As seen, by increasing V' the error trends down. For V' = 8, the error
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Figure 3.4: Cumulative distribution function of the percentage of computed elements of F
to the total elements.
is a small number since the 9th vertex is almost on the one of the edges of the convex hull
created by the first eight vertices. The error goes to zero for V' = 9 since the approximate
convex hull algorithm selects all the vertices of S.

This example is indeed a good example of the approximate convex hull application since
the convex hull can be precisely approximated by 8 vertices instead of 9 with a negligible

error.

3.7.2 Implementation of the Proposed Algorithm for High Dimensions

Here we present a numerical example of finding the approximate convex hull for high
dimensional data. Specifically, a data set S of 4000 points with dimension 20 is selected.
The data is the first 20 samples of the step response of the following uncertain mass spring

damper system
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Figure 3.5: The best points found by the approximate convex hull (Algorithm 2) for V' =
1,---,8.
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Figure 3.6: The maximum error (¢) of the approximate convex hull (Algorithm2) for V' =
1,--.,9.

i(t) = {:g% é] x(t) + [1/07”} u(t) (3.3)
y(t) =1 0]=(t)
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where m is mass, and k and ¢ represent the spring and the damper coefficients with the
nominal values 0.72 kg, 0.1 KN/m, 0.3 Kg/s, respectively. For each element of the data set,
m, k, and ¢ are randomly generated using a uniform distribution about their nominal values
with a +15% tolerance.

Figure 3.7 presents the result of finding the e-approximate convex hull of § for V =

nomau and /{/TLOm’L

jos »omt indicates the DC gain of the nominal system.

1,--+,20 where the y-axis is €/x
As seen, the error decreases to less than 0.093 by taking 7 elements. Choosing 10 elements
results in € less than 0.004. By increasing V' to 20, the error decreases further. Depending

on the application, the appropriate number of elements can be chosen in a trade off with the

accuracy.

nomi

€/K

10 15 20
|4

Figure 3.7: Implementation of Algorithm 2 on a set of 4000 samples with n = 20.

3.7.3 Low Dimension Data in Higher Dimension

In this example, we focus on the case when the data can be projected to a lower dimension

with a small error. In this case, we can define the approximate convex hull with many fewer
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vertices than would be required for the full convex hull. To illustrate this, a data set with
200 elements with i.i.d. gaussian distribution z; ~ N (0, I) is generated in 5 dimensions, and
then projected to a 20 dimension space, after which a small amount of noise is added.
Figure 3.8 indicates the e-approximate convex hull of the data using the proposed method
for V.=1,---,30. Note that the error is plotted on a logarithmic axis. It can been seen that
by picking 16 points a approximate convex hull can be generated with ¢ < .028. Note that

the method presented in [37], would initialize with 21 vertices in a 20 dimensional space.

10° t ]

5 10 15 20 25 30

Figure 3.8: Approximate convex hull for a low dimension data set mapped in high dimension.

3.8 Comparison to Other Methods

In order to evaluate the performance of the introduced greedy algorithm, a comparison
with commonly used methods is presented in this section. Specifically, we compare the
greedy method introduced in this chapter with the sparse method presented in [39] and the
convex hull vertices selection method for Support Vector Machine (SVM) presented in [37].

Since the time complexity of Quick-hull method exponentially increases with dimension, this
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method could not be run for higher dimensions, and therefore, is not included.
Two different experiments are designed to see the effect of number of data N and data
dimension n. Running time and optimality of the computed approximate convex hulls by

different methods are chosen as the comparison metrics.
3.8.1 Effect of Number of Points

In this section, we compare the greedy method introduced in this chapter with the sparse
method presented in [39] and the convex hull vertices selection method for SVM presented
in [37] for fixed dimension. In order to investigate the performance of the three methods
with respect to the number of elements N, we vary N from 50 to 1000 and for each case
generate 10 random data sets in dimension n = 10. The elements of the generated data sets
are i.i.d. gaussian with distribution x; ~ N(0,1/10). The best e-approximate convex hull
then is calculated for e = 0.15. Results are shown by taking average over the ten random
data sets.

The Sedumi toolbox [42] is used for implementing the second order cone problem used in
[39] while the quadprog of Matlab has been utilized for the greedy and SVM methods. Both
the greedy and vertices selection for SVM methods are initiated from the best n-complex.
Figure 3.10 shows the normalized time (by scaling the maximum time to 1 ) for finding
the e-approximate convex hull for the three methods. In addition, Figure 3.10 indicates the
number of extreme points of the calculated approximate convex hull for each method.

Although the number of selected extreme points in Sparse method is less than the other
methods (Since the solution of this method is close to the global solution), according to
Figure 3.9, its time complexity rapidly grows by increasing N. It is worth reporting that
because of increasing computational requirements, we were only able to implement this
method up to N = 200. As seen, the greedy method is slower than the SVM method.
However, as it is shown in Figure 3.10, the greedy method selects fewer extreme points
than the SVM method. In other words, the presented greedy method is closer to the global

solution and results in a better approximation compared to SVM method. In addition,
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Figure 3.9: Time comparison of the greedy method (introduced in this chapter), vertices
selection for SVM (presented in [37]), and Sparse method (presented in [39] ). n = 10 and
N varying from 50 to 1000.
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Figure 3.10: Number of extreme points of the calculated e-approximate convex hull by the
greed method (introduced in this chapter), vertices selection for SVM (presented in [37]),
and Sparse method (presented in [39]). n = 10 and N varying from 50 to 1000.
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according to Figure 3.9, the time complexity of the greedy method is less than O(N?) which

is in agreement with the given time complexity in Section 3.6.
3.8.2 Effect of Dimension

The same experiment is performed for the case that N is fixed and the data dimension
varies from 2 to 20. N is fixed to 1000 as we prefer to make the analysis on large data sets.
Consequently, we have to skip the sparse approach in this analysis. For each dimension, we
generate 10 data sets and present their average results. Each data set includes i.i.d. elements
with x; ~ N (0,1/n) so that at most 25% of the elements are extreme points. The attempt
is to find the best e-approximate convex hull where ¢ = 0.2. Both the greedy and SVM
methods are initiated from the best n-complex. Figure 3.11 and Figure 3.12 compare the
normalized running time and the number of extreme points of the calculated approximate
convex hull by the two methods, respectively.

It can be easily seen in Figure 3.12 that although for some cases the greedy method may
perform slower than the vertices selection method presented in [37] (Note that the simulation
time of the two methods may be different based on the structure of data including number
of extreme points and data distribution), the greedy method always picks fewer extreme
points. Therefore, in the case that the approximate convex hull is computed off-line and
its extreme points are used in an online procedure, the approximate convex hull calculated
by greedy method would be a better option due to having fewer extreme points. As seen,
the time complexity of the greedy method, unlike the SVM method, does not necessarily
increase by increasing dimension. It is a function of K (number of iterations of the greedy
method which is close to V), as investigated in Section 3.6. Note that the time complexity
of the SVM method increases by dimension since in higher dimensions more partitions are

required (see [37] for more detail about its time complexity).
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Figure 3.11: Time comparison of the greed method (introduced in this chapter) and vertices
selection for SVM (presented in [37]). N = 1000 and n varying from 2 to 20.
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Figure 3.12: Number of extreme points of the calculated e-approximate convex hull by the
greed method (introduced in this chapter) and vertices selection for SVM (presented in [37]).
N = 1000 and n varying from 2 to 16.
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3.9 Application in Control: Finding the Polytopic Uncertainty

In this section the usage of the introduced approximate convex hull in computing the
polytopic uncertainty description of a system with parametric uncertainty is discussed (see
[7] for more details about polytopic uncertainty). Let the state space representation of a

system with three masses, two springs, and two dampers be:

0 1 0 0 0 0 0 0
—kl/ml —bl/ml k/ml bl/ml 0 0 1/m1 0
. 0 0 0 1 0 0 0 0
J}(t) o ]f1/m2 bl/m2 —(kl + kg)/mg _(bl + bg)/mQ kg/mg bQ/m/Q .I'(f) + 0 O u(t>
0 0 0 0 0 1 0 0
L 0 0 k‘g/m:; bg/’fng *k‘z/’l’ﬂg *bz/’l’ﬂg_ 0 1/TTL3_
001000
YW=19 000 1 0*®

(3.4)
where m,, is mass, and k,, and b, indicate the spring and damping coefficients. Let the
nominal values of my, mq, ms, k1, ko, b1, by be 1 Kg, 2Kg, 1Kg, 0.5 KN/m, 1KN/m, 1.5 Kg/s,
and 1 Kg/s, respectively. Assume the actual parameters vary 5% about their nominal values
for masses and spring coefficients and 10 % for damping coefficients.

Let AB(0) = [A(#) B(0)] and define set AB = {AB(0)|0 € ©} where O is the uncertainty
set of parameters. The goal is to determine the uncertainty polytope for the uncertainty range
©. In other words, find ABe = {ABy, -, ABg} so that any arbitrary set AB, lies into the
convex hull of ABg, i.e., AB, € Conv{ABy,---,ABg}. We relax the problem to calculate
the approximate uncertainty polytope so that any arbitrary AB, is inside the convex hull of
the polytope or not far than e. The distance metric can be chosen based on the application.

Let the Frobenius norm be used as the distance metric, i.e. (3.1) has objective of the form
E
min |AB, = Y a;ABi||p,
“ i=1

Note that AB € R%*® has 16 uncertainty elements, and therefore demands an algorithm

suitable for n = 16.
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Figure 3.13 shows the result of applying the proposed approximate convex hull method
to the mass spring damper system where © has 500 elements obtained by random sampling
of the uncertainty range. According to the figure, by selecting the first 23 calculated extreme
points as the uncertainty polytope, we have an approximation with accuracy level of ¢ = 0.16
which the error is about 10% of the error with one element. The accuracy improves by raising

the number of extreme points.

S 58808880

80 100

Figure 3.13: Polytopic uncertainty determination using the proposed method.

3.10 Summary

In this chapter, an effective algorithm with time complexity of O(K?*2N?log g) was
proposed to compute the approximate convex hull of a data set with /N points in n dimension.
K, the number of iterations of the greedy method, is close to V', the number of vertices of the
approximate convex hull. According to the time complexity, this method is highly suitable
for the data in high dimensions unlike the family of quick-hull methods. The proposed
algorithm uses a greedy method to attempt to find the best approximation to the convex

hull for a given number of vertices or a predefined distance violation. A variety of numerical
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examples for a wide range of N (up to 4000) and n (up to 50 which can easily go higher)
were run to indicate the performance of the introduced greedy method. The comparison
results show that the calculated approximate convex hull by the greedy method includes less
extreme points than the vertices selection method presented in [37], and significantly faster

than the sparse approach [39] and quick-hull family [29].

36



CHAPTER 4
COMPUTATIONALLY TRACTABLE ROBUST MOVING HORIZON PREDICTOR
USING AN APPROXIMATE CONVEX HULL

Output prediction is a vital element of model predictive control. In the case of model un-
certainty, a robust prediction of the output is necessary and may improve the MPC efficiency.
In this chapter, we propose a new robust estimator/predictor® with low computational com-
plexity which will be later used in Chapter 5 to develop a novel robust MPC method for
dealing with uncertainties. This predictor benefits a new prediction mapping to charac-
terize the uncertainty. The e-approximate convex hull computation method, introduced in
Chapter 3, is used as an important tool for reducing the computational complexity of the

predictor?.
4.1 Introduction

As stated, estimation is a inseparable element of prediction and, therefore, model predic-
tive control. Moving horizon estimation is known as an effective means for state estimation
and output prediction for constrained, linear and nonlinear systems. In recent years, MHE
has been preferred to the traditional estimation methods such as Kalman filter due to its
compatibility with different types of systems and applications[44-47]. This method, first
introduced in [48, 49], plays an important role in system monitoring, fault detection, and,
especially, model predictive control.

Moving horizon estimation employs an explicit model of the system for estimation. The

current state of the system is obtained by solving an optimization problem over a window of

3Since an estimator is integrated into the prediction method to find the initial state, we name it estima-
tor/predictor.

4This section is based on the paper: Hossein Sartipizadeh and Tyrone L. Vincent. Computationally Tractable
Robust Moving Horizon Estimation Using an Approximate Convex Hull in 55th IEEE Conference on De-
cision and Control (CDC), 2016 [43].
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past data (as explained in detail in Section 2.3). Given the explicit model, the current state
estimation may be used by a predictor to predict the future output sequence.

In the case of model uncertainty, some robust MHE methods have been proposed ( e.g
[50-52]) that mainly focus on finding a confidence region for the system states. However,
for MPC obtaining confidence intervals for future predictions is of great interest. When the
uncertainty set allows for an infinite number of possible system realizations, computing the
confidence of region may be challenging. If the states are affine in the uncertain parameters,
the region of confidence can be obtained from the parameters that are extreme points of the
parameter set [5]. However, if they are not affine, the extreme points may not cover the true
output uncertainty. In this case, one may be required to use methods with high computa-
tional complexity. In this chapter we focus on reducing the computational complexity of the
prediction process when the system states and impulse responses are any arbitrary functions
of uncertain parameters.

For clarity, in this study, we only consider parametric uncertainty for Linear Time Invari-
ant (LTI) systems with aim to find guaranteed bounds in which the future system outputs
will lie. Let tg be the current time. Given the past input-output vectors over a horizon, a
robust moving horizon estimator must be able to provide a bound on the all output trajec-
tories compatible with the models in the uncertainty set. Figure 4.1 illustrates this concept.
Starting from %(, the thin solid lines are predicted output trajectories for some specific sys-
tems in the uncertainty set while thick solid lines demonstrate the guaranteed bounds on all
trajectories provided by the robust predictor.

In the rest of this chapter we introduce a new robust estimator/predictor which can

provide a guaranteed bound on the output trajectories with a low computational complexity.
4.2 Methodology

Assume a set of models that represent the system model uncertainty and the past input-
output data are given. It is assumed that the set of models characterizes the model un-

certainty in the sense that the mapping from past input/output data and future input to
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Figure 4.1: Output bounds achieved by a robust predictor

future output for the true system is a convex combination of the mapping elements in the
model set. This implies that our desired bounds could be obtained by finding predictions
for every element of the model set, and finding the max and min at every time. In general,
in the case that there is no restriction on the states, the uncertainty set could be obtained
via a sampling of the parameter space. An mentioned in Chapter 1, the motivation for this
is provided by the scenario approach for robust control [12, 13, 53]. The scenario approach
provides a bound on the number of samples required to attain a-priori specified levels of
probabilistic guarantee of robustness. Specifically, assume the volume of an uncertainty set
build from # with |#| elements is to be covered with maximum violation €* while the allowed
risk of failure is less than a second parameter 5. The following number of samples is then
required.

2 1 2 2
In — +2|60] + ﬂ1 — (4.1)

Noin = — n
mwn ES /8 Es (—:8

Let assume the samples taken by the scenario approach give us the bound on the output

trajectories (although with a small error corresponding to €®). Since the number of samples
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0 S(0)

Figure 4.2: Mapping the parameter space to the prediction mapping

is linear in eis, we still need a significant number of samples for a reasonable €* which could
limit the use of this approach in real time. The key idea of the current work is to reduce the
number of systems used at run time.

In order to develop the proposed method, we map the finite parameter set, obtained by
sampling, to a prediction mapping S. We define this mapping in a way that the extreme
points of the convex hull of S give us a bound on the all possible output trajectories and the
rest of the points become redundant. Figure 4.2 illustrates the mapping from the parameter
set to the prediction mapping. The convex hull boundary is drawn with solid lines. Black
dots show the extreme points while gray points are the redundant elements which can be
eliminated.

In order to decrease the number of extreme models of the uncertainty set and, con-
sequently, reducing the time complexity, the e-approximate convex hull definition is used,
which allows the number of its extreme points to be considerably fewer than for the convex
hull. The approximate convex hull is shown with dashed lines in Figure 4.2. This approach
gives us the trade off between the number of extreme models of the model set and accuracy.

Choose the set of the approximate convex hull vertices as the model set and denote it with

Sg. Se provides an approximate bound on the output trajectories as illustrated in Figure 4.3

with dashed lines. Because of missing some of the uncertainty realizations, the output may
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violate the bounds achieved by approximate convex hull. However, we separately account for
the level of approximation (€) by calculating a dynamic upper bound on the output violation,

shown by €} at the sampling time k.

Figure 4.3: Output bounds achieved by the approximate convex hull of the prediction map-
ping S (dashed lines) and after adding the guaranteed output violation bound €’ (solid
lines)

The approximation error of the approximate convex hull can be chosen by the user,
and this gives a degree of freedom to designers to make a trade-off between accuracy and

computational complexity.
4.3 Introducing the Prediction Mapping

In this section, the new prediction mapping S is defined. This mapping is later used for

uncertainty characterization with a low computational complexity.
4.3.1 Modeling Assumptions

Assume the system to be controlled has m inputs and n outputs with the input at
sampling time k represented as u, € R™ and the output as y, € R". A parameterized

system model is available of the form
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Ty = A(0)xg + B(0)ouy (4.2)

Sy = C(0)xg,
where x € R”™ denotes the vector of system states, § € R? is a vector of parameters, and
A, B, C are matrices of compatible dimension that are known functions of #. The input-
output feedthrough term is considered zero for convenience. Note that the system model
is expressed in terms of input and output variation duy := up — up_1 and dyr = Yr — Yr_1
(Assume all the outputs are measured, i.e., y; = y; = yx). The system parameters lie in the
uncertainty set © C RY.

System (4.2) is assumed to be observable for all # € ©. The measurements of the system

output at sample time k are denoted by z;, and
2k = Yk + Nk,

where nj; € R" represents measurement uncertainty. Because in this study we will be focus-
ing on model uncertainty, our results will be stated for the case when ny = 0. However, the
RMHE method presented below can still be applied for non-zero measurement uncertainty;,
although strict constraint satisfaction would also require accounting for measurement uncer-
tainty due to noise. For an appropriate noise model, i.e., if the noise is assumed to be an i.i.d
Gaussian sequence, then this is conceptually straightforward, but the details are eliminated

for clarity (it will be discussed in Chapter 5).
4.3.2 Formulation

Without loss of generality, the current sample time is & = 0. Given (4.2), the system
output variation at time k can be expressed as

Sy = C(O)A*(0)xo + > he(0)dus—y (4.3)

(=1

where hy(0) = C(0)A*"'B(f) is the impulse response. The first part corresponds to the
response of the system due to inputs for £ < 0, and the second part is the system response

due to inputs for k£ > 0.
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Using this model, the predicted output variation over a length p window into the future

can be calculated as ®

Y =Yy +Z(0,(0)x0+ T(0)AUs) (4.4)
T T
where Y = {%T - yﬂ is the future output, Yy = [yg . yoT] is a vector containing
T
repeated elements of the current output, AU = {MOT (5%{_1} is the future input

variation vector, O, is the extended observability matrix defined as
0,(0) = [(CAT (CAY)T ... (CA)T]", (4.5)

T(0) is a toeplitz matrix made up of the impulse response,

hy(0) 0 0 0
ho(0)  hq(0 0 0
O e (46
hp(0)  hp-1(0) -+ ha(0) ha(0)
and Z is the summation operator
L. O o .- 0
Ly Iy, 0 - 0
=" . (4.7)
: .. .. .. 0
Ir><7" Ir><r T Ir><r ]r><7"

For a given 0, the unknowns in (4.4) are the initial state xy and current operating point yj.
To determine these, we employ moving horizon estimation. In the absence of measurement
noise and disturbances and with a correct model, the MHE state estimate will be correct
for a sufficiently long estimation horizon. (This estimator can also reduce the effect of noise
and disturbances on the state estimate, but the analysis in this chapter does not explicitly
consider noise and disturbances. This will be discussed in the next chapter.) In what follows,
we will use p to denote both the estimation horizon (into the past) and the prediction horizon
(into the future), although it is quite easy to make these different values.

We assume that the available measurements are the past input sequence wug, k =

—p,...,—1, and output measurements 2, k = —p,...,0. From the input sequence, cal-

5Note that ¥ = yo + Zle Yk
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culate duy, k= —p—+1,...,—1. The MHE solves the following optimization problem:

-1

0
min ZH%H%‘F Z Hwkllé

Y0,T—p+1,"",20

k=—p k=—p+1
subject to  zp1 = A(0)xy + B(6)dug + wg, k=-p+1,---, -1 (4.8)
0 0
ZO_ZészQO_ZC(9)$£+0k, k=—-p,---,0
t=k+1 (=k+1

Since our system is in variational form, the MHE estimates the operating point y, along

with the state sequence x;. This is equivalent to the least squares problem

2

AU,
min || W(0)X ~ () | 20 || (4.9)
AZ,

T T T
where X = yg Q;OT o xz”“} , AU, = [&[{1 o 5“Tp+1] ,AZy = [52{{ o (5pr+1}
and W (#) and I'(6)° are given in (4.10).

[0 Q: -—Q:A 0 0 o
00 Qi —QEA . 0 QB )
) ,% _O-} QféB
ve) = R(z% 8 0 | Qo Qo Al ro= R ,
R: —R:C 0 0 0 . L
R+ —RiC R0 —RAC —RC - Roe o e R

(110

Lemma 1. If system (4.2) is observable for all 6, p > n and Q and R are invertible, then

(4.9) has a unique solution.

Proof. Using matrix row operations and using the property that rank(¥) = rank(V(Q) for

any invertible matrix ), it can be shown that matrix ¥ is full column rank if and only if
T

the matrix O(0) = |CT (CA)T ... (CA~Y)T| is full column rank, which is equivalent

to the observability of (4.2). Therefore, a unique minimizer X exists. O

6The dimensions of the presented matrices are as U(F) € RrPHDIn@-—Lxprtr ) ¢
Rr(p+D)+n(p—1) xr(p+1)+m(p—1)
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Let X be the minimizer of (4.9). The estimated initial state &, and operating point g

are obtained as

P (4.11)

where UT(0) = (UT(0)¥(0))~1¥T () is the pseudo inverse of ¥(f). Note that for an uncertain
system, both xq and yy are functions of the uncertain parameters. Replacing zy and yo with

Zo and g respectively in (4.4), the predicted output can be written as

AU,
Y(0)=M®) | 2 |+ N(O)AU; (4.12)
AZ,
where N(0) = ZT(0) and
M@) =([I 0 -+ 0]+ZO,[0 I 0 --- 0])TT(O)L(). (4.13)

As (4.12) implies, given known past input-output vectors and future output, M and N

determine the output prediction. Therefore, define the prediction mapping as S = {M, N}.
4.4 Output Bounds-Reduction of the Uncertainty Set

Thus far we have introduced a prediction mapping S. In this section, we explain how to
determine guaranteed upper and lower bounds on the prediction error given the true model
has parameters in a defined set ©.

Let the upper and lower boTunds of all possible realiz%tions over the prediction horizon be
denoted as Y = [ng . gg] and Y = [%T e QZ] , respectively where 4, = maxyceo Yk
and Y, = Milgee Y- Computation of these bounds can be accomplished through state
estimation and simulation for each element of ©. However, in many cases, this will be
computationally intractable.

In the case that impulse response of the system is affine in the uncertain parameters, some

simplification is possible. In this case, one can define the set O, as the extreme points of
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Conv © (that is, cannot be represented as a convex combination of the remaining elements).
In this case, we can find ¥, = maxgeo, Yy and Yy, = mingeo, Yk [5, 6]. However, there are
some issues with this. First, if there are many parameters, O, can still be quite large.
Secondly, if the impulse response is not affine in the parameters, the parameters of interest
will be those that define the extreme points of Conv Y (), but these will be more difficult to
find. A practical method is to create ©¢ by sampling from © similar to scenario approach,
but again will require a large number of elements in order to provide good coverage. To
solve this problem and reduce the time complexity as illustrated in Figure 4.3, we utilize an
approximate convex hull and develop a new approach for finding Y and Y that accounts for
the level of approximation.

We assume that |©| is finite (obtained from a sampling procedure), and establish an

arbitrary indexing of the elements of © as 6;, i = 1,--- ,|©|. Define the sets
N=N@©)={N@)li=1,--- .0}, M =M(©) ={M(@)i=1,---,|O[}.

Each row of M(f) and N(0) defines a linear mapping from input/output data to a
predicted output at a particular number of samples in the future. Given a set of matrices,
N € Rexme N ¢ Rexme=D+r+l) and o € R, 1 < 5 < o0, set S = {M, N} and
S={M,N}. Let

9]
M(S, S, s1,0) = [[FM =Y " aq FM(6))])s, (4.14a)
i=1
9]
Apk(S.S,s1,0) = [FN =Y~ ai EN(6:)], (4.14D)
i=1
for k = 1,--- ,p. This gives a measure of the error between M ,N, and a specific linear

combination of the elements of M, N. Let A be the vector with elements )\;. Define the

distance of S to the convex hull of set S as [54]
d(S,S, s1) :meig”)\(S,S,sl,a)Hoo (4.15)

where C' = {a e RI| Y} a; = 1,a; > 0},
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Theorem 2. Let Conv Sg be the e-approzimate convex hull of S( i.e., d(Sg, S, s1) < €). Let

— _S1
Sy = 724 Then,

7. < €7 + max
Yk > € SGSgyk

, e (4.16)
Y, = —€ T i i
are two guaranteed upper (yi) and lower(gk ) bounds on output, where
AU,
e/ = ¢ [ p} + e ||AU|| 5 (4.17
(=) |az)| +eavi. )
and
€k :rggganeig)\p%(&&g,sl,a) k=1,---,p (4.18)
and yy is the prediction using (4.12) with matrices contained in Sg.
Proof. See Appendix A O

Remark 4. ¢, is the bound on the error of the k-step ahead prediction of output due to
the convex hull approrimation, and will naturally rise with increasing k. The following

relationship holds for e;: e < --- <€, <€, <e.

Remark 5. At steady state, without any noise or disturbance, the input and output variations

are zero. The calculated bound €Y, therefore, converges to zero.
Remark 6. When S¢ is the exact convex hull of S, €¥ =€ = 0.

Remark 7. Three options {s1 = 1,5 = 00}, {s1 = 00,82 = 1}, and {s; = 2,59 = 2} can be

chosen based on the application.

Remark 8. To compute Sg, the approrimation algorithm introduced in Chapter 3 is used

with the metric d(.) given in (4.15).

In the remainder of the thesis, S¢ = {S1, -+ ,Sg} C S with the corresponding set of
parameters O¢ = {61,--- ,0g} is called the model set. This set includes F elements called

extreme models which denote the extreme points of the convex hull of Sg or equivalently
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the extreme points of the approximate convex hull of §. Algorithm 3 briefly explains how
to implement the proposed robust predictor. © indicates the finite set of samples taken by
scenario approach. Note that in Algorithm 3 lines 1 to 13 are performed off-line while lines
14 and 15 are processed on-line to find the dynamic violation bounds in future (ef).
Increasing the number of extreme models E results in a smaller € and therefore ¢.
However, since the number of constraints linearly increases with the number of extreme
models, the computational complexity increases. Therefore, there is a trade off between the

uncertainty violation level and the computational complexity.

Algorithm 3 Proposed RMHE
: Input: ©, Fore, Q, R
S =0.

for:=1: ‘@| do // Map the uncertainty © to the prediction
mapping S

AR e

Form the system matrices A(6;), B(6;), C(6;).

Find the impulse response matrix H(6;).

Form W¥(#;), I'(6;), and N(6;).

Form M (6;).

Form S(6;) using M (6;) and N(6;).

S+ SuUS ).

10: end for

11: Given S, compute Sg for the given FE or e // Find the model set Sz using approximate

12: O = {6]5(0) € S¢}. comvex bl

13: Compute €y, - , €, using (5.10).

14: Given €, €k, AUW AZP, compute 6% llSiIlg (59) // Calculate the output violation bound e¥
15: Find the uncertainty bounds g, and y, from (4.16).

16: Output: iy, Y, for k=1,---p.

© ®» 3T R

4.5 Illustrative Example

A 2nd order mass-spring-damper system is considered as the case study to show the
performance of the introduced RMHE. Let the continuous time state space representation

of the mass-spring-damper system be given as

i(t) = [_ZZZ (1]] x(t) + L/Om] u(t) (4.19)
y(t)=[1 0]=(t)
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where m, is mass, and k, and ¢ indicate the spring and damping coefficients with the nominal
values of 0.72 Kg, 0.2 KN/m, and 0.4 Kg/s, respectively. Assume the actual parameters vary

15% about their nominal values which implies the following uncertainty ranges,

m = [0.612 0.828] ,k = [0.425 0.575],c=[0.085 0.115].

which results in different systems with a wide range of dynamics and DC gains. Figure 4.4
shows the step response of some random systems with parameters in the uncertainty ranges.
Dashed lines indicate the upper and lower bounds of the step responses. The uncertainty
in the system dynamics and DC gain is noticeable. The goal is to employ a p-step ahead

predictor over time with p=10.

Lower bound

0 10 20 30 40
Time(s)

Figure 4.4: Step response range of uncertain systems.

Since the states are not affine in the uncertain parameters, the extreme points of the
parameters subspace can not completely cover the uncertainty. In order to characterize the
uncertainty, we randomly take 500 samples from the uncertain parameter set and generate
© = {61, ,0500}. Then, using a sampling time 1s, and weighting matrices @ = 1 and

R =1, we create set S and find the approximation of its convex hull, off-line. In this example,
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the method has been performed with s; = s, = 2. Let ConvSHMSP be the approximate
convex hull of § computed by the approximate convex hull computation method presented
in Chapter 3.

Figure 4.5 shows the approximation error € as a function of E, the number of elements of
SMSP for E =1,---,20. Asexpected, by selecting more elements, the resulting approximate
convex hull is closer to the exact convex hull of SMP and consequently e decreases. However,
there is also a clear point of diminishing returns.

As seen, the proposed method gives us the freedom to make a trade-off between the
number of extreme points and the resulting accuracy. Choose E = 12 with corresponding
approximation error € = 0.065. In Figure 4.6, ¢, is plotted for £k = 1,--- ,10. As expected,
the uncertainty grows in time since the uncertainty of the previous steps are accumulated

for the next step.

25 F ]

0 5 10 15 20
B

Figure 4.5: Approximate convex hull accuracy using F extreme points.

Given ¢, €, and Sg, we use (4.16) to find the 10-step ahead output prediction bounds
for a predefined pulsed input. The plant is run 35 s, and after that we apply the estimator.

Figure 4.7 shows the estimation result for a random system. Note that the actual output is

20



0.035
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0.025 -

0.02

€k

0.015 -

0.01

0.005 -

Figure 4.6: ¢, for k =1,---,10 when E = 12.

always bounded by the given uncertainty bounds. The output touches both the upper and
lower bounds over time but does not violate them.

Figure 4.8 demonstrates the behavior of €’ during estimation. Figure 4.8a shows the
output uncertainty level corresponding to the approximation error related to the past data
(€

future input variations(e,||AUs||). As seen, the both terms go to zero at the steady state (see

), and Figure 4.8b indicates the worst uncertainty level caused by the

[AUT AZT]

Remark 5) which significantly reduces the conservatism of the proposed method.
4.6 Summary

A novel robust moving horizon estimation/prediction approach with a new uncertainty
characterization for dealing with the parametric uncertainty was presented in this chapter.
A new prediction mapping and the approximate convex hull computation method introduced
in Chapter 3 were the main elements of the proposed approach for characterizing the un-
certainty. According to Theorem 2 and confirmed by the illustrative example, the output

uncertainty level by the approximation process is zero at the steady state. Otherwise, it is
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Figure 4.7: 10-step ahead output prediction uncertainty bound. The estimator is applied
after 33 s.

a function of € where € can be decreased by increasing the number of extreme models of the
computed approximate convex hull. This method allows the designer to make a trade-off
between the accuracy and computational complexity by providing a degree of freedom on
the number of extreme models. The simulation results confirm that the output is always

bounded by the given uncertainty bounds.
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Figure 4.8: Output uncertainty (e,) corresponding to the convex hull approximation. (a)
caused by past data (b) caused by future data
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CHAPTER 5
A NEW ROBUST MPC APPROACH USING AN APPROXIMATE CONVEX HULL

This chapter is based on one published paper 7 and one submitted paper ®.
5.1 Introduction

In Chapter 4 we introduced a mapping, S, to help characterize the parametric uncer-
tainty. The main element of the proposed method was the computation of a convex hull
that approrimately covers the system uncertainty in the new prediction mapping. A novel
robust moving horizon predictor were introduced to find the guaranteed bounds on the all
possible output trajectories. Since the output prediction is a vital part of model predictive
control, in this chapter, the proposed robust estimator/predictor is used to design a novel
robust MPC. It will be shown through simulation results that the proposed controller has
a strong performance in the control of systems with parametric uncertainty and processes

with measurement noises.
5.2 RMPC Optimization Problem

In MPC, an objective function and constraints are defined that are functions of the future
input and output. In this chapter, we specialize to output constraints that can be expressed
as desired minimum and/or maximum values of the output, i.e. ™" <Y < y™% where
b and ™3 are vectors the same length as Y. The scalar objective function of the future
input and output is designated J(Us, Y) and is assumed to be convex. The desired input
constraints are given by f(Us) < ¢ where f is a linear function of U;. The robust MPC

strategy is to minimize the worst case objective function over all 6 € ©.

"Hossein Sartipizadeh and Tyrone L. Vincent. Uncertainty Characterization for Robust MPC using an
Approximate Convex Hull Method. in American Control Conference, 2016 [54].

8Hossein Sartipizadeh and Tyrone L. Vincent. A new Robust MPC approach using an Approximate Convex
Hull. submitted to Automatica, 2016 [55].
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Us  6€0
AU,
subject to AZ,
bmin S Y(e) S bmax
f(Up) <c
This problem can be written in epigraph form as follows.
min ¢
Us,t
AU,
Y(0)=M@®) | z | +N(O)AU;
. AZ, (5.2)
SubJeCt to bmm S Y((g) S pmaz
J(U,Y(0)) <t Vo € ©
f(Ug) <c

The solution to (5.2) is the same as (5.1) and thus the problems are equivalent.
As noted, || is finite. However, if J(.) is linear in Y, the solution of (5.2) over © is also

optimal for the infinite uncertainty set
{6 |M(0) € Conv M(O),N(#) € Conv N(O) }.

In the case that J(.) are not linear in Y but is convex, the solution to (5.2) will be feasible for
the optimization problem with infinite uncertainty set, but suboptimal. However, feasibility
can be more important than optimality in applications where the control system must satisfy

constraints to ensure that the system is not damaged.
5.3 Reduction of the Uncertainty Set

When O contains many elements, the computational complexity of (5.2) may be too large
to meet the sampling time requirements of real-time control. In Chapter 4, we discussed an
approach that finds a smaller number of elements that can approximately represent the

uncertainty set. To this end, we introduced a prediction mapping S = {M(6), N(0)} where

95



M and N, defined in Chapter 4, reflect the past and future elements of output. Let S be
the set of all S over the uncertainty range. A distance metric d(S,S) defined in (4.15) was
used to find Sg, the approximate convex hull of S.

In this section, using the same uncertainty characterization method, we develop a new

approach for solving (5.2) that accounts for the level of approximation.

Theorem 3. Let Conv Sg be the e-approzimate convex hull of S with si-norm metric. Let

S9 = lf—lsl Let J(.) be convex in Y. The solution of the following optimization is feasible for

(5.1).
min ¢
Us,t
AU,
Y=M/| z + NAU; {M,N}ESg
| AZ, (5.3)
subject to Y 4 ¥ < Py — v > pmin
f(Us) <c
JUs,Y) <t
where
AU,
=] [az]| +eravi. 5.
and
Ek:%lgg{ggg/\p-ﬁ-k(s?sc‘:asl’a) k= L---yp (55)

where Y is the prediction using (4.12) with matrices contained in Sg.

Proof. As proved in Theorem 2, €¥ can be used to provide a dynamic guaranteed bound
on the possible output trajectories when Se with the approximation error € is used as the
model set. Using the same predictor, therefore, the control constraints are satisfied for all

the output trajectories.

]

The necessary parameters like € and ¢, for £k = 1,--- ,p are calculated off-line (See

Algorithm 3).
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5.4 Measurement Noise

The presented robust MPC includes a moving horizon estimator. By choosing proper
weighting matrices () and R based on the noise distribution, we may make a trade-off between
signal tracking and noise rejection. In order to compensate for the effect of the noise on the
prediction of output, an additional term is included on constraints. Let ny be an i.i.d gaussian

noise with ny, ~ N (0,021). According to (4.12), the output variance is calculated as:

02 = o2 (MyMJ + MsMJY) (5.6)

)

where My is the p-th column of M (corresponding to zg) and Mj represents its p + 1 to 2p
columns (corresponding to AZ,). The probability that the prediction is in error greater than

30, is 0.3%. The output constraints of (5.3) can, therefore, change to

Y + €+ 30, <0

. (5.7)
Y — €Y —30, > 0™"

5.5 Implementation for MIMO systems

This approach can be easily used for robust control of MIMO systems. As a reminder,
u € R™, and y € R” which result in AU; € R™>! and Y; € R™*!. One way to cover the
output uncertainties is to cover all of them by a single model set Sg with the corresponding
{€,€ex}. In this case, the model set Sg will be the collection of extreme points that cover
each output. However, this is sensitive to the relative scalings between outputs and some
unnecessary constraints may be added to the optimization problem which can make the
problem more conservative.

Another approach, which may be more efficient, is to find an individual model set for
each output. This approach can be carried out by simply taking the corresponding rows of
M and N to the i-th output. Let M;, and N; to be the corresponding rows of M and N
to [yi(1), -+, ui(p)|" ?. By setting S; = {M;, N;}, one can use the e-approximate convex

hull method to find the model set Sg; with corresponding {¢;, €x;}. It can be noted that

9which is the 4,i +r,i +2r,--- ;i + (p — 1)r th rows of M and N/
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|Seil < |S¢| for any ¢ = 1,---,r. Therefore, the following control problem is solved for

MIMO systems

min t
Us,t
AU,
Yi=M | 2z | +N;AUs {M;,N;} €Ss; i=1,---,r
AZ, (5.8)
subject to Y 4 el < BT Y, — Ui > pin
f(Us) <c
JUs,Y) <t
where
. AU,
& =a| |27 +anavi. 5.9
and
€ki = %‘e%’.‘gléé‘ Apik(S, Seiy 81, ) k=1--,p (5.10)

A simulation example of this case will be given later in Chapter 7.
5.6 Discussion on Stability and Feasibility

Different studies on stability and feasibility of min-max robust MPC have been presented
in literature[11, 56-61]. The key element of the most stability approaches is to add a terminal
cost function and terminal constraints so that insure the objective cost is non-increasing by

time while feasibility may be obtained by relaxing the problem or using soft constraints.
5.6.1 Feasibility

The approach presented in this study is a regular min-max problem which employs a new
method to reduce the elements of the model set. Therefore, its feasibility may be realized in
a similar manner as other min-max approaches. The only difference is the output constraints
include dynamic offset €. In order to claim that adding €Y does not disrupt feasibility, we

show that €¥ is bounded. Therefore, using soft constraints on outputs guarantees feasibility.
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Lemma 2. Consider the case that there is no measurement noise. Assume the input varia-
tion and system gain Ky are bounded (||6ulls, < v, Ko = mazsu|.,=16ylls, < k). An upper

bound on €, is:
eggev%p(?/unszﬂ), k=1, p. (5.11)
Proof. From (5.9) and since ¢; < € for any k < p,

AU,
r=<(|[37]]

Note that AU,, AUs, and AZ, are p-length vectors. Thus

22|, = s (ameon))

< v2 + | max [[0y||s, ,
H[AZP s i/p Héuusfv” vl (5.13)
[AUt|ls, < %/pve=.

By plugging (5.13) in (5.12) and since max|sy),, = [|0y|ls, = v&, (5.11) is easily derived.

+ IIAUstz) (5.12)

]

Remark 9. If the system is open loop unstable, a local feedback can be used to stabilize the

system to obtain a bounded system gain.
5.6.2 Stability

The min-max RMPC formulation does not provide guaranteed stability by itself unless a
terminal function and constraint are used. Different approaches have been used in literature
to guarantee the stability (a review on stability of min-max MPC can be found in [21, 62]).
One way to guarantee stability, is to add the following terminal constraint to hold the Input-

to-State practical Stability (ISpS)
[@psll < Blllzell, k) + (I dr-1ll) + ¢ (5.14)

for a class KL function of 3, class K function ~, and nonnegative ¢ (see [60] for more
detail). These methods could be applied to our formulation using the lifted system in state

space form, defined as below,
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0 I,

v(k+1) = [ LOLYTT+ [0 I 0]|x(k)+ |LT| AUs(k) (5.15)
L,O,L,v*T 1T
AU, (k)
where z(k) = | 2(k) |, and
AZy (k)
T
AU, (k) = [5u{p71 5u£p ) (M{pfp} ,
T
AZP(k) = [5213;) 521%;—1 5Z13;a—p+l} ’ (5 16)
- .
AUs(k) = [ouf, ouf,., 0y p 1]
T
AZi(k) = [0z, 02f,0s 0zp, )
I, = {() 71 0 --- 0] and z(k) = zyp. I, is the reverse operator matrix, a square matrix
with 1 on off-diagonal and zero otherwise. Also, Iy = [I --- [I] is the summation operator,

and Z(k) = z(k) — zss is the output distance to its steady state value.

5.7 Ilustrative Example

The 2nd order mass-spring-damper system (4.19) presented in Chapter 4 with the same
uncertainty ranges is considered as the case study to show the performance of the proposed
RMPC. Define the control problem as follows, an output constraint (i.e., ¥ > ¥m:) and non-
negative input constraint is to be satisfied while a cost on the input and output variations
is to be minimized. After changing the output constraint to a soft constraint in order to

guarantee the feasibility, this problem can be written as

i A
min max  cu|Utll + A AUt + <]

L1 = Ad(Q)ZL’k + Bd(G)uk

. Yr = Ca(0)zy, feco (5.17)
subject to o
ui(0) + G = v k=1, .p

where A4, By, Cy are the system matrices in discrete time and ¢, is the input cost. ¢ = [(x]}

is used to change the output constraint to a soft constraint with aim of making sure that
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the problem is always feasible. However, the potential violation is penalized with 7. A|[|AUg||
provides smoother input variations to avoid actuator damage. According to Theorem 3, the

following alternative problem is solved instead.

H[ljin cul|lUs|| + A|AUs|| + ¢
i

AU,
Y=M]| y | + NAU;:  V{M,N} € S¥5P
AY,
. —yr— G e < -y k=1---,p (5.18)
subject to AU
€l =€ AYE + e || AU ||
YICh <t

which is a convex optimization that can be reformulated as a second order cone problem.
In order to define a finite set of parameters using the scenario approach, choose N so that
e* = 0.01, and 8 = 0.001 where the system has three uncertain parameters. According to [53],
4000 samples are required to meet the requirements. By taking 4000 samples uniformly from
the uncertain parameter set, we generate ©M5P = {0, .- 04000}. Then, using a sampling
time T, = 1s, weighting matrices () = 1, R = 1, and choosing p = 10, we create set S and
find the approximation of its convex hull, off-line. In this example, the method has been
performed with s; = 2, s, = 2. S¥5P is the approximate convex hull of S computed by the
approximate convex hull computation method presented in Chapter 3 with corresponding e
and €8.

Figure 5.1 shows the approximation error € as a function of E, the number of elements of
SMSP for E =1,---,20. As expected, by selecting more elements, the resulting approximate

convex hull is closer to the exact convex hull of SM5P

and consequently e decreases.
For implementation, £ = 13 was chosen, with corresponding approximation error ¢ =
0.067. Given € and set Sg, Figure 5.2 demonstrates ¢, for k = 1,--- , 10 calculated off-line.

As expected, the uncertainty increases in time since the uncertainty of the previous steps

are accumulated for the next step. It is also observed that ¢; < e < --- < €9 <e.
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Figure 5.1: Approximate convex hull accuracy using F extreme points.
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Figure 5.2: ¢ for k =1,--- ,10 when FE = 13.
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Given ¢, €, and Sg and by assuming ¢, = 3, A = 50, and 7 = 100, we use (5.18)
to implement the robust MPC for the uncertain mass-spring-damper system. The plant
is run 35 s in open loop and after that we apply the controller. Figure 5.3 compares the
RMPC performance against the regular MPC for 50 random uncertain systems as the actual
plant. The regular MPC uses the same structure as the robust MPC (i.e., it has the same
formulation and also it includes the inner MHE) but uses a single nominal model rather than
the model set. Note that because of the essence of the problem which aims to minimize the
input cost, the system is operated near the constraint. As seen, regular MPC fails to satisfy
the output constraint in some transients. On the other hand, the robust controller succeeds
to always keep the produced output higher than the required constraint, although with more
conservatism. Both the robust and regular MPCs have similar performance at the steady
state.

Figure 5.4 demonstrates the behavior of €/ during control. Figure 5.4a shows the output
uncertainty level corresponding to the convex hull approximation related to the past data
(e

future input variations (e1o||AUs||). Since €19 > -+ - > €1, we only show the uncertainty level

[AUT AYT]

), and Figure 5.4b indicates the worst uncertainty level caused by the

for the worst case, i.e., 10-step ahead prediction. Since both the past and future terms go
to zero at steady state this reduces the conservatism of the robust approach.

In order to investigate the robust MPC performance in the presence of measurement
uncertainty, i.i.d. noise ny ~ N (0, 0.004y2””2> is added to the output. Figure 5.5 shows
the tracking performance for a randomly generated real plant. Also in order to have a better
understanding, €’ is given in Figure 5.6. 30, has been considered as the noise bound. As
seen in Figure 5.5, the output constraint is mostly satisfied by the RMPC while obviously
this statement does not hold for the regular MPC. In addition, the estimation procedure
of the proposed RMPC produces smoother signals and avoids the input chattering due to

noise.
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Figure 5.3: Comparison between a regular MPC and the proposed RMPC. The controller is
applied after 35 s. (a) output (b) input

5.8 Summary

Employing the new uncertainty characterization approach introduced in Chapter 4, a
novel min-max RMPC was presented in this chapter for systems with parametric uncertainty.
The approximate convex hull computation method introduced in Chapter 3 was used as the
key element of the proposed approach.

The proposed method maps the parameter set to the prediction mapping S (introduced
in Chapter 4) with aiming to find a guaranteed bound on the all possible output trajectories.
Regardless of the distribution of the parameter set and without requiring the system output
to be affine in the parameters, the extreme points of S provide this bound. In order to

reduce the number of extreme points for achieving a lower computational complexity, the

64



0.03

> 0.02
0.01F

€10l AUl
B

2
|

N |

20 40 60 80 100 120 140
Time(s)

()

Figure 5.4: Output uncertainty (e¥) corresponding to the convex hull approximation. (a)
caused by past data (b) caused by future data

e-approximate convex hull of the new mapping was calculated. It allows the designer to
make a trade-off between the accuracy level and computational complexity by providing a
degree of freedom on the number of extreme models.

In order to account for the level of approximation on the output bound, a guaranteed
bound on output violation was presented in Theorem 3 (The same bound as given in Theorem
2). As noted in Remark 5 and shown by the illustrative example, the output violation bound
converges to zero which removes conservatism at steady state.

Integrating an inner estimator, specifically an MHE, in RMPC for finding the initial state
of the system and dealing with noise measurement is another feature of the controller that

removes the need of using an external estimator.
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Figure 5.5: Comparison between a regular MPC and the proposed RMPC in the presence
of measurement noise. The controller is applied after 33 s. (a) output (b) input
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Figure 5.6: Output uncertainty (e,) corresponding to the convex hull approximation. (a)
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CHAPTER 6
CONTROL OF DC-DC FLOATING INTERLEAVED BOOST CONVERTER UNDER
UNCERTAINTY

In this chapter, the proposed robust model predictive control method is applied to an
application to evaluate its performance for SISO systems. This case study examines how the

uncertainties and disturbances can be handled by the controller!®.
6.1 Introduction

The output voltage of renewable and sustainable energy sources such as photovoltaic
(PV) cells is typically an unregulated low level DC voltage. However, a regulated high level
DC voltage is required as the input of a three phase inverter used to convert the DC voltage
to a proper AC voltage compatible with the grid. Specifically, a DC voltage in the range of
400V is required to feed an AC three-phase 120V or single-phase 220V inverter. One way
to increase the output voltage of PV cells is to use a series combination of PV modules.
However, since the failure of one module causes the failure of the whole string, using series
connected PV modules reduces reliability. To this end, the parallel connection of PV cells
with high gain DC-DC boost converters are commonly used to increase the output voltage
of PV cells [63, 64].

The Floating Interleaved Boost Converter (FIBC) is a novel power electronic interface
which has been proposed for low voltage renewable energy resources such as fuel cells and
hybrid electric vehicles [65-67]. The FIBC consists of two conventional boost converters
that are connected in series [63]. By using this configuration, we can increase the obtain-
able voltage gain while reducing the output voltage ripple. Although the FIBC requires a

greater number of components than conventional boost converters, it is preferred due to its

10This chapter is based on a submitted paper: Hossein Sartipizadeh and Farnaz Harirchi. Robust Model
Predictive Control of DC-DC Floating Interleaved Boost Converter under Uncertainty. submitted to IEFEE
GreenTech, 2017
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advantages, including higher efficiency, higher voltage gain, less input ripple, lower voltage
and current ratings for switches and diodes, lower switching stress, smaller inductors and
capacitors, and lower losses and voltage drop through inductive components [64, 68].

In the ideal case that the input voltage of a boost converter is fixed, selecting a proper
voltage gain results in the desired output voltage. This gain is adjusted by changing the duty
cycle of the converter as the design parameter. Unfortunately, the input voltage of a boost
converter varies in practice. For instance in PV cells, although the Open Circuit Voltage
(VOC) may remain almost constant as long as there is sufficient irradiance light, the output
voltage of the PV cell drops when the PV is connected to external loads. This decrement in
the voltage of the PV cell is caused by power losses within the cells structure as well as the
metallic conductors deposited on the cells surface. Temperature is another factor that also
affects the PV cell output voltage. There are different studies on effect of temperature and
sun irradiation on PV parameters (for instance see [69]). The output voltage varies about
5% for every 25C changes in the cell temperature. Therefore, the input voltage of the boost
converter depends on the sun irradiation condition, temperature, external loads, etc, and
consequently it is uncertain. To this end, some control approaches have been employed to
reach the desired outputs. For instance, the control of the FIBC converter has been proposed
using a Proportion-Integral (PI) controller [63], type III controller [68], nonlinear adaptive
controller [70], sliding mode controller [71], and nominal MPC[72]. However, they do not
take the model uncertainty of the FIBC into account.

The physical elements of an FIBC, including resistors, capacitors, and inductors, vary
about some nominal values. Therefore, the system response may differ from its nominal and
will be uncertain. Since individually tuning the duty cycle to tune the voltage gain for each
product is not practical, the voltage gain is calculated by the nominal parameters with the
price of remaining uncertain.

Thus, keeping the boost converter output voltage at the desired level is challenging and

demands an effective control approach. This control approach must be robust against the
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input voltage uncertainty as well as physical elements uncertainties. In other words, we
prefer a unique controller which can perform on every product under a given uncertainty
range with the capability of handling the input voltage unexpected perturbations without
need of further tuning. To this end, we employ the proposed RMPC in Chapter 5 to deal
with the input and physical element uncertainties. It is worth reporting that prior work has

not taken the uncertainty into account (For instance see [63, 68, 70-72]).
6.2 FIBC Model

The configuration of an FIBC is shown in Figure 6.1. In Figure 6.1, when the switch S;
is not conducting, corresponding diode, D;, is closed and when it is conducting, D; is open.

The relation between the input and output of FIBC can be found as:

Vout = V1 + Vg — Uiy, (61)
Ll 11 il Dl
- °
+ +
- L »— 1
L, 112 L2 D,
+ o/ S S, U1
C T-
Vin . . 1+ R.Z Vout
S Ca
3 Sy
B Ls Tz i3 Ds V2
? 4 12
- o
L, T4 g Dy

Figure 6.1: DC-DC floating interleaved boost converter schematic

In Figure 6.1, all the capacitors and inductors are the same (i.e., Ly = Ly = L3 = Ly = L,
and Cy = Cy = C). In addition r,, = rp, = rp, = rp, = rp and r¢, = 1, = ro. Therefore,

the voltages v, and vy are calculated like a conventional boost converter as below.

Vin

1-D

(6.2)

V1 = V2 =
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where D is the duty cycle of FIBC. By plugging (6.2) in (6.1), the output voltage is obtained
as

1+ D
1-D

Vout =

Vin (6.3)

Thus, the gain of the FIBC is (14 D) times greater than a conventional boost converter.
Define the duty cycle distance from its nominal value as d = D — Dy where Dy is a fixed
number and it is calculated from (6.3) based on the nominal desired gain. Also let Ty =
Vout — Uyt De the variational voltage. The duty-cycle to output voltage small signal transfer

function of an FIBC converter with resistive load R is given as [65]

Dout (8) K (1= (s/wzr)) (1 + (s/wa))

dis) (1 (s/weQ) + (s2/w2)) o
where
_ Vin (2R(1— Do) —rp (1+ Dy)) (6.5a)
v (1 — Dy)? (R(1— Dy)* + ) |
B 2R (1 —D0)2 —rr (1 + Dy)
o — ey (6.5b)
o — 1 (6.5¢)
rCC
1
Wy = (RC/ (Do + 3)) +rcC (050
2R 1-— Do + 2rp
oy — \/_\/ e (6.5¢)
o wo (R + 2r¢) LC (6.5f)

RC (rL +2r¢ (1 — Do) ) +2(L+rerC)
The values of the elements of the FIBC converter are given in Table 6.1. v;, is uncer-
tain and changes based on the energy source. In order to control the output voltage, d is

manipulated to adjust the absolute duty cycle D.
6.3 Implementation
Define the uncertainty vector 6 = [vy,, L, 71, C,rc, Rr]T. Given the range of each param-

eter, we take 1000 random samples with uniform distribution to create the uncertainty set
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Table 6.1: FIBC model parameters

Parameter Nominal value Unit Tolerance

C 2.2 e3 F 2%
L le-4 H 2%
ro 4.1 e-2 9) 2%
T 2.0 e-2 Q 2%
RL le3 Q 20%

© = {61,02,--- ,01000}. Then, using the introduced mapping S while assuming Q = R = [
and s; = sy = 2, we build § = {S5(61),S(0s), -+ ,S(01000)}. The following min-max opti-
mization problem can be solved by MPC at each sampling time to achieve the stated control

goal

min max  ¢,||Us||1 + A|AUs|| + ~[<]|

Us 0cO
Tp1 = Ag(0)zr + By(0)duy,
subject to Sy = Cy(0) s 9o (6.6)
Ye(0) — G <y k=1,--.,p

yk(0) + G > Y™
where Ay, By, Cq present the system matrices in discrete time state space representation for
variational form( they can be obtained from the FIBC transfer function with a sampling
time Ty = 1ms). uy = d is the process input while y, = v, and 0y = oy are the absolute
output and its variation at time k. Ur and Y; are the future input output vectors defined as
Chapter 4. ¢, is the input cost, therefore, the first term of the cost function minimizes the
control effort cost. We assume v,,,;,, = 400V to make sure the minimum desired output is
generated. Since the cost of the input is minimized, this problem turns to a tracking problem.
In addition, we set ¥, = 420V to avoid large peaks in the output at the transient times.
However, sometimes there is no feasible solution in the specified output range. To this
end, ¢ = {C1,---,(y} is used to change the output constraints to soft constraints with the
attempt to make sure that the problem is always feasible. However, the potential violation

is penalized with . A||AUg| attempts to keep the system in the valid range of linearized

71



model and avoid it to go far from the operating point.
Given S we calculate its approximate convex hull Sg with corresponding {e, €, }. Accord-

ing to (5.3), the following alternative problem can be solved.

Hlljin CuHUle + /\HAUf” + 1
f

AU,

Y=M| yw | + NAU;  V{M,N} € S

AY,
_ Y — Gt e <y k=1,---.,p (6.7)

subject to y min

—yp — G+ < —yp

AU,
€ =¢ AY: + ex|| AUl
YIS < ¢

6.4 Simulation Results

In this section, we investigate the performance of the controller against the parametric
uncertainty and the input voltage uncertainty through a simulation experiment. Assume the
uncertain parameters of the FIBC can take any value within their uncertainty ranges given
in Table 6.1. Also let the input voltage vary over time between 37V to 43V as shown in
Figure 6.2. The control goal is to keep the output voltage at v,,; = 400V for any arbitrary
system with parameters within the uncertainty range regardless the unexpected changes in
Vin. In other words, a unique controller is expected to perform under uncertain situations
without any needs for further tuning.

Figure 6.3 shows the result of finding Sg with E elements. The vertical axis shows the
error € and the horizontal axis indicates F. In order to have a better understanding of
the approximation improvement by increasing E, the error is shown on a logarithmic scale.
As expected, the approximation error decreases as the number of extreme model increases.
According to the figure, choosing 25 extreme models results in € = 3.246 while picking 50
models decreases the approximation error to 0.0432 (these points have been highlighted in
the figure). Although user can pick any F, these two point may be good candidates according

to the error trend. Since 50 models is still considerably fewer than 1000, in this work we

72



45

44 ]
43} :

42} :
41} :

40 ]

Vin (V)

39+ .
38+ .

37+

36+ .

F05 0.1 0.15 0.2 0.25
Time(s)

Figure 6.2: The input voltage of the FIBC converter coming from the energy source

prefer to generate Sg with 50 models. As seen, adding more extreme models after £ = 50
results in a negligible decrement in the approximation error while it still increases the time
complexity. After defining Sg with 50 elements and € = 0.0432, one may use (5.10) to
calculate back €. Figure 6.4 shows ¢, over a 10-length future horizon.

Let choose ¢, = 250, A = 2500, and v = 0.8 (These weights can vary based on the
importance of their roles stated above). We initiate the system to reach the steady state,
and then apply the RMPC controller while v;, is perturbed as Figure 6.2. The controller
is tested for 40 arbitrary FIBCs with random parameters with uniform distribution in the
uncertain ranges. Figure 6.5 shows the tracking results for the random FIBCs. Figure 6.5a
demonstrates the output voltage while Figure 6.5b represents the necessary changes in the
FIBC duty cycle to compensate the disturbance (input voltage perturbation). The input-
output results are plotted in one figure (Figure 6.5) for all the 40 random FIBCs. We
individually discuss the performance of the controller against the parametric uncertainty

and the input voltage uncertainty.
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e Performance of the RMPC against the input voltage uncertainty. As seen,
perturbing v;, by 3V changes the output voltage v, about 30V (As noted, the FIBC
gain is close to 10). In the case that v, decreases (consequently v,, decreases), the
controller adds a small deviation to the duty cycle to cancel out the effect of the input
voltage changes. When v;, suddenly increases, there is a sudden increment in the output
voltage. The controller then decreases the duty cycle by adding a negative d. It is worth
reporting that in this case since the voltage jumps to 430V, the controller could not find
any feasible solution for optimization problem (6.7) if we didn’t change the constraints to
soft ones.

e Performance of the RMPC against parametric uncertainty. Asseen in Figure 6.5a,
there is a small change in the transient of different systems, seen as thicker lines. However,
the controller successfully keeps all the system above the desired reference. At the steady

state, the output trajectories of all the systems reach its desired (400V).

Figure 6.6 shows the guaranteed violation bound €Y due to the approximation calculated
by the controller. Figure 6.6a and Figure 6.6b represent the violation bounds due to the past
input-output and future input (in order, the first and second terms of (5.9)), respectively. As
seen and mentioned before, the violation bound goes to zero at steady state, which reduces

the conservatism of the min-max problem.
6.5 Summary

In this chapter, robust control of an FIBC in the uncertain situations was studied with
an attempt to regulate the FIBC output voltage at the desired level regardless the exist-
ing uncertainties. Uncertainty in the FIBC input voltage and uncertainty in the physical
elements were taken into account as two common types of uncertainty. Specifically, the pro-
posed robust model predictive control approach introduced in Chapter 5 was used due to its
capability in handling the parametric uncertainty as well as physical limitations. Simulation

results confirm the solid performance of the robust controller under uncertain situations.
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Figure 6.5: FIBC control- Tracking result for 50 random systems after applying the RMPC
in the presence of the input voltage changes shown in Figure 6.2. (a) Output voltage (b)
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Figure 6.6: FIBC control- Output violation bound (e¥) corresponding to the convex hull
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CHAPTER 7
ECONOMIC CONTROL OF METHANE REFORMING

The aim of this chapter is to investigate the application of the proposed robust MPC in
control of MIMO systems. Specifically, a methane reforming process that is a key element of
a solid oxide fuel cell is selected as the case study and its economic control under uncertainty

is discussed!!.
7.1 Introduction

Methane reforming is a process used to produce syngas (Hy and CO) and can be a
key balance of plant component in a fuel cell system. Among three major thermochemical
reforming techniques, i.e., steam reforming (SR), partial oxidation (POx), and autothermal
reforming (ATR), the latter is more compact and practical for use with mobile fuel cells since
it does not need an external heat supply. ATR combines the exothermic partial oxidation
with the endothermic steam reforming under thermally neutral conditions [73].

Efficient control of methane reforming results in improved fuel cell performance. While
in some applications open loop operation is feasible, real time feedback control is necessary

to provide additional system capabilities, such as

e Operating at multiple or varying output conditions. The reformer must provide syngas
with a sufficient energy content to meet the demand of the application, for example,
as part of the fuel cell system the reformer is required to supply a gas composition to
the fuel cell that can meet the current power and heat loads. For some applications

these loads can vary, requiring the fuel processor to follow this variation.

HSome part of this chapter (Section 7.4) is based on an accepted paper: Hossein Sartipizadeh, Tyrone
L. Vincent, and Robert J. Kee. Economic control of methane reforming, in IEEE American Control
Conference, 2015.
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e Meeting operating constraints. The fuel reformer must be operated while avoiding con-

ditions that can lead to damage, such as excessive temperatures or carbon deposition.

e Robustness to disturbances. Although the inputs to the fuel reformer can be tuned
for a specific operating point, disturbances such as variations in the environmental
temperature, variations in the input fuel mixture, or wear in components such as
blowers or injectors can cause the output composition to vary unless corrective action

is taken.

e Increased efficiency. There may be a family of inputs which can meet the current

operating requirements, and the controller can chose the one that is optimal.

In this chapter, we aim to design an economic controller for methane reforming. To this
end, first we design an effective MPC controller for the case that the system parameters
are certain but there is measurement uncertainty and operating constraints. However, since
many of the methane reforming parameters represent behavior at the micro-scale, their exact
values are uncertain. Therefore, we later use the RMPC controller, introduced in Chapter 5,
to provide a robust control for methane reforming. In order to have a better understanding
of the process, some preliminary concepts are given in Section 7.2 and the methane reforming

system is briefly described in Section 7.3.
7.2 Preliminaries

In this section we briefly explain some preliminaries about methane reforming process

including coke propensity and calculating the energy content of a gas.
7.2.1 Output Energy Content: Lower Heating Value (LHV)

The heat of combustion is a measure of the energy released as heat when a mixture is
completely combusted with oxygen under standard condition (25°C and 1 atm). The heat of
combustion for fuels is expressed as the Higher Heating Value (HHV), Lower Heating Value
(LHV), and Gross Heating Value (GHV).
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The heating value (or energy value) of a substance is the amount of heat released during
the combustion of a specified amount of it (usually in mol or kg unit). The higher heating
value is determined by bringing all the products of combustion back to the standard tem-
perature, and in particular condensing any produced vapor. HHV assumes all the water
components are in liquid state at the end of combustion. LHV is obtained by subtracting
the heat of vaporization of the water vapor from HHV. The required energy to vaporize the
water is not released as heat.

In this study, to specify the outlet gas energy content, we use LHV. Conceptually, to find

the LHV amount, the following steps are performed.

e Pick 1 mole of the fuel mixture.

Set the gas to the standard condition (25°C and 1 atm).

Find the amount of oxygen required for complete combustion of fuel, and add this

amount of oxygen to the fuel as a new mixture.

Find the enthalpy of the mixture and call it H,cqctants

Find the enthalpy of the mixture after equilibrating it (by completely burning the

mixture) at the constant temperature and call it H,roducts

The enthalpy difference per unit mass of fuel is the heating value, and, the heating value

in unites of energy/mass is calculated as

H - H
HV _ reactants products (7 1)
Mmix

where my,;, is the total mass of fuel plus added oxygen. Since the water is completely
vaporized, (7.1) is the lower heating value.

A more straightforward method of calculating LHV is simply
LHV = mpmg, X LHVH2 + mcp, X LHVCH4 + Mmoo X LHVCO (72)

where m, is the mass of component *, LHYV; indicates the LHV of component j in unit of
kJ/mass. LHVy,, LHVoy,, and LHVoo are 119.96, 50.009, and 10.112 M J/kg, respec-

tively.
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The LHV energy can be converted to power by multiplying by the mass flow rate of the

gas:
U =LHV xm (7.3)
where U and 7 represent the power and the gas mass flow rate, respectively.

7.2.2 Estimating Coking Propensity

Coke formation in the reactor is a common and challenging problem in methane reforming.
Carbon deposition can decrease the reaction rate and damage the reactor. Overlay, aim is to
keep the produced carbon amount in an allowable range. In this study, in order to quantify
the carbon deposition, we employ the C-H-O ternary diagram. A mixture can be shown
on the ternary diagram by its carbon, hydrogen, and oxygen molar ratio. For instance, CO
consists of 1 mole of carbon and 1 mole of oxygen. Then, half of the mixture is carbon
and another half is the oxygen while there is no hydrogen. Therefore, CO is shown as
the intersection of 0.5 on C and O axes and 0 on H axis. In the C-H-O diagram, Carbon
Deposition and No Carbon Deposition regions are distinguished by a boundary line which
its location changes based on temperature (Figure 7.1) [74].

To keep system in the coke free region, inputs of the process should be chosen so that the
inlet gas composition lies under the carbon deposition line. Assume a methane reforming
process where the inlet gas is a mixture of methane, air, and steam. To find the amount of
C, H, and O elements of the inlet gas, first we need to calculate the mole fraction of CHy,
04, and H50O based on given input mass flow rates. Using molecular mass we can easily

. M . .
% where M, indicates the molecular mass of

calculate each specie mole fraction as y; =
specie i and ny = Y, m;/M; is the total number of moles. We only need to calculate CHy,
O,, and H50O mole fractions, since Hy, CO, and COs, the other species that are produced

along the reformer during the process, are zero at inlet. Then,
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where M F; indicates the mole fraction of inlet gas j. Note that they are divided by 10 since

CHy, O,, and HyO consist 10 atoms. Finally, the C, H, and O percentages to use in the

ternary diagram are calculated as follows,

C

C%_C+H+O
H

Hy — —

T CYHTO
O

O%_O+H+O

(7.5)

The system location on the ternary diagram is then specified by Cy, Hy, and Og. In

this work, the distance of this point to the carbon deposition line is denoted with distcpp

and defines a signal constraint that must be met by the control system during operation.
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7.3 System description

Figure 7.2 illustrates the main elements of the system. Fuel, air (including 79% Ns, 21%
O, 1% Ar ), and steam are the input streams, which are assumed to be freely actuated to a
specific, desired, mass-flow. These input streams are mixed, heated by a heat exchanger (not
shown) to 400°C, and enter the reactor. The reactor is made up of multiple tubes of ceramic
foam impregnated with the catalyst. The active component of the catalyst is rhodium which
is one of the most prominent catalyst for methane reforming in industry. In the case that
the process is not running adiabatically (auto-thermal), these tubes are integrated into a
second heat exchanger that provides additional flexibility to modulate the temperature of

the reactor.

Inlet Heat-transfer fluid ‘

* Hydrocarbon fuel  pgcked bed
* Reforming agent ctalyst
(H20, COa,...)

Reformate out

Heat-transfer fluid

Figure 7.2: Reformer system diagram

There are many physical variables associated with the fuel reformer that are important
to ensure proper operation. The most important of these include output composition and
temperatures throughout the reformer. In addition, the hydrogen to carbon ration (Hy/CO)
may need to remain about a proper value. Although measurement of these variables would
be extremely useful as part of a control system, by physical and practical constraints we

are limited to a much smaller subset of measurements. In this thesis, we examine the use
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of measurements of a subset of the output mixture (specifically, CO and CO4 concentration
using IR absorption measurements) along with a measurement of the thermal conductivity
of the output gas, and a temperature measurements from the surface of the tubes enclosing
the catalytic foam.

Because the reactor is used as part of a fuel cell system, the operation of the fuel cell also
provides independent information that reflects the energy content of the reformer output,
namely the current and voltage of the electrical output of the fuel cell, and the temperature
of the combustor located downstream of the anode exhaust. Therefore, we also assume that
a secondary, slower measurement is available that reflects the energy content of the output
stream, although with a delay due to transport to the fuel cell and combustor.

The control will be demonstrated using a detailed numerical model of the fuel reformer.
The detailed model, developed in [75], is a one-dimensional (1D) packed-bed reactor code
written in MATLAB environment with an interface to Cantera. All the mass transport,
energy and momentum continuity equations are solved in axial direction along the catalyst
bed. Thermodynamic and transport properties of the gas-phase and catalytic reactions are
calculated via Cantera functions.

We split the tubes into a set of 25 mesh points. Since rhodium is highly active and,
consequently, the process reactions occur mainly at the beginning of the reactor, the mesh
points are chosen so that they are more concentrated near the inlet. The differential equations
introduced in [75] hold for each mesh point. These are partial differential equations with
respect to displacement and time. A spatial discretization method, specifically the finite-
volume discretization method, is used to change the partial differential equations to ordinary
differential equations with respect to time. In this method, along the spatial (z) coordinate,
the differential value of each unknown variable at point j is evaluated at the faces of the
the neighboring cells. Therefore, the differential equations corresponding to x change to
algebraic equations. Figure 7.3 illustrates the finite-volume mesh network. The resulting

nonlinear ordinary equation sets are solved by MATLAB using the odel5s solver.
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Figure 7.3: Illustration of finite-volume mesh network. The shaded area represents a finite
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7.4 Economic Control of Methane Reforming

As an energy source that must compete in the marketplace, optimization of the economic
performance of fuel cell systems, including reformers, is of recognized importance [44, 76—
79]. [76] presents an economic analysis of a solid oxide fuel cell unit. Also, a low cost fuel
cell inverter has been developed and analyzed in [78]. The economic performance of three
fuels including methanol, ethanol, and diesel in producing hydrogen in steam reforming has
been compared in [79] to conclude which fuel results in a cheaper product. However, this
economic point of view not only should be applied in the fuel cell unit design, but also should
be taken into account in the process control. Each of the inputs flows that can be actuated
by the controller has a cost associated with it. The input fuel must be purchased, blowers use
electricity to create the required pressure and velocity of input air, steam must be heated,
and the exhaust gases applied to the heat exchangers could be used for other purposes in
a combined heat and power system, or will require a certain amount of hydrogen slip in
order to supply the combustor. Therefore, the controller not only should reach the physical
objectives, but also should be able to reach them by applying the input flows of minimum
cost.

Prior work on control of methane reforming and systems including methane reforming,
e.g.[80-88], does not consider economic optimization and only focus on system stability,

power tracking and physical limitations. However, there exist many sets of inputs that

84



satisfy the physical tracking constraints. Among them, we can choose the set of inputs
that are most economical. The controller developed here is an MPC designed to meet the

following control objectives:

e Ensure the outlet energy content of the reformer meets an external load demand.
e Keep system within desired operating limits. The operating limits that are considered

here are

— The temperature inside the reactor is limited to be between lower and higher
bounds. An extremely high temperature can damage the catalyst and should be
avoided. On the other hand, a low temperature can decrease the amount of the

hydrogen produced.

— The input composition is chosen to avoid carbon deposition in the reactor at the

current reactor temperature.

e Reject disturbances. The control objectives should be met despite disturbances such
as a change in the fuel composition or inlet gas temperature beside measurement noise.

e Operate efficiently. The controller should apply the input flows of minimum cost.

In this section, we assume a heat exchanger is utilized to heat up the reformer and the
system is not running adiabatically. The reactor includes 20 tubes where the nominal values
of the parameters associated with a single tube of the reactor are listed in Table 7.1. In
addition, we assume that direct measurement of the outlet energy content is slow and with
significant delay. This would be the case when the primary mechanism for estimating the

energy content of the reformer is via the power produced by a down stream fuel cell.

7.4.1 Control Approach

The control approach is model based. A central feature is a reduced order dynamic model
of the reformer which is obtained by an identification process. Based on the described control
objectives, five signals are chosen as the model outputs, while four manipulated inputs are

selected.
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Table 7.1: Nominal parameters of CPOX process

Value Unit Description
L 254 x 1072 m Reactor tube length
D 158x107° m Reactor tube diameter
A, 4x10% m~t Catalyst surface area
T 2 Tortuosity of foam monolith
¢y 0.75 Porosity of foam monolith
rp, 28X 107 m Average pore radius
d, 85x107* m Particle diameter of foam
As 14 W/m°K  Quartz conductivity
Cps 1225 J/kg °K  Specific heat of quartz
P, 1 atm Inlet gas pressure
T, 673 °K Inlet gas Temperature

_ . . . T
4 IDPUtS' U = [mFuel Moy MSteam THE:E]

Fuel mass flow rate (mpye)

— Air mass flow rate (1 ;)

— Steam mass flow rate (Msieam)

— Heat exchanger temperature (Typ,): In the current study, we use the heat ex-

changer temperature as a proxy for actuators that control the fuel cell exhaust.
e Outputs. g =[¥ T, A Xoo Xco)'

— Qutlet Power (¥): The fuel cell must produce sufficient energy to meet the ex-
ternal load demand.

— Reactor temperature (Ts): The temperature limitations of the reactor must be
met.

— Qutlet flow thermal conductivity (Xs), CO outlet mole fraction (Xco) and COq
outlet mole fraction (Xco,): These are used to indirectly determine the energy

content of the output flow.

Using this model, an MHE, discussed in Section 2.3, is employed to determine the current

state of the system as well as the value of important but unmeasured signals. By knowing the
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current state of the system, the current and future input trajectories that provide optimal
system response while meeting key constraints are obtained by an MPC. The controller cost
function will be defined for which the control actions is taken with minimum input cost.

In the remainder of this section, we discuss in detail the foundational elements of the
control approach. This includes the application of a system identification method to find a
reduced order model that can be used as the plant model by the MHE and MPC, MHE and
finally MPC.

7.4.1.1 System Identification

Both the Moving Horizon Estimator and the Model Predictive Controller use a system
model as an integral part of their operation. Since this model is used within an optimization
routine that runs every sample interval, this model must be relatively simple while the
uncertainty of the model is well quantified. Although the reformer system is nonlinear, for
sufficiently small deviations, the behavior can be predicted using a linear system. Thus
we will identify a linear system representations that are valid for specific operating points.
Because the operating point will be continually changing, it is convent to use a linear system
to model the differential behavior. Specifically, we consider the state space form (2.1) as the
linear model about each operating point.

To find the model parameters A, B, C, D, a system identification method from the class of
subspace identification methods will be used. The specific algorithm utilized is described in
[89]. The data for system identification is obtained from the detailed model by perturbing the
inputs around a predefined operating point, with a sampling rate. Before the identification
procedure, input and output data are de-trended and normalized by subtracting from their
mean values and dividing by their standard deviations. This normalizes the signals so that
they are all approximately the same scale. Since the temperature dynamics are significantly
slower than the other outputs, we design two separate experiments for modeling the slow and
fast dynamics (low and high frequency) parts. For each output, a 1 x 4 system is identified

(1 output and 4 inputs). These five models are then combined into a single 5 x 4 minimal
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realization.
7.4.1.2 Moving Horizon Estimation

Moving Horizon Estimator is used to find the current state of the small variation model
as well as estimate the outlet power which its fast measurement is not available. Since our
model is only valid for small signals, we need the absolute value of the outputs to rescale them
to the real values. The absolute value of the outputs except the outlet power is available
from sensor measurements. The absolute value of the outlet power is obtained via a second
estimator using the slower and delayed outlet power measurements. As the outlet power
measurements contain a delay, the later estimates will contain the same delay. However, this
estimate, shown by @,d,where d denotes the sample number of the delay, can be brought to

the current time via the fast estimates of the signal deviation as
Uy=TU_4+ Y 00 (7.6)

7.4.1.3 Model Predictive Control
For the fuel processing system, the controller must meet the following objectives.

e The outlet power should exceed the external load demand: ¥™" < . Since the
objective will be to minimize the cost of the inputs, this constraint ensures that the
outlet power tracks the external load demand.

e The reactor temperature should be in an acceptable range: T/ < T, < T

e Carbon deposition along the reactor during the process should be avoided.

e Input variation should be smooth, |du| < ju™**.

e The controller should be robust against noise.

e All the objectives should be achieved with minimum input cost.
The following assumptions are assumed to hold:

e Inlet gases can be perfectly mixed before entering to the reactor.
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e The boundary between the reactor and the surrounding heat exchanger is at a uniform

temperature.

e Thermal conductivity, solid temperature, CO and COs all can be measured at the
outlet with a t; = 0.05 s sampling time.

e Power conveyed to the external load can be measured 4 times per second. However,
each measurement will be available only after a delay of t; = 0.5 seconds after the
corresponding output flow has left the reactor. This delay accounts for transport

delays, as well as the computational time for the estimator.

The designed model predictive controller determines the appropriate control action for

the next sample time by solving the following optimization problem in each sample time:

P
i Oy (yl, ug) + =
somin ; k(Y ur) + Z(C)
Tp+1 = Axk + Béuk
0y, = C"xy, + D" duy,
Vi =5+ Y0y
=k (7.7)

. = )
subject to. U = to + ZZ; e

—ou™" < du < du™”
T < Ty + (r, < T
Wi < 4 (g

dists < distcpp

mar get the lower and upper bounds of *, respectively. ( is an auxiliary

where * and
variable that is non-zero only when the bounds must be violated to achieve a feasible solution.
The optimization variables are the system input sequence duy over the prediction horizon p
into the future. ®y(.), the cost function of the controller, is defined for which all objectives

are satisfied with minimum input costs:

q)k(y£7 uk) = 7”5uk||§ + ts()‘Fuel|mFuel| + )\AiT|mAiT| + /\Steam|m5team|> + /\HE:U|THEx| (78)
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Since the cost of each input is obtained by multiplying its price by the total amount of the
input consumed in future (note that m = t,m), we minimize a weighted sum of the absolute
value of the inputs. For the rest of the terms of the cost function, we use the Euclidean norm
as the metric. The term v||0ug||3 prevents the input from excessive changes or chattering in
the presence of noise. It is also useful when two different sets of inputs give us the same or a
close minimum value. In this case the preference is to keep the inputs at the previous state.
The second cost function Z(¢) determines the cost of not meeting the required bounds, and

defines as follow:

(r,

2(¢) = ywllCull2 + . 2. (7.9)

a supervisory controller can initiate shutdown if the value of { becomes too large.

The variable distcpp represents the CDB distance. Since for a given reactor condition the
safety margin increases with temperature, it is only necessary to check the coking propensity
at the inlet, which has the lowest temperature. Then, by considering a safety margin and
keeping the system in a predefined distance from the barrier it can be ensured that the system
remains in the coke free region. The safety margin is given by distf#,. Since producing
coke into the reactor is to be avoided, this constraint is hard constraint. If there is case that

there is no solution in free coke region, then reactor shutdown would be initiated. In this

study the barrier is considered to be constant since the inlet gas temperature is constant.
7.4.2 Simulation Results and Discussion

The simulation results of the identification process and the results of the designed eco-

nomic controller are presented in this section.
7.4.2.1 Identification Results

The 25-mesh detailed model was run at the operating point 6.25e-6 kg/s fuel flow, 4e-5
kg /s air flow, 5e-7 kg/s steam flow, 973.15 K heat exchanger temperature. The operating

point has been chosen in which each reactor produces 250W. Two experiments were run with
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perturbations around this operating point defined by two PRBSs with different frequency
ranges corresponding to the fast and slow parts of the model with 2% deviation for all inputs
except heat exchanger temperature, for which it is a 10% deviation.

The detailed simulation was run with simulated time of 2 minutes and sampling rate of
ts = .05s for the faster input perturbations (2400 samples), and 4 minutes for the slower
perturbations (4800 samples). 1500 samples were used for identification and rest used for
validation. The state dimension of the identified 5 x 4 model is 11.

Since the identified model is to be used by the MPC for predicting the future behavior of
the system over a specific horizon, we validate it by a p-step ahead predictor where p is the
prediction horizon of the MPC. In this study the MSE will be reported based on this signal.
The validation results represent a quite accurate model such that the validation MSE of the
reactor temperature, power, thermal conductivity, CO and CO, mole fractions validation
are 0.49067, 4.67e-10, 1.68e-8, 2.89¢-9, and 3.55¢e-9, respectively.

A representative part of the validation results are shown in Figure 7.4. This shows the
results for 15 step ahead prediction, or 0.75 seconds. Note that the model is quite accurate
in predicting the behavior of all the outputs over this range.

We have presented result only at a single operation point, but the same process applies
to obtain models valid at other operating points. However, it will be demonstrated in later

sections that a single linear model can be valid over a relatively wide operating range.

7.4.2.2 Controller Results

The values of the parameters chosen for the MHE and MPC are shown in Table 7.2.

* of the faster and slower estimators, respectively. The costs of

and %, indicate parameter
inputs have been chosen according to the real cost of input gases showed in Table 7.3. In
Table 7.3, it is assumed that the price of methane is the same as natural gas price and is
equal to 4 USD/Imillion Btu or 0.2077 USD/kg. The necessary energy for heating up lkg
of fuel, air, and steam from 25° C to 400° C is 821, 375, and 3240 kJ, respectively. The

cost of releasing 1 kJ energy is 8e-6 USD since 1 kWh energy can be gained from 7.86 ft3
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Figure 7.4: Validation results of system identification. Dashed lines show the detailed model
while the solid line indicates the output of the identified model. (a) Reactor Temperature
(b) All other outputs.
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Table 7.2: MHE and MPC parameters used in economic control of methane reforming

Parameter Value Parameter Value
P 15 Ry 0.0334
N 1 Q- 0.21

~y 0.05 VT, 10

Y 20 /\Fuel 213
)\Steam 26 )\Air 3

AHE= 2.94e-5 distin, 0.03
Tmin 1000 K Tmex 1350 K
Juma [1.25¢ —6 8e—6 le—7 1.946]
R, diag [0.0179 0.0144 0.0294 0.0660}

natural gas. Therefore the cost of heating up 1kg of each input to 400°C is as shown in the
second column of Table 7.3. Furthermore, it is assumed that the volume of the circulating
air through the heat exchanger is 4 times of the total volume of the tubes and therefore the

price of heating up the air is 2.94e-8 USD/K 2.

Table 7.3: Input costs of methane reforming

Price (USD/kg) Cost of heating up to Total(USD/kg)
400°C (USD /kg)

Fuel 0.207 0.0065 0.2135
H,O 0 0.026 0.026
Air 0 3e-3 0.003

The MPC controller has been applied to the system after running it open loop for 3.5
s to make sure both estimators reach their steady state. The closed loop system has been
simulated for around 12 seconds with varying external load demand between 4.6 and 5.6 kW.
A 1% white gaussian measurement noise has been added to the simulated measurements.
Figure 7.5a presents the results for the outlet power. As seen, the controller has a strong
performance in power estimation and noise rejection. Although we do not have fast mea-
surement of the outlet power, results show a perfect estimation of the power and a successful
switch between different level of demands. One of the key factors of the controller robustness
against noise is that the controller uses the estimated signals which are much smoother than

the real noisy signals. This robustness against noise prevents inputs to continuously change

12The prices are reported based on the gas cost in 2015
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because of output variations caused by noise.
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Figure 7.5: Controller performance. (a) Outlet power (b) Distance from the carbon region
barrier.

Although we have not defined a tracking objective for the controller, we can see that the
power tends to the minimum acceptable power. This naturally occurs because the controller
minimizes the cost of inputs.

Figure 7.5b confirms that the controller succeed to prevent carbon deposition by keeping
the system in the desired distance from the barrier of the ternary diagram. As seen, the
distance is always more than 0.03 during the run.

The optimal inputs applied by the controller is shown in Figure 7.6a. Note that the air
and heat exchanger temperature trend down during the run. This is a result of the input
cost optimization, which recognizes the cost of maintaining the temperature of the heat
exchanger. This optimization does not occur more quickly because of the constraints placed

on the controller action at each time step.
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Figure 7.6: Economic control of methane reforming (a) Inputs. (b) Total cost of inputs.

The total cost of inputs selected by the controller in each step on the prediction horizon
p is shown in Figure 7.6b. As seen, the input cost trends down during the time even though
the power demand at the beginning and the end of simulation is the same. In other words,
the controller makes the process more profitable without decreasing the control performance.

The cost keeps going down until one of the outputs is bounded by its physical constraints.

7.5 Robust Model Predictive Control of Methane Reforming under Parametric
Uncertainty

In a methane reformer, some of the parameters such as the reactor length and diame-
ter, and also foam properties including tortuosity, porosity, specific catalyst area, etc. are
uncertain and may vary from a reactor to another one. Consequently, different reformers
may have different specification and do not share the same behavior. This is explored in [90]

where the author discusses the effect of parametric uncertainty on the outlet temperature
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and gas composition. On the other hand, we can not identify a separate model and de-
sign a controller for each single reformer. Therefore, the designed controller must be robust
against the parametric uncertainty somehow that it guarantees the control performance for
any values of the uncertain parameters within the given ranges.

The focus of this section is on designing a robust model predictive control for ATR
(i.e., no external source is used to heat up the reactor) with the capability of satisfying the
control objectives in presence of parametric uncertainty. The employed method should still
guarantee the stability and be applicable on-line. We assume that the nominal value of the
parameters and their tolerance around the nominal value are given. In other words, the

exact value of the parameters are not available and we only know they lie in given ranges.
7.5.1 Uncertain Parameters

Manufacturing variations will give rise to associated variations in the physical parameters
of the reformer. [90] presents a practical uncertainty range for some of these parameters for
a CPOX process on rhodium foam. A maximum 2.5% tolerance is also taken into account as
the uncertainty of the length and diameter of the reactor. Table 7.4 indicates the nominal
values of the uncertain parameters and their tolerances around nominal values, used in this

study.

Table 7.4: Uncertainty ranges of methane reforming parameters

Param. Nominal value Unit Tolerance
bq 0.25 50%
d, 2.8e-4 m 60%
A, 4ed m! 30%
Cp.s 1225 J/keg*K  20%
As 1.4 W/mK  24%
Ps 2.2 x 103 kg/m® 20 %
T 3 50%
L 5e-2 m 2.5%
D le-2 m 2.5%
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7.5.2 Uncertainty Analysis

Parametric uncertainty can cause uncertainty in both the steady state and transient
responses. The steady state uncertainty results in an output bias. Although the controller
can compensate for the bias, it will cause problem when a fast measure of the output is
not available. In addition, the amount of bias could vary after switching between different
operating points. Note that the process is nonlinear and we linearize it around different
operating points. On the other hand, the presence of uncertainty in the model dynamics can
cause tracking failure during the change in the tracking reference.

In this section, the sensitivity of three control outputs, the carbon to oxygen ratio, the
outlet solid temperature, and the outlet LHV to the uncertain parameters is evaluated in
both steady state and transient time scales. Mass flow rates of fuel, oxygen and steam are
the three input of the system. Figure 7.7a, Figure 7.7b, and Figure 7.7c represent the change
in the steady state value of the hydrogen to carbon ratio, solid temperature, and the outlet
LHV power where the parameters are chosen at the boundaries of the uncertainty range.
As seen, the impact of the uncertainty in porosity, catalyst surface area, solid conductivity,
tortuosity, and, the reactor diameter on the outputs steady state is dominant and more
significant than the other parameters. Figure 7.8a and Figure 7.8b plot the impulse response
of the outlet solid temperature where parameters are chosen at the lower and upper bounds
of the uncertainty range. According to the Figure 7.8, the uncertainty in the porosity and
specific catalyst area can make a huge change in the system dynamics. Figure 7.9 specifically
shows the impulse response for the given uncertainty range of porosity and specific catalyst
area.

According to the steady state and dynamics uncertainty analysis, we design the controller
based on the six dominant uncertain parameters which have significant impacts on the sys-
tem behavior, i.e., porosity, specific catalyst area, catalyst surface area, solid conductivity,

tortuosity, and reactor diameter.
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Figure 7.7: Uncertainty Analysis: uncertainty in the steady state of (a) hydrogen to carbon

ratio (b) outlet solid temperature (c) outlet power, when the uncertain parameters are set
to their possible minimum or maximum values

7.5.3 Control Objectives and Physical Considerations

For this scenario, the process is running AT and the proper sampling time for this case
will be 5s. The other physical assumption will be the same as 7.4. In addition, we add one
control objective to what considered in Section 7.4. We aim to keep the hydrogen to carbon
ration (Hy/CO) about 2 based on Fischer-Tropsch synthesis. In addition, the controller must

be robust against uncertainties. The control objectives and assumptions are given below for

consistency.
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The outlet power should exceed the external load demand: U™" < ¥,
The reactor temperature should be in an acceptable range: T < T, < Tme*
Hydrogen to carbon ratio should remain close to 2.

Carbon deposition along the reactor during the process should be avoided.
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e All the objectives should be achieved with minimum input cost.
e The controller should be robust against measurement uncertainty.
e The stated objectives must be satisfied for any system realization in the given uncer-

tainty range.

The following assumptions are assumed to hold:

e Pure oxygen is injected at the inlet instead of air.

Inlet gases can be perfectly mixed before entering to the reactor.

System is running auto-thermal.

Solid temperature, CO and Hy (and therefore Hy /CO ratio), and outlet power, all can

be measured at the outlet with a ¢, = 5 s sampling time.
7.5.4 Methodology

Based on the control objectives given in Section 7.5.3, three signals are chosen as the

model outputs, while three manipulated inputs are selected.

_ . . . T
b IIlpU_tS. U = [mFuel MoOzygen mSteam]

— Fuel mass flow rate (Mmpye)
— Ozygen mass flow rate (Mozygen)

— Steam mass flow rate (Msieam)
e Outputs. y, = [Hy/CO T, W|T

— Hydrogen to carbon ratio(Hs/CO): Must remain close to 2.
— Reactor temperature (Ts): The temperature limitations of the reactor must be met.
— Qutlet power (V): The fuel cell must produce sufficient energy to meet the external

load demand.

Define the parameter set to be the dominant parameters investigated in Section 7.5.2,

059FC = [¢y, Cps, s, As, 7, D] In order to design the RMPC controller, first we sample
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95OFC uniformly and add the extreme points of the parameter space of the dominant pa-

rameters to the taken samples to create ©°°FC . Specifically, we take 500 random samples
and add 64 samples corresponding to the parameter ball extreme points. Then, we run the
numerical model for every elements of ©%°F¢ (by setting the parameters to ; ) and identify
a linear variational model for each point. The model identification process is done using a
subspace method. Using these models, one can find the impulse responses corresponding to
the ©99FC elements and form S9FC = {S),--- | Ss64}.

After scaling the inputs-outputs of the system, using the proposed approximate convex
hull method, we calculate three model sets Sg1, Sgo, and, Sgz with {€1, €1}, {€2, €xa}, {€3, €3}
corresponding to the three outputs, including, hydrogen to carbon ratio, solid temperature,
and outlet power. These model sets have a fewer elements than the original model set S¥0FC.
Therefore, the control problem is to solve

. d(Y. = min  ~max
B, PORID R

AU,
Y; = Mz 20 + NZAUf {Mu Nl} < Sgi 1= 1, 2, 3
AZ, (7.10)
subject to Y; + Cimax + Yi S bzrnax’}/; + C@mm — Y 2 blmm i = 1’ 2’3
distcpp > distfmy
Us=U_1+IZAU;, U >0

where

O(Yr, Up) = yaullAUR3 + >t Useln

j=1,2,3

2(¢mm ¢y = Y g+ e

1=1,2,3

(7.11)

where 7 and 7 reflect the input and output indices, respectively. A supervisory controller can
initiate shutdown if the value of (™" or (™ becomes too large. ); is the cost of the j-th

input as listed in Table 7.3.
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Table 7.5: Physical constraints

Parameter Value Parameter Value

Trmin 1000 K 77 1350 K
H,/CO™n 198  Hy/CO™= 203
distmin, 0.03  Qmin 0.45 kKW

7.5.5 Simulation Results

We choose u = [l.1e — 5,1.2¢ — 5,1.87e — 6] kg/s as the operating point to make sure
the carbon to oxygen ratio is close to 1, The system is autothermal, and, it lies in the free
carbon region on ternary diagram. The numerical model was run for 16 cases for 2000 s with
sampling time 5 s. Then 75% of the data was used to identify a 3 x 3 model for each case. the
obtained models are from the order of 12. Then, after scaling inputs by [le —5, 1le — 5, 2e — 6]
and outputs by [2,1200,0.5], the 16 models were mapped to S domain (using @ = R = I3x3)
to create SSOFC,

Figure 7.10 shows the results of finding Sg1, Sgo, and Sgs using the approximate convex
hull method. These model sets are to cover the uncertainty on y; (hydrogen to carbon ration),
Y (solid temperature), and y3 (outlet power). As seen, selecting 11, 5, and 6 extreme models
for Sg1, Sg2, and Sgg results in a good decrement in the error (about 100 times).

After finding the approximate model sets with corresponding ¢;s, €;;s are calculated back
as presented in Figure 7.11.

The controller has been applied to some random systems to satisfy the physical limita-
tions, presented in Table 7.5. Figure 7.13 shows the controller performance when a small
measurement noise is added. The controller is applied after 65 s. As seen, the robust MPC
is able to convey and keep all the output trajectories within their limits. The 10-step ahead
prediction of the output violation bound, calculated by the controller for the scaled system,
is given in Figure 7.14.

Figure 7.12 shows the distance of the operating point from the carbon region of the

ternary diagram, over the control process. As seen, the carbon barrier distance is always
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kept above the expected limit (0.03).

system parameters were assumed to be known. The controller was designed in a way that

second scenario, presented in Section 7.5, accounted for the model uncertainty to achieve a

7.6 Summary
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In this chapter, the control of a methane reforming process as a key element of a solid

oxide fuel cell in two different scenarios was studied. In the first scenario in Section 7.4, the

the physical constraints are satisfied with the optimum inputs from the minimum cost. The

robust control for the case that the system parameters are uncertain. In detail, three outputs,
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Figure 7.11: Model set determination for RMPC of methane reforming. calculating back e
for (a) hydrogen to carbon ratio (b) outlet solid temperature (c) outlet power.

including hydrogen to carbon ratio, solid temperature, and outlet power were expected to
be in a certain range. The introduced RMPC in Chapter 5 was used to control of the system
after some sensitivity analysis. Simulation results show the solid performance of the proposed

controller in dealing with MIMO systems.
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Figure 7.12: Distance of the methane reforming operating point from the carbon region of
the ternary diagram, resulted by robust MPC.
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CHAPTER 8
CONCLUSION AND DISCUSSION

In this thesis we developed a new open loop robust MPC with the capability of handling
measurement and model uncertainties. The proposed controller is able to provide a guaran-
teed dynamic bound on the predicted system output trajectories with a low computational
complexity. At each step the optimum input is calculated for the worst case situation by
maximizing the objective function over the uncertainty set. The computational complexity,
therefore, grows by increasing the number of uncertainty set elements. The true uncertainty
set may contain infinite elements. However, a finite set © is obtained using a sampling pro-
cedure similarly to scenario approach. The finite set obtain by the scenario approach still
includes a number of samples which imposes a high computational complexity.

In order to reduce the complexity and establish the proposed robust MPC, we used the
concept of convex hull to reduce the number of uncertainty set elements. In Chapter 4,
we introduced a new prediction mapping (denoted with S) which represents the output
predictions. The invaluable property of this mapping is that its convex hull vertices provide
a bound on the output trajectories. In other words, the output upper and lower bounds
predicted using the extreme points of the uncertainty set in S domain, is also an upper and
lower bounds for any arbitrary system within the uncertainty range. This implies that the
rest of the points are redundant and can be removed from the uncertainty set which highly
decreases the computational complexity of the robust MPC.

Since the introduced prediction mapping S lives in high dimensions and the number of
extreme points could be comparable to the number of original set elements, we brought the
idea of using an e-approximate convex hull which results in a significantly fewer extreme
points. This approach gives the user a degree of freedom to make a trade off between the

time complexity and accuracy. For this purpose, a novel greedy e-approximate convex hull
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was introduced in Chapter 3. The method effectiveness for high dimensions was proved by
numerical examples and comparison to prior work. It is worth reporting that this method
can be used for uncertainty characterization in other areas as well.

Using the proposed e-approximate convex hull method, we shrink the uncertainty set to
the set Sg, called model set. In this case, the output trajectories may violate the bounds
given by the model set due to the approximation error. In order to deal with this issue, we
provided a dynamic bound on the output violation (denoted by €} at time k) which accounts
for the approximation error e.

The performance of the stablished robust MPC was evaluated by implementing on two
case studies. The robust control of a DC-DC floating interleaved boost converter where the
input voltage and the model are uncertain was studied in Chapter 6.The simulation results
prove the capability of the proposed controller to deal with disturbances and uncertainties for
SISO system. In Chapter 7, we investigated the implementation of the robust controller on
the methane reforming as a MIMO system. According to the simulation results, the designed
controller has a solid performance in satisfying all the control objectives and meeting the

physical constraints for any experimented arbitrary system within the uncertainty range.
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APPENDIX - PROOF OF THEOREM 2

Let yzm be the actual system output at time k where the actual system is an arbitrary
system with uncertain parameters 0,, € ©. Also, let yzi be the k-step ahead prediction of
the output using the i’ element of O¢ (6;).

If Conv©g = Conv ©, it can be easily shown that y%< € Convy(©¢) and consequently
the actual output is always bounded by the predicted output set corresponded to Og¢. In the
case of approximate convex hull though, the actual output could violate from the boundaries
of the predicted outputs. This violation is obtained from |y —S>7  a4%| where y0* is the
k-th row of Y'(0,), and according to (4.12) it is calculated as

AU,
AZ,

By adding and subtracting z, the violation bound can be calculated as |(yi*t — z) —
>y ailyy = z0)l.

By setting AUy, AY, to zero in (4.8) and according to the structure of ¥ and I' matrices
defined in (4.10), it can be shown that X = {Zo 0 --- 0] is the exact solution of the least
square problem (4.8) (i.e., the system is at the steady state and its steady state output value

and, therefore, its k-step ahead prediction are zy). Therefore, zy can be written as

0
2=y ="M |z
0
for any k. Then,
AU,
Yo — 2o =" M(0,) | 0 | +% N(0.)AU.
AZ,

A guaranteed bound regarding the output violation due to the approximation process,
therefore, can be obtained as equation (A.1). (A.lc) is achieved from the Holder’s in-

equality. According to (4.14), it can be written as (A.1d). Let & = argmin A(S,S¢ )
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B 5 [AU, | 5
|yzad - ZO@yiﬂ = <kM(9act) - Z (67} kM(gi)) 0 + <kN(0aCt) - Z (67} kN(&)) AUf (Ala)
i=1 =1 |AZ, | i=1
E (AU, ] E
< < M(Bact) — > a; kM(Ql)) 0 + ‘(kN(Qact) - > kN(t%)) AUs (A.1b)
i=1 | AZ,| i=1
E AU, E
< ' M(Buet) — S s M () o ||+ Hw(em) S e N (lav,
i=1 s1 AZp . i=1 s1
(A.lc)
Oact A AU’P Oact A
= A\ (S%et, Se, &) AZ + Apgp(SYect Se, &) HAUf’|S2 (A.1d)
P So
AU,
<e [AZE] _eau,, (Ale)

for a fixed S. Since for any § € © including 6, the approximate convex hull method
guarantees that A\;(S(0),Sg, &) < e for 1 < k < p, and because A,4x(S(0set), Se, &) <
maxgee A\p+k(S(0), Se, &) = €, for 1 <k <p, (A.le) is a guaranteed violation bound on the
model set output.

Note that for a fixed set of ©¢ and, therefore, Sg¢, according to the structure of T,
and consequently N, it is easily implied that A\,4x(.) < Appta(.) for 1 < k < p ( since
>

hy hy ). Thus, according to the ¢, formula presented in (5.10) it is proved
S1 S1

that ¢; < -+ <ep <e.

hi 0

(A.le) implies that the following statement gives a guaranteed bound on the actual

output:
gt < e+ max gy,
=1, ,E
) y . 0(i) (A.2)
Yt = —€p + B mE Y -
where 4% is the output corresponded to the i-th model of the computed model set Sg.
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