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ABSTRACT

In the quest for a criterion to predict defect controlled 
failure of structures subjected to plastic loading conditions, the 
groes strain concept is a most promising possibility. Since true 
gross strain can measured on a large structure which pos­
sesses nearly infinite restraint, it is desireôtole to know if suf­
ficiently accurate gross strain measurements can be determined from 
a laboratory" test coupon.

It has been shown in this thesis, that a test specimen with a 
width-to-crack-length ratio of 10 is sufficiently wide to obtain ac# 
curate (10 percent larger) gross strain measurements in the plane of 
flaw. Strain distribution measurements also indicated that if the 
flaw area was less than 2 percent of the nominal area of the specimen, 
strain measurements obtained off the plane of the flaw would be ex­
tremely close to the true gross strain*
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I . INTRODUCTION

For many years, the yield strength of a metallic material has 
been the mechanical property that engineers use to establish the 
highest load level to which a structure should be subjected. Tak­
ing this experimentally determined value of yield strength and 
dividing by the predicted service stress results in a value defined 
as safety factor. Confidence in the use of safety factors based 
on yield strength was established from years of practical experi­
ence designing structures that were usually constructed of simple, 
low-strength metals.

The advent of high-strength metals and the high section-thick­
ness requirements of today's structures have exposed the serious 
inadequacy of using yield strength as the only criterion of fail­
ure .

For example, structures with large safety factors, based on 
yield strength, do not always carry the loads for which they were 
designed. Many catastrophic failures of vessels, tanks, and mis­
sile cases have occurred . It was found that these failures were 
being triggered by cracks or defects in the manufactured parts . 
Common to all these failures was a flat crystalline-textured frac­
ture surface that exhibited little or no plastic deformation.
Thus the term "brittle fracture" was used to indicate this type 
of failure.

An obvious solution to preventing this type of failure is to 
control manufacturing and metallurgical procedures so defects 
would not occur. This solution is too idealistic and is just not 
possible to implement, especially where welding is used as the 
joining mechanism. Problems also exist in the detection of flaws. 
At this time, flaw detection is expensive and has severe accuracy 
limitations.

Because flaws are going to be present, another criterion for 
predicting failure stress in structures should be used in addi­
tion to a yield strength controlled design.

It has been known for some time that brittle fracture strength 
in solids is predicted by the inverse square root law:

a = a fe)'
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where

a = stress,

a = constant for a given material and a given geometrical 
configuration,

a = crack length.

The explanation of this law came from the extension of Griffith's 
concept of fracture in brittle solids . His concept was an energy 
balance equation where the release of elastically stored energy 
for an increment of crack extension is equal to the energy used 
to form the new crack surface. The measurement of surface energy 
for metals is complicated by local plastic flow along the crack 
surface and has not been measured to date. This energy of plas­
tic deformation or work absorption, although not directly meas­
urable, is known to be equal to the elastically stored energy up 
to the point of crack propagation or failure. The elastically 
stored energy can be measured empirically. These ideas form the 
basis of our current comprehension of fracture mechanics.

The essence of linear elastic fracture mechanics is that it 
relates stress and flaw character to stress intensity factor, K.

K = a ct 7a ,

a = stress,

a = function of crack shape,

a = measure of crack size,

K = stress intensity factor.

When the applied stress reaches a critical value, , and fracture 
occurs, K becomes and is called fracture toughness. Under cer­
tain controlled conditions (plane strain), the fracture toughness 
becomes a materials parameter* denoted symbolically as

where

*Fracture toughness may be thought of as a materials property, 
e.g., elongation. Elongation is not a constant for a given mate­
rial but depends on specimen geometry and the gage length over 
which it is measured. There is a value of fracture toughness, usu­
ally a lower minimum value, which is no longer a materials proper­
ty but may instead be described as a material parameter, e.g., 
modulus. This value of fracture toughness, noted as , is con­
sidered to be independent of specimen geometry.
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One of the conditions imposed when obtaining valid is the
material must be frangible (failure at stresses below yield). 
Fracture mechanics cannot be used when the material fails near or 
above the yield strength and gross plastic flow has occured, i.e., 
the material exhibits tough behavior.

The discussion thus far has limited itself to design criteria 
that deal with elastic behavior of materials. However, this does 
not mean that the designer should not use mechanical properties 
that are available above the yield strength in designs where plas­
tic flow or larger amounts of strain can be tolerated.

The ability to flow plastically without failure is a very de­
sirable material property. In many design applications, the stress 
present locally near a stress riser (hole, fillet, notch, etc) is 
much higher than the nominal stress used for design calculations. 
Residual stress as the result of welding and/or thermal stress may 
also exist. Stress concentration and/or residual stress in addi­
tion to service stress guarantees that many of our structures will 
have local plastic flow and must be treated with the proper design 
criteria.

The classical laws of plasticity can be used to predict mate­
rial behavior above the yield strength when failure is not defect- 
controlled. A corresponding criterion for predicting defect con­
trolled fracture strength above yield has not been established.
A new idea, called the gross strain concept, has recently been
introduced by P. N. Randall^^^ and may provide this missing rela­
tionship .

Gross strain may be defined as the summation of all strains 
resulting from an. existing stress environment. Strain is actually 
a much better measure of material performance when the state of 
stress is complex and yielding has occurred. As an example, the 
true state of stress of a material subjected to residual, thermal, 
and service stresses is not found by adding each component of 
stress, but it could be found by adding the strains corresponding 
to each stress component provided a stress-strain curve for the 
material is available.

Strain has always been a logical entity of material perform­
ance but is much harder to measure correctly than the load that 
causes failure or yielding. Strain is commonly used to define 
the yield strength on a stress-strain curve (0.2% pi astic-strain 
offset) and could logically be used to express failure. Strain
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becomes a more accurate measure of performance once the material 
is in the plastic portion of the stress-strain curve. Here the 
curve is flatter, and large strains are observed for small in­
creases in stress. It is proposed that a new engineering value, 
gross strain to failure, be used for establishing the criterion 
of failure in tough materials. A new safety factor defined in 
terms of gross strain may be expressed as this ratio:

Gross strain to failure
Gross strain in service*

The preceding discussion has described the current status of 
the gross-strain concept; it has been defined, but it has not been 
verified . Empirical evidence is required to justify this concept 
as a design criterion for fracture.

Full-scale tests for each design application could be used to 
establish gross strain to failure, but this procedure is not eco­
nomically justified at this early state of affairs. A small labo­
ratory test model representative of service is obviously more rea­
sonable to verify the concept .

Using a small test specimen for obtaining gross-strain meas­
urements presents another problem. Where should gross-strain 
measurements be taken? This question arises as we observe that 
strain is not uniform in a test model containing a flaw or crack. 
The specimen, when subjected to loads, will exhibit a high-strain 
concentration in the local region near the crack tip. If gross- 
strain measurements are taken in this disturbed region, they will 
not be a reliable criterion of failure. Gross strain must be 
measured at a location sufficiently far from the flaw so there 
will not be any interference from the flaw.

The objective of this research was to define a position for 
gross-strain measurement on a test model that will be representa­
tive of gross-strain measurements that might be obtained from 
full-scale hardware. The practical structure subjected to a proof 
test would not deliberately contain a defect, and, therefore, the 
strain measured would be nominal strain, undisturbed by stress 
concentration. If gross strain is to be a meaningful criterion 
of failure, the gross strain measured on the test model should be 
this nominal strain measured on the structure. The boundary con­
ditions of specimen and structure could also affect the gross 
strain comparison. The thickness of the structure and specimen 
could normally be duplicated, but the restraint developed in the 
width direction on the specimen must be sufficient to represent



t-1269

the large width restraint present in pressure vessels or other 
large structures. If the test model selected is wide enough, the 
strain off the plane of the fl.aw should not differ appreciably 
from the strain in the plane of the flaw providing the cross- 
sectional areas are similar.

To accomplish this objective, a test model was designed 
from which the elastic and plastic strain distribution could be 
measured. Because the mathematical analysis for the elastic- 
stress distribution surrounding many flaws is available, this 
information was used to conpare with empirically obtained elastic- 
strain distribution data, ibre importantly, strain distribution 
was also measured on specimens subjected to loads that caused 
general yielding*
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II. DESIGN OF THE TEST MODEL

Two design philosophies or requirements were imposed on our 
specimen design. First, the specimen was designed to portray 
service conditions that are particularly subject to failure by 
fracturing. A thick-walled pressure vessel made from a high-strength 
metal is an example of such a service condition. Second, the 
specimen should be amenable to strain-distribution measurement.
Access to the area surrounding the crack tip must be available 
so strain measurement can be performed. If possible, the same 
specimen should be used to obtain strain distribution for both 
the elastic and plastic loading conditions.

Certain design variables were eliminated from this study 
by properly selecting them at the beginning and retaining them 
throughout the study. Such variables were material, specimen 
configuration, and flaw character. These items were selected 
by properly implementing our design philosophies.

Several obvious requirements that tempered selection of 
these variables are stated below:

1) The material selected was in commom usage and 
possesses mechanical properties that could be 
adjusted by suitable heat-treatment;

2) The specimen configuration was simple and of 
sufficient size to characterize service applica­
tions j

3) The flaw represented a typical metallurgical de­
fect for which an analytical expression for the 
elastic strain distribution has been obtained.

A detailed discussion of each of these design variables 
follows.

A. MATERIAL

The material selected for our test model was UlUO alloy 
steel. This high-strength steel is comrconly used for many de­
sign applications, is economical and was readily available for 
use in this study. Its tensile and fracture properties can be
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altered by heat-treatment. Another reason for selecting 4340 
steel is its excellent hardenability (2). This property helps 
assure that the material will be nearly homogeneous even if thick 
sections (bar up to 4-in. thick) are heat-treated.

The material (0.500-in. plate) obtained for this study was in 
the hot rolled, annealed, and pickled condition. The selection 
of 0.500-in. plate thickness is discussed in the following sec­
tion on specimen design. Results of a spectrographic analysis 
of the material are presented in Table 1.

Table 1 Spectographic Analysis of 4340 Steel Used in This Pro­
gram, Chemical Composition (Weight %)

Ni Cr Mn C Si Mo V Fe

1.90 0 .83 0.68 0 .42 0.25 0.20 0 .05 Balance

The as-received material in the annealed condition must be 
heat-treated before it is suitable for use. To achieve maximum 
usefulness as a design material, steel alloys are often heat- 
treated .

A typical heat-treating schedule for annealed 4340 steel is 
as follows :

1) Austenize at 1525 to 1575®F;
2) Quench in a suitable medium;
3) Temper at a temperature between 400 and 1100®F.

Austenizing temperature is always a few degrees above the 
transformation temperature of the steel (1500°F for 4340) . If 
austenizing is performed correctly, there is a complete trans­
formation of the iron crystal structure, body-centered cubic to 
face-centered cubic, throughout the mass of material.

Quenching transforms this crystal structure to martensite. 
The as-quenched steel should be primarily composed of martensite 
and represents the hardest and most brittle condition that can 
be obtained. This condition is of little design value, however, 
and so tempering is performed to soften the material into a more 
useful condition. This is accomplished by heating the material 
to a certain temperature, below the transformation temperature, 
for a selected period of time (usually about 2 hr) and then al­
lowing the material to cool to room temperature. Tempering
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causes carbide particles to be precipitated and then to coalesce 
and become larger. This change in microstructure results in 
lower hardness and strength, but higher ductility and toughness 
(resistance to fracture).

B. SPECIMEN CONFICURATION

The surface (center) c^acked-plate-type specimen was selected 
for this study.

The ASTM committee on fracture testing of metals has strongly 
endorsed this type specimen for representing conditions found in 
service.

This type specimen is normally tested in axial tension with 
the largest principal stress acting in a direction perpendicular 
to the plane of the flaw. This loading condition, which is nor­
mally assumed to be present when designing, has been duplicated 
in our test model. The flaw, which is placed in the center of the 
specimen, is quite small conpared to the specimen width. This
leaves a large area beyond the crack tip available for measuring
strain.

The flaw to be reproduced in this tensile specimen should 
resemble defects that are frequently observed in service. Such 
defects often have the following characteristics :

1) The crack front is usually very sharp and so tight 
that it is invisible to the naked eye;

2) The crack will often be found on the surface of the
part;

3) The shape of the crack is often semielliptical having 
its largest dimension exposed.

A defect having such characteristics can be artificially imposed 
in a plate-type specimen. The flaw is created by sawing a starter 
notch in the center of the specimen. This notch is then extended 
to the desired size by cyclic loading of the specimen. The ex­
tended flaw will normally assume a semielliptical shape with a 
very sharp, tight crack front.
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A disadvantage of this type of specimen is its inefficiency 
in terms of specimen size and the corresponding large loads re­
quired for testing. Because large capacity tensile machines were 
available, this particular disadvantage was not a problem.

The test specimen configuration used for this study is shown 
in Fig. 1. Pin-loading of the specimen provided efficient load 
transfer and helped to maintain alj-snment*

The gage section of the specimen was designed according to 
ASTM requirements for (plane-strain) testing. These ASTM re­
quirements are presented in Table 2.

Table 2 Recommended Minimum Specimen Dimensions* and Ratios of
Required Load to Yield Strength for (^Ic/^ys)

(3)

Thickness
Crack Length 

(2c) Width Length

Center-Cracked Plate- 
Type Specimen 2.5 . 5.0 10 40

*Dimensions expressed as multiple of  ̂ ^ '

Although valid strain distribution measurements may be obtained 
from specimens smaller than ASTM plane-strain specifications would 
dictate, it was felt that until some distribution data were ob­
tained, these specifications should be imposed on our specimen 
design. Because this concept will be used primarily in thick- 
section applications where plane-strain conditions are said to 
exist, it would seem unreasonable to design our specimen smaller 
than these requirements. Designing the specimen to meet plane- 
strain requirements also offers an opportunity to compare data 
with other investigators who prefer to work at this baseline 

j, where linear elastic fracture mechanics applies.

Plane-strain conditions refer to a rather nebulous situation 
where the material surrounding the crack tip is highly constrained 
from flowing plastically. Failure under these conditions is 
characterized by unstable crack extension, which occurs abruptly. 
The stress measured at failure under these conditions is signif­
icantly lower than the yield strength ^ —  0.8 j. The frac­
ture toughness ( )calculated from such a test is regarded asTc^
a material property, independent of fracture stress, specimen 
configuration, or crack size. It has been found, however, that 
all of these apparently independent variables must be controlled 
within a restricted range to obtain valid test results.
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Syiii About

2.62

6.50

1.25

1.25 R
Sym About

2.000
±0.003

1.752 ± 0.003 
0.000

0.50 Stock

4.38

Note ; 1. Dimensions in inches.
2. Tolerance " ±0.020 unless noted.

Fig. 1 Test Specimen Configuration
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Geometrical effects are particularly frustrating when trying
to obtain valid K_ data. This has led to the ASTM requirements Ic
for specimen geometry that have been used in my specimen design. 
Many investigators have found that thickness has a strong in­
fluence on K... and that a certain minimum thickness must be pres- Ic
ent to achieve plane-strain conditions. This minimum thickness 
varies with each material, alloy, and condition; and requires

(3)many tests to determine. Brown and Srawley have commented on 
this minimum thickness requirement (B) for valid K determina­
tion: ^

"A limiting value of ^Ic/^ysj ̂  a. valid
test on the alloys investigated appears to be about 
2.5. However, it should be emphasized that the 
limiting value of this ratio may vary from alloy 
to alloy, and further tests of this type are needed 
to establish a conservative lower limit."

For 4340 steel (j = 230 ksi, K = 52.5 , a 0.14-in. thick- 
y: Ic . (4)ness has been reported as the minimum thickness required.

For the specimen design, 0.500-in.-thick material was se­
lected. Choosing a plate thickness this large helps assure that 
plane strain conditions will be present even if it becomes neces­
sary to adjust the yield strength of the 4340 below 200 ksi.

Several specimens were tested before a suitable combin­
ation of tempering temperature and flaw size was obtained.
This suitable combination must cause failure to occur in the 
specimen after significant general plastic flow. It was also 
desireable to keep the flaw as large as possible to obtain more 
accurate distribution data. Therefore, a trial and error pro­
cedure was employed by starting with a large flaw and increasing 
the tempering temperature (see Table 3),

At a tempering temperature of 900*F and a sizeable flaw, 
sufficient plastic flow occurred prior to failure and the re­
quired distribution data was obtained.
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III. STRAIN DISTRIBUTION BY ANALYSIS

Stress or strain distribution has been determined mathmetically 
for various flaw shapes and elastic loading conditions. These 
solutions are not valid when plastic flow has occurred, but are 
still worth considering for purposes of this study. Having 
analytical elastic distribution data for the test model offers 
the following advantages:

1) The method and position for strain measuring can be 
efficiently selected;

2) Provides values that can be compared with empirically 
obtained data;

3) Stress distribution curve can be established with 
fewer test data points.

The mathematical solution used to compute stress (or strain) 
distribution for the semielliptical flaw in the test model was
derived by H. Neuber.^^^ His solution was obtained for an im­
bedded ellipsoidal cavity in the center of a large bar that is 
loaded in axial tension. Although dissimilarities exist between 
the practical test model and his theoretical model, the solution 
Neuber obtained is considered to be applicable if suitable ad­
justments are made to correct these differences. The physical 
differences between the two models are noted below and can be 
observed by comparing their cross sections in Fig. 2:

1) The flaw is contained in a specimen that has a 
rectangular cross section while the theoretical 
solution is for a flaw in a round bar;

2) The artificial flaw is not circular in the trans­
verse plane, it is semielliptical;

3) The theoretical flaw is embedded while the artifical 
flaw has a free surface.

Item 1) above, refers to the degree of restraint or the amount 
of material restricting the propogation of the crack. As long as 
sufficient restraint is present, the equations Neuber derived will 
be applicable, and the local stress will diminish to the nominal 
stress in a short distance.
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Flaw

(a) Analyzed Model Flaw (Burled Disk-Shaped Crack 
in Large Bar)

Flaw

(b) Test Model Flaw (Semielliptical Surface Crack 
in Rectangular Section)

Fig, 2 Sections Showing Physical Difference between Two Model Configurations
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St. Venantes principle suggests the distance required to ob­
tain an undisturbed condition is a small multiple of the critical 
dimension. It is shown in the appendix, using Neuter's general 
equation that one critical dimension away from the crack tip 
will cause the stress concentration to diminish to less than 4% 
above the nominal stress. In the rectangular specimen, the 
least restraint (excluding the free surface, which will be ex­
amined later) occurs between the bottom of the flaw and the 
opposite side or back of the specimen. The ratio between the 
critical dimension (a), and the thickness of the specimen (t) is 
considered large enough (> 2,0) to preclude error caused by lack 
of restraint at least for elastic considerations.

The error in stress concentration caused by the difference
in flaw shape cannot be neglected. Irwin^^^ has estimated the 
effect of shape on stress intensity factor | j  by use of the 
following equation:

xa o ( s i n ^  (p +  c o s ^  cp| ^

r  - 0.212
ys

where 1 is the complete elliptical integral of the second kind 
and may be expressed by

(1)

./V1 - s i n ^  cp d ç .

Equation (1) contains two quantities that correct the stress 
intensity factor for crack shape. In the denomenator, D is the 
normalizing factor that adjusts stress intensity between boundary 
conditions defined by the disk-shaped crack and the tunnel crack. 
The expression in the numerator containing cr, the angle between 
the major axis of the ellipse and any point on the crack front, 
corrects the stress intensity for positions along the flaw bound­
ary that may require specific examination.
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0.212
By letting cp = 90® and ignoring the plastic zone correction2

, the limiting equations for stress intensityays,
factor can be expressed. For a/c equals zero, Equation (1) be­
comes

a, (2)
which is the familar stress intensity equation for a through or 
tunnel crack. For a/c equals one. Equation (1) reduces to

Ya a.

which is the common stress intensity solution for the disk-shaped 
crack analyzed by Neuber. If the stress intensity is expressed 
by the following equation, the relative severity of each crack 
shape can be easily compared.

= A
yT'-

a.

The two limiting values of A as found from Equations (2)and (3) 
are 1.77 and 1.13^ respectively. The higher A value indicates 
the tunnel crack is much more severe than the disk-shaped crack. 
The semielliptical flaw must have a value of A between these 
limits. The value of A represents the degree of interruption to 
the load path that has been caused by the crack. This interrup­
tion causes the load to be transferred around the crack causing 
an elevated crack-tip stress field or stress intensity. For a 
typical semielliptical flaw (Table 3 in Chapter V) of a/2c equal 
0.3, A is found to be 1.42. This answer was found from Equations 
(1) and (4), using values of î>, which are in mathematical tables. 
The flaw-shape correction factor contributed by D is the ratio 
of A values represented by the model flaw (A = 1.42) and the 
analyzed flaw (A = 1.13). This ratio of 1.25 can be considered 
as a correction factor to be applied to local-stress computations 
before accurate comparison can be made with empirical data. It 
is permissable to apply this correction to computed the stress
on the crack plane and normal to it, because stress intensity is 
directly proportional to local stress.

(3)

(4)

As discussed before, there are two shape-correction factors
.2

in Equation (1). The second factor (sin^ cp + ^  cos^ T'j re­
lates stress intensity to position along the flaw boundary.
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The maximum stress intensity occurs at the nose of the flaw where 
cp equals 90 and the correction factor is unity. At 'p equals zero 
or at the free surface of the specimen, the maximum correction 
is made and the stress intensity is a minimum. Because all strain 
measurements were obtained from the surface of the specimen, 
the local confuted stress must be adjusted by this second factor, 
which equals 0,77 for a/2c of 0.3.

There is one remaining correction that must be applied to 
computed values of a^. This correction is required as a result
of the flaw eminating from a free surface rather than being 
buried within the material. The presence of a free surface allows 
larger crack-opening displacements and increases the stress in­
tensity. P a r i s h a s  estimated this correction factor to be

[l + 0. 12 (1 - a/c)].

Notice, as the flaw becomes deep compared with its extent on the 
surface, the correction factor approaches one. For a/2c equal 
0.3, this correction factor is 1.05.

To summarize, the geometrical differences between the analyzed 
model and test model have been discussed and a corresponding cor­
rection factor for each difference has been computed. The total 
effect on the elastic distribution curve predicted by analysis is 
the product of the three correction factors, i.e., 1.25 x 0.77 x 
1.05 = 1.01. The final resulting correction is too small for 
consideration, and the computed values of from Neuber's
analysis can be directly compared to measured values.

One more comment should be made regarding Equation (1); note 
that the plastic zone correction factor in the denomenator of 
Equation (1) causes an increase in stress intensity as the 
nominal stress on the specimen is increased. This is a result of 
plastic flow occurring off the crack tip and effectively enlarging 
the flaw.

Selecting the best location for empirical strain measurements 
was made by examining a typical stress distribution solution 
shown in the appendix (Fig. 18). It was decided to measure stress 
(or elastic strain) parallel to the loading direction and per­
pendicular to the plane containing the flaw. This stress a
measured perpendicular to the y axis is a maximum at the crack 
tip but decreases rapidly to a minimum or the nominal stress (p).
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The stress decays essentially as the inverse square-root of the 
distance from the crack tip, as derived in the appendix. The 
local and nominal stress are always nearly equal at a distance 
of one critical dimension from the crack tip ; where a critical 
dimension equals the radius of the crack (t). When measurements 
are taken in the extended plane of the flaw and parallel to the 
loading direction, empirical data are more accurate and theoreti­
cal computation is simplified. Neuber's general equation for the 
principal stress, a^, at any position in the bar is presented in
the appendix. Equation (A-1). This equation was programed for 
computer analysis. The equation was later adjusted and simplified 
for the special case of a sharp, thin disk-shaped crack. The 
derivation of this simplified equation from the general equa­
tion is presented in the appendix.

The stress, a^, depends on the notch curvature (t/p), which
is a measure of the sharpness of the crack tip. The notch 
curvature for a fatigue-propagated flaw is very large and nearly 
impossible to measure accurately because of the complexities of 
measuring p, the profile radius of the notch tip. The notch tip 
does not have a smooth regular geometry but is an array of slip 
lines where gross plastic flow has occurred. A schematic illus­
tration of a crack tip is presented in Fig. 3.

To determine the effect of notch curvature, several repre­
sentative values of t / p  were substituted into the programed 
equation for a ^ .  The range of values selected for t / p  were
based on some practical observations of typical flaws (see Fig.
4). In general, the fatigue extended flaw is so sharp some 
difficulty is experienced in locating the end of the flaw with 
a microscope at lOOX. This led to the rough extimate of p <
0.0002 in., or t/p ^  500 for the crack sizes studied. By sub­
stituting t/p = 50,500,and 5000 into the general equation for 
a , the effect of this variable could be observed. The resulting
stress distribution curves are presented in Fig, 5. Although 
it is rather naive to assign a value to t / p ,  recognizing the 
complex shape of the crack tip and the extensive deformation that 
occurs in this region, the effect of t / p  on the stress distribu­
tion is rather limited. The value of notch curvature strongly 
effect near the crack tip but has almost no effect beyond a
distance equal to 15% of t. When t/p = 500 or 5000 the curves 
are nearly identical within the accuracy of the graphical plot.
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X

Fig, 3 Schematic Illustration of Slip-Line Field at the Tip of a Sharp Crack
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Fig. 4 Typical Test-Model Surface Flaw 
(Specimen 11), 2X
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It was decided to assign t/p a value of 500 and to use the cor­
responding analytical distribution curve to compare with empirical 
data (see Fig. 13).

When the strain distribution curve is presented, notice that 
the abscissa is always the ratio:

y-t distance from the crack tip
t radius of the crack

The radius t, is the scaler or that dimensional factor that relates 
the state of stress to the distance from the crack tip, a result 
of the law of similitude. This relationship is explained in more 
detail in the appendix.

Strain gages, the technique used to measure strain on the test
model, measure strain over a finite area. Thus, their output is
actually the average strain over that particular area to which 
they are bonded. To accurately find this average strain, two 
things were required. First, the physical position (both edges) 
of the gage with respect to the crack tip must be accurately 
determined, and second, the density of points from the computed 
distribution curve must be sufficient to accurately integrate 
under the gage and find the average strain concentration. This 
average strain concentration was calculated using computer tech­
niques. A sample of one calculation for one gage is graphically 
presented in Fig. 6. Notice the average strain measured by the 
gage is not the strain measured at the physical center of the 
gage but is shifted to the left. This adjusted location is used 
to represent the position of the strain measurement when the 
empirical data are compared with the computed distribution.



t-1269

<5
-G-

IOILO‘0 - PT^O 9 8 5 3 UTBJ^s JO 98P3

E68i70'0 - aSeg ÿ

LÇ̂ O'O ■19JU30 9A-I30V

O
10-

O

O G

G

G
G

-G-
G

0
G

G
-e-

G
G-

6Z920'0 - PT-̂ D 9 8 9 3 u-tpa^s jo aSpa

 i W

4-•HW

c >D 0

(2g
G—

G
G

G
G

G

a
'r4u

0
taw
Ü
60

3>4-1
T30) ta

U
c
ta

0
ta
u

T) u
II

4-1

22

00
<3
c c•n 0
ta •r4
ü 4J
4J taV) P-l

60
ta0 C-H M
O.
^  1—•
H ta

0
ta r4

Mw tu0 e32
c0 <4-4
r4 0
ta tu
w

3
c oi
tu0
c ta0 T3
CJ H

0
Nto ta

(U 0.
Vi tak

H
lU0 -C

c0 60
•l-t C
ta

53
C

s 000 3
u

ta
eta
X cw M

to
PL,

( 3 S E 3  3 % ; S B % a )  =  u O T t j B J i u a o u o Q  u i e j ] s  a o  s s a a ^ s
0



T-126? 23

IV. EXPERIMENTAL PROCEDURE

Selection of the test model was discussed in Chapter II.
In Chapter III, mathematical predictions of the elastic strain 
distribution for our selected test model were made. Test 
specimen preparation, and test equipment and procedure will 
be presented in this chapter.

Three main objectives of measuring strain on the test 
model were:

1) Verify or repudiate the theoretical elastic strain 
distribution predicted (Chapter III) by empirically 
measuring the elastic strain distribution;

2) Measure the strain distribution in the presence of 
loads large enough to cause general yielding;

3) Define a region where gross strain can be measured 
and used as a reasonable criterion of failure.

A. SPECIMEN PREPARATION

The O.^OO-in. I4.3UO steel plate was machined into test speci­
mens using the design shown in Fig. 1, Care was exercised to 
maintain the symmetry of the specimen so loads would be trans­
ferred uniformly into the gage section of the specimen. Each 
specimen was surface-ground after machining to remove mill marks. 
This prevents failure from occurring through scratches and also 
provides a smooth surface that can easily be prepared for strain- 
gage installation. Only 0,00$ to 0.010 in. of material was re­
moved by grinding,

A chromel alumel thermocouple was embedded in the end of the 
specimen to measure temperature during austenizing at 1535 to 
l550*F, Temperature was measured to confirm that the specimen 
had been subjected to at least l535*F throughout its mass and had 
been maintained at this temperature for at least 20 minutes. 
Specimens were austenized and quenched individually to prevent 
variation in temperature exposure or quenching rates in the limited 
heat treating facilities available. Specimens were removed from 
the austenizing air furnace and immediately quenched in an oil 
bath. An oil quench from austenizing temperature develops maoci- 
mum hardness in 0.500-in. k3hO steel plate.
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It is beneficial to produce the flaw while the material is 
in the as-quenched condition. A starter flaw can be easily 
fatigue propagated when the material is in this brittle condition. 
Fatigue extending the crack with the material in this condition 
requires a lower stress relative to yield strength and prevents 
excessive plastic deformation around the crack tip. This means 
the crack produced is very sharp and represents the ultimate in 
severity. Imposing the defect at this time also provides a means 
of identification after fracture; the fresh flaw surface turns a 
deep blue when it is oxidized during tempering.

The steel in the as-quenched condition has been subjected 
to that part of the heat-treating cycle (quenching) that is most 
likely to cause physical damage. The quenching operation, if 
not performed in a suitable quenching media for the section size 
quenched, will cause excessive thermal gradients while the part 
is cooling. These gradients can produce large stresses as a re­
sult of differential thermal expansion. The surface of the part,
because it cools faster than the center, is subjected to the ten­
sile stress. Surface cracks are formed when this tensile stress 
reaches the ultimate strength of the material.

From this discussion, it is obvious that this is a suitable 
point in the heat-treating cycle to put the flaw in the specimen. 
Not only is the flaw easier to produce at this time, but it is 
very likely that a surface defect of this type has been produced 
during heat-treatment of manufactured parts.

The flaw was produced in a series of operations. The first 
step was to grind a small semicircular starter flaw exactly in the 
center of the gage section of the specimen. The plane of the flaw 
should be perpendicular to the axis of loading. The apparatus 
used to cut this starter flaw is shown in Fig. 7. A typical 
starter flaw is about 0.050-in. deep and 0.200-in. long.

The small aluminum oxide wheel used to cut the flaw was hand­
made from a 0.020-in.-thick sheet of aluminum oxide. The wheel 
was roughly cut from the sheet with snips and then eroded into the 
diameter required by turning it against a hard stone. The edge 
of this small griding wheel (0.75- to 1.00-in. diamter) was then 
sharpened into a V-shape.
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Fig. 7 Starter Flaw Saw and Fixture with Specimen
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Specimens containing the starter flaw were placed in a three- 
point bend fixture that fits over the loading head of a fatigue 
machine. This fixture and fatigue machine are shown in Fig. 8.
The starter flaw was then fatigue propagated to the desired size 
by flexing the specimen in the fixture with the fatigue machine.
A maximum stress of 100,000 psi was used for fatigue propagation. 
This stress level produced a reasonable crack propagation rate, 
and a well-developed crack front everywhere along the starter- 
flaw surface.

All fatigue extension was performed at a stress ratio
of 0.9. This keeps a positive force against the specimen at all 
times and prevents the specimen from crawling in the fixture.

After imposing the flaw, the specimens were tempered in an 
air-circulating furnace. Temperatures were monitored on the speci­
men for accuracy and reproducability of heat treatment.

The tensile properties of alloy steels can be accurately con­
trolled by the proper selection of tempering temperature. The 
range over which the tensile properties can be adjusted depends 
to a large degree on the amount of alloy present in the steel.
The steel selected, AISI 4340, has a broad range of tensile prop­
erties, (220-100 ksi yield strength), for tempering temperatures 
of 400 to 1200°F (2-hr exposure).

(81Col. Senn has obtained data showing that the fracture 
toughness of 4340 steel is also strongly affected by tempering 
temperature. Frangible behavior (fracture strength less than
yield strength) was easily obtained in Ii3h0 steel at low tempering 
temperatures (400 to 500°F), but higher tempering temperatures 
increased the fracture toughness very rapidly.

Tempering temperature was a very important variable in this 
study and was used as a means of adjusting fracture stress 
or strain. Although crack size could also be used to adjust 
gross strain, this variable was restricted by specimen size and 
strain measuring inaccuracy associated with a small flaw.

After tempering, the oxide was mechanically removed from the 
region surrounding the flaw. This provided a clean surface for 
mounting strain gages.
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Fig, 8 Bend Fixture and Specimen in 

Fatigue Machine
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B, STRAIN GAGE SELECTION AND INSTALLATION

The strain gage was an obvious choice for obtaining strain 
distribution measurements. No other device can measure strain 
with such precision in such a small area. Using suitable adhe­
sives, strain gages will accurately measure at least 5% total 
strain, which was sufficient for requirements.

Data from the mathematical analysis were used in the location 
and selection of strain gages. The graph in Fig. 5 shows the 
stress to be measured, cr̂ , decreases very sharply near the crack
tip. For a sharp crack (assume t/p = 500) 0.5-in. in diameter, 

has decreased to 2p in 0.016 in. Because strain gage signal
output is proportional to the average resistance change of all 
the grid elements, large strain gages would completely wash out 
the strain concentration and only very small gages would accu­
rately detect any appreciable stress concentration in such a 
small region. Using smaller gages also permits more installa­
tions and measurements on each specimen.

The active grid of the gage selected was 0.020-in. long by 
0.012-in. wide. This was the smallest commercially available 
strain gage. The gage was made of annealed constantan foil for 
high-elongation measurements.

These gages were bonded to the specimen using an oven-cured 
epoxy cement (250°F for 2 hr). A 10- to 15-psi pressure was 
maintained between the specimen and gage during curing.

To properly measure the largest principal stress each
gage was precisely aligned to measure strain parallel to the axis 
of loading. Also, the horizontal centerline of each gage was 
placed in the extended plane of the crack. Gages placed in this 
manner permitted easy data comparison with theoretical predic­
tions. A typical gage installation is shown in Fig. 9.

The gages were installed very carefully to prevent damage. 
Optical helps were used during installation to obtain accurate 
placement of each gage. Accurately aligning these very small 
gages was a very tedious task. Many of the gages required precise 
trimming of the backing to permit installation near the crack 
tip. The gage nearest the crack tip must be located within a 
few thousandths of an inch from the crack to get reasonable strain 
amplification without spanning the open crack. After the adhesive 
was cured, the gages were inspected for continuity and slippage. 
Gages were replaced if they did not pass inspection.
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Fig. 9 Typical Gage Installation 
(Specimen 15)
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The exact location of each gage in relation to the crack tip 
was then determined. A small measuring microscope was used to 
accomplish this. Using the edge of the specimen as a reference 
point, the distance to each strain gage and to the crack tip was 
found. Measurements were taken using a magnification of 100 and 
were accurate to 0.0001 in. Only the distance to the active grid 
portion of the strain gage was measured. The distance to each edge 
of each gage was actually measured so that the average strains 
measured could be accurately compared to theoretical computer re­
sults. Each gage was also measured to determine its location with 
respect to the plane of the crack.

The gross area of the specimen was also determined.

Finally, the wire leads were soldered to each gage, and the 
specimen was ready for testing.

C. TEST EQUIPMENT AND PROCEDURE

The equipment required for testing consisted of a 500,000-lb 
tensile test frame and a 10-channel strain indicator.

A photograoh of the tensile test frame is presented in Fig.
10.

The test model with strain gages attached was placed in the 
tensile test machine. All strain gage leads were wired into the 
strain indicator. Compensating gages bonded on steel plates were 
used to complete the two-arm temperature-compensated electrical 
bridge. All gages were nulled to a common reference reading be­
fore application of load to the specimen. Thus, readings could 
be easily corrpared throughout the test,

A digital voltmeter visually presents load cell signals that 
were proportional to applied loads. Load was transmitted to the 
specimen via a hydraulically activated ram. The hydraulic pressure 
that controls the load was manually adjusted with a needle valve. 
Load could be controlled to +1,0% of setting.
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■*»(aife&;G2cy

# # #a^aas^.
Sf‘fSr-TS

I r y ^
’> tT  it

.'.%,Y,VV/ /
 • "> ‘ •'•* ’.'■4̂;&##

# 4 .1 i i i l

;:tV#/ÀyV///4
# ; a

2 3 + *!M ?##
U w A & g

ÿ v.»̂

Fig. 10 Hydraulic Test Frame (500,000-lb Capacity) with 
Associated Pump and Recording Equipment



T—1269 3 2

All strain measurement was performed in a static load condition, 
Dynamic strain recording would have been preferred, but the neces­
sary equipment for this was not available. All readings were 
taken quickly, once a selected load was reached. This helped mini­
mize creep and gage heating; these small gages are very susceptable 
to resistance heating by the excitation voltage. In 30 sec, 10 
channels of strain input could be manually sampled with the strain 
indicator. The indicator is scaled in 5-p in. units of strain; a 
level of accuracy far exceeding requirements.

Loading was performed slowly, using reasonable increments of 
strain from the most sensitive gage to determine each point for 
data sampling. An attempt was made to concentrate data in two 
areas -- at the lower stress levels and after yielding.
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V. DISCUSSION OF EXPERIMENTAL STRAIN DISTRIBUTION MEASUREMENTS

Initial tests were performed to check the specimen design and 
to develop techniques for measuring strain and making flaws. Brit­
tle failure was promoted in early tests to obtain valid data
for the material. To obtain brittle behavior, these specimens 
(No. 1 thru 7) were prepared with large flaws and were tempered 
at low temperatures (475° for two hours). A typical fracture sur­
face from a specimen in this group is shown in Fig. 11(a). The 
fracture and physical data for all specimens used in this study 
are presented in Table 3. An examination of these data show com­
puted stress intensity values for Specimens 1 thru 5 were in ex­
cellent agreement. The for Specimens 6 and 7 was lower, prob­
ably as a result of the different flaw shape or size used in these 
specimens. The obtained from these initial specimens indicated
that a much smaller flaw, a factor of 4 smaller, would be required 
to cause failure above the yield strength and significant plastic 
flow. Recognizing the inaccuracy associated with measuring strain 
around a significantly smaller flaw, the fracture toughness of the 
material was raised by tempering at a higher temperature. Notice 
the difference in fracture surface appearance in Fig. 11(b) when 
yielding occurs before failure.

Strain gages were applied to Specimens 3, 5, and 6 to measure 
bending effects from the surface flaw. Surface-flawed specimens, 
because their cross section is not symmetrical, tend to bend about 
the flaw. This results in a higher stress on the crack side of 
the specimen than the back side, and results in erroneous fracture 
stress data. By placing two gages back to back across the plane 
containing the flaw and in a position remote from the crack, this 
bending effect can be measured. This procedure was used on Spec­
imens 3, 5, and 6 and the resulting strain data are presented in 
Table 4.

The strain data presented in Table 4 are the total strain at 
fracture and were obtained from dynamic recording of load versus 
strain. The specimens were tested slowly at a cross-head exten­
sion rate of approximately 0.01 in./min. The specimens were pin 
loaded and self-aligning. Notice the large difference in surface 
stress for Specimens 3 and 5, which contained large flaws. Using 
a modulus of 30 x 10^ psi, the stress variation across Specimens 
3 and 5 exceeded 27,000 psi at fracture, while the stress varia­
tion on Specimen 6 was less than 5,000 psi at fracture. Although 
these data are hardly conclusive, it was decided to restrict the 
flaw area to less than 6 percent of the specimen area for the re­
maining tests to help eliminate this error caused by bending.
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(a) Brittle Behavior of Specimen 7

(b) Tough Behavior of Specimen 15

Fig. 11 Fracture Surface
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Table 4 Bending Effect Data

Specimen
Number

Specimen 
Area 

(sq in.)
Flaw Area 
(sq in.)

Area Ratio 
Flaw/Specimen

Fracture Strain, pin./in.
Crack Side Back Side

3 1.253 0.137 0.109 3820 2870
5 1.230 0.140 0.114 4220 3310
6 1.220 0.0765 0.062 4000 3860

Six specimens, 10 thru 15, were prepared for strain distribu­
tion measurement. The number of strain readings taken from each 
specimen varied between 6 and 10. The results from only three 
specimens (10, 11, and 15) are presented in this report, because 
strain data from the other specimens were inconclusive and could 
not be adjusted with the limited number of measurements taken.

Specimen 15 provided the most extensive and complete results 
from which the majority of conclusions will be made. The strain 
distribution obtained from this specimen provided insight for data 
adjustments that could be used to treat other data where the strain 
measurements were less numberous, e.g.. Specimens 10 and 11.

The data from Specimen 15 are presented in Table 5. Note that 
the strain readings (pin./in.) are grouped in columns under a par­
ticular strain gage (position number) and load. The physical lo­
cation of each strain gage in relation to the crack tip and its 
assigned position number is shown in Fig. 12. The distances shown 
in this figure were measured with an optical microscope as dis­
cussed in Chapter IV. The theoretical strain concentration and 
the distance from the crack tip are also recorded in Table 5. The 
distance from the crack tip is computed as a multiple of the crack
radius (c or t) and is expressed as the ratio, The symbol
c is commonly used to represent % of the surface crack length 
(major axis of the semi-ellipse), while this same distance is re­
ferred to as t in analytical computations. The measured strain 
concentration is also computed and shown in Table 5. These calcu­
lated values of strain concentration (enclosed in parentheses) are 
recorded below that value of strain from which they were computed. 
The computation is made by taking individual values of strain at a 
particular load and dividing by the nominal* strain at that load.

*To be correct, nominal strain should be measured infinitely 
f r  from the crack in an infinitely wide specimen. For these 
specimens of finite width, nominal strain is taken as the average 
of two strain measurements off the plane of the crack. This will 
be a smaller strain value than the nominal strain because the cross 
section is larger than the net section on the plane of the crack; 
but as discussed later, the difference is small.
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St ra in (|i in./in.) .ind Strain Concentration* at Indicated Position and Load
Position Number 1 2 : 3 4 5 Crack 6 7 8 9 10
Distance from Crack Tip to 
Acting Center of Gage* -5.4 3,91 2.16 0.63 0.67 2.51 4.14 5.63
Theoretical Strain Concen­
trât ion** 1.00 1 .00 1.01 1.07 I .07 1 .01 1 .00 1 .00
Load Cell Reading (mv)''

0.00 0 0 0 0 0 0 0 0 0
0.09 175 182 181 180 183 173 165 170 175
0.14 237 248 242 253 253 237 22 7 227 235
0.24 323 333 330 353 350 335 328 314 323
0.48 545 562 555 580 558 530 510 503 530
0.75 780 810 793 835 755 745 730 710 770
0.99 985 1,001

(1.00)
1 ,028 

(1.03)
1.013

(1.01)
1.067

(1.07)
977

(1.08)
965

(1.07)
930

(1.03)
903

(1.00)
982

1 .52 1,405 1,435
(1.00)

1 ,470 
(1 .02)

1,448
(1.01)

1,530
(1.07)

1,435
(1.10)

1,378
(1.06)

1,335
(1.03)

1,300
(1.00)

1,435

2.00 1 ,805 1,850
(1.00)

1,900
(1.03)

1,880
(1.02)

1,990
(1.08)

1,913
(1.13)

1,800
(1.07)

1,740
(1.03)

1,690
(1.00)

1,845

2.99 2,640 2,730
(1.00)

2,800
(1.03)

2,790
(1.02)

2,940
(1.08)

2,880
(1.14)

2,690
(1.06)

2,605
(1.03)

2,535
(1.00)

2,730

3.98 3,455 3,570
(1.00)

3,675
(1.03)

3,695
(1.04)

3,880
(1.09)

3,855
(1.15)

3,555
(1.06)

3,440
(1.03)

3,335
(1.00)

3,580

4.98 4,255 4,433
(1.00)

4,563 
(1 .03)

4,627
(1.04)

4,885
(1.10)

4,920
(1.17)

4,500
(1.07)

4,330
(1.03)

4,200
(1.00)

4,400

0.00 15 118 185 165 160 178 145 135 10
5.24 4,660 4, 700 

(1.00)
4,845
(1 .03)

4,935
(1.05)

5,180
(1.10)

5,045
(1.15)

4,727
(1.08)

4,525
(1.03)

4,380
(1.00)

4,425

5.95 5.185 5,315
(1.00)

5,485
(1.03)

5,640
(1.06)

5,980
(1.12)

5,810
(1.14)

5,505
(1.08)

5,280
(1.03)

5,110
(1.00)

5,065

6.44
General Plastic Flow Begins

5,560 5,825
(1.00)

6,020 
(1 .03)

6.285
(1.08)

6,840
(1.18)

6,645
(1.17)

6,170
(1.09)

5,855
(1.03)

5,660
(1.00)

5,510

6.78 7,125
(1.00)

8.995
(1.27)

9,475
(1.34)

9,780
(1.38)

11,265
(1.59)

10,610
(1.50)

9,050
(1.28)

8,470
(1.19)

7,990
(1.13)

7,055
(1.00)

6.83 8,890
(0.98)

11,430
(1.26)

12,160
(1.34)

12,720
(1.40)

14,840
(1.62)

14,175
(1.56)

12,150
(1.34)

11,355
(1.25)

10,625
(1.17)

9,250
(1.02)

6.98 9,540
(0.99)

12,380
(1.28)

13,200
(1.37)

13,840
(1.44)

16,180
(1.68)

15,310
(1.59)

13,140
(1.36)

12,220
(1.27'

11,400
(1.18)

9,730
(1.01).

7.00 10,520
(0.99)

13,740
(1.29)

14,710
(1.38)

15,550
(1.45)

18,380
(1.72)

17,400
(1.63)

14,780
(1.38)

13,720
(1.28)

12,750
(1.19)

10,850
(1.01)

7.07 11,155
(0.99)

14,510
(1.29)

15,620
(1.38)

16,590
(1.47)

19,800
(1.75)

18,750
(1.66)

15,810
(1.40)

14,590
(1.29)

13,480
(1.19)

11,400
(1.01)

7.15 (Failure)

•-•Strain concentration is calculated using strain from position 9 or 2 as nominal for each respective side of flow 
until general plastic flow begins. Calculations thereafter are based on the average stain from positions 1 and 10.

^Calculated value of strain based on the strain difference between positions 8 and 9, applied to position 3.

^Expressed as a multiple of c (% surface crack length).

**As determined by analysis for t/p = 500.

^*mv X 25,000 = load in pounds.
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on Specimen 15
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To determine the strain concentration accurately, strain meas­
urements were made in the disturbed region adjacent to the flaw 
and also in remote areas where strain concentration was not likely. 
The strain concentration was then conç)uted by dividing the concen­
trated strain by the nominal or remote strain. The gage positions 
for elastic strain concentration were selected using information 
obtained from mathematical analysis. The area very close to the 
crack tip was avoided because the stress concentration would be 
too high, causing gage failure to occur before the more important 
data could be recorded. Analysis had also indicated that signifi­
cant (3.5%) strain concentration still existed at one crack length 
from the crack tip. The nominal strain gages were placed more than 
2.5 crack lengths from the crack tip so their theoretical strain 
concentration was very nearly one. These gages were also placed 
in the plane of the flaw with the other gages to preclude stress 
variation resulting from cross-sectional area differences. Nominal 
strain on Specimen 15 was obtained from positions 2 and 9. Unfor­
tunately, the gage in position 2 failed shortly after loading and 
an estimated value of strain had to be computed using readings at 
relative positions on the opposite side of the specimen. Similar 
positions for nominal strain were selected for these elastic strain 
concentration values should not be used to compute strain concentra­
tion after plastic flow has occurred, since the limits of the dis­
turbed region may extend much further than for elastic loading. 
Elastic strain concentration values were only computed when both 
local and nominal were below the elastic limit, approximately 6000 
pin./in. for this material.

The strain on Specimen 15 was also measured at distances remote 
from the crack tip and not in the plane of the flaw. These read­
ings, position 1 and 10, were used as a measure of the net-sec- 
tion effect and also indicate the degree of bending that might be 
occurring across the width of the specimen. The readings from 
these two positions were very consistent in value, showing only a 
small amount of bending. This is not the conclusion that would be 
made if one were to compare strain readings in the plane of flaw. 
Notice, that corresponding positions across the plane of the flaw 
show a higher stress to the left of the flaw, positions 3, 4, and 
5, than on the right side, positions 6, 7, and 8. The nonuniform 
stress in the plane of the flaw can be attributed in part, if not 
fully, to the misplacement of the crack in the specimen. Attempts 
to precisely locate the flaw in the center of the specimen were not 
successful. Even with a carefully centered starter flaw, the crack 
would not grow uniformly during fatigue extension. The nonuniform 
stress in the plane of the flaw was observed not only in Specimen 
15, but was observed in all six strain distribution specimens.
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The higher strains always occurred in the shorter ligament side of 
the specimens. A ratio of the two ligament lengths on each side 
of the crack was used as an estimate of the adjustment to be ap­
plied to strain data where nominal strain was measured only on one 
side of the specimen, e.g., Specimen 10 and 11. By comparing read­
ings between position 3 and 8 on Specimen 15, this adjustment pro­
cedure could be checked. The correction based on the ratio of
ligament l e n g t h ^ ^ ' * o n  Specimen 15 was about 2.5^. The percent­
age difference between strains at position 3 and 8 varied between 
10.0 at a load of .99 mv and 2.5 at a load of 4.98 mv. Since 
strain measuring discrepancies at low loads are the rule rather 
than the exception, this trend toward agreement was considered 
sufficient to justify the ligament-ratio adjustment procedure on 
Specimens 10 and 11, where insufficient nominal strain data was 
obtained on both sides of the flaw.

There was a general trend for all values of strain concentra­
tion to increase with increasing load. Positions nearest the crack 
tip were affected to a high degree while remote positions regis­
tered little effect. This phenomena was probably the result of two 
changes that were occurring at the crack tip during loading* llie 
crack tip, being very sharp and subject to a high stress concen­
tration, flows plastically even at relatively low nominal stress 
in the specimen. This local plastic flow causes blunting of the 
crack tip and lowers the notch intensity factor, t/p. Figure 5 
shows that a decreasing t/p will cause an increase in the strain 
concentration or e^ye^ except in the immediate neighborhood of the
crack tip. Thus strain gages placed in the plane of the crack will 
show an increasing strain concentration as the relative distance to 
the crack tip decreases.

Elastic strain concentration values from Specimens 10 and 11, 
Tables 6 and 7 respectively, are plotted with the theoretical 
strain distribution curve in Fig. 13. The empirical strain con­
centration values are shown as a solid vertical line, extending 
from a minimum value (based on accuracy limitations) to a maximum 
which is controlled by the proportional limit, approximately 6000 
pin./in. for this material. Below each vertical line is the spec­
imen and gage-position number. The lowest experimental strain 
concentration values should be used for comparison to the analyti­
cal distribution values, since the increasing values of strain con­
centration are a result of plastic flow around the crack tip which 
was not considered in the analysis. Keeping this in mind, agree­
ment between theoretical and experimental values is quite good at 
small distances from the crack tip but vary significantly near the 
crack tip; e.g., at a distance of 8.0% of t from the crack tip, the 
experimental strain concentration is about 1.5, but analysis pre­
dicts a value of 1.8.
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Strain (|i in./in.) and Strain Concentration* at Indicated
Position and Load

Position Number 1 2 3 Crack 4 5 6
Distance from Crack Tip to
Acting Center of Gage^ 1.32 0.38 0.04 0.44 1.33 3.05
Theoretical Strain Concen­
tration* (1.02) (1.16) (2.34) (1.13) (1.02) (1.00)
Load Cell Reading (mv)**

0.00 0 0 0 0 0 0
0.51 371 399 636 378 364 344

(1.08) (1.16) (1.85) (1.10) (1.06) (1.00)
1.00 755 808 1364 785 746 703

(1.07) (1.15) (1.94) (1.12) (1.06) (1.00)
2.00 1500 1626 2 760 1555 1465 1370

(1.09) (1.19) (2.01) (1.13) (1.07) (1.00)
2.51 1895 2050 3490 1950 1835 1705

(1.11) (1.20) (2.05) (1.14) (1.08) (1.00)
3.02 2290 2480 4220 2350 2197 2040

(1.12) (1.22) (2.07) (1.15) (1.08) (1.00)
3.48 2650 2870 4880 2722 2542 2350

(1.13) (1.22) (2.08) (1.16) (1.08) (1.00)
4.00 3050 3310 5540 3123 2910 2680

(1.14) (1.23) (2.07) (1.17) (1.09) (1.00)
4.24 3240 3510 5830 3315 3100 2843

(1.14) (1.23) (2.05) (1.17) (1.09) (1.00)
4.49 3430 3730 6170 3508 3283 300 7

(1.14) (1.24) (2.05) (1.17) (1.09) (1.00)
4.77 3650 3970 6650 3735 3490 3188

(1.14) (1.24) (2.08) (1.17) (1.09) (1.00)
4.95 (Failure)

’•Strain concentration is calculated using strain from Position 6 as nominal.
^Expressed as a multiple of c (% surface crack length).
*As determined by analysis for t/p = 500.
'•'«mv X 25,000 = load in pounds.
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Table 7 Strain 
(Correc

Distribution Data from Specimen II 
ted for Crack Misplacement)

Strain (p in./in.) Strain Cencentration* at 
Indicated Position and Load

Position Number 1 2 Flaw 3 4 5
Distance from Crack Tip to 
Acting Center at Cage^ 0.47 0.05 0.08 0.55 2.88
Theoretical Strain Concen­
tration* 1.11 2.29 1.80 1.09 1.00*
Load Cell Reading (mv)

.05 0 0 0 0 0

.51 468
(1.08)

784
(1.81)

650
(1.50)

460
(1.06)

433
(1.00)

1.01 958
(1.10)

1,618
(1.85)

1,340
(1.53)

945
(1.08)

874
(1.00)

1.51 1435
(1.10)

2,440
(1.88)

2,013
(1.55)

1408
(1.08)

1300
(1.00)

2.00 1890
(1.11)

3,240
(1.90)

2,655
(1.56)

1858
(1.09)

1703
(1.00)

2.51 2355
(1.11)

4,140
(1.95)

3,330
(1.57)

2315
(1.09)

2122
(1.00)

3.01 2800
(1.12)

5,050
(2.02)

3,995
(1.60)

2745
(1.10)

2505
(1.00)

3.48 3230
(1.13)

5,980
(2.08)

4,660
(1.62)

3150
(1.10)

2872
(1.00)

3.98 3670
(1.13)

7.060
(2.17)

5,390
(1.66)

3575
(1.10)

3245
(1.00)

Stopped Test - Unloaded and 
Reloaded

4.47 4015
(1.10)

8,000
(2.20)

6,300
(1.73)

3985
(1.09)

3647
(1.00)

5.01 4510
(1.10)

9,130
(2.23)

7,140
(1.74)

4480
(1.09)

4093
(1.00)

5.30 4770
(1.10)

9,780
(2.26)

7,605
(1.76)

4740
(1.10)

4327
(1.00)

5.49 4965
(1.11)

10,320
(2.30)

7,985
(1.78)

4925
(1.10)

4485
(1.00)
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Table 7 (concl)
Strain (p in./in.) Strain Concentration* at 

Indicated Position and Load
Stopped Test - Unloaded and 
Reloaded (cont)

Flaw

5.73 5240
(1.12)

11,350
(2.42)

8,640
(1.84)

5190
(1.10)

4700
(1.00)

5.96 5510 
. (1.13)

12,550
(2.57)

9,395
(1.92)

5455
(1.11)

4890
(1.00)

6.20 5825
(1.15)

15,570
(3.06)

10,390
(2.04)

5765
(1.13)

5085
(1.00)

6.43 (Failure)

*Strain concentration is calculated using strain from Position 5 as nominal. 
^Expressed as a multiple of c (% surface crack length).
*As determined by analysis for t/p = 500.
*’’«mv X 25,000 = load in pounds.
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This disagreement may be due to the fact that the calculated
strain is a maximum on the plane of the crack and drops off on
either side of this plane. The finite gage length of the strain 
gages extended into regions of lower stress adjacent to the plane 
of the flaw, thereby giving an average smaller value of strain than 
theoretically predicted. The magnitude of this effect cannot be 
ascertained at present, however, because the more complex problem 
of strains off the plane of the crack is beyond the scope of this 
thesis.

The plastic strain distribution data shown in Table 5 are par­
ticularly significant in this study. Plastic strain distribution 
data are shown for five levels of load, i.e., 6.78 mv thru 7.07 mv, 
and the corresponding total strains. The total strains  ̂ j in the
plane of the flaw, positions 2 thru 9, are plotted as a function of
distance (number of crack lengths) from the crack tip in Fig. 14
for five load levels. A best fit curve has been constructed thru 
these points so that the average strain distribution might be rep­
resented. Notice that larger amounts of plastic strain cause an 
increase in slope. This is in agreement with plastic strain dis­
tribution data reported by Hardrath and Ohman (10).

The corresponding strain concentration curves are shown in 
Fig. 15, together with a portion of the elastic analysis curve 
(c = 0). Notice that all the curves are similar in shape, but 
that plastic flow has caused a significant rise in strain concen­
tration. The curves have been drawn in such a way as to fit the 
points as nearly as possible and still have a shape which would 
make their extrapolations approach a horizontal asymptote of unity. 
Note that the curves approach the asymptote much less rapidly when 
the nominal strain is partly plastic than when the nominal strain 
is all elastic. For example, the strain has dropped to within 10% 
of the nominal strain at one-half of the crack-length or c/2, in 
the elastic case, whereas more than three critical dimensions or 
a distance of 3c is needed for the strain to reach 1.1 times nom­
inal, in the case where the nominal strain is about to have an 
appreciable plastic component, and more than six %-crack lengths 
would be required when the nominal plastic strain has reached 
1100 pin./in. (or about 0.001). What this means is that a wider 
specimen is needed for measurement of gross strain to fracture if 
the gross strain is large ("tough" behavior) than if the gross 
strain is small ("frangible" behavior). The vital question to be 
answered about the gross strain concept is: How wide does the
specimen need to be in order to obtain a "valid" measure of gross 
strain to fracture? This question will be considered now.
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0,020

0,018

0.016

0.014
= 5300 uln./in.

7.07 mv 
= 4700 nin./in. 

7.00 mv
0.012

3600 }iin./in. 
6.98 mv
3100 jiin./in. 
6.83 mv

u 0.010

0.008 1100 nin./in 
6.78 mv

0.006

0, 6.44 mv

0.004

0.002

0.000
64 71 2 3 50

Distance from Crack Tlp/% Crack Length (c)
Fig. 14 Average Strain Distribution Curves, Specimen 15
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Since gross strain is defined as the nominal strain, or as­
ymptote strain, it should be measured, strictly speaking, at in­
finite distance from the crack. This unattainable requirement 
is also unnecessary because we do not need to know the gross 
strain exactly ; it only has to be known with an accuracy that is 
greater than some specified amount. Consequently, it is only 
necessary to measure strain at a distance from the crack such 
that the measured strain (or a strain which is calculated from 
the measured strain) differs from the nominal strain by less than 
a specified accuracy. Let us suppose, for example, that the re­
quired accuracy was ±5%, and that we could attain this accuracy 
by reading strain from a gage at a point where the strain was 
known to be 10% above nominal, and then dividing the measured 
strain by 1.10. In this case, we should measure strain at a 
distance of about three % -crack lengths from the crack if the 
specimen was at the limit of frangibility (incipient plastic flow 
at locations remote from the crack); hence, the situation repre­
sented by the curve in Fig. 15 marked "g ĉ O"). But a design en­
gineer is more interested in the measurement of larger values of 
gross strain, where the plastic part is of the order of % or one 
or two percent. Let us now consider how to find out how wide the 
specimen needs to be for valid measurement of larger gross strains 
such as one or two per cent.

Figure 16 shows how plastic strain affects the required dis­
tance, expressed as a multiple of crack length, for the strain to 
die out to within 10% of nominal. As we have seen, this distance 
is about %c for the elastic case (no plastic strain even at the 
crack tip), and increases to about 3c as plastic flow spreads out­
ward from the crack tip and general yielding is about to begin. 
Figure 16 shows that as general yielding proceeds, the required 
distance increases some more, up to about 9c, and then does not 
increase any more up to the limit of the measurements. The curve 
is essentially horizontal from a plastic strain of 0.001 to 0.005 
(total strain varying from 0.007 to 0.011). This same effect is 
also evident in Fig. 15; the curves for 1100, 3100, and 5300 pin./ 
in. plastic strain converge at about 9 % -crack lengths from the 
flaw. That they converge is not surprising, for they were close 
together even at small distances from the flaw -- as little as 
%c away.

The physical behavior corresponding to the graphical trends 
in Figures 15 and 16 are best understood in terms of plastic zone 
size. The plastic zone size is zero only for zero nominal stress, 
since the stress concentration factor for a sharp crack is in­
finity. As the nominal stress increases above the zero level, the 
plastic zone size increases until it becomes infinite when the nom­
inal stress equals the yield strength, thereby resulting in general 
yielding.
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Thus, up to a gross strain of yield strength over modulus (about 
0.006 in this case), the plastic flow is localized and the extent 
of the disturbance increases by a factor of about six. As gen­
eral yielding proceeds, the extent of the disturbance increases 
by about another factor of three, while another 0.001 of gen­
eral plastic strain occurs. Then the disturbance increases only 
slightly while the general plastic strain increases by a factor 
of five (0.001 to 0.005).

The practical consequences of the behavior expressed by Fig.
16 is that specimen widths can be as little as three times the 
crack length (2c) for frangible behavior, but for tough behavior 
the width needs to be about ten times the crack length. However, 
this figure of ten is suitable for gross strains up to at least 
one per cent, possibly much more, at least for the material and 
geometry being considered here.

We have seen that gross strain, when in the tough range, should 
be measured on a specimen whose width is ten times the crack length, 
if the measurement is on the plane of the crack and if an accuracy 
of the order of ±5% is desired. Now let us consider the possibil­
ity of measuring gross strain off the plane of the crack. As be­
fore, the criterion of "validity" of such a measurement is that it 
must differ from nominal strain by less than a specified amount. 
Table 5 shows that, for a certain crack size and specimen size, 
the strain off the plane of the crack is 0.0113 (average of 11,155 
and 11,400 pin./in.) when the most remote measured strain in the 
plane of the crack is 0.014 (average of 14,510 and 13,480 pin./in.). 
The figure of 0.0140 is certainly higher than the nominal strain; 
extrapolation of the top curve in Fig. 14 indicates that the nom­
inal strain is at least as low as 0.013, and probably considerably 
smaller. It can not be less than 0.0113 as the strain on the plane 
of the crack has to be higher than the strain off the plane of the 
crack because of the smaller net section. Consequently, we know 
that the gross strain as measured off the plane of the crack is 
smaller, if anything, than the nominal strain; the difference is 
no more than 13% (0.0113 vs 0.130) and probably much less. This 
presents the possibility of getting considerable accuracy by meas­
uring gross strain off the plane of the crack. To actually achieve 
this goal would require large specimens (W/2c > 10 as compared with 
W/2c 7 in this investigation) so that the actual nominal strain 
could be determined. Then with specimens of various widths, the 
error due to measuring gross strain off the plane of the crack 
could be determined. The preliminary data obtained here makes 
this possibility look very promising.
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The fact that gross strain off the plane of the crack was not 
much less than the nominal strain should not be surprising. Notch 
tensile tests (11) show that for a given strain level, the stress 
on the notched section is higher than the stress in an unnotched 
bar, and it is higher by a percentage that is equal to the percent 
of cross section removed by the notch. Thus, for a given load, 
which is the same both on and off the plane of the notch or crack, 
the stress on the notch section will be

(1+a)(1-a) (1-a^) 1+a^

times that on the adjoining unnotched section where "a" is frac­
tional area removed by notching. We see that the stresses are 
nearly the same when the crack occupies a small fraction of the 
cross section. For example, when a = 0.02 (net-to-gross-area 
ratio of 0.98), the stress on the plane of the crack is only 
(0.02)2 _ 0.0004 more than the stress off the plane of the crack. 
This corresponds to but little more strain, particularly if the 
stress-strain curve is not too flat. For the present material, 
the stress-strain curve (see Fig. 17) has strain hardening char­
acteristics such that S ci 212,000 eV.0.024 for which a 0.04% stress 
difference corresponds to a 1.7% strain difference. This is well 
within the accuracy that would be needed for practical purposes, 
even for the present material, which has very little strain hard­
ening.
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VI. CONCLUSIONS

The elastic stress distribution on the plane of a buried, 
disk-shaped crack was calculated from Neuber’s solution for an 
ellipsoidal cavity. This calculated distribution was close to 
the measured distribution for a semielliptical surface crack.
The measured strains were a little lower than the calculated 
strains, possibly because of gage length effects, crack blunting, 
or crack geometry effects.

For the elastic case, the strain disturbance due to the 
crack died out to within 10^ of the nominal strain in a distance 
from the crack tip that was one half of the half-crack length 
or c/2. tJhen there was incipient yielding at points remote 
from the crack, the strain disturbance died out to within 1.0% 
of nominal in a distance of three half-crack lengths. For plas­
tic nominal strains of 0,1 to 0,5%, the dying-out distance 
was about nine half-crack lengths. The practical significance 
of this observation is that valid gross strain measurements 
can be made at the edge of a specimen whose width is ten times 
the total crack length for a wide range of gross strain values 
in the tough range.

Measurement of gross strain off the plane of the crack 
looked very promising for net-to-gross area ratios greater than 
0.98.

Sneddon's solution for a penny-shaped crack, which is 
widely quoted in the fracture mechanics literature, is about 
10% in error at 0,05 crack radii out from the crack tip, and 
in error by almost a factor of two at one crack radius out.

Fracture toughness values of obtained from this ma­
terial, Table 3, agreed quite well with values reported by 
Steigerwald (12).
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VII. RECOMMENDATIONS FOR FURTHER STUDY

The results of this study should not be construed as having 
immediate broad application. Many factors and known variables were 
ignored to allow determination of the primary objective, namely, 
the extent of the disturbed region created by the presence of a 
semi-elliptical flaw. Such factors which were beyond the scope of 
this research are: material effects (especially variation in strain
hardening exponent), effects of restraint (thickness and width), 
flaw shape and size effects, and the effect of crack area or net- 
to-gross area ratio on remote (off the plane of the crack) gross 
strain measurement. Each of these factors will undoubtedly have 
some influence on the position of reliable gross strain measurement.

Materials exhibiting a larger strain hardening exponent should 
be less sensitive to the flaw because of their larger plastic-energy 
storing capacity. The effect of restraint upon gross strain in the 
thickness direction should be considerably smaller than width ef­
fects. This is visually anticipated from the shape of a typical 
flaw and its•proximity to surface boundaries in a specimen having 
a rectangular cross section. A practical limit on the width of a 
specimen will have to be selected which is consistent with the de­
gree of accuracy of measurement desired. It was indicated in this 
study, that a specimen with a W/2c ratio or 10 would yield strain 
measurements in the plane of the flaw which are 10 percent higher 
than the actual gross strain. This conclusion requires experimental 
verification. Still larger specimens would provide information to 
further establish the interdependence of restraint and gross strain. 
Nominal strain measurements obtained off the plane of the flaw dur­
ing these restraint studies would provide information concerning 
the net-to-gross-area ratio and its effect upon gross strain meas­
urements obtained from adjusted nominal strain values off the plane 
of the crack. This concept is of extreme practical interest since 
it would simplify gross strain determination, i.e. strain is more 
accurate and easier to measure off the plane of the flaw. Unfor­
tunately, Strain hardening coefficient will probably have an effect 
upon acceptable net-to-gross-area ratio.

To those who would attempt to measure gross strain and evaluate 
the effect of the variables discussed above, it is highly recommen­
ded that many strain measurements be obtained on each specimen.
If sufficient measurements are taken, bending effects can be elim­
inated and average strains can be obtained in and out of the plane 
of the flaw at symmetrical locations from the crack tip. A larger 
number of data points not only increases accuracy and confidence 
but provides a broader picture of the strain distribution that is 
being produced in the specimen.
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APPENDIX

STRESS DISTRIBUTION FOR THE ELLIPSOIDAL CAVITY IN A LARGE BAR

H. Neuber has developed equations for the three principal 
stresses at any point within a homogeneous solid containing an 
ellipsoidal cavity (Fig, 18). The cavity considered is symmetri­
cal in the transverse plane and could be referred to geometrically 
as an oblate spheroid. These equations were derived from a three- 
dimensional stress function expressed by three equations, each 
being satisfied by a harmonic function. Principal stresses from 
equilibrium conditions are substituted into these stress function 
equations. Deformation or strain is transferred into an ellip­
soidal coordinate system and is also introduced into the equations, 
The cavity is deeply buried and far enough from the surface bound­
ary to preclude interference (b »  t),

The resulting general equation for o^, the principal stress 
normal to any hyperbolic surface defined by v, is expressed by*

6(cosh u)T + 6 sinhu

+ C 1(2 - a)(cosh^u)T + (a - 3)sinhu

+ sinh^v
h2 jpsinh^u + B |(18 cosh^u - 12)T^ - 18 sinhuj

+ C (2a - 2)(cosh^u)T - aT + (2 - 2a)sinhu

s inhu 
h' (A -1)

*See symbol definitions, Table 8 of this appendix.

tNeuber, op cit., p 105.
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Table 8 List of Symbol Definitions Used in Stress 
Distribution Analysis

A,B,C Constants of integration occuring in general equation

0V
Coordinate stress considered

t Radius of crack

P Profile radius at root of crack

b Radius of bar containing crack

P Nominal stress

P Load or force applied to bar

a Convenience symbol [= 2(1 - p)]

u,v,w Variables of the elliptical coordinate system;
u defines the flaw boundary 0

x,y,z Cartesian coordinate variables

T , T u uo Convenience symbol =^Arccot sinh j:u or

Ni Convenience symbol

g Convenience symbol

t/p or F Notch curvature; measure of crack sharpness

h Poisson's ratio

h 'y/s inh^u + c o s ^
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The cartesian and elliptical coordinate systems are related 
by these three equations:

X = sinhu cosv; (A-2)

y = coshu sinv cosw; (A-3)

z = coshu sinv sinw. (A-4)

Figure 19 shows these two coordinate systems relative to the 
cavity. Notice that when u equals a constant, the equations de­
fine an ellipsoidal surface whose y and z axes are equal; when v 
equals a constant, the equations define hyperboloids that are 
symmetrical about the y axis; and when go equals a constant, the 
equations define planes that are perpendicular to the y-z plane, 
parallel to the x-axis, and always containing the x-axis. For ex­
ample, the intersections of such surfaces with the x-y plane are 
shown in Figure 15. Since the ellipsoidal-shaped flaw was rota­
tional symmetry about the x axis, the general equation for o is 
not a function of g o.

For the purpose considered, only the value of for points
along the y-axis is of interest. For this case, z = 0, go = 0;
V  =  7t/ 2 ; and y = coshu where go = 0 is the plane of the paper,
(i.e., the x-y plane) and v = re/2 is an hyperboloid that is so thin 
it forms the y axis. Notice that y cannot have values less than 
1 at V  = jt/2 and that y has a minimum value t at the ellipsoid
cavity, u = u^ . This does not mean that t = 1,

The coordinates X , y , and z must be regarded as dimensionless 
ratios. Neuber remained completely dimensionless throughout the 
deviation for . In this way, he could completely express the
state of stress at relative positions using the law of similitude.
By remaining dimensionless, Neuber could express the ellipsoidal 
cavity by the single ratio t/p, which he calls notch curvature.

Another situation develops when one is trying to substitute 
absolute quantities for x, y , and z and solve for the correspond­
ing stress. These coordinates must be scaled to the cavity size

Neuber, op cit., p 76.
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P = Load

Fig. 18 Cross Section Showing a Buried Ellipsoidal Cavity and Resulting 
Stress Distribution in a Uniaxial Stress Field
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V = 0

u = u,

Fig, 19 Coordinate System for the Ellipsoidal Cavity
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being careful to express all dimensions in the same units (in., 
cm, etc). Although Neuber could completely express the crack or 
cavity geometry by the ratio t/p, both t and p must be known to 
obtain the absolute size of the flaw. To properly scale x, y, 
and z, each should be divided by the crack radius t. In this 
way, the point of interest is defined relative to the crack size 
and nondimensionality is retained in Equations (A-2) thru (A-4),

Simplifying Equation (A-1) for co = 0 and v = #/2 gives 

= ^  112B |^(cosh^u)T^ - sinhu -

+ c |q  (cosh^u)T^ - C%T^ - (1 + CK) sinhi^ + psinh^uj 

+ ^A + 4B + Csinh^u^.

a
V

The distortion factor h, which equals Ysinh^u + cos^v, becomes 
h^ = sinh^ at v = jt/2. Substituting for h and arranging terms

■ W w] •■ f" ' * kà C.Ink*.)].

a
V

Since cosh^u - sinh^u = 1,

(t\ u s inhu/a ^ =  ( 1 2 B + a c )  +

The constants A, B, and C have been determined from boundary con­
ditions and have the following values:

p (sinhu ) t^ r -,
A = —  |̂ -6gt^ + (4a - 2) g + 4t"̂  - 4at^J .

(A-5)

(A-6)

(A-7)

(A-8)*

Neuber, op. cit.. p 106.
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B =

C =

p (slnhu^ jf 
Ni

p (slnhu^l t'

|(2 - a)g + 2t" + (a - 3)t^J 

|ôg - 12t^j

(A-9)

wherein

Ni - 6 |(q ; - 4)g^ - 6gt^ +  Sgt^ +  4t^ - 4t:'^

g = cosh^u sinhu /t \ - cosh^u sinh^u .o o \ uo/ o o

The constants can now be simplified by expressing t and u^ in
terms of the ratio t/p. At the crack tip, where u = u^, y = t =
coshu. Using the mathematical definition of radius of curvature 
(p) for an ellipse and the equations relating the coordinate sys­
tems the hyperbolic sine and cosine of u can be expressed in the 
following manner.

(A-10)*

(A-11)*

(A-12)*

coshu. - i f
tJ_Q_

t/p - 1, sinhu =o ^t/p (A-13)

Substituting into Equation (A-12) and letting F = t/p for con­
venience

FTuo
(F - 1)2

Similarly Equation (A-11) becomes

-  1 (A-14)

[(F̂] {F^T 2 (a - 4) 2aFTuo _____ 1 uo , ^ ,
F - 1 ‘ V F  - 1 ^JF~^

2F^T )y(A-15)

Neuber, op. cit.. p 106.
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Substitution into Equations (A-8) thru (A-10) produces
-6FTT" " [ F - 1] [vF-n:_ { uo +(F - DyjF - 1 (F - 1)

I
BN

CN
P

For convenient substitution into Equation (A-7), the constants 
are expressed in the form

(A + 4B)N FTuo +(F - 1)3/2 F

(12B +  ac)Ni
=  6

(A-16)

(A-17)

(A-18)

1_  + + l ]
- 1 yjF - I Fj* (A-19)

(A-20)

Substituting (A-15), (A-19), and (A-20) into Equation (A-7) gives 
this general Equation for a in terms of F(t/p), a, and T:i V

- “> +  ̂I - «] ['■u - i ]  + [vH-r] t  (A-21)
r - ' " (a - 4) + VFFT (F - a) + (2 + I) (F - l)j

This general equation can now be adjusted to represent a 
sharp thin crack by collapsing the cavity, i.e., letting p ap­
proach zero .
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As p approaches zero, sinh approaches zero [from Equations 
(A-13)] and T^^ approaches ir/2 . Also as p approaches zero, sinh

u approaches / 1^ - 1 [from Euqation (A-3) and using the scaled
value of y, i.e., y/t]. Making these substitutions and simplying. 
Equation (A-21) reduces to

- arccot (A-22)
^ ( p —0) \  y  y

Notice that equals p when y = °°, as required by the definition
of p or nominal stress. When y equals t, equals infinity or
infinite stress concentration for this sharp crack condition.
Some idea of the rate at which the stress dies out can be obtained 
by substituting y = 2t in the equation. At this point ^ ^ p  = 1.034,
a value that was verified by the computer solution using the gen­
eral Equation (A-1) . This dying out distance is virtually un­
affected by t/p between 50 and «».

When y is close to t or close to the crack tip, the first 
term in Equation (A-22) predominates, approaching infinity as y 
approaches t. The second term approaches tx/2 as y approaches t.
For y approaching t. Equation (A-22) becomes

= 2/n (4-23)

This equation is only accurate at small distances from the crack 
tip. Table 9 shows that the error between Equation (A-22) and 
(A-23) is almost 10%, 0.010 in. away from the crack tip of a 
0.200-in.-radius crack. Further simplification of Equation (A-23) 
yields

(A-24)

(9)Equation (A-24) is identical to Sneddon's solution for a 
penny-shaped crack of radius t normal to the applied stress in 
an infinite solid. His equation was also restricted to the 
region very close to the crack tip.
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Table 9 Comparative Accuracy of Two Expressions for Stress 
Concentration as a Function of Distance from the 
Crack Tip

%
t

fv
P

Error

% Error 
from 

(A-22)(A-22) (A-23)
1.0001 45.01 45.01 negl. negl.
1.001 14.26 14.23 0.03 0.2
1.01 4.58 4.49 0.09 2.0
1.05 2.19 1.99 0.20 9.1
1.10 1.66 1.39 0.27 16.3
2.0 1.03 0.37 0.66 64.1
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