T 223

THE DIRECT CURRENT RESISTIVITY 1ODEZLING OF THTN INSULATORS

WEN J. WHAN






~2231

A Thesis submitted to the Faculty and the Board of Trustees
£ the Colorado School of Mines in partial fulfillment of the
equirments for the degree of Doctor of Philosophy.

Signed: $2p~[ea “7{7"4’”

Wen '%. Whan

olden, Colorado

ate: V>/09' y 1979

rd .
Approved: l zz ;7&

Dr.“Charles H. Stoyer
Thesis Advisor

P o'

Dr. Phillip R. Qﬁomlg
Head of Departhent- Geophysics

‘olden, Colorado
ate:_/0 /25, 1979

ii



Tzz32|

ABSTRACT

A method 'is developed for the =solution of the
resistivity modeling problem for three-dimensional thin
inhomogeneities buried:insa halfspace. Investigatiné' the
boundary conditions across the-thin layers and applying the
Green's identity with these boundary conditions, the
problems reduce to Fredholm integral equations of the second-
kind. These are solved by dividing the thin body into a
number of thin rectangular facets, which allows wus to
replace  the Fredholm integral equation by a set of
simultaneous algebraic equations. These are then solved by

Gaussian elimination.

A number of results, which model the response of thin
insulating - disks set in an otherwise homogeneous earth, are
given for a bipole source. The second vertical derivatives
of 'the potentials, which enhance the signal from the thin
insulating disk, are - calculated using this array. A
positive response from ‘this calculation depends on the
extenﬁ, depth and the transverse resistance of the thin-
1ayer. - Using a buried current electrode and measuring the
second vertical derivative of the potential on the

surface, the thin layer can be detected more positively.
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“The numerical results -sho& that for a model
corresponding to an .overburden of 1,000 ‘meﬁers of 10
.ohm-meter material and a producing zone 100 meter thick with
a Tresistivity of 50 ohm«meters,@the difference‘between the
-maximum and the minimum' normalized second vertical
derivative 1is about seven percent, while that for the total
electrical field apparent resistivity is only -about three
percent. The smaller the radius of the disk the lower the
‘anomaly. As the thin disk 1is -extended in radius, its
normalized second vertical -~ derivative transforms in
characﬁer from one which has closed low contours just above
the disk to one which has contours surrounding the current
sources and which has a much larger anomaly, up to seven
-hundred percent. As T2/T1 increases,»the normalized second
vertical derivétive saturates at about 9-10 % for the
horizontal disk with the radius being equal to the thickness

of the overburden, and for a T2/T1 equal to 3.

 By the Green's identity approach the problem of the
topography effect reduces to a Fredholm integral equation of
the second kind. The results are sufficiently accurate for

\
correcting field data corrupted with topography effects.

iv
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CHAPTER 1: INTRODUCTION

Three cases are treated in this .thesis. These are
resistivity modeling for
1) thin insulators in a homogeneous half space.
2) multiple bodies with multiple reflection coeffi-
cients,

3) uniform earth with irregular surface.

As o0il becomes more scarce, more effort must be devoted
to 0il exploration techniques. Most oil exploration is done:

using the seismic reflection method. Electrical methods are

much simpler and the expense of electrical exploration is
much less than that of reflection seismic exploration. To

find the o0il by electrical methods is thus worthwhile . We
have chosen the diredtvcurrent resistivity method for this-
study. The equipment for this method is simple to design-
and interpretation 1is more straightforward than other

electrical methods.

The electrical methods are not applicable for surveys-
under some geological conditions. So it -is very helpful to
delineate the conditions under which the electrical, methods

can be successfully applied.. 0il reservoirs are usually
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more resistive. than the surrounding medium. Most of_ them
are thin layers compared with the thickness of the
overburden and the lateral dimensions of the oil reservoir.
The response of the oil reservoir using resistivity method
isvthUS'smalr;b however by choosing some specific source and
receiver configurations, the detectability can be enhanced.
The objective of this investigation is to define the
response of these thin 1layers. Also of interest in this.
study are the general techniques of the integral equation4t
approach to direct current modeling problems. The problems
are solved by first investigating the boundary conditions:
and then applying Green's identity to derive the specific

integral equations. These are then solved numerically.

Assume the variation of all electrical- properties of
the medium occurs only at discrete boundaries. The'sources
of the electric field caused by driving a direct current
into the ground can  be- considered as surface sources
distributed on the boundaries and point : sources at the-
current electrodes. Solving the boundary value problem,
these source distribution can be expressed as the solution-
of a Fredholm integral equétion of the second kind. Solving
this integral equation for source distribution, we then can

get the potentialﬂ'field'atfany point'(Dieter et al, 1969;
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Barnett, 1972; Snyder, 1975).

Finite difference  and finite element methods-
(Geoscience,. 1965; Coggon, 1971) have also been widely
applied to solve the boundary value problems, but computér
time and storage requirements make these methods unwieldy in
three dimensional problems. The integral equation solution-
is -much more storage-and computation-efficient, but for
large or complicated-shape bodies, the integral equation can:

not alwayz be solved properly.

Consider a horizontally 1layered earth containing 3
layers, in which the second layer ié very thin and resistive
comparedvwith,the_firstkandjthe~third layers. The analytic
expression for the-potential can be reduced asymptotically

"to an expression whichris~function of T, hy , 9, , 9, 1instead.
of h,, hg,kpr,.pz, 95 » -Where p represents the resistivity, h
represent the thickness of the layer and T represents the
ihéulating factor of the second layer., which is equal to h,p

(Keller, 1966).

Assume that h,is much smaller than any of the other
dimensions and that the distance between the layer and the-

current electrode is much greater than h?.'A1so assume that
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we measure the electric field very far from the layer

compared with .

Hurley (1975) derived the boundary conditions across
the thin layer by mathematical asymptotic expansion (Cole,
1968) for both the insulating and the conducting case.. An
alternative approach for obtaining the boundary conditions
across the thin insulating layer was applied in this thesis.
In this approach, the physical considerations are that the~
normal component of the current density is continuous across

the thin insulating layers.

In-this thesis, the potential rising from current
sources placed in the viqinity“of an arbitrarily shaped thin
.layer is expressed in terms of fictitious source
distributions over the thin layer. These secondary source
distributions are formulated in Fredholm's integral
equations of the second kind by applying the Green's
identity with the specific'boundary conditions. Since the
integral equations are with respect to a single sheet, they
are suitable for numerical solution. Physically speaking,
the secondary sources over the insulating thin layer are

dipoles.
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The problem of modeling the topography =effect 'is
formulated 1into a Fredholm integral equation of the second.

kind and the accuracy of the program is demonstrated.

There are- two methods for solving the integral
equation. They are the method of successive approximations
and the simultaneous equation method. 1In this paper, the
integral equations for the multiple body case and the
topography effect case are solved by the successive
approximation method where the secondary source
distributions are expanded 1into series in the electric
parameters. However for the thin layer cases, the electric.
parameter, T, can be infinity. It is thus improper to apply
the successive» approximation method. Instead, the

‘simultaneous equation method is applied.
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CHAPTER 2:

The

current

an homogeneous earth can be shown as the problem of

ARBITRARILY SHAPED BODIES

response of an arbitrarily shaped.bodyvimmersed

mathematical problem of determing the direct

in

solving

the Laplace equation with the following boundary conditions

(Barnett
(1M
(2)

(3) —=

(4)

where:-
U
2
o
S
I
N

m

—

*

1972)

U

3z

U

is
is
is
is

is

is.

is

Z2=0
(m)=U

the
the
the-
the

the

=0
()

s b, on s

electric potential

resistivity of the homogeneous earth
resistivity of the arbitrarily shaped body:
boundary of the arbitrarily shaped body.

current being put into the ground.

(2-1)

(2-2)

(2-3)

(2-4) .

a point approaching S from exterior of the body

the point approching S from interior of the body

R is the distance between the current electrode and.

the observation point..
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It is shown by Barnett (1972) that the solution

for the above problem can be expressed by

Pe. I .
U(Q): 49 ( 1 + 1 )
™ rAQ er

+'////o(p) ;l—'ds + ////o(p) ;l_f as (2-5)
S PQ s pQ

A

where 6 is the unknown source distribution defined by

Kp I
= e o 1
°‘m)"“.z‘1r‘*(;;‘r )t E D))

R 3
+ 5;( o (p) 5;-(51—) as + ‘J//}(g)rgg (;le) d§:>(2-6)
s pm A pm

-

and:

’

A is the position of the current electrode-

Q is the observation point
pi-pi

Pi +pe

K is the reflection coefficient defined by

p, m are tﬁe'points near S

S is the image surface of S with respect to the-
earth surface. . |

gkis the image point of A with respect to the
earth surface..

p is a point on §

S'is the surface of S with point m delected+

n 1is the normal direction of S at point m, points

outward from interior of the body..
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The configuration of the above arrangement is illustrated in

Fig.1. For the multiple body case, we just consider K as a

function of p and put K inside the integral of Eq.(2-6).

Fig.l : An irregular body bufied in a homogeneous half space

and its image with respect to the earth surface.
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CHAPTER 3: IMPERFECT THIN INSULATOR

If the arbitrarily shaped body as shown 1in Fig.1,
chapter 2, is a thin layer, expressions (2-5) and (2-6) for
the electric potential and the source distribution still
hold. But 1in order to solve them numerically, the area of
the finite facets which simulate the surface of the thin
body must be much smaller than the thickness of the layer
squared Thus, it will be wasteful, at least, to solve the
integral equation (2-6) without making use of the thinness.
to reduce the extent of the integration.

In this section, we derive the boundary conditions:
~across  the imperfect thin insulator. The mathematical.
problem turns out to be é Laplace problem with our new
boundary conditions. Solving by the Green's function
method, it is shown that there 1is a dipole moment
distribution on the layer which can be expressed once again

in the form of the Fredholm's integral equation of the

second kind. This introduces numerical accuracy and changes °

‘the area of integration from a closed surface to an open:

one.
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Boundary Conditions

The model to be solved is represented by Fig.2, where A
is the point of the direct current scurce. m is the point of
the receiver where we want to know the value of the electric
potential, S  is the'surfaceiof the current electrode, 5, is.

the air-earth interface, S, is the surface of the imperfect

thin insulator, V is the volume surrouhded by S,, Se¢ and S;.

On S, since there are no currents flowing into free

space, |we have the following boundary conditions:- o

- .
e A F T o e

— =0 (3-1)

Z=0
On Sa, the current flowing through the surface of the:

electrode is equal to the total current put into the ground,

i.eo’ - —
/ 3.8 =1 (3-2)

Sa

where the direction of Jg is outward from the current

electrode or inward in volume V.

From Ohm's law, we have

— - l
= 0 E = = — U _
J e oo v (3-3)

where 6,is the conductivity of the med ium.

Substituting (3-3) into (3-2), we get

/ VU.ds = Ip, (3-4)

Sa

- 10
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—— R N — .
where ds=-ds. ds is then pointing outward from the volume

On S;{, since the-layer 1is very thin and since the
current tends not to flow along the highly resistive laYer.
it is reasonable to see that the normal component of the

current density is continuous across the layer. That is

at=3' =3 (3-5)

as shown in Fig.3.

From Ohm's law, we get _L g *_

n g lgp- (3-6)
f% £i “n o n

The potential difference between the points just abovwe and

below the layer is: +
Bt dhh e iPhat b A

A i .3 (3-6-1)

which can be reduced by the following sequence:

-+ .
vt - U =-/ el . ag

1 .
. i ——"-5-e-En‘ Q

If T=Pf , then.

U - U == ="—E —
Y

__T ot
" pe on (3—7)

_where'37is‘pointed as shown in Fig.3, which points from the-
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Fig. 2: Real world model of the direct current prospecting

over an imperfect thin insulator..

Fig. 3: For an imperfect.thin insulator, the normal com=-

ponent of the current density should be continuous.-
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. . . . . e
negative side to the positive side and g%—-represents the

normal component of the electrical field

just outside the

layer. The direction of T is the same as that of the normal

vector at the corresponding point on the upper surface.

From the above discussion, we can
mathematical problem for the .imperfect

follows:

Solving the Laplace equation

VzU =0 in v

with the following boundary conditions:

... 3U
(1) 5 =0 on S,
92 1g-0
(i) pVU.dS = I pg on S,.
- ve. - e
() ut-u =T 23U across S,
p an
e
. + -
(v 3u_ _ 3u across S
on on

summarize our

thin insulator as..

@-11)

(3-12)

(3-13)
(3-14)

(3-15)

where V is the space surrounded by the earth surface, Se,

the surface of the current electrode, S, and the surface of"

the thin layer. S;, as:shown in Fig.3, and where %%idenotes

the normal component of the electrical field just outside

the layer 8.
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We use 1image theory to satisfy boundary condition
1, i.e. Eq.(3-12). Consider the model in Fig 4 instead of
that in Fig.2. There is no current flowing across the S,
surface because the model 1is symmetric- about this plane.

The boundary condition 1 is then automatically satisfied.

OQur mathematical problem is then modified to:
Solving the Laplace equation 3
v2u= o in V (3-16)

with the following boundary conditionsrs

(1))£' U.a§ar= Ig- at 3, (3-17)
jf U.dSa = If % (3-18).
(2)"U+_U- _ T aU® at St and St (3-19)
: “fe 8n : :
(3) sut _ au— At S and & (3-20)
where: on an

S¢ is the surface of the thin layer
S; is the image surface of S;
V is the volume surrounded by S;, Sz, St, St, as shown-

in Fig.4.

Integral Expression for the Electric Potential
To solve eqs.(3-16) and (3-19) wusing the method of
Greens function we will further change V so that it now

‘excludes a small sphere S, centered at a fixed point m. We
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denote this new volume by V: (see Fig.h4)

The Greensfunction for the Laplace equation is

N l1 1
G (r T ) = e —
m, p 47T rpmu_v_‘ ( 3"21)

‘where:

7% is the position vector of the observation point p
ﬁ% is the position. vector of the fixed point, as

mentioned. above.

Tom is the directed distance between point p and pointm.
and

-~ 3 .
Im is the vector directed from m to p.

The Green's identity gives us the relation between the-

field in the region V and the field on the boundaries as

follows: . a2 2
' [G(rm.r JVTu(p)-U(P)V G(rm,rE)] av,-

7( (62 % )20 B) - y(p) Ei(—f—i‘;'——f"-"’i]ds
$hUS,uUSUS U, S P P

where:
P represents a point in 'd
p represents a point on the boundaries

n, is the normal direction at point p-on the boundary,
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Fig.4: Symmetry disallows normal current along surface S .
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which is defined to be  outward from the volume V’and is
shown in Fig.5,

o200 o s o
Since V G(rm.rP)_G(rm'r?) and

v2u(p) = 0 in V' (3-23)

’

and since point m is not in V, the 1left hand side of
Eq.(3-22) vanishes. Now. separate the right hand side of

Eq.(3-22) into three integrals as follows:

yA A
syus,us,us.us, s Jsus s.us

The first term of the right hand side of Eq.(3-24)"

becomes, as the radius of the sphere approaches zero,

BG(r T )
/S [G(f T 3_(/&) U(p) -—Tﬁ——g—] d S

p'.
Zﬂ
U (p) L) 1 2 .
= lim - U Cx— (s—)1r nd d¢do (3-2
r+0/ / [4'nr anp (P) anp (471'1')] S1 ¢ ( 5)
Since-an is continuous- and- uniformly bounded, the first

term in the integration of the right haand side of Eq.(3-25)

becomes )

. U (p

lim 2 .

r+0 // /// 4vr an ] r° sin6 d¢ @ 6
. 2.

= 1lim
r+0 Zfr/ / 3u(P)
o o)

As r-0, it is reasonable to see that U(p) is uniform on the

sin6 d¢ de= 0 (3-26-1)
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sphere S, and is approximately equal to U(m). Eqg.(3-25)

then becomes

227 (T
limd _ lim - U (m)/ / d — (;2)r’ sin0deds
m
|
- 9_2(_11}_) cos. - = - U(m) (3-26)
0

—

where the direction of i is opposite to that of ¥ and is

normal to S,, as shown in Fig.X4.

The second integrai on the right hand of Eq.(3-24) is

~a

where ( )
3G (¢ _,T
— = 9U(p) _ m' p’. :
S 7{ [G(rm,rp) 2 n u(p) an -1 d Sp
4 a / b'a P P

r-0 n
a P P

- lim '[G(*‘f)‘—ﬂﬁ)—-u()m) d sp (3-27
< N p o ] p (3-27)
where r is the radius of the sphere S, or the radius of the
current electrode. As r approaches zero, we can assume
G(r,,rp) is constant on S; and is equal to G(ry . ry) -

Applying the 'boundary condition of Eq.(3-13) the integral

becomes 1 9 U(p) ds
= ATTam anp P
S S

a a
T S v.ds = fﬁ_ (3-28)
4WrAm_ o) 4JTrAm‘
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Similarly, for the integral over S;, we get

A
~a

The third integral on the right hand side of (3-24) is

/S"'
where t t
G(T.,T.)
- —_— QU(p) 3 m’
j{St % e rm’rp) @ vip) 2 Mp 1 ds
£ 3U(p ) 9G(T ,Th
= [G(E_,T_ ) : U(p, ) 1d s
Atu, m'Tpy’ emy u anpu Py
3 U(p,) 9G(T_,Ths)
d m' Pd
-+ [G(T ,T. J)—— - U (ps) ] 4s
d
/St m pd an pd Yd anpd pd

where S:' is the upper part of S;.
S‘,(j is the lower part of S5,
py is a point on Sy

P, is a point on S‘z

As the thickness of the layer, ¢, approaches zero, i.e.
as St approaches a single sheet S; as shown in Fig.6, we get

-np = +n =n, (3-32-1)
u : _

where p,, Py, P° and Mp,» Mpgr N are as shown in Fig.6. ‘The -

Eq.(3-25) becomes -

- AU (p°)
f( (6B, T0) [y + 2270

9G(r /T o)

+ 570 R__[u™(p°) - U (p° )] ds,- (3-32)
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Fig.6: The normal direction at a point on the mathematic.

boundary.
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From the boundary conditions of Eq.(3-14) and (3-15), the

integral becomes:

7 L JG(T ,T,) ,

? = +(00) —U~ (0o ] o P ds:,
(U (p°)-U (p° on_o p°

S Syo P

t
- ' + ,
_ 1 T U (p°) 3 1 (3-33)
-5/ = % T () 4S,e
s e po po mpo
to
Similarly we can get the integral over S; as
1 T US(pe) 9 o, 1
@, = o = ( -)d S_, )3-33)
/s 4 | Pe Bnpo Snpo-rmpo P
t §t° £ t <

Now substitute Eq.(3-34), (3-33), (3-29), (3-28), (3-26)

into (3-22). We get _
Ip - . N 0y
_ 1,1 1 1 T 23U (p°) 9 1
U(m). = 7 (r + ) + Zf/é’ —_ ( zd S_ ..

™ 7 rE t Pe Bnp° Bnp° L npo P
npp@
T p°) 3 1 :
1 L ) 2 tasg, (3-35)
S e PO po meo p
t° - -

which is the expression for the electric potential at point
m in V' in terms of the primary field and the‘normal
derivatives of the electric potential over all the

boundaries.

Integral Equation For the Areal Dipole Moment Density

In Eg.(3-35), let us set

e
s(p) = — 2 (o)
be oM,
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Then, ¥ can be explained as a secondary source due to the
existence of the 1imperfect thin 1layer. Recall that the

potential, in electrostatic unit, at point m due to a dipole

moment ? at point p is
U = 7]‘ . V(r—l—-)ﬂ
mp
= ) 1
=1 (2 (3-37)
D mp

where'ﬁp is the unit. vector along ﬁ and the magnitude of
is 1. Thus our secondary sources on S,, S; are actually

dipole sources.

Substituting Eq.(3-36) into (3-35), we get

Ip . .
_ 1 1 1 oy 0 1
vm = —Z7le—+ ¢ J*ﬁ// 2% g T 4 S
~ St° p pm
1 ) 1
+ I e(p®) 5, o»(r - ) d‘§p°~ (3-38)
P P'm
Sio } )

For m near but not onﬁ8; we can take the normal. derivatives
of Eq.(3-38) with respect.-to the observation point m, and we

can differentiate wunder the integral. Thus Eq.(3-38)

becomes I
p
- T e 9 1 1 1 T :
& (m) p. 4m N, (F—+ ) + ZF;//E_ £(p°)
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Noté that from physical point of view Eq.(3-39) is

equivalent to

S q
F(m)= N E(m)

where E(m) is the normal component of the electrical field
at point m, which_ is due to the primary sources and the

dipole moment distributed on the layer.

In numerical solution, we devide the layer into

rectangular facets and use the step approximation that the

dipole moment density is constant on each facet. Thers is a.

singularity in Eq.(3-39) as point m approaches S;.

Physically, it means that we are going to calculate the

normal component of the electrical field at point m located

on a facet distributed with dipole moment. If the facet is

rectangle, this computation: can be expressed in a closed

form as we will see in~chagtef-6 and appendex 3 for the

numerical computation.

Eq.(3-39) is a Fredholm integral equation of the second

kind. Once it is solved for %, the electrical potential at

any point in V'can be expressed by Eq.(3-35) with 1, ‘the

dipole moment density, being substituted for%é%%,

23
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CHAPTER 4: PERFECT THIN INSULATOR

For a perfect thin insulator which has the transverse
resistance of infinity, it is shown in this chapter that the
secondary- sources can still be: consideréd as dipoles.
However, 1if the +thin 1layer is infinity extended, the
potential field in the first layer can be obtained through:

three different ways..

Boundary Conditions

There is no current flowing across the perfectc thin
insulator.  Hence it 'is apparent that one of the boundary

condition should be

pu(m) _ du(mT)_
an T oan

0 (4-1)

Two other boundary conditions remain true here. They are

Ul _
== 0 (4-2)
=0
1 I6
U-> it R as the observation point approaches the-

source. When the' layer - is infinity extended, the third
layer can be considered as a perféct conductor compared with
the resistivity: of the intermediate layer. Recall that.

there is no-electrical field inside a perfect conductor..

The boundéry'conditionvbelow the infinity extended layer is
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that the electrical field vanishes.

Mathematical Model for Imperfect Thin Insulator

" Consider a single sheet distributed with dipole
moments, as shown-in Fig.A, which has been proposed for . the
_mathematical model of an imperfect thin insulator. At.
Apoints m" and m, the normal component of the secondary
electrical fields are continuous. Furthemore, the normal

component of the primary electrical fields are continuous:

since the distance between the primary source and the layer

is assumed to be much greater than the thickness of the

layer. Note that the direction of the normal component of
the primary field 1s opposite to that of the secondary
field. For the perfect.lthin insulator case, the normal
component of the secondary-field is strong enough to cancel

that of the primary field.

Mathematical Models for Perfect Thin Insulator g{’ Infinite-

Extent

Consider an infinitely extended perfect thin insulator.
Since there is no Qurfent flowing across the thin layer, the
current‘denSity'distribution«in the first layer must be the
same as that for the two- layer case with the second layer

being perfect insulating, aS'éhown in Fig.B. The potential

25



-22
T-2231 26

Fig. A The mathematic model for an imperfect thin conductor.
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.
(A)
l,

Sp= e

Fig. B The current densityvdistribution.in the first layer must be:
the same for case (A) and case (B). In case (A), there is a perfect - .
insulating intermediate layer. 1In case (B), the second layer is.

perfectly insulating.
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fields in the first layer are thus the same for both cases.

The potential in the first layer can then be obtained~
either through Eq.(3-38) and (3-39) for the thin insulator
case with T being infinity, or through Eq.(2-5) and (2-6)
for the two layer case with K béing unity. In chapter 5, we
will see that ‘the poténtial field can also be obtained
through Eq.(5-1) and (5-4). From the uniqueness of the-
boundary value problem (Stratton, 1941), the solutions of
these three methods must be the same. TIf it is solved
through Eq.(2-5) and (2-6) with K being unity, the secondary
sources can be considered as charges while for the other two-
cases they are dipoles. They must create the same field in

the first layer.
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CHAPTER 5: MODELING WITH IRREGULAR EARTH SURFACE

When a difect—current resistivity survey is conducted over
an irregular surface, the anomalies produced by topography effe-
cts might lead to erroneous interpretations. In Fox's paper
(p. 13-14, 1978), the correction factors, or the geometric
factors for the apparent'resistivity over an irregular surface
are calculated through the modeling of a homogeneous earth with
irregular sufface by the finite element method. However, since
the secondary sources induced along the discontinuity interact
among’ themselves as we can see from the integral equations for

all.kindsiof sources in the preceding chapters, the corrections

for the topography effects for apparent resistivity are not like

29

that for the gravity and magnetic survey which have static sour—-

ces. Actually, up to now, there are no papers published for
exact ways to correctvapparent.resistivity data taken over an

irregular surface. The correction method of Fox's (1978) has-

some restrictions as shown in His paper. Therefore, it is will. -

be helpful to be able to model the direct current field over an

irregular earth surface in order'to*compare with the field data,

so that topography effects can be identified, and possibly removed.
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It is shown in this chapter that the potential at any
point inside the earth can be expressed in terms of the
potentials over the irregular earth surface and in terms of
the charges over the boundaries of the body buried. It can
be seen that the potential due to the sources ‘along ‘the

earth surface:are equivalent to dipole sources.

Again, as we have done in the preceding chapters, we-
start with the Green's Identity and épply'the boundary
conditions to get the expression for +the field and the

equations for the sources.

Integral "Equation for the Potentisl on the Irregular Surface

Homogeneous Earth Caser

In this case we consider the inner space as in the
medium surrounded by the irregular surface as shown in.
Fig. 7. The potential at any point in the inner- space  can-

then be expressed by

_ IS ! uep) 2 L
U(M)-ZTIL —-Yz:‘— -+ ﬁL(%ﬁg_T?; "‘U(}”’an? l’,.,.]d%’

_ IS5 I [ ( L 2 ! ‘
for QY - o on S

W
S
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If point A is on the surface, the boundary condition

tells us that the potential at point p is then

¥

up)r— S TH a b — A (5-2)-

4T Bap
‘The integral in the expression for the potential', Eq.(5-1)

thus contains a singularity at point A. However we see that

potential increases to infinity as r approaches zero with an:

order of minus one , while the area around point A is

proportional to r with an order of two. The interacting
factor .over this small area can be considered as constant.

The integration over this small area around point A is then

zero. So 'we can delete point A from the integration region

in the Eq.(5-1). We get

I€ | | ( a !
= 2 - e P >t rf’"“wr
(5-3)

where»S/represents S with point A being deleted.

Let point m approach the surface S. We get the

expression for the potential at a point on S in terms of the
poténtials at points on S other than points A and m. That
is an integral equation for the potential over the surface
S.

TS5
afm

- L[ U(},) 2 ! d

Um) =
. QT s QHW ?m

s:\'~
-3

( 5-4)
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where S represents S with points A and m being deleted..

Buried Body Case

The model considered in this. case can be  shown
typically in Fig.:8, where we have an irregular earth-
surface. To . apply the ‘Green's. Identity, Eq.(3-22), we
consider the inner space of the model shown in Fig. as the
space surrounded by the surface: S:, sy, S. as. shown in
Fig. 9. Sﬁ and Si are the surfaces surrounding and
approaching S, which is the boundary of the buried body. Se.

is tne irregular earth surface.,.

Assuming the source point A is 1o¢ated on the earth
surface. The potential at any point _.inside the space can be

expressed by

_I:"__’__[ur)_z»’_ ‘ ’
v =3 T~ wwl P B 0%

I ! -
+ Z;LO’(?)?W d Sy (5-5)

where S; represents Se with point A being deleted, and-

- + -
2V 20} (5-6)

0.(7,) - ohn aon

K

which is physically the charge distribution at point p..

32
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S

/ LR A ey v 2uv ov 4

Fig. 7: Physical model for an homogeneous earth with irregular

earth surface.

Fig.. 8: Physical model of a buried body with irregular

earth surface.
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Fig. 9

34

OUTSPACE

.
.

lodel shows the inner space proposed and the normal

directions of the surface.
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Let m approach Se. We get the expression for the
potential 2t voint m on S in terms of the potentials due to

the charges on Sp..

g o 2 1 _ds,
U(m)=3,zt—?;,‘, TTTLZU(]” T Tom ‘{?3’

l I : 7).
" ——Ss,, ) —— dS, (5-7)

2T ﬁm

where’sgkrepresents Se with points A and m being deleted.

Let m be the point at S, m be the point at Sj and

let m" approach m . Applying the boundary condition that

the normal component of the current density be continuous:

through Sp, we get

_ ISK 2 ! K { N
o-(m) = 2T N fam- 21 Sel U(}?) 3nranm»qm C!Sr

2T S

o~ (4" 2 —%7<J$ >
Y T @ Nm ’?m ?
(5-8)

where m is at Sp

K"—’ ;3—§|
53 +§

S, represents S, with point m being deleted.

Thus, solving the integral equations, Eqs.(5-7) and

(5-8), we will be able to get the potential at any point on—

the earth's surface,

35
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CHAPTER 6: SOLUTIONS OF INTEGRAL EQUATIONS

In the preceding chapters, the field of any model being

considered is expressed bya term regarding to the primary

source. in addition to. an integration regarding to the

secondary sources over the discontinuities of our
mathematical models. If we know the types and the values of
all the sources, the calculations of the field at any point
inside the space of the model includes twg parts. The first
part 1is equivalent  to solve the integral equation for the
secondary sources. The second part 1is to calculete the
field due to ¢tne secondary net charges or the secondary

dipoles at the discontinuities of our mathematical models.

The secondary source. for any model shown in the preceding

chapters are in the Fredholm: integral equations- of the

second kind. That is, the sources at any point along the-

discontinuities of our mathematical model are induced by the
primary sources and interact with the other secondary

sources ..

All the integral equations shown in thiS'papef can be
represented by the following form which is the Fredholm

integral equation of the second kind:

36

f(m) = %(m). + v fs. f(p)K(m.rP) ap-- (6-1-1).
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where K(m,p) is the kernel or the interating factor, q§m)

is the source of the zero order induced at point m by the
primary sources and v is some electric parameter. There are
two different kinds of zero order induced sources and two
different kinds of interacting factors in integral equations
mentioned in this paper. They are developed into-more-
programmable forms in the following two sections. The
numerical method for solving- these integral equations is

also discussed.

The Zaro Order Terms

The zero order terms represent the interaction from the

‘primary.sources. ‘The first type of those appearing in Egs.

(2-@) and (3-39) is related to

N q

1 ‘ 1 1, —

£ (m). = ( + ) =[V — +V —1.n

o Bnm {Nm IEM m FAM m ﬁﬁd m
r r .
=2+ B (6-1)
raMm T“am

whefeﬂﬁ&h points from point m to point A

-

%Nﬂ points form point m to point A

The second type Qf the zero term appear in the integral:

equation of the topography effect is related to:
2 _ 1
fo M =¢_ (6-2)
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The above terms are in programmable forms.

Interacting Factors

If we consider the image terms, Eq.(®6-1-1) becomes

f(m) = fo(m) + \/ £(p) K(m,p) d.Sp + \,/f (P) K(m,;_)) dSP (6-3)
s' “s

where S'repfesents'the.image of S as shown in Fig. 1,page 8.

f(p) = £(p)

we can combine the kernel in Eq.(6-3) and get f£(p) = £(p)

Since
' f(m) = fo(m) +z;///£(p) K*(m,p) dSp - (6-4)
S
where
K*(m,p) = K(m,p) + K (m,p) (6-5)

The first kind of the kernel appearing in Eq.(2-6) is"

T T
K.*(m,p) = 3 ( 1 + 1 ) = [-p°m + E°m o o
1 4 on_ 'r_o r . - 13 3 1 . 0y, PFM
m pm pm Pm r o
s . p°m
and .f .
3 1 pm -
Kl* (m,p) =55 T = —3 i s p° = m (6-6)
pP°m r
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The second kind of kernels appearing in Eq.(3-39) is

Cx; 3 .9 1 .3 1
Rp*(m/p) = 55

I
+
—

- Zmporbo n.porom
3(x ° .npd)(rpom. nm) ﬁpo . ﬁm
= - 5 T3
p°m * p°m
3(r~°fn'np°) (]-:P‘}n' m) ﬁpo.ﬁm
- 5 + 5 ’ P° # m
" pom T pm
o e 3(rpom-npo)(rpomoﬁm) -\po.—-im
K*2 (m,p) = - 5 ‘ ; + 3 p° = m
¥ pem * pom (6-7)

The kernel appearing in the integral equation with the
topography effects include'~twovtypes. One is the same as
Kf(m,p)'with no image part. The other 1is the same as

K; (m,p) with no image part.

From the above, the integral equations can be organized

into programmable equations.

Numerical Method

Successive approximation method

Thebnumerical method applied in this paper for solving
the integhal equations;fofbthe arbitrarily shaped body case
and the topography effect case is the successive

approximation method. This method has certain advantages
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over the simultaneous equation method. By applying the
-successive method, the dimension of the computer storage is
much less than that required by the simultaneous equation
method. If the buried bodies are rather smooth in geometry,
the results from the successive method are usually accurate
enough. The advantages allow us to program for multiple
body or huge body cases. If we do have a complicated
geometry, it will be better to smooth the geometry. To see
if the method is applicable to a specific model, the series
of the solution is ispected by Shank's transform (1955) to:
test and/or force convergence.

Tﬁe ,nu;efical solution for the integréi equation,

Eq.(6-4) involving only one type of secondary sources is

CE(m) = £_(m + VE) () + VEE,(m) + ... (6-8)

£ (m) =/n_l K* (m,p) dS (6-9)
S

There are simultaneous integral equations for the

where

buried body with irregular surface case. Let these

equations be
f(m) = fo(m) + v

1l
g,
+ vi///ﬂg(p) K,* (m,p) d82
S2

£(p) K *(m,p) dS, (6-10)
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g(m = go(m) + Vz/f(P) Kl*(m,p) dSl. (6-11)-

°1
; v/ 9(p) Ky*(m,p) &S,

For solving the above two -equations by the successive

method, let
S YT (6-12)
and fm = vf’fnﬁm3~ (6-13)
g =k V" g (6-14)

Substituting Eqs.(6~13) and (6-14) into Eqs.(6-10) and
(6-11), we obtain the n-th order ones in terms of the

(n-1)-th order terms as follows:

= n-1
n -y B KRGS V) [E‘n-l‘P)Kz*(m'P)' s, (619
! 2 (6-16)
fn - v n-1 gn
1

In our numerical solutions, the bodies are simulated by:

plane facets. Assumming the  step approximation of the

solution on- each facet, Eq.(6-15) can then be put into a

matrix form as

_ n-1 = .
9 T [Kl*] f-1 +”Vl [K2*]'gh-1

. (6-17)
where (9D} £ @]
9= | - £= | . A
. .
and R *( rril)(']i’) [ﬁ-{l*(m,p) ds} \fn(}"i (6-18)
ol

(Ry* mp) ) = [ /R,*m,p) ag)
% .

‘N is the total number of the facets..

L1
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The solutions of the integral equations are expanded
into series. The series are transformed by a nonlinear
second order transformation (Shanks, 1955) to test and/or

force convergence.

Simultaneous Equation ‘Method

The insulating factor,T, in the integral equation for

-the 1imperfect thin insulator can be infinit It is thus- -

improper to use the successive method to solve the integral

equation involving with large T value.

In our numerical solutions, the bodies are simulated by
plane facets. Assumming that on each facet the charges or
" the dipole moments are constant, the integral equations can

be put into a matrix form as follows:

im@)£=ﬁ) (6-15)
where r 3
£(1) £,(1)
S R
£(N) p
. N
and \0(1

K(m,p) = [ /K * (m,p) &s]



T-2231 43

The diagonal terms of ﬁ(m,p) play an imporant role for
solving the above simultaneous equations, which involve:
singularity terms in the integral equation. The
singularities in the integral equations for arbitrarily
shaped bodies and topography effects have been solved: in
the respective chapter. The singularities in the integral
equations of the thin layer cases will be discussed in the

next sectionw-

Step Approximation

In both of the numerical methods, we use step
approximation. That is the charges or the dipole moments

are uniform on each facet. Eq.(6-4) thus becomes.

N
Fm = £ (m + T vEMm) / K*(m,p) dS,
Sn (6-21)

m<N

The kernel are expressed in more programmable iorms as

shown in Eq.(6-6) and (6-7). For the terms involving

?;ﬁ,ﬁm in the kernels, the integral in Eq.(6-21) can be
approximated by
K* (m,p.) AS
©F (6-22)

This approximation is very conservative regarding computation

time and the solutions are accurate enough if the value for
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i
? .‘ﬁ
pm’ m
3
rm
(6-23)

is not too 1large, 1i.e., the geometry of the bodies to be

modeled is not too complicated.

For the second and the third kinds of kernels, the

integral in Eq.(6-21) involves an integration as followé
A s | (6-21)

Numerical evaluation of the integral is possible. But it
might cause erroneous results for those facets close to
point m. If S is a rectangle, the integraiion for
EqQ.(6-24) can be expressed in a closed form as shown in
Appendix 3. There'is a singu}arity in the integral if m is.
on S . The singularity is solved as a special case of
Appendix 3. One thing important is that the direction of the
normal component of the electrical field at point m dué to
to- the singularity facet is opposite to that of the facets

N

adjacent to poiht m:-
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CHAPTER 7: THE SECOND VERTICAL DERIVATIVE OF THE POTENTIAL

A modified receiver array is applied to enhance the
signal from the thin disk. The array is shown to be related
to the second vertical derivative of the potential and
hence has the ability to delineate the high spacial harmonic
signals which are mainly from our confined targets.

If we compute the potential at any point m, due to a
current source at A in the vicinity of an arbitrarily"shaped”
body or thin insulator, we can use the principle of super-
position to calculate the second vertical deriQative. The:
scalar potential functions for different eleétrode positions.-
may be added algebraically.

From. the Laplace equation:
viu = 0 (A4-1)

the second vertical derivative can be obtained by

32U _ 3%y , 9%y, -
5?-——(-8—;2-4'-3—1;?) (A4-2)

If we calculate the potential‘at the five points as shown*

in Fig. 9-1, the second vertical derivative can be approxi-

mated by g;g = (A’5 (U; +Up +Ug + Uy - 4Us) (A4-3)
U,
U, U U,
./fv/'él
U,
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The true second vertical derivative is the case when A%
approaches zero. In application, the choice of A2 will de-
pend on the depth of the target. Since A2 does not approach
zero, we do not obtain the true second vertical‘derivative.
However, we will still use this term since the arrays con-
tain the ability to delineate the high spacial harmonic sig-
nals which are from the confined targets and since the second
vertical derivative is actually a high pass filter.

In the field, we measure the potential differences at
the four points with respect to the center as shown in

Figure 7-2. The second vertical derivative is calculated by

4

3%y AU. - AU AU . - AU

322 ab! Xp F oYY Y (A4-4)
Ax Ay -
A; au,
ad, l i

—a X —

s Uy,
,

Fig. 9-2

All the computer programs in this thesis compute the-
potenﬁial at any point which is not at the current electrode
location and which is not on the surface of the buried body.
It will be a simple subroutine to superimpose the potentials

for any arrays.
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In order to see the enhancement of the signal by measur-
ing the seocnd vertical derivative, we use a thin disk as our
model with parameters shown in the figures. Figure. 9-3
is the contour map of the normalized total potential. Figure
9-4 is the contour map of the apparent resistivity using di-
pole receivers. Figure 9-5 is the contour map of the norma-
lized second vertical derivative. The maximum responses of
the normalized potential, apparent resistivity and the nor-
malized second vertical derivative are aboUt one percent,

1.6 percents and 8 percents respectively. We see thus the
second vertical derivative has the ability to enhance the
signal from the thin insulating layer. For this version,
we shall use the normalized second vertical derivative to

display most of the model results: in the subsequent chapters.
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Fig. 9-3

Diameter of the disk t 2
Depth to the disk 1
Trans. res. of the disk: Q,5

Coord. of the source(s):

.

- (-4.5,0.,0.)
4 (-3.5,0.,0.)

-y -

~ Contour map of the normalizad total potential for tha modal

shown above.
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iDLameter of the disk T2

Depth to the dLs& ',~_:: 1}"‘ 
'rrans.‘res. of the disk: 05 -

VfCoord. of the source(s)

R (450.,0)\..
B E I = ( 3. 5 0.,0. )

Contour- map of the apparent r°51sf1v1ty for th@ model shown
above,



Fig: 9-5

Diameter of the disk : 2
Depth to the disk : 1
Trans. res. of the disk: 05
Coord. of the source(s):

- (+4.5,0.,0.) 7
+ (-3.5,0.,0.) =

gy

s ——

i

v

Contour map of the normalized secondary vertical derivative

for the model shown above.
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CHAPTER 8: NUMERICAL RESULTS

Three computer programs have been developed. The first

one is to model the response of arbitrarily shaped

three-dimensional bodies, with the flexibility for multiple
reflection coefficients. The second one is to model the

response of arbitrarily shaped three-dimensional thin

insulators. The third one 1is to model the topography

effects in the electric surveys, which allows us to derive
the‘ corrected geometric factor 1in the.three dimensional
case.

In this chapter, we will show the a%curacy\ of the
programs and_disouss’the’numerical results using the bipole
source over some models, especially over imperfect thin

insulators which might be o0il reservoirs. The second

vertical derivatives of the total potentials wusing the.

bipole source are normalized by the second vertical
derivatives of the primary fields. The possibility of a
positive response of an imperfect thin insulator is

discussed by investigating these normalized fields.

Arbitrarily Shaped Bodoes-

In order to test the accuracy of the program which

51
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models the response of arbitrarily shaped three-dimensional
‘bodies with the flexibility for multiple reflection
coefficients, we wuse a ¢two co-original half spheres, as
shown in Fig.10, as our testing model. The analytical
expression for the potential subjected to“an uniform primary
field is shown in Appendix 2. From the igéée- tﬂeory,v the

solution 1is.the same as a two co-original spheres subjected

to a primary field, which is a simple extension for the

solution for one sphere in the whole space case (Stratton,-

1941).

In the numerical computions for the testing model, each
half sphere 1is simulated by U0 triangular facets and the

potentials are computed along the x axis as shown in Fig.

1f. The comparisons of the numerical results with the

analytical ones. are shown from Fig.12 to Fig.14 for

bdifferent parameters. Tne numerical results show that the=

larger the contrast between the two reflection coefficients,
the 1larger the errors. There are two possibilities for the
causes of these errors. One 1is that the kernel in the

integral equation of Eq.(6-21) is approximated by Eq.(6-22).

The other is the finite facet simulation. Note that if the .

vertices of the triangles are located on the sphere, the

total areas of the facets. are then smaller than that of the:

52
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Fig. 10: Two co-original half spheres buried just
beneath the surface and subjected to an -uniform

primery electrical field.

X~ |

Fig. 11: A half sphere is simulated by 40 triangular facets..

53



T-2231 54

SOLID LINE:ANALYTIC
D1=.95, D2=1.9, R1=1., R2=3., R3=9.

i —
b
< .
| o § d
e
Z ST ~=
= ] ~=_
= 1] - ~
o U S~
a®
h L 1 1 H 1 1 H T U T 7T 17T 7T 17T T 1T°1 I 1R 1 I 1 1 H 1 1 R
.0 1.0 2.0 : 4.0 5.0 6.0
POSITION

Fig. 12: The symbols represent the numesrical results of the
modeling for +two half spheres with different reflection
coefficients. The solid 1lina represents the analytic
solution. D1 and D2 are the radii of the inner sphere and
the outer sphere respesctively.. 1, R2 and R3 are the
resistivities of the homosgeneous 2arth, the outer sphere and
the inn2r sphere respectively.
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SOLID LINE: ANALYTIC
D1=.95, D2=1.9, R1=3., R2=997., R3=2992.

/- \
74 BN
/ N
/ N
i ~
-
= L
o
— i1 —~
=
= —-
o
a W
T
_eberr ll'lIIlllTIlﬁl'I*Izrl(1T5ITrFl__l

2 3
POSITION

‘Fig. 13: The symbols represent th2 numerical results of the
‘modeling for two half spheres with different reflection
coefficients. The solid 1line represents the analytic
solution. D1 and D2 are the radii of the inner sphere and

the outer sphere respectively. R1, R2 =and 33 are the
‘resistivities of thes homogeneous earth, the outer sphere and
the inner sphere respectively.
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SOLID LINE: ANALYTIC
D1=.99, D2=1.9, R1=3., R2=1., R3=3.
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Fig. 14: The symbols represent the numerical results of the
modeling for two half spheres with different reflection
coafficients. The solid 1line represents the analytic
solution. D1 and D2 are the radii of the inner sphere and
the outer sphere respectively. R1, R2 and 133 are the
resistivities of the homogeneous earth, the outer sphere and
the inner sphere respectively.
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sphere, so are the numerical results. In order to eliminate
this kind of error, it 1is better to make the facets
‘tangential to the sphere. In the numerical computation for
.the testing model, the vertices of the triangular facets are
located on two half spheres of radii one and.two ana the
analytical sdlutionS'aEe éalculated for those of radii 0.95
and 1.9. In this condition, the triangular facets are

approximately tangential to two half spheres.

The results for the normalized second vertical
derivative (see Appendix H4) wusing a bipole source over a
model shown in Fig.15 are shown from Fig.16 to Fig.23 for
different reflection coefficients. This model is simulated
by-128 triangular facets. The sources are arranged such
that the positive current electrode is closer to the buried
bodies than the negative one- is. The results show that
there 1is a high valuer of the normalized second vertical
derivative over the buried conducting body, while there is a
lbW'value of that over the insulating body. The position of
the maximum value for the conducting case shifts toward
sources, while the pcsition of the minimum value for the
insulating case shifts away from sources. For K=+0.3, the
maximum response 1is about 30 percent of the primary field.

For K=+1.0, the maximum reSponse is about 120 percent of the-
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X
(1.5, 1.5, 0.)

Fig. 15: The above shows the model and the source locations
ffom which the responses of -the Bipole-Pole array have
been calculated. The receivers are on the grid points

of the square area shown above.
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S.V.D.T.. NORM., K=2.6
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Reflection coefficient:
K =06

Coerd.
4+ : (-2.5,0.,0.)
- : (-3.5,0.,0.)

of the scurces :
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for the model shown above.
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© U §.V.D.T.. NORM.. K=2.9
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Fig. 18-
K= 0.9

+: (-2.5,0.,0.)
- : (-3.5,0.,0.)

Reflection coefficient:

Coord. of the sources :
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Contour map of the normalizedvsecondg}ﬂgvertical derivative

for the model shown above.
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T 8.V.D.T.. NORM. K=1.0

Fig. 19~
Reflection coefficient:
K =10
Coord. of the sources :
4+ : (-2.5,0.,0.)
- : (-3.5,0.,C.)

Contour map of the normalized second ~ vertical derivative
for the model shown above. .
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7 _78.V.D.T, NORM., K=-0.3

Fig. 2o -

Reflection coefficient:
K =-03

Coord. of the sources :
+ : (-2.5,0.,0.)
- : (-3.5,0.,0.)

Contour map of the normalized second. . vertical derivative

ﬁor the model shown above.
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Fig. 2T

Reflectién coefficient:
K =-0.6

Coord. of the sources :
+ : (-2.5,0.,0.)
- ¢ (~3.5,0.,0.)

Contour map of the normalized second-. .vertical derivative

for the model shown above.
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'$.V.D.T., NORM., K=-2.9

- Fig. 22
Reflection coefficient:
K =~0.9
Coord. of the sources :
+ : (-2.5,0.,0.)
- : (-3.5,0.,0.)

Contour map of the normalized second{”" vertical derivative -

for the model shown above
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. §.V.D.T., NORM., K=-1.0
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i Reflection coefficient:
K=-=1.0
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+: (-2.5,0.,0.) i
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Contour map of the normalized second:  vertical derivative
for the model shown above. C
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primary field. Measuring the second vertical derivative

thus posesses a high resolving capability.

Imperfect Thin Insulators

In order to test.the accuracy of the program- which is
to model the _ response of arbitrarily shaped
three-dimensional thin insulators, we use an imperfect thin
half sphere, as shown in Fig.24, as our testing model and
compute the potentials along the x axis: The analytical
expression for the potential subjected to an uniform primary-

field is shown in Appendix 1.

In the numerical computation for the testing model, the
half~ sphere is simulated by 32 trapezoid facets which are
tangentialvto the sphere of radius one. Each trapezoid is
then approximated by a rectangular. The comparisons of the-
numerical results with the analytical ones are shown from
Fig.25 to Fig.29. The numerical results are accurate even

for large T values..

The modelings over a horizontally circular thin
insulator for the second vertical derivative have been
tested for different geometrical and electrical parameters.

In the numerical computations, the <circular disks are
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Fig.24f: an imperfect thin half sphere buried just beneath
the surface and subjected to an uniform primary electrical
field.
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Fig. 25 : The symbols represent the numerical results of
the modeling for an imperfect thin half sphere. The solid
line represents the ana2lytic solution. The radius of the
half 'sphere 1is one. The values of the secondary potential
inside the half sphere are negative. The above shown their
ahsolute values. T represents the insulating factor.
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Fig. 26: The symbols represent the numerical results of

- the modeling for an imperfect thin half sphere. The solid
line represents the analytic solution. The rzdius of the
half sphere is one.. The vszlues of the secondary potential
inside the half sphere are negative. The above shown their
absolute values. T represents the insulating factor.
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SOLID LINE: ANALYTIC SOL.
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Fig. 27 * The symbols represent the numerical results of

the modeling for an imperfect thin half sphere. The solid

line represents the anzalytic solution. The radius of the

~half sphere is one. The values of the secondary potential

_inside the half sphere are negative. .The above shown their
absolute values. T represents the insulating factor.
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Fig. .28 : The symbols represent the numerical results of
the modeling for an imperfect thin half sphere. The solid
line represents the anzlytic solution. The rzdius of the
‘half sphere is one. The values of the secondary potential
inside the half sphere are negative. The above shown their
absolute values. T represents the insulating factor.
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Fig. 29 : The symbols represent the numerical results of
the modeling for an imperfect thin half sphere. The solid
line represents the analytic solution. The radius of the
half sphere 1is one. The values of the secondary potential
inside the half sphere are negative.. The above shown their
2bsolute values. T represents the insulating factor.
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simulated by 52 reétangular facets, as shown 1in Fig. 30.
When buried current electrode is used, the disk is simulated

by 68 rectangular facets, as shown in #ig.30.

Table 1 shows the maximum second vertical derivatives
of the total potentials for different T values. which have
been normalized with respect to that of the primary field.
The depth to the disk is unity and the diameter of the disk
is two. The source and the receiver configurations are
shown in Fig.31. From table 1, the maximum responses for
thosa with T value greater than 3 is about 20 percent of the
primary field. The contour maps of(tha second vertical
derivatives for different T values are shown from Fig.32 ¢to
Fig.37. The results show that the positions of the minimum
values: of the second vertical derivatives shift toward the
sources and that the. contours are in peanut-like shape
around the minimum values. At right parts of the contour
maps,. there are relatively high values. Note also that the
contours with unity value are approximately at the same

position- for different T values.

Let the diameter of the circular disk be unity instead
of two. The maximum responses of the normalized second

vertical derivativgﬁ of the total potentialﬁ are shown 1in
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(B)

£ b
E

Fig. 30: The thin circular disk is simulated by 52 rectangular facets as
shown in (A). When buried current electrode is used, it is simulated
by 68 rectangular facets as shown in (B).
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Fig. 31: The above showns the thin disk and the source
locations, from which the responses of the Bipole-Pole
array have been calculated. The receivers are on the

grid points of the square area shown above.



Fig: 32~
Diamater of the disk : 2
Depth to the disk 01

Trans. res. of the disk: 0.1
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Contour map of the normalized second:
for the model shown above.
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$.V.D.T, NORM., T=0.3
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Contour map of the normalized second vertical derivative

for the model shown above.
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Fig: 34

Diameter of the disk 1 2
Depth to the disk :1
Trans. res. of the disk: 1.0

 Coord. of the source(s):
+ : (-2.5,0.,0.)
(-3.5,0.,0.)

O o e N

et I
-
r

~
-

- - -
. -

Contour map of the normalized second.
for the model shown above.

vertical derivative



T-2231 5
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Contour map of the normalized second vertical derivative
for the model shown above.
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Fig: 36
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Contour map of the normalized second  wvertical derivative
for the model shown ahove.
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S.V.D.T., NORM., T=10.

Fig: 37
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Contour map of the normalized second = vertical derivative
for the model shown above. ’
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table 2. The maxium response for those with T value greater
than 5 is about 7 percent of the primary field. The contour

maps of the second vertical derivatives for different T values
are shown from Fig.38 to- Fig.43. The positions of the minimum
values of the second vertical derivatives are near the center of
the top over the disk. The contours with unity value are approx-
imately at the same position for different T values. These lines
which contain informations about: the edge of the disk are shifted
toward the source. For the disks of radius two, as shown from
Fig.32 to Fig.37, these lines have shifted a greater amount than
that of radius one and are located at the left part of the con-
tour maps.

When the thin layer becomesinfinitely extended. The normal-
ized second vertical derivative is shown in Fig.43 -A Zor T=0.3
case. Fig.43~-B and 43-C show that for the thin disks with the
radii of the disks being two and one respectively. Ve see that
when the thin layer is infinetely extended, the contours are all
surrounding the current electrodes. While that for the ccnfined
one, there are closed contours excluding the current electrodes.

The physical model for the electrical field of the primary-
and secondary sources for the thin disk is shown in Fig.44. The
contours of value one correspond to those points where the sec~
ondary elecitrical field are perpendicular to the surface. Since
the second vertical derivative is essentially associated with
the curvature of tangential component of the electrical field,
at those points the second vertical derivative of the total
field is +the same as that of the primary field. -

That is the normalized second vertical derivative is cne at those:
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Table 1: The maximum values of the normalized secondary
vertical derivative of the totzl field for the model shown
in figure 31, The diameter of the disk is two.

T [ N.S.V.D.
0.1] 1.050
0.3 1.103
1.0 1.160
3.0 1.192
5.0] 1.199

10.0| 1.205

Table 2: The maximum values of the normalized secondary -
vertical derivative of the total field for the model shown-
in figure 31. The diameter of the disk is one.

T |N.S.V.D.
0.1 | 1.017

0.3 | 1.035

1.0 | 1.056

3.0 | 1.062

5.0 1.070
10.0) 1.072 |
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Fig: 38
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Contour map of the normalized second  vertical derivative
for the model shown above.
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Contour map of the normalized second vertical derivative

for the model shown above.
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Contour map of the normalized second. vertical derivative
for the model shown above.
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Contour map of the normalized second vertical derivative

for the model shown above.
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$.V.D.T.T=0.3

' Fig.43A: Contour map of the normalized second vertical
derivative for a thin horizontal layer. The depth to
the layer is unity. The transverse resistance of the

layer is 0.3. Source coordinates: +(=2.5,0,0), =(
-3'5,0’0)0
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S§.V.D.T, NORM., T=0.3

Fig: 43B
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Contour map of the normalized secondary vertical derivative
for the model shown above.
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$.V.D.T., NORM., T=0.3

Fig: 43C
Diameter of the disk 1
Depth to the disk 1

Trans. res. of the disk:0.3 P

Coord. of the source(s):

Contour map of the normalized secondary vertical derivative

for the model shown above.
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points.

For the case of radius one, the density of cne’
secondary electrical lines is more sparse on the surface and
the shape of the contour with value one is more comparable

with the shape and the position of the disk.

There is another possible index for the edge of the
disk. That is the zero contour of the second vertical
derivative of the total field. Note that at the surface
just about the top of the edge cof the disk, the tangential
components of the total electrical fields are shown in
Fig.u4y. Since the second vertical derivative is associated
with the curvature of the tangential electrical field, there
will be a zero -contour along those points which have
relative extreme values. These zero contours have been used
in the potential theory to delineate the boundary of the'
buried targets (Peters, 1945). However, in our cases, the
secondary field seems to be too small to create relative:
extreme points. It is then hard to get zero contours on the
second vertical derivative of the total field. Therefore it
will be better to examine the contours of unity value in the

_normalized map:-to get the information about the disk.
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Fig.44: Physical model of the secondary electrical field
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Table 3'shows the relations between the normalized
vertical derivatives and the locations of the sources. Both

the depth to the disk and diameter of the disk are unity.

96

The results show the closer the sources to the disk, the

greater the response. Let the-current electrode - be 1located:

in a downhole just above the center of the disk as shown in
Fig.45. The contour maps.are shown from Fig.46 to Fig.49.
For those points which are 1located approximately on the
circle of radius 0.77, the values increase sharply. Note
that the second vetical derivative of the primary field has
value of zero along the circie of radius 0.77 approximately
as shown in Fig.50.. The normalized values hence have
singularities along the circle. There are two closed
contours with unity value. which again are corresponding to
the palces where: the secondary electrical field is
perpendicular: to the surface The outer contour with unity
valuze is comparable to the edge of the disk. Increase the
radius of the disk to two, Fig.51 shows that there still
exists two cloéed.contoursﬂ with unity wvalue. The outer

contour with unity value is now within the edge of the disk.

Let' the current source be at the coordinate of

(-1.5,0.,0.5) and the diameter of the disk be one. The:

contour map of the normalized‘second vertical derivative is-
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<J

+4(0.,0,0:5)

A

Fig. 45 : The above shows 2 buried current electrode and

the thin disk. The second vertical derivatives are
computed on th2 surface.
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14048 1.043 1.062 1.053 1.058 110462 1.058 1.060 1.060 1.060 1.057

—t

1249 1.248 1.042 1.954 1.953 110956 1.259 1.042 1.25% 1.258 1.0@58

Fig: 48

Diameter of the digk .

pm e e 22 8,04 e m

Depth to the disk 1 |

Trans. res. of the disk:1

Coord. of the source(s): T«

+: (0.,0.,0.5)

Contour map of the normalized second vertical derivative
for the model shown above.
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S.V.D.T.NORM. T=3. ,28=.5
- _2.0 1.6 X-1.2 - 0.8 - 0.4 - 0.0
14945 1,043 1,040 1,079 1,017 0,904 0,908 1,115 1,075 1.011 1,008
119468 1.064-1.061 1.042 1.013 978 2.8984 1.133 1.031 1.914 1.091¢
110464 1.045 1.059 1.064 1.010 1]\Q0S 92 1. 641 2462 1.031 1.025:
b
119067 1.967 1.948 1.0933 1.056 1]00% 0.9 1.641 1.133 1.115
o,
1 .
119465 1.0646 1.965 1.067 1.039 11023 1.9 ©.884 2.988
1104 1:025 1.044 1:045 1,040 11060 1,023 986
11063 1.0462 1.065 1.066 1.062 1]060 1.0939 1.056 1.010 1.013 1.017
>_
11952 1.063 1.068 1.048 1.066 1]045 1.047 1.0933 1.044 1.042 1.039
11955 1.956 1.9461 1.068 1.045.11946646 1.0465 1.068 1.059 1.061 1.060
‘14 62 1.949 1.9056 1.960Q 1.962 11065 1.09466 1.967 1.0465 1.0464 1.063
11241 1.062 1.052 1.963 1.060 11060 1.065 1.067 1.044 1.068 1.065
Fig: 49
Diameter~of'che,diskz :1, K =EL LA S REL 3
Depth to the disk- 1 0’ g
Trans. res. of the disk:3 //g—
Coord. of the source (s): S
+ : (0.,0.,0.5)

Contour map of the normalized second
for the model shown above. .

vertical derivative
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S$.V.D. OF UNIF. EARTH

-2.0 -1.6 X - 1.2 -0.8 -0.4 -~ 0.0
R O7 P E? P Q% _POY _P Q4 _p QS QA3 QR.08 Q,C1 1:.C3 2,28
-P.02 -0.22 -0.93 -0.93 -9.024 -P.05 -0.0% 2.95 Q.38 1.07 1.53
-P. R -Q.02 -9.02 -2.93 -Q.23 -D.Q4 -Q2.24 X. Q1 Q.15 2.38 0.51%
o®
-9.91 -02.92 -0.92 -02.93 -2.03.-P. 04 -0.94 -02.Q .R1 Q.05 0.08B
—JF.Q‘E -R.02 -92.02 -2.92 -2.93 -P.03 -0.04 -2.04 -0.94 -0.04 -R.93
-P o1 -P Q1 PP -PPY QAT -P O3 -P O3 P Q4 - Q4 P Q5 -0 05
-P.21 -0.01 -2.91 -0.092 -R.02 -P.03 -02.03 -Q.03 -2.04. -9.2" -0.24
. :
-P.21 -0.01 -2.91 -2.92 -9.02 -P.Q2 -0.92 -2.93 -0.03 -0.93 -02.93
-P.21 -9.21 -0.81 -2.1 -0.21 -P.02 -0.02 -0.02 -0.92 -2.93 -2.03
-P.01 -0.91 -0.01 -2.21 -2.01 -P.01 -0.02 -0.02 -0.02 -0.02 -9.02
-P.01 -9.01 -2.21 -90.81 -2.219 -P.91 -2.01 -0.91 -9.91 -90.92 -0.92
Fig. 50: The contour map of the second vertical derivative for an

uniform earth, The current electrode is buried at (0.,0.,0.5),
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Table 3: The relations between the maximum values of the
normalized secondary vertical derivatives and the sources'
locations. The model is as figure 31. The transverse

resistanse of the disk is one.

sources' location N.3.V.D.
-:(-2.5, 0., 0.)
1.160
-:(-3.5, 0., 0.)
-:(-3.5, 0., 0.)
1.115
-:(-4.5, 0., 0.)
~:(~4.5, 0., 0.)
1.094
-:(-5.5, 0., 0.)

Table 4: The minimum values of the normalized secondary
vertical derivative of the total field for the model shown
in figure 31 with different T values. The current electrode

is buried.

T N.s.v.D.

0.1 0.940

0.3 0.902
1.0 | 0.865
3.0 | 07865
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$§.D.V.T.Z28=.5,.T=1.
-2.0 -1.6 ¥K-1.2 -0.8 - 0.4 - 0.0
1,094 1,058 1,073 2,995 0,982 @,941 @:772 1:181 1,040 1:018 1,012
|
1192946 1.065 1.032 1.1\028 £.971 \Q1931\2.810 1.234 1.954 1.9023 1.018
0.
£
1]104 1.074 1.047 1.802 2.984 0y 948 0\843 . 161 1.193\;9&@.040-
11121 1.089 1.0SS 1. - ;. 982 Q&% 2.90%
.
, o,
14137 1.098 1.068 1. 8 Q973 2.°59
0.
£
11144 1:120 1.077 1:044 1tﬁ?quﬁ f2:973 0,869 948 0:931 059491
14152 1 131 1.100 1.0464 1.032 11029 1. 1.912 92.977 Q.971 2.982
1{144 1.149 1.115 1.085 1.044 11043 1. 594-
\
11163 1.156 1.139 1.113 1.999 1{083 1.R045 1.955 1.047 1.031 1.023é
11163 1.167 1.153 1.18@2 . 1.127 14116 1.194 1.087 1.0872 1.042 1.062
11157 1.163 1.163 1.160 1.162 11149 1.13S 1.117'1.109 1.191 1.09NM
Fig: 51
Diametar of the disk :2/

Depth to the disk 1
Trans. res. of the disk:1-
Coord. of the source(s):

+ : (0.,0.,0.5)

Contour map of the normalized
-for the model shown above-

second vertical derivative
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=-1.5,0.,.5 ,T=1.

-2.0. -1.6 1.2 -0.8 X-0.4 0.0 0.4 0.8 1.2 1.6 2.0-

WRea 1loes 1114 3117 10012 aleis 11217} 21022 11en7 11027 g £ i = -] £.21927
@R 1.207 1.012 1.807 1.012 1,315 1.2156 1.0220 1,210 1.220 1/232 1.220 1.038 1.024 1.2246 1.0830 1,024 1.235 1.229 1.022 1.3
224 1.827 1.811 1.006 1.812 1.017 1.815 1.0218 1.819 1.222 1021 1.225 1.027 1.02346 1.R32 1.941 1.238 1.927 1.R833 1.037 1.32¢
o1 1.009 2.997 1,225 1.QQ7 1.003 1.213 1.013 1.0014 1.215 1218 1.024-1.024 1.032 1.041 1.025 1.242 1.0241 1.029 1.234 1.045 -

999 1.Q07 1,207 1,809 1.207 1.0906 1.014 1.207 1.003 1.204 11024 1.211 1.018 1.022 1.831 1.244 1.037 1.044 1.23% 1.218 1.7

991 1.215 1.006 1.0200 1.215 2.957 2.998 2.985 2.968 2.985 @} 966 1.212 1.0268 1.826 1.0245 1.4034 1.242 1.061 1.051

1023 1.008 1.206. 2.998 1.0209 1.004 2.978 2.978 2.964 0.949 & . 0 1.0216 1.021 1.241 1.045 1.047 1.025 1.041

2.986 1\222 1.019 1.231 1.4935 1.244 1.241 1.02¢

981 2.984 @.993 2.993 1.017 B.9146 2.9207R2, 957 2.945 B.957

993 2.997 0.999 1.000Q ¢ 0222 1.028 2.991 2.938 2,934 2.952° R 1.212 1,032 1.937 1.842 1.252 1.045"

998 1.R22 1.020 1.818 2.4°2 2,923 2.942 2.932 2.978 214 1.219 1.237 1.048 1.0235 1.852

998 1.202 1.212 2.612 2. 923 2.9%42 2.932 2.978 . 1.082.

8.978 89 1.212 1.9232 1.237 1.042 1.062 1.848

993 2.997 2.999 1.0222 1,002 1.028 2.891 2.938 2.936 B.96@ @941 £. 9!

|
|
:1

0.96
9891 2.98% Q.993 2.993 1.217 2.9$ 2.9 957 @2.945 @.957 &4 9 /022 1.M9 1.231 1.235 1.2494.1.041 1.02¢
. s
W4RBZ3 1.209 1.806 B.990 1.008 1.009 2,978 2.978 2.964 B.948 @1 972 0.977 P98 1.216 1.021 1.241 1.045 1.047 1.225 1.20

BL???. 1.215-1.206 1.202 1. 215 B.S?i?‘ 2.998 @.985 2.968.4.985 1.218 1.226 1.224 1.245 1.234 1.042 1.051 1.851"

2{999°1.207 1.Q09 :.Q0€ 1.007 1.82 1.016 1.007 *.Q20 1.294 1024 1.211 1.016 1.822 1.A01 1.244 1.0837 1.245.1.239 1.018 1.7
21 1,009 8,997 1.025 1.007 1,803 1.3 1.3 1.216°1.915 11018 1.9246 1.226 1.432 1.041 1.025 1.242 1.291 1.0928 1.039 1.044

o4 1.Q97 1.011 1.006 1.212 1.817 1.215 1.018 1.219 1.022 3]021 1.225 1.0927 1.03¢ 1.202 1.0841 1.0368 1.827 1.033 1.237 1.003%

Use 1.807 1. 213 1.827 1.312 1. 2165 1.5 1,222 1.218 1.228 1} 232 1.928 1.238 1.0246 1.826 1.232 1.024 1.935 1.229 1.0822 1.83%

11209 1. 204 1.211 1.213 1.211 1.016 1.213 1.222 1.7 1.823 ‘LJBZZ 1.225 1.224 1.232 1.037 1..836 1.219 1.227 1.214 1. N5 1.827

Fig. 52
Diameter of the disk

1 L pmmso 3> A0€— — — oy

1

Trans. res. of the disk: 1

Depth to the disk

Coord. of the source(s): ' "

+: (-1.5,0.,0.5) -

————————
-

~

e

Contour map of the normalized second; vertical derivative for the -
model shown above.
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§=(Q..9.,1.5.8.V.D.T.,T=01
-2.0 ~1.6 X1.2 -0.8 -0.4 -0.0
Q,40 @:C4 Q@41 Q@44 2,48 0 2,74 Q2,79 2,84 2,95 1,@4

Q35 2.X%9 09.56 2.46@0 0.62 Q{465 0.8 02.72 .78 02.84 Q.95

2} 28 2[60— 9.63 0.66 2.71 .78 2.86
@) 21 257 2.59 0.62 .66 0.72 .79
a1 2{54 ©.56 .59 2.63 2.68 0.74

-’x‘: 2,20 2,39 @44 a.n8 plcl @954 2.7 9:40 D45 2,79

4l46 -2.58\2.11 2.38 02.48 2

1186 -16.55-0. 2.28 &

1133 2.98 -14.55-0.58

1118 1.33 1.86 4.46 -1.48 -JDE\Q.B‘X 2.2% 2.28 2.35 0.4

" Fig: 53

b e = = 3 8.0 — i

Diameter of the disk b |
Depth to the disk :1

Trans. res. cf the disk:0.1

Coord. of the source(s):

+: (0.,0.,1.5)

Ccntour map of the ncrmalized second  vertical derivative
for the model shown above.
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Fig. 54: The above shows the testing model for calculating
the topography response.
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TOPOGRAPHY EFFECT
SOLID LINE: ANALYTIC

| T

AN
\
= ~
= _ N
- ~.
O \
aqﬂ
5 ‘

Jll1 rortrrerrrrrrrereorrrr T T Tt T T T TrTTd

1.0 0 4.0 60 7.0 8.0
POSITION

Fig. 55. The symbols represent the numerical results of the
mcdeling for irregular surface as shown in Fig. s5. The
solid line represents.the analytic solution.

o
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shown in Fig.52. There is now only one contour with unity
value, which is comparable to the edge of the disk. Fig.53
is the case that the current electrode is buried deeper than
the thin layer. The secondary electrical fields are strong
enough compared with the primary field to create relative
extreme points which correspond to the zero contour of the

map.

Uniform Earth with Trrezular Surface

In order to test the accuracy of the program which is
to model the response of an uniform earth with irregular
surface, we use the model as shown in Fig. 54. The
analytical solution <can be considered as a special case of
either the one shown in Appendix 1 or the one shown in
Anpendix 2. The comparison of the numerical result with the
analytical solution 1is shown 'in- Fig. 55. The corrected
geometric factor 1is defined as the response of an uniform
earth with irregular surface. The program can be applied.
for obtaining the corrected geometric factor. However, it.
is not our intension to discuss the topography correction in

this paper.
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CHAPTER 9: CONCLUSIONS:

Contour maps of the normalized second vertical
derivative for arbitrarily shaped three dimensional thin
layers can -be produced. A positive response depénds on the
transverse resistance, the depth and the extent of the thin
layer and the locations of the current sources. The greater
the value of the transverse resistance and the greater the
extent of the layer, the stronger the resﬁonse. The deeper
the disk and the farther the sources, the smaller the
response. de contours have been suggested for delineating
the boundary of the thin layer from the maps. They are the
contours of unity and zZero values. However the
interpretation from: these contours needs some imagination
about the secondary electrical field of the targets. The
rule of thumb 1is that the further the current sources are
away from the disk, the better the contour of unity value
matches with the edge of the disk. The zero contours more
likely occur when using the buried current electrodés,
especially for the case in which the current eléctroderis

buried deeper than the targets.

In the integral equation approach, the sources on the

surface of the thin layer are expressed in terms of dipoles
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on a single sheet to which the thin layer approaches. The

sheet is then divided 1into rectangular facets. When fhef

sheet has curvature, it is divided into trapezoids which are

then approximated by simultaneous linear equations which can

be solved by standard matrix techniques. The program

calculates the potential at any point once the sources are
set at any point far away from the thin layer compared with

the thickness of the layer.

The fields shown in this thesis are computed using the

second vertical derivative of the potential. Since the:

second vertical derivative is essentially a high pass
filter and since the signal from the surrounding medium is
predominantly in the low spacial harmonics, the signal from

the confined target is enhanced.

All the results shown are for thin bodies in- a

homogeneous: earth. The theory for the thin layer along the-

boundaries of two media can be developed. However, due to
the infinite extent of the boundaries of the media and the
limitation of the computer storage, it 1is difficult ¢to
program on a Digital Equipment Corporation PDP-10 computer.
It would be a relatively simple extension to model the

response- for a two dimensional case.

111
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Practieal 1limitations of ¢the applications of the
integral equation spproach are set by thé size and speed of
the available computer. The methed provides a powerful
méaﬂgf*sf m@d@lingv the resistivity response of arbitrarily
shaped thin layers, for whiech formal analytical solutions
‘can net be derived and for wnich the numericsl results from
resistivity medeling pregrams for arbitrarily shaped bodies

can noét be obtained aceurateéely.
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APPENDIX 1: ANALYTIC SOLUTION OF AN IMPERFECT THIN SPHERE

IN AN UNIFORM FIELD

In order to check the accuracy of the numerical results
about the imperfect thin insulators, we will consider the
analytical solution of an imperfect thin insulating half
sphere immersed just below a homogeneous half space
subjected to a point charge located on the earth surface, as
shown in figure 24. From the image theory, the field due to-
the above half space coﬁfiguration is the same as "that due
to 2n impcirfect thin insulating sphere in a homogeneous
whole space subjected to a point charge which has twice

amount of charges as that for the half space case.

The analytic solution for a sphere which has differéﬁt
resistivity from that of the surrounding homogeneous medium
subjécted to a point charge can be seen in many textbooks
(e;g. page 204, Stratton, 1941). The solutions for the
fields outside and inside the sphere are expressed by two

series associated with Legendre funtions separatedly, The

coefficients. of ‘the series are found by matching the
boundary conditions across the surface of the sphere. The
analytic solution for the case of an imperfect thin

insulating - sphere can also- be got in the same way except
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that the coefficients of the series are now found by

matching different boundary conditions..

If the point charge is located very far away from the
sphere,. the» electric field- around the sphere due to the
point charge can be considered as uniform. The series of
the analytic solution of the total potential around the

- sphere is then reduced to one term only.

In the following, we will consider a more general case
which we will allow the resistivities inside and outsiZe the
inperfect thin insulator to be different. As can be seen
from many textbooks, the potential inside and outside the
sphere, in the spherical coordinate system subjected to a

uniform field can be expressed by

Ut = U; + LI;

= % bn P,,»(wso) + Es I wsP

v=0 r"'*"
(A1-1)
. co .
= " (605'9)
U =2, & r'h (A1-2)

where the point charge is located at 6=90° axis and a,, b,
are coefficients, and

u; represents the secondary field outside the sphere-
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U: represents the primary field outside the sphere
P, are the Legendre functions of n-th order
E. is the uniform primary electric fie;d_

A maniphlation of the coefficents from the boundary

conditions, Eq.(6-10) and (6-11), leads to

A, = b. = O
(A1=3)
On= b. =0 ny o
RS -%) (A1-Y4)
:fz_. _/ TEO*Eo ( 1T )z i
4 S ( 2 2T + R (5 +25) +.E°) (A1-5)

TE ~ER(Hi-FH) TR-R* - %)
2k g (52 2T *ROST25) (416)

R is the radius of the sphere

where and T is the transverse-

resistance of the thin layer.

If the resistivities inside and outside the sphere

are
the same, then Eq.(A1-5) and (A1-6) can be reduced to
CLI: REZQ-)TE:_‘S) +E‘a
SR (A1=T)
—E 2
b = R

Qlé + 3 (A1-8)
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If the transverse resistance is zero, Eq.(A1-5) and

(A1-6) theii can be reduced to-

_ 3 5=
a' - » ?l '*Zf’» Eo
(A1-9)
fz. ',?/ 3_
= K E.
b §+2 52 (A1-10)

which are exactly the solutions around a sphere having a
different resistivity from that of the surrounding

homogeneous medium subjected to an uniform primary field..

In the numerinal computation of the potential, we have
assumed that the potentials at infinity from the sources are
zero. For thé case of the wuniform primary field, the
- sources are located at infinity. The fields due to the
#5fiﬁéry:séﬁfces afefno'longer'regular at infinity for both.
the analytic case and the numerical case. However, the
secondary fields of the numerical results are calculated on
the basis that the fields vanish at infinity. The secondary
field of the‘analytic results are expressed 1in spherical
harmonic series which vanish at infinity. Thus, for the
secondary fields both the analytic case and the numerical-

case have reference point at. infinity.
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Now we are going to investigate the zero order term of
the 1induced dipole on the sphere subjected to an uniform
primary field. That is to find the new expression for the
first. term on the right hand side of Eq.(3-43) while the
:primary field is uniform. For the point primary source, the-
amount of charge in the equivalent whole space case is 2Ip, .

The electric field at point m is.

—
r o= 2AZ fe r
»”
7
¢ Vi (A1-11)
The zero order dipole moments induced at point m are-
A -
g’z_l T - N
m fe (A1-12)

where n, is the normal direction of the surface at point m,
which points outward from-the body. With E being uniform,
we get , - L
jh'.'—' ﬁ Eu.nh-

(A1-13)

where ¥ is theunit. vector along the direction of the uniform

field..

Substituting Eq.(A1-13) into the first term on the
right hand side of‘Eq.(3443), and solving it, we will get

the field due-to the sphere subjected to an uniform field.
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APPENDIX 2: ANALYTIC SOLUTIONS OF TWO CO-ORIGIN SPHERES IN

AN UNIFORM FIELD

The manipulation procedures 1in appendix 1 can be

extended to evaluate the solutions for a twe co-origin
spheres in homogeneous medium subjected to zan uniform

primary field as shown in figure 10. The resistivity inside

the inner sphere is different from that inside the outer

sphere, The expressions for the potentials in spherical

harmonic series are

Z P (wse)
U= Erp(ese)+ 2 by —
(A2-1)
for the points cutside the outer sphere,ahd
am <« n P (wsp)
u™= = Ca F P, (256) + dn —W——-j
(A2-2)

for the points outside the inner sphere and inside the outer

sphere, and

\

U*: g n rn?n(wse)
"l (A2-3)

for the points inside the inner sphere. /

The boundary conditions across the surface of the
'sphere‘vare that the potentials and the normal components of

the  current density are continuous. After some

118
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manipulations of fitting the boundary conditions, we are

able to find the coefficients of the series as follows:

aozbaZCo::d’:O

(A2-4)
a,,zbn::C’,,:dn=O for n z2
(A2-5)
d = _BERRL(5-£) |
RA(28+5 (2 5+ 5 1% 2R F= F ) (B-5)
(42-6)
(= BERAECHAL)
| Ricasi+f)(zHt )+ 2R f-f) B~
' (A2-7)
¢ | ? s
| _ EBR R BIE-FIrER R (S -RI(L+25)
’ RI25+50CHtR)+2R(h-F ) (B-5 ) (A2-8)

a - 786 R 2K
’ RP2£8+5)2 8+ L)r2 R G-L)R-£)  (p2-9)
where R, and R, -are the radii of the inne sphere and the
outer sphere respectively, Pr P § are the resistivities of
the homogeneous earth,‘ outer spher and inner sphere

respectively..

By the same token as that in appendix 1, we make the

reference point at infinity- and compare the secondary fields
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v

of the numerical results with those of the analytic ones.

The zero order term in Eq.(2-6) is
I 2 l

o= Ak a—n‘(—
‘TT m

(A2-10)
which is induced by a2 point charge at point A with amount of

charge_ZIg , and where ;, points outward from the body.
-With E being uniform, we get

—_ =
0; =-2KEDP - N,
(A2-11)
-
where < 1is .the wunit- vector along the direction of the-

uniform field and ﬁm is the normal direction of the surface
at point m.

120
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APPENDIX 3: THE INTEGRATION OF THE KERNEL FOR THE THIN

INSULATOR CASE OVER A RECTANGLE

The kernel of the integral equation for the imperfect
thin insulator case contains two terms. The inﬁegration of
the first term over a finite facet is approximated by
Eq{(6;-22) if the geometry of the thin layer is not too
complicated. The integration of the second term over &

finite facet is

(P-Pp)—L  dS (A3-1)
). o T

»

On the finite plane facet ﬁ% is constant, the integration

becomes

- ‘j ' .dSP (A3-2)
) Tom

If S, is a rectangle, the integration can be expressed in a
closed form. When point m is not on the plane where S, is

located, the expression is

; QA - Xom tan' Ja-Xml(b-Ym)
- 12110 %] \Zoh [ by + (OeFr 2
Sﬁ —tan' 10 =%m| (<b-Yom)
| 2l J (—b-)’mﬁ»(a-xm]z*z‘:,
-0~ Xm { tavit_1atXm(b-Ym) _
FAICE] V2| [ byl + (@5 4B

—tayi' 1adFml(=b =Ym) .
o ‘Zdﬁ-b-y.,)‘ﬁmxm) *Z,‘,,J (AZ" -77)
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“where 2, b are half the length of the edges of the rectangle,
and Xm, Yms Zm ‘are the coordinates of point m in the
coordinate system with the origin at the center of the
rectangle and with ¢the axes parallel to the edges of the

rectangle.

If point m is on the plane where S, 1is 1located, the

expression is

J’ (a-x )[j (@-Xwm)* (B-ym) ]Taa—x,,,f,,(_b-y,;‘]

(Q‘Xm?(b‘y»\.) (a'xm)z('b‘)lm)

n

‘,/—('a'ixm)].‘l-(b’)'m}‘ \/—(a-\vxmﬁj- (‘b'YmYJ (A 3_4_) .
(0% (b-Ym) —  (-aXm)* (-b-Ym)

+ (--a'-xé)[

Note that for the singﬁlarity case point m is at the
center of S,.. The integration can be expressed by (A3-4)

for the case of X,=y,=0 and ﬁ{ﬁb=1-
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APPENDIX 4: USER'S MANUALS

Three programs have been designed in this thesis. They
are DCDT3U.FOR, TOPO3U.FOR and THNX3IU.FOR The first one
calculates the response of multiple bodies with the
flexibity- of multiple reflection coefficients. The second
one calculates the potential due to an irregular surface of
an uniform earth. The third one calculates the response of
thin layers immersed in a homogeneous half space. The input
files for DCDT3U.FOR° and TOPO3U FOR are created by
DCDTIN FOR which 1is a conversation-type program. The-

follows are the user's manuals for the four programs.
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DCDT3U.FOR

This program calculates the potential for multiple bodies.
with the flexibility of multiple reflection coefficients.
The input data file is created by DCDTIN.FOR. The flow chart

of this program is shown as follows:

Input from file created by

|

Calculate the area, normal direc=

DCDTIN.FOR

tion and the center coordinate

of each triangular facet.

|

Calculate the gzero order term

(FUN2, FUN3)

for each facet. (FUN6)

Calculate the interaction factor

among each facet. (FUN?)

J

A
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T

Calculate the n-th order term

from the (n-1)-th order. term

(FUN9)

Shank's transiorm of the series

to test and/or force the con-

vergence. (FUN1O)

Y

W

lError'message in Calculation of the potent-

|

IOutput data in FOR11.DAT

FOR10.DAT ial (FUN1l)

[N

In order to execute this program efficiently, the users are

recommended to read the manual for DCDTIN.FOR first.
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TOPO3U.FOR

This program calculate the potential on the irregular
surface of an uniform earth. The input files are created by
DCDTIN.FOR. The irregular surface is simplified by taking a
datum surface as an éxample shown in Fig.A4-1. The datum
surface does not have to be simulated by triangles and be
read by the program. The main flow chart of this program is
‘the same as that for DCDT3U.FOR except that the extra
information of the potential on each facet of the irregular

surface is written in FOR12.LCAT.

In order to execute this program efficiently, the users
are again recommended to. read the manual for pCDTIN.FOR.

first.

Datum surface

Fig. A4-1



T-2231 127

DCDTIN.FOR.

"This program create an input file for DCDT3U.FOR and
TOPO3U.FOR The program is a conversation type. 3So it is.
self-explained when it is executed. Those which are not
clear and which need special cares are summerized as

follows:

1) To create a closed surface, it needs two. suspending
points as shown in Fig.A4-2. Each suspending point creates

an open surface.

e Closd Surface Open Surface

Fig. A4— 2

2) To create an open surface, it needs the oscrdinate
of the suspending point, the depth‘to each contour, the-
number- of the vertices on the first - contour, the total:
number of the contours. Each contour is an ellipse with

respect to a center point.

3) The number of the vertices on the contours is twice:

of that of the previous contour. The triangular facets are
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created in a way shown in Fig.A4-3.

4) As shown in F}g.A4-3, the number of the vertices of
the third contour should be 16. The number of the facets
created between the second and the third contours is 'then
24, However, the program has the flexibility to reset the
number of the vertices. As shown in Fig.A4-3, the number of
the vertices on contour 2 is reset to 4, and the number of

the facets is now 12 instead of 24.

5) For multipe body case, ¢the first body can have
different reflection coefficients while those for the other

bodies are fixed..

6) The current electrodes can be either located on the
surface or buried. To avoid singularity of the-
computations, when the buried electrodes are used, they must
not be on the surface of the buried bodies. For TOPO3U.FOR
case, the current electrodes must always be on the datum

surface..

7) If the body is to be simulated by triangular facets
created by this program, it will be better to make the:-

facets tangential to the bodies.
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"Pig.A4-3: The number of the vertices on the second
contour is 8 which is twice as that for the first
contour. The number of the vertices on the second
contour is reset to 4 and that for the third contour
is‘theh 8. The triangular facets created by the -~
second and the third contours are shown in dashed
lines.
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 This program calculates the potential for three dimensional

thin insulators.

The main flow chart is shown as follows:

(/ﬁgggVin data. (MAIN, ZAG)

J

Calculate the zero order term

for each facet. (FUN6)

l

Calculate the interacting factors

among the facets. (FUN?,PQT,'PQO)

|

Gaussian ellimination. LBY:IMSL

|

Calculate the potential at observ-

ation points. (FUN11)

l

_Output data in FOR11.DAT :
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The variables of the program are shown as follows:

AK: the transverse resistance of the thin layer.

NIS: the total number of the current electrodes.

XS(I), YS(I), ZS(I): the coordinate of the I-th
curren£ electrode. “

SIGN(I): the sign of the I-th current electrode.

NIR: the total number of the observation points.

XR(I), YR(I), ZR(I): the coordinate of the I-th
observation point..

NFS: the total number of the rectangle facets.

CF1(I), CF2(I), CF3(I): the coordinate of the center
point of the I-th facet.

DF1(I), DF2(I), DF3(I): the normal direction of the-

I-th facet, which is opposite to the direction of the normalw-‘

component of the current density flowing from the positive
current electrode.
AF(I): the area of the I-th facet.
HI(I): the length of any edge of the I-th facet.
pvV1(I,1),DV2(I,1),DV3(I,1): the direction cosine of
one edge of the I-th rectangular facet.
DV1(I,2);DVZ(I,2),DV3(i,2): the direction cosine of
the edge of the I-th rectangular facet, which forms a right.
hand coordinate system with (DF1(I),DF2(I),DF3(I)) and
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(DV1(I,1) ,DV2(I,1),DV3(I,1)).

The program reads in the general informations by the
conversation from the TTY. The data about the thin layer is
read in from a file specified by the input from TTY. The
input sequence from this specified file is shown as follows:
(1)NFS,AK
(2G)
(2)DO ## I=1,NFS
CrF1(1),CF2(1),CF3(I),AF(I),HI(I),DF1(I),DF2(I),DF3(I)
(8G) |
DV1(I,1),DV2(I,1),DV3(I,1),DV1(I,2),DV2(I,2),DV3(I,2)
(6G)
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