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ABSTRACT

Numerical solutions of elastodynamics and acoustodynamics form the key computational

kernels for a wide variety of earth imaging and inversion problems within the exploration,

microseismic, and earthquake seismology communities. The main driver is the need to accu-

rately model and reproduce full-wavefield solutions, which represent the main computational

effort for such applications as elastic reverse-time migration (E-RTM) and full waveform in-

version (E-FWI). However, real-life scenarios often require computing solutions for computa-

tional domains characterized by non-Cartesian geometry (e.g., free-surface topography).The

majority of the available modeling and imaging applications assume Cartesian meshes, which

face significant challenges in obtaining stable and accurate numerical wave-equation solutions

due to difficulties in representing curvilinear geological interfaces.

Many difficulties associated with curvilinear solution geometries can be precluded by

abandoning the Cartesian coordinate system and obtaining numerical elastodynamics solu-

tions directly on a coordinate system conformal to the irregular topologies encountered in

real-world applications. I propose a novel tensorial strategy for generalized modeling and

least-squares reverse time migration (E-LSRTM) of elastic multi-component seismic data in

arbitrarily heterogeneous and anisotropic media for generalized geometries (e.g., conformal

to complex free-surface topography or bathymetry). The proposed methods have compu-

tational complexities comparable to those of their Cartesian counterparts and lead to more

accurate numerical solutions and subsurface model estimates than are possible with Cartesian

meshes, especially when considering the irregular computational geometries. I validate the

tensorial approach with realistic numerical modeling and imaging examples, which demon-

strate that the proposed solution can simulate anisotropic elastodynamic field solutions on

irregular geometries and is thus a reliable tool for anisotropic elastic modeling, imaging and

inversion applications in generalized computational domains.
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I also extend the tensorial approach to time-varying scenarios, develop a new 3D acous-

tic wave equation formulation appropriate for time-varying solution domains (e.g., waves

at the ocean-air interface), and propose a numerical mimetic finite-difference time-domain

(MFDTD) approach that accurately simulates seismic wave propagation on a “moving mesh”.

I present numerical examples that demonstrate that the developed MFDTD method can ac-

curately simulate seismic wavefield propagation on a moving mesh for significant wave heights

of 5 m and beyond and is thus a reliable tool for applications involving modeling, processing,

imaging and inversion of seismic data acquired in rough seas.
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CHAPTER 1

INTRODUCTION

Seismic imaging methods aim to infer high-resolution subsurface information from recorded

surface or borehole data in a wide variety of geophysical applications within, among oth-

ers, the exploration, microseismic, and earthquake seismology communities. These methods

rely on accurately reconstructing the full seismic wave�eld through complex heterogeneous

earth models using wave�eld extrapolation kernels. Thanks to rapid advances in the com-

puter hardware technology, such as graphical processing units (GPUs), geophysicists are

increasingly using accurate two-way wave equation operators that consider complex physical

principles such as Earth's elasticity, attenuation and anisotropy properties in seismic imag-

ing work
ows and implementing inversion-based algorithms (e.g., least-squares migration)

for obtaining higher-quality subsurface models than is possible with conventional imaging

techniques [e.g., reverse time migration (RTM)]. Over the last few decades, there has been

a persistent e�ort by the geophysical community to improve the available forward modeling

algorithms to e�ciently compute accurate numerical elastodynamics wave-equation (EWE)

solutions to increase the overall quality and �delity of subsurface models obtained through

seismic imaging work
ows.

Most of these e�orts, though, are concentrated on algorithms that obtain numerical

EWE solutions on rectilinear computational grids due to their underlying Cartesian coor-

dinate system assumption. There are numerous situations, though, where simulating the

full seismic wave�eld on more generalized non-Cartesian meshes is desirable. Such scenarios

include handling free-surface topography, irregular internal boundaries (e.g., water bottom,

salt bodies), and time-varying sea surfaces that commonly arise in land and marine seis-

mology applications. Representing these non-
at interfaces with large contrasts in physical

subsurface properties using Cartesian geometries leads to numerical errors (e.g., staircasing
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artifacts) that signi�cantly deteriorates the quality of subsurface models obtained from ap-

plications such as RTM and full waveform inversion (FWI), in which computing numerical

wave-equation solutions represents the key computational kernel. Although using smaller

grid elements (i.e., oversampling) near non-
at interfaces provides a potential solution to

this problem, this process greatly increases the computational cost due to satisfying the

associated stability requirements and makes the numerical EWE solutions impractical for

three-dimensional (3D) scenarios. Herein, I argue that a more natural solution is to obtain

numerical elastodynamics solutions on curvilinear meshes (e.g., vertically transformed grids)

that are conformal to the irregular topologies encountered in real-world applications (Forn-

berg, 1988; Hestholm, 2019; Hestholm and Ruud, 2002; Komatitsch et al., 1996; Komatitsch

and Vilotte, 1998; Shragge, 2017).

To generate elastodynamics solutions for scenarios represented by non-Cartesian geome-

try, one can adopt a number of di�erent classes of numerical schemes. Spectral-element (Fac-

cioli et al., 1997; Komatitsch and Vilotte, 1998; Tromp et al., 2008) and discontinuous

Galerkin (K•aser and Dumbser, 2006) methods are appropriate for elastodynamics solutions

even on highly deformed computational domains; however, these solutions are typi�ed by a

high computational cost that is often prohibitive, especially in exploration geophysics appli-

cations involving 3D scenarios. Moreover, these methods also require undertaking a complex

meshing procedure prior to modeling, which may be another limiting factor for industrial-

scale problems involving iterative computation of tens to hundreds of thousands of 3D EWE

solutions (e.g., FWI).

Finite-di�erence (FD) methods, on the other hand, provide a reasonable balance between

the numerical accuracy and computational complexity (Appel•o and Petersson, 2009; Car-

cione, 1994; de la Puente et al., 2014; Hestholm, 1999, 2019; Hestholm et al., 2006; Hestholm

and Ruud, 2002; Komatitsch et al., 1996; Konuk and Shragge, 2019; Lombard et al., 2008;

Shragge, 2017; Zhang and Chen, 2006). In particular, their straightforward implementation

for wave equation solutions on curvilinear grids make them a natural choice for elastic for-
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ward modeling algorithms. However, a key challenge in obtaining FD-based elastodynamics

solutions on curvilinear grids is maintaining the numerical accuracy and stability in the

presence of non-
at interfaces characterized by a moderate-to-strong degree of roughness.

There are two common mathematical strategies to follow when obtaining FD-based nu-

merical elastodynamics solutions on non-Cartesian computational geometries: the chain-rule

and tensorial approaches. The chain-rule approach discretizes the EWE on a regular \com-

putational" mesh de�ned in a generalized (i.e., curvilinear) coordinate system conformal to

irregular geological interfaces of interest. One then generates EWE solutions by �rst com-

puting spatial partial wave�eld derivatives in the generalized coordinate system and then

by transforming the result back onto an irregular \physical" mesh de�ned in Cartesian co-

ordinates using the chain-rule of multivariable calculus (Fornberg, 1988; Hestholm, 1999,

2019; Hestholm et al., 2006). This approach, though, introduces additional partial deriva-

tive evaluations and has a higher memory and computational complexity compared to those

of Cartesian implementations (Komatitsch et al., 1996).

Conversely, the \tensorial" approach poses elastodynamics equations directly in gener-

alized coordinates and obtains numerical solutions in the regular computational mesh (Ko-

matitsch et al., 1996). The tensorial approach provides 3D elastic wave�eld solutions for all

\admissible" coordinate systems without computing additional wave�eld derivatives when

compared to Cartesian solutions. Following this methodology requires writing elastodynam-

ics equations in the \tensorial" form and de�ning a metric tensor through specifying a unique,

one-to-one and di�erentiable coordinate mapping relationship between a generalized and an

underlying Cartesian coordinate system represented by� = [ � 1; � 2; � 3] and x = [ x1; x2; x3],

respectively. This metric tensor speci�cally de�nes how the governing tensorial EWE behaves

under coordinate transformation (Figure 1.1). One then obtains elastodynamics solutions on

the regular computational grid and uses inverse coordinate mapping to transform the result

back to the irregular physical domain (Konuk and Shragge, 2020a,b; Shragge, 2017).
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Figure 1.1 Example of a mapping between the (left) physicalx = [ x1; x3] and the (right)
computational � = [ � 1; � 3] domains.

To write elastodynamics equations in tensorial (i.e., coordinate-system independent)

form, one introduces an explicit dependence on a metric to the Cartesian formulation by

replacing partial di�erential operators with covariant di�erential operators, which contain

terms related to the spatial rate of change of the de�ned metric tensor. Then, a choice of a

coordinate system merely speci�es the components of the metric tensor, while the form of

the equations remains unchanged. This tensorial formulation, though, necessitates correctly

representing vector and tensor �elds (e.g., displacement and stress, respectively) in their co-

variant or contravariant form to accurately de�ne these �elds under a change of coordinate

basis, contrary to Cartesian scenarios where covariant and contravariant representations are

equivalent (see Figure 1.2).

The tensorial approach provides a straightforward strategy for obtaining wave�eld so-

lutions on irregular computational geometries. However, previous modeling e�orts using

the tensorial elastodynamics are limited to scenarios involving isotropic media (Komatitsch

et al., 1996; Shragge, 2017) because of di�culties in overcoming practical challenges arising
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due to sti�ness tensor representations in non-orthogonal coordinates. When the medium is

isotropic, the sti�ness tensor coe�cients are independent of wave�eld propagation direction

(i.e., scalar) at any given point and do not require a special treatment under a coordinate

change of basis. However, in an anisotropic medium the mixed-tensor representations of

stress and strain �elds are asymmetric and break the minor symmetries in the mixed (2,2)

elastic sti�ness tensor (C jk
il 6= C ik

jl 6= C jl
ik ). The resulting mixed sti�ness tensor contains

a signi�cantly higher number of non-redundant sti�ness coe�cients relative to its Carte-

sian counterpart, which has been thought to make the tensorial approach impractical for

generating EWE solutions in 3D anisotropic scenarios. Note that to obtain a symmetric

contravariant sti�ness tensor (i.e.,C ijkl = C jikl = C ijlk = Cklij ) one can represent strain and

stress �elds in contravariant and covariant forms, respectively, as opposed to a mixed-tensor

formulation (Komatitsch et al., 1996). However, the resulting sti�ness tensor is still de�ned

in a non-orthogonal coordinate system, and therefore contains numerous additional terms

that would be redundant in an orthogonal Cartesian coordinate system (Konuk and Shragge,

2019, 2021). Moreover, tensorial elastodynamics equations are purely de�ned in generalized

coordinates and require transformation of the fourth-rank sti�ness tensor to the generalized

coordinate system, which is not a trivial task. To forestall these issues, I propose a novel

strategy in this thesis, where the second-rank strain tensor is transformed to Cartesian coor-

dinates, which allows the application of the constitutive relationship in Cartesian coordinates

in the usual way using the Cartesian sti�ness tensor. The resulting Cartesian stress is then

transformed back to generalized coordinates through an inverse coordinate mapping oper-

ation. For the coordinate systems used herein, these forward and inverse transformations

represent relatively trivial numerical operations.

My research covers a variety of modeling, imaging, and inversion applications with varying

degrees of physical complexity. I develop a theoretical framework for obtaining numerically

accurate and e�cient FD-based wave equation solutions on non-Cartesian computational

domains. Available numerical schemes struggle at producing numerical wave equation solu-
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tions on irregular solution domains while maintaining numerical accuracy and stability, as

well as a computational cost that allows practitioners to use them in large-scale 3D seismic

modeling and imaging applications. My developments enable e�cient implementation of

advanced elastic seismic imaging algorithms [e.g., elastic least-squares (E-LSRTM)] in sce-

narios involving irregular topography. Accurate reconstruction of elastic wave�elds through

tensorial elastodynamics improves the quality and �delity of subsurface re
ectivity images

and reduces the associated seismic interpretation uncertainty.

Figure 1.2 The covariant (left column) and contravariant (right column) representation of
vectors in an orthogonal Cartesian (top row) and a non-orthogonal generalized (bottom
row) coordinate system. The two representations are equivalent in Cartesian coordinates
x i ; however, they are di�erent in generalized coordinates� i .

I also extend the tensorial method to time-varying scenarios to obtain tensorial acousto-

dynamics solutions in dynamic media (Konuk and Shragge, 2018). I �rst develop a new 3D

tensorial AWE approach appropriate for solution domains exhibiting time-varying geometry.

I then introduce a novel scheme for modeling seismic wave�eld propagation on time-varying

grids. This enables numerous applications involving investigating of rough sea-surface e�ects

on the full seismic wave�eld, which severely impact marine geophysical work
ows such as
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time-lapse seismic monitoring, deghosting and demultiple processes.

As an alternative to the numerical methods, I also investigate physics-constrained deep

learning methodology for obtaining numerical acoustic wave equation solutions in anisotropic

media. Despite facing many practical limitations, such methods have potential to provide

numerical PDE solutions several orders of magnitude faster than traditional numerical solvers

and potentially may be an indispensable tool for future geophysical applications.

1.1 Thesis Outline

This thesis is structured into chapters that are based on expanded abstracts presented

at international conferences and articles that were published or submitted to peer-reviewed

journals by two equally contributing authors Tugrul Konuk (myself) and my Ph.D. Advisor

Dr. Je�rey Shragge. In each chapter, I provide a literature review, theoretical developments,

and numerical examples followed by discussion stating advantages and potential weaknesses

of the proposed methodology.

In Chapter 2, titled \Tensorial elastodynamics in anisotropic media", I introduce a novel

theoretical methodology to obtain 3D tensorial elastodynamics solutions in complex media

characterized with arbitrary anisotropy and heterogeneity. I then develop an e�cient nu-

merical scheme that uses mimetic FD (MFD) operators for performing wave�eld simulation

on fully staggered grids (FSG) de�ned on generalized coordinates. One of the challenges of

using FD approaches for generating wave�eld solutions of non-Cartesian 3D elastodynamics

is enforcing the accurate and stable elastic wave�eld behavior at the free surface via the

free-surface boundary condition (FSBC) (Shragge and Konuk, 2020), due to the free-surface

normal not generally being aligned with the computational grid (Hestholm, 2019; Shragge

and Konuk, 2020). I address this challenge by using coordinate transformation matrices to

locally rotate the stress tensor to have one component oriented normal to the free surface,

which greatly facilitates the evaluation of the free-surface boundary condition. In addition

to providing accurate EWE solutions, the computational complexity of the FSG+MFD ap-

proach is comparable to that of Cartesian scenarios using a similar FSG+MFD strategy,
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especially for generalized coordinate systems de�ned by sparse coordinate mappings (Konuk

and Shragge, 2020a,b). This is a natural extension of the methodology described in Shragge

and Konuk (2020) to anisotropic scenarios. However, despite being an equally contributing

author, I do not include this paper in my thesis due to departmental thesis policies. This

chapter was published inGeophysicsand was ranked as one of the Top 25 papers at a Society

of Exploration Geophysicist (SEG) Annual Meeting:

ˆ Shragge, J. andT. Konuk, 2020, Tensorial elastodynamics for isotropic media:Geo-

physics, 85, no. 6, T359{T373.

ˆ Konuk, T. and J. Shragge, 2019, 3D Tensorial elastodynamics for anisotropic media,

89th Annual General Meeting, SEG, Expanded Abstracts, 3934{3938.

ˆ Konuk, T. and J. Shragge, 2021, Tensorial elastodynamics for anisotropic media,Geo-

physics, 86, no. 4, T293{T303.

In Chapter 3, titled \Generalized elastic least-squares reverse time migration through

anisotropic tensorial elastodynamics", I propose an anisotropic elastic LSRTM (E-LSRTM)

method that uses tensorial elastodynamics for wave�eld propagation in an unstretched topo-

graphic coordinate system for migrating multicomponent seismic data acquired from irreg-

ular topography to obtain high-quality subsurface re
ectivity images. Conventional RTM

images are commonly contaminated by artifacts caused by irregular surface topography,

especially when the acquisition geometry is coarse. To obtain generalized subsurface re
ec-

tivity images with attenuated migration artifacts and reduced topographic imprint, I use a

least-squares imaging framework. Also, in multicomponent imaging, spurious correlations

of di�erent wave modes introduce crosstalk to the generated re
ectivity images that signif-

icantly deteriorate image quality, which is usually addressed by the wave-mode separation

procedure, but is challenging to implement in anisotropic media. I write the energy-norm

imaging condition (Rocha and Sava, 2018; Rocha et al., 2015) in tensorial form to obtain

a single subsurface re
ectivity image using multi-component seismic data without requiring
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wave-mode decomposition. This chapter was presented at an SEG Annual Meeting and has

been submitted toGeophysics:

ˆ Konuk, T. and J. Shragge, 2020, Least-squares reverse time migration through anisotropic

tensorial elastodynamics: 90th Annual International Meeting, SEG, Expanded Ab-

stracts, 2898{2902.

ˆ Konuk, T. and J. Shragge, 2021, Generalized Elastic Least-Squares Reverse Time Mi-

gration through Anisotropic Tensorial Elastodynamics,Geophysics(submitted).

In chapter 4, titled \Modeling Full-Wave�eld Time-Varying Sea-Surface E�ects on Seis-

mic Data: A Mimetic Finite-Di�erence Approach", I extend the tensorial approach to time-

varying scenarios to obtain tensorial acoustodynamics solutions in dynamic media (Konuk

and Shragge, 2018). Over the years, the geophysical community has developed numerous

approaches for modeling seismic wave�eld in dynamic media to investigate the e�ects of

rough sea surfaces on seismic data. Ogilvy (1987), Thorsos (1988) and Egorov et al. (2018)

use Kirchho�-based methods to simulate seismic wave�eld interactions with a rough time-

varying sea surface generated with Pierson-Moskowitz (1964) spectrum. Kirchho�-based

methods, though, are unable model the multiply scattered components of the full seismic

wave�eld and are accurate only for near-normal-incidence scattering due to their underlying

smooth sea-surface assumption. Laws and Kragh (2002) use an FD modeling approach that

requires �ne-scale grid re�nement to accurately represent rough time-varying surfaces. How-

ever, none of these methods can model the full-wave�eld e�ects (i.e., both kinematics and

dynamics) while simultaneously incorporating a time-varying free-surface boundary. In the

light of these challenges, I �rst derive a partial di�erential equation (PDE) appropriate for

acoustic wave phenomena in moving 
uids with time-varying boundary conditions. I then

develop a straightforward MFDTD scheme to obtain stable and e�cient numerical solutions

of the developed PDE. This chapter was published inGeophysicsand presented at an SEG

Annual Meeting:
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ˆ Konuk, T. and J. Shragge, 2018, Mimetic �nite di�erence modeling of time-varying

sea surface e�ects on seismic data, SEG Technical Program Expanded Abstracts 2018,

3948{3952.

ˆ Konuk, T. and J. Shragge, 2020, Mimetic �nite-di�erence modeling of time-varying

sea-surface e�ects on seismic data,Geophysics, 85, no. 2, T45{T55.

In chapter 5, titled \Physics-informed Deep Learning with Fourier Neural Operator", I

propose a physics-based deep learning methodology to solve the frequency-domain AWE for

VTI media. Contrary to the standard physics-based deep learning implementations that

use arti�cial or convolutional neural networks (Gao et al., 2021; Moseley et al., 2020; Raissi

et al., 2017a,d; Rao and Wang, 2018; Sun et al., 2020), I use neural operators that �nd

mappings between monochromatic background and scattered pressure wave�elds at multi-

ple frequencies. These Fourier-domain operators learn AWE solutions that are independent

of the spatial discretization and capable of predicting solutions at frequencies not included

during the training process. I present two 2D examples to demonstrate the prediction and

generalization capabilities of the proposed methodology in generating accurate AWE solu-

tions. This chapter was presented in an European Association of Geoscientists and Engineers

(EAGE) Annual Meeting and will be submitted to Geophysical Prospecting

ˆ Konuk, T. and J. Shragge, 2021, Physics-guided deep learning using Fourier neural

operators for solving the acoustic VTI wave equation. Proceedings of the 82nd EAGE

Conference Exhibition, European Association of Geoscientists & Engineers.

ˆ Konuk, T. and J. Shragge, expected 2022, Physics-guided deep learning using Fourier

neural operators for solving the acoustic VTI wave equation. To be submitted to

Geophysical Prospecting.
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CHAPTER 2

TENSORIAL ELASTODYNAMICS FOR ANISOTROPIC MEDIA

A paper published? in Geophysics

Tugrul Konuk 1,2, Je�rey Shragge2

Full-waveform inversion (FWI) based on the minimization of data residuals may not en-

hance our understanding of the subsurface and can at times lead to misleading subsurface

models. Additionally, unconstrained multiparameter FWI may also lead to models that do

not represent realistic lithology for independently derived parameters. We develop a method

for elastic FWI that explicitly imposes petrophysical restrictions in order to guide models

toward realistic and feasible lithology, i.e., to subsurface models consistent with the seismic

data and with the underlying petrophysics. We exploit petrophysical information, such as

that provided by well logs, to constrain the inversion and to avoid implausible models. We

achieve this goal by con�ning the inverted models to a feasible region de�ned by a model

probability density function instead of imposing lithological facies as a function of position.

Inside this feasible petrophysical regime, the inverted models do not need to obey a speci�c

trend, i.e., we do not link the parameters with explicit and potentially inaccurate petrophys-

ical relations. Instead, we de�ne a petrophysical basin of attraction that con�nes models to a

feasible region validated by regional lithological and petrophysical information. We demon-

strate through elastic models that incorporating probabilistic petrophysical constraints into

the inversion objective function leads to models that are superior to models obtained either

without constraints or with approximate analytic constraints. In addition, we show that

these constraints can help in mitigating common issues a�ecting elastic FWI, such as the

artifacts produced by interparameter crosstalk and limited acquisition coverage.

?Reprinted with permission of Geophysics, 86, no. 4, T293{T303.
1Primary researcher and author.
2Department of Geophysics, Colorado School of Mines, Golden, Colorado, United States of America.

11



2.1 Introduction

Numerical solutions of the elastodynamic wave equation (EWE) are key computational

kernels for a wide variety of exploration and earthquake seismology problems ranging from

imaging the Earth's interior to estimating subsurface physical properties through elastic

reverse-time migration (RTM) or full waveform inversion (FWI). When handling real-world

modeling challenges involving irregular boundaries (e.g., free-surface topography or complex

water-bottom bathymetry), elastic modeling applications can greatly bene�t from accurate

reconstruction of the full elastic wave�eld on irregular computational meshes through com-

plex heterogeneous anisotropic media. Accurately simulating the amplitude and phase dis-

tortions caused by the complex elastic wave�eld interactions with such irregular boundaries

also represents a key factor in the overall success of elastic RTM or FWI applications.

While Cartesian meshes are the most popular choice for the 3D elastic modeling appli-

cations, they face signi�cant challenges in obtaining stable and accurate numerical EWE

solutions in the presence of complex free-surface topography. One practical di�culty is rep-

resenting curved interfaces such as a topographic free surface using rectilinear grid elements.

Meshing such interfaces with large contrasts in physical subsurface properties using Cartesian

geometries leads to visible staircasing artifacts such as di�ractions because of the staircase

discretization. One potential solution to this problem is to use smaller grid elements (i.e.,

oversampling) near non-
at interfaces, which greatly increases the computational cost and

makes the numerical EWE solutions impractical for 3D scenarios. A more natural solu-

tion is to obtain numerical elastodynamics solutions on curvilinear meshes (e.g., vertically

transformed grids) that are conformal to the irregular topologies encountered in real-world

applications (Fornberg, 1988; Hestholm, 2019; Hestholm and Ruud, 2002; Komatitsch et al.,

1996; Komatitsch and Vilotte, 1998; Shragge, 2017).

To obtain accurate EWE solutions on curvilinear grids, one can adopt many di�erent

classes of numerical methods. Spectral-element (Faccioli et al., 1997; Komatitsch and Vilotte,

1998; Tromp et al., 2008) and discontinuous Galerkin (K•aser and Dumbser, 2006) methods
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are appropriate for elastodynamics solutions even on highly deformed computational do-

mains; however, these solutions come with the trade o� of a computational cost that is

typically higher than lower-order �nite-di�erence (FD) methods. The former methods also

require undertaking a complex 3D meshing procedure prior to modeling. These factors may

be limiting for industrial-scale problems requiring tens to hundreds of thousands of 3D elastic

wave�eld simulations.

Curvilinear FD methods (Appel•o and Petersson, 2009; Carcione, 1994; de la Puente et al.,

2014; Hestholm, 1999, 2019; Hestholm et al., 2006; Hestholm and Ruud, 2002; Komatitsch

et al., 1996; Konuk and Shragge, 2019; Lombard et al., 2008; Shragge, 2017; Zhang and

Chen, 2006) provide a reasonable balance between the numerical accuracy and computational

complexity. Additionally, their straightforward implementation even for high-order operators

make FD methods a natural choice for elastic wave-propagation problems. However, a key

challenge in obtaining elastodynamics solutions on curvilinear grids using FD methods is

maintaining the accuracy and stability of numerical solutions in the presence of a free-surface

boundary characterized by a moderate-to-strong degree of roughness.

A common FD-based method for simulating elastodynamics solutions on complex com-

putational grids is the \chain-rule" approach, where the EWE is discretized on generalized

(i.e., curvilinear) meshes with coordinate surfaces conformal to geological interfaces. One

then generates EWE solutions by transforming the partial di�erential operators from gen-

eralized to Cartesian coordinates using the chain rule of multivariable calculus (Fornberg,

1988; Hestholm, 1999, 2019; Hestholm et al., 2006). This approach, though, has an addi-

tional computational and memory overhead relative to Cartesian EWE solutions due to an

additional number of required partial derivative calculations (Komatitsch et al., 1996).

An alternative FD-based approach is to write the equations of elastodynamics in a ten-

sorial form and directly obtain numerical solutions in a generalized coordinate system. This

\tensorial" approach provides three-dimensional (3D) elastic wave�eld solutions for all \ad-

missible" coordinate systems and requires evaluating the same number of wave�eld deriva-
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tives as Cartesian solutions (Komatitsch et al., 1996). However, this approach requires ad-

ditional memory variables to account for the metric tensor and Christo�el symbols generally

associated with the underlying coordinate transformations (Shragge, 2017).

Although the tensorial approach provides a straightforward strategy for obtaining wave-

�eld solutions on irregular computational geometries, previous tensorial elastodynamics mod-

eling e�orts are limited to scenarios involving isotropic media (Komatitsch et al., 1996;

Shragge and Konuk, 2020). One of the main challenges to overcome is that the mixed-tensor

representations used to represent the stress and strain �elds in generally non-orthogonal

meshes in previous tensorial representations become asymmetric and break the minor sym-

metries in the elastic sti�ness tensor (C jk
il 6= C ik

jl 6= C jl
ik ). The resulting mixed sti�ness tensor

contains a signi�cantly higher number of non-redundant sti�ness coe�cients relative to its

Cartesian counterpart, which has been thought to make the tensorial approach impractical

for generating EWE solutions in 3D anisotropic scenarios.

In this paper, we present a novel tensorial strategy for solving elastodynamics in anisotropic

media. Instead of applying the constitutive relationship directly in generalized coordinates,

we �rst transform the second-rank strain tensor to Cartesian coordinates through a trivial

point-wise 3� 3 matrix operation, and then apply the constitutive relationship in the usual

way using the Cartesian sti�ness tensor. The resulting Cartesian stress is then transformed

back to generalized coordinates through an inverse point-wise 3� 3 matrix multiplication.

The generalized coordinate stress tensor is then used to solve the equation of motion for

particle velocity variables. This 3� 3 matrix multiplication e�ectively replaces stencil-wise

partial derivative calculations that are required in the chain-rule approach. In addition,

certain coordinate mappings lead to sparse 3� 3 transformation matrices, meaning that the

approach can be applied with a computational complexity that signi�cantly lower than com-

puting a high-order wave�eld derivative. Moreover, these coordinate transformation matrices

can be used to locally rotate the stress tensor to have one component oriented normal to the

free surface, which greatly simpli�es the free-surface boundary condition (FSBC) evaluation.
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The standard-staggered grid (SSG) approach (Virieux, 1986) is a popular choice for mod-

eling the seismic wave�eld due to its straightforward implementation. However, numerical

tensorial elastodynamics solution in any anisotropic medium with a tilted symmetry axis

requires evaluating cross-partial derivatives that are not available at all required SSG grid

points. Therefore, approximating wave�eld derivatives in an SSG scheme requires applying

expensive high-order interpolations, which would reduce the overall numerical accuracy of

the FD scheme. To avoid wave�eld interpolation, we adopt a fully staggered grid (FSG)

scheme which is increasingly being used for numerical EWE solutions in anisotropic me-

dia (Hestholm, 2019; Lisitsa and Vishnevskiy, 2010) and is capable of generating high-quality

modeling results. In addition, we employ mimetic �nite-di�erence (MFD) operators that im-

prove the stability of FD methods in the domain boundary region (de la Puente et al., 2014;

Hestholm, 2019; Shragge, 2017).

This paper begins with a review of the theory of the tensorial elastodynamics, and is fol-

lowed by a strategy to obtain full-wave�eld solutions in a medium characterized by arbitrary

heterogeneity and anisotropy. We then de�ne a family of coordinate mappings between a

Cartesian and a generalized coordinate system assuming vertically deformed meshes, which

leads to straightforward numerical EWE and FSBC implementations. After specifying our

unstretched topographic coordinate mapping, we then present 2D and 3D anisotropic wave-

�eld modeling examples on homogeneous models with a dipping planar and an undulating

free surface, and a heterogeneous model with rugged topography.

2.2 Theory

A tensorial formulation of the 3D EWE requires linking a generalized coordinate system

de�ned by � = [ � 1; � 2; � 3] variables to an underlying Cartesian mesh de�ned byx = [ x1; x2; x3]

through a set of unique and invertible coordinate mappings:� = � (x ) and x = x(� ). Here,

� and x represent the rectilinear computational and the irregular physical domain, respec-

tively. The choice of a particular coordinate system changes the components of the covariant

metric tensor gij , which speci�cally de�ne how the governing tensorial EWE behaves under
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coordinate transformation

gij =
@xk

@�i
@xk

@�j
; i; j; k = 1; 2; 3; (2.1)

where the repeatedk index indicates summation overk = 1; 2; 3. Thus, fully specifying the

equations of elastodynamics requires de�ning the tensorial forms of: (1) the linear conserva-

tion of momentum, (2) Hooke's Law, and (3) the strain-particle velocity relationship.

2.2.1 Tensorial formulation of the elastic wave equation

The linear conservation of momentum in the contravariant tensorial form (Brillouin, 1964;

Komatitsch et al., 1996; McConnell, 1957; Shragge, 2017; Singh et al., 2019) is given by

� (� ) _vi (� ) = r j � ij (� ) + f i (� ); (2.2)

where � (� ) is density; _vi (� ) is the time derivative of the particle velocity (i.e., particle

acceleration); a dot over a variable indicates temporal derivative;f i (� ) is the contravariant

source term; � ij (� ) is the contravariant stress tensor; andr j is the covariant derivative

de�ned in � -coordinates. We refer readers to Shragge and Konuk (2020) for a more detailed

overview of the tensorial formulation of the elastodynamics equations. Here and throughout,

we indicate coordinate dependence using (� ) and (x) notation to clarify on which coordinate

system variables are de�ned. We also assume an implicit summation over repeated raised

and lowered indices ranging from 1 to 3 throughout this manuscript. Evaluating covariant

derivatives of the contravariant stress �eld� ij leads to the following expression:

r j � ij (� ) =
@�ij (� )

@�j
+ � j

jk � ik (� ) + � i
jk � kj (� ); (2.3)

where � k
ji is a Christo�el symbol of the second kind calculated from the metric tensor as

� k
ji =

1
gkm

�
@gmj

@�i
+

@gmi

@�j
�

@gji
@�m

�
; (2.4)
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and gij is the contravariant metric tensor, given by the point-wise inverse of the covariant

metric tensor gij . Inserting equation 2.3 into 2.2 obtains

� (� ) _vi (� ) =
@�ij (� )

@�j
+ � j

jk � ik (� ) + � i
jk � kj (� ) + f i (� ): (2.5)

The generalized Hooke's Law for an elastic anisotropic medium is given as

_� ij (� ) = C ijkl (� ) _" kl (� ); (2.6)

where C ijkl (� ) is the contravariant sti�ness tensor, and _" kl (� ) is the covariant strain-rate

tensor. Note that our choice of representing stress and strain as contravariant and covariant

tensors, respectively, leads to a stress-strain relationship with a symmetric contravariant

sti�ness tensor (i.e., C ijkl = C jikl = C ijlk = Cklij ), which forestalls some of the challenges

associated with previous mixed-tensor representations of elastodynamics (Komatitsch et al.,

1996; Shragge, 2017).

Under the in�nitesimal strain approximation ( k"k � 1), the covariant representation of

the strain rate-particle velocity relationship is given by

_" kl (� ) =
1
2

[r kvl (� ) + r lvk(� )]

=
1
2

�
@vl (� )

@�k
+

@vk(� )
@�l

�
� � i

kl vi (� ); (2.7)

where the covariant particle velocity vectorvi (� ) is related to the contravariant particle

velocity vector vj (� ) through an index lowering operation (Komatitsch et al., 1996):

vi (� ) = gij vj (� ): (2.8)

Equations 2.5-2.7 de�ne a set of key relationships used for simulating tensorial EWE solutions

in a 3D particle velocity-stress formulation.

2.2.2 Handling Anisotropic Media

When the medium is isotropic, the sti�ness tensor is independent of wave�eld propaga-

tion direction at any given point; however, for an anisotropic medium in a generally non-
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orthogonal coordinate system, the implementation of equation 2.6 poses an important practi-

cal challenge: how to e�ciently transform the fourth-rank sti�ness tensor to the generalized

coordinate system on which one wants to obtain the numerical solution of elastodynamics

where the non-orthogonal geometry greatly increases the number of e�ective terms?

To forestall this issue, we instead suggest transforming the covariant generalized strain-

rate tensor to Cartesian coordinates using the tensor transformation rule

_" kl (x) = Qj
k(x; � )Qi

l (x; � ) _" ij (� ); (2.9)

whereQj
i = Qj

i (x; � ) is the coordinate transformation for a given coordinate mapping, and

can be represented in the matrix form as

Qj
i (x; � ) =

@�i

@xj
=

2

6
6
6
4

@�1

@x1
@�2

@x1
@�3

@x1

@�1

@x2
@�2

@x2
@�3

@x2

@�1

@x3
@�2

@x3
@�3

@x3

3

7
7
7
5

: (2.10)

The main advantage of this strategy is that, having obtained the strain-rate tensor in Carte-

sian coordinates, _" kl (x), we may now apply the constitutive relationship to obtain the Carte-

sian stress-rate tensor _� ij (x):

_� ij (x) = C ijkl (x) _" kl (x): (2.11)

Note that the Cartesian sti�ness and strain tensors in equation 2.11 satisfy both minor sym-

metries [C ijkl (x) = C jikl (x) and C ijkl (x) = C ijlk (x)] due to the Cartesian tensor symmetries

in _� ij (x) = _� ji (x) and _" kl (x) = _" lk (x). The remaining step is to then transform the Cartesian

stress tensor back to generalized coordinates using

_� ij (� ) = A i
k(� ; x)A j

l (� ; x) _� kl (x); (2.12)

where A j
i = ( Qj

i )
� 1 is the inverse transformation matrix of that given in equation 2.10.

The series of operations in equations 2.9-2.12 provide a straightforward numerical approach

for calculating the generalized contravariant stress tensor without assuming a particular
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coordinate system or medium anisotropy. The full operation may be written as

_� mn (� ) = Am
l (� ; x)An

k (� ; x)C ijkl (x)Qp
j (x; � )Qq

i (x; � ) _"pq(� ): (2.13)

The only coordinate-system-dependent terms are the metric tensorgij , the forward and in-

verse transformation matricesQj
i and A j

i , and the Christo�el symbols � k
ji , all of which are

easily calculated after de�ning a unique mapping relationship between the physical Carte-

sian and the computational generalized domains (see Figure 2.1). While the application of

equation 2.13 may seem daunting, there are numerous families of generalized coordinate sys-

tems where the 3� 3 geometric objectsgij , Qj
i , A j

i and � k
ji are sparse, which can reduce the

computational overhead relative to a Cartesian implementation to only a few 
oating-point

operations. This topic is explored below.

2.2.3 Handling TTI Anisotropy

Our approach de�nes the medium anisotropy by the structure of the Cartesian elastic

sti�ness tensor even though the overall elastic wave�eld modeling application is for general-

ized coordinates. Herein, we assume a generally tilted transversely isotropic (TTI) medium,

which leads to the following coordinate rotation of the sti�ness tensor:

�C ijkl (x) = Ri
p(�; ' )Rj

q(�; ' )Rk
r (�; ' )Rl

s(�; ' )Cpqrs(x); (2.14)

where Ri
p(�; ' ) is the rotation matrix calculated from the local tilt orientation de�ned by

polar � and azimuthal ' angles (Duveneck and Bakker, 2011), and�C ijkl is the rotated sti�ness

tensor used in equation 2.11 to compute the Cartesian stress-rate �eld variables.

2.3 Unstretched topographic coordinates

The equations introduced above describe elastodynamics in all permissible generalized

coordinate systems; however, the particular choice of coordinates depends on the problem

at hand. A guiding principle in coordinate system design is to minimize the complexity

of the transformation, which has the e�ect of promoting sparsity in theQ (and thus A)

matrix operators in equation 2.10. In this section and in the examples below, we use an
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unstretched topographic coordinate system considered to be the lowest-order mapping that

remains conformal to the free-surface topography. The forward unstretched topographic

mapping from x to � is given by
2

4
x1

x2

x3

3

5 =

2

4
� 1

� 2

� 3 + T(� 1; � 2)

3

5 ; (2.15)

which has an associated inverse mapping from� to x of
2

4
� 1

� 2

� 3

3

5 =

2

4
x1

x2

x3 � T(x1; x2)

3

5 ; (2.16)

where� 1 and � 2 denotes two lateral coordinate directions;� 3 is the vertical direction; andT =

T(� 1 = x1; � 2 = x2) is a function describing surface topography (e.g., a digital elevation map).

Figure 2.1 represents an irregular model in physical Cartesianx-coordinates where the surface

grid layer coincides with surface topography. We use equation 2.15 to map the irregular

physical domain (and all associated material property �elds) to a regular computational

domain on which we calculate our numerical EWE solutions. Wave�eld solutions can be

mapped back to the Cartesian domain using the inverse mapping given in equation 2.16.

The mapping in equation 2.15 also uniquely de�nes our geometric transform quantities.

Under this mapping, the metric tensor coe�cients may be written as

gij =

2

4
1 0 � T1

0 1 � T2

� T1 � T2 1 + T2
1 + T2

2

3

5 ; (2.17)

whereTi � @T
@�i represents the spatial gradients of the topographic surface. The only non-zero

Christo�el symbols associated with this mapping are �311 = @T1
@�1 , � 3

12 = � 3
21 = @T2

@�1 = @T1
@�2 and

� 3
22 = @T2

@�2 . Similarly, the coordinate transformation matrix Q

Qj
i =

2

4
1 0 � T1

0 1 � T2

0 0 1

3

5 ; (2.18)
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and its inverseA becomes

A j
i =

2

4
1 0 T1

0 1 T2

0 0 1

3

5 : (2.19)

Note that (QT Q) j
i = Qm

i Qj
m = I and (AT A) j

i = Am
i A j

m = I , whereI is the identity matrix.

This property of the transformation matrix (and its inverse) leads to sparse expressions in

equation 2.13 above. The spatial derivatives of the stress and the particle velocity �elds

in equations 2.5 and 2.7 contain terms that are dependent on� j
i and vi , which present a

challenge for the staggered-grid implementations. To obtain a system of equations that

only depends on the spatial derivative terms and not explicitly on the stresses and particle

velocities, we apply the chain rule approach to shift the derivative operators from Christo�el

symbols onto the particle velocity

_v2(� )
@T1
@�1

=
@(T1 _v2(� ))

@�1
� T1

@_v2(� )
@�1

; (2.20)

and the stress variables

_� 1
2(� )

@T1
@�1

=
@(T1 _� 1

2(� ))
@�1

� T1
@_� 1

2(� )
@�1

: (2.21)

To inject the Cartesian force sourcef i (� ) into the computational mesh in the� -coordinate

system, we apply the coordinate transfomation of a vector �eld as given below:
�

f 1(� )
f 3(� )

�
=

�
f 1(x) + T1f 3(x)

f 3(x)

�
: (2.22)

Similarly, particle velocities extracted from the computational grid require the inverse trans-

formation back to Cartesian coordinates for visualization purposes
�

v1(x)
v3(x)

�
=

�
v1(� ) � T1v3(� )

v3(� )

�
: (2.23)

We note that, though we solve the tensorial EWE in topographic coordinates, all the results

presented below are interpolated back to Cartesian coordinates using 2D sinc-based operators
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for visualization purposes using
2

4
� 1

� 2

� 3

3

5 =

2

4
x1

x2

x3 � T(x1; x2)

3

5 ; (2.24)

which represents the inverse mapping to that given in equation 2.15.

2.4 Free-surface boundary condition

To accurately model the interaction of the elastic wave�eld with the free surface, one has

to enforce the correct FSBC. The tensorial expression for the 3D FSBC in terms of stress

rate (Hestholm, 2019) is

_� ij nj j � 3=0 = 0; i = 1; 2; 3; (2.25)

where nj is assumed to be normal to the free surface at� 3 = 0. However, because the

free-surface normal is not generally aligned with the computational grid, the FSBC is not

straightforward to apply on curvilinear meshes. Although the tensorial approach allows

one to generate analytic expressions for the FSBC [see Shragge and Konuk (2020)], these

formulas become quite complicated and challenging to implement for anisotropic media and

more complex coordinate mappings.

However, it is straightforward to use the rotation operator de�ned above to locally reori-

ent the stress tensor in the direction of the free-surface normal. This makes the equation 2.25

trivial to implement since the FSBC reduces to a single easy-to-implement expression in-

stead of a complex system of three equations - even for anisotropic scenarios involving more

complicated coordinate mapping relationships.

To rotate the stress-rate tensor such that the vertical components are aligned with the

free-surface normal, we �rst calculate the unit normaln = [ n1; n2; n3] to the free surface by

n =
e1 � e2

je1 � e2j
=

e1 � e2p
jgj

=
1

p
1 + T2

1 + T2
2

2

4
� T1

� T2

1

3

5 ; (2.26)

22



where

e1 =
@x
@�1

=

2

4
0
1
T1

3

5 and e2 =
@x
@�2

=

2

4
1
0
T2

3

5 : (2.27)

Note that these quantities are evaluated at� 3 = 0. One can then calculate the angle between

the vertical components of stress and the free-surface normal by

� =
�

� 1

� 2

�
= cos� 1

�
1
n3

�
n1

n2

��
; (2.28)

where� 1 and � 2 are the required rotation angles with respect to thex1 = � 1 and x2 = � 2 axes.

Given these angles, we then rotate the stress-rate tensor using the approach of Duveneck

and Bakker (2011). However, unlike standard applications of these rotation operators, these

angles are uniquely de�ned by the geometry of the free surface and are not properties of

the physical medium. After applying equation 2.25 by setting the stress components that

are normal to the free surface to zero, we can then rotate the stress-rate tensor back to

the computational reference frame using the inverse of the rotation operators de�ned in

Duveneck and Bakker (2011).

2.5 Numerical Approach

The standard staggered-grid (SSG) FD methods are a popular choice for Cartesian elastic

wave�eld modeling due to their straightforward implementation and stability considerations.

However, generating numerical solutions of the 3D tensorial EWE on non-orthogonal geom-

etry requires evaluating mixed partial derivatives that cannot be directly computed in an

SSG scheme and necessitates applying computationally expensive high-order interpolations

to approximate wave�eld values at all required grid locations.

To avoid wave�eld interpolation, we adopt an MFD+FSG scheme that is increasingly

being used to generate Cartesian EWE solutions in anisotropic media. We calculate the re-

quired partial derivatives on a set of two (2D) or four (3D) grids with complementary stagger-

ings and specialized MFD operators designed to promote 
ux conservation in the boundary

regions. We use MFD stencils of spatial and temporal order of accuracyO (� x8; � t2) in the
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interior and O (� x4; � t2) in the boundary layer. For heterogeneous models, we use material

averaging procedures advocated in (Moczo et al., 2002) and (Moczo et al., 2014). We refer

readers interested in the details of the FSG and MFD approaches to the existing literature on

this topic (de la Puente et al., 2014; Hestholm, 2019; Lebedev, 1964; Lisitsa and Vishnevskiy,

2010; Shragge and Konuk, 2020; Shragge and Tapley, 2017).

Table 2.1 presents the procedural steps to obtain 3D EWE solutions in generalized co-

ordinates including the FSBC. Evaluating Steps 2-5 requires performing 3� 3 matrix mul-

tiplications at each grid point in � . Some components ofgij , Qj
i (x; � ), and A j

i (� ; x) may be

zero depending on the coordinate mapping, which e�ectively reduces the number of 
oating

point operations required for coordinate transformation at every grid point, as is illustrated

in the unstretched topographic coordinate example given in equations 2.15-2.19 above.

Table 2.1 Pseudocode for generating a tensorial 3D EWE solution using the approach
de�ned above.

Step Description Equation

For all time steps: |

1) Calculate _" ij (� ) 2.7

2) Transform _" ij (� ) to _" kl (x) 2.9

3) Calculate _� ij (x) 2.11

4) Rotate _� ij (x) from vertical to align with n 2.28

5) Apply the FSBC 2.25

6) Rotate _� ij (x) from n back to vertical 2.28

7) Transform _� ij (x) to _� ij (� ) 2.12

8) Update vi (� ) components using _� ij (� ) 2.5

9) Lower the index of _vi (� ) to obtain _vi (� ) 2.8

10) Inject the force sourcef i (� ) 2.5

We implemented the free-surface boundary condition was implemented as per the section

above; however, for remaining three (2D) or �ve (3D) computational domain boundaries we
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investigated the application of two standard numerical boundary condition options: sponge

layer Cerjan et al. (1985) and convolutional perfectly matched layer (C-PML) (Roden and

Gedney, 2000). In both cases and for the scenarios investigated below, we �nd that exist-

ing boundary solutions for Cartesian computational domains remain e�ective for strongly

damping boundary re
ections without any code modi�cation for non-Cartesian geometry.

Figure 2.1 Mapping between the physical and the computational domains.

2.6 Numerical examples

This section presents a number of 2D and 3D examples to demonstrate the theoretical

and numerical approaches detailed above. Although we solve the tensorial EWE on the

generalized computational meshes, all the results presented below are interpolated back

to physical Cartesian coordinates using 2D or 3D sinc-based operators as appropriate for

visualization purposes using equation 2.16.

2.6.1 Tilted Lamb test

Our �rst numerical examples simulate the 2D elastic wave�eld impulse response in a

homogeneous tilted transversely isotropic (TTI) medium. Our topographic surface is a
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planar free-surface dipping at 45� angle. The constant P- and S-wave velocities in the

symmetry axis direction are de�ned asVP = 3:0 km/s and VS = 1:5 km/s, respectively.

(We note that these are the same isotropic velocity models that we used to validate the

code in Shragge and Konuk (2020) in the equivalent isotropic test.) We use Thomsen (1986)

anisotropy parameters of� = 0:25 and� = 0:05 and set the density equal to� = 1000 kg/m3.

We choose the TTI tilt angle as� = 45� to make the symmetry axis perpendicular to the

dipping free-surface boundary. We inject a 20 Hz Ricker wavelet in a direction oriented

normal to the free surface (� 3 = 0). Our computational mesh is sampled at 10 m intervals

in both directions.

Figure 2.2(a)-(d) presents two evolving vertical (Figure 2.2(a) and Figure 2.2(c)) and

horizontal (Figure 2.2(b) and Figure 2.2(d)) particle velocity components computed through

the anisotropic Earth model in generalized coordinates described above and then interpolated

back to Cartesian coordinates. We project both wave�eld components to the surface-normal

and the surface-tangential directions for visualization purposes. The blue line in each panel

here and in the ensuing examples indicates the surface topography. Note the symmetric free-

surface response is due to the force source injection in the normal direction to the topographic

surface. We observe continuous mode conversion at the free surface leading to events that

are asymptotic to the S-wave wavefront. Because the symmetry axis is perpendicular to the

topography, the � = 0:25 value increases the P-wave velocity in the parallel direction to the

free surface (i.e., isotropy plane direction).

To validate the accuracy of the tensorial method described above, we compare our 2D

numerical results to those generated by a spectral element method (SEM) (Komatitsch

and Vilotte, 1998) for the 2D Lamb's problem. We assume a surface-tilt angle of 45� , and

the same homogeneous anisotropic model as the preceding tests. The source wavelet is a

10 Hz Ricker with a � t = 0:25 ms sampling rate and the grid spacing in both directions

is � � 1 = � � 2 = 2:5 m. Figure 2.3(a) and Figure 2.3(b) presents the numerical test results

for the horizontal and vertical wave�eld components, respectively. The numerical results
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generated through the tensorial elastodynamics code are presented in the red lines, while

the SEM results as presented as black lines. The three traces on each component represent

the waveforms simulated at 420 m (top), 870 m (middle) and 1400 m (bottom) source-receiver

o�sets. Overall, we observe that our numerical results closely matches the SEM solution,

which validates the accuracy of the developed tensorial framework using the FSG+MFD

numerical approach.

(a) (b)

(c) (d)

Figure 2.2 Wave�eld snapshots of the surface-normal ((a) and (c)) and the
surface-tangential ((b) and (d)) projections of particle velocities modeled in the TTI
medium at t = 0:425 s andt = 0:85 s. The P- and S-wave velocities in the symmetry axis
direction are VP = 3:0 km/s and VS = 1:5 km/s, respectively, and anisotropy parameters
are � = 0:25 and� = 0:05. Surface topography is indicated by the blue line in each panels.
Note that the symmetry axis is tilted towards the surface topography by� = 45� .
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(a)

(b)

Figure 2.3 Tilted Lamb's test results for a 45� surface tilt angle comparing the waveforms
obtained using the tensorial (red lines) method and the SpecFEM2D (black lines) software
package. (a) Vertical component of the wave�eld for source-receiver o�sets of 420 m (top),
870 m (middle) and 1400 m (bottom). (b) Horizontal component of the wave�eld for
source-receiver o�sets of 420 m (top), 870 m (middle) and 1400 m (bottom).
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2.6.2 Randomly generated topography

To demonstrate the e�ects of a more realistic free-surface topography on simulated elastic

wave�elds, we compute elastodynamics solutions again in homogeneous TTI media. We use a

mesh de�ned by a randomly generated topography with up to approximately 1:6 km surface

elevation. The constant P- and S-wave velocities in the symmetry axis direction are de�ned

as VP = 2:4 km/s and VS = 1:3 km/s, respectively. Thomsen anisotropy parameters are

set at � = 0:2 and � = 0:05, and the density is de�ned to be� = 1000 kg/m3. We sample

our computational grid at 10 m in both directions, with the tilt angle of the TTI medium

again set to� = 45� . We inject a 10 Hz Ricker wavelet in the� 3 (vertical) direction at 1 km

beneath the free surface.

Figure 2.4(a)-(d) presents two evolving vertical (Figure 2.4(a) and Figure 2.4(c)) and

horizontal (Figure 2.4(b) and Figure 2.4(d)) particle velocity components interpolated back

to Cartesian coordinates. Interaction of the seismic wave�eld with the surface topography

distorts the elastic wave�eld and causes a complex down-going wavefront with spatially

varying amplitude (de)focusing e�ects.

2.6.3 Canadian Foothills Model

To demonstrate the applicability of the tensorial elastodynamics theory developed above

to wave�eld simulations in complex anisotropic heterogeneous media, we present an exam-

ple using a 2D synthetic model that is again characterized by a rugged topographic surface

of approximately 1:6 km relief and geologic features (e.g., steep thrust fault planes and

complex folds) characteristic of the Canadian Foothills in northeastern British Columbia,

Canada (Gray and Marfurt, 1995). Figure 2.5(a) and Figure 2.5(b) show the P-wave ve-

locity model in Cartesian coordinates (i.e., physical domain) and mapped to unstretched

topographic coordinates (i.e., computational domain), respectively. We also overlay the ev-

ery 30th grid line for both coordinate system axes for visualization purposes. We derive the

S-wave velocity model (not shown) usingVS = 0:7VP , and an � model using the smooth
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P-wave velocity with the relation of
p

VP =2 � 1 (Figure 2.5(c)), and a� model by assuming

� = 2�=3. The tilt angle of the symmetry axis is set to� = 45� . We inject a 20 Hz Ricker

source wavelet at [� 1; � 3] = [0; 12] km, and set the grid spacing at �� 1 = � � 3 = 10 m.

The left and right columns of Figure Figure 2.6 present wave�eld snapshots for the ver-

tical and horizontal components of the particle velocity, respectively. Each successive row

shows the wave�eld components evolving att = [0:6; 0:8; 1:0; 1:2] s. The irregular free-surface

topography distorts and scatters the elastic wave�eld energy and introduces amplitude dis-

tortions from geometric focusing and defocusing, resulting a complex down-going wave�eld.

The proposed method is able to model full elastic wave�eld interactions with the underlying

complex model heterogeneity.

2.6.4 3D Bay Area topography

For the �nal numerical example, we use an elevation map from the foothills of the eastern

San Francisco Bay area to construct a 3D topographic coordinate system. Figure 2.7(a)

presents the elevation model that ranges from 0.36 km to 0.83 km and exhibits short-

wavelength topographic features up to roughly 45� topographic slopes. We compute 3D elas-

todynamics solution in an orthorhombic medium. The constant P- and S-wave velocities in

the symmetry axis direction areVP = 4:0 km/s and VS = 2:3 km/s. The dimensionless Thom-

sen anisotropy parameters are set to� 1 = 0:2, � 3 = 0:3, � 1 = 0:15, � 2 = 0:05, � 3 = � 0:075,


 1 = 0:2, and
 2 = 0:3, where the superscripts denote the the axis orthogonal to the plane in

which each parameter is de�ned (Tsvankin, 1997). The density of the medium is de�ned to

be � = 1000 kg/m3. We use a� -domain discretization of � � 1 = � � 2 = � � 3 = 12:5 m, inject

a 15 Hz Ricker source wavelet at [� 1; � 2; � 3] = [0:425; 1:25; 1:25] km, and propagate through

the medium to illustrate the complexity of the free-surface interactions.

Figure 2.7(b)-(d) present wave�eld snapshots modeled in the orthorhombic medium after

0.29 s of propagation time for thev1; v2; and v3 particle velocity components, which are

interpolated to Cartesian coordinates using 3D sinc-based interpolation operators. The three

cube-plots highlight signi�cant surface scattering that leads to a complex impulse response.
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(a) (b)

(c) (d)

Figure 2.4 Wave�eld snapshots of the surface-normal ((a) and (c)) and the
surface-tangential ((b) and (d)) projections of particle velocities modeled in the TTI
medium at t = 0:35 s andt = 0:8 s. The P- and S-wave velocities in the symmetry axis
direction are VP = 5:0 km/s and VS = 2:5 km/s, respectively, and anisotropy parameters
are � = 0:25 and� = � 0:05. Surface topography is indicated by the blue line in each
panels. Note that the symmetry axis is tilted towards the surface topography by� = 45� .
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(a)

(b)

(c)

Figure 2.5 P-wave velocity model in (a) Cartesian coordinates (x) with an overlain
unstretched topographic mesh and (b) unstretched topographic coordinates (� ) with an
overlain regularly sampled computational mesh. (c) The� model in unstretched
topographic coordinates. The S-wave velocity and� models used in the following
simulation are de�ned by Vs = 0:7Vp and � = 0:66� , and the tilt angle is � = 45� .
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 2.6 Canadian Foothills unstretched topographic coordinate example. Left and right
columns show the Cartesianv1 and v2 components for a surface-excited point source. (a)
and (b) t = 0:6 s. (c) and (d) t = 0:8 s. (e) and (f) t = 1:0 s. (g) and (h) t = 1:2 s. The
symmetry axis is tilted by � = 45� .
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