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ABSTRACT

In an ever increasingly technological world, it is frequently tise ¢hat as industries
search for solutions to problems of light-weighting, high-temperappkcations,
biocompatibility, and cost, they turn towards anisotropic and asynem@terialssuch as
magnesium (Mg) alloy plate, titanium (Ti) alloy forgings, 3D-printéckel (Ni) based
superalloys, supeglastic NiTi binary alloy extrusions, and a whole host of composites to name
but a few Anisotropy and asymmetry are not only interesting or potentially usehithe cases,
but increasingly vital to understanding and successfully using advancedbisatend yet, the
paucity of clear and in-depth understanding and capable mathematicgtamss of the elastic
limit for these materials marks a gap in engineering knowlealgap worth considering and
studying.

Galileo once wrote about the importance of comprehending the matte oiadi
particular scientific endeavor as a prerequisite to understaridregience itself. Quoting from
Sillman DrakeOs 1957 translation of Galileo GalileiOs 1623It®adgiatore(page 25 of the
original work):

[The philosophy of the universe] cannot be understood unless one first learns t

comprehend the language and read the letters in which it is composedrittas in the

language of mathematics and its characters are triangles, circles, andgsbsaretric
figures without which it is humanly impossible to understand a single wat,daathout
these, one wanders about in a dark labyrinth.
This is no less relevant a sentiment in the niche field of smichanics or the even more
specialized domain of inelastic anisotropy and asymmetry. As soglenaleavor to understand

these aspects of material behavior must begin by comprehending thenatatbevhich underlie



and describe them. The geometry of the elastic limit for the amsotropic of materials
requires the actions on each component of stress, or strain, to lwkecethgs independent B
unique from other combinations of actions. This demands a six-dimelngespective to
adequately describe anisotropic inelasticity.

By describing techniques for visualizing and comprehending such a geomatry, ne
approaches are proposed for mathematically capturing a greater fémipawaors for the elastic
limit and for calibrating such theories experimentally. These repy@oaches arf@st tested on
the macro-scale inelastic character of a 3D-printed Ni-bsigeeralloy, Inconel 718, to
demonstrate their efficacy. The concepts are subsequently studied tapmlightions to the
micro-scale phenomena in Ti which give rise to bulk yield behaviors atded-fatigue
failures: grain-scale anisotropic elastic limits. Spealfjc multiple in-situ X-ray diffraction
experiments are proposed and carried out to monitor the statesssfatid strain at the grain-
scale in order to allow for grain-scale calibrations of armgytand asymmetry and for mapping

the anisotropic interactions of neighboring grains during dwell-fatigukriga
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CHAPTER1
INTRODUCTION
1.1. An Overarching Perspective
All of the varied motivations for the work presented here aveigedin detail in the
introductions of individual chapters. Therefore, this global introductioreseas an overarching
perspective to provide context for the different investigations disdusschapters 2-7. In

addition, the organization of this thesis in terms of that overagatontext is provided in1L.

1.11. A Mechanical EngineerOs Perspective on Proc&isucture-Property Relations

The idea that the manufacturing process imparts an effect gndperties of the
resulting material isnOt alarming or even entirely novelkBaiths developed and used
processing methods to imbue their creations with specific propErties quintessential image
of a blacksmith quenching a work-piece is just one such example nhda$ianical engineers
understand this concept to greater or lesser degrees, having hebrasthe terms hot rolled or
cold rolled in terms of steel and recognizing that the two dmdezd different. What can be
new to a mechanical engineer at the onset of digging deeper inteltheffsolid mechanics and
exploring materials science, is the idea that it is possidievelop enough of an understanding
of the relationships between process and properties to be ablecioatddgigpredict one from the
other D itOs not just an art, but a science. In part, thiseethe inclusion of a materialOs
structure in the mix as an intermediary. This process-struptopeerty relationship (Figure 1.1)
may have seemed vaguely connected to the research presented hiyebuitiaas served as a
hidden hand in much of the decision making throughout the investigations describes

thesis, especially in the later chapters.
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Figure 1.1: Basic depiction of the process-structure-propertyoreship for materials.

For mechanical engineers it is also natural to consider the nieghstate describing
how a component is used and the stresses and strains resulting frimu aols. Mechanical
engineers often design components and systems to endure specific loagsngetgsg on
material properties to resist mechanical states in ordemart the desired behavior. Forensic
engineers and failure analysists tend to get involved when this rebarmredicted interactions
between material properties and applied mechanical states bd@aksand unexpected
behaviors ensue. This is where things tend to get interesting andvaftevate new research in
solid mechanics, materials science, and related disciplirgsgeFlL.2 incorporates the
mechanical state and component, or system, behavior into the pstoessre-property diagram

from Figure 1.1.
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Figure 1.2: Basic depiction of the process-structure-propertyoresaip for materials, now
including the mechanical state and the component (or system level)dredmpiart of the
complete set of interactions to be discussed.

1.1.2. Anisotropy and Asymmetry

Upon entering the world of solid mechanics and materials scieriodayOs
technological society, a mechanical engineer could easily find thezaseorking with material
systems that behave weirdly, for lack of a better word. Nédsesuch as magnesium (Mg) alloy

plate, titanium (Ti) alloy forgings, 3D-printed nickel (Ni) bdsaiperalloys, supeatastic NiTi



binary alloy extrusions, and a whole host of composites to name butsaidd weird materials.
For example, Mg plate is highly anisotropic and asymmetrica@ndll of the listed examples are
to some degree). Anisotropy and asymmetry can be something very n@ghamcal engineers
that are used to using von Mises or Tresca to describe any dudieaisystem. But the more
that technology advances and industries search for solutions to problegig-afdighting,
high-temperature applications, biocompatibility, and cost, the megaéntly they turn towards
these weird anisotropic materials. Anisotropy and asymmetry aanlyointeresting or
potentially useful in niche cases, but increasingly vital to undeiistg and successfully using
advanced materials. And yet, the paucity of clear and in-depth wenu#irgy and capable
mathematical descriptions of the elastic limit for theseenals marks a gap in engineering

knowledge. A gap worth considering and studying.

1.2. Thesis Organization

This thesis follows the perspective of a mechanical engineer addrssthanician,
starting by developing a better understanding of anisotropic and asymriastic lenits. From
the perspective of material properties, anisotropy and asymmetigseebed mathematically
(rather than structurally) starting in Ch.2, where after funth&tivating the importance of
anisotropy and asymmetry, the ideas of stress as a six-dimerapealand the elastic limit as
a hypersurface in six-dimensional stress space are introduced emssdis New visualization
techniques are developed to improve understanding; inform calibrationeifgtie limit; and
aid in applying, evaluating, and interpreting the yield behavior of anisotampi asymmetric
materials.The techniques developed and discussed are applied and tested usingy &t diff

mechanical tests (including geometry and orientation) for an adgitvahufactured (AM) Ni



based superalloy, Inconel 718. The results demonstrate the need fdedgagghe full higher-
dimensional character of the elastic limit.

The property perspective continues in Ch.3, where the conceptual undergtaesulting
from Ch.2 is applied to develop a new yield function, extending thentwapabilities of
anisotropic and asymmetric yield criteria. The new yield fungiimposed in Ch.3 is motivated
by the limitations of practical existing functions and the untenglfitechnically complete
formulations using hundreds of parameters. A function is composed tofatlowthotropically-
asymmetric descriptions and overall triclinic behavior. The funeti@®emonstrated convex
using a newly developed geometric approach to proving convexity and is cortgpared
existing theory using data on Mg and Ti alloy sheets along with thedkd¢ated in Ch.2 on an
AM Inconel 718 alloy.

This property perspective closes with a chapter on additional insiglasisotropy and
asymmetry in calibrating the elastic limit. Ch.4 discussethoaks for calibrating a variety of as
manufactured material systems including: bulk, rolled plate, reheet, extruded bar, drawn
wire, and extruded tubes. The methods include existing standards nathests with large or
small bodies of research and no standards, and newly proposed medkatsaal new
applications of existing mechanical tests.

Figure 1.3 helps to map the different chapters to specifiomsgvithin the process-
structure-property diagram presented in Figure 1.2. Collectivéigpt@rs 2-4 are denoted as
region one in Figure 1.3, as they primarily focus on propertias gntirely mathematical sense.
Figure 1.4illustrates more linearly the flow of the entire thesis, nmgrkine same regions as in

Figure 1.3 and providing chapter specific context.
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Figure 1.3 The process-structure-property relationship for materials, includenghnechanical
state and the component (or system level) behaasmresented in Figure 1.2. The numbered
regions in this figure correspond to the topics discussed throughout tiseith@sler. Chapters
2-4 focus on region one, properties. Ch.5 focuses on region two, theetingen structure and
properties. Ch.6 focuses on region three, the interactions bettmeere, properties, and
mechanical state, along with the resulting behavior(s). Ch.7 foonsegion four, the link
between process and structure.
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Figure 1.4: lllustration of the linear flow of the thesis. Tégions marked one, two, three, and
four correspond to the same regions noted in Figure 1.3. Chapters 2gpoon to the three
blocks in region one. Ch.5 corresponds to the two blocks in region twoc@neSponds to the
two blocks in region three. The work from regions two and threenteeconnected and rely in
part on the results from region one. Ch.7 corresponds to region fouliteameyh conceptually
related to the rest of the work, no direct connection existseegtwt and previous chapters.

Turing towards the connection between structure and property, region Figure 1.4
Ch.5 endeavors to address calibration of the elastic limit by coimgdbe grain-scale behavior.
This chapter is motivated by two ideas: reducing the number of meahtasts while producing
statistically significant results not predicated on any symnassymptions and calibrating at a

scale which can be used to determine macro-scale propertmsgfthtomogenization) and to



interrogate micro-scale phenomena. A micromechanical experimprdposed and described
using high energy diffraction microscopy (HEDM) to measure in-siting@ale stresses in
seven samples under mechanical load in order to calibrate the embeddedrystal yield
behavior. This experiment is illustrated in region two of Figude Where the arrows indicate the
dependence on the work of Chapters 2-4 and the relationship between tle @brk and the
work of Ch.6.

In Ch.6, dwell fatigue is considered. Dwell fatigue is a oigrale phenomenon which
results from interactions of the mechanical state with botintbeostructure and the properties
at the micro-scale. Dwell fatigue is described and motivateitiail in Ch.6, but in short, the
failure mode is the motivation for the failing jet engine useBigure 1.2 and Figure 1t8
illustrate the behavior of a component or system. In Figure 1.®r#giee is positioned to
capture the complex interactions of mechanical state, struatwteyroperties and their influence
on behavior. In Ch.6, an experiment is described for quantifying threstigcture non-
destructively, applying dwell fatigue in-situ to monitor for misale internal damage events,
and post-dwell-fatigue measurements of grain-scale stresdesunter applied load. Ch.6
proposes to apply the single crystal yield results from Ch.5 to quémifplastic potential of
interacting grains in the vicinity of damage events in order tolietter define the conditions
which give rise to failure under the mechanical state of daitjde. Figure 1.4 illustrates this
experiment in region three and the previously noted connections with Ch.5.

Although not chronologically the last investigation, the penultimate chagiter,
addresses the last conceptual step through the process-structureqprmmranical state
relationship map, partly disconnected from the rest of the workriegsa the thesis. In Ch.7, a

martensite variant selection theory is proposed for predictingntasiusters and preferred



variants while accounting for transformation rotations and appliessdigdds. The theory is
applied to Ti to demonstrate validity (using previous experimeeasailts) and to make
predictions of changes in the preferred variants under certain appked states. Indicated as
region fourin Figure 1.3, this work serves to help predict the microstructuascomponent
based on processing history. Serving as a partial aside from thenw@nlapters 2-6, Ch.7 is
separated from the other chapters in Figurevitreregion four corresponds to this theoretical
work.

The final chapter, Ch.8, addresses potential future work which bautupon the
investigations and results presented in Chapters 2-7. Since muchitieework related to
each individual investigation is discussed in detail in the individual elrgph.8 serves as a
summary. Appendices A-F provide supplemental information, derivationgraofts. Appendix
G provides the permissions required to reproduce Ch.8 here (having been pretiblished).
Table 1.1, on the next page, provides a quick and condensed refenetineel&yout of the thesis
by chapter, along with references to the regions of Figure 1.3 ana Rigludiscussed in the

introduction.



Table 1.1: Quick reference for the chapters of the thesis, ingulde relevant regions of Figure
1.3 and Figure 1.4 as discussed in this chapter.

Chapter Title First Region
Number Page Number
1 Introduction 1 N/A

Six-Dimensional Elastic Limit Hypersurfaces:
2 Necessity, Visualization, and Application 11 1

Demonstrated for Additively Manufactured Inconel 718

A New Triclinic-cAsymmetric Yield Criterion

for Pressure Insensitive Materials:

Employing an Implicit Description

of Distortional Asymmetry and Anisotropy

Additional Insights on Anisotropy and Asymmetry

in Calibrating the Elastic Limit

Anisotropic and Asymmetric Calibration

5 of Embedded Single Crystal Yield 160 2
Using Far Field HEDM
Combined X-ray Investigation

6 of Notched Cold Dwell Fatigue Fracture Initiation 204 3
in Titanium Alloys
An Expanded Martensite Variant Selection Theory Accountir

113 1

7 for Transformation Rotations and Applied Stress Fields: 245 4
Predictions of Variant Clusters in Titanium

8 Future Work 282 N/A

A Appendix A: Error Calculations for the 450 Axis Assumption 293 N/A

B Appendix B: Off-Axis Tension Calibration Equations 297 N/A

C Appendix C: Mechanical Testing Specimen Geometries 301 N/A
Appendix D:

D Formal Proof ofConvexity for Proposed Yield Criterion 303 N/A

E Appendix E: Calibration Equations for Proposed Yield Criteri 313 N/A

F Appendix F: Supplementary Material for Chapter 7 317 N/A

G Appendix G: 323 N/A

Permissions to Use Copyrighted Materials for Chapter 7
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CHAPTER 2
SIX-DIMENSIONAL ELASTIC LIMIT HYPERSURFACES:
NECESSITY, VISUALIZATION, AND APPLICATION
DEMONSTRATED FOR ADDITIVELY
MANUFACTURED INCONEL 718

2.1. Introduction
2.1.1 Motivation

One classienaterialassumption evoked by engineersnateial isotropy, whereby the
behavior of a material in response to some external stimulndapéndent of the orientation of
the material with respect to that stimulUsing this assumption in mechanics, scholars ssch
Tresca(1864) [1], Huber (1904)2], Mises(1913) [3] Drucker (1951) [4]Hershey (1954) [5]
and Hosford (1972) [6] developed mathematical models of the onsetadtineleformation, or
yielding of the elastic material respon§ever the past century, these isotropic yield theories,
including graphical techniques derived from these theories, have beeltyglulegrated into
standard engineering education curricultdowever, in an increasingly technological woitd,
is more frequent the case that advanced materials innovations dimdr-asinforced
composites, lightweight alloys, and now additively manufactured raketray farther from the
orientation-independent idealizations of von Mises. In responsegttefisolid mechanics has
since evolved to include the study and description of anisotropic and a@eren-uniformly
behaving materials; e.gl'sai & Wu[7], Barlat[8]D[10] Kuroda & Tvergaard [11], [12],
Banabic [13]D[15], and Kuwabara et al. [16]. In some cases, @oiime same visualization and
calibration techniques that were developed under the assumption of idudnepipeen inherited

asstandard practice in modeling anisotropic materials, with lossrdext. Without appropriate
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calibrations and comprehension D specifically in regard to the dimditgiohéhe elastic limit,
any new theory, and many existing theories, fail to be fully capAklsuch, it is the aim of this
chapter to address two important aspects related to applying sodeshéeir comprehension
and their calibration. In the process of doing so, a new approactusdiziisg the elastic limit in
six dimensions will be presented along with supporting evidence tord#rate the necessity of
considering the complete six-dimensional nature of the elasiiiciti making accurate
predictions of material behavior.

Before continuing to describe the requisite background and to provide aletailed
description of our goals, it is necessary to address the aforemsshtiliscrepancy in
understanding of the dimensional nature of the elastic limit. In,slhgap exists in
comprehension across the field. Mathematicians and those famithaabstract geometric
concepts may dismiss the idea that the elastic limit of amaltprescribed using Cauchy stress,
describes a five-dimensional hypersurface embedded in a six-dimersypeatpace as trivial
or common knowledge. In the strictest sense, they would be coljtesttddnsider that any fully
anisotropic function, prescribed using Cauchy stress, is written ugimglspendent variables,
the six components of the Cauchy stress tensor. Because such@nfuses six independent
variables, it must describe something in 6D. However, to many ndmematicians, such as
many of the materials scientists, mechanical engineers, aatlurgists who employ these
criteria, the idea is not obvious, and without explanation can be casigeforeign or absurd.
The authors ask the mathematicians reading to consider what the pgysth®teven Pinker [17]
calls the Ocurse of knowledge,O a term coined first by econoanistset et al. [18] and

described succinctly by statistical communicator Tim Harford §9Donce you know a subject
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fairly well, it is enormously difficult to put yourself in thsition of someone who doesnOt
know it.O

The tendency for scientists and engineers to consider the &haites a surface in
either 2D or 3D space likely stems, as noted earlier, fromaj@ng an initial understanding
based on isotropic assumptions and methods and is reinforced by theaxds iof t
undergraduate and graduate studies such as Dieter [20], which simpslyhadt®Yielding
begins when the state of stress reaches the surface of the gyhhabd is called the yield
surface.O In Dieter, this statement follows the section ootapg yield and precedes only an
allusion to the idea that Osome workE indicates that the yieldai§ not a cylinder of
uniform radius,O and nothing regarding the idea of a higher dimensionatehakad today,
some still use a 2D surface in a 3D space to describe, visuafid calibrate anisotropic elastic
limits [20], [21].

It should be noted that there are some materials scientesthamcal engineers, and
metallurgists who do recognize the higher dimensional character elagtes limit, either
inexplicitly through the use of additional and appropriate projections [23]®]2«plicitly by
concretely stating the 6D nature of the elastic limit [8]D[[E#]. Despite the presence of some
comprehending scientists and engineers, there is a lack of in-dgpdhations, resulting in the
aforementioned gap in understanding across the field. One of theoftatsarticle is to help
bridge that gap in order to both forward the field as a whole@lay the foundation for the
development of the proposed new yield theory in Ch.3. The latter besegsaey, since current
theories were extended through the use of a higher-dimensional gegraetpective.

Throughout the remainder of the introduction, we provide a discussion taageted

bridging the gap in comprehension around the six-dimensional nature chstie it (2.1.2).
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Specifically,in 82.1.2.1 we proceed to present an explanation, building upon the ideasadf Bar
[8]D[10], as to why the reduced dimension eigenspace is insufficirityt define a state of
stresdor an anisotropic solid. Following this proof, the common practiecesimg an axis drawn

at 450 to the x- and y- axes to represent a state of pureeay(and analogs), hereafter referred
to as Othe 450 axis assumptige®amined in ©2.1.2.2. An explanation is provided for why this
practice, which was inherited from applications of isotropic tlegalloes not accurately
represent shear strength in an arbitrary anisotropic solid. Argutescription of 6D yield
functions is presented irRd..2.3 together with insights into convex surface relationships
between 6D and reduced dimension spaces. Then, new 6D hypersurface sediysgues are
presented in ©2.2. Graphical techniques for visualizing 6D elastithypersurfacesre

presented in ©2.1, including complete sets of orthogonal projections to lower dimensions, to
enable use and interpretation of 6D hypersurfaces in modeling dlagiscof anisotropic solid
materials Implications with regard to calibrating the elastic limi6D are discussed in 82.2.2
including the development of analytic and numeric calibration methadsloge2.2.2.2. The
experimental materials and methods used to quantify the yield beb&amadditively
manufactured (laser powder bed fusion) Inconel 718 are presented itndtB8results section,
a2.4, the experimental results for the additively manufactured InGd8edre first presented in
82.4.1 and then in ©2.4.2, the 6D methodology presented in ©2.2 is demdristdggermining

the elastic limit hypersurface of additively manufactured Inconel Ti&.discussion given in
a2.5 connects the new results given 2¥4d0 support the efficacy of the limitations of classi
(3D) approaches discusseda2.1.2. Finally, the major conclusions of this work are summarized

in ©2.6.
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Finally, it should be noted that in the remainder of the artideyrite the discussion
usingstressbased limit surfaces for convenience. Generally, the same appsoaiesented here

can be applied to strain-based limits, or other choices of\statblesas well.

2.1.2 Examining the Underlying Dimensionality of Stress Space

Eigenvalue decomposition is a classic technique used to reduce theidmudresset of
data or information [29], [30]ndeed, many approaches to formulating the yield poterhiat
underpin yield theades use the eigenvalues of a set of stress states that can bbeikby
symmetric second-order tensors, such as the Cauchy stress éeksoitlie three principal
stressesor stress OinvariantsO) as internal variables (e.g3]R6], [31]P[34]) The set of
stressstates that corresponds wiélset ofprincipal stresses contains all stress states that are
related to the principal stress state by rotations (but notlstsgtdt is the assumption that all
rotations of the stress state are equivalent that makegpfnsagh completely valid under an
assumption omaterialisotropy, yet equally as impractical when the materiahisotropic. Note

that in this workonly symmetricstresgensors are considered.

2.1.2.1 Equivalent Stress States

Consider the commonly studied rotatidram a state of pure shear stress irdo
principal stresstate These rotations underpin the graphical MohrOs circle approachubed is
to teach multiaxial stress states and stress transformationslergraduate engineering
curricula.In Figure 2.1, two cases considering such a rotation iaredemonstrated side by
side: Figure 2.1a depgthe implications of this rotation under an assumption of material

isotropy, while Figure 2.1b represents the rotation applied to a ¢jgrarizotropic material.

15



The first line compares adiial (plane) tension-compression stress state to a state of pure shea
Under the isotropic assumption, the pure shear and bgixémls stateare equivalent, as shown

by the graphical depiction of an Eigenvalue decomposition (second row ajlgesi that is the
basis of the graphical proof givemFigure 2.1aHowever, f materialanisotropy is assumed,

then the pure shear and biaxstless stateare not equalas depicted in Figure 2.1b by
considering a rotation of the shear stress state to one adteeag holding the material frame

fixed (the Eigenvalue decompositio®® row), and then comparing that biaxial stress state to the
one applied directly to the original mater§&@H row), and realizing that thievo stress states are

not the same due to the unique orientation ohthagerialwith respect to the stress state when

rotated back4™ row).

a ) Under Isotropic Assumptions b ) Under Non-Isotropic Assumptions
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Figure 2.1Visual depictions of the relationships between shear and axaas sttates for (a)
isotropic and (b) anisotropic materials.
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Considering this result in 3D spad&is evident that the complete description of the
elastic limit for an arbitrarily anisotropic material re@grsix dimensions. As follows from
Figure 2.1, these six dimensions could be considered as three dimdosibesstress state in
the principal coordinate system and three angular dimensions to thefiogentation of that
stress state relative to theaterialcoordinate system. This approach, however intuitive, is more
tedious when it comes to mathematical implementation of a yiebdythas two tensors need to
be tracked D the principal stress tensor and the tensor thag tbeateaterial coordinate system
to align with the principal stress coordinate system. Insteasimathematical bookkeeping
needed to simply ugke sixindependent components of a symmetric stress tensor that has a
coordinate frame aligned with the material coordinate frantleeasix dimensionghree
dimensions associated with the three asiedsscomponents and the other three dimensions with
the shear stress components. The six-dimensional stress spachppsalluded to by Barlat
in his 1987 papers [9], [10] and further discussed in 18Pih regard tdri-component plaa
stress yield surfaces. The take-away point from those works iampaotthis work is that the
six-dimensional stress space approach implies that any limit sfgacle as a yield or
transformation surface) is actually a 6D hypersurface, in wheelelassic image of a 3D surface
plotted against the axial stresses is only one of multiple lowsgrdiional slices or projectigns
which in and of itself portrayanincomplete picture.

As an additional note on the dimensionality of the elastic limig important to clarify
the terminology being used. The region of elastic behavior, existisig dimensions can be
described as a 6D object; the boundary between this region and the regrdvirdgselastic
behavior is necessarily a five-dimensional hypersurface. Why is theshyfaze only 5D? To

answer this, consider a standard cube floating in 3D space.dfittieewere made of a fluid such
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as water, then an ant could swim through the volume. The swimantngould have three
degrees of freedom, navigating up-and-down, left-and-right, and fonaacdbackwards. But if
the cube were solid, such that the ant is forced to navigatg saléhe surface of the cube, then
the ant would only be allowed two degrees of freedom, left-and-nightaawards-and-
backwards. With regards to the dimensionality of the cube, B3 abject, however the surface
of that cube possesses one less dimension, making it a 2D sulaarie is true for the

hypersurface bounding the 6D region of elastic behavior of a matersasy 56D hypersurface.

2.1.2.2 Why the 0450 Axis AssumptionO Only Applies to Isotropield Surfaces

Figure 2.2 depicts the von Mises limit surface for yielding atr@pic solids as a full 3D
surface in Eigenspace (Figure 2.2a) and as a projection onto botly fhlane (Figure 2.2b) and
the Pi-Plane (Figure 2.2c). Because the stress transforndafpocted inFigure 2.1a is valid for
states of pure shear under the assumption of isotropy, it is comadiit@ito consider an axis
oriented 450 relative to the x- and y- axes to represent asfate shear, again referredino
this workasOthe 450 axis assumptiofis assumption is illustrated in Figure 2.3a and
extrapolated into the Pi-Plane in Figure 2.3b, in which the yietthgtihs for uniaxial tension

and compression have been indicated, along with the yield strengths shpare

Oy

-0y,

Figure 2.2von Mises yield criterion depicted as (a) a 3D limit surf@lopa 2D projection, and
(c) a PiPlane projection.
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This graphical technique fails in the case of a generally anisotmgierial such as that
illustrated in Figure 2.1b. If we consider that the shear stiergfta material are independent of
the axial strengths of that material, or otherwise not equividdhe equal biaxial tension-
compression strength of an unrotated material element, then thetpaintspresent yielding in
pure shear should not necessarily lie at the intersection of threetoaj of the limit surface into
a plane defined by two of the axial stress components and the 45asageawn in Figure 2.3a
Such a situation is depicted in Figure 2idavhich a projection of the limit surface due to only
the axial stresses is shown fully shaded (in blue), while one dyécosihear stresses is shown
hatched (in orange). Now consider a case where these axsal atid shear stress limit surface
projections are coupled by the 0450 axis assumptionO in the Cartgsiztions (Figure 2.3a
yet still unique with respect to each other. Such a caseg@satreement at 150 intervals
around the Pi-Plane projections.g.,Figure 2.4b) If a non-isotropic material is loaded in pure
shear, it will yield either before or after reaching the efisial tension-compression limit
unless the two surfaces are coincident at the pure shearTimstexample suggests that the six
components of a symmetistresgensor should be considered six independent variables for an
arbitrarily anisotropic material syst Even if such a condition is met, errors can still arise by
not considering the complete six-dimensional character of the spase, as seen in the gaps
between the two surfaces shown in Figure 2.4b. It is possible to fguaetiheoretical limits of
these errors (see Appendix A) and determine that in the cagbel@indition is met, for a
material without asymmetry, the error is bounded at 40.4% %at axial strength ratio and at
100% for a 1: axial strength ratio, while when the 6 components are fully indeperident

error is unbounded at any axial strength ratio.
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Figure 2.3 lllustration of the shear axis visualization for isotropic tisurfaces (a) in 2D and (b)
extrapolated into the Pi-Plane.
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Figure 2.4 lllustrations of overlapping axial and shear limit surfaces fpa (@n-coincident
case and (b) a case in which the two surfaces coincide aitdpeal and pure shear strengths.

2.12.3 A Necessary Approach in Higher Dimensions

To provide further context and perspective to the necessity of fiverdional
hypersurfaces to describe the elastic limsgildimensionsafoundational anisotropic yield
criterionis discussed and analyzed in this final section of our review948,Hill [35]

developed an anisotropic yield function for materials with orthotropic stnyrby modifying
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the von Mises yield criterion. Equation 2.1 below (Equation 5 from [@@jtainssix
characteristic material constants that effectively weigatinfluence of each element of stress on

the yield potential.

L"HS U8 () "wt - /') ool - 2800) ' ¥ (2.1)

13- 14 - 15 67

Another way to interpret HillOs orthotropic yield function iseatit asconstructed
implicitly by usinga two-part procedure:
1. a linear transformation from the immediate stress spa@xperimentally determined
stress)nto an equivalent isotropic stress space
2. the implementation of an isotropic yield theory
Under the linear transformation, the new stress state believearhe as one acting on an
isotropic material such that it is independent of orientation. fiwodstrate this procedure,

consider the above expression rewritten in deviatoric stress space:

I"#$ 89 - S 9 - 139 - 149y - 15691 67 (2.2)
where

861/, - 21) % 6 1/% 21) . 6 1/% . 1) 2

This new expression can now be written in terms of an equivalernvpsoieviatoric

stress space:
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where S is the deviatoric stres$,iSthe transformed deviatoric stress in equivalent isotropic
stress space, aldd?® is the rank 4 structural tensor of plastic anisotropy [34], whdts as a
linear transform between the immediate (anisotropic) stpegesand the equivalent isotropic

stress space. In standard Voigt notation, the components of Equidtitatke the following form:
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Decomposed in this form, it is clear that thé expression (Equation 2.5 an implementation
of the von Mises yield criterion for isotropic solids (Equation.2.3)

Expanding upon this idea of treating anisotropy as a linear transiomatan
equivalent isotropic stress space, once transformed, all ofetss®cal methods for treating
isotropic solids are applicable. For example, Equation 2.3 could haweav#ten in terms of the

principal stresses:

#s 9Bl ) 9B L) B H I (2.5)
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where! ", for i = 1, 2, 3 are the 3 eigenvalues 6f Bhis is not to say that the limit hypersurface
in full six-dimensional stress space is not necessary, but tatpeint out both the advantages
of this perspective and how one could easily assume that only threesdingeare required.
Figure 2.5llustrates this complete procedure from 6D stress space to Eguiisotropic stress
space and the successive dimension reductions to a scalar valugtiopplntiallt is
imperative that the entire inverse procedure be followed to conatagrhpete limit
hypersurface in 6D. Some scholars in the past have assumed thaelibeaisess is applied to
a 3D object, only the three dimensions of stress determined ingbe-Epace need be
transformed back into the immediate stress space. Howe\vy tai first invert the dimension
reduction into Eigen-space prior to inverting to the immediatesspace results in incomplete
or invalid illustrations of the limit hypersurfacko visualize the problems that arise by omitting

that particular step, return Eogure 2.1.

%o Equivalent Isotropic

Immediate Ty Stress Space
Stress Space |- . o'y
p /——\ o3
T / \ ]I[[ . r’bc /.\_/'\,\ NM
ca’
Dlmensllon- Dimension
> o, Linear Transform Reduction: Reduction: ¢ 4_‘_
Eigen Value Scalar Function
]HI_1 , Decomposition
\/ v Ta \"\/\/ WI
o3 41

Tab Tab
aC

Figure 2.5 lllustration of the procedure for constructing anisotropic yield functmsthe
associated yield hypersurface.

As a contrast to HillOs 1948 yield theory [38¢Cazcu et al. (2006) anisotropic and
asymmetric yield function [31], Equation 2.6, can serve as anothserme for this procedure.
Here, the procedure defined by Figureig.gechnically replaced by a similar procedure (found

in Ch.3) describing asymmetric material systems. That saidathe basic logic applies aisd
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more clearly followed since the yield function is untenable whenvniten in terms of principal

stressesand! * is notlimited to a diagonal form.

" H P&+, (O (2.6)

where OkO and Oal are additional material parameters inaleatdgatropic space and iS
computed as in Equation 2.4, but with a more general definitibri*bfHere, since the yield
function also accounts for asymmetry® aacounts for both the orientation-dependent retativ
strengths and the orientation-dependent relative asymese

Indeed, many anisotropétasticlimit hypersurfaces can be (re)formulated as a sequence
of the transformations depicte@dFigure 2.5, and later in Ch.3 as well. This implicit perpec
is invaluable for determining the convexity of hypersurfaces in 6DeMpecifically, following
logic similar to that found in Barlat (1991) [8] allows for tnederstanding that proving 3D
convexity in the Eigenspace, for elastic limits which fit foratns similar to the one depicted
in Figure 2.5is sufficient to provide convexity in 6D for a full 5D hypersurface. Mexactly,
Lippmann [36] demonstrated that if a yield surface is convex in thEi§&nspace, then it must
also be convex in the 6D equivalent isotropic stress space. Roak§3&l] and Eggleston [38]
have noted that a linear transformation performed on a convex swifdggersurface, does not
affect the convexity of that surface. Hence, the transferencenekxity bestowed by the
preceding argument is independent of the methodology implemented to dyidarabnstrate

convexity in 3D.
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2.2. Methods Developed for Comprehension and Calibration
2.2.1 Visualizing a 6D Yield Hypersurface

Barlatexplored the case in which a 2D material space (plane stessdfs in three
unique values of stress and a 3D (or tri-component) yield surfad@(Q]His resulting plots are
helpful in demonstrating the idea of a yield surface that uselsaaxiashear stresses as
independent coordinate axes. However, visualiglagtic imit surfaces in more than three
spatial dimensions requires a new, albeit not inherently intuitie@hgzal approach. This
section starts by introducing visualizations of regular spheres andspiipees of increasing
dimensionality and complexity to develop a framework for visualizing ayipers of
hypersurfaces. A hypersphere, like the sphere, is simply a bodxthiatie the same distance
from an origin in every direction, regardless of the number ofadhinensions.

Consider first a classic 3D sphere. If one of the 3 dimenssotisoisen as the OmajorO (or
primary) axis, then by moving along this axis and recording evenly spaapébots of the two
remaining OminorO axes, the plot in Figuregh®e created. To helpsualize the meaning of
the plot, imagine each of the circles pivoted about their individuditaeaxes by 900 such that,
when stacked together with the spaces appropriately filled, thiearsphere is recovered. This
plot will be referenced as a 3D-1D dimensional compression since the 3D object was reduced

to a plot along a single major axis.

Figure 2.6 3D-to-1D dimensional compression plot of a classic 3D sphere.
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Now consider a 4D hypersphere. The only difference between this sithffeessphere
is that another orthogonal direction exists in which the body can balecgito expand ued
the same rules as the other thi@ephically, another major axis can be used to plot how the
shape evolves in this"sbrthogonal direction. Figure 2shows the result of such an apprqgach
where two minor axes are plotted as 2D thobugh the space spanned by the two major.axes
This plot would therefore be considered atE2D dimensional compressio@ertain

symmetries that would be expected by a hypersphere are cleanlg vsing this technique.
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Figure 2.7 4D-to-2D dimensional compression of a 4D hypersphere.
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The same hypersphere can be visualized by employing a differentoieehHiere, the
additional major axis can be compressed into a third minor axis.wichild be the same as
traveling along a single major axis and plotting evenly spaced 3Dfltlee hypersphere (Figure
2.8), which can be considered as atéEl-D dimensional compressioNote however, that if the
negative direction of the third minor axis behaves differently, (here is asymmetry in that
direction), then a second 4D-1D set of 3D loci is required to visualize the Oundersides.O
Extending another dimensipand applying the same logic as before to a 5D hypersphere,
considering two major axes and three minor axes, FigurR-8-2D dimensional

compression of a 5D hypersphere) can be plotted.

Colorscale for 3" minor axis

.
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Figure 2.84D-to-1D dimensional compression of a 4D hypersphere.

With computer modeling, &®uld extend this procedure to 6 dimensions by imagining a
third major axis coming out of the page, producing a 3D field of 3D naixes which possesses
a continuation of the symmetries frdfigure 2.9, though such a graphic would be difficult to

print in a journal.
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Colorscale for 3" minor axis
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Figure 2.95D-to-2D dimensional compression of a 5D hypersphere.

The ability to compress the higher dimensional space into a graphisingle sheet of

paper is greatly diminished. However, elastic yielding events of @emggneeringnaterials are

pressure insensitive, hence yield events are unaffectadibgrease or decrease ireth

hydrostatic stress. This idea has been used to reduce the 3D csgtetibsurface in the

Eigenspace to a 2D plot in the Pi-Plane by looking down the hydroskatidn such a plot, the

additional dimension coming out of the page does not affect the shape of sie surface,
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producing a cylindefas inFigure 2.2) Provided the yield behavior is pressure-insensitive, the
same logic can be used to create a graphical depiction of a 6Dhypedsurface, whereby
making the three major axes the axial stress components amde@eartinor axes the shear stress
components allows the rotation of the major axes to look down the hytdrasta (itselfa

major axis of the plot). To help illustrate this process, considgmpler 6D object such as a
hypercylinder with a 5D hypersphere as the cross-section, plottedthsingme techniques
discussed above and making use of the Pi-Plane to orient the vievamaeadlel to the free

axis of the cylinder (se€igure 2.10.

While these graphical techniques ultimately allow the visualizatiarp to a fullelastic
yield hypersurface in 6D (or other types of hypersurfaces in up toéngions) the plots are
dense and require persistence to interpret them, until intuitievisloped in the higher
dimensional spaces. If desired, these graphical methods can be aadyosendg) a series of
projections from higher dimensional space into more familiar 3ZDospaces to help parse the
information, symmetries, and correlations between a few ohtiigdual strength components
at a time (vs. simultaneously examining all correlations). Bseany such projection is the
locus defined by the intersection of an affine set with a conveg@®texity is preserved.
However, by using projections into lower dimensional space, some @tiormtan be lost such
as higher order correlations between more than 3 strength componieiets fwght occur in
materials with bulk monoclinic symmetry) or higher degrees of sytmnthat exist in a partially
rotated coordinate frame (such as when properties are not meastireanaterial coordinate
frame) The remainder of this section discusses how the hypersurf@Befrom Figure 2.10

appears when projected into 2D and 3D.
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3D slice at (O,O,O)maior Colorscale for 3" minor axis

: .

fmmlfi*i€;+j4"

+*+‘
12e%
#:¢gp
e ¢ o®s

. T

° ¢ +
# ‘ v ‘ # Pi-Plane at (0,0 0)m
+T+fwf+ =TS

I
1-0.98
1

|
Figure 2.10Visualization of a 6D hypercylinder with a 5D hypersphere cross-se &tioking
down the hypercylinderOs free axis. Two inserts have been addeglti thescaling purposes,
along with one insert to assist in the visualization of the synemsefrhe insert in the upper left
is an enlargement of the minor axis plot located at the (0,0s)goin the major axes system
with a scale added. All minor axis plots are equally scaledingeet in the upper right is the
color scale representing the third minor axis in all of the mirisrgots; all minor axis plots are
equally scaled. The bottom right insert is a trace of the boundifagzeun the major axis plot
where the minor axis plots approach a single point, (0,0,0), astrates the symmetries that
may be less apparent due to the pixilation from a limited usenafrraxis plots. Although more
minor axis plots could be utilized to increase the major axisitiidend eliminate the need for
this third insert, doing so would make the minor axis plots lesgwiible.
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In general, the number of orthogonal projections int# diknensional space from a# n
dimensional space can be computed using combinations, specifically meatiotbk (written
here asCk). Equation 2.7 shows the calculation fQk. With six unique directions, a complete
set of 2D projections would requis€», or 15, independent plotSigure 2.11 shows this
complete set for the 6D hypercylinder fréfigure 2.10. To more directly compare with yield
hypersurfaces and mechanics applications, the three major axiEnated 5, ! b, and! ¢ and the

3 minor axes are denotégl, "ac, and" an.

#&
A %S (2.7)
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b ab ab ab be
a ag a a T
A A b c ca
g T T T
¢ be be be ca
a g ag a 1B
b A b ¢ ab
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1 ca ca ca ab
g g g ag

Figure 2.11Complete set of 2D projections for the hypersurface in Figdi@ Rlote that all
intercepts are at either 1 or -1.
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Notice that these projections do not indicate what happens undez afdtgtirostatic
stress, i.e., the cylindricity of the hypersurface. More mfaron, such as the cylindricity and
other spatial symmetries, and more relationships between the migepeatress directions can
be recognized by plotting 3D projections instead of 2D projections. drhelete set of 3D

projections requiresCs, or 20, independent plots, as showirigure 2.12.
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Figure 2.12Complete set of 3D projections for the hypersurface in Figdi@ Everywhere the
shape intercepts is either at 1 or -1.

These visualization tools can be useful to discern material symas)deyond those
assumed at the point of model calibration, which may be presentc@hegform those using a
model on the expected material behavior under combined loading sceimaticing weak and

strong load configurations. The projection sets in particular makgaring multiple yield
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theories extremely convenient B as will be demonstrated in Cly@dBenproving
comprehension and comparability of calibrated yield criteria, shelization methods
presented can also improve calibration procedures which employ grapkas. Such
procedures often require an engineer or scientist to visually compéedlata to a current
estimated model calibration, adjusting and improving the parangétdre model until a
sufficient fit between the experimental data and the calibraigdel is achieved. In cases where
such methods are employed, it is necessary that appropriate grapbicare used. More

discussion regarding calibration of the elastic limit follows ir2&2.

2.2.2 Calibrating the Limit Hypersurface

Yield surface calibration is necessary to employ a theoretiocdehto make predictions
in a real-world material system. Although a 5D hypersurface nsigimd daunting to calibrate,
the same set of parameters that have historically been conisidast be determined. The only
difference is that if graphical methods were used in lower dirnessihen they must be
replaced by either 6D graphical methods (like those in Figure 2. l{PFpPanalytic

calculations.

2.2.2.1 Rank 4 Structural Tensor of Plastic Anisotropy: Discssion of Components

For any limit theory that can be decomposed as descrilfédune 2.5, the first
consideration for calibration is th& f#ank structural tensor of plastic anisotrdp (the linear
transformation from the anisotropic to the equivalent isotropic spab@h can be represented
in Voigt notation by a 6 x 6 matrix. There are several propesfies® that are generally

universal across different limit theories, which will be diseaisconsidering the five 5 Regions
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of the matrix given in Equation 2.5 every case, the values of the components‘8fare not

restricted by the necessary condition of convexity of the hypersudager the arguments of

©02.1.2.3.
- Region
M Hpp Iz Iy Tis T :%@. 3 Region
[ Iy Iz Mz Ils e B 25 5
@ — Mz Mz Hzz M3y M35 Mze| _ | o

m* = = Region
My Ty H3q Mgy Iys Tye _ g
M5 Ilps I35 Iy Ilss Ise Reg'on 5 ?%0
s Tlpe Izg Mg Ilsg  Tlged é”v <

(2.8)

Together, Region 1 and Region 2 describe standard orthatsomgd in HillOs 1948
anisotropic yield theory (Equations 2.285). It should be noted that® does not correspond to
the elastic stiffness matrix (C), and therefore the nmgabehind individual elements is different.
Regions 1 and 2 describe the relative axial and shear strengthswdtdréal respectively.

Unlike in elasticity, Region 3 does not represent the Poisson resjpagien 3 however,
contains the coefficients necessary to completely describe anropiicdior lower symmetry)

solid due to the inherently coupled nature of the axial strengthsegé#nd tcayield potential.

Due to the use of the deviatoric stresses in most yield esitee coefficients in Regions 1 and 3
are coupled, and should therefore be determined simultaneously allieattng. Region 3 can
further be used to impart anisotropies in tension-compression asgmRegion 4
overdetermines a standard symmetric, anisotropic solid but could alsedhé¢o help describe
anisotropies present in an asymmetric matdfiauchayield potentiais used, then Regions 1
and 3 can be calibrated together to accounét@l anisotropies in both strength and asymmetry

and Regions 2 and 4 can be calibrated together to account for analogow&wtaupies.
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In elasticity, Region 5 would contain shear coupling parametersthiaate shear strains
resulting from axial loads and vice vergamathematicallysimilar, yet physically unique
phenomenon is described by the Region 5 paramiaterd). Nonzeroparameters ifRegion 5
indicate that axial loading can cause shear yielding and vice \restéier words, materials with
non-zero Region 5 parameters (such as those with trigonal or monocligymmetry) would
be able to yield from hydrostatic loading alone, mimicking pressurgtse behavior.

Tension and compression data for all three material directionsecased to construct a
set of six equations to solve for the parameters in Regions 1 &nthd.event that tension-
compression symmetry exists, only three unique equagi@twonstructed and all of the Region
3 coefficients are zero or otherwise predictably dependent on therRegoefficients. Positive
and negative direct shear data can be used to similarly detdtmaineefficients for Regions 2
and 4 If shear strengths are symmetric, then only three unique shear eqoatidres
constructed and all of the Region 4 coefficiearszero.

Note that in torsion tests, cartesian asymmetry and anisotrogypmweluted as a result
of the presence of orthogonal shear stress states in both positivegatiye senses. For
example, torsion about the z-axis produces a gradient from pdsiivi® positive' g to
negative' g, to negative o,g, and back to positive,s. Hence, it is not possible to distinguish
which shear strength limit resulted in the onset of plasticitytlame:fore asymmetry or
anisotropy in shear for a material with a cartesian referéame cannot be determindéd a
result, direct shear tests are always preferred fdrredilon data in materials with cartesian
symmetries. Torsion data could however be used in cases wheratdr@ahsymmetries exist in
a polar (or cylindrical) sense or in the case of isotropic andngtrnt shear strengths in the

plane normal to the axis of torsion.
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2.2.2.2 Calibration Case Study

Analytic methods are of particular interest since the detetimmaf constants for
models of anisotropic systems can be difficult and time inten8Bje §nd because some classic
graphical calibration approaches are more complex, yet complexedimensional space. To
demonstrate how to analytically calibrate the coefficients ®f a case study is presented using
the Cazacwet al 2006 yield potential given in Equation 2.6 for asymmetric and anisotropi
solids [31] This yield potential accounts for isotropic tension-compressionrasym through
the use of two constants OkO and 0a0. The constant Olgprdsently the isotropic asymmetry
of the material, and the constant Oa0 acts to modify the stiapygieifl surface ia similarway
to HersheyOs model from 1951 By modifying the curvature of the yield surface through the
shape parameter Oa0, the isotropic asymmetry parametea@idiaafor greater or lesser
degrees of asymmetry. This effect can be seen by pldkEntgnsion-compression asymmetry
over the range of valid OkO values and for various values of@aQ (R afterFig. 4 of
Cazacu et al. [3)]where"#9% % is the asymmetry ratio for an isotropic material, ! @ is set
to an identity matrix.

To start the process of calibratihg®, initial values for the parameters Oa0 and OkO are
assumed. These initial guesses for Oa0O and OkO should be guiequebtethésotropic
asymmetry (due to processing methodology, other known material physics, exukirience) of
the material usingigure 2.13. However, one should also consider that large valueswll Oa0
lead to sharp corners on the yield hypersurface that may regsutt@ases in numerical costs as
curvature gradients become more extreme, depending on the chosen alumethods used for
implementation. Generally, for numerical stability/speednallsvalue of Oa0 is recommended,

noting that further asymmetry can still be imposed through Region 1 andfigients of! ©),
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i.e., additional asymmetry can be introduced together with the apgoBhould the parameters
Oa0 and OkO be chosen such that an insufficient isotropic asyewagétylés then the
equations used to determine the coefficients @fwill have no solution, and larger values of 0a0

and/or Ok should be selected and the valué® fcalculated.

a
| 100
2 .
20
,,,,,, 5
1.5F
....................... 2
S
ol
1F

-1 -0.5 0 0.5 1

Figure 2.13Tension-Compression ratios for various 'k' and 'a’ parameter valués f6atracu
et al. 2006 yield potential.
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Having assumed values for Oa0 and OkO, the eleméhtsinfbe determined

analytically. The following relations exist from the definition of @&quation 2.%

2 " %& ") & "g) & o0"gx
&

" %& ¢ "gs ) §oti) &t & "Fe %& ;i) &n's) &iost
& 1]

% ( "ss) & Mur) & or & 0"4. ) & 10" g ) & 00"s+

"as & ("gs) & er) & ("
&

(2.9)

Assuming that the material is asymmetric and that tension and essigr tests have

been performed for all three material directions (x, y, anthe)following relations can be

formulated:
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where(y 75, ()74, @and(y 7, are the tensile yield strengths in they; and z- directions,
respectively, andy., ()+4, and(y-, are the compressive yield strengths in the/xand z-
directions, respectively. These relations can be used to direbty/for&: , &.. , &y, &9,
&g , and&. for given values of Oad and OkO.

Applying the same logic to the shear properties provides further instglthe 2006

CazacLet al.yield potential that hasnOt been previously discuEsgeitions 2.16 anl17 show

the resulting relations for the positive and negative shear strangtiesy-z direction:

6 6

P #;&<<:)>9+; ) Tta-&<<:) >9+? ) #;&<<:)>9+; . Tta-&<<:) >9+? (216)
6 6

(I #,&<<:) @9+, . #.&<<:) @+? , #,&<<:) @9+;, #.&<<:) @+? (217)

wheres ., ands g, are the positive and negative shear strengths, respectively.! Samze
&.. areconstantsEquations 2.16 and 2.17 dictate the requisite shear relationﬁlgp:"
# @y, # Thisrequirement of shear strength symmetry follows for all three orthbdoeations

hence the 2006 Cazaetial.yield potential can only model materials that exhibit symmetric
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shear strengths. As a result, only one direct destisneeded in each orthogonal directton
calibrate this yield potentighnd the following relations can be used to fit the remaining

constants of ©:

0 0

" HB ), & B ()e, | - DG )., E1 8" ()., (2.18)
0

" Bhs) 5 & S 50)e 5) - B6)e 6L S 5)s o T (2.19)
0 0

" DhoBeg) 1 & S g)ea,) - Bo8e)e 5, 81 B gg)sy,/ (2.20)

where)., ,)« 5, and).,, are the shear strengths in the,yzx, and x-y directions,

respectively, as determined by direct sheats.These relations can be used to directly solve for
' (' 22,and' gg for given values of Oa0 and OkO. Additionglly,s , and' » should be set
to zero.

Having calibrated @), at leastwo more experimental strengths are needed to now
uniquely determine values for Oad and OkO. Although OkO appettdnglier the shear
coefficients, since there is no asymmetry in sheeaal-sheartestsdo not provide an additional
independent relation that can be used to solve for OkO. As a eesaltdaia poirg are
necessary to be able to uniquely define OkO. There are, howg\smenbiaxial stress states
that provide the new information needed to determine Oa0 anmt©kiitgile 6-dimensional
stress states correspond to the same 5-dimensional deviasgsttite, and this yield potential

assumes pressure insensitivity. For examplel géension-tension stress state applied in the x-y
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plane is identical to a uniaxial compression stress state dppliee z-direction with regard to
the deviatoric stress state that is created. For this reaitioer, tension-compression or unequal
tension-tension (preferably 1:2) mechanical tastsreommended.

A biaxial test to achieve a 1.2 biaxial tension stress ptatades the needed data, but
practically such a test requires experimental setup that is not common in most,labsvell as
larger and most likely more difficult to manufacture samgleplace of the biaxial test, a

similar stress state could be generated by testing a tensidesaut at an angle to one of the
materialcoordinate frame direction& sample cut at eithét# $%&' ;—* orI"# $%g' :—/‘* , 35.260

or 54.740 respectivelyesults in a stress state with a 2:1 or 1:2 biaxiakstratiowith the
addition of a+, magnitude in plane shear stress once transformed intoategialcoordinate
frame As discussed above, shear does not impact the determinatid, @flGking the same
relations to be evaluated utilizing this simpler sample geomettyest setup. The associated
mathematical relationships are more complicated for theseigftemsile spcimenghan for a
biaxial sample, but have been evaluated for samples cut at both torgdé three material
coordinate frame directions and are provided in AppendksBan example, the relationshiqr

the sample cut 350 counterclockwise from the y-axis in the xy-jga@een here:
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= 2 0; o5 = [<op>!"# Dyl Ali<( = 1<y >#IKDEpgul = 1+, <\ #IK Bl 7I\?I (2.212)
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where

Musoe W O+ 7/

01, 3(1$43(01,,3(1 2$478
315114

and where. is the uniaxial yield strength for the test being performed, subiscrips

#PUR
identifying the relative axis (y), the angle of offset (3%l the second axis in the plaf@.
Since this test could be performed for ugitounique combinations, it is possible to generate
enough data to overdetermine the system. Should it be desired, tieigystreuld be used to
perform a regression-like analysisascertaira best fit for the data. This approash
recommended since in 2&xial-axial projections OkO and Oal both act to modify the overall shape
of the hypersurfageind various loading directions (or combinations of directions) may be more
or less sensitive to changes in OkO and Oa0, making thertodifildatate using only two data
points.

Once the values of Oa0 and OkO have been appropriately determiiiede#teiovoe
used to re-compute the coefficients df). An iterative process can then be used to solve for Oad
and OkO along with the coefficients éfuntil convergence is achieved. Since these analytic
solutions are transcendental, requiring iterative approaches tedlumitbns, it is perhaps more
practical to solve all 15 equations simultaneously using a nonlinesaiskpaares regression
approach. For solutions to these equations, the nonlinear least sphaeesn Matlab was used

to generate a best fit solution.
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2.3. 6D Hypersurface Application to Additively Manufacturedinconel 718
2.3.1 Additive Manufacturing

The material used in this study was Inconel 718 manufacturedalsgrpowder bed
fusion process on a Concept Laser M2 Cusing multilaser system usnodactarer-
recommended settings and manufacturer-supplied 10 ltondgpherical powelrs, as previously
documented in [40]. In summary, the machine used two 200 W fibes |agéh power, speed,
spot size, and overlap settings listed able 2.1 Additionally, a 900 rotation in subsequent
layers was used for the 5 mm x 5 mm serpentine Oinnera@i€ran strategy. Unlike the
previous work that fabricated free-standing specimens [41], herplesamere extracted from a
solid 40 x 40 x"&Oblock of AM material, hence material fabricated with the Oskia© and
OcontourO parts of the build path was not tested (see @ 2.3 Ratleatwas performed under
an argon atmosphere with oxygen concentration held between 0.40% and Ol&0%. T
compositions of the Inconel 718 powder and the produced parts were analyzethdisctively
coupled plasma B atomic emission spectroscopy (ICP-AES) andexdtariable 2.240]. To
retain as much build anisotropy as possible from the additive mamurf@ctthe block was not

heat treated.

Table 2.1 Laser powder bed fusion (Concept Laser M2) settings.

Laser Power Scanning Speec Laser Focus Spot Sizz Powder Layer Thicknes:

160 W 800mm/s 80 pm 50 pm
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Table 2.2 Composition of the Inconel 718 powder used and the AM block. Reproduced from
[40].

Ni Cr Fe Nb Mo Ti Al Co C 0] N

Powder (wt.%) 53.13 19.07 18.23 5.11 3.06 0.89 0.42 0.027 0.047 0.020 0.016

Build (wt.%) 53.10 18,91 1834 5.15 3.06 0.90 0.43 0.071 0.030 0.024 0.023

2.3.2 SpecimenMachining

Individual test specimens were wire electrical discharge madiEDMOdput of the 40
x 40 x 3/50 additively manufactured block to avoid variations introduced by sudiageness
and near-surface porosity defects; i.e., to attain a ObulkO padibrtation. Specimen
geometries included tensile bars, compression pillars, and slreat specimens. Specific
specimen dimensions can be found in Appendix C, with a complete drawkeappguovideds
a Supplemental Electronkle. Figure 2.14as a conceptual diagram of some of the samples cut
from the ObulkO blodkirst, he outer/sOof the blockwasEDM@ away to remove near surface
porosity and defects and to help ensure a more homogeneous compositiom Satweles
Next, Y/sOthick plates wire EDNDd from the four side faces and the top face (Figure 2.14b); the
samples were then all machined from these plates in order togoteiatial compositional and
textural deviations throughout the block. Using EDM, the tensile bairs @xtracted in each
direction of the block (x-y-, and z-) as well as at 35.260 and 54.74 to tlye &nd z-
directions; the compression pillars were taken in thg-xand z-directions; and the direct shear
specimens were taken in both the positive and negative sense in #aekx-0f-, and z-
directions. The tensile bars were modeled after the ASTUBESIize specimen [42], but
reduced to fit the block dimensions. Parallelepiped compression sawifiiea 2:1 height to
width aspect ratio were usddirect shear specimens were modeled after the ASTM B831 single

shear specimen [43], and reduced in size to fit the block dimensions
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>
Figure 2.14a) Conceptual illustration of the samples cut from the printed Incti&block.
Samples labele@ andT are axial specimens (compression and tension respectivelypl€sam
labeledS are shear specimens (mirror versions achieve positive vs. negfadiag. Samples
labeledM are off-axis tensile specimens producing effective multiastraks states. b) Exploded
view rendering of thé&/sO thick plates from which all of the testing specimens wechirmed.
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2.3.3 Mechanical Testing

All testing was performed on an MTS Landmark 370.10 servo-hydraulidraae
equipped with an MTS 609 alignment fixture and an MTS 661.20H-03 f@esducer (100kN
capacity load cell)Prior to testing, the thickness and width of the tensile and cosnees
sample gage sections were measured to £0.01mm precision usingcdigpes, and the cross-
sectional areas of the shear specimens were measured usingiaatiom of digital calipers and
optical microscopy digital measurements (using a Key¥®ht€-5000 digital microscope) for a
thickness precision of £0.01mm and a width precision of +0.001mmeRsite specimens,
monotonic tension at a cross-head speed of 0.6 mm/min was used, spedhgens were
loaded until fracture. Shear specimens were loaded in monotonigrtens cross-head speed of
0.48 mm/min until fracture. Compression specimens were subjeatednmtonic compression
at a cross-head speed of 0.48 mm/min, and the specimens were loddedimimum of a 50%
reduction in the initial specimen height was achieved. Fractunesneé observed of the
compression specimens. For this work, the resulting data wdyzemh&o determine the elastic
limits. Directly recorded force and displacement data were used to codpdtem offset yield
strengths. This offset nominally equates to 0.25% strain offsétdéaensile tests, a 0.625%

strain offset for the compression tests, and a 1.90 shearddtsat for the shear tests.

2.4. Results
2.4.1 Experimental Results

Table 2.3 summarizes the mechanical test results using aedussandard deviations of
the 0.04mm offset yield strengths for the indicated quantity of tests peaed for each

specimen type and orientation. It is interesting to note the folloapparent trends:
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1.! All compressive strengths are significantly greater than radileestrengths.

2.! Both the tension and the compression strengths in the cardinal direxttbesbouild
plane (X and Y directions) do not significantly differ, with only ®&and 22 MPa
differences, respectively.

3.I Axial strengths in the build direction (Z) are significantly lowan the respective
strengths in the build plane (X and Y directions).

4.! The greatest tensile strengths measured occurred at 350 oubwifdiEane.

5.I Positive shear strengths are not significantly different from thspective negative
shear strengths.

6.! Shear strengths in the cardinal planes orthogonal to the build plaren@X¥Z
planes) are significantly similar.

7.! The shear strengths in the build plane (positive and negative XY) sinear
significantly weaker than those out of the plane (positive and negaliaXYZ

shear).

These data show that complex trends exist, with the most nbizibkg that the in plane
axial strengths are greater than those out of the build plane,thditgposite trend is true for
shear strengths, with the shear strength in the build plane beinicsigily weaker than those
out of the build plane. These data suggest that testing only axial joesperthe predominant
orthogonal directions is not sufficient to attain the anisotropy andrasymy of laser powder bed

fusion manufactured Inconel 718.
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Table 2.3 Experimental Results Summary.

Row Strength Symbol Strength Definition Mean St. Dev.  Number

1 EPR X-Dir. Tension 731 4.2 2
2 L s Y-Dir. Tension 723 4.5 4
3 Do Z-Dir. Tension 662 11.8 4
4 Leig X-Dir. Compression 870 10.8 4
5 Pt e Y-Dir. Compression 848 20.5 4
6 Lovg Z-Dir. Compression 794 21.2 4
7 (") %e YZ-Plane Pos. Shear 514 8.6 3
8 () es ZX-Plane Pos. Shear 519 6.2 3
9 (*) g06 XY -Plane Pos. Shear 453 24.2 4
10 ("* e YZ-Plane Neg. Shear 518 21.6 S
11 (' gs ZX-Plane Neg. Shear 527 15.3 5
12 (" ga XY -Plane Neg. Shear 444 4.2 4
13 beog s 350 Toward X from Y 698 16.5 4
14 Lo gt 0 350 Toward Y from Z 738 12.8 4
15 igs g 350 Toward Z from X 790 12.5 4
16 Lo s 350 Toward Y from X 706 18.4 4
17 beg n 350 Toward Z from Y 771 17.7 4
18 s o 350 Toward X from Z 744 6.3 4

2.4.2 6D Hypersurface Calibration
The datan Table 2.3were used to fit the 2006 Cazacu et al. yield potential (Equation

2.6). This particular yield potential is feasible because theidatable 2.2lemonstrates that the
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shear strengths reasonably follow a symmetry assumption, whicsheas to berequirement

of this potential in deriving Equations 2.18 b 2.22 th2a2.2 Considering this requirement, the
2006 Cazacu et al. potential is viable for modefragerialsthat demonstrate orthotropic
anisotropy, or higher symmetry anisotropy, coupled with tension-compressiometry. The
calibration given in Table 2.4 was achieved by fitting the data givére first 12 rows of Table
2.3 (i.e. tension, compression, and shear). Specifically, an expdrshape parameter a Was
assumed, and Equations 2.10 b 2.15 and Equations 2.18 b 2.20 were solviedllyunseng
MatlabOs nonlinear least squares system solver to include theetsypanametek. The

results were confirmed by plotting the measured (experimetrtahgshs along with the strength
values predicted by Equations 2.10 b 2.15, Equations 2.18 b 2.20 , and Eguatbhé and

the £2 standard deviation intervals for the measured values, as isheigare 2.15. Note that

the data from rows 13 B 18 of Table 2.3 (i.e. thex#-tension values) indicate OtestingO of the
yield potential calibration as indicatedRigure 2.15, since they were not used to determine the
parameters given in Table 214sing this calibration and the graphical methodology given in @
2.2.1, the complete set of 2D projections (Figure 2.16) and the coraptaie3D projections
(Figure 2.17) for the resulting 5D yield hypersurface were geneitegdroceed to further

discuss the interpretation and implications of these resul®&%n @

Table 2.4: Calibration coefficients for additively manufactured Incéh® case study.
Parameters were fit using a potential limit of #$3$.

Yo Y% % %o %( Y% % %o %.+ : -

Fitat! " #$$ 0.0170 0.0166 0.0180 0.0010 0.0016 0.0025 0.0132 0.0130 0.0152 2 -0.274
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Figure 2.15: Yield strength results for the additively manufactuineshel 718. The light bars
show the experimentally measured mean strength with a £2 standaatiothestror bar. The
dark bars show the predicted strength using the calibration coefigeen in Table 2.4. The
Calibration OTrainingO Data, including the axial and shear detajs&d to solve for the
calibration coefficients, and the Testing Data was withheld fquqaa of verification.
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Figure 2.16: The complete set of 2D projections for the calidbsagdd hypersurface for the
additive Inconel 718. The tic marks are spaced at 250 MPa intanclhe field of each
projection is £1,250 MPa in both the vertical and horizontal coordinates
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Figure 2.17The complete set of 3D projections for the calibrated yield hydexse for the
additive Inconel 718. The tic marks are spaced at 250 MPa intandlhe field of each
projection is £1,250 MPa in both the vertical and horizontal coordiriBlbesfirst set shows
positive values of theBaxis and the second set shows the negative values of thés3
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2.5. Discussion

As demonstrated iRigure 2.15, the use of the analytic methods presented and derived for
the 2006 Cazacu et al. yield potential in & 2.2 provides an effeal@ation technique. In the
presented calibration, the additional information from the off-&exsile tests could have been
utilized in a regression-like analysis to provide the most optialddration. Instead, the data
was eserved as a test set for the purpose of verification, and the axfua® was assumed to be
2, and the parameter @& minimized With this in mind, and recognizing that the number of
individual tests of each kind of specimen varied from 2-5, itasarable to consider the fit
good. The tested off-axis tensile strengths vary from the expaiahraean by as little as 0.1 and
as much as 3.5 standard deviations, with an average variation tdridarsl deviations.

Although this demonstration clearly illustrates the effectivenébsth the analytic
calibration technique and the use &f Bypersurfaces to model the elastic limit of anisotropic
and asymmetric materials in full 6D, stronger evidence oh#éeel for the 6D consideration can
be gleaned through an additional comparison. Specifically, if the #&éassxumptioriseec
1.2.2) had been used instead of treating the shear strengths as indepegglanstress space
the resulting ObestO calibration would have determined the skegihstand off axis tensile
strengths indicated with yellow barsFigure 2.18. As expected, due to the near isotropic nature
of thexy-plane, there is less difference in the corresponding predictionswithdie 450 axis
assumption that is often used out of context and the 6D methodology. Thengyshtar
strength prediction varies by 0.8 standard deviations for positive she#.9 standard
deviations for negative shear, 20 MPa and 29 MPa respectively an&ddb806% deviation
from the experimental mean respectively. The off-axis tessimgth predictions in the xy-

plane vary by 1.3 and 1.8 standard deviations (or 23 MPa and 29 MB&waid 4.2% of the
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experimental meanAlso, as expected the anisotropy out of the xy-plane leads to moretdrama
differences in the two calibrated predictions, with those bast#ukiinvalid 450 axis assumption
deviating significantly from the experimental values. The sheangiins deviate by up to 15.7
standard deviations, 105 MPa, and 20% of the experimental mean, afidatkie tensile

strengths deviate by up to 11.5 standard deviations, 92 MPa, and 11h&egperimental

mean
900 — - ' ' ' ' T , ' T ' " 10 Exp. Mean
800 - - W Prediction
45°Axis
700 Assumption
) 600 Exp. Error
= 500 - i I (2 Standard
= Deviations)
2 400 - H
2
@ 300 H
200 + 5
100

0 -
YZ ZX XY YZ ZX XY Y35X Z35Y X35Z YS55X Z55Y X557

L )\ )\ )
Y T Y

Shear Shear Off-Axis Tension
(Positive) (Negative)

Figure 2.18Yield strength results for the additively manufactured Inconel 718ligtmebars
show the experimentally measured mean strength with a £2 standaaticshesiror band. The
dark bars show the predicted strength using the calibration coeffiarefable 2.4. The yellow
bars show the strengths predicted under the 450 axis assumption.

2.6. Conclusions

The concepts discussed in this pageframed in the context of stress with examples taken
with regard specifically telasticyielding, still they are wholly geometric in their roots and are
therefore applicable to any type of material limit surfaceldyighase transformation, twin

potential, anelasticitygtc.)with any choice of state variable (stress or strain) as Istigea
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consideration of isotropy, when required, is held within the frantkkeothosen state variable.
The following are the major conclusions of this paper:
1.! A 6-dimensional representation of stress becomes necessary wheibimigser
anisotropic material limit condition.
2.! Visualization in 6D or an appropriate series of projections isssacg to properly
observe a material response.
3.I The classic use of a 2D limit surface projection into a bliaxace with a 450 axis used
to represent shear response is only valid for isotropic limit tondi
4. Misrepresentation, using invalid projections, of a symmetric, odpmtmaterial during
calibration can produce errors in calibrations up to 100%
5.I' An effective analytic calibration technique was developed and demteaisthat is

compatible to the full 6D interpretation of the elastic limit.

Using a more complete perspective of the elastic limit Wdliaresearchers to correctly
calibrate existing models and visualize the predictions made byrims$es, and also to
critically evaluate those models and their applicability to reatdvmaterial systems.
Experiments, like those demonstrated here, can now be developed tdypralierate material
systems produced by various classical manufacturing methods, suctuamextolling,
drawing, and forging, and more modern manufacturing methods such as faasdardirect-
deposit additive methods. Assumptions regarding large scale mayeniadetry can be made
and subsequently tested, for example: Do additively manufacturedatsapeissess transverse
isotropy, orthotropy, or a lower bulk symmetry such as monoclinicity? &uglery can now be

teded by experimentally calibrating an existing orthotropic model andrgcatiditional data
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points in 6D hyperspace to determine whether or not they fall omtiteniypersurface. In the
Inconel 718 case used as an example in this work, the calibratitts @esd off-axis tensile test
data can be further utilized to demonstrate that the orthotropic pssarwas sufficient and that
lower symmetry is not necessary to accurately describe the dilag.

Should such bulk material symmetries such as monoclinictiy anihititt be achievable
through new processing technologies, then new theories can be readily déWelopthe six-
dimensional perspective. For example: materials with bulk asym@ed monoclinicity in
yielding would require an extension of the existing Cazacu et &l poeential for a complete
description of the limit hypersurface to be achievable. As solcharecians continue to explore
the behaviors of anisotropic solids, and continue to develop new ways obihgstheir
behaviors, a complete perspective of the elastic limit wilbberan invaluable tool for

understanding and critical evaluation.
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CHAPTER3
A NEW TRICLINIC-ASYMMETRIC YIELD CRITERION
FOR PRESSURE INSENSITIVE MATERIALS:
EMPLOYING AN IMPLICIT DESCRIPTION
OF DISTORTIONAL ASYMMETRY
AND ANISOTROPY

3.1. Introduction

3.1.1 Motivating a New Theory

With an ever-increasing drive for light-weighting structures ineustustry from
aerospace and automotive to wind and solar power, structural rsat@tiaanisotropic and/or
asymmetric behavior are becoming more popular in design. Anisotropyyanchafy can be
found in everything from heavily textured sheet metal [1] and extrudge shamory rods [2] to
3D printed metal structurg8]. Since an accurate and efficient description of the elastici$
necessary to describe both the deformation during manufacturing proamedses final
component strength and/or behavior, the authors propose a new yield cfdeaarsotropic
and anisotropically asymmetric solids.

In 1948, Hill proposed the original orthotropic yield criterion [4], véhanisotropy was
accounted for explicitly. Since then, the treatment of generaltanyyy has been rewritten in an
implicit form, where the use of linear transformations hasadtl for all possible material
symmetries up to triclinic to be captured [5]D[7]. Since $lihCorporation of anisotropy (and
briefly before), several authors have addressed asymmetry ugmnig®g of approaches [5], [8]D
[17]. Generally, these approaches can be categorized by their inaugrclusion of

anisotropy and by the nature of their description, either explicihpligit. Table 3.1
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summarizes many of these approaches. Although not wholly encompasisiggnerally

considered that the explicit descriptions of distortional asymméitrgtminclude anisotropy are

impractcal due to an overabundance of coefficients, whereas the impliciigtests are

incomplete and/or limited in their modelling capability. The autkeek to maintain the

practicality of the implicit descriptions, while extending curreapabilities to encompass a

greater breadth of anisotropic and asymmetric characteristics.

Table 3.1: Summary of yield criteria based for various implemientaof asymmetry for both
isotropic and anisotropic materials. Adapted from similar tahlgs].

ISOTROPY ANISOTROPY
NO ASYMMETRY | von Mises Hill
| "y "B
(% - 0%, - 1
EXPLICIT: | Drucker-Prager TsarWu
CENTER-SHIFTING L s L, 2,
ASYMMETRY 5%, 8 # %, - . . 88% - 1
EXPLICIT: | Drucker Kowalskyet al.
DISTORTIONAL |, g | 2
ASYMMETRY *4:_' Lot L F O*i, 8 )*/ -1
IMPLICIT: | Raniecki-Mr—z CazacuBarlat (2004)
TYPE 1 ! "t 2o | 2@~ 2B
*jr,>+; < - o *ic:>+; <*:/,C' o
IMPLICIT: | CazacuPlunkett-Barlat2006 CazacuPlunkett-Barlat2006
TYPE 2 &

Throughout the remainder of the introductiam discuss the difference between explicit

)
Ié HFE 1GE - 0.7

HK6

Plunkett-GizacuBarlat2008
| 2@” 2B

and implicit definitions of anisotropic and asymmetric behavior, teitins to be used
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throughout the article clearly defingd=3.1.2. We then describe our new yield function, proof
of convexity and applications. We present both prior experimentatsegublled HCP
materialsand our own results from Ch.2 on additive Inconel 718 to demonstrafitdaey of

our new model. Specificallyn @3.2.1 we develop a fully implicit, anisotropic and asymmetric,
pressure insensitive yield function capable of capturing anisotropic (uplitaic),
anisotropically-asymmetric (up to orthotropic) behavior of the ieléistit. A novel geometric
approach is described i13.2.2to demonstrate convexity of the proposed yield criterion, with a
detailed formal mathematical proof provided in the appendices. $hikssection ©3,3s
comprised of three subsections. The first subsect®8, X is dedicated to applications of the
newly proposed theory to prior experimental data for magnesium amdnitalloys. The

second subsection, ©3.3.2, reviews the experimental results eutdhirely manufactured
Inconel 718 from Ch.2. The final subsectio,33, explores various calibration approaches for
the newly proposed yield theory using the data from ©3.3.2. The discgsgonn ©3.4

provides insights into the functional form ultimately achieved32.4 and triclinicity as well as
the implications for associated plastic flow models and potentgiiees for future work.

Finally, the major objectives and conclusions of this work are suinedan 8.5.

3.1.2 A Preliminary on Explicit and Implicit Anisotropies
For purpose of notational consistency and ease of future discussiooi)diven
definitions will be used for stress invariants (Equation 3.1) and foatdeic stress invariants

(Equation 3.2
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Lo # S0 # &
!( # Si%# (_)&**&H, '&*+&l-*- (31)
l # $op# 012 &,

$#$2# 4
¥ # % # )55 (3.2)
$ # $3# 0125.. # -)5.5.5. .

Furthermore, the following equivalent definitions (Equatior) & help orient the reader to

future discussions:

$o,# &6 (8
! 798
E #"(—)56! 65. (3.3)
_ 7.8
S # p ) 56! - °6565.

where 2, 1¥), and © are identity tensors of'® 4", and & orders respectively.
An explicit description of anisotropy applies the anisotropy direntthe calculation of
the invariants or yield potential. Equation 3.4 demonstrates this thrbeglalculation of

transformed stress invariarfig, $ 3, and$;:

$o,# &6< (8
: . 798
%s #"(—)56< 65. (3.4)
$5# /—)56<7:86565.

where< 18 < ™8 and< " 8 are structural tensors of anisotropy. Although not all g ®
contains 9 elements, 8 contains 81 elements, ard:  contains 729 elements. As noted in

Table 3.1, explicitly defined anisotropic-asymmetric criteither rely ors,, (center-shifting) or
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1%, (distortional); as a result, they can be either limite@®y (with a reliance on pressure
sensitivity) or untenable B9 ( respectively.

An implicit description of anisotropy applies the anisotropy to thestensor and/or
deviatoric stress tensor prior to calculation of the invarianggetat potential. Equation 3.5

demonstrates this fof, using an intermediate calculation of the transformed deviatoeiss gt

* 4+ & ()

18, + 1% 22( 3 (3.5)

where%® ( from Equation 3.5 is not the same as that from Equation 3.dridifappropriately
such that®, has the same value. Implicit descriptions of the anisotropy atiogréater
flexibility in generating yield criteria, particularly withgard to exponential shape parameters
such as those described for isotropic systems by Hosford [18].

Conceptually this reduces to the idea that explicit anisotropy istsetmd/or distorts the
hypersurface bounding the elastic region, in essence changing the fusetiprvitereas
implicit anisotropy stretches and/or distorts the axes underlying the ingungpersurface

effectively changing the basis of the function, Figure 3.1.
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Figure 3.1: lllustration of stretching (a-j) and shearing (k-tefsmgle 2D projection of a
hypersurface, showing the difference between explicit &ak-0) and implicit (f} & p-t)
anisotropy.

Although Table 3.1 only divides the anisotropic character into egtkmicit or implicit
applications, it is reasonable to similarly subdivide the asymengtaracter of potential yield
criteria. By considering the implicit definitions of either aniepy or asymmetry as a change of
basis, the map depict@uFigure 3.2 can be generated. In Figure 3.2, arrows represent an
implicit definition (of anisotropy, asymmetry, or both), an impldimension reduction (via
eigenvalue decomposition), or transcription to a scalar potentiah (@gebraic form). It should

be noted that the anisotropic-symmetric Oequivalent symmetricapaotnecessarily
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undergo a dimension reduction via eigenvalue decomposition due to violatingttbpyis
assumption underlying LippmannQOs proof [19] that such a dimension redactidts feverse)
preserves convexity of a convex hypersurface. This means that althoaghygatd potential
could still be transcribed algebraically, it would necessardyire all 6 components of stress

and could not be constructed using only the eigenvalues of the chosenrsade.va

Explicit Asym.
Yield Potential

Iso. & Asym.
“Equivalent Isotropic” & ls_o. & Asym.
St > Eigen Space
ress Space 6(,’0 g p
% g Ex;?g :Zest;m
ICH! .
T T'pe . Yield Potential
e Dimension Reduction: Scalar Function
Eigen Value Decomposition Representation ¢ ’—'—i‘
o' L o3 o,
1"'ab
Iso. & Sym.
" = oy “Equivalent
/}m. & Af‘y"z, Isotropic-Symmetric” Iso. & Sym.
‘Nlmmeglati(A Toc Stress Space Eigen Space Sadined
Stress Space 7, - u
2 Ao
Fully Implicit
E ¢ The Yield Potential
ca .
- Implicitly Define Coupled Dimension Reduction: Scalar Function ¢
: Anisotropy & Asymmetry Eigen Value Decomposition Representation
o', o', o3 o,
z
o, ab
x| o
8
3 o
HE
2|5
zl2 7 Abbreviations Used:
=N K<} b .
23> Explicit Ani. Fully Implicit Ani. - Anisotropic
) T'he Yield Potential Yield Potential Asym. - Asymmetric
T 4 > v
Explicit ¢ Iso. Isotroplc_
Ani. & Asym. (M) ) «—'—‘— ¢ *—|—|— Sym.-> Symmetric
Yield Potential Representation
l o a',
¢ )
Tab

“Fully Explicit” Ani. & Sym.
“Equivalent Symmetric”
Stress Space

Figure 3.2: Map of possible yield potentials categorized by the ¢hacidhe definitions for
anisotropy and asymmetry as either explicit or implicit. Imptiefinitions are treated as a
change of basis, and only those changes in basis which could be demotspatsdrve
convexity are included in the map.
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Considering the majm Figure 3.2, several new terms are defined to describe the
constitutive space generated by each new change of basis. ThémenediateO stress space is
used to define the constitutive space of the real-world, that ichwheasurements are being
made. The terms Oequivalent isotropic,0 Oequivalent symmetti©€yaivalent isotropic-
symmetricO describe constitutive spaces where respectivelyisbe@pies, asymmetries, or
both have been captured in the change of basis. Although not perfecenégress of the
higher-dimensional character or the complete set of possible gessi{iege Ch,222.1for
more realistic plots), the cartoons provided help to capture sothe ohanges that occur in the
geometry of the elastic limit when moving from one basis to another.

Exploring existing implicit theories for capturing anisotropy and asgtnn(Table 3.},
it can be noted that limitations exist. These include, but arnmed to: restrictions to
orthotropy and an absence of asymmetry in shear. Due to the figxibiimplicit anisotropic
descriptions, and the generally reduced and more tenable pargpaetmden compared to
explicit descriptions, the authors have chosen to expand upon existingtineria to capture

the aforementioned behaviors: lower symmetry (i.e. triclini@aty) shear asymmetry.

3.2. Theoretical Development
3.2.1 Development of a Fully Implicit Anisotropic and Asymmgic Yield Potential

Choosing a state variable of stress, a yield potential withyaifoplicit definition of
both anisotropy and asymmetry could be developed with an algebraic desdhpt exists in
either a reduced, or eigen, stress space or in the full saxagder stress space (center right-most,
or lower right-most in Figure 3)2In both cases, the Oequivalent isotropic-symmetricO stress

space must be attained, and for sake of simplicity and reducing ttedl onenber of steps for
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calibrations and applications, the authors chose to construct a dosgtitian algebraic
description in the full six-parameter stress space (i.&owitthe use of an eigenvalue
decomposition). Starting with the second deviatoric stress invadigrand noting that it can be

written in the followingform using the six-index Voigt notation for the stress deviator:

+ / + /
% . " % . .
Ly $ é' ( ). & )-1% é' ( 2:2. &( 2.21 (3.6)
*, - * 0 %, - * 0
the authors used Hershey [20], Hosford [18], and Cazacu, et ahgIbptivation for the
following isotropic yield potential, recognizing that the intersectioa ofildly stretchedix-

dimensional ball defined by the p-norm with the deviatoric plane proaidesid isotropic yield

potential, where p=2 reduces to the von Mises criterign, J

+ /

3$4 2.3. & 2.7 (3.7)

* 0

This homogeneous function of degrem stresses behaves similar to the classical n-
dimensional ball defined by the p-norm, allowing for inflation andadieth of the yield

hypersurface to provide isotropic curvature control, as demonsinaftegure 3.3.
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= Exp = 100/

Figure 3.3: 2D unit ball defined using exponent values of 1, 1.5,a2d4100.

Asymmetry is achieved through independent warping of the positive and negatve a
for a given direction, i.e. through asymmetric control of the amipgtfor each axis. This is

conceptually demonstrated in Figure 3.4 using a 2D unit ball, in batkpdicit and an implicit

sense.
a) b) c) d) e)
f) g) h) i) )]

Figure 3.4: Asymmetric warping of a 2D unit ball achieved through agtriccontrol of
imposed anisotropy for each axis. Explicit warping is shown inredenaplicit warping in ff.

69



In order to achieve this independent control, the anisotropy and asymmee¢rgaupled

for the orthotropic case and introduced implicitly using the followiagsformation:

s ) by G Gy a8

0 *

Here, i and N represent linear transformations on positive and negative spagegatoric
stress respectively. These transformations are orthotropresented by diagonal 6x6 matrices
with diagonal values strictly greater than zero. Considering hieefttor of 2 multiplying the
shear stress terms can be absorbed into the definitionsaofdRy, Equation 3.9 can be used as

the fully implicit yield potential:

3
L #/0 1.2 (3.9)

"45
Furthermore, triclinic capability may be introduced by means oflditianal
transformation. By recognizing that a linear transformation reptieggtriclinicity functionally
represents a change of angles between coupled axes from an ipgppiective (Figure 3.1 p-t
it is possible to deduce that the asymmetric introduction oiricalelationships could
necessarily provide a non-convex transformation. This is demongmdtegure 3.5, where the

application of asymmetric triclinicity on a 2D unit ball producdsn&ing effect.

70



Dt f’@f’«
OO

Figure 3.5: Kinking in the surface of a 2D unit ball produced by theagian of asymmetric

triclinicity. The case of explicit transformation is shown ia and the case of implicit
transformation is shown injf-

Although the kinking effect is difficult to observe directly in theeaf the implicit
transformation (Figure 3.5 f-)), it is apparent in the cag@d@explicit transformation (Figure 3.5
a-e9. This implies that triclinic behavior cannot be captured by simpbyvaig B and N to
assume a non-diagonal character, and quite possibly that triclinicitwefize. the coupling of
individual components of stress) is necessarily symmetric egards to the elastic limit. This
would make intuitive sense, because even for a material whetengie and compressive
strengths, or the positive and negative shear strengths, diffenjtileangles within the
material are the same.

Consider for example a monoclinic crystal, where the macrosdoeigth results from
atomic interactions between nearest neighbors. These intergotazhge fundamental strength
directions (anisotropy coupled to asymmetry) which are not necessaaityarthogonal
reference frame. The strengths in these fundamental directignsenasymmetric, but the angle
between these fundamental directions is independent of the sign ofdh@& lm@noclinic, or in

the general case triclinic, transformation should therefore @fitarangular relations between
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the fundamental strength directions prior to applying the asymm&tmasentially
orthotropizing the strengths and then using the orthotropic transformasombgelin Equation

3.8. Applying this logic provides Equation 3.10.

!" #$’/(&I&
&
Lt IPERE (3.10)
B R LAY L SLY

Here,! j is the orthotropized deviatoric stre3g is a linear transformation represented by a 6x6
matrix with a diagonal of all ones (for the sake of uniquenegseatdlibration solution), and $
345%$6778%9:;4<7;$<=$<>485?=>@hraBPized deviatoric stress. The transformed stress
deviator,( z is still applied to Equation 3.9 to produce a fully implicit glipbtential.

The yield potential described above is pressure insensitive, anisdtuppo triclinic),
anisotropically-asymmetric (up to orthotropic) through distortiongnasetry, and fully
implicit. This is sufficient to capture many effects includingependent and asymmetric
unidirectional (uniaxial or single-shear) strengths, coupling effantsoverall curvature of the
yield hypersurface. However, the authors would be remiss to not inckidgke variation to
account for previously accumulated kinematic hardening (such as reldbeiBauschinger
effectand/or baclstressesin the form of a center shift, especially since such an additem
allows for control of the hypersurface normal at the points ofsattion with the stress axes.
Similar to the case of introducing triclinicity, this additiocahsideration should be included

preceding all others.
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L#S0&" -

&
() # gt
(3.11)
1(,10 (, 10, &
1203, 2

Here,cx is the center-shifted deviatoric stress, and is used in pfdbe stress deviator in the
orthotropization. The anisotropic-asymmetric transformation remainsdified and can still be

used in Equation 3.9 to construct the fully implicit form of tlddiaonal yield potential.

3.2.2 Demonstrating Convexity

In many previous convexity tests of yield criteria, the proof may bertakd® in a three-
dimensional space, usually the result of an Eigenvalue decompdsiiipfi4]b[16], [21], [22])
The authors leveraging such a simplification have been able torréljppmanOs 1970 proof
[19], in concert with the known convexity preservation of linear trans¢28)] to extend their
restuts into the OimmediateO stress space. Although an Eigenvalugdsitiom could reduce
the dimensionality of our proposed criterion, we would not be able toceatey demonstrated
convexity any further than the Oequivalent isotropic-symmetric® spaese. The
transformations from this space back to the Oimmediate©sgtaes are not yet verified to
unconditionally preserve convexity in the same way that standard Iraeafdrmations have
been. Furthermore, methods such as determining the Hessian amnatiglicomplicated due to
the mathematical structure (namely the absolute values) ana¢hef $he calculation when
considered in the full six dimensions. As a result, the authorsdemwged to develop a novel
geometric approach to demonstrating the convexity of the proposed crildtisrmpproach is
conceptually described in this section, and a complete and detailleelnagical proof is

provided in Appendix D for the interested reader.
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To demonstrate convexity in the OimmediateO stress space, tletrigeapproach

developed utilizes three key concepts:

1.! The order of operations of an implicit transformation are reversedthose in an
identically acting explicit transformation. This reduces thei$aaf the proof to only
the third line of Equation 3.11, since lines 1 and 2 (a traoslaind a linear
transformation) are already understood to preserve convexity.

2.! Divide the complete 6D space into individual orthants, and demonstrateitthia
each orthant, the elastic region is convex. By focusing only on liae df Equation
3.11, this becomes almost trivial'b describes a transformation that from the
perspective of any single orthant is a standard linear transformation

3. Demonstrate that the union of all 64 orthants is a convex union.

3.2.21 Reversing the Order of Operations

In developing the function described iB.2.1, an implicit approach was taken. Starting
with a description of the elastic limit for an isotropic and syatric material system,
transformations of the underlying basis were described to accouhtfévent aspects of
anisotropy and asymmetry. These transformations moved the startingpbass¢ep at a time,
from the Oequivalent isotropic-symmetricO stress space tohedstmediateO stress space of a
terribly anisotropic and asymmetric material. The final tramsé&tion effectively re-centers the
basis (to align with the zero-stress state of an isotropicymdietric material), then shears the
angles between basis vectors (back to the orthogonal basis of api¢satrd symmetric
material), and finally adjusts the lengths of the basis ve@odstheir negatives (back to the

orthonormal basis of an isotropic and symmetric material). Ath@de operations were acting on
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the basis of the elastic region rather than the elastic regadh® an implicit description of
anisotropy and asymmetry. To reverse the order of operationskevadeantage of the change
in perspective from an implicit to an explicit description ofsame transformations.

Changing perspective from a transformation acting on the basiebt@a
transformation acting on the set itself describes the applicattithe inverse to both sides of the
equation. Rewriting Equation 3.11 using a function to represent eaxdidrmation makes this
idea more digestible. In Equation 3.12, the function C represententering transformation of
line 1, the function represents the orthotropization of line 2, antepresents the final

transformation of line 3.

#$" %& () (3.12)

Applying the inverse functions one after the other takes the descriptiba elfastic limit
from the Oequivalent isotropic-symmetricO stress spaiep the OimmediateO stress space, s.

This is demonstrated step-by-step in Equation 3.13:

"(HTS 1 & O+ ]
@
g (S (781 (3.13)

-.%-.&'-.(#*4_, $)

Where# represents a transformed basis in which the elastic limibealescribed using an
isotropic and symmetric criterion known to be convex, s repretentssis of interest where
convexity must be demonstrated. But from Equation 3.13, the problebrecamplified as

discussed earlier. The functibn- still represents a simple translation, which preserves
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convexity since it doesnOt alter the shape of the set in questiotiorallyi, the functiorl " #
represents the inverse of an invertible linear transformation, mékatgp a linear
transformation, which preserves convexity as well [23]. This omlyds the functios " #,
which if demonstrated to preserve convexity implies that the drdimsformation preserves

convexity, making the elastic region convex in the Oimmediate©sjiees.

3.2.2.2 Considering One Orthant at a Time

Although the transformatio® as a whole is quite difficult to quickly demonstrate that it
preserves convexity, consideration of a single orthant to the exchfsadinothers proves
otherwise. Another way to write Equation 3.8 is to use a sitim@ar transformation, Equation
3.14, where the operating matrix depends only on the orthant in which tla¢i@pes taking

place.

% () grt+ (3.14)
where

- g~ +./ 0
Jel .. +.20

Since a given orthant is defined by a fixed sign (positive or negétivepch component

of +«, it follows that) ¢« is a constant matrix for a given orthant. Furthermore, since-o#émd
1.+ are diagonal matrices with entries on the diagonal that acdysgieater than zero, it follows
that) .« is also a diagonal matrix with strictly positive entries ondikgonal. This makes both

the transforn$ and its inverse$” #, linear transformations that preserve convexity within a

given orthant.
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3.2.2.3 Demonstrating a Convex Union
The logic used to demonstrate that the union of the orthahts"&&is a convex set is
comprised oR mainparts:
1. Show that any two adjacent orthants form a convex union for the case!wffeacts
on a unit ball in 6D.
2.! Show that an inductive procedure exists to form successive convex ohjmevious

convex unions.

3.2.23.1 Union of Adjacent Orthants

Consider a set Q in 6D hyperspace divided into 64 subsets, each thectne of Q
with one of the orthants 6f(. An arbitrary orthant in 6D hyperspace can be identified by
specifying the sign for each coordinate ih. Using subscripts to track these signs, each subset
of Q can be given a specific name, such.as .. for the orthant where all coordinates have
negative signs) « -« » « » for the orthant where coordinates 1-3 have positive signs and
coordinates 4-6 have negative signs, and. « -« for the orthant where all coordinates have
positive signs except for coordinate 5. Adjacent orthants are defingaebifying the sign of
any 5 of the 6 coordinates to be equal and the sign of the remaining caotdibatdifferent.
For example, using the above notatips, .« -+« is adjacent tQ « .« » .« . Figure 3.6 illustrates
an example for a 2D case. Considering Figuredi.@uadrant pairs are adjacent to one another,
except for the paly«+ and) .. and the pai} -« and) ., both of which have more than one

uncommon subscript.

77



Yt Vi
Yy R2-+ ]R2++
]RZ : )
Q.+ Q ++
-X X
X ‘
X ( ). Q.. X
R?_. R?,.
_yw _y"

Figure 3.6: Example of the orthant naming convention in 2D, allowing Yasual demonstration
of adjacent and non-adjacent orthants. Here, all quadrant paadjacent to one another,
except for the pait .. and! 4, and the paifl 4~ and! ., both of which have more than one
uncommon subscript.

There exists a useful property of the unit ball in n-dimensigades If a hyperplane,
$ o, is defined as the hyperplane orthogonal to thdikection, or axis, and with thé'k
coordinate value equal to zero, then every orthogonal projection fromtarpthe unit ball onto
$ o, remains in the unit balFigure 3.7 shows this property in a 2D example with unit balls

corresponding to p-norms of p=1, p=2, and p=

]H[k [H]k IHIk
p=1 A p=2 A p:OO A
STl A —
o e— ° -~ D ° ° -
) 9—> SR ‘ ) — ‘ ) _
o ] k o ] k . — k
L d 9
-9 -—Q *>->—Q
G—_
v 4

Figure 3.7: 2D examples of the orthogonal projection property of théaihilThe example
includes unit balls generated from three different p-norms.
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The transformatioh and its inversd, " #, preserve this behavior. This can readily be
demonstrated for a single orthant, wigerand! " # are reduced to linear operators representable
by diagonal matrices with strictly greater than zero diagonakesnSuch a transformation both
limits the transformed'kcoordinate value to depend solely on the untransforfi@dérdinate
value and the remaining transformed coordinate values to have no deperénee
untransformed 'k coordinate value. This preserves the projection property from Figytifer
each orthant subset @& ! *#' (). Furthermore, it also follows from the reduced orthaise
definitions o6 and! " # that adjacent orthants produce the same transformation within thei
shared hyperplane. This provides that for any two adjacent orthantshaitd hyperplarte.,
every orthogonal projection from any point in either orthant subset of (¥ qantesides in the
region defined as the intersection of the two orthant sulbagtge 3.8 provides an example of
this in 2D, where the adjacent orthattis and% are considered and the intersection of these

subsets is defined &6 .

Q0+

Figure 3.8: 2D example of preserved orthogonal projection property anestiiethat the
projections into K of adjacent orthant subsets reside in the region defined as ttseatiten of
the two orthant subsets
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This allows us to use the definition of a convex set to demonghtettthe union of these
two adjacent orthant subsets is convex. Consider Figure 3.9, wpen® & is defined i .«
and a point w is defined in; . On the line connecting v and w, a point z is defined which lies
in the hyperplaa$ o; (the y axis). When orthogonally projecting the line segr@gnonto$ o ,
every point between v and w remains between v and w. The neW1§#;, connects the
points P(v) and P(w) which both necessarily reside in the régionSince botH . and! ..
are demonstrated to be convex, ©2.2.2, their intersettionmust also be convex. Therefore
P(v) and P(w) are points in a convex set, proving that every point ¢inghe'&{(+is also in

I' .. This includes the point P(z).

<

Figure 3.9: 2D example of the union of two adjacent orthant subs@tsTdfe points w and v are
arbitrarily located il 4+ and! .. respectively. The point z lies on the line segment connecting
them such that it falls on theaxis. The points y and x lie on the line segmefi{sand&¢
respectively

Since P(z) = z, by the definition that z lieshig, , we have that z is part of bath. and
... This allows us to define a point x on the line segr@rand a point y on the line segment
{((. Since v and z are both'in ., every x between v and z is alsd in- . Similarly, since w

and z are both ih;. , every y between w and z is alsd ip- . Furthermore, had v and w been
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chosen to both reside in only one of the two orthant subsets, theividD® show that every
point on the line between them is within the unien $ ! ¢ &! 4. Therefore, any point z on
the line connecting any two points v and w i, must be included in the det,. This proves
that the union of two adjacent orthant subsets of Q is convex. Agaioteadetailed and

complete proof in 6D is provided in Appendix D for the interested reader

3.2.2.3.2 Inductive Procedure for Successive Convex Unions

Consider the following definition in 6D of the union of two adjacerttant subsets of Q:

! Rl $'! ‘V&/&/&/&/&A)&! VPSSt

The same properties of the orthant sets of Q which allowedhibe of two adjacent orthant sets
of Q extend to the union of those orthant sets. This allows fardarctive argument, illustrated
in 2D in Figure 3.10. In the 2D example the orthogonal projection gsoprtends to the subsets
., and! .o, These two adjacent subsets, called super-orthants to differdrdiat¢he orthant-
wise argument, demonstrate the same property of projecting ontgthieig hyperplane ).

That is, the intersection of these super-orthant subsets isdlaBhe , and the points projected
from both! ., and! .o, can be shown to residelin.. The same arguments then follow to

demonstrate that.. $ ! ., & ! .o, iS @ convex union as well.
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Q-

A .

Q-+ Q++

Figure 3.10: 2D example of preserved orthogonal projection property arestiethat the
projections into Kof adjacent super-orthant subsets reside in the region defineel as t
intersection of the two super-orthant subsets.
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The inductive argument, outlined in more detail in Appendix D, thezallows for the
successive union of super-orthant subsets to preserve convexity up tathmion which

generates the complete set Q:

Powwn gy B Wounwnwnn g &uwnn y
P S %o gy & g
Do S % v & oy

Do s S %00 i &V

DS s S %00 s &

The only remaining caveat to be considered is that the logic of tho$ was predicated on using

a complete 6D unit ball as the starting point. This is suffid@mthe case where non-deviatoric
stresses are usgd:$ ) *+,-./ 012, but Equation 3.12 clearly uses deviatoric stress

components in the transformation. The convexity from usingn be readily transferred to the
case of using s, since s is a subsét. dEssentially, s is the intersection/ofvith the hydrostatic
hyperplane, defined as hydrostatic stress equals zero. Since thedtydhyperplane is a
convex set, the set produced by intersecting it (viie also convex. The full hypercylinder can

therefore be defined by taking this intersection and then allowingyti@static axis to serve as

a free parameter, continuing to preserve convexity.

83



3.3. Results
3.31 Applications to Prior Experimental Data

One of the most capable and widely implemented yield criterieafetuang both
distortional asymmetry and anisotropy is the criterion proposed by Carat in 2006 [15]To
provide a direct comparison between our newly proposed criterion and thet@tate of the
art, we first reference the results reported by Kelley andarib$1968) [24] and by Lee and
Backofen (1966) [25], the same prior experimental data used by Cdzdcine€006 [15]. The
calibrations to these data sets for the Cazacu et al. (2006) aredazllled directly from those
reported in the original article. The calibration to these st undento different assumptions
are discussed initially in ©3.3.1.1, with some derivation depailgided in Appendix E. The
resulting fits for the new model are presented and compared withubkiogethe Cazacu et al.
(2006) model in 8.3.1.2, ©3.3.1.3, and ©3.3.1.4. The results for the Mg-Th alloy thenkelley
and Hosford (1968) work are presented 38al.2. The results for the Mg-Li alloy from the
Kelley and Hosford (1968) work are presented in ©3.3.1.3. The resuttsef Ti-4Al-1/4Q alloy

from the Lee and Backofen (1966) work are presente@.81k4.

3.31.1 Assumptions and Calibrations Using the Proposed Model

Unlike the Cazacu et al. model, which has six free anisotroparEders, a lone
asymmetry scaling parameter, and an exponential shape pardhepgposed model reduces
the number of parameters for an orthotropic case to include sotrapg/asymmetry parameters
and an exponential shape parameters @hsumes no center shifting and some analytic solution
for the off-diagonal components ok Trom Equation 3.11. There are three different assumptions

considered as plausible for reducing the parameter space sucl thatollonger independent in
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the case of orthotropic symmetry. The first is to simply asghatelx = Ik, or that the
orthotropizing transformation is the identity transformation. Thdation equations for this
assumption can be found by substituting=Tlj into the equations in Appendix E. For the
remainder of the article, this assumption will be referreastdssumption-1.

The second assumptigsmbasedon the idea of conserving the deviatoric relation after the
complete anisotropic transformation is applied. The concept of usesgyse insensitivity
relations is discussed in detail by Ganczarski and Skrzypek whenbilegthe general
anisotropic von Mises criterion and its application [26]. Thes#iogls are derived for several
cases and are used to reduce the number of independent coefficirateard of triclinic
material systems from 21 to 15 and in the case of orthotropariadessystems from 9 to 6. The
assumption, as presented by Ganczarski and Skrzypek can be summdtgedation 3.15 for
the case of orthotropy. An additional assumption is made, both by Gskicaad Skrzypek and
by the authors, that the material coordinate frame aligns witm#terial testing frame. This

imparts symmetry tojd; specifically that &k = T;.

%

I "ue()*  +-( .10 (3.15)
e
In Equation 3.15" 4 is the 6x6 Voigt notation form of thé'4ank structural tensor of

plastic anisotropyl * (the linear transformation from the anisotropic to the equivaletrbjsic
space). In order to compose a similar condition, the orthantfansedescribed in Equation 3.14

must be used, resulting in the system of equations presented in Equa6ion
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Do # 9 oot L & ()

®
Do G # B ot 1o & () (3.16)
Dow &oo # B opofloe # 1+ ()

There exists an explicit solution for each componentELfuation 3.17, however a
problem becomes apparent when trying to implement the solution. Themsauaty exists under
two conditions: the asymmetry is zerq ePN;); or the solution is allowed to vary for each
orthant. The first removes asymmetry from the model, removingifunadity from the model,
and the later makeskIno longer a standard linear transformation. Neither is a desirabl
condition. To work around this issue, the original assumption is mddrben the general
conservation of pressure insensitivity used by Ganczarski and Skrzypepéaific
conservation of the deviatoric relation for the case of eithppsitive axial stress values or all
negative axial stress values. The authors have chosen to useetbé paserving the deviatoric
relatons for all positive axial stress values. Equation 3.18 rewthtesolutions from Equation

3.17 using the all positive special case.

L Yoxy, Yoo
. . I opon
% U 0606
D gorl® 1w x o, %
D ogon * | [
& ( e (3.17)
L ox g Joxoy
. . 070
& ( T
I gqob »
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The calibration equations for the assumption shown in Equation 3.18 fomaetg the values
of Tik can be found by substituting the above expressionsifantd the equations in Appendix

E. For the remainder of the article, this assumption will ferned to as Assumption-2.

3.31.2 Applications to Textured Mg-Th Plate

The Mg-Th alloy tested and reported on by Kelley and Hosford in 1968 §24¢ rom
textured plates. The specific Mg-Th alloy was binary with 0.3%&dntent. The experimental
data of concern was generated using standard uniaxial compressan thstroll, transverse,
and normal directions along with standard uniaxial tension tests ioltland transverse
directions. The experimental data provide yield stresses fa ldwels of plastic strain: 1%, 5%,
and 10%. Provided that no data is available that can be used tatedtiie shear behavior, all
plots show only the theoretical fits in the pi-plane. Table 3.2sgive coefficients for fitting the
experimental data applying thed assumptions discussed in ©3.3.1.1. Table 3.3 gives the

coefficients reported by Cazacu et al. for fitting their 2006 mofitsle same data [15].
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Table 3.2: Proposed Theory Calibrations for Mg-Th Alloy.

Assumption-1
P11 P22 P33 N11 N2> N33 T12 T13 Tos !
1% | 0.1005 3.7002 15.8165 12.9910 12.7505 9.853 0 0 0 100
59 | 3.8422 4.0832 11.3529 10.2441 10.0448 7.1002 0 0 0 100
10% | 5.5411 5.4062 6.2815 5.8059 6.3184 5.8540 0 0 0 100
Assumptior?
P11 P22 P33 N11 N2> N33 T12 Ti3 Tos !
1% | 4.4944 4.8058 5.8758 10.3742 9.7707 4.5245 -0.2030 -0.5989 -0.6626 1C°
5% | 4.1841 4.2482 5.1497 7.7004 7.4860 3.0331 -0.2541 -0.6028 -0.6185 10°
10% | 3.7952 3.7597 3.9448 3.9524 4.3533 3.6720 -0.4547 -0.5287 -0.5156 1C°
Table 3.3: Cazacu et al. (2006) Calibrations for Mg-Th Alloy.
k Ci1 Co2 Cas Ci2 Cis Cas !
1% | 0.3539 1.0000 0.9517 0.4654 0.4802 0.2592 0.2017 3042
5% 0.2763 1.0000 0.9894 0.1238 0.3750 0.0858 0.0659 6703
109% | 0.0598 1.0000 1.4018 0.7484 0.6336 0.2332 0.5614 12550

The fits of the experimental data corresponding to the calib@dedcu et al. model are

provided using dashed lines in Figure 3.11 and Figure 3.12. The fit apfigifig= |

assumption is provided in Figure 3.11 using solid lines. The fit applgengéviatoric relation

conservation assumption is provided in Figud23ising solid lines. The yield loci resulting

from the proposed theory calibrations using Assumption-1 and AssumptiordBsimeilar for

the Mg-Th alloy case for the 1% and 5% plastic strain conditionsréuirailar for the 10%

plastic strain condition. The fits from the proposed theory are cailgaio those made using

the Cazacu et al. (2006) model only in the case of calibrations Aissugmption-2.

88



— 19,

—a— 5%
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Figure 3.11Pi-plane plots for Mg-Th alloy. Proposed theory fits using Assumpticalithration

parameters (solid lines) and Cazacu et al. (2006) fits (dastes)l &re shown with experimental
data marked using squares.
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Figure 3.12Pi-plane plots for Mg-Th alloy. Proposed theory fits using Assumpticaliration
parameters (solid lines) and Cazacu et al. (2006) fits (dastes)l &re shown with experimental
data marked using squares.

3.31.3Applications to Textured Mg-Li Plate
The Mg-Li alloy tested and reported on by Kelley and Hosford in 19684 from

textured plates. The specific Mg-Li alloy was binary with 4b&dntent. The experimental data
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of concern was generated using standard uniaxial compression tbstsoi, transverse, and
normal directions along with standard uniaxial tension tests irothend transverse directions.
The experimental data provide yield stresses for three le¥/plastic strain: 1%, 5%, and 10%.
Provided that no data is available that can be used to calibregiegiebehavior, all plots show
only the theoretical fits in the pi-plangable 3.4 gives the coefficients for fitting the
experimental data applying thed assumptions discussed in ©3.1.1. Table 3.5 gives the

coefficients reported by Cazacu et al. for fitting their 2006 mofitle same data [15].

Table 3.4: Proposed Theory Calibrations for Mg-Li Alloy.

Assumption-1
P11 P22 P33 N11 N2> N33 T12 T13 Tos !
1% | 10.9994 15.1584 20.1348 18.5537 19.2727 129695 O 0 0 108
5% | 7.9386 9.7505 149556 13.1335 13.5730 7.1781 0 0 0 108
10% | 8.6586 8.8490 9.4465 7.4177 7.8320 4.7879 0 0 0 108

Assumptior?
P11 P22 P33 N11 N2> N33 T12 T13 Tos !
1% | 9.4859 10.5382 11.2586 14.1064 12.8557 6.3919 -0.3715 -0.4948 -0.6230 1¢°
5% | 6.7730 7.2763 8.0717 9.9124 9.4108 2.0002 -0.3416 -0.5312 -0.6149 10°
10% | 5.9064 5.9618 6.1041 5.1196 5.2877 2.8402 -0.4710 -0.5076 -0.5210 1¢°

Table 3.5: Cazacu et al. (2006) Calibrations for Mg-Li Alloy.

k Cu1 Ca Css Ci2 Ci3 Cos3 !
1% | 0.2026 1.0000 0.9783 0.1497 0.5871 0.6975 0.2840 932
5% | 0.2982 1.0000 1.0940 0.1764 0.6103 0.8056 0.5745 1830
10% | 0.1763 1.0000 1.0437 0.2946 0.5324 0.8602 0.8404 3660

The fits of the experimental data corresponding to the calib@dedcu et al. model are
provided using dashed lines in Figure 3.13 and Figure 3.14. The fit apfigifig= |
assumption is provided in Figure 3.13 using solid lines. The fit applgengéviatoric relation

conservation assumption is provided in Figufet3ising solid lines. The yield loci resulting
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from the proposed theory calibrations using Assumption-1 and Assumptiorsi2ndee for the
Mg-Li alloy case, with minor deviations noticeable for the 5% @astain condition. The fits

from the proposed theory are comparable to those made using the Gada¢208€6) model.

Mg-4Li
Y
200
180
160

10% Y

Figure 3.13Pi-plane plots for Mg-Li alloy. Proposed theory fits using Assumptionkbresion
parameters (solid lines) and Cazacu et al. (2006) fits (dastes)l &re shown with experimental
data marked using squares.
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Figure 3.14Pi-plane plots for Mg-Li alloy. Proposed theory fits using AssumptioniBresion
parameters (solid lines) and Cazacu et al. (2006) fits (dastes)l &re shown with experimental
data marked using squares.
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3.31.4 Applications to Ti Alloy Sheet

The Ti-4Al-1/4Q alloy tested and reported on by Lee and Backofen in 196&§25¢
from 3/16 inch rolled sheet. The Ti-4Al-1/4@lloy is an all -phase (hcp) Ti alloy with the
nominal compositions reported in weight percent and was tested in ameanceadition. The
experimental data of concern was generated using standard uniaxmession tests in the roll,
transverse, and normal directions along with standard uniaxial teestsrin the roll and
transverse directions. The experimental data provide yield edr&ssthree relevant levels of
plastic strain: 0.2%, 1%, and 4%. Provided that no data is awatladd can be used to calibrate
the shear behavior, all plots show only the theoretical fits ipitpéane Table 3.6 gives the
coefficients for fitting the experimental data applying the assumptions discussed in ©3.1.1.

Table 3.7 gives the coefficients reported by Cazacu et dlttfing their 2006 model of the same

data [15].
Table 3.6: Proposed Theory Calibrations for Ti-4Al-1/4<oy.
Assumption-1
P11 P22 P33 N1 N22 N33 Ti2 Ti3 Tas !
0.2% | 1.8035 1.7657 1.0882 2.3236 2.6218 0.9354 0 0 0 106
1% | 1.9531 1.9478 1.3244 16114 16912 0.0001 0 0 0 106
4% | 1.8508 1.9023 0.9848 1.3719 1.3464 0.0001 O 0 0 106

Assumptior?
P11 P22 P33 N11 N2> N33 T12 T13 Tos "
0.2% | 1.0821 1.0808 0.9828 1.4840 1.6911 0.8269 -0.5871 -0.4554 -0.4533 10°
1% | 1.2236 1.2241 1.0664 0.9661 1.0232 0.5535 -0.6204 -0.4353 -0.4360 10°
49% | 1.1594 1.1712 0.9088 0.7388 0.6869 0.5292 -0.6960 -0.3788 -0.4010 10¢°
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Table 3.7: Cazacu et al. (2006) Calibrations for Ti-4Al-X/A00y.

k Cu1 Co Css Ci2 Ci3 Cos !
0.2% 0.1556 1.0000 1.2967 0.3422 0.2285 0.0374 0.2439 195618
1% | -0.1868 1.0000 0.9562 1.0861 0.0431 0.3369 0.3139 275719
4% | -0.2577 1.0000 1.0422 0.8825 0.2178 0.3635 0.3754 256228

The fits of the experimental data corresponding to the calib@dedcu et al. model are
provided using dashed lines in Figure 3.15 and Figure 3.16. The fit apfigiig= |
assumption is provided in Figure 3.15 using solid lines. The fit applgendeviatoric relation
conservation assumption is provided in Figuds3ising solid lines. The yield loci resulting
from the proposed theory calibrations using Assumption-1 and Assumptiord&sireilar for
the Ti alloy case for the 1% and 4% plastic strain conditionadeusimilar for the 0.2% plastic
strain condition. The fits from the proposed theory using Assumption+ioaralid for the 1%
and 4% plastic strain conditions, this can be seen not only iitghbut also in the calibrations
themselves, sincedlapproaches zero before a solution can actually be reached. Thanfits
the proposed theory in the case of calibrations using Assumption-2 aegdraaecurate and
comparable to those made using the Cazacu et al. (2006) model. ples ithat Assumption-2

is the better assumption.
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Figure 3.15Pi-plane plots for Ti-4Al-1/4@alloy. Proposed theory fits using Assumption-1

calibration parameters (solid lines) and Cazacu et al. (29@Yashed lines) are shown with
experimental data marked using squares.
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Figure 3.16 Pi-plane plots for Ti-4Al-1/4@alloy. Proposed theory fits using Assumption-2
calibration parameters (solid lines) and Cazacu et al. (208¢y&shed lines) are shown with
experimental data marked using squares.

3.32 Additive Inconel 718 Experimental Data
Table 3.8 summarizes the mechanical test results from Z4.24or the additively

manufactured Inconel 718 experiments using means and standard deviati@n8.64 mm
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offset yield strengths for the indicated quantity of tests perfoforegach specimen type and

orientation.

Table 3.8: Experimental Results Summary.

Row Strength Symbol Strength Definition Mean St. Dev.  Number

1 EPR X-Dir. Tension 731 4.2 2
2 Loty Y-Dir. Tension 723 4.5 4
3 Do Z-Dir. Tension 662 11.8 4
4 Leig X-Dir. Compression 870 10.8 4
5 T Y-Dir. Compression 848 20.5 4
6 Lovg Z-Dir. Compression 794 21.2 4
7 () we YZ-Plane Pos. Shear 514 8.6 3
8 () es ZX-Plane Pos. Shear 519 6.2 3
9 (*) g06 XY -Plane Pos. Shear 453 24.2 4
10 ("* g YZ-Plane Neg. Shear 518 21.6 5
11 (' gs ZX-Plane Neg. Shear 527 15.3 5
12 (" ga XY -Plane Neg. Shear 444 4.2 4
13 beog s 350 Toward X from Y 698 16.5 4
14 Lo gt 0 350 Toward Y from Z 738 12.8 4
15 ige g 350 Toward Z from X 790 12,5 4
16 Lo s 350 Toward Y from X 706 18.4 4
17 beg n 350 Toward Z from Y 771 17.7 4
18 g & 350 Toward X from Z 744 6.3 4
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3.33 Calibrations of Additive Inconel 718

The datan Table 3.8wnereused to fit first the 2006 Cazacu et al. yield potential [15] to
provide a comparison between various different fits of our newly proposedorr and the
current state of the art. All available data were used to geavibest-fit using a nonlinear least
squares regression. Details for this and all other calibratmsegures used in this section are
provided in Appendix E for the interested reader. The calibratitimegbroposed model for the
data in Table 3.8 using the two assumptions discussed in ©3.3rbacked in ©3.3.3.1. In
addition to these two fits, a third fit is made using no assumghiorke values of jf beyond
requiring that k = Ty;, referred to as the Full-Fit for the remainder of thelkertiThese three fits
of the proposed model are compared with the Cazacu et al. (2006)andd=dch other using a
simple pi-plane projection. The Full-Fit is then compared in greddtail to the Cazacu et al.
(2006) model by using a complete set of 2D projections and a bar asehfation near the end
of ©3.3.3.1. Considering a Full-Fit calibration where the exponesitegle parameter, p, is
included as a free parameter is discussed in ©3.3.3.2, witlarscomparisons made near the end

of the section using a complete set of 2D projections and a bapcésentation.

3.33.1Initial Calibrations and Comparisons of the Assumptions on &

Table 3.9 gives the coefficients for fitting all of the additywelanufactured Inconel 718
experimental data presented in Table 3.8 using the Cazacyy28G8) criterion [15] assuming
a=2 Specifically, a best-fit was achieved using all 18 differestmyield points and a nonlinear

least squares regression method. Further calibration detaib®edannd inCh.2:2.2.
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Table 3.9: Cazacu et al. (2006) Calibrations for AM Inconel 718.

k Cu

Co2

Css

Ci2

Ci3

Cos

Caa

Css

Css !

-0.274 0.0170 0.0166 0.0180 0.0025 0.0016 0.0010 0.0132 0.0130 0.0152 100

Table 3.10 gives the coefficients for fitting the additively mactufieed Inconel 718

experimental data applying Assumption-1 and Assumption-2 from @3.1. Addlicen¢hird

calibration is performed using only thg ¥ Ty assumption, the Full-Fit, and is given in Table

3.10 The first two calibrations utilize rows 1-12 of Table 3.8 dmlFull-Fit useslal8 rows of

Table 3.8All three methods use a nonlinear least squares regression methoéve adbesti

with an assumed shape parameter of. ph2 complete set of calibration equations can be found

in Appendix E. It should be noted that an exact analytic solutiorsdristhe shear strength

coefficients; as a result, these are the same for a# ttalibrations.

Table 3.10: Proposed Theory Calibrations for AM Inconel 718.

Assumptiorl

P11 P22 P33 Paa Pss Pss T12 Ti3 Tos
1.8678 1.9053 2.1524 1.3757 1.3624 1.5609 0 0 0

N11 N2> N33 Naa Nss Nes !

0.9523 1.0481 1.3376 1.3651 1.3418 1.5926 108
Assumption-2

P11 P22 P33 Pas Pss Pes Ti2 T3 T3
1.2862 1.2975 1.3722 1.3757 1.3624 1.5609 -0.4358 -0.5252 -0.5370
N11 N2> N33 Nas Nss Nes !

0.7227 0.7521 0.7621 1.3651 1.3418 1.5926 18

Full-Fit

P11 P22 P33 Paa Pss Pss T12 T13 Tos
1.6363 1.4548 1.3895 1.3757 1.3624 1.5609 -0.2024 -0.3598 -0.6149
N11 N2> N33 Naa Nss Nes !

1.1539 0.6553 0.0001 1.3651 1.3418 1.5926 108
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The fits of the experimental data are provided in Figure 3.1, the fit corresponding
to the calibrated Cazacu et al. (2006) model provided using a dottethérfe applying
Assumption-1 provided using a darker dotted line, the fit applying Assumppoovitied using
adashed line, and the Full-Fit results provided using a solid line. Ehelgci resulting from
the proposed theory calibrations using Assumption-1 and Assumption-2 emgadigsidentical
in the pi-plane. Minor deviatiorexistbetween theskts and the FullFit from the proposed
theory. Similarly, minor deviations between the Assumption-1 andmgsgon-2 fits and the
Cazacu et al. (2006) model. The Full-Fit tends to under predititlglin the pi-plane and the
Cazacu et al. (2006) model tends to over predict slightly in the pi-dlageneral, all four fit
are comparable when viewed from the pi-plane.

The proposed model calibrated using the Full-Fit and the Cazacy22@6) modehre
further compared using a complete set of 2D projections similaata@émonstrateith
Ch.202.1 Figure 3.18 demonstrates the differences between the two modelsongketely
than shown in Figure 3.17. In addition to the 2D projection sets, éhbaris used to directly
compare the predictions between the two models for all 18 expeaigatetermined yield

strengths, Figure 3.19.
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Figure 3.17 Pi-plane plots for AM Inconel 718. Proposed theory fits using Assumption-1
calibration parameters (black dotted line), Assumption-2 céaldor@arameters (blue dashed
line), and Full-Fit calibration parameters (solid grey line) @mpared with the Cazacu et al.
(2006) fit (purple dotted line) and the experimental data (blue squares
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Figure 3.18: Complete set of 2D projections comparing the proposed catideated using the
Full-Fit with p=2 (blue) and the Cazacu et al. (2006) model (purple)
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Figure 3.19: Bar chart comparing the predictions between the propaskd calibrated using
the Full-Fit with p=2 (gold), the Cazacu et al. model (blaakyl the experimentally determined
yield strengths (grey).

3.3.3.2Considerations for Calibrating the Shape Parameter

The results from the above calibration demonstrated a decent, tinuttljigpoorer
calibration for the proposed model when compared to the Cazac§2808) model. The
proposed model however, allows for non-integer values of the exponengpial sly@meter, p,
whereas the Cazacu et al. (2006) model restricts the expdmpamtianeter to integer values
starting at 1 [15] according to the original article. Under iigssriction, the best choice of the
exponent is 2. Allowing our function to be calibrated with the exponeafiee parameter
significantly increases the ability to fit experimental d#tes was demonstrated when initially

deriving the functionn Figure 3.3Table 3.11 gives the coefficients for fitting the additively
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manufactured Inconel 718 experimental data applying the Full-Fitkatkexponent included as

a free parameter.

Table 3.11: Proposed Theory Calibrations for AM Inconel 718 with aeftqpenential
parameter.

Full-Fit with Exponent

P11 P22 P33 Pas Pss Pes Ti2 T3 T2
3.9812 3.8558 4.1381 13.6953 13.5634 15.5395 -4.3989 -4.6632 -4.9265
N11 N2> N33 Naa Nss Nes ! p
1.2472 0.7638 0.9124 13.5896 13.3575 15.8545 18 1.4812

The proposed model calibrated using the Full-Fit with the exponent inchsdedree
parameter and the Cazacu et al. (2006) model are compared usinglete@®t of 2D
projections in Figure 3.20 and with a bar chart directly comparingrédictions between the
two models with the experimentally determined yield strengths inr€@21. Note that this
calibration provides not only an improved fit over the assumption oed #xponential value of
p=2, but also an improvement when compared with the Cazacu et al. ihekeuld also be
noted that although the p=1.48 fit results in increased alignmentheitGazacu et al. model in
some instances, the deviation from the Cazacu et al. modelggerated in other instances.

This is further addressed in the Discussion section.
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Figure 3.21: Bar chart comparing the predictions between the promaskd calibrated using
the Full-Fit with p=1.48 (gold), the Cazacu et al. model (blaakg, the experimentally
determined yield strengths (grey).

3.4. Discussion

In ©32.1, it is reasoned that a triclinic transformation cannot be applietd®a with
an asymmetric transformation without restrictions, or moreifspadty that the triclinic character
of the elastic limit needs to be symmetric. This is demaiestnasing the example in Figure 3.5
where subfigures a-e demonstrate the explicit transform andghefl convexity and the
subfigures f-j demonstrate the equivalent implicit transform anohtbitive perspective of angle
changes resulting from a triclinic change of basis. The ideatiefureinforced by the structure
of the geometric proof of convexity, specificaily=32.2.3.1 the property exploited to
demonstrate preservation of convexity for our asymmetric transfiomiatthe orthogonal

projection onto a coordinate plane. A triclinic transformation canmalesis property by
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allowing some of the elastic limit to shear beyond the region etting the coordinate plane.
As a result, the triclinic character must be imparted #fiee asymmetric transformation (in an
explicit sense) to the hypersurface as a whole so as not to primdtinking effect shown in

Figure 3.5.

The physical reasoning positeda3.2.1 is that Oeven for a material where the tensile and
compressive strengths, or the positive and negative shear strendénsthafinitial angles
within the material are the same.O To expand on this ideéjeote atomic structure for a
monoclinic or triclinic crystal. The reference frame should be wholed as necessarily non-
orthogonal, but similarly understood as necessarily symmetric £y8talstructure at zero load
is independent of the sign of the load about to be applied. This logitdsxbeyond metallic
alloys and into the world of composites, where the material basibe far from orthogonal. In
both cases the implicit description of material behavior (iastie limit) should be described in
the appropriate non-orthogonal frame. Our theory achieves this by cagheitigelinicity first,
before applying an asymmetric-orthotropic description. This imgh&isthe proposed model
would readily extend to describing the elastic limit for non-orthogobat tomposites and
similar composite systems possessed of asymmetric behaviors.

Beyond the potential of extending our description of the elastic linmtclude non-
metallic maerials, there also exists another possibility in extending ourigésn to capture
plastic flow behaviors for metallic materials. In modellingaliee systems, a common
assumption made to predict plastic flow and the evolution of thecdiast is the associative
flow rule. Although mathematically elegant, essentially definheghypersurface evolution as a
function of the hypersurface normal, deviations from observed experirbehgvior is

commonly expected for this approach [ZRgcently however, the associative flow rule has been
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used to successfully qualitatively capture the material phenomenéddday Poynting (1909,
1912) [28], [29] and Swift (1947) [30], hereafter referred to astheting-Swift effect. Cazacu
et al.[31], [32] and Revil-Baudard et al. [33] demonstrate how curvafieets on the yield
hypersurface resulting from asymmetric material models produogrdifg-Swift effect similar
to what is experimentally observed. Applying the logic from theseestigliggests that the
Cazacu et al. (2006) model [15] predicts a Poynting-Swift effieitte additively manufactured
Inconel 718 investigated in this article. The logic also suggesta thaynting-Swift effect is not
to be expected when considering the calibrations presented in ©3.88 fooposed model. By
including a center-shift in the calibration as proposed at the er2il asan extension of the
model, it is possible to generate a calibration which does inclédgrating-Swift effect. In fact,
it may be possible to calibrate the model to include not only atairdi PoyntingSwift effect
under an associative flow rule, but a quantitative description cdfteet. Future work should be
undertaken to further investigate this described application of the rmodeb investigate the
possibility of Poynting-Swift effects in additively manufactured enats. Such targeted
computational and experimental investigations could extend both the applispaéce for the

proposed model and our understanding of additively manufactured alloys.

3.5. Conclusions

In this article, a new yield function is proposed to capture aegrestge of possible
combined anisotropic and asymmetric behaviors than the current stiaéeant. Specifically, a
function is developed to capture orthotropic distortional asymmetry cowtlegeneral

triclinic anisotropy. An extension is also proposed to account for preyiaasumulated



kinematic hardening in the form of center-shifting, translaticoatrol of the hypersurface.
These major conclusions are summarized below:
1.! A new yield function was proposed to accommodate combined tricliniagmdmetric
behavior of the elastic limit.
2. A novel approach to demonstrating convexity of a yield function was peesantl used

to prove the convexity of the proposed yield function.

Along with the major conclusions of this article, there was ondiaddl main objective, to

propose common terminology for use in describing implicit yield theorie
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CHAPTER 4
ADDITIONAL INSIGHTS ON ANISOTROPY AND ASYMMETRY
IN CALIBRATING THE ELASTIC LIMIT

4.1. Introduction

By now the reader should be comfortable with the idea that both axpga@nd
asymmetry are relevant, important and increasingly prevalent evtiteing world of
engineering and materials science. Previously, in Ch. 2 and Qe 3jeas of anisotropy and
asymmetry have been addressed generally, without specific considechti@n®us symmetry
classes and the manufacturing methods which produce materialsightsysnmetries. But it is
important to consider these different symmetry classes andabptt manufacturing methods
which often lead to anisotropy and/or asymmetry. Many different rmatured material cases
exist which exhibit anisotropy and/or asymmetry to varying degrees. 8angples include
rolled sheet and plate [1]D[12], extruded bars [13], [14], extruded [tLbE{ 18], 3D-printed
parts [19]D[21], and drawn wires [22]D[24]. In each case, diffeomsiderations are necessary
which ultimately lead to different mechanical tests being redquoecalibrating the elastic limit.

In this chapter we explore symmetry cases and specifically toctise differences in
calibration experiments necessary for various symmetries vgdrdeo the geometric
constraints resulting from the manufacturing methods used. Injtiaétgretical considerations
are discussed for anisotropic elastic limits in ©4.2.1 andsigneetric elastic limits in ©4.2.2. In
a4.3, six different manufactured material cases are consideitbdsuggestions of mechanical
tests capable of capturing all necessary anisotropic and/or asyoiieatures of the elastic
limit. Bulk materials are discussed in ©4.3.1 to lay the found#&tiotine simplest case, where

each strength can be easily paired to a simple mechanic&uéding off of this foundation,
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04.3.2 and ©4.3.3 address rolled plates and sheets respectivelyingsstuhotropy, but also
allowing for higher symmetry assumptions to be considered. The camdsuafed bars and
drawn wires are considered in ©4.3.4 and ©4.3.5 respectively undesstiraptions of cartesian
material coordinates and tetragonality. Finally, in ©4.3.6, extrudssktare considered with the
assumption of orthotropy in a cylindrical material coordinate frameach case, standard
mechanical tests are suggested when possible and new mechaticaktesoposed when
required. The discussion provided in ©4.4 outlines future investigatiottseforewly proposed
mechanical tests and summarizes some best practicesiliwatad anisotropic and asymmetric

material systems. The major conclusions of this chapter angtheented in ©4.5.

4.2 Theoretical Considerations
4.2.1 Anisotropy in the Elastic Limit

Anisotropy is a long studied concept in materials science, withcapiplins to crystal
symmetries, macroscopic continuum scale elasticity, and macrosmyginuum scale plasticity.
Many of the terms used at the crystal scale are directly dgpligmilar mathematical behaviors
at the continuum scale. Elastic anisotropy was described in exetetetail by Nye in the 19500s,
with little changing or otherwise being updated since [25]. One ohtist useful descriptions
produced by Nye are the symmetry cartoons of the stiffness and coraphatdces from Table
9 of [25] which can be used to not only reduce the different classassotropies to a single
number of independent constants, but also provides a visual demonstratomfaring these
classes of anisotropy to each other and to experimentally deterprimgerties for real
materials. Plastic anisotropy has lacked such a detailed dmcwstil recently, with Skrzypek

and Ganczarski neatly summarizing these discussions in their 2015 boctkaDide of
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Anisotropic MaterialsO [26]. Building off of the descriptions,\dgions, and symmetry
discussions from Skrzypek and Ganczarski, including similar symro@troons they developed
for a handful of the plastic symmetry cases, we summarize whosteapplicable to commonly
manufactured materials systems and then proceed in ©4.3 to propasaenxia procedures for
determining these independent constants.

Table 4.1 summarizes the anisotropic symmetry cases startsagrapy and progressing
to lower symmetry cases with increasing numbers of independent censtaatsary to describe
such a material systerim Table 4.1, the cartoon depictions of the 6x6 matrix representdtion o
the structural tensors of plastic anisotropy, referred to aaniletropy matrix symmetries for
the remainder of the chapter, use symbols similar to those udégeld25] and later by
Skrzypek and Ganczarski [2@olid circles () indicate non-zero, independent elements of the
matrix. Open circles () indicate non-zero elements that are dependenear more
independent elements. Solid connected circles ( ) indicate nonmEpendent elements
of the matrix which are the same value. Open connected dircles) indicate dependent non-
zero elements that have the same value. Gray versions of thdsg@sym, ) indicate
the same values being mirrored across the diagonal b all of tagserapresentations are
symmetric.

Isotropic materials require a single independent strength paraimelefine the elastic
limit B examples of theories describing such materials include von [2i3ef28] and Tresca
[29]. Essentially, the axial strengths are identical in the &nd z directions and the shear
strengths are identical in the x, y, and z planes. Additionallyshbar strengths can be described
by a known functional relationship of the axial strengths which vars=sdban the theory being

used to describe the elastic limit. Row one of Table 4.1 sumesathese properties.
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Table 4.1: Summary the implications of select assumed nlaggnemetries.

Material Symmetr Anisotropy Matrix Number of
y y Strength Relationships Py . Independen
Class Symmetries
Constants
b # 1o # 1o,
Isotropy
ot Sy # &
{Behavior Exhibited by S0 & # & 1
Isotropic Materials
P ) & # ' (1)
Cubicity Lo # 1g # Ly,
2
{Behavior Exhibited by
Cubic Materials} Sson# &g # &g
Hexagonality Lo #t lg ™ oy,
(Transverse Isotropy
oo # Gy * &g 3
{Behavior Exhibited by
Hexagonal Materials} &g # (1)
Tetragonality
(Transverse Cubicity R )
4

{Behavior Exhibited by
Tetragonal Materials}
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Table 4.1 Continued

Triclinic Materials
Under Additional
Assumptions]

conditions maintained
following the applied
transformation.

Material Symmetr Anisotropy Matrix Number of
y y Strength Relationships Py . Independen
Class Symmetries
Constants
Orthotropy Lo # g # Ly,
. - 6
{Behavior Exhibited by
Orthotropic Materials} Sson# &g # &g
P # 1o # 1o,
Triclinicity 8gop B &y #H &g
. - 21
{Behavior Exhibited by The angles between the|
Triclinic Materials} stress axes are not
governed by a fixed valug
or functional relationship
Reduced Triclinicity] Triclinic material behavior
(see above) with assume
{Behavior Exhibited by pressure insensitivity 15

Cubic materials represent the simplest deviation from trueri@asotropy, requiring

two independent strength parameters to define the anisotropies tddtie lenit. Specifically,

although the axial strengths are identical in the X, y, and etdins and the shear strengths are

identical in the X, y, and z planes, cubicity indicates thatsied and shear strengths are

independent of each other. Row two of Table 4.1 summarizes thesetipopdote that this is a




distinctly different behavior from that described using the isotroprshés [30] and Hosford
[31] models which use exponential shape parameters to controlahenship between axial
and shear strengths. For low degrees of cubicity, approaching isotroplittieedifference
exists between a cubic Hill [32] or cubic von Mises [26]D[28] aHdrahey [30] or Hosford
[31] model, but as the material symmetry deviates increasing anfoamtsrue isotropy, the
errors resulting from assuming isotropy increase (see Ch.2 for simesi®f estimating such
errors).

Transverse isotropy is often used to collectively refer to botadmmality and
tetragonality, but it is worth distinguishing between these matgmametry cases. Hexagonal
symmetry, true transverse isotropy, indicates that the in-plaalestrengths (x and y) are
identical and the out-of-plane shear strengths (yz and zx) arecaleAtlditionally, the in-plane
shear strength is functionally dependent on the in-plane axial strengtkisg the in-plane
behavior truly isotopic, and limiting the number of independent maferaimeters to three
Hexagonality is summarized in row three of Table Zefragonal symmetry, transverse cubicity,
similarly indicates that the in-plane axial strengths are icerdnd the out-of-plane shear
strengths are identical, but lacks the coupling of in-plane axththear terms. This causes the
in-plane behavior to be cubic instead of isotropic, and ultimately netessihe use of four
independent material parameters. Both of these material syresrate common in the cases of
extruded and drawn materials such as bars, tubes, and wires. Depamdhe accuracy
required, it may or may not be necessary to consider testingregdaality rather than
assuming the simpler hexagonality.

From here, we skip over the case of trigonal material sysdem$o a lack of previous

investigations and a significantly reduced collection of relateedwedt manufactured material
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systems. Moving directly to orthotropy, we consider orthotropic yieldescribed by HillOs
criterion [32] and by the pressure insensitive orthotropic von Misesion, as addressed by
Skrzypek and Ganczarski [33]. Orthotropic symmetry implies thatra@étaxial strengths are
independent from each other and all three shear strengths are inaefeordesach other
Additionally, the material reference frame is generally iestl to require that all stress axes are
orthogonal to each other, making only six independent parameters ngtessgpture the
material behavior. Technically, in the case of the axiabsé® however, the deviatoric constraint
does produce a non-orthogonal, but otherwise functionally predictablepmstap between the
axial stress axes. This relationship is discussed in the caritdyd newly proposed yield

criterion in Ch.3 ©3.3.1.1. Row five of Table 4.1 summarize®ttietropic symmetry case.
Orthotropy is common in the cases of rolled sheet and plate andsoanaifest in bulk

material systems such as 3D printed solids.

Although neither monoclinicity nor triclinicity are common in traditibyyananufactured
material systems, for the sake of completeness triclinienadét systems are also summarized in
Table 4.1. Monoclinic plastic symmetry, like trigonal plasyimmetry is less studied due to
both a lack of bulk material cases and since monoclinic behavidreceaptured by a triclinic
model. For this reason, we skip directly to triclinicity. Tinic material behavior implies that
none of the material strengths are dependent on each other and tingieékédatween the
strength axes do not follow a fixed functional relationship. This giyeecessitates all 21
parameters, but in the case of the pressure insensitive apisoton Mises criterion, as
addressed by Skrzypek and Ganczarski [33] the number of independent valbesedunced to

15. These symmetry cases are summarized in Table 4.1, roarsdsseven.



4.2.2 Asymmetry Effects in the Elastic Limit

In addition to anisotropy, material asymmetry is an often negessasideration which
deviates from the ideal isotropic-symmetric material assumptidgare 4.1 shows the effects in
the pi-plane of anisotropy and distortional asymmetry, a subset of ayynahich achieves a
tension-compression strength ratio unequal to one by distorting the shhpeetastic limit.
Here, the isotropic-symmetric surface is stretched to aclhieanisotropic-symmetric character;
the isotropic-symmetric surface is distorted from circuldrigmgular to achieve an isotropic-
asymmetric character; and both transformations are combined &vaem anisotropic-

asymmetric charaate

Figure 4.1: Demonstration of the effects of anisotropy and distortasyatmetry when viewed
from the pi-plane.
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Distortional asymmetry is generally used for materials wasyenmetry is present not
only in heavily processed cases, but also in the single cryséabcasen in the cast state
Examples include magnesium and titanium alloys, which occasionallyssasgmmetry at the
crystal scale and occasionally when cast due to the strength mhitiéeffect produced by
twinning [1], [7], [15], [34], [35] For the case of isotropic distortional asymmetry, a geometric
limit exists for the maximum possible tension-compression asymmatio for pressure
insensitive materials. The upper limitis 2:1, or 1:2 foesashere compressive strength is
greater than tensile strength. Because convexity must be presdrerdiescribing the elastic
limit [36]D[38], the shape of the elastic limit for such a mategptoaches an equilateral
triangle in the pi-plane as the tension-compression ratio incréldsess demonstrated in Figure
4.2 where, starting from an isotropic-symmetric surface, thepesnive strengths are reduced

until the point where any further reduction would impose a non-convex shape.

Figure 4.2: Demonstration of increasing tension-compression ratighentonvexity limit is
reached, producing an equilateral triangle.
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The 2:1 upper limit can then be found by first recognizing that theate af the
resulting equilateral triangle bounding the elastic limit liethatorigin of the pi-plane. This can
be demonstrated by realizing that the stress axes intercephbotértices and the centers of
each side of the triangle. This makes the segments of theatesswithin the elastic limit the
medians of the equilateral triangle, and the medians all ictaaséhe centroid, or at (0, O, 0) in
stress space. From here a standard geometric property can e apgpth states that the
centroid of a triangle divides each median into segments withtibe2ra [39]. Therefore, the
upper limit of the tension-compression ratio (visualized in FiguBefdr an isotropic,

distortionally asymmetric material is 2:1.

Figure 4.3: Visualization of the 2:1 tension-compression asymmegtoyfor the limiting case of
an equilateral triangle. This results from a known geamptoperty of triangles.

It is possible to exceed this limit through the inclusion of anisotrbpg most
straightforward case is to consider transverse isotropy that cetieréquilateral-triangular
elastic limit into an isosceles triangle. This is demeaustt in Figure 4.4b, transversely isotropic

caseone Several other cases exist where anisotropy coupled with distorasyraimetry can



produce tension-compression ratios exceeding 2:1. In fact, even veltrected to transverse
isotropy, multiple configurations are possible which produce the sarsietecompression

ratios greater than 2:Eigure 4.4b-e provide four such examples. The first two cases in Figure
4.4, b and c, demonstrate different tension-compression ratios finatisgers plane (x-y) and

the out-of-plane direction, z. Cases two and thréagare 4.4 ¢ and d, demonstrate a reverse
tension-compression ratio between the transverse plane (x-y) andttbeplane direction, z.

And cases three and four in Figure 4.4, d and e, demonstraterardiéfen the smoothness of
the surface, generated from different exponential shape paranidtesge cases together show

the importance of calibrating all relevant parameters for angivaterial symmetry.

Figure 4.4: Examples of exceeding the 2:1 limit for the tensionmpcession ratio. (a) shows the
2:1 limiting case. (b-e) show transversely isotropic casesh@ws a pressure sensitive case.
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It is also possible to confuse pressure sensitivity for degrésnsion-compression
asymmetry ratio. Since the hydrostatic stress components of uriensadn and uniaxial
compression are different, it is possible to exceed the 2:1 tecopression ratio while
preserving isotropy for pressure sensitive materials. Thigtsga a seemingly non-convex
elastic limit,Figure 4.4f, when the points from tension and compression mechanisares
projected orthogonally onto the pi-plane. In the example from Figurectdsidering a pressure
sensitive elastic limit which contracts towards the hydroséigin the negative hydrostatic
direction and/or expands away from the hydrostatic axis in the padsytirestatic direction
readily resolves the convexity issue. Since the plot was generaprdjbgting individual points
onto the pi-plane rather than through an intersection of the actual kighemsional surface
with the pi-plane, convexity was not preserved in Figure 4.4f. Tiosld serve as a warning to
check for pressure sensitivity in cases of large tension-congress/mmetry.

One final consideration is worth noting in regards to matenyahasetry. FPastic
asymmetry can also manifest from accumulated kinematic hardesulgmng from the
processing history. Generally referred to as the Bauschinget gitgcthis phenomenon
produces an increase in the tensile strength, hardening, commemstiratelecrease in the
compressive strength, softening, through translation of the elastievittmout changing the
overall shape [41Figure 4.5 demonstrates the differences between asymmetry genayat
elastic limit distortion and the translation produced by accumukatetnatic hardening. Here, a
2:1 tension-compression ratio produced by each method can also be supertmposddce a
4:1 tension-compression ratio. Such coupling is possible using the neplysed yield theory
from Ch.3. However, generally we would recommend considering only oniéestation of

asymmetry at a time (either distortion or translation), and @dgnsider coupling the two if a
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single manifestation cannot completely fit the data. Including bothfessaions of asymmetry

will tend to require additional mechanical testing to provide enough datavédid calibration to

be achieved.

Figure 4.5: Demonstration of the differences between distortiowlairanslational asymmetry.
Translational asymmetry, often produced by accumulated kinematianiragdg not limited to
the same 2:1 tension-compression asymmetry ratio as isotropididisitbasymmetry.
Additionally, the two can be combined to more accurately describsrceases of material

asymmetry.

4.3 Experimental Calibration of the Elastic Limit
Theories describing or predicting the behavior of a material systean,when

completely understood and fully capable of describing the system in questarseless
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without a valid calibration. In an ideal scenario a mechanis@uid be provided with strength
values for every conceivable loading case in order to generatefgseameters producing a
best fit. Additionally, said mechanician would be able to choose thadeb cases which most
directly relate to each parameter in a theory to simplifyfittieg procedure and minimize the
number of data points required for a valid calibration. And finallygfahe innumerate
remaining loading cases could be used to test and/or improve thieWing for validation and
guantification of the goodness of fit for their model. In the realdvoowever theoretical
mechanicians arenOt so lucky D they require experiments to detsahineading case, and in
fact multiple instances of each to capture variation in realdwoaterials P it isnOt always
possible to experimentally measure the ideal loading cases whict sroulify calibration B
and any additional loading cases are often associated with additmeatost, and complexity,
making such options limited even in the best scenarios. In this sestoaim to consider those
realworld scenarios for six different manufactured materialsga®viding suggestions for the
mechanical tests to be used for calibrating all pertinent ansotand/or asymmetric aspects of
the elastic limit.

Starting with bulk materials in ©4.3.1, we consider the nearbl iciesse. We use this case
to explore what the minimum requirements are for calibratifgptdpic-asymmetric material
systems, what reductions are possible for the higher symmetry agmsrgdthexagonality and
tetragonality, and what additional mechanical tests are mostl usé¢sting the goodness of fit
and validating the model. From there, we move on to rolled plate 3n2c@nd rolled sheet
materials in ©4.3.3. Under the assumption of orthotropy, we considen wleal mechanical
tests remain feasible and which need to be replaced. For ésts@&o longer plausible, we posit

replacement mechanical tests which can provide the same ngassawith limited increase in
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complexity for the calibration procedures and goodness of fit anafysethe case of rolled
sheet materials, a new mechanical test is proposed usingstingegample geometry. In
sections ©4.3.4 and ©4.3.5 we consider the assumptions of transveog®/iaat transverse
cubicity for two different cases. In ©4.3.4 we consider extrudedaod$ars and in ©4.3.5 we
consider drawn wires, following a similar set of consideratasm ©4.3.2 and ©4.3.3. One final
case is considered in ©4.3.6, where orthotropic-asymmetry is assu@eon-cartesian
coordinate frame. Specifically, we consider extruded tubes whematerial coordinate frame
is best modelled using cylindrical coordinates. Here, some new meahiests are proposed
with a suggested new sample geometry to capture certain loadisgnddsk canOt be captured
using standard mechanical tests. The goal for each section is tdepaoguide for calibration of
practical anisotropic and asymmetric materials that helps xamz efficiency while

minimizing loss of information and/or incomplete fits.

4.3.1 Bulk Material Calibration

Bulk materials, as discussed here, include any material sygtene the processed form
is considered homogeneous throughout (at the scale of mechanical tstiry)sts in a large
enough volume to allow for tension, compression, and direct-shear spsdorge extracted in
any direction. Examples include castings, thick plates (thick enougitiraxct samples through
the thickness direction), and 3D-printed solids. Although castings tendattidmeropic to a
lesser degree, or not at all, the other two cases providdestamtamples for considering
orthotropy and/or transverse isotropy [1], [6], [19]D[21], [35], [42]PD[44]tlke@examples
discussed in ©4.3.1, we will assume that both anisotropy and asynareepgesent, requiring

twice the number of mechanical tests to calibrate as coohpasymmetric-anisotropic cases.



14.3.1.1 considers the case of orthotropy and ©4.3.1.2 follows by discu$sihgeductions are

possible for the higher symmetry assumptions of hexagonality angaealdy.

4.3.1.1 Orthotropic Bulk Materials

Referencing Table 4,ive see that six parameters are required to describe an orthotropic
elastic limit. To include asymmetry, this number is doubled to &tdit2 required parameters,
and thus 12 mechanical tests for a complete calibration. Thismasghat only one of the two
asymmetry mechanisms discussed in ©4.2.2 is active in the rhaysteam; should both
mechanisms be active, then 18 mechanical tests would be requicadilioation.We will
proceed under the single asymmetry mechanism assumption for thadenadithis sub-section
and the following sub-sections of ©4.3. Starting by considering thelshavior, we can use
tension and compression tests to easily quantify the asymmetrytr@gtang tension and
compression samples in the three principle material directioals,as the roll-direction (RD),
transverse-direction (TD), and normal-direction (ND), we cantifyahe axial anisotropy in
full.

It is not uncommon for mechanicians to want to turn towards torsgis o calibrate the
anisotropy in shear for a material system [33]. This howeemsstake for orthotropic
materials with a cartesian material frame. Figure 4.6pawes the stress states generated by a
direct-shear test and a torsion test. The direct sheaFigste 4.6a, generates a uniform
cartesian shear state, Figure 4.6b, during mechanical loadin¢gpr§lon test, Figure 466
convolves four cardinal cartesian shear states, Figude dodig with all intermediate,
combined, shear states between them. More specifically, & slrear sample cut fromehey

plane such that loading is applied in the y-direction generates aiffesitive x-y shear state or a
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negative x-y shear state depending on the chirality, right-handed-batefed version of the
sample. This allows for isolating both the positive and negatiesdas each of the x-y, ¥

and z-x shear strengths. The torsion sample machined perpendidhkaxtp plane generates
(+) zx shear, (+) y-z shear) (z-x shear, and J-+y-z shear simultaneously. This convolves all of
these shear strengths, disallowing any one strength from being isotat@deasured for use in
effective calibration. For these reasons, we recommend using shesr tests to determine the

positive and negative x-y, y-z, and z-x shear strengths.

Figure 4.6: Comparison of the stress states generated by astieacttest (a-b) and a torsion test
(c-d). The direct shear test (a) generates a uniform cartasean state (b) during mechanical
loading. The torsion tegt) convolves four cardinal cartesian shear states (d) along with all
intermediate, combined, shear states between them.

See ASTM standard B831 for a simple direct-shear test [#4.i3 the test we
recommend, and as such have used as the model for the direct-simeairgen all of the

figures throughout ©4.3. Various other shear tests are availablegbbfimcians must be careful
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to consider the stress state(s) being generated in other tastxafple, of the three shear tests
investigated by Yin et al. (2014) [46], two generate a single siwems, but one convolves the
positive and negative versions of the in-plane shear. Specifidal33TM B831 shear test [45]
and the twin bridge shear test [47] isolate a single sheay atatehe Miyauchi shear test [48]
does not.

In addition to samples used for model calibration, it is suggestgdod practice to
extract additional mechanical samples which produce unique stiesstst use for validation
and quantification of the goodness of fit for the calibrated modelsSstates that are easy to
generate, relatively simple, and significantly different from thesed in the calibration are
recommended. The off-axis tensile samples discussed in ae@hl2, and again in Ch.3, are

extremely fitting for this use. The 35.260 and 54.740 angled tsasifdes generate 2:1 and 1:2

biaxial tension ratios with” magnitude in plane shear (shear sign depending on the direction of
rotation from 00). Figure 4.7 summarizes most of the mechaestaldiscussed for calibrating

bulk materials with orthotropic-asymmetric behavior. Note thathsamples (24 if you allow

for both directions of rotation for the off-axis tension sampiieshot fit well in a single easy to
digest graphic #h ©4.3.2 - ©14.3.5 similar graphics are used with the additional Walda

specimens not shown to allow for all 12 or fewer necessary satopte illustrated.
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Figure 4.7: Summary of most of the mechanical tests discussedlibrating bulk materials
with orthotropic-asymmetric behavior. Specifically, tension and cossfme samples are shown
in each cardinal direction; three shear samples are shown: qrezarshear, one for (+) x-y
shear, and one for)(x-y shear; and three different off-axis tensile samples aceiatluded.

4.3.1.2 Hexagonal and Tetragonal Bulk Materials

Referencing Table 4.1, we see that three parameters areecetpudescribe a hexagonal
(transversely isotropic) elastic limit and four parametersexqaired to describe a tetragonal
(transversely cubic) elastic limit. To include asymmetry, timesabers are doubled to indicate
six and eight required parameters respectively, and thus sighdmeechanical tests for a
complete calibration. Again, this assumes that only one of thagyrametry mechanisms
discussed in ©4.2.2 is active in the material system. We ctautdbser, by building up from no
mechanical tests until we have accounted for every independentahbétravior, but since the
work has already been done to consider orthotropy, it is easier &dtéasonsider which
mechanical tests to keep and which can be disregarded as redundatiovidpg this
procedure, in future sections only the lower symmetry arguments méedptesented. The
reader can then apply the same logic that follows in the evers thgher symmetry assumption

is warranted for a specific case.
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The simplest way to identify which mechanical tests are reduf@aathigher symmetry
is to refer baclo Table 4.1 and considérst which parameters are newly identical, represented
by connected circles ( ) and then which parameters are newly dependent, represented
by open circles ( ). When going from orthogonality to tetragonality, two pairs of paramgters
from independent to identical. WeOll consider specifically thatlefiges our specific flavor of
tetragonality. The first redundant mechanical tests are ther#ferx and y tension and
compression tests D only one of each, either x or y, is requirddll Assume that the x-direction
tests are kept and the y-direction tests are removed fromgkeraental design, although this
choice is completely arbitrary. The second redundant mechanicatestse out-of-plane shear
tests: zx shear and y-z shear D only the positive and negative versions oflwrez-& or yz, is
required. Here weOll keep the z-x shear and remove the y-Zrehegite experimental design
This ultimately leaves us with the following: x-tension, z-tensieoompression, z-compression,
(+) zx shear, (} z-x shear, (+) x-y shear, ang Yy shear. This is a total of eight mechanical
tests for tetragonality, as expected.

For hexagonality, we can start from the lower tetragonal syrgraatt reduce from
there. When going from tetragonality to hexagonality, one of the indepgralameters
becomes dependent on one or more other parameters. Following theosamderations as in
the previous paragraph, the newly redundant mechanical test iy tsieear test since the x-y
shear parameter is now a dependent parameter. Removing this maldeshidoth positive and
negative, from the experimental design produces the following setjwired tests: x-tension, z-
tension, x-compression, z-compression, and (+) z-x shearx Shear. This is a total of six

mechanical tests for hexagonality, as expected.



4.3.2 Rolled Plate Material Calibration

Rolled plate materials, for the purpose of the current discuse@uade any material
system produced by rolling such that it can be considered homogeneous throughewscale
of mechanical testing) and is thick enough to extract compressigriesathough the thickness
in any orientation, but not thick enough to extract tension or direct-saegoles though the
thickness. These thickness requirements are illustrated in Fd@yrehere the blue samples can
be extracted and the red samples cannot. For the examplesetisicusd.3.2, we will assume
that both anisotropy and asymmetry are present and that only one asymeetanism is
active. Furthermore, orthotropy will be assumed, as the readéulicam the steps laid out in
a4.3.1.2 to reduce the experimental design for higher symmetry. dasaid in consistency
across subsections, the RD will be consideretiedirection, the TD will be considered as the

y-direction, and the ND will be considered as the z-direcieaFigure 4.8.

Figure 4.8: Demonstration of the mechanical testing sampleslked plate materials, with
coordinates defined. Those samples in blue (in the rolled plat&ecaxtracted from the plate,
whereas the red samples (to the far left) cannot be extfactadhe plate.
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Starting with the results from ©4.3.1, we can ask which medhaeits are still feasible
and which are no longer practical. Tension, compression, and slreat-tests extracted from
the x-y plane can still be used. These are: x-tension, y-tensemmpression, y-compression,
(+) x-y shear, and Y-y shear. Additionally, the z-compression samples can also stibdxk
This leaves the following stress states missing from the iexpetal design: z-tension, (+)zy-
shear, (} y-z shear, (+) z-x shear, and £-x shear. By assuming pressure insensitivity, biaxial
compression can be used to replace tension in the third directioefdriee450 x-y compression
equates to z-tension combined with x-y shear of equal magnitude.

Additionally, the direction of rotation (+) 450 versus (-) 45(beansed to isolate either a
positive or negative shear. This provides a way to replace tissmidirect-shear tests with 450
compression tests. Specifically, a 450 y-z compression equatésnsion combined with g-
shear and a 450 z-x compression equates to y-tension combined \sftbar-XTaken together,
this provides the following replacement mechanical tests: 45@mgression (either (+) or)(-
rotation), (+) 450 y-z compression, (-) 450 y-z compression, (£}bampression, and (-) 450
z-x compression. Combined with the seven mechanical tests preemettie bulk material
experimental design, this provides a total of 12 mechanicalftedtse 12 required parameters
for the orthotropic-asymmetric material system being consideiled2Af these mechanical
tests areshown in Figure 4.,8with eachof the x-compression, y-compression, and z-compression

repeated to help orient the reader.

4.3.3 Rolled Sheet Material Calibration

Rolled sheet materials, for the purpose of the current discugsituge any material

system produced by rolling such that it can be considered homogeneous throughewscale
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of mechanical testing) and is not thick enough to extract compressigoies though the
thickness in any orientation and is therefore also not thick enowgttréet tension or direct-
shear samples though the thickness. These thickness requiremdhisteatedin Figure 4.9
where the blue samples can be extracted and the red samples \é&moll. continue to assume
that both anisotropy and asymmetry are present and that only one asymeetanism is
active. We also continue to assume orthotropy, as the readdilldafi®y the steps laid out in
a4.3.1.2 to reduce the experimental design for higher symmetry. €asally, we maintain the

naming convention of coordinates laid out in the previous section, geeH.9.

Figure 4.9: Demonstration of the mechanical testing sampleslfed sheet materials, with
coordinates defined. Those samples in blue (in the rolled shedi @atracted from the plate,
whereas the red samples (to the far left and around the pejicetaot be extracted from the
sheet.

Starting with the results from ©4.3.2, we find that the samehamnical tests from the
bulk material case that could be retained are still feaBibldin sheets and can readily be used

again. These are: x-tension, y-tension, x-compression, y-compressiompression, (+) X-y

13t



shear, and J-x-y shear. This leaves the following stress states missingtfireraxperimental
design: z-tensior(;+) y-z shear, (+y-z shear, (+) z-x shear, and ¢-x shear. By assuming
pressure insensitivity and following the same logic as before, 45bxyyression equates to z-
tension combined with x-y shear of equal magnitude and can still bécussglace the z-tension
mechanical test from the bulk material calibration experinhelesign. The other 450
compression samples proposed for the rolled plate calibration exp¢aindesign for capturing
the out-of-plane shear behavior are no longer considered feasible dushie¢hbeing too thin
to extract compression pillars at out-of-plane angles. Notehicaet sheets where this is still
possible are grouped with the rolled plates for the purpose of thisslisn.

To replace the out-of-plane shear tests, we must consider medtasiavhich as of
now do not have clear standards developed for sheet metals. The stixseard capable of
measuring a pure out-of-plane shear state in a thin sample cameth& world of composites:
ASTM D3846 [49]. In this standard, a double notched shear specinmadex in compression
while help between two reinforcing plates (the loading jig in tAedsrd) to avoid out of plane
buckling and twisting. These mechanical tests have been successtdllfpuseasure through-
thickness shear in composites [50], and an analogue for thin shetétwagstexplored by
Gardner in 2013 [51] and further analyzed in detail by Gu et 2017 [52]. The geometry is
essentially a strip in a given direction with one notch cut on esiderof the gage section on
opposing faces of the stripeeFigure 4.9 for renderings of these samples. The strip direction
combined with the out-of-plane direction combine to determine the plaza, and similar to
the direct-shear specimens used for bulk measurements, thetycbirétie strip specimen
geometry determines the handedness of the shear state, allowindfpobitive and negative

shear to be generated. For example, a strip sample machinekbig lre the x-direction would
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generate a z-x shear state and a strip sample machined to lre tlomg-direction would
generate a y-z shear state. This provides the following reptaatemechanical tests for out-of-
plane shear: (+) y-z double notched shear specimjeyrz(double notched shear specimen, (+)
z-x double notched shear specimen, ahd-kdouble notched shear specimen. Combined with
the seven mechanical tests preserved from the bulk materiairegptal design and the 450 x-y
compression replacement preserved from the rolled plate experimesign, this provides a
total of 12 mechanical tests for the 12 required parametetisgarthotropic-asymmetric

material system being considered. All 12 of these mechanitslatesillustrated in Figure 4.9.

4.3.4 Calibration of Extruded Bars

Extruded bar materials, for the purpose of the current discugsiiuge any material
system produced by extrusion, or similar methods, such that it cam&idered homogeneous
throughout (at the scale of mechanical testing) and is thick enouigd rahsverse directions to
extract compression samples though the thickness in any orientatiowot bhutk enough in the
transverse directions to extract tension or direct-shear satglegh the thickness. These
thickness requirements are illustratedrigure 410, where the blue samples can be extracted
and the red samples cannote Will continue to assume that both anisotropy and asymmetry are
present and that only one asymmetry mechanism is active, but witoasider hexagonality
and tetragonality to be assumed for these processed matEmnialkigher symmetry assumption
is made to reflect real-world expectations; if the two trarsgvdirectiongrenotsimilar, then
some of the mechanical tests can be repeated, treating both tsardivections as uniquéhe
extrusion direction (ED) will be considered as the z-directiontla@dwo transverse directions

(TD1 and TDZ2) will be considered as the x- and y- directisesFigure 4.10.



Figure 4.10Demonstration of the mechanical testing samples for extrudeddiarials, with
coordinates defined. Those samples in blue (in the extruded bar) eatrdited from the bar
whereas the red samples (to the far left) cannot be extfactadhe bar.

Starting with the tetragonality (x=y) results from ©4.3.2, w&e ask which mechanical
tests are still feasible and which are no longer practicalsi®de, compression, and direct-shear
tests extracted in the z-direction can still be used. These-#nsion, z-compression, (+Xz-
shear, and }-z-x shear. Additionally, the x-compression samples (or the y-cosipresamples)
can also still be used. This leaves the following stress stagseng from the experimental
design: x-tension, (+) x-y shear, anfiX-y shear. Assuming pressure insensitivity and following
the same logic as for the rolled plate material experimdetagn, 450 y-z compression equates
to x-tension combined with y-z shear of equal magnitude and can beousgthce the x-

tension mechanical test from the bulk material calibration exgertal design, keeping in mind

13€



that under a tetragonality assumption, y-z shear is the sarmestgear. Similarly, 450 x-y
compression equates to z-tension combined with x-y shear of equal magmitLcden be used
to replace the x-y shear tests from the bulk material cabtbrakperimental design. This
provides the following replacement mechanical tests: 450 y-z cesigrdeither positive or
negative), (+) 450 x-y compression, and (-) 450 x-y compression. Cdmliihe¢he five
mechanical tests preserved from the bulk material experinaedegn, this provides a total of
eight mechanical tests for the eight required parameters ftetthgonal-asymmetric material
system being considered. All eight of these mechanical tesigjlimg both positive and
negative options for the 450 y-z compression to total nine blue sarmpietgesareillustrated
in Figure 4.10.

Generally, itOs worth doing the additional two mechanicaltteskgck for tetragonality
rather than assuming hexagonality, but should the reader want to aksunggher symmetry
case, then the experimental design reduction mirrors that fr@2eZhe redundant mechanical
tests are the 450 x-y compression tests since the x-y shaaeparis now a dependent
parameter. Removing these mechanical tests, both positive and ndgativthe experimental
design produces the following set of required tests: z-tension, z-essi, x-compression, 450
y-z compression (either positive or negative), (+) z-x shear,-paek (shear. This is a total of

six mechanical tests for asymmetric-hexagonality, as expect

4.3.5 Calibration of Drawn Wires
Drawn wire materials, for the purpose of the current discussiclude any material
system produced by drawing, extrusion, or similar methods, such thatlite considered

homogeneous throughout (at the scale of mechanical testing) and is thick enoutjte



transverse directions to extract compression samples though the $sigkaay orientation, but
not thick enough in the transverse directions to extract tension ot-shear samples though the
thickness. Additionally, the wire is assumed to be thick enough tacetérssion and torsion
samples along the wire length, but not direct shear samples. fhids®ess requirements are
illustratedin Figure 4.11where, as before, the blue samples can be extracted and the red
samples cannot. We will continue to assume that both anisotropy anchesyrare present and
that only one asymmetry mechanism is active, and similar textneded bar case will consider
hexagonality and tetragonality to be assumed for these processedisatée also maintain the

naming convention of coordinates laid out in the previous section, geeeH.11.

Figure 4.11. Demonstration of the mechanical testing samplesawndvirematerials, with
coordinates defined. Those samples in blue (imihe) can be extracted from thgre, whereas
the red samples (to the far left) cannot be extracted fronvitke

14C



Starting with the tetragonality (x=y) results from ©4.3.2,car again ask which
mechanical tests are still feasible and which are no longetigal. Tension and compression,
tests extracted in the z-direction can still be used. These-&ension and z-compression.
Additionally, the x-compression samples (or the y-compression sgneplesilso still be used.
This leaves the following stress states missing from the iexpetal design: x-tension, (+) x-y
shear, (} x-y sheay (+) zx shear, and J-z-x shear. Assuming pressure insensitivity and
following the same logic as for the rolled plate material erpemtal design, 450%-
compression again equates to x-tension combined with y-z shear ofeagratude and can be
used to replace the x-tension mechanical test from the bulk ela@ibration experimental
design, keeping in mind that under a tetragonality assumption, y-z shlikarsame as z-x shear.
Similarly, we can again use 450 x-y compression, equating toiartesnbined with x-y shear
of equal magnitude, to replace the x-y shear tests from the latéiial calibration experimental
design. This provides the following replacement mechanical testgith the extruded bar case
450 y-z compression (either positive or negative), (+) 450 x-y comopresmsd (-) 450 x-y
compression.

The added complication is the lack of a transferable x-z shstdirom the bulk material
experimental design to the case of drawn wire materialsaEkrof a better option, torsion tests
in the z-direction can be used as a replacement. This doeswliiadl determination of
agyymmetry in the x-z (or y-z) shear properties, but is otherwedae since the two convadd
shear states are x-z and y-z, which under the assumptions oétbagonality and hexagonality
are one in the same. By including the z-axis torsion test, thplete set of mechanical tests for
a tetragonal-asymmetric drawn wire material are: z-tengiorsion, z-compression, x-

compression, 450 y-z compression (either positive or negative), (xydsampression, and)(-
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450 x-y compression. Note that tli®nly seven mechanical tests, which, as expected, is one
short of the target eight for tetragonal-asymmetric matanajeneral. Six of these seven
mechanical test specimens are illustrated in Figure it one of the 450 x-y compression
specimens omitted to avoid cluttering the image. The same considenagarding

hexagonality apply as in ©4.3.4.

4.3.6 Calibration of Extruded Tubes B Cylindrical Coordinate Consicrations

Extruded tube materials, as discussed here, include any maysteh where the
processed form is considered homogeneous throughout (at the scale of oa¢testimng), can
be reasonably described using polar coordinates within the cross-santicare processed to be
hollow their full length (in the z-direction). Figure 4.12 illustraties coordinate system
described. It has been demonstrated that extruded tubes can pdbsstsspar-asymmetry in
the R! -Z coordinate frame using limited bulk measurements supplementeddnebs
measurements [15]. Considering that extruded tubes closely resetiddeplate or sheet in a
cylindrical reference frame, with ND = R, TD!5 and RD = Z, this is not surprising. Here, we
will consider the mechanical tests needed to quantify the anisotndpgsgmmetry present in
these cylindrical reference frame materials, assuming,fagbéat only one asymmetry
mechanism is active. ©4.3.6.1 and ©4.3.6.2 consider the casbhaifapy, with ©4.3.6.1
addressing the axial strength measurements and ©4.3.6.2 addresshegthstrength
measurements. ©4.3.6.3 follows by discussing what reductions are @dssible higher
symmetry assumptions of hexagonality and tetragonality, and ©4.3.624 wldl a discussion
of the potential applications to tubes made using shear assistedsprg@sl extrusion

(ShAPE), a recent processing development for extruded tube nsaterial



Figure 4.12R-! -Z coordinate system for extruded tube materials.

4.3.6.1 Cylindrical Coordinate Axial Strengths (Orthotropy)

Referencing Table 4,1ve see that six parameters are required to describe an orthotropic
elastic limit this applies not only to cartesian coordinates, but also tylinerical coordinates
of present concern. To include asymmetry, this number is doubleditate 12 required
parameters, and thus 12 mechanical tests for a complete twafib&tarting by considering the
axial behavior, we find the longitudinal direction, Z, the easeceaddress. The positive and
negative strengths can be quantified using tension and compressiosir@kis to those for
every preceding material system discussed in ©4.3. ASTM E8 [53[esoeiplicit instructions
for tension testing tubular materials in the longitudinal directraeiuding the options of using
the whole tubular cross section for small-diameter tubes and usiisg@xensile samples for
large-diameter tubes. ASTM E9 [54], which governs compressiondesibes not include
specific cases for tubular materials, although similar lofyicssmg whole cross sections for

smalldiameter tubes and excised samples for large diameter tubesachly be applied.
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Extracting similar samples in the other two cardinal dicexstisnOt necessarily as
straightforward. For the transverse directibntensile loadingASTM E8[53] does provide a
suggestion of excising a ring of material, flattening that ring,thed excising a tension sample
from the newly flattened ring. This has the potential to introdhe@ges to the anisotropy and
asymmetry in the material system, including hardening or softentmghwould ultimately
influence the results of the transverse tensile strength meastrelmother viable approach is
to use an open ended internal pressure test to induce a hoop stregsldraid/or rupture in
the transverse direction. Surprisingly, ASTM does not have a staiodaach a test for metallic
materials, however two standards exist for similar tespplymer materials, ASTM D1599 [55]
and ASMT D2837 [56]. In the case of using an internal pressurdt isstmportant to consider
safety since a pressurized system is being taken to the poaluog f ASTM D1599 does
include submerging the test sample in a bath of fluid, which hgsotkatial to mitigate some
safety concerns. Despite this, ASTM D1599 does state: OThisrdtaioeéa not purport to
address all of the safety concerns, if any, associated witkatdt is the responsibility of the
user of this standard to establish appropriate safety, health, anonemental practices and
determine the applicability of regulatory limitations prior te.d

The compressive strength in the transverse direction can readngdseired using
compression samples extracted from the tube wall with loading fespendicular, or nearly so,
to the transverse axis. Similarly, the compressive strenghieiradial direction can be measured
using compression samples extracted from the tube wall with lotatieg perpendicular, or
nearly so, to the radial axis. Tensile loading in the radiactdon however requires something a
little more creative. By capping the ends of a small tubulgiase such that pressure can be

applied externally to induce both hoop and longitudinal compressive stregsean generate a
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0:2:1 compressive load in the!lRZ frame.By then assuming pressure insensitivity, the stress
state @nerated can be considered as -1:1:0 compression, or 1:-1:0 tensias.alteatsile radial
load combined with a compressive hoop load. This provides a viablesgtttes$or the sixth and
final parameter necessary to calibrate the axial behavior ¢diltiodar material. The six
recommended tests are therefore: Z-tension, Z-compression, operirgadetl pressuré, -

compression, R-compression, and capped external pressure.

4.3.6.2 Cylindrical Coordinate Shear Strengths (Orthotropy)

Here, mechanicians are perfectly reasonable to turn towasisrt tests to calibrate a
portion of the anisotropy in shear for a cylindrically orthotropic nmgteystem. Torsion
however is only capable of addressing two of the six shear strengthedeto fully captre
orthotropic asymmetry. Although ASTM does provide a standard (E148)r&on testing,
however limited [57], it does not include comparable tests for thaireng four shear strengths.
To help identify what these remaining tests should look like, wefivgtlconsider what each
shear state looks like in a cylindrical coordinate frame. Conthdéx-y shear, y-z shear, and z-
x shear can all be described as one plane moving in the otheradir&piecifically, we have
either the x-plane moving in the y-direction or the y-plane moving in-thieextion fa x-y
shear; either the y-plane moving in the z-direction or the z-plavengin the y-direction for y-
z shear; and either the z-plane moving in the x-direction or thenephoving in the z-direction
for z-x shear. In cylindrical coordinates this translates tdal@wing:

¥l Z-1 shear: either the Z-plane moving in thelirection or the -plane moving in

the Z-direction.
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¥ R-! shear: either the R-plane moving in thalirection or the -plane moving in
the R-direction.

¥ R-Z shear: either the R-plane moving in the Z-direction or th&#e moving in
the R-direction.

The first case listed for each shear state is eassmhieve than the second case listed for
each shear state. For this reason, we will be using thelstteaviors demonstrated in Figure
4.13 to capture the shear behavior for cylindrically orthotropieri@ds. From left to right in
Figure 4.13ve have the Z-plane moving in thedirection (simple torsion), the R-plane moving
in the! -direction (differential inner-outer surface torsion), and th@d®e moving in the Z-

direction (differential inner-outer surface axial motion).

Figure 4.13: Cylindrically orthotropic shear behaviors. &) Zhear, b) R- shear, c) R-Z shear
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In the case of simple torsion, the tube can either be loadedoagplagged on either end
to make it easier to grip without inducing stress concentratiahg @&nds. The plugged version
is shown in Figure 4.14&ositive and negative Z-shear can be attained by using both
clockwise and counterclockwise torsional loadind. Rhear and R-Z shear however require a
little more consideration. Although it may be conceptually easy tih@&inner surface of the
tube and either rotate or translate the outer surface, pilctiga can lead to difficulties. As
such, it is recommended to excise a short ring, approaching digbjrand then machine the
Brosius et al (2011) twin bridge shear specimen for sheet matalials [47] This geometry,
illustrated in Figure 4.14 b-c, was originally designed to improvéne AETM B831 direct
shear specimen by providing a counter moment internal to the sampéyémfomisalignment of
the gage section during large strain mechanical testing. When tbegsametry is excised from
a tubular material, it provides a gage section which can be dedtly manipulating the inner
and outer faces of the tube independently. Bhear can be achieved by using the sample
geometry as designedcmping the inner and outer surfaces and rotating them in opposite
directions. R-Z shear can be achieved through a similar setumpirgdgthe inner and outer
surfaces and translating them in opposite directions, perpendicular plane of the sample.
These loading states are also demonstrated in Figure 4.14 bteParsil negative R- shear
can be attained by rotating the outer surface clockwise or countercdedonthe inner surface.
Similarly, positive and negative R-Z shear can be attained byatagsthe outer surface up or
down relative to the inner surface. Including the two torsion tidsssprovides a total of six
mechanical tests recommended for measuring the shear progeatieart be used to calibrate

the shear behavior of the tubular material.



Figure 4.14Mechanical éstsproposed for calibrating the shear properties of a cylindrically
orthotropic asymmetric material. a) Simple torsion of the taapged) provides Z- shear. b)
Differential inner-outer torsion of the Brosius et al. (2011) tridge shear sample [47]
provides Rt shear. c¢) Differential inner-outer translation of the Brosiua. (2011) twin bridge
shear sample provides R-Z shear.

4.3.6.3 Hexagonal and Tetragonal Assumptions for Cylindrical Frames

By following the same procedures laid out in #4.3.1.2, we can quickly rélaeice
experimental design from the 12 mechanical tests developed and elisous4.3.6.1 and
a4.3.6.2 to either eight mechanical tests for tetragonal-asymorassumptions or six
mechanical tests for hexagonal-asymmetric assumptions. Tradgssmsenetric extruded tubes
are generally defined as R=This assumption leaves the Z-direction as the unique direction,
providing that either the -direction tension or the R-direction tension is redundant and that
either thel -direction compression or the R-direction compression is redundant.tBence

simplest tension test of the two is the open ended internalpeasst for transverse tensile
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strength and the two compression tests are essentially idemgcedcommend foregoing the
radial tests.

The second redundant mechanical tests are thesiear and the R-Z shear tests. Since
the R4 shear test is more studied, albeit for rectilinear appheat46], [47], we recommend
foregoing the R-Z shear tests. For tetragonal-asymmetry thisléaéollowing: Z-tension, Z-
compression, open ended internal pressure testhegmpression, simple torsion (clockwise),
simple torsion (counterclockwise), differential inner-outer torg¢abockwise), and differential
inner-outer torsion (counterclockwise).

For hexagonality we can start from tetragonal-asymmetry and rédncehere. The
newly redundant state of stress is the Rhear since the R-shear parameter is now a
dependent parameter under the transverse isotropy assumption. ThisHede#lewing six
mechanical tests: Z-tension, Z-compression, open ended internalrpreesgting! -

compression, simple torsion (clockwise), simple torsion (countéwiee).

4.3.6.4 Applications to Tubes Produced Using ShAPE

Shear assisted processing and extrusion (ShAPE) is essentiatiylarly-symmetric
extrusion process using a rotating, grooved die to laterally shearatieeial, generating heat, at
the plane of extrusion. For the case of extruded tubes using ShH#ePaandrel remains static
while the material is sheared in thedirection around the mandrel at the plane of the die. For
more detail on the process, see [58], [59]. The process evokdedthat the -direction is
being treated even more differently from the R-direction than ndata extrusion, which
should amplify certain anisotropies in the material behavior. The dppsdieing claimed by

recent studies purporting that ShAPE reduces or eliminates anisotrd@agyammetry [58], [60].



Despite these claims, Whalen et al. (2019) [58] and Zhand2@21) [60] both report
significant crystallographic texture still present in the matasystem following ShAPE. Not
enough mechanical tests were conducted to warrant the claimsatrapic and/or asymmetric
reduction or elimination despite the crystallographic textures.cintfee textures seem to be
rotated from the cardinal directions of the material. Saestain orientationsfdHCP materials
tend to possess tension-compression ratios greater than one and etftations tend to possess
tension-compression ratios less than one, there must be certaitattons which approach one.
For this reason, the material asymmetry could easily be hidéaough mechanical tests are not
utilized to capture the complete elastic limit behavior.

Admittedly, there is research showing materials made using SR do possess
insignificant crystallographic texture which could actually have retloc@liminated anisotropy
and/or asymmetry [61]. That said, more studies also exist whrobrorate strong
crystallographic texture after ShAPE [59]. This would indicaténiare research is needed on
ShAPE, and especially that future research should use the comqpletemental designs laid out
in ©4.3.6. Additionally, validation mechanical tests, as discussed.B.1, should be developed
for extruded tubes which generate unique stress states to probedthalcaaterial directions in
order to ensure that all anisotropic and asymmetric behaviors havadmsminted for

appropriately.

4.4. Discussion
In general, weOve presented four guidelines amidst all of thetlitaglates to any
experimental design for material system calibration. Theifif® assume a single asymmetry

mechanism at a time, but to be prepared to use additional regp¢al data to calrate
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combined asymmetry mechanisms if the initial fit(s) is/araffrigent. Along these lines, itis
also prudent to err on the side of lower symmetry and alwaysaimltide validation
mechanical tests to check the final calibrated model againsteusiopss states. These validation
mechanical tests can also serve as the additional experimeatébrdealibrating combined
asymmetry mechanisms should that become necessary. With regafidapeto distortional
asymmetry, it is especially important to recognize that an isotegsumption implies a 2:1
tension-compression ratio limit (or less depending on the model clevahits), and that if a
ratio approaching this limit or exceeding this limit is attairtedn anisotropy is most likely
present. And the fourth and final guideline for calibration is to enthat the mechanical tests
being used create roughly uniform stress states across thegegr¢hat can be defined as such
in the material reference frame being investigated D i.@ndests work for cylindrical
coordinates, but not for cartesian coordinates.

In addition to providing guidelines and specific detailed recipes fceldping
experimental designs for calibrating the elastic limit, séwgrportunities for future work and
investigations pervade the discussions of this chapter. Many of the meathasts described are
lacking official standards and some are lacking sufficient sdemnifestigations. For example,
standards for out-of-plane shear testing in sheet metals shouldtte® Wwesed on the work of
Gardner (2013) [51] and Gu et al. (2017) [52]. Additionally, future wotkabe done on these
tests to derive improvements in the sample geometry and testicedpres to produce more
uniform stress states throughout the gage. Investigations could be e fiarstudy how or if
the through thickness shear properties change while moving from the tagesefrtasheet to the
bottom of a sheet. An entirely new investigation on drawn wiresismék to apply the basic

sample geometry from Gardner (2013) [51] and Gu et al. (2017) [52¢asure shear out of the
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cross sectional plane, especially for assessing asymmetrgan for drawn wires. Even greater
gaps exist in regards to mechanical testing of extruded tubes.

No ASTM standard exists for torsional yield strength determinabioapen ended
internal pressure testing of metallic tubes and pipes for det@grransverse tensile yield
strength. These standards do have similar standards in exigtahceuld be used for reference,
but others do not. Standards should be written for capped externairpriesds of metallic tubes
and pipes, for differential inner-outer torsion testing and foefftial inner-outer translation
testing. All of these also require experimental and computatiovestigations: for evaluating
experimental procedures for the different pressure tests arddlating the Brosius et al.
(2011) sample geometry for the differential inner-outer torsiortrandlation tests. New sample
geometries could be investigated, especially for testing fordRear and R-Z shear, including
H-ring samples and grooved tube samples. Entirely different mechtestakhould also be
investigated for generating new and unique stress states in cylitydsigametric tubular
materials for use in validating calibrations. Even the seemsigiple radial and transverse
compression tests could benefit from studies to determine if samvjileparallel faces are
equally as effective as samples with faces machined perpenduwtii@ R and/or directions
(i.e. curved or slanted loading faces). And the ultimate futurk would include developing
standards for anisotropic and asymmetric metallic materagth calibration. Such a standard
would need to include results from all of the above future work to preoasies for different
material symmetries, validation standards, and options for ditfprecessed material

geometries.



4.5. Conclusions

The concepts discussed in this section were often stated indeda®rmining yield in
terms of stress, but the ideas are applicable to determirmdtaoy material limit hypersurface
(yield, phase transformation, twin potential, anelasticity) &c.either stress or strain based
criteria. Material properties at the scale of the mechanical testg Ipeoposed were generally
assumed to be homogeneous and no provisions were given regarding straithete of
mechanical tests, although several of the mechanical test woulidereeconfiguring or
replacement to study high strain rate or impact driven mhlienigs. The following are the
major conclusions of this chapter:

1.! An upper limit exists on the tension-compression ratio for an isctobgtiortionally
asymmetric elastic limit. The upper limit is 2:1 for cagéhere tensile strength exceeds
compressive strength and 1:2 for cases where compressive strezegtisetensile
strength.

2.! For anisotropic-asymmetric material systems with one asynmome&chanism active the
following number of mechanical tests are recommended based on assatagdlm
symmetry:

¥ Orthotropic! 12
¥ Tetragonal 8
¥l Hexagonal 6

3. Complete suites of mechanical tests were proposed for caliboathmagropic-
asymmetric materials, where one asymmetric mechanisnive d@or the following
cases:

¥ Bulk materials
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¥ Rolled plate
¥ Rolled sheet
4. Torsion tests were demonstrated to be ineffective for useibratalg the shear behavior
in orthotropic materials.
5. Complete suites of mechanical tests were proposed for calibtatiagonal-asymmetric
materials, where one asymmetry mechanism is active, fdollbeving cases:
¥ Extruded bar
¥ Drawn wire
6. A complete suite of mechanical tests was proposed for calibeatingded tubes with
cylindrically orthotropic-asymmetric behavior, where one asymmeteichanism is
active.
7.! New mechanical tests were proposed as necessary including:
¥ Open ended internal pressure testing for determining transvensgtistire
metallic tubes
¥ Capped external pressure testing for determining radial tetrgifegth in metallic
tubes
¥ Differential inner-outer torsion testing for determinind Rshear properties in
metallic tubes
¥ Differential inner-outer translation testing for determining Ragas properties in

metallic tubes
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CHAPTERS
ANISOTRORC AND ASYMMETRIC CALIBRATION
OF EMBEDDED SINGLE CRYSTAL YIELD
USING FAR FIELD HEDM
5.1. Introduction
5.1.1. Motivating a New Approach

The importance of considering anisotropy and asymmetry in quantifyirejasic limit
of a material system was addressed in Ch.2 and Ch.3. Thealities of experimental design
for calibrating such material behaviors under certain symmetwyrga®ons were addressed in
detail in Ch.4. But limitations do exist in the application offrsoancepts when considering
greater levels of anisotropy, combined asymmetry mechanisms, andlgpssssure sensitivity.
Starting by recalling some of the numbers from Ch.4, we havahatthotropic-asymmetric
material system with only one asymmetry mechanism active redl2renechanical tests to
calibrate yield, and an orthotropic-asymmetric material systgimboth distortional asymmetry
and accumulated kinematic hardening, or translational asymmetry,ageq8imechanical tests
to calibrate yield. These numbers quickly grow when orthotropy can no Ibagemfidently
assumed [1].

Under an assumption of symmetric triclinicity, 15 mechanical testsiecessary if
assuming pressure insensitivity as well. Including distortional asymnweéh triclinic and
pressure insensitive behavior doubles the requisite number of mechestisab 30, and
allowing for translational asymmetry as well further incesathis to 36 tests. If there is reason to
believe the material system is pressure sensitive, thdinitisymmetry requires 21 tests,

triclinic distortional asymmetry requires 42 tests, and triclomiaracter with both distortional
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and translational asymmetry requires 48 tests. This doesnOt ye¢ iacipare test to account for
the exponential shape parameter of many yield criteria [2]D@}@or more additional
mechanical tests for validation purposes, bringing the possibleufptal 50 or more mechanical
tests to calibrate the elastic limit without making any assumgti

Materials however are not perfectly consistent and tend to haveraelesand
meaningful variation in properties from one manufactured specimée toeikt [10]D[13]For
this reason, it is often necessary to capture the variation arialgiroperties by repeating each
mechanical test multiple times in order to determine statlsnmeasures of average behavior and
variance. At least three repeated teseggenerally considered the minimum necessary for
calculating viable statistics, with five to ten being recommerdegbod practice, with even
more becoming necessary as the material system is found to laage spread. Considering
three as a minimum, five as most likely, and ten as idesafing that calibrating under no
material assumptions warrants 150, 250, or 500 mechanical tests@depending on the
number of validation tests and the expected or realized standardateinaneasured
properties. This can become very expensive very fast, for botmtaediperform all of these
tests and the financial cost of materials and sample machining.

And it gets worse D the results of such an expensive investigagionlg transferable to
the same material system with the same heat treatmeartsfacturing methods, and overall
processing history. This is because small changes in alloy compasitaastructure, grain
texture, and crystallographic texture all impact the anisotrogym@agtry, overall strength,
ductility, pressure sensitivity, and even the variance in measuspdrfies. In short, the results
of such a calibration, although phenomenally useful for the exaetialatystem tested, is

minimally transferable to other material systems or processatigaus.
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For metallic materials, the properties of the single crystahdividual grain, are still
possessed of complex anisotropies, asymmetries, pressure sesssiawid variance about mean
values, but do provide more potential for transferability betweeerdiit processing histories
when homogenized to describe bulk material behaviors [11], [14]D[16]. $hygtal properties
can be used in computational models to predict the bulk behaviors of atewais with new
processing histories [17]D[20]. The grain-scale properties can alset¢o analytically predict
properties for different textures and porosity content [15], [21]D{Z8]brating at the grain-
scalecan also open the door to applications beyond the homogenized bulk, such &g studyi
grain scale phenomena like the granular yield interactions of thtigillie [24], [25] or the
baseline grain strengths for grain boundary sliding studies oRg&thinvestigations [26], [27].

As useful as calibration at the grain-scale would be, the elstacles exist if no
assumptions are to be made. That is, 150, 250, or 500 mecharigal¢esxpensive both in
time and financial cost. This cost is amplified by the increas#culty of generating and
testing single crystal samples. In addition, there is the quedtiexisitu crystal behavior
differing from in-situ grain behavior, where grain boundaries and memient have the potential
to skew the material behavior. By investigating embedded single sryistaitu grains, we can
mitigate this final concern while significantly reducing the ovarathber of independent
mechanical tests required. By using high energy diffraction microsétiiyM, (described in
15.1.2) it is possible to use polycrystalline specimens to gather huradreéas points [28]D[31]
describing yield with a handful of mechanical tests, reducing the nushpecimens from 500
to between five and ten.

In this chapter we describe how HEDM can be used to calibragrthedded single

crystal yield with few mechanical tests and we outline the @xpets developed to do so. We



first review HEDM in ©5.1.2, explaining how it works and what typkedata can be collected.
Then, we outline the materials and specifics of the experirpentsrmed in ©5.2. In ©5.3 the
analysis techniques are presented for converting the HEDM data finlly calibrated model of
the elastic limit for an embedded single crystal. Specificab.3.1 and ©5.3.2 explain the
methods developed for quantifying plasticity and for identifying the onsggélof, and ©5.3.3
details the regression based calibration approach to be employeéstule section, ©5.4,
outlines the expected results and the tools developed to visualizsitienthe experimental
data was only recently collected and has yet to be fully procedsedvdrk is summarized in
a5.5 along with the presentation of remaining work and future workllysin@ajor conclusions

are provided in ©5.6.

5.1.2. A Preliminary on High Energy Diffraction Microscopy (HEDM)

High energy diffraction microscopy, or HEDM, is an experimemehnique capable of
elucidating grain-level information throughout a volume nondestructive\2MIEs achieved by
passing high energy x-rays from a synchrotron radiation source through a ystaiboeor
polycrystalline sample and collecting the diffraction patterns usireyea detectpseeFigure
5.1 The x-rays are monochromatic and collimated to produce clear difiguztterns which
allow for measuring individual diffraction events separately. By irgjahe specimen a full
3600, enough informatias collected to reconstruct a 3D representation of the microsteuctur
similar to that collected using a scanning electron microscopd) 8&d serial section electron
backscatter diffraction (EBSD) microscopy techniques. Specifiagdin positions, grain
orientations, grain elastic strains, grain volumes, and graiphotrgies can be studied in a 3D

volume nondestructively using HEDM, allowing in-situ experimental mangd28]D[38].

162



Figure 5.1: General HEDM experimental setup, where a sasipladed on a rotating stage
between an incident high energy x-ray beam and an area detector.

BraggOs equation, Equation 5.1, can be used to determine the aig atbeam of x-
rays will diffract through a crystal given the wavelength of thediei x-rays! "and the
interplanar spacing, d [39\ccording to BraggOs ladiffraction occurs for every individual
crystal throughout the illuminated volume of a polycrystal and that uniqueagrantationswill
produce unique diffraction events. Powder diffraction is the resutbahd 10,000 or more
grains in an illuminated volume, allowing for illumination at all §ibke orientations. This
results in complete rings of indistinguishable diffraction eventMEs different because
samples with relatively few grains exposed to the incident s-aag utilized. This allows for
distinct diffraction events to be measured on the detector as indigjhts. This is what
provides unique grain-by-grain information [28], [3Blgure 5.2 demonstrates the difference
between a powder diffraction pattern, Figure 5.2a, and an HEDMdliffrepattern, Figure

5.2b, by simulating diffraction events for MgAZ3dmagnesium alloy.
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1" H#S%R () (5.1)

Figure 5.2: Simulated diffraction patterns for MgAZ31, a magnesiloy. @) Powder pattern b)
HEDM pattern. The HEDM pattern was created by summing aknpatfor the full 3600
rotation of a single crystal sample.

Describing the elements of a standard HEDM diffraction pattdrmelp to explain how
the experiment is capable of achieving so many different measutieri@e most obvious and
most problematic element of an area diffraction pattern ibrigét spot in the center where
transmitted x-rays, those neither diffracted not absorbed, hietieetor. These are often
undesired and shielding material such as lead is placed in fronta@dtdetor in the center to
protect it from overexposure [39]. Figure 5.3 includes this featusesimulated HEDM pattern
for MgAZ31, Figure 5.3a, and demonstrates the path taken by thiags selative to a set of

diffracted x-rays in the experimental setup, Figure 5.3b.
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Figure 5.3: Demonstration of transmitted x-rays, which are nivadiéd or absorbed by the
sample. a) Simulated detector results for MgAZ31, with tratsdk-rays indicated by an
arrow. b) Experimental setup showing the transmitted x-raysrfyrelative to a set of diffracted
x-rays (purple).

The first useful feature is the set of rings that would hexadd in traditional powder
diffraction experiments. These are the DeByherrer Rings, and they indicate which Bragg
condition is being met for each and every spot.[BRjure 5.4 illustrates the Debye-Scherrer
rings on an area detector for an HEDM experiment and the relapaiosthe experimental
setup. Figure 5.4b indicates the path travelled by x-rays meetifyalyg condition for a single
grain at an angle oft2 Every possible orientation which allows for diffraction off theeaset
of crystallographic planes forms a diffraction cone at the sargke as the lone diffraction
event, Figure 5.4c. By considering all possible d-spacings which pablezof producing valid
solutions to BraggOs equation within the angular space of the dedeuatitsrin a set of cones
Figure 5.4dWhere the set of all possible solutions to BraggOs equation (tifecsaes)
intersect the plane of the detector, we see a set of comoengys D the Debye-Scherrer rings.

Since each ring correspondsalbof the diffraction events for a single crystallographic plane, by
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identifying which ring a diffraction event is closest to, it is fjassto map that diffraction spot

to a specific crystallographic plane.

Figure 5.4: lllustration of the Debye-Scherrer rings. a) Debyei®er rings on an area detector
for an HEDM experiment. b) The path travelled by x-rays fangle diffraction event. ¢) The x-
ray light cone of all possible diffraction events for a given criggiedphic plane. d) All possible
light cones for a given experimental setup.

Using this information, the gross spot position can be used to celtiatrientation of
each grain in the material. By recording individual area diffraqiitterns at 0.10 or 0.250

increments, the position of a diffraction event is recorded'#i2$ space throughout the
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experiment. Figure 5.5 illustrates these coordinates, whardicates the sample rotation angle,
" indicates position circumferentially around the detector (iberevon a given Debye Scherrer
ring), and 2 indicates position radially from the center of the detectorwixch Debye

Scherrer ring). Since there are multiple diffraction eventgedoh grain throughout the
experiment, it is possible to use regression analysis to detethe orientation for each grain

[28], [29], [32]P[35].

Figure 5.5: lllustration of the-" -2# coordinates. indicates the sample rotation angléndicates
position circumferentially around the detectat.i@dicates position radially from the center of the
detector.

Deviations from the gross spot position can be used to charagexiagosition and
strain. Deviations in an x-y sense on the detector are the oéstahslating the responsible
crystal or grain in the x-ray beam. Figure 5.6 demonstrateefiact by modelling three
different diffraction events. When centered in the x-ray belaenetents produce the gray

diffraction spots; by translating each grain a different amoudiffierent directions, the orange
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diffraction events can be produced. The corresponding translation froem oéttie beam is
shown using hexagonal crystals below the expanded insets of each paintsf 8&ince
diffraction events are occurring at multiplevalues throughout the experiment for every grain,
it is possible to use teex-y deviations to calculate the center of mass position of eath gra

[28], [29], [32]P[35].

Figure 5.6: lllustration of how deviations from the expected spotiposit the x-y coordinate
directions correspond to the spatial position of the center of masadh grain.

These are not the only deviations from the gross spot position whichgtged during
an HEDM experiment. Deviations in the" -2# space result from distortions in the crystal

lattice for each grain. Figure 5.7 demonstrates this for latged distortions, where changes in
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the spacing between planes correspond to changésand?changes in the angles between
different planes correspond to changes in'ttend# values. By using all of spots associated to a
given grain, these crystal lattice distortions can be calculatpdraof a more involved

regression analysis also including the orientation and position, wherfelad properties of each
grain are solved simultaneously [28], [29], [32]D[35]. These ¢apiazameter distortions

represent elastic strains within individual grains, and can be asmhstruct the full elastic

strain tensor for every grain in the illuminated volume [40]. Sthese strains are purely elastic,
only measuring regular lattice distortions and not plastic phenonteyacan be used to

calculate the stress state for each grain [37], [38], [41]D[44].

Figure 5.7: Demonstration of deviations'if#-2! space resulting from large lattice distortions.
The gray spots in the diffraction pattern except on the left septehe expected spot position,
and the magenta spots indicate measured positions under an imposedikttiition. The
atomic lattices on the right demonstrate the changes correspondirgj¢bes in the d-spacing
(top) and changes in the angles between different planes (bottom).
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Finally, the number of x-rays that are diffracted by each gsganaportional to the size
of that grain B bigger grains intersect the paths of more »araltherefore diffract more x-rays.
This correlates to higher intensity spots on the area detectiarder grains and lower intensity
spots on the area detector for smaller grdiigure 5.8. By integrating the intensity for each spot
in! -"-2# space, the percent of the volume that is illuminated in tatabe calculated for each

grain providing a relative grain volume [28], [29], [32]D[35].

Figure 5.8: Demonstration of the correlation between the inteofstyspot, the number of x-
rays diffracted, and the volume of a grain.

Collectively, the features discussed mean that HEDM technaguregrovide details
regarding diffraction planes, grain orientations, x-y-z positiomefcenter of mass, elastic
strains (and by extension stress states), and grain volumedifffaetion patterns can be

processed using standard software packages such as MIDAS [32HE3XRD [35], and
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IceNine [45] to produce reconstructions containing all of this infaondor each grain in the
illuminated volume. Although every piece of information outline abovedsgnt in any
collection of HEDM patterns, the distance to the detector carséd to amplify certain aspects
of the pattern. This provides generally two types of HEDM, netd-find farfield. Nearfield
HEDM (nf-HEDM) is the result of placing the detector closeh® sample, on the order of
several millimeters. This amplifies positional shifts and dewia of the spots, resulting in more
accurate grain positions, and even the ability to record and rasctrgtain morphologies [28],
[29]. Since the examples provided from Figurets.Figure 5.8 use&arfield HEDM (ff-

HEDM) patterns, Figure 5.9 is provided to illustrate what a nf-HEDNepatooks like.

Figure 5.9: Box-beam nf-HEDM pattern from a Ti7Al experimentqrered at the Advanced
Photon Source (APS) at Argonne National Lab (ANL).

Placing the detector a significant distance from the samplerajlgnen the order of one

meter away, results in fi-HEDM. This amplifies angular tsheind deviations resulting from



changes in the lattice parameters for each grain. Thisaftavthe elastic strains to be measured
to high accuracy as a grain average strain [28], [29]. AdditiortAllgugh advanced techniques
the identification of plastic phenomena is also possible using ffMBBtterns [29]D[31].
Furthermore, it is possible to combine the results of the tebmigues, resulting in both

accurate grain morphology reconstructions and accurate elasticragasurements. This has
been demonstrated in several instances by multiple research grod$$6yVhen combined
with other techniques such as digital image correlation (DIGitintoading platforms, x-ray
tomographypr in-situ thermal control, HEDM can be a powerful experimental tegkani

providing a wealth of experimental data.

5.2. Materials and Experimental Methods
5.2.1. Rolled Ti7Al Plate

The material used in this investigation was a rolled Ti7Algptatbduced by the Air
Force Research Laboratory (AFRL) at Wright-Patterson Airé-Base (AFB), OH. The
resulting composition is presentedTable 5.1 [25]. The alloy was first cast in ~50lb melts into
3in diameter graphite molds and subsequently cut into 1.325 in think pscmuirheat treated
for 1 hour at 18000F. These preforms were then hot rolled tothi&bess reduction per pass
for a total of 35 passes, with 3 min duration reheats at 18@#W€en passes. The rolled plates
were further processed by annealing and creep flattening at 175@#Fimurs. Finally, the
plates were sandblasted, resulting in a final thickness of 10 P4e final mataal was! -phase
(HCP crystal structure) with a strong basal fiber texturbembrmal direction (ND) and a
secondary, weaker, prismatic texture in the rolling direction @&fl)the transverse direction

(TD). The grains were ideally composed for HEDM experimenith, an equiaxed geometry

173



and approximately 100um diameter in size. The lattice paranmegeesexperimentally
determined to be ¢ = 4.6767 and a = 2.9300, providing a c/a ratio of 2598dlditionally, the
alloy contained -2 precipitates (Ti-3Al) which are useful in promoting plangr ahd
suppressing the twinning tendencies of most HCP systems [56], [Sfhdferdetailed analysis

and discussion of the specific preparation of Ti7Al used, see Ho@®E8) [25].

Table 5.1: Composition of the as processed Ti7Al.

Ti Al O Fe C H N
Composition (wt.%) 9276 7.1 0.08 0.05 0.01 0.0024 0.002

5.2.2. Specimen Machining

Traditional machining methods tend to produce extensive plastic defornmafiofAl
due to the nearly perfectly plastic stress-strain behavidreafiaterial [25]. To avoid
prematurely introducing plasticity in the gage of our mechanic@h¢especimens, the
individual specimens were wire electrical discharge machinB#{&d) out of the rolled plates.
Two copies were machined of seven different specimen geometdesiantations, for a total
of 14 specimens. The duplicates were intended as backup specimensvearthef damage or
catastrophic experimental failures such as premature loading;dbp®s were luckily not used.
Of the seven samples utilized, there were four compressiorsgaliaarious orientations and
three tension specimens at various orientations. The compressios wiire parallelepipeds
with orthogonal faces and dimensions of 1mm x 1mm x 2Rgure 5.10a shows the machinist
drawing of these samples. The compression pillars were exeigethe 2mm dimension in the
following orientations: parallel to the RD, parallel to the pBrallel to the ND, and at a 450

angle between the RD and the TD. The tension specimens were desi§jhéte pin grip setup
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of the compact load frarmed the Advanced Photon Soer@\PS). Figure 5.10b shows the
machinist drawing of these samples. The tension specimens wesedeftom the Ti7Al plate in
the following orientations: parallel to the RD, parallel toTiie and at a 450 angle between the

RD and the TD.

Figure 5.10: Mechanical tests specimen geometries, with umisnina) compression pillars. b)
tension specimens. These specimens were wire EDMOs fraoiietdeli7Al plate.

5.2.3. Mechanical Testing

Although similar in most regards, the experimental setup betiweerompression pillars
and the tension specimens did require using two separate load fFarnestional and axial-
torsion motion system (RAMS3) load frame was equipped with M2 tosll ebenpression
platens for loading the compression pillars. The RAMS3 systemedidav the load frame grips
to be rotated within the load frame support structure, allowingdhmression pillars to be
rotated a full 3600 about the loading axis without blocking or shadowingréyelbeam. A
compact load frame was used for applying load to the tension speciimentoad frame was

mounted on a rotation stage such that the entire frame was rdiatédtze loading axis.
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Although a full 3600 rotation was still achieved, 400 intervals skipped on opposite sides to
avoid collecting HEDM data when the beam was being blocked by the sppptst

In both cases (for compression and tension samples) load was applieel@using
displacement control at a strain rate of 5549 Initial Oload freeO HEDM scans were taken
under preloads of between -10N and 5N, with negative preloads for corapretisirs and
positive preloads for tension specimens. Force set points werenus®d0 N increments down
to -300N for compression pillars and up to 300N for tension specimehsH&DM scans
recorded every £100 N. These first three steps were then ussdrtate the loadrain
compliance, including specimen stiffness, in order to assign a sampetific displacement step-
size roughly equivalent to £100 N of elastic response. Future sé¢$ p@re determined by
incrementing by this displacement step-size, with HEDM scaimsded every increment until
the diffraction patterns showed excessive amounts of plastidity iform of highly spread
spots. This totaled 14 steps, including the Oload free® iaitiafcstmost specimens. One
tension specimen was stopped after only 13 steps, and one compresasiogrgpiired 19 steps
before significant plasticity was achieved. For the first &iaps, no significant hold time was
required between reaching the set point and starting the HEDM $@arthe remaining set
points, hold times between two and ten minutes were used to allomog&trof the relaxation to
occur before the HEDM scans were commenced. Periodically, tbd/Hd€ans were also
accompanied by x-ray computed tomography (XRCT) scans to help tracls¢atgeplastic
deformation. More details regarding the x-ray aspects of theimgrgal setup are discussed in

a5.2.4 which follows.
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5.2.4. HEDM Experiments

Both the compression and tension experiments were performed usifdHEEB€M setup
at the APS beamline ID. Although the two experimental setups were not identical, effats w
made to keep them as similar as possible. Both HEDM setups tHeztige to produce a

monochromatic x-ray beam with energy of 65.35keV and wavelength of 0.189400um tall

by 2.1mm wide box beam was used to illuminate the middle of eacimgreavith the beam
centered vertically in the gage and the gage centered horizonttily lieam. The full 3600
rotation was used, with no omitted intervals for the compressiargpdhd with opposing 400
intervals omitted for the tension specimens due to the load fravneetry. In both cases, 0.250
rotation steps were used with a 0.2s exposure time for eaclctidffrpattern. For the
compression pillars, a GE3 area detector was used, and fen#hert specimens, a GE5 detector
was used. In both cases the sample to detector distance wasrapfelyx940mm, with the
exact distance and spatial calibrations determined using NISdasthCeQ powder for the
compression pillar setup and using a LaB6 NIST standard for the tespgoimen setup. In
addition to collecting ff-HEDM data, x-ray computed tomography (XR@ata were collected
periodically throughout all mechanical tests. A summary of the mezdidorces and
displacements along with which x-ray data were collected forleadkstep of each specimen is
provided in Tables 5.2 ®5for the compression pillars and in Table§1$55.8 for the tension
specimens. Recall that each experiment was ended once exf@asti@ty was identified in the

ff-HEDM diffraction patterns in the form of excessive spot spregdi



Table 5.2: Summary of forces, displacements, and x-ray measueefoethe compression
sample c-y-la. This sample was compressed in the roll direction of the Tplaeé.

Load Step  Force (N) Displacementi{m) X-ray Scan(s)

0 -7 0 HEDM, XRCT
1 -100 -18 HEDM, XRCT
2 -200 -32 HEDM
3 -300 -45 HEDM
4 -404 -58 HEDM
5 -504 -71 HEDM, XRCT
6 -591 -84 HEDM
7 -642 -97 HEDM
8 -692 -110 HEDM
9 -695 -123 HEDM
10 =127 -136 HEDM, XRCT
11 =147 -149 HEDM
12 -753 -162 HEDM
13 -771 -175 HEDM, XRCT

Table 5.3: Summary of forces, displacements, and x-ray measusefoethe compression
sample c-z-7a. This sample was compressed in the normal direction of the Pplasd.

Load Step  Force (N) Displacement (um)  X-ray Scan(s)

0 -10 0 HEDM, XRCT
1 -100 -14 HEDM, XRCT
2 -200 -27 HEDM
3 -300 -38 HEDM
4 -404 -49 HEDM
5 -506 -60 HEDM, XRCT
6 -610 -1 HEDM
7 -713 -82 HEDM
8 -812 -93 HEDM
9 -907 -104 HEDM
10 -997 -115 HEDM, XRCT
11 -1053 -126 HEDM
12 -1127 -137 HEDM
13 -1200 -148 HEDM
14 -1255 -159 HEDM, XRCT
15 -1294 -170 HEDM
16 -1335 -181 HEDM
17 -1371 -192 HEDM
18 -1404 -203 HEDM, XRCT
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Table 5.4: Summary of forces, displacements, and x-ray measueefoethe compression
sample c-x-3. This sample was compressed in the transverse direction oftRkeplate.

Load Step  Force (N) Displacement (um)  X-ray Scan(s)

0 -9 0 HEDM, XRCT
1 -100 -19 HEDM, XRCT
2 -200 -32 HEDM
3 -300 -45 HEDM
4 -409 -58 HEDM
5 -518 -71 HEDM
6 -608 -84 HEDM, XRCT
7 -667 -97 HEDM
8 -705 -110 HEDM
9 =127 -123 HEDM
10 -742 -136 HEDM, XRCT
11 -746 -149 HEDM
12 -754 -162 HEDM
13 -771 -175 HEDM, XRCT

Table 5.5: Summary of forces, displacements, and x-ray measusefoethe compression
sample oxy-5-a. This sample was compressed along the direction 450 betweer thectibn
and transverse direction of the Ti7Al plate.

Load Step  Force (N) Displacement (um)  X-ray Scan(s)

0 -10 0 HEDM, XRCT
1 -100 -19 HEDM, XRCT
2 -200 -33 HEDM
3 -300 -45 HEDM
4 -396 -57 HEDM
5 -492 -69 HEDM
6 -573 -81 HEDM, XRCT
7 -638 -93 HEDM
8 -664 -105 HEDM
9 -668 -117 HEDM
10 -692 -129 HEDM, XRCT
11 -701 -141 HEDM
12 -718 -153 HEDM
13 -728 -165 HEDM, XRCT



Table 5.6: Summary of forces, displacements, and x-ray measeefoethe tension specimen
t-x-9-a. This sample was oriented for load in the transwd#reetion of the Ti7Al plate.

Load Step  Force (N) Displacement (um)  X-ray Scan(s)

0 4 0 HEDM, XRCT
1 100 70 HEDM, XRCT
2 200 112 HEDM
3 300 146 HEDM
4 400 180 HEDM
5 497 214 HEDM
6 592 248 HEDM, XRCT
7 655 282 HEDM
8 642 316 HEDM
9 631 350 HEDM
10 647 384 HEDM, XRCT
11 616 418 HEDM
12 650 452 HEDM
13 651 486 HEDM, XRCT

Table 5.7: Summary of forces, displacements, and x-ray measusefoethe tension specimen
t-xy-11-a. This sample was oriented for load in the directiorbé®tieen the roll direction and
transverse direction of the Ti7Al plate.

Load Sep Force (N) Displacement (um)  X-ray Scan(s)

0 5 0 HEDM, XRCT
1 100 58 HEDM, XRCT
2 200 98 HEDM
3 300 136 HEDM
4 414 174 HEDM
5 532 212 HEDM
6 632 245 HEDM, XRCT
7 621 278 HEDM
8 638 311 HEDM
9 623 344 HEDM
10 637 377 HEDM, XRCT
11 628 410 HEDM
12 637 443 HEDM, XRCT
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Table 5.8: Summary of forces, displacements, and x-ray measeefoethe tension specimen
t-y-12-a. This sample was oriented for load in the roll dioectif the Ti7Al plate.

Load Step  Force(N) Displacement (um)  X-ray Scan(s)

0 5 0 HEDM, XRCT
1 100 55 HEDM, XRCT
2 200 100 HEDM
3 300 142 HEDM
4 397 178 HEDM
5 498 214 HEDM
6 597 250 HEDM, XRCT
7 592 286 HEDM
8 608 322 HEDM
9 596 358 HEDM
10 608 394 HEDM, XRCT
11 601 430 HEDM
12 605 466 HEDM
13 601 502 HEDM, XRCT

5.3. Data Analysis

The HEDM diffraction patterns are being processed using the operessaftware
HEXRD [35], [58] (version 0.8). Once calibrations have been achieved falifteeent detector
setups, HEXRD will be used to reconstruct the illuminated volohggains for each load step of
each mechanical test. The grains-file for each load stépf{lggains reconstructed along with all
related grain-level data) will be used to compile a spotddi@ach load step (list of every
relevant diffraction spot along with related spot-level data).spots-files will be used to check
for plasticity and then correlated back to the appropriate graireport the elastic strains before
and at the onset of yielding. After all load steps capable afjbveconstructed have been
analyzed for all seven mechanical tests, a non-linear leasesqegression approach will be
used to calibrate the grain-scale elastic limit for Ti-7Rie discussion of this overall analysis is
divided into three main subsections: ©5.3.1 explains analyzing the indigjplotsl to identify
plasticity; ©5.3.2 elaborates on using spots-level plasticity inde&dadefine the onset of yield

at the grain-level and to ultimately report relevant elastein information; and ©5.3.3 develops
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a regression based calibration methodology using three possible RM&emebased on the

interpretation of the grain-level data.

5.3.1. Quantifying Plasticity

Generally, the volume of the grain correlates to the integnatedsity of each of the
spots corresponding to that grain, see ©5.1.2, making the integratesityné®nstant as long as
the volume of the grain can be assumed constant. There are howlesefactors to consider
when mapping spot intensity to grain volume which can make the inteégnétasity change
from one load step to the next b detector noise and x-ray beam tadtenliae detector noise is
usually removed by thresholding the diffraction patterns such that anppelata an assigned
threshold value is set to zero. This has the effect of trimthiaguter fringes of larger spots and
significantly reducing smaller spots, or even eliminating thenogéther. By adjusting the x-ray
beam attenuation, it is possible to increase or decrease thenotant of x-rays which pass
through the illuminated volume, which has the effect of globally irstmgeor decreasing the
intensity of all spots relative to the noise. Although limitedH®yppeak intensities of the largest
spots, attenuation is generally reduced as much as possible toertbeeagensity of as many
spots as possible above the detector noise. Throughout a given expeasrsgatis evolve, the
attenuation is often adjusted to maximize the number of spoté \@hecabove the noise for each
HEDM scan.

It was alluded to in ©5.1.2, especialtyFigure 5.8, that individual diffraction spots in a
ff-HEDM pattern are gaussian like in shape. This idea is useful edaduating how spots
evolve as a result of plastic deformation within a grain. PagdrMiller (2014) explain slip as

introducing an ever increasing set of small misorientations adreggain [29]. This has the



effect of spreading out a diffraction spot in orientation spacetliieegrain develops a gradierfit o
orientations) [29]Figure 5.11 shows how two spots, represented as gaussians, get(kihvoeter
peak intensity) and wider (spread out over more pixels on the detebtem)plasticity starts to
happen in their corresponding grain(s). This means that monitoringdfgeti@ens in height
and/or increases in thellfwidth-half-max, FWHM, of each spot should provide insight into

when slip starts to occur for each grain.

Figure 5.11: lllustration of how spots behave as plasticity (spaliifislip) starts to happen in
their corresponding grain(s).

When implementing this idea, a problem arises. The changes ihesgbt and FWHM
are an effect of both plasticity and changes in the attenuatigureF.12 illustrates two
examples of this problem. If the attenuation is decreased (magesxlluminating the sample) at
the same time as plasticity causes a spot to spread, FigurethetPthe height can stay constant
while the FWHM increases. However, if the attenuation isedesad (more x-rays illuminating
the sample) and the grain continues to behave elastically, Fdi#e, then the FWHM can still
increase as the entire spot increases in size. This inipéieseither the height nor the FWHM

can be used alone to identify spot spread, and by extension the opisstioity.
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Figure 5.12: lllustration of effects of attenuation changes on spai/lm# combined with the
onset of plasticity (a) and the continuation of elasticity (b).

Recalling that the spot shape is roughly gaussian does indicate twagysshitions for

the confounding effects of changes in attenuation:

1.! Normalize the spots by their integrated intensity.

2.! Create a ratio of height to FWHM.
In order to decide which option is preferred, we need to considemti@asionality of the spots.
Up to this point we have illustrated the spots as 2D gaussiahsa WD domain representing
position on the detector. To capture the full spot behavior, as seenanedh#etector, &
require a 2D domain (for example x-ylef"), producing a 3D gaussian. This is still easy to

visualize in oneOs mind as a 3D bell-shape, which could be stretcretldirection only as the
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spot spreads, or in both directioB®eFigure 5.13 for examples of spot spread in the x-direction,
y-direction, and both directions. This raises the question of whicHN\i$ used, or if an
average FWHM is used. In whichever case is used, the questiomseshhow sensitive it is to

a spot spreading event.

Figure 5.13: Examples of 3D spots spreading in the x-direction only;direction only, and in
both directions.

In truth, we actually require a 3D domain to capture the full\behan ! -"-2# space.
This implies a 4D gaussian, which is slightly more difficult sualize, but can be thought of as
a 3D ellipsoidal onion. The intensity values can be mapped to posititms thie 3D ellipsoid
such that any 2D cross section through the OpeakO looks like a 3D demssiavith contour

lines rather than using & ®hysicalaxis. Figure 5.14 approximates what a full 4D gaussian
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looks like in 3D space, with intensity as tiHedimension. Notice that the actual 4D spot can
spread in any direction in its 3D domalin-(-2# space). This amplifies the effects seen in Figure
5.13, where the FWHM changes based on where it is measured, andrgedehavior is less

sensitive to spread in a single direction.

Figure 5.14: Approximation of a full 4D gaussian as viewed from 3Despesing intensity as
the 4th dimension. Here, the three spatial dimensions mimic tl®Biain in physical space.

Referring backo Figure 5.13 there is a feature that is equally sensitive nomhattethe
spot spreads, the height. As a result of this unambiguous sensiti®ityill use a normalized
height to monitor for spot spreading. Equation 5.2 shows the spot sprea@teasavhich

inverts the normalized peak intensity so that the parameter sesreath increased spot spread:

; ‘0% 4-.(/,. 0 56
$/°&,-.(12).(3 +.(-/,.0 4 (5-2)
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When! increases above a fixed percent of the original value, calcuatledd step zero, the

spot will be flagged as indicating plasticity in its associatethgra

5.3.2. Identifying Yield Onset

In the above section, the spot spread paranietergs developed to indicate how much a
single spot is spreading; however, quantifying the presence of spd sipesanot immediately
indicate the onset of yielding. Yielding is generally a gradual phenomeaban abrupt,
discrete point in the history of a materialOs behavior. Some rontiieroplasticity tends to
occur pre-yield due to limited dislocation motion. As such, yield isllysgaalified as a point
after some prescribed amount of plastic strain has accumulated{his reason, a
meaningful change ihwhich identifies the onset of yield needs to be tuned to reflect t
transition from microplasticity to larger scale plastic acalation. Figure 5.15 shows what this
transition could hypothetically look like, and indicates that a spikedhavior is likely the best
indicator of the onset of yield. In addition to tuning ther change inh, threshold, there is also
the possibility of anomalous spikes and deviatiorisdoe to noise in the experimental data. To
account for this and help avoid false or premature indications of ymelltiple! spikes will be
required to classify a yield event. By tracking which spots areoparhich grains, we will be
able to require a specific number of spikes for a given grain, sualoatour, or six, before

identifying that grain as having yielded.



Figure 5.15: lllustration of what the elastic (and microplastiq)lastic transition could
hypothetically look like in terms of the spot spread parameter.

Once the load step corresponding to the onset of yield has beeneaddotifas many
grains in a sample as possible, two different tensor valuebewtcorded for each yielded
grain: the elastic strain at the identified yield step ancetldtic strain at the preceding load step.
Both values are necessary since it is unknown at what point betwegenetleeing load step and
the load step at which yield was detected, the yield point actailirred. For materials that are
perfectly plastic (i.e. do not harden) the distinction is irrelegace the elastic strain state at
every point beyond yield is the same as that at yield. But fonratrials, some consideration

of hardening is warranted.
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5.3.3. Regression Based Calibration

After recording the pre-yield and post-yield elastic strairestfdr every yield event that
was detected across all seven mechanical tests, the ddta wied to calibrate the elastic limit
at the grain scale. To see how this can be done weQtiystantsidering a simpler data set that is
isotropic, symmetric, and pressure insensitive. For such aicespgssible to reduce each
second order tensor representation of elastic strain, or str@ssingle value representing
distance from zero in the pi-plane. This provides a way to retieagomplex set of paired
tensors (pre-yield stress and post-yield stress) to a set giedimunds on distance from zero at
different points around the elastic limit surfaEgure 5.16a shows this reduction using a
projection of the von Mises yield criterion in the pi-plane to dettveecoordinates and" . For
such a case, the best fit could aim to stay within the prdfgidt-yield bounds, minimizing the
distance beyond either the upper or lower bound.

In the case of von Mises, the yield surface takes the foarhofizontal line. This allows
for simple linear regression techniques to be employed to find gtditoén order to allow for
any fit where the line passed through thieounds at a point ih space, the root mean square
(RMS) error term would need to take a form similar to th&qoation 5.3. Equation 5.3 uses
Heaviside step functions to zero the error in the range betweenetlygeld and post yield
bounds. In Figure 5.16b, the von Mises yield criterion is replacedHgyshey (1954)2] or
Hosford (1972]3] style variable exponent isotropic-asymmetric yield criterion. yiélel
surface, when projected into the' space, forms a sinusoid-like curve where the value of the
exponent controls how flat or sharp the wave is (varying from flatttiangular wave).

Although not much more complicated, and able to use the sameesmdirom Equation 5.3,

non-linear regression techniques are now required to determine thi¢. best



Figure 5.16: Demonstration afsimpler data set which can be projected into a 2D space of
coordinated , distance fronzero stressand” , position around the elastic limit. a) shows a von
Mises yield criterion fitting the data, and b) shows a variakp@m®ent model fitting the data.

5 5
pSN& () H o 1 B34H ] 101 8°9% Hopl | 78034H o1p/ 1 75,39 (5.3)

To simplify the regression analysis, it is possible to reducprergield/post-yield
bounds to a single value. For the case of perfectly plastic mlatehe peak load (post-yield)
best represents the actual yield points and can therefore be ydackif the range. This

reduces the RMS error term to the expression in Equation 5.4natiteely, a weighted average
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of the pre-yield and post-yield values can be used to representraahvaltéch undergoes some
degree of hardening. This produces an RMS error term similarttmtBguation 5.5, where Oa0
and ObO are weights for the pre-yield and post-yield stressetsviedgpEigure 5.17
demonstrates how this affects the best fit line in the cagevoh Mises yield criterion: using
only the peak load values increases the predicted yield strengthwaaglhaed average has the

potential to split the difference between the peak-load fit anddbeded fit.

L (S (5.4)
" 2$ 5 6$ ! )
)" O e T (S8 (5.5)

Figure 5.17: Demonstration of the differences between bestdie msing each of the RMS
errors from Equation 5.3 (bound-based), Equation 5.4 (peak load), and Edguatiarighted
average).
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When considering anisotropy, the full 6D representation of the eliasitics necessary.
This means that the 5D hypersurface cannot by meaningfully reduc@Dtoepresentation
without significant loss of context and geometric relations betweanpdants. Although this
complicates the visualization of the errors, it does not significanmplicate the process of
determining the best fit. The same RMS error equations can beeddaptise with anisotropic
yield criteria, and non-linear least squares methods can be usdektmine the best fit for all
parameters in the yield criteria. Equations 5%8econfigure Equations 5.3 b 5.5, where the
distance valué is replaced by the percent yiéld as calculated by the working calibration of
the yield criterion being fit. Note that this means that $ at the point of yielding. This does
require an initial guess and a numerical solver for implementabut can readily be done using

MatlabOs built in Isgnonlin function.
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5.4. Results {isualization)

The data are presently still being processed with the HEXd&tWare discussed in ©5.3.
Until all of the reconstructions are completed and the yield ewanves been identified, the
regression based calibration cannot be performed. In lieu of pregém calibration results,
hypothetical results will be used to demonstrate the proposed daatiaason methods for
presenting the results once analysis has been completed. Given the atiexpected yield
events, near 1000, there are generally two questions that can balskethe data in relation
to a proposed calibration: How well does the calibrated modeékfitlata? And can a higher
symmetry assumption produce an equally good fit?

The question of goodness of fit between a calibrated model and thevesquat data can
be addressed by using the RMS errors introduced by Equai@%8 to provide an average
percent deviation in the experimental data and the modelOs preditddzehiavior. Although a
useful overall descriptor, the RMS error cannot identify if thesiite from spread in the
experimental data , a general size misfit (for example anr ovender- prediction everywhere),
or a misfit in shape (for example over-predicting in some aedsinder-predicting in others).
The first possibility D errors resulting from spread in the exgetiah data D is both expected
and acceptable. The error in such a case is unavoidable and does$eacborethe choice of
model or the regression based calibration. The second possibility ®resualting from a
universal over-sizing or under-sizing D is likely an artifact ofélgeession method and/or the
choice of RMS error used during calibration. If the general slsapariect, then the model
choice is likely valid and the fit can be improved by tuning the aldom. The third possibility B

errors resulting from a mismatch between the data shape and thieshmequie D raises the most
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concern. In this case, the calibration may still be to bjdoatethe choice of model may also be
insufficient, missing some crucial description of the matesiaébavior.

In order to help identify the character of the RMS error, twaatians of the same plot
areproposed. Figure 5.18 demonstrates a generic version, where thatedlimodel is plotted
using the complete set of 2D orthogonal projections discussed in Ch.fstkariation would
project the experimental data points onto each projection plane wifitedefined orthogonal
distance and shade the data points according to how close to théigngpame they actually
are. For example:

Consider a data point with # $%&) ,!+ # $%() ,and' . # ,&'() .Foran

orthogonal distance limit of 25MPa, the point would appear ith-the projection and

the! ,!. projection, but not the. ! , projection. It would also appear in the-w. , -4, ,

and! . - .. projections if the distance limit allowed for orthogonal distamc@stly equal
to 25MPa. No other projection would contain the data point. Additiortakydata point
would be darker in the. ! . projection, lighter in thé,!. projection, and nearly
imperceptible in thé. - projections, indicating how close the point is to each
projection plane.
The second variation would use the same projection set and projegésifior the data points,
but shade the data points based on their error (corresponding to the releéanatror
calculation). In this version, higher errors would equate to dadterpoints. The two versions
complement each other by indicating which data points are fdrtimerthe predicted value and

how relevant they are to each projection.
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Figure 5.18: Generic illustration of the proposed error plots. Theletenset of 2D orthogonal
projections is used to visualize the elastic limit, and thelztds close to each projection plane
are represented using orthogonal projections into the plane. In thiscget@nple the data
points are not shaded according to either variation. Variation one wwade siccording to
distance to the projection plane and variation two would shade accavdimgghitude of error.

The question about whether a higher symmetry assumption produces an gopghliy
can be answered by comparing the RMS error of the higher symntetrytfe RMS error of a
lower symmetry fit. We expect the RMS error to change, anccphatiy to increase, but
excepting large clear increases in the RMS error, it couldffieuttito discern if the difference
is significant. Here, a visual tool may help to charactehedlifferences in the two fits. By
plotting the individual errors of the lower symmetry model againstrtioeseproduced using the
higher symmetry model, trends can be identified to help answer thgogu&pecifically, trends
which deviate significantly from a straight line with slope approxatysequal to one indicate

some character of the elastic limit which is missed by the hgylmemetry assumptiofrigure
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5.19provides two examples using a 28-parameter model where an ortb@sspmption
reduces it to 13 parameters. One data set produces a limehwitle slope 1 indicating that

the orthotropic assumption is applicable, and the other data set preduces trend with slope
< 1 indicating a worse fit with an orthotropic assumption. This plotides a quick comparison
between the two cases, and elaboration in the case of deviaticeehdtvem can be achieved by
returning to the plots described by Figure 5.18 and plotting both dalibr@odels on the same

set of projections.

Figure 5.19: Examples of error comparisons between a 28-paranuetel and a reduced 13-
parameter model. The upper line compares the two fits wheogttiaropic fit can readily be
used, and the lower line compares the two fits for a case wieemgthotropic fit cannot be used.

5.5, Discussion

This investigation, although not complete, is nearing completion. Theaneial test
specimens were manufactured as described in ©5.2.1 and ©5.2.2 asdbhsecuently tested
following the procedures described in ©5.2.3 and ©5.2.4. The raw HEEVhds been

transferred to the Colorado School of Mines data storage facgitid is awaiting analysis. The
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HEXRD software is in the process of being installed, debugged, add functional on the
Colorado School of Mines high performance computing (HPC) resourcesiohadlit, the
HEDM data are being transferred to Cornell University in ordéetpn processing them using
the version of HEXRD software currently functioning on their compuatenf Data analysis
software is also in the process of being written for calculabiagpot spread parameterfor
the HEDM reconstructions.

Remaining work includes: completing the HEDM reconstructions using HEXédiing
the! calculation software and applying it to identify spot spreading eveexgloping and using
software for identifying yield from the spot spreading events (asidedan =5.3.2), adapting
the software used in Ch.3 for nonlinear least squares yieldatadis to use the RMS errors
described in ©5.3.3, and analyzing the eventual results using the methodsedeas ©5.4.
Future work would include comparing the effectiveness of differetd ynodels, comparing the
experimental results to theoretical slip activation models, an@dgenizing the results to
produce a calibrated bulk yield model for the rolled Ti7Al plate fuanich the specimens were
extracted. Additionally, future researchers could apply this techbogoier material systems.
This could include adapting the yield determination methods to accoumtifming and/or
phase transformations. Similarly, it could be adapted to deterimapegsnemory model
calibrations or adapted to other processing methods of the samealfgter order to predict

new bulk properties through the use of homogenization techniques.

5.6. Conclusions
The proposed method for calibrating the embedded single crystal sopleirpes has the

potential both to allow for evaluating the actual anisotropies andnastmes without any pre-



supposed assumptions and to reduce the number of experiments requstatistarally rigorous

calibrations from hundreds to less than a dozen. To date, the follavartbe major conclusions

of this work:

1. A new experimental approach for determiningmpscale yield was proposed.

2.! Experiments were conducted using in-situ HEDM methods as proposetieand t
necessary data to test the described yield calibration approaglteliected.

3. RMS error terms were proposed for use in the regression badadtoah of the
grain-scale yield behavior.

4. Visualization methods were proposed for analyzing the eventual rebthes

study.
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CHAPTERG
COMBINED X-RAY INVESTIGATION OF
NOTCHED COLD DWELL FATIGUE
FRACTURE INITITIAON IN
TITANIUM ALLOYS

6.1. Introduction

Titanium (Ti) alloys possess some of the greatest strengthigbtwatios of all metal
alloy systems, allowing the reduction of material required in rigagind self-supporting
applications where a major component of the stress results fronfdyodyg (such as centripetal
and gravitational). As a result of this particular benefit, alwitly good corrosion resistance,
good fatigue performance, and maintained properties at elevated ammegrTi alloys are
commonly used in aerospace applications such as turbine compressddelégite this myriad
of strengths, thé phase of Ti alloys (e.g., Ti-6Al-4Vis susceptible to dwell fatigue as a result
of the low symmetry hexagonal close packed (hcp) crystal structwed| fatigue is a failure
mechanism associated with cyclic loading that involves sustainemtiperistresgFigure 6.8),
where a dwell period at peak load causes a lifetime reductiazll(debit) compared to regular
cyclic fatigue. As demonstrated in Figure 6.1b, adapted fronidilé single flight cycle, cyclic
dwell loading is experienced by jet engine turbine compressor discthevesurse of their
lifetime. This makes dwell fatigue an important consideration for the designadiby

aerospace components, such as compressor discs.
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Figure 6.1: Dwell fatigue loading versus time examples: (a)ldddding profile of stress-
controlled dwell fatigue versus classic cyclic fatigue is shdlllustration of the average
loading experienced by a Ti-alloy turbine disc during a single flighichvexhibits a dwell
period during cruise b adapted from [1].

Since cold dwell fatigue is still an active area of redeft]|D[39], dwell-sensitive
component design is generally performed conservatively, resulting irtlpatrese overdesigned,
and both heavier and more expensive than necessary. This is understsindaldevell fatigue
failure generally starts by nucleation of subsurface voids and tiaion of subsurface cracks,
making surface level inspections ineffective at detecting dwigiuia initiation. Damage tolerant
design of aircraft components tends to specify inspection cycles twaskd size of flaws and
cracks that can be detected and the number of cycles before an tautiéec becomes
dangerous [40]. Since dwell fatigue initiates subsurface, and piote@ropagate subsurface, it
is likely that cracks grow beyond the safe size for a given inspestiedule, and are not
detected. Both the safety concerns and the potential for refining contjutastgns to save
weight and cost demand a deeper understanding of dwell fatigue, thenmewhevhich drive it,
and how it differs from other forms of crack initiation and growitlis therefore imperative to

develop a better understanding of the micromechanics at work in colifahgeie.

20&



It is generally accepted that this dwell debit is dualtead shedding mechanism between
plastically soft and hard graingasdemonstratech Figure 6.2, adapted from [2]. Considering the
applied load, OsoftO grains are oriented for easy basalrslgpQhardO grains are not. This
heterogeneity in crystallographic texture, and as a result in thetaopy of yield behavior, leads
to plastic flow in the soft grains at loads below the macroscoeid gtress of the bulk material
(essentially a form of microstructural creep). This locabdehtion at stresses where the hard
grains do not plastically deform results in dislocation pile-up at boigsdaetween hard and soft
grains As dwell fatigue is presently understood, these interface pile upsatély promote the
nucleation of voids, initiation of cracks, and accelerated eafyegiropagation of cracks. This
mechanism is most prolific at low temperatures, typically than 200 0C, where there are large
disparities in activation energies between basal and prisriiptrelgtive to pyramidal slip. At
higher temperatures, thermal activation reduces these digpafitius, this mechanism is most

likely to lead to failures in the cold compressor stages of turbines

Figure 6.2: lllustration of the crystal-scale mechanism of lIdiedlits in the (hexagonal) phase
of Ti-alloys, adapted from [2].
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There are two primary mechanisms of crack propagation: increngeoveth and fast
fracture. Incremental growth is typical for fatigue loading, ateharesults in a fracture surface
feature known as fatigue striations [41]D[43]. The process of fattgagon formation, shown
for a single fatigue load cycle in Figure 6.3 (adapted from [4&)ts with a crack that is sessile
at zero load (Figure 6.3a). The crack opens as load is appliedgBi@), and as the load nears
its peak, the crack extends forward and blunts as a result t€ipya@-igure 6.3c). Upon load
reduction, the crack is forced shut causing plastic phenomena tal éiéecrack at 450 angles to
the blunted tip (Figure 6.3d). When the crack returns to a set#iéeat zero load, it has
accumulated one more fully developed striation (Figure)6E&st fracture is typically the result
of a large increase in the stress intenditif)(near an existing crack front and tends to produce
faceted fracture surfaces b this kind of crack extensioaliglascribed using linear elastic
fracture mechanics. It has been observed!thptase Ti alloys subjected to conststnessdwell
fatigue exhibit a low K faceted crack growth (FCG), which results in relativetgésintervals
of crack growth for each load-step that terminate in cragstamarks on the fracture surface
[3], [4]. Additionally, similar tests using constasttaindwell fatigue have demonstrated a crack
propagation that is dominated by classic incremental (striation praggrowth. In short, a

constant strain application sees a lower dwell debit than a corstsd application.



Figure 6.3 Fatigue striation formation process, shown for a single fatigueckpad. (a) The
crack is sessile at zero load. (b) The crack opens as lagglisd. (c) As the load nears its peak,
the crack extends forward and blunts as a result of plasticitip@i load reduction, the crack
is forced shut causing plastic phenomena to extend the crack aigliésita the blunted tip. (e)
The crack returns to a sessile state at zero load, with oreefaily developed striation present.

Real components, such as turbine compressor discs, possessosiceagrators which
have the potential to alter the expected dwell fatigue respbasexample, in the region
surrounding a stress concentrator, along with altering the chaohther state of stress spatially
(introducing multiaxial effects), the stress gradient has thenfiat to produce locally high
stresses resulting in local yielding and relaxation of crackttgsses during incremental growth.
This means that crack propagation could proceed similar to t&aclacremental growth,

producing fatigue striations, regardless of global boundary conditions (labsptacement

20¢€



control). However, experiments to date have demonstrated othemasehed -Ti specimens
subjected to constant stress dwell fatigue exhibitlBWFCG. As a result, real components
experience even higher dwell debits than are expected by the dewadrdaf understanding.

Significant strides can be made towards understanding dwell f&aygagdressing two
major questions: Which grain pairs are susceptible for a givess dteéd? And what is the
minimum dwell load for such a pair to cause dwell mechanisrastizate? These questions
provide a foundation upon which concerns about stress concentrators dnd F®G can start
to be resolved. By understanding what combinations of relative ormmatnd stress states
promote dwell fatigue failure mechanics, we can start to rezedraw notches affect dwell
mechanisms and if they affect the differences between strésdrain boundary condition
behaviors. With a fundamental description, we can also begin & betlerstand the effects of
local plastic relaxation. By including the effects of dwell loaagmitude, we can also gain
insights into the differences between activation of mechanismsitetmlow! K FCG and those
resulting in slow incremental crack growth. To answer these unagryiestions, we propose
that a threshold exists for neighbor grain disparity (roguenesg)iarastress configuration
(uniaxial, biaxial, shear, mixed, etc.), below which dwaligue mechanisms cannot activate.
Such a threshold should be independent of part geometry (stress concendratmhsnd only
depend on the local granular stress states, orientations, and profoerdesticity.

To identify this rogueness threshold, notched uniaxial specimenscamdbanation of x-
ray techniques can be used to measure stress states of indivadnslagrd to monitor for dwell
fatigue fracture initiation events, such as void nucleation, cratt&tion, and early stage crack
growth. Specifically, high energy diffraction microscopy (HEDM)dascribed in Ch.5 85.1.2

can be used to record the microstructure and residual stressaftaotched specimens:situ



dwell fatigue loading using x-ray tomography can be used to monitor fol fdétiglie fracture
initiation events; antHEDM canagain be used to record gracale stress statesile applying
the dwell load to the specimens after significant cyclic loatlasybeen experienced. By
applying the grain-scale calibrated yield criterion results fronmekearch described in Ch.5, it
is possible to reduce the stress data to percent yield descripftieash grain. This makes it
possible to calculate ratios of propensity for plasticity fohegrain pair which is representative
of both the stresses being applied and the individual grain orientafioese ratios can then be
correlated to the measured dwell fatigue initiation events to duantihreshold for rogueness.
We describe the materials used and the experiments performed .iilspéfically, the
material and specimen geometries are outlined inéritl ©6.22; the initial HEDM scans are
described in ©6.2.3; the in-situ dwell fatigue testing is detailed®i2.4; and ©6.2.5 explains the
final HEDM scans at the dwell load after dwell fatigue atibn events have been detected. In
16.3 the analysis techniques are presented for processing the experidata and for
calculating rogueness values for grain pairs. Preliminary remaltgresented in ©6.4 and the
discussion in ©6.5 summarizes the completed work and presents diringmvork and

potential future work. Lastly, major conclusions are provided i6.26

6.2. Materials and Experimental Methods
6.2.1. Rolled Ti7Al Plate

The material used in this investigation was the same rolled plafe produced by the
Air Force Research Laboratory (AFRL) that was used in the fvonk Ch.5. For details on the
material chemistry and processing history, see Ch.5 s®&4 quick summary: the

composition was 7.1% Al, 0.08% O, 0.05% Fe, 0.01% C, 0.0024% H, 0.802%d the
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balance was Ti; The plate was hot rolled using 35 passes atlrack#ess reduction per pass;
and the plates were annealed and creep flattened for 24 houesridghegtdesired grain
properties for HEDM experimental measurements. As a remitigehigh aluminum content is
necessary to provide anphase (HCP crystal structure) material with twinning suppcess

favor of planar slip.

6.2.2. Specimen Machining and Measurements

For the same reasons presented in Ch.5 ©5.2.2, the notched tensioeispédar this
study were wire electrical discharge machined (EDMOd) out ofltbé Ti7Al plates. Five
copies were machined of two different notch geometries. Allisggrs were machined with the
tension axis in the roll direction and with the notches cut inabesf orthogonal to the transverse
direction. The specimen geometry was a modified standard RaM$nh sample, with notches
cut in opposite faces of the gage section. Figure 6.4 provides madnavighgs for the overall
geometry (a), and for the gage geometry for the two different ngpels {b-c). The N6-type
notch geometry was originally specified with a notch radius of 1/6 Fignye 6.4b, but was
ultimately wire EDMOd with an average notch radius of 218um amdbsthdeviation of 9.4pum.
The N12-type notch geometry was originally specified with a radiusl@frbm, Figure 6.4
but was ultimately wire EDMOd with an average radius of 160urstandard deviation of
4.3um. In both cases, the notches are designed to transition ficecalaraoot to a tangent
plane at 450 from the surface perpendicular such that the depthms 2d46uthe surface to the
bottom of the notch. For the N6-type notch geometry the as EDMOd noteladspiged 154pm
with a 3.4pm standard deviation, and for the N12-type notch geometag tBBMOd notch

depth averaged 147pum with a 2.5um standard deviation. The realizedreraants and
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geometry differed from the original specifications due to linotetiin the wire EDM process as

a result of the wire diameter used in the machining process.

Figure 6.4: Machinist drawings for: (a) the overall geometryti®notch geometry in the gage
for the N6-type notches, and (c) the notch geometry in the gage fol Bhigypk notches. Note
that these specified measurements vary from the realized ggamesisurements as reported in

throughout this section.



The specimen gage section widths were measured to £0.001lmmopresisig optical
microscopy digital measurements (using a Keyence VHX-5000 digitabsagpe). The notches
were then mapped in 3D using the z-stitch function with the samaldigitroscope. Ten line
profiles were then extracted from each 3D reconstruction, perpgaudio the notch. The line
profiles were averaged, and the average profile was used to det¢hmiaverage notch radius
and depth. Figure 6.5a shows an example of the ten profiles used fufrtbaenotches overlaid
on top of each other. Figure 6.5b shows the resulting average cunermitivands showing

two standard deviations on either side of the mean.

Figure 6.5: Example of the notch profile. (a) shows the ten dedara profiles overlaid on top
of each other. (b) shows the average curve with error bands showistatvdard deviations on
either side of the average curve.

To determine an effective notch radius from the average pribfdesenter of the notch
was identified as the lowest point and four additional points wierified on either side of
center, evenly spaced, with the farthest point on either sideetb6af6 as deep as the center
point. Figure 6.6a illustrates the point placement of these ninesfortg an example notch
profile. The 52% depth was identified by inspection of the actuéilggeometries which

showed that the notch geometry retained a circular shape for apgtelyiralf of the depth; a
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2% buffer was chosen to allow for minor deviations in this tremsthdJthese nine points
(numbered left to right in Figure 6.6b-e), four triangles weretoocted: 1-6-9 (Figure 6.6b), 1-
4-9 (Figure 6.6), 24-7 (Figure 6.6d), and 3-6-8 (Figure 6.6e). The circumradius weaslatdd
for these four triangles independently, and the four circumrade @aegraged to produce an
accurate approximation of the average notch radius. Figure 6.7 gtewiscle fitting the

curvature of the notch profile as calculated using this method.

Figure 6.6: lllustration of the points and triangles used to caéctataverage notch radius. (a)
Shows the depth criterion for the otter most points of the set af (bivg show the triangles
used to calculate four circumradii for use in the average notalsradiculation.
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Figure 6.7: The circle which fits the curvature of the notch @ef calculated using the average
circumradius method described.

The notch geometries for both notches on all ten specimens are priovidede 6.1
along with the mean and standard deviations noted earlier. The namingtcamuses the letter
M to indicate that these specimens are the second generationtechB8MS tension
specimens, intended for use in medium-cycle dwell fatigue {fnsération were used in low-
cycle dwell fatigue investigations). The notch geometry type is itedicsecond, and the sample

number is noted last. The sample name therefore takes theMeN®:# or M-N12-#.
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Table 6.1: Notch geometry measurements (depth and radius) for sfigeimens

AVERAGE

NAME FACE | DEPTH @m) | RADIUS (um) | DEPTH @m) | RADIUS (um)
a 153 219

M-N6-1 b 151 207
a 150 215

M-Ng-2 b 156 211

M-N6-3 a 151 234 Mean = 154 Mean = 218
b 154 209 St. Dev. = 3.4| St. Dev. = 9.4
a 153 233

M-N6-4 b 152 212
a 154 222

M-N6-5 b 162 218
a 150 162

M-N12-1 146 158
a 142 154

M-N12-2- 148 163

M-N12-3 a 147 154 Mean = 147 Mean = 160
b 149 161 St. Dev. = 25| St. Dev. =4.3
a 148 168

M-N12-4 149 163
a 145 158

M-N12-5 144 160

6.2.3. Initial HEDM Scans at Zero Load

Of the ten notched specimens listed in Table 6.1, six wereaittlly scanned at zero load
in preparation for later stages of the experiment using a combinBHEtup at the Advanced
Photon Source (APS) beamline 1-ID. The specimens subjected toipagliracans were the
following: M-N6-1, M-N6-2, M-N6-4, M-N12-5, M-N12-3, and M-N12-1. The combined
HEDM setup used a Ho edge to produce a monochromatic x-ray beamaritjy ef 55.62 keV
and wavelength of 0.2229. A total of four distinct scan strategies were employed fon ea
specimen: a single-layer tomography scan, a tri-layer far-fiElDM (ff-HEDM) scan, a penta-
layer near-field HEDM (nf-HEDM) scan, and a matching pentarlyelEDM scanfor seeding

the nf-HEDM reconstructions. These four scans are summarizegurefs.8. The single-layer
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tomography scan used a 900um tall by 2.1mm wide box beam to illuntieatenter of a given
specimen, with the notches centered vertically in the beam aosehal gage centered
horizontally in the beam, Figure 6.8a. The tri-layer ff-HEDMnsgaed a 500um tall by 2.1mm
wide box beam to illuminate three successive and contiguous layeiadararge block
positioned with the notches centered vertically and the overall gatgre horizontally, Figure
6.8b. The penta-layer nf-HEDM scan and the matching penta-layerDiME€an used a 100um
tall by 2.1mm wide box beam to illuminate five successive andgtanis layers forming a
small block of scans positioned with the notches centered vertzcallyhe overall gage centered
horizontally, Figure 6.8c. For the ff-HEDM scans, full 3600 rotatiaa used with no omitted
intervals, anl  step size of 0.250, and an exposure time of 0.2s for eacictiifh pattern. For
the nf-HEDM scans, a 1800 rotation was used with no omitted ilsteand step size of 0.250,
and an exposure time of 2.5s per frame. The ff-HEDM setup uS&Barea detector at an
approximate sample to detector distance of 1009mm, with the digtantice and spatial

calibrations determined using NIST standard €p@wder.

Figure 6.8: lllustration of the different scan strategies useth€& preliminary scan setup: (a)
Single-layer 900um tall box beam for tomography scans. (b) Tri-kgrézs of 500um tall box
beams for ff-HEDM scans. (c) Penta-layer series of 100jlrhda beams for nf-HEDM scans
and the accompanying ff-HEDM scans for seeding. (d) Combined s&drd, showing the
overlapping regions.



6.2.4. In-situ Dwell Fatigue Testing

After the preliminary scans, five of the six notched spensweere cycled in-situ at the
Colorado School of Mines (CSM) using a Zeiss Xradia Versa 520 (Z&X¥%jonitor for void
nucleation and crack initiation. By using a source distance of -8 lngi@tector distance of
272.5mm, a 4x objective, and a binning of one, we achieved a voxelf iZ&jum. The
combination of high resolution and low x-ray attenuation from Ti requinegl duration scans at
high x-ray flux in order to reduce noise and spurious measuremerds. ths, maximum
voltage, 160kV, and maximum power, 10W, were used at all timespandifferent scan
strategies were implemented during cyclic testing.

Initial and final tomography scans were used to provide the lowest ma@asurements to
ensure that the initial and final void and crack structures a@rerately recorded. These scans
used a 180s exposure time per frame and took 801 total frames thrioll3680 rotation.
These long scans were used sparingly since they required 43 hours otdangeirom start to
finish. Shorter duration overnight tomography scans were used to providdipéunil 3D
tomography reconstructions. These scans used a 150s exposure timenparfd took only 201
total frames through a full 3600 rotation. These scans produced naisgtractions that were
useful in detecting or confirming only large, clear features ssidnaeks or voids with one or
more dimensions longer thanii@. In addition to the two full tomography scans, two types of
single frame x-ray images were used during the day to supplemenktikaay video feed.
Every five cycles, a single frame image was taken with a 1Jiissare time. These images were
taken at 120-140 off perpendicular to the front face (one of the unnfatckgdand were
primarily used to monitor for macro-scale plasticity which cqetipardize the ability to use ff-

HEDM to accurately measure the stress states in the gféemsyclic loading. The second
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single frame image type was a long exposure (660s exposurdrtiagy taken perfectly aligned
perpendicular to the front face. These long exposure images veeratisigher cycle counts to
monitor for crack-initiation. They were normally taken every 25-100 syolece started and
more frequently as warranted when indicators of crack initiatiene iound.

The specimens were mechanically loaded in-situ using a Deben ddiciamography
(DMT) tensile/compression stage designed for use within x-ray imaging mashtteas the
ZXV. The DMT stage model used was load limited to 5kN in eittiesion or compression. The
PID (position-integral-derivative) control software was unsudakasavoiding significant
overshooting of the target load when the actuator speed was above 20%nofimapeed
within the load range intended for our cyclic testing. Table 6.2r#ltes the DMT stage
limitations related to PID control and motor speed. In ordevted overshooting the dwell load,
a motor speed of 20% was chosen for all cyclic testing. The fescéution was dependent on
hardware gain settings, but generally varied between £0.5N and +2.0i¢ fuardware gains
used in our cyclic testing. Additionally, the force scale coulddneed to within +2.0N by
following standard load-offset calibration procedures. This meahothaost reported foree

there is an associated +2.5N to +4.0N error.

Table 6.2: Deben Microtest Tomography (DMT) PID control limitatidReport of minimum
and maximum recorded overshoot at percentages of the maximum aspestdr

Motor Minimum Maximum

Speed Overshoot Overshoot
100% 10N 75N
50% 5N 25N
20% 2N 10N



Based on preliminary studies and previous experimentation, it was khatwhe yield
strength could vary from one sample to the next by nearly 100% duelimitee number of
grains present in the gage section between the two notches. Incoadeotint for this sample
variation, each specimen was taken through a yield determinaticgsprimcapproximate the
elastic limit. This process started by calculating the mimmneross-sectional area and from that,
the force which would produce 50MPa of stress (not accounting fos-stvasentration effects).
The sample was then loaded to this initial forae aRd unloaded to 10N. A Ozero loadd of 10N
was consistently used to avoid a combination of overshoot and force eraastierror
combining to produce a compressive load which could back the sample outos$tbe grips.
Successive load-unload steps were made t9 PON, 3 k, 10N, 4 k, and 10N. The change in
displacement fnm 3F; to 4 R was used to determine a safe displacement stefd sige,

Loading and unloading was continued, incrementing the loaded sthtg-mach time.
Periodically, as viscoelastic effects were starting t@tyecsignificant in the load-train, the load
was sustained for 10-20 minutes before returning to 10N and theningstie load-unload
stepping process. An example is provided in Table 6.3, showing the yietth@eation process
for sample M-N12-3. The complete load-unload cycles with an iner&hi@crease in the peak
load were used to both avoid excessively yielding the specimen oncelthpgint was
identified and to slowly ratchet out anelastic behavior to help cleagly identify the onset of
yield. In the Table 6.8xample, everything was force control until after step 17 at which point
the load increases were in displacement control and the load skecveare in force control.
There were a total of five peak load holds for relaxation, incfyithe final hold at the newly
determined yield strength (310N). Upon unloading to 10N, an additipmab®relaxation had

occurred in the load-train, providing a final displacement ph30
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Table 6.3: Example yield determination procedure (sample M-N12&)s ®oted OHOLDO
indicate points where the peak load was held for the load-tragiax.

Step # Force (N) Disp. um) Step # Force (N)  Disp.(um)
1 10 0 43 10 10
2 35 3 44 283 60
3 10 0 45 10 13
4 70 9 46 (HOLD) 283 60
5 10 0 47 10 15
6 105 15 48 87 25
7 10 0 49 10 15

8 (HOLD) 140 21 50 146 35
9 10 1 51 10 15
10 35 4 52 198 45
11 10 0 53 10 15
12 70 10 54 225 50
13 10 1 55 10 15
14 105 16 56 251 55
15 10 1 57 10 15
16 140 22 58 275 60
17 10 1 59 10 15
18 170 26 60 292 65
19 10 1 61 10 16
20 193 31 62 294 70
21 10 2 63 10 21
22 216 36 64 (HOLD) 291 70
23 10 3 65 10 23
24 231 41 66 32 25
25 10 5 67 10 23
26 251 46 68 101 35
27 10 6 69 10 23

28 (HOLD) 250 47 70 153 45
29 10 8 71 10 23
30 100 20 72 206 55
31 10 7 73 10 23
32 156 30 74 233 60
33 10 8 75 10 23
34 183 35 76 258 65
35 10 8 77 10 23
36 209 40 78 284 70
37 10 8 79 10 23
38 235 45 80 300 75
39 10 8 81 10 25
40 259 50 82 310 80
41 10 8 83 10 28
42 274 55 84 (HOLD) 310 80
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The remainder of this section is divided into subsections detailinggttieular
procedures and outcomes for each specimen. In general, a specisrf@stvwgabjected to yield
determination and the initial dwell force was assigned accordimglyapplied for the initial (43
hour) tomography scan. Following the initial scan, dwell fatigue cyelirgom temperature
was commenced, with short exposure single frame images takerfiegarycles, long exposure
single frame images taken as warranted, and overnight tomograpisytaken every 24-48
hours. Once cycling was ended, either due to time constraints ofietedtivell fatigue failure
initiation indictors, a final (43 hour) tomography scan was collectéatdoeemoving the sample.
86.2.4.1 details sample M6-1; ©6.2.4.2 details sample M6é-2; ©6.2.4.3 details sample M-

N12-5; ©6.2.4.4 details sample M-N12-3; and ©6.2.4.5 details sampl&2vEN

6.2.4.1. Sample MN6-1

Sample MN6-1 had a minimum cross-sectional area of 0.674pmor to loading. The
yield determination procedure identified an approximate yield for87@N. The initial dwell
force was assigned as 280N, or 75.7% of yield. The initial scarttheldwell force for 43hr.
57min. The cyclic loading used a dwell period of 120s and a Ozerofd&dd After 950 cycles
at 280N the dwell force was increased to 300N, or 81.1% of yietdr Aycle number 1350 long
exposure single frame images started being periodically calle&teer cycle number 1725 the
dwell force was increased to 315N, or 85.1% of yield. Afterec€150 the dwell force was
again increased, this time to 335N, or 90.5% of yield. Following @40®, a final tomography
scan was collected under 335N of applied load for 43hr. 33min. No cleeatmdi of void
nucleation or crack initiation were observed. Cyclic testing of sadgl6-1 was ended due to

time constraints. Table 6 lsts what tomography scans were taken at which cycle numbers.



Table 6.4: List of tomography scans and corresponding cycle nuhbeys-1).

Cycle # Scan Type

0 Initial Scan (43hr)
175 Overnight Scan (10hr)
350 Overnight Scan (10hr)
525 Overnight Scan (10hr)
700 Overnight Scan (10hr)
875 Overnight Scan (10hr)
1075 Overnight Scan (10hr)
1250 Overnight Scan (10hr)
1425 Overnight Scan (10hr)
1600 Overnight Scan (10hr)
1700 Overnight Scan (10hr)
1850 Overnight Scan (10hr)
2025 Overnight Scan (10hr)
2200 Overnight Scan (10hr)
2350 Overnight Scan (10hr)
2400 Final Scan (43hr)

6.2.4.2. Sample M-N6-2

Sample MN6-2 had a minimum cross-sectional area of 0.694pmor to loading. The
yield determination procedure identified an approximate yield for@3@N. The initial dwell
force was assigned as 210N, or 75.0% of yield. The initial scarttheldwell force for 44hr.
5min. The cyclic loading used a dwell period of 120s and a Ozeroidad After cycle
number 200 long exposure single frame images started being periodatkdited. After 900
cycles at 210N the dwell force was increased to 225N, or 80.4%lIdf yifter cycle number
1350 the dwell force was increased to 240N, or 85.7% of yield. é&yftde number 1750 the
dwell force was increased to 250N, or 89.3% of yield. Afteree2€150 the dwell force was
again increased, this time to 265N, or 94.6% of yield. After 38Kb the dwell forcevas
increased to the full 280N, or 100% of yield. After cycle 2700 the daedé was yet again
increased, this time to 295N, or 105.4% of yield. And after 3025 ¢ybleslwell force was

increased to 310N, or 110.7% of yield. Following cycle 3250, a fimagpaphy scan was
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collected under 295N of applied load for 43hr. 37min. No clear indeaforoid nucleation or
crack initiation were observed, although some strong possibilities wated. Cyclic testing of
sample MN6-2 was ended due to time constraints. Tabldi§t&what tomography scans were

taken at which cycle numbers.

Table 6.5: List of tomography scans and corresponding cycle numbeNs-@y1-

Cycle # Scan Type
0 Initial Scan (43hr)

225 Overnight Scan (10hr)
475 Overnight Scan (10hr)
650 Overnight Scan (10hr)
825 Overnight Scan (10hr)
1000 Overnight Scan (10hr)
1175 Overnight Scan (10hr)
1350 Overnight Scan (10hr)
1500 Overnight Scan (10hr)
1700 Overnight Scan (10hr)
1875 Overnight Scan (10hr)
2050 Overnight Scan (10hr)
2225 Overnight Scan (10hr)
2375 Overnight Scan (10hr)
2525 Overnight Scan (10hr)
2700 Overnight Scan (10hr)
2875 Overnight Scan (10hr)
3025 Overnight Scan (10hr)
3200 Overnight Scar10hr)
3250 Final Scan (43hr)

6.2.4.3. Sample M-N12-5

Sample M-N12-5 had a minimum cross-sectional area of 0.69Jmaon to loading. The
yield determination procedure identified an approximate yield for&8BiN. The initial dwell
force was assigned as 470N, or 80.3% of yield. The initial scarttheldwell force for 43hr.
53min. The cyclic loading used a dwell period of 120s and a Ozerofd&dd After two early

long exposure scans at 25 and 50 cycles for future reference, péoitgliexposure scans
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commenced at cycle number 225. After 400 cycles at 470N the dwedlvi@s increased to
495N, or 84.6% of yield. After cycle number 650 possible slip bandsideméfied in a long
exposure single frame image (ultimately identified as afsgfort cracks). Additional long
exposure single frame images were taken at cycle 655 and cyc WB&h point it was
confirmed that some form of damage had been sustained, and the deeelvés dropped back
to 470N, or 80.3% of yield. At cycle number 700, a midday full tomograpdny was
commenced to investigate the extent of the damage accumulatedaad farconfirm if the
damage was slip bands or crack initiation. Following this scan, ahcaddi50 cycles were
accumulated and an overnight scan was started following cycle 750ti@n@sults of the full
tomography scan at 700 cycles was processed, de-noised, and revievasd;onfirmed that
cracks had initiated, and upon cursory inspection of the initiahstauction following the cycle
750 tomography scan, the cracks were noted to be growing slowly. Thetegtig was
terminated and a final tomography scan was collected under 470N ofddppliefor 43hr.

34min. Table 6.6 lists what tomography scans were taken at whilghraymbers.

Table 6.6: List of tomography scans and corresponding cycle numbers (M-N12-5)

Cycle # Scan Type
0 Initial Scan (43hr)
400 Overnight Scan (10hr)
700 Midday Scan (10hr)
750 Overnight Scan (10hr)
750 Final Scan (43hr)

6.2.4.4. Sample M-N12-3
Sample M-N12-3 had a minimum cross-sectional area of hB684rior to loading. The
yield determination procedure identified an approximate yield for84@N. The initial dwell

force was assigned as 250N, or 80.6% of yield. The initial scarttheldwell force for 43hr.
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43min. The cyclic loading used a dwell period of 120s and a Ozerofd&dd After two early
long exposure scans at 25 and 50 cycles for future reference, péoitgliexposure scans
commenced at cycle number 2@Gter 500 cycles at 250N the dwell force was increased to
265N, or 85.5% of yiel. After cycle number 850 the dwell force was increased to 280N, or
90.3% of yield. After cycle number 1175 the dwell force was irsg@do 295N, or 95.2% of
yield. After cycle number 1325 the dwell force was increased ttuth&l0N, or 100% of yield.
After cycle number 1500 the dwell force was increased to 325N, d8%04. yield. After cycle
number 1675 the dwell force was increased to 340N, or 109.7% of yi&dd.cicle number
2000 the dwell force was increased to 355N, or 114.5% of yield: &ftde number 2175 the
dwell force was again increased, this time to 370N, or 119.4%elof. yAfter cycle number 2325
the dwell force was increased a small amount to 380N, or 12¥.§%Ild, and after cycle
number 2350 the dwell force was increased another small amount to 3%, &%o of yield.
Following cycle number 2500, a final scan (43hr.) was commenced dueetodimstraints, with
the intent of returning to this sample if possible. The scapcé @500 held 390N for 43hr.
43min. Returning to the sample several days later, the sampladoadvas relaxed for 30
minutes at 340N and for another 45 minutes at 390N. After cycle nit6BBrthe dwell force
was increased to 405N, or 130.6% of yield. After cycle number 2825xtbk force was again
increased, this time to 420N, or 135.5% of yield. Following a long expasan at cycle
number 2975, a possible crack initiation event was detected and thdateeNvas reduced to
405N, or 130.6% of yield. Following cycle 3125, a final tomography scanceléected under
405N of applied load for 43hr. 56min. A clear, but barely distinguishebténe crack was
identified in the final tomography scan. Table 6.7 lists what toapdgr scans were taken at

which cycle numbers.
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Table 6.7: List of tomography scans and corresponding cycle numbers (M-N12-3)

Cycle # Scan Type

0 Initial Scan (43hr)
500 Overnight Scan (10hr)
975 Overnight Scan (10hr)
1175 Overnight Scan (10hr)
1325 Overnight Scan (10hr)
1500 Overnight Scan (10hr)
1675 Overnight Scan (10hr)
1850 Overnight Scan (10hr)
2000 Overnight Scan (10hr)
2175 Overnight Scan (10hr)
2325 Overnight Scan (10hr)
2500 PreFinal Scan (43hr)
2650 Overnight Scan (10hr)
2800 Overnight Scan (10hr)
2975 Overnight Scan (10hr)
3125 Final Scan (43hr)

6.2.4.5. Sample M-N12-1

Sample M-N12-1 had a minimum cross-sectional area of 0.67mion to loading. The
yield determination procedure identified an approximate yield for&4@N. The initial dwell
force was assigned as 430N, or 79.6% of yield. The initial scdrttieldwell force for 43hr.
44min. The cyclic loading used a dwell period of 120s and a Ozerofd&dd After two early
long exposure scans at 25 and 50 cycles for future reference, péoitgliexposure scans
commenced at cycle number 125. After 250 cycles at 430N the anedlvas increased to
460N, or 85.2% of yiel. After cycle number 525 the dwell force was again increased jnias t
to 485N, or 89.8% of yield. Excessive ratcheting was observed betyeerb25 and 550, with
a total of 4m of accumulated plastic strain in the sample. After cycle S&0dwell face was
reduced to 460N, or 85.2% of yield to prevent further macro-scalécpdasbrmation After
cycle number 750 the long exposure single frame image that was taleatedd possible

crack, with confirmation at cycle 775 and after reviewing thiy feconstructed and denoised



overnight full tomography scan from cycle 725. After an additional 50 cyitlexracks were
confirmed to be growing slowly and the cyclic testing was ternmihaiel a final tomography
scan was collected under 460N of applied load for 48hr. 10min. Tablst6.@hat tomography

scans were taken at which cycle numbers.

Table 6.8: List of tomography scans and corresponding cycle numbers (M-N12-1)

Cycle # Scan Type
0 Initial Scan (43hr)
350 Overnight Scan (10hr)
525 Overnight Scan (10hr)
575 Overnight Scan (10hr)
725 Overnight Scan (10hr)
825 Final Scan (43hr)

6.2.5. Final HEDM Scans at Dwell Load

All five of the notched specimens subjected to in-situ dwelljf@imechanical testing
(M-N6-1, M-N6-2, M-N12-5, M-N12-3, and M-N12-1) were scanned again using a combined
HEDM setup similar to that described in ©6.2.3. The post-cyeitng scans were performed at
the Cornell High Energy Synchrotron Source (CHESS), at the Foanith@haping Technology
(FAST) beamline, under an applied load commensurate with thedfiredl load used during
cyclic testing. The combined HEDM setup again used a Ho edge to pradaoonochromatic x-
ray beam with energy of 55.7keV and wavelength of 0.22Zbhe same four distinct scan
strategies described in ©6.2.3 were employed for each speci®@@ura tall single-layer
tomography scan, a tri-layer f-HEDM scan with f@otall layers, a penta-layer nf-HEDM scan
with 10Qum tall layers, and a matching penta-layer ff-HEDM scan fodisgethe nfHEDM
reconstructions. See FFF6.8. In every case except for tien3@0 tomography beam, the

notches were again centered vertically and the overall gage atasstehorizontally. Since the
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beam at CHESS was asymmetric, with the intensity lesseniag labout 60Qdm from the top,
the tomography scans positioned the notches 10% - 15% above center véotieadiyre
optimal data in the region surrounding the notches. For the ff-HEkiss full 3600 rotation
was used with no omitted intervals, 'arstep size of 0.250, and an exposure time of 0.25s for
each diffraction pattern. For the nf-HEDM scans, a 1800 rotadsrused with no omitted
intervals, anl  step size of 0.250, and an exposure time of either 3s omp&i7same. The first
four samples used a 3s exposure, and the last sample (M-N12-B 215&d exposure due to
unexpected time constraints from multiple beam-down events. TheDiMHsetup used a
Dexela area detector at an approximate sample to detectragif 690mm, with the exact
distance and spatial calibrations determined using NIST stand&dpOe/der. The nHEDM
and tomography setups used a 4.5mm sample to detector distance.

Due to the use of displacement control settings to avoid promotinggnaekh and/or
failure in the specimens during the final scans, each dwe# f@as roughly attained and the
details of specific applied forces are provided here. A 15 mielagation period was used to
allow the most significant portion of relaxation to be accountedrditlze dwell load to be
adjusted before starting the x-ray scans. SampMoM-was initially loaded to 333N; only 1N
of relaxation was observed, and the dwell load was left unadjusteidl relaxation occurred
over the duration of the combined HEDM scans. Sampka\2- was initially loaded to 304N;
only 1N of relaxation was observed, and the dwell load was modenatebased to 307N.
Minimal relaxation occurred over the duration of the combined HEDiMisscSample M-N12-5
was initially loaded to 466N; 9N of relaxation was observed, and tke# bad was increased
back to 464N. Over the duration of the combined HEDM scans, an addititdalf relaxation

was experienced. Sample M-N12-3 was initially loaded to 401N; eet®d and 4N of



relaxation was observed, and the dwell load was moderately iadread03N. Over the
duration of the combined HEDM scans, an additional 8N of relaxatasnewperienced. Sample
M-N12-1 was initially loaded to 458N; 11N of relaxation was obseraed,the dwell load was
increased back to 456N. Over the duration of the combined HEDM scaadditional 19N of

relaxation was experienced.

6.3. Data AnalysisMethodology

Thefar-field and near-field HEDM diffraction patterns are being preedsising the
open-source software HEXRD [44], [45] (version 0.8). Once caldnathave been achieved for
both the pre- and post- cyclic testing ff-HEDM setups, HEXRD glused to reconstruct both
the tri-layer illuminated volume of grains and the penta-lajmihated volume of grains for
the pre-cycling and post-cycling conditions. The penta-layer graingifgesf grains
reconstructed along with all related grain-level data) wiliged to seed the penta-layer nf-
HEDM reconstructions, also using HEXRD. The pre-cycling resultde/ reserved and
reported as initial conditions for use in future computational mechamrestigations, including
validation studies of dwell fatigue simulations. The post-cyclinghgrélles from the tri-layer ff-
HEDM scans will be further processed using the calibrated @lamstt results from the
completed Ch.5 study to convert elastic strains into a percentggaimiscale yield. This will
provide rough distributions of percent yield at the final dwell fdoceeach specimen in the
region immediately surrounding the twin notch and the more distant surrousdings.

By correlating the grains identified in the post-cyclic tri-lajfddEDM scans with the
post-cyclic penta-layer nf-HEDM reconstruction results, an aceggtial distribution of local

percent yield will be generated in the region immediately surroundirtgvthaotch for each
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specimen. This more accurate spatial distribution can be ussaldteiexact areas of interest
where large differences in local plastic potential are praswier the applied dwell force. To
quantify this difference, Equation 6.1 will be used to calculatgyaeness value for each grain

pair B that is to say that each grain boundary will be assigredi@ess value.

. Hanes:

y T (61)
# (e

In Equation 6.1} " roguenessf gy IS the larger of the two percent yield quantities (i.e.
the soft grainOs plastic potenti#l)-. is the smaller of the two percent yield quantities (i.e. the
hard grainOs plastic potential). The equation is designed to inftoeasero, where zero
corresponds to two neighbor grains with equal plastic potential undeurtieatcexternally
applied load. For example, consider a grain boundary with one gi@d9@of yield and the
other at 96% of yield. In this scenario, the 64% yield grain isiéne grain#(y-. " ./01), and
the 96% yield grain is the soft graihg.e " . /20). Equation 6.2 demonstrates the calculation,

which produces a rogueness value of 50%.

. 120
[ _n n 6.2
TR 3. " 3.4 (6.2)

To further expand on the meaning of this rogueness value, consider te@ases. The
case! 5 .4 implies that the two neighbor grains have an approximately equaltdwaeds
yielding. The casé 5 -..4 implies that the soft grain in the pair is twice as drivetha hard

grain to begin plastically deforming. Asincreases, it is hypothesized that the potential for
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activating dwell fatigue failure mechanisms also increasestlaat beyond some threshold
value, dwell mechanisms can activate and further incredseenves to increase the dwell debit
experienced in the fatiguige. Figure 6.9 illustrates this effect with a hypothetical pliodwell
debit experienced by a part versus the peak rogueness value exjpgebgacgrain pair in the

part.

Figure 6.9 lllustration of the hypothesized correlation between rogueness value atid dw
fatigue failure mechanism activation. The dwell debit is presumettrease slightly, as a result
of stress localizations, prior to rogueness reaching the threshokl vdlthe threshold value,
dwell fatigue failure mechanisms are hypothesized to significangigct the life of the part by
generating new crack initiation sites in the form of newly nucleabets. Beyond the threshold
value, the dwell debit is hypothesized to increase at a signlfidagher rate as void nucleation
and crack initiation events experience greater driving forces.

To test this hypothesis, the nf-HEDM reconstructions will be usedeate grain

boundary maps which can be overlaid with the in-situ tomography resalsrelate void



nucleation and crack initiation events with specific grain bounddiesolor-coding the
boundaries based on rogueness, these dwell mechanisms can be mappdittoogpeaess
values. Similarly, by overlaying the full spatial distribution ofgeat yield, the magnitude of
dwell load at the grain-scale can be correlated to specifdl drechanisms. The combination of
rogueness and maximum yield potential experienced can then be useadtaléetflying a

threshold for dwell fatigue failure initiation.

6.4. Preliminary Results

The data are presently still being processed with the HEXd&tWware discussed in &
Until all of the tri-layer f.-HEDM reconstructions are compl@nd the study described in Ch.5
is finished, the rough distribution of percent yield at the final diwatl cannot be completed.
Similarly, until all of the penta-layer HEDM reconstructioms eompleted and correlated with
the rough distribution of percent yield, the more spatially accurageaannot be generated and
the rogueness calculations discussed in ©6.3 cannot be performede Degpiiplete processing
of the HEDM data, the in-situ tomography data can still be presani discussed. Of the five
samples cyclically loaded in-situ, three produced cracks and two difihetwo not pushed to
the point of cracking were the first two samples tested, asddswere not pushed as hard as
later samples. The dwell load was not increased as quicklymamg times as with later
samples. As the experiment continued, samples were pushed to highidodds more quickly.
In combination with this, the last three samples both had a shreriodrgeometry and
experienced a more aggressive yield determination. This ultymetketo confirmed crack

initiation terminating all of the last three cyclic test periods
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Cyclic testing for MN6-1 was ended early due to time constraints. As a result, no clea
indications of void nucleation or crack initiation were found. In ghis,is due to noise in the
tomography data. It is possible that small voids did nucleate, but da@iatinguished from
the noise in the scans. Once the HEDM data is processeet thfarstial and firal in-situ
tomography scans will be revisited to target regions of high rogudhpssential newly
nucleated voids are identified in these regions, then the synchrotrogrigshy data from
CHESS will be used in an attempt to determine if the regiongest are new voids or
experimental noise.

Cyclic testing for sample NW6-2 was also ended early due to time constraints, and
although no clear indications of void nucleation or crack initiation Waned which could be
distinguished from noise, some cases identified were strong conte@deesthe HEDM data is
processed, these possible void nucleation sites will be reassessedmpared to the
tomography data from CHESBEigure 6.10 shows some of these contending cases, where the
regions identified in red represent the initial void structarel(some noise) and the regions in
green represent the final void structure (and some noise). Indsehl, cegions of intensity
above the applied threshold with fewer than 36 contiguous voxels (as dasmig@djacent
faces to define contact between voxels) were assumed as norseraved from the
reconstructions. The initial/final void pairs that are circletlue show signs of void growth
over the duration of the cyclic testing. The void cluster ciraldabth blue and black also
appears to have initiated a new void in the cluster. The void circlddck could be a new
nucleated near an existing void. All other green regions may be ediser (more likely) or

newly nucleated voids.
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Figure 6.10: Some of the possible void growth and/or nucleation eveahtssample MN6-2.
Initial void structure is shown in red and final void structurghiswn in green. Some noise is
also present. Likely voids showing growth are circled in blue and pessilleation events are
circled in black.

Sample M-N12-5 was the first sample to exhibit confirmedkciratation. Three large
cracks were identified in the region near the root of one ofstbadtches. Therack
penetrating the deepest into the specimen appeared to grow up ahglé5toe near the notch
tip, and the other two grew down at a 450 angle from near the iptahmyriad of even
smaller cracks also grew at similar angles from the sanoé tipt No cracks were observed near
the second notch. All of the observed cracks either started atrfheesor initiated immediately
subsurface and quickly grew to the surface. The longest difirtsecracks, in the longest

direction, was between 190um and 200um. The shortest of thesddaucmracks was between

23t



130um and 140um in the longest direction. The size is difficultearlyt state due to the
torturous path most of the cracks followed. Figure 6.11a shows tine seitiof cracks emanating
from the notch in a 3D perspective. The three largest cracksibed out in Figure 6.11b-d,
using 2D cross-section views. Figure 6.11e shows another view of thetlongek deeper into

the sample.

Figure 6.11: The largest three cracks identified in sample M8\ 1&) All of the cracks
emanating from the tip of the notch in a 3D view. (b-e) 2D crosises@l view of each of the
largest three crackéd-e) Two views of the largest crack, with (d) showing the interseatith
the surface of the sample and (e) showing a view deeper intarties

Cyclic testing of sample M-N12-3 was at first ended due to tiomstraints. Upon
revisiting the sample, crack initiation was successfully indudedy one significant crack was

initiated, but it was not opened wide enough for the tomography recorsirscttware to
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clearly distinguish it from noise D it was identified initiallyvisual inspection of the
tomography datarhis crackis approximately 230um long at the widest point. Notice that most
of the crack is not identified by the analysis software asréifit (green) from the bulk (gray
scale) even with a threshold which preserves significant amounts of moagber regions of the
scan The crack appears to actually be two hairline cracks thregddbgether before being
detected. In Fige 612, four different cross-sections are shown of this crack, moving dow
through the sample as indicated by the arrow. There is about 10umattemgom (a) to (b),

about 28.5um translation from (b) to (c), and about 4.6um translation(&otm (d).

Figure 6.12: The hairline crack observed in sample M-N12-3, showingliiberent cross-
sections progressing down through the sample in the direction of the Biobee that the crack
likely started as two distinct cracks (a), which joined togdiiebefore detection.
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Sample M-N12-1 was the second sample to exhibit confirmed crdickion. Several
cracks were identified and confirmed to be slowly growing beforeybkc testing was
terminated. This was the only sample to have cracks initiate fhoth notches, with the longest
crack measuring between 190um and 200um. Figure 6.13 shows these mravking oblique
views (a-b) of the tips of both notches and the cracks emanating from therelantisoss-
sectional viewgc-g). Figure 6.13c-d) are 2D cross-sectional views of the left notch (a). Figure
6.13(e-g) are 2D cross-sectional views of the right notch (b). The arhogcate the order of

the cross-sectional views when moving down from the top of the specimen.

Figure 6.13: Crack structures at the end of cycling sample MAN{2-b) show oblique views of
both the left and right notch tips and the cracks emanating from (bethshow two 2D cross-
sectional views of the left notch (a). (e-g) show three 2D «essonal views of the right notch
(b). The arrows indicate the order of the cross-sectional vidwes woving down through the
sample from the top. This indicates, for example, that the G@egd in (c-d) is growing up into
the sample at an angle.
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6.5. Discussion

This investigations not yet complete and still has several outstanding analyses, including
the completion of the work from Ch.5, HEDM reconstructions, and posepsingThat said,
much of the experimental work has been completed. The mechanicgdesnens were
manufactured and measured as described in ©6.2.1 and ©6.2.2. Adl testcribed in ©6.2.3 -
16.25 wassubsequently performed, including preliminary HEDM scans, in-situchaéd|
fatigue cyclic testing, and post-cyclic HEDM scans. The raw luasebeen consolidated at the
Colorado School of Mines and is awaiting analysis. The HEXRD sddtisan the process of
being installed, debugged, and made functional on the Colorado School of Mjhes hi
performance computing (HPC) resources. Additionally, the HEDM atat®eing transferred to
Cornel University in order to begin processing them using the versidBXRD software
currently functioning on their computer farm.

Remaining work includes: completing the Ch.5 embedded single crystakgidbration,
reconstructing the post-cyclic tri-layer ff-HEDM scans, developmdjimplementing software
to convert elastic strain data into percent yield data, reconagube post-cyclic penta-layer nf-
HEDM scans and correlating the results with the percent yietdtdgiroduce spatial maps of
plastic potential, and analyzing the plastic potential maps alohglhétin-situ tomography
results using the rogueness calculations described in ©6.3 to cogrelat@air rogueness to
void nucleation and crack initiation events. Future work could includatiegethe
investigations using specimens designed to place stress concenstatbras notches and/or
holes, at or near grain pairs of interest. In such an invastigainnotched uniaxial samples
would be characterized using ff-HEDM to approximately locate grars p&interest; using that

knowledge, notches and/or holes could be EDMOd at specific locatintesragate choice



grain pair interactions using a similar methodology as presented iohtipter. Alternatively,
biaxial or thermally controlled variations of this investigationld be pursued to isolate specific
stress configurations or to quantify the thermal effects on graimperactions. Additionally,
future researchers could apply the results of this study to infotestbbcomputational mechanics
models for predicting dwell fatigue behavioriphase of Ti alloys. With enough similar studies
(admittedly dozens or hundreds more depending on the configuration of theespgciaviable
threshold for safe dwell fatigue operation could be identified whitigates or minimizes dwell
debit. This threshold could be included in FEA software packaged to angineering design

and evaluation of critical components.

6.6. Conclusions
The proposed and executed experimental strategy for investigatingfalvgelé in!
phase Ti has the potential to both inform computational models and tivuail fatigue studies.
The proposed analysis methods also have the potential to provide ateewarcfor designing
against dwell fatigue related failures. To date, the follovairggthe major conclusions of this
work:
1.! A new experimental approach for correlating grain-scale semsd grain pair
interactions with dwell fatigue failure initiation events vpasposed.
2.! Experiments were conducted using the pre- and post- combined HED&ystsa
and in-situ x-ray tomography methods that were proposed.
3. A new parameter for quantifying the rogueness of a grain pair was pthpos
which is hypothesized to correlate with the dwell debit experiedaedo dwell

fatigue loading.
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CHAPTER 7
AN EXPANDED MARTENSITE VARIANT SELECTION THEORY ACCOUNTING FOR
TRANSFORMATION ROTATIONS AND APPLIED STRESS FIELDS:
PREDICTIONS OF VARIANT CLUSTERS IN TITANIUM
Published inIOM: The Journal of the Minerals, Metals & Materials Society

Zach D. Brunsoh AdamL. Pilchak, Satish Ra®?®, Eric J. Paytord, Aaron P. Stebnér

7.1. Introduction

The invariant planstrainbased phenomenological theory of martensite crystallography
(PTMC) [1], [2] is central to nearly all micromechanical martemsesearch. This theoretical
construct is capable of predictiagnyriad of martensite microstructure features in diverse
material systems including steels, titanium alloys, shape meatiogs, and even bacteria (e.g.,
[3]P[14]), given only the austenite and martensite crystal structures, thapaippe plane of
lattice-invariant-deformation, and the lattice invariant shear mecha@seof the primary
limitations to thePTMC is that these predictions do not consider interactions, geonmfédatse
of transformed regions, and internally developed or externally impasdd, fwhich may bias
the variant(s) of martensite formed thereby impacting magmoperties, as was definitively
shown for stress-induced transformations in shape memory alloys bydparabjal. and Bucsek
et al [15]D[17]. Examples in considering th¢BCC) to" (HCP)transformation in Ti, which

will be the primary focus of this work, include Divinski et [dl8] hypothesizing that anisotropy
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in local thermal expansion coefficients may lead to formatidaaa stresses that influence
variant selection. Humbert et al. [19], [20] have also argueavior fof approaches that minimize
elastic strain energy at grain or phase boundaries. Semiati2t]alemonstrated that
concurrent straining during cooling or prestraining to 0.1 immediataby cooling resulted in
measurable differences in variant selection in Ti-6Al-4V slh@&ey. et al. [22] and Glavicic et al.
[23] showed that extensive slip on {110} planes at hot working conditions reésualte
preferential transformation to (0001) via the Burgers orientatiatioeship, viz. (0001)|(011)

and!""# &, "##$ and(f##" 4 &##+ . Considering the range of possible mechanisms, it is

important to have a common framework in which to assess titeseetontribution of each to
the final transformation texture.

In 2000, Ledbetter and Dunn sought to amalgamat®imC with Eshelby inclusion
theory to produce a more complete foundation for investigating phenomena leshinyetnergy
minimization, such as interactions, geometric effects, andnattenpositions [24]. They
effectively demonstrated an equivalence between the two theoriés-8&Ni under the
assumptions of thBTMC (such as no external applied stress field). This advanceifhedt
many of the previou®seHaccommodationO limitations (i.e., only considering the thermal
transformation, free of defects, neighborhood constraints, and exXiences) of the®TMC by

allowing for the inclusion of phenomena such as externally imposedestresstrains.

7.1.1 Notes on Terminology Relating to theTMC

For the purpose of defining the terminology used in reference talfti€ Bee Equation

7.1, where the PTMC relations are defined using the Bowles-Maekeatation [2].
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D" H O (L") UB(H ") U U (7.1)

S has been called the transformation strain, the total deformati the invariant line straime

will use the ternmotal deformatiorto acknowledge this tensor as a deformation gradient rather
than a strain tensor according to present-day continuum mechangg.eRants thetation
(aligning the habit plane) and B is tBain strain(lattice stretcl). The term B and
interchangeably #, has been called the second invariant plane strain, the compliynsinéar,

and the inhomogeneous shear; the authors use theimaomeogeneous shearhe tensor Phas
been described as the shape strain, the first invariant plame atva the total shape change.
Much like the total deformation (S) howevei,rBpresents a deformation gradient (comprised of
both strain and rotation) and the authors use theskape deformatioto reflect this

mathematical character.

7.1.2 Background on thd to" Transformation in Titanium

Pure titanium exists in tHe-phase (HCP) at room temperature up td'tHe
transformation temperature. Above this temperature, often tak@83aC [25], titanium exists in
the solid! -phase (BCC) up to its melting point of 16680C [26]. Generally deredd as a
martensitic transformation, theto" transformation in titanium has been found to obey the

Burgers relationship [25], [26]:

--10,223- 4( 6- 7,226- 8/ 7,

For this Burgers orientation relationship, there are 12 crystallogiayhunique habit plane

variants that can form (refer to Appendix F for supplementargmaatncluding Table F.1) [25]
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The authors use the naming convention showsupplementary Table F.1 to identify each
variant throughout the article.

Unalloyed titanium shows no internal twinning within the martenplaes that form,
leading to the assumption that the inhomogeneous shgarofiresponds with a slip system.
There exist six slip systems where slip planes and directonslate to within 50 between the
I - and" -phases (AppendiF, Table F.2). Of these six, four are crystallographically uniquin wi
slip system | equivalent to Il and slip system IV equivalent {&5].

When considering each crystallographically unique slip system, tkistéveo invariant
line solutions and 2 invariant plane solutions. This provides four poss##s faxr each of the
four possible slip systems to which the PTMC could be applied. Talkxd&onple slip systerin
which produces the invariant line solutions2{0.299, 0.675, 0.675] and & [-0.859, 0.362,
0.362] and the invariant plane normal solutions 1§0.791, 0.281, 0.572) and f (0.218, 0.791,
-0.572), when represented in thg¢phase axes. By applying the PTMC, the theoretical habit
planes shown in supplementary Table F.3 (Appendix F) can be catclatesidering the
experimentally observed habit plane of {3 3 4}, an angular deviatioalsarbe computed
between the theoretical habit plane and the observed habit plangallieigAppendix F, Table
F.3 can then be used to exclude certain of these 16 cases (4ssgsiih solutions each) on the

basis of experimental evidence [25].

7.1.3 Self- and Stress-Accommodating Variant Clusters
While investigating the effects of self-accommodation 8riboundary populations in
pure titaniumWang, Aindow, and Starink (WAS) proposed a process for determiningrpkfe

variant clusters [25]. They initially assewhall feasible slip systems (Appendix F Table FiR)
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pure Ti and applied theTMC to solve for the habit planes for each case, ignoring cases wher
the predicted habit plane deviated from the experimentally observed {8abit plane. For the
each of the remaining cases, WAS solved for the shape defornfati@ash variant and
endeavored to identify which of the 220 possible triplets (varianteckiet three habit plane
variants)wereenergetically favorable when cooling from thehase field. To do this, average
shape deformations were computed for all 220 combinations of 3 wauising an additive
average approach similar to that derived by Cobbold [27]. WAS alsategpthis procedure for
all of the 495 possible quartet combinations (variant clusters of four habé pariants) with
valid habit planes. To quantify which clusters minimized strainggh&/AS claim to compare
the Oshear elementsO and Odilatational strainsO of all thiede peerage shape deformations.

In attempting to duplicate the work of WAS, it becomes evidentlhigaequation(s) to
compute the measure they used to compare variant cluster favgprabgiomittegdhencea
variety of approaches may be considered. The second invariant of de\sat@in (von Mises
strain) provides inconsistent results, as do quadratic averagesanfssrain and axial strain. The
only calculation matching both the description by WAS and their rasuhg second invariant
of the shape deformation itself, a computation with no physical analogtain energy. The
shape deformation computed by (REMC is in fact a deformation gradient, including both
stretch and rotation, which suggests that the rotational aspibet vthnsformation necessarily
must be considered. This line of reasoning suggests that the apprhadbetter and Dunn
should be extended to include rotational energy for applications tonsiéidéransformations
where there is significant rotation as part of the shape defiorma

Rotational energy can be accountedly extending the results of Ledbetter and Dunn

through the use of a modified Eshelby micromechanical theory developed|bgl&\a8]



Here, wecompose a theoretical framework to account for the elastigssand strain fields
internal to and externally surrounding the individual martensitic plaithin self-
accommodating clusters. This framework is verified to reproduceatimenercially pure (CP)
titanium experimental results from WAS; then new predictiorte®energetic preference of
stressaccommodating triplet variant clusters in response to appliethektress fieldare

made.

7.2. Single Variant Strain Energy Formulation Considering Rotation
7.2.1 A Need to Consider Rotational Energy

Classical approaches to energy minimization in martensiticftnanations consider the
symmetric component of the shape deformation computed VRN, usually in the form of

GreenLagrange strai(E®) (Equation 7.2& Equation 7.4) or small strain (Equation 7.6):

s $ 7.2
! #0—/0&()*+,#0—/0&()-*+, ( )

Where F is the shape deformation (deformation gradient), whamgosed of atretchU and
a rotation R [29]:

- # L) (7.3)

By substituting the definition of the deformation gradient and conveuitiget displacement

components, we get the following definition in terms of the dispi@ce gradient/(yp):

% 7.4
[ #0—/03’024/294/52)/596 (7.4)
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for

Ly %&s" (s (7.5)

And the small strain comes from dropping the second order term suich tha

* 7.6
)5 %, g Lo (7.6)

This approach accounts for the strain depicted in Figure 7.1a, vearatational element of the

shape deformation is ignored.

Figure 7.1: (a) Crystallographic depiction of the strain assaktwit® a martensitic
transformation for a single variant (known as the Bain strainlCéb)plete crystallographic
depiction of the strains and rotations associated with a martanaitsformation.
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If the triplets associated with the first slip system fér Ttanium (" $#%' ###(, or
| Byt °/)o's$* ;$$() ) addressed by WAS [25] are considered (specifically for the srvaline-
invariant-plane combinatiofus, hp) in section 5.2.1.1 of WAS), then the average shape
deformations may be decomposed into symmstretch(U) and rotation(R) parts via Equation
7.3.GreenLagrange strain is computed from the symmetric part, and fuetaced to a
representative scalar in the form of von Mises straing¢ieend invariant of . The 2-norm of
the deviatoric elements of the rotation part, as demonstrated itidqéa, approximately
represents the sine of the angle of rotation about a generaksasaded with the average
rotation of the triplet (proof in Appendix F: Equations F.1 B F.183c#cally, by applying

Equation 7.8, an average angle of rotation can be calculated:

# les 1., (7.7)
y - / O*—I 1234 523T%1234 SZST%

8. | <=3@, % (7.8)

By plotting the average von Mises strain against this approximatagevangle of
rotation, and identifying which triplets are identified by WAS gseeinentally preferred, it
becomes clear that the classical approach of exclusively congidieel symmetric contributions
to strain energy is insufficient. Figure 7.2 shows this plat) tie experimentally preferred

triplets identified with a box.



Figure 7.2: Plot of von Mises strain against average angle orofar all 220 possible triplets
under considered under section 5.2.1.1 of WAS [10], where black gotseat 12 triplet cases
and gray dots represent 4 triplet cases. The eight preferred \cuisters are represented by the
two points in the box at the lower left of the plot. To help the reaolgce that these do not
correspond to the lowest von Mises strain, a dotted line has bedednae2% strain.

Here it can be seen that the triplets that minimize rotatepi@ferred to those that
minimize strain. This result implies that the complete chiaraxf the martensitic transformation
should be considered in the calculation of an energy term, includinghsotieformation and
rotation elements, as shownFigure 7.1b. This is not entirely unexpected from a mathematical
perspective since the deformation gradient describes not only anl aharade in bulk shape,
but also the explicit relation between initial and finalestadf every point within that bulk. Since
the deformation gradient is unique (in that no two can reprdsesaime relation between initial
and final states) and the polar decomposition is also unique, thematatound to be necessary

to properly describe the complete deformation mathematically.
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7.2.2The Physics of Rotationd Energy of a Single Martensitic Variant

If one considers a rigid metal bar at rest upon the surfacéabfeg and were to rotate the
bar by a fixed angular amount (say 50), then there would be no eneeglyisttire rotationif,
however, an elastic metal bar at rest upon the same tableovrapeessed, or otherwise
elastically deformed, then enerigpystored in the elastic deformation. It then follows that if the
same rigid metal bar was considered at rest embeutl@id an elastic medium, and was then
rotated by the same fixed amount, there would be energy stored intthemaderial. It is due
to the un-isolated nature of the martensitic transformation thabtagon must be considered.

To derive the elastic energy of the stretch caused by a madérsisformation, as
considered classically in Figure 7.1a, the procedure shown in Figurean4e developed. This
procedure illustrates the approach taken by Ledbetter and Dunn [24] ppigimg Eshelby
inclusion theory to martensitic transformatsoB8tarting with austenite, an ellipsoidal region to
be transformed is excised from the matrix. This region is alibte freely, uniformly deform as
in Figure 7.1a, at which point the excised region is considered tadiareon the
crystallography of the martensite. Finally, an eigen-strain iseapp the excised region in order
to re-insert it into the matrix and the standard Eshelby approafhdB®e used to OweldO the
region back into place and to equilibrate the entire system. Enangen be computed using

the stresses and strains of the system in the final equililstiate
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Figure 7.3: Depiction of the Eshelby (a) and Walpole (b) inclusionoappes to computing
energy associated with a martensitic transformation.

To include the rotational element of the martensitic transfoomats shown in Figure
7.1b the procedure must be amended to the one shown in Figuréd@ér&ofollowing the
excision and deformation of an ellipsoidal region, the approprisagantis applied. At this
point the excised region is considered to be transformed to magtdhswever, with the

inclusion of a rotation, the original Eshelby approach from 1957 is no lapgécable [30].
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Both an eigen-strain and an eigen-rotation aressacgo re-insert the transformed ellipsoid.
This consideration requires the Walpole rotated inclusion approachl88into OweldO the
region back into place and to equilibrate the system [28].

The energy equation, as derived by Walpole [28], for computing the strargy of the

equilibrated system in such a scenario is presented in Equation 7.9:

# - ] ] - -
b g %&0% 0w - "0 0n0v - 0010+ 042 (7.9)

Where' y is the symmetric small strain tens0y, is the antisymmetric small rotation tensor,
and*;, 3 . 3., are 4 order tensors accounting for the elastic properties and variant

geometry.

7.3. Strain Energy Formulation for Clusters of Multiple Variants
7.3.1 How to Mathematically Consider Variant Clusters

A determination of the strain energy associated with a varianeckest be contrived as
the strain energy of an aggregate region representing the avdege @ff the component
variants in close proximity to one another. Visuatignsider Figure 7.4, where three martensitic
inclusions, representing three different variants (A, B, and &€hirat treated independently to
solve for internal and external strain fields. These inclusianghan geographically summed by
bringing them in from infinity to a proximal location. Now, the striéeld within each inclusion
is a function of the original internal strain and the originalrestestrains of its neighbora.
boundary can now be drawn to include the three martensitic inclusiontheasidain energy of

the aggregate can be used to compare against other triplets.
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Figure 7.4: Graphical depiction of the combination of strain statagriplet (a cluster a@
unique martensite variants).

7.3.2 Derivation of an Average Strain Energy Expression

To achieve this aggregation mathematically, the superpositionamigiscussed in
section 5b of [28] for the addition of an external (or applied)rsfraid is implemented-ere, in
Equation 7.10, the superscripts denote the internal state (§pphed state (A), and theehstate

(B). An applied state describes a state imposed over the entire bodyn@oson and matrix).

128 1g (g (7.10)

This generates the following relations from Equation 81 of [28]:

*"'$ & *'?é)-i- *')$Hl”#””- "'$ & - '0'/§ + - 2$ (711)

It should be noted that for the purposes of martensitic transformatth@enset state (B)
corresponds to the shape deformation as computed BTME because the shape deformation
represents the net deformation necessary to achieve the crysgaitiegransformation.

By taking the applied state of one variant to be a function oixtieenal states of the

remaining variants, as shown in Equation 7.12 for a triplet:



!.§¢$ %&' !.i#) X, - (7.12)

Such that the sum of applied strains equates to the sum of exsteanad, as shown in Equation
7.13:

!.§$. !@). !% %*!..(#$. !.i#). !.i#' (7.13)

One possible set of functions which meets these criteria is dhelaw wheré  indexes over

the three different variants:

Ly,
!sgo %1 275 #6%78 9 (7.14)
3

This provides a means of treating the external strain fieldsighboring(J") variants as an
apparent applied strain field from the perspective of'thatiant.A challenge arises at this
point in the derivation. The strain field internal to the boundary af@&uasion is assumed
constant, as are the net strain and the applied strain in EqudtiorTAe external strain field as
computed in [28] however, is not constant. To meet this challenget¢igeated stresses may

instead be considered. Following the argument presented in Figureig fgssible to solve for

the integrated external stress.
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Figure 7.5: (a) Integral approach to solving for the average exsdraas field associated wigh
martensitic variant. (b) Consolidation approach to combining the intencda¢xternal fields of
different martensitic laths in a triplet.



First, consider that the stress of the entire system gmgée isolated inclusion) can be
completely described by the volume of the inclusion and the volume aftdreoe (Figure 7.5a-
1). If the stress is integrated over the volume of the entireraysten this integral may be
decomposed into a sum of integrals over the inclusion and the extetarevekparately (Figure
7.5a-3. With the assumption of no external stress or strain fieldntbgral of stress over the
system goes to zero (Figure 7.5aThisresult provides the relation in Figure 7.5a-4 where the
integral of the external stress is equal to the negative ontiagral of the internal stress.

Now, the stress external to one variant is taken to be whmaimed throughout the
volume enclosed within the neighboring variant boundaries and evenly distribbiged.
assumption, along with the outcome of combining it with the result Fignre 7.5ds presented
in Figure 7.B. This result provides the setup required for the derivation of & set equations
for solving for the residual state of deformation for a triglatee for the symmetric strain and
three for the antisymmetric rotation.

Starting with the equations for computing symmetric and antisynorsétess!, ando,

respectively) internal to an inclusion from an imposed strain aad(mt&% and) ?‘(5

respectively), the applied stress state for each variant iocloan be derived:

$ - $ - $
S & i) o

_ _ (7.15)
%+ oy & - Oig) §

Recall the expression for applisttesfrom Figure 7.5b and concatenat® in Equation 7.14 to
produce an expression for the apparent applied stress dfvheadnt in terms of the internal

stresses of thé"Jariants:
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B (7.16)

The strain as seen in tHevariant cluster resulting from the external strains of theadiant

clusters can be solved using the forward form of Equation 7.15:

<§(' * :&'>?)%,>) @A&'>?) 1§’>)
- %) D= 6> HI 6-E6 (7.17)
Bé') * >?&')%,>) @C&'>?) 1§?)

Combining Equation 7.16 and Equation 7.17 provides:

% Y,
Tt St -0 @Agsy + 0
. %, 1, JEBO (7.18)
" Bé’ * A>?&' + - -0 @C&'>? + - -0
| ) ) / ) / 2

Combining Equation 7.18 and Equation 7.11 provides an expression for the sttarnal to the

I variant in terms of the net strain and the stresses intertieé J' variants:

%, 1,
; <§¢') * <<§]L') @:&'>?) + - /—'0 @A&->?) + - 7 -0 4
m o, 1)>? QW@9 : (7.19)
! B?&' * Bé’ @Asg. + -—0 @Cqgsnp + -—0"
I ) ) ) / ) / 5

And finally combining Equation 7.19 and Equation 7.15 provides:
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To simplify notation, consider the following definitions:

e Q6 g) laog s g+ 9&'23(9FZ623 8 A

" Hess g ) 1&'23(95356 gt 9&'23(25356 g BCOE F
#lgse o) 93¢ 17356 g + ar23 95623 g

Jg 1gos 93 + =gpg =4
| J&'s6 (8) 82372356 g T &'2372356 g?

Applying these definitions, provides:

o/é'( ) o/é'( +,~14Guse %6 ot Huss g7 S6 o
K : L B«<CDE F

: é'( ) g'( + a__/4|&'56 (8%6 g T Jese " £ g

Absorbing the factor oxinto the coefficient§ H, I , andJ produces the following:

$Qss o) 1 Guss GA
" Rss ) ] Hess
@ . @ BecOEF

# -
n IP&L'SG (8 ) ’._/ I&'56 (8"
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(7.20)

(7.21)
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By rearranging this set of equations, a multilinear system caoristructed where all unknown

guantities are able to be moved to one side:

n o & |( . n 0* & . * / nQ
#%, #5)* op4) T #S) ) %,
| S T B8 9 (7.24)

. #%/& 1#$)* %+)* & i#$)* )* +/ . #$JA)

Expanding and writing in matrix form provides:

— ' ' n% w0

< - & (#$)* > & (#$)* >@ A &,— #$)* > & ,-#$)* >@j—| #$> K H #$> K
:&'(#$)~k o> = &'(#$)* 2@ & ,'#$)* 75 A &1 #$)* 7@(.\p; #/%7 : : "#?$? :

! ! — - * - * Fuyw F Fu F
& (#$)* @> & (#$)* @? = &’ #3$) @> &’ #3$) @? A [ #/$@ #?$@
. C. 9%
. A &1#$)* -9 &1#$)* @ = &i#$)* -9 &i#$)* @(-G #{$>J G. 172$>‘J
:&1#$)* s A &1#$)* 2@ &i#$)* ~ = &i#$)* ,)@(_;- ;{932'_ E g%;
L A &Ly o> &dys) BE 4 E g$@

(7.25)

To solve for the resultant internal strains for a cluster gaNants, modify the definitions df

- 1, and® such that:

H'(g oo Lag =N #9 ot

el LWN’ s | BT 0 (7.26)

G
F1#$)* %+/ LM& N1#$)* %'F

F F
Ezé#$)* oo LM = N2y o4

And expand for | and J equal to 1 to N.
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7.4. Verification: Prediction of Self-Accommodation Variant Clusters for Titanium
7.4.1 Determination of the Elastic Constants for CP Titanim

Elastic constants are needed to perform the derived calculadimmsistic molecular
dynamics simulations at finite temperatures usitdEAM spline potential developed for pure
Ti [31] were used to calculate the elastic constantsBif (HCP) at 1200K and-Ti (BCC) at
1300K. The MEAM spline interatomic potential gives-#d transformation temperature of
1250K for pure Ti [31]. The molecular dynamics caddMMPS [32] was used to perform the
calculations. A finite temperature elastic constant deterroimatript developed fAdtAMMPS
[32] wasemployed. The theory behind this approaativen by Ray et.al. [33]. Initially, the
finite temperature lattice parameters for the HCP phat20fiK and BCC phase at 1300K were
determined using molecular dynamics NPT simulations. Then, moletyiamics simulations
at finite temperatures are performed to calculate théetamstants using a fluctuation formula
involving the internal stress tensor [33]. The calculated elestistants of the HCP-phase at
1200K and the BCC-phase at 1300K are given in Table 7.1. The elastic constantstpdebolyc
the MEAM potential are within 10% of first principles and expemtal values for tHe, " and
#!phases of Ti at OK [31]. The™ Itransformation temperature for Ti predicted by the potential
is within 100K of experimental value [31].

As expected, the shear elastic constanti-(z2)/2 of the" -phase is very low, 7GPa,
indicating shear elastic instability of this phase near the tstamstion temperature. Considering
the Voigt and Reuss averaged bounds for the equivalent isotropic shear njpplahcg
PoissonOs ratib) for each of the two phases [34], [35], the last four columns oETafitanbe

composed.
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Table 7.1: Elastic Constants for BCC and HCP Ti, near theensatit transformation
temperature with Voigt and Reuss averaged bounds for equivalent is@iagiic constants
shear modulud () and PoissonOs ratiq.(

Single Crystal Elastic Constants (GF I (GPa) !
Phase T (K) Cll1 C33 Cl12 Ci13 C44 Cob6 Voigt Reuss Voigt Reuss
" (BCC) 1300 91 91 77 77 38 38 256 13.7 0.358 0.421
# (HCP 1200 117 127 81 54 28 18 26.3 24.0 0.355 0.366

7.4.2 The Computational Process and Simplifying Assumptions

The simplifying assumption of isotropyasadopted to avoid numerical and
computational complexity associated with implementing the full amimtiform of the Walpole
Tensors("#"$"! #®#%$%. This assumption allows the isotropic formulation developed in
section 3c of [28] to be used, where the additional assumption oframely oblate spheroidal
shape for the inclusions (martensitic variants) is also takethdfuthe exact forms of the

Walpole Tensors described in section 4b of [28] are employed forlthéateons that follow:

lgg * =10k 2 1034012 1,052 °6- /17 2 7k 341 7)2 715

. o (7.27)
228170 2 0g7.3470)2 0,752 ! 9
$&'() * i462 850&1 < 1@0340(1)< 1(0)5
2 1482 -5 1g < 75134, 7)< 715 (7.28)

2 4 2657 < 073470, < 0 7)5
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Where5 is the shear modulus:is the PoissonOs ratio; a@#@/Care the semi-major radii of the
ellipsoidal inclusion. Specifically@& B D Cis the necessary condition of extreme oblateness.
The vectorsg/BAG represent the principal directions of the ellipsoid defindieraustenite
coordinate frame. Specifically, in the case of the penny-shapegnsitic variants in C.P. Ti,
the normal of the variant (corresponding to@direction) is aligned with the habit plane

normal of the variant being analyzed.
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7.4.3 Results for Energy Determined Preference &iress Free

For the case of C.P. Ti, the analysis from Wang, Aindow, anth{&VAS) section
5.2.1.1 [25] is repeated. This analysis represents one of theelsdissussed in section 1.2 of
this article. Furthermore, the analysis is restricted t@tmsideration of triplets since these were
found experimentally preferred to other compositions, such as quastétsAS. Consider the
slip system " $#%' ###(, (correspondingo ! ##"# %' # #%(, ) and the martensitic
transformations corresponding to an invariant line direction of [0.299, ,00668] and
invariant plane normal of (0.218, 0.791, -0.57&entified as wand h in section 5.2 of WAS)
for a cluster of three variants. A median set of mater@bgnties for an isotropic assumption,

based on the Voigt averaged and Reuss averaged bounds fora@@tdken as:

- . * 012

' 34756 7 (7.42)

The results, by solving the system, Equation 7.25, for all 220 condnsatf three
variants are present@d Figure 7.6.The 8 preferred variants are indicated with a boxed outline.
The normalized strain energy dengBED) values for these variants, as calculated, range
between 1 and 1097, where the values have been normalized by the minicwatezhload-
free SED (that for the 2-4-12 triplet). The non-preferred 212 combinatioge raetween
#B 9 #"- and85 < #"~. These results demonstrate agreement with the prefeipkddri
identified by WAS experimentally. Additionally, this process wegseated using the elastic
constants from all four bounds in Table @.&. Voigt and Reuss bounds for bdtland! ) and

the results are nearly identical, indicating that distinguishingdest the austenite and



martensite phases, in this case of CP Ti with an isotropisygstion, does not significantly

affect the physics of the problem at hand.

Figure 7.6: Strain energy density (SED) for triplets corresponditietd ##%' ###(, slip

system in C.P. Ti, with invariant lines parallel to [0.299, 0,®&7675] and invariant plane

normal parallel to (0.218, 0.791, -0.5/3F calculated using the Walpole form of the strain
energy. The SED values have been normalized by dividing by the minimwnatadcloadtee
SED (that for the 2-4-12 triplet). The box indicates the 8 predlerariants indicated by WAS.

Despite the system of equations, as solved to generate the pigtire 7.6, being an ill-
conditioned problem approaching numerical instability, the distinct junepérgy between
forming preferred triplets and any other of the 212 remaining passiik still captured. Since
the eight preferred triplets represent 2 crystallographicallyndidriplets, the range of solutions
presented within the box demonstrates the numerical issues seafram the solution process
that was used. The aspect ratio used for the calculationsatepidtigure 7.6vas1:1¢*, a value
representing a likely maximum at the point of nucleation [36]. The catipo&l process used
becomes unstable near an aspect ratio of1ah@l the analytical assumptions make the solution
vanish at an aspect ratio of exactly one and unreasonable while dppgoace. That
observation noted, the same eight preferred triplets demonstrébevdst energies from aspect
ratios of 110 to 1:10, demonstrating agreement over the complete range of expectetl aspec

ratios [36]D[41].
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7.5. Further Applications of the Energy Approach
The framework developed here can be employed to analytically investay&aiat
cluster preference in martensitic transformations where thensétic laths take on a penny-

shape. For needle-shaped laths, Equation 7.35 can be redefined as:

@ 0 +." - (oo

"8 & o,

) * Iy +/’) 2 i (7.42)
4+ - (Moo ¢

p 3¢ T oy s

It is also possible to extend this framework to include matterisansformations i
field of constant applied stress. To do this, the assumption m&dguire 7.5a-2anbe adjusted
such that a non-zero magnitude can be applied. This propagates into ti@nedweing derived

by first modifying Equation 7.16 to the form:

Ye eg>2 +(c§j<i\|3.7
A
. G §EEEH! (7.43)
"G, &G >? + @B
s A I g

Where§,. is the symmetric applied stress field over the entire atisteagion ands,. is the

antisymmetric applied stress field. Updating Equation 7.19 provides:
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By absorbing the applied strain field into the net field ternas, fby combining the applied state

and the shape deformation) the following definitions can be used tafgiEglation 7.44:

% ) % +,-g, 00 23z, 455
T - My

. ) . (7.45)
<& ) <g t 3 (0} 2 =g/ 45

With this combined strain definition, Equation 7.25 can be readilytagda:
1"‘ W,op RO L +Mop rs T Wopp, T +Wop RS7:: 0 :. : %R:
 Mop so T Mo o L *lopgy +Wor g, T 4 % %
1 G
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HWopoy T *Worpo Mo, L +RMor,Z: Lioies
|+ Wor 5o +Wor g T +Rop so T Rop ¢n L vi<ke 1<€e

(7.46)

7.5.1 Predictions for Energy Determined Preference Bnder Applied Stress
Continuing the assumptions from section 4.3, Equation 7.46 can be sohaed for

innumerable set of applied stress conditions. To demonstrate thletsiat may be gained
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from such computations, a small subset of possible uniaxial tévesile is considered.
Specifically, uniaxial tension applied in the (100), (110), and (1Yy&yatographic directions in
the prior! grain are studied. Equation 7.47 shows the stress tensorgdytilizere X ranges

from 1 MPa to 1 GPa in magnitude.

) 7 ) ) ) ) )
Praggoe " (F % 4 lomgo& —() ) %+ lom& —() ) )+ (7.47)
* * * ! * * * ) ) )

Figure 7.7(a-d) shows the evolutioaf the normalized strain energy dengBED) associated
with each of the eight stress-free preferred triplets faethieree cases of applied stress. For all
following calculations, SED valuesenormalized by the minimum calculated loaee SED.
Although these eight triplets can provide some insights into the effetensformation
under applied tension, it is necessary to consider all 220 possibégstirpbrder to draw
conclusions or make predictions. The most intriguing of these threg, @éisen considering all
triplets, is the (100) direction load (Figure 7.7e). The superimpamethighlights those triplets
with normalized strain energy density below idr applied loads of magnitude between 200
MPa and 600 MPa. Based on these results, it is expected that aqugealctyrain of C.P.
titanium while under uniaxial tension in the (100) direction of magnitutedss 200 MPa and
600 MPa will produce a collection of preferred triplets inahgdsome previously uncommon
and devoid of some previously preferred. Specifically, those tripidisated by Figure 7e7are
expected for the load(s) for which they are inside the bounds of th&dogxample, at 300
MPa, the expected triplets include: BEDF-H-J, A-E-l, JK-L, B-D-I, and F-G-K. Note that

further analysis would need to be performed for the cases of gaadets, single variants, and
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other cluster possibilities to see if there are newly predasigsters beyond the set of 220 triplets
considered here.

Furthermore, triaxial compressive loads were investigated hgtleffects of
transformations during processing such as hot isostatic pressing inResults are not plotted
since the calculations demonstrate the expected trend that sisotiah lbad imparts no effect
on the preference of variants and variant clusters. This resxpécted because energetic
preferences arise as the result of differences in the sindsstrain states of individual variants,
and by extension the clusters they compose. Because the shape defofonaach variant
relates to that of another through a permutation operation, the rgtdr@stmponent for each
variant is identical. Therefore, every variant cluster is eégpeto accommodate the same
guantity of hydrostatic stress or strain. As a result, trii@pplied stresses are not expected to
garner any change to the order of preference among clusters.

In addition to similar applied stress studies, this analytiaaiework can be applied to
study the effects of several different microstructural featomegariant preference and variant
cluster preference. By returning to the article by Walpole [2&,possible to derive expressions
for anisotropic elastic properties. Alternatively, or in tandenms, possible to repose the
inclusion problem as an inhomogeneous inhomogeneity problem [30] to exploréetis ef
martensite elastic properties. The applied stress-field fornrdaexgn be applied in studies of
dislocation seeded martensite laths and clusters by using continuinistdasolutions for the

stress and strain surrounding dislocations [42].
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Figure 7.7 (a-d) Evolution of the Normalized Strain Energy Density (SED) applied uniaxial
tensile load for each of the eight identified preferred triplatder stress-free conditions.
Directions of the applied load are indicated explicitly in Equatidid, Aavhere a) shows the (100)
direction, b) shows the (110) direction, c) shows the (111) dwgctnd d) shows all three. (e)
Plot showing all 220 possible triplets and the evolution of the assdaarmalized strain
energy density (SED) with the applied uniaxial tension in the (106¢tchn. The box indicates
which triplets produce normalized SED less thahbdHween load magnitudes of 200 MPa to
600 MPa.
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7.6. Conclusions

The objective of this article is to apply micromechanical tiesdo better capture the

physics of martensitic transformations with regard to energy naation criteria. Specifically,

the authors conclude the following:

1!

2.

3.

5.

Rotational aspects of the shape deformation resulting from maideresnsformations
needs to be considered along with the symmetric strain when detegramergy
minimization criteria.

Appropriate weighting of symmetric (strain) and antisymmetotafron) terms can be
achieved through the application of a rotated ellipsoidal inclusion agprégipoleOs
derivations from 1991 [28] include the appropriate physics for such an approac

The rotated inclusion approach can be extended to variant clustdre fmit¢ulation of
strain energy of the cluster as a whole. This allows for detetron of preferred clusters

via self-accommodation.

I Simplification to isotropic elastic constants can still captheenecessary physics to

correctly identify preferred variants and variant clustering.

This technique was also modified for the inclusion of externasst@nd strain effegts
and this ability was demonstrated for various cases of applied alrti@xsion.
Additionally, a prediction was made regarding the expedtedsaccommodating

clusters resulting from transformation under a specific applieciahtansile load.

These results, together with recent work by Bucsek [15], indibatemportance of

accounting for the rotational aspects of martensitic transformatiisterically, these rotations
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have been ignored in micromechanical models [24] due to their sss®fnéth rotations on the
order of a few degrees considered relatively insignificant. Thr& shows that even though the
rotations associated with martensitic transformations are dely degrees, the rotational aspect
can significantly change the micromechanical calculations, evée fooint of overshadowing
the effects of classical symmetric strain.

By applying a methodology that captures a greater extent of the paypiley during
martensitic transformations, more accurate predictions camlde and more aspects of the
martensite-austenite relationship can be studied. For exampbntyareference can be
meaningfully investigated, including under residual elastic strain tra vicinity of dislocation
cores; martensitic region geometry can be accounted for, allowitigefatudy of energetic
differences between plates, needles, and the various aspesbfatach; and the effects of
elastic properties of the austenite and martensite phases eaplbeed. In addition to future
investigations into the physics of martensitic transformations,gutork should also be
employed to optimize the numerical and computational implementationes# talculations

and to further understand the associated uncertainty and sensitiviggetdlculations.
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CHAPTERS8
FUTURE WORK
8.1. Organization
All of the individual chapters (2-7) provide some level of discussiotaijpéng to future
work and/or future applications, either in the ODiscussionO sedtierGonclusionsO section of
the chapter. Specifically, chapters 3-6 consider possible fututeimtreir ODiscussionO
sections and Ch.2 and Ch.7 provide brief discussions of future war&iriConclusionsO
sections. In this chapter summaries are provided for each cl2pteregarding recommended,
suggested, and possible future work. Many of the ideas presented im @lygper will be
restated here along with occassional extensions and/or elabor&tisshapter is divided into
seven sections: ©8.1 describes this organization, a8.2 relate{a8I3.to Ch.3, and so on to

8.7 which describes future work for Ch.7.

8.2. Chapter 2: 6D Visualization

Most, if not all, of the future work presented in the OConclus@miOn of Ch.2 directly
pertains to investigations and/or results presented in the chapiersfallow it. This isnOt
entirely unexpected since the work in Ch.2 was foundational for muble @fork that followed
it. These future work ideas that were already addressed ingsidogechapters includes:
applications to the evaluation of calibration results (used in Ch8)jevelopment of a new
yield theories (see also Ch.3), informing the development of aabbrexperiments for
anisotropic materials (as discussed in Ch.4), informing validatfortseand methodologgefor
calibrations of anisotropic materials (see also Ch.4), ane¢ieg of material symmetry

assumptions for inelastic behaviors (discussed briefly in Ch.4 sodahsidered in Ch.5).



In addition to extensions addressed in subsequent chapters, other fwtupotential
remains. It is suggested to extend the tools and methods discussedsamiealin Ch.2 to
include flow vectors along with yield points plotted on the yield hypeasarfThese could be
used to identify the applicability of associative flow rules astteerwise track the evolution of
the yield hypersurface. Also, it may be possible to adapt and/erdetktese visualization
techniques to describe stress intensity limits (criticabstirgensity) for multiaxial loading of

anisotropic material systems with given crack geometries.

8.3. Chapter 3: Proposed Anisotropic-Asymmetric Yield Function

The most straightforward and immediately practical future weckmmendation of the
yield theory proposed in Ch.3 is to explore applications beyond metedterials. Specifically,
it is recommended that the new theory be tested for fitting coneposéld and/or failure data.
The combination of asymmetry and non-orthotropic character achievabl&ig yield function
lends itself to describing non-orthogonal fiber composites like thosetigatesl by Tsai in the
19600s [1]. Along similar lines, it may be possible to apply the sathematics to describe
similarly anisotropic and asymmetric instances of shape-memory augberelastic material
behaviors.

In addition to extending the applicability of the mathematics antiadstpresented in
Ch.3, itis suggested to develop ways to integrate associativie fiastrules into the
applications of the newly proposed yield theory. This could take thedbusing associate/
plastic flow assumptions along with measured plastic flow (througbfudigital image
correlation, DIC) in order to calibrate the curvature of tleddyhypersurface. This could have

the benefit of improving the calibration in general and/or of redutiagnimber of mechanical
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tests necessary to fully calibrate the yield function. Anotheaima of integrating associated
plastic flow rules would be to use an FEA software, such as@Q\BS, to predict the plastic flow
behavior from the calibrated yield function. Predictions, espgdiadise demonstrating the
PoyntingSwift effect[2]D[4], could then be tested experimentally to determine bribygosed
yield function can quantitatively describe the flow behavior, an improneorethe qualitative
demonstrations for existing theories by Cazacu ¢bRl[6] and Revil-Baudard et dl7]. And
finally, similar to these general investigations in regardsgoaated plastic flow and the
PoyntingSwift effect it would also be suggested to investigate whether or not the Poynting-
Swift effectis present in 3D printed metallic alloys, such as the Inconeligd® in Ch.2 and

Ch.3.

8.4. Chapter 4. Additional Insights on Calibration

In Ch.4, several different ASTM standards are referenced toderdetails for the
myriad of mechanical tests discussed. However, many of the meahimsits recommended for
the different situations lack a distinct ASTM standard. As spatt,of the future work
suggestions for this chapter includes enumerating seven ideas forS¥eW gtandards; some of
these could readily be adapted from existing similar standardsamcbenplished by including
the material in updated version of existing standards, others coatthpted from existing
research, and others would require new research to flush ous @etdibest practices. These
new, or revised, suggested ASTM standards with current analogues irckidadard for out-
of-plane shear testing in sheet metals (possibly referencinglarsstandard for composites,
ASTM D3846]8]), an ASTM standard for torsional yield determination (possibly included

revision of the standard for torsional modulus determination, ASTABHE9]), and an ASTM
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standard for pressure testing (open-ended) metallic material amldepipes for the purpose of
determining yield pressure and rupture pressure (possibly adapteth@tandards for
polymeric materials, ASTM D1599 [10] and ASTM D2837 [11]). The recemiied new ASTM
stardards based on existing or new research without current analogues wtude:iacstandard
for capped external pressure for metallic material tubes ansg, @itandard for differential
inner-outer torsion, a standard for differential inner-outer traasleand a standard for
anisotropic and asymmetric metallic material strength caildoraThe last standard in this list
(for anisotropic/asymmetric metallic materials) should be devdlapenclude various material
symmetry cases, validation standards for the calibration, and Ispeteial geometry
considerations (such as sheet, bar, wire, etc.).

As mentioned above, some of the proposed ASTM standards would be buiktorgex
research, and some would require additional or entirely new redeatelielop improved
specimen geometries and best practices. Future investigationsple sgeometry for out-of-
plane shear testing of sheet metals should include building upon the woekdyeG(2013)
[12] and Gu et al. (2017) [13], but should focus on creating more unifoessstates in the
gage section and on the implications of through thickness property variatobtisegpotential
impacts on the measured properties using these samples. Futurngatioest could also apply
these out-of-plane shear testing sample geometries to drawmatieeials to allow for
measuring asymmetry in shear in the planes parallel to thalingation. In addition to the
orthotropic shear tests, future work should focus on the sample gexsnuketscribed by Brosius
etal. (2011) [14] and their applications to cylindrically symmetri¢anals such as extruded
tubes. The stress states generated using inner-outer torsion anoutendranslation should be

investigated and efforts should be made to improve the geometmeséothe stresses more
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uniform. Finally, there should be investigations into the applicatimajmbed external pressure
testing for determining the tensile properties in the radial twrectf extruded tubes, specifically
with regards to the experimental setup, in-situ strain measums, and the sample geometry
required to prevent buckling before yielding.

In addition to improving existing specimen geometries, new geometngd be
explored for the inner-outer torsion and inner-outer translation meeth#ests discussed in
Ch.4. Also, new specimen geometries need to be devised and inesektigath computationally
and experimentally, for creating new multiaxial stress statestruded tube materials for the
purposes of validation of calibration results. This would be espepwitinent to calibrating
materials made using shear assisted processing and extrusiore(3nB8J[16] for the reasons
outlined near the end of Ch.4. Future work could also include studiefrong¢he sample
geometry and testing strategies for non-longitudinal compressive sisengixtruded tubes.
The question regarding whether or not compression specimens witlelpalaatiar faces in a
cartesian coordinate frame influence the results for compresiserggth in the true cylinaral
reference frame. Sample geometries using curved or non-paaaks| fvhich are perpendicular
to the cylindrical coordinates of interest, could be tested, aneshés could be compared to

those found using traditional compressive pillars for highly anisotropiaded tube materials.

8.5. Chapter 5: Embedded Single Crystal Yield

The immediate future work from Ch.5 is to address the remainang fer the intended
scope of the project. This starts with completing the fad-teh energy diffraction microscopy
(ff-HEDM) reconstructions from the experimental data collectéldeafdvanced Photon Source

(APS), using the HEXRD software discussed in Ch.5. Once thE @M data has been
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recnstructed, the spot spread calculation software can be testecednd identify spot
spreading events, which can in turn be used to develop and implemeraredtinquantifying
yield for each relevant grain in the experimental data seh yi&ld states in hand for all grains
that yielded during the experiment, the non-linear least squayessen software used in Ch.3
can be readily adapted as discussed in Ch.5 to calibrate the embediedrystal yield
behavior for the different RMS error variations presented in @ibg the newly proposed
yield criterion from Ch.3.

Once the remaining work is complete, several different anadyskapplications open
the doors for future work. It is suggested that the resultsafdorated embedded single crystal
yield be compared using different macro-scale yield models, andvasilogis symmetry
assumptions B methods for such comparisons are discussed in Ch.5. Stormefeeiween the
measured, embedded yield behavior, the calibrated model(s), andita¢stgt activation
models are also suggested. Additional future work should also includegiegea
homogenization scheme for the newly proposed yield theory and applying it to hopecipe
single crystal calibration to produce a macro-scale calibgag¢dd criterion. The methods
presented in Ch.5 could also be applied to other metals. It s@palpossible to develop
modifications to adapt the HEDM calibration methods to accountwianing (such as with
most Mg alloys or with TWIP steels) and/or phase transformafguth as with TRIP steels). If
phase transformation adaptations are made, then these methods @dk&hded to include
calibrating the phase transformation envelopes for shape-memory andfeelsisie materials.
Future work could also include using the techniques from Ch.5 to inviestingaeffects of
hydrogen embrittlement on grain scale yield behavior, including changesatrapy and/or

asymmetry.



8.6. Chapter 6: Dwell Fatigue Combined X-ray Characterization

There is &0 remaining work to be addressed from Ch.6 for the intended scdpe of t
project. Since the Ch.6 experimental analysis builds upon the rigsuitshe Ch.5 work, it is
necessary to complete the remaining work from Ch.5 in order togutadéh the remaining
work from Ch.6. Other remaining work includes: reconstructing theqyatic ff-HEDM data
and converting the elastic strain results into percent yield; reaotiag the near field HEDM
(nf-HEDM) data and correlating those results with thelEBDM percent yield map to create a
refined and more accurate spatial description of percent yighe imicinity of the twin notches;
converting the spatial map of percent yield into a map of grain bousdatferogueness values
calculated for each interface; and comparing these data with-$itel tomography data to draw
correlations between rogueness and damage events.

Follow-up investigations are recommended using targeted placemerassf str
concentrators to amplify the stress near grain pairs of intdieis could be accomplished by
creating unnotched tension samples, characterizing them using ff-H&@Nntify regions of
interest, and then wire electrical discharge machining (EDMing)hes and/or holes to focus
the applied dwell fatigue near these regions of interest. $ime#hods could also be used for
biaxial experiments, which would add the ability to control the @xillity of the stress state in
the vicinity of the stress concentrators to apply choice sitatss to specific grain pairs of
interest. Future work could also include the addition of thermalirolled environments to
allow for investigations at elevated temperatures b such astevghhe effect on void
nucleation and/or crack initiation thresholds and the temperatawe athich the dwell debit

ceases to have an effect on the lifetime of components.
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In addition to elaborating on the experimental design, the resoiftstfre completed
analysis of the Ch.6 work could be used to inform or validate computati@chanics studies,
especially once the initial state ff-HEDM data are recontacuto provide initial residual stress
states in the gage section of the specimens. By collecting adddi@taalespecially using the
targeted stress concentrator placement approach, it could eventyatigdiide to identify a
threshold and/or endurance limit equivalent for dwell fatigue which jroezates the orientation
distribution function (ODF) for specific processing methods. Sutineshold could be applied
by designers to reduce unnecessary material in designs and to modégithe of a component
to significantly reduce or entirely eliminate the possibility of dvisigue induced shortening of
component life. This could be achieved through additional future wdrirenthe relation
between ODF and stress multiaxiality could be used to gene@&upltable that could be
incorporated into FEA packages to provide the ability to produce facsafetfy plots against

dwell fatigue from standard FEA results.

8.7. Chapter 7. Martensitic Variant Selection

In Ch.7, some predictions were made regarding the preferrednsiicte@ariants for Ti
in the case of transformation under certain applied stress sktture work should include
experimental investigations to test these predictions. Beyond ewgeal confirmations, it is
suggested that future work focus on applying the theories developed to stpthydies of
martensite transformations. Such investigations should include varieatgrce studies for the
cases of transformations in materials with various residiesdssstates, for the case of
transforming in the vicinity of an isolated dislocation, and for tise cd transforming in a forest

of dislocations resulting from accumulated plastic deformation. ffaete of elasticity



properties on preferred variants should also be explored, includingrdjffgoperties for
austenite and martensite and the impact of anisotropic elasgiergies. Finally, it could be
possible to use the presented theories to investigate the prefareed gaometries. The
energetic preference of plates versus needles, and every asipaotivatween could be
explored, along with the effects of dislocations on the preferredeepm

In addition to future investigations regarding the physics martemsatisformations,
future work should also be employed to optimize the numerical and cormopatat
implementations of these calculations and to further understandsth@ated uncertainty and
sensitivity of these calculations. Much of the numerical issuscEged with implementing the
calculations presented in Ch.7 stem from the need to sequentially eoampuititude of
calculations involving both very small and very large numbers. This esga/ due to a paucity
of well-developed algebra for higher order tensorial operations. Future wodt) wdnild
significantly benefit the theories presented in Ch.7 and their mgsi&ation, but which is not
directly related to materials science, solid mechanics,ezhanical engineering, would include
expanding the mathematics of higher order tensor algebra B spgciéiddressing the algebra
of inverses, transposes, and similar operations'faréer tensors (and higher) for general cases
and for cases of different tensor symmetries. Such work could impaets well beyond the

materials sciences and engineering.
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APPENDIX A

ERROR CALCULATIONS FOR THE 450 AXIS ASSUMPTION

If the 450 axis assumption is intended for use only as an approxintaéorg looser
assumption may be considered by which only the limits of the uniaxigaedshear cases
coincide. By including an additional assumption where the 2D locus bfithasurface is
perpendicular to the axial stress axes at the points of treorsacthe non-shear regions, then
convexity of the limit surface can be maintained by evoking geonietunds on the acceptable
shear strengths. The loci associated with these upper and lowsolirehear strength are shown
in Figure A.1 for a generic material with a 1:1 strength r&tar both the upper and lower limit
casesit should be noted that the two limit surfaces perfectly coindidis. means that to
maintain convexity, there must be no error in using the classmalization techniques for
these limiting cases, and that such a material would necgdsatgotropic in the plane

described by this 2D locus.

Figure A.1 2D yield loci depicting the upper and lower limits for shear-deperstezar
strengths (i.e., the maximum and minimum values over all possibée strengths).
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However, in between the bounds shown in Figure @nisotropic shear dependent cases
exist(Figure A.3. In these cases, a maximum error between the two surfacdgeaalculated
for the greatest error orientation, as indicated with red doutde/sirHere, the surface geometry
illustrated as the OMin Yield SurfaceO in Figure A.2 is thlestpossible surface that
maintains convexity and coincidence at the necessary points. Analogbasiiax Yield
SurfaceO represents the greatest separation under the sanaént@nSigure A.3 shows this
situation for a material with an arbitrary strength ragolating the # quadrant for better
visualization. Here, the slope of tMaxYield SurfaceO passing through the shear strength

point is adjustable and results in changes in the maximum error.

Figure A.2 2D yield loci from previous figure depicting an arbitrary sheangtie(between the
minimum and maximum) with the associated minimum and maximum Ipeldlustrating the
separation (error) between these possible limit surfaces.
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Figure A.3 lllustration of error between axial and shear limit surfacesih anisotropic
material, where arbitrary strength ratios are now being condidere

By exploring all possible outer bounding surfaces along with all pos$ibse strengths,

an upper bound on the maximum error can be computed. The resultsrige afaxial strength

ratios between thke and" directions@t:—% are provided in Figure A.4. Additionally, Table A.1
&

lists error bounds for selestength ratios. The bound asymptotically approaches 100% error,
which represents the possibility of misinterpreting the shear aaldstérength interactions af

2D yield locus by up to a factor of two when using the 450 axis assantptalibrate theigld
potential of a shear-dependent, anisotropic material, without anynéiataation about these
strength interactions. In other words, if an anisotropic matergdiear-dependent, then the
classical approach of calibrating yield potentials by utilizing ¢iméyEigenspace could be
reasonably accurate, with the maximum error in employing this metisodd@tion bounded at
100%. However, if the material does not possess shear-dependenoégtes the additional
perpendicularity assumption noted at the beginning of this section themahassociated with

using the 450 axis assumption is unbounded.
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Table A.1 Error bounds under the assumption of shear dependence.

Maximum Percent Radial Error for Select Axial Strengthdzat

StrengthRatio 1:1 1:1.33 1:15 1:2 1:25 1:3 1:4
Max Error  40.41% 48.93% 53.72% 65.38% 72.78% 77.78% 83.97%

Figure A.4 Maximum radial error (misinterpreted distance from the orifpnj general
anisotropic case for axial strength ratios ranging froratbQLG.
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APPENDIX B

OFFAXIS TENSION TEST CALIBRATION EQUATIONS

The relations for the determination of Ok® and Oad for thgocatibthe Cazacu 2006

yield hypersurface as discussed in & 2.2.2 are presented below.tRetdhlese relations are

based on a set of 6 uniaxial tension tests conducted on samplearcaingle of'# $%&' ;—*

and!"# $%g&' :—/‘*, evaluating to 35.260 and 54.740, from each of the 3 material ct®rdina

directions. The samples are cut at the angles desanltagure B.1 with the indicated uniaxial

yield stresses called out as used in the relations that follow.

Figure B.1 Sample angle designations for uniaxial tests used to determine 'K'.

The following definitions of+ are used to condense thexgressions for angled tensile

tests
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These 6 expressions can be used to solve for the predicted yaelgtistgiven a series of

assumed values of Oad and a series of assumed values of OkO:
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APPENDIX C

MECHANICAL TESTING SPECIMEN GEOMETRIES

This appendix serves to provide excerpts from the complete drawing pdbkhgeay be
found in the Supplemental Electromide. The figures in Appendix C provide all required
dimensions to describe the specimen geometries used for the additwell 718 mechanical
testing. The Supplemental Electrofite provides context for all 72 specimens excised from the
block for the investigations in this article, including orientationsaetdiled locations in the
additively manufactured blockigure C.1 provides measurements for the tensile bars and
compression pillars to be cut from 1/8-inch-thick plates. Figu2g@vides measurements for
the shear specimens (positive and negative) cut from 1/8-inch-tlaigs @pecifically from the
sides of the block, and Figure (hfvides the same for shear specimens cut from the smaller

plates taken from the top face of the block (down-sized due to spasgaints).

Figure C.1 Drawing excerpt showing measurements for tensile and compresscimsps.
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Figure C.2 Drawing excerpt showing measurements for shear specimens.

Figure C.3 Drawing excerpt showing measurements for reduced-sized sheanspsci



APPENDIX D

FORMAL PROOF OF CONVEXITY FOR PROPOSED YIELD CRITERION

Along with the introduction of a proposed new yield function in Ch.3 a3.21éwa
conceptual approach to demonstrating convexity is presented in Ch.3 aB/#oRghA much of
the same logic used in the formal proof is presented, some gapmédike conceptual and visual
explanation provided in Ch.3.2. This appendix section serves to remedy any mathematical
shortcomings of Ch.3 ©3.2.2 by providing a detailed and rigorous proof of convixis
geometric proof is divided into several steps presented in independesttguizs The
preliminary steps are provided in dD ©D.3, a decomposition into an orthant-wise functional
form is discussed in ©D.4, a procedure for preserving convexity through whisumssets is

introduced in aD.5 - aD.6, and a consideration of additional transformagipnsvided in aD7.

D.1 Proof Setup: Signal Space
Consider the spade’ . For each# $ %&(') '*+ let, . . /! * denote the linear subspace

orthogonal to th&t" coordinate axis; . 0 % $/! " 213#40 5+ Let6; .39 denote the operator
that projects a point orthogonally onto the subspageand note that for ary$ ! *, 6;,314

merely sets th&™ entry ofl to zero.

D.2 Proof Setup: Transformations

Forany# $ %&(') '*+ let: . denote a certain set of transformations that operate paaallel
the#" coordinate axis and do not otherwise depend o#'theordinate. Specifically, a
transformation 2! * < ! "/belongsta. ifitmapsanyl $! " to=0 ; 314 where the

following two conditiors are met:

302



¥ T1:! "#$% & "( "#¥$ for some functio® )%+ , + that is monotone increasing and
satisfies& "- $%- .
¥ T2:forevery. /| #,1".$%&"("1$B A "#4 18 "#5 1$8 X "6%5for some fixed

function&)<+" , +.

The structure of transformations8n implies the following lemma.

Lemma 1: An® : *8 commutes with._; thatis, forany : *+7,; . >0 "($2%9"; ._"($

D.3 Transformations of Convex Sets

Fix #: @22 6B and consider a sé&tD +’. Define:
¥ Cc%@: C)("#$%-B%*F . GC.
¥ C,%@: C~"#% -B

¥ C %@: C("#5K -B

Note thatC %*C4 L C, %*C4 L G, L Ce.

Throughout this section, we will suppose that hattisfies the following two conditions:

¥ B1:Cis convex.

¥ B2: For any poinM: C, the orthogonal projection dontoF. belongso Ce:

< "MB: Ce.

Combining assumption B2 with Lemma 1, we reach the following corollary.
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Corollary 1: Supposé " #% satisfies B2. Then for any po#i& ! and any &()«,

‘|"_.I 0/(1‘/8LI Io/

We are now ready to state a main result about preserving conveki(afér the transformation

by' &0)-.

Lemma 21 et' &()..Supposé " #% satisfies B1 and B2, and suppose ;/ and' .!,/

are convex. Then .! / is convex.

Proof of Lemma 2:

Consider two arbitrary poin®56 &' .! /. It suffices to prove that all points on the line
segment joinin@ and5 belong td .! /. If both3 and5 belong td .!;/ or both3 and5
belong to .!,/, this is trivial since we have supposed that ;/ and' .!,/ are convex.

Thus, for the remainder of the proof, we assume without loss ofaignéhat3 &' .!,/,5 &
' .1,/, and neither point belongs'to.! o/.

Let67 839 .:; 8/5 (with8 & .<4//(denotethe point on the line segment joiniryy
and5 suchtha6.=/ 7 <. Since3 &' .!;/ and5 &' .!,/, there exisfo&!; and>&! ,

suchthatthaB 7 ' .% and5 7 ' .>/. Therefore, we can write:

67 (+ .6/(
@+ 28 .%9.:; 8/" >@
(@ 8+ .7 U@ .:; 8/+ 7 >@

7 8 A+ .%B9 .:; 8/' .+ >/
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where the first equality follows sin¢é#$ % &, the third equality follows sian) is linear, and

the fourth inequality follows from Lemma 1. We see then!thaton the line segment joining

G $ and* ™ (" $ From assumption B2, we know that ", $/ 0, and' (" $/ 0;.

Therefore} + (", $/ *"0,$and* + (" $/*"0:%

Since* "0,$is convex and "0,$%3 "0,%$4 54 is the intersection of two convex sets,
* "0,%is convex. Thus, we conclude that * "0,$ Since0, is a subset of both, and0,, we
conclude that / * "0,%$and! / * "0, $as well.

Finally, consider ang / "& $and lett %8<=": > 8%?.If 8 @A, then; 3s on the
line segment joining and! , which both belong to the convex 4et0,$, and sq / * "0,%as
well. If 8 B A, then; 3s on the line segment joiningand? , which both belong to the convex

set* "0,$ and sg / * "0;,%$as well. We conclude that all points on the line segment joiing

and? belong to* "0$ Therefore¥ "0$is convex_]

D.4 Orthant-wise Decomposition and Proof of Convexity
We now restrict our attention to the sp&® Consider an operatérECP F CP defined

as follows: for anyG/ CP,

L, GG T &3
H "GH %m{mmTqD- =32 7 22% Ryys Y

Q L3 GEGU &

whereL[,9L2,;B &for V% WandL/ 92 ,% & for VX Wor \no ¥ 9 9].

(D.1)

Note that for any / ¥ Z9 9], * belongs to the class of transformatiogsLet the

spaceCP be equipped with an arbitrarynorm, and let %aG/ CPEBMGYW U : cd CP denote
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the closed unit ball containing all points of distahckfrom the origin as measured in the
norm. Note that is necessarily conveket# $ %& ' (Our goal is to show th# is convex.
We will start by arguing th&t preserves the convexity of orthants' olet) * + - /° denote a
vector containing entries equal only,tar . , and letl § denote the corresponding orthant.df

containing all vector8 * 1° such thaB& 5 6if )& $ , and3& 7 6if )& $ ..

Define", $ " 8 19. Similarly, define#, $ # 8 19.

Lemma 3: For any * + - /%, % acts as a linear, bijective mapping frdr§ to 19.

Proof of Lemma 3:

The linearity follows from the definition & and the fact that withifh 9, all points3

have the same sign pattern. The bijectivity follows from thetfattall9T and9” are diagonal

matrices with strictly positive values on the diago@l.

Corollary 2: For any) * + - /%, #, $ %&,', and% is linear when restricted t6,.

Lemma 4: For any * + - /9, #, is convex.

Proof of Lemma 4:

This follows by combining the facts thgt is convex and that ar®d is linear when

restricted td's. ]



D.5 Convex Unions of Adjacent Orthants

Let! "# $ %" (0 be two vectors that differ in only one positio$ %&* "+ " (. That is,
l-x./ #-*_ but!-Q 1 #-Q forall0/ *. In this case, all vectors i} are distinguished from
those in2)} simply by the sign of theirth coordinate. We refer ®4 and2), asadjacent
orthants. From Lemma 4, we know thatand5, are convex. Our goal is to prove that the

union of55 and5, is convex.

Lemma 555 6 5,7s convex.

Proof of Lemma 5:

This follows by applying Lemma 2, where we8etl 9;6 9,,8. 1 9;,and8. 1 9,
(supposing without loss of generality that. 1 ' and#-*. 1 &). Condition B1 is satisfied
because is an intersection of the convex unit ball and the convex set eéetlbrs with the
same sign pattern on indid@s * determined by-0 1 #-Q. Condition B2 is satisfied because
for any point< $ 8, the projection ok onto=. merely zeros out-*. while leaving all other

entries o (and in particular their signs) unchanged. Thereﬁ)_;rgx. $ 8 and9, e < $=.,
and s, ~<. $ 8 A=, 1 8.
From Lemma 4, we know thég 1 C-8.. and5, 1 C-8. . are convex. Thus, all of the

conditions of Lemma 2 are satisfied, and we concludeésthét5, 1 C-8.7s convexD

D.6 Inductive Argument for Convex Unions

Continuing this argument inductively, we conclude thdt C-9. is convex.
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Theorem 11 " # $&kis convex.

Proof of Theorem 1:

Define

N (S W

Since! . and! correspond to adjacent orthants, Lemma 5 implied that is
convex. Similarly, for any, -./01%, define! 3" (! 3 ) ! 3«. Lemma 5 implies thdts is
convex.

Next,let+/4 , -. /01° be two vectors that differ in only one posit®n -. /0/6 /71 That
is, +$5&8 4%6& but+3R" 49Rfor all98 5. Consides/% ; %such that ;3 " # $4&and
L. " # P& Define<" %) %,<." %, and<. " % (supposing without loss of generality
that+$6&" 0 and4$6&" .). Note that all vectors i%§ are distinguished from those
simply by the sign of thelsth coordinate. Condition B1 is satisfied becatige convex.
Condition B2 is satisfied because for any p@int <, the projection of onto @, merely zeros
out ?$&while leaving all other entries 6f(and in particular their signs) unchanged. Therefore,
% .$7&, < and% $7&, @, and sdp $?2&, <D @ " <g. Since we know that; and! . are
convex from the first paragraph above, we apply Lemma 5 to conclude;thd . is convex.
Now for any+, -. /01, define! ;" (! 3 ) ! 3«. The paragraph above implies thatis
convex. Using similar arguments to the paragraph above, we can altadecthat for any

+/4 , -. [0T that differ in only one positiort,3 ) ! . is convex.



We can repeat the above arguments, taking unions in the fourth coerthest the third,

second, and first. The conclusion is that convexD

D.7 Introducing Additional Transformations

Consider the transformation defined in Equation D.1, which has beeyndgated to
preserve convexity when applied to a unit hyper-ball defined by arbitnaoyrp and centered at
the origin. LetOs call this transformatidt? and the 6D unit hyper-ba#, defined, as above, in
the basis . The transformation presented in Equation D.2 therefore pressmresxity

following the proof from ©8.1.6:

O, 01 % W, 05 %
R ) U)o . 314t 22 . %36 (D.2)

By following the above transformation with an invertible linear timmsation,7#%,
which acts o%4 , the transformation presented in Equation D.3 can be generatzdisdinear

transformations preserve convexig, is a convex set as well.

%) 7% +) % (D.3)

Additionally, by following the above transformation with a reversidaslation; #$, which
acts o, the transformation presented in Equation D.4 can be generatedisBecanslations

do not affect the shape of a S, is a convex set as well.

%) :*%t) %l < (D.4)
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Furthermore, by following the above transformation with a transftomd , composed of
intersecting with a hyper-plarie;, defined as the hydrostatic hyper-plane wheré %'

0 +& - & - & $ 01, the transformation presented in Equation D.5 can be generatedsBeca
intersecting a convex set with another convex set produces a new sehZgxs also a convex

set.

2:$ 1 487% 258", (D.5)

This cumulatively generates the transformation in Equation D.6:

23$! 9 <= 4> RGABC (D.6)

When rewritten using the forward transformations as a serg@saofges of basis, i.e.

converting from explicit to implicit form, Equation D.7 is produced:

*

20% D EL
g
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where! . is the deviatoric strest. is the inverse ofy,$, and) -5 and+.g are the inverses of

, %. and, g_ respectively. The convexity 6f in the basis of deviatoric stress is demonstrated

by following the same logic as above becdusen the basis of deviatoric stress is the/sgt



APPENDIX E

CALIBRATION EQUATIONS FOR PROPOSED YIELD CRITERION

Consider Equation 3.10 and Equation 3.9 for defining the yield functiomyitteout a
center-shift included. To simplify notation and keep the final egnatshort, the expression
from Equation 3.14 is used to denote the orthotropic-asymmetric transtbengeneral case,
where Tk is not assumed to have a known value, results in an impossibility of kpdefore

the calibration is solved if . is a equal to eithe$.; or %y in certain cases. As a consequence,
the equations derived following the procedures from Ch.222.2 contakerthe ¢, in several

cases. In all of the derivations, it was assumed that Ty;.

The equations resulting from solving the axial strength relations are:

*
+

0
=/ A 5,05 6,75 6,5F

&' 0—
(E.1)
9! .°236,75: 5 6,5 9! 66,55 6,55 1 F;
* 0
&' («—=> 1 ,,°F: 9 46,75 6,47
' (E.2)
91 .°%56,,9 45 6,49 9! 53°F 6,59 46,55 : F;
*+ 0
&' ()—2 1 ,°F: 56,,9 46,,F
' (E.3)

9! ,9F6,,5: 9 46,,F 91 5°F 6,55 6,49 47F;
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The equations resulting from solving the shear strength relations are:

+
! " $<&: 9: >’)') *

+
! n @&:'( >AAB

+
! " $<&: (9 >CC*

+
! " $<&D 9 E’)') *

+

| " @ep, EnB
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The equations resulting from solving the off-axis tension tesiortatre:
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APPENDIX F

SUPPLEMENTARY MATERIAL FOR CHAPTER 7

Table F.1: List of Burgers orientation relationships for idemifythe 12 habit plane variants.

Variants Orientation Relationship
A 1" H0R" ' LSS %) A M b
B I"G HOR' ' LSS %) A M b
C IS HOR" ' LSS %) A Hb
D "™ 0" ' IS$S" %) H 4! Hp
E I"$" 0" ISES" %) 41 Hp
F IS HOR' ' LSS %) 4t Hp
G "™ 0" ' IS$S" %)™ F ' Hp
H I"G HOR' ' LSS %)™ F ' Hp
I I$™ 9" 1SS %)™ F ' Hp
J 1" HS0R" ' I SSS" %) Fy ' Hp
K I"$" 0" ' IS$S" %) Fy' M Hp
L I$™ 9" I$$S" %)™ F' M Hp

Table F.2 Possible slip systems corresponding to the inhomogeneous shear (P2).

Slip System I (HCP) " (BCO)
| LG p Wk I GH O 4
1 1'% #0/0*-#, -##+( LHE" 0> '+
1} 1$SS" % Fhy 1M HB 4

\Y% g e e ISHopR 4
\Vj 1'% #0/@*"" #$+( LHE" 0% +
Vi AR S LA W

Table F.3Habit plane calculations for slip system | for each of the $olution sets.

Solution Set Habit Plane Angular Deviation
(uz,hn) (-0.954, 0.228, 0.195) 29.30
(uz,hp) (0.184, 0.878, -0.442) 22.40
(ug,hp) (0.496, 0.494;0.714) 2.20
(uz,hn) (0.506, 0.489, 0.710) 2.10




F.1. Equivalency of Equation 8 to the General Axis Angle ¢f small angles)
Starting with the combination of Equationg and 7.8 from Ch.7 (Equation F.1), an
equivalency with the angle of rotation about a general axis undasshenption of small angles

is demonstrated.

*

S () 70-s 01, 24,01, 24 (F.1)

From Lyons 1998 [1] the following equation for the rotation tensor in tefrttse unit direction

@ of the general axis and the angle of rotaion

S $<62,*0 50 $4 0 6.6, 0 ;! $406g"#$ 6-6* 0 ;! $4<6,!"#$

- ( 8%6-6,,*0 ;! $4<6g"#$ 3 $<63,*0 ;! $4 6,6* 0 ;! $40 6-!"# $A
6-6*0 ;! $40 6,!"#$ 6,6* 0 ;! $4<6-I"#$ 51 $<6p*0 ;! $4
(F.2)

where6_, 6,, and6gare the components of the unit direction vetdfrom Equation F.2 the

following can be generated to describe the cosine of the &ingle

*
-20
+

S ( (F.3)
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By the small angle theorem, the approximate relationship in Equadaan be used

along with Equatiori.3 to produce the relationship in Equaties.

I"'# $ %&' w (F.4)

L%, #)' S (F.5)

Applying the assumption th&t/ 0,3, it can be demonstrated that Equatioh remains true,

thereby demonstrating th&t%05,,3 under the assumption of small angles.

o %" #0 $Bios (F.6)

Applying the definition of#() $;,; from EquatiorF.1 to EquatiorF.6 produces:
&

- % A s Tes—8h s’ Tsg—B (F.7)

Through some manipulation Equation S-7 can be reduced to:

+ . % e 560 — (F.8)

And further reduced to:

&
—4 " 8 %, e 55 . (F.9)



From Equatiorf.9, it is necessary to turn to component-wise manipulations to continue.
Expanding the left-hand side by employing the definitions in Equ&tresults in the

following expression. Here, C will represeét# $¢ :

§_*)+, - . +/(0+123;- 35- 357- /(0 +123§- 38- 3879

- 5—*)+' - . H/(0 +123,- 35- 347

(F.10)
- /(0 +123,35- 3,3;5- 353579

0.*)+-/(0+123,- 35- 3;579- )

Recalling thaB is a unit direction such thd - 35 - 35 ; (, EquationF.10 can be reduced:

2+ - .+/(0+17- 5—/( 0+ 0.2+- /(0+17-) (F.11)

Expanding the right-hand side by employing the definitions in Equ&tibresults in the

following expression. Here S will represeéfst$,,,. along with C representint# $.¢ :
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ESR() S, RO S IFS %O THES () * 0

S1MFS %0 ¥ S, 40 " "+

S 1RO ¥ S o2 %% K0 " "2
S 1960 * " f2'S, %% %K( " "2

(F.12)

S 160 ¥ S %2"S, %A% " "2
S 10 * " S 2" %% N0 " " 2
S 160 * TS o2 %N * "2

$ 1% * " S %2* S, %% %() * "2+ 3

Cancelling appropriate terms and again recalling%iata unit direction, Equatiof.12 can be

reduced to the following expression:

g ")+ () "HG 2% 3 (F.13)

Expanding the left-hand side and recombining it with the right-hand sidg give

)

R S TRREE R E TR

(F.14)
6B #S," () S () "H#$,20x 3

Cancelling appropriate terms, combining like terms, and dividing both Bid2 results in:

* QU * () * ok )§() * "4t g o#*x 3 (F.15)
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Expanding the left-hand side and multiplying both sides by 3 produces:

Pl o#$1 968 ¢! $0) "+ 4+ (F.16)

Combining like terms and rearranging results in the following:

1 -%) &gl (F.17)

Which can be further reduced through the application of the Pythagorean trigoadseatity:

-1 -g) (F.18)

Dividing by 4 and rearranging Equatiéiil8, and replacing C and S with complete expressions

gives the following:

056 1,34

10 1pa ) % (F.19)

Here, the application of the assumption that 81,3, has demonstrated that Equatieh
remains true by reproducing Equatied, one of the results of the small angle theorem.

Thereforel ) 8l,3, under the assumption of small anglés.
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Figure G.2: Response from co-author Adam Pilchak.
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