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ABSTRACT

Penny-shaped cracks are commonly used mathematical models, generally used
in the field of fracture mechanics. One specific application is the modeling of mi-
crostructures, within elastic materials. From a purely mathematical perspective, a
penny-shaped crack can be described as a flat, disk-shaped crack. In this work, we
consider the buried penny-shaped crack problem, consisting of a single crack, buried
below the surface of a half-space. Specifically, the flat surface of the crack is taken to
be parallel to the boundary, and the radius of the crack is held constant. The primary
point of interest in this problem is the depth dependence of the stress intensity factor,
which characterizes the fracture conditions near the tip of the crack. Determining the
stress intensity factor for this problem is reduced to solving a pair of dual integral
equations, specifically looking at these equations evaluated at the upper bound of in-
tegration. These equations were amenable to numerical solution, where the distance
between the crack and the boundary was allowed to become small. The values of
these equations, at the upper bound of integration, both tend toward 0. Based on
the numerical results, the stress intensity factors for this problem were dependent on

the depth at which the penny-shaped crack is buried.
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CHAPTER 1
INTRODUCTION

In fracture mechanics, penny-shaped cracks are often used to model the microstruc-
ture of elastic materials. In fact, such models are suitable for capturing many of
the essential physical features of fluid saturated rocks. Mathematically speaking, a
penny-shaped crack is simply a flat, disk-shaped crack.

When considering such cracks, it is convenient to use a cylindrical polar coordinate
system, defined by (r,6,z), with the z-axis perpendicular to the disk. It is also
convenient to define the coordinate system so that the origin coincides with the center
of the disk. In general, we assume that the crack has a constant radius, a. We begin
examining this type of crack in Section 3.2.

The simplest problem to consider involves a single crack within an infinite elastic
solid, where the crack is being inflated, or opened, by an axisymmetric pressure,
denoted p(r). As the pressure is axisymmetric, there is no € dependence. Typically,
solving this type of problem leads to integral equations, which can be solved explicitly.

A more complicated problem involves placing the crack within an elastic half-
space, where the crack is buried at a distance h below, but parallel to, the surface of
the half-space. This is the buried penny-shaped crack problem. Similar to the infinite
elastic solid case, solving problems of this type leads to a pair of coupled integral
equations.

There are two main physical aspects that are of particular interest. The first
point of interest is to consider what happens when we let h — 0. This corresponds
to placing the crack near the boundary of the half-space. The second is a theoretical
construct known as the stress intensity factor.

To define the stress intensity factor, let us consider an element near the tip of a

crack, within an elastic material, depicted in (Anderson, 2005, Figure 1.9) and Fig-



ure 1.1 below. Looking at the in-plane stresses on the element, each stress component
is proportional to a single constant, say K;. Typically, the subscript is used to denote
the mode of loading; Mode I refers to an opening stress, Mode II refers to an in-plane
shear, and Mode III refers to an out-of-plane shear. As an example, for a crack with
a radius of @ in an infinite plate, subjected to a remote tensile stress, o, the stress

intensity factor is K; = o/7a.

, Ao, 0., = f-cos 3§ 1-sif 3 Joo %)

e ol

RSO RONE

Figure 1.1: Stresses near the tip of a crack in an elastic material

This single constant completely characterizes the crack-tip conditions for a linear
elastic material. Assuming that a material fails locally at some combination of stress
and strain, then that fracture must occure at a specific stress intensity K, allowing for
a measure of fracture toughness. Failure then occurs when the stress intensity factor
reaches this specific stress intensity, when K; = K. Thus, K}, could be considered a
measure of the material resistance, while K7, the stress intensity factor, is the driving
force for fracture. Mathematically speaking, the stress intensity factor corresponds

to the solution of the integral equations near the endpoints of integration.



CHAPTER 2
BASIC PROBLEMS FOR LAPLACE’S EQUATION

We begin by considering a simple problem, and build up to more complicated
problems. The purpose of this chapter is to become familiar with the mathematical

tools and procedures necessary to examine the crack problems to come.

2.1 A Simple Boundary-Value Problem

Consider solving the three dimensional Laplace’s equation, V?u = 0, in the half-

space z > 0 with boundary condition
Ou _ [ 1, 2> +y* <d?
0z | 0, 2249y > a?

on z = 0, and with the requirement that u — 0 as z — oc.
Define a two-dimensional Fourier transform by
Frub= [ [ utwp e dray - v, (21)
Therefore, the corresponding inverse transform is

7= ﬁ /_Oo / T UE e de dy = e,y ). (22)

Then,
F{@}:/ / ") dy: dy
Ox
:/ [uei(fﬂny)tooo dy — i{/ / wet € ny) do dy
=0—1iU (since u — 0 at co)
and

(3
:/ {gz 1(590+773/):| dy — 15/ / au cilEatny) dx dy

ou
z{]—'{ax} = —¢. (assuming 2% — 0 at o)



Similarly,

Ou 0?*u )
f{a—y}——mU and }—{Gy} —n-U.

]__{ﬁu}_/ 8u iterm) g gy
0z _

ou
i(§z+ny) _
=3 / / ue' dr dy = 5

0%u 0*U
Fo=—¢=—5.
{ 022 } 02?2
Therefore, applying F to Laplace’s equation,

Pu  *u O*u
2 _ _
vu_8x2+8y2+822 0

Next,

and

gives
0*U
—SQU— QU—Fﬁ:O.

This is an ODE for U regarded as a function of z. Using primes to indicate z-

derivatives, we now have

U" = (& +n°)U.

The general solution of this equation is

U(E,n,2) = Ae™ + Be™  with k= /€ + 7%

The quantities A and B can depend on £ and 1 but not on z.

(2.3)

We want to solve VZu = 0 in the half-space z > 0. We require u — 0 as z — o0,

so U — 0 as z — oo. This condition implies that
A=0 andso U({n,z) = Be ™.

To find B, we use the boundary condition on z = 0. We take this as

ou

&:f(m,y) on z=0, where f(:zc,y):{o7

Applying F gives

1, 224 9y? <a?,
2 +y? > ad’

(2.4)



ou
a o - f{f(l‘,y)} :
Substituting for U from (2.4) gives
%(Be_’”) = —KkB = / / £z, y)e' ™) dg dy. (2.6)
=0 —o00 J —00

On the right-hand side, we only need to integrate over a disk because of the definition
of f, see (2.5). We use polar coordinates,

r=rcosf, y=rsinf, &= kKcosp, = ksin (.

We have dedy = rdrdf, f =1for 0 <r <aand
Ex +ny = Kkrcosfcos f+ krsinfsin f = krcos (0 — ).

Thus, (2.6) becomes
a 2T
—HB:/ r/ eirrees(0=8) 40 dr. (2.7)
o Jo

Consider the inner integral with respect to 6. The integrand is 27-periodic, so we can
set 8 = 0. The integral can be evaluated using Bessel functions, J,. Starting from

the generating function (Abramowitz & Stegun 1972, Equation 9.1.41)

w/2 Yt—1/t) __ Z .

n=—00
put t = ie? to obtain the Fourier series
o
ezwcosé _ Z ian<w)6m6 (28)
n=—00

= Jo(w) + QZ i" Jn(w) cosmb.

Hence
1 27 ) 0 0
an - W COS —mn de. 2.9
) = g [ e (2.9
Setting n = 0, (2.9) becomes
1 2m ) ;
= [ eveestgp, 2.1
Tw) = 5= [ e (2.10)

To evaluate B, we use (2.10) in (2.7):



—kB = 27T/ rJo(kr) dr
0

2 Ka 2
- _7T xjo(x) dr = /1_7;— {/ﬁ}@Jl(/‘ia)} ;

k% J
using the third line of (Duffy, 2008, Table 1.4.1),

d n )
- (2" T (2)] = 2" To1(2),

with n = 1. Hence, B = —2rax~2J;(ka) and U is given by (2.4).

Inverting U gives

1 27 o] 2 ) )
u(z,y,z) = / / — T (ka)e e e 0P e

2m)* Jo  Jo K
a <1 —Kz o —ikr cos (8—0)
=—— —Ji(ka)e e dp dk
2 Jo K 0

Consider the inner integral with respect to #. The integrand is 2m-periodic, so we can
set # = 0. As in the evaluation of B, the integral can be evaluated using the complex
conjugate of (2.10), which gives

<1
—% i EJl(/aa)e’m (2w Jo(kr)) dK

<1
= —a/ —Jo(kr)J1(Kka)e " dk.
0 K

u(z,y,z) =

2.2 A Mixed Boundary-Value Problem

Moving on to a more complicated problem, consider solving the three dimensional

Laplace’s equation, V2u = 0, in the half-space z > 0 with mixed boundary conditions

0
8_5 =1 for 2*+4*<d? (2.11)

and

u=0 for 2*+y*®>a’ (2.12)

on z = 0, together with the requirement that u — 0 as z — oo.



We start exactly as in Section 2.1, with two-dimensional Fourier transforms, ar-

riving at (2.4):
U(&,n,z) = F{u} = Be ™. (2.13)

We need to apply the boundary conditions on z = 0 to find B. We start by inverting

w(z,y,2) = / / B(€, y)e e €+ de

We use polar coordinates, just as before, which gives

1 2 00 )
u(r,0,z) = 4_7r2/0 /0 B(k, B)e e rreos0=B) g dy dp. (2.14)

the transform,

Therefore, the ﬁrst boundary condition (2.11), valid for r < a, gives
2m
47T2 / Ii B ) —r( —mrcos(@—ﬁ)lidﬁ dﬁ =1,

since B does not depend on z.

Similarly, the second boundary condition (2.12), valid for r > a, gives
2
/ —H(O)e—imrcos(H—B)ﬁ dk dﬁ — 0.
47r2

So, we have the “dual integral equations”,

2m o0
/ / B(k, B)k2e” " eos0=8) gk df = —4n> onr <a, (2.15)
o Jo
2 00
/ / B(k, B)re " r<s0-8) dp. dg = 0 onr > a. (2.16)
o Jo

These hold for 0 < 0 < 2.
The right-hand sides of these equations do not depend on #, so we should ex-
pand the left-hand sides as Fourier series in § and then retain only the term that is

independent of §. Taking the complex conjugate of (2.8) gives

e—iwcos(@—ﬁ) — Z (—i)”Jn(w)e_m(e_ﬁ). (217)

n=—oo

Substituting into (2.15) and (2.16) gives



)e me/ B (k)k* T (k1) dk = —47* onr < a, (2.18)
0

n=—oo

)'e ’"9/ B,(k kr)dk =0 onr > a, (2.19)
0

n=—oo

for 0 < 6 < 27, where
27
Bul) = [ Blr 3" s
0

As the right-hand sides of (2.18) and (2.19) do not depend on 6, we deduce that

B, = 0 for n # 0. Instead of using By, we simplify notation a little by defining

kB K 2m
Alw) = 5 = H/o B(x, B) dp, (2.20)
and then (2.18) and (2.19) give
/ KA(K)Jo(kr) dr = —1 onr <a, (2.21)
0
/ A(k)Jo(kr)dr =0 onr > a. (2.22)
0

Going back to the formula for u and using (2.20) with B, = 0 for n # 0, (2.14)
simplifies to
u(r, z) :/ A(k)Jo(kr)e " dk, (2.23)
0
which depends only on r and 2, not on 6.

Let us solve (2.21) and (2.22) for A(k). We begin by writing
Alr) = / o(t) sin(xt) dt. (2.24)
0
where ¢ is to be found. Then,
/ A(r)Jo(kr) dr = / g(t) [/ sin(kt)Jo(kr) dr| dt. (2.25)
0 0 0
From (Duffy, 2008, Equation 1.4.13), we have

< 0, t <,
/0 sin(kt)Jo(kr) dr = { (2= 1212, £ > (2.26)

Then, we see that the inner integral in (2.25) vanishes for r > a as 0 < ¢t < a.

Therefore the expression of A(k) as (2.24) ensures that (2.22) is satisfied exactly, for



any choice of g.

Next, we integrate by parts in (2.24), giving

cos(ka) 1

A(k) = /Oag(t) sin(kt) dt = —g(a)———= + — /Oa g'(t) cos(kt) dt, (2.27)

K K

where we assume g(0) = 0 (see Appendix A).

Substituting into (2.21) gives

—g(a) /000 cos(ka)Jo(kr) dr + /Oa g'(t) {/000 cos(kt)Jo(Kr) d/’i} dt = —-1.  (2.28)

From (Duffy, 2008, Equation 1.4.14), we have

o0 (P =)TY2 <,
/0 cos(kt)Jo(kr) dr = { 0. P> (2.29)

Then, we see that the first integral in (2.28) vanishes, and we are left only with the

portion of the second integral corresponding to t < r,
T / t
/ AU
0 /7’2 — {2
which is an Abel-type integral equation.

Now, from (Duffy, 2008, Equation 1.2.13) and (Duffy, 2008, Equation 1.2.14), we

have
2d [ (4 —r 2 d
=" | ———dr| = 2 1],
gt mdt [/0 V2 —r2 r} 7rdt[ ]
Hence, g(t) = —2t/m, where the constant of integration is zero, since ¢g(0) = 0, and

then A(k) is given by (2.27).
Using (2.24) in (2.23) gives

u(r, 2) = /0 h { /0 ’ —%tsin(mt) dt] Jo(kr)e" di

a 1

_2 /0 h {_ cos(a) — sin(/@a)} Jo(kr)e™* die.

T K
From (Abramowitz & Stegun, 1972, Equation 10.1.11), we have
_ sin(ka)  cos(ka)

Jrlra) = (ka)? ka

a spherical Bessel Function of the first kind.



Therefore,

u(r, z) =

-9 2 00
a/ J1(ka)Jo(kr)e™ " dk.

™ 0

Finally, using (Abramowitz & Stegun, 1972, Equation 10.1.1),

, [ 7
J1(ka) = 5en J%(HG),
243
\/ ¢ Jo m‘)Js (ka)e™ "™ dk.

Although this integral can be evaluated, we will not pursue this.

and we have

2.3 A Disk in a Half-Space

Consider solving the three dimensional Laplace’s equation, V2u = 0, in the half-

space z > 0 with boundary condition

ou
5o =0 (2.30)

on z = 0, and with the requirement that v — 0 as z — oco. Additionally, using polar

coordinates,
ou

5 =1 for r<a (2.31)

on z = h. This problem is depicted in Figure 2.1, below.

z

A

Viu=0

Figure 2.1: Disk in a Half-Space
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Based on our results from Section 2.1 and Section 2.2, we take
u(r, z; k) = Jo(kr) { Ae™ + Be "}, (2.32)
which solves V2u = 0 for any ~. Later, we will integrate over x, giving a superposition.
There are now two regions of the half-space to consider; Region 1, corresponding
to z > h, and Region 2, corresponding to 0 < z < h. We use A = A; and B = B; in
Region j.
In Region 1, we require u — 0 as z — oo. This condition implies that
Ay =0 andso wu(r z; k)= BiJy(kr)e ", (2.33)
for z > h, assuming that x > 0.
In Region 2, we need to apply boundary condition (2.30) on z = 0, which gives

Jo(kr){rkAs — KBy} =0,

on z = 0. Therefore,
Ay =By andso wu(r z; k) = CyJo(kr) cosh(kz), (2.34)

for 0 < z < h.

Next, we require % to be continuous across z = h, which gives

—kBJo(kr)e™™ = kCyJo(kr) sinh(kh).

Therefore, we have a relation between B; and Cj,
—Bje ™" = Oy sinh(kh). (2.35)

Now, allowing B; and C5 to depend on k, and applying superposition, we have
uy(r, z) = / B(k)Jo(kr)e™ " dk for z > h, (2.36)
0

us(r, 2) = / C(k)Jo(kr) cosh(kz) dk for 0 < z < h, (2.37)
0

with relation (2.35), where B = B; and C' = Cj.
For r > a, we require u; = us on z = h. This gives

/000 B(k)Jo(kr)e ™™ dr = /000 C(k)Jo(kr) cosh(kh) dk, r > a.

For 0 < r < a, we require % =1 on z = h. This gives
z

11



/ —kB(K)Jo(kr)e ™™ dr =1, 0<7<a.
0

So, we have

/ kB(k)e " Jo(kr)dk = —1 on 0 <7 < a, (2.38)
0

and

/000 [B(k)e ™" — C(k) cosh(kh)] Jo(kr)dk =0 onr > a, (2.39)

with —B(k)e " = C(k) sinh(kh).
As h — 0o, we might expect to get back to the problem in Section 2.2, so we try
to write these two equations as dual integral equations, similar to (2.21) and (2.22).
So, substituting the relation between B and C' into the square brackets in (2.39)

gives

B(k)e ™ — C(k) cosh(kh) = B(k)e ™™ [1 + coth(kh)].

Since 1 + coth(kh) — 2 as kh — oo, we set
2D(k) = B(k)e ™" [1 + coth(kh)] .

Rearranging, this gives
B(k)e™™ = 2D(k)(1 + coth(xh)) ™' = D(k) [L — e *"].

Therefore, (2.38) and (2.39) become
/ kD(k) [1— e "] Jo(kr)dr = —1 on0 < r <a, (2.40)
0

/OO D(k)Jo(kr)drk =0 onr > a. (2.41)

In order to solve these dual integral equations, we first split up the integral in (2.40),
giving

/ kD (k) Jo(kr) dk = / kD(K)e " Jo(kr)dr —1, 0 <7 < a.
0 0

Now, renaming the right hand side, we have

12



/000 kD(k)Jo(kr) dk = f(r) on0<r<a, (2.42)

/OO D(k)Jo(kr)dk =0 onr > a, (2.43)

where

f(r)= /000 kD(K)e™ " Jo(kr)dr —1, 0 <7 < a. (2.44)

We now begin to solve (2.42) and (2.43) for D(k) by writing
D(r) = / g(t) sin(kt) dt, (2.45)
0

where g is to be found. As in Section 2.2, the expression of D(k) as (2.45) ensures
that (2.43) is satisfied exactly, for any choice of g.
After integrating by parts in (2.45), assuming g(0) = 0, and substituting into (2.42),

we get, much like in Section 2.2,

")
/o\/ﬁdt_f( );

another Abel-type integral equation.
Then, from (Duffy, 2008, Equation 1.2.13) and (Duffy, 2008, Equation 1.2.14), we

have

J(t) = %% [ Ot \/%dr] |

Integrating g gives

(1) :% O \/%dr, (2.46)

where the constant of integration must be zero since g(0) = 0.

Next, we define
fi(r) :/ /{D(/@)Jg(/ﬂ“)e_%h dk, (2.47)
0

so that

f(r) = fulr) — 1.

Similarly, we define

13



2 (" rfilr)
g1(t) = =) —m dr, (2.48)

so that
2

o(t) = (1)~ 2 /O s dr=g()— . (2.49)

Substituting (2.47) into (2.48) gives

2 ! r - —2kh
g1(t) = ;/0 \/ﬁ/o kD(k)Jo(kr)e” ™" dk dr
9 t
rJo(r) dr dk.

= kD(r)e 2 | L
7T/0 ( ) 0 \/m

Since we have already assumed x > 0, we can use (Duffy, 2008, Equation 1.4.9),
b ordo(kr) g — sin(kt)

r= )
0 m R
to simplify ¢g;. So, we have
2 [o.¢]
gi(t) = —/ D(k)sin(kt)e™ " d. (2.50)
T Jo

Now, using (2.45), g1 becomes

o) =2 /0 h [ /0 " g(s) sin(xs) ds} sin(rt)e=2" di
S /O ’ g(s) /0 h sin(ks) sin(kt)e 2" dk ds
S /Oa g(s) /OOO B cos(k(s —t)) — %cos(n(s + t))} e 2 dk ds.

™

Evaluating the Laplace transform gives

2 [ L )
= %/0 o [4h2 F(s—t)2 42+ (s+ t)z} ds
’ 8hst .
/0 9 o+ s+ ) 1 (52— )

(2.51)

Now, substituting into (2.49), we have

@ 8hst
g<t) - /0 9(5)71_(16h4 —|—8h2(82 + t2) + (82 _ t2)2)

2
ds——=t, 0<t<a, (2.52)
m

which is a Fredholm integral equation of the second kind for g.

14



To simplify this integral equation, we notice that the right hand side of (2.52) is
an odd function of ¢t. Therefore, we can extend g(t) as an odd function to the interval
—a < t < a. Also, putting ¢t = 0 into (2.52) gives ¢g(0) = 0, which is consistent with
this extension.

Next, from (2.51), we have

at) = 2 {G-(1) - G0},

where

[t g(s)
G = /O Tt (s W

Now, using the substitution s — —s in G, gives

o g(—s) 0 9(s)
G+:_/O 4h2+(t—s)2dsz_/_a4h2+(t—s)2ds’

since g(s) is an odd function. Therefore,

oo =2 [t [t}

and we obtain

2h [ g(s) 2
=" I ge %t a<t<a
9(t) 7T/a4h2+(t—8)2 L

To make this equation more amenable to solving numerically, we apply a change
of variables,

t=ax, s=ay, 2h=ad.

Therefore, we have

_d [t ) 2

where we define a¢(z) = g(ax) = g(t), so that our new integral equation does not
depend on the constant a.

This Fredholm integral equation of the second kind is known as Lowve’s integral
equation. There has been a great deal of work done on this equation, but the exact
solution is not known. It has a continuous kernel, which indicates that it can be

solved numerically using a standard Nystrom method.

15



The Nystrom method begins with a standard discretization of an integral equation

using a quadrature rule,

b n
/ f(z)dr ~ Z w; f (), (2.54)

where each w; is the weight applied to the function evaluated at the quadrature point
x;. Applying this quadrature rule to the Fredholm integral equation of the second
kind,

[z / K(z,y)uly) dy,
gives
n
fla) ~u(@) =Y wiK (2, yi)uly:).
i=1
To numerically solve an equation of this type, we set up a linear system of n equations,

with 7 fixed for each equation, 7 = 1,...,n. So, each equation is of the form
f(z;) = u(zy) Zwl (xj,y)u(y;)) j=1,....n
Applying this method to (2 53) gives
_E%N% Z o mE j=1,...,n,

where w; are the weights for the particular rule being applied, and z; = y; are the

quadrature points. Also, we write ¢; = ¢(z;), and for the terms in the summation,
we write ¢; = ¢(y;) with z; fixed. We can apply each quadrature rule as we would

when integrating a function of only y, with respect to y. Thus, setting

—d
Kji = K(zj,y:) = mld® + (z; — vi)?)

we have the system

I+wi Ky w0 wa Ky, $1 —22
w1 Koy L+waKy -+ w,Koy, P2 —%M
lenl wQKn2 e 1+ wnKnn gbn _%xn

We need to choose a specific quadrature rule to determine the weights and quadra-
ture points. Since we are interested in the value of the unknown function at the end-

points, we use the repeated trapezium rule. The quadrature points are distributed

16



evenly along the interval [a, b], so that we have N equally spaced subintervals. Using

the notation from (2.54), we let n = N + 1, and the weights for this rule are given by

b— b—
w1:<2Na):wn and wiz(Na) fori=2,...,N.
Therefore, the weights for our numerical approach to Love’s equation are given by
1 2
wlzﬁzwn and wi:N fori=2,...,N.

We now use MatLab to solve for the vector (¢y,...,¢,). Depicted in Figure 2.2,
we have plots of the solution ¢(x), as ¢; vs. xz;, i = 1,...,n, for various values of

d. We see that as d becomes small, the oscillations in ¢(x) increase considerably in

amplitude.
Numerical results for ¢(z) with varying values of d.
201
¢(x) for d =10.1
(b(x) for d = 0.05
15 ¢(x) for d = 0.02
—— ¢(z) for d =0.01
10
5
5 o0
<
-5
-10
-15
_20 1 1 1 1 1 1 1 1 1 J
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
x

Figure 2.2: Numerical solution to Love’s equation

Of particular interest is ¢(1), as this relates to the stress intensity factor for the
crack problems to come. We now use MatLab in a similar fashion, but examine ¢(1)
for varying d, with special interest in small values of d. Depicted in Figure 2.3, we
have a plot of ¢(1) as a function of d. Again, when d is small, slight changes in d

create large variances in ¢.
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Numerical results for ¢(1) as a function of d.

d X 10

Figure 2.3: ¢(1) for varying d

For the repeated trapezium rule used here, the error can be written as

Bath) = [ gwyae - O IO LS iy

As shown in Atkinson (1989), there exists some number « between a and b such that

Bn(f) = -0 pr(a)

Thus, for constant or linear f(z), this error is zero, and the repeated trapezium
rule is exact. Additionally, this rule often converges very quickly when integrating
a periodic function over one full period, since numerous cancellations tend to occur.

Asymptotically, the error for N — oo is given by

En(f) = —% F0) = @] +O(N7) =0 (N77).

With our specific function, the value of d impacts convergence. For large values
of d, convergence occurs quickly, and N may be small. If d is small, then N must be
large in order for the solution to converge. For each of the above plots, the value of

N was taken to be large enough to ensure convergence for the chosen value of d.
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CHAPTER 3
CRACK PROBLEMS

In this chapter, we consider the physical properties of stress and strain, and we

begin our crack problem analysis.

3.1 Axisymmetric elasticity

The basic unknown in the theory of linear elasticity is the displacement vector,

u(r,0,z) = (u,, ug,u,). The strains, from (Graff, 1991, p. 600), are listed below:

ou, 1 /0u, Ou,
= o 6T225(8T+6z>’

ou, 1 /10u, Oug Ouy
== Br 6”’25(?@9+ar_ar>’

_1 %+ —1 %_}_lau'z
609_7" 00 Ur o G277 0z r o0 )

In order to obtain axisymmetric solutions, we require that uy = 0 and that all 6

derivatives are also 0, giving

U
eop = ?T and e = eg, = 0.

Next, the stresses are given by

Tij = A0ijerk + 2/0€55,

where X\ and o are the Lamé moduli, d;; is the Kronecker delta, and
1 0(ru,.) N ou,

pr— A pu— .
Ckk r Or 0z

Therefore, we have

ou, ou, Ou,
TTT:)\A+2M6T7 Tm:u(@r + 82)’

Toz = A + 2uaauza

Tro = 07
z

U
ngz/\A—l—Z/,L—r, 7'92:0.
r
In the absence of body forces, the axisymmetric equilibrium equations are
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aTrr aTrz Trr — To0
+ =24

=0 3.1
or 0z r ’ (3.1)
10(r7..)  OTs,
- =0. 3.2
r Or * 0z (3.2)
We look for solutions of the form
u,(r, z) = Jo(kr)Zo(2), wup(r,z) = Ji(kr)Zi(2), (3.3)

where J, is a Bessel function, Z; and Z; are to be found, and k is a constant. We

have the following facts regarding Bessel functions:

dir(Jo(,W)) = —rJi(kr), dir(rJl(ffT)) = rrJo(kr),
Tdir (rdirJo(m")) = —(xr)2Jo(kr), Tdir (T%Jl(mr)) = [1 — (kr)?]Jy (k7).

Next, we have

A = (kZy + Z)Jo(kr),

and so, we have:

d
Tor = MKZ1 + Z3) Jo(k1) + 2,UZ1$(J1(FLT)), Too = {Z1 + (N +2p) Zy o (K1),

2
o0 = NKZy + Z) Jo(kr) + 7“21J1<57«), Tow = (2] — KZo)Jy (k7).

Now, the terms in the first equilibrium equation, (3.1), become:

Ot 9 , 0 (0Ji(kr)
ar = {—>\Ii Zl — )\KJZO}Jl(IiT) + 2,LLZ15 <T s
0T, " /
02 {nzy — przy} Ji(kr),
Trr — Too 2M aJl(I{T) . 2_”
r Cor % or r2 Z1Si(sr).

Plugging these terms into (3.1) yields

2
{uZ! — M\e*Zy — (A + W)k ZytJi(kr) — T—ngJl(/ir)

0 (0Ji(kr) 2u ,, OJi(kr)
+ 2#215 ( or ) + 721 or =0.
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Considering the last two terms, we find that

0 (0Ji(kr) 1OJi(kr) | 2u 0 ( 0Ji(kr)
Q'MZI{§< or >+; or _ﬁzl "ar ' or

2
= r—gLZlJl(m") —2uk?Zy Jy (k).

Additionally, the terms in the second equilibrium equation, (3.2), become:

10(r;)
r or

0T,

= {urZy — uK*Zo} Jo(kr), 5,

= {AcZ] + (A +2p) Zy } Jo (k).

Therefore, the equilibrium equations, (3.1) and (3.2), become

(07— N+ 200270 — (A+ )nZo} I (sr) = 0,
{A+ w)wZy + (A + 2u) Z5 — pw?Zo} Jo(kr) = 0,

respectively. Both expressions within the braces must vanish in order to satisfy these

equations. Eliminating the Z; terms from the first expression gives
20 —25°Z) + k' Zy = 0,

with the general solution
Zo(z) = Ae™ + Be " + Cze™ + Dze ™, (3.4)

where A, B, C, and D are all arbitrary constants. Then, we have

KRz e—nz
— D3 —4v — 3.5
— - DB-w-m) ", (35)

e

Zy(z) = —Ae™ + Be ™ — C(3 — 4v + k2)

where v = 1)\/(X 4 ) is Poisson’s ratio. Now, the stresses are given by

Tre = —2pJ1 (k1) {K(A€™ + Be™) + C2(1 — v) + kz]e™ — D[2(1 — v) — Kkzle ™},
(3.6)

T.. = 2po(kr) {K(Ae™ — Be ™) + C[1 — 2v + k2]e™ + D[1 — 2v — Kzle "™} .
(3.7)

All of the above expressions are valid for any x > 0. Therefore, we can apply
superposition, by integrating with respect to s, which yields expressions in the form

of Hankel transforms.
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3.2 A Pressurized Penny-Shaped Crack

Next, we consider a pressurized penny-shaped crack in an infinite solid, a classical
problem. To begin, we put the crack on the plane z = 0, with the center at the
origin and with radius a. Through symmetry, we only need to consider z > 0, with
Tr. = 0 on z =0 for r > 0. To ensure that u — 0 as z — oo, we retain only terms

#% assuming k > 0, so that A = C = 0. Therefore, we have

Trr = —2pJ1(kr)e”"*{xB — D[2(1 — v) — kz|}.

proportional to e~

For this to vanish on z = 0, we take kB = 2D(1 — v).

Using this in (3.7), we have

B
Tow = — {ui VJO(HT)
on z =0. Also on z = 0, we have
u, = BJy(kr).

As with equation (2.36), we allow B to depend on k and apply superposition, by

integrating over s, giving

u,(r,0) = /000 B(k)Jo(kr)dk and 7,.(r,0) = — a /000 KB(k)Jo(kr) dk.

1—v

As in Section 2.1 and Section 2.3, we have the boundary condition

u,(r,0) =0 forr > a.

Additionally, we have the boundary condition

T..(r,0) = ——'llﬁﬁry) for r < a,

where p is a given dimensionless pressure. These conditions yield a pair of dual

integral equations;

/000 kB(k)Jo(kr)dr = p(r), r<a, (3.8)

/OO B(k)Jo(kr)dk =0, r> a. (3.9)

These are the same equations as (2.42) and (2.43).
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From (2.45) and (2.46), the solution of these equations is

2 [ " orp(r)
B(k) = — sin(kt ———~—drdt.
) = = [ sty [ R
Now, if p(r) = po, a constant, then, as in Section 2.2, we obtain
2a? 1 1 ] 2a?

B(k) = — o [(—2 sin(ka) — — cos(ka) | = 7p0j1(lia),

Ka) Ka

where j, is a spherical Bessel function of the first kind.
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CHAPTER 4
A BURIED PENNY-SHAPED CRACK

In this chapter, we consider a pressurized penny-shaped crack in an elastic half-
space. The plane of the crack is parallel to the boundary of the half-space, and we
choose coordinates so that the crack is on the plane z = 0, with radius a. The
half-space boundary is z = —h, with A > 0.

As in Section 2.3, there are two regions of the half-space; Region 1, corresponding
to z > 0, and Region 2, corresponding to —h < z < 0. We use subscripts on A, B,
C, and D, as well as on u, to denote the region.

In Region 1, we require u — 0 as z — 00, so, from equations (3.3), (3.4), and (3.5),

KRz

we retain only terms proportional to e™* assuming x > 0, so that A, = C; = 0.

Thus, for z > 0, we have
ur(r,z) = Jo(kr)e ™ {By + D1z}, i, (r,z) = Ji(kr)e ™ {B; — D1(3 — 4v — kz)/K}.
In Region 2, we must keep all terms from the previous equations. The surface

z = —h is traction free, so (3.6) and (3.7) give

k(Age ™™ 4+ Boe™) + C42(1 — v) — khle ™™ — Dy[2(1 — v) + khle"™ =0, (4.1
K(Age ™" — Bye™) + Co[l — 2v — khle ™™ + Dy[1 — 2v + khle™ = 0.

Now, continuity of tractions across z = 0 gives

I{(Bl - A2 — Bg) = 2(02 -+ D1 - DQ)(]_ — l/)7 (43)
—Ii(Bl + A2 — Bg) == (Cg — D1 + DQ)(l - 2V)

Let [u,(r)] and [u,(r)] be the discontinuities in u, and wu,, respectively, across
z =0,
[u ()] = u1,(r,0) — ug,(r,0),  [u.(r)] = uye(r,0) — ug.(r,0).

For these displacement discontinuities, we obtain
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[u,(r)] = Ado(kr) and |u,(r)] = BJy(kr),

where
A == Bl - Ag - BQ, (45)
34 2(1—
B=DB+Ay— By+=—2(Cy— Dy + Do) = — 1(_2Z>(B1+A2—B2), (4.6)

using (4.4).
We now have six unknowns (As, By, Bs, Co, Dy, and D,) with four relations
between them, so we can express each unknown in terms of A and B. From (4.5)

and (4.6), we obtain

A 1-2w A 1-2v
==y mqa—pyf wd BoB=g )b
and from (4.3) and (4.4), we obtain
k(A +B) k(A - B)
Cg—m and D1 _D2— 4(1_1/)

Now, adding (4.1) and (4.2) gives

Doe?h = 21 Ay + C5(3 — 4v — 2Kkh)
_ K[B—A—2kh(A+ B)]

41 —v) ’
so that
K[(A — B)(1 — e ") — 2kh(A + B)e "]
D, = .
41 —v)
Finally, from (4.1), we obtain
Boe*h = — Ay — %[2(1 —v)—kh|+ %[2(1 — V) + kh]e*h
~ (1=2v)B—-2(1 —v)A—2kh[A+ (A+ B)(1 —2v + kh)]
B 41 —v) ’

so that

pu—upm—u—zmma—e4my—%MA+LA+BNp4w+KMk4m.

B = 41— )

We are interested in 7,, and 7., on z = 0. For 7,,, we have
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Tre = — 2uJ1(kr) {kBy — D1[2(1 —v) — kz|}e ™, 2z > 0,
Trz = — 2:“’*]1(’%7,) {K‘AQ + 02[2(1 - V) + FL’Z]} e
—2uJy(kr){kBy — D3[2(1 —v) — kz]}e ™, —h <z<0.

Since the stresses must be continuous across z = 0 for r > a, we see that 7,, is
continuous across z = (0 for all r. Therefore, for the tractions on z = 0, we can take

the average of these two 7,, equations, giving

T,
Tro(1,0) = — pk

mj1<li7”) (47)

where

2(1 —
TT:2(1—1/){Bl+A2+Bg+¥(—D1+CQ—D2)}

= B(1 — e ") — 25h[A+ (A + B)(—1+ rh)]e” 2" (4.8)

Now, for 7., we have

Ton = — 2udo(kr) {kBy — Di[1 — 2v — kz]}e™™, 2z > 0,
Tez = — 2,LL=]0<KT> {_KAQ - 02[1 —2v+ K’Z]} e
—2udo(kr){kBy — Dyl —2v — kz|} e ™, —h <z <.

Again, continuity of the stresses across z = 0 for r > a indicates that 7., is continuous
across z = 0 for all . As before, we can take the average of these two 7., equations

for the tractions on z = 0, giving

T,
Tzz(ra 0) = - P

—2(1 — Jo(kr) (4.9)

where

1—-2v

Tz:2(1—V){Bl—A2+BQ+ (—Dl—CQ—DQ)}

= A(1 — e ") — 2kh[ A+ (A + B)rhle 2. (4.10)

Notice that, as h — oo, T, = A and T, — B.
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4.1 Integral Equations for A and B

As in Section 3.2, suppose that we have the boundary conditions

T.2(1,0) = _kplr) and 7..(r,0) = _ ()

1—v 1—v

for r < a, (4.11)

where p and g are given dimensionless pressures.
As in previous sections, we allow A and B to depend on k. We rewrite the
functions 7, and T, given by (4.8) and (4.10), as
T.(k) = A(k) — S.(k)e " and T.(k) = B — S,(k)e” ",

where

S.(k) = [14 2kh + 2(kh)?* A(k) + 2(kh)*B(k),
S, (k) = [1 — 2xh + 2(kh)?*|B(k) + 2(kh)>A(k).

Now, consider a buried crack with p(r) = po, a constant, and ¢ = 0. To find
more general expressions, we integrate over k, as in previous sections. Using the first

of (4.11) and (4.9), together with [u.(r)] = 0 for r > a gives

/ KT, (K)Jo(kr) dk = 2po, r<a, (4.12)
0

/OO A(k)Jo(kr) dk = 0, r> a. (4.13)

We rewrite (4.12) as
/ kA(K)Jo(kr) dk = 2py + go(1), T < a, (4.14)
0

where
go(r):/ kS, (k) Jo(kr)e " dk.
0

Treating the right-hand side of (4.14) as known, and using (3.10), we can ‘solve’ (4.14)

and (4.13) for A, giving

A(k) = 2 /Oa sin(kt) /Ot T(ZLQO(;)) dr dt.

2 —r
We can now write this as

A(k) = A (k) + Co(k), (4.15)
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where

4 a t
As(k) = — in(xt —d dt
(k) 7T/0 sin(k )/0 3 r

4a® |
= 7])031(/{@) (4.16)

is the solution when h = oo, and Cy, which depends on A and B, is given by

Co(k) = g/Oasm(/-mf) /Ot go(r)  dr dt

T V2
2 _omh / 777"Jo(777“)
= — n)e " sin(kt) drdtd
- / i ( T2 1
2
= —/ _Z"h/ sin(kt) sin nt) dt dn. (4.17)
T

Evidently, (4.15) gives an integral equation relating .4 and B. We now look for a
second such equation.

Using the second of (4.11) and (4.7), together with [u,(r)] = 0 for r > a gives
/ KT (k) Ji(kr)dk = 0, r<a, (4.18)
0
/ B(k)Ji(kr)dk =0, r > a. (4.19)
0

We rewrite (4.18) as
/ kB(k)Ji(kr)dk = g1(r), 7 < a, (4.20)
0

where
g1(r) :/ kS, (k) Jy (kr)e " dk.
0
From (Sneddon, 1951, p. 65-70), the solution of the dual integral equations
| vF@ e dy = Go) v,
0

/ F(y)Ju(xy) dy = 0, x> 1,
0

[/n Jn+1/zny)/ %g

28
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In these formulas, we put = = r/a, y = ka, n = t/a, ( = r/t, F(k) = aF(ka), and

G(r) = a='G(r/a). The dual integral equations become
/ KF(R)J,(kr) dk = G(1), r<a,
0

/ F(r)J,(kr)dk = 0, r> a,
0

with their solution given by
2k [ Lrrtl@
F(r) = 22 / peng ety [ G0
s

0 VE— 12

0
where ji,(z) = (7/[22])"/? J,41/2(2) is a spherical Bessel function.

dr dt,

Treating the right-hand side of (4.20) as known, and using Sneddon’s solution, we
can ‘solve’ (4.20) and (4.19) for B, giving

B(/{)—Q:/O Ji(kt) i %drdt.

We now have our second integral equation relating A and B. It is

B(k) = Ci(k), (4.21)

where C;, which depends on A and B, is given by

2k , b r2gi(r)
Ci(k) = — - /0 J1(kt) ; —mdrdt
25

el I / 71 ()
™ 0

0

L2 Jy(nr)
0o Viz—1r2

Using the following forumla, from (Gradshteyn & Ryzhik, 1980, Equation 6.567),
. r"*lJn(m‘)

0 m dr—a ] (77a)

dr dt dn.

we now have

) = 2 [ " nsite ™ [ ety ey (4.22)

s
4.2 Simplified Integral Equations

In an effort to obtain simpler equations, we introduce new unknown functions

and ;. Motivated by our expressions for A, and B(k), we put
4
A(k) = ﬂ/@/ to(t)jo(kt) dt = / Wo(t) sin(kt) d
™

0
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and

B@g:%?@/%wﬂwﬁmwﬁ

0

Then, using (4.16) and (4.17), (4.15) becomes

1 (0.9} a
/ Vo(t) sin(kt) dt = a*j,(ka) + —/ Sz(n)e_znh/ sin(kt) sin(nt) dt dn
0

2po

a

a 1 oo
= / tsin(kt)dt + | —— sin(kt) / S.(n) sin(nt)e 2™ dn dt.
0 0

0 2Po
Therefore,
1 e e}

: —2kh
Yo(t) =t + 2_]30 S. (k) sin(kt)e dk.

Now, substituting for A and B in S,, we obtain
¢0(t) =t+ / {Koo(t, S; h)¢0($) + Kol(t, S, h)¢1($)} dS, 0<t<a,
0

where
2 o
Koo(t, s;h) = = / [1 + 2kh 4 2(kh)?] sin(kt) sin(ks)e 2" dk,
T Jo

4 2 oo
Ko (t,s;h) = ih2/ K> sin(kt)j1(ks)e 2" dk.
0

™

Similarly, using (4.22), (4.21) gives

a 9 d
[ e it = 5

a

0, (n)e2" / 2 (st () it dy
0

1 , o0 . _
= | —t*j(kt) / S, (n)j1 (nt)e ™ dn dt.
0

o 2Po

Therefore

Hr () = i;/wﬂ&wwgmﬁﬂﬁdm

Now, substituting for A and B in S, we obtain
thl(t) = / {Klo(t, S; h>¢0(8) + K11<t78; h)¢1($)}d8, O<t< a,
0

where
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_ﬁhQ

Kio(t,s;h) = / k3 sin(ks)j1(kt)e " drk = Koy (s,t; h),
0

™

2 o0
Ki1(t,s;h) = —(ts)2/ K2[1 — 2kh + 2(kh)?]j1 (kt) 51 (ks)e > d.
0

™

We now define

Li;(T,S) = mhK;;(2hT, 2hS; ), i,j =0, 1,

so that, letting z = 2kh, we have

Loo(T, S) = / 00(1 + x + 2?/2) sin(2T) sin(xS)e ™" dw, (4.25)
Lo (T, S) = hS? /OO 2?sin(xT)j1(2S)e ™ dx = Lio(S, T) (4.26)
L1 (T, S) = 4h*(TS)? / h 2*(1 — +2%/2)j1(2T)j1(xS)e " da. (4.27)

Considering Loy (7, S), defined by (4.25), we can write,
Loo(T, S) = Moo(T — S) — Moo(T + S), (4.28)

where

1 o0
My (R) = 3 / (1+ 2+ 2%/2) cos(xR)e™* dx.
0

Then, we have the Laplace integrals

1 [ —p p
5/0 COS(SCR)@ P de = m,
1 [e.e] - p2 _ R2
5/0 ZECOS(J]R)G Prdy = m,
ZA T COS(QZ‘R)@ P dx = W’
which, with p = 1, gives us
Moo(R) = 3_—R2 (4.29)

Now, considering Lo (T, S), defined by (4.26), and using (d/dS)jo(xS) = —xj1(xS)

and jo(z) = 2! sin(z), we have
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oS

= —h52% {Sl/ zsin(xT) sin(zS)e™* dx}
0

hS* o
= - (ST - 9) - LT + 9]},

L (T,S) = h52£/ z?sin(xT)jo(xS)e ™ dv
0

where
1 - R?

Li(R) = /Oooxcos(mR)e_x dx = ar e

Then, we have

h hS h hS
Ly (T, S) = §L1(T - S)+ 7L’I(T - S) — ELI(T +9)+ 7L’l(T +9),

where

, 2R(R2 —3)

L = ——

(B =1 Ry

We can now write
Loy (T,S) = My (T,S) — My (T, —S5), (4.30)

where

h hS

Rl — W4 — 25W (3 — W?)]

- 2(1 + W2)3 ’ (4:31)
with W =T - 5.
Since Loy (T, S) = L1o(S,T'), we can write
Lyo(T, S) = Myo(T, S) — Mo(T, —5), (4.32)
where
Myo(T, 5) = h[l — W* +2TW (3 — W?)] (433)

2(1+ W?2)3 ’
with W =T - 5.
Finally, considering Lq; (7, .S), defined by (4.27), using (d/dR)jo(xR) = —xji(zR)

and jo(x) = 2~ !sin(x), and writing ®(z) = (1 — x + 2%/2)e™, we have
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Li1(T, S) = 4h*(TS)? (,ﬂ? 55 /0 b (1) jo(xT)jo(xS) dx

— 4RX(TS)? a?; . {(TS)—l /0 " o(2)a 2 sin(aT) sin(x5) dx}

2

aTdS

= 203(T'S)’ e {(T'S) ' [Lo(T — S) — Lo(T + 9)]},

where

Ly(R) = /00 ®(x)z"*{cos(xR) — 1} dw

/ / !sin(wt) dz dt

_/0 /0 (z7!' =1+ 2/2)sin(xt)e ™ da dt.

Then, we have the Laplace integrals

/ o sin(zt)e " dr = tan~'(t),
0

& t
— sin(zt)e P dr = ————
| sintet) o]
1 [ pt
- zsin(zt)e P dr = ————
2 /0 (=) (p? +12)%

which, with p = 1, gives us

Lo(R) = —/OR {ml(t) - 1jt2 t ftg)Q} dt

R?
_ 2y -1 _
=log(1+ R*) — Rtan""(R) 20 7y
Now, we can write
Ly (T,S) = M (T,S) — M (T,-S), (4.34)

where
My(T, S) = 2h*Ly(T — S) — 2h*(T — S)LL(T — S) — 2R*TSLY(T — 9)

The derivatives of Ly are given by
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R? _ " —2R*+ R* -1
s —tan"'(R) and L3(R) = EE

Ly(R) = 0ty

so that

R*W?(1 4 3W?) N 2R*TS(2WE — W2 +1)
(1+W2)? (14 W2)3

My (T, S) = 2h*log(1 + W?) — (4.35)

with W =T —S.

Back to our 1 functions, we examine integral equation (4.23). We find that the
right-hand side is an odd function of ¢, and that 1)9(0) = 0. This allows us to extend
¥o(t) as a continuous, odd function of ¢, defined for —a < ¢ < a. Similarly, examin-
ing (4.24) indicates that we can extend 1(t) as an even function of ¢t. Exchanging

our K; kernels in favor of L;;, we now have

Yo(t) =1+ W—lh ; {Loo (%, %) Yo(s) + Loy (%, %) wl(s)} ds,
1 “ t t
2 (t) = %/0 {Llo (ﬁ’ %) Yo(s) + L (ﬁ’ %) 1/11(3)} ds,

for —a < t < a. Now, using (4.28), (4.30), (4.32), and (4.34), we obtain

womts e (5) (52w

bo(t) =t + W—lh _(; {Moo (t;hS) do(s) + Mo (2h7 %) ¢1(5>} ds,
s

) 1 t s t
t ¢1(t) N % /a {Mlo <ﬁ’ ﬁ) ¢0<S) + Mll (ﬁ7 ﬁ) 77Z)1(8>} dS,

for —a < t < a. Explicitly, using (4.29), (4.31), (4.33), and (4.35), we have

34



i (15°) =R
M, (% %) _ 20°{16hT — (t — ;);;22(15_ - )i)]£12h2 —(t— 3)2]}’
.5 - A
i (o) =t (M) a3 !

4tsh?((t — s)* — 2h%(t — s)% + 8h]
[4h2 + (t — )2

Let us now introduce some dimensionless quantities: ¢t = ax, s = ay, ¥o(ax) =

afo(x), ¥1(ax) = fi(x), and € = 2h/a. The integral equations become

folz) =z + / oo, 1:2) foly) + o, :2) F ()} o, (4.36)
1@ = [ ol o)+ ne Yy, (43D
for —1 < 2 < 1, where
R
b ) = Um0 e - =P,
e

B CR ATt AW CEY L GR e
kui(z,y;e) = 7T1 g ( 22 ) 2r[e? + (v — y)?J?

ryel2(x —y)* = *(x —y)® + '
wle? + (z —y)?]? '

Equations (4.36) and (4.37) are now our basic integral equations. As in Section 2.3,
we are interested in solving these equations numerically. We begin by appling the
same Nystrom method that we used in Section 2.3 to each of our integral equations,

giving
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zj = fo; — Zwi{koo,jifo,i +kovifiit J=1...,n,
i=1

n
~ x?fl,j - Zwi{klo,jifo,i +hkugifiiy j=1,...,n,
i=1

where w; are the weights, and z; = y; are the quadrature points. We write f,; =
fu(z;), and for the terms in the summation, we write f,; = f,(¥:), kuv ji = kuo (25, Yis €),
with z; fixed.

Now we can set up a linear system, where the unknown vector is composed of

values from both fy and f;. Therefore, we have

11— wlkOO,ll —w1k01,11 —wnkoo,ln _wnkol,ln fo,l X
2
—w1]€10,11 xry — w1k11,11 —wnk’m,m _wnkll,ln f1,1 0
_wlkOO,nl _wlkOI,nl 1-— wnkOO,nn _wnkOI,nn fO,n Tn
2
—w1k10m1 —wik11m1 —Wpk10mn  Th — Wpkiipn | | fin 0

where n = N + 1, with weights given by

1
W), = — = Wy

N

2
and w; = —

fori =2, N.

To simplifiy the linear system, we define F; = f; for odd values of [, and we define

F, = f1; for even values of [. So, we have

|

fO,ia
fl,i7

l=2i—1,
[ = 2i.

Similarly, we define GG, = z; for odd values of m, and we define G,, = 0 for even

values of m. So, we also have

|

_kOO,jia

Now, we define

—kot,ji,
—k10,5i,
—k11 i,

and

x;, m=2j5—1,

m = 27.

m=2j—1,1=2—1,
m=2j—1,1=2,
m=2j,1=2i—1,

m = 2j,1 = 2i,
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I 1, m=25-1,
" xi, m=2j.

Therefore, rewriting our system using m and [, we have

[ +w Ky - w Ky w, Ky, | [F1] [ G ]
Wl K e wko ||| = |Gl
P R S A e
where v = 2(N + 1), with weights given by
wlzwgz%:wylzwy and wl:% forl=3,...,2N.

We return to using MatLab to solve for the vector (Fi,..., F,), and subsequently
for the vectors (fo1,..., fom) and (fi1,..., fin). Depicted in Figure 4.1, we have
plots of the solutions fy(z) and fi(z), as fo,, fii vs. x;, @ = 1,...,n, for multiple

values of «.

Numerical results for fy(z), fi(x) with varying values of €.
0.8

fo(z) fore =0.1
fi(z) fore =0.1 ‘
06M — — — fy(x) for e = 0.01 ;
- — = fi(z) for e = 0.01 /-
0.4t -
02t -

fo(z), fi(x)
?(

-0.2 ~

-04F -

-0.6

Il Il Il Il J

0.2 0.4 0.6 0.8 1

-0.8 L L L L
-1 -08 -06 -04 -0.2

1
0
x

Figure 4.1: Numerical solution to dual integral equations

Of particular interest are the values fy(1) and fi(1). These determine the stress

intensity factors. We now use MatLab in a similar fashion, but examine fy(1) and
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f1(1) for varying e, with special interest in small values of €. Depicted in Figure 4.2,

we have a plot of fy(1) and f1(1) as functions of .

Numerical results for fy(1) and fi(1) as functions of e.

0.8
0.7 ~//////
0.6
0.5
a 0.4
= fo(1)
—~ 1 1
S A1)
2
0.2
0.1f
oF
-0.1 T s B E t t t e — ——
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

e

Figure 4.2: fy(1) and f;(1) for varying ¢

For the range of € covered in the plot for fy(1) and fi(1), the plot depicts a
noticeable variance in fy(1) and a slight variance in f;(1). To get a better idea of
how these values are varying, we examine a few specific values, depicted in Table 4.1.

Table 4.1: Values of fy(1) and f;(1) for various e

£ fo(1) fi(1)
1.000 | 0.776200 | -0.085027
0.100 | 0.707674 | -0.080895
0.010 | 0.701542 | -0.079042
0.005 | 0.701197 | -0.078983

Based on these values, as ¢ decreases, fy(1) also decreases, tending toward 0, while
f1(1) increases, also tending toward 0. Since fy(1) and f;(1) give the stress intensity
factors, this implies that the stress intensity factors are dependent upon the distance
between the crack and the half-space. Therefore, the fracture conditions at the edge

of the crack are dependent upon the depth of the buried penny-shaped crack.
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CHAPTER 5
CONCLUSION, RESULTS, AND EXTENSIONS

While our analysis has indicated that there is some depth dependence in the
stress intensity factors, the exact nature of this dependence, for exceptionally small
g, is still unclear. The values of fy(1) and f;(1) appear to converge for small values
of €, but closer examination of smaller values could indicate a more complicated
dependence. The numerical method used for this analysis requires an increasingly
large number of quadrature points as € becomes small, which requires increasing
amounts of computational resources. Restrictions on computational resources led to
the limitations in our current analysis, and indicate possible extensions.

There are numerous alternative numerical methods that could be applied to reduce
resource consumption, allowing for the examination of the stress intensity factors at
smaller € values. Such alternatives could be applied by choosing a different quadrature
rule, and thus choosing different weights within the linear system. The repeated
trapezium rule was chosen for the sake of simplicity, offering a good first approach
to the numerical methods. There are other methods that have proven to be more
accurate, with fewer quadrature points, when applied to Love’s Integral equation.
Such methods could lead to a better choice for finding the stress intensity factors in
the buried penny-shaped crack problem that we have examined here.

Additionally, there could be alterations made to the linear system to make it more
amenable to numerical solution. Reworking the system of equations, or simplifying
the matrix, could allow for more efficient computations. Alternatively, using a factor-
ization method could also improve the efficiency of the numerical method. Creating
a more efficient algorithm, or applying the current numerical method with more re-
sources, would allow for smaller values of € to be used. Therefore, these possible

extensions would allow for further confirmation of the depth dependence of the stress
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intensity factors.

A final avenue for extension involves determining the exact stress intensity factors
from the values found. The values of fy(1) and f1(1) are simply related to the stress
intensity factors, and can be used to determine them exactly. The specifcs of this
relation have not been explored here, and could be outlined further given a deeper

understanding of the depth dependence in this crack problem.
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APPENDIX

In Section 2.2, if we choose not to assume g(0) = 0, then (2.27) becomes

A(k) = /Oag(t) sin(kt) dt = @ — g(a)M + 1 /Oa g'(t) cos(kt) dt. (A1)

K K
Substituting into (2.21) gives
/ {9(0) — g(a) cos(ka) —l—/ g (t) cos(kt) dt} Jo(kr)dk = —1.
0 0
Now, using (Abramowitz & Stegun, 1972, Equation 11.4.17),

/ Jo(t) dt = 7‘/ Jo(kr)dk =1,
0 0

we have
9(0) / g'(t)
— + —————dt = —1. A2
C A (A.2)
Now, consider
d [ t
I=— t)——dt.
i ], 9t) =

To evaluate I, we first integrate by parts, letting u = g(¢) and dv = t(r? — t*)~Y/2 dt.

This gives
[ dii {Tg(()) + /0 g'(t)\/mczt} |

Now, we can differentiate, giving
AL
I =g(0)+ / ———dt,
9(0) Y T
which is exactly r multiplied by the left-hand side of (A.2). Therefore, I = —r.
Integrating I gives
"og(t)t L,
————dt=—=r"+ A,
[ ==
where A = 0, since the left-hand side is 0 when r = 0.

Therefore, we have an Abel-type integral equation for tg(t). Using (Duffy, 2008,

Equation 1.2.13) and (Duffy, 2008, Equation 1.2.14) gives
1d

Hot) = — /t r? J _1d 2253
N = "Lt 0o V2 —r2 -7 3|
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Hence, ¢g(t) = —2t/m, and so ¢(0) does equal 0, and the solution is the same as in

Section 2.2.
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