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ABSTRACT

The numerical solution of partial differential equations can be very challenging, and while different

numerical methods have their own advantages, there is no single numerical method without drawbacks. For

example, data arising from Particle-In-Cell (PIC) methods have noise in their numerical solutions owing to

the use of finitely many particles. The underlying mesh and corresponding approximation in Discontinuous

Galerkin (DG) methods may not be of sufficient spatial resolution to capture localized solution features.

Lastly, additional conservation equations such as entropy conditions satisfied by analytic solutions to PDEs

are often not satisfied by their discrete counterparts. These deficiencies can be ameliorated by auxiliary

techniques and method augmentations. It is the purpose of this thesis to detail three such improvements

making use of Smoothness-Increasing Accuracy-Conserving (SIAC) filters, proceeding in order of increasing

embedment of SIAC methodologies within the underlying numerical process. First, we detail the

application of SIAC filters as denoisers of data arising from PIC simulations and demonstrate how careful

tuning of these filters enables noise-reduction in the presence of non-periodic boundaries. Furthermore, in

the computation of Bohm speed estimates from PIC data, we show that SIAC filters enable a dramatic

reduction in the quantity of PIC data needed. Having applied SIAC filters to the equivalent of finite

volume data, we next consider higher-order piecewise polynomial data. Here we show that SIAC filtering

can be used to increase the resolution of coarse mesh polynomial data in multiple dimensions and over

nonuniform meshes. The resulting enhancement procedure can be viewed within the framework of

multiresolution analysis (MRA), making it a natural candidate for application in mesh adaptive DG

schemes, where it provides a means of providing more accurate approximations with reduced degrees of

freedom as compared to uniformly refined data. To conclude, we break the requirement of applying SIAC

methodologies to effectively stationary data by fully integrating SIAC filters with DG numerical methods

in the context of entropy-correction schemes. In this application, SIAC filters are applied to ensure that

approximations produced by the baseline DG method satisfy additional physically motivated conservation

conditions, namely energy conservation, for the duration of a simulation.
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CHAPTER 1

INTRODUCTION

Partial di�erential equations (PDEs) represent powerful mathematical models which are used to

describe numerous phenomena in all areas of science and engineering. Understandably, their broad

applicability and versatility results in situations where analytical solutions are either non-existent, or too

unwieldy to prove useful in a given application. For these reasons, numerical methods are considered to

discretize these models, and by solving them discretely, aid in our understanding of their behavior.

However, the numerical solution of partial di�erential equations can be very challenging, and while

di�erent numerical methods have their own advantages and subproblems in which they excel, there is no

single numerical method without drawbacks. For example, data arising from Particle-In-Cell (PIC)

methods have noise in their numerical solutions owing to the use of �nitely many particles. The underlying

mesh and corresponding approximation in Discontinuous Galerkin (DG) methods may not be of su�cient

spatial resolution to capture localized solution features. Lastly, additional conservation equations such as

entropy conditions satis�ed by analytic solutions to PDEs are often not satis�ed by their discrete

counterparts. That being said, these de�ciencies can be ameliorated by auxiliary techniques and method

augmentations. It is the purpose of this thesis to detail three such improvements making use of

Smoothness-Increasing Accuracy-Conserving (SIAC) �lters, proceeding in order of increasing embedment

of SIAC methodologies within the underlying numerical process.

First, we detail the application of SIAC �lters as post-processing denoisers of data arising from PIC

simulations and demonstrate how careful tuning of these �lters enables the desired noise-reduction in the

presence of non-periodic boundaries. Furthermore, in the computation of Bohm speed estimates from PIC

data, we show that SIAC �lters enable data compression in the sense that utilizing �ltering enables a

dramatic reduction in the quantity of PIC data needed.

Having applied SIAC �lters to the spatial equivalent of �nite volume data, we then consider

higher-order piecewise polynomial data such as that arising from discontinuous Galerkin schemes. Here we

show that SIAC �ltering can be used to increase the resolution of coarse mesh polynomial data in multiple

dimensions and over nonuniform meshes. The resulting enhancement procedure can be viewed within the

framework of multiresolution analysis (MRA), making it a natural candidate for application in mesh

adaptive DG schemes, where it provides a means of providing more accurate approximations with reduced

degrees of freedom as compared to uniformly re�ned data.
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Historically, SIAC �ltering has been applied after the �nal time of the numerical simulation has been

computed. To conclude, we break the requirement of applying SIAC methodologies to e�ectively stationary

data. We cast o� this restriction in the context of entropy-correction schemes by fully integrating SIAC

�lters with method-of-lines DG numerical methods. In this application, SIAC �lters are applied to ensure

that the numerical approximations produced by the baseline DG method satisfy additional physically

motivated conservation conditions, namely energy conservation, for the duration of a simulation.

1.1 Overview

In the remainder of this chapter a survey of select literature relevant to this thesis is provided.

Technical background information on SIAC �lters, Discontinuous Galerkin methods, and Multiresolution

Analysis is contained in Chapter 2.

In Chapter 3 we construct a framework for the denoising of PIC-data by means of SIAC �lters.

Beginning with a discussion of the presumed form of the data, knot-matrix formulations [1] of SIAC �lters

are introduced. We show how this more-
exible expression for the �lter enables straightforward treatment

of �nite domains via position-dependent knot-matrices and associated boundary structures by

position-dependent kernel scaling. Numerical experiments are performed to validate the denoising

characteristics of the PIC data SIAC �lters. The chapter concludes with a demonstration of SIAC

denoising in the computation of Bohm speeds estimates from limited noisy data.

In Chapter 4 we discuss approximation re�nement by SIAC enhancement on uniform two-dimensional

meshes for higher-order piecewise polynomial data analogous to that generated by �nite element

simulations. Owing to the nested hierarchy of approximation spaces the procedure can be, from the

perspective of multiresolution analysis, thought of as generating multiwavelet details with which to

construct �ne mesh approximations. Using both tensor-product and Line SIAC �lters, we construct

explicit transition matrices for realizing the enhancement procedure and we demonstrate accuracy

improvements under the developed enhancement procedure.

In Chapter 5 we extend the LSIAC-MRA procedure to nonuniform meshes in the form of perturbed

quadrilateral meshes and Delaunay triangulations. We investigate the performance of the enhancement

procedure on an array of challenging test problems and discuss possible improvements. We also consider

the in
uence of mesh-informed adaptive kernel scaling. Lastly, we apply the enhancement procedure and

the implicitly de�ned multiwavelet details in service to mesh adaptation schemes for the one-dimensional

inviscid Burgers and two-dimensional Poisson equations. We show that SIAC �ltering techniques are useful

in the application of adaptive mesh re�nement schemes.
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The extension of SIAC methodologies to entropy-correction schemes is considered in Chapter 6, where

we introduce SIAC �lters in this context and apply them to construct spatially energy conserving DG

schemes. Leveraging relaxation Runge-Kutta methods for temporal energy conservation we develop fully

discrete energy conserving DG schemes. We apply these methods in pursuit of energy conservation and

solution regularization in both one and two dimensions.

Finally, in Chapter 7 we summarize the contributions of this thesis and discuss possible future research

directions.

1.2 Literature Review

To better understand the topics of this thesis, we begin with a brief interlude into the historical

foundations of SIAC and MRA methodologies. Detailing the literature relevant to this thesis, also

described is work conducted in adaptive numerical techniques for DG-style approximations and the

entropy-correction schemes of Abgrall [2, 3]. Further details will be given in the Background section.

1.2.1 SIAC Filters

Smoothness-Increasing Accuracy-Conserving �lters are a family of convolution kernel post-processors

used to enrich numerical data. The origin of what would become known as SIAC �lters began in the 1970s.

In a �nite di�erence context, Mock and Lax considered post-processing of numerical approximations to

linear hyperbolic problems [4]. They noticed that improved accuracy could be obtained via convolution of

the approximation with compact functions satisfying certain moment conditions. Independently, Bramble

and Schatz in their seminal 1977 work [5] developed post-processing for �nite element data. They obtained

higher order accuracy from �nite element numerical solutions to elliptic boundary value problems by

application of a convolution kernel post-processor. Furthermore, they established a precedent for using

B-spline functions in the kernel construction. This choice enabled e�cient computation of the kernel,

compact kernel support, and various theoretical properties relevant to error estimates. Superconvergence

results were then generalized to �nite element methods for hyperbolic problems in 2002 by Cockburn et al.

[6]. In 2009, the family of convolution kernels gained the SIAC moniker with their application to streamline

integration [7]. Interest in SIAC �lters has grown steadily since. Position-dependent SIAC �lters have been

introduced to deal with nonperiodic boundaries by shifting the B-spline knot sequences away from the

boundary [1, 7{11]. The knot-matrix formulation of SIAC kernels introduced in [1] is particularly useful in

the application of position-dependent �lters and will be discussed further in Chapter 3. SIAC �ltering has

also been extended to nonuniform meshes and unstructured triangulations where maintaining consistent

integration over these more complicated mesh geometries has resulted in the incorporation of algorithms
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from computational geometry to delineate quadrature regions [12{14]. Additionally, an approach given in

[15] considers the construction of Hexagonal SIAC (HSIAC) �lters for application on hexagonal meshes.

The HSIAC itself composed of translates of hex splines which themselves can be viewed as linear

combinations of box splines.

The use of di�erent functions in kernel construction has also been investigated. The author of [16] has

considered the use of non-spline functions of compact support. By selecting a compactly supported

function, one can generate the equivalents of higher-order B-splines by repeated convolution by a �rst order

B-spline. In so doing, the new kernel component functions inherit the crucial divided di�erence properties

of the original B-spline components while admitting the possibility of reduced kernel support. SIAC kernels

have also been analyzed through the framework of quasi-interpolation [17].

The generalization of SIAC �ltering to higher dimensions need not require a tensor product formulation

as discovered by Docampo-S�anchez et al. (2017), where the dimension of the kernel support could be

reduced via line �ltering. These Line-SIAC (LSIAC) �lters are one-dimensional SIAC �lters rotated to

align with non-Cartesian axes. They represent a more computationally e�cient alternative to traditional

tensor-product SIAC �lters as the curse of dimensionality associated with higher dimensional quadrature is

avoided by the linear support. In addition, the LSIAC �ltering methodology has been shown to obtain the

same order of superconvergence as the traditional tensor product formulation with reduced error constants.

Extensive use of LSIAC �lters will be made in Chapters 4 and 5, but also in Chapter 6 as the small

support of the kernel leads to sparse �ltering matrices.

More recent developments have been concerned with the improvement of the computational e�ciency of

the �ltering procedure using mesh-based adaptive scalings [18, 19], applications to streamline visualization

[20], shock-capturing [21, 22], and of particular importance to Chapters 4 and 5, the enrichment of coarse

information via post-processing and scale transition [23]. It is this later work which we generalize to

multidimensional space via LSIAC �lters and more complicated mesh geometries in Chapters 4 and 5

respectively. Furthermore, in Chapters 3 and 6 we will also apply SIAC methodologies to new application

in entropy-correction and PIC data denoising respectively.

1.2.2 DG Methods

Many of the papers discussed above have dealt with �ltering data arising from Discontinuous Galerkin

(DG) methods. In the course of this thesis, we apply both our (L)SIAC-MRA and SIAC entropy-correction

schemes to DG data, though they would by no means be restricted to that data type. We provide here a

brief history of DG methods with a preference for hyperbolic problems. For the reader with further interest

in DG methods, we refer them to the excellent survey paper [24], or the books [25{28] for additional
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information.

DG methods were initially developed for studying neutron transport in 1973 by Reed and Hill [29]. In

1974 Le Saint and Raviart analyzed the method and obtained convergence results for triangulations and

Cartesian meshes [30]. Interest grew greatly in DG around the 1990s as Cockburn, Shu, and others wrote a

series of papers [31{35] analyzing DG for scalar and systems of hyperbolic conservation laws. They

employed a method-of-lines approach in which spatial derivatives were discretized using DG, while

time-stepping was performed using Runge-Kutta methods, yielding the aptly-named Runge-Kutta DG

(RKDG) methods which we will apply in Chapters 5 and 6. For an introduction to DG methods for

conservation laws, advection-di�usion, and higher order equations see [36]. It has been observed that DG

discretizations can exhibit superconvergence in a variety of ways such as superconvergence at the roots of

special polynomials [37{39], or in negative-order norms [6]. For further discussion of superconvergent

phenomena associated with DG, see [24]. For our purposes we focus on DG methods for conservation laws

in one and two dimensions as they will serve as the base schemes for both nonuniform SIAC-MRA and

entropy-correction. We now turn our attention to the history of the MRA framework which we will use in

mesh adaptivity for DG techniques in Chapter 5.

1.2.3 Wavelets and MRA

Wavelets and their corresponding multiresolution analyses (MRA) represent a cohesive framework for

the decomposition of multi-scale information. This cohesive framework has made them powerful tools in a

myriad of areas in mathematics, engineering, and physics. We seek to use this framework as a means of

characterizing our (L)SIAC MRA procedures. We provide here a brief historical overview of MRA.

In the mid-1980s, Meyer and Mallat developed the powerful concept of a multiresolution analysis,

de�ning scaling functions and wavelets in terms of constraints upon a single \scaling �lter" [40, 41], and

enabling scale-speci�c decomposition of functions. Alpert [42] introduced the concept of multiwavelets to

generalize the ideas of wavelet theory to bases consisting of multiple scaling functions, and as result

extending the applicability of multiresolution analyses to high-order polynomial data. Speci�cally, Alpert's

multiwavelets play a critical role in establishing DG representations in a multiresolution framework. This

link will be described more in Chapter 2 and used for mesh adaptation in Chapter 5.

The bene�cial characteristics of space localization have made wavelets powerful tools in the numerical

solution of PDEs, (see [43] for an excellent survey article of the diverse application wavelet-based schemes

in 
uid dynamics). In many adaptive methods, the general idea is to use the magnitude of wavelet (or

multiwavelet) coe�cients in a speci�ed region as an indicator of the variability of a solution in that region.

This relates to the idea of the magnitude of coe�cients in a multiwavelet expansion being tied to the
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smoothness of the function being approximated, with the faster decay of multiwavelet coe�cients under

scale re�nement in a region being tied to the function's smoothness there [44, 45].

A prevalent use of this measure in the numerical PDEs literature is for reasons of computational

e�ciency. By truncating small magnitude coe�cients, the mesh under consideration is e�ectively coarsened

where possible and the numerical scheme made more e�cient with fewer degrees of freedom. See the works

of [46{50] for adaptivity in the �nite volume context, [51{53] for adaptivity in a purely wavelet framework,

and the works of [54{59] for adaptivity in a DG context. The DG formulations listed above are based upon

grid coarsening for computational e�ciency and require �ne mesh information from which to start.

In this thesis we instead pursue an approach whereby coarse mesh approximations are enhanced into

more accurate �ne mesh approximations. Examples of this in the literature include [60], where higher-order

polynomial reconstruction based o� least-squares polynomials serve as a proxy for the exact solution and

giving an error-type indicator for re�nement (note this article eschews a MRA framework), and the work of

Bautista et al. [61, 62], where a higher-order least-squares reconstruction based on information from

neighboring elements is used to de�ne an enhanced approximation. Unlike [60] this approach makes use of

the multiresolution framework by using the computed detail coe�cients from the reconstruction for mesh

adaptivity indication. We will use detail coe�cients resulting from SIAC enhancements for mesh adaptivity

indication in Chapter 5.

1.2.4 Entropy-Correction

As will be described further in Chapter 6, a sought-after property in designing numerical methods for

hyperbolic conservation laws is satisfaction of discrete entropy conditions. Numerical schemes which satisfy

these conditions are often more robust, and in the case of simulation of physical phenomena, better respect

underlying physical laws.

There are numerous approaches to analyzing and augmenting the entropic properties of numerical

schemes, see [63] for an overview with respect to di�erence methods. Here we focus on the DG

entropy-correction schemes in which a correction term is applied to a DG numerical scheme to ensure that

it satis�es a discrete entropy condition. We use SIAC �lters in determination of this correction term, and

to that purpose, we brie
y describe the relevant works of Abgrall and others in this area.

Abgrall [2] developed entropy-correction terms for steady-state residual distribution schemes which

ensured entropy conservation with respect to a chosen convex entropy of the numerical approximation of

arbitrary polynomial order. The correction itself relied on local-element averages of the entropy variable.

In [3], these methods were generalized to unsteady problems, and also formulated in the context of the

spatial discretization of DG schemes, again relying on local-element averages of the approximation data. In
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Chapter 6 we will discuss a formulation for entropy-correction that makes use of averaging via

multi-element SIAC �lters.
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CHAPTER 2

BACKGROUND

In this chapter we provide technical details on SIAC �ltering, Discontinuous Galerkin methods, and

Multiresolution Analysis. Other necessary, but chapter speci�c, information will appear in later chapters.

The ordering of the background information is as follows. In Section 2.1 we discuss SIAC �lters, detailing

their uniform formulation, as well as their extensions to higher dimensions via tensor-product and line �lter

variants. In Section 2.2 we provide a derivation of Discontinuous Galerkin methods for hyperbolic, elliptic,

and by extension parabolic partial di�erential equations. We also discuss the method-of-lines approach and

di�erent time-stepping methods used for time evolution of spatial DG discretizations. Lastly, considering

the multiresolution framework in which SIAC-MRA can be viewed, we also provide in Section 2.3 an

overview of one- and two-dimensional multiresolution analysis for the Alpert multiwavelets.

2.1 SIAC Filters

The SIAC post-processor is a convolution kernel �lter originally designed to enable superconvergence

extraction in �nite element methods [6, 64]. They have since been extended for derivatives, boundaries and

nonlinear hyperbolic equations [1, 8, 11, 65, 66] as well as mesh adaptivity [23]. The SIAC �lter has been

generalized for application to higher dimensional data using three methods [15, 64, 67]: the �rst is a

tensor-product SIAC �lter, whereby a convolution kernel is constructed by taking the tensor-product of

multiple one-dimensional SIAC kernels; the second is to construct a Line SIAC �lter (LSIAC), which is

simply a one-dimensional SIAC kernel that has been rotated to align with a non-Cartesian axis. The last is

the HSIAC �lter which we do consider further here. All of these techniques rely on understanding the

one-dimensional kernel presented below. We present here the standard uniform de�nition of SIAC kernels

and leave the general knot formulation of SIAC kernels and their discussion to Chapter 3.

2.1.1 One-Dimensional SIAC Kernels

Given initial data uh (x), the one-dimensional the expression for a SIAC �ltered approximation is given

by

u?
h (x) = K ( r +1 ;` )

H ? uh =
1
H

Z 1

�1
K ( r +1 ;` )

� x � y
H

�
uh (y) dy; (2.1)

where

K ( r +1 ;` )
H (t) =

1
H

K ( r +1 ;` ) (t=H ); (2.2)
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and

K ( r +1 ;` ) (t) =
rX


 =0

c
 B ( ` )
�

t � 
 +
r
2

�
: (2.3)

The kernel scalingH is typically chosen based o� a characteristic length scale of the underlying data, such

as element width h in the context of �nite-element data. The translated function occurring in the kernel

de�nition, B ( ` ) (t), is the order ` central uniform B-splines given by the recurrence relation

B (1) (t) = � [� 1=2;1=2) (t); (2.4)

B ( ` ) (t) = ( B ( ` � 1) ? B (1) )( t); (2.5)

=
1

` � 1

h� ` � 1
2

+ t
�

B ( ` � 1) (t + 1=2) +
� ` � 1

2
� t

�
B ( ` � 1) (t � 1=2)

i
: (2.6)

A depiction of the �rst three orders of central B-spline is given in Figure 2.1.

Figure 2.1 B-splines of orders 1, 2, and 3. Note that each B-spline is nonzero on a �nite interval.

We construct the SIAC kernel (2.3) from B-Splines for the following reasons:

1. They have compact support

supp(B ( ` ) (t)) =
h

�
`
2

;
`
2

i
;

which localizes our �lter and reduces the expense of the convolution.

2. Their derivatives can be written in terms of divided di�erences of lower order splines:

D � B ( ` ) (t=H ) = @�
H B ( ` � � ) (t=H );
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where @�
H is the H -scaled� -th order central divided di�erence given by

@H f (t) =
f (t + H=2) � f (t � H=2)

H
;

with higher order divided di�erences de�ne recursively via

@�
H (f (t)) = @H (@� � 1

H f (t)) :

This property is crucial for maintaining or improving the order of accuracy of the approximation.

3. They are simple to compute through the given recurrence relation (2.6).

Additional properties and generalizations of B-splines can be found in [68, 69]. The coe�cientsc
 are

chosen so that the SIAC kernel satis�es consistency and moment conditions. These are equivalent to

polynomial reproduction:

(Consistency)
Z

R
K (x) dx = 1 )

Z

R
K (x � y) dy = 1 (Polynomial Reproduction)

(Moments)
Z

R
K (x)xk dx = 0 )

Z

R
K (x � y)yk dy = xk ; k 2 Z; 1 � k � r;

where r is the number of moment conditions that the kernel is chosen to satisfy. Note that increasing the

number of moments increases the number of splines composing the kernel, as well as the kernel support. To

see how these requirements generate a linear system to solve for the coe�cients we simply substitute our

kernel de�nition into the polynomial reproduction constraint:

K ( r +1 ;` ) ? xk = xk for k = 0 ; : : : ; r
Z

R

rX


 =0

c
 B ( ` ) (x � y � 
 +
r
2

)yk dy = xk for k = 0 ; : : : ; r

Choosingx = 0 gives a linear system

2

6
4

b0;0 : : : b0;r
:::

:::
br; 0 : : : br;r

3

7
5

2

6
6
6
4

c0

c1
:::

cr

3

7
7
7
5

=

2

6
6
6
4

1
0
:::
0

3

7
7
7
5

where

bk;
 =
Z

R
B ( ` ) (� y � 
 +

r
2

)yk dy for k; 
 = 0 ; : : : ; r:

For large r this system becomes ill-conditioned; however, for the values ofr considered in this thesis

(typically r + 1 � 9), no issues arise. The use of central B-splines with a uniform knot sequence will result

in a symmetric �lter, though this is not the case for general knot sequences as discussed in Chapter 3.
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For uniform meshes we typically choose the kernel scaling parameterH to be equal to the uniform

element width h. To enable superconvergence extraction in DG approximations, we requirer = 2p and

` = p + 1, where p is the degree of the approximation. This allows for our �ltered approximation to obtain

O(h2p+1 ) errors in the L 2-norm and L 1 -norm for linear hyperbolic equations [6]. For the purposes of our

enhancement procedure described in later chapters under mesh re�nement we will instead chooser = 2p

and ` = 1 as based o� [23] it appears to produce the lowest errors and avoids over-smoothing.

2.1.2 Tensor-Product SIAC

It is intuitive to generalize the SIAC methodology to higher dimensions via tensor-products, and this

approach was considered in [64]. The �ltered approximation forx 2 Rd is given by

u?
h (x) =

Z 1

�1
: : :

Z 1

�1
K ( r +1 ;` )

H (x � y )uh (y ) dy1 : : : dyd; (2.7)

where

K ( r + 1;` )
H (t ) = K ( r 1 +1 ;` 1 )

H x 1
(t1) � : : : � K ( r d +1 ;` d )

H x d
(td):

Here r and ` are d � 1 vectors containing the number of moments and splines orders for each component of

the tensor-product kernel. For uniform meshes we choose the scaling factors

H = ( H x 1 ; : : : ; H x d ) = ( hx 1 ; : : : ; hx d ), where hx i represents the uniform element length in thex i -direction.

Though an intuitive means of extension in higher dimensions, the main cause of concern for generalizing

the �lter using a tensor-product is the increased computational cost associated with quadrature over the

increased dimensionality of the kernel support. Speci�cally, performing exact integration of the convolution

is very expensive as polygon clipping algorithms [70] are required to determine quadrature regions over

which the integrand is strictly polynomial. Both breaks in continuity associated with element boundaries

(mesh breaks), and breaks in smoothness associated with the piecewise polynomial kernel (kernel breaks)

contribute to the delineation of these regions. On nonuniform meshes, they must be computed for every

data point being �ltered. This adds additional cost onto an already higher-dimensional quadrature. We

describe next a more computationally e�cient alternative.

2.1.3 LSIAC

A more computationally e�cient formulation is the Line-SIAC �lter (LSIAC) [67], which is simply a

one-dimensional SIAC kernel that has been rotated to align with a non-Cartesian axis. In two dimensions,

LSIAC �lter is given by

u?
h (x) =

�
K ( r +1 ;` )

� ;H ? uh

�
(x) =

Z

�
K ( r +1 ;` )

H (t)uh (�( t)) dt; (2.8)
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where

�( t) = x + t(cos(� ); sin(� )) :

The angle of rotation � and the scaling parameterH are selected to be

� = tan � 1

 
hx 2

hx 1

!

; H = hx 1 cos(� ) + hx 2 sin(� );

which aligns the kernel support with element diagonals for the case of quadrilateral meshes. On uniform

meshes we choose the uniform mesh diagonal,� = �= 4, and subsequentlyH =
p

2hx 1 =
p

2hx 2 . In higher

dimensions we simply need to choose a new orientation and scaling factor. In three-dimensional space, the

�ltered approximation is similarly formulated where the line � parameterized by t is given by

�( t) = x + t
�

cos(� ) sin(� ); sin(� ) sin(� ); cos(� )
�

= x + tv ; (2.9)

with �; � being the orientation of the line in spherical coordinates. Because our approximation lies on a

uniform three-dimensional mesh, the line �lter will be aligned with one of the four diagonals connecting

antipodal vertices of the cubic element. Hence, we chooseH =
p

3h, where h is the uniform mesh spacing,

and � = �= 4, � = tan � 1
� p

2
�
. This results in the direction vector v = 1p

3
(1; 1; 1). Note that alternative

direction choices are possible, and on nonuniform meshes there is not theory for the choice of kernel

orientation.

The utility of the LSIAC �lter is its ability to �lter higher-dimensional data without increasing the

dimensionality of the kernel support. This makes it a computationally e�cient alternative to the

tensor-product �lter when evaluating the convolution via quadrature sums. For example, in two dimensions

for a quadratic approximation it can reduce the number of quadrature sums from 4000 to 10 [67].

Additionally, the constant in the error estimate is reduced for the �ltered solution under the same

assumptions on the initial data as for the tensor-product �lter. We consider the LSIAC �lter speci�cally

because of its reduced and rotated kernel support in the �ltering context. The ability to manipulate the

kernel orientation and dimensionality is bene�cial, owing to the reduction in computational expenses

incurred by consistent integration over more complicated meshes. We do note that outside of the uniform

quadrilateral mesh case, there is no theory developed for optimal choices of kernel scaling and orientation,

and while improved error reduction is observed for some functions using the LSIAC �lter rather than the

tensor-product �lter [67], we see that with respect to mesh re�nement in Chapter 4 that this is not always

the case. A more in-depth investigation of the choice of orientation and scaling for line �lter variants is

outside the scope of this thesis, but an important area needing further study. Next we describe the

formulation for modal DG methods employed in this work.
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2.2 Discontinuous Galerkin Schemes

For application in Chapters 5 and 6, we will be considering the numerical solution of the partial

di�erential equation initial-value problem

ut + r � F(u) = 
 (r � (r u)) + f (x ; t); (x ; t) 2 
 � (0; T]; (2.10)

u(x; 0) = u0(x); x 2 
 � Rd; d = 1 ; 2; (2.11)

where f denotes a source term and the solution is subject to appropriate Dirichlet or periodic boundary

conditions. Where applicable we will denote the boundary of 
 by @
 and the portion of that boundary

upon which Dirichlet boundary conditions are speci�ced by � D . We describe here a modal DG numerical

method and leave the discussion of the DG spectral element method (DGSEM) until Chapter 6. We will

�rst describe the discretization for the convective terms without sources, before discussing the

discretization of higher-order terms. Combining terms from each discretization, we will be able to solve the

parabolic and elliptic PDEs arising in Chapter 5 and hyperbolic PDEs in Chapter 6. We conclude this DG

background section by discussing relevant implementation details.

2.2.1 Weak Formulation: 1st Order Terms

Our goal is to construct uh a piecewise polynomial approximation tou. To do so we will take a

method-of-lines approach, that is we will discretize in space via DG to obtain a system of ordinary

di�erential equations, and then evolve our approximation in time via a time-stepping scheme. To that end,

we focus only on the spatial discretization here, leaving the choice of time-stepping to be decided later.

Partition the domain 
 � Rd, d = 1 ; 2, into elements f 
 egN
e=1 such that 
 = [ N

e=1 
 e. For a degreep

approximation, we de�ne the approximation space in which to search foruh at a given time step by

V p
h = f vh 2 L 2(
) : vh

�
�

 e

2 Qp(
 e); e = 1 ; : : : ; N g; (2.12)

where vh
�
�

 e

denotes the restriction of vh to the element 
 e, and Qp(
 e) denotes the space of polynomials

of degreep or less de�ned on 
 e. To obtain our weak formulation we multiply both the �rst order portion

of (2.10), and (2.11) by a test function v and integrate over an element:
Z


 e

ut v d
 e +
Z


 e

r � F(u)v d
 e = 0 ; (2.13)

Z


 e

u(x; 0)v d
 e =
Z


 e

u0(x)v d
 e: (2.14)

Applying integration by parts to our spatial derivative term, we obtain the weak form
Z


 e

ut v d
 e �
Z


 e

F(u) � (r v) d
 e +
Z

� e

n � (Fv)d� e = 0 ; (2.15)
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Z


 e

u(x; 0)v d
 e =
Z


 e

u0(x)v d
 e: (2.16)

Here n denotes the outward pointing normal to the element boundary. At this point we now restrict our

numerical approximation to exist in the discontinuous polynomial spaceV p
h de�ned in (2.12), that is we

substitute u with uh in the weak formulation. We further assumev = vh is also an element ofV p
h . We then

obtain the �nal form

d
dt

Z


 e

uh vh d
 e �
Z


 e

F(uh ) � (r vh ) d
 e +
Z

� e

n �
�
F̂ (u�

h ; u+
h )vh

�
d� e = 0 ; 8vh 2 V p

h ; e = 1 ; : : : ; N; (2.17)

Z


 e

uh (x ; 0)vh d
 e =
Z


 e

u0(x)vh d
 e 8vh 2 V p
h ; e = 1 ; : : : ; N; (2.18)

where we have introduced the numerical 
ux F̂ to handle the fact that the solution is doubly de�ned at

element interfaces as continuity of the approximation is not enforced there. Here we usev(x+ ) (resp.

v(x � )) to denotes the limit of v(xn ) and as xn ! x from the plus (resp. minus) side of an element. By

convention, on a given edge, we use the minus superscript to denote the local element 
e , and the plus

superscript to denote its neighbor. To clarify further, v(x � ) is the value approaching the boundary from

the interior of the element, and v(x+ ) the value approaching from the exterior.

Returning to the de�nition of the numerical 
ux, which in turn de�nes the DG method, we note that

following properties must be satis�ed:

1. Consistency: ifu� = u+ = uh then F̂ (u; u) = F(u).

2. Conservation: n� � F̂ (u� ; u+ ) = � n+ � F̂ (u+ ; u� ).

The �rst requirement ensures consistency with the actual 
ux of the PDE, while the second ensure

conservation of the numerical method, as the choice ofvh = 1 (equivalent to a �nite volume method in this

case) and summation over elements of the mesh in (2.17) yields

d
dt

Z



uh d
 =

X

� e � @


Z

� e

n � F̂ (u�
h ; u+

h );

which states that the time rate of change of the conserved quantityuh will only depend on 
uxes in and

out of the domain along domain boundary as 
uxes along internal edges cancel out. For discretization of

convective 
ux terms, we will use the Local Lax-Friedrichs 
ux (LLF):

F̂ (u�
h ; u+

h ) =
1
2

(f (u�
h ) + f (u�

h )) +
1
2

� LLF Juh K (2.19)

where � LLF = max u � ;u + (jn � df
du j); and Juh K= n � u�

h + n+ u+
h . Having speci�ed the numerical 
ux, this

formulation is complete for hyperbolic conservation laws up to computational and implementation details.
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We next consider the discretization of the higher-order derivative terms.

2.2.2 Weak Formulation: Higher-Order Spatial Terms

Now suppose we wish to discretize an elliptic equationr � (r u) = f (x) subject to Dirichlet boundary

conditions u(x) = gD (x) for x 2 � D . To do so, we will introduce an auxiliary variable Q = r u and rewrite

the second order problem as a �rst order system:

Q = r u (2.20)

r � Q = f: (2.21)

We then proceed in an analogous manner to the �rst-order case. Multiplying by a test function,

integrating by parts, and restricting the functions considered to the polynomial space, we have the 1st

order semi-discrete system

Z


 e

� h � Qh d
 e =
Z

� e

n � (� h û) d� e �
Z


 e

(r � � h )uh d
 e; 8vh 2 V p
h ; e = 1 ; : : : ; N; (2.22)

Z


 e

fv h d
 e +
Z


 e

r vh � (Qh ) d
 e �
Z

� e

n � (vh (Q̂h )) d� e = 0 ; 8vh 2 V p
h ; e = 1 ; : : : ; N: (2.23)

where Qh has d components, and� h = vh I d is a tensor-style test function. E�ectively, (2.22) is really d

equations, one for each component ofQ = ( q1; : : : ; qd), see the text by Giraldo for more details [71].

For the choice of numerical 
uxes, the work of Arnold et al. [72] lists several types of numerical 
uxes

applicable for elliptic DG discretizations. In one dimension when we append the elliptic discretization to

the convective discretization to solve parabolic problems, we will use central 
uxes for both variables:

û = 1
2 (u� + u+ ) and Q̂ = 1

2 (Q � + Q+ ). This is known as the Bassi-Rebay method [73], which is

unfortunately unstable for purely elliptic problems [72]. As a result, for our two-dimensional tests we will

consider the following alternative numerical 
uxes which yield what is termed a Symmetric Interior Penalty

(SIP) method. For the conserved variable we choose ^u = 1
2 (u�

h + u+
h ), while for the auxiliary variable we

chooseQ̂ = 1
2 (r u�

h + r u+
h ) � � SIP Juh K. Here � SIP weighs how much the jump at element interfaces is

penalized, and is selected here as

� SIP =
� f (p + 1) 2

2jn � (max(� x � ; � x+ ); max(� y� ; � y+ )) j
(2.24)

where � f = 1 for p > 0 and � f = 2 for p = 0 [74]. The Dirichlet boundary conditions are incorporated into

the numerical 
ux and read if � e is boundary edge, then setu+ = gD . If information does not exist, such

as for gradient values with Dirichlet boundaries, we simply set the exterior value equal to the interior

value. For the case considered above we have
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Q̂(u� ; gD ) = r (uh ) � � � (u� n� + gD n+ );

û(u� ; gD ) =
1
2

(u� + gD ):

With the boundary conditions accounted for, the numerical method is now de�ned up to

implementation details.

2.2.3 Computational and Implementation Details: Hyperbolic Component

At this stage the semi-discrete numerical method is de�ned, and in a sense the whole numerical method

up through time integration. From a computational and implementation standpoint however, it is

bene�cial to pin down the choice of polynomial basis and quadrature to actually realize the scheme. As

used in the adaptive mesh DG experiments in Chapter 5, we will presume either a one-dimensional mesh,

or a two-dimensional quadrilateral mesh where element edges are aligned with the Cartesian axes. We are

not presuming uniformity of elements, but we will presume a 2:1 rule is satis�ed by the mesh, meaning that

any element is either the same size, half the size, or twice the size of a given neighboring element [75]. We

will further make a choice of basis functions. We expressuh in terms of an element local polynomial basis:

uh

�
�
�

 e

(x ; t) =
N pX

i =1

u(e)
i (t)� (e)

i (x): (2.25)

where Np is the number of degrees in the polynomial space. ForQp approximation spaces, we choose

Np = ( p + 1) d for d = 1 ; 2. We also selectvh to be one of the basis functions:vh = � (e)
j , j = 1 ; : : : ; Np.

We select for basis functions in one dimension the orthonormal Legendre polynomials

� i � 1(x) =
p

i � 1=2Pi � 1(x) de�ned in Appendix A, which are a hierarchical basis of polynomial orthogonal

over [� 1; 1]. Introducing the mapping � e(x) = 2
� x e

(2 � xe) where xe is the center of the interval 
 e and

� xe = j
 ej is the width of the interval, we choose the element-wise orthogonal basis functions

� (e)
i (x) = � i (� e(x)) so that

Z


 e

� (e)
i (x)� (e)

j (x) d
 = jJ ej � 1� i;j :

Here jJ ej = 2
� x e

is the determinant of the Jacobian associated with the mapping� e(x). In two dimensions

we consider the tensor-product orthonormal Legendre basis with

� (e)
i (x) = � i (� e(x)) = � i x (� e(x)) � i y (� e(y)) :

Here � e(x) = [ � e(x); � e(y)], where � e is as in the one-dimensional case, and� e = 2
� ye

(y � ye) with � ye being

the height of the element, andye the y-coordinate of the element center. Again orthogonality manifests as
Z


 e

� (e)
i (x)� (e)

j (x) d
 = jJ ej � 1� i;j
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where jJ ej = 4
� x e � ye

is the determinant of the Jacobian associated with the mapping �e(x).

We focus �rst on the hyperbolic case. Substitution of the ansatz foruh and the choice ofvh into (2.17),

we obtain over a speci�c element the system

d
dt

 N pX

i =1

u(e)
i (t)

Z


 e

� (e)
i � (e)

j d
 e

!

�
Z


 e

F(uh ) � (r � (e)
j ) d
 e +

Z

� e

n � (F̂ (u�
h ; u+

h )� (e)
j ) d� e = 0 ; j = 1 ; : : : ; Np:

(2.26)

For the choices of basis function described above, we will have orthogonality over a reference element so the

�rst integral can be computed exactly:

 N pX

i =1

u(e)
i (t)

Z


 e

� (e)
i � (e)

j d
 e

!

=
N pX

i =1

jJ ej � 1� i;j u(e)
i = jJ ej � 1u(e)

j : (2.27)

Put another way, the Mass-Matrix

(M (e) ) i;j =
Z


 e

� (e)
i � (e)

j d
 e = jJ ej � 1� i;j

is diagonal for the orthonormal bases.

The second and third integrals, however, are generally not exactly integrable for arbitrary 
uxes, hence

we resort to quadrature to compute them. We make the approximation

Z


 e

F(uh ) � (r � (e)
j ) d
 e = ( F (e)

V ) j �
NQ volX

q=1

! qF(uh (xe
q)) � (r � (e)

j (xe
q)) jJ e

q j � 1 (2.28)

and

Z

� e

n � (F̂ (u�
h ; u+

h )� (e)
j ) d� e = ( F (e)

S ) j �
X

f � 2 edges of � e

NQ edgeX

q=1

! qn � (F̂ (u�
h (xe

q))� (e)
j (xe

q)) jJ f � ;e
q j � 1: (2.29)

Here f ! q; xe
qgNQ vol

q=1 are quadrature weights and nodes associated with the volume integral over 
e,

f ! q; � e
qgNQ face

q=1 are the quadrature weights and nodes associated with the surface integral over of �e, and

jJ e
q j � 1 denotes the determinant of the Jacobian of the global-to-local coordinate transformation

(� e) � 1 : [� 1; 1]d ! 
 e at node � q.

Presuming d > 1 (otherwise the surface integral needs no quadrature)jJ f � ;e
q j � 1 denotes the determinant

of the Jacobian of the local-to-global coordinate transformation (� e) � 1 : [� 1; 1]d� 1 ! f � . For the modal

DG methods employed in this work we will use Gauss-Legendre (GL) quadrature [76] which usingN points

is exact for polynomials of degree 2N � 1, and whose quadrature pointsf � GL g lie in the interval [ � 1; 1]. To

construct higher dimensional quadrature we simply take tensor-products of the nodes and weights over

[� 1; 1]d and then map these nodes to to the physical element by the inverse transforms (�e) � 1 and (� e) � 1.
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For the DGSEM method employed in Chapter 6 we use Legendre-Gauss-Lobatto (LGL) quadrature which

for N points is exact for polynomials of degree 2N � 3. This reduced exactness relative to GL quadrature

is resultant from the method requiring that the quadrature nodes f � LGL g contain the boundary points � 1

and 1.

Note: for the case of 2:1 quadrilateral meshes [75] where a larger element could neighbor two separate

smaller elements, conservation is maintained via over-integration of the larger element's numerical 
uxes.

That is, the physical location of quadrature nodes for surface integral computation on the larger element is

collocated with the node locations for its smaller shared edge neighbors.

Having addressed the issue of quadrature, we can express the scheme as

M (e)
j;j

d
dt

u(e)
j = ( F (e)

V ) j � (F (e)
S ) j ; j = 1 ; : : : ; Np; e = 1 ; : : : ; N: (2.30)

Concatenating along thej index, we obtain the matrix-vector expression for the scheme

M (e) d
dt

u (e) = F (e)
V � F (e)

S ; e = 1 ; : : : ; N: (2.31)

The initialization of the approximation from the initial data is given by the same procedure and in

matrix-vector form is given by

M (e) u (e) = b (e) ; e = 1 ; : : : ; N (2.32)

(2.33)

where

(b (e) ) j =
Z


 e

u0(x)� (e)
j (x) d
 e; j = 1 ; : : : ; Np e = 1 ; : : : ; N (2.34)

and the volume integral in (2.34) is treated in the same manner as (2.28).

2.2.4 Computational and Implementation Details: Elliptic Component

Now we consider the more complicated case of implementing the elliptic discretization. In the parabolic

case where we have initial data, we can in fact solve �rst forQh and then for uh on an element-by-element

basis. Unfortunately, in the elliptic case we cannot and will instead need to form and solve a global linear

system. We sketch the implementation for the one-dimensional case, noting that the two-dimensional case

follows a similar trend. Further details can be found in the text by [71].

Again we assume an orthonormal Legendre ansatz for our approximation

uh

�
�
�

 e

(x; t ) =
N pX

i =1

u(e)
i (t)� (e)

i (x); (2.35)
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but also for the auxiliary variable

Qh

�
�
�

 e

(x; t ) =
N pX

i =1

q(e)
i (t)� (e)

i (x); (2.36)

and the forcing function

f h

�
�
�

 e

(x; t ) =
N pX

i =1

f (e)
i (t)� (e)

i (x): (2.37)

We let vh = � h = � (e)
j (x). The semi-discrete elliptic system of (2.22) and (2.23) becomes

N pX

i =1

q(e)
i

Z


 e

� (e)
i � (e)

j d
 e =
Z

� e

n � (� (e)
j û) d� e �

N pX

i =1

u(e)
i

Z


 e

d� (e)
j

dx
� (e)

i d
 e; j = 1 ; : : : ; Np; e = 1 ; : : : ; N;

(2.38)
N pX

i =1

f (e)
i

Z


 e

� (e)
i � (e)

j d
 e +
N pX

i =1

q(e)
i

Z


 e

d� (e)
j

dx
� (e)

i d
 e �
Z

� e

n � (� (e)
j Q̂h ) d� e = 0 ; j = 1 ; : : : ; Np; e = 1 ; : : : ; N:

(2.39)

In matrix-vector form we have

M (e) q(e) = D (e)
u u � S(e) u (e) + b (e)

u ; e = 1 ; : : : ; N; (2.40)

M (e) f (e) = D (e)
q q � S(e) q(e) + b (e)

q ; e = 1 ; : : : ; N; (2.41)

where againM (e) is a element local mass matrix

(M (e) ) i;j =
Z


 e

� (e)
i � (e)

j d
 e = jJ ej � 1� i;j ; (2.42)

and the sti�ness matrix S(e) is given by

(S(e) ) i;j =
Z


 e

d� (e)
j

dx
� (e)

i d
 e =
Z 1

� 1

d� j

d�
� i d�: (2.43)

Here D (e)
u , and D (e)

q are 
ux matrices operating on the global vectors ofu and q, respectively, owing to the

inter-element communication imposed by the numerical 
ux. Lastly, the boundary vectors b (e)
u , and b (e)

q

are responsible for the imposition of the Dirichlet boundary conditions through the numerical 
ux. In

general, the choice of mesh and element indexing will a�ect the form of the 
ux matrices and the boundary

vector, but we note that both are sparse, see [71]. In forming the global matrix vector system we

concatenate the matrices and vectors to obtain:

Mq = ( D u � S)u + bu

Mf = ( D q � S)q + bq
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where

M =

2

6
4

M (1)

: : :
M (N )

3

7
5 ; (2.44)

D u =
h
(D (1)

u )T : : : (D (N )
u )T

i T
; (2.45)

D q =
h
(D (1)

q )T : : : (D (N )
q )T

i T
; (2.46)

and

bw = [( b (1)
w )T ; : : : ; b (N )

w )T ]T (2.47)

(2.48)

for w = u; q. Setting up the linear system for u we obtain

Au = y ; (2.49)

where

A = CqM � 1Cu (2.50)

and

y = Mf � CqM � 1bu � bq (2.51)

with

Cw = D w � S;

for w = u; q. Owing to the sparsity of all the matrices under consideration, typically far fewer than the

N (p + 1) � N (p + 1) total entries in the linear system A need be stored and sparse arrays can be utilized.

2.2.4.1 Combination of spatial discretization terms

Having described the spatial discretization for both �rst- and second-order derivative terms we can now

combine the local discretization equations to solve the original PDE (2.10). We provide the form for the

one-dimensional case for purposes of conciseness. Combining the element-local equations (2.40), (2.41), and

(2.31) and appending the element-local auxiliary equation (2.40), we obtain the semi-discrete system

M (e) q(e) = d (e)
S;u u � S(e) u (e) ; e = 1 ; : : : ; N; (2.52)

M (e) d
dt

u (e) = F (e)
V � F (e)

S + 

�

M (e) f (e) � d (e)
S;q q(e) + S(e) q(e)

�
; e = 1 ; : : : ; N; (2.53)

where as the vectoru is known at a given time step, the vectorsd (e)
S;q and d (e)

S;u account for the numerical

surface 
uxes of the elliptic components and associated boundary conditions in the same way as the
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hyperbolic surface 
uxes F (e)
S . The solution procedure �rst solves for the auxiliary variable vector q from

the known data and then for the time derivative of d
dt u.

2.2.5 Time Evolution Schemes

Having described the discretization of spatial derivative terms for the unsteady equations, we are left

with an ordinary di�erential equation (ODE) initial value problem (IVP) of the form

d
dt

u = r ; (2.54)

u(t0) = u0: (2.55)

For time-stepping, we consider explicit Runge-Kutta methods. For an ODE IVP

d
dt

u = f (u(t); t); (2.56)

u(t0) = u0; (2.57)

a general RK discretization method is of the form

yi = un + � t
sX

j =1

aij f (yj ; tn + cj � t);

un +1 = un + � t
sX

j =1

bj f (yj ; tn + cj � t);

(2.58)

where A 2 Rs� s, and b; c 2 Rs. Up to a change of naming convention (u ! u, f ! r ), and a choice of

Butcher Tableau (A , b, and c) we have a time evolution scheme for our PDE discretization. A list of RK

methods employed in this thesis and their associated de�nitions is given in Appendix B.

2.2.5.1 A note on time-stepping stability

For explicit method-of-lines approaches, the time step must be chosen su�ciently small so that

numerical wavespeed of the underlying discretization is greater than the actual wave speed of the

underlying system. The amount by which the numerical wavespeed must exceed this physical wave speed is

known as the Courant-Friedrichs-Lewy (CFL) condition and serves as one constraint on the fully discrete

numerical method for stability. Denoting the magnitude of the physical system's wavespeed byjcj, the CFL

condition requires jcj � t
� x � CFL . For explicit time-stepping of hyperbolic DG approximations the CFL

condition is typically set as 1
2p+1 [77]. For parabolic systems, the denominator scales as �x2 divided by the

di�usion coe�cient 
 [26]. In the case of parabolic systems with convective terms, we then choose the time

step to satisfy
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� t � CFL min
n � xmin

jcj
;

� x2
min




o
;

where � xmin = min ef � xeg. In all explicit time-stepping results presented in this work, an additional

safety factor of at least 1
10 was applied to the CFL to minimize any e�ects of time-stepping on the spatial

discretization or enhancement technique being considered.

2.3 Multiresolution Analysis

In order to contextualize the enhancement procedure and understand the multiwavelet indicator used in

Chapter 5, we introduce the multiresolution analysis (MRA) framework. While the enhancement procedure

does not actually make explicit use of multiwavelet details, it implicitly de�nes them upon application.

Later, we will utilize these details for adaptivity indication. These details are important in the adaptive

solution of the PDEs considered in Section 5.4 where the multiwavelet detail indicator of [61] is used. For

simplicity, we consider multiresolution analysis speci�cally for the case of hierarchies of dyadically

uniformly subdivided meshes, and, in the multidimensional case, we will restrict ourselves to quadrilateral

elements. Note that a multiresolution analyses naturally exists and can be constructed for other hierarchies

(see Yu et al. for triangular-mesh multiwavelets, and Gerhard et al. for wavelet-free methods for

nonuniform meshes [56, 78]). For more in-depth treatments of MRA we refer the reader to [42, 52, 78{80].

For clarity, we �rst consider the one-dimensional case and follow the presentation of [81; 82]. De�ne an

initial mesh T (0) = [ � 1; 1] to consist of a single element. LetT (n ) denote the mesh obtained by uniformly

subdividing every element in T (n � 1) , i.e.

T (n ) = [ 2n � 1
j =0 I n

j ; (2.59)

where I n
j = ( � 1 + 21� n j; � 1 + 21� n (j + 1)). Over each mesh, we de�ne the approximation space

V p
n = f v : v

�
�
I n

j
2 Pp(I n

j ); j = 0 ; : : : ; 2n � 1g: (2.60)

Owing to the dyadic hierarchy of the meshes, the approximation spaces are nested:

V p
0 � V p

1 � : : : � V p
n � : : : : (2.61)

Denote by f � k (x)gp
k=0 = f � 0

k; 0(x)gp
k=0 an orthonormal basis for the coarsest mesh consisting of one

element. These basis functions are calledscaling functions. We can obtain bases for anyV p
n by scaling and

translating this initial basis of scaling functions. The approximation spaceV p
n can also be de�ned as the

span of f � n
k;j gk;j where

� n
k;j = 2 n= 2� k

�
2n (x + 1) � 2j � 1

�
; k = 0 ; : : : ; p; j = 0 ; : : : ; 2n � 1: (2.62)

As such, a function u can be approximated inV p
n by
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u(n )
h (x) = ( Pn u) (x) =

2n � 1X

j =0

pX

k=0

sn
k;j � n

k;j (x); (2.63)

where

sn
k;j = hu; � n

k;j i I n
j

; k = 0 ; : : : ; p; j = 0 ; : : : ; 2n � 1: (2.64)

and Pn denotes the projection operator ontoV p
n .

To transition from a coarse approximation spaceV p
n to a �ner approximation space V p

n +1 additional

information is required. This information is contained within the multiwavelet space W p
n de�ned to be the

orthogonal compliment of V p
n in V p

n +1 :

V p
n +1 = V p

n � W p
n ; W p

n � V p
n +1 ; W p

n ? V p
n : (2.65)

Inductively, this hierarchy allows the expression of the �ne mesh approximation space as the direct sum

of the coarsest mesh approximation spaces and the intermediary wavelet spaces:

V p
n = V p

0 � W p
0 � W p

1 � � � � � W p
n � 1:

An orthonormal basis for these multiwavelet spaces can be obtained via a Gram-Schmidt

orthogonalization procedure and obtain uniqueness by imposing additional conditions [80]. Here the special

case of Alpert's multiwavelets (see [42]) is considered, where orthonormal Legendre polynomials are chosen

as scaling functions,

f � k (x)gp
k=0 = f � 0

k; 0gp
k=0 =

( q
2k+1

2 Pk (x); x 2 [� 1; 1]

0; Else
(2.66)

and the multiwavelet bases for the spacesW p
n satisfy the properties given below. Denoting the

multiwavelets on the coarsest scale by

f  k (x)gp
k=0 = f  0

k; 0gp
k=0 ;

multiwavelet basesf  n
k;j gk;j are obtained for each of the multiwavelet spacesW p

n by dilation and scaling

where

 n
k;j = 2 n= 2 k (2n (x + 1) � 2j � 1); k = 0 ; : : : ; p; j = 0 ; : : : ; 2n � 1: (2.67)

These multiwavelets satisfy the following properties relevant to our analysis:

1. Orthogonality conditions: h� n
k;i ;  n

`;j i I n
j

= 0 and h n
k;i ;  n

`;j i I n
j

= � i;j � k;` .

2. Support conditions: supp( n
k;j ) = supp( � n

k;j ) = I n
j .

3. Moment conditions: hxm ;  n
k;j i I n

j
= 0 for m � k + p + 1.
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We refer the interested reader to the original work of Alpert [42] for details as to their construction and

additional properties satis�ed by these piecewise polynomial multiwavelets, and to the thesis of Vuik [81]

for explicit formulas for  for the �rst few polynomials degrees. We note that by (2.65) and the

orthogonality conditions, the detail necessary for transition from a coarse mesh approximation space to a

�ne mesh approximation space

2n � 1X

j =0

dn
k;j  n

k;j (x) =
�
Pn +1 u

�
(x) � (Pn u) (x); (2.68)

are obtained simply by projection of the initial data onto the multiwavelet space:

dn
k;j = hu;  n

k;j i I n
j

:

Hence, a �ne mesh representation is simply a coarse mesh representation with additional multiwavelet

details:

u(n +1)
h (x) =

2n � 1X

j =0

pX

k=0

sn
k;j � n

k;j (x) +
2n � 1X

j =0

pX

k=0

dn
k;j  n

k;j (x): (2.69)

When considering the enhancement technique for adaptive PDEs in later sections, it is bene�cial to

compute the coarse mesh scaling and detail coe�cients from the �ne mesh scaling coe�cients. To that end

we de�ne the quadrature mirror �lters [81] useful in performing this exact task. Denote the vectors of

scaling and detail coe�cients by sn
j = [ sn

0;j ; : : : ; sn
p;j ]T and dn

j = [ dn
0;j ; : : : ; dn

p;j ]T , respectively, then

sn � 1
j = H (0) sn

2j + H (1) sn
2j +1 (2.70)

dn � 1
j = G(0) sn

2j + G(1) sn
2j +1 ; (2.71)

where H ( ) and G( ) are (p + 1) � (p + 1) matrices with entries given by

H (0) (`; r ) = h� 0
`; 0; � 1

r; 0i I 1
0
; H (1) (`; r ) = h� 0

`; 0; � 1
r; 1i I 1

1
; (2.72)

G(0) (`; r ) = h 0
`; 0; � 1

r; 0i I 1
0
; G(1) (`; r ) = h 0

`; 0; � 1
r; 1i I 1

1
; (2.73)

for `; r = 0 ; : : : ; p.

One bene�t of restricted uniform hierarchical meshes of the present analysis is that these matrices for

transitioning detail and scaling coe�cients between scales are �xed and only need be computed once. For

more general meshes these quadrature mirror �lters may be spatially varying, which increases the

computational cost of the decomposition into multiwavelet and scaling coe�cients.
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2.3.1 Extension to Two Dimensions

The same techniques generalize to multiple dimensions easily via tensor-products of the approximation

spaces and their associated bases. Here we follow the presentation of [61]. To simplify notation, denote

element indices on leveln by j = ( j x ; j y ) for j x ; j y 2 f 0; : : : ; 2n � 1g and modal indices byk = ( kx ; ky ) for

kx ; ky 2 f 0; : : : ; pg. Let T (0) = [ � 1; 1]2 be the coarsest level mesh consisting of a single element, andT (n )

the mesh obtained by uniform subdivision into quadrants of each element ofT (n � 1) . The elements on mesh

level n are given by Qn
j = I n

j x

 I n

j y
. De�ne the piecewise polynomial approximation space over mesh leveln

to be

V p
n = f v : v

�
�
I n

j
2 Qp(Qn

j ); Qn
j 2 T (n ) g: (2.74)

A basis for this approximation space is given byf � n
k ;j : kkk` 1 � p; Qn

j 2 T (n ) g; where

� n
k ;j (x) = � n

k x ;j x
(x)� n

k y ;j y
(y): (2.75)

The bases for the multiwavelet subspaces are obtained similar to the one-dimensional case except now

there are three multiwavelet spaces denoted byW p
n;� ; W p

n;� , and W p
n;
 . The bases for these subspaces are

given by

f  n;�
k ;j : kkk` 1 � p; Qn

j 2 T (n ) g; (2.76)

f  n;�
k ;j : kkk` 1 � p; Qn

j 2 T (n ) g; (2.77)

and

f  n;

k ;j : kkk` 1 � p; Qn

j 2 T (n ) g; (2.78)

respectively, where

 n;�
k ;j (x) =  n

k x ;j x
(x)� n

k y ;j y
(y); (2.79)

 n;�
k ;j (x) = � n

k x ;j x
(x) n

k y ;j y
(y); (2.80)

and

 n;

k ;j (x) =  n

k x ;j x
(x) n

k y ;j y
(y): (2.81)

Note that W p
n;� which has multiwavelet functions for the x-component of the tensor-product basis can be

thought of as corresponding to the x-direction, similarly, W p
n;� and W p

n;
 correspond to they- and

xy-directions respectively [81].

Similar to the one-dimensional case, the approximation inV p
n +1 is expressible as a sum of

approximations in V p
n ; W p

n;� ; W p
n;� , and W p

n;
 :
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Pn +1 u =
X

Q n +1
j 2T ( n +1)

X

kk k ` 1 � p

sn +1
k ;j � n +1

k ;j (2.82)

=
X

Q n
j 2T ( n )

X

kk k ` 1 � p

sn
k ;j �

n
k ;j (2.83)

+
X

Q n
j 2T ( n )

X

kk k ` 1 � p

dn;�
k ;j  n;�

k ;j + dn;�
k ;j  n;�

k ;j + dn;

k ;j  n;


k ;j :

Again, the coe�cients in the expansions are determined by projection ofu onto the scaling function and

multiwavelet bases:

sn
k ;j = hu; � n

k ;j i Q n
j
; kkk` 1 � p; Qn

j 2 T (n ) ; (2.84)

dn
k ;j = hu;  n;w

k ;j i Q n
j
; kkk` 1 � p; Qn

j 2 T (n ) ; (2.85)

where w = �; �; 
 . Inductively, a decomposition in multiwavelet approximation spaces direct-summed with

the coarsest scaling approximation space exists. An illustration of the decomposition idea in two-dimensions

is given in Figure 2.2 whereW p
n denotes the direct sum of the multiwavelet spacesW p

n;� ; W p
n;� , and W p

n;
 .

Scaling function space
V p

3

V p
2

V p
1

V p
0

Multiwavelet space
W p

2

W p
1

W p
0

Figure 2.2 Illustration of the two-dimensional multiwavelet idea. The approximation at the �nest level,
V p

3 , can be represented as the approximation from theV p
0 scaling function space plus the multiwavelet

coe�cients from multiwavelet spaces W p
0 ,W p

1 , and W p
2 .

The quadrature mirror �lters previously de�ned can also be used in higher dimensions to compute the

coarse mesh scaling and multiwavelet coe�cients from the �ne mesh scaling coe�cients [83]:
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sn
k ;j =

1X

~j x ;~j y =0

pX

r x ;r y =0

H ( ~j x ) (kx ; r x )H ( ~j y ) (ky ; r y )sn +1
r ;2j + ~j

; (2.86)

dn;�
k ;j =

1X

~j x ;~j y =0

pX

r x ;r y =0

G(~j x ) (kx ; r x )H (~j y ) (ky ; r y )sn +1
r ;2j + ~j

; (2.87)

dn;�
k ;j =

1X

~j x ;~j y =0

pX

r x ;r y =0

H (~j x ) (kx ; r x )G(~j y ) (ky ; r y )sn +1
r ;2j + ~j

; (2.88)

dn;

k ;j =

1X

~j x ;~j y =0

pX

r x ;r y =0

G(~j x ) (kx ; r x )G(~j y ) (ky ; r y )sn +1
r ;2j + ~j

: (2.89)

2.3.2 Relationship between Legendre Modal Coe�cients and Scaling Coe�cients

It would be natural to presume that there is some relationship between the scaling coe�cients used in

the scaling function expansion (2.82) and the modal coe�cients used in the DG expansion (2.25), as both

are e�ectively built on the scaled and shifted Legendre polynomials. A relationship between these is also

important for enabling the computation of detail coe�cients when re�ning modal DG approximations. To

that end we brie
y describe the relationship between the two sets of coe�cients. Suppose that the modal

element index (e) and the MRA hierarchical indices n; j in one dimension (n; j in two dimensions) are such

that 
 e = I n
j (
 e = Qn

j ). Then it can be shown by projection of the DG approximation onto the scaling

function basis for 
 e (see [81],[62]) that in one dimension:

sn
k;j = 2 � n= 2u(e)

k ; k = 0 ; : : : ; p (2.90)

where to match prior notation of indexing we have i = k + 1, and in two dimensions:

sn
k ;j = 2 � n u(e)

i ; kkk` 1 � p; (2.91)

where i = kx + 1 + ( p + 1)( ky � 1).

2.3.3 Local vs. Global MRA

We note for use in the adaptive mesh DG experiments in Chapter 5 that the enhancement procedure we

develop need not start on a mesh resultant from dyadic splitting. As result rather than start a global MRA

described above, i.e. the mesh forn = 0 is [� 1; 1]d, we can instead choose to compute local multiresolution

analyses (see [61]) where we initialize a leveln = 0 multiresolution analysis for each element 
 e of some

initial coarse mesh. We describe the idea in one dimension as the two-dimensional case follows like in the

initial presentation of MRA. Choose scaling functions ~� 0
k; 0 =

q
2

� x e
� k (� e(x)) and in turn multiwavelets

~ 0
k; 0 =

q
2

� x e
 k (� e(x)). The multiresolution analyses generated by these choices of scaling and
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multiwavelet functions satisfy the same orthogonality properties described previously exceptI n
j now

represents thej th interval in the n-times repeated dyadic subdivision of 
e. We use the tilde notation ~dn
k;j

and ~sn
k;j to denote the detail and scaling coe�cients resultant from this local subdivision. The relationship

between DG modes and scaling coe�cients (2.90) and (2.91) is the same except nown = 0 corresponds to

the original element 
 e. For more details, see [61].
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CHAPTER 3

APPLICATION OF SIAC FILTERS TO PARTICLE-IN-CELL DATA

Portions of this chapter are based on a manuscript \Denoising Particle-In-Cell Data via

Smoothness-Increasing Accuracy-Conserving Filters with Application to Bohm Speed Computation"

submitted to the Journal of Computational Physics by Matthew J. Picklo, Qi Tang, Yanzeng Zhang,

Jennifer K. Ryan, and Xian-Zhu Tang. In Section 3.6, the co-author contributions to the chapter are

described. In this chapter, I have elected to focus primarily on my contribution to the aforementioned work

in the form of �lter construction and application.

3.1 Chapter Introduction

With the high-dimensionality of the equations governing plasma kinetics in six dimensional phase

space [84], traditional numerical techniques for solving partial di�erential equations (PDE) su�er from the

curse of dimensionality. This motivated the development and application of Particle-In-Cell (PIC) methods

that have been a staple in plasma kinetic simulations [85, 86]. The particle-based approach provides

simplicity and geometric 
exibility, but these bene�ts come at the expense of signi�cant amounts of noise,

which scales as 1=
p

N with N the number of particle markers in a cell. Remarkably, �nite amounts of

noise, even at substantial level, does not generally prevent a physics-wise meaningful PIC simulation.

Unfortunately, post-run physics analysis is hampered by the noisy diagnostics. The di�culty is aggravated

by the fact that the underlying physics is usually described, in the standard statistical physics approach, by

velocity moments of the particle distribution function f (x ; v ; t),



vk

i

�
=

Z
vk

i f (x ; v ; t) d3v ; (3.1)

with vi the Cartesian component ofv : For example, the thermodynamic state variables have the density

n(x; t) �


v 0

�
; the 
ow U (x; t) � h v i ; and the temperature T(x; t) � (m=2)

�

v 2

�
� U 2

�
: Closure

quantities such as the plasma heat 
ux involve even higher order velocity moments, for example,

q �
m
2

D
(v � U )3

E
: (3.2)

The general rule of thumb is that the particle noise becomes further exaggerated in higher order moment

quantities. This high level of noise in the post-processed physical quantities hampers our ability to gain

deep insights into the underlying physics.
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A recent work on the Bohm criterion analysis [87] that establishes the lower bound of the plasma

out
ow speed, also known as the Bohm speed [88], in a wall-bounded plasma with �nite collisionality,

illustrates the extent one has to go to overcome the PIC noise in order to decipher the underlying physics.

Speci�cally, the Bohm speed is predicted by theoretical analysis to take the form of

uBohm �

r
Z�T se

ex + 3T se
ix

mi
; (3.3)

where

� �
3 � 3+2 �

Ze � se
i

�
@qin
@� + Q ii

E

�
+ �

e� se
e

�
@qen
@� + Q ee + Q ei

E

�

1 + 1+ �
e� se

e

�
@qen
@� + Q ee + Q ei

E

� ; (3.4)

with � e;i = ne;i ue;ix , @qe;i
n =@�= � (@qe;i

n =@x)=E, and � = � RT =(ne@Tex =@x). Here the superscript se

denotes the spatial location at which all quantities are to be evaluated to �nd the local Bohm speed. The

plasma transport physics are in the form of local electric �eld E , which is proportional to spatial gradient

of the potential ( � ), particle and heat 
uxes (which are denoted by � e;i and qe;i
n , respectively), collisional

energy exchange between electrons (Qee) and between electrons and ions (Qei ), and the thermal force

(RT ). Most of these quantities are simply velocity moments of the computed distribution function, or the

velocity moments of the Coulomb collisional integral, and quantities that are derived from them. The PIC

noise thus makes it an extremely di�cult task to directly compare the numerical simulation results with

theoretical predictions. The authors of [87] overcame this hurdle by performing long-time simulations after

a steady state is reached, and then applying time averaging over an extremely long-period of PIC data to

reduce the PIC noise. With the noise at a su�ciently low level, a comparison of the predicted (3.3) and

actual speeds could be performed. This ensemble averaging e�ectively increasesN from 103� 4 markers per

cell to tens of millions per cell by accumulating data over time. Powerful and computationally expensive as

this approach is, many systems do not admit steady state solutions. To decipher subtle transport physics

from PIC simulations, one must therefore explore alternative approaches to e�ectively deal with PIC noise

when modestly largeN and limited time-window averaging are available. Our work aims to propose and

explore a distinctive approach tailored for PIC moments.

Here we address this issue through the use of SIAC �lters which were originally developed as a

post-processor for extracting superconvergence from �nite-element method (FEM) based numerical

approximations [5]. The purpose of this chapter is to demonstrate the e�ectiveness of SIAC �ltering in

reducing noise in pointwise data arising from PIC simulations. We will show that the application of

specially designed SIAC convolution kernels can selectively remove high frequency oscillations without

polluting physically-relevant low-frequency information, and thereby improve approximation quality.
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Extensions of the �ltering procedure for non-periodic data are constructed, and results are shown for how

SIAC �ltering schemes can reduce the quantity of data needed in computing the Bohm speed, an

important parameter in plasma physics bounding from below the ion velocity to a charged boundary.

The rest of the chapter is organized as follows. In Section 3.2 we describe a procedure for initializing an

approximation in a continuous variable from discrete data using Lagrange polynomials. In Section 3.3 we

describe the construction of symmetric and position-dependent SIAC kernels which we convolve with our

initialization dampen high-frequency oscillations. Boundary treatments as well as adaptive kernel scalings

are also discussed. Lastly, in Section 3.4 we provide numerical examples detailing the damping e�ects of

symmetric kernel on periodic data, adaptively scaled and position-dependent generalized spline kernels for

non-periodic data, and data reduction enabled by SIAC �ltering in Bohm speed computation.

x j � 3 x j � 2 x j � 1 x j x j +1 x j +2 x j +3

f j � 3

f j � 2 f j � 1 f j

f j +1
f j +2 f j +3

x j � 3 x j � 2 x j � 1 x j x j +1 x j +2 x j +3 x j +4

f j � 3

f j � 2 f j � 1 f j
f j +1

f j +2 f j +3 f j +4

(a) (b)

Figure 3.1 Example of partitioning pointwise PIC data into elements, and constructing an interpolant of
the pointwise data (f j = f (x j )) on each element. The red partitions represent the superimposed mesh to
the pointwise grid. The blue lines represent the piecewise linear interpolant reconstructed from a stencil
containing two grid values. In (a) the elements � j = I j consist of a single cell, and the stencil uses
information from the right adjacent cell ( ` = 0 and r = 1). In (b) the elements � j = I 2j � 1 [ I 2j are formed
of a union of two neighboring cells and the stencil for each element only consists of those cells inside that
element.

3.2 Data Initialization

Unlike traditional FEM data which is de�ned over the entirety of a given mesh, the data considered

here arises from moments of PIC simulations and is discrete in nature. SIAC �ltering makes use of a

continuous convolution, therefore to apply SIAC �ltering a global representation must be constructed. The

methodology presented here is to superimpose a mesh over the pointwise grid where the data is de�ned.

For simplicity, within each element of this mesh, we construct a Lagrange interpolant from the pointwise

data using a stencil of a chosen size. For ease of illustration we consider the one-dimensional case.

3.2.1 Constructing the mesh

Consider a domain 
 = [ a; b], and assume that the pointwise dataf f j gN
j =1 is given on the cell centers of

a grid
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a < x 1 < x 2 < : : : < x N � 1 < x N < b:

Thinking about the data from a �nite volume perspective, introduce cells I j = [ x j � 1=2; x j +1 =2],

j = 1 ; : : : ; N , where x j � 1=2 = 1
2 (x j � x j � 1), with x1=2 = a and xN +1 =2 = b. Denote the cell widths by

� x j = x j +1 =2 � x j � 1=2. It is possible to choose the elements of the superimposed mesh,T = f � k gN �
k=1 , to

just be these cells, in which case the mesh will be similar to that depicted in Figure 3.1(a). Alternatively,

the elements can be selected to be a union of adjacent cells, an example of which is given in Figure 3.1(b).

This choice will cause no di�culty in what follows, it only alters the number of polynomial interpolants

needed in the construction,N � , and the minimum stencil size of these interpolants.

3.2.2 Constructing a piecewise-polynomial interpolant

To convert the discrete data into a continuous approximation on a given element� k , we choose

nonnegative integers` and r and introduce the stencil about elementI j :

S(j ) = f I j � ` ; : : : ; I j ; : : : ; I j + r g:

Assume here that the center cell of the stencil,I j , satis�es I j � � k . The pointwise data contained within

the cells of this stencil will be used to construct the interpolant over � k . Note that the lack of assumptions

about boundary conditions necessitates that the stencil is reduced in size near domain boundaries in order

to not exceed the boundaries of our domain. Settingp = ` + r , the Lagrange basis speci�c to the element is

f L j
q(x)gp

q=0 , with

L j
q(x) =

pY

n =0
n 6= q

x � xn + j � `

xq+ j � ` � xn + j � `
:

The element-speci�c interpolant is then given by

uh (x)
�
�
�
� j

=
pX

q=0

f q+ j � ` L j
q(x):

Iterating through the elements, and restricting the stencils where appropriate, a piecewise polynomial

representation of the pointwise data over the whole domain is obtained. In the work to follow we �nd there

is no signi�cant di�erence in using larger stencils for the initialization procedure. To that end, here a �nite

volume perspective is used and the discrete data is treated as cell-center values on a �nite volume style

mesh. This corresponds to ap = 0 piecewise-constant initialization.

3.3 SIAC Filters: Kernel Construction and Boundary Treatments

This section describes a convolution denoising procedure and the construction of the SIAC kernel used

in the convolution. For ease of illustration we again consider the one-dimensional case.
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The �ltered data, u?
h , is obtained via convolution of the interpolant, uh , with a compactly supported

scaled kernel functionK H :

u?
h (x) = ( K H ? uh ) (x) �

Z

R
K H (x � y) uh (y) dy: (3.5)

Here, a family of kernel functions known as SIAC kernels (see Section 2.1) are considered. These SIAC

kernels are piecewise polynomial functions of compact support that satisfy consistency and moment

conditions, which will be discussed in Section 3.3.4. It is important to note that the compact support of

the kernel function reduces the integral in (3.5) from the entire range ofR to a shifted support of the

kernel. In applying the �lter to non-periodic data, it is exactly this restriction of the kernel's support that

enables shifted or position-dependent kernels to constrict the convolution to within the domain of the data.

In the following, a description of the knot matrix formulation of SIAC kernels for applications to both

periodic and non-periodic data is given. In the latter case, we describe the position-dependent kernels

developed in [10] and the generalized spline boundary kernels introduced in [1]. We also introduce a novel

adaptive kernel scaling.

3.3.1 Knot Matrix Kernel formulation

We use in this chapter the knot matrix formulation of the SIAC kernel introduced in [1]. This

description encompasses both the symmetric formulation for periodic data previously given in Section 2.1

and the position-dependent formulation for non-periodic data. The SIAC kernel composed of (r + 1)

B-splines of order` is de�ned via an (r + 1) � (`) knot matrix T which will be given in Section 3.3.3. The

composite kernel is given by

K T (x) =
rX


 =0

c
 B ( ` )
T 


(x);

where T 
 = T (
; :) denotes the
 -th row of T for 
 = 0 ; 1; : : : ; r . These rows contain the knot sequences for

each B-spline composing the kernel. As detailed in [68] thej -th B-spline of order ` is de�ned via its knot

sequencet by the recursion relation:

B ( ` )
j (x) = wj;` B ( ` � 1)

j (x) + (1 � wj +1 ;` )B ( ` � 1)
j +1 (x);

where

wj;` (x) =
x � t j

t j + ` � 1 � t j
:

This recursion ends with a simple characteristic function,

B (1)
j (x) =

(
1; t j � x < t j +1

0; Else
:
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Figure 3.2 Demonstration of a shift function � (x?) for K (3 ;2)
H with H (x?) = 0 :1 on the domain 
 = [ � 1; 1].

Note the alternative de�nition of B-splines given here versus in (2.6) as for position-dependent �lters,

nonuniform knot sequences may result.

For the purposes of the B-splines in the kernel, de�neB ( ` )
T 


to be the �rst B-spline of order `

corresponding to knot sequenceT 
 . The typical knot matrices considered here, with the exception of

generalized spline knot matrices [1], are of the form

T (i; j ; x?) = �
1
2

(r + ` � 1) + i + j + � (x?); i = 0 ; : : : ; r; j = 0 ; : : : ; `: (3.6)

where � (x?) is a mesh dependent shifting function that restricts the kernel support to the computational

domain. Note that here and in what follows, the dependence ofT 
 on x? is suppressed in order to ease

presentation.

When employing a scaled kernel, a multiplication of the knot matrix by a scaling function H is done. H

may depend on the location of the �ltering point x?. Note that, occasionally, use of the notationK ( r +1 ;` )
H is

made which refers to the kernel function composed of (r + 1) B-splines of order ` with scaling H .

3.3.2 Shifting function

Given 
 = [ a; b], consider the shifting function originally proposed in [8]:

� (x?) =

(
min f 0; � (r + `)=2 + ( x? � a)=H(x?)g ; x? 2 [a; (a + b)=2);
maxf 0; (r + `)=2 + ( x? � b)=H(x?)g; x? 2 [(a + b)=2); b];

(3.7)

where H is the kernel scaling function. If � (x?) is plotted over the domain [� 1; 1], as depicted in Figure 3.2,

it is observed that the support of the kernel is being shifted away from the boundaries when getting close

to both boundaries, while in the interior the kernel support remains symmetric. To understand the e�ect of

the shift function on the kernel support, a plot of the fully shifted left ( � = � 2), right ( � = 2), and

symmetric kernels are given in Figure 3.3. The shifting function provides a continuous transition between

the shifted and symmetric kernels, though the limited smoothness of the shifting function restricts the

smoothness of the �ltered approximation at the interface of shifted and unshifted kernels.
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� = � 2 � = 0 � = 2

Figure 3.3 Shifted Kernels forK (3 ;2) (x). For � = � 2, x = 0 corresponds to the boundary. Note that owing
to the re
ection of y in the kernel argument during the convolution, � = � 2 (� = 2) corresponds to the
left-sided (right-sided) kernel in the physical space.

3.3.3 Knot Matrix Examples

Typical examples of knot matrices corresponding to the case of three B-splines of order two are given by

T Left =

2

4
� 4 � 3 � 2
� 3 � 2 � 1
� 2 � 1 0

3

5 ; T Sym =

2

4
� 2 � 1 0
� 1 0 1
0 1 2

3

5 ; T Right =

2

4
0 1 2
1 2 3
2 3 4

3

5 ;

where T Left and T Right denote the biased �lters used for �ltering at the left and right boundaries of the

domain, respectively. The symmetric kernelT Sym is used in the interior of the domain.

3.3.4 Kernel coe�cients

To determine the coe�cients, c
 ; we proceed the same as in Section 2.1.1. The only di�erence is that

for non-symmetric kernels the knot matrices can change with each �ltering point x?, and so the kernel

coe�cients need to be recomputed with every convolution evaluation, which is not the case in the interior.

With the knot matrix notation, the kernel coe�cients are obtain by solving

2

6
4

b0;0 : : : b0;r

: : : : : :

br; 0
::: br;r

3

7
5

2

6
6
6
4

c0

c1
:::

cr

3

7
7
7
5

=

2

6
6
6
4

1
0
:::
0

3

7
7
7
5

(3.8)

where

bk;
 =
Z

R
B ( ` )

T 

(y)( � y)k dy for k; 
 = 0 ; : : : ; r:

More explicit formulas for the coe�cient system (3.8) in the uniform symmetric knot matrix case are

provided in [17], while the general knot matrix case is considered in [89, 90].

3.3.5 Generalized Spline Kernels

An issue arising from position-dependent �lters is that errors increase in boundary regions for FEM

data and in the case of PIC denoising, the �lter fails to preserve boundary layers. In the past for the FEM
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case, these issues have been addressed by using larger numbers of B-splines or convex combinations of

SIAC kernels [8, 11], but as detailed in [1], adding a single generalized spline can decrease errors at the

boundaries without increasing the kernel support. For example, near the left boundary, write

K H T (x) =
rX


 =0

c
 (x)B ( ` )
H T 


(x) + cr +1 B ( ` )
H T r +1

(x):

Here the coe�cients are still determined by requiring polynomial reproduction. The new knot matrices are

de�ned based o� the sign of � by

� < 0 !
�

T
sL

�
; � = 0 ! T ; � > 0 !

�
sR

T

�
:

Here the 1� (` + 1) knot sequences for the left and right generalized splines are given by

sL =
h
� +

1
2

(r + `) � 1; � +
1
2

(r + `); : : : ; � +
1
2

(r + `)
i
;

and

sR =
h
� �

1
2

(r + `); : : : ; � �
1
2

(r + `); � �
1
2

(r + `) + 1
i
:

For instance, consider the case ofr = 2 and l = 2. The new left and right knot matrices for K (3 ;2)
H are

given by

T Lef t =

2

6
6
4

� 4 � 3 � 2
� 3 � 2 � 1
� 2 � 1 0
� 1 0 0

3

7
7
5 ; T Right =

2

6
6
4

0 0 1
0 1 2
1 2 3
2 3 4

3

7
7
5 :

Plots of the these boundary kernels are given in Figure 3.4.

� = � 2 � = 2

Figure 3.4 Shifted Kernels forK (3 ;2) (x) including a generalized spline. Herex = 0 corresponds to a
boundary.

3.3.6 Adaptive kernel scaling

Although the addition of generalized splines improves the performance of SIAC denoising for moderate

kernel scalings, as will be observed in the numerical results, some care is needed to preserve short-duration
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sharp gradients near boundaries when the kernel scaling becomes large. To that end, we develop a remedy

via an adaptive kernel scaling given by

Hadaptive (x) =

8
><

>:

H int ; x � H int
r + `

2 � a and x + H int
r + `

2 � b;
hgrid

r + ` + 2( x � a) H int � hgrid =(r + ` )
H int ( r + ` ) ; x � H int

r + `
2 � a;

hgrid

r + ` + 2( x � b) � H int + hgrid =(r + ` )
H int ( r + ` ) ; x + H int

r + `
2 � b;

(3.9)

where H int is a large scale desired for the interior, andhgrid is the size of the mesh elements. TypicallyH int

is related to a physical length scale in the problem. This choice of adaptive scaling provides the advantage

of preserving the boundary values of the underlying initialization by reducing the kernel support to a single

element at the boundary locations, enabled by the polynomial-reproduction property of the kernel.

Figure 3.5 shows a depiction of this adaptive scaling and its smoothing e�ect on the transition between the

symmetric kernel and the position-dependent kernel with a shifting parameter. This adaptive scaling has

the additional e�ect of creating a smoother shifting function � and thereby resulting in a smoother

transition between di�erent knot matrices.

3.3.7 Convolution evaluation

The consistent evaluation of convolution in 1D requires keeping track of all the breaks in continuity of

the approximation and breaks in di�erentiability of the kernel within the scaled kernel support. By only

integrating between these breaks in continuity of the data or the kernel, the convolution can be performed

exactly using Gaussian quadrature. A detailed discussion of the implementation can be found in [91].

3.3.8 Fourier representation

As our primary focus is to denoise PIC data, it is critical to examine the Fourier transform of the

convolution kernel to quantify the damping e�ect applied to each frequency. This examination will guide

the choice of the kernels when denoising moments. Unfortunately, analytical computation of the kernel's

Fourier response is only possible in the periodic case for the symmetric kernel with a constant kernel

scaling. In such a case, the Fourier representation of the SIAC kernel composed of (r + 1) B-splines of

order ` and constant scalingH is given by

K̂ ( r +1 ;` )
H (k) =

 
sin( kH

2 )
kH
2

! `
0

@cd r
2 e+1 + 2

d r
2 eX


 =1

c
 cos(
kH )

1

A :

The �rst term in the product is controlled by the spline order, while the second is controlled by the number

of B-splines, with the value of the coe�cients, c
 , being controlled by both the number of B-splines and the

B-spline order.

37



In Figure 3.6 the Fourier representation is displayed for varying kernel parameters. We observe that

increasing the spline order, which corresponds to an increase in smoothness, causes the �lter to damp more

heavily and reduce oscillations. This makes sense as the Fourier transform of smoother functions decay

faster and increasing the spline order results in a smoother kernel. Increasing the number of splines, which

corresponds to increasing the number of moments, does not change the shape drastically, but slightly alters

how the kernel samples di�erent modes. Speci�cally, it 
attens the Fourier response atk = 0 by causing

dn

dk n K̂ ( r +1 ;` ) (0) = 0 for n = 1 ; : : : ; r . This follows from the polynomial reproduction condition on the kernel.

Lastly, changing the scaling factor only causes a dilation ink of kernel response and utilizes more (or

fewer) elements in the �ltering process. An understanding of the frequency e�ects of position-dependent

and adaptively scaled �lters remains an important area of further study. In particular, the standard

methodology of computing the Fourier transform of the SIAC kernel is inappropriate owing to the spatial

variability of the kernel function employed over the computational domain. One possible approach is the

consideration of the spectrum of the discrete �ltering operator, but that is beyond the scope of this work.

Figure 3.5 An adaptive kernel scaling example forK (3 ;2)
H (x) over the domain 
 = [0 ; 1] with H int = 0 :2,

hgrid = 0 :1.

3.4 Numerical Results

In this section we consider the application of SIAC �lters to denoise PIC data. Here, both a periodic

boundary condition and a boundary condition that introduces sharp gradients will be considered. For the

former, an investigation of the damping of the noise using the uniformly scaled symmetric �lter is

performed, where it is expected that the �lter should preserve the physically-relevant oscillations (see

Section 3.4.2). For the latter case, several aspects are studied, including comparisons of the abilities of

position-dependent �lters with or without generalized splines as well as with or without adaptive kernel
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(a) (b)

(c)

Figure 3.6 Variation of the magnitude of the Fourier representation of theK ( r +1 ;` )
H �lter with respect to (a)

spline order, with higher orders corresponding to smoother and more heavily damped �ltered data, (b)
moment conditions, with more moment conditions allowing the capturing of more information about a
point, and (c) kernel scaling, with a larger scaling resulting in more information being used in the �ltering
process. Note that the kernel is symmetric with respect tok and that unless indicated otherwise in the
legends,H = 12:8, r + 1 = 3, and ` = 2.
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scalings (see Section 3.4.3). The focus is on how boundary layers resolution in physical space a�ects the

�ltered data in Fourier space. It must be highlighted again that maintaining the boundary behavior of the

data can be critical to obtaining accurate physics, e.g., for the Bohm criterion.

Given PIC moment data, there are three steps in the denoising procedure:

1. Construct a nodal piecewise interpolant as described in Sec. 3.2 for the given pointwise discrete data

that is generated from a PIC simulation.

2. Select the kernel parameters (r; `; and H ), and �lter the initialization obtained in Step 1 with the

corresponding SIAC kernel. The choice of parameters depends on the type of data being �ltered

(characteristic length scales, desired damping e�ects, etc.).

3. Assess the �ltered data from the point of view of physics

It was determined that there is an insensitivity in the initialization step to low polynomial degrees and

therefore only results for a piecewise constant initialization are included in what follows.

3.4.1 Assessment of Fourier E�ects

For the purposes of displaying the Fourier e�ects of the �ltering procedure on the underlying data, plots

of the single-sided amplitude spectrum are given. In describing methodology for computing the spectrum,

MATLAB's vector notation is used: Given a real-valued signal x of even lengthN

1. Compute the Discrete Fourier Transform (DFT) of the data vector: x̂ = �t( x).

2. Owing to the symmetry of the magnitudes in x̂ (n) only select the �rst N=2 entries: x̂ = x̂ (1:N=2).

3. Double the magnitude of non-DC values:x̂ (2:end) = 2x̂(2:end).

4. Compute the modulus of each value, normalized by the signal length:̂x = abs(x̂=N)

If the data is non-periodic, multiplication of the data vector by a Hanning window function is

performed in the �rst step to minimize any spectral leakage, i.e. x(n) ! x(n)w(n), where

w(n) = 1 =2 � 1=2 cos (2�n=N ), n = 0 ; : : : ; N � 1. Presuming the data is given at a uniform spacing �x, x̂

is de�ned as the vector of frequenciesf = 2�
N � x (0:N=2 � 1).

3.4.2 Periodic boundary conditions

The �rst test is to measure the possible e�ectiveness of the SIAC �ltering technique for denoising PIC

data. This requires the removal of high frequency/wavenumber (with wavelengths at cell size) noises and

the preservation of physical oscillations. For this purpose, PIC simulations with periodic boundary
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conditions are considered. Such boundary conditions can be widely found in PIC simulations [85, 86] such

as in the study of plasma instabilities [92, 93]. Here the data from the VPIC code [94] that simulates the

whistler instability in magnetized plasma induced by the trapped electrons is used [95, 96]. For such

periodic data, a symmetric SIAC �lter with a constant kernel scaling over the whole domain can be used.

Figure 3.7 shows the results of applying the �ltering procedure on periodic magnetic �eld data where the

kernel is composed of 3 B-splines of order 2 (r + 1 = 3, ` = 2). Here the domain is 
 = [0 ; 1400] with a

uniform grid spacing of hgrid = � x = 0 :1, in the unit of Debye length � D . A large kernel scaling

H = 64hgrid is chosen so that the truncated wavenumber iskc ~<� � 1
D , as shown in the Fourier space plot.

We �rst note that the Fourier modes match very well in the low frequency domain, resolving all the

physical structures we are interested in. It is even more remarkable that the theoretical model of the kernel

response matches very well with the observed damped frequencies in the Fourier space (the lower-left plot).

As the analysis in Section 3.3.8 suggested, the damped frequencies are primarily controlled by the kernel

scaling H which dilates the �lter response. Therefore, by choosing the kernel scaling appropriately, it is

possible to target and damp noises with high wavenumbers, while maintaining good preservation of the real

whistler waves peak atk � 0:1� � 1
D as seen from the Fourier spectrum.

This result suggests that for periodic data with limited sharp features SIAC �ltering can be applied in

an informed manner. The targeting physical frequency such as the whistler wave case is typically knowna

prior and can be readily used to guide the choice ofH in practice.

Figure 3.7 Application of SIAC �ltering to periodic magnetic �eld for the whistler instability driven by the
trapped electrons: (upper-left) �ltered vs. un�ltered data over the whole domain. (right) zoomed-in
physical space plot displaying spatial noise damping. (lower-left) single-sided amplitude spectrum of
�ltered and un�ltered data with analytic SIAC kernel response superimposed.
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3.4.3 Data with sharp gradients near the boundary

The second test considers the capability of SIAC �ltering to handle large gradients near the boundary.

This can be a critical characteristic in some cases. Here the considered case is that of the non-neutral

sheath (which forms near the region where a plasma intercepts a solid surface) that introduces sharp

gradients to the plasma pro�les; for instance see Figure 3.8 and Figure 3.10.

It is worth noting that the electron conduction heat 
ux, qe
n , in the form of its spatial gradient as shown

in (3.4), plays an important role in setting the Bohm speed [87, 97], denoising of which is extremely

demanding since itself su�ers higher noise pollution than the plasma density and 
ow.

Here, position-dependent SIAC �lters that include generalized splines and adaptive kernel scalings are

used to denoise the data so that the Bohm criterion can be calculated. This avoids a long-time average as

proposed in [87], signi�cantly reducing the computational cost.

The boundary behavior of the �ltered data for varying kernel treatments is �rst examined in the

physical space, shown in Figure 3.8. It can be seen that the typical position-dependent �lter composed of 3

B-splines of order 2 with a scaling ofH = 32hgrid (upper-left) cannot preserve the boundary behavior of

electron density. However, if a generalized spline is added to the position-dependent kernel to lend more

weight to the �ltering point in the weighted-average, it is possible to better maintain the boundary

behavior (lower-left). However, if we keep increasing the kernel support toH = 128hgrid while keeping all

the other parameters the same, it can be observed that the generalized spline alone is not enough to

maintain the boundary behavior (upper-right). This is resolved by using the proposed adaptive kernel

scaling (3.9) (lower-right).

We then compare the single-sided amplitude spectrums of the �ltered and un�ltered electron density

data, results of which are shown in Figure 3.9. While larger scalings are shown to have greater damping

capabilities, there is not much of a disparity between the di�erent boundary treatments using the same

scaling. This makes sense as, while the di�erences in tracking the boundary behavior is apparent in

physical space, only the data in a small portion of the domain near the boundary varies between these

treatments. In aggregate, neither adaptive scalings nor generalized splines seem to matter as much as the

choice of interior kernel scaling, when the spectrum of the �ltered data is considered. Thus, the choice of

boundary treatment may not be apparent in spectral analysis. The results in the Fourier space are largely

comparable to the periodic case.

Next an investigation of the same choice of kernel parameters on the electron heat 
ux,qn
e , and its

spatial gradient, dqn
e =dx, is performed. Note that here in the un�ltered case dqn

e =dx is computed by a

central di�erence stencil of qn
e in the interior of the domain, and a 1st order biased stencil at the domain
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Without gen. splines, constant scalingH = 3 :2 With gen. splines, constant scalingH = 12:8

With gen. splines, constant scalingH = 3 :2 With gen. splines, adaptive scalingH int = 12:8

Figure 3.8 E�ect of generalized splines and adaptive kernel scaling on boundary behavior preservation.
The underlying data is electron density data ne with 
 = [0 ; 800] andhgrid = � x = 0 :1. Here the solid
blue lines denote the un�ltered data and the dashed red lines the �ltered data.

Without gen. splines, constant scalingH = 3 :2 With gen. splines, constant scalingH = 12:8

With gen. splines, constant scalingH = 3 :2 With gen. splines, adaptive scalingH int = 12:8

Figure 3.9 E�ect of generalized splines and adaptive kernel scaling on the single-sided amplitude spectrum
of electron density data ne with 
 = [0 ; 800] andhgrid = � x = 0 :1. Here the solid blue lines denote the
un�ltered data and the dashed red lines the �ltered data. Note that the underlying data was non-periodic
so a Hanning window function was applied.
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Without gen. splines, constant scalingH = 3 :2 With gen. splines, constant scalingH = 12:8

With gen. splines, constant scalingH = 3 :2 With gen. splines, adaptive scalingH int = 12:8

Figure 3.10 E�ect of generalized splines and adaptive kernel scaling on boundary behavior preservation.
The underlying data is electron heat 
ux data qn

e with 
 = [0 ; 800] andhgrid = � x = 0 :1. Here the solid
blue lines denote the un�ltered data and the dashed red lines the �ltered data.

boundaries. The �ltered derivative values are obtained by applying the same di�erencing procedure to the

�ltered qn
e values. Figure 3.10 and Figure 3.12 present the e�ect of the �ltering scheme onqn

e and dqn
e =dx.

The data is found to be much more oscillatory than the electron density data, though the same behavior is

observed when varying �lter parameterizations for qn
e . Speci�cally, adding a generalized spline helps

maintain boundary behavior for smaller H , but an adaptive scaling becomes necessary for larger interior

scalings. Similar behavior to thene case is also observed in the single-sided amplitude spectra depicted in

Figure 3.11. With respect to the gradient of the heat 
ux, the di�ering boundary treatments are much less

apparent in physical space (see Figure 3.12). The presence of noise is particularly apparent indqn
e =dx in

that it oscillates rapidly about 0, and much of the energy in the single-sided amplitude spectrum is

contained in this noise manifesting in higher frequencies as depicted in Figure 3.12. The application of the

�ltering procedure serves to damp these higher frequencies, with the choice of interior scaling being of

primary importance in controlling the magnitude of damping.

The result presented above suggest that SIAC �lters, when applied to non-periodic data in an informed

manner, capture information well in both physical space (e.g., boundary layers) and Fourier space. Note

that while it may appear that the choice of boundary treatment has little e�ect on dqn
e =dx, in the next

test, it is shown that minor perturbations of this variable can have a large impact on computed quantities

such as the Bohm speed.
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Without gen. splines, constant scalingH = 3 :2 With gen. splines, constant scalingH = 12:8

With gen. splines, constant scalingH = 3 :2 With gen. splines, adaptive scalingH int = 12:8

Figure 3.11 E�ect of generalized splines and adaptive kernel scaling on the single-sided amplitude spectrum
of electron heat 
ux data qn

e with 
 = [0 ; 800] andhgrid = � x = 0 :1. Here the solid blue lines denote the
un�ltered data and the dashed red lines the �ltered data. Note that the underlying data was non-periodic
so a Hanning window function was applied.

Figure 3.12 E�ect of generalized splines and adaptive kernel scaling on electron heat 
ux gradient data
dqn

e =dx in physical and frequency space. Here 
 = [0; 800], hgrid = � x = 0 :1, and the dashed red line
(Typ.) denotes a �ltering procedure with the typical kernel without generalized splines, while (Gen.)
denotes a �ltering with a kernel including a generalized spline. Finally, (Adap.) denotes that an adaptive
kernel scaling is employed. In physical space, the e�ects of the di�ering boundary treatments are most
apparent closest to the boundary, so the interior of domain is not shown. In Fourier space the interior
scaling once again determines the magnitude of damping

.
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3.4.4 Application to Bohm speed calculations

The numerical corroboration of the Bohm speed expression (3.3) is a very challenging task. For

instance, the Bohm speed is very sensitive to small perturbations like PIC noise. When these perturbations

in the data cause the denominator of (3.4) to 
ip signs or be near 0, the computed Bohm speed can be

either complex or blow-up. The contribution of individual variables to such noise sensitivity of the Bohm

speed are highly biased as seen from (3.4), where the electron heat 
ux gradient, contributes the most.

Additionally, qe
n itself is very noisy due to it being a high moment calculated from the electron distribution.

To mitigate such a challenge, [87] evolved to a steady state solution over an excessively long time and

collected 200,000 snapshots at steady state. Their temporal averaging of this data eventually was used to

corroborate the Bohm speed expression (3.3) successfully. Here we aim to show such an expensive

brute-force strategy can be avoided by using a smaller number of snapshots with the proposed SIAC �lters.

Table 3.1 Variable speci�c scalings for the 2,600 short-time averaged data set which were found to produce
qualitative agreement with respect to the long-time averaged data.

Variable qe
n qi

n Qee Qei Qii E RT ne ni uex uix Tex Tix

H 8 4 16 16 16 2 32 6 6 8 8 16 4

First, it is necessary to systematically examine the �ltering requirements and choose proper scalings for

each variable. Our idea behind these individualized variable scalings is to �lter the short-time averaged

variables, obtaining �ltered data which qualitatively resembles the long-time averaged variables.

Procedurally, this takes the form of replacing a single long-time averaged variable in the Bohm speed

computation with a noisier short-time averaged counterpart, and then varying the kernel scaling of that

short-time averaged variable until good qualitative agreement is obtained with respect to the long-time

averaged variable and the long-time averaged Bohm speed. The number of snapshots, 2,600, is the

minimum number of time steps for which this can be achieved qualitatively for all variables. The chosen

kernel scalings for each component is summarized in Table 3.1. We do note that some variables were less

sensitive to �ltering than others, allowing for some variability in the choice of scaling chosen. Choosing the

scalings in this manner allows for the preservation of the qualitative behavior of the data and real-valued

Bohm speed calculations.

Finally, when short-time averaged �ltered data alone is used with the scalings chosen as indicated in

Table 3.1, we obtain a desirable Bohm speed that tracks well with the long-time averaged calculations.

This is shown in Figure 3.13, where a comparison of the computed Bohm speed from the �ltered and

un�ltered data with all variables originating from a time average over 2,600 snapshots is shown. The

un�ltered long-time averaged data over 200,000 snapshots is also plotted as a baseline. The lower plot of
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Un�ltered short-time averaged data

Filtered short-time averaged data

Figure 3.13 Comparison of Bohm speed and ion exit 
ow using �ltered and un�ltered data time-averaged
over 2,600 snapshots. The un�ltered long-time averaged data over 200,000 snapshots is also plotted. A
K (3 ;2)

H kernel with scalings as indicated in Table 3.1 was used. Note that the modulus ofuBohm is plotted
for the un�ltered short-time average data as the noise was su�cient to induce complex values.

Figure 3.13 shows that the �ltered average of the normalized Bohm speed (blue dash line) matches well

with the long-time averaged value (solid black line) from [87].

This result shows that the proposed SIAC �lters are a promising data processing technique in the PIC

setting, which can potentially achieve signi�cant reductions in computational cost. For instance, the

presented study of Bohm speed suggests that the previous expensive 1D3V PIC simulation in [87] can be

performed in a much shorter time (1.3%) to corroborate (3.3)

3.5 Chapter Summary

In this chapter, Smoothness-Increasing Accuracy-Conserving �lters have been extended to e�ectively

denoise discrete PIC data while preserving underlying physics. Several aspects of the �lters related to both

the periodic boundary condition and a physical boundary condition that introduces the sharp gradient of

plasma pro�les have been investigated. Leveraging knowledge from SIAC applications in a FEM context,
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the position-dependent �lters have been repurposed and a new adaptive scaling methodology has been

developed. The proposed �lter is assessed using the challenging task of uncovering physical laws, speci�cally

the Bohm speed formulation. The outcomes show that the computational cost in PIC can be substantially

reduced by reducing the e�ective particle numbers or the time steps used for time-averaging. This

underscores the substantial potential of the proposed �lters as an e�ective tool for processing PIC data.

In the future, a more in-depth investigation of the sensitivity of the Bohm speed calculation to noisy

variables will be investigated. Additional vital capabilities of the �lter that needs to be developed are

self-detection and resolution of interior structures possessing sharp gradients like the shocks. This of great

importance for time-variant systems that do not attain steady states since in such cases the time-averaging

approach does not apply.
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CHAPTER 4

(L)SIAC-MRA ON UNIFORM MESHES

This chapter contains content from the author's article [98] which is reused with publisher permissions

given in Appendix D.

4.1 Chapter Introduction

In this chapter we introduce Line Smoothness-Increasing Accuracy-Conserving Multiresolution Analysis

(LSIAC-MRA). This is a procedure for exploiting convolution kernel post-processors for obtaining error

reduction under scale transition. This �ltering-projection tool allows for the transition of data between

di�erent resolutions while simultaneously decreasing errors in the �ne grid approximation. It implicitly

allows for the computation of multiwavelet detail coe�cients when translating coarse data onto �ner

meshes. These coe�cients are not de�ned for the original coarse data, owing to a lack of resolution. We

show how to analytically evaluate the resulting convolutions and express the �ltered approximation in a

new basis. This is done by combining the �ltering procedure with projection operators that allow for

computational implementation of this scale transition procedure. Further, this procedure can be applied to

piecewise-polynomial data of any degree, including constant approximations to functions, to provide error

reduction. We demonstrate the e�ectiveness of this technique in two and three dimensions.

The chapter outline is as follows, we begin by describing the original SIAC-MRA procedure developed

by [23] for one-dimensional and tensor-product formulations. We then extend this approach to

multidimensional data via LSIAC �lters, and derive and implement discrete matrix operators for realizing

the (L)SIAC-MRA procedure for uniform quadrilateral and hexahedral meshes. Lastly we investigate its

error reduction capabilities on a suite of test problems.

4.2 Input Data Format

For ease of discussion, we will assume the data is given in a modal format as described in equation

(2.25) and compute the the initialization via the L 2-projection procedure given in (2.33). As we are

considering uniform quadrilateral and hexehedral meshes, we will also in this chapter and Appendices F

and E, make the notational choices ofi; j; k = 1 ; : : : ; N representing element indices on a uniform mesh of

N d elements. Furthermore, we will also use a separate index for each component of the modal basis

function in the tensor-product basis, i.e. � k (x) = � kx (x)� ky (y). We now review the SIAC-MRA

enhancement procedure in one dimension so as to better understand the two-dimensional derivations.
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4.3 Review of One-dimensional SIAC-MRA

As developed in [23], SIAC-MRA is an enhancement procedure where coarse data is �ltered and

projected onto a �ner mesh to construct more accurate �ne mesh data. Here we review the procedure of

[23] before generalizing it to multiple dimensions via LSIAC �lters.

A crucial step valid for uniform meshes is that the one-dimensional convolution (2.1) can be analytically

calculated and thereby allows for expressing of the �ltered approximation in a new basis. As a result of the

predictable ordering of mesh and kernel breaks, we have a piecewise de�nition for the �ltered

approximation itself:

u?
h (x) =

( P p+1
m =0 bj

m � m
L (� ); � 2 (� 1; 0)

P p+1
m =0

~bj
m � m

R (� ); � 2 (0; 1)
;

for each element. Here� = � j (x) represents a local element mapping. The �ltered basis functions� m
L and

� m
R used in this chapter and their associated coe�cients are given in Appendix E. To construct the �ne

mesh representation we proceed as follows. Recalling the discussion of one-dimensional MRA discussion of

Section 2.3, we assume that our initial approximation is in the approximation spaceV p
n . Letting N = 2 n be

the number of elements of this approximation space, denote the �ne mesh approximation by

~u(n +1)
h = Pn +1 u?

h , where Pn +1 represents the projection operator onto the approximation spaceV p
n +1

consisting of 2N elements. To obtain the �ne mesh modal coe�cients in the ansatz

~u(n +1)
h (x)

�
�
I j

=
P p

k=0 uj
k � j

k (x); j = 1 ; : : : ; 2N we require for eachj :

h~u(n +1)
h ; � j

m i I j = hu?
h ; � j

m i I j ; m = 0 ; : : : ; p:

Having determined our �ne mesh approximation ~u(n +1)
h = Pn +1 u?

h , we can isolate the multiwavelet

component simply by subtraction of the coarse approximation in Equation (2.68):

2n � 1X

j =0

pX

k=0

~dn
k;j  n

k;j (x) = Pn +1 u?
h � P n u?

h ; (4.1)

where  n
k;j are the basis functions of the multiwavelet space. These alternative multiwavelet coe�cients

provide an improvement to our approximation, and the SIAC-MRA procedure provides a de�nition for

them. This allows for e�ectively transitioning the approximation onto a �ner mesh. Additionally, it only

requires coarse mesh data to be constructed. This di�ers signi�cantly from traditional MRA where

multiwavelet coe�cients are intrinsically dependent upon the initial function u, which means that we

cannot construct multiwavelet coe�cients for improving our approximation if only coarse modal data is

available.

Knowing the form of the �ltered approximation, we can map the coe�cients to the �ne mesh modes

simply by application of a projection operator. Furthermore, knowing the forms of the �ltered
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approximation allows us to discretize this procedure and construct projection matrices to perform this

scale transition. This will be discussed further in the context of the multidimensional case in Section 4.5.

4.4 Multidimensional (L)SIAC-MRA

In this section, we introduce LSIAC-MRA and generalize SIAC-MRA to higher dimensions. These

procedures allows us to obtain detail coe�cients for moving information to successively �ner grids. These

detail coe�cients are obtained for a uniform mesh by choosingr = 2p and ` = 1 as the �lter parameters in

(2.3). This choice of parameters was shown in [23] to give the best error-reduction results, ensuring enough

moments in the underlying data are respected as well as that over-smoothing does not occur.

It should be noted that the expressions below for (L)SIAC-MRA are mesh-dependent in that our ability

to simplify the convolution is intrinsically linked to patterns in the mesh construction. The extension to

nonuniform meshes will be considered in Chapter 5. In a manner analogous to the one-dimensional case,

we can take advantage of the simplicity of the kernel's B-spline components and the predictability of the

element boundaries to analytically evaluate the convolutions given by (2.7) and (2.8). Following this

procedure, and letting � x = � i (x), � y = � j (y), and � z = � k (z) denote the mapping of our �ltering point to

the reference element, we obtain the following expressions for our �ltered approximations:

The two-dimensional tensor-product �ltered approximation can be written as

u?
h (x; y) =

p+1X

m =0

p+1X

r =0

aQ;i;j
m;r � m

Q (� x )� r
Q (� y );

where (x; y) belongs to quadrant Q of element (i; j ).

Analogously, the three-dimensional tensor-product �ltered approximation can be written as

u?
h (x; y; z) =

p+1X

m =0

p+1X

r =0

p+1X

` =0

aO;i;j;k
m;r;` � m

O (� x )� r
O (� y )� `

O (� z );

where (x; y; z) belongs to octant O of element (i; j; k ).

The two-dimensional Line SIAC, the �ltered approximation can be written as

u?
h (x; y) =

X

P = f L;M;R g

pX

m =0

pX

r =0

aS;P;i;j
m;r � m;r

S;P (� x ; � y ); (4.2)

where (x; y) belongs to regionS of element (i; j ). These regions are delineated in Figure 4.1. TheP index

results from splitting up the convolution into \left",\middle", and \right" components owing to element

breaks. Analogously, the three-dimensional LSIAC �ltered approximation can be written as

u?
h (x; y; z) =

X

P = f L;LM;RM;R g

pX

m =0

pX

r =0

pX

` =0

aS;P;i;j;k
m;r;` � m;r;`

S;P (� x ; � y ; � z ); (4.3)
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where (x; y; z) belongs to regionS of element (i; j; k ), where again theP index denotes an ordering with

respect to element breaks. A description of the aforementioned regions and an associated classi�cation

scheme are provided in Appendices E and F.

In two dimensions, the LSIAC-MRA implementation requires 6 quadrature domains per element for the

purpose of projecting the �ltered approximation onto the re�ned mesh. In three dimensions there are 24

quadrature domains per element for the same purpose. These compare to 4 and 8 regions for the two- and

three-dimensional SIAC-MRA respectively. This is owing to the di�erence in orientation and dimensions of

the kernel support. Note that for the LSIAC �lters, the �ltered basis functions are more complicated

integrals of shifted Legendre Polynomials. Though the reduced dimension of the LSIAC kernel support

means less information is needed to compute thea coe�cients, the integrand is no longer separable which

leads to more complicated functions in the expansion. All the� functions and their associated coe�cients

are detailed in Appendices E and F.

Much the same as in one dimension, we project these �ltered approximations onto the �ner mesh, and

thereby construct �ne mesh approximations. The only di�erence is that we are now projecting onto either

the quadrant or octants of reference element in two and three dimensions respectively. In the LSIAC case

this requires us to account for the piecewise de�nition of the �ltered approximations and split up

projections according to the associated domains of de�nition. We discuss this more in the next section,

where discrete transition operators for realizing the enhancement procedure are constructed.

4.5 Transition Operator Implementation

In this section we describe a brief overview of the implementation of two-dimensional LSIAC-MRA as

the same ideas extend to the tensor-product case and to higher dimensions. Additional details on the

�ltered approximation basis functions and a computational algorithm are included in Appendices E and F.

Given coarse mesh modal information, we wish to construct transition matrices for mapping the coarse

mesh modal coe�cients to their �ne mesh counterparts. In our discrete setting these transition matrices

are the composition of the discrete �ltering and projection matrices T = Pn +1 K H . In two dimensions we

will have a separate transition matrix for each quadrant. It is important to note that the sequencing of

mesh and kernel breaks, and the elements within the kernel's support varies from region to region (see

Figure 4.1). When computing the re�ned approximation, we must project our �ltered approximation onto

the �ner mesh. In the two-dimensional case we must sum the projections over the two triangular regions

composing quadrants I and III, respectively. The splitting of these quadrants into two separate regions is

because the elements which the �lter overlap changes depending upon location of the �ltering point. This

changes the form of the �ltered approximation, and thus the form of projection matrix. As the �ltered
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approximation changes in this manner, di�erent transition matrix construction is required from

quadrant-to-quadrant. In the following we outline the construction procedure and refer the reader to

Figure 4.2 for a depiction of the e�ects of each matrix in the composition for the casep = 0.

Element Filter Region Kernel Support

Q1 T Q2 T Q3 T

Q1 B Q4 B Q3 B

Figure 4.1 Depiction of the varying element overlap of the LSIAC kernel in two dimensions resulting in
varying �ltered approximation forms for p = 0. The element is shaded in gray, the �lter region has diagonal
lines, and the kernel support is encapsulated by dashed lines. The �lter region (labeled by quadrant and
orientation relative to the element diagonal) represents the location of possible �ltering points, and the
kernel support represents the overlap of the kernel support for those �ltering points.

For the purposes of performing the enhancement procedure via matrix operations it is important to

have a standard ordering for the modal information. As constructing the transition matrices is easier if

modal coe�cients are grouped by element, we denote the (N 2(p + 1)) 2 � 1 vector of modal coe�cients by

~u =
�
~u1 j : : : j ~uN

� T
;

where

~uj =
�
~u1;j : : : ~uN;j

�
;

~ui;j =
�
~ui;j

0 j : : : j ~ui;j
p

�
;

and

~ui;j
ky =

h
ui;j

0;ky j : : : j ui;j
p;ky

i
:
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S i;j

(1)

Cqx ;qy

(2)

A

(3)

P2T
( )

(4)(5)

K i;j
qx ;qy

Figure 4.2 Purpose of transition matrix components during re�nement procedure: (1)! (2) Select modes
from elements relevant to re�ning element (i; j ), (2) ! (3) Select only the modes relevant to �ltering a
given region, in this case 2T, (3) ! (4) Use that modal information to obtain �ltered approximation
coe�cients, (4) ! (5) Obtain �ne mesh modes by projecting the �ltered approximation onto the re�ned
mesh. Notice that K i;j

qx ;qy
= ACqx ;qy S i;j :

E�ectively, the modes are �rst concatenated along the x-modal index, then the y-modal index, then the

x-element index, and �nally the y-element index. Here we use a single superscriptT to denote the

transpose of a matrix or vector. In the labelling scheme to follow we parameterize operators by labels

f 1T; 2T; 3T; 1B; 3B; 4B g to denote a top or bottom orientation. To avoid confusion, note that a superscript

T preceded by a number does not indicate a transposition.

4.5.1 Sifting Matrices

All of the coe�cients in (4.2) �t the form

ai;j
m;r (qx ; qy ) =

pX


 = � p

c
 ui + 
 + qx ;j + 
 + qy

kx;ky ; (4.4)

where qx ; qy 2 f� 1; 0; 1g are uniquely determined by the regionS and position P as detailed in

Appendices E and F. To compute these coe�cients, a selection matrix, denotedS i;j , must be constructed.

Assuming periodic boundary conditions, this matrix will select all modal values from the (2p + 3) 2

elements about element (i; j ). We will later further pare this information to only those elements under the

line �lter's support. We begin here by building this selection matrix by concatenation of simpler matrices.

De�ne the (2p + 3) N (p + 1) 2 � N 2(p + 1) 2 matrix Sj by block concatenation:
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Sj =

2

6
4

! j (1; 1)IN (p+1) 2 � N (p+1) 2 : : : ! j (1; N )IN (p+1) 2 � N (p+1) 2

:::
:::

! j (2p + 3 ; 1)IN (p+1) 2 � N (p+1) 2 : : : ! j (2p + 3 ; N )IN (p+1) 2 � N (p+1) 2

3

7
5

where

! j (m; r ) =

8
><

>:

1; j 6= N & p + 2 � m + r = j mod (N )
1; j = N & p + 2 � m + r = j or 0
0; else

;

for m = 1 : (2p + 3) and r = 1 : N . Here IN (p+1) 2 � N (p+1) 2 is the N (p + 1) 2 � N (p + 1) 2 identity matrix.

This matrix selects the relevant j -coordinates:

Sj ~u = [ uj � (p+1) : : : uj +( p+1) ]T :

Next, construct an (2p + 3)( p + 1) 2 � N (p + 1) 2 matrix ~Si to select the relevant i -coordinates from

within each vector. De�ne by block concatenation

~Si =

2

6
4

! i (1; 1)I(p+1) 2 � (p+1) 2 : : : ! i (1; N )I(p+1) 2 � (p+1) 2

:::
:::

! i (2p + 3 ; 1)I(p+1) 2 � (p+1) 2 : : : ! i (2p + 3 ; N )I(p+1) 2 � (p+1) 2

3

7
5

for m = 1 : (2p + 3) and r = 1 : N . We have that

~Si uj = [ ui � (p+1) ;j : : : ui +( p+1) ;j ]T :

Hence, de�ning S i;j to be the (2p + 3) 2(p + 1) 2 � N 2(p + 1) 2 matrix given by

S i;j =

2

6
4

~Si 0
: : :

0 ~Si

3

7
5 Sj ;

where there are (2p + 3) ~Si matrices on the diagonal, we have

S i;j u =
h
[ui � (p+1) ;j � (p+1) : : : ui +( p+1) ;j � (p+1) ] : : : [ui � (p+1) ;j +( p+1) : : : ui +( p+1) ;j +( p+1) ]

i T
= ~ui;j

which, as stated previously, only contains modal information from the (2p + 3) 2 elements around element

(i; j ).

Now we construct an intermediary matrix Cqx ;qy whose function is to select the elements from ~ui;j

which fall within the support of the line integral as a�ected by the shifting arguments ( qx ; qy ). De�ne the

(2p + 1)(2 p + 3)( p + 1) 2 � (2p + 3) 2(p + 1) 2 matrix Cqy by

Cqy =

2

6
4

� � 1;qy I � 0;qy I � 1;qy I 0
: : :

: : :
: : :

0 � � 1;qy I � 0;qy I � 1;qy I

3

7
5 ;
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where � is the Kronecker delta and I is the (2p + 3)( p + 1) 2 � (2p + 3)( p + 1) 2 identity matrix. This matrix

has the e�ect of further restricting the relevant j � indices based o� the shifting argument qy . Then de�ne

the (2p + 1)( p + 1) 2 � (2p + 3)(2 p + 1)( p + 1) 2 matrix Cqx by

Cqx =

2

6
6
6
4

� � 1;qx I � 0;qx I � 1;qx I 0
R2
:::

R2p+1

3

7
7
7
5

;

where I is (p + 1) 2 � (p + 1) 2, and Rj is the �rst block row de�ned above with the non-zero entries

translated (j � 1)(2p + 4)( p + 1) 2 places to the right. We then have the desired

(2p + 1)( p + 1) 2 � (2p + 3) 2(p + 1) 2 intermediary matrix Cqx ;qy given by the composition

Cqx ;qy = Cqx Cqy :

Applying this matrix produces:

Cqx ;qy ~ui;j = ~ui;j
qx ;qy

= [ ui � (p� qx ) ;j � (p� qy ) ; : : : ; ui +( p+ qx ) ;j +( p+ qy ) ]T ;

which are the modal coe�cients appearing in (4.4).

4.5.2 Coe�cient Matrices

We now describe the construction of a matrix for computing (4.4) from the sifted modal coe�cients.

De�ne the matrix A to be the (p + 1) 2 � (2p + 1)( p + 1) 2 matrix given by

A =
1
2

2

6
6
6
4

c� pI 0 j : : : j cpI 0
0 c� pI 0 j : : : j 0 cpI 0

: : : j : : : j
: : :

0 c� pI j : : : j 0 cpI

3

7
7
7
5

where the identity matrices are (p + 1) � (p + 1). This is the matrix used to perform the summation and

leads to

A ~ui;j
qx ;qy

= ~ai;j (qx ; qy )

where

~ai;j (qx ; qy ) = [ ai;j
r =0 : : : ai;j

r = p]T (qx ; qy )

with

ai;j
r (qx ; qy ) = [ ai;j

0;r (qx ; qy ) : : : ai;j
p;r (qx ; qy )]:

Hence, the seven coe�cient matricesK i;j
qx ;qy

are de�ned by the composition

K i;j
qx ;qy

= ACqx ;qy S i;j

and give
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K i;j
qx ;qy

u = ~ai;j (qx ; qy ):

Rather than concatenating these matrices at this point in the procedure, we will wait until after applying

the projection in order to minimize the number of transformations performed. It is important to note that

each choice of (qx ; qy ) computes a di�erent set of coe�cients pertaining to a di�erent set of basis functions,

each of which is required for obtaining the enhanced approximation.

4.5.3 Projection Matrices

We now discuss the procedure necessary to perform the projections. Because of the di�erent �ltered

approximation forms in each quadrant, we must perform each projection slightly di�erently. Quadrants II

and IV are similar as are I and III owing to the number of �ltered approximation forms present on that

element. Here we begin with the procedure for quadrant II.

4.5.3.1 Quadrant II

In quadrant II we de�ne the projection of this approximation by ~u(n +1)
h jK 2 i � 1 ; 2 j (x; y) where the new

modal coe�cients are computed by

hu?
h ; � kx � ky i QII = h~u(n +1)

h ; � kx � ky i QII (4.5)

= u2i � 1;2j
kx;ky ; kx; ky = 0 ; : : : ; p; i; j = 1 ; : : : ; N: (4.6)

Note that here and in what follows, we suppress the tilde and (n + 1) superscript on the �ne mesh modal

values for readability. To account for the change in domain scaling de�ne� x (� x ) = � x � 1
2 and � y (� y ) = � y +1

2 .

We have

u2i � 1;2j
kx;ky =

pX

m =0

pX

r =0

Z 1

� 1

Z 1

� 1

n
ai;j

m;r (� 1; 0)� m;r
2T;L (� x ; � y )

+ ai;j
m;r (0; 0)� m;r

2T;M (� x ; � y )

+ ai;j
m;r (0; 1)� m;r

2T;R (� x ; � y )
o

� kx (� x )� ky (� y ) d� y d� x :

This expression will be broken up into three separate integrals, one for each of the di�erent� ( ) functions

where ( ) 2 f L; M; R g. For each � ( ) , de�ne

P( ) (kx; ky; m; r ) =
Z 1

� 1

Z 1

� 1
� m;r

(2T; ) (� x ; � y )� kx (� x )� ky (� y ) d� y d� x :

De�ne the projection matrix P2T
( ) by

P2T
( ) =

�
~P(0; 0) : : : ~P(p;0) : : : ~P(0; p) : : : ~P(p; p)

� T
;
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where

~P(kx; ky ) = [ P(kx; ky; 0; 0) : : : P(kx; ky; p; 0) : : : : : : P(kx; ky; 0; p) : : : P(kx; ky; p; p)]T :

Hence, we have

u2i � 1;2j = P2T
L ~ai;j (� 1; 0) + P2T

M ~ai;j (0; 0) + P2T
R ~ai;j (0; 1):

Noting the necessary choice ofK i;j
qx ;qy

to obtain each of the coe�cient vectors, we have

u2i � 1;2j = ( P2T
L K i;j

� 1;0 + P2T
M K i;j

0;0 + P2T
R K i;j

0;1)~u:

Denoting this composition by T2
i;j we can concatenate these matrices together to obtain the global

transition matrix T2 de�ned by

T2 =
�
T2

1;1 : : : T2
N; 1 j : : : j T2

1;N : : : T2
N;N

� T
:

We obtain the modal coe�cients for the re�ned approximation over the second quadrants of the coarse

mesh by

~u(n +1)
2 = T2u:

4.5.3.2 Quadrant IV

The projection matrices for quadrant IV are the same except that the quadrant IV basis function are

used and the change of variables are instead� x (� x ) = � x +1
2 and � y (� y ) = � y � 1

2 .

4.5.3.3 Quadrant III

The cases of quadrants I and III are similar in that a change of variables must be applied to split the

integrals over the quadrant into a pair of integrals over diagonals of that quadrant. Beginning with the

integral over the whole quadrant, we have the �ne mesh modal coe�cients

u2i � 1;2j � 1
kx;ky = hu?

h ; � i
kx � j

ky i QIII

=
Z 1

� 1

Z 1

� 1
u?

h jQIII (� x (� x ); � y (� y )) � i
kx (� x )� j

ky (� y ) d� y d� x ;

where � x = � x � 1
2 and � y = � y � 1

2 . Breaking this up into integrals over 3T and 3B we have

u2i � 1;2j � 1
kx;ky =

Z 1

� 1

Z 1

� x

u?
3T (� x ; � y )� i

kx (� x )� j
ky (� y ) d� y d� x

+
Z 1

� 1

Z � x

� 1
u?

3B (� x ; � y )� i
kx (� x )� j

ky (� y ) d� y d� x :

Now to use Gauss-Legendre quadrature, we must scale the bounds of the inner integral to [� 1; 1]. To do so

introduce the change of variables� y = 1� � x
2 � T + 1+ � x

2 for the �rst integral and � y = � x � 1
2 � B + 1+ � x

2 for the

58



second. This allows us to rewrite the expression as

u2i � 1;2j � 1
kx;ky =

Z 1

� 1

Z 1

� 1
u?

3T (� x ; � y (� y (� T )) � i
kx (� x )� j

ky

� 1
2

�
� T (1 � � x ) + 1 + � x

� � 1 � � x

2
d� T d� x

+
Z 1

� 1

Z 1

� 1
u?

3B (� x ; � y (� y (� B )) � i
kx (� x )� j

ky

� 1
2

�
� B (� x � 1) + 1 + � x

� � � x � 1
2

d� B d� x :

= I T + I B :

We now need to split the I terms into a sum of integrals over the basis functions and then multiply by the

appropriate modal coe�cients. De�ning

P3T
( ) (kx; ky; m; r ) =

Z 1

� 1

Z 1

� 1
� m;r

3T; ( ) (� x ; � y (� T )) � kx (� x )� ky (� y (� T )) d� x d� T ;

where ( ) 2 f L; M; R g, we construct the projection matrices P3T
L ; P3T

M ; P3T
R in the same manner as in

quadrant II. Now for the second set of integrals de�ne

P3B
( ) (kx; ky; m; r ) =

Z 1

� 1

Z 1

� 1
� kx;ky

3B; ( ) (� x ; � y (� B )) � kx (� x )� ky (� y (� B )) d� x d� B ;

and analogously construct the projection matricesP3B
L ; P3B

M ; P3B
R . We then have

u2i � 1;2j � 1 = P3T
L ~ai;j (� 1; � 1) + P3T

M ~ai;j (� 1; 0) + P3T
R ~ai;j (0; 0)

+ P3B
L ~ai;j (� 1; � 1) + P3B

M ~ai;j (0; � 1) + P3B
R ~ai;j (0; 0):

Now ~ai;j (qx ; qy ) = K i;j
qx ;qy

~u; thus

u2i � 1;2j � 1 =
h
(P3T

L + P3B
L )K i;j

� 1;� 1 + ( P3T
R + P3B

R )K i;j
0;0 + P3T

M K i;j
� 1;0 + P3B

M K i;j
0;� 1

i
~u:

Denoting this composition by T3
i;j we can concatenate these matrices together to obtain the global

transition matrix T3 de�ned by

T3 =
�

T3
1;1 : : : T3

N; 1 j : : : j T3
1;N : : : T3

N;N

� T

;

such that

~u(n +1)
3 = T3u:

4.5.3.4 Quadrant I

The case of quadrant I is that same as quadrant III except now� x = � x +1
2 , � y = � y +1

2 , and the �

functions used are those de�ned on quadrant I.
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4.5.4 Coding Comment:

The LSIAC-MRA and SIAC-MRA procedures were implemented in MATLAB T M R2021a. No claim is

made to the computational e�ciency of the implementation but we simply state that the memory

requirements are on the order of the number of modal values of the �ner mesh 4N 2(p + 1) 2. An algorithm

to perform the enhancement, requiring only formation of �ltering and local projection matrices is provided

in Algorithm 2.

4.6 Numerical Results

The goal of (L)SIAC-MRA is to produce a �ne mesh modal approximation from coarse mesh data that

has lower error than repeatedL 2-projection alone. The measures used for comparison are theL 2- and

L 1 -errors de�ned respectively by

kuexact � uapprox kL 2 (
) =

s Z



juexact � uapprox j2 d
 ; kuexact � uapprox k1 = sup

x 2 

juexact � uapprox j:

(4.7)

For our simulations, the L 2-error is discretely approximated by Gauss-Legendre quadrature at 6d nodes per

element. Similarly, the L 1 -error is taken to be the maximum absolute error over these nodes. To ensure a

consistent standard for comparison, we compute the errors on the �nal, most re�ned mesh occurring during

the enhancement procedure. It is very important to use a standard mesh for computing the errors. Not

doing so can lead to counter-intuitive behaviors in the error. An example of this is displayed in Figure 4.3

where repeated projections of the same polynomial approximation have varying errors, contradicting the

reproduction property of the projection. The cause is the discrete approximation of the error-norms. By

performing the error computation over a �xed su�ciently �ne mesh, we no longer encounter these

discretization artifacts.

In all the simulations considered below, periodic boundary conditions are assumed to allow the

application of the �lter in regions where the kernel support would surpass the domain boundaries. Before

proceeding to the numerical results, a note about the error tables to appear in this section. The �rst two

columns of the tables detail the projections errors of theL 2 approximation subject to scale transition by

projection without �ltering. This represents the standard which our �ltered approximations must

outperform to justify the computational expense. The third and fourth columns detail the errors of an

approximation when (L)SIAC-MRA is applied only once and then L 2-projection is used. The �nal two

columns detail the errors of the (L)SIAC-MRA procedure applied at each re�nement. As a result, the �rst

rows are equal. Similarly, the Enhanced Once and Enhanced Each Re�nement columns will agree on the

second mesh simply because only one �ltering procedure has been applied at that point. These equalities
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Figure 4.3 Comparison of the Log-Log plots of theL 2 and L 1 errors of the function
u0(x; y) = sin(2 �x ) + sin(2 �y ) with p = 4 under re�nement. In the left plot, the errors are computed on
the mesh level of the iteration, i.e on the mesh size indicated by the data points abscissa. In the right plot,
the errors are computed on the 140� 140 mesh which is the �nest mesh encountered during the procedure.
We observe that this latter approach allows for the errors to remain constant underL 2-projection alone,
which agrees with the intuition of the approximation being reproduced.

are emphasized by the shading of entries in the tables (gray and medium gray, respectively). We have

performed many two- and three-dimensional experiments to gauge the ability of the (L)SIAC-MRA

�ltering-projection procedure, but below we will only focus on the most illuminating examples. Note that

we only expect reduced errors, not improvement in order of convergence. We focus mainly on LSIAC-MRA

but provide some results for SIAC-MRA as well.

4.7 Two-dimensional Test Problems

Consider the following functions on the domain 
 = f (x; y) 2 [0; 1]2g :

1. u0(x; y) = sin(2 � (x + y))

2. u0(x; y) = sin(10 �x ) sin(10�y )

3. u0(x; y) = f 1(x)f 1(y)

4. u0(x; y) = f 2(x)f 2(y)

where

f 1(x) =

(
2 cos(2� (2x � 1)); 1=4 � x � 3=4
cos(4� (2x � 1)); Else

;

f 2(x) =

(
2=3 sin(2� (2x � 1)); 1=4 � x � 3=4
cos(� (2x � 1)); Else

:
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These tests aid us in evaluating the e�ectiveness of the (L)SIAC-MRA procedure for di�erent function

types. The �rst function can be viewed as a combination of a product and summation of the coordinate

directions. The second represents a higher frequency function. The third is discontinuous, while the fourth

has discontinuous derivatives forx and y at 1=4 and 3=4. Depictions of the third and fourth functions are

provided in Figure 4.4.

Performing the (L)SIAC-MRA on functions with di�erent wave number k, we observe that di�erent

initial mesh resolutions are necessary for improvement. The �rst and second functions behave similarly,

except that the �rst corresponds to a wavenumber k = 1 and has repeated improvement from

(L)SIAC-MRA on a relatively coarse mesh (35� 35; see Figure 4.5 and Figure 4.6). We see clearly that the

tensor-product formulation outperforms the formulation in pointwise error reduction. This makes sense as

in the former case more modal information is being used in the reconstruction. The higher frequency

second functionk = 5, (see Figure 4.7 and Table 4.1) requires a much �ner starting resolution of 160� 160

for improvement in the LSIAC-MRA case. Even then, the resolution requirements increase with

approximation order and so for coarser meshes the LSIAC-MRA procedure is more e�ective for lower order

polynomial approximations. Note the omission of the tensor-product for the second function owing to

computer memory constraints.

For the third and fourth functions we begin with their projection onto a piecewise orthonormal Legendre

basis de�ned over a 70� 70 uniform quadrilateral mesh. We observe that the re�nement procedure

provides error reduction for lower polynomial degrees, though performance degrades for increasingp. While

(L)SIAC-MRA is e�ective in smooth regions, it is not as globally e�ective at error reduction as compared

to the analytic examples above. This is due to the lack of smoothness of the functions under consideration.

Figure 4.4 Surface plots ofu0(x; y) = f 1(x)f 1(y) (Left) and u0(x; y) = f 2(x)f 2(y) (Right). The initial
condition de�ned as a tensor-product of a discontinuous functionf 1 represents a \strong discontinuity",
while that using a tensor-product of a continuous but not globally di�erentiable function f 2 represents a
continuous function with discontinuous derivatives @u0

@x and @u0
@y .
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