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ABSTRACT

During drilling, drill strings buckle under small axial 
loads. Plane form buckling occurs first, followed by heli­

cal buckling of varying pitch lengths. Helical buckling can 
have a harmful effect on the drill string; however, in some 
cases these loads can be acceptable.^^

This thesis investigates the post buckling condition of 
drill strings. Namely, it assumes that the drill string has 
attained a helically buckled form. Analysis follows two 
approaches: first, discrete strain energies are summed over
the length of the drill string, and second, strain energy is 
found with combined loading. The approaches differ only in 
the method of determination of the strain energy of the 
drill string.
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INTRODUCTION

The stability of long, slender columns which are sub­
jected to axial loading, has been an interesting topic in 
the theory of elasticity for years. The first reported 

study was by Euler in 1744.
When a small axial load is applied to a rigid column, 

it causes the column to slightly bend, and when the load is 
removed, the column regains its straightness. In either of 
these cases, bent or straight, the column is said to be in 
stable equilibrium. Additional axial load will buckle the 

column. This is said to be a position of unstable equili­
brium. The transition between these two equilibriums is 

called neutral equilibrium.
Euler defined buckling as continued deflection of a 

column without additional axial load. He showed that criti­
cal axial load causing the onset of buckling rose with 
Young's modulus and moment of inertia, and diminished with 
the square of the length of the column. His critical buck­
ling load for a free column is given precisely by the formu­
la:

F = " -5 - (1)cr L?
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In his book, "A Treatise on the Mathematical Theory of
z p \Elasticity" , Love developed a theory of bending and 

twisting of long, slender rods. In the bent and twisted 
state, rods have three deflection components. Two of the 
components rise because of the curvature of its centerline, 
and the other component is caused by angular twist of the 
column. He writes the requisite strain energies for these 
deflections. M i t c h e l l ^ )  applied this method. He developed 

the strain energy for a three-dimensionally buckled column 
and he derived the differential equations of buckling, then 
solved for helically buckling.

The second method of stability analysis is to find the 
"equations of equilibrium" for deflected rods. Love^^ also 
writes the "equations of equilibrium" for bent and twisted 
rods. This method was utilized by M i t c h e l l ^ )  and Walker, 
et a l . (5) to predict drill string or tubing buckling.
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ENERGY METHODS

Energy methods are basically the application of the 
first law of T h e r m o d y n a m i c s (2). According to this law, the 

increment of the total energy of the body is equal to the 
net of the work done by the external forces and the quantity 
of heat supplied. Heat is neglected by most authors. The 

virtual work principle states that the virtual work of the 
internal forces is equal to the negative of the virtual 
change in the elastic strain energy ̂ ^ . That is,

6 W. = -ÔUi
or.

ÔU + ÔW = 0

(2)

The applications of this principle to stability prob­

lems may be found widely in reference 7.
For linearly elastic materials, strain energy equations 

in terms of stress and strain components are as given :  ̂̂

U = / b F  (Sxx2+ Syy2+ O

- 7 7 fs S + S S + S S ) (continued)E l xx yy yy zz zz xx '
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(3)

2 + e 2
yy zz

(4)

In these equations, heat is not considered; i.e., iso­
thermal changes in state.

A more practical way of obtaining the total strain 
energy of the column is through the separate consideration 
of strain energies generated by axial loading, bending, 
shearing, and torsion. This method was utilized by Lubin-

Their total energy of a column was found by summing the 
strain energies and potential energy. Thereafter, they min­
imized the total energy to find the allowable axial load.
On the other hand. Paslay and Bogy utilized the variational 
calculus to obtain the differential equation of the deflect­
ed center-line of a column. ( 9 /1.0 , 1 1  )

ski, et al.^^)
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HELICAL RUCKLING STUDIES

During normal drilling within a hole filled with fluid, 
a load is placed on the bit. This load is arbitrarily 
selected. It may be less, equal, or more than the critical 

buckling load for the bottom hole assembly. This load is 
given by the following equation:

WB = WBHA COS “ + F (5)

If the weight on the bit, WR, is equal to buoyed weight 

of the bottom hole assembly in the direction of the hole, 
the neutral plane of buckling will be at the top of the 
dri11-collars. In this case, there will be no buckling 
moments transmitted to the drill-pipe. But, if 
cos ct, there occurs a load at the bottom of the drill-pipe 
string, and this load could cause the drill-pipe to buckle.

For low values of load F, drill pipe buckles in a 
plane. This is called "plane form buckling". But as the 
load F increases, the buckled shape changes to that of a 
helix with varying pitches.

The plane buckling problem has been solved by Lubin- 
ski ( ̂-2 ) for a vertical hole. He has found the critical load 
for the buckling of bottom hole assembly for several buckled
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configurations. According to his study(12)f bottom hole 

assemblies buckle at low loads, and it is reasonable to 
drill with buckled bottom hole assemblies.

" The same problem was studied by Paslay and B o g y ( 1 0 ) f0r 

inclined holes. They gave a relationship between the de­
flection and load necessary to induce an instability.

Later, Lubinski et a l . (8 ) studied helical buckling of 

tubings and drill pipes in vertical holes. Their work 
predicted acceptable buckling loads rather than critical 
buckling loads. Their analysis can be accepted as a post 
buckling analysis.

Critical helical buckling load for drill strings in 
inclined wells was delineated by Paslay and Bogy(H). It is 
interesting to note the similarity of their equation and the 
equation for beams on elastic foundations, as given by 
T i m o s h e n k o ( ^ . Their equation applies only in inclined 

wells and gives higher buckling loads than Euler's critical 
buckling load. They state that the reason for the higher 
buckling loads is because the wall of the hole supports some 
of the weight of the drill string.

In the next sections, both the Lubinski et al. analy- 
sis(8 ) and the Paslay and Bogy analysis(  ̂̂  has been expand­

ed to post buckling analysis.
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POST BUCKLING ANALYSIS - I

In an inclined bore, the drill string normally rests on 
the low side of the hole and friction is produced at the 
points of contacts. Therefore, upon rotation of the string, 
torsion exists and diminishes with depth. It may not dimi­
nish to a value of zero at the bottom, if a bit is attached. 
These effects are considered in addition to those considered 
in reference 8 .

The assumptions made during the derivation of the 
author's model are the following :

1. The drill string is continuous. Presence of tool 
joints is neglected.

2. The wellbore is inclined and straight, i.e. normal and 
bending stresses caused by hole curvature itself are 
not present.

3. Hole diameter is constant in value.

4. All types of friction and mud flow effects are neglect­
ed, except for torsion.
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5. The drill string has a helical configuration.

6 . Only torsion and axial loads are considered; i.e. no 
wall forces.

7. There is a transition region from plane buckling to 
helical buckling. It is not investigated.

8 . Because the drill collars are stiffer than drill pipes,
they have a straightening effect that prevents the 
helical shape along a certain length of drill pipe. It
is just like the packer effect on tubing and it is not 
investigated.

9. String cross-section is circular.

In light of these assumptions, the model can be devel­
oped .

Figure 1 shows the loads in a helically buckled 

string. Without friction, Fz diminishes linearly along the 
axis of the string. The neutral plane is defined at the 
location in the string where the force, F , diminishes to 
zero.
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WLcosa WL

Figure 1. Helically Buckled Drill String
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F = Fz at z = 0
F = 0 at z = Ln

VJZ, which is the buoyed weight of the string at any 
location is likewise given by.

W = W b * cos a * r—  (7)
Z H N

where.

W = W + W. - W (8 )s i o

So, the axial load on the string is.

P = F \  + W L (cos a) f- (9)
N N

Strain energy for axial loading is given by,

L P 2
UA = / (-TÂË) dZ (10)

Substituting P from Equation 9, Equation 10 becomes,

x
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L - z 2

L (F " L - + W LM (cOS a)LT )
D = / ------ ------- 2 ~ÂË------- ^ ^  Ul)z= 0

After the integration.

2 3 .2 _ ,3
ua = r s Ê  [f 2 (l • l~ + + F w ln cos « %  - i

N “ N

+ g- (W cos a) '1 2 ] (12)
LN

As shown in Figure 2, loads of Equation 12 loads are 
along the axis of the string. If they are converted to the 
axis of the helix, the following equation occurs :

ua = rsF Ef2 (L - r:+ -7T) + f w ln cos « (r; - f rr)N 3Ln n ln

1 . , 2 L 3 n P2
+ 1  (w ln cos a) — 7 1 75---- 7 ~2— 5 (13)Ly P + 4 it R

Where p is the length of pitch of the helix and R is 
the radial clearance.

The strain energy of bending is modelled with the same 
approach as was used by Lubinski et al.^^ Curvature
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W

Figure 2. Development of Helix
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changes along the axis of the helix. The strain energy of 
bending is expressed in the following equation:

L M, 2

U B = / (2Ëî) dz (14)o

Because,

Mb = EICZ (15)

then,

EI i/C 2

u b = — 5“ ^  (16)

Substituting C from Equation 45 of reference 8 ,

TT _ Sit R EIL / -I 7 \b “ ~ TT̂(P2 + 4 n R2)

The strain energy of shearing is given by the following 
equation:

L k V 2

us = f TT5S- dz (18)O
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Since

T = | = ^  (19)

then

T A  (OD-ID)
Vz = -^— 23-----  (20)

Therefore,

L k T 2 (OD-ID) 2
   =------x—  dz (2 1 )

o GJ (OD + ID )

Torsion, T is assumed to be a maximum at the top of the 
investigated portion of the string and diminishes to zero at 
the top of the drill collars. This may not be precisely 
true in practice, but it will' be shown that torsion is not a 
dominant factor in the buckling of drill strings. With the 
above considerations, the following equations occur:

Tz = T
T z = 0

at
at

z — L%r 
z = 0

T T LN
(22)
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The strain energy of shearing, after substitution and 
integration of Equation 18, becomes the following equation:

Here, k is a factor for columns of different cross- 
sectional shapes. For thin wall circular cross-sections k 
has a value of two. Changing from the axis of the string to 
the axis of the helix, Equation 23 becomes the following:

Us = ^ «J (0D° + Îd !2 iN2 P2 + L2 R2 <24)

Finally, strain energy of torsion is,

L t2̂7
ut = / -ré- dz (25)o

Along the axis of the helix and after integration. 
Equation 25 becomes the following equation:

”T ' 5- 6  ^ 2  p 2- ; “ —  1,61

The potential energy in the string, caused by the load 

Fz, is the following :



T-2895 16

L L -z
PEi = / F (-i— )o N (P2 + 4 „ 2 R2 )

Î7 2

[ 1 - AE
(P2 + 4n2 R2 )

ITT ] dz (27)

Upon integration Equation 27 becomes the following:

PE =
+ 4 /

772

*̂4i3LN AE (P2 + 4it2 R2 )
177

Ij

z= 0

(28)

Then, after introducing the integration limits, the poten­
tial energy becomes :

PE- = ------------- T-pr [FLfl - T??— ) (continued)
(P2 + 4 % 2 R2 ) N
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The potential energy in the string, caused by the load Wz, 
is the following:

PE2 = / W LfJ cos a f  - —   P 1/2
N (P2 + 4s2 R2 )

W L„ cos a „ n
[1 - ë ;  3 — f - ^ T ] dz (30)(P + 4% R )

Integration yields the following equation:

PE„ =
(P + 4% R )

172 W  COS
N

(W Ln cos a)

3V  (P2 + 4 it2 R2 )
T7J (31)

z = 0

Then, after introducing the integration limits, the poten­
tial energy becomes.
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l2
PE0 = W L., cos a2 - tv N a 2L : : 71/2

N (P2 + 4n2 R )

(W L cos a)2 . 3 d2
P (32)

AE 3Ln2 P2 + 4n2 R2

The total energy of the string is the sum of all the ener­
gies. Thus, the following equation is given:

ET = UA + UB + Us + UT + PE-l + PE2 (33)

Substitution of member terms yields the following equa­
tion :

et = [p2(L - É + + F cos “ - 7 f
N N N N

+ i (W L cos a)2 C2 +- — -----
(P2 + 4 n2 R2 )

+ i  ÏÎ . (OD^ —IDl! lL  c2 (continued)
3 GJ (00% + 10%)
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+ c [FL(1 -

F'L c (i - ± -  + j I-)]
N 3ln

A.E

+ W LN c°s a
(w I

c - N cos a)
N AE

1/
3L,

(34)
N

where, for convenience.

Pc = --------1  Ô(P + 471 R )

The condition of stable equilibrium of the string is 
found by minimizing the total energy of the string. Calcu­
lus is used to find the minimum:

5E
dP~ - 0 (35)

Then substitution of Equation 34 into Equation 35, and 

differentiation gives the following equation:
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, 2 247t R P
AE(P2+ 4 ti2R2 )

% [p2(L - +
N 3LN

L2 2+ F W L cos a (y;    2 )
% L^2

+ 1 (W cos a)2 - 32 / R ^ I L P _ ^ 4 ^ 2  T ^ ^ L
N (PJ+ 4 7t R ) N

t [- !°v ;°j. «i(P2. 4»2R2 )" (OD ♦ ID )

(P + 47t R )

8 7t2R2 F2L P , L_ I,2 , 2ti R W L^cos g ̂ 2

AF,(P+ 4lt2R2 )2 X'N 3LN2 (p 2+ 4,2R2 )3/2 Ln

A 2
AE (W Ln c o s  a) 2 L'

N (p2+ 4 ti2R2 )
= 0 (36)

If p2>> 4Tt̂ R̂  # then the approximation, P « (P^+ 
l/24ti3r2) , may be made. By this approximation and
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multiplying each term by

P3— s— s—  , the equation simplifies to the following 
it R L

AS I Ln 3 2 J AE N 3 Lm2J
N N

4 (W L n  c o s  a ) 2 l 2 3 2 i 2 ei
T   ÂË ~ 2  — ?

N

. 4 T L__
3 GJ _ 2

N

4(OD-IP)
(o d 2+i d2)

+ 1 ] +4F(1- — )
N

N 3L^ N

a (W L cos a)2 T 2 §— ^
N

Without friction and externally applied axial loads, 
the value of F can only be the weight of the drill string 
itself. The following equation applies to this case:
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F = W Ln cos a (38)

Substituting Equation 38 into Equation 37 gives the 
second degree equation in F .

Û  (1- 2 r-+ T^r) +f - T
N P

+ 1 iiL [4 LgD-lP-li +1 ] = 0 (39)
3 GJ ln2 (o d+i d2)

It is shown in Tables 1 and 2 that neglecting the 
second, degree term creates very minor error. Therefore, for 
convenience purposes, the following equation is written:

F = 8-e2EI T
GJ 3L

[4
N

(OD-ID)
(o d 2+ i d2) + 1 ] (40)

If axial load F is set equal to zero, pure torsional 
buckling conditions can be found for a given configura­
tion. For any given pitch length the required torque for 
buckling is given by.
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3.7 it El L
T = N

PL (41)

or for a given torque value, the pitch length is.

3.7 tu El L
P = N

TL (42)
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POST BUCKLING ANALYSIS - II

In this section, a different approach to post buckling 
analysis is given. It is basically similar to that present­
ed in reference 11.

The assumptions made in the analysis given in the pre­
ceding section are valid in this analysis also. Additional­
ly, in this case the drill string is constrained to be in 
contact with the wall of the hole.

A drill string in an inclined hole normally lies on the 
low side of the hole. Its initial and displaced configura­
tions are shown in Figure 3. Initial coordinates of a par­
ticle, in cylindrical coordinates system are given by(11):

1/2
r .initial

rsinQ (43)R + rcos 6

zinitial z

After displacement the coordinates of this particle 
become.
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Figure 3. Initial and Displaced Configuration 
of Drill Pipe Cross-Section
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n
{[R + rcos ( 0+ <j>) ] + [rsin (0+<t>)j }rdisplaced

Qdisplaced = Ç + Arctan [■ rsin (0+$)
Ü t î T ] (44)R + rcos

zdisplaced (1 + e) z - Rr Ç1 sin (0+4»)

where prime denotes the differentiation with respect to z. 
e is the axial strain due to load F . Load F is shown on 
Figure 4. Other parameters are shown on Figure 3.

Strain components of displacement shown as Equation 11 
of reference 11 hold true for this case with slight modifi­
cations. These modifications are explained in the following 
arguments.

It is clear that the value of Ç is given by.

assuming that the drill string attained its helical form.

Therefore Ç11 =0. Double prime denotes the second 
derivative with respect to z. Additionally, for instability 
to occur it is necessary

_ 2 itz
P (45)

O' = 'V (46)



Figure 4 • Loading Conditions for Analysis-II.
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as was done in Equation 19 of reference 11. "The physical 
interpretation of Equation 46 is that the sections of the 
rod perpendicular to its axis must translate, that is they 
must not rotate relative to the hole, as they move around in 

contact with the hole."
Then the strain components are;

er r  = ?  s in ^  ( e + * )

e00 = 4" r2 S' 2 cos2 (9+*)

e <()1 ̂  + -̂  [R2+ 2Rrcos ( 0+<}))+r2 ] ̂ '2

2 1 2 2 2 2 + r V  <t>' - Rr e Ç ' <|) ' cos ( 0+ (|> ) + ^  R r <j) ' ç' cos ( 0+<j))

(47)
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The strain energy for elastic material, in the cylin­
drical coordinate system, is given by,

" ' i ” X  X  <*rr*7î W  '«)

+ G (err2 + e0e2 + ezz2

+ %  e6r2 + e6z2 + 2erz2 )] rdrdedz (48)

Substituting Equation 47 into Equation 48 and carrying 
out integrals over r and 0,

L
U = /

z=o [f (ro2- ri2)- + ’t(ro2- ri2)e3 + -ri )e:

+ «[R2 (ro2- r,2) + ï  (ro4- r.4) ]e2Ç'2+ ^  (r/- r.4 ) 2 ., 2

t 'Y ( rQ^- r^^ ) Ç1 (j)1 + nR^( rQ^- r^^) Ç1 ̂  (})1 ̂ ( continued)
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+

+

+

+

+

+

+

+

+

+

32

* [2R2(ro2- r.2 )+ !  (r/- r .4 ) ] E ç ■ 2+ r.4 )e*'2

« (rQ4- r.4 )eÇ'»'+ f  R2 (rQ4- r.4 )cs'2 *'2

T R2(ro4- ri4 ).?'3»'

, [R4 (ro2- r.2 )+ |.R2 ( ^ 4- r.4 )+ ^  (r/- r.6 ) ] ^ 4

- It - (ro4- ri4)+ T T < ro6- r ^ n c V 2

1f.R4 (ro6- r^)s'4 *'4

« [R2 (ro4- r.4 )»-4 (r/- r.6 )]ç'3*'

f  R2(ro6- r . h ç ' 3»'3

" (ro4- ri4 )+ T  <ro6- ^ I k ' V 2

if R2(ro6- r.6 )?'2*'4

f  (r/- r.6 )Ç'*'3+ ^  (r/- r.6 ),'4 ] + G [^ ( r^ - r  . 2 ) e'

Ti:(ro2- r^2 )e3+ %(r^2- r^2 ) e2+ %[R2(r^2- r%2) (continued)



(continued)
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+ if- (ro6“ ri6) (t>,4+ T  (ro6- ri6) <J>,3]1 dz (49)

Equation (49) may be reduced by substituting the fol­
lowing recognized parameters.

Area

, 2 2 .A = tt(rQ - ri )

Cross-sectional moment of inertia

1 = i < ro4 - ri4)

Poisson1s ratio:

= .3 for steel (50)

Modulus of shear

„ _ E (1-2 v) _ 2E 
G =  2 ( 1- v) "
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Substituting Equations 50 and carrying out the integra­
tion over z. Equation 49 becomes,

U — EL {~ A e + -à* Ae^+ ~  Ae + -s- ( R A+I ) e Ç1 + I e " Ç1 <j)1

+ -̂  le2 *' 2+ R2Ie2Ç', 4>'2+ (4- R2A+I) eÇ' 2+ le*'2

+ R4A+ 11 r 2i+ -3. (r/- r.6 )]5'4

+ [ LR 4 l+ ^ R 2 (ro6- r.6 )]ç' % ' 2

+ 6T  ^ ( - o 6- r i6 )e,4* ,4+ [-4 r21

+ 4T  71 (ro6-

+ T T R2(ro6- ri6 )Ç'%'3+ [4-R2I+ f  (r/- r.6 )]ç'2*'2

+ 2T  R 2 (ro6- ri6 )5 ' % ' 4+ r (ro 6- ri6 )5' V 3

+ 2i (ro6- ri6 )»'4 } (51)
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Potential energy of the load F is the following:

PE = FL c (52)

Then the total energy of the drill string is the sum of 
Equations (51) and (52) and is given in Equation (53).

The variables, e, <j)1 , within Equations (51) and (52) may
now be replaced by their equivalents.

From Hooke's Law

From the helically buckled shape of the drill string

From the angle of the twist-torsion relationship

E,T U + PE (53)
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For equilibrium of buckled drill string, total energy 

is minimized by using differential calculus,

<3 E
T - f  = 0

If the variables ê ,  ̂ <j) '  ̂are neglected and each
term of Equation 53 is divided by L, and the following 
approximation is made, after differentiation. Equation 53 
then becomes Equation 55:

9 9 9 1 / 2  9 _  9 9 1 / 2(P +  4 tu R ) » (P + 8 tu R )

4-n;2R2 F2 8%2R2F2 (R2a+i )
P A E

2 -ni T F__
P2 S' A2E

81 T2 F2 
p3 G2J2 A2E

6Tt2R2I T2 Sir ,5 _2
P2 G2J2 A2E

12h2R2I T2 F 4-n:I T F 4%2R2I T2 F
p3 G2j2 & P2 GJ % P3 g 2j 2 a

(Continued)
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+
3 2 24 tu R T T F 

GJ A
V rI
P 3 p - ^ 3 -  [il r4a+ T T  rÎ

si (ro6- )]

64 n 
— T

•r4i n
TT R2 ( ro - r )]

24 it 10 R2I+ 5
24 *<ro6- )] T

GJ

8 Tt" [fr 2i f  <ro )] m
g 2j 2

= 0

Finally, neglecting second order torsion terms and
P3multiplying each term by ---- , the minimized potential

4 Tt
energy equation results.

[P2 (l- 10
7 Tt)" 2 T t l  

A

I

(55)

- (6 7tR2 - •— ) ] F (Continued)
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[4 RV  ^ R 2 I+ T f  (ro6- r.6 )]

- [10 R2I+ ^ ^ 6 .  r.0)]_T = o (56)

It is shown on Tables 3 and 4 that neglecting F2 term 
does not create any serious error. Then,

Ly R4a+ ~7 r2i+TI (ro6- ri6)J+ tg Li0 R=I+ 71 nr. ri )Jg5
F = -

IX2(1- 4  T  - m  (2S

(57)

The minus sign is given, because of the direction of 
the load F .
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NUMERICAL EXAMPLE

The following practical numerical example is presented 
for the purpose of demonstrating the two distinct analyses 
pertinent to post buckling. This example also gives a com­
parison between Analysis-I, which is consideration of strain 
energies because of different loadings separately, and 

Analysis-II, which is strain energy of combined loading.

Given:
Drill-pipe OD = 5"
Drill-pipe ID = 4.276"
Drill-pipe Weight = 19.5 ppf 
Drill-collar OD = 8"
Drill-collar ID = 3"
Drill-collar Weight = 147 ppf 
Hole Size = 12.5"
Curvature = 5 deg./lOO ft.
Torque = 5000 Ib-lt = 60000 lb-inch 
Inclination Angle = 35°

1. Analysis - I (Extension of Lubinski et al.^^) work)

a) Find the bending stress,
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or = 218 * OD * C b
a = 218 * 5 * 5  

= 5450 psi

From the modified Goodman diagram'x J , for zero 
axial tensile stress maximum bending stress of 
pipe is 20000 psi. Thus = 5450 psi is safe and 
there will be no danger for cyclic loading 
fatigue.

b) Find the length of pitch from Equation 56 of ref­

erence 8.

2 V 2
P = f ^ E D R .

1 J

2 6 1/2,2*% *30*10 *5*3.75x
I 5450 J

P = 1427.34" = 118.95 ft.

c) Find the axial load, F (assume L = LN ) using 
Equation 40.
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F =
28 n El T

GJ 3L [4
N

(OD-ID)
2 2 OD +ID i]

8* it2 *30*1 Q6 *14. 27 
1427.342

_______ 60002______  r. (5- 4.276) 2 ,
6 L 2 2 J8.57*10 *28.54*3 5 + 4.276

F = 16586 lb.

d) Find the contact load between the buckled pipe and 
the hole wall (neglect torsional term) using Equa­
tion 5 of reference 1.

Fcont. 2EI

F = 3.75 * 165862
COnt* 2*30*10^*14.27

Fcont. = 1'204 lb/in.
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e) Find the curvature of the buckled pipe (neglect 
torsional term) using Equation 6 of reference 1,

C =z 2EI

3.75*16586C =
z 2*30*10^*14 .27

C„ = 7.264 *10  ̂ rad/in. = 4.995 deg/100 ft

f) Find the length of pipe between the top of the 
drilf-collars and neutral plane.

F = W L cos a

L = F N W cos a

W = W + W - W S 1 o

TT = P . 6i % ID _ 6o 7t OP
W 12 4 * 231 4 * 231

19.5 . 12.2*7t*4.2762 12 .2*tc*52
W " 12 + 4*231 “ 4*231

W = 1.346 lb./in.
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16586 
L,N - 1 . 346*cos 35

Ljvj = 15042.9 inches = 1253.58 ft.

g) Find the additional length of drill-collars to 
eliminate buckling.

B * cos a * 17oc

= _________ 16586_________
U -  è r a )  cos 35 * 147

L = 169.3 ft.

which means 6 more 8" x 3" drill collars must be 
added to prevent buckling.

h) Find the length change due to helical buckling and
\

Hooke's Law effect.

Hooke's Law effect:
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L*F 
A0HL EA

15042.9*16586 Ae = ----- 7-------
H 30*10 *5.27

AeHL " 1 *58"

Helical buckling effect:

2 2 2 2 r F 3.7 5 *16586Ae
HB 8EIW 8*30*10^*14.27*1.346

AeHB-= •839"

Total length change

AeT = 1.58 + .839

Ae^ = 2.42" shortening, which is negligible

i) Find the torque necessary to create the same buck­

led shape without axial loading (assume L = LN ) 
using Equation 41.
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3.7 ttEI
T P

t = 3.7*tu*30*106*14.27 
1427.34

T = 3.486*10^lb-in. = 2.905*105lb-ft.

which is impossible in normal drilling and shows 
the torsional effect is negligible.

2. Analysis - II. (Extension of Paslay and Bogy ̂ ̂  ̂ work
a) Bending stress, = 5450 psi, same as Analysis I
b) Pitch length, P = 1427.34" = 118.95 ft., same as 

Analysis I.
c) Axial load, F , is found by Eq. 57

Ssî* l* R4A* 4 R2I+ tS (rQ6- r/u+ «JE r2i+ W -tro6- r/ ) g
F *  -

3nR

F = 22822.72 lb.



T-2895 50

L = -------N W cos a

T _ 22822.72
LN 1 . 346*cos 3^

= 20699.4 inches 

Ln = 1725 ft.

g) Additional length of drill-collars to eliminate 
buckling.

______F_____
B* cos a*WDC

= _______ 228822 .72______
1 - ê ë t i - " 08 35 * 147

L = 232 .97 ft.

which means 8 more 8"*3" drill collars must be 
added to the bottom-hole assembly.
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DISCUSSION OF RESULTS

The results from two distinct analyses of post buckling 
behavior of drill strings are presented in Figures 5 to 
14. Figures 5-9 are plots of the axial load, required to 
keep the drill string in helically buckled form versus the 
radial clearance between the radii of the drill string and 
the hole. Required axial load decreases with the increase 
of radial clearance in A.nalysis-1. This behavior is similar 
to the behavior of critical buckling load given in reference
1. On the other hand, in Analysis-II, required axial load 
decreases up to a certain value of radial clearance, then 
begins to increase. This certain radial clearance value 
depends on the pipe geometry; cross-sectional area, and 
second and third cross-sectional moment of inertia of the 
strings. It varies from 1.25 in. to 2.25 in. for the 
strings investigated. This somewhat unusual behavior may be 
explained under the consideration of the constraint that the 
drill string is in contact with the wall of the hole during 
helical buckling. If this behavior is confirmed by an ex­
periment, it will be possible to apply more weight on the 

bit than the weight calculated from Lubinski, et al. work.
In practical drilling, radial clearance range for 5" 

drill pipe is 2" - 7.5". As may be seen in Figure 5,
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=  4.276 

=  5 ° / 100 ^  

=  5000 lb-ff 

= Ln
=  5450 psi

Proctical Drilling Ronge

Allowable Axial 
Load Range

0.0
RADIAL CLEARANCE v n c h e s

Figure 5. Allowable Axial Load Range - Analysis II
5 in., 19.50 ppf Drill-Pipe.
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o : Anolysis-I 

A : Analysis-E

Data Used

=  2.764"
=  5 ° / 100 f* 

=  5000 IbJt

=  LN
=  3815 psi

8.00. 0 4.0 6.0RADIAL CLEARANCE , inches

Figure 6. Effect of Radial Clearance on Axial Load
3.5 in., 13.30 ppf Drill-Pipe.
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•  i Analysis-! 

A : Analysis-E

Data Used

=  3 .8 26"
=  5 */100 H 

=  5000 IM t

= Lk,
=  4905  psi

2.0 9.06 . 0
RADIAL CLEARANCE , inches

Figure 7. Effect of Radial Clearance on Axial Load
4.5 in., 16.60 ppf Drill-Pipe.
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Data Used

-  4.276 
=  5 ° / 100 ft 

=  5000 Ih-ft

=  l n

=  5450 psi

RADIAL CLEARANCE , inches

Figure 8. Effect of Radial Clearance on Axial Load
5 in., 19.50 ppf Drill-Ripe.
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Q
1

o : Analysis-I 

A : Analysis-H

Data Used

-  3.0
=  5 °/IOO ft 

=  5000 Ih-ft.

=  LN
=  8720 psi

D ID

RADIAL CLEARANCE i n c h e s
Figure 9. Effect of Radial Clearance on Axial Load

8 in., 147 ppf Drill-Collars.
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I<s>
LA .
CM

Q
"D Q.
D
Oa
sQQ-

Qm. 
<  -
O  ■

_ J  -<  Q

<  "

Q
Q.in

o,0 1 1  1 1—
50000

TORQUE

R=4

R=6

100000
I b

R=l"

R=2 "

R=3

n— r 
150000 200000

in

Figure 10. Effect of Torsion on Axial Load
Analysis-I - 3.5 in., 13.30 ppf
Drill-Pipe.
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- p — 1 "

-

■ -...... -p- 9 "

-

D - / J  ».

-

P— 5 "
p-6 »

1 1 ..1 I , , , l i l 1 1 i I i
0 50000  100000 150000 200000TORQUE , I b . - in .

Figure 11. Effect of Torsion on Axial Load
Analysis-I - 4.5 in., 16.60 ppf
Drill-Pipe.
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a.

n —  1 ii

p - 0  ”

P~? "

--------------  P - 4  "

R = R "
P = A "

0 500Q0 100000
TORQUE , ) b . - in .

150000 200000

Figure 12. Effect of Torsion on Axial Load
Analysis-I - 5 in., 19.50 ppf
Drill-Pipe.
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Analysis-II has a minimum of 17,000 pounds required axial 
load. Therefore loads below 17,000 pounds can be applied 

safely in practical drilling.
On the other hand for drill collars Analysis-II gives 

considerably lower amounts of axial loads than Analysis-I, 
in practical drilling range, which is 1" to 2".

Both analyses indicate that torsion and shear has 
little effect on post bu'ckling behavior. Figures 10-12 show 
the torsion effect on the required axial load. Torsion 
tends to decrease the axial load. This tendency is more 
dominant in small diameter pipes. But, still, for practical 
purposes it may be neglected.

Figures 13 and 14 show the effect of torsion in 
Analysis-II. Torsion tends to increase the required axial 
load, which is contradictory to Analysis-I. Torsion terms 
do not contain only pure torsion as in Analysis-I, but 
combine bending and torsion. It may be concluded that 
torsion tends to increase required axial load, making the 
drill string more stable.
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Figure 13. Effect of Torsion on Axial Load
Analysis-II - 3.5 in., 13.30 ppf
Drill-Pipe.
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Figure 14. Effect of Torsion on Axial Load
Analysis-II - 5 in., 19.50 ppf
Drill-Pipe.
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CONCLUSION AND RECOMMENDATIONS

1. Two models were successfully developed for the analyses 
of the post helical buckling of drill strings.

2. Torsion seems to have negligible effect on post helical 
buckling required loads.

3. For drill collars, Analysis-II predicts conservative 
results, while for drill pipes Analysis-I predicts 
smaller loads in practical drilling range. Therefore 
for a conservative approach, Analysis-II is recommended 
for drill collars, and Analysis-I is recommended for 
drill pipe strings.

4. An experiment should be devised to distinguish the 
validity of each model; i.e., the summing of discrete 
strain energies, or the combination of loads.
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APPENDIX - NOMENCLATURE

English Symbols
A
B

Cross-sectional area of pipe, sq. in. 
Buoyancy Factor

Term given by
(P2+ 4 it2 R2)

T n , unitless

DLS
E
E m

F cr 
G
I
ID
J
k
I,

l n

Mb
OD

Curvature of helically buckled string, 
rad./in.

Dog leg severity, degrees/100 ft.
Young's modulus, 30*10^ psi for steel 
Total energy, lb.-in.
Axial load in Analysis-I, pounds; required 
axial load in Analysis-II, pounds.
Critical buckling load, pounds
Shear modulus, psi
Second moment of inertia, in.̂
Inside diameter of pipe, in.
Polar moment of inertia, i n . 4
Correction factor, unitless
Any length along the pipe, in.
Length from the top of drill-collars to the 
neutral plane, in.
Bending moment, lb.-in.
Outside diameter of pipe, in.
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P : Pitch length of helix, in.
PE : Potential energy due to external loading, 

lb.-in.

Pz : Total axial load acting on the string
R : Radial clearance, in.

fi'fo : Inside and outside radius, in.

Sxx'Syy"" : Stresses in the xx,yy,... directions, psi
T : Torque, lb.-in.
U : Strain energy of system, lb.-in.

UA : Strain energy due to axial loading, lb.-in.

Ur : Strain energy due to bending, lb.-in.

US : Strain energy due to shearing, lb.-in.
Urp : Strain energy due to torsion, lb.-in.
V : Shear load, pounds
W : Buoyed weight of pipe, lb./in.

WB : Weight on bit, pounds

WBHA : Buoyed weight of bottom hole assembly, pounds

Wi : Weight of inside mud, lb./in.

Wo : Weight of outside mud, lb./in.

ws : Weight of steel, lb./in.

wz : Buoyed weight of the string at any location z
z : Axial coordinate
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Greek Symbols

AeHL

6U

ôWi

£xx/eyy

Inclination angle, degrees

Length change caused by Hooke's Law effect, 
inches
Length change caused by helical buckling, 
inches
Virtual change in the elastic strain energy 

Virtual work of the internal forces
Strain components in xx,yy,... directions, 
unitless.
Angle of twist, degrees
Lame1 elastic coefficient, psi
Poisson1s ratio, unitless, .3 for steel
Sending stress, psi
Shear stress, psi
Tangential coordinate
Angular position of helix pitch at any time


