
A PIECEWISE HERMITE BICUBIC 

FINITE ELEMENT GALERKIN METHOD 

FOR THE BIHARMONIC DIRICHLET PROBLEM

by

David Brian Knudson

ARTH UR LAKES LIBRARY  
COLORADO SCHOOL OF MINEt 
GOLDEN, CO 30401



ProQuest Number: 10796744

All rights reserved

INFORMATION TO ALL USERS 
The qua lity  of this reproduction  is d e p e n d e n t upon the qua lity  of the copy subm itted.

In the unlikely e ve n t that the au tho r did not send a co m p le te  m anuscrip t 
and there are missing pages, these will be no ted . Also, if m ateria l had to be rem oved,

a no te  will ind ica te  the de le tion .

uest
ProQuest 10796744

Published by ProQuest LLC (2019). C opyrigh t of the Dissertation is held by the Author.

All rights reserved.
This work is protected aga inst unauthorized copying under Title 17, United States C o de

M icroform  Edition © ProQuest LLC.

ProQuest LLC.
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106 -  1346



A thesis submitted to the Faculty and the Board of Trustees of the Colorado 
School of Mines in partial fulfillment of the requirements for the degree of Doctor of 
Philosophy (Mathematical and Computer Sciences).

Golden, Colorado ^ .
Date ( 0 / 2 . / / Q Ï -

David Brian Knudson

Golden, Colorado
Date loi

Approved: '
Dr. Bernard Bialecki 
Thesis Advisor

D /Jpraem e Fairweather 
Professor and Head 
Department of Mathematical and 
Computer Sciences



ABSTRACT

We consider the Ciarlet-Raviart mixed finite element Galerkin method with 

piecewise Hermite bicubics for the solution of the biharmonic Dirichlet problem A 2u = 

f  on the unit square Q, with u =  du/dn  = 0 on dQ. We prove existence and 

uniqueness of the Galerkin solution. We use a Schur complement approach to reduce 

the Galerkin problem to a Schur complement system involving the approximation 

to Aw on the two vertical sides of dfl and to an auxiliary Galerkin problem for a 

related biharmonic problem with Aw instead of du/dn  specified on the two vertical 

sides of dQ. The Schur complement system with a symmetric and positive definite 

matrix is solved by the preconditioned conjugate gradient method. A preconditioner 

is obtained from the Galerkin problem for a related biharmonic problem with Aw 

instead of du/dn  specified on the two horizontal sides of dQ. We conjecture that 

the preconditioner is spectrally equivalent to the Schur complement matrix. On 

an TV x A partition the cost of solving the preconditioned system and the cost of 

multiplying the Schur complement matrix by a vector are 0 ( N 2) each. With the 

number of iterations proportional to log2 TV, the cost of solving the Schur complement 

system is 0(TV2 log2 TV). The solution to the auxiliary Galerkin problem is obtained



using separation of variables and fast Fourier transforms at a cost of 0 ( N 2\og2N). 

Hence the total computational cost of solving the Galerkin problem is 0 ( N 2\og2N). 

Numerical results indicate that the L2 and H 1 norm errors in the approximations to 

u and A u  are of optimal fourth and third orders, respectively. Convergence at the 

nodes is fourth order for the approximations to u and A u  and third order for the 

approximations to the first order derivatives of u and Au.
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Chapter 1 

INTRODUCTION

In this dissertation, we consider the biharmonic Dirichlet problem:

A 2u =  f ( x ,  y)  in Q,

m = 0  on diï ,  ( 1 .1 )

du^  =  oon æ ,
on

where fZ =  (0 , 1 ) x (0 , 1 ), dft  is the boundary of fZ, and d / d n  is the outer normal 

derivative on dfZ (cf. Figure 1.1). This problem is important in fluid dynamics 

where u and Aw represent stream function and vorticity, respectively (cf. Section

10.4 of [19]). It is also fundamental to the aviation industry (cf. Section 2 . 1  of [2 1 ]), 

where w and Aw represent vertical displacement of a plate and bending moment. 

Problem (1 .1 ) and the use of mixed finite element Galerkin methods to solve it have



2

U=0, Uy=0
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u x = 0
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u= 0
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U—0, U y—0

Figure 1.1: Biharmonic Dirichlet Problem on Domain Q.

been examined extensively since Ciarlet and Raviart [8 ] first introduced the approach 

which has come to be called the Ciarlet-Raviart method. In this method the auxiliary 

function v = A u  is introduced, allowing the fourth order problem to be reduced to two 

second order problems. It is then possible, in particular for irregular f2, to use finite 

elements of class C° instead of elements of class C 1 which are required for fourth 

order problems. Ciarlet and Glowinski [7] note that another merit of the method 

is that it gives a continuous approximation to not only u but also to Au.  Brezzi 

and Raviart [4] improved convergence results of [8 ], and Falk and Osborn [1 1 ] derive 

abstract error estimates which are applicable to the Ciarlet-Raviart method. Finally,
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Brezzi and Fortin (Section 4.4 of [5]) give a recent summary of finite element methods 

and their convergence analysis for solving ( 1 .1 ).

The antecedents for this dissertation consist of three strands of work which we 

combine into an accurate and efficient piecewise Hermite bicubic solution of (1.1). The 

first strand is based on reducing the Galerkin problem for ( 1 .1 ) to a linear system 

involving either approximation to it in fZ or approximation to Ait on dQ. Braess 

and Peisker [3], Gustafsson [14], and Hanisch [15] developed approaches seeking an 

approximation to it in Q. Glowinski and Pironneau [12] and Peisker [18] reduced the 

Galerkin problem to finding an approximation to Ait on dQ. We go a step further in 

seeking an approximation to Ait on the two vertical sides of dQ.

The second strand of our work involves solving the auxiliary Galerkin prob­

lem for a related biharmonic problem with Ait instead of du/dn  specified on the 

two vertical sides of dQ. The most relevant contribution in this direction is due to 

Bj0 rstad [2] who used separation of variables and FFTs to solve the corresponding 

finite difference problem with cost (9(7V2 log2 iV) on an -/V x TV partition.

In order to use separation of variables in our approach we need the third strand 

of work, Lyashko and Soloviev’s method [17] for finding the explicit solution of the 

generalized eigenvalue problem that arises in the piecewise Hermite cubic Galerkin 

approximation of the continuous eigenvalue problem for the second order derivative. 

Since the resulting eigenvector matrix is composed of sines and cosines, we can also
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use FFTs for matrix-vector multiplications.

Our method of finding the piecewise Hermite bicubic approximation to (1.1)

is based on using a Schur complement approach to reduce the Galerkin problem to

a Schur complement system and to an auxiliary Galerkin problem. The symmetric,

positive definite Schur complement system involves approximation to A u  on the two#

vertical sides of dQ and is solved using the PCG method. We do not form the 

Schur complement matrix explicitly since its special structure is used to compute 

the required matrix-vector product with cost 0 ( N 2). We use the Galerkin problem 

for a related biharmonic problem with A u  instead of du/dn  specified on the two 

horizontal sides of dQ to obtain a preconditioner. We show this preconditioner to 

be symmetric and positive definite, and conjecture spectral equivalence to the Schur 

complement matrix. The cost of solving a preconditioned system is 0 ( N 2). The 

number of the PCG iterations is proportional to \og2N  and hence total cost of solving 

the Schur complement system is 0 ( N 2\og2N). The auxiliary Galerkin problem is 

related to a biharmonic problem with A u  instead of du/dn  specified on the two 

vertical sides of dQ. Using the solution of the generalized eigenvalue problem we 

diagonalize the auxiliary Galerkin problem in one direction and use FFTs to solve it 

with cost 0 ( N 2\og2N). Therefore the cost of solving the Galerkin problem for (1 .1 ) 

is ^(^loggTV).

We note that this approach combines both efficiency and accuracy in the same

ARTH UR LAKES L IB R A R f
COLORADO SCHOOL OF MINIS 
GOLDEN, CO 80401
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algorithm. Computational costs are as low as those for Bjprstad’s [2 ] algorithm, or 

Peisker’s [18] efficient linear finite element algorithm, which also uses Schur comple­

ment approach and PCG method. But our approach is more accurate than the second 

order approximations found in those methods. Cooper and Prenter [9], Sun [20], and 

Lou et al [16], developed different piecewise Hermite bicubic orthogonal spline col­

location approaches with fourth and third order accuracy in the L2 and H l norms, 

respectively. However, the most efficient of these methods, the capacitance matrix 

method of Lou et al [16], still requires 0 ( N 3) operations.

An outline of this dissertation is as follows. Chapter 2 introduces partitioning, 

basis functions, and mass and stiffness matrices required for deriving the Galerkin 

problem for (1.1). It also gives the solution of the generalized eigenvalue problem for 

later use in separation of variables. In Chapter 3, we define the piecewise Hermite 

bicubic mixed finite element Galerkin problem for (1 .1 ) and derive its matrix-vector 

form. In Chapter 4, we formulate the algorithm for solving the Galerkin problem by 

reducing it to the Schur complement system and an auxiliary Galerkin problem. We 

verify necessary properties of the Schur complement matrix and its preconditioner, 

and finally give computational costs associated with solving the Galerkin problem. 

In Chapter 5, we explain methodology for the numerical integration of the right-hand 

side functions required in the Galerkin method. We close with numerical results 

indicating optimal fourth and third order convergence of the L2 and H 1 norm errors
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in the approximations to u and Aw. In the discrete maximum norm, we observe fourth 

order convergence for the approximations to u and Aw, and third order convergence 

of errors in approximations to first order derivatives.
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Chapter 2 

PRELIMINARIES

2.1 Partition, Basis Functions, Stiffness and Mass Matrices

Let N  be & positive integer and {xj}£L0, {yj}f=0 be uniform partitions of [0,1 ] 

such that Xi — ih, yj =  jh,  i , j  =  0 , . . . ,  iV, where h = l / N  is the step size. Let Mh

be the space of piecewise Hermite cubics on [0,1] such that

A f/t =  { i/  E C [0,1] : v |[xj_1 ?xi]£ Pzii = L • • • j A-}, (2.1)

where P3  denotes the set of polynomials of degree < 3, and let

M Qh = {v £ M h  : v(0) =  v ( l)  =  0 }. (2.2)

For each Xj, i =  0 , . . . ,  A7, consider the “value” and scaled “slope” basis func-
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tions Vi, Si 6 Mh,  respectively, such that

Vi(xj) = 6ij, v'(xj) = 0 ,

Si(xj) =  0, Si(xj) =  h 16ij,

where £fJ is the Kronecker delta.

Introduce gi(x) = —2x3 +  3x2, g2 {x) = x3 — x 2. Then (cf. Section 2.3 of [10])

Vi(x) =  <

gi((x -  Xi-i)/h), x e [xt_i,x,], 

Pi( 1 -  (x -  Xi)/h), x  € [^,z,+i], 

0 , otherwise,

(2.3)

and

g2{(x -  X i - i ) / h ) ,  X € [T:_1,T,],

S i ( x )  =  _ p 2 ( i  -  ( x -  X i ) / h ) ,  x  e  [a:,-, Æ j+i], ( 2 -4 )

0, otherwise,

for 2 =  1, . . . ,  iV — 1, with obvious modifications for i =  0, N.

With different orderings of u, and s,-, we obtain two bases, {0n}n2o 1 and 

{^n}n=o1 f°r Mh,  such that

{<i>0, , < h N + l }  =  { y (b ^1, • • • , Vn - 2 ,  Vn - i , S q , S i ,  . . .  , S t f - 2 , S y v - i ,  S /v , (2.5)

{ ^ 0 ,  • ' " , '4*2N + l  ) {^ 0  > Sq , V \ , , . . . , Vn  — \ , Syv—1 , SN , 'VN  } • (2.6)
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By removing the first and last basis functions from (2.5) and (2.6), we obtain two 

bases for Ad®:

■(0 1 , . . . , 0 2  v} — » • • • » —2 ) i ^0 ) ^i, . , S jv_2 ,  ̂TV — 1 1 T̂v} •> (2-7)

and

( 0 1 , . . . , 0 2 TV} — ( So» ? ^ 1  j • • • i T̂V— 1 > T̂V — 1 1 Syv }. (2 .8 )

Let (•, •) denote the usual L2 inner product on the interval (0,1), that is,

( f , 9 )  =  f  f ( x)g(x)dx.Jo

For later reference it will be important to note the following formulas for v,- of 

(2.3) and s,- of (2.4) (cf. Section 2.3 of [10]):

( Vi i  Vi )  =  h  1(*U  ( v ii  s 0  — d ,  ( v i i v i + l )  =  h  ^ 3 , ( v i i s i + l )  =  ^  ^ 5 ,

(s', s') =  h - ^ 2 , (s ',u '+i) =  - h ~ l a b , ( s ',s '+1) =  / i " 1Of4 ,

(y0 ) yo) =  ^ l a l / 2 , (y(b So) =: ^ ^ 5 ; {vNiVn) = h (VN1 Sn) = ^ 5 )

(si), s'o) =  h - la2/2, (sV, s'̂ v) = h - la2/2,
(2.9)
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(vi, Vi) = h(3i, (vi, =  0, (vi, v1+l) = h/33, (vi ,si+1) = h/35,

(si,Si) = hp2, {si,vi+i) =  -h(35, (si,si+i) =  /i/34,
(2 .10)

(vo,v0) =  hfii/2, (vo,s0) = hp6, (vN, vN) = h/3i/2, {vN, s N) =  - h f c ,

(SO) Sq) =  h(32!2, (syV) =  /î/?2 /2,

where

a i =  12/5, a 2 =  4/15, Q3 =  —6/5, a 4 =  —1/30, a 5 =  1/10,

Pi =  26/35, A  = 2/105, =  9/70, A  = -1/140, f t  = -1 3 /4 2 0 , (2.11)

=  11/ 210.

Now we introduce stiffness and mass matrices which will be used throughout 

this paper. Let us introduce the 2N  x 27V matrices Ax and Bx given by

A, =  =  Jo (<t>i<i>'k)(x)dx, (2 .1 2 )

Bx =  %  = j \ M k ) ( x ) d x ,  (2.13)

where is defined in (2.7). To present the structure of Az and Bx, we introduce
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for any 7 *, i = 1 , . . . ,  5, the tridiagonal matrices

T ,=

7i 73 72 /2  74

73 7 i 73 74 72 74

, Ê 7 =

73 7 i 73 74 72 74

73 7i 74 7 2 /2

(2.14)

which are of sizes N  — l and yV+1 , respectively, and the (TV—l)x(7V+l )  rectangular 

matrix S7  given by

-7 s 0 75

- 7 5  0 75

S7  = (2.15)

- 7 5  0 75

- 7 5  0 75

(Notation T7, _R7, and 5 7  was introduced in [17] and will be used in Section 2.3.) 

Then using (2.7), (2.9), and (2.10) it is easy to see that

(2.16)

7<II

E-? Sa

II >

7> S^

S I R q S i 1
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where a,-, z =  1 , . . . ,  5, are given by (2 .1 1 ).

We also introduce the 2N x 2N  matrices Ay and By given by

A y =  (al i ) 2j= i f = v  al i  =  f Q Wji>'i){y)dy, (2.17)

By = (hli)]=u=^ bh  = JQ ( ÿ j Ÿ Ô W y ,  (2.18)

where {ipj} ĵ=i is defined in (2.8). Then using (2.9) and (2.10) it is easy to see that

Ay and By have the block-1 ridiagonal structure given by

A y — h - i

A g /2 — As a 4
- A s Al 0 A3 AS

a 4 0 a 2 - A s a 4

Ag — As Al 0 A3 As
AS a 4 0 a 2 - A s a 4

a 3 - a 5  ai 
as «4 0

0

« 2  

a 3  — q 5  

a s  a 4

, (2.19)
A3 As

—As a 4 
A i 0 A s

0 a 2 a 4
As a 4 a 2/ 2

and
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By =  h

'  A / 2 - A A
h A 0 A A

A 0 A - A A
A —A A 0 A A
A A 0 A - A A

A —A A 0 A A
A A 0 A - A A

A - A A 0

A A 0 A

(2.20)

@5 @4 ^ 2 / 2

where a*, z =  1 , . . . ,  5, are given by (2.11).

2.2 Tensor Product Notation

In the following, we use tensor product notation in two ways. First, we describe 

matrix tensor products.

Let and L be finite sets of indices, ordered from least to greatest.

Without loss of generality, let

/  =  { ! , . . .  ,Mi}, i f  = {1,...  ,M2}, J  = {1,. ..  ,M},  L = {1,. . . ,iV2}.

Define matrices

(2 .21)

Then A ® 5  is a matrix of dimension M\Ni  x M2 Â2 defined by



Properties of matrix tensor products include:

and provided matrix products are defined,

Consider evaluating the numbers

where {vk,i}keKieL are given. If we introduce vectors

14

A ®  B  =

0 1 ,1 # Ol,M2#

a i , j B

O'Mi ,1 #

(2 .22)

(2.23)

(Ai <g> A2)(#i 0  # 2) = (A i#i) 0  (A2B2). (2.24)

Zij =  53 o,,t 53 h i  vkh i € / , ; ' €  «7,
A /Ç/y

(2.25)

^ [^1,15 • • • 1 ^ l ,V i ) • • • ) -^Afi ,15 • • • 5 ,Ni ] ? ^ [^1,11 • • • 5 ^l,iV2 5 • • • 5 UM 2 ,15 • • • ? ^M2,/V2] 5
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and

4  =  k e  K ,

then the matrix-vector form of (2.25) is

z =  a« ,i#4+

+Ûl,M2-^4f2

+aMuM2BvM2

« 1 , 1 - f v i  « l , M 2 ^ V i ’ B 4  ‘

B v 2

« t , l - f V i  “ • « t , M 2 ^ N i

_ « M i , l / V i  « M i , M 2 / V i . 5 u m 2 .

= (A ® )(/m2 ® -£?)# = (A ® B)iT, (2.26)

where A and B  are as in (2.21), and where here and in what follows Ip denotes the 

p x p identity matrix.

Second, when referring to tensor product notation of function spaces Wi and 

Wg, we use Wi ® W2 to denote the space of functions consisting of all finite linear 

combinations of products of the form fg,  where /  6  M7! and g 6  W2 .
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2.3 Generalized Eigenvalue Problem

For Ax and Bx of (2.12) and (2.13), we derive matrices A and Z,  with A 

diagonal, such that

AzZ = BXZA, (2.27)

and

Z T BXZ  = I 2 N' (2.28)

To generate A and Z, consider the generalized eigenvalue problem

Axz = \ B xz, (2.29)

which by (2.16) is equivalent to

Ta s a
z = Xh2

S*

31 Ra .S J R 0
(2.30)

A method of solution of the generalized eigenvalue problem (2.30) with TQ, 

T/3 , R a, and Rp of the form (2.14) and Sa and Sp of the form (2.15) is demonstrated 

in [17]. In particular it follows from Lemma 2.2 of [17] that the eigenvalues 

of (2.29) are given by

= / r 2 (a 2  =F 2 a 4 ) / ( / ? 2  =F 2/?4), (2.31)
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'  Xf = k = 1 , . . . ,  N  -  1, (2.32)

where

<B (̂æ, v) = ( — 6  ±  y/b2 — 4ac)/2a, (2.33)

a =  bib2 — b\, b = 2 0 3 6 3  — aib2 — 6 1  o2, c =  o^o2  — 0 3 , 

ai = 2a3ae +  a i, 0 2  =  2a4ae + a 2, 0 3  =  2a 5 z/, (2.34)

6 1  =  2 /?3 æ + /?i, 6 2  =  2 /?4 æ + /?2, 6 3  =  2 /Î5 Z/,

k'K . kitaefc =  cos — , z/fc =  sin — , (2.35)

and a,, are defined in (2.11). In comparison with [17], for convenience we switched 

signs +  and — on the right-hand side in (2.31).

Lem m a 2.1 77ie eigenvalues <7werc m (2.31)~(2.32) are distinct and posi­

tive.

Proof. For convenience, we express ^ ±(æ, z/) of (2.33) as a function of one variable 

æ, assuming that v = \ / l  — æ2  (cf. (2.35)). Using ©Mathematica, we have

<̂ ±(æ, v) =  ^ ±(æ, V l — æ2) =  #^(æ) =  6 —æ^ = , (2.36)
r(æ)

where

p(æ) = 141 — 32æ — 4æ2,



18

q(æ) =  \/l3056 + 3856æ — 7524æ2 +  1656æ3 — 19æ4,

and

r(æ) =  æ2 — 36æ +  65.

We will consider [^ ±]/(æ) for — 1  < æ < 1 . Using the quotient rule, we can

write

t o ± V Z  x  _  Pr (æ)[p'(æ) ±  g'(æ)] -  [p(æ) ±  g(æ)]r'(æ)
1 U  '  r 2 (a e )

Using the definitions of p(æ), ç(æ), r(æ), and ©Mathematica, we obtain

where

/(æ ) =  297668 -  222882æ +  77838æ2 -  12377æ3 -  72æ4,

and

p(æ) =  1498 — 401æ +  8 8 æ2.

We want to examine the sign of (2.37) for —1 < æ < 1 .

For #+, the numerator of (2.37) is given by

- / ( æ )  + p(æ)g(æ).
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For —1 < æ < 0,

- / '( æ )  =  222882 -  155676æ +  37131æ2 +  288æ3 > 0.

Thus —/(æ ) is increasing on — 1 < æ < 0 and hence

-610693 =  - / ( - I )  < - / ( æ )  < - / ( 0 )  =  -297668, -1  < æ < 0.

For —1 < æ < 0,

</(æ) =  176æ — 401 < 0.

Thus (/(æ) is decreasing on — 1 < æ < 0 and hence

1498 =  g(0) < g(æ) < p(—1) =  1987, —1 < æ < 0.

For — 1  < æ < 0,

z/ x 3856 -  15048æ + 4968æ2 -  76æ3 
9 (æ) = ----------------- 2g(æ)-------------------> °'

Thus q(æ) is increasing on — 1 < æ < 0 and hence

1  =  q( — l) < ç(æ) < g(0 ) =  16V5Ï, — 1  < æ < 0 .
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Bounding g(æ)q(æ) on — 1  < æ < 0 , we obtain

1498 < g(æ)q(æ) < 31792>/5Ï, —1 < æ < 0.

Hence for — 1  < æ < 0,

- / ( æ )  +  g(æ)q(æ) < -297668 +  31792V5Î.

Since

31792V5Ï < 31792 x 8  =  254336,

we have

— /(æ ) +  g(æ)q(æ) < 0 , —1  < æ < 0. (2.38)

For the interval 0 < æ < 1

- / '( æ )  =  222882 -  155676æ +  37131æ2 +  288æ3 > 0.

Hence —/(æ ) is increasing on 0 < æ < 1. Using the definitions of g(æ) and q{æ), and 

©Mathematica, we have

[p(ae)?(ae)]'

-2347312 -  11292480æ+ 10603600®2 -  3703400®3 + 532905®4 -  6 6 8 8 ®s
q(æ) < 0
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for 0 < æ < 1 . Therefore g(æ)q(æ) is decreasing on 0 < æ < 1 . 

Since —/(æ ) is increasing on 0 < æ < 1/2, we have

-297668 =  - / ( 0 )  < - / ( æ )  < - / (1 /2 )  =  _ 1 6 3 ^ 0 7 9  | 0 < æ < 1/2.
O

Since g(æ)q(æ) is decreasing on 0  < æ < 1 / 2 , we have

2639%/212941 =  g(1/2)g(1/2) < 5(æ)?(æ) < «,(0 )9 (0 ) =  23968V5Î, 0 < æ < 1/2.
O

Hence

—/(æ ) +  g(æ)q(æ) < +  23968Vôï, 0  < æ < 1 / 2 .
o

Since

8  x 23968V5Ï < 8  x 23968 x 8  =  1533952,

we obtain

— /(æ ) +  g(æ)q(æ) < 0 , 0 < æ < 1/2. (2.39)

Further,

1633079 =  _ /(1 /2 ) < _ /($ )  < _ /(3 /4 ) =  _  10818947^ 1 / 2  < æ < 3/4i
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and

I « 6 1 v ® 2 W ,  <  < „
64

for 1/2 < æ < 3/4. Hence

+  + 1 / 2  < ,  < „ 4 .

Since

8  x 2639V2Ï294Ï < 8  x 2639 x 500 =  10556000,

we have

-  f(æ) + g(æ)q(æ) < 0, 1/2 < æ < 3/4. (2.40)

Also,

1 0 8 ^ 9 4 7  =  —/(3 /4) < - / ( æ )  < - / ( I )  =  -140175, 3/4 < æ < 1,

and

124425 =  g(l)g(l) < g{æ)q(æ) < g(3 / 4 )g(3 / 4 ) =  ^9614352949 3 / 4  < æ < 1 .

ARTHUR LAKES LIBRARr 
COLORADO SCHOOL OF MINES 
GOLDEN, CO 80401
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Hence

- / ( æ )  +  g(æ)g(æ) < -140175+ H ? 6! ^ 352949, 3 / 4  < æ < 1 .

Since

-140175 x 64=  -8971200, 14961V352949 < 14961 x 595 =  8901795,

we have

-  /(æ ) +  g(æ)q(æ) < 0, 3/4 < æ < 1. (2.41)

The denominator in (2.37) is positive for — 1 < æ < 1  since r(æ) > 0 and 

q(æ) > 0 for — 1  < æ < 1. Thus it follows from (2.37) and (2.38)-(2.41) that

[\E'- ]z(ae) < 0 , —1 < æ < 1.

For /(æ ), the numerator of (2.37) becomes

/(æ ) +  tf(æ)g(æ).

Since —/(æ ) < 0 and g(æ)q(æ) > 0 for — 1 < æ < 1 , by (2.37) we have

M '( æ )  > 0, — 1 < æ < 1.
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At this point we see that ['$' ](æ) is decreasing over — 1 < æ < 1, while the 

function [#+](æ) is increasing over the same interval. Hence using (2.36), we obtain

0 =  [#-](!) < [*-](æ) < [^ " ] ( - l )  = 168/17, -1  < æ < 1,

10 =  [#+ ](-!) < [^+](æ) < [^+](1) = 42 -  1 < æ < 1.

Using (2.32), (2.35), and (2.36), we can write

Afc =  /i- 2 $ :fc(aefc, i/fc) =  /i~2 ^ ±(æfc), fc = 1 , . . . ,  TV -  1 ,

and hence

0 < h2\ l  < 168/17, 10 < h2Xl < 42, k = I , . .. , N  -  I. (2.42)

Clearly, {A^ } ^ 1 are distinct since they are given in terms of the decreasing function 

^2[^~](æ) on — 1  < æ < 1 . In a similar way, are distinct since they are given

in terms of the increasing function h2[ÿ+](æ) on — 1  < æ < 1 . Moreover {Â } ^ 1 

and {Ajf} ^ 1 are two disjoint sets by (2.42).

Using (2.31) we can easily show that

= (o* f  2a4)/(/?2 f  2A) = f
105 140 ^ ±
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and therefore

h2Xt, =  10, =  42.

By (2.42) these two eigenvalues are clearly different from 

eigenvalues are distinct.

All eigenvalues are positive by (2.42) and (2.43). □

Although explicit formulas for the corresponding eigenvectors {z 

are not given in [17], they can be derived in the following manner, 

vectors

i t k) =  •••> Vn Y ,  k = Q , . . . ,N ,

^ k) =  A: =  l , . . . ,y v  -  1,

with components

yW =  ælfc, z = 0 , . . . ,  A, = i/ik, z =  1 , . . . ,  A -  1 ,

where æ/ and j/[ are given in (2.35). Let

(2.43) 

Therefore all

o f(2.29) 

Introduce the

(2.44)

(2.45)

(2.46)

i v  =  [d ,y (0)]r . 4  =  [Ô,ÿ(JV)]T - (2.47)
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where 0 is the zero vector with N  — I components and let

Z? =  k = 1, . . .  , N  — 1, (2.48)

where the constants c j, A: =  1 , . . . , A  — 1, are to be specified. Let

7 ,- = q, — \ h 2(3i, z = 1, . . . ,  5, (2.49)

where a, and /?,• are given in (2.11). It then follows from (2.14) and (2.15) that the

vectors of (2.48) satisfy (2.30) if and only if

T ^ k) +  =  0, (2.50)

and

S ^ k) +  = 0. (2.51)

We require the following relationships from the proof of Lemma 2.1 in [17]:

5 " ^  =  -2 7 5 f / t^ \  t  =  0 , . . . , A ,  (2.52)

T ^ k) =  (27aæt +  7 i ) ^ k\  A: =  1 , . . . ,  A  -  1, (2.53)

=  (274æt +  7 2 ) # ^ ,  A; = 0 , . . . ,  A, (2.54)
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where the N  + 1 dimension matrix É  is given by

E =

1/2

1/2

Further, it is not difficult to verify that

Then from (2.50)-(2.55) we obtain

(27336* +  7 i)f(fc) -  c^275i/fcf(fc) = 0,

and

-  2'(*ivkË î f k) +  c j( 2 7 4 æ* + l 2 ) Ë ^ k) = 0 ,

for A; =  1 , . . . ,  77 — 1 . Since, by (2.44)-(2.46) and (2.35), we have

(2.55)

(2.56)

(2.57)
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(2.56)-(2.57) are equivalent to

(27335* +  7i) -  c* 2 7 5 1 /* =  0, (2.58)

and

-  2 7 5 Z/* + c* (2 7 4 3 e* + 7 2 ) = 0, (2.59)

for A: =  1 , . . . ,  TV — 1. Solving (2.58) for c* we obtain

c* =  273̂ 0fc 71, fc =  1 , . . . ,  jV -  1 , (2.60)

where we assume the denominator of (2.60) to be non-zero. We substitute (2.60) into

(2.59) to obtain

(2 7 3 8 e* +  7 ! )(2 7 4 8 e* +  7 2 ) -  4 7 5 %/* = 0, A; =  1 , . . . ,  iV -  1 . (2.61)

Simple substitution of (2.49) into (2.61) yields

a(Xh2)2 +  b\h2 +  c = 0 , k = 1 , . . . ,  TV — 1 ,

where o, 5, and c, are those of (2.34) with æ and v replaced, respectively, with æ* and 

z/* of (2.35). Clearly {A* of (2.32) are the solutions of this quadratic equation.
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Note that the denominator of (2.60) is non-zero for A = A^, since by (2.49) and (2 .1 1 )

l$vk =  (1/10 +  Afc/i213/420)z/fc, /c = 1 , . . . ,  /V -  1,

which is positive by (2.42) and (2.35). This shows that {zk }kJi of (2.48) with c j of

(2.60) are eigenvectors of (2.29) corresponding to the eigenvalues {Â } ^ 1 of (2.32). 

For of (2.47), (2.30) becomes

---
---

--1

S a

to

<II

E
? s<, 0

/ I Ra . . Rp O 
» 

...
.

which, by (2.15), (2.14), and (2.49), is equivalent to

5 7^ 0) =  0 , R ^ 0) = 0 . (2.62)

The first equation in (2.62) is satisfied by (2.52) and (2.35), with & =  0. By (2.54) 

and (2.35) with & =  0,

=  (2 7 4 +  7 2 W 0).

Hence the second equation of (2.62) is equivalent to 2 7 4  + 72 = 0, the solution of 

which gives A^ of (2.31). This shows that of (2.47) is an eigenvector of (2.29) 

corresponding to the eigenvalue A^ of (2.31). In the same way it is easy to verify that 

Zh of (2.47) is an eigenvector of (2.29) corresponding to A^ of (2.31).
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An additional indexing of eigenvalues {Â } ^ =1 and eigenvectors of

(2.29) will be useful in discussing orthogonality of eigenvectors. Let {A&}%=i and

be defined as

h  =  Afc , \ N+k = Aj, (2.63)

4  =  zT, ZN+k = Zk ,

where k =  I , . . .  , N .

Since B x is symmetric and positive definite, there exists such that Bx = 

Bx B x . Therefore

A x Z k  =  \ k B x Z k ,  A; =  1 , . . . ,  2 N ,

can be written as

S w k  — Afcîŷ ., k — 1 , . . . ,  2 AT,

where Wk =  Bx Zk and S = BX 2 AXBX 2.

Since S  is symmetric and {A *}^ are distinct by Lemma 2.1, we have

{BxZk,Z[)M2N =  (B£ zk, B 2 zi)fôiN = {wk,wi)m2N = 0 , k (2.64)

where here and throughout (•, -)#*/ denotes the standard inner product in TRM.
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To satisfy relationship (2.28), we must select {d*}j =̂1 such that

(Bxd£z£,d£z£)Rin = 1, k = l , . . . , N . (2.65)

For & =  1, . . . ,  TV — 1, using (2.16), (2.48), and (2.52)-(2.55) with (3 in place of 7 , we 

obtain

h 1B xz£ =
7>:rW + (2/33æt +  A  -  c*2f3i vk)xi'k'> 

(c±[2/?4®* +  A>) -  2/35n]Sÿ<t )

Hence using again (2.48), (2.44)-(2.46), and the identity

. 9 Z z/cttX TVEt=i
sin

we have

(h lB xz£, = (2fcæk + 0 1 -  c^205i/k) ^  sin
1 =  1 TV

v -i ik7r\
+[ck (204&k + P2 ) — 2/?5i/fc]cJ(l +  53  cos2 ^"7v”J

=  y  ([(2/?4æ/b +  A)cjk -  4/?5z/ib]cJ +  203æk + 0i) , k = 1 , . . . , TV-  1. (2.66)
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Using (2.16), (2.47), (2.52), (2.54) with A: =  0, TV, and 0 in place of 7 , we obtain

and

s ^ 0) 5
‘5 , 4  = =

RfiiP _ (2/?4 + /32)5ÿ<0) _

S d N) 0
5 , 4  = =

R ^ N) (A -  2/34)É i f ^

Since by (2.44), (2.46), and (2.35), ÿ° =  [1 , 1 , . . . ,  1 ]T and yN = [1 , —1 , . . . ,  ±1]T with 

4-1 for even TV and —1 for odd TV, respectively, using (2.47) we have

= (2/ ? 4  +  f o W ,  =  ( / ? 2  -  2/}4)N. (2.67)— I d r*+

Clearly, it follows from (2.66) and (2.67) that to ensure (2.65) we take

dk = 1/ y lY  ([(2Aa% 4- 02)ck -  4/?5i/fc]cfc 4- 2/?3æjb 4- f t ) , Ar =  1,. ., TV — 1, 

(2 .68)

and

dj, =  l / ^ h N ( 2 p 4 + fa), d+ = l / s / h N i h  -  2p4). (2.69)

Now let

A — diag(A1 , . . . ,  A^, Aj ,̂ . . . ,  Â -) (2.70)
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and

(2.71)

where {Â } ^ = 1  and are given by (2.31)-(2.32) and (2.47)-(2.48), { c f c } ^ 1

are given in (2.60), and in (2.68)-(2.69). Then it follows from (2.29), (2.64)

and (2.65) that (2.27) and (2.28) are satisfied.

Introducing matrices

. ikir \ N - l

S = sin —— , C =  cos
N  )  i ,k=i

ikw
I v

N , N - 1

i=0 ,k=l

and

A j = d i a g ( d f , . . . , d j _ 1), ÂJ = diag(d^, < , . . . ,  d%_v d%), 

A~ = diag(cf , . . . , c^_1), A+ =  diag(l, c^ , . . . ,  c^_i, 1), 

and using (2.47), (2.48), and (2.44)-(2.46), we can rewrite Z  of (2.71) as

Z  =
SAJ 0 S A t 0

CAJA: CÀ+A+
(2.72)



34

Chapter 3 

GALERKIN METHOD FOR THE BIHARMONIC DIRICHLET PROBLEM

In this chapter, we formulate the mixed finite element Galerkin method with 

piecewise Hermite bicubics for the biharmonic Dirichlet problem (1.1) and develop 

its matrix-vector form.

3.1 Mixed Finite Element Galerkin Method

If we introduce v = Am, then the mixed formulation of (1 .1 ) consists of

v — Am = 0 in fZ,

m = 0  on dQ,

^  = 0  on dQ, on

(3.1)

and

-  A m = - f ( x , y )  in Q. (3.2)
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Assume u  and v  are sufficiently smooth and satisfy (3.1) and (3.2). Then the weak 

form of (3.1) and (3.2) becomes

f  vqdxdy  +  f  VuVrjdxdy  =  0, 77 € H l(Q), (3.3)
Jsi Jn

J ^ V v V ô d x d y  =  — jf  f ( x , y ) 6dx dy ,  6 6 -#o(f2), (3.4)

where / f 1 (Q), Hq(Q,) are classical Sobolev spaces [6 ]. This form is obtained by multi­

plying the first equation of (3.1) and (3.2) by 77 € H 1̂ )  and S G respectively,

and then integrating both sides of the resulting equations to obtain

f  vrfdxdy  — f  (Au)r]dxdy  = 0, 77 G /^ (fi) ,

— J ^ ( A v ) 6d x d y  =  — f ( x ,  y ) 6dx dy ,  6 G 

duApplying Green’s Formula and using —  =  0 and <5 =  0 on dfl gives

—  J  (Au)r]dxdy = j  V u  • Vrjdxdy — J  r j^ -ddQ  =  J  VuVrjdxdy,

— J  (Av)ôdxdy  =  J  V v  • Vôdxdy  —  J  6^-ddQ. = J  VvVSdxdy ,  

and hence we obtain (3.3) and (3.4).
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With M h  and defined by (2.1) and (2.2), respectively, we introduce 

Xh = {w e M h  ® M h  : w(a,(3) = 0, a,/? =  0,1},

and

Clearly, X °  C X h.

The Galerkin solution of (3.1)-(3.2) consists of finding U e X% and V 6 Xh 

such that

[  Vrfdxdy + [  XU  • Vrfdxdy = 0, rf € Xh, (3.5)
J n  J n

[  V V  • Vôdxdy = -  /  f{x,y)6dxdy, 6 e X j. (3.6)
•/ fZ J  fZ

Note that V e Xh and hence V(a,P)  =  0 , a,/? =  0 ,1 . We impose these four corner 

conditions on V  since for v =  A u  we also have

v (a ,(3) = uxx(a, (3) +  uyy(a,/3) =  0, a,/? = 0,1.

Normally V, rf e M h  ® M h  rather than Xh- Therefore (3.5)-(3.6) can be 

regarded as a modification of the standard mixed finite element Galerkin method.

Lemma 3.1 Problem (3.5)-(3.6) has a unique solution.
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Proof. Consider f (x ,y )  =  0. Taking rj = V in (3.5) and 6 = U in (3.6), we obtain

f  V 2dxdy +  f  V U W d x d y  =  0,
Jn Jn

[  W  • VUdxdy — 0,
Jn

respectively. Clearly

f  V 2dxdy =  0 
Jn

and hence F  =  0.

Taking y = U in (3.5) and using V =  0, we also have

f  VU  • VUdxdy =  0. 
Jn

Hence U = 0 by the Poincaré inequality [6]. □

3.2 Matrix-Vector Form

In this section we derive the matrix-vector form of (3.5)-(3.6). Since {^,(^)}?=1 

of (2.7) and {V\(2/)}?=i of (2.8) are bases for M Qh, and { ^ (x )} ? ^ 1 of (2.5) and 

{V'i(y)}?fo+1 of (2.6) are bases for M h, then {4>dx)4>j(y)ŸZiJ=i and

{^i(x)V>;(!/)}?=i^i U {*( 1 ) ^ ( 2/)}?=!,j=o,2JV+i U {<Ai(3r)V’j(y)}?fo,2N+u=i. (3.7)
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are bases for X ®  and X h ,  respectively. Hence the Galerkin solutions U  G X °  and 

V  G Xh of (3.5) and (3.6) are of the form

2N 2N

U(x,y) = ^2J^u^i<pk{x)^i{y),
k = l  1=1

2N 2N 2N 2N

v(x,y) = Y llLvk,i(t>k(x)My)+'52 H tWt(a#f(3/)+ ^2vk,iMx)My)-
k = l  1=1 k = l  l=Q,2N+l  k= 0 , 2 N + l  1=1

Substituting these expressions into (3.5) and (3.6), and taking y = ^(x)^(%/), <5 = 

we get

2N 2N

Î 2 Ÿ 1  [  M x ) M y ) <i>i(x )'tl;j ( y ) d x d y  y k,i
k=ii=i Jn

è  13 f  M ^ M y ^ i W ^ j i y ^ ^ y  vkj+ 53 vk,i
k = l  l=Q,2N+l  JÇl fc=0,2AT+l 1=1 JU

2N 2N

5353 / [^ W ^ (3 /)^ (^ )^ (2 /)  +  ^(^)^(y)0«(^)^(2/)] Uk,i = o, (3.8)
k=l1=1 Jn

2N 2N

+

where i , j  = 1 , . . . ,  27V, 2 =  1 , . . . ,  2N  for j  = 0 ,2TV4-1, i = 0 ,2TV4-1 for j  = 1 , . . . ,  2TV, 

and
2N 2N

k
2N

4-

53 É  /  W k W M y W i i ^ j i y )  + 0jb(^)^//(y)0,(^)^(y)] dxdy vk,i
k = i  i = i J n  

2N .

53 53 /  [&k(x )My)<t>i(x )^j(y) + M x )^K y)M x Wj(y)]dxdy vkj
k = l  l = 0 , 2 N + l JÇl 

2N  .

5 3  5 3  /  [ M ^ M y ^ ' i M ^ j i y )  +  M x )'iP i ( y ) M x )'lPj(y) ]  d x d y  vk,i
0,2AT+1 /=1 J( l

_ 2N
4-

k=
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=  ~  L  y ) ^ ) ^ y ) d x d ^

where z, j  =  1 , . . . ,  2 N .

Using Fubini’s theorem and rearranging the order of the double sum involving 

vo,/ and v2 jv+i,/ with the double sum involving %&,/ in (3.8), we obtain

2N  .1 2N  -1

5 3  /  {<i>i<t>k){x)dxY, /  { i> j^ i) {y )d y  vk,i
k = lJ0 1=1J0

2N r i

+
r l  _  r l

13 /  {<i>i<t>k)(x )dx 53 /  (V,jV’/)(y)d?/ vfc,/
t = l  '/0 / = 0,2^ + l  */0

2iV 1 2/V J 2V ! 2V  i

53 / (^fc)W*:E / (V ^/X y^y  Ufc,/+53 / {Mk)(x)dx^2 / (V^D(y)dy Vt,/
fc=l •/0 /= !  •/0 fc=l •y°  /= !  70

r l r l+ 53 / / %v%)(y)4/ vt,/ = o, (3.9)
Ar=0,2V+l J0  /= !  */0

where z', j  =  1, . . .  ,2V, z = 1, . . .  ,2V for j  =  0 ,2V+1, z =  0 ,2V+1 for j  = 1 , . . . ,  2V, 

and

2V 1 2/V 1 2V  -! 2V  i

2C /  (<t>i4>'k)(x )d x 'E, I { t j t i ) ( y ) d y  yy  + 23 /  53 /
jb=l •/0  /= !  •y°  fc=l 70 /= !  70

2V rl
+

k

^  r l    r l
53 / {<t>'i<t>'k){x ) d x  53 / ( ÿ j ÿ ù W y  v k,i
k=l 7 0  /=0,2V+17 0

rl   rl53 / {M k){x )dx 53 /  (^ ^ )(y )d y  vt,/
&=1 7 0  Z=0,2V+1 7 0

2V r l

+
k
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r\ rl
53 /  (<^)M<&c53 / {^j i f i ){y)dy Vkjt

=0,2V +1 */0  Z=1 70

/•I 2V .1

53 /  i<l>iM{x)dxJ2 { ^ i ) ( y ) d y  yk,i
=0,2V +1 70 /=1 70

= -  ^  /(* , y M ^ c te ]  ipj(y)dy, (3.10)

where z, j  =  1 , . . . ,  2N.

At this point, corresponding to representations of V^x, y) and C/(x, y) in terms 

of basis functions, let us introduce vectors

Vi =  [v i,i ,  . . . , Vi,2V, %2,1, - , V2,2V , - , V2N,1 , • • • , ^2V,2v ]^ ,  (3 .1 1 )

y h =  [*>1,0, t>l,2V+l,%2,0, *>2,2V+1, - , *>2V—1,0, *>2V-1,2V+1, *>2V,0, *>2V,2V+l]T , (3 .1 2 )

Vv =  [*>0,1, - • • , *>0,2V, *>2V+1,1, • • • ,*>2V+1,2v]T , (3 .1 3 )

and

U — [*^1,1, , *^l,2V, *^2,1, , V‘2 ,2N•> , V,2N,1 , * * • , *^2V,2v] • (3 .1 4 )

Also, let

/  =  [ / l , l ,  . , f l , 2 N i  /2 ,1 , - , / 2 ,2V, , / 2V,1, - , /2 V ,2 v ]T , (3 .1 5 )

where

= ^  f (x,  y)(j)i{x)dx 'ipj (y)dy. (3.16)
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Note that ïft-, it, and f  have 4N2 components, while Vh and vv have 47V components. 

The matrix-vector form of (3.5) and (3.6) is then

A n vi +A 1 2 V/1 +  Aistt +  A\4Vv =  0 , (3.17)

M\Vi +A 2 2 /̂i + A2322 + A24Vv =  0 , (3.18)

Asm + A3 2 V/1 +  A34^  =  / , (3.19)

A\\Vi +A 4 2 U/1 + A4 3 U + A4 4 Vy = 0. (3.20)

Equation (3.17) corresponds to the 47V2  equations of (3.9) with i , j  =  1 , . . . ,  27V. 

The first 27V of these equations are obtained by selecting 2 = 1 and j  #= 1 , . . . ,  27V, 

with succeeding equations obtained by indexing 2 =  2 , . . . ,  27V and j  =  1 , . . . ,  27V. By 

(2.25)-(2.26) and (2.21), the 47V2  x 47V2  matrix

An = Bx ® By, (3.21)

where Bx and B y are given by (2.13) and (2.18), respectively. The 47V2  x 47V matrix

A n  = BX® B by, (3.22)
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where Bx is defined in (2.13), and By is given by

By — (^j,/)j=i,/=o,2 JV+n %  — JQ ( ÿ j 'ÿ d ^d y -  (3.23)

The AN2 x 4iV2  matrix

Aia =  Az ® By +  Bt ® Ay, (3.24)

where Az, By, Bz, and Ay, are defined in (2.12), (2.18), (2.13), and (2.17), respectively. 

The 47V"2  x AN matrix

Ah = Bj 0  By, (3.25)

where the 27V x 2 matrix B^ is given by

— ( ,̂k)l=l,k=0,2N+l'> tfk = {<f)i<l)k){x)dx, (3.26)

and By is given by (2.18).

Equation (3.18) corresponds to the 47V equations in (3.9) with i = 1 , j  =

0 ,27V -f 1 , then indexing i =  2 , . . . ,  27V and taking j  =  0 ,27V + 1 . The 47V x 47V2

matrix

A2i =  Bz ® (B?)7-, (3.27)
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where Bx is defined in (2.13) and By is given by (3.23). The 4N x 47V matrix

/I2 2  =  8  B*, (3.28)

where Bx is defined in (2.13) and B ^  is given by

— {t>ji)jz=o,2N+i,i=o,2N+i') {^j'4,i){y)dy. (3.29)

The AN x 47V2  matrix

A2 3  =  8  (B ;y  +  ® (A^)^ , (3.30)

where Ax, Bx, and B by are defined in (2.12), (2.13), and (3.23), respectively, and Aby 

is given by

A by =  (aj,/)j=i,/=o,2Ar+i5 af,/ — JQ (3 .3 1 )

The 47V x 47V matrix

,124 =  BÏ 8  (B ^ r , (3.32)

where B b is given by (3.26) and By is given by (3.23).

Equation (3.19) corresponds to the 47V2  equations of (3.10). The equations 

are obtained by taking 7 = 1  and 7  =  1, . . . ,  27V, and then indexing 7 =  2 , . . . ,  27V and
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j  =  1 , . . . ,  2N. It follows by comparing (3.9) and (3.10) that

A3 1 =  A1 3 , (3.33)

where A1 3  is defined by (3.24). The 4N2 x 4jV matrix

A3 2  =  Az ® By + Bx ® Ay, (3.34)

where Ax, By, Bx, and Aby are defined in (2.12), (3.23), (2.13), and (3.31), respectively. 

The 47V2 x 47V matrix

A34 = Abx <g> By + B b <g> A y, (3.35)

where B y, B b, and A y are given by (2.18), (3.26), and (2.17), respectively, and the 

(27V) x 2 matrix Ab is given by

Abx — (af,fc)fil,A:=0,2N+H af,jt — ' (3.36)

Equation (3.20) corresponds to 47V equations in (3.9) with 7 = 0, j  =  1 , . . . ,  27V, 

and i =  27V +  1, j  = 1, . . . ,  27V. The 47V x 47V2 matrix

A 4 I    ( B b)^ 0  By, (3.37)
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where B b and B y are given by (3.26) and (2.18), respectively. The 47V x 47V matrix

A42 = (fî£)T ® By, (3.38)

where B^ and B b are given by (3.26) and (3.23), respectively. The 47V x 47V2  matrix

/143 =  M t r  0  A/, (3.39)

where A bx, By, B b, and Ay are given by (3.36), (2.18), (3.26), and (2.17), respectively. 

The 47V x 47V matrix

A4 4  = £ ?  <8 > By, (3.40)

where B ^  is defined by

B x =  (^ ,/b )i= 0,2A r+l,A :=0,2V +l) bik =  (<j)i<f)k)(x)dx, (3A1)

and By is given by (2.18).
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Chapter 4 

METHOD FOR SOLVING THE GALERKIN PROBLEM

In this chapter, we solve the Galerkin problem (3.5)-(3.6) by reducing its 

matrix-vector form (3.17)-(3.20) to a symmetric, positive definite Schur complement 

system. This reduces the size of the problem from 0 ( N 2) to O(N). We also discuss 

the PCG method for solving the Schur complement system.

4.1 Derivation of Algorithm for Solving the Galerkin Problem

Clearly the matrix-vector form (3.17)-(3.20) can be written as

Mu w + M i2vv =  <7 , (4.1)

M 2 1W +  A^Vv = 0 , (4.2)
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where

A n A 12 A 13 A 14

M u  = A 21 A 22 A 23 , M l 2 = A 24

A 31 A 32 0 A 34

M2i = A4 1  A4 2  A43

(4.3)

and

01
..1

ÛJ = 4 9 = 0

u /

(4.4)

Suppose that exists (this will be demonstrated in Lemma 4.3). Then multiplying 

(4.1) by Mïi and solving for w, we have

w = Mîilg - M î i lMi2Vv. (4.5)

By substituting (4.5) into (4.2), we obtain the Schur complement system

Svv = c, (4.6)

where

S  — A4 4  — M 2 \Mii M\ 2 i c — —M2 \Mii g, (4.7)
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and S  is the Schur complement (cf. [13]) of Mu in

Mu M 12

(4.8)
M2 1 A4 4

Lemma 4.1 The matrix S  of (4-V is symmetric and positive definite.

Proof We see from (2.12), (2.13), (2.17), (2.18), that Ar , 2?z, Ay, and are sym­

metric. Therefore it follows from (3.21), (3.24), and (2.23) that

An — A1 1 ,fl, Ai3 =  A?3. (4.9)

Similarly, (3.29) and (3.41) imply that and are symmetric. Hence using (3.28), 

(3.40), and (2.23), we obtain

A2 2  — A2 2 ) A4 4  — A4 4 . (4.10)

From (3.33) and (4.9), we see that

A31 = Af3. (4.11)
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It also follows from (3.27), (3.22), (3.37), (3.25), (3.34), (3.30), (3.38), (3.32), (3.39),

(3.35), and (2.23) that

A2 1  =  A4 1 =  A1 4 , A3 2  =  Agg, A4 2  =  A2 4 , A4 3  = A3 4 . (4.12)

It follows from (4.9)-(4.12), and (4.3) that

Mu =  Mfi, M2i =  M ^. (4.13)

Therefore, by (4.7), (4.10), and (4.13), we have S = S T.

To show that 5  is positive definite, let us consider any fixed, non-zero vv G 1R4N 

of the form (3.13). Let iT,-, and n of the form (3.11), (3.12), and (3.14), be such 

that

Aiiu,- +  A1 2 U/1 +  A1 3 U + Ai4 Vy = 0, (4.14)

A2 iirt- + A2 2 /̂i +  A2 3 W 4- A 2 4VV = 0, (4.15)

A^iVi +  A^Vh +  A z4Vv =  0, (4.16)
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where An, A1 2 , A1 3 , A1 4 , A2 1 , A2 2 , A2 3 , A2 4 , A3 1 , A3 2 , and A3 4  are as in (3.17)-(3.19). 

Then by (4.3), (4.14)-(4.16) is equivalent to

Mu

Vi

Vh = - M i2vv. (4.17)

We know that Vh, and u exist since Mu is nonsingular by Lemma 4.3, which we 

present later. In fact, (4.17) gives

Vi

Vh —  M\2Vv (4.18)

u
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Now by (4.7), (4.13), (4.18), (4.3), (4.16), (4.11)-(4.12), (4.14), and (4.15), we have

( S v v , Vv )]ft4N =  ( A 44Vv , V v )]R4N — ( M 2l M u 1M i 2 Vv , V v )j[i4N 

=  ( A 44Vv , V v )]R4N — ( M i l  M i 2Vv , M i 2Vv )]R4N 

=  ( A 44V v , V v )iR4N +  ( [ V i , V h , u ] T , l A i 4 , A 24, A 34]T Vv ) m4N 

=  ( A 4 4 V v , Vv ) ]r 4N  +  (iTt, A i4 iT v )jR4Ar +  ( V h ,  A 2 4 V v )]fi*N +  ( u ,  A ^ V ^ j ^ n

=  ( A 44Vv , V v )]R4N +  ( V i , A i 4Vv )]fi4N +  (Vh,  A 24^ v ) m * N ~~ ( i ï i A $ i V i ) ] R 4N — ( u ,  A s 2^h) j RiN

= ( A 4 4 V v , V v ) ]r 4N  + (A4iVi, Vv )]R4N + (A42Vfl,Vv)si4N — (A13U, V̂ ĵ N — (A23M, Vh)]R*N

=  ( A 4 4 V v , V v ) j r4N +  ( A ^ i T j ,  V v )]R*N +  ( A 4 2 V h , V v )]R4N

-̂(Aiii;,-, v̂ jrin + (Â VhiV̂ j ŝ + (ÂiTy, v̂ ĵ n 

+ (A21#i, Vh)s i *N + ( A 22Vh,  y/i)jR4N + (A24̂u, Vh)]R4N .

(4.19)

Introduce

2  =  Vj +  Vfc +  Vy,

where the functions
2JV 2V

= S  S  vk,i<i>k(x)My), (4 .20)
fc=l /= !

2N

Vh = '52 52 vk,i4>k(x)ÿi(y), (4.21)
Jt=l /=0,2Ar+l 

2N

Vv = 52 52vkAk(x) î(y). (4.22)
fc=0,2V +l 7=1
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With (•jOiJjjj denoting the usual L2 inner product, consider

(Z, z)l2(SI) — (®i + y/i +  Vy, Vf +  Vh + Vv)l2 (0 )

=  Vi)j,2(n) +  (v/i, v«)£2(n) +  (vv, v,)£2(fi) +  (v,-, Vh)£2(n) +  (vh,Vh)L2(n) +  (vv, Vh)L2(si)

+  (v,) vv)L2(n) +  (dh ,  V v ) l 2(Q) +  (vv, v v ) l 2((1)- (4.23)

By (4.20), (2.25)-(2.26), (2.21), (2.13), (2.18), and (3.21), we can write

(vi, Vi)£2 (fi) =  fn v?(x, y)dxdy

=  /n [Ei=i E?=i Vk,i4>k(x)ipi(y) E?=i Ej"i y.^ACxlV-jty)] rfarrfy 
=  E?=i E |=i [E E , f S ( M k ) ( * ) d z Z f t  »w] ^
— ( ( B x ®  By^Vi, VijjRAN =  ( A n V,-» Vi ĵRAN.

Using the same reasoning, from (4.23) we obtain

( Z ,  Z )£ 2 (Q )  =  ( A l l V i ,  Vi)]RAN  - f  ( A l 24 , V i ) j R4 N  +  ( A l 4 V v , Vi)]RAN 

+  ( A 2 l V i , V h ) j R 4 N  +  ( A 2 2 V h ,  Vh)]R4N  +  ( A 2 4 VU, Vh)]R*H

+  (A4 1VÎ, v v ) jran +  (A4 2 V/D v v ) ^ an +  (A44 Vy, v v )ni4N. (4.24)
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From (3.7), the basis functions in (4.20)-(4.22) are linearly independent. Therefore 

z ^  0 for vv ^  6 and hence by (4.19) and (4.24), (Su,,, t7y)^ 4 /v = (z, z)L2^  > 0 . □

Lemma 4.1 implies that S  is nonsingular. Hence, once we have solved (4.6)

for vv, then (4.1) implies that w can be obtained by solving

M nw = g - M u vv. (4.25)

Therefore we arrive at the following algorithm.

ALGORITHM FOR SOLVING (4.1)-(4.2)

1 . Compute c of (4.7).

2. Solve (4.6) for vv. (4.26)

3. Compute g — M\ 2 Vv.

4. Solve (4.25) for w.

In Section 4.4 we discuss solving the Schur complement problem in step 2 of the 

algorithm. First, we observe that steps 1 and 4 of the algorithm require solving linear 

systems with coefficient matrix M\\. In the next section we demonstrate how to solve 

M\\w  =  b for arbitrary b.



54

4.2 Solving Mnw = b

First, we write b in the form

b= [b1,b2,b3}T,

where

6 1  =  [(6 1 )1 ,1 , . . . ,  (bi)iy2 N, (6 1 )2 ,1 , - , (6 1 )2 ,2 ^, - , (bi)2 N,i, • • •, (6 i)2 Ar,2 Af,]T, (4.27)

6 2  =  [(6 2 )1 ,o, (6 2 )1 ,2 N+1 , (6 2 )2 ,0 , (6 2 )2 ,2 ^+!, • • • ) (6 2 )2 ^ 0 , (h)2N,2N+l,]T, (4.28)

6 3  =  [(6 3 )1 ,1 , -, (6 3 )1 ,2 #, (6 3 )2 ,1 , • • •, (6 3 )2 ,2 #, -, (6 1 )2 #,!, • • •, (6 3 )2 #,2 #,]^- (4.29)

The vectors 6 %, 6 2 , and 6 3  have lengths 4N2, 4N, and 4N2, respectively, to match the 

number of rows in the corresponding sub-blocks of M u. Using M u of (4.3), (3.21), 

(3.22), (3.24), (3.27), (3.28), (3.30), (3.33), (3.34), and w as in (4.4), M nw  =  6  

becomes

(Bx 0  By)Vi + (Bx 0  By)vh +  (Ax <g> By + Bx <g> Ay)u = 6 1? (4.30)

[Bx ® (B ^fjs ; +  (Bx ® B^)% + [A, ® (Bj)T +  Bx ® (A*)7']*? =  62, (4.31)

(A, ® By +  B, ® Ay)jTi +  (A, ® Bj +  fix ® Aby)vh = h ,  (4.32)
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where v^, and u have lengths 47V2, 47V, and 47V2, respectively.

We pre-multiply both sides of (4.30) by (ZT ®I 2 n), where Z  is given by (2.72), 

and use the relationships

Un'2 = {Z ® I2n )(Z ® 2̂ #)_1, Un = {Z ® h ) ( Z  0  h ) ~ l

to obtain

( Z T  0  I 2n ) ( B x  0  B y ) ( Z  0  I 2n ) { Z  0  I 2n )  l Vi 

+  (Z^ 0  / 2 #)(B , 0  B^)(Z 0  / 2 )(Z 0  / g ) - ^

+  {ZT 0  I2n )(Ax 0  By +  Bx 0  A y)(Z 0  I<2n ){Z 0 ^2 #) — (ZT 0 2̂ # ) 6 i. (4.33)

In a similar way, we pre-multiply both sides of (4.31) by (ZT 0  I 2 ) to obtain

(Z^ 0  0  ( ^ )H (Z  0  / 2 #)(Z 0  / 2 # ) - ^

+  (z^  0  / 2 )(B, 0  B ^)(Z  0  / 2 )(Z 0  / g ) - '^

+  (Z^ 0  /2)[;4z 0  (B^)^ +  0  M y ] ( Z  0  / 2 #)(Z 0  / g # ) - ^  =  (Z^ 0  /g )^ . (4.34)

Equation (4.32) can be treated in the same way as (4.30) to yield

(ZT 0  I 2n ) { A x 0  B y +  J9Z 0  A y)(Z 0  I 2n ) { Z  0 I 2 N )  l Vi
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+  ( Z T  ® I2n ){Ax ®  +  £ *  ®  A by ) ( Z  ®  h ) { Z  ®  / 2) - 1i?A =  (Z T ®  / 2a,)63. (4 .3 5 )

Corresponding to v, of (3 .1 1 ), Vh of (3 .1 2 ), and u of (3 .1 4 ), we introduce

^  =  (Z ® / 2 Ar)- 1 y«

:=  ̂v l,2iV» v2,l5 • • • 5 V2,2iV’ • • * » • • • i v2iV,2Ar]T > (4 .3 6 )

K  =  (Z ® / 2) %

— [y l,0» ^ 1 ,2 ^ + ! ’ y 2,0> V2 ,2N +1 ’ > v 2 ^ - l ,0 »  y  2 iV -l,2yV + l, y 2;v,0> v 27V ,2^+l]T » ( 4 - 3 7 )

U =  (Z  <s> I2n)  1U

— [wl,l7 • • • 5 U1,2AT5 W2 ,l’ • • • 5 W2,2AT5 • • * 1 w2 Â ,lî * • • 5 u2 Ar,2 Ar]7* (4.38)

Similarly, corresponding to 6 %, 6 2 , and S3 of (4.27)-(4.29), we introduce

b[ = (ZT® /2Ar)Si

=  [(^1)1,1» ■ • •, (61)1,2#, (61)2,1, • • •, (61)2,2#, - - -, (61)2#,!, - -, (6z1)2#,2# , ]T(4 .39)
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f>2 =  (ZT ® J2 )& 2

=  [(%)i,o, (6 2 )1 ,2 ^ 4-1 , (6 2 )2 ,0 , (6 2 )2 ,2 ^ 4-1 , - , (6 2 )2 ^ 0 , (6 2 )2 ^,2 ^ 4-1 , )T, (4.40)

6 3  =  (ZT ® I2n )^3

= [(6 3 )1 ,1 , . . , (6 3 )1 ,27V, (6 3 )2 ,1 , . , (6 3 )2 ,2AT, . , (6 3 )2 ^ 1 , . . • , (6 3 )2 ^,27V, ]T(4.41)

From (2.27) and (2.28), we can write

ZT^ XZ = A. (4.42)

Then utilizing relationships (2.24), (2.28), (4.42), and (4.36)-(4.41) in (4.33)-(4.35), 

we obtain

(727V 0  Byju,- +  (/ 27V 0  By)vh +  (A ® Bÿ + / 27V 0  Ay)iZ = ^ , (4.43)

[727V 0  ( B ^ K  + (727V 0  B 2 %  + [A ® (B^)^ +  72 7v 0  ( A ^ K  = 6 g, (4.44)

(A ® By +  I2 N 0  Ay)i7,- + (A ® By + 72 7v 0  Ay)vh = 6 3. (4.45)

Since A is diagonal, each of (4.43), (4.44), and (4.45) splits into a collection of 2N
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independent linear systems. In fact, using (2.70), we have

£ „ « ) *  +  s ; « ) t  +  (XkB3 +  A9)ü'h =  ( ï;) t , (4.46)

(£?)r « ) t +  +  [A*(£Î)t +  (A £ f]<  =  (%),, (4.47)

(XkBy +  A!l)(i7i )* +  (XkBy + Ay)(t/h)<; =  (fra)*, (4.48)

for A: =  1 , . . . ,  2./V, where A*, is defined by (2.63) and (2.31)-(2.32), and where, by

(4.36)-(4.38),

( y i ) t  =  » • • • ) y fc,2Ar]T ) ( V h ) k  — [y fc,0» y A:,2V+l] i » Mfc,2iv] »

and by (4.39)-(4.41)

( l̂)fc =  I(ôi )W, ' * • ’ (^l)t,2 v]^, (^2 )* — [( 2̂ )̂ ,0 , (^2)k,2N+l] 1 (^3 )* — [( 3̂ ) ^ 1 1  • ' * ? ( ^ 3 ]  

Thus, for fixed /: = ! , . . . ,  2/V, (4.46), (4.47), and (4.48) form the linear system

« ) * &')*

B k « ) * = (6 2 )*

<

(4.49)
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where is a 3 x 3 block-matrix of the form

Bk =

B

( s ; )

y

b \ T B;w>

AfcBy +  Ay AfcBy +  Aby

X k B y  +  A y  

0

We now prove the following lemma.

(4.50)

Lem m a 4.2 For fc =  1, . . . ,  2N, Bk given by (4-50), where Xk are defined in (2.31)- 

(2.32), is nonsingular.

Proof. Consider the one-dimensional boundary value problem

-  u"(y) +  Au(z/) +  v(y) = 0, 2/ €(0 ,1 ) ,  (4.51)

-  v"(y) +  Xv(y) =  0, y E (0,1), (4.52)

where A > 0 and

u(0) =  w(l) =  0, t/(0) =  «'(1) =  0. (4.53)

Multiplying (4.51) by 7] £ H l(0,1) and (4.52) by 6  E Bg(0,1) and then integrating

we get

- f  u”{y)r}(y)dy +  A / u{y)rj(y)dy + /  v(y)r](y)dy = 0, rj £ B \ 0 , 1 ),
70 70 70
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-  /  v,,(y)6(y)dy + \  f  v(y)6(y)dy = 0, <5 € B^O, 1).
70 70

Integration by parts and the boundary values u'(0) =  u '(l) =  0 and <5(0) =  <5(1) =  0 

give

/ u,(y)r/(y)dy +  A /  u(y)rj(y)dy + f  v(y)rj(y)dy = 0, 77 E B ^ O ,  1),
70 70 70

f  v'(y)6,(y)dy +  A /  v(y)6(y)dy =  0, <5 E Bo(0,1).
70 70

With Aik and 7W% of (2.1) and (2.2), respectively, the Galerkin solution of (4.51)-

(4.53) consists of B E and V  £ M h  such that

f  U'rj'dy +  A f  Urjdy+ [  Vrjdy = 0, r) £ Mh,  (4.54)
70 70 70

f 1 V'6'dy + x f 1 V6dy = 0, <5 E M°h. (4.55)
70 70

Next we demonstrate that the only solution of (4.54)-(4.55) is U = V = 0. 

Taking r) = V  and <5 = B, we obtain

f  U’V d y  +  A / UVdy + f  V 2dy =  0,
70 70 70

f 1 V U ’dy + X [ l VUdy = 0.
70 70
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Subtracting the second equation from the first gives us /q1 V 2dy = 0, and therefore 

V =  0. With r] = U and y  =  0, (4.54) becomes

[ \ u ' ) 2dy + \  f l U2dy = 0.
Jo Jo

Since A > 0, the last equation implies f ^ U ' ^ d y  = 0 and hence by the Poincaré 

inequality [7 =  0.

Since {V5 '(z/)}>=i of (2 .8 ) is a basis for and {ÿjiy)}™^1 of (2.6) is a basis 

for Mh,  we have

2N  2 TV+1

u(y) = J 2 uiMy)> v ( y ) =  ^2  vM y ) -  
/ = 1  1=0

Substituting these expressions into (4.54) and (4.55), taking 77 =  ^(%/), 6 =  ^ ( y ) ,  

and re-arranging the order of the sums in (4.54), we get

2 A ^ l ,1  2TV ^

H  /  {.^j^i){y)dy VI + J2 [(ÿjÿïïiy) + Hÿjipùiy)] dy U[ = 0, (4.56)
/=o 0 i=i 0

where j  =  0 , . . . ,  2N  +  1, and

rl
H  /  l{'tPj'lPi)(y) + H ^ i ) ( y ) ]  dy vt = 0, (4.57)
/=o J0



62

where j  =  1 , . . . ,  2N. With

V = [ V i , V b ] T , Vi  =  [ v i ,  . . . , V 2n } T  , Vb =  [ v q , V 2 N + \ ] T  , ^  =  [ m i ,  . . .  ,  Z / 2A r ] T ,

the matrix-vector form of (4.54)-(4.55) is

ByVi +  B byvb +  ( \ B y +  Ay)u = 0, (4.58)

+  B*vh +  [A (^)r  +  (A^)7-̂  =  0, (4.59)

(AB„ +  Ay)vi + (A tf +  Aby)vk =  Ô. (4.60)

Equation (4.58) corresponds to the 2N  equations of (4.56) with j  = 1 , . . . ,  2N. The 

matrices By, By, and Ay are given by (2.18), (3.23), and (2.17), respectively. Equation

(4.59) corresponds to the 2 equations in (4.56) with j  = 0 ,2N + 1 . The matrices Bj6 

and Ay are given by (3.29) and (3.31), respectively. Equation (4.60) corresponds to 

the 2N  equations of (4.57) with j  =  1 , . . . ,  2 N .

Since the only solution to (4.54)-(4.55) is £/ =  F  = 0, the only solution to

(4.58)-(4.60) is = u = 0, vb =  0. Hence the matrix in the linear system (4.58)-

(4.60) is nonsingular. Comparing this matrix with B*. and using the fact that A*. > 0 

(Lemma 2.1), we conclude that each Bk is nonsingular. □

In Bk of (4.50), By and A y are 2N x 2N square matrices defined by (2.18) and
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(2.17), respectively, with the block tridiagonal structure given in (2.20) and (2.19), 

respectively. The 2N  x 2 rectangular matrices By and Ay are defined by (3.23) and 

(3.31), respectively. Using (2.6), (2.10), and (2.9), we have

\ Pe 0 ' ' <*5 0 ■
03 0 #3 0
05 0 «5 0
0 0 0 0
; :

, 4  =  ^
:

0 0 0 0
0 03 0 <*3
0 ~05 0 - a 5
0 -0 6  . 0 - a 5 _

(4.61)

Similarly by (3.29),

B *  = h A / 2  0

o A / 2

Hence Bk has the form
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X X X X X X X

X X 0 X X X X X 0 X X

X 0 X X X X X 0 X X X

X X X 0 X X X X X 0 X X

X X 0 X X X X X 0 X X X

X X X 0 X X X X X 0 X X

X X 0 X X X X X 0 X X X

X X X 0 X X X X X 0 X

X X 0 X X X X X 0 X X

X X X X X X X

X X X • •  • X X X X • •  •

'
• • • X X X X • • • X X X

X X X X

X X 0 X X X

X 0 X X X X

X X X 0 X X

X X 0 X X X

X X X 0 X X

X X 0 X X X

X X X 0 X X

X X 0 X X X

. X X X X

where non-zero elements are indicated by x .

Now we describe an efficient method for solving the system (4.49). First, 

we combine the vectors (v-)k, (%)t, and u'k augmented by u'k0 = u'k2N+1 =  0 (the 

augmentation is used for ease of presentation and implementation) into a (4N +  4)- 

vector

— K o »  Vk,l » Uk,l i vk,2i vk,Z'iU'k,2i uk,Z'>
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• • • ) Vk,2N-2'> v'k,2N-liUk,2N-2) Uk,2N-liVk,2N+livk,2Ni U'k,2N+li Wfc,2 iv]T- (4.62)

For the right-hand sides we introduce a (4N 4- 4)-vector

9k = [(%)t,0, (̂ 1 )*:,!, 0, (%)t,l, (%)t,2, (b'i)k,3, (%)t,2, (%)t,3,

• • • , (b'i)k,2N-2, (^i)fc,2^-l, (^3)fc,2V-2, ( î)fc,2 V, 0, (6 3 )^2 ^]^,

where the 0’s correspond to u'k0 =  u'k2N+l = 0. Then (4.49) can be rewritten as

Ckwk = gk, (4.63)

where the matrix Ck has the following block tridiagonal form
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X X X X X X X X

X X X X X X X X

0 0 1 0 0 0 0 0

X X 0 0 X X 0 0

X X X X X 0 X 0 X X X X

X X X X 0 X 0 X X X X X

X X 0 0 X 0 0 0 X X 0 0

X X 0 0 0 X 0 0 X X 0 0

X X X X X 0 X 0 X X X X

X X X X 0 X 0 X X X X X

X X 0 0 X 0 0 0 X X 0 0

X X 0 0 0 X 0 0 X X 0 0

Ck —
X X X X X 0 X 0 X X X X

X X X X 0 X 0 X X X X X

X X 0 0 X 0 d 0 X X 0 0
X X 0 0 0 X 0 0 X X 0 0

X X X X X 0 X 0 X X X X

X X X X 0 X 0 X X X X X

X X 0 0 X 0 0 0 X X 0 0
X X 0 0 0 X 0 0 X X 0 0

X X X X X X X X

X X X X X X X X

0 0 0 0 0 0 1 0
X X 0 0 X X 0 0

Note that the augmentation of uk by ukQ and gives Ck with uniformly sized
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4 x 4  blocks. The 4 x 12 blocks of Ck are given by

f l , l h ,2
,(&)
*1,3

/(fc)
*1,4 ^1,5 0 ,(&)

*1,7 0 ^1,9 ^1,10
,(&)
*1,11

,(&)
*1,12

^2,1 h ,2
,( t )
2,3

;(fc)
*2,4 0 ^2,6 0 ;(fc)

*2,8 1*2,9 ^2,10
,(&)
*2,11

,(&)
*2,12

,(&)
3,1

,( t )
3,2 0 0 ,(fc)

*3,5 0 0 0 ,(&)
*3,9

,(&)
*3,10 0 0

,( t )
4,1

i(fc)
*4,2 0 0 0 l(fc)

*4,6 0 0 z(fc)
*4,9

,(&)
*4,10 0 0

where

1̂ ,1  — hfisi 1̂ ,2  —

4 ^ 4  — —^khp5 — 1̂,5 =  hfli,

1̂,9 — /̂̂ 3) 1̂ ,1 0  —

l{% — +  h~lOL$, /2,i = hfibi

4 5  =  Afc/i/? 5  +  /i- 1 a 5, 45 = Ajb/î 4 + /i_1 a 4,

4 , 8  =  ^kh@2 ~f~ h ̂Oi2i 1*2,9 —

4 5 1 — ~^kh0b ~~ h-'ctb, 4.12 — +  h -1 o;4,

45  — ~^khfib ~  h 1q:55 45 — ^khfli +  h i#!,3,5

45o ~ ^khfib +  ̂ 45 — Afc*ft +  ̂ la5)
45 — + /l-1a2, 45 == ~^khPb — -̂1®55

i5  =  ^khfts +  /i- 1 a 3 ,

(l 5  =  A fc/l/?! +  / l _ 1 Q i ,

U i  =  Afc/i/?3 +  /i- 1 o;3, 

2,2 =  /z/?4,

2 ,6  =  /̂ 2̂ ,

2 ,1 0  — hp4,

34 =  ^khp3 +  h~lQLz, 

s5 =: ^khPs h_1 as,

15 =  +  & ^ 4 ,

4 ,1 0  — ^kh^A +  h~1a4.

The top 4 x 8  block of (4.64) is
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*1,5 /2  *1,6 * l j / 2  *1̂ 8 *1,9 *1,10 *141 * U 2

*2,5 * 2 ,6 /2  *2 , 7  *2 , 8  *2,9 *2 , 1 0  *2 , 1 1  *2 , 1 2

0  0  1 0  0  0  0  0 ’
. 4% *%/2 0  0  4% *%  0 0 .

where

*1,6 =  0 6 , *13 =  ^fc06 +  « 5 ,  *2,5 =  0 6 ,

*2/7 =  ^fc06 +  « 5 , *4 ^ 5  =  Afc06 +  0:5-

The bottom 4 x 8  block of (4.64) is

*1,1 *1,2 *1*3 * ï ï  *1 ,5 /2  - * 1,6 * i j / 2  - * 1 3

*2,1 *2,2 *2,3 *2,4 “ *2,5 *2 , 6  /  2  — *2J * 2 ^ /2  
0  0  0  0  0  0  1  0

.* #  4% 0 0 -*%  *l%/2 0 0 .

Thus we obtain the following algorithm:

ALGORITHM FOR SOLVING M n w = b

1. Compute ?!, ?2, and ?3, using (4.39)-(4.41).
(4.65)

2. For & =  ! , . . .  ,2V, solve (4.63) for Wk-

3. Compute v,-, v^, and u using (4.36)-(4.38).

We can now discuss implementation and cost of this algorithm. Because of 

(2.72), we can use FFT routines to multiply a vector by Z T in step 1 at a cost of 

0(Vlog2V); 4N  + 2 such multiplications give a total cost for step 1 of 0 ( N 2 \og2 N).
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In the same way, FFT routines can be used to perform the multiplications by Z  in 

step 3. Therefore the cost of step 3 is also 0(yV2 log2 7V). In step 2 , each (47V + 4) x 

(47V4-4) block tridiagonal system (4.63) can be solved effectively at a cost 0(7V) using 

LAPACK [1 ] routine DGBTRS which implements band Gauss elimination. Therefore 

the cost of step 2 is 0(7V2). Hence total cost of the algorithm for solving M\\w = b 

is 0(7V2 log2 7V).

4.3 Related Biharmonic Problem

Bjprstad observed in [2] that for the finite difference discretization the bihar­

monic problem with Au rather than du/dn  specified on the two vertical sides of dQ 

one can use separation of variables in the x-direction. We show that in our case solv­

ing M n v  = b is equivalent to finding the Galerkin solution of the following related 

biharmonic problem I:

v — A u  =  g(x, y) in 0,

it = 0 on dfi, k (4.66)

du
—  =  0  on dSlh, on

and

—A v  = - f ( x , y )  in f2,
j (4.67)

v = 0  on dClv,

where dflh is the union of the two horizontal sides of <9f2, and dflv is the union of the 

two vertical sides of dQ (cf. Figure 4.1).
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U=0, U y—0

u=0

v=0 v-A u=g

A v=-f

u=0, uy=0

Figure 4.1: Related Biharmonic Problem I.

Assume u and v are sufficiently smooth and satisfy (4.66) and (4.67). 

the weak form of (4.66) and (4.67) becomes (cf. (3.3) and (3.4))

/  Vu  • Vrjdxdy 4 - /  vrjdxdy =  /  g(x,y)r}dxdy, rj € 77 =  0  on dflv,
Jn Jn Jn

J  V v  - V S d x d y  =  — J ^ f ( x , y ) 6 d x d y ,  6 e

The Galerkin solution of (4.66)-(4.67) consists of 17 G ® V  G 

such that

/  VU-Vr)dxdy+  /  Vrjdxdy= /  g(x,y)r]dxdy, tj € M°h ® Mh,  
Jn Jn Jn

Then

(4.68)

(4.69) 

® At/.

(4.70)
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J  W  • VSdxdy = — J  f ( x , y ) 6 dxdy, 6  G M°h <g> M 0h. (4.71)

Using {<f>i(x)ÿj(y)}2i=i%i as a basis for M Qh®M°h and as a basis

for M% ® Mh,  we may write

2  AT 27V
= J2 J2 uk i M x )My)^

k=l1=1

2N 2N+1

v ( x ,y) = 52 vki<t>k(x )M y) '
k=l 1=0

Substituting these expressions into (4.70) and (4.71), taking y =  </)i(x)ipj(y), 6 = 

(f)i(x),ipj(y)  ̂ using Fubini’s theorem and rearranging the order of double sums involving 

Ukj and Vkj we obtain (cf. (3.9) and (3.10))

2N f l  27V !

/  (<t>i<t>k)(x )dxJ 2  /  ( ^ i ) ( y ) d y  vki
k=iJ 0  i=iJ 0

27V -!

+
± 1  fl fl
13 /  {<i>i<f>k){x)dx 5 3  /  (ÿjÿi)(y)dy vki
k=l J0  /=0,27V+1,/0

27V i  27V i 27V j > 27V i

+ E / / ( ^ d W y  Uki + E / (0i4)( )̂^E / ( ÿ j ÿ ï ï W d y  uki
k=iJ 0  1=1 J 0  k=iJQ 1=1

= Jo [Jo ^j{y)dy, (4.72)
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where z, j  =  1 ,.. .  ,2JV,

+

E [  ( f a M W d x ^  [  (ipjipi)(y)dy vkl k=iJ0 1=1 J0
>-i   /•!

+ E / E / {^ji>i){y)dy vki
k=l  J0 l=0,2N+l J0

2N 2N f l  2N  -1 27V i

E I (^^)(^)^E I i ^ j M W y  uki + / (<j>i(/>k)(x)dx 53 / {^ \ ){y )dy  ukl
k = i J0 i=i  k = i J0 i = i J0

= Jo [Jo 9(x^y)Mx)dx  ̂ i>j(y)dy, (4.73)

where « =  1 , . . . ,  2Â , j  =  0 ,27V +  1, and

27V i 27V i 27V i 27V x

E / (<l)i<t>k)(x)dx'52 (ÿji>i)(y)dy vw + E / (^)M ^E / WM)(y)dy m
k = i J0 1= 1 J0 k = i J0 1= 1 J0

27V r l

+
rl _  flE / E / ('l>j'l>i)(y)dy vu

k = l  J0  /=0,27V+1 •/0

27V -i - i

E / { M k ) { x ) d x  53 /  W j ÿ ' ù W y  Vki
k = l J0  /=0,27V+1

= ~Jo[Jo f ( x ^ y ^ i ( x )dx^ ^j{y)dy, (4.74)

27V

+
k

where z, j  =  1 ,.. .  ,27V.

With Ui, zy*, and zZ defined as in (3.11), (3.12), and (3.14), the matrix-vector



form of (4.72) and (4.74) is (cf. derivation of (3.17)-(3.20))

A\\Vi +  Ai2Vh +  A lzu — 6 1 ,

A 2 \Vi +  A2 2 V/1 4- A2 3 Z/ — i>2 ,

AsiiT,- +  A^Vh = 6 3 ,

73

(4.75)

(4.76)

(4.77)

where Au, A12, A13, A2 i, A22, A 23, A31, and A32 are as in (3.17)-(3.19), and

b \  =  [ (61) 1,1, . ( 61) 1,27V, ( 61) 2,1, . ,  ( 61) 2,27V, " ,  (6 l)27V ,l, . • . , (61 )27V,27v]T ,

62 =  [ (62) 1,0, ( 62)  1,27V-1-1, ( 62) 2,0, ( 62) 2,2^ + ! ,  "  , ( 62) 2# - 1,0, ( 62) 27V—1,27V-1-1, ( 62) 27̂ 0, (62)27V,27V-|-l]

6 3  =  [ ( 6 3 ) 1 , 1 ,  " ,  ( 6 3 ) 1 , 2 7 V, ( 6 3 ) 2 , 1 ,  • • • , ( 6 3 ) 2 , 2 7 V, "  - , ( 6 3 ) 2 7 ^ 1 , .  • • , ( 6 3 ) 2 7 V,2 7 v ] T ,

with

(6 1)t',j =  J  [J  g(x,y)(j)i(x)dx ^(y)dy, i j  = 1,...,27V,

(6 2 ),j  =  ^  p(^, y)4>i{x)dx /ipj{y)dy, z =  1, . . . ,  2iV, j  =  0 ,27V + 1,

(6 3 ),j  =  -  J  [J  f(x,y)4>i{x)dx ipj(y)dy, i , j  = 1,...,27V.

Clearly the matrix in (4.75)-(4.77) is the same as Mu  of (4.3).



74

Lem m a 4.3 M u is nonsingular.

Proof. The Galerkin solution of (4.70)-(4.71) is unique (proof similar to that of 

Lemma 3.1). Hence the matrix of (4.75)-(4.77) and also Mu are nonsingular. □

4.4 Solving th e  Schur Com plem ent System

To solve (4.6), it is possible to form the matrix S  of (4.7) explicitly and then 

compute vv using, for example, Cholesky decomposition. However this would be 

too expensive at a cost of 0 ( N 3). Instead we seek an iterative scheme for solving 

(4.6). Since we know that S  is symmetric and positive definite, a good candidate 

for solving (4.6) would be the PCG method described in [13]. Since every iteration 

of the PCG method requires multiplying S  with an arbitrary vector, subsection 1  is 

concerned with the computational cost of this operation. Subsection 2 is devoted to 

the definition and properties of the preconditioner. Subsection 3 deals with solving 

the preconditioned system. Subsection 4 summarizes the cost of solving the Schur 

complement system.

4.4.1 C om puting  Szv

We discuss computation of Szv for arbitrary

?v  =  [^0,1, • • • , Z0 ,2N,Z2N+1 ,1 ,  • • • , ^ 2 V + l ,2 /v ]T -
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Using (4.7), we first consider which, by (3.40) and (2.24), can be written as

A u z v =  ( B ^  ®  l 2N)(h  0  By)zv .

The computation of ( l 2 ® B y ) z v requires two matrix-vector multiplications of B y with 

the two subvectors of zv, which by (2.20) can be accomplished at a cost of O(N). 

Then multiplication by B*? ® I2 N involves 2N multiplications by the 2 x 2  matrix 

Bj6  of (3.41), which requires O(N)  operations. Therefore the total cost of computing 

A4 4 Zv is O(N).

By (4.7), each multiplication by S  also requires computing M 2 iM îllMi 2 Zv, 

which is equivalent to computing b =  M\ 2 ZV, solving Muiv = b for w, and then 

computing M2 1 W. We show that the unique structure associated with each of these 

operations insures a cheaper cost than expected.

First, let

b =  M\ 2 Zv =  [6 1 , 6 2 , 6 3 ]T (4.78)

with 6 1 , 6 2, and 6 3  of the form (4.27), (4.28), and (4.29), respectively. Then by (4.3), 

(3.25), (3.32), and (3.35), we have

6 1  =  A u zv =  (Bbx ® l 2N)(h 0  By)zv, 

6 2  =  A2 4 4  =  (B^ ® / 2 ) ( / 2  0  (B^)^)zL,

(4.79)

(4.80)



76

h  = A3 4 ZV = (Abx 0  l 2 N){h ® + (B£ 0  l 2 N){h 0  AyjZy. (4.81)

To determine the cost of computing Z>i and 6 3 , we observe that the computation 

of ( l 2 ®By)zv and (l2 ® A y)zv requires two matrix-vector multiplications with By and 

Ay, respectively, which by (2.20) and (2.19), can be accomplished at a cost of O(N). 

By (3.26), (3.36), (2.5), and (2.10), we know that

B bx = h

r/?3 0 ‘ ■ Of3 0 ■
0 0 0 0

0 0 0 0
0 f t 0 a3
A 0 , Abx = hr1 05 0
A 0 ûf5 0
0 0 0 0

0 0 0 0
0 —f t 0 - 0:5

.  0 —f t . 0 — <*5 .

(4.82)

where non-zero elements in each matrix are located in the first column at rows 1 , 

N,  and N  + I, while non-zero elements in the second column are located in rows 

iV — 1, 2N  — 1 , and 27V. Since multiplication by Bx 0  I 2N and Ax 0  I2n involves 

27V multiplications by Bx and A^, respectively, from (4.82), this will require O(N) 

operations. Therefore the total cost of the computation of b\ and 6 3  is 0(7V).

To determine the cost of computing b2, we know the computation of (I2 0  

(By)T)zv requires two matrix-vector multiplications by (Bj)T which from (4.61) can 

be accomplished at a cost of 0(1). Again, we know that multiplication by B b 0  I2
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involves 2 multiplications by B£, which from (4.82), will require 0(1) operations. 

Total cost for computation of 6 2  is 0(1). Therefore the total cost of computing b is 

0 (# ) .

Solving M nw = b îo iw  involves 6  of (4.78). By (4.79)-(4.81), and (4.82), the 

only possible non-zero elements of b\ and S3  are

(6 1 ),J, W w , 2 =  l,A r-l,A r,A r +  l ,2 A r - l ,2 N , J =  1,...,27V, (4.83)

and the only possible non-zero elements of 6 2  are

(6 2 ),j ,  i = l , N  - 1 , N , N  + l ,2 N  - l , 2 N ,  ;  = 0,27V+ 1 . (4.84)

Recall that after computing w we must calculate M2 1 W. Because of the special struc­

ture of M2 1  we will only require certain components of w when solving M nw = b. To 

determine which componenets of w are needed, let us examine first the computation 

of M 2 itc. By (4.3) with le as in (4.4), we have

M 2 1 W = A^Vi +  A/flVh +  A^u,

where u,-, v^, and u are of the form (3.11), (3.12), and (3.14), respectively. By (3.37),
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(3.38), and (3.39), we may write

A-uv, =  ( h N ® B s)((Bbx)T ® h N)vi, (4.85)

Ai 2vh = (I2N ® B bs)((Bbt )T ® / 2 n ) 4 ,  (4.86)

A4 3ff =  (/2jv ® ® / 2«)5 +  (/2n ® A , ) ( ( a t r  ® hN)S- (4.87)

We observe that in order to calculate A4 1 Û',' and .4 4 3 Æ, multiplication by {Bbx)T 0  I'in 

and {Abx)T®I2n  each will involve 2 N  multiplications by {Bbx)T and (AX)T, respectively. 

But by (4.82), (3.11), and (3.14), to perform these multiplications we require only 

knowledge of the elements

%,j, Uij, i =  1 , jV — 1 , JV,iV +  1 , 2N — 1,27V, j  =  l,...,2 iV . (4.88)

In the same way, to calculate A&Vh we observe that the multiplication by (B^)T ̂ I 2n 

will involve 2N  multiplications by (B£)t . But, by (4.82) and (3.12), we require only 

knowledge of the elements

Vij, i = l , N - l , N , N  + l , 2 N - l , 2 N ,  j  =  0 , 2 iV -fl. (4.89)

Hence we see, that when solving M nw  =  b for w, we require only the components 

in (4.88) and (4.89). As a result, we can now discuss the reduced cost of solving
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M nw  =  b using Algorithm (4.65). In step 1  of this algorithm, the operations (4.39) 

and (4.41) each consist of 2N  matrix-vector multiplications with ZT, where by (4.83), 

for fc =  1,3, j  =  1 , . . . ,  27V,

r (fc)w i
0

0

(M n- i j

= Z T ( h ) N , j

( h ) N + i , j
0

0

( h ) 2 N - l , j

. ( b 'k)2NJ  . . ( h ) 2 N , j  .

Then (4.90) can be accomplished with direct matrix-vector multiplication without 

FFTs, being computations of linear combinations of columns l,jV — 1,7V, A^+l, 27V — 

1,27V of Z T. Therefore the resulting cost is 0 ( N 2). By (4.84), operation (4.40) is 

(4.90) with k = 2 and j  =  0,27V + 1, hence the total cost for this step is O(N). 

Therefore all of step 1 of Algorithm (4.65) can be accomplished at a cost of 0 ( N 2). 

Calculations in step 2 of Algorithm (4.65) remain unchanged from those required for 

an arbitrary right-hand side 6 , which gives a cost of 0(7V2). In step 3 of Algorithm

(4.65), the operations (4.36) and (4.38) each consist of 27V multiplications of Z  by 

subvectors of uj and u ' , respectively. This is illustrated in (4.91).
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v u

...
 

J
5-

c. u u

r 
—

v N - l , j U N - 1 J

VNJ

v N + l , j
= z ?

UN,j

UN + I J
=  z

v 2 N - l , j u 2 N - l , j

. v 2N, j  . - V2N,j  - . U2N J  . - U2 N J  -
(4.91)

Since only the components in (4.88) need to be evaluated, we compute the inner 

products involving rows 1, TV — 1, TV, TV + 1, 2 TV — 1 , and 2 TV of Z  during each of the 

2TV multiplications. The resulting cost is then 0(TV2). Operation (4.37) consists of 

two matrix-vector multiplications of Z  by subvectors of vh. This is illustrated in 

(4.92).

Vl , j ’ v u  ■

... 
7

v N, j
=  z

v N + l , j

V 2 N - l , j

. v 2N,j  . - V2N,j  -

j  =  0,27V+ 1 . (4.92)

Since only the components in (4.89) need to be evaluated, we compute the inner
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products involving rows l,iV — l,iV, iV + 1 , 2N — 1 , and 2N  of Z  during each of the 

two multiplications. Therefore the total cost for this operation is O(N),  and step 3 

of Algorithm (4.65) can be accomplished at a cost of 0 ( N 2). Hence the total cost of 

solving M\\w  =  b for w is 0 ( N 2).

Once the required components of w are obtained from solving M nw  = b for ûî, 

the multiplication M 2 1W is carried out. By (4.85)-(4.87), this requires multiplications 

by (2?*)T ® I 2N and (Abx)T ® I2 N which involve 2N  matrix-vector multiplications by 

(BX)T and (A£)t , respectively. By (4.82), this can be accomplished at a cost of 

O(N). For (4.85) and (4.87), multiplication by I2 N ® By and I2 N ® Ay involves 2N

multiplications by By and Ay, respectively, which by (2.20) and (2.19) requires 0 ( N 2)

operations. For (4.86), multiplication by I2 N 0  By involves 2N  multiplications by B b, 

which by (4.61) incurs a cost of O(N). Hence total cost of computing M 2 1 W is 0 ( N 2).

We have shown that computing M 12zv has a cost of 0 ( N 2), and that

A 4 4 Zv costs O(N). Hence the cost of computing Szv is 0 ( N 2).

4.4.2 Preconditioner and its properties

Next we discuss the selection and properties of the preconditioner for the 

solution of (4.6) by the PCG method. We obtain a preconditioner for S  from the
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z=0, w=0

w-A z=g

-A w=-f

z=0, w=0

Figure 4.2: Related Biharmonic Problem II.

discretization of the related biharmonic problem II (cf. Figure 4.2):

w — Az =  <7(2 :, %/) in 17,

z =  0  on dfZ, 

dz
—  = 0  on diïv, 
on

(4.93)

and

Aw = —/(x , y) in 

w = 0  on ôfifc.
(4.94)

Assume z and w are sufficiently smooth and satisfy (4.93) and (4.94). Then the weak
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form of (4.93) and (4.94) becomes (cf. (3.3)-(3.4) and (4.68)-(4.69))

/ Vz • 'Vrjdxdy +  f  wrjdxdy =  /  g(x,y)r)dxdy, rj 6  77 = 0 on dQh,
Jn Jn Jn

f  Vw  • VSdxdy =  — /  f ( x , y ) 6 dxdy, 6  G /fj(f2).

The Galerkin solution of (4.93)-(4.94) consists of Z G 0  W  G 0  A4®, 

such that

f  V Z 'V r jdxdy  + f  Wrjdxdy = f  g(x,y)rjdxdy, 77 G A4,, 0  A4®, (4.95)
J  f i  J  Si J s i

f  V W  ■ VSdxdy = -  f  f ( x , y ) 6 dxdy, 6 &M°h ® M°h. (4.96)
J n  J n

Using {0 ,-(a:)^ j(2 /)} i= ias a basis for A4% 0  M°h and { ^ ( x ) ^ ( y ) } a s  a basis 

for A4/j 0  A4®, we may write

2N 2N

Z{x,y) = E E  W t ( a # / ( 2/),
Ar=l /= !

2 AT+ 1  2 AT
^(x ,? /) =  E  Y l wu M x )ÿi(y)-

fc= 0  /= 1

Substituting these expressions into (4.95) and (4.96), taking 77 =  <f>i(x)ipj(y), Ô = 

(j)i(x)'iljj(y), using Fubini’s theorem, and rearranging the order of the double sums
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involving Zki and Wki, ,2 N , we obtain (cf. (3.9)-(3.10))

2N  - i  2N  -!

E / f  wm
lc=l J0 1=1 J0

2N  i  2N  i  2V  - i  2V  %

+  E  I ( ^ i ) ( ^ E  /  (V,jV;/)(2/)^y 2rfc/+  E  /  ( f a M f à d x ^  (^j^i){y)dy zklk=l J° 1=1J0 k=lJ0 1=1J0
rl f 1 /-I r fl

E  /  (<t>i<f>k)(x)dxJ2 /  {^j^i){y)dy W kl =  /  /  g(x, y)<t>i(x)dx ipj(y)dy,
=0,2JV+1 0 /=1 0 0 *■ 0

(4.97)

where z, j  =  1 , . . . ,  2 N,

2 AT 1 2JV 1
E  /  (^</>A:)(2:)dxE /  (ÿji>i)(y)dy Wkl
k=lJ 0  1=1 J 0

+

2 AT -! 2V  .1
5
k=

2N  i  2V ^  2 AT ^  2V i

E  I  ( f i M W d x Y l  /  i ^ j ^ W y  Zki + Y l  ((t>i<t>k)(x ) d x Y ,  { ^ i ) { y ) d y  zkï
k=lJQ 1=1 J 0  k=lJ 0  1=1 J 0

r l f l  f l  r f l
E  /  ( M k ) ( x ) d x } 2  (ipji>i)(y)dy wki = / / g{x,y)4)i(x)dx i>j(y)dy,

=0,2AT+1 0 /= !  0 0 *• 0 J

(4.98)

where z =  0 ,27V +  1 , j  = 1, •. . ,  2N  and

2 AT . i  2 AT - i  2N 2N - i

E  /  (4 %4%)(z)<&r E  /  { ^ A ) ( . y ) d y  Wki +  E  /  (<l>i<t>k)(x )dx E  /  ( ^ i ) ( y ) d y  wkl
k=lJ 0  1=1 J 0  k=lJ 0  1=1 J 0

2N r i  M  f l  M  f l  2JV r l

k=

2 AT Jr l r l
+  E  /  ( ^ ^ ) W ^ E  /  ( ^ M ( y ) d y w ki

fc=0,2N + l */ °  /= !  •/0
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ri ri
+  E  /  ( f a M W d x ^  (^j^i)(y)dy wki

k =0 ,2 N +l  J0 1=1 J0

= ~ L l J o  f i 30̂ ) ^ 30̂ 30] ÿ j W y i  (4.99)

where i , j  =  1 ,.. .,27V.

Introduce

Wi =  [wi,l, • - • , Wl,2AT, «12,1, • • > W2,2N, - • , W2N,1, • • • , ^ 2 iV,2 Ar]T, (4.100)

=  [^0 ,1 , . . . , Wq,27V, W27V+1,1, , W2N+1,2n ]T , (4.101)

and

Z [̂ 1,1, . , l̂,27V, ^2,1, • • • , ^2,27V, • • • , 2̂7V,l, • • • , 2̂ TV,2 TV j • (4.102)

Then the matrix-vector form of (4.97)-(4.99) is (cf. derivation of (3.17)-(3.20))

A n W i  +  A 13Z +  A \ 4 W v =  Ci, (4.103)

A3iWi +  A34 Wu =  c3, (4.104)

A41 w, +  A43z +  A4 4W1, =  C4 , (4.105)

where A n, Ai3, A h, A3 i, A34, A4 i, A43, and A44 are as in (3.17), (3.19), and (3.20),
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and

Cl — [ ( C i ) i , i ,  . . . , ( c i ) i ,27V, ( c l ) 2 , l ,  • • • , (Cl)2,27V, • • • , (ci)2A T ,l, • • , (C l)27V ,2v]T ,

C3 = [(C3)l,l, • • • , (C3) 1,27V, (03)2,1, - . - , (03)2,27V, . , (C3)27V,1, • • • , (C3)27V,27v]T,

04 = [(04)0,1, , (04)0,27V, (C4)27V4-1,1, • • • , (c4)27V+l,2Ar]T, (4 .1 0 6 )

w ith

(o i)i,j = f Q [f0 g{x ,y)<t>i{x )dx ÿ j(y )dy,  I, j  =  I , . . .  ,27V,

(c3)i,i = ~ JQ \JQ f ( x ’ y)<f>i(x)dx ÿj(y)dy, i, j  = 1, . . . ,  27V,

(04),J -  JQ [J0 y(x i y)<i>i(x)dx i>j(y)dy, i = 0,27V+ I, j =  1,. . . ,  27V.

W e can  w rite  (4 .1 0 3 )-(4 .1 0 5 )  as

Bue  +  B\ 2 Wv — d,

^ 2 1 0  +  A 4 4 W 1J =  C4 ,

(4 .1 0 7 )

(4 .1 0 8 )

w here

Bn =
An A1 3  

A 31 0

, B 12 =
A 14

A 34

B 21 = A 41 A 43 (4 .1 0 9 )
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and

Wi
d  =

Cl

_
z C3

Lem m a 4.4 The matrix B n  of (4-109) is nonsingular.

Proof Consider

AnWi + Ai3z = 0, (4.110)

^ 3 1 ^  = 0 , (4.111)

where A n ,  A1 3 , and A3 1 , are as in (4.103) and (4.104). This is the matrix-vector form 

of the Galerkin problem

f  VZ • Vrjdxdy +  f  Wrjdxdy = 0 , rj € M Qh ® M Qh, (4.112)
J ç i

J  V W  ■ VSdxdy =  0, (4.113)

where Z € <S> A4®, IV € A4® 0  A4®. The only solution of the Galerkin problem

(4.112)-(4.113) is Z =  IV =  0 (proof similar to that of Lemma 3.1), therefore the only

solution of (4 .llO )-(4 .lll) is Wj = z = 0. Hence the coefficient matrix of (4.110)- 

(4.111), Bn,  is nonsingular. □

Solving (4.107)-(4.108) for wv (cf. (4.6)), we obtain the Schur complement



system

where

Pwv =  c4 — B2 iB 111 d, 

P  =  A4 4  -  B2 iBf11 Bi2

(4.114)

(4.115)

is the Schur complement of Bn in

Bn Bi2  

B2i A4 4

As a preconditioner for S  in the Schur complement system (4.6), we select P  

of (4.115).

Lem m a 4.5 The matrix P  of (4-115) is symmetric and positive definite.

Proof. It follows from (4.109), (4.9), (4.11), and (4.12), that

B n  = Bh,  B%2 = B |v (4.116)

Therefore, by (4.115), (4.10), and (4.116), we have that P  is symmetric.

To show that P  is positive definite, let us consider any fixed, non-zero wv G
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MAN o f  th e  form  (4 .1 0 1 ). L et Wi and z o f th e  form  (4 .1 0 0 ) and  (4 .1 0 2 ) b e such th a t

An w, +  A1 3 Z + A\ 4 Wv — 0 , (4 .1 1 7 )

Aaitu, +  A mwv =  0 , (4 .1 1 8 )

w here A n ,  A 13 , A n ,  A 3 1 , and A 3 4 , are as in  (4 .1 0 3 ) and  (4 .1 0 4 ). T h en  by (4 .1 0 9 ), 

(4 .1 1 7 )- (4 .1 1 8 )  is eq u ivalen t to

»n
Wi

= —Bi 2 Wv. (4 .1 1 9 )

S in ce B n  is n on sin gu lar it fo llow s th a t

Wi
— —Bn 1 Bi2 Wv- (4 .120)

N ow , b y  (4 .1 1 5 ), (4 .1 1 6 ), (4 .1 2 0 ), (4 .1 0 9 ), (4 .1 1 8 ), (4 .1 1 )- (4 .1 2 ) ,  and (4 .1 1 7 ),

(Pwv,Wv)lR4N = {AaaWviŴjran -  {B2\B^ Bi2Wv,Wv)][̂ N

— (A44Wv,Wv)]ft4N — (Bil Bi2Wv, Bi2Wv)ff{4N

=  ( A 4 4 W v , W v )]R4N +  { [ W i , ^ 1', [ A i 4 , A 3 4 ] T Wv ) M4N



— {A44Wv,Wv)si4N + (Wi, Ai4Wv)]R4N +  {z, Az4Wv)Iran 

~ (A44Wv, Wv)]ft4N +  {Wi, Ai4Wv)]R4N — (z, A3iÛ;i)jR4N 

=  (A4 4 ÛJu,u;v)iR4N +  (A4iwi,wv)nî4N -  (A1 3Z,

=  ( A 4 4 W v , W v )gt4N +  ( A 4 ilt;,-, W V) ^ 4 N  +  ( A n W i , W i ) j R 4 N  +  ( A l 4 W v , Wi)]R4N .

Introduce

U =  Û),- +  îDy,

where
2N 2N

Wi =  J2 Y l wk M x )'lPi(y),
k=ii=i

2N

t i v  =  5 3  J 2 w k j M x ) M y ) -
k = 0 ,2 N +l  1=1

Consider

(u, u)t2 (n) =  +  «)„, a , +  wv)lhh)

=  ( r ô t ,  +  (Û i„, Ûj,')£,2(R) +  (û),', WV) l 2 (n) +  (Ù i„,

(4.121)

(4.122)

(4.123)

(4.124)
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Using the same reasoning as in Lemma 4.1, we can write (4.124) as

v ) l 2(H) =  (^ 4 n w t-, +  ( A i 4 W v , Wi)]R4N +  ( A ^ W i ,  w v )^ 4 N  4- ( A 4 4 W v , w v ) jr4N'

(4.125)

From (2.5), (2.8), and(3.7), the basis functions in (4.122) and (4.123) are linearly 

independent. Therefore u ^  0 for /  0 and hence by (4.121) and (4.125),

(Pwv,wv)]r4n = (v,v)L2(q) > 0 .

Therefore we have shown that P  is positive definite. □

A conjecture which remains to be proven theoretically is

v ) ^  < (Sv, v ) ^  < l 2 (Pv, v ) ^ , Vt? € m 4N, (4.126)

where 0 < 7 1  < 7 2  are independent of h. The significance of this conjecture is that 

when true, the number of iterations of the PCG method required to reduce initial 

error to e is dependent only on e, and not on the size of the problem we are trying to 

solve.
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4.4.3 Solving th e  preconditioned system  

To solve the preconditioned system

Pwv = c4  (4.127)

for wv where arbitrary C4  is of the form (4.106), we set d = 6  in (4.107)-(4.108) to 

obtain

B n e +Bi2 wv =  0,
(4.128)

B2ië  +A 44 Wv = C4 .

If e and wv satisfy (4.128), then by (4.114) wv satisfies (4.127). Therefore, to solve

(4.127), it suffices to solve (4.128) for wv. By (4.103)-(4.105) and (4.107)-(4.108),

(4.128) is equivalent to

AnWi +  A1 3 Z + A\4Wv = 0 ,

AsiWi 4- As4 wv = 0,

A4\W{ +  A 43Z  +  A44Wv =  C4 ,

which, by (4.97)-(4.99), is the matrix-vector form of

2A( r i 2V !
z l  /  {(f>i<f>k){oo)dxŶ  /  {^j^i){y)dy wki
I— 1 -/O */0
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è  / f  (ipjÿi)(y)dy Zki + ̂ 2 [  {4>i4>k){x)dx^ [  W j rl>'l) (y)dy  zki
fc=i*/ 0  /= i J 0  k=iJ 0  1=1 J 0

rl ^ 1
+ 53 /  (<t>i<t>k)(x)dx ^  /  (ÿjÿi)(y)dy wkt = 0, (4.129)

fc=0 ,2 V+l */ 0  / = 1  •/ 0

for i , j  =  1 ,... ,2iV,

2 W -1  2 V 153 / (foMWdx^ / { ĵ î){y)dy Wki
fc=i •/ 0  /=i */ 0

2JV r l 2N . !  2iV -!  2V  x

5 3  /  ( $ ^ ) M ^ 5 3  f  ( ÿ j ÿ i ) ( y ) d y  Zki +  i t ,  f  ( M k ) ( x ) d x ^  /  ( ÿ j ^ ' ^ d y  zkl
k=lJ 0  1=1 J 0  k=lJ 0  1=1 J 0

r l  2N  - i
+ 5 3  /  (<f>i<f>k)(x)dx̂ 2 ( t p j i p i ^ d y  Wki = (c4 )ij, (4.130)

Jb=0,2N+l 70 /=1 */0

for i =  0 ,27V + 1, j  = 1 , . . . ,  27V, and

2JV .1 2 AT 1 2V 2V 1

5 3  /  ( ^ ^ ) ( ^ ) ^ 1 3  /  ( ÿ j ÿ Ù W y  Wki +  5 3  /  (<t>i<t>k){x)dxŶ  /  (^j^i)(y)dy Wki
k= iJ0 i=i y° fc=i70 / = i 70

/•! 2 V
b 5 3  /  ( t i f i k K ^ d x Y ,  ( ^ j i p i ) { y ) d y  Wki

A:=0,2V+1 •/0  /=1 •/0

r l  2V -i

5 3  /  (<t>i4>k)(x)dxY  ̂ /  (‘tpjil>i)(y)dy wki = 0 , (4.131)
=0 ,2 V+l •/ 0  1 = 1  */ 0

for 7, j  =  1 , . . . ,  27V.

To develop a method for solving (4.129)-(4.131), we consider the following
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variant of (4.72)-(4.74):

53 / f  (ÿjŸdWdy vu
*:=iJ0 1=1J0

21V ! i
+  5 3 /  (<t>i<f>k)(x)dx 5 3  /  ( ÿ j ÿ Ù W d y  v u

k = l J0  l= 0 ,2N + l J0

rl 2V 1 2V 1 2V -1
5 3  /  (#&)(*)<** E  / uu + 5 3  / ( 4 ^ ) ( ^ ) ^ 5 3  / Wjÿ'i)(y)dy uki
k = i J °  i = i Jo  k = i 7 0  1= 1 -/o

= 0, (4.132)

where i , j  =  1 ,.. .  ,27V,

+
fc

+

5 3  f  {<t>i(t)k){x)dx  5 ^  f  (ipj'ipi)(y)dy vkl
k= l  0 1=1

^1^ r l  rl

53 / (4>i<j>k)(x)dx 53 / { ^ ù ^ d y  vki
k=l  J0 1=0,2V+1 •/0

2V  . i  21V i 21V i 21V !

+  5 3 /  m ) ( x ) d x Y :  { ÿ j ÿ i ) { y ) d y  «Ibi +  5 3  /  (<i>i<i>k)(x)dxY,  ( i p j i p i ^ d y  Uki
k = l J0  1=1 •/0  fc=l •y° 1= 1 70

— (^2 )1,j? (4.133)

where 7 =  1 , . . . ,  27V, j  =  0 ,27V -f 1 , and

21V - i  21V 1 21V 1 21V 1
5 3  /  ( < # < ^ ) (a # c 5 3  /  (^j'ipi)(y)dy vkl +  5 3  /  ( 0 » ^ f c ) ( ^ )^ 5 3  /  ('lP,j'll>'i)(y)dy vki
k = l  J0 1=1 •y° Ar=l 1/0 1=1 -y°
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2 N ri
+

j i l  /-I r l
5 3  /  53 L ( ^ i ) ( y ) dy vki
fc=l •/0 /=0)2N+l •y°

r\ f  1
5 3  I  (<f>i<t>k)(x)dx 5 3  /  ( ÿ j ÿ i ) ( y ) dy  %
fc=l*/0 fsO^JV+l-70

2jV

+
k

= 0, (4.134)

where z, j  =  1 , . . .  ,2N. To solve (4.129)-(4.131) using (4.132)-(4.134), we take (6 2)ij 

of (4.133) so that

(&2)t,j — ( c 4)j,2n (^2 ) V —l+ * j  — ( c 4)j,2i'-l)  J — 0 ,  27V + 1 ,  2 =  1, . . . , TV — 1,

(4.135)

(^2 )2 ^ —l j  — (c4 )j,2 iV—1 > ip2 )2N,j — {cA)j,2N i j  = 0,27V + 1. (4.136)

Having solved (4.132)-(4.134) for {^}t=i,/=o,2 Æ+i, we define {wiik}f^ 2 N + h k = 1  as 

follows:

v)i ,2k -  Vk,i,  w i , 2 k - i  =  v N - i + k , i ,  / =  0 ,2 7 V  +  1, A: =  1 , . . .  ,7V -  1,

w l ,2N—l  — y 2V —1,/? Vli^N  — V2N,h  ̂ ~  0 ,2 7 V  +  1.

Then using (2.5)-(2.6), it can be shown that {^it,/}fcïo,2 V+i,/=i is a part of the solution 

to (4.129)-(4.131). Therefore it follows that, in order to solve (4.128) for wv, it 

suffices to solve (4.75)-(4.77) for Vh, with b\ = = 0, and also components of
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b2 defined by (4.135)-(4.136). This is done using Algorithm (4.65). To perform 

step 1 of this algorithm, we need only compute = (ZT 0  of (4.40) since 

bi = b̂  = 0. This involves two multiplications with Z T which can be accomplished at 

a cost of 0(N\og 2 N). The cost of step 2 of (4.65) remains 0 ( N 2), while step 3 requires 

computing Vh = (Z 0  h ) ^  of (4.37). We can use FFTs for the two multiplications 

with Z  for a cost of 0(N\og2 N). Thus the cost of Algorithm (4.65) in this special 

case is 0 { N 2).

4.4.4 Cost of solving the Schur complement system

Using conjecture (4.126), we determine the cost of solving the Schur comple­

ment system by the PCG method with preconditioner P.

The PCG method applied to (4.6) produces iterates . . . ,  satisfying

IK B) -  i'll||s <  2p"||c<0> -  ÿ „ ||s , n  =  1 ,2 , . . . ,

where

M is =  s J iS V 'V ) ^ ,  v t e J R 4N,

and

_ 1 ~ \Jl\ll2 
1+ \Jllh2



97

(cf. Section 10.2.7 of [13]). Then if 0  < e < 1  and we require

IK ” 1 -  t r j s  < e||5<0) -  v„||s,

this can be accomplished with a number of iterations

With e =  0(h p), the number of iterations is 0(\og2 N). In our numerical experiments, 

we used n = 21og2 A7’. It follows from subsections 4.4.1 and 4.4.3 that the cost of one 

PCG iteration is 0 ( N 2). Hence the total cost of solving the Schur complement system 

is 0(-/V2 log2 ./V) under the assumption that P  is spectrally equivalent to S.

4.5 Cost of Solving the Galerkin Problem

Finally we discuss the cost of Algorithm (4.26) to solve (3.5)-(3.6). Step 1 of 

Algorithm (4.26) consists of first solving M uw = g for w, which by Section 4.2 incurs 

a cost of 0 ( N 2 \og2 N). Step 1  is completed by computing M 2 1W, which by Section 

4.4.1 involves a cost of 0 ( N 2). Therefore step 1 of Algorithm (4.26) has a total 

cost of 0 ( N 2 \og2 N). By Section 4.4.4, step 2 of Algorithm (4.26) is accomplished 

by the PCG method for a cost of 0 ( N 2 \og2 N). Step 3 of Algorithm (4.26) requires 

multiplication M\2 Vv, which by Section 4.4 has a total cost of O(N). Finally, step 4
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of Algorithm (4.26) requires solving (4.25) for w, at a cost shown in Section 4.2 to be 

0(Af2 log2 Af). Therefore the total computational cost of Algorithm (4.26) for solving 

(3.5)-(3.6) is O(/V2 log2 A0.

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL OF MINES 
GOLDEN, CO 80401
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Chapter 5

NUMERICAL RESULTS

In this chapter, we show how we perform numerical integration to compute 

(3.16). We close with results of numerical tests performed on several test problems.

5.1 Gauss Quadrature

In general, it is necessary to evaluate the integrals (3.16) approximately. In 

order to preserve the 0(/i3) convergence rate in the i/^norm , we use M-point Gauss 

quadrature with M  > 3.

For an arbitrary function <?(£), we know that the M-point Gauss quadrature 

for the interval (0 , 1 ) has the form

rl m
/  g{t)dt t t 2 2 wkg(£k),
JO i__i

(5.1)

where { w k } ^  and are the given weights and nodes, respectively.
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For fixed i and j ,  we have for / , j  of (3.16),

/ , = - rJyj-i
y>+i /■*<+!

/(^^ y)(t>i(x )dx
'Xi-l

ipj(y)dy

=  -  r  / ' f(x,y) ( f>i (x ) dx  + [  + f(x,y)<t)i(x)dx 
J y j - i

ryj+\ F z-zi
-  \ f(x,y)(f)i(x)dx + / f(x,y)<t)i(x)dx

Jyj \Jxi-x Jxi

i>j ( y ) dy

il>j(y)dy.

Using the transformations x =  x,_i +  ht and a: = rr, + ht in the ^-direction, we obtain 

/»,i = - h  f  1 \ f  /(jn_i + /it, y)<t>i(xi-i +  /it)dt
Vj/j_i L̂o

+  Jq f t e  +  /it, 2/)<&,(z, +  ^ ) ^ ]  i>j(y)dy

/yj+i f rl
|yo /(a:,-! +  ht,y)(t)i(xi_i +  ht)dt 

+  f(x i  +  /it, y ) ^ ^  +  /it)dtj i>j{y)dy.

Using the transformations y =  î/j_i +  /is and y = yj + hs in the ^-direction, we obtain 

further

fi,j = - h 2 f{x i- i  + /it, i/j_i +  /is)^(%i_i + ht)dt

+ f{xi + /it, i/j_i +  hs)<f>i(xi + ht)dt ipjiyj-i +  hs)ds

—h2 f (x i- i  4* /it, yj +  hs)(f)i(xi-i + hi)dt
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+ J  f{x{ +  ht, yj +  hs)4>i(xi + ht)dt rpj(yj +  hs)ds

Finally using (5.1) to approximate integrals over (0,1), we obtain

M r m
fi,j «  - h 2 Y^wi

i=i
53 Wkf{xi -1 +  h£k, y j - i  +  %)^(%*_1 + h£k)
Jc=l

M
+  w k f ( x i  +  y j - i  +  +  h £k)

k=l
tpjiyj-i + hÇt)

M
- h 2 ^2  W\

i=\

r m
53 ™kf{xi-\ +  K k, yj +  % )^(T ,_ i +  h^k)
.fc=i

M
+ 53 wkf{xi  +  K k ,  Vj +  Hi)<f>i(xi +  hÇk)

k=l
'ipjiyj +  Hi).

If <f>i =  Vi, then using (2.3) we have

<A*(z*-i +  hrjk) =  g i(X- 1 ^  — ^ - )  =  P i(^ ) ,

and

&(z, + % )  = Pi(— — ^ — — ) = 0 i(l -  %)-

If =  Si, then in the same way using (2.4) we obtain

<A,(%,-1 +  hrjk) =  teirjk), (f)i{xi +  hr)k) =  - g 2{l -  %).
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It is apparent that in the ^/-directioniwe obtain similar results. For ipj = Vj,

'ipjiyj-i +  hrji) = <7 1(77,), 'tpjiyj +  hrji) = pi(l -  77,),

and for ^  =  Sj,

+  hrji) = ^ ( 77,), ipiiyj + fiTji) = - y 2(l -  77,).

In our numerical tests, we used the 3-point Gauss quadrature whose weights 

and nodes are

A A A  
18’ 18’ 18’

5 -  VÏ5 1  5 +  VÏ5
’ n 110 10  ’

respectively. We also used the 4-point Gauss quadrature with weights

1 1 /10 1 1 /10 1 1 10 1 1 /10
4 24V 3 ’ 4 24V 3 ’ 4 24 V 3 ’ 4 24 V 3 ’

and nodes

3 and 4-point Gauss quadratures were compared to determine if error from the cal-
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dilation of the right-hand side was obscuring convergence results. Since there was 

no significant difference between the two quadratures, all results in the next section 

were obtained using 3-point Gauss quadrature.

5.2 Numerical Experiments

In this section, we present the results of numerical experiments conducted on 

several test problems. We use a 3500 line Fortran 77 implementation, coupled with 

a called LAPACK routine DGBTRS [1] which implements banded Gauss elimina­

tion. We ran our algorithm on a Silicon Graphics, Inc. Indigo 2 computer in double 

precision.

In the first experiment, the right-hand side function f  of (1.1) was calculated 

so that the exact solution is

u(x,y) = ( 1  -  x)2x 2(l -  y)2 y2.

In Table 1, we present errors in H l and L 2 norms for this exact solution using five 

uniform N  x N  meshes.
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Table 1 .
i f 1, L2 norm errors for u{x,y) = (1 — x)2 x2(\ — y)2 y2.

N 4 8 16 32 64
u — U\\hi • 106(-3) .143(-4) • 184(-5) .234(-6) .294(-7)
u — UWl1 •385(-5) .272(-6) .179(-7) .115(-8) .725(-10)

l » — .247(-2) .323(-3) .414(-4) .525(-5) .661(-6)
v -  V\\Li •867(-4) .611(-5) •402(-6) .257(-7) .163(-8)

To determine convergence rates, we assume that the error e# «  Chp, where 

C is a constant independent of the stepsize h =  1 /N ,  and where N  for the next finer 

grid is twice as large as N  for the previous grid. To determine p we observe that

log2
ejv

-e2 /v.
log2

'C(2hy'
ChP log2 [ ( D l

log2 2 og2 2 log2 2

In Table 2, we give values of

P =  l°g2  / l 0 g22

where the subscripts on p refer to the H 1 and L2 norms.
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Table 2.
Convergence Rates 

for u(x,y) =  ( 1  — x)2 x 2(l — y)2 y2.

N 4 8 16 32 64
Pw(u) 2.90 2.95 2.98 2.99
pL2 (u) 3.82 3.93 3.97 3.98
pH*(v) 2.93 2.96 2.98 2.99
Pl*(v) 3.83 3.93 3.97 3.98

The results clearly demonstrate the optimal fourth order accuracy for both u 

and v =  Aw in the L 2 norm, while u and v are approximated with optimal third 

order accuracy in the H l norm.

In Tables 3 and 4, we give discrete maximum norm errors and convergence 

rates at the partition nodes where

IMIcfft») =  omaxN\w(xi,yj)\

represents the discrete maximum norm of w at the partition nodes.
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Table 3. Discrete Maximum Norm Errors 
at Partition Nodes for u(x,y) =  (1 — x)2 x2{\ — y)2 y2.

N 4 8 16 32 64
U ~ U\\c(Qh) .152(-4) .101(-5) .635(-7) .397(-8) .248(-9)

(u -  (/)x||cfnfc) .277(-3) .345(-4) .432(-5) .539(-6) .674(-7)
\\(u -  U)y\\c(nh) .277(-3) .345(-4) .432(-5) .539(-6) .674(-7)
||(u -  Z7)xtzllcffifc) .835(-3) .104(-3) .132(-4) .166(-5) .207(-6)

llu - .246(-3) .163(-4) .110(-5) .863(-7) .631(-8)
\\(v -  l/ )x||c(n*) .929(-2) .114(-2) .140(-3) .174(-4) .217(-5)
||(u - .929(-2) .114(-2) .140(-3) .174(-4) .217(-5)
ll(u “  V )xy\ C(Qh) .139 .182(-1) .231(-2) .292(-3) .367(-4)

Table 4. Convergence Rates of 
Maximum Norm Errors 

for u(x,y) = ( 1  — x)2 x2(l — y)2 y2.

N 4 8 16 32 64
PC(Ùh) ( u ) 3.91 4.00 4.00 4.00
Pc(nh)(ux) 3.00 3.00 3.00 3.00
Pc(üh)(uy) 3.00 3.00 3.00 3.00

PC(Üh){u xy ) 3.01 2.98 2.99 3.00
PC(Qh) ( v ) 3.92 3.89 3.67 3.77

PC(Qh) ( v x ) 3.03 3.02 3.01 3.01
PC(Ûh) (Vy) 3.03 3.02 3.01 3.01

PC(Ü,, )(Vxy) 2.94 2.97 2.99 2.99

Note that the accuracy for u and v at the nodes is demonstrated to be fourth 

order, while errors for ux, uy, uxy, vx, vy, and vxy, are all demonstrated to be of

third order. As a comparison, experiments were conducted with the “non-symmetric”



107

polynomial exact solution

u(x, y) = { l -  x)2x 5(l -  y)3 y4.

Results are shown in Tables 5-8. Note that while the results are similar, the same 

orders of accuracy develop more slowly.

Table 5.
H 1, L2-norm errors for u(x,y) =  ( 1  — x)2 xb(l — y)3 y4.

N 4 8 16 32 64
i u - .177(-4) .298(-5) .441(-6) .605(-7) .794(-8)
U ~ U \ \L 2 .511(-6) .492(-7) .397(-8) .285(-9) .192(-10)
v —

c?o
'

o1—
1 .154(-3) .213(-4) .281(-5) .362(-6)

V — V \ \L 2 .303(-4) .267(-5) .198(-6) .135(-7) .882(-9)

Table 6 .
Convergence Rates 

for u(x,y) =  ( 1  — x)2 xb(\ — y)3 y4.

N 4 8 16 32 64
P h 1( u ) 2.57 2.76 2.87 2.93
P l * ( u ) 3.38 3.63 3.80 3.90
P h ' { v ) 2.70 2.85 2.92 2.96

3.50 3.75 3.88 3.94
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Table 7. Discrete Maximum Norm Errors 
at Partition Nodes for u{x,y) = (1 — x)2 xb(\ — y)3 y4-

N 4 8 16 32 64
.192(-4) .273(-6) .247(-7) .189(-8) .138(-9)

\\(u -  t/)z||cfn,) .158(-3) .297(-4) .472(-5) .653(-6) .860(-7)
\\(u ~  U)y\\c(ùk) .760(-4) .176(-4) .304(-5) .449(-6) .606(-7)
||(u — (/)Zy||c(nA) .715(-3) .123(-3) .186(-4) .261(-5) .343(-6)

lly - .854(-4) .133(-4) .181(-5) .157(-6) .120(-7)
ll(y -  V)x\\c(nh) .365(-2) .980(-3) .153(-3) .204(-4) .257(-5)
ll(y ~ )̂yllc'(ÔA) .1 1 0 (-1 ) .255(-2) .424(-3) .606(-4) .809(-5)
ll(v -  Ẑ)ry||cffiA) .321 .840(-l) .150(-1) .223(-2) .304(-3)

Table 8 . Convergence Rates of 
Maximum Norm Errors 

for u(x,y) = ( 1  -  x)2 xb(l — y)3 yA.

N 4 8 16 32 64
PC(Ùh)(u ) 2.82 3.47 3.70 3.78

Pc(ük)(u x) 2.41 2.65 2.85 2.93
Pc(Ùh)(uy) 2 . 1 1 2.53 2.76 2.89

PC(Ük) ( u xy ) 2.54 2.72 2.83 2.93
Pc(ùk)(v ) 2.69 2.87 3.53 3.71

PC(Ùk)(vx) 1.90 2 . 6 8 2.90 2.99
PC(Qk){vy) 2 . 1 0 2.59 2.81 2.91

P C ( â k){v xy ) 1.93 2.49 2.75 2 . 8 8

Tables 9-12 present the results of the experiment for the non-polynomial solu­

tion

u(x,y) = sin2  (ttx) sin2  (Try).
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• Table 9.
H 1, T2-norm errors for u(x,y) = sin2 (7rx) sin2 (7ry).

N 4 8 16 32 64
u — .281(-1) .438(-2) .614(-3) .807(-4) .lO3(-4)
% -  U \ \L 2 .882(-3) .772(-4) .579(-5) .391(-6) .252(-7)
v — VWh1 .160(4-1) .246 .343(-l) ,450(-2) .575(-3)
v ~  V|Ua .478(-l) .425(-2) .322(-3) .218(-4) .141(-5)

Table 10. 
Convergence Rates 

for u(x,y) =  sin 2(7ra:)sin2(7r?/).

N 4 8 16 32 64
P w ( u ) 2 . 6 8 2.83 2.93 2.97
P l 2 ( u ) 3.51 3.74 3.89 3.95
pHi(v) 2.70 2.84 2.93 2.97
P l 2 ( v ) 3.49 3.72 3.89 3.95

Table 1 1 . Discrete Maximum Norm Errors 
at Partition Nodes for u(x,y) =  sin2 (ttx ) sin2 (Try).

N 4 8 16 32 64
u - U \ \C(Ùh) .431(-2) .43O(-3) .313(-4) .204(-5) .129(-6)

||(u -  (/)z||CffiA) .813(-1) .145(-1) .2 1 2 (-2 ) .276(-3) .349(-4)
||(« -  U)y\\C(nit) .813(-1) .145(-1) .2 1 2 (-2 ) .276(-3) .349(-4)
||(u -  t/)Zy||C($>A) .480 .463(-l) .667(-2) .868(-3) .110(-3)

llv -  V\\c(nh) .229 .248(-l) .184(-2) .120(-3) .761(-5)
ll(v -  ^)ar||cfnA) .567(4-1) .827 .124 .163(-1) .207(-2)
\\(v ~  ^)yllcffih) .567(4-1) .827 .124 .163(-1) .207(-2)
ll(v -  V)*y\ CYfh) .435(4-2) .591(4-1) .853 . 1 1 1 .154(-1)
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Table 12. Convergence Rates of 
Maximum Norm Errors 

for u{x,y) =  sin2 (ttx) sin2 (ttî/).

N 4 8 16 32 64
Pc(nh)(u) 3.33 3.78 3.94 3.98
Pc(nk)iux) 2.48 2.78 2.94 2.98
PC(Qk)iuy) 2.48 2.78 2.94 2.98
Pc(nh){uxy) 3.37 2.80 2.94 2.99
Pc(nh)(v) 3.21 3.75 3.93 3.98
Pc(ûk)(vx) 2.78 2.73 2.93 2.98
PC(Ûh)(vy) 2.78 2.73 2.93 2.98
Pc(ùh)(vxy) 2 . 8 8 2.79 2.94 2.85

Results in Tables 1, 2, 5, 6 , 9, and 10 confirm that our method is of optimal 

fourth order and third order accuracy in the L2 and H l norms, respectively. Tables 

3, 4, 7, 8 , 11, and 12 demonstrate that at partition nodes the accuracy for functions 

u and v is fourth order, while the convergence rates for first order derivatives of those 

functions are third order.
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Chapter 6 

CONCLUSION

In this chapter, we give concluding remarks on what we have accomplished in 

our approach of solving the biharmonic Dirichlet problem. We also outline areas of 

future work.

6.1 Summary

A Ciarlet-Raviart mixed finite element Galerkin method with piecewise Her- 

mite bicubics is used to solve the biharmonic Dirichlet problem. This enables us to 

reduce the fourth order problem to two second order equations. The key component 

of our algorithm is then the Schur complement approach, which reduces the discrete 

problem to two more easily handled problems: an auxiliary Galerkin problem and a 

Schur complement system. In the auxiliary Galerkin problem, the boundary condition 

dit/dn =  0 on the two vertical sides of D is replaced with A u  = 0. We therefore solve 

this problem using separation of variables through solution of a generalized eigenvalue 

problem in one direction, and fast Fourier transforms. We solve the symmetric and
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positive definite Schur complement system iteratively, using a preconditioned conju­

gate gradient method. We gain computational savings by the special structure of the 

Schur complement matrix. We limit the number of iterations through a symmetric 

and positive definite preconditioner which we conjecture is spectrally equivalent to the 

Schur complement matrix. This preconditioner is related to a biharmonic problem 

with A u  specified on the two horizontal sides of Q in place of du/dn. Computa­

tional efficiency overall is 0 ( N 2 \og2 N). We proved the existence and uniqueness of 

the Galerkin solution, and numerical results show that convergence in the L 2 and H l 

norms is fourth and third order, respectively.

These results compare very favorably with other methods of solving the bihar­

monic Dirichlet problem. Using finite differences, Bj0 rstad [2] developed an algorithm 

of complexity 0(A^2 log2 Ar), however convergence is only second order. Peisker [18] 

used a Schur complement approach to reduce the size of the mixed Galerkin problem, 

resulting in an efficient algorithm also of cost 0 ( N 2 \og2 N). But use of linear finite 

elements restricts accuracy to second order. On the other hand, Cooper and Prenter

[9], Sun [20], and Lou et al [16], developed different piecewise Hermite bicubic orthog­

onal spline collocation methods which are fourth and third order accurate in the L2 

and H l norms, respectively. But the computational cost of the most efficient of these 

methods, by Lou et al [16], is still 0(iV3).

Immediate extensions:
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• Discretization of nonhomogeneous boundary conditions in the biharmonic 

Dirichlet problem (cf. [16]).

• Approximate discretization with non-uniform partitioning in the y-direction.

6.2 Future Work

In this section we list open problems and a future extension of this approach 

to solving the biharmonic Dirichlet problem:

• Theoretical proof of spectral equivalence of the preconditioner with the Schur 

complement matrix.

• Theoretical convergence analysis in the L 2 and H l norms.

• Extension to variable coefficient problems.
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