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ABSTRACT

We consider the Ciarlet-Raviart mixed finite element Galerkin method with
piecewise Hermite bicubics for the solution of the biharmonic Dirichlet problem A%u =
f on the unit square Q with u = du/dn = 0 on IN. We prove existence and
uniqueness of the Galerkin solution. We use a Schur complement approach to reduce
the Galerkin problem to a Schur complement system involving the approximation
to Au on the two vertical sides of 0f2 and to an auxiliary Galerkin problem for a
related biharmonic problem with Awu instead of du/dn specified on the two vertical
sides of 0€2. The Schur complement system with a symmetric and positive definite
matrix is solved by the preconditioned conjugate gradient method. A preconditioner
is obtained from the Galerkin problem for a related biharmonic problem with Au
instead of du/dn specified on the two horizontal sides of 9. We conjecture that
the preconditioner is spectrally equivalent to the Schur complement matrix. On
an N X N partition the cost of solving the preconditioned system and the cost of
multiplying the Schur complement matrix by a vector are O(/N?2) each. With the
number of iterations proportional to log, N, the cost of solving the Schur complement

system is O(N2log,N). The solution to the auxiliary Galerkin problem is obtained

il



using separation of variables and fast Fourier transforms at a cost of O(N 2log,N).
Hence the total computational cost of solving the Galerkin problem is O(N?log, N).
Numerical results indicate that the L? and H' norm errors in the approximations to
u and Au are of optimal fourth and third orders, respectively. Convergence at the
nodes is fourth order for the approximations to v and Au and third order for the

approximations to the first order derivatives of u and Auw.
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Chapter 1

INTRODUCTION

In this dissertation, we consider the biharmonic Dirichlet problem:

Ay = f(z,y) inQ,

u = 0 on 012, (1.1)
Ju
= 0 on 01,

where Q = (0,1) x (0,1), 99 is the boundary of Q, and 9/9n is the outer normal
derivative on 9Q (cf. Figure 1.1). This problem is important in fluid dynamics
where u and Au represent stream function and vorticity, respectively (cf. Section
10.4 of [19]). It is also fundamental to the aviation industry (cf. Section 2.1 of [21]),
where u and Awu represent vertical displacement of a plate and bending moment.

Problem (1.1) and the use of mixed finite element Galerkin methods to solve it have



u=0, u y=0
1
u=0 u=
A2 u=f
u,=0 u,=0
0 1
u=0, u y=0

Figure 1.1: Biharmonic Dirichlet Problem on Domain €.

been examined extensively since Ciarlet and Raviart (8] first introduced the approach
which has come to be called the Ciarlet-Raviart method. In this method the auxiliary
function v = Auwu is introduced, allowing the fourth order problem to be reduced to two
second order problems. It is then possible, in particular for irregular €2, to use finite
elements of class C° instead of elements of class C' which are required for fourth
order problems. Ciarlet and Glowinski [7] note that another merit of the method
is that it gives a continuous approximation to not only u but also to Au. Brezzi
and Raviart [4] improved convergence results of [8], and Falk and Osborn [11] derive

abstract error estimates which are applicable to the Ciarlet-Raviart method. Finally,



Brezzi and Fortin (Section 4.4 of [5]) give a recent summary of finite element methods
and their convergence analysis for solving (1.1).

The antecedents for this dissertation consist of three strands of work which we
combine into an accurate and efficient piecewise Hermite bicubic solution of (1.1). The
first strand is based on reducing the Galerkin problem for (1.1) to a linear system
involving either approximation to u in ? or approximation to Au on 0f2. Braess
and Peisker [3], Gustafsson [14], and Hanisch [15] developed approaches seeking an
approximation to u in . Glowinski and Pironneau [12] and Peisker [18] reduced the
Galerkin problem to finding an approximation to Au on 02. We go a step further in
seeking an approximation to Au on the two vertical sides of 0f).

The second strand of our work involves solving the auxiliary Galerkin prob-
lem for a related biharmonic problem with Au instead of du/dn specified on the
two vertical sides of 02. The most relevant contribution in this direction is due to
Bjerstad [2] who used separation of variables and FFTs to solve the corresponding
finite difference problem with cost O(~N?log,N) on an N x N partition.

In order to use separation of variables in our approach we need the third strand
of work, Lyashko and Soloviev’s method [17] for finding the explicit solution of the
generalized eigenvalue problem that arises in the piecewise Hermite cubic Galerkin
approximation of the continuous eigenvalue problem for the second order derivative.

Since the resulting eigenvector matrix is composed of sines and cosines, we can also



use FFTs for matrix-vector multiplications.

Our method of finding the piecewise Hermite bicubic approximation to (1.1)
is based on using a Schur complement approach to reduce the Galerkin problem to
a Schur complement system and to an auxiliary Galerkin problem. The symmetric,
positive definite Schur com’plement system involves approximation to Au on the two
vertical sides of 9§ and is solved using the PCG method. We do not form the
Schur complement matrix explicitly since its special structure is used to compute
the required matrix-vector product with cost O(N?%). We use the Galerkin problem
for a related biharmonic problem with Au instead of du/dn specified on the two
horizontal sides of dQ? to obtain a preconditioner. We show this preconditioner to
be symmetric and positive definite, and conjecture spectral equivalence to the Schur
complement matrix. The cost of solving a preconditioned system is O(N?). The
number of the PCG iterations is proportional to log,/N and hence total cost of solving
the Schur complement system is O(N%log,N). The auxiliary Galerkin problem is
related to a biharmonic problem with Awu instead of du/dn specified on the two
vertical sides of 9. Using the solution of the generalized eigenvalue problem we
diagonalize the auxiliary Galerkin problem in one direction and use FFTs to solve it
with cost O(NZ%log,N). Therefore the cost of solving the Galerkin problem for (1.1)
is O(N?log,N).

We note that this approach combines both efficiency and accuracy in the same
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algorithm. Computational costs are as low as those for Bjgrstad’s [2] algorithm, or
Peisker’s [18] efficient linear finite element algorithm, which also uses Schur comple-
ment approach and PCG method. But our approach is more accurate than the second
order approximations found in those methods. Cooper and Prenter [9], Sun [20], and
Lou et al [16], developed different piecewise Hermite bicubic orthogonal spline col-
location approaches with fourth and third order accuracy in the L? and H! norms,
respectively. However, the most efficient of these methods, the capacitance matrix
method of Lou et al [16], still requires O(N?3) operations.

An outline of this dissertation is as follows. Chapter 2 introduces partitioning,
basis functions, and mass and stiffness matrices required for deriving the Galerkin
problem for (1.1). It also gives the solution of the generalized eigenvalue problem for
later use in separation of variables. In Chapter 3, we define the piecewise Hermite
bicubic mixed finite element Galerkin problem for (1.1) and derive its matrix-vector
form. In Chapter 4, we formulate the algorithm for solving the Galerkin problem by
reducing it to the Schur complement system and an auxiliary Galerkin problem. We
verify necessary properties of the Schur complement matrix and its preconditioner,
and finally give computational costs associated with solving the Galerkin problem.
In Chapter 5, we explain methodology for the numerical integration of the right-hand
side functions required in the Galerkin method. We close with numerical results

indicating optimal fourth and third order convergence of the L? and H! norm errors



in the approximations to u and Awu. In the discrete maximum norm, we observe fourth
order convergence for the approximations to « and Awu, and third order convergence

of errors in approximations to first order derivatives.



Chapter 2

PRELIMINARIES

2.1 Partition, Basis Functions, Stiffness and Mass Matrices

Let N be a positive integer and {z;}L,, {y;}/_o be uniform partitions of [0,1]
such that z; = ih, y; = jh, 1,7 =0,..., N, where h = 1/N is the step size. Let M,

be the space of piecewise Hermite cubics on [0, 1] such that

My ={veC 0,1} :v|p_,zq€ Psyi=1,...,N}, (2.1)

where P3 denotes the set of polynomials of degree < 3, and let

M) = {v e My : v(0) = v(1) = 0}. (2.2)

For each z;, 1 = 0,..., N, consider the “value” and scaled “slope” basis func-



tions v;, s; € My, respectively, such that

vi(z;) = 6;, vi(z;) =0, =0 N
L) =Y, 4,

si(z;) =0, si(z;) =h""6y,
‘where §,; is the Kronecker delta.

Introduce g;(z) = —2z% + 322, go(z) = 23 — 22. Then (cf. Section 2.3 of [10])

’

a((z —zia)/h), z € [ziy, 2,

‘U,’(ZL’) = 9 gl(l - (.’B - x,)/h), x e [.’13,',.’13,'+1], (23)

0, otherwise,

\

and
4

@((z — zi-1)/h), T € [zi1, zi,

si(z) = 4 —go(1 — (z — z:)/h), z € [z, Tit1), (2.4)

0, otherwise,
\

fori=1,...,N — 1, with obvious modifications for : = 0, V.
With different orderings of v; and s;, we obtain two bases, {qbn},?lﬁ(’; ! and

{¢n 2N+1 for My, such that

{Po,---,dan+1} = {v0sV1y- .., UN=2,UN—1, 50,81, SN=2, SN—1, SN+ UN }, (2.5)

{0, ..., Yan+1} = {v0,50,1,81,..., UN=1,SN—1, SN, UN }. (2.6)



By removing the first and last basis functions from (2.5) and (2.6), we obtain two

bases for MJ:
{¢la- .. ’¢2N} ='{’l)1, «esvyUN-2,UN~-1,50yS1y-- -asN—2’3N—lasN}) (27)

and

{¢1,...,van} = {s0,v1, 51, -, UN-1,SN=-1,SN }- (2.8)

Let (-,-) denote the usual L? inner product on the interval (0,1), that is,

(f,9) = /01 f(z)g(z)dz.

For later reference it will be important to note the following formulas for v; of

(2.3) and s; of (2.4) (cf. Section 2.3 of [10]):

(v, ) =h7lon,  (v,8) =0, (Vi vigy) =h7las, (v, siy,) = h7es,
(5 57) = h™la, (si, V1) = =h7las, (s}, si1) = A ay,

(v, vy) = h7la1/2, (vh,sh) =hlas, (Vy,vy)=h"la/2, (Vy,sy)=—-h"las,
(s, 80) = h™lan/2, (s, Sw) = h ™ ag/2,

(2.9)
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(U.',vi) = hf, (Ui, 5.’) =0, (vi7vi+l) = hf33, (vi,3i+1) = hfs,
(si,8i) = hpa, (8i,vip1) = —hPBs, (8i,Si41) = hP4,
(2.10)
('UO,UO) = hﬂl/za ('U(], SO) = hl[))ﬁa (vNavN) = hﬁl/2a (UN’SN) = —h’ﬂ61

(s0, 80) = hB2/2, (sn,sn) = hpP2/2,

where

g =12/5, 052=4/15, 043=—6/5, Ol4=—1/30, a5=1/10,
By =26/35, [»=2/105, B3=9/70, f[s=—1/140, fs = —13/420, (2.11)

Now we introduce stiffness and mass matrices which will be used throughout

this paper. Let us introduce the 2N x 2N matrices A, and B, given by
1
A= @R, a= [ (b)), (2.12)

1
B, = (5050, b= /0 (¢i¢x)(z)dx, (2.13)

where {¢;}2% is defined in (2.7). To present the structure of A, and B,, we introduce
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for any v;,7 =1,...,95, the tridiagonal matrices
M o3 Y2/2 Y4
B N7 T4 Y2 4
T, = , R, = , (2.14)
N N3 T4 T2 T4
T M| _ T 12/2

which are of sizes N — 1 and N + 1, respectively, and the (N —1) x (N +1) rectangular

matrix S, given by

S, = : (2.15)

- 0 75

(Notation T, R,, and S, was introduced in [17] and will be used in Section 2.3.)
Then using (2.7), (2.9), and (2.10) it is easy to see that

Ts Sa Ts; Sg
A, =h7! , B:=h , (2.16)

ST R, ST Ry
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where a4, 3;, i =1,...,5, are given by (2.11).

We also introduce the 2V x 2N matrices A, and B, given by
1
Ay =@k, o= [ W)y, (2.17)

1
B, =)0 b= [ w0y, (2.18)

where {1;}2Y, is defined in (2.8). Then using (2.9) and (2.10) it is easy to see that

Ay and B, have the block-tridiagonal structure given by

[ 0’2/2 —Q5 Qy ]
—as 0 a3 Qs
[0 7] 0 Qo —Q5 gy
Q3 —Q5 @ 0 a3 Qs
as oy 0 a —a5 a4
A, =k , (2.19)
a3 —a5 Qi 0 Qg3 Qs
Qs Qy 0 Qo —Q5 Q4
Q3 —Q;p (o 3] 0 Qs
(673N ¢ 7) 0 Qo Oy
L Qs Q4 02/2 i

and
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[ B2/2 —Bs Ba 1
-Bs B 0 B3 PG5
B4 0 B2 —PBs Ba

Pz —=Bs B 0 (3 fs

Bs Bs 0 fPo —PBs P

B,=h . (2.20)
Bs —Bs B 0 B3 Ps
Bs Bs 0 B2 =05 B

Bz =Bs B 0 fs

Bs Bsa 0 B Py

Bs Ba P22 ]

where o;, 3;,1=1,...,5, are given by (2.11).

2.2 Tensor Product Notation

In the following, we use tensor product notation in two ways. First, we describe
matrix tensor products.
Let I,J,K, and L be finite sets of indices, ordered from least to greatest.

Without loss of generality, let

I={1,...,M1}, K={1,...,M2}, J={1,...,N1}, L={1,,N2}

Define matrices

A= (ai,k)iej,kel(, B = (bj,l)jeJ,IeL- (2-21)

Then A ® B is a matrix of dimension M;/N; x My N, defined by
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[ a1,B aym, B

A®B= o @B - . (2.22)

| am, B am, M, B |

Properties of matrix tensor products include:

(A® BT = AT ® BT, (2.23)

and provided matrix products are defined,

(A; ® A2)(B1 ® Ba) = (A1B) @ (A2B2). (2.24)

Consider evaluating the numbers

Zij= D @ik bjyvey, i€1,j€J, (2.25)
keEK lel

where {ve1},cx cp are given. If we introduce vectors

2= [zl,l)'v' « 921, Nys+12Mp,1y- - ale,N1] 3 v = [Ul,la" <y U1,Nyy - yUMa,1s- - ’vM2,N2] )



and

15

~ T
v’c=[vk,la"',vk,N2] ’ kEK,

then the matrix-vector form of (2.25) is

[ a1,,B7+ +a1 M, BOr, |
Z=| a1 Bo+ +a; m, BUym,
| am, 1 BU+ +aum, v, By, |
[ a1y, amIn, 1 [ B’ZI ]
B’l)g
=1 aiiln, ai m, In,
L am, 1N, anm, My I, J | Biy, |
= (A® In,)(Iy, ® B)7 = (A® B)7, (2.26)

where A and B are as in (2.21), and where here and in what follows I, denotes the

p X p identity matrix.

Second, when referring to tensor product notation of function spaces W, and

Wa, we use W; ® W» to denote the space of functions consisting of all finite linear

combinations of products of the form fg, where f € W) and g € Ws.
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2.3 Generalized Eigenvé.lue Problem

For A, and B, of (2.12) and (2.13), we derive matrices A and Z, with A
diagonal, such that

A.Z = B, ZA, (2.27)

and

ZTB,Z = In. (2.28)

To generate A and Z, consider the generalized eigenvalue problem

A.Z = \B,Z, (2.29)
which by (2.16) is equivalent to
To Sa ‘ Tz Ss
7= \h? zZ. (2.30)
ST R, ST Rs

A method of solution of the generalized eigenvalue problem (2.30) with T,
T3, R,, and Ry of the form (2.14) and S, and Sy of the form (2.15) is demonstrated
in [17]. In particular it follows from Lemma 2.2 of [17] that the eigenvalues {\f}{,
of (2.29) are given by

A% = h72(ag F 204) /(B2 F 2B4), (2.31)
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6 A= b2 (&g, 1), k=1,...,N -1, (2.32)
where
®*(e,v) = (—b £ Vb2 — 4ac)/2a, (2.33)
a = byby — b2, b = 2a3bs — a;by — byas, ¢ = ajay — a3,
a = 2&3& + ag, ag = 20!43‘3 + o, az = 20(51/, (234)
by = 203 + [, by = 2042 + [, b3 = 205V,
&, = Cos %r, v, = sin %r’ (2.35)

and a;, §; are defined in (2.11). In comparison with [17], for convenience we switched

signs + and — on the right-hand side in (2.31).

Lemma 2.1 The eigenvalues {A\{}Y., given in (2.31)-(2.32) are distinct and posi-

tive.

Proof. For convenience, we express ®*(a,v) of (2.33) as a function of one variable

&, assuming that v = /1 — &? (cf. (2.35)). Using ©Mathematica, we have

p(z) £ q()
r(ze)

®*(ze,v) = 0F (2, V1 — &2) = U¥(22) = 6 , (2.36)

where

p() = 141 — 32z — 422,
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q(z) = V13056 + 3856z — 752422 + 165623 — 1922,

and

r(z) = &° — 362 + 65.

We will consider [¥*]'(z) for ~1 < & < 1. Using the quotient rule, we can

write

r(@)lp () £ ¢()] - [p(e) £ (@) (=)

(2% () = 6 ey

Using the definitions of p(z), ¢(e), r(z), and ©Mathematica, we obtain

1y = (@) +9(@)g(®)
[¥7] () = 2 (w)g)/12 (2.37)

where

f() = 297668 — 222882 + 77838« — 123772 — 72",

and

g(z) = 1498 — 401z + 882°.

We want to examine the sign of (2.37) for -1 < & < 1.

For ¥*, the numerator of (2.37) is given by

—f(&) + g(=)q(=).
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For -1<2 <0,
—f'(2) = 222882 — 155676z + 371312 + 2882 > 0.
Thus — f(2) is increasing on —1 < & < 0 and hence
—610693 = —f(—1) < —f(&e) < —f(0) = —297668, -1<a<0.

For -1 <2 <0,

g'(e) = 1762 — 401 < 0.

Thus g(e) is decreasing on —1 < & < 0 and hence
1498 = g(0) < g(&) < g(—1) =1987, -1<ea&<0.

For -1 < & <0,

3856 — 15048z + 4968z — 762
2q(=)

qd(e) > 0.

Thus g(z) is increasing on —1 < & < 0 and hence

1=g(-1) < ¢() < q(0) =16V51, -1<e&<0.
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Bounding g(&)g(z) on —1 < & < 0, we obtain
1498 < g()q(ze) < 31792v51, —1<z <O.
Hence for —1 < & < 0,

—f(®) + g(=)q(z) < —297668 + 31792V/51.

Since

3179251 < 31792 x 8 = 254336,

we have

— f(®) +g(ee)g(2) <0, -1<e&<0. (2.38)

For the interval 0 < &2 < 1
—f'(2) = 222882 — 155676z + 371312* + 288> > 0.

Hence — f(#) is increasing on 0 < & < 1. Using the definitions of g(e) and g(e), and

(©Mathematica, we have
[9(ee)q(ee)]'

_ —2347312 — 112924802 + 1060360022 — 3703400a° + 532905x! — 6688a°

=) <0
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for 0 < & < 1. Therefore g(a)q(z) is decreasing on 0 < & < 1.

Since — f (&) is increasing on 0 < & < 1/2, we have

297668 = — f(0) < —f(z) < —f(1/2) = -1632079, 0<w<1/2

Since g(z)q(z) is decreasing on 0 < @& < 1/2, we have

2639_V§__12941 = g(1/2)q(1/2) < g(=)q(z) < g(0)q(0) = 2396851, 0 <= < 1/2.

Hence

_1633079 | 93968v51, 0< e < 1/2.

—f(=) + g(=)q(z) <

Since
8 x 2396851 < 8 x 23968 x 8 = 1533952,
we obtain
- f() +g9(=)g(ee) <0, 0<=<1/2 (2.39)
Further,
_ 1633079 10818947

8 = J(1/2) < —fl@) < —f@/) = — 2, 1/2<@ <34,
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and
LG VISR _ o3/4)a(3/4) < alwlate) < o(1/2)a(1/2) = 2220
for 1/2 < & < 3/4. Hence
— () + g(z)q(=) < — 108;2947 + 2639\/8212941’ 1/2 < & < 3/4.

Since
8 x 2639v212941 < 8 x 2639 x 500 = 10556000,
we have
- f(2)+ g(e)q() <0, 1/2<e& <3/4. (2.40)
Also,
1081894

-—864——7 = —f(3/4) < —f(®) < —f(1) = 140175, 3/d<m <1,

and

14961/352949
64 ’

124425 = g(1)q(1) < g(=)q() < g(3/4)q(3/4) = J/d<e<l.

ARTHUR LAKES LIBRARY
COLORADO SCHOOL OF MINES
GOLDEN, CO 80401
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Hence
—f(2) + g(e)q(ee) < —140175+ 14901 6352949’ 3/4< &<l
Since
—140175 x 64 = —8971200, 149611/352949 < 14961 x 595 = 8901795,
we have

— f(®) +g()q(2) <0, 3/d<e<l. (2.41)

The denominator in (2.37) is positive for ~1 < & < 1 since 7(&) > 0 and

g(2) > 0 for —1 < & < 1. Thus it follows from (2.37) and (2.38)-(2.41) that

[T7)(2e) <0, -l<e<l.

For f(z), the numerator of (2.37) becomes

f(®) + g(=)q(=).

Since — f(2) < 0 and g(z)g(ze) > 0 for —1 < & < 1, by (2.37) we have

[ () >0, -l<e<l.
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At this point we see that {U~](&) is decreasing over —1 < & < 1, while the

function [¥*](e) is increasing over the same interval. Hence using (2.36), we obtain
0=[T7)(1) < [T () <[P7])(-1) =168/17, -—-1<a<],

10=[TH)(-1) < [T*]() < [TF](1) =42 -l<e<l

Using (2.32), (2.35), and (2.36), we can write
M = h720% (e, ) = B 20 (2eg), k=1,...,N-1,
and hence
0 < h?X; <168/17, 10<h®X\f <42, k=1,...,N-1. (2.42)

Clearly, {\; }~-! are distinct since they are given in terms of the decreasing function
R*[¥~)(2) on —1 < & < 1. In a similar way, {\{}1-;' are distinct since they are given
in terms of the increasing function h?[¥*](2) on —1 < & < 1. Moreover {\; } 7!

and {\}}-! are two disjoint sets by (2.42).

Using (2.31) we can easily show that

4
R*A% = (a2 F 204)/(B2 F 264) = _fi»_s
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and therefore

R2A} =10, A%y = 42. (2.43)

By (2.42) these two eigenvalues are clearly different from {\f}N-!. Therefore all
eigenvalues are distinct.

All eigenvalues are positive by (2.42) and (2.43). O

Although explicit formulas for the corresponding eigenvectors {Z£ } ¥, of (2.29)

are not given in [17], they can be derived in the following manner. Introduce the

vectors
k k
o =P T, k=0,...,N, (2.44)
O =™ 29T, k=1,... ,N-1, (2.45)
with components
Ek)=32,'k, 1:=0,...,N, .’lfgk)=l/ik, i=1,...,N—1, (246)

where @; and v, are given in (2.35). Let

=077, #ZH=07"", (2.47)
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where 0 is the zero vector with N — 1 components and let

=W, ™), k=1,...,N -1, (2.48)
where the constants cf, k=1,...,N —1, are to be specified. Let
v =a; — Ah2G;, i=1,...,5, (2.49)

where a; and §; are given in (2.11). It then follows from (2.14) and (2.15) that the

vectors ZF of (2.48) satisfy (2.30) if and only if

T,7® + £S5, §® =0, (2.50)

and

STE® 4+ ER,§® = 0. (2.51)
We require the following relationships from the proof of Lemma 2.1 in [17]:
S, G*) = =251, 7®,  k=0,...,N, (2.52)

T, = 2y +9)7®, k=1, N -1, (2:53)

R,i® = 2z + )EFH, k=0,...,N, (2.54)
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where the N + 1 dimension matrix E is given by

1/2
3 1
E = .
1
1/2
Further, it is not difficult to verify that
ST#EE) = — 2y EF®, k=1,...,N-1 (2.55)
Then from (2.50)—(2.55) we obtain
(2732 + )P — cF2y5 80 =0, (2.56)
and
— 295 BT + ¢ (2v42er + 72) EF® =0, (2.57)

for k =1,...,N — 1. Since, by (2.44)—(2.46) and (2.35), we have
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(2.56)—(2.57) are equivalent to
(2vsak + ™) — ci 2751 =0, (2.58)

and

— 275U + ciE(2vazk + 12) = 0, (2.59)

for k =1,...,N — 1. Solving (2.58) for ¢ we obtain
o 2RI M g N-, (2.60)

2750k

where we assume the denominator of (2.60) to be non-zero. We substitute (2.60) into

(2.59) to obtain
2732k +71)(27ak +72) —4y2vE =0, k=1,...,N-1. (2.61)
Simple substitution of (2.49) into (2.61) yields
a( AR +bAR2 +¢=0, k=1,...,N—1,

where a, b, and c, are those of (2.34) with 2 and v replaced, respectively, with &, and

e of (2.35). Clearly {A\f}N5! of (2.32) are the solutions of this quadratic equation.
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Note that the denominator of (2.60) is non-zero for A = Af, since by (2.49) and (2.11)
sup = (1/10 + A\ER?13/420)v, k=1,...,N —1,

which is positive by (2.42) and (2.35). This shows that {2} of (2.48) with ¢ of
(2.60) are eigenvectors of (2.29) corresponding to the eigenvalues {\f}i;' of (2.32).
For Zy of (2.47), (2.30) becomes

To So 0 T Sp 0
= A\h? ,

S Ra || 9 ST Ry ||

which, by (2.15), (2.14), and (2.49), is equivalent to
5,79 =0, R,7Y =0. (2.62)

The first equation in (2.62) is satisfied by (2.52) and (2.35), with k = 0. By (2.54)
and (2.35) with £ =0,

R§9 = (274 + 1) EF?.

Hence the second equation of (2.62) is equivalent to 2v4 + 72 = 0, the solution of
which gives Ay of (2.31). This shows that Zy of (2.47) is an eigenvector of (2.29)
corresponding to the eigenvalue Ay of (2.31). In the same way it is easy to verify that

Z4 of (2.47) is an eigenvector of (2.29) corresponding to Ay of (2.31).
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An additional indexing of eigenvalues {A#}!_ and eigenvectors {Z£}Y | of
(2.29) will be useful in discussing orthogonality of eigenvectors. Let {)\;}2Y, and
{Z:}3Y, be defined as

Alc = )‘;? )\N+k = /\Za (263)

where k =1,...,N.

1
Since B, is symmetric and positive definite, there exists BZ such that B, =

11
B2 BZ. Therefore

A2y = MB.Z, k=1,...,2N,

can be written as

S = MW, k=1,...,2N,

1 _1 _L
where Wy = B2, and S = B: *A.B: *.

Since S is symmetric and {\;}2Y, are distinct by Lemma 2.1, we have
1 1
(B:Zk, 21)gen = (B2 2, B2 2) gev = (W, W) gev = 0, k#1, (2.64)

where here and throughout (-,-)gs» denotes the standard inner product in R™.
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To satisfy relationship (2.28), we must select {df}{_, such that
(B dfzt difzf)pen =1, k=1,...,N. (2.65)

For k=1,...,N —1, using (2.16), (2.48), and (2.52)-(2.55) with 3 in place of v, we

obtain

TpT®) + c£Spy™® (20s22k + B — g 2050 )P
h™'B.7f = =

ng(k) + Cngg(k) (Cf [2ﬁ4&k + ﬁz) - 2ﬁ5Vk]E:17(k)

Hence using again (2.48), (2.44)—(2.46), and the identity

N-1 .
3" sin? <”“W’r) =-]2X, k=1,... N—-1,
=1

we have

N-1 tkm
(R B. 2, 5 ) v = (2B32ek + P1 — ¢iE205ve) D sin’ (7\/‘)

i=1

Nl tkm
+[ciE (2Bszx, + Ba) — 2Bsi)ciE(1 + Y cos? (—AT>)

i=1

= % ([(2B42k + Bo)cE — 4BswilcE + 285 + B1), k=1,...,N—1. (2.66)
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Using (2.16), (2.47), (2.52), (2.54) with £ = 0, N, and S in place of -, we obtain

Spf® 0
!B,y = = :
Rpy® (264 + B2) EFO
and
Spg™) 0
h_lB,,ZTv = =
Rsg™) (Ba — 264 EFN)

Since by (2.44), (2.46), and (2.35), #®* = [1,1,...,1]T and #" = [1,-1,...,£1]T with

+1 for even N and —1 for odd N, respectively, using (2.47) we have

(B, 2y, Z5)pen = (204 + BN, (K7 BoZ%, Z5)pan = (B2 — 26a)N.  (2.67)

Clearly, it follows from (2.66) and (2.67) that to ensure (2.65) we take

d,::: = 1/‘/;1.% ([(2ﬁ4&k + ﬂg)c,f - 4ﬁ5l/k]Cf + 2[3® + ﬂl), k=1,...,N -1,

and

dy = 1/\/hN(2Bs + B),  df = 1/\/hN(B2 - 284). (2.69)

Now let

A =diag(AT, ..., Ax, AT, .. A%) (2.70)
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and

Z=[d;z,...,dyZn, df 7, ... d5 24T, (2.71)

where {A\f}¥ , and {5}, are given by (2.31)~(2.32) and (2.47)-(2.48), {ci}n=
are given in (2.60), and {d}Y_, in (2.68)-(2.69). Then it follows from (2.29), (2.64)
and (2.65) that (2.27) and (2.28) are satisfied.

Introducing matrices

and

A = diag(dt,...,dE_)), A} =diag(dy,df,...,d5_,,dY),
A; =diag(cy,...,cyy), AF =diag(l,cf,...,ct_;,1),

and using (2.47), (2.48), and (2.44)—(2.46), we can rewrite Z of (2.71) as

SAZ lGlSA; 0
Z = , . (2.72)
CA;AC" CAITAS
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GALERKIN METHOD FOR THE BIHARMONIC DIRICHLET PROBLEM

In this chapter, we formulate the mixed finite element Galerkin method with

piecewise Hermite bicubics for the biharmonic Dirichlet problem (1.1) and develop

its matrix-vector form.

3.1 Mixed Finite Element Galerkin Method

If we introduce v = Au, then the mixed formulation of (1.1) consists of

v—Au=0inQ,
u =0 on 99,
Ju
%—Oonaﬂ,

and

3

> (3.1)

7/

— Av=—f(z,y) in Q. (3.2)
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Assume u and v are sufficiently smooth and satisfy (3.1) and (3.2). Then the weak

form of (3.1) and (3.2) becomes
/ﬂvndrdy -+ /Q VuVndzdy = 0, n € H(Q), (3.3)

/ﬂ VoVbdedy = — /ﬂ f(z,y)6dedy, § € HA(SQ), (3.4)

where H'(Q), H}(2) are classical Sobolev spaces [6]. This form is obtained by multi-
plying the first equation of (3.1) and (3.2) by n € H(2) and é € H}(2), respectively,

and then integrating both sides of the resulting equations to obtain
/Q vndzdy — _/{;(Au)ndxdy =0, n€ H(Q),

- /,, (Av)sdedy = — f,, f(z,y)bdzdy, § € HL(Q).

Applying Green’s Formula and using g—z =0 and 6 = 0 on 90 gives

Ou ‘
- dody = [ Vu-Vndzdy~ [ g=tdon = [
/Q(Au)n zdy = | Vu-Vndzdy - | no— 0N QVanda:dy,

- / (Av)bdady = / Vo - Védedy — / 62 daq = / VoVédrdy,
Q Q aq dn Q

and hence we obtain (3.3) and (3.4).
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With M,, and M defined by (2.1) and (2.2), respectively, we introduce
Xn={weMp®M;:w(e,p)=0, a,=0,1},
and
X =Moo M.

Clearly, X? C X.
The Galerkin solution of (3.1)-(3.2) consists of finding U € X? and V € X,
such that

/QVndxdy + /9 VU -Vndzdy =0, n € X}, (3.5)
/Q VV . Védzdy = — /Q f(z,y)édzdy, 6 € XP. (3.6)
Note that V € X, and hence V(e,3) =0, a,8 = 0,1. We impose these four corner

conditions on V since for v = Au we also have

v(a,ﬂ) =ur$(a’ﬁ)+uyy(aaﬂ)=0’ a,ﬂ=071-

Normally V, n € My @ M, rather than X,. Therefore (3.5)-(3.6) can be

regarded as a modification of the standard mixed finite element Galerkin method.

Lemma 3.1 Problem (3.5)-(3.6) has a unique solution.
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Proof. Consider f(z,y) = 0. Taking 7 =V in (3.5) and é = U in (3.6), we obtain

/,, V2dzdy + /9 VUVVdzdy = 0,

/Q VV - VUdzdy = 0,

respectively. Clearly

/‘; Vidzdy =0

and hence V = 0.

Taking 7 = U in (3.5) and using V' = 0, we also have
/ﬂ VU - VUdzdy = 0.

" Hence U =0 by the Poincaré inequality [6]. O

3.2 Matrix-Vector Form

In this section we derive the matrix-vector form of (3.5)-(3.6). Since {¢;(z)}2Y,
of (2.7) and {%i(y)}?%, of (2.8) are bases for MY, and {¢;(z)}2%;! of (2.5) and

{0:(y)} 225 of (2.6) are bases for My, then {¢,(m)1/z,(y)},2£12fil and

{¢.~(:v)¢j(y)}?gf,2fi1 U {#:(z);(y) ?31,j=0,21v+1 U {¢i($)¢j(y)}?go,21v+1,j=1, (3.7)
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are bases for X? and Xj, respectively. Hence the Galerkin solutions U € X? and

V € X}, of (3.5) and (3.6) are of the form

N 2N
U(z,y) = kz_:l ?__‘; ur 19 (2)Yi(y),

2N 2N N 2N '
Viz,y) = 3. D vgde(@)0i(y)+d. D vd()i(y)+ D D vkade(z)t(y)-
k=11=1 k=11=02N+1 k=0,2N+1I=1

Substituting these expressions into (3.5) and (3.6), and taking n = ¢;(z)¥;(y), 6 =

#i(z)¥;(y), we get

2N 2N

>3 [ s@)ny)ei)v;)dady v,

k=11=1

2N 2N
+> > /Q Si(x) i (y)os(z)0;(y)dzdy vig+ Y. D /Q & ()i (y)9i (2)¢; (y)dzdy vry

k=11=0,2N+1 k=0,2N+1 (=1
2N 2N ‘

+ 33 /Q [$(2)0i(W)Bi(x) %5 (y) + (2 (1) ()W (v)] dady uey =0, (3.8)
k=11=1

wherei, 5 =1,...,2N,1=1,...,2Nforj=0,2N+1,: =0,2N+1forj=1,...,2N,

and
2N 2N

>3 [ [B@)n@)di()0i(w) + @i(w)ex()v(w)] dady v

k=11=1

2N
+2 ¥ [ [A@u@)d@wnm) + @i @) dady v

k=11=02N+1

2N
+ 23 [ [S@nwsi ) w) + su@)vi(v)e(2)(v)] dady veg

k=02N+11=1
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- - /Q (2, y)¢i(2)v;(y)dzdy,

where ¢, =1,...,2N.
Using Fubini’s theorem and rearranging the order of the double sum involving

voy and von 41y With the double sum involving u,; in (3.8), we obtain

2N .1 2N
> [ @ 3 [ wdy v

N
+ Z/()1(¢i¢k)(x)d$ > /01(¢j¢1)(y)dy Vil
k=1

1=0,2N +1

N N g 2N g
+ kgl/(; (¢:~¢2)(x)dx§/0 (Yjv)(y)dy uk,ﬁ}é/o (¢i¢k)($)d:rE/O (W0} (y)dy ue,

2N
+ 5 [es0Edsy [ =0 (59

k=02N+1
where:,j=1,...,2N,t=1,...,2Nforj =0,2N+1,i =0,2N+1forj=1,...,2N,

and

2N 2N IN IN
kz_: /01(¢§¢2)(x)dx§ /01(¢j¢1)(y)dy U, +§ /0 (i¢e)(@)dz 3 /0 (W) () dy iy

2N 1
23 @@ ¥ [ @@y o

1=0,2N+1

2N
+,§1/01(¢i¢k)(17)d$ > / W)y vey

1=0,2N+1
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iy /l(¢’¢')(x)dx§ [
oy \Pi%% I=10]lyyvk,l

k=0,2N+1

1 2N 1 .
+ 3 [y [ v

k=02N+1

=~ [ [ 1@ v wswya, (3.10)

where 7,7 =1,...,2N.
At this point, corresponding to representations of V(z,y) and U(z, y) in terms

of basis functions, let us introduce vectors

—p —_— T
Ui =11, V12N, V2,1, - -+ s V22N -+ o, V2N, 15+ -y V2N2N] (3.11)

- T
Th = [V1,0, V1,2N+1, V2,0, V22N 41 - - - » VIN—=1,0, V2N—12N+1, V2N,0, Van 2N +1) ,  (3.12)

Ty = [0, -+ » V02N> VINF1,15 - -+ » V2N+12N) s (3.13)
and
T = (UL, oy UL2N, UD Ty - e oy UZ DN, - s UDN Ly - - - s UIN 2] - (3.14)
Also, let
F=1fitre-or frons fody---s foonse-r fans« -« fonan]T, (3.15)
where

fu== [ [ 1@ vz vy (3.16)
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Note that v;, @, and f have 4N? components, while 7}, and ¥, have 4N components.

The matrix-vector form of (3.5) and (3.6) is then

Anv;

At

Az 7;

Aqv;

+A120, + A1at + A147,

+AzoUp + A347,

+Ag20h + Asa¥ + Aga?,

-

-

==t

-

!

i

=t

(3.17)

(3.18)

(3.19)

(3.20)

Equation (3.17) corresponds to the 4 N2 equations of (3.9) with ¢,5 = 1,...,2N.

The first 2NV of these equations are obtained by selecting ¢ = 1. and je= 1,...,2N,

with succeeding equations obtained by indexing: =2,...,2N and j =1,...,2N. By

(2.25)-(2.26) and (2.21), the 4N? x 4N? matrix

All = B:: ® By7

(3.21)

where B, and B, are given by (2.13) and (2.18), respectively. The 4N? x 4N matrix

A12 = Bz‘ ® B:a

(3.22)
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where B, is defined in (2.13), and Bz is given by

1
B} = (bg,l)?'gl,l:OﬂNHa b¥, =/0 (Yv)(y)dy. (3.23)

The 4N2 x 4N? matrix

Ai3=A, ® B, + B, ® Ay, (3.24)

where A,, By, B, and A,, are defined in (2.12), (2.18), (2.13), and (2.17), respectively.
The 4N? x 4N matrix

Au =B ®B,, (3.25)

where the 2N x 2 matrix B? is given by
b z \2N z !
B, = (bix)ic1 k=02n+10  bik = /0 (pidx)(z)dz, (3.26)

“and B, is given by (2.18).
Equation (3.18) corresponds to the 4N equations in (3.9) with 7 = 1, 7 =
0,2N + 1, then indexing ¢ = 2,...,2N and taking j = 0,2N + 1. The 4N x 4N?

matrix

A2l = Bz: ® (Bg)Tv (327)
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where B, is defined in (2.13) and B? is given by (3.23). The 4N x 4N matrix
Az = B, ® BY, (3.28)
where B, is defined in (2.13) and BY is given by
" 1
B = (bY))j=02N+14=02N+1,  bY; = _[) (¥v0)(y)dy. (3.29)
The 4N x 4N? matrix
A=A, ®(B)T + B, ® (437, (3.30)

where A,, B,, and B'y’ are defined in (2.12), (2.13), and (3.23), respectively, and Ag
is given by

1
A= (@) coaven @l = [ WD)y, (3:31)

The 4N x 4N matrix

Az =B, ® (BT, (3.32)

where B is given by (3.26) and B} is given by (3.23).
Equation (3.19) corresponds to the 4N? equations of (3.10). The equations

are obtained by takingz=1and 7 =1,...,2N, and then indexing ¢ = 2,...,2N and

ARTHUR LAKES LISRARY
COLORADO SCHOOL OF MINES
GOLDEN, CO 80461
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7=1,...,2N. It follows by éomparing (3.9) and (3.10) that
Az = Ass, (3.33)
where A;3 is defined by (3.24). The 4N 2 x 4N matrix

Ap =A. ® Bg + B, ® AZ, (3.34)

where A, BY, B;, and A} are defined in (2.12), (3.23), (2.13), and (3.31), respectively.
The 4N? x 4N matrix

Azs = AL ® B, + B ® A,, (3.35)

where By, B%, and A, are given by (2.18), (3.26), and (2.17), respectively, and the

(2N) x 2 matrix A® is given by

1
AL = (@) poawen, alk = [ (@) (3.36)

Equation (3.20) corresponds to 4N equationsin (3.9) withi =0,j =1,...,2N,

andi=2N+1,5=1,...,2N. The 4N x 4N? matrix

Ag = (B)T ® B, (3.37)
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where B! and B, are given by (3.26) and (2.18), respectively. The 4N x 4N matrix
Ap = (B ® B, (3.38)

where B? and B! are given by (3.26) and (3.23), respectively. The 4N x 4N? matrix
A= (AT ® B, + (B)T ® 4,, (3.39)

where A%, B,, B2, and A, are given by (3.36), (2.18), (3.26), and (2.17), respectively.
The 4N x 4N matrix

A44 = sz ® By, (340)

where BY is defined by

1
BY = (b1 )iz02N+1k=02N+1,  Dlk =/0 (idr)(x)dz, (3.41)

and B, is given by (2.18).
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Chapter 4

METHOD FOR SOLVING THE GALERKIN PROBLEM

In this chapter, we solve the Galerkin problem (3.5)~(3.6) by reducing its
matrix-vector form (3.17)-(3.20) to a symmetric, positive definite Schur complement
system. This reduces the size of the problem from O(N?) to O(N). We also discuss

the PCG method for solving the Schur complement system.

4.1 Derivation of Algorithm for Solving the Galerkin Problem

Clearly the matrix-vector form (3.17)-(3.20) can be written as
Mo + Mio0, = §, (4.1)

Moy @ + Ay, =0, (4.2)



where
An A A A
Miu=| Ay Apm An | Me2=] 4, | Ma= [ Ay Ap Ag ] ’
A31 A32 0 i A34
and X . o
7; 0
T=1 g | g=10
L u . L f .
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(4.3)

(4.4)

Suppose that M;;! exists (this will be demonstrated in Lemma 4.3). Then multiplying

(4.1) by M;;! and solving for @, we have

By substituting (4.5) into (4.2), we obtain the Schur complement system

Sv, = ¢,

where

S = Ay — May M Myy, &= —MyM;'g,

(4.5)

(4.6)

(4.7)
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and S is the Schur complement (cf. [13]) of My; in

My M, (4.8)

My Ay
Lemma 4.1 The matriz S of ({.7) is symmetric and positive definite.

Proof. We see from (2.12), (2.13), (2.17), (2.18), that A,, B;, A,, and B, are sym-

metric. Therefore it follows from (3.21), (3.24), and (2.23) that

A11 = A{I’ A13 = A{B (49)

Similarly, (3.29) and (3.41) imply that B2 and B® are symmetric. Hence using (3.28),

(3.40), and (2.23), we obtain

Agy = AL, Ay = AT, (4.10)

From (3.33) and (4.9), we see that

Az = AT, (4.11)
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It also follows from (3.27), (3.22), (3.37), (3.25), (3.34), (3.30), (3.38), (3.32), (3.39),

(3.35), and (2.23) that
An =AL, An=AT, Ap=AL, Ap=AL, Au=AL. (4.12)
It follows from (4.9)-(4.12), and (4.3) that
My =ML, My =ML (4.13)

Therefore, by (4.7), (4.10), and (4.13), we have S = S7.

To show that S is positive definite, let us consider any fixed, non-zero 7, € R4V
of the form (3.13). Let #;, ¥, and @ of the form (3.11), (3.12), and (3.14), be such
that

AT 4 Aty + A + A, =0, (4.14)

A T; + Aoy + Aggil + Agat, = 0, (4.15)

A3 T; + Asa¥h + A3y, = 0, (4.16)
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where All, A12, A13, A14, Agl, A22, A23, A24, A31, A32, and A34 are as in (317)~(319)

Then by (4.3), (4.14)—(4.16) is equivalent to

Mll 'D‘h = —Mlgi-fv. (417)

We know that o}, @, and @ exist since M;; is nonsingular by Lemma 4.3, which we

present later. In fact, (4.17) gives

5. | = =M M50, (4.18)
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Now by (4.7), (4.13), (4.18), (4.3), (4.16), (4.11)-(4.12), (4.14), and (4.15), we have

(8T, Ty)pan = (AsaBy, To) pen — (Moy Myy Myg@,, 3,) pan
= (Aagly, To) gun — (M7 MyoTy, M1a@, ) pan
= (A4aTy, Tp)pen + ([T Tn, AT, [Ara, A2s, A3a]7T,) men
= (Agq¥y, To) v + (Ui, Ara¥o)mev + (U, A2a¥y) pen + (8, A3l ) v
= (Aaa¥y, To) panv + (i, A1a¥y) pav + (Tn, A240,) pav — (8, Aa1Ti) panv — (T, Azo¥h ) pan
= (AgaTy, T,) gon + (A1, Ty) gon + (Ag2¥h, To) pov — (A13@, 0;) panv — (A3, ) pan
= (A4, Ty)men + (A01Ti, Uy)av + (Ag2Th, Ty) pen
+(An®;, G) gy + (A120h, Ui) pav + (A140y, Ti) pav

+(A21T;, Un)pan + (A220h, Uh)men + (A24Ty, Tp ) e .

(4.19)
Introduce
AZ=5i+6h+6va
where the functions
2N 2N
Ui =3 veadk(z)vi(y), (4.20)
k=1 il=1
2N
=3 Y veide(x)vn(y), (4.21)
k=11=02N+1
2N
Ty = >, > vkadk(2)vi(y). (4.22)

k=02N+1 =1
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With (-, ) L2 denoting the usual L? inner product, consider
(2, 2)12(0) = (Ui + Op + Vy, Ui + Un + Do) 12(0)

= (0i, i) L2(0) + (Ony Bi) L2(0) + (U, Bi) L2(0) + (iy Un) L2¢0) + (Tny Tn) 22(02) + (Do, ) 12(0)
+ (s, Do) 12(0) + (Tny Bo) L2(0) + (Do, Do) 12(00)- (4.23)

By (4.20), (2.25)-(2.26), (2.21), (2.13), (2.18), and (3.21), we can write

(Bi, Bi)12) = Jo U2 (z,y)dzdy
= Jo [ZH, ZI veade(@)in(y) THY T viii(2)e5(y)] dady
=i e [2221 Jo ($id)(z)dz T2, Jo (V900 (y)dy vk,l] Vi

= ((B: ® By):, Ui ) mav = (An1%;, U;) pan .

Using the same reasoning, from (4.23) we obtain

(z,2)2() = (AT, G)gav + (A12%h, i) ev + (A1ay, i) pan
+( ATy, Un) men + (A2, Un) men + (A24Ty, Up) pen

+ (Aar i, T, v + (AsaTh, Bo)gan + (AaaBy, ) an . (4.24)
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From (3.7), the basis functions in (4.20)—(4.22) are linearly independent. Therefore
z # 0 for 7, # 0 and hence by (4.19) and (4.24), (57,,7,)pinv = (2, Z)pry >0, O
Lemma 4.1 implies that S is nonsingular. Hence, once we have solved (4.6)

for 7, then (4.1) implies that @ can be obtained by solving

MWW = § — Mo, (4.25)

Therefore we arrive at the following algorithm.

ALGORITHM FOR SOLVING (4.1)-(4.2)

1. Compute ¢ of (4.7).

2. Solve (4.6) for v,. (4.26)
3. Compute § — M;,7,.

4. Solve (4.25) for w.

In Section 4.4 we discuss solving the Schur complement problem in step 2 of the
algorithm. First, we observe that steps 1 and 4 of the algorithm require solving linear
systems with coeflicient matrix Mj;. In the next section we demonstrate how to solve

Myw = b for arbitrary b.
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4.2 Solving M@ = b

First, we write b in the form

I-;= [511 52a gS]T’

where

by = [(01)11,-- > (B1)128, (B1)2,1y -+ > (B1)228s - - o (B1)2w 1y -+ -, (B1)2wvaw, )T, (4.27)

by = [(b2)10, (b2)128 41, (B2)2,0, (B2)22N 41, - - - , (B2)2w0, (B2)2n2n+1,]7 s (4.28)
b3 = [(b3)1.1y- - - » (B3)1285 (B3)2.1, - -+ » (B3)2.2Ny - -+ » (B1)2n 15 - - - (B3)2ni2n, T (4.29)

The vectors by, be, and b3 have lengths 4N2, 4N, and 4N2, respectively, to match the
number of rows in the corresponding sub-blocks of Mi;. Using M, of (4.3), (3.21),
(3.22), (3.24), (3.27), (3.28), (3.30), (3.33), (3.34), and & as in (4.4), My@ = b

becomes

(B, ® B,)¥; + (B, ® BY)ih + (A, ® B, + B. ® A,)i = by, (4.30)

[B: ® (BY)")5: + (B: ® BY)ih + [A: ® (B))" + B. @ (A) |t = by,  (4.31)

(A: ® By + B, ® A,)7; + (A, ® BY + B, ® A%)7, = b, (4.32)
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where ¥;, Uy, and @ have lengths 4N?%, 4N, and 4N2, respectively.
We pre-multiply both sides of (4.30) by (Z7 ® I,5), where Z is given by (2.72),

and use the relationships

Lv=(ZQDLy)Z®Ly)", In=(Z20L)(Z®L)™

to obtain

(ZT @ Ion)(Bz ® By)(Z ® bn )(Z @ Ion) ™'
+ (27 ® Iy)(B: ® BY)(Z ® I)(Z ® L)™'
+ (ZT ® IQN)(A,; Q By + B, ®vAy)(Z ® I2N)(Z ® IzN)_l'L-l: = (ZT ® IQN)gl. (4.33)

In a similar way, we pre-multiply both sides of (4.31) by (Z7 ® I5) to obtain

(Z" ® I)[B. ® (B))T)(Z ® Ion )(Z @ Ion) ™'

+(ZT® L)(B, ® BY)(Z ® I,)(Z ® I,)™' ),
+ (ZTQ )[4, ® (B)) "+ B, ® (AL |(Z® Ln )(Z ® Ion) il = (Z7 @ Ir)bs. (4.34)

Equation (4.32) can be treated in the same way as (4.30) to yield

(ZT @ Ion)(A: ® By + B ® A))Z ® In)(Z ® L)~ 4;
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+ (2" ® In)(A: ® B + B, ® AY)(Z ® ))(Z @ L)™'t = (27 ® Iow)bs.  (4.35)

Corresponding to #; of (3.11), ¥, of (3.12), and @ of (3.14), we introduce

7 = (ZQ®Ly)'7

—_ / ’ ’ ! ! / T
— [Ul’l,...,vl,2N,v2’1,...,'U2,2N,...,'UQN’I,...,'U2N’2N] y (4.36)

7 = (Z® L) %

/ ’ ' ’ ’ ' ’ ’ T ’
= [vl,o’vl,2N+l’v2,Ovv2,2N+1’-"-’U2N—l,0’v 2N—1,2N+17U2N,0’v2N,2N+1] , (4.37)

i = (Z® L) 'a

- ! ! ! ! ! 1 T
= [ul’l,...,u1’2N,U2,1,...,u2’2N,...,U2N,1,...,U2N,2N] . (4.38)

Similarly, corresponding to by, by, and b3 of (4.27)—(4.29), we introduce

b, = (Z7 ® L)b,

= [(B)11,- - OD128, (02,15 o, (B)22ny - - -5 (B))2nns - - - (02w 2w, ] T (4.39)
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bad ]

by = (ZT @ L)by

= [(%))1,0, (By) 1,281, (bh)2,0, (B5)2.28+1,- - - » (Bh)2w.0, (B)on2n+1,]T, (4.40)

pad

by = (27 ® Liy)bs

= [(05)11,---» (05128, (B5)2.1,- -+ (U5)2.2, - - -5 (b5)2n 1y - - -5 ())anan, T (4.41)

From (2.27) and (2.28), we can write

ZTA,Z = A. (4.42)

Then utilizing relationships (2.24), (2.28), (4.42), and (4.36)-(4.41) in (4.33)—(4.35),

we obtain

(Ion ® By)T; + (Ion ® B0, + (A® By + Iy ® A,)T’ = by, (4.43)
[lon ® (B)"15; + (Ian ® BY)i, + [A® (BT + Ly ® (A)T]d =5y,  (4.44)
(A® B, + by ® A,)¥; + (A® B+ Iy ® A%)7, = bs. (4.45)

Since A is diagonal, each of (4.43), (4.44), and (4.45) splits into a collection of 2N
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independent linear systems. In fact, using (2.70), we have

By(5 e + BY(#)k + (\eBy + Ay = (b)), (4.46)
(BT (@ )k + BE@)k + (BT + (A8, = (B)s (4.47)
(MBy + AT e + (MBb + A5 )k = (By)x, (4.48)

for k = 1,...,2N, where \; is defined by (2.63) and (2.31)-(2.32), and where, by

(4.36)—(4.38),

(Tz’)k = [vk:,la ceey Uk',21v]T, (ﬁ:)k = [Uk:,o, vkl,2N+1]T’ 771; = [“1;,1’ ceey ul;,zN]T’

and by (4.39)-(4.41)

Bk = [0k - - (0)k2n]Ty Bo)k = [(B3)k0s (baean+1]Ts (Ba)e = [(bg)e1s - -, (bs)kaw]”-

Thus, for fixed k = 1,...,2N, (4.46), (4.47), and (4.48) form the linear system

SR

¥; )k (b))

Be | () [ = Byl | (4.49)

i (B3 )

L 4 L e
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where B, is a 3 X 3 block-matrix of the form

By Bz /\kBy + Ay
Be=| (BT B%  A(BHT + (AT |- (4.50)
)\kBy + Ay /\sz + AZ 0

We now prove the following lemma.

Lemma 4.2 Fork =1,...,2N, By given by (4.50), where A\, are defined in (2.31)-

(2.32), is nonsingular.

Proof. Consider the one-dimensional boundary value problem

- u"(y) + Mu(y) +v(y) =0, ye(0,1), (4.51)
-"(y)+ M(y) =0, ye€(0,1), (4.52)

where A > 0 and
u(0) = u(1) =0, u'(0) =4'(1) = 0. (4.53)

Multiplying (4.51) by n € H'(0,1) and (4.52) by 6 € H}(0,1) and then integrating

we get

1 1. 1
—/0 v (y)n(y)dy + /\/0 w(y)n(y)dy +/0 v(y)n(y)dy =0, ne H'(0,1),
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- [M o @y + [ ww)iw)ay =0, 5 € HY©,1).

Integration by parts and the boundary values 4'(0) = «/(1) = 0 and 6(0) = §(1) =

give
1 , , 1 1 N
/0 u'(y)n' (y)dy + A /0 u(y)n(y)dy + /0 v(y)n(y)dy =0, n€ H(0,1),

[ o @8 @y +2 [ @)@y =0, 6 € BY©,1).

With M; and M of (2.1) and (2.2), respectively, the Galerkin solution of (4.51)-

(4.53) consists of U € MY, and V € M,, such that
1 1 1
/0 U'n'dy + A /0 Undy + /0 Vndy =0, 1€ M, (4.54)

1 1
/ V'6'dy + A / Védy =0, 6 € M. (4.55)
0 0

Next we demonstrate that the only solution of (4.54)-(4.55) is U = V = 0.

Taking n =V and 6 = U, we obtain
1 1 1
/ U'V'dy + A / UVdy + / V2dy = 0,
0 0 0

1 1
/ V'U'dy + / VUdy = 0.
0 0

ARTHUR LAKES LIBRARY
COLORADO SCHOOL OF MINES
GOLDEN, CO 80401
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Subtracting the second equation from the first gives us [} V2dy = 0, and therefore

V =0. Withn=U and V =0, (4.54) becomes
/ LUy + A / "U2dy = 0
0 0 '

Since A > 0, the last equation implies fol(U’ )2dy = 0 and hence by the Poincaré
inequality U = 0.
Since {%;(y)}2¥, of (2.8) is a basis for M}, and {1;(y)}324! of (2.6) is a basis

for M}, we have

2N 2N +1
U(y) =§uz¢z(y), V(y) = g ui(y).

Substituting these expressions into (4.54) and (4.55), taking n = ¥;(y), 6 = ¥;(y),

and re-arranging the order of the sums in (4.54), we get

2N+1

1 2N 1
> [ @awdyw + 3 [ [@unm) + g dyu=0,  (456)
1=0 =1

where j =0,...,2N 4+ 1, and

2N+1

;o /01 (W5 (®) + A8)®)] dy v =0, (4.57)
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where 7 =1,...,2N. With

U= [i)‘ivgb]Ta Iijt = [vlv v 7v2N]T’ 'l-l.b = ['U(), U‘ZN+I]T7 U= [ul’ .. '1U2N]T’

the matrix-vector form of (4.54)—(4.55) is

B,@; + B#, + (AB, + A,)i = 0, (4.58)
(B2)T%; + B, + [MBy)T + (43)7]a = 0, (4.59)
(ABy + A,)¥; + (AB! + AL)#, = 0. (4.60)

Equation (4.58) corresponds to the 2V equations of (4.56) with j = 1,...,2N. The
matrices By, Bg, and A, are given by (2.18), (3.23), and (2.17), respectively. Equation
(4.59) corresponds to the 2 equations in (4.56) with j = 0,2N + 1. The matrices B
and Ag are given by (3.29) and (3.31), respectively. Equation (4.60) corresponds to
the 2N equations of (4.57) with j =1,...,2N.

Since the only solution to (4.54)—(4.55) is U = V = 0, the only solution to
(4.58)~(4.60) is %; = @ = 0, ¥, = 0. Hence the matrix in the linear system (4.58)-
(4.60) is nonsingular. Comparing this matrix with By and using the fact that Ay > 0
(Lemma 2.1), we conclude that each B is nonsingular. ]

In By of (4.50), By and A, are 2N x 2N square matrices defined by (2.18) and
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(2.17), respectively, with the block tridiagonal structure given in (2.20)' and (2.19),
respectively. The 2N x 2 rectangular matrices B and A} are defined by (3.23) and

(3.31), respectively. Using (2.6), (2.10), and (2.9), we have

[ B O (a5 0 ]
Bs O a3 0
Bs O as O
0 0 0 0

Bt=h|: |, A =np1]: : [|. (4.61)

0 0 0 0
0 @3 0 a3
0 —ﬁ5 0 —Qsp

L 0 -6 | | 0 —a5

Similarly by (3.29),

B“:h[ﬂlo/z ﬂIO/Z].

Hence By has the form
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[ X X X | % | x x x
x x 0 x x | x | x x 0 x x
x 0 x x X | x | x 0 x x X
x x x 0 x x | |  x x x 0 x x
x x 0 x x x | |  x x 0 x x X
X x x 0 x x | | x x x 0 x X
x x 0 x x x | |  x x 0 x x X
X x x 0 x | x| x x x 0 x
x x 0 x x | x| X x 0 x X
X x x | X | X X X
T
B X X X | % | x x x
k= X x x| x| X X x|’
T
X X X | % |
x x 0 x x | % |
x 0 x x X | x |
X X x 0 x x | |
x x 0 x x x | |
| |
X x x 0 x X | |
x x 0 x x x | |
X x x 0 x | x|
x x 0 x x | x|
L x x x | x| ]

where non-zero elements are indicated by x.

Now we describe an efficient method for solving the system (4.49). First,
we combine the vectors (¥ )k, (T, ), and @) augmented by u;o = oy, = 0 (the
augmentation is used for ease of presentation and implementation) into a (4N + 4)-

vector

- / / 1 ! ! / ! /!
Wy = [vk,Oa Uk,15 Uk,00 Yk,15 Vk,25 Uk 35 Uk 2> Uk, 39
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' ' ;- ' / ’ I} ' T
sy Uk oN -2 Uk oN—15 Yk aN—2> Uk 2N 15 Vk 2N +11 Vk2N s Yk 2N +1) uk,ZN] . (4.62)

For the right-hand sides we introduce a (4N + 4)-vector

e = [(8)k.0, (B0, 0, (015 (B)k2y (B)r3s (B (B )eas

ooy (B)kan—2, (B)kan—1, (0 k2n—2, (05)kan-1, (B2)k2n+1, (B))k2n, 0, (B5)k2n]T,

where the 0’s correspond to u, g = U oy, = 0. Then (4.49) can be rewritten as
CrWk = G, (4.63)

where the matrix Cy has the following block tridiagonal form
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X
X

X X X X X X
X X X X X X
0 0 0 0 O

0

1

0

0
0 x 0 x

X X X X 0 X
x X 0 0 x
x x 0 0 0

X

x X 0 0 x
X X X X X

X
X
0
0

X
X
X
X

0 x X

0 0 0 x

0 0 x
X

X

- X

X

X
0
0

X X 0 x 0 x x x
0 0 x 0 0 0 x x
0 0 O X

X

X

0 0 x

X

X

X

x 0

0 x X
0 0 x
0 0 x
X

X X

x 0
0 0 x
0 0 O

X

X
0
0

X
X
X
0
X

X
0
X

X
X

X
X

Xx 0 x X x X

X

X

0 x X X X X
0 0 0 x x 0 O

x x 0
0 0 x
0 0 O

X
X
X

X
X

0 0 x x 0 O

X
X
X
0
X

X X X X X X

X X X X X X

0 0 0 O

0.

1

0
X

0 0 x x 0 0O

Cr =

(4.64)

an+1 8ives Cp with uniformly sized

’
k,

Note that the augmentation of @, by Upo and u



4 x 4 blocks. The 4 x 12 blocks of C} are given by

k k
he 1§ 1)

k
be 18 1)

O (R

lﬁ’? £ 0 o
where

L1 = hps,

1512 = —AchfBs — h7las,
li9 = hps,

lgl,cl)z = AchfBs + h~1as,
189 = A\hfBs + h~las,
159 = MehfBe + h7les,
1, = —\hfs — b as,
1 = =\hBs — hlas,
1§ = AehfBs + has,

l4 6 = \ehB2 + R las,

The top 4 x 8 block of (4.64) is

hs 0 If7 0 g
0 le 0 19 I
0 0 o i
o & o o I
lig = —hps,
lis = hp,
l1,10 = hfs,
l2,1=hﬁ59

1) = MhBs + h7lay,
lag = —hps,

1§y = MehBs + h ey,
153 = MhBy + h7la,
6] = Mehfs + h71as,

l49 = —AhfBs — hlas,

k k
10

OO

laio Li1 1312

¥ 0 o

£ 0 o0

lgkg = M\chB3 + h™las,
1) = Mehy + b ley,

l§k1)1 = A\chB3 + hlas,

l2,2 = hﬂ‘h
log = hfs,
l2,10 = hfB4,

l:(zk1) = Mhfs + h7lag,
I = Aehfs + hlas,
1) = \hBy + hlay,

11(4?1)0 = AchfBs + h ' ay.

67
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Ls/2 Lg (k)k/2 l(:) hoe ho 1(1,,?1 l(ll,c1)2
12,5 12,6/2 l(,) l(,) 12,9 l2,10 lg,cl)l 1(2’:71)2
0 0 1 0 0 0 0 0 ’
® %2 0 o0 I3, o o

where

l1.6 = Be» 1(1’,08) = M6 + a5, las = P,
12 7 = A + s, ly’cg = Mf6 + as.
The bottom 4 x 8 block of (4.64) is
ha L 18 88 ns/2 —Le 19 /2 —1{
12,1 12,2 l(k) l(k) "12,5 l2,6/2 _l 2,7 (k)/2

0 O 0 0 0 0 1
Wous 0 o i 32 o 0

Thus we obtain the following algorithm:

—

ALGORITHM FOR SOLVING MW = b
1. Compute 171, FQ, and l-)}, using (4.39)—(4.41).
(4.65)
2. For k=1,...,2N, solve (4.63) for w.

3. Compute #;, 0, and @ using (4.36)—(4.38).

We can now discuss implementation and cost of this algorithm. Because of
(2.72), we can use FFT routines to multiply a vector by Z7 in step 1 at a cost of

O(Nlog,N); 4N + 2 such multiplications give a total cost for step 1 of O(NZ?log, N).
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In the same way, FFT routines can be used to perform the multiplications by Z in
step 3. Therefore the cost of step 3 is also O(N?%log,N). In step 2, each (4N + 4) X
(4N +4) block tridiagonal system (4.63) can be solved effectively at a cost O(N) using
LAPACK [1] routine DGBTRS which implements band ‘Gauss elimination. Therefore
the cost of step 2 is O(IN2). Hence total cost of the algorithm for solving My;@ = b

is O(N2log,N).

4.3 Related Biharmonic Problem

Bjgrstad observed in [2] that for the finite difference discretization the bihar-
monic problem with Au rather than 0u/dn specified on the two vertical sides of 99

one can use separation of variables in the z-direction. We show that in our case solv-

-

ing My,0 = b is equivalent to finding the Galerkin solution of the following related

biharmonic problem I:

3\

v— Au=g(z,y) in Q,

u = 0 on 01, [ (4.66)
Ou
%‘ =0on 6(2,,,

and

N

—Av = —f(z,y) in Q,
(4.67)

v = 0 on 082,

/

where 9, is the union of the two horizontal sides of 9§, and 951, is the union of the

two vertical sides of 992 (cf. Figure 4.1).
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u=0, u y=O
1
u=0 | u=0
v=0 v-Au=g v=0
-A v=-f
0 1
u=0, u y=0

Figure 4.1: Related Biharmonic Problem I.

Assume u and v are sufficiently smooth and satisfy (4.66) and (4.67). Then

the weak form of (4.66) and (4.67) becomes (cf. (3.3) and (3.4))
/QVu . Vndxdy-f-/avndxdy = /Qg(a:,y)nda:dy, ne HY(Q), n=0o0n09Q,, (4.68)

/Q Vo - Védzdy = — /Q f(z,y)6dzdy, § € H(Q). (4.69)

The Galerkin solution of (4.66)-(4.67) consists of U € MI@MY Ve M)@ M,

such that

/Q VU - Vndzdy + /Q Vndzdy = /Qg(x,y)nd:vdy, n e MM, (4.70)
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/Q VV . Védzdy = — /n f(z,y)sdzdy, § € MO ® M. (4.71)

Using {¢:(z)¥;(y)}:21°~, as a basis for M ® M} and {#i(x)9; (y)}o27508" as a basis

for MY ® M,,, we may write

2N 2N

Uz, y) = DY uude(z)ti(y),

k=11=1

2N 2N+1

Viz,y) =Y D vude(z)i(y).

k=1 =0
Substituting these expressions into (4.70) and (4.71), taking n = ¢:i(z)¢;(y), 6 =

¢i(x)¥;(y), using Fubini’s theorem and rearranging the order of double sums involving

ug,; and v we obtain (cf. (3.9) and (3.10))

kgl /01(¢i¢k)(x)d$g/ﬂl(iﬁjlﬁ'z)(y)dy Ukl

2N 1 1
+k§L (¢i¢k)($)d$l=0§v+1/0 (zb,@b;)(y)dy Vit

2N 1 2N 2N « 2N
+k>;1/° (¢:¢2)($)dx§/0 (¥;9)(y)dy un +kz=:1/0 (¢i¢k)($)dx§/0 (WD)(y)dy uw

= '} ste.v)6:(0)iz] vy, (4.72)
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where 7,7 =1,...,2N,

2N 1 2N
3 [, @@z 3 [ sv)u)dy va

2N . 1
+3 [wod@is 3 [u0dy v

1=0,2N+1
2N 1 2N 1 2N 2N
+kZ=; fo (¢:'¢;c)($)dx§ /0 (¥5%)(y)dy un + kZ—.:l /01 (¢,~¢k)(x)dxlz=; /0 (Wi))(y)dy un
= /01 [/01 9(“”3/)¢f($)d1] ¥;(y)dy, (4.73)

where¢: =1,...,2N, 3 =0,2N + 1, and
2V 1 2N N Wy
?:_:1/0 (¢i¢k)($)dl'§/(; (Yiv1)(y)dy v + l§1/° (d).'d)k)(:I:)d:I:E}/0 (W) (y)dy vk

2N .1 1
+3 [(@eedz 5 [y o

1=0,2N+1

2N 1 1
+Y [z 5 [y ve

=0,2N+1

an (2,4)0:(a)da] ¥5(y)dy, (4.74)

where t,7=1,...,2N.

With @;, 0, and @ defined as in (3.11), (3.12), and (3.14), the matrix-vector
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form of (4.72) and (4.74) is (cf. derivation of (3.17)-(3.20))

And; + Ay + Agt = by, (4.75)
A¥; + AgaTh + Agsi = by, (4.76)
AaT; + Azolh = b, (4.77)

where Ay, Ay, A3, A1, A2, Ass, A31, and Ajzp are as in (3.17)—(3.19), and

b = [(d)11,--- (b)12ws (B1)2,1s -5 (b)22ws - -5 (B1)2w,1s - - -5 (B1)2w,2w] T,
by = [(B2)1,0, (b2)1,28+1, (B2)2,0, (B2)2.28 415 - - - » (B2)2n—1,0, (b2)2v 1,28 +1, (B2)2n,0, (B2)2n 2n+1)T

b3 = [(bS)l,l’ IERE (b3)1,2N7 (b3)2,1) (RN (b3)2,2N) (ERE (b3)2N,1a IR (b3)2N,2N]T7

with

O = [ [ sews@is] v, ii=1...2,
(b)ij = /: [/01 g(z, y)q&,-(a:)dx] Yi(y)dy, i=1,...,2N, j=0,2N+1,

G = - [ [ f@ @] wedy, si=1. N

Clearly the matrix in (4.75)—(4.77) is the same as M;; of (4.3).
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Lemma 4.3 M), is nonsingular.

Proof. The Galerkin solution of (4.70)-(4.71) is unique (proof similar to that of

Lemma 3.1). Hence the matrix of (4.75)-(4.77) and also M; are nonsingular. O

4.4 Solving the Schur Complement System

To solve (4.6), it is possible to form the matrix S of (4.7) explicitly and then
compute 7, using, for example, Cholesky decomposition. However this would be
too expensive at a cost of O(N3). Instead we seek an iterative scheme for solving
(4.6). Since we know that S is symmetric and positive definite, a good candidate
for solving (4.6) would be the PCG method described in [13]. Since every iteration
of the PCG method requires multiplying S with an arbitrary vector, subsection 1 is
concerned with the computational cost of this operation. Subsection 2 is devoted to
the definition and properties of the preconditioner. Subsection 3 deals with solving
the preconditioned system. Subsection 4 summarizes the cost of solving the Schur

complement system.

4.4.1 Computing Sz,

We discuss computation of SZ, for arbitrary

- — T
2y = [20,1, <3 202N, Z2N+1,15 -+ -y 22N+1,2N] .
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Using (4.7), we first consider A44Z,, which, by (3.40) and (2.24), can be written as
Az, = (B? ® Lx)(I> ® By)Z,.

The computation of (I> ® B,)Z, requires two matrix-vector multiplications of B, with
the two subvectors of Z,, which by (2.20) can be accomplished at a cost of O(N).
Then multiplication by BY® ® Iy involves 2N multiplications by the 2 x 2 matrix
B of (3.41), which requires O(N) operations. Therefore the total cost of computing
AyaZy is O(N).

By (4.7), each multiplication by S also requires computing My M{;' M127,,
which is equivalent to computing b = M;9Z,, solving M\ = b for w, and then
computing M,;wW. We show that the unique structure associated with each of these
operations insures a cheaper cost than expected.

First, let

b= M2z, = [by, by, bs]” (4.78)

with by, by, and b3 of the form (4.27), (4.28), and (4.29), respectively. Then by (4.3),

(3.25), (3.32), and (3.35), we have

by = Az, = (B ® Liy)(I, ® B,)Z,, (4.79)

by = AnZ, = (B ® L)(1 ® (B)T)3, (4.80)



by = AgaZ, = (AL ® Liy)(I; ® B)Z, + (B2 ® L) (I, ® A,)Z..
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(4.81)

To determine the cost of computing b, and 53, we observe that the computation

of (I® By)Z, and (I, ® A,)Z, requires two matrix-vector multiplications with B, and

A,, respectively, which by (2.20) and (2.19), can be accomplished at a cost of O(N).

By (3.26), (3.36), (2.5), and (2.10), we know that

I
>
»

Bb

0

-

—0s

—Bs |

0

—as |

, (4.82)

where non-zero elements in each matrix are located in the first column at rows 1,

N, and N + 1, while non-zero elements in the second column are located in rows

N —1, 2N — 1, and 2N. Since multiplication by B? ® I,y and A% ® 5 involves

2N multiplications by B% and A%, respectively, from (4.82), this will require O(NV)

operations. Therefore the total cost of the computation of b, and b3 is O(N).

To determine the cost of computing 52, we know the computation of (I, ®

(BS)T)Z, requires two matrix-vector multiplications by (Bf)” which from (4.61) can

be accomplished at a cost of O(1). Again, we know that multiplication by B® ® I,



(s

involves 2 multiplications by B®, which from (4.82), will require 0(1)7 operations.
Total cost for computation of by is O(1). Therefore the total cost of computing bis
O(N).

Solving My;w = b for @ involves b of (4.78). By (4.79)—(4.81), and (4.82), the

only possible non-zero elements of b, and b are

(bl);,j, (b3),',j, 1:=1,N-—1,N,N+1,2N—1,2N, j=1,...,2N, (483)

and the only possible non-zero elements of by are

(bs)ij, i=1,N—1,N,N+1,2N—1,2N, j=0,2N +1. (4.84)

Recall that after computing @ we must calculate Ms;w. Because of the special struc-
ture of My, we will only require certain components of @ when solving My,w = b. To
determine which componenets of @ are needed, let us examine first the computation

of My w. By (4.3) with & as in (4.4), we have

My = Ay ¥; + Aga¥p + Agst,

where ¥;, 0, and @ are of the form (3.11), (3.12), and (3.14), respectively. By (3.37),
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(3.38), and (3.39), we may write

An®; = (ILy ® B,)(B2)" ® L), (4.85)
Agth = (Ioy @ BE)((B2)T ® Ion ), (4.86)
Assii = (I ® B,)((A2)" ® v )@ + (Iw ® Ay)((B;) ® Ion). (4.87)

We observe that in order to calculate A4;7; and Agsi, multiplication by (B8)T ® Ly
and (A2)T ® Iy each will involve 2N multiplications by (B2)T and (A%)7, respectively.
But by (4.82), (3.11), and (3.14), to perform these multiplications we require only

knowledge of the elements

vijy uwij,  i=1,N-1NJN+1,2N—-1,2N, j=1,...,2N.  (4.88)

In the same way, to calculate A4, we observe that the multiplication by (B2)T ® Iy
will involve 2N multiplications by (B2)T. But, by (4.82) and (3.12), we require only

knowledge of the elements

Vi, i=1,N-1,N,N+1,2N~-1,2N, j=0,2N+1. (4.89)

Hence we see, that when solving My w = b for w, we require only the components

in (4.88) and (4.89). As a result, we can now discuss the reduced cost of solving
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M@ = b using Algorithm (465) In step 1 of this algorithm, the operations (4.39)
and (4.41) each consist of 2N matrix-vector multiplications with ZT, where by (4.83),

fork=1,3,j=1,...,2N,

[ (b1 F ()1,
: 0

0
(br)v-1,5
bi)n
=27 (be)ws | 4.90
(b)) N+1,5 (4.90)
0

0

: (be)on—-1,5
| (Bk)2wy | L (br)2n,;

Then (4.90) can be accomplished with direct matrix-vector multiplication without
FFTs, being computations of linear combinations of columns 1, N -1, N, N+1,2N —
1,2N of ZT. Therefore the resulting cost is O(N?). By (4.84), operation (4.40) is
(4.90) with £ = 2 and j = 0,2N + 1, hence the total cost for this step is O(V).
Therefore all of step 1 of Algorithm (4.65) can be accomplished at a cost of O(N?).
. Calculations in step 2 of Algorithm (4.65) remain unchanged from those required for
an arbitrary right-hand side b, which gives a cost of O(N?2). In step 3 of Algorithm
(4.65), the operations (4.36) and (4.38) each consist of 2N multiplications of Z by

subvectors of i#; and @', respectively. This is illustrated in (4.91).



U1,j

UN-1,j
UN,j
UN+1,j

VoN-1,5
U2N,j

vl,j

[
[ UoN,j

-
U1,5

UN-1,5
UN,j
UN+1,5

U2N-1,j
[ U2n,j

!
L Ugyy j !
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(4.91)

Since only the components in (4.88) need to be evaluated, we compute the inner

products involving rows 1, N — 1, N, N + 1,2N — 1, and 2N of Z during each of the

2N multiplications. The resulting cost is then O(/N?). Operation (4.37) consists of

two matrix-vector multiplications of Z by subvectors of #,. This is illustrated in

(4.92).

U1,

UN-1,j
UN,j
UN+1,5

VaN-1,5
L V2N,5

4

)

’
L Von,j

j=0,2N+1.

(4.92)

Since only the components in (4.89) need to be evaluated, we compute the inner
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products involving rows 1, N — 1, NN + 1,2N — 1, and 2N of Z during each of the
two multiplications. Therefore the total cost for this operation is O(N), and step 3
of Algorithm (4.65) can be accomplished at a cost of O(N?). Hence the total cost of
solving My, = b for @ is O(N?).

Once the required components of & are obtained from solving My,%w = b for @,
the multiplication My is carried out. By (4.85)—(4.87), this requires multiplications
by (B2)T ® I,y and (A%)T ® I,y which involve‘QN matrix-vector multiplications by
(B%)T and (A%)7, respectively. By (4.82), this can be accomplished at a cost of
O(N). For (4.85) and (4.87), multiplication by Ioy ® B, and I,y ® A, involves 2N
multiplications by B, and A,, respectively, which by (2.20) and (2.19) requires O(/N?)
operations. For (4.86), multiplication by Iy ® B} involves 2N multiplications by B?,
which by (4.61) incurs a cost of O(N). Hence total cost of computing My is O(N?).

We have shown that computing My M1 M52, has a cost of O(N?), and that

Ay4Z, costs O(N). Hence the cost of computing SZ, is O(N?).

4.4.2 Preconditioner and its properties

Next we discuss the selection and properties of the preconditioner for the

solution of (4.6) by the PCG method. We obtain a preconditioner for S from the
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z=0, w=0
1
z=0 z=0
Zx=0 W-A =g Zx=0
-Aw=-Af
0 1
z=0, w=0

Figure 4.2: Related Biharmonic Problem II.

discretization of the related biharmonic problem II (cf. Figure 4.2):

3\

w— Az = g(z,y) in £,

z =0 on 09, ( (4.93)
0z
= 0 on 91,, ‘

and
—Aw=—f(z,y) in Q,
(4.94)
w =0 on 0N,

Assume z and w are sufficiently smooth and satisfy (4.93) and (4.94). Then the weak

ARTHUR LAKES LIGRARY

COLCRADD SCHOO
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form of (4.93) and (4.94) becomes (cf. (3.3)-(3.4) and (4.68)—(4.69))
. p—ty 1 —
/an Vndxdy+/9wndmdy /Qg(:z:,y)nda:dy, ne€ H (), n=0on 0Q,

/ﬂ V- Védedy = — /,, f(z,y)bdzdy, 6 € HL(Q).
The Galerkin solution of (4.93)—(4.94) consists of Z € M) @ M), W € M;, ® M},
such that

/‘;VZ - Vndzdy + /Q Wndzdy = /Qg(x,y)ndxdy, ne My MY, (4.95)

/Q VW . Védzdy = — /Q f(z,y)bdzdy, 6 € MO @ M. (4.96)

Using {¢:(2)%;(y)}221%, as a basis for M) ® M} and {;(z)y;(y)}isg;21" as a basis

for M;, ® M, we may write

IN 2N
T,y) = ZZ zude(z)i(y),
k=1 I1=1

2N+1 2N

W(z,y)= Y Zwkl¢k

k=0 I=
Substituting these expressions into (4.95) and (4.96), taking n = ¢:(z)¥;(y), § =

#i(z)¥;(y), using Fubini’s theorem, and rearranging the order of the double sums
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involving 2z and wy, k,l =1,...,2N, we obtain (cf. (3.9)-(3.10))

2N 1 2N g
3 [, @@z [ Wb (wdy v
2N 1 2N N 4 oN
+k§1/0 (¢:¢;c)($)dx§/(; (Yiv)(y)dy 2w +kz=:1/0 (¢i¢k)(x)dx§/0 (YD) (y)dy 2w

b 3 [oes X [ u = [ [[ e v,

k=0,2N+1
(4.97)

where i,5 =1,...,2N,

2V 2N
3 [, @on@dz 3y [y v
2N 2N oN oN
+3 () @) > [ sy 2+ >, (60 (2)ds > W)Wy 2

b 2 [eon@asy [ o= [ [ stm et v,

k=02N+1
(4.98)

where i =0,2N +1,j=1,...,2N and

2N 2N 1 2N IN
gﬁwmmmgﬁMww@w+§4@mmmgﬁww@@w

2N
+ T [dd@as S [ wvowdy e

k=0,2N+1



2N
+ 2 [eo@as [ Wy u

k=02N+1

=~ [ [ 1@ voute)ia] ws(wyay,

where ¢,7 =1,...,2N.

Introduce

w; = [wl,l,---,wl,zN,wz,l, oy W2IN, -y W2N Ty .- W2IN2N

- T
Wy = [wo,l, ce oy WO 2N, W2N 41,15+« w2N+1,2N] ’

and

ﬂ_ T
Z= (21,1, 212N, 22,15 -+, 222N1 - -, 22N, 1, - - - » 22N 2N -
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(4.99)

(4.100)

(4.101)

(4.102)

Then the matrix-vector form of (4.97)-(4.99) is (cf. derivation of (3.17)-(3.20))

Anw; + A3z + Apw, = a,
A3z ; + AW, = C3,

AqnW; + AgzZ + AgqW, = Cy,

(4.103)

(4.104)

(4.105)

where Ay, A3, A4, A31, Ass, Aa1, Ag3, and Ay are as in (3.17), (3.19), and (3.20),
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and
& = [(e)in,---»(c)ran, (€1)21y---»(€1)22n, - - -5 (€1)an s - - -, (c1)anan]T,
C3 = [(03)1,1, ceey (63)1,2N, (03)2,1, ceey (63)2,2N, sy (03)2N,1, ceey (03)2N,2N]T,
& = [(ca)ots---»(ca)oan, (Ca)an+1,1s- -+ s (Ca)on412n]7, (4.106)
with

(@)is = [ [[[ oo vat@is] iy, 65=1,....28,

(eshs == [ [ fzuai@e] )y, ii=1,....2,
(ca)iy = /01 [/Olg(x,y)¢,~(x)dz] ¥iy)dy, i=0,2N+1, j=1,...,2N.

We can write (4.103)—(4.105) as

Bné+ Bpd, = d, (4.107)
BQ]€+ A44’(D‘v == 64, (4108)
where
An A Arg
Bll - ’ 12 = ) B?l A41 A43 ’ (4109)
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and
w; - ¢
, d=

Z C3

o
I

Lemma 4.4 The matriz By, of (4.109) is nonsingular.

Proof. Consider

And; + A3z =0, (4.110)

I
o

Ag1; (4.111)

where A);, A3, and Ag, are as in (4.103) and (4.104). This is the matrix-vector form

of the Galerkin problem
/Q VZ - Vndzdy + /9 Wndzdy = 0, 1€ M2 ® M, (4.112)

/QVW - Védzdy =0, § € M®® M?, (4.113)

where Z € M) @ M), W € M) ® M. The only solution of the Galerkin problem
(4.112)—(4.113) is Z = W = 0 (proof similar to that of Lemma 3.1), therefore the only
solution of (4.110)—(4.111) is @; = £ = 0. Hence the coefficient matrix of (4.110)-
(4.111), By, is nonsingular. O

Solving (4.107)—(4.108) for w, (cf. (4.6)), we obtain the Schur complement
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system

P@, = & — By Bj\d, (4.114)

where

P= A44 - Bngﬁle (4115)

is the Schur complement of B;; in

B B

B2l A44

As a preconditioner for S in the Schur complement system (4.6), we select P

of (4.115).
Lemma 4.5 The matriz P of ({.115) is symmetric and positive definite.

Proof. 1t follows from (4.109), (4.9), (4.11), and (4.12), that

B, =BT, Bp=Bl. (4.116)

Therefore, by (4.115), (4.10), and (4.116), we have that P is symmetric.

To show that P is positive definite, let us consider any fixed, non-zero w, €
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IR*N of the form (4.101). Let ; and # of the form (4.100) and (4.102) be such that

And; + Az? + A1, = 0, (4.117)
Az 0; + A3 @, = 0, (4.118)

where Ay, A3, A4, A31, and Ajz4, are as in (4.103) and (4.104). Then by (4.109),

(4.117)—(4.118) is equivalent to

Bn = — By, (4.119)

Ny

Since Bj; is nonsingular it follows that

-

Wy
= — B! B12,. (4.120)

Z

Now, by (4.115), (4.116), (4.120), (4.109), (4.118), (4.11)-(4.12), and (4.117),

(P, W,) v = (A4a Wy, W) gunv — (Bay BTy B1aW,, W, ) gan

= (A44lvva wv)ﬂi‘” - (B1_11B12u-;va Bl2?Ev)R4N

= (AgWy, By) panv + (Wi, 217, [A14, Aza) "0, ) pen
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= (Ag Wy, Wy) punv + (Wi, AraWy) pen + (£, A3qW, ) pan

= (AgaWy, W,) pav + (Wi, A1aWy)men — (Z, Aq1W;) e

= (A441.3v, ’lﬁv)wN + (A41’U7,', lUv)WN - (A132‘, u'i;)mm

= (Agao, B) v + (A, To) v + (AnTi, @) pan + (AraBo, Ti)pen.  (4.121)

Introduce
v = lbi + 'va’
where
2N 2N
W = Y weadk(T)i(y), (4.122)
k=1 [=1
2N
Wy = Y. > wiyde(@)U(y). (4.123)
k=02N+1 =1
Consider
(v, )2 = (Wi + Wy, Wi + W) 2(0)

= (Wi, W;)r2(0) + (Wy, W) 12(0) + (Wi, Wy) p2(0) + (Wo, Wy ) 20y (4.124)
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Using the same reasoning as in Lemma 4.1, we can write (4.124) as

(v, 'U)Lz(g) = (Au‘u-;,', 1IJ',-),R4~ + (Apﬂffm lb';)wN =+ (A41u')',~, u')',,)mm + (A44u7,,, ﬁv)WN_
(4.125)
From (2.5), (2.8), and(3.7), the basis functions in (4.122) and (4.123) are linearly

independent. Therefore v % 0 for w0, # 0 and hence by (4.121) and (4.125),

(Pﬁv,wv)wN = (v, U)Lz(g) > 0.

Therefore we have shown that P is positive definite. O

A conjecture which remains to be proven theoretically is

1 (PT,T)gun < (ST, 0)penv < 72(PT, T)pav, V7€ RY™W, (4.126)

‘where 0 < v; < 79 are independent of h. The significance of this conjecture is that
when true, the number of iterations of the PCG method required to reduce initial
error to € is dependent only on ¢, and not on the size of the problem we are trying to

solve.
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4.4.3 Solving the preconditioned system

To solve the preconditioned system
Pw, = ¢4 (4.127)

for W, where arbitrary ¢, is of the form (4.106), we set d = 0 in (4.107)-(4.108) to
obtain
By,,€ +Bpw, = 6,
(4.128)

-

Bglé +A44u7,, = (4.
If € and @, satisfy (4.128), then by (4.114) w, satisfies (4.127). Therefore, to solve
(4.127), it suffices to solve (4.128) for w,. By (4.103)-(4.105) and (4.107)—(4.108),
(4.128) is equivalent to
Ant; + AZ + A, =0,
Anu; + Agat, =0,

AnW; + Ay3Z + Ay, = Cy,

which, by (4.97)-(4.99), is the matrix-vector form of

2N

1 2N
S [ o0z 3 [ @vnw)dy

k=1
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2N 1 2N N w0
+k§1/0 (d’sd’k)(:c)dm:lzz;/0 (¥ivn)(y)dy zkz+kz=:1[) (¢i¢k)(:c)dx§/0 (i) (v)dy 2w

1 2N 1
+ /0(¢i¢k)($)d$g/0 (¥5%)(y)dy wu = 0, (4.129)

k=0,2N+1

fori,j=1,...,2N,

2N 2N
:z::l/o (¢i¢k)(x)dx§/0 (Y91)(y)dy wi

2N 2N 2N 2N
92 /01(¢:-¢;><x)dzl>=:l [ @y 2+ )| 1(¢.~¢k)(x)dx§ [ @y
1 2N
+ k=0,§v+1/° (¢;¢k)(m)dx§/; (Yi1)(y)dy wi = (c4)ij, (4.130)

fori=0,2N+1,j=1,...,2N, and

2N 1 ' 2N 1 oN 1 oON 1 o
:L:,I/O (¢i¢k)(17)d$§/(; (¥iv)(y)dy w +-k§=_:l/0 (¢i¢k)(m)dxl§/0 (Wi (y)dy wi

2N
+ Z /;1(¢:'¢;c)(33)d$§ /Ol(iﬁjd)z)(y)dy Wit

k=02N+1
1 2N
+ ¥ [eso@dy [ @iy wa =0, (4.131)
k=02N+1"0 =170

for:,7=1,...,2N.

To develop a method for solving (4.129)-(4.131), we consider the following
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variant of (4.72)—(4.74):

N N
;/0 (¢,~¢k)(:v)dx12=:1/0 (i) (y)dy vk

2N
+3 6o > [ wuwi

1=0,2N+1
2N 1 2N 1 2N .1 oN g
+k§ /0 (¢2¢9¢)(a:)dx§ /o (¥5%1)(y)dy +1§ /0 (¢.~¢k)(x)dxlz=; /0 (W) (y)dy uu
=0, (4.132)

where 7,7 =1,...,2N,

2N IN
> [ @3 [ @)@y

2N 1 1
+3 [(Go@is S [y w

=0,2N+1
= 2N 2N 2N
+ kgl /(‘)1(¢:'¢;c)($)d$§ /Ol(dfﬂbz)(y)dy uk1+:§1 /0 (¢i¢k)($)d$§ /0 (W) (y)dy ui
= (b2)i;, (4.133)

where:=1,...,2N,7=0,2N+1, and

2N 2N 2N .1 aN .
Z;I/; (¢i¢k)($)da:§/0 (¥590)(y)dy vm +kz=:1/0 (¢i¢k)(x)dxl§:1/0 (W) (y)dy vu
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N
+’§1/01(¢:¢;)(x)dx > /01(1/)1'2/)1)(3/)613/ Vil

1=0,2N+1

2N 1 1
+ E/(; (¢ide)(z)dz 3 /0 (Vi) (y)dy vu
k=1

1=0,2N+1

=0, (4.134)
where i,7 = 1,...,2N. To solve (4.129)-(4.131) using (4.132)—(4.134), we take (b2); ;

of (4.133) so that

(b2)i,; = (ca)j2i, (bo)N-1+ij = (€a)j2i-1, JF=0,2N+1, i=1,...,N—1,

(4.135)

(b2)on-1,; = (ca)jan—1, (b2)2n,; = (ca)jon, J=0,2N + 1. (4.136)

Having solved (4.132)—(4.134) for {vk,}2Y, 1—0on4+1, We define {wi i} o1 4= 85

follows:
Wy ok = Uk, Wiok—1 = UN-1+kil, [ =0,2N+1, k=1,...,N-1,

WiaN-1 = VaN-1, wign =vony, [ =0,2N+1.

Then using (2.5)-(2.6), it can be shown that {wy,}7¥) 41 =1 is a part of the solution
to (4.129)—(4.131). Therefore it follows that, in order to solve (4.128) for ,, it

suffices to solve (4.75)—(4.77) for @, with I;l = 53 = 0, and also components of
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b defined by (4.135)-(4.136). This is done using Algorithm (4.65). ‘To perform
step 1 of this algorithm, we need only compute b, = (27 ® I3)by of (4.40) since
31 = 1-;3 = 0. This involves two multiplications with Z7 which can be accomplished at
a cost of O(Nlog,N). The cost of step 2 of (4.65) remains O(N?), while step 3 requires
computing 7, = (Z ® I,)7, of (4.37). We can use FFTs for the two multiplications
with Z for a cost of O(Nlog,N). Thus the cost of Algorithm (4.65) in this special

case is O(N?).

4.4.4 Cost of solving the Schur complement .system

Using conjecture (4.126), we determine the cost of solving the Schur comple-
ment system by the PCG method with preconditioner P.

The PCG method applied to (4.6) produces iterates #{), &V, .. ., satisfying
15 = T,lls < 20"1F° = Blls, n=1,2,...,

where

17lls = /(53,9 mev, V7€ R,

and

b= 1=/
1+ \/’71/’72,
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(cf. Section 10.2.7 of [13]). Then if 0 < € < 1 and we require
1% = Tlls < el 7 = Bulls,

this can be accomplished with a number of iterations

n > Jo8a(2/€) (4.137)

logy(1/p)
With € = O(h*), the number of iterations is O(log,N). In our numerical experiments,
we used n = 2log, N. It follows from subsections 4.4.1 and 4.4.3 that the cost of one
PCG iteration is O(N?). Hence the total cost of solving the Schur complement system

is O(N?log,N) under the assumption that P is spectrally equivalent to S.

4.5 Cost of Solving the Galerkin Problem

Finally we discuss the cost of Algorithm (4.26) to solve (3.5)—(3.6). Step 1 of
Algorithm (4.26) consists of first solving M;;%w = § for w, which by Section 4.2 incurs
a cost of O(N%log,N). Step 1 is completed by computing M w, which by Section
4.4.1 involves a cost of O(N2). Therefore step 1 of Algorithm (4.26) has a total
cost of O(N?log,N). By Section 4.4.4, step 2 of Algorithm (4.26) is accomplished
by the PCG method for a cost of O(NZ2log,N). Step 3 of Algorithm (4.26) requires

multiplication Ms%,, which by Section 4.4 has a total cost of O(/N). Finally, step 4
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of Algorithm (4.26) requires solving (4.25) for w, at a cost shown in Section 4.2 to be
O(N%og,N). Therefore the total computational cost of Algorithm (4.26) for solving

(3.5)—(3.6) is O(N?log,N).

ARTHUR LAKES LIBRARY
CCLORADO SCHOOL OF MINES
GOLDEN, CO 80401
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Chapter 5

NUMERICAL RESULTS

In this chapter, we show how we perform numerical integration to compute

(3.16). We close with results of numerical tests performed on several test problems.

5.1 Gauss Quadrature

In general, it is necessary to evaluate the integrals (3.16) approximately. In
order to preserve the O(h3) convergence rate in the H!-norm, we use M-point Gauss
quadrature with M > 3.

For an arbitrary function g(t), we know that the M-point Gauss quadrature

for the interval (0,1) has the form

/ g(t)dt = Z wig(&k), (5.1)

where {w;}}, and {&}}, are the given weights and nodes, respectively.
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For fixed ¢ and j, we have for f;; of (3.16),

fo== [ s o] wiway

Ti-1

- [ [ e+ [~ f(x,ym-(x)dz] b(v)dy

[ st [ e et vt

] =1

Using the transformations = z;_; + ht and x = z; + ht in the z-direction, we obtain

fij= "h/:; [/01 f(zio1 + ht,y)di(zi—1 + ht)dt

1
+ [ £+ ht,y)en(a + ht)ae] vi(9)dy

—n [ [/01 f(zi—1 + ht,y)di(zi-1 + ht)dt

Yi

+ /0 l f(zi + ht,y)di(z; + ht)dt] ¥i(y)dy.

Using the transformations y = y;_; + hs and y = y; + hs in the y-direction, we obtain

further

1 1
fi,j = —h2/0 [/0 f(x:'—l + ht, Yi—1 + hS)(z),'(l'i_l + h,t)dt

+ /01 (i + ht,y;_1 + hs)éi(zi + ht)dt] i(y;—1 + hs)ds

—h? /0‘1 [/01 f(zicy + ht,y; + hs)di(zi—1 + ht)dt
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<+ /(;1 f(.’L‘, + ht, Yj + hs)¢,~(x,~ + ht)dt] ’qu(yj + hs)ds.

Finally using (5.1) to approximate integrals over (0,1), we obtain

M M
figm =R w LZ wi f(zi—1 + Rk, yj—1 + h&)di(zio1 + hék)

=1 =1

M
+ Y wi f(zi + hée, yj—1 + h&)di(zi + hfk)] Yi(yj—1 + h&)
k=1

M M
—h?S wy [Z Wi f(Zio1 + Ak, Yj + hE)Pi(Tiz1 + hék)

=1 k=1

M
+ 3" wi f(zi + hé, y; + h&)di(zi + hfk)] ¥;(y; + h&).
k=1

If ¢; = v;, then using (2.3) we have

Ti_1+ hn, — Ti—
Gi(zio1 + hm) = g1 (== Zk %) = gi(me),

and

Bt 28 ) = g0(1 = ).

$i(zi + hm) = a1

If ¢; = s;, then in the same way using (2.4) we obtain

@i(ziz1 + hme) = ga(mi), &i(xi + hni) = —go(1 — ).
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It is apparent that in the y-direction 'we obtain similar results. For 1; = v},

VYi(yj—1 + hm) = gi(m),  ¥ij(y; + hm) = (1 — m),

and for ¥; = s,

Yi(yi-1 + hm) = go(m),  ¥i(y; + hm) = —g2(1 — m).

In our numerical tests, we used the 3-point Gauss quadrature whose weights

and nodes are

> 8 3

18° 18" 18’
5-v15 1 5+V15
0 2 10

- respectively. We also used the 4-point Gauss quadrature with weights

11 1 1/ 1 1/ 1 1 fi0
4 24V 3’ 4 24V 3’ 4 24V 3’ 4 24V 3°
and nodes

1-36+4/3)  1-16-4/F) 1+ i6-4/3) 1+ /i3+4/3)
2 ’ 2 ’ 2 ’ 2 '

3 and 4-point Gauss quadratures were compared to determine if error from the cal-
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culation of the right-hand side was obscuring convergence results. Since there was
no significant difference between the two quadratures, all results in the next section

were obtained using 3-point Gauss quadrature.

5.2 Numerical Experiments

In this section, we present the results of numerical experiments conducted on
several test problems. We use a 3500 line Fortran 77 implementation, coupled with
a called LAPACK routine DGBTRS [1] which implements banded Gauss elimina-
tion. We ran our algorithm on a Silicon Graphics, Inc. Indigo 2 computer in double
precision.

In the first experiment, the right-hand side function f of (1.1) was calculated

so that the exact solution is

u(z,y) = (1 - z)°x(1 - y)*y>.

In Table 1, we present errors in H! and L? norms for this exact solution using five

uniform N X N meshes.
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Table 1.
H', L? norm errors for u(z,y) = (1 — z)%2%(1 — y)%y2.

N 4 8 16 32 64
w — Ul | -106(-3) | .143(-4) | .184(-5) | .234(-6) | .294(-7)
w=Ullzs | -385(-5) | .272(-6) | .179(-7) | .115(-8) | .725(-10)
l
|

v —Vm | -247(-2) | .323(-3) | .414(-4) | .525(-5) | .661(-6)
[v = V| | .867(-4) | .611(-5) | .402(-6) | .257(-7) | .163(-8)

To determine convergence rates, we assume that the error ey = Ch?, where
C is a constant independent of the stepsize h = 1/N, and where N for the next finer
grid is twice as large as N for the previous grid. To determine p we observe that

e[z o[ ]3]

€2N ~ = = — = D.
log,2 log,2 log,2

In Table 2, we give values of
p=logy () /log2
€N

where the subscripts on p refer to the H' and L? norms.



Table 2.

Convergence Rates
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for u(z,y) = (1 — 1)2r%(1 — y)%2.

N [4] 8 | 16 | 32 | 64 .
pmi(u) | | 2.90 | 2.95 | 2.98 | 2.99
pr2(u) | | 3.82 | 3.93 | 3.97 | 3.98
pm(v) | | 2.93 | 2.96 | 2.98 | 2.99
p12(0) 3.83[3.93 [ 3.97 | 3.98

The results clearly demonstrate the optimal fourth order accuracy for both u

and v = Au in the L? norm, while u and v are approximated with optimal third

order accuracy in the H! norm.

In Tables 3 and 4, we give discrete maximum norm errors and convergence

rates at the partition nodes where

||w||0((z,.) = Og.l?i(N Iw(xi,yj)l

represents the discrete maximum norm of w at the partition nodes.
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Table 3. Discrete Maximum Norm Errors
at Partition Nodes for u(z,y) = (1 — z)%2%(1 — y)%y?.

~ N 4 8 16 32 64

e = Ullc@y, | -152(-4) | .101(-5) | .635(-7) | .397(-8) | .248(-9)
(w=U)llcay | -277(-3) | .345(-4) | 432(-5) | .539(-6) | .674(-7)

(w = U)yllc@y | -277(-3) | .345(-4) | .432(-5) | .539(-6) | .674(-7) -

(v = D)aylloa, | -835(-3) | 104(-3) | .132(-4) | .166(-5) | .207(-6)

)

)

lv = Vlew .246(-3) | .163(-4) | .110(-5) | .863(-7) | .631(-8)
(v = V)lle@,y | -929(-2) | .114(-2) | .140(-3) | .174(-4) | .217(-5)
(v =V, llcq,y |.929(-2) | .114(-2) | .140(-3) | .174(-4) | .217(-5)
v = V)llew,y | 139 [ .182(-1) | .231(-2) | .292(-3) | .367(-4)

Table 4. Convergence Rates of
Maximum Norm Errors
for u(z,y) = (1 - z)’2%(1 - y)*°.

N 4] 8 [ 16 | 32 | 64
ERO) 3.91 [ 4.00 | 4.00 | 4.00
ot (Uz) 3.00 | 3.00 | 3.00 | 3.00 .
o (Uy) 3.00 | 3.00 | 3.00 | 3.00
o) (Uey) || 3.01 | 2.98 | 2.99 | 3.00
poan (V) 3.92 | 3.80 | 3.67 | 3.77
o) (Vz) 3.03 | 3.023.01 | 3.01
o) (V) 3.03 [ 3.02 [ 3.01 | 3.01
o) (Vey) || 2.94 | 2.97 [ 2.99 | 2.99

Note that the accuracy for v and v at the nodes is demonstrated to be fourth
order, while errors for u,, uy, Uzy, vz, vy, and v, are all demonstrated to be of

third order. As a comparison, experiments were conducted with the “non-symmetric”
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polynomial exact solution

u(z,y) = (1 - 2)’2°(1 — y)%y*.

Results are shown in Tables 5-8. Note that while the results are similar, the same

orders of accuracy develop more slowly.

Table 3.
H', L?-norm errors for u(z,y) = (1 — z)2z5(1 — y)3y*.

N 4 8 16 32 64
Tw—=Ullas | 177(-4) | .298(-5) | .441(-6) | .605(-7) | .794(-8)
lw—="Ullzz | BLL(-6) | .492(-7) | .397(-8) | .285(-9) | .192(-10)
v = Vg | .100(-2) | .154(-3) | .213(-4) | .281(-5) | .362(-6)
lv—= V]| | .303(-4) | .267(-5) | .198(-6) | .135(-7) | .882(-9)

Table 6.
Convergence Rates
for u(z,y) = (1 — 2)?2%(1 — y)’y*.

N [4] 8 | 16 | 32 | 64 .
P (1) 2.57 | 2.76 | 2.87 | 2.93
prz(u) 3.38 | 3.63 | 3.80 | 3.90
o (v) 2.70 [ 2.85 [ 2.92 | 2.96
prz(v) 3.50 | 3.75 | 3.88 | 3.94
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Table 7. Discrete Maximum Norm Errors
at Partition Nodes for u(z,y) = (1 — z)223(1 — y)3y*.

N 4 8 16 32 64
[ = Ullc@s, | 192(-4) | .273(-6) | .247(-7) | .189(-8) | .138(-9)
w— Uzl | -168(-3) | .207(-4) | 472(-5) | .653(-6) | .860(-7)
(v —U),llc@, | -760(-4) | .176(-4) | .304(-5) | .449(-6) | .606(-7) -
1w = Dayllon | -715(-3) | .123(-3) | .186(-4) | .261(-5) | .343(-6)
[v—Vicw, |.854(-4) | .133(-4) | .181(-5) | .157(-6) | .120(-7)
v —V):llc@n | -365(-2) | .980(-3) | .153(-3) | .204(-4) | .257(-5)
(v =V),llc@ | -110(-1) | .255(-2) | .424(-3) | .606(-4) | .809(-5)
10 = Vaullc@sy | 321 | -840(-1) | .150(-1) | -223(-2) | .304(-3)

Table 8. Convergence Rates of
Maximum Norm Errors
for u(z,y) = (1 — z)’z°(1 — y)*y*.

N 4] 8 [ 16 | 32 | 64
o () 2.82 | 3.47 [ 3.70 [ 3.78
o (Uz) | | 241 | 2.65 | 2.85 | 2.93 .
o) (Uy) 2.11 [ 2.53 | 2.76 | 2.89
oy (Uey) || 2.54 | 2.72 | 2.83 | 2.93

poian(v) 2.69 | 2.87 | 3.53 | 3.71
poy(Ve) 1.90 | 2.68 [ 2.90 | 2.99
o) (Vy) 2.10 | 2.59 | 2.81 | 2.91

o (zy) | | 193 | 2.49 | 2.75 | 2.88

Tables 9-12 present the results of the experiment for the non-polynomial solu-
tion

u(z,y) = sin’(7z) sin®(7y).
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- Table 9.
H', L?-norm errors for u(z,y) = sin?(7z) sin?(7y).

N 4 8 16 32 64
w—Ullas | .281(-1) | .438(-2) | .614(-3) | .807(-4) | .103(-4)
u—Ul[gz | .882(-3) | .772(-4) | .579(-5) | .391(-6) | -252(-7)
v— Ve | 160(+1) | .246 | .343(-1) | .450(-2) | .575(-3)
o=V | 478(-1) | 425(-2) | .322(-3) | .218(-4) | .141(-5)

Table 10.
Convergence Rates
for u(z,y) = sin®(7z) sin?(7y).

N 4] 8 | 16 | 32 | 64 .
pri(u) | | 2.68 | 2.83 | 2.93 | 2.97
pr(v) 3.51 | 3.74 | 3.89 | 3.95
pm(v) | | 2.70 | 2.84 | 2.93 | 2.97
p12(v) 3.49 | 3.72 | 3.89 | 3.95

Table 11. Discrete Maximum Norm Errors
at Partition Nodes for u(z,y) = sin?(rz)sin?(7y).

N 4 8 16 32 64

e = Ullo,, | 431(-2) | 430(-3) | .313(-4) | .204(-5) | .129(-6)

(v — U).llcay | -818(-1) | .145(-1) | .212(-2) | .276(-3) | .349(-4

(w=0),llca, | B13(1) | .145(-1) | .212(-2) | .276(-3) | .349(-4

o = Viica,) 229 | .248(-1) | .184(-2) | .120(-3) | .761(-5

)

2) )

(u=Deylle@,) | 480 | 463(-1) | .667(-2) | .868(-3) | .110(-3)
2) )

)

(v —=V).lloga,, | 567(+1) | 827 124 | .163(-1) | .207(-2

(v =V)llo@y | -567(+1) | 827 124 | .163(-1) | .207(-2)

(v = Vusllciay) | 435(+2) | 591(+1) | 858 | 111 | .154(-1)




Table 12. Convergence Rates of
Maximum Norm Errors

for u(z,y) = sin?(rz)sin?(7y).

N 4| 8 16 32 64
poan(w) | | 3.33|3.78 | 3.94 | 3.98
ot (Uz) 248 | 2.78 | 2.94 | 2.98 .
e (ty) 2.48 | 2.78 | 2.94 | 2.98
po@y(Uzy) || 3.37 | 2.80 | 2.94 | 2.99
po@n (V) 3.21 [3.75 [ 3.93 [ 3.98
poian () 2.78 | 2.73 | 2.93 | 2.98
pocs)(Vey) || 2.88 | 2.79 | 2.94 | 2.85
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Results in Tables 1, 2, 5, 6, 9, and 10 confirm that our method is of optimal

fourth order and third order accuracy in the L? and H! norms, respectively. Tables

3,4,7, 8,11, and 12 demonstrate that at partition nodes the accuracy for functions

u and v is fourth order, while the convergence rates for first order derivatives of those

functions are third order.
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Chapter 6

CONCLUSION

In this chapter, we give concluding remarks on what we have accomplished in
our approach of solving the biharmonic Dirichlet problem. We also outline areas of

future work.

6.1 Summary

A Ciarlet-Raviart mixed finite element Galerkin method with piecewise Her-
mite bicubics is used to solve the biharmonic Dirichlet problem. This enables us to
reduce the fourth order problem to two second order equations. The key component
of our algorithm is then the Schur complement approach, which reduces the discrete
problem to two more easily handled problems: an auxiliary Galerkin problem and a
Schur complement system. In the auxiliary Galerkin problem, the boundary condition
du/0n = 0 on the two vertical sides of € is replaced with Au = 0. We therefore solve
this problem using separation of variables through solution of a generalized eigenvalue

problem in one direction, and fast Fourier transforms. We solve the symmetric and
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positive definite Schur complement system iteratively, using a preconditioned conju-
gate gradient method. We gain computational savings by the special structure of the
Schur complement matrix. We limit the number of iterations through a symmetric
and positive definite preconditioner which we conjecture is spectrally equivalent to the
Schur complement matrix. This preconditioner is related to a biharmonic problem
with Au specified on the two horizontal sides of Q in place of du/dn. Computa-
tional efficiency overall is O(N2log, N). We proved the existence and uniqueness of
the Galerkin solution, and numerical results show that convergence in the L? and H'
norms is fourth and third order, respectively.

These results compare very favorably with other methods of solving the bihar-
monic Dirichlet problem. Using finite differences, Bjgrstad [2] developed an algorithm
of complexity O(N?log,N), however convergence is only second order. Peisker [18]
used a Schur complement approach to reduce the size of the mixed Galerkin problem,
resulting in an efficient algorithm also of cost O(N2log,N). But use of linear finite
elements restricts accuracy to second order. On the other hand, Cooper and Prenter
[9], Sun [20], and Lou et al [16], developed different piecewise Hermite bicubic orthog-
onal spline collocation methods which are fourth and third order accurate in the L?
and H'! norms, respectively. But the computational cost of the most efficient of these
methods, by Lou et al [16], is still O(N3).

Immediate extensions:
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e Discretization of nonhomogeneous boundary conditions in the biharmonic

Dirichlet problem (cf. [16]).

e Approximate discretization with non-uniform partitioning in the y-direction.

6.2 Future Work

In this section we list open problems and a future extension of this approach
to solving the biharmonic Dirichlet problem:

e Theoretical proof of spectral equivalence of the preconditioner with the Schur
complement matrix.

o Theoretical convergence analysis in the L? and H' norms.

¢ Extension to variable coefficient problems.
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