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ABSTRACT

Mathematical modeling of a petroleum refinery is the 
set of linear equations which is formulated from the unit 
capacities, material balances, and product requirements of 
the integrated processes of the whole refinery.

The linear programming code was built by pivot operations 
technique to solve this set of equations for optimum profit* 
The optimal solution for the 110,000 BPD of a petroleum 
refinery is $1 5 9♦101 ,52 per day by producing the products of 
fuel gas, propane, butane, jet fuel, kerosine, fuel oil, 
economy diesel, and coke.

®THUR l,Aras l m m r

QQIQMBq SCHOnr r̂-cG O m ™  OF MINES
OOLDEN, COLORADO

ill



ER-13^0

ACKNOWLEDGMENTS

The writer wishes to express his sincere gratitude to 
his major professor, Dr, James H. Gary, for his guidance 
and much valuable advice during this study.

Appreciation is extended to Dr. Ardel J. Boes and 
Dr. John 0. Golden for serving as committee members.

Special thanks are given to Mr. Keith R. Linck for his 
assistance in computer programming and techniques.

Financial support provided by the Thai Oil Refinery 
Company under supervision of the Ministry of Industry Bangkok, 
Thailand, is gratefully acknowledged.

iv



ER-13^0

CONTENTS

Introduction    . . .     1
Process Approach ......................     5
Literature Survey .......    7

Crude Distillation   ....................     7
Delayed Coking ......................   7
Fluid Catalytic Cracking •. • •  ......      9
Platinum Catalytic Reformer .....    9
Alkylatlon  .........        11
Distillate Hydrodesulfurization...........   12

Study Problem  .....    13
Mathematical Modeling •.   .......       15

Illustrative Problem  ......   15
Crude Distillation Unit 15
Delayed Coking Unit  ..............     • 16

Fluid Catalytic Cracking Unit.................. 17
Platinum Catalytic Reformer Unit  .........   17

v



ER-13'40

Alkylation Unit ..............................   18

Distillate Hydrodesulfurization Unit ..........  19
Development of the Objective Function  .......  20

Sale of Products ...............    21
Cost of Crude Oil  .............................  22
Operating Expenses .......       22

The Linear Programming Operations ...........    2k

The Pivot Operation..............    2k

The Canonical Form  ..............      25
Inequalities and Slack Variables ............    25

"Less Than" Constraints .....      25
"Greater Than" Constraints .....................  26

Addition of Slack and Artificial Variables .......... 26
Linear Programming in Matrix Notation ..............  27
How to Get the Initial Basic Feasible Solution ....  28

The Phase I Set Up  .................   28
The Phase II Set Up ............................  29

Review of the Phase I Procedure ....................  30
Review of the Phase II Procedure  .......   30
The Revised Simplex Method to Solve the Problem ....  30
The Pivot Matrix (P) ................................. 31
Update the Inverse and Right-Hand-Side ............    32
Generation of the Cost Row .............     32
Sensitivity Analysis ................................. 33
Linear Programming Test .....      3^

vi



ER-13^0

Linear Programming Solution ...........................
How to Read the LP Computer Solutions ...........  36

Objective Function in the Optimal Solution .. 39
Income and Credits  .......   ^0
Operating Costs ..........................  bl

Calculation on Alkylatlon Unit .....    ^2
Conclusions  .......       ^
Appendix I .............................................  ^6

Crude Petroleum Analysis ..... .................... b6
Calculation of TBP Curve  ..............   50

Appendix II (Linear Programming Code)  .............  52
Appendix III (Linear Programming Computer Solution) ... 58
Appendix IV (LP Computer Solution Test Problem)........  63

Nomenclature  .....    65

Literature Cited ...........   67

vii



ER-13^0

-TABLES

,Table Page
1 Crude Distillation Material Balances .............. 8

2 Delayed Coking Material Balances  .............. 8

3 Fluid Catalytic Cracking Material Balances .......  10
k Platinum Catalytic Reformer Material Balances ..... 10
5 Alkylation Material Balances .....      11
6 Distillate Hydrodesulfurization Material Balances . 12
7 List Prices of a Petroleum Refinery  .......  21

Appendix I (Distillation, Bureau of Mines Routine
Method)  .................   ^8

viii



ER-13^0

FIGURES

Figure Page
1 Simplified Refinery Operations ....... .........  3
2 Hempel, API, and True-Boiling-Point Distillation 

Curves ...........................................  48

ix



ER-13^0

INTRODUCTION

The main purpose of this study is to demonstrate the 
mathematical modeling of a petroleum refinery by.using 
linear programming techniques. The example of a 100,000- 
barrel -per-day refinery is used to find the optimal solution 
by this method.

The crude oil from the Salt Creek Field, Natrona County, 
Wyoming, is used as refinery feed; and the refinery includes 
units of crude distillation, delayed coking, fluid catalytic 
cracking,platinum catalytic reformer, alkylation, and dis­
tillate hydrodesulfurization.

The volume percent yields(3^,6 ,9) are formulated to 
the linear equations as the number of equality constraints.
The material balances on the units are written by balancing the 
inputs and outputs from the unit. The formulations are set 
in between the limits as Inequality constraints. The upper 
bounds are capacity limits on the units, and the lower bounds 
are the economic minimum for the operation of the units. The 
operating costs are approximated as linear function of the 
flow through the units for this model.

The addition of slack and artificial variables(8 ) are

1
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introduced by the computer program into the constraints. The 
problem uses Phase I to obtain the initial basic feasible 
solution in terms of slack and real variables (no artificial 
variables) and as Phase II the obtaining of the optimal solu 
tion in terms of those same variables, A series of pivot 
operations are used to solve the set of linear equations.
The optimal solution is obtained from the Linear Programming 
(LP) techniques by maximizing the profit as the objective 
function. The validity of the optimality is tested by the 
sensitivity analysis to the non-basic elements of the cost 
row, right-hand side, and non-basic constraint coefficients.



FIGURE 1 
Simplified Refinery Operations

Crude Distillation Unit 
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PROCESS APPROACH

The refining of crude petroleum for the production of 
specification products is a complex process. A simplified 
diagram of the usual refinery operations for the fuel pro­
ducts is shown in figure 1 .

One hundred thousand barrels per day of crude oil is 
fractionated by the crude distillation unit, into a number 
of intermediate products requiring further processing. The 
light naphtha requires only treating and is carried to the 
gasoline pool. The heavy naphtha is also treated and then 
sent to the platinum catalytic reformer where it is included 
with naphtha : from delayed coking as feed stock to 
the platinum catalytic reformer. Here its octane rating is 
improved. The reformate is then sent to the gasoline 
pool. The production of 350-^00*F., kerosine distillate, 
diesel, and the production of 550-650*F. is sent to the dis­
tillate hydrodesulfurization unit to remove sulfur, nitrogen, 
unsaturated hydrocarbons, and metals. The products are jet 
fuel, kerosine, fuel oil, and economy diesel.

Since a large amount of residium is drawn from the crude 
tower, a delayed coking unit is included. A delayed coking

5
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unit is used because it favors maximum yields of gas oils.
The products from the delayed coking unit are propane, gaso­
line, naphtha, coker gas oil and coke.

Atmospheric gas oil.and vacuum gas oil from,crude dis­
tillation unit and "Coker gas oil from the delayed coking unit go 
to the fluid catalytic cracking (FCC) unit for conversion 
into catalytic cracked gasoline. Light and heavy cycle oils 
from the FCC are sent to the distillate hydrodesulfurization 
unit.

The propene, butene, and iso-butane from the FCC and 
platinum catalytic reformer is sent to the alkylation unit 
to produce a large iso-paraffin. Alkylate goes to gasoline 
pool. The n-butane is used to blend the gasoline to increase 
the octane number. The final products are fuel gas, propane, 
gasoline, jet fuel, kerosine, fuel oil, economy diesel, and 
coke.
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LITERATURE SURVEY

CRUDE DISTILLATION
Crude petroleum is refined to increase its value. The 

whole crude is charged to a distillation tower commonly 
referred to as the "atmospheric tower" due to it's operating 
pressure of 0 to 5 psig. In the early stages of petroleum 
refining, products were separated into boiling ranges by 
distillation or fractionation. Fractionation is still the 
basic process in refining even though such processes as 
thermal and catalytic cracking, alkylation, reforming, and 
hydrotreating have been developed to upgrade low priced 
petroleum fractions into more valuable products.

DELAYED COKING
Delayed coking is the process for converting residuals 

to lighter, more valuable stocks. The heavy residue passes 
from the bottom of fractionator to a furnace where it ac­
quires the heat of the cracking. The heated residue is in­
troduced into an insulated drum where the residue time is 
sufficient for coke to form.

The coke builts up in the coke drums. A full coke drum 
is removed from the process flow, steamed to strip light

7
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hydrocarbons from the coke, and cooled by water injection. 
More recent designs use high pressure (over 1,000 psig) water
jets to cut the coke from the drum.

Table 1 Crude Distillation Material Balances

Feed * Crude oil 100, 000 BPD*= xi

COMPONENT BOILING RANGE°F. VOL. PERCENT BPD
Gas - - -
Lt. Gasoline 100-212 7.8 X2
Hvy. Gasoline 212-350

350-^00

1 6.1* 
5.8“

X3

Kerosine Dist. 
Diesel

^00-500

500-550
550-650

1 1 .0

5.5
2 .6_

%

Atm. Gas Oil 
Vac. Gas Oil

550-650

650-850

7.9’ 
2 1 .8_ X5

Residuum 850-up 2 1 .2 x 6

Table 2 Delayed Coking Material Balances

Feedi Residuum BPD

COMPONENT VOL. PERCENT BPD
Propane 10 .11 X7

C^ -^00 F Gasoline 2^.6A x 8

Naphtha 19.55 X9

[[Coker Gas; Oi 1 7 0 .8 0 X h* O

Coke 9.8^ xu
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FLUID CATALYTIC CRACKING

Fluid catalytic cracking (FCC) is the major unit used 
for converting high-boiling fractions into gasoline. A 
moving bed of catalyst is used to convert heavy gas oil to 
gasoline, light olefins and liquified petroleum gases. In a 
FCC unit, paraffin and naphthene molecules are cracked, and 
condensed aromatic molecules either form coke or are uncon­
verted and go into cycle oils. The catalyst continually cir­
culates between the reactor and a regenerator where the coke 
is burned off. Gasoline from FCC is high in olefin content, 
which are results in high sensitivity and a good response to 
the addition of lead. The gasoline will also contain a rea­
sonably high concentration of aromatics, resulting from in^l 
single-ring and double-ring compounds that have had the side 
chain cracked off. The catalyst also promotes isomerization 
of paraffins for octane improvement.

PLATINUM CATALYTIC REFORMER
Platinum catalytic reformer is used to increase octane 

numbers or to produce aromatics from straight run, hydro- 
cracked naphthas and naphtha gasoline from delayed coking.
The catalyst, which contains platinum, promotes ring forma­
tion, isomerization, and dehydrogenation. Products from cata­
lytic reforming operations are excellent:stocks (reformate) 
for blending into gasoline, usually without any further treat­
ment. They are stable, high octane, and low in sulfur and
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gum. They respond well to the addition of tetraethyl-lead 

Table 3 FCC Material Balances

Feedi Gas Oil(from crude unit) X^ BPD
Coker Gas Oil Xl0 BPD

COMPONENT VOL. PERCENT BPD
Dry gas 5.42 x12
Propane 2 .6 0 x13
Propene 7.00'
Butene 11.00_
Iso-butane 8.10 X15
N-butane 1.40 xl6
Cracked Gasoline 71.10 X17
Lt• Cycle Oil 7.00'

X18Hvy. Cycle Oil 3.00_
Coke 5.50 X19

Table 4 Platinum Catalytic Reformer Material Balances

Feed* Heavy Gasoline (from crude unit) X^ BPD 
Naphtha . (from coking unit) X^ BPD

COMPONENT 
Hydrogen 
Dry gas 
Propane 
Iso-butane

VOL. PERCENT 
11.85 
3.70 
3.81 
2 .3 0

BPD
X20

L21

:22
‘23
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(Table 4 continued)
COMPONENT VOL. PERCENT BPD
N-butane 3 »3°
Reformate 87.20 X2 5

ALKYLATION
Alkylation is any reaction in which an alkyl group is 

added to a compound? in petroleum refining, it normally means 
reaction of an olefin with an iso-paraffins to produce a 
larger iso-paraffin*

Alkylation improves the gasoline yield structure of a 
refinery by combining gaseous feeds into liquid products.
The process combines an iso-paraffin, usually iso-butane,

/with olefins such as propene, butene, or amylene. The result­
ing product Is a gasoline component with very good stability 
in addition to its high octane ratings.

Table 5 Alkylation Material Balances

Feeds Propene and Butene (from FCC)
Iso-butane (from FCC)
Iso-butane (from Reformer)

Propene and butene mixed feed per barrel olefin con­
verted: 1 .7 6 barrels for alkylate produced and 1.24 barrels 
for 1 so-bu tane consumed (4) v. Therefore 1

Alkylate produced = 1.76X^ BPD
Iso-butane consumed = 1.24(X^)' Y;. BPD

X ^  BPD 
X15 BPD 
X23 BPD
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DISTILLATE HYDRODESULFURIZATION
Distillate hydrodesulfurization is used to improve 

qualities of a wide range of petroleum stocks by removal of 
sulfur, nitrogen, and heavy metallic contaminants. The pro­
cess hydrogenates oleflnlc hydrocarbons, improves color, odor, 
and stability of these petroleum cuts. Reaction products, such 
as hydrogen sulfide, ammonia, water, and light hydrocarbons 
build up to an equilibrium concentration in the hydrogen 
recycle gas.

Table 6 Distillate Hydrodesulfurization I4aterlal Balances

Feed* Products of 350-650 °F.(from *crude unit) BPD
Cycle Oils (from FCC) X l 8  BPD

COMPONENT VOL. PERCENT BPD
Jet fuel x26
Kerosine 2 0 .0 x27
Fuel oil 20.5 X28
Economy diesel 17 .1 x29

* barrel per day
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STUDY PROBLEM

The study of the petroleum refinery is concerned with 
maximizing profit. The profit is composed of the following 
items:

Profit = Sale of products - Cost of crude oil - operating 
expenses..

The limitations to the operations are set by the require­
ments for the products and the capacities for the processing. 
Thus:

Minimum Capacity < Crude rate <£ Maximum Capacity 
Minimum Capacity < Delayed Coking<£Maximum Capacity 
Minimum Capacity < FCC < Maximum Capacity
Minimum Capacity < Reformer < Maximum Capacity
Minimum Capacity < Alkylation < Maximum Capacity
Minimum Capacity < Dist. Hydrode­

sulfurization <  Maximum Capacity
Minimum Requirement <  Gasoline < Maximum Requirement
Minimum Requirement K Jet fuel ^  Maximum Requirement

The crude rate is limited between the minimum practical

13



ER-13^0
14

operation without shutting down and the maximum operation 
as limited by equipment capacity. The delayed coking, FCC,
platinum catalytic reformer, alkylation, and distillate
hydrodesulfurization, units are limited by the maximum and
minimum capacities. The products, gasoline and jet fuel, are
limited by the maximum and minimum requirements.

The constraints consist of the individual component 
balances stated for the units and the overall balances over 
each unit are included as the equality constraints.
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•MATHEMATICAL MODELING

ILLUSTRATIVE PROBLEM
The actual refinery processing Involves the following 

constraints for quantities*
(1) Crude Distillation Unit
Prom Table 1, "Crude Distillation Material Balances", the 

crude rate is set into the maximum and minimum capacities of 
the unit as:

xi < ll0>000 ^
Xj >. 100,000 (2)

is represent the crude rate. The equality equations 
are formulated into the linear equations from the material 
balances as:

-0 .078XX + x2 = 0 (3 )

-0.161J-X! + X3 = 0 w

-0,21^9X5^ + X^ = 0 (5 )

-0.297*! + x5 = 0 (6)

- 0 . 212X^ + x6 = 0 (?)

This set of equations condense into one equation as
j j.  ̂ CK. J‘.

15
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overall balances:

- Xx + X2 + -t X^ + X^ + X5 = 0 (8 )

X2 to X^ represent the products from the crude distil­
lation unit.

(2) Delayed Coking Unit
From Table 2, "Delayed Coking Material Balances", the 

feed stock is set into the maximum and minimum capacities of
the unit as:

X6 £ 25,000 (9)
X5 > 21,200 (10)

X^ represents the feed stock to the delayed coking unit.
The equality equations are:

-0.1011X6 + X? = 0 (11)
-0 .2^6i*X6 + Xg = 0 (1 2)
-0.1955X6 + X9 = 0  (13)
-O.7O8OX, + X 0 = 0 (l1*)
-0.098^X6 + Xu  = 0 (15)

Therefore, the overall material balances equation isi 

-i . 3 ^ x6 + X + Xg + X + x1Q + xu  = 0 (16)

X,p to X ^  represent the products from the delayed coking
unit.
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(3) Fluid Catalytic Cracking
From Table 3* "FCC Material Balances”, the feed stocks

obtained from crude unit and delayed coking unit are set into
the maximum and minimum capacities of the unit as.*

x5 + Xi0 ^  60 ,000 (1 7)
X, + X10 t  1*0,000 (18)

and represent the feed stocks to the FCC unit.
The equality equations are:

-0 .05^2 (x, + Vo* + X12
ss 0 (19)

-0.0260(X, + Vo) + X13 = 0 (2 0 )
-0.1800(X5 + V o ) + xl^ = 0 (2 1 )
-0 .0810(X + V + x!5 = 0 (2 2 )
-o .oi*k >(x. + V o ) + xl6 = 0 (23)
-0.7110(X5 + X1 0 > + x17 = 0 (24)
-0.1000(X5 + xio) + X18 = 0 (25)
-0,0550(X5 + X1 0 } + x19 = 0 (2 6)

Therefore, the overall material balances equation is:

-1.2212(X5 ♦ X10) + X12 + X13 + X ^  + X15 +
+ X1? + X l 8  + X19 = 0  (2?)

X^2 to X ^  represent the products from the FCC unit.

(4) Platinum Catalytic Reformer Unit 
From Table 4, "Platinum Catalytic Reformer Material 

Balances”, the feed stocks obtained from crude unit and
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delayed coking unit are set into the maximum and minimum 
capacities of the unit as*

x3 + x9 < 30,000

X3 + X9 > 20,000

X^ and represent the feed stocks to the platinum 
catalytic reformer unit. The equality equations are:

(28)
(29)

- 0 . 1 1 8 5 ( X
+ V + X20 = 0

- 0 . 0 3 7 0 ( X , + x 9 ) + X21 = 0
- 0 . 0 3 8 K X , + x 9 ) + *22 = 0

- 0 . 0 2 3 0 ( X 3 + V + Xg^ = 0

-0 .0330(x3 + x 9 ) + = 0
- 0 . 8 ? 2 0 ( X 3 + X ^ + ^5 = 0

(30)
(31)
(32)
(33) 
W  
(35)

Therefore, the overall material balances equation isi

X,• 1.12l6(X3 + X^) + X^q + X21 + Xg2 +

+ * *25 = 0 (36)

X XgQ to X ^  represent the products from the platinum 
catalytic reformer unit.

(5) Alkylation Unit
From Table 5» "Alkylation Material Balances", the feed 

stocks obtained from the FCC and platinum catalytic reformer, 
units are set into the maximum and minimum capacities of the 
unit as:
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X ^  < 9.000 (37)
X ^  > 8,000 (38)

X15 + ^ 3  ^  5.000 ( 39)

xi5 + ^ 3  - 1*''000 (iK))

Xl9 ’ xi5 > an<̂  ^ 3  represent the feed stocks to the 
alkylation unit. The product is gasoline (alkylate) which 
will be calculated after knowing the value of X^, X^c, and

X23’

(6 ) Distillate Hydrodesulfurizatlon Unit 
From Table 6 "Distillate Hydrodesulfurizatlon Material 

Balances”, the feed stocks obtained from the crude unit and 
the FCC unit are set into the maximum and minimum capacities 
of the unit as:

\  + xi8 < 35 ,000 (kl)

x4 + xi8 > 29,000 (kZ)

and X^g rerresent the feed stocks to the distillate 
hydrodesulfurizatlon unit. The equality equations are:

-0.k2'-i(Xk + Xlg) + X26 = 0  (9-3)
-0.200(X^ + Xl8) + X27 = 0 (99)
-0.205(Xt), + x l8) + X2g = 0  (95)
-o.i?i(xi+ + xl8) + x29 = 0  (96)

Therefore, the overall material balances equation is:
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+ Xl8 > + x26 + x27 + x28 + x 29 3= 0 (**7)

represent the products from the distillate
hydrodesulfurlnation unit.

The gasoline and the jet fuel are considered to meet the 
maximum and minimum requirements of the market, so that the 
constraints are included:

In this problem there are fifty-one constraints and 
twenty-nine variables. It is next necessary to develop the 
objective function. In linear programming, the cost row’(Cj)

value are determined for the problem as follows:

DEVELOPMENT OF THE OBJECTIVE FUNCTION
It is advisable to set up a profit and loss balances 

in accordance with the general procedure:

Proflt(Z) = Sale of Products - Cost of Crude Oil

X2 + Xg + X1? + X25 <72,000

X2 + x 8 + x17 + X25 >  6 2 ,00 0

X26 < 20,000
X26 £  12 ,500

( W
(^9)
(50)
(51)

values are the unit profits associated with each X, and these

- Operating Expenses.
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Table 7 LIST PRICES OF A PETROLEUM REFINERY

OPERATING COSTS PRODUCT PRICES
UNIT |/B3L STOCK f/BBL
Crude 0.3082 Fuel gas 1.42
Delayed Coking 0.2200 Propane 1 .7 0

FCC 0 .3 818 Propene 1.55
Reformer 0.3362 Iso-butane 2 .5 2

Alkylation 0 .501? N-butane 1.95
Distillate Hydro­ Gasoline 5.04
desulfur i zat ion 0.2800 Jet fuel 4.326

Kerosine 4.116
Fuel oil 3.864
Economy diesel 3.54
Coke 1 .2 6

Crude oil cost 2.9200 Hydrogen 0 .5 0

Note* The sources of these prices are the preliminary
papers (9 »1 0) and the Oil & Gas Journal (7)» In the linear
program, these prices can be changed very easily.

Sale of Products
Fuel gas = l . ^ C X ^  + x21^
Propane = 1.70(X^ + X ^  + -̂ 22̂
Propene,Butene = 1.55X^
Iso-butane = 2.52(X^ + ^ 23^
N-butane = **95(X^£ + X2 ^
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Sale of Products 
Gasoline
Jet fuel
Kerosine
Fuel oil
Economy diesel
Coke
Hydrogen

Cost of Crude Oil 
Crude oil

= 5.0U(X, + x„ + x1? + x,,.)■25
26= 4.326X

= if.ll6x2_
= 3 .86^X28

= 3.5^X29

= 1.26(XU  + X19)
= 0.50X20

= 2.92X.

= 0.3082X.

0.38l8(X + X1Q)
0.3362(X + X9)

Operating Expenses 
Crude unit
Delayed Coking = 0.22X
FCC
Reformer 
Distillate Hydro-
desulfurization = 0.28(X^ + Xi8 ^

The profit function may now be rearranged in term of the 
problem variables:

Profit(Z) = Sale of Products - Cost of Crude Oil 
- Operating Expenses.
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Proflt(Z) = -3.2282X1 + 5.0kX2 - O.3362X3 - 0.28X^
-0.3818X5 - 0.22X6 + 1.70X„ + 5.04Xg -0.3362X9 

-0.3Sl8X10 +'1.26XU  + 1.^2X12 + 1.70X13 

+1.55Xlk + 2.52X + l-95Xl 6 + 5.0^X - 0.28Xl8
+ 1.26x19 + 0 .50X20 + 1.42X21 + 1 .70X22 

+ 2.52X23 + 1.95X2^ + 5.0i+x25 + <+.326X26 

+ ^.ll6x27 + 3.86kx28 + 3.52X29

In the above expression the coefficients of variables 
X^ to are the cost row (C^) value in the objective func­
tion for the problem.
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THE LINEAR PROGRAMMING OPERATIONS

A series of pivot operations are used, to solve a set 
of linear equations problem,

THE PIVOT OPERATION
A pivot in Row i Column j is a sequence of elementary 

operations where the i th equation is divided by the coef­
ficient of the j th variable in that equation and then multi­
ples of the resulting equation are added to the other equa­
tions to yield zero coefficients for the J th variable. 

Example Suppose the system is started with:
2XX + 4X2 - I8X3 = 8

AXX - ^X2 + 2^X3 = ^
First, pivot in row 1, column 1

(1) Multiply equation 1 by \
Xr  + 2X2 - 9X3 = ^

4XX - ifX2 + 2^X3 = k

(2) Add -*+ times first equation to the second
X1 + 2x2 " 9X3 = >

-12X2 + 60Xj = - 1 2  

Second, pivot in row 2, column 2
(1 ) ^fultiply equation 2 by -1 /1 2

Zk
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Xt + 2X2 - 9X3 = 4
X2 - 5X3 * 1

(2) Add -2' times second equation to first 
Xr + X3 = 2

X2 - 5X3 = 1
This can have Infinite number of solutions, one for 

each value of X3 .

THE CANONICAL FORM
The example of the system*

X1 + x3 = 2

x2 - 5X3 = 1

is in the Canonical Form, with X^ and X2 as BASIC VARIABLES, 
and X3 as a NONBASIC VARIABLE.

A basic solution is obtained when the nonbasic variable 
X3 is set equal to zero.

X^ = 2 . Basic Variable
X2 = 1 Basic Variable
X3 = 0 Nonbasic Variable

INEQUALITIES AND SLACK VARIABLES
There are two kinds of inequalities*-

(1) "Less Than” constraint
(2) "Greater Than" constraint 

"Less Than" Constraints; For example

X1 + x 2 3 
-X1 + X2 <  2
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Turning these equations into equalities by noting that 
.the left-hand-side is always "less than" the right by a 
’’positive amount” or at least by a non-negative amount.

Thus t
xx + x2 + X3 as 3

-Xx + X2 + X^ = 2
Where Xj and have been introduced into the problem 

as "slack” variables. Requirements are that X^ > . 0  and 
Xty > 0 , which is nothing new for the linear programming 
formulation.

"Greater Than” Constraints; For example

X1 + 2X2 > .2  

Same idea here, the right-hand-side which is always 
smaller by a non-negative amount.

Thus j
X1 + 2X2 = 2 + X5

or
X1 + 2X2 - X^ = 2

Where X^ is another slack variable. We demand only
that X^ >  0 .

ADDITION OF SLACK AMD ARTIFICIAL VARIABLES
(1) Number of "less than” constraints add only slack 

variables.
(2) Number of "equalities" constraints add only artifi­

cial variables.
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(3) Number of "greater than" constraints subs tract 
slack variables and add artificial variables.

LINEAR PROGRAMMING IN MATRIX NOTATION
The Canonical Form for Phase I can be expressed in 

matrix notation as an example:
Canonical Form

» . . . +a^nXn + Xn+  ̂ = b-
a21xl+......  +a2nxn +xn+2

a i +

= t>2

+amnxn

djXj +.

+X.n+m 
(-Z)

(-W)

= bm
= 0

= -W

Matrix Notation

all a12 •....aln
a21 • '
•

a22 • •
»

•
•

•
•

^ 1
•
*

am2 •
•
•

• • • •
C1 c2 .....cn

dl d2 .....dn

’ X1 " bi ’

x2
t

•

b2
•

•

•

•
^ + n

— •
•

m
(-Z) 0

(-W) -w°
_
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HOW TO GET THE INITIAL 3ASIC FEASIBLE SOLUTION
There are two phases set up and the initial basic fea­

sible solution can be obtained from each phase as:
The Phase I Set Up: Suppose the original system of the 

problem is

allxl + a12x2 + ............. +alnxn = b l

a21x i + a22x2 + ............. +a2nxn = b2

• • • •
amlxl + am2 +  ...........+amn^n = bm

+ C2X2 + ............+CnXn = Z

The original system is expanded to include an "artifi' 
cial" variable for each equation and a new objective W. 
Therefore:

aU Xl + +aln^n +xn+l = bl
a21Xl + +a2n^n +xn+2 = b2

*m%Xl + +amnxn +Xn+m = bm
clxl +.....^ n ^  = 2

xn+l +xn+2 •••••+xn+m = w

W is called Phase I objective row.
To eliminate the artificial variables from the Phase I 

objective row Subtract each equation from it in turn.
. Therefore:
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allxl +  +alnxn +xn+l " bl
a21xl +  +a2nxn +Xn+2 = b2

amlxl + +amn^n +xm+n “
C1X1 +.... +cnxn = z

",5 allXl +.... “^ ainxn = W-^b^

This is in canonical form with the initial basic feasi­
ble solution.

xi = x2 = .........  = xn = 0

and -̂ n+1 = bl *    ...... = bm
with W = ^b^

The sum of non-negative "artificial” is known as W.
There are two possibilities of W j

(1) Minimum W >0, This means the original problem 
has no initial basic feasible solution.

(2) Minimum W = 0, At this point every artificial 
variable has value zero. Therefore, the original problem has 
a basic feasible solution not involving artificials. So 
Phase II can proceed.

The Phase II Set Up: The phase I objective row and all 
traces of the artificial can be dropped and the pivot op­
erations, performed until the problem has reached to the 
optimal solution.
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REVIEW OF THE PHASE I PROCEDURE
Step 1 Pivot Column Selection
The Phase I cost row coefficients are searched until 

we find the most negative. This determines the pivot column. 
This step requires only the cost row coefficients.

Step 2 Pivot Row Selection
For each positive column, we compute the ratio of right- 

hand-side column element and selected column element(from 
step l). The pivot row is chosen as * that having the minimum 
ratio and greater than zero. (Note that step 2 requires only 
the pivot column and right-hand-side4 )

Step 3 Pivot on Chosen Element.

REVIEW OF THE PHASE II PROCEDURE
Phase II is just like Phase I exept that:

(1) A different cost row is used.
(2) There are no artificials.

THE REVISED SIMPLEX METHOD TO SOLVE THE PROBLEM
The system is started with the initial basic feasible 

solution and the equations can be written in the matrix nota­
tion in the form of:

Ax = b
where A = matrix coefficients including the cost row 

coefficients
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x = the variables vector included Z 
b = the current right-hand-side.

After pivoting the system can be represented by:
(1) Ax = b
(2) Pn . . . ,P^P2P1Ax = Pn .. . .P-^P^b (after n pivot) 

-1(3) AbAx = b
where A = Pn ....P^P2P^A = Ag*A

— -1— Pn ....P^P2Pib = Ag b
n = 1 |2 |3 «>>.......  iO«

So, the system set up in the form of:
Aq^Ax = b 

where A = original matrix coefficients 
Ag*= inverse matrix of the basis 
b = the current right-hand-side vector.

THE PIVOT MATRIX(P)
A pivot on the r th row and s th column is accomplished

by premultiplying both sides by the selected column elements
and minus sign, such as*

1 _  als \
ars9 •

• •
a,

P =
• _  r - 1 «sars

rs
— ar+l.sars

B3—frsdo
ars
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UPDATE THE INVERSE AND RIGHT-HAND-SIDE

Suppose we have the original identity matrix as an in­
verse matrix(Ag ) and has the value of zero pivots. After the 
first pivot matrix, the pivot P^ corresponds to the first 
pivot operation. The update AB* and b arei

As mention above, the system is set up in the form of 
aB Ax = b . The further update of the inverse matrix and 
right-hand-side do the same fashion until the optimal solu 
tion is obtained.

GENERATION OF THE COST ROW
A new variable must be chosen to come into the basis. 

This means we need to know the cost row of the transformed 
matrix A where

(The entire A-matrix does not need to be known; just the cost 
rowi)

multiply by the entire original A-matrix. The results are 
the cost row coefficients. That is, the new cost row is gen 
erated. The new cost row can set up in the form of:

new A -1

= new b

-1A = AB A

-1Pick up the last row of the inverse matrix (Afi ) and

Ki ~ âb )nA
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where n = 1 ,2 ,3 ,......,n.

We continue In the same fashion until no negative value 
appears In the cost row coefficients. This means, the optimal 
solution is reached.

SENSITIVITY ANALYSIS
To find the validity of the optimal solution, it is 

necessary to have the sensitivity analysis. The effect of the 
nonbasic elements of the cost row, right-hand-side, and non­
basic constraint coefficients, are considered.

Knowing how sensitive the “optimal'' solution is to
uncertainties and changes in various parameters is often as 
valuable as the LP solution itself.

A shadow price is valid only until a basic change occurs. 
A shadow price tells that how much the profit (Z) would change 
if one of the right-hand-side were change.

The effect of uncertain costs on the non-baslc variables, 
we want to know how much a cost coefficient on a non-baslc 
variable has to change before it affects the optimal solution.

The effect of uncertain constraint coefficients for non­
basic variables, we want to know how much constraint coeffi­
cients for non-basic variable has to change before it affects 
the optimal solution.
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LINEAR PROGRAMMING TEST
Subroutine pivot is one of the most important parts* It

is the working portion of the linear programming techniques* 
The LP code was tested by the simple problem which has al­
ready solved. The system consisted of:

4.5XX + 8*5X2 + 6X3 + 20X^ + X5 = 6 ,0 00

Xi .+ X2 + 4X3 + 40X*,, +X5 = 4,000
-l4Xx - 1.8X3 - 16X3 - 80X^ (-Z) = 0

Z = objective function
To start with the basic feasible solution:

Xx = X2 = X3 = X^ = 0
X^ = 6,000, X5 = 4,000, Z = 0

After the third pivot operation, there are no negative
cost row coefficients. So that, the solution is optimal with:

Xr = 1,000, X^ = 75, Z = -20,000 (minimize Z)
x2 V  x3 = x5 = x6 = 0

The main program,subroutine DAATA, and subroutine-SSNSB 
was tested by the system:

^ X ^ x2 - X 3 = 14

8.5Xi. + x2 ' - X4 = 18
6XX + 4X2 > 16

20Xi + 4ox2 > 80
6000X1 + 4000X2 = Z
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After the fourth pivot operation, the optimal solution 

is found as:

Xx « 1,000,. = 75, Z = -20,000
X2 = x3 = x5 = x6 = 0

Therefore, this Linear Programming Code can be used to 
solve the set of linear equations to obtain the optimal 
solution.
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LINEAR PROGRAMMING SOLUTION

By using the set of linear equations which consist of 
nine numbers of less-than constraints, thirty-three numbers 
of equality constraints, nine numbers of greater than con­
straints, and the objective function (cost row)j and there 
are twenty-nine variables.and one hundred forty-two non-zero 
variables. These were fed to the linear programming code as 
•the input data. The output came out as profit of dollars per 
day Including the value of variables which are the optimal 
solution of this problem.

HOW TO READ THE LP COMPUTER SOLUTIONS
The problem was set as Phase I. The pivot operated 

forty-five times to get out all artificial variables to 
obtain the initial basic feasible solution. The Phase II was 
continued at this point. At the first pivot, the optimal 
solution was found and the optimal objective function value 
Is $1 3 1,1 1 5 .6 5 per day.

The shadow prices are the Increment increase of the 
products which appear in the last row of the inverse matrix 
when the solution is optimum. It is valid only if a basic 
change occurs.

36
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The variables and variable values which are in the basis, 
correspond to the feed stocks and products of a petroleum 
refining design as*

UNIT
Crude

Delayed*
Coking

COMPONENT 
Crude rate 
Lt. Gasoline 
Hvy• Gasoline 
Prod. 350-650°P 
Prod. 350-400°F 
Kerosine Dist. 
Diesel
Prod. 550-650°P 
Gas Oils 
Atm. Gas Oil 
Vac. Gas Oil 
Residuum

VARIABLES ARE IN THE BASIS 
ROW NO. VARIABLE VARIABLE VALUE

Feed, Residuum 
Propane 
Cfy-U00°F.Gaso. 
Naphtha 
Coker Gas Oil 
Coke

8

3

5

7
11
12
13
1^
16

A1

x2
x 3

Xlf

x6

•8

10
•11

BPD
110,000.00
8,579.9999

1 8,0^0 .0 0

2 7 .3 9 0 .0 0

6 .3 7 0 .0 0

12.030.00
6.070.00 
2,870.00
32.670.00 

8 ,6 8 0 .0 0

23.990.00
23.320.00

2 3,3 2 0 .0 0

2,357.652
5,7^6.0^79
^,559.06
16,510.560 
2,29^.6880
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UNIT
FCC

Reformer

VARIABLES ARE IN THE BASIS
COMPONENT 
Feed, Gas Oil

ROW NO. 
6

VARIABLE

*5

VARIABLE VALU. 
BFl) 

3 2,6?0 .0 0

Coker G.O. lk X10 1 6,5 1 0 .5 60

Dry Gas 19 X12 2,665.5863
Propane 20 x13 1 ,288 .5 306

Propene+3u t ene 21 xl4 8 ,852 .5006

Propene 3,442.6392
Butene 5,409.8714
Iso-butane 22 X15 3,973.7892
N-butane 23 Xl6 68 8 .5278

Cracked Gaso. 2k X17 34,967.378
Cycle Oils k2 X18 4,918.0559
Lt. Cycle Oil 3 ,442 .6391

Hvy. Cycle Oil 1,475.4168
Coke 26 “ X19 2,704.9308

Feed, Hvy. Gaso . k X3 18,040.00
Naphtha 13 x9 4,559.06

Hydrogen 30 X20 2,677.9886
Dry Gas 31 X21 836 .1652

Propane 32 X22 8 6 1.0242
Iso-butane 33 X23 519.7784
N-butane 36 X24 745.7690
Reformate 35 X25 99,320.1552



ER-13^0 39

VARIABLES ARE IN THE BASIS
UNIT COMPONENT ROW NO. VARIABLE VARIABLE VALUE
“““ BPD
Alkylation Feed,

Propene+3utene 21 xi^ 8 ,852 .5006

Iso-butane 22 Xj* 3,973.7892
Iso-butane 33 Xg3 519.7784

01st. Hydrodesul- 
furization Feed,

Prod. 350-650°F 5 27.390.00
Cycle Oils 42 XlQ 4,918.0559
Jet fuel 43 X26 1 3.698 .6 16

Keroslne 44 ^27 6,46l.6lll
Fuel oil 45 X2g 6,623.1515
Economy diesel 4? X2^ 5.524,6773

The slack variables tell that the requirements or capa­
cities are not reached to the upper boundary (maximum amount) 
by that amount.

The sensitivity analysis on the non-basic variables show 
that Xjq = 0 and its cost can vary from 0 .0 0 to -I .1919605  

without the change of this solution.
The sensitivity analysis of the solution to the non-basic 

constraints show that Xjq in constraint number 1 can vary 
from 1 .0 0 to 0 .0 0 without the change of solution.
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Objective Function In the Optimal Solution 
The profit for the optimal case can be calculated as 

followt
Income and Credits

Lt. Gasoline X2 8,579.9999 X 5.04 = 4 3 ,243 .1995

Propane X7 2,357.652 X 1 .70 - 4,008.0084
Gasoline x 8 5,7^6.04-79 X 5.04 = 28,960.0814
Coke *1 1 2,294.6380 X 1 .2 6 : = 2,891.3069
Fuel gas X12 2 ,66 5 .5863 X 1.42 = 3 .78 5 .1 325

Propane x13 1 ,28 8 .5 306 X 1.70 = 2 ,190 .5020

Propene+Butene Xl4 8,852.5006 X 1.55 = 13,721.3759
Iso-butane X15 3,973.7392 X 2.52/

= 10,013.9488
N-butane xl6 68 8 .5 278 X 1.95 = 1,342.6292
Gasoline x17 3^.967.378 X 5.04 = 176,235.5851
Coke x19 2,704.9308 X 1 .26 = 3,408.2128
Hydrogen X20 2,677.9886 X 0.50 - 1.338.9943
Phel gas X21 836 .1652 X 1.42 = 1.187.3546
Propane X22 8 6 1.0242 X 1 .7 0 — 1,463.7411
Iso-butane X23 519.7784 X 2.52 = 1,309.8415
N-butane X24 745.7690 X 1.95 = 1,454.2495
Gasoline X25 19,706.380 X 5.04 = 99,320.1552
Jet fuel X26 13.698.6l6 X 4.326 = 59,26 0 .2 12 8

Keroslne X27 6,46l.6lil X 4.116 = 26,595.9913
Fuel oil X28 6,623.1515 X 3.864 = 2 5.591.8574
Economy diesel X29 5,524.6773 X 3.52 = 19,446.8641
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Income and Credits = $526,769.2444 per day

Operating: Costs
Crude Oil xi 110,000.0000 X 3.2282 J= 355,102.0000
Hvy. Gasoline X3 18,040.0000 X O .3362 = 6,065.0480
Prod. 350-6 5 0 "? % 27,390.0000 X 0.2800 = 7,669.2000
Gas Oils X5 32,670.0000 X 0.3818 = 1 2,47 3 .4 0 60

Residuum X6 2 3,320 .0000 X 0 .2 200 5,130.4000
Naphtha x9 4 ,5 5 9 . 0600 X 0 .3362 = . 1 ,532 .7560

Coker Gas Oil X10 1 6,510 .5600 X 00tH 
00 
0

 
■ •0 = 6 ,303 .7318

Cycle Oils X 00 4 ,9 1 8 .0 559 X 0 .2800 = 1 .377 .0556

Operating Costs = $395.653.597^ per day 

Net Profit = Income and Credits - Operating Costs
= 526,769.2444 - 395.653.5974

= $131*115.65 per day

This calculated profit checks the profit derived by the 
revised simplex solution of the linear programming problem.

In the optimal solution all of the coefficients in the 
objective function are either zero or positive. This means 
that the profit can not be increased by replacing any 
variable.
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.CALCULATION ON ALKYLATION UNIT
From Table 5-"Alkylation Material Balances",

Alkylate produced = 1.76X^ BPD
= 1 .7 6 x 8,852.5006
= 15,580.4011 BPD

Iso-butane consumed = 1.24X^ BPD
* 1.24 x 8,852.5006
= 10,977.1007 BPD

Iso-butane produced = ^15 + ’̂ 23 BPD
-■ 3,973.7892 + 519.7784
= 4 ,4 9 3 .5 67 6 BPD

Iso-butane purchase required = 10,977.1007 - 4,493.5676
6,483.5332 BPD

Price of iso-butane $2.52 per bbl.
Iso-butane cost = 6,483*5332 x 2.52

* $16,338.5036 per day 
Alkylate produced = 15,580.4011 x 5*04

= $78,525.2213 per day 
Operating cost of alkylation unit per output $0.5017 per bbl.

-Operating cost = 15,580.4011 x 0.5017
= $7,816.6872 per day 

Since X ^ ,  X ^ ,  and X^  ^as used up in the alkylation 
process to produce alkylate, therefore the income of X^, 
x.5, and mtist be subtracted from the net profit.

Income of X ^  /= $13,721.3759 per day
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Income of = $10,013.9488 per day
Income of X^y = $ 1,309*8415 per day

Total expenses of unit = $49,200.3570 per day
Alkylate Produced = #78,525.2213 per day
Credit for alkylation unit = 78,525*2213 - 49,200.3570

= $29,324.3643 per day

Net profit from computer solution #131 * 115*85 per day

Therefore, the net profit which Included the alkylation unit
* 131*115.65 + 29*324.8643
= $160,440.51 per day

Because of the hydrogen was used up in treating unit and 
distillate h.ydrodesulfurization, therefore the income of 
hydrogen (X2q) equal to #1,338.9943 per day must be substracted 
from the net profit.

Final net profit = $160,440.51 - 1*338.9943
= #159*101.52 per day
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CONCLUSIONS

The refining of crude petroleum Is a complex process^ 
and there are many ways to formulate the system of linear 
equations. Mathematical modeling of this petroleum refinery 
is the set of linear equations which are formulated from the 
unit capacities, material balances of the processes, and 
required products of the integrated processes of the whole 
refinery.

The linear programming code was built by the techniques 
of pivot operations to solve this problem for optimizing the 
profit. This LP Code will work for any set of linear equations 
problem within this dimension. It is necessary to expand the 
dimension to use it with a large set of linear equations 
problem.

By using the example of basic design of the 100*000 BPD 
petroleum refinery to formulate the system of the problem, the 
optimal solution (maximizing the profit) is $159»1 0 1 . 52 per day 
by producing the products of fuel gas, gasoline, jet fuel, 
kerosine, fuel oil, economy diesel, propane, butane,*and coke 
for the credits. This is the only one of many possible pro­
cesses •
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The validity of the optimality was tested by the sensiti­
vity analysises of the solution on the non-basic variables on 
dost row (Cj), right-hand side* and non-basic constraint 
coefficients.

The subroutine pivot was tested by the Standard IC-^000 
computer, and the solution of the problem was carried out by the 
Revised Simplex Linear Programming Method on a remote time­
sharing teletype terminal, Digital Equipment Corporation PDP-10 
computer.



ER-13^0

APPENDIX I

CRUDE PETROLEUM ANALYSIS(l)
Field Salt Creek Field, Natrona County Wyoming,(Third Wall 

Creek, Upper Cretaceous 1683-1693).
General Characteristics

Gravity, specific * 0.8^2 
Gravity, *API : 3 6 .6  

Pourpoint, °F : 55 
Sulfur, percent : 0,12 
Color, brownish green
Viscosity, Saybolt Universal at 100 F̂ : 43 sec 
Nitrogen, percent : ........

Distillation. Bureau of Mines Routine Method
Stage 1 Distillation 

First drop 1

at atmospheric pressure 
?? °F.

, 7^0 mmHg.

;ion No. Cut Temp°F Percent Sum % sp.gr. 
60/60 °F

°API Cl

1 122 - - - - -
2 167 0.2 2.0 0 .6 6 0 82.9 -
3 212 fc.2 6.2 0.71^ 66.9 18
b 257 6.3 12.5 0.7^2 59.2 23
5 320 5.^ 17.9 0.762 5^.2 25
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Fraction No. Cut Temp*F Percent Sum % 8P.gr.60/6Ci “F
°API Cl

6 3^7 5.5 23.4 0.779 50 .1 26

7 392 4.2 2 7 .6 0.793 46.9 26

8 437 5.5 33.1 0 .8 0 7 43.8 27
9 482 4.6 37.7 0.819 41.3 28

10 527 7.1 44.8 0 .8 3 0 39.0 28

Staple 2 Distillation continues at 40 mm Hg •

11 392 3.7 48.5 0.846 35.8 32
12 437 6 • 6 55.1 0 .8 5 0 35.0 30
13 482 6 .1 6 1 .2 0 .8 6 3 32.5 33
14 527 5.3 66.5 0.875 30 .2 35
15 572 6.5 73.0 0 .8 8 6 28 .2 37

Residuum — 26 .1 99.1 0.939 19 .2 _
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FIGURE 2 
Hempel Distillation, API and

True-Bolling-Point Distillation Curves

©  Hempel Distillation Curve 
X  API Curve
L True-Boiling-Point Distillation Curve
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CALCULATION OF TBP CURVE
Conversion of Hempel <+0 mm Hg. point to 760 mm Hg. (9).

'action No. °F at <+0mmHg. Sum % °API °F at 760

11 392 <+8.5 35:8 590
12 <+37 55.1 35.0 6<+0

13 *+82 61 .2 32.5 691

1U 527 6 6 .5 3 0 .2 7<+2
15 572 73.0 28.2 800

Prom Fig. 2 Hempel 50 % point = 591°F
TBP 50 % point by interpolation (5)

TBP Hempel Correction
- /» 500 521 600

500 . 5 <+.09 <+

T50# A t

600 5.5 3 .6 8 3.5
700 7.0 <*.73 <*•5

Secondary interpolation?
‘50g - 500 - A T  - ^.09
600 - 500 3,68 - <+.09

and t50% =  591 - A T
591 - A T  - 500 A t - 4.09
600 - 500 3.68 - 4.09

A t  =  3.64 °f
T50;? »  5 9 1 - 3.64

=  587.36 °P
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Calculation of the remaining points:

----------- HEMPEL--------
TBP 200 300 400 500 600" 700
500 10 9.0 8.0 5.0 4.0 4.0
587 10 9.4 8.9 5.4 3.6 2.7
600 10 9.5 9.0 5.5 3.5 2.5

Hempel Temp. - A T = TBP
HEMPEL __T TBP
200 10.0 190
300 9.4 290.6
400 8.9 391.6
500 5.4 494.6
600 3.6 596.4
700 2.7 697.3

Volume Percent vs TBP
TBP V0LUMN %
190 6.0
290.6 17.5
391.1 3 0 .0

494.6 43.0
596.4 5 2 .0

697.3 65.0
The above TBP cut pionts are drawn on Fig. 2 to

the volume percent of each component as product of the crude 
distillation unit.
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APPENDIX II 
LINEAR PROGRAMMING CODE

C REVERSED SIMPLEX LINEAR PROGRAMMING
DOUBLE PRECISION ABINVS*P*GPMTRX
DIMENSION AC65*120>*BC65)*A8INVS(65* 65 > * CC I 20 > * P C 6 5 > 
DIMENSION OPMTRXC 6 5* 6 5) * I CGLC 6 5) * I SLrU 6 5)
COMMON A* B* ABINVS* C* P* OPMTRX* I COL# I SLK 
CALL ERRSETCO)

A IFEAS = 0
DO 5 I = 1*6 5 
BC I ) =0•0 
PCI)=0.0 
ISLKC1)=0 
I COLCl)=0 
DO 6 J = 1*65 
ABINVSCI*J>=0.0

6 OPMTRXCI*J)=0-0 
DO 5 J = 1*120

5 AC I * J)=0 *0
DO 7 I =1*120

7 CCI)=0.0
CALL DAATA (I I*JJ*JCOL*NVAR*ITMAX*SING)
DO 1 1=1*11

1 ABINVSCI*I)=1.0
CALL PIVOT CII*JJ,1*2*ITMAX*JCOL*IFEAS*SING)
IF CIFEAS .EQ. 1) GO TO A

2 II = 11- 1 
ITMAX = 11-I 
JJ = JCOL
CALL PIVOT CII#JJ#1*2*ITMAX*JCOL*IFEAS*SING)
WRITE C 2* 9 )

9 FORMAT C/23H OPTIMAL SOLUTION FOUND/)
CALL SENSE C11 *JJ*NVAR*SING)
GO TO 4 
END

52
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SUBROUTINE DAATA C11 *JJ*JCOL*NVAR*ITMAX* SING)
DOUBLE PRECISION AB INV S* P* OPMTRX
DIMENSION AC65*120)*BC65)*ABINVSC65*65)*CC120>*PC65> 
DIMENSION 0PMTRXC65'*65)*ICQLC65>*ISLKC65)
COMMON A* B* ABINVS* C* P* OPMTRX* I COL#ISLK 
DATA MAX/3HMAX/

C INPUT GENERAL DATA
READ C 1*1*END=13) NVAR*NCON*MYPE*NLT*NEQ*NGT*NONZRO*NCROW

1 FORMATC12*IX*12* IX*A3*IX*12*IX*12*IX*12*IX*I 5*IX*12) 
JJ=NVAR+NLT+2*NGT+N£Q+2
JV=NVAR+NLT+NGT+2 
JCOL=JJ-NEG-NGT-1 
11 =i\CGN + 2 
ITMAX = NEQ+NGT 

C INPUT COST ROW COEFICIENTS
IC=11- 1
ACIC*JCOL)=1.0 
ICOLCIC)=JCOL 
SING=1*0
IF CMYPE .EG. MAX) SING = -1*0 
DO 7 1 = 1* NCRO W 
READ C 1 * 8) NC* COST

7 ACIC*NC)=COST*SING
8 FORMAT C12*IX* E14-7)

C INPUT NONZERO ACTIVITIES
DO 9 K=1 * NONZRO 
READ Cl*10) NRO«/*NCOL*COEF

9 ACNROW*NCOL)=COEF
10 FORMAT CIS* I X * 12*1X*E14.7>

C INPUT CONSTRAINT KIND AND RHS AND
C GENERATE SLACKS AND ARTIFICIALS

BSUM=0•0 
JC=NVAR+1 
DO 12 K=1 * NCON 
READ C. 1*3) M* KIND* RHS 

3 FORMAT CIS*IX*I 1* IX*E14.7)
B CM)=A8S C RHS)
GO TO C4*5*6>*KIND 

A ACM*JC)=1.0 
ICOLCM) = JC 
GO TO 2 

6 ACM*JC)=-1.0 
5 ACM*JV) = 1 .0 

ICOLC M) = JV 
AC 11 * JV) = 1*0 
BSUM=BSUM+RHS 
DO 11 J = 1*JJ

11 ACII*J)=ACII*J) - ACM* J)
JV*JV+1

2 IF (KIND .EQ. 2) GO TO 12 
ISLKCM)=JC
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JC=JC+1
12 CONTINUE 

BCII) = -8SUM 
ACII*JJ) = 1•0'
ICOLC11) = JJ
RETURN

13 STOP 
END
SUBROUTINE PIVOT Cl I> JJ#IT#IR*ITMAX#JCOL*IFEAS#SI NG)
DOUBLE PRECISION A9Ii\VS*P*GPMTRX*T£RM
DIM ENS10 N AC 6 5#120)* BC 65)*ABIN V S(6 5 * 6 5 >*C(120)* PC65)
DIMENSION OPMTRXC 6 5*6 5)* ICOLC 65)*■ISLKC 65)
COMMOiV A,B*ABINVS*C*P*OPMTRX*ICOL 
IFEAS = 0  
JLV-0 
IT = 1
NARTF = JJ-JCOL-1 
IA = 11 -1R
IF C JCOL .EQ. JJ) SIN = SING
IF CJJ .NE. JCOL) WRITE C2*101>

101 FORMATC1H1*2X*5HPIVOT*3X*1OR EXIT VAR. *3X>10HENTER VAR.*2X* 
110HREDUC COST*5X*TQHINFEAS.SUM*/)
IF CJJ .EQ. JCOL) WRITE C2*102)

102 FORMATCIHl,2X*5HPIVOT*3X*10H EXIT VAR • * 3X* 1 OH ENTER VAR.*2X* 
110HREDUC COST*5X*lOHUBJ. VALUE#/)
NLIN£=2
CALL CLEAR CII)

C GENERATE NEW COST ROW
9 DO 1 J = 1,JJ

CCJ) = 0 
DO 1 N = 1,11

1 CCJ) = CCJ)+ABINVS CII*N)*A(N*J)
C GENERATE UPDATED BCI) AS OPMTRXC 3#I)

DO 13 I = 1#II 
TERM = 0.0 
DO 14 J = I,II

14 TERM = TERM+ABINVSCI*J)*BCJ)
13 OPMTRXC3#I) = TERM

IF C C JJ•GT.JCOL).AND.C OPMTRXC 3*I I)•GE•0•0)) GO TO 10 
C SELECT MOST NEGATIVE CCJ)

MONEG = 0 
•DO 2 J=1*JJ
IF CCtJ) .GE.O.O) GO -TO 2 
IFCJ .EQ. JLV) GO TO 2 
DO 18 N = 1*II 
IF ClCOLCN) .EQ. J) GO TO 2 

18 CONTINUE
IF CMONEG .EQ. 0) MONEG = J  
IF CCCJ) .LT. CCMONEG)) MONEG = J

2 CONTINUE
IF CMONEG .EQ. 0) GO TO 10
IF CCJJ .NE. JCOL).AND.CNARTF .EQ. 0))G0 TO 10 
JJJ = MOiNEG
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C GENERATE THAT COLUMN
DO 3 I - 1 * II 
OPMTRXC2*I> =0•G 
DO 3 J = 1  ̂ II

3 OPMTRXC 2*I)=OPMTRXC 2*I)+ACJ*JJJ)*ABINVSCI *J)
SELECT SMALLEST POSITIVE RATIO OF BCD/OPMTRXC2*I)
FOR PIVOT ROW III 
III = 0 
DO 4 I=1,1A

4 IF COPMTRXC 2 * 1 ) . GT• 0.0) 111= I 
IF CIII .EG. 0) GO TO 21 
DO 5 I = 1 * I A
IFC OPMTRXC 2 * I ) -LE. G.O) GO TO 5
IF C OpiMTRXC 3* I)/OPMTRXC 2> I ) .LT. OPMTRXC 3* III) /OPMTRX 
1C2*I 11>) III = I

5 CONTINUE
C GENERATE P VECTOR

DIV=1•0/OPMTRXC2*I II)
DO 6 I = UII
PC I)=-OPMTRXC 2*I) *DI V

6 IF CI .EQ. Ill) PC I) = DI V
27 IF CICOLCIII)-JCOL) 22 *22*23
22 WRITE C 2* 2 5) IT * I COL CIII ) * JJJ* CC JJJ) * OPMTRXC 3* 11 )
25 FORMAT C 2X* 15* 7X* 13* 7X* 13# 5X*1PE14•7* SX*1PE 14* 7)

GO TO 24
23 WRITE -(2*15) IT* JJJ* CCJJJ)*OPMTRXC 3*II)
15 FORMAT C2X*I 5*7X*4HARTF*6X*13*5X*1PE14.7*5X*1 PE 14.7)' 

NARTF = NARTF-1
24 NLINE=NLINE+1

IF CNLINE •LT•58) GO TO 28 
IF CJJ .NE. JCOL) WRITE C2*101)
IF CJJ .EQ. JCOL) WRITE C2*102>
NLINE=2

28 IF CJJJ .GT. JCOL) NARTF = NARTF +1 
JLV=ICOLCIII)
ICOLCIII) = JJJ 
CALL CLEAR CII)

C MULTIPLY ABINVS BY PIVOT MATRIX
DO 7 J = 1* II
DO 7 1 = 1 * 11
TERM = 0 . 0  
DO 8 K = 1* II 
PM = 0.0
IF CK .EQ. I) PM=1•0
IF CK .EQ. Ill) PM = PCI)

8 TERM = TERM+PM + ABINVS CK*J)
7 OPMTRXCI,J) = TERM 

DO 11 1 = 1*11
DO 11 J = 1*11

11 ABI NVSCI * J) = OPMTRXCI * J)
CALL CLEAR CII)
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C START A NEW PIVOT
IT = IT+1 
GO TO 9 

10 CONTINUE
IFCJJ .GT. JCOL) WRITE C2#19) OPMTRXC 3#II)

19 FORMAT C/32H INITIAL FEASIBLE SOLUTION FOUND#5X#
1 11 HIFEAS•SUM = # 1PE14.7/)
IF C MONEG .NE. 0) WRITEC2#20)

1 MONEG# CCMONEG)
20 FORMATC10X#34HN0 ARTIFICIALS IN BASIS# BUT COSTC, 13# 4H) = #1P'E14.7 

1 /)
IFCJJ .GT. JCOL)WRITEC2#103)

103 FORMATC/27H TYPE 1 FOR GO# 0 FOR NO GO /)
IFCJJ.GT.JCOL) READC 3#104) I GO 
IFCCJJ.GT.JCOL).AND.Cl GO.NE.1)) GO TO 21 

104 FORMATCT 1 )
RETURN

21 IFEAS = 1  
WRITE C2/26)

26 FORMAT C25H0 PROBLEM IS NOT FEASIBLE)
RETURN
END
SUBROUTINE CLEARCII)
DOUBLE PRECISION ARINVS#P#OPMTRX
DIMENSION AC 65# 120)# BC 65)# ABINVSC 65# 65)# CC 120)* PC 65)
DIMENSION OPMTRXC 6 5# 6 5)
COMMON A# B# ABINVS# C# P# OPMTRX 
DO 15 I = 1#II 
DO 15 J = 1#11 

15 OPMTRXCI#J) = 0.0 
RETURN 
END
SUBROUTINE SENSE CII#JJ#NVAR#SING)
DOUBLE PRECISION ABINVS# P#OPMTRX
DIMENSION AC 6 5#120)#8 (65)# ABINVSC 65# 65) #CC 120)#PC 6 5)
DIMENSION OPMTRXC6 5#65)>ICOLC6 5)#ISLKC65)
COMMON A# B# ABINVS# C# P# OPMTRX# ICOL#ISLK 
JC=JJ-1
TERM=-OPMTRXC 3#11)*SI NG 
WRITE C2#1) TERM 

I FORMAT C/37H OPTIMAL OBJECTIVE FUNCTION VALUE IS #1PE14«7/)
C PRINT BASIC VARIABLE DATA

WRITE C 2#18)
18 FORMAT C1H I# 5X# 3HR0 W#5X# 4HVAR. #5X# 14HVARIABLE VALUE#5X#

U2HSHAD0W PRICE/)
NLINE=2 
IR=11- 1 
DO 2 1=1#IR 

" TERM = -ABINV5CII#I)*SING 
IF -C I COLC I ) -NVAR) 3# 3# 4 

4 DO 21 N =1,IR
2! IF CISLKCN) .EQ. ICOLCI)) WRITEC2#6) I#N#OPMTRXC3#I)#TERM 
6 FORMAT C6X#I2#2X# 6HSLACK C #I2#1H)#3X#1PE14.7#5X# 1PE14.7)

GO TO 22
3 WRITE C2# 5) I #ICOLCI)#OPMTRXC3#I)#TERM
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5 FORMAT C6X,I2,5X,I3,6X,1PE14.7,5X,1PE14.7)
22 NLINE=NLINE+1

IFCNLINE -LT. 48) GO TO 2 
WRITE C2,18)
NLINE=2 

, - - 2 CONTINUE
C DO SENSITIVITYANALYSI S ON NQNBASIC CCJ)•

WRITE C 2 , 19)
19 FORMATC1H 1,5X,4HVAR.,6X,12HCURRENT COST,7X, 12HB0UNDRY COST/) 

NLINE=2
DO 7 J=1,JC 

C IF XCJ) IS BASIC, SKIP TO NEXT COLUMN
DO 8 I = b I R
IFCICOLCI) .EQ. J) GO TO 7

8 CONTINUE 
TERM=0.0
DO 11 1=1,IR

11 TERM=TERM+ABINVSCII,I)*ACI,J)
TERM = TERM*SING
WRITE C 2 ,12) J,ACII,J),TERM

12 FORMAT C 5X, I 3, 6 X ,IPE14.7,5X,1P E 1 4 • 7 )
NLINE=NLINE + 1
IFCNLINE .LT. 48) GO TO 7 
WRITE C 2* 19)
NLINE=2 

7 CONTINUE
C DO SENSITIVITY ANALYSIS ON NONBASIC CONSTRAINT COEF.

WRITE C2,20)
20 FORMATC 1H 1,5X, 4HVAR • , 4X, 7HC0NSTR • , 2X, 1 3HCURRENT VALUE,6X, 

113HB0UNDRY VALUE/)
NLINE=2 
DO 10 J=1,JC 

C IF XCJ) IS BASIC, SKIP TO NEXT COLUMN
DO 16 I = 1, I R
IFCICOLCI) .EQ. J) GO TO 10

16 CONTINUE 
TERM=0•0
DO 17 1=1,IR

17 TERM=TERM+ABINVSCII,I)*ACI,J)
DO 13 I = 1,IR
IFCACl,J) .EQ. 0.0) GO TO 13 
AVAL=TERM-ABINVSCII,I)*ACI,J)
AVAL = -AVAL/ABINVS C11,I)
WRITE C 2*14) J,I,AC I,J),AVAL 

14 FORMAT C6X,I3,6X,I2,4X,1PE14.7,5X, 1 PE 14.7)
NLINE=NLINE+1
IFCNLINE .LT. 48) GO TO 13 
WRITE C2,20)
NLINE=2

13 CONTINUE 
10 CONTINUE

WRITE C2,9)
9 FORMAT C//10X,14HEND OF PROBLEM)

RETURN
END
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APPENDIX III 
Linear Programming Computer Solutions
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LVOT EXIT VAR. ENTER VAR. REDUC COST INFEAS.SUM

1 ARTF 2 -3 *0000000E+00 -2•96 70000E+05
2 ARTF 8 -3•QQQQ00QE+00 -2•9670000E+05
3 ARTF 14 -3 *0000000£+00 -2 *9670000£+05
4 ARTF 15 -3.0000000E+00 -2.9 6 70000E+0 5
5 ARTF 17 -3.0000000£+00 -2.9670000E+05
6. ARTF 5 -3•4734000E+00 -2.9670000E+05
7 ARTF 10 -3•4734000E+00 -2.9670000E+05
8 ART F 6 -3•499 56 72E+00 -2* 9670000E+05
9 ARTF 23 -3•0000000E+00 -2.9670000E+05
10 ARTF 25 -3.0000000E+00 -2.9670000E+05
1 1 ARTF 3 -3•4418000E+00 -2•9670000E+05
12 ARTF 9 -3.4418000E+00 -2.9670000E+05
13 ARTF 26 -3 •0000000E+00 -2*96 70000E+05
14 ARTF 4 -2.2720000E+G0 -2.9670000E+05
15 ARTF 1 -2.2803401E+00 -2.9670000E+05
16 ARTF 50 -6.1212415 E+0 8 -2«9670000E+05
17 ARTF 53 - 1 . 1900807E + 0 1 -9•2686 538E+04
18 ARTF 35 -4.1003367E+00 -9.2686534E+04
19 ARTF 51 -7•9 548408E+00 -7*8235187 E+04
20 ARTF 37 -7.9232410E+00 -7.8235184E+04
21 ARTF 41 - 3•8760 546E+01 -7.7657816E+04
22 ARTF 18 -2 *2720000E+00 -7* 58535S8E+04
23 ARTF 7 -2*0000000E+00 -6•5882628E+04
24 ARTF 1 1 -2*0000000E+00 -6.16 45676E+04
25 ARTF 12 -2 * 0000000E+00 -5*7521877 E+0 4
26 ARTF 13 -2*0000000E+00 -5.2731536E+04
27 ARTF 16 -2.00G0000E+00 -5*04 15908E+04
28 ARTF 19 -2 *0000000E+00 -4.9 178 550E+04
29 ARTF 20 -2•0000000E+00 -4.4317502E+04
30 ARTF 21 -2•0000000E+00 -3.9504871E+04
31 ARTF 22 -2•0000000E+00 -3-8002193E+04
32 ARTF 24 -2•0000000E+00 -3 * 64 54841E + 04
33 ARTF 27 -2.0000000E+00 -3*5114615E+04
34 ARTF 28 -2*0000000E+00 -2*35146 14E+04
35 ARTF 43 -2.0820000E+00 - 1• 1624615E + 04
36 ARTF 69 -2. 1807178E + 00 - 1 • 1579 49 7E+04
37 ARTF 45 -2 *0990287E+00 -1.1560221E+04
38 ARTF 39 -1.5358307E+01 - 1.0833542E+04
39 ARTF 33 -4*8301641E+00 -1*0100521E+04
40 ARTF 29 -2.0000000E+00 - 1.0100520E+04
41 ARTF 31 - 1.2444349E-01 -5.5652315E+01
42 ARTF 53 -1.6956229E-04 -8* 9 729442E+00
43 ARTF 60 - 1.6952492E-04 -8»97 29 442E+00
44 ARTF 77 -9.7031330E-08 -8*972944 lE + 00
is ARTF 67 -6•659 76 41E-08 -8*9729441E+00
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INITIAL FEASIBLE SOLUTION FOUND IFEAS.SUM =

TYPE I FOR GO* 0 FOR NO GO 
1

PIVOT EXIT VAR. ENTER VAR. REDUC COST 

1 30 47 -9.57 14 52 7E+00

8•9 729 435E+00

OBJ. VALUE 

1 . 1964316E + 05

OPTIMAL SOLUTION FOUND

OPTIMAL OBJECTIVE FUNCTION VALUE IS 1*3111565E+05
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ROW VAR.
1 SLACKC 51)
2 SLACKC10)
3 2
4 3
5 4
6 5
7 6
8 1
9 SLACKC 9)
10 SLACK< 38>
11 7
12 8
13 9
14 10
16 1 1
17 SLACKC17)
19 12
20 13
21 14
22 15
23 16
24 17
26 19
27 SLACKC 42)
28 SLACKC 28)
29 SLACKC18)
30 20
31 21
32 22
33 23
35 25
36 24
37 SLACKC 37)
38 SLACKC 49)
39 SLACKC 39)
40 SLACK C 29)
41 SLACKC 41)
42 18
43 26
44 27
45 28

VARIABLE VALUE

1.1986158E+03 
2.1200001E+03 
8•5799999E+03 
1•8040000E+04 
2*7390000E+04 
3•2670000E+04 
2.3320000E+04 
1. 1000000E+05 
1.6799998E+03 
8•5250076E+02 
2.3576520E+03 
5*7460479 E+03 
4•5590600E+03 
1.6510560E+04 
2 • 29 46880E + 03 
1 .0819440E+04 
2.6655863E+03 
1.2885306E+03 
8•8 52 5006 E+03 
3.9737892E+03 
6•88 52784E+02 
3•496 7 378E+04 
2•7049 308E+03 
3•3080 560E+03 
7*4009398E+03 
9 * 1805598E+03 
2.6779886E+03 
8 • 36 1 6 522 E+02 
8*6 102419 E+02 
5. 19 7 7836 E+02 
1•9 706380E+04 
7*4576899E+02 
1.4749923E+02 
6 *9998066E+03 
5*0643235E+02 
2* 5990601E + 03 
2*6919440E+03 
4.9180559E+03 
1.3698616E+04 
6*4616111E+03 
6•6231515E+03

SHADOW PRICE

1 * 19 19605E+00 
4*69 3551 IE-09 
7.6049357E-01 
7•804359QE-02 

-5*0804245E-01 
-2*0712427E-09 
9. 1999517 E-Q1 
4* 279 5064E+00 
0•OOOOOOOE-O1 

-3»3270960E-08 
-2•5795065E+00 
7•6049 356E-01 
7.8043579E-02

- 1 *6913486E-09 
4•2795064E+Q0 
0.OOOOOOOE-O1

- 1 * 1000000E+00 
-8* 199999 6 E-0 1 
-9 .6999990E-0I 
-2•80 59 568E-09 
-5.6999996E-01
2•5200000E+00

- 1.2600000E+00 
2.5199999E+00 
O.OOOOOOOE-Ol

- 1.9293941E-09 
-2*0200000E+00
- 1 * 1 OOOOOOE+OO 
-8. 199999 5E-01
1 . 577651 IE-10 
2.5200000E+00 
2•5199999 E + 00 
0 .OOOOOOOE-O1 

-5.7 425521E-08 
O.OOOOOOOE-Ol 
6.5676674E-08 
O.OOOOOOOE-Ol 

-3*1587484E-09 
8.0599995E-01 
5 * 9 599999 E-01 
3* 4400001E-01
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ROW VAR.

47 29
48 SLACKC48)
49 SLACKC40)
50 SLACKC50)
51 SLACKC 2)

VARIABLE VALUE

5.5246773E+03 
3.0001932E+03 
4*9356765E+02 
6*3013841E+03 
9*9999999E+03

SHADOW PRICE

3.5200000E+00 
O.OOOOOOOE-Ol 
2 •8 362070E-09 
O.OOOOOOOE-Ol 
6•5669 068E-08

VAR* CURRENT COST BOUNDRY COST

30 O.OOOOOOOE-Ol - 1 . 1919605E+00

VAR. CONSTR. CURRENT VALUE BOUNDRY VALUE.

30 1 l.OOOOOOOE+OO O.OOOOOOOE-Ol

END OF PROBLEM

EXECUTION TIME: 
TOTAL ELAPSED TIME:

25 MIN. 25*38 SEC. 
184 MIN. 26.53 SEC.
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APPENDIX IV 
LINEAR PROGRAMMING COMPUTER SOLUTION 

TEST PROBLEM

PIVOT EXIT VAR. ENTER VAR- REDUC COST INFEAS.SUM

1
2
3
A

ARTF
ARTF
ARTF
ARTF

2 -4 * 5999999E+O1
1 - 1 .6000000E+01
A - 1.OOOOOOOE+OO
5 - 1 -OOOOOOIE+OO

-1 .2800000E+Q2 
- 3* 6000001E + 0 1 
- A » 0000002E+00 
-4* 0000002E+00

INITIAL FEASIBLE SOLUTION FOUND IFEAS.SUM= A.4703470E-08

NO ARTIFICIALS IN BASIS* BUT COSTC 5) = O.OOOOOOOE-Ol

TYPE 1 FOR GO* 0 FOR NO GO 
1

PIVOT EXIT VAR. ENTER VAR. REDUC COST OBJ. VALUE

OPTIMAL SOLUTION FOUND

OPTIMAL OBJECTIVE FUNCTION VALUE IS 2*0000000E+04

63
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ROW VAR VARIABLE VALUE SHADOW PRICE

1 SLACKC 3>
2 1
3 4
4 2

3•9999999 E+OO 
3.OOOOOOOE+OO 
8 *0000000E+OO 
4•9999999 E-01

1.0000000E+03 
O.OOOOOOOE-Ol 
O.OOOOOOOE-Ol 
7.4999999E+01

VAR. CURRENT COST BOUNDRY COST

3 O.OOOOOOOE-Ol !•0000000E+03
6 O.OOOOOOOE-Ol 7•5000000E+01

VAR CONSTR. CURRENT VALUE BOUNDRY VALUE

3
6

1 -1.OOOOOOOE+OO
4 - 1 .OOOOOOOE + OO

O.OOOOOOOE-Ol 
- 1.2417634E-09

END OF PROBLEM

EXECUTION TIME: 2.07 SEC.
TOTAL ELAPSED TIME: 2 MIN. 24.48 SEC.
NO EXECUTION ERRORS DETECTED

EXIT
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NOMENCLATURE

LINEAR PROGRAMMING COPE
A(I,J) A-matrix
ABINVS(I,J) Inverse matrix 
ABS Absolute
B(II) Current right-hand-side last row
B(J) Current right-hand-side column
C(J) Cost row coefficient
COEF Coefficient
COST Cost coefficient
I Number of t o w s
II Last row
III Selected pivot row
ICOL Listing elements on the basis
IR II+l
IT Iteration
ITMAX Iterations to maximum
J Number of columns
JJ Last column
JJJ Selected pivot column
JCOL Number of slack and artificial columns

.65
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KIND Number of NLT, NEQ, and NGT
M Sequence number of constraints
MYPE Maximization
MONEG Most negative value
NC Sequence number of cost row coefficient
NCOL Sequence number of column
NCON Number of constraint
NCROW Number of element in the cost row
NEQ Number of equality Constraint
NLT Number of less-than constraint
NGT Number of greater-than constraint
NONZRO Number of non-zero coefficient
NVAR Number of variables
NROW Sequence number of row
OPMTRX(2,I ) Selected column of C(JJJ)
OPMTRX(2,III) Current value 
0PMTRX(3.I) Right-hand-side B(I)
OPMTRX(3 #II) Last row of B(I)
0PMTRX(3»IH) B(I) which is selected to pivot 
PM Pivot matrix
RHS Right-hand-side
SING Sign
TERM Update current row B(I)
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