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ABSTRACT

A study was made of the mathematical theory of gas well drawdown 

and buildup testing fo r the purpose of evaluating the e f fe c t  o f symmetric, 

asymmetric fracture and real gas properties on gas well testing .

The I te ra t iv e  A lternating Direction Im p lic it  Procedure (ADIP) was 

used to solve the f in i te -d if fe re n c e  equations fo r  a two-dimensional model.

Analysis of numerical results from the computer model showed the 

in v a l id i ty  of buildup type curve analysis in evaluating gas reservoirs  

because of the variation of real gas properties with time and the fa i lu re  

of superposition because of the m ulti-flow  regimes.

I t  has been shown that the position with respect to the well bore of 

an in f in i te  conductivity fracture  has no e ffe c t  on the flow solution during 

the l in e a r  flow regime when yc is evaluated at the time o f the pressure 

observation.

I t  has been shown that the formation flow capacity and the fracture  

length can not be calculated from the "linear" flow period curve, but 

must use data obtained from the "radial"  flow period. This method of 

calculating formation flow capacity and fracture length is more accurate 

than other methods which use gas properties a t  i n i t i a l  pressure. A fter  

the end of the l in e a r  flow period the e ffec t  of fracture  position starts  

to a ffe c t  the solution at d i f fe re n t  flow times which depend on the fracture  

length.

The superposition p rin c ip le  was checked by buildup tests during 

d if fe re n t  stages of depletion and was found to be in va lid  fo r  evaluating

iv
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fractured gas wells . This could be explained by the n o n-lin earity  of 

flow equations w ritten  in terms of m(p) and that the flow regime is time 

dependent.



T-2116

CONTENTS
Page

ABSTRACT.............................   iv

LIST OF TABLES AND FIGURES ......................................  ix

ACKNOWLEDGEMENTS .......................................................................................... x i i i

INTRODUCTION .............................................................................   1
REVIEW OF LITERATURE .................................................................................  2

MATHEMATICAL DEVELOPMENT ......................................................................... 6
Continuity Equation ........................................................................  5
Darcy's Law . . . . .  ....................................................................  7
Equation of S t a t e .............................    8
Real-Gas Pseudo-Pressure .  ...................................................  8
D if fu s iv ity  Equation ....................................................................  9
F in ite  Differences ......................................................................... 10
F in ite  Difference Equation in i ts

Application Form ......................................................................... 12
COMPUTER MODEL .............................   17

Assumptions.........................................................................................  17

Grid System .........................................................................................  18

Method of S o l u t i o n ......................................................................... 18

V a lid ity  of the M o d e l....................................................................  20

RESULTS........................................................................................................... 26

DISCUSSION OF RESULTS ............................................................................. 33

A. Real-gas pseudo-pressure function .....................  . . .  33
B. Theory of dimensionless variables ..................................  33

VI



T-2116

TABLE OF CONTENTS (con't)
Page

C. Type curve analysis fo r  pressure buildup d a t a ......................... 42

D. Superposition and pressure buildup................................................  50

E. Short time s o lu t io n ..............................................................................  74

F. Basic drawdown solution . . .   ....................................................  79
G. Calculation of fracture  length .................................................... 92

CONCLUSIONS.  .....................................................................................................  94

RECOMMENDATION FOR FURTHER RESEARCH ............................................................ 96

NOMENCLATURE .  .............................................................................................................. 97
APPENDICES.................................................................................    101

A. Mathematical Development .................    101

Continuity Equation .....................................................................................  101

Darcy's L a w ......................................................................................................  102

Equation of S t a t e .........................................................................................  104

Real Gas P o t e n t i a l .......................................................................................   105

F in ite  D if fe re n c e s ..................................................    106

B. Handling of Pressure and Temperature
Dependent Variables .  ............................................................................. 112

Pseudo-Critical Pressure and Temperature . . .  ..............................  112

Gas Deviation Factor .....................................................................................  112

Gas C o m p r e s s ib i l i t y .....................................................................................  113

Gas Viscosity  .............................................................................................. 115

Numerical Integration of Real-Gas
Pseudo-Pressure ..........................................   115

In terpolation Technique ...................................................  .   116

V I1



T-2116

TABLE OF CONTENTS (con't)

Page

C. Flow Diagram o f Numerical M o d e l ..................................................  122

BIBLIOGRAPHY..................................  126

V IT A .........................................................................................  132

v m



T-2116

LIST OF TABLES AND FIGURES

TABLE

Page

1. Comparison between computer solution and solution
obtained from Equation 3 1 ........................................................................  22

2. Input data which were held constant  ....................................... .... . 26

3. Data sets used by numerical m o d e l......................................................... 27

4. Sample o f computer solution -  Constant mass rate at
the sand f a c e .....................    29

5. Sample of computer solution -  Constant flow rate at
the sand face  ..................................   31

6. Fracture length calculation ................................................  . . . . .  93

FIGURE

1. Schematic sketch of vert ica l fracture  flow model........................... 23

2. Grid pattern fo r  modeling a v e r t ic a l ly  fractured gas
r e s e r v o i r ........................................................................................................... 24

3. Comparison between published solution and model solution
for liq u id  c a s e .............................................................................................. 25

4. Effect of holding the quantity (yc) in the time c o e ff ic ien t
Constant at the in i t i a l  pressure on the drawdown solution . . 37

5. E ffect of formation permeability on the calculated m(p)
behavior a t the well b o r e .....................    38

6. E ffect of production rate on the calculated m(p) behavior
at the well b o r e ..........................................    39

7. Plot o f Figures 5 and 6 data using new d e fin it io n  of
dimensionless t i m e ...................................................    40

8. Example of drawdown and buildup pressures measured in 
the borehole for the theoretical devëlopment of type
curve analys is .................................................................................................. 41

9. Actual pressure buildup data compared to converted
drawdown data normally used fo r type curve analysis .................  44

IX



T-2116

LIST OF TABLES AND FIGURES (con't)
Page

10. Actual pressure buildup data compared to converted
drawdown data normally used for type curve analysis . . . . .  45

11. Actual pressure buildup data compared to converted
drawdown data normally used for type curve a n a ly s is .................. 46

12. Actual pressure buildup data compared to converted
drawdown data normally used fo r  type curve analysis . . . . .  47

13. Actual pressure buildup data compared to converted
drawdown data normally used fo r  type curve analysis .................. 48

14. Actual pressure buildup data compared to converted
drawdown data normally used fo r  type curve analysis .................. 49

15. Superposition and actual buildup solutions - Constant
mass rate a t the sand face ..........................   53

16. Superposition and actual buildup solutions - Constant
mass rate at the sand face .......................................................................... 54

17. Superposition and actual buildup solutions - Constant
mass rate  at the sand face.......................................    55

Ip. Superposition and actual buildup solutions - Constant
mass rate  a t the sand face .......................................................................... 56

19. Superposition and actual buildup solutions - Constant
mass rate a t the sand face .......................................................................... 57

20. Superposition and actual buildup solutions - Constant
mass rate at the sand face.......................................................................... 58

21. Superposition and actual buildup solutions - Constant
flow rate at the sand face .....................................................................  59

22. Superposition and actual buildup solutions - Constant
flow rate at the sand face.......................................................................... 60

23. Superposition and actual buildup solutions - Constant
flow rate a t the sand face ............................................................   61

24. Horner p lot -  Constant mass rate at the sand f a c e ...................... gg

25. Horner p lot -  Constant mass rate at the sand f a c e ...................... 53

26. Horner p lot -  Constant mass rate  at the sand f a c e ...................... 64



T-2116

LIST OF TABLES AND FIGURES (con't)
Page

27. Horner p lot -  Constant mass rate a t the sand f a c e .......................  65

28. Horner p lot -  Constant flow rate at the sand f a c e .......................  66

29. Horner p lot -  Constant mass rate  a t the sand f a c e .......................  67

30. Horner p lot -  Constant mass rate at the sand f a c e .......................  68

31. Horner p lot -  Constant mass rate a t the sand f a c e .......................  69

32. Horner p lo t -  Constant mass rate a t the sand f a c e .......................  70
33. Horner p lo t -  Constant flow rate  a t the sand f a c e .......................  71
34. Horner p lo t -  Constant flow rate a t the sand f a c e ....................... 72

35. Horner p lot -  Constant flow rate a t  the sand f a c e ....................... 73

36. E ffect of fracture  position during the l in e a r  flow
period....................................................................................   76

37. E ffect of fracture  position during the l in ea r flow
period...................................................................................................................  77

38. E ffect o f fracture  position during the l in ea r flow
period...................................................................................................................  78

39. Semi log plot of (P rj as a function o f flow time -
Constant mass rate  at the sand f a c e ...................................................  83

40. Semilog p lo t of (P rj as a function o f flow time -
Constant mass rate  at the sand f a c e ...................................................  84

41. Semilog p lot of (P .)  as a function of flow time -
Constant mass rate at the sand f a c e ...................................................  85

42. Semilog p lot o f (P . )  as a function o f flow time -
Constant mass rate at the sand f a c e ...................................................  86

43. Semilog plot of (P .)  as a function o f flow time -
Constant mass ra te ^ It  the sand f a c e ...................................................  87

44. Semi log plot of (m .)  as a function o f flow time -
Constant mass rate at the sand f a c e .................................................... 88

45. Semi log p lo t of (P rj as a function o f flow time -
Constant flow rate at the sand f a c e ...................................................  89

x i



T-2116

LIST OF TABLES AND FIGURES (con't)
Page

46. Semi log p lo t of (P .)  as a function o f flow time -
Constant flow rate a t the sand f a c e ..................................................... 90

47. Semi log p lo t o f (P ^) as a function of flow time -
Constant flow rate at the sand f a c e ....................................................  91

FIGURES

A-1 Cubic Elemental Volume of Flow System ..............................................  109

A-2 Schematic of Reservoir Model...................................................................  110

A-3 Space-Time Grid Index System  ..................................................  I l l

B-1 The Relation of the Deviation Factor Z Function
with Pressure fo r  0.7 Gravity Gas.........................................................  117

B-2 The Relation of the Compressibility Function with
Pressure for a 0.7 Gravity Gas at Temperature
2 0 0 ° F ..........................................................................................................  118

B-3 The Relation of the Viscosity Function with
Pressure for 0.7 Gravity Gas at Temperature of
2 0 0 ° F .................  : .............................  119

B-4 The Relation o f the m(p) Function with Pressure
for a 0.7 Gravity Gas a t Temperature o f 2 0 0 ° F ..............................  120

B-5 The Relation of (yc) Function with m(p) for
0.7 Gravity Gas at a Temperature o f 200 F ......................................  121

C-1 Flow Chart of Numerical M o d e l................................................................... 122

C-2 Flow Chart of Numerical Model (co n 't)  ................................................. 123

C-3 Flow Chart o f Numerical Model (co n 't)  ................................................  124

C-4 Flow Chart of Numerical Model (con 't)  ................................................. 125

x n



T-2116

ACKNOWLEDGEMENTS

The author's most sincere appreciation is expressed to Dr. Daniel M. 

Bass, Head of Petroleum Engineering Department, fo r  acting as a thesis 

advisor and for his continuous attention and encouragement throughout this  

study. Also, the author would l ik e  to thank Dr. C.W. Van Kirk, Dr. D.W. 

H ilch ie , Dr. R.S. Fisk, and Prof. D . I .  Dickinson for serving as committee 

members and fo r  th e ir  valuable suggestions.

The author is greatly  obliged to the Libyan people fo r th e ir  

financial support during the period of his graduate study.

X I11



T-2116

INTRODUCTION

Hydraulic fracturing has become a standard well completion practice in 

low permeability reservoirs. As a resu lt  of a number of studies, an increase 

in understanding of fractured-well behavior has been obtained.

Transient pressure tests on fractured wells can overcome the objections 

to s ta b il iz e  flow tests by indicating when a stable pressure gradient is  

reached.

The transient pressure tes t can be used to determine formation flow 

capacity and e f fec t iv e  well bore radius.

The slope of well pressure-time curve during the l in e a r  flow period has 

5 6been used ’ to determine the fracture  length. Also, the slope and position  

of the transient pressure-log time may be used to determine the flow 

capacity and well bore size a f te r  a s u ff ic ie n t  lapse of time so that the 

pressure gradient in the v ic in i ty  o f the fractures becomes constant.

All studies o f the flow behavior fo r  a fractured well consider vert ica l  

fractures which extend an equal distance on both sides of the well bore.

The objectives of this study are:

1. Investigate possible e f fe c t  of the practice of using a constant yc,

2. Investigate possible e ffe c t  o f the practice of using superposition,

3. Investigate possible e f fe c t  of fracture not being symmetrical,

4. E ffect of constant rate and constant mass boundary conditions.

A numerical simulator of a fu l ly  im p lic it  f in i t e  difference was derived 

to investigate this study.
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REVIEW OF LITERATURE

I t  was recognized early  that intercepting fractures can strongly  

a ffe c t  the transient flow behavior of a well and as a consequence, the 

application of a classical method to the analysis of transient pressure 

data under th is  s ituation  can produce erroneous resu lts . Several methods 

were proposed in the past to solve th is  problem.

In 1968, Russel and T ru it t^  presented a method to correct the results
11obtained from application of Horner's method to the analysis of pressure 

build-up data. Tables of dimensionless well bore pressure versus dimension-

less time were presented for d i f fe re n t  values of fracture  penetration.
54In 1968, Clark presented a method for analysis for pressure f a l l -  

o f f  data in fractured in jection  wells . His work was based mainly on the 

work of Russell and T ru it t^  and consisted of a combination of two graphical 

techniques: one based on l in e a r  flow theory vs /  t  ) ,  and the other

based on radial theory (P^^ vs log t ) .

Also, in 1968, Millheim and Cichowicz published a paper concerning 

the analysis of pressure transient data fo r  a fractured gas well produced 

from a low permeability formation. They indicated that a well tes t duration 

of at least 24 hours might be required in order to establish transient  

radial flow conditions.

The e ffec t  of non-darcy flow on the behavior of fractured wells was
o

studied by Wattenbarger and Ramey . I t  was assumed that the non-darcy 

flow occurred in the formation, and i t  v/as found that the turbulence e ffe c t  

did not s ta b il iz e  during the l in e a r  flow period. These authors showed that
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the formation flow conductivity (Kh) may be underestimated i f  pressure

data are affected by non-Darcy flow.
56Raghaven, Cady, and Ramey presented a detailed study of the method 

proposed by Russell and T ru it t^ .  Furthermore, the applications of M i l le r ,
IP g

Dyes, and Hutchinson , Muskat , and type-curve matching methods to the 

analysis of pressure data for fractured wells were examined thoroughly.
c on

Gringarten, Ramey, and Raghaven ’ published new information con­

cerning the application of well tes t analysis to fractured w ells . Three 

basic solutions were presented: namely, the in f in i te  conductivity for

vertica l fractures and the uniform flu x  solution for v e rt ic a l and hori­

zontal fractures. These authors concluded that the use o f the type-curve 

matching technique with classical methods allows a high confidence level 

in the in terpre ta tion  of pressure data.

All of this previous work has increased s ig n if ic a n t ly  our understand­

ing of transient f lu id  flow in hydrau lically  fractured wells . The Russel 1- 

T ru it t^  studies showed that conventional pressure build-up analysis of data 

from these wells would y ie ld ,  under certa in  circumstances, f a i r l y  good 

estimates o f reservoir permeability-thickness and average pressure. They 

pointed out that the e ffe c t  of a vert ica l fracture  (in  absence of other 

effects  such as formation damage by fracturing f lu id s )  is to cause calcu­

la tio n  of a negative pseudo-skin factor from pressure build-up analysis.

They also provide a means of estimating fracture h a lf- len g th . Millheim and 
55Cichowicz demonstrated that reservoir e f fec t iv e  perm eability, turbulence 

c o e ff ic ie n t ,  e ffec t iv e  fracture  flow area, and fracture  e ff ic iency  could 

be obtained from constant rate drawdown testing of v e r t ic a l ly  fractured  

low-permeability gas wells . The recent work o f Gringarten e t  a l . 

has provided a sound basis for short-term analysis. Using type-curve
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procedures, i t  is possible to determine the end of the l in e a r  flow period 

and s ta r t  of the proper semi log s tra igh t l in e  on a Horner^^ p lot.

Princip le  o f Superposition

When f lu id  flow is described by a 1 inear d i f fe re n t ia l  equation and 

boundary conditions, the princ ip le  o f superposition and dimensionless 

variables can be used to reduce the number o f solutions required for  

d if fe re n t  magnitudes of the absolute physical parameters. Basically the 

p rin c ip le  of superposition states that:

I f  F is the desired solution to a homogeneous, 

l in e a r ,  part ia l d i f fe re n t ia l  equation and c^f^,

Cgfg . . ^n known p art icu la r  solutions 

then

F = + Cgfg + . . .

where c^, Cg, . . . c  ̂ are constants required to sa tis fy  the boundary 

conditions.

When the boundary conditions are time independent, constant production 

rate case, the princ ip le  of superposition shows that the presence of one 

boundary condition does not a f fe c t  the response as long as the in i t i a l  

conditions and other boundary conditions are of the same type.

Therefore, there are no interactions among the various responses. The 

to ta l e f fe c t  and the solution fo r  the new boundary condition is the sumo 

of the individual e ffec ts .

When the boundary conditions are time dependent, variable production 

ra te , an extension of the princip le  o f  superposition, known as Duhamel's
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theorem   can   be   used,
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MATHEMATICAL DEVELOPMENT

The mathematical representation of the fundamental flow equations 

which describe the flow of f lu ids  through porous media is based upon three 

basic laws. These three fundamental relationships are the law of conser­

vation of matter, the law of motion as stated by Darcy's Law, and the 

equation of state which defines the thermodynamic behavior o f the system. 

The forthcoming development of the equations describing the flow in a 

natural gas reservoir is based upon the following assumptions:

(1) Real gas of constant composition;

(2) Reservoir thickness is constant;

(3) Flow is single-phase, two-dimensional, and isothermal;

(4) Reservoir rock properties are independent of time, pressure, 

and spatial location.

Appendix A contains a complete derivation of the governing flow equation.

Continuity Equation

Mathematical equations describing the single-phase flow of gas must 

be based on the princip le  of the conservation of matter, that is ,  mass 

can neither be created nor destroyed. Matter can be conserved or accounted 

for  by the re lationship (Figure A-1 of Appendix A)

mass in - mass out = mass change . . (1)

The mathematical expression fo r th is  statement of the conservation of
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matter is the fa m ilia r  continuity equation

V ( pV )  = -  .  . . ( 2 )

Where

p = f lu id  density,

V = flow ve lo c ity ,

(f) = porosity,

t  = time, and

V = divergence operator.

Darcy's Law

For the conditions of laminar flow the ve loc ity  term in Equation (2) 

is defined by Darcy's law as ( fo r  neg lig ib le  in e r t ia  forces)

V = -  VP. . . (3)

Where

K = reservoir perm eability,

y = f lu id  v iscos ity , a function of pressure only for  

isothermal flow, and 

P = pressure.

Permeability is considered independent of gas pressure.

Making use of Darcy's law in rewriting the continuity equation and 

assuming porosity to be independent o f pressure, that is ,  neglecting rock 

compressibility , gives

V ( ^  ) = * If ■ . . (4)
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Equation of State

For ease in handling Equation ( 4 ) ,  i t  is necessary to express density,

p, in terms of pressure. The re lationship between density and pressure

can be derived from the gas law for real gas, which is

PV = ZnRT , . . (5)

Where

V = volume of gas,

Z = gas compressibility fac to r,  

n = moles o f gas,

R = universal gas constant, and

T = absolute temperature.

I f  the gas density is expressed in terms of the equation o f s ta te , as 

shown in Appendix A, Equation (4) can be rewritten as

,  , KE2^  , .  ,  a a a  - , . , 6,

Real-Gas Pseudo-Pressure

For the development of a rigorous d i f fu s iv i ty  equation which is not

based on the assumptions of small pressure gradients or small changes in

gas v iscosity and deviation fa c to r ,  an Equation presented by Al-Hussainy 
59

et al converts pressure to the real-gas pseudo-pressure by defining

(excluding th e ir  factor of two)

)  p,
m = /  ^  dP' , . . (7)

1̂
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Where

m = real-gas pseudo-pressure,

-  the lower pressure at which m is evaluated, and

?2 = the upper pressure at which m is evaluated.

From the d e fin it io n  given in Equation (7) i t  follows that

. . ( 8)

Where

Also,

c = -  ̂ -  Y = gas compressibility

V m = . . . (9)

D if fu s iv i ty  Equation

Rewriting Equation (6) in terms of equations (8) and (9) results in

V (V m) = • . . (10)

I t  is important to note that the development o f Equation (1 0 ) ,  the d if fu s ­

iv i t y  equation in terms of the real-gas pseudo-pressure, involved no 

sim plified  assumptions of small pressure gradients or small changes in 

gas viscosity and deviation facto r.

Equation (10) is a second-order non-linear p a rt ia l d i f fe re n t ia l  

equation; non-linear because the coeffic ien ts  y and c are functions of 

the real-gas pseudo-pressure m. Analytic solution of this equation is  

impossible with existing methods, therefore, an approximation to the 

solution is made using numerical f in i te -d i f fe re n c e  techniques.
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F in ite  Difference

Figure (A-2) in Appendix A shows a schematic of the flow system 

divided into rectangular blocks. When Equation (10) is discretized in 

time and space and w ritten  in f in i te -d if fe re n c e  form fo r  any block ( i , j )

( fo r  the two dimensional case on the assumption that no source or sink 

e x is ts ) ,  i t  appears as Equation (11).

„n* n* n* n*
i+ l .J  '  1.3 .  i . J  " 1- 1..1

* 1+1 -  -  S--1
i+!j

n* n* n* n*
 ̂,j+l " î J î,j ~ î,j-l

' i + i  -  ' i  '  -  ' i - i

= l iv e ) ," *  " i ! j  -  " i . j  . n is
K T At •

The time level n* a t which to evaluate the m's in the left-hand  

side and the 'yc' product on the right-hand side of Equation (11) must 

be specified. The simplest choice is to set n* = n in both sides of 

Equation (11). The equation would then be e x p l ic i t  and easily  evaluated, 

but i t  would be restr ic ted  by the time-step size l im ita t io n  required for  

solution. This time-step size l im ita t io n  required fo r s ta b i l i t y  can be 

removed i f  the m's on the left-hand side of Equation (11) are evaluated 

a t n+1. I f  the time level for the c o e ff ic ie n t 'yc' is also set at n+1, 

then Equation (11) would be fu l ly  im p l ic i t ,  which is desirable for several 

reasons. The primary one is to obtain unconditional s ta b i l i ty .
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With the time level n+1 fo r evaluating both the m's on the l e f t -  

hand side and the c o e ff ic ie n t  'yc' on the right-hand side. Equation (11) 

can be rewritten as

* 1+1 - X.

_n+l n+1

_n+l n+1 
'"i ..i+1 ' ..i

'.1+1 -  ' i

'  h - h

_n+l n+1 
■ "’i J  -  " 1..1-1

'.1 -  ' . 1-1

' j + . ' j . .

_n+l _n

. . ( 12)

Equation (12) is the f in ite -d if fe re n c e  equation used in th is  study 

to describe the flow of a real gas, subject to the conditions stated 

throughout the preceding development.

Where

i =

j  = 

=

i , j + ^  =

spatial index in X - d irection ,  

spatial index in Y - d irection ,  

the representative value between blocks ( i , j )  and 

(1 + i . j ) ,
the representative value between blocks (1, j )  and

( 1. j + l )  ,

^i+k X. +
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Xi - 2 »

Y1+1 -  Y.
' j+ ; ,  = ' j  + - 4 — ^  '

Y. -  Y. ,

' j - ; .  = ' j  -  '

n = time level a t beginning of time step,

n+1 = time level at end of time step,

n* = time level where n* = n or

n* = n + — for a > 1 » anda —
At = size of time step, t^^^ -  t*̂  *

Appendix A presents the steps between Equations (10) and (11)

F in ite -D ifference  Equation in i ts  Application Form ~

Equation (12) must be worked into a more usable form to f a c i l i t a t e  

i ts  handling and solution within the computer. The approach taken here 

is to represent both sides of the equation in units of m ill ion  standard 

cubic fe e t per day, MMSCF/D**.

The pore volume of any block ( i , j )  is

Vn = AX.AY. h (f) . . (13)
P i . j  ’ ^

Since ({) already appears on the right-hand side of Equation (12 ),  

then multiplying both sides by AX̂  AYj h gives

, \n+l (MC)''
AX,AY-Kh (LHS)" 1 = V„ ^

 ̂ P i , j

* *  Standard conditions are 60°F and 14.7 Psia.

• > J
bX . . (14)
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The right-hand side of Equation (14) can be converted to units of 

MMSCF/D by multiplying through by the factor

T
FA = sc

10® TP
. . (15)

SC

Where

T^^ = absolute temperature at standard conditions , R,

T = absolute temperature a t reservoir conditions, °R,
and

Psc = pressure at standard conditions, psia.

The left-hand side of Equation (14) can be expressed in units o f  

MMSCF/D i f  an additional factor of 0.006328 is applied to the permeability  

terms. Equation (14) can now be w ritten  in units of MMSCF/D as

(FA) (0.006328) (AX.AY.h)K

n+1 n+1
i + l . j  ~ i . j

•̂+1 -
< 1

'1 \ - l

■

"’i .J + l  ~ " i . j  ~ '" i , . i - l
' j +1 -  ' j ' i  -  ' . i-1

= (FA)V,

' j+ 4  - ' j - a .

(PC)?;]

'i , j
At . . (16)

Where

K = perm eability, md
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Vp = pore volume, cu. f t . ,  

y = gas v is c o s ity ,c p  , 

c = gas com pressibility , 1/psia  ,

At = time-step s ize , days ,
2

m = real-gas pseudo-pressure, psia /cp ,

FA = constant, 1/psia , 
h = reservoir thickness, f t . ,

X -  X
 —  > and . . (17)

" ' j  = . . . (18)

For s im p lif ica tion  in w riting  these Equations, l e t

AYi
* i , j  ° X .+ i -  X̂ . ’ • • (19)

AY.
B. . -  Ÿ--------- ÿ------ » . . (20)

AX.
C. . -  w 2"^ » • • (21)

Yj+1 y

AX.
D. . = Ÿ v  , and . . (22)

4  ■ j ' - l

4) AX^AY. h
G i , j  " "0.006328 K ‘ * *

Substitution of Equations (1 7 ),  (18 ), (1 9 ) ,  (20 ), (2 1 ) ,  (22 ), and 

(23) into (16) and rearrangement gives

( < l j  -  < ] )  -  ® i . j  ( < ]  -  < l j )
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+ (<]+i - <j) - “i j  (<j - <;.i)

" ®i„j if K t j  ■ '"i.j) • • • (24)

Equation (24) is the f in ite -d if fe re n c e  equation in the two dimensional 

form with unequally spaced in tervals  describing the flow among blocks in 

MMSCF/D.

Equation (24) can be w ritten  as

^ . j ' " i + l , j  ■ ( * i . j  ® i , j ) ' " i , j  ® i , j " ' l - l , j

' ' i , j ' " i , j + l  ■ (® i . j  ° i , j ) " i , j  ° i , j " ' î , j - l

= ® i . j  ( < j - ' " ? , j ) -  • • (25)

Boundary Conditions

In addition to the non-linear p a rt ia l d i f fe re n t ia l  equation for flow 

of real gas through porous media, boundary conditions have to be considered 

in order to complete the mathematical formulation.

1. Boundary condition at the well bore

A constant mass rate was established by specifying an i n i t i a l  rate in 

MMSCF at time zero and holding i t  unchanged throughout the flowing period 

of the w e ll .  This results in a constant mass flow rate at the inner 

boundary of the reservoir and a constant flow rate at surface conditions. 

This can be expressed mathematically as:
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2KhT,^ 4
Pgr -  p T“  /  ( 37) dx . . . (26-a)

® sc 0 ^  y=o

The constant flow rate at the sand face can be expressed mathematically as

L f
q = 2Kh /  ( dx • . . (26-b)

0  ̂ ^ y=o

2. Boundary condition at the reservoir outer boundary:

The condition o f no flow across the outer boundary was considered, 

which can be expressed as:

( # )  = 0, and . . (27)\
( I7) = 0. . . (28)

3. Boundary condition at the reservoir fracture:

The condition o f no pressure gradient within the fracture was con­

sidered, which can be expressed mathematically as:

m(x,0, t )  = '"(t)wellbore 0 1  x < L^, t  > 0.

I n i t i a l  Condition

For a l l  boundary conditions discussed above an i n i t i a l  condition of 

constant pressure was assumed throughout the reservo ir , i . e .

m(x,y,0) = m ,̂ . . (29)

Where
2

m̂  = in i t i a l  real-gas pseudo-pressure, psia /cp.
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COMPUTER MODEL

A single-phase, two-dimensional reservoir simulator was used in th is  

research. The reservoir was divided into a system of grid blocks and a 

d if fe re n t ia l  equation fo r each ce ll was w ritten  which describes the f lu id  

flow in that c e l l .  The equations for each cell form a set of simula- 

taneous p a rt ia l d i f fe re n t ia l  equations which can be solved for based on 

pressure at the well bore. These d i f fe re n t ia l  equations are approximated 

by a f in i t e  difference technique. To determine the desired element size for  

the model, solutions were made with decreasing element size until further  

decreases in size had essentia lly  no a f fe c t  on the calculated pressure. 

Increasing the number of elements beyond 36 x 15 resulted in a maximum 

change in the calculated pressure values o f less than 0.1 percent.

The revised a lternating  directional im p lic it  method was used without 

an i te ra t io n  parameter. The computation time was superior to the 

Peaceman and Rachford^^ method of using h a lf  time steps, and the revised 

ADIP method was stable.

Flow charts for the two-dimensional computer model are shown in 

Figures C-1, C-2, C-3, and C-4, (see Appendix C).

Assumptions

For the model under consideration, the following assumptions are 

made about the rock and f lu id  properties and the flow:

1. Flow of real gas.

2. Isotropic rock properties.
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3. Horizontal flow, no g rav ity  e f fe c t .

4. No K1inkenberg^^ e f fe c t .

5. Gas saturation = 100% of pore volume.

6. The effects  of pressure drop within the fracture  and

production into the well bore other than from the fracture  

are neglected.

7. The drainage area of the well is assumed to take

the form of a square as shown in Figure 1.

Grid System

To achieve results o f acceptable precision i t  is necessary to use 

small dimensions in the v ic in i ty  o f any discontinuity such as the edge 

or end o f the fracture . Larger dimensions were acceptable at greater  

distances from these d iscontinu ities .

The length of each successive element was increased exponentially  

in the direction of the reservoir boundary. The pattern o f the grid in 

Figure (2) i l lu s tra te s  the configuration used in this study.

Method of Solution

Because of poor s ta b i l i t y ,  e x p l ic i t  difference methods 

are ra re ly  used to solve i n i t i a l  boundary value problems in two or more 

space dimensions. The use of im p lic it  difference equations is motivated 

by several desires. The primary one is to obtain unconditional s ta b i l i t y  

with less computer time. However, as a practical matter, i t  is 

highly desirable that the resulting simultaneous equations for a single 

space variable sa t is fy  these wishes reasonably w e ll ,  the im p lic it  equations 

so fa r  considered for two or more space variables y ie ld  systems o f equations
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that are quite d i f f i c u l t  to solve.

Some i te r a t iv e  methods, p a r t ic u la r ly  the a lte rn a t in g -d ire c t i  on 

im p l ic it  methods, are res tr ic ted  prim arily  to parabolic-type problems 

having constant grid ce ll dimensions and flow co e ff ic ien ts . For problems 

of variab le  element dimensions and flow coeffic ients  the a lte rn a tin g -  

direction em plic it method becomes unstable. Several techniques were tr ie d  

fo r  solving the matrix equation. The revised a lte rn a tin g -d irec tio n  im p lic it  

procedure (ADIP) method was found to be stable and e f fe c t iv e .

This method has been used extensively for flow in rectangles, such 

as in the x, y plane. The method consists o f solving the matrix by f i r s t  

solving im p l ic i t ly  in the x -d irection  and then re-solving im p l ic i t ly  in 

the y -d ire c t io n . That is ,  i t  is f i r s t  assumed that the second derivative  

in the y -d irec tion  is known (from the previous i te ra t io n )  and the resulting  

tr i-d iagonal matrix is solved by the Thomas algorithm. Then i t  is assumed 

that the second derivative  in the x -d irection  is known. The matrix is 

re-arranged and the resulting tr i-d iagonal matrix is solved by the Thomas 

algorithm. This procedure can be w ritten  for Equation (25) as follows:

(K) (K+%)

(K+H)

(K)

-  m.1 . (30-a)
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(K) (K+1)

(K+1)

(K+^0

J  It

Where K and K+1 re fe r  to successive ite ra t io n s .

. . (30-b)

The K+h is an intermediate solution. Equations (30-a) and (30-b)

are solved a lte rn a te ly  un ti l  a successive solution o f Equation (30-b)

varies less than 0. 001% at every mesh point.

The ADIP method of Equations (30) is s im ilar  to that presented by
34Douglas, Peaceman and Rachford in 1959. This is a revision of the 

orig inal Peaceman and Rachford^^ technique.

V a lid ity  of the Model

Although no analytical solution exists fo r the flow of real gas, a 

solution does ex is t i f  the coeffic ien ts  viscosity (y)and compressibility  

(c) are considered to be independent of pressure. Al-Hussainy and. Ramev (19661 

present an analytical solution fo r  this assumption of constant co e ff ic ien ts .

28,960 q̂  TPsc sc
Kh T.sc

log ( 0.000264Kt

tWiCirw^

\
+ .3513 (31)

Where

y.j = viscosity at in i t i a l  reservoir pressure, 

c.j = com pressibility at in i t i a l  reservoir pressure.
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With the model trea ting  the coeffic ients  as constants and considering a 

well that has not been fractured, the well bore is treated as a fracture  

extending an equal distance of 0.33 fe e t  on both sides o f the well axis.

Table 1 shows the close agreement between the computer solution in this  

study and the solution computed from Equation (31).

When a fracture  extends an equal distance on both sides o f the well 

axis , the model solution using and c.j in the c o e ff ic ie n t  was compared 

to numerical solutions published by Russell and T ru it t^  fo r  the flow of 

l iq u id  into a ve rt ica l frac tu re . Figure 3 shows the close agreement between 

the two solutions. These checks give confidence in the computer programs 

and in the method of solution.

From the numerical model the following observations were made:

1. The fu l ly  im p l ic i t ,  difference equation is stable in a l l  cases.

When the c o e ff ic ie n t  (yc) is evaluated at the beginning of each 

time step so that the equation is not fu l ly  im p lic it  the solution  

is stable only fo r  extremely small time steps, approximately 10“  ̂

hours;

2. The fu l ly  im p lic it  equation has lower truncation error than the 

im p l ic it  - e x p l ic i t  equation, permitting larger time steps to be 

taken;

3. The computation time for the fu l ly  im p l ic i t  equation is three to 

four times that o f the mixed equation per time step solution;

4. The fu l ly  im p lic it  equation permitted the time step size to be
o

10 greater than the time step size fo r  the e x p l ic i t  equation; and

5. Successively small elements around the fracture  and fu l ly  im p lic it  

difference equation are recommended to simulate fractured gas 

reservo irs .
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TABLE 1

Comparison between Computer Solution 
and Solution Obtained from Equation 31

P. = 5000 Psia, T = 660°R, r^ = 0.33 f t . ,  q^^ = 0.01 MMSCF/D/ft, 
K = 1.0 md, Pg  ̂ = 14.7 Psia, T^^ = 520°R.

Time
Hours

Computer Solution 
m(p), 10^ Psia^/cp

Solution Obtained 
From Equation 31 

m(p), 10^ Psia^/cp

1.0 0.63823 0.637122

3.0 0.63565 0.630956
5.0 0.63445 0.630121

9.0 0.63308 0.628791
11.0 0.63760 0.625682
15.0 0.63188 0.623219
25.0 0.63068 0.621284
29.0 0.63033 0.619327
35.0 0.62976 0.617216
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RESULTS

The numerical model was run under two wellbore boundary conditions:

1. Constant mass rate  at the sand face,

2. Constant flow rate at the sand face.

Model properties common to a l l  runs are l is te d  in Table 2.

For various cases l is te d  in Table 3 the model was solved with viscosity  

and compressibility varying as a function o f pressure in the m(p) function 

and held constant at the in i t i a l  condition in the time c o e ff ic ie n t .

Other cases were solved with the viscosity and compressibility varying 

as a function of pressure in both the time c o e ff ic ie n t and the m(p) 

function.

Tables 4 and 5 represent a model solution for two d i f fe re n t  cases.

TABLE 2

Input data which were held constant

Well Spacing 160 acres
Gas Gravity 0.7 ( a i r  = 1.0)
Original Reservoir

Pressure 2000 and 5000 psia
Net Porosity 14%
Bottom Hole Temperature 200°F
Total Fracture length, L  ̂ 200, 600, 1200 and 1320 f t .

0 .0 ,  0.5 and 1.0 (see Figure 1 
for d e fin it io n  of R )̂
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TABLE 3

Data
Set

Data Sets 

MMSCF/D/ft

used by Numerical Model 

K md Pj psia L^ f t Rf

1 0.01 1.0 5000 200 0.0
2 0.01 1.0 5000 200 0.5

3 0.01 1.0 5000 200 1.0
4 0.01 1.0 5000 600 0.0
5 0.01 1.0 5000 600 0.5
6 0.01 1.0 5000 600 1.0
7 0.01 1.0 5000 1200 0.0
8 0.01 1.0 5000 1200 ■ 0.5
9 0.01 1.0 5000 1200 1.0

10 0.01 1.0 5000 1320 1.0
11 0.01 10.0 5000 1320 1.0
12 0.01 20.0 5000 1320 1.0
13* 0.01 1.0 5000 1320 1.0
14* 0.01 10.0 5000 1320 1.0
15* 0.01 20.0 5000 . 1320 1.0
16* 0.01 1.0 5000 1320 1.0
17 0.01 20.0 5000 1320 1.0
18 0.2 20.0 5000 1320 1.0

19* 0.2 1.0 5000 1320 1.0
20 0.01 0.1 5000 200 1.0

21 0.01 1.0 2000 200 1.0
22 0.01 1.0 5000 200 1.0

23** 0.01 1.0 5000 200 1.0
24 0.02 0.1 2000 200 1.0
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Table 3 (continued)

°Set %c MMSCF/D/ft K md Psia f t

25** 0.01 1.0 2000 200 1.0

26 0.05 0.1 2000 200 1.0
27 0.05 1.0 5000 200 1.0

28** 0.02 1.0 5000 200 1.0

Constant (yc) within the model.
Constant flow rate  at the sand face.
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TABLE 4

Sample o f  Computer Solution  

Constant Mass Rate a t  the Sand Face

% c ^ 0.01 MMSCF/D/ft., K = 1 .0 md, L^ = 200 f t . ,  

R  ̂ = 1 .0 ,  P\| = 5000 Psia

Drawdown Solution

Time Hours m(p) Psia^/cD

2:rfôTK%:'0 a.SüOÜOO 
11 .20 0000  

 L:l.J3ALO.OJlO__
20 .400000 25.0J0GC0 23.6JOOOO 
34 .20 0000—dBlTJOJOTT43.400000 43.000000

i j 4 .4 u 0 v u O
197 .500000220.300Û0U

-30?1'2oJu'&o-300.399990393.6C3ÜG0

%39.999990 599.999990

0 .6 4 7 2 5 5 + 0 9  
C . 6 4 645 5+ 09

0 .1 )44955+09
0 .6 4 4 6 0 5 + 0 9
0 ^ 4 4 2 .4 5 + 0 9

0 .6 4 3 7 1 5 + 0 9
^ .6 4 3 4 9 5 + 0 9
0 .6 4 1 5 5 5 + 0 9  
0.640B4S+OS  
0 .6 4 0 4 9 5 + 0 9

0 .6 3 9 2 5 5 + 0 9  
0 .6 3 3 9 0 5 + 0 9

ü .6 3 a l9 E + 0  9 
Ü .6 3 7 3 3 E + 0 9
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tm + At Hours

t^  = 48 Hours

Buildup Solution

m(p) Psia /cp

5 0 .0 0 0 0 0 0
55 . 000QOÜ

9C.OClOuOu
1Ü 5 .0U 00 30
i;o .C 'O ü u Oü

0  _
0 .6 45 C 8 E + 09  
0 .6 4 5 9 7 2 * 0 9

'o t 'ilf i'e l+ 'O ’i "
C .Ô 4773E+09
0 .6 4 & 0 9 E + 0 9
0 . 6 4 8 2 6 2+09

= 2 Hours

—TTOD'dOW
4 .0 0 0 0 0 0
9 . 0 0 0 0 0 0  

__14..uO.DjLüO.Ü_
2 9 .0 0 0 0 0 0
4 4 .0 0 0 0 0 0
5 9 .0 0 0 0 0 0
7 4 . 0 0 0 0 0 0

0 .6 4 9 4 1 S + 0 9
0 .6 4 9 5 9 5 + 0 9

0 .6 4 9 9 6 5 + 0 9
0 .6 4 9 9 8 5 + 0 9
0 . 6 5 0 0 0 5+ 0 9

tr. = 480 Hours

-fgirO TM TM o-
4 8 2 .0 0 0 0 0 0
4 6 7 .0 0 0 0 0 0
5Ü 7 .00000Ü
5 2 2 .0 0 0 0 0 0
5 3 7 .0 0 0 0 0 0  

5 5 2 .0 0 0 0 1 )0

0 .6 4 0 1 3 E + 0 9  
0 .6 4 1 1 9 E + 0  9

0 .6 4 d 6 4 E + 0 9
0 .5 4 4 3 7 E + 0 9
0 .6 4 4 7 3 E + 0 9
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TABLE 5

Sample o f Computer Solution  

Constant Flow Rats a t  th e  Sand Face

q, .=  0.01 MMSCF/D/ft., K = 1.0 md, L . = 200 f t . ,

Rr = 1 .0 ,  = 2000 Psiai 1

Drawdown Solution

Time Hours Ps^a^/co

'2.0Ü0Ô0Ô
6.6Û0Û0Uii 20000Ù

2 0 .4 0 0 0 0 0
2 5 .0 0 0 0 0 0  
2 9 .6 0 0 0 0 0

4 3 .4 0 0 0 0 0
4 3 .0 0 0 0 0 0

" l i i d t o ’u i'o ''
177.OÜ0Û00
2 2 0 .8 0 0 0 0 Ü

3 5 0 .3 9 9 9 9 0
3 9 3 .6 0 0 0 0 0

“ Ç’s l î l ï f f b T o -
5 3 9 .9 9 9 9 9 0
5 9 9 .9 9 9 9 9 0

X T f î5 T ÎE V 5 9
ü . i4 5 7 5 E + 0 9
0 ..1 4 5 :. lS + 0 9

C . 14387E+09  
0 ..143615+ 09

i t m m h -
0 .1 4 2 9Ü E + 09  
ü ., i4 2 7 0 E  + 09

0.14U1C E+09
Ù.X3953E+0SeHiwesi-
0 .13 G 5 4E +0 9
Û .1 3 827 E + 09

Û .13749E + 0  9 
0.13723E+0:9
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BuilduD Solution

t^  + At Hours m(p) Psia /cp

t . :: 2 Hours

3 .0 } 0 0 0 0 '
4.0000D C
9.00OQ0G_L4u._Djl&GD_C

29.0ÜG00Ü
4 1 . 0 0 0 0 0 0
5 9 .0 0 0 0 0 0

z æ + w
0 .1 4 7 3 9 E + 0 9
0 .1 4 7 5 2 E + 0 9

0.i4V91F+09
0 .1 4 3 0 5 E + 0 9
0 .1 4 i3 1 9 E+09

t f 48 Hours

5 0 .0 0 0 0 0 0
5 5 .0 0 0 0 0 0

9 0 .0 0 0 0 0 0  
1 0 5 .0 0 0 0 0 0

jJiC:jtOOj.)uO_2_.

-GinrsBTnrc+oir
0 .1 43 67E + C 9
0 .i4 4 5 2 E + G 9

9
0T Ï4 5S 7E + 09  
Ü .145965+09  
U .1 4 622 E + 09

t^  = 460 Hours

45 17
4 6 2 .
4 6 7 .#
5 3 7 :

buGIOo
000000000000
OÆ&dOil
OuOUOO
ooocoo
000000
.dOJlGL&jl

0 . 1 3 8 5 4 S + 1 T )
0 .1 3 8 9 3 E + 0 9
0 .1 3 9 8 4 5 + 0 9

ü . i4 2 0 5 E + 0 9  
0 .1 4 2 5 7 E + 0 9  
Ü.3 4296S+09
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DISCUSSION OF RESULTS

A. Real-Gas Pseudo-Pressure Function

The varia tion  o f the product (yc) with the m(p) function. Figure 

(B-5) Appendix B, prevents the m(p) function substitution from lin e a r iz in g  

the d i f fu s iv i ty  equation. I t  has been a common practice to t re a t  (yc) 

as a constant in the time c o e ff ic ie n t  in order to l in e a r ize  the equation 

and permit solution by in tegration .

Figure 4 i l lu s tra te s  the computed results when the quantity (yc) is 

held constant in the time c o e ff ic ie n t  and when i t  is permitted to vary 

in the time c o e ff ic ie n t with pressure.

The solution when the c o e ff ic ie n t  (yc) in the time c o e ff ic ie n t  is 

constant results in a higher sand face pressure at any time than the 

solution with a varying time c o e ff ic ie n t .

The reason fo r this divergence is because the quantity (yc/y^c^) 

gets much greater than one as the pressure decreases with time.

B. Theory of Dimensionless Variables

Dimensionless variables have been introduced to the theory of 

d if fe re n t ia l  equations in order to make the solution Independent of the 

actual values o f the various parameters of which constitute a real system.

To achieve this fo r the flow of real gas in porous media, a suitable  

d e fin it io n  of three dimensionless variab les , m p, tg and q^, has besn 

introduced such that the dimensionless d i f fe re n t ia l  equation and the
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relevant boundary conditions can be solved once in terms of dimensionless 

variables fo r a l l  possible values of the actual parameters. The dimen-
5

sionless variables defined in the l i te r a tu r e  fo r  the flow of real gas 

in porous media are presented in Equations 32-36.

1 -  BLT__Kh(m.-m) m.

"o '  PscTSsc  ̂ ' • • ■ •

n =  f33lT m.Kh ’ . . . .
SC^i 

Kt
* (y c ) .x 2

. . . . (34)
1 w

Xp = ^  » . . . .  (35)
w

The general d i f fe re n t ia l  equation for the flow of real gas is :

9̂ m 9̂ m _ yC(j) 9m
9x= 9y: " K at ' ' ' ' ( )

Substituting Equations 32, 33, 34, 35 and 36 into Equation 37 results in:

9̂ mp̂ , 9Zmn yc 9nu
 5 +  y =  ----------5- . . . .  (38)
9x=D ay=D (wc)i atpw

Because the quantity (yc) varies with mp, a functional re lationship  

exists between the time co e ff ic ie n t  and m pth is  leads to a non-linear  

d i f fu s iv i ty  equation in terms of the given dimensionless variables which
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means Equation 33 can not be solved independent of the actual parameters

in the d e f in it io n  of m̂  i . e .  q^.

Based on solutions, when yc in the time co e ff ic ie n t  is permitted 

to vary, the values o f wellbore pressure are not independent of the 

values of the parameters used to define tp , pp and m .̂

The deviation because of changes in permeability are i l lu s tra te d

in Figure 5, i t  is noted that the e f fe c t  of the varia tion  in (yc)

decreases as the permeability increases. At value of permeability of 

1 md the permeability calculated based on (yc )/(yc )^  = 1 is 10% lower than

the real value. At value o f permeability of 10 md the calculated per­

m eability  fo r  (yc )/(yc)^  = 1 is 9% lower and fo r  a permeability of 20 md 

the calculated permeability for (yc )/(yc)^  = 1 is 7% lower than the real 

value.

The deviation in the calculated model performance because of changes 

in flow rate  are i l lu s tra te d  in Figure 6, i t  is noted that the e f fe c t

of not considering the varia tion  in (yc) decreases as the flow rate

decreases. At value of flow rate  of 0.2 MMSCF/D/ft. the calculated  

permeability fo r  (yc )/(yc )^  = 1 is 10% lower than the real value. At value 

of flow rate of 0.01 MMSCF/D/ft. the calculated permeability for

(yc )/(yc )^  -  1 is 8% lower than the value of permeability in the model.

The dimensionless time was modified and defined as:

. . . .  (39)

where the quantity (yc) is evaluated a t the wellbore pressure at time t

rather than at the i n i t i a l  pressure.

Substituting Equations 32, 33, 39, 35 and 36 into Equation 37 

results in:
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4- a 9mn
33̂  ^ 3ÿ ^  '  '  Ï E  a t  ) 3t ^  • • • • (40)

I t  is c lear from Equation 40 that the d i f fu s iv i ty  equation can not 

be linearized  with the new d e f in it io n  o f the dimensionless time variab le . 

However, the data used in Figures 5 and 6 are re -p lo tted  in Figure 7 

against the new d e f in it io n  of dimensionless time, I t  is noted that

fo r  a l l  values o f permeability and flow ra te , the data plots nearly as 

one lin e  and results in calculated values of permeabilities within an 

error o f only 0.1 percent. I t  is suspected, as w i l l  be shown la te r ,  that  

the use of the new d e f in it io n  o f dimensionless time can not be used over the 

to ta l pressure range to depletion.
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Figure 4. E ffect of Holding the Quantity (yc) in the Time Coeffic ient  

Constant a t the In i t i a l  Pressure on the Drawdown Solution.

03
COc.

=3
CO
CO

t
CL

A - Model Solution at Variable  

(yc) with pressure,
B -  Model Solution a t Constant 

(yc ).

91.20.0 45.6

Time -  Hours
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C. Type Curve Analysis fo r  Pressure Buildup Data

Available type curves give drawdown solutions and are used fo r the 

analysis of buildup data. These curves were derived for constant v iscos ity ,  

compressibility f 1uid.

Figure 8 is a theoretica l p lot o f a well bore pressure as a function 

of time. Type curves claim that a log-1og p lot of curves B, C, D and A, 

Figure 8 , are id en t ic a l.  ^

Figures 9 through 14 are log-log plots o f dimensionless pressure 

r ls e P o s ’ which is defined as:

1.987 X 10"^ (m(P ) -  m(P f  a t At = 0))
Pp. = -------------------------------- ïiS------------ wf------------ ---------' . . . (41)

as a function of the modified dimensionless shut in time tp , which is 

defined as:

T   ̂ 0.000264 KAt , . . . .  (42)
D ~ (f)(yc)

For various flow times, t^ ,  p rio r to shut in fo r  the pressure build-up 

period.

The top curve (A) in each figure is the drawdown solution, in

this case the dimensionless pressure drop is defined as:

1.987 X lO'S T Kh |'m(P.) -  m(P„f)1
P„ = -------------------------^ ^ ......................... (43)

O-GPsc^scT

These figures show that the build-up solution closely coincides with the 

drawdown solution at the early  build-up data when the flow time preceding 

the build-up is much longer than the build-up times. This early  period 

is p rim arily  controlled by the l in e a r  flow characteristics caused by the
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hydraulic frac ture .

As build-up time increases^the build-up solution diverges fa rth er  

from the converted drawdown solution and is considerably greater than the 

divergence at smaller producing times.

The deviation between the converted drawdown solution and the bu ild ­

up solution because o f changes in permeability are i l lu s tra te d  in Figures 

13 and 14. I t  is noted that the separation between the two solutions  

decrease as the permeability increases, which could be explained as a 

resu lt  of less pressure drop at high permeability.

The separation because o f changes in flow rate are i l lu s tra te d  

in Figures 10 and 11. I t  is noted that the separation decreases as the 

flow rate  decreases because o f less pressure drop per un it time at low 

flow ra te .

Figures 11 and 12 i l lu s t r a te  the e f fe c t  o f the i n i t i a l  reservoir  

pressure on the deviation of the build-up data from the converted draw­

down solutions. I t  is noted that the deviation decreases as the i n i t i a l  

pressure increases.This could be explained as a resu lt o f the high 

varia tion  of the quantity (pc) with m(p) a t low pressure.

I f  Figures 9 through 14 are plotted in terms of dimensionless time 

tp rather than modified dimensionless pressure tp , a greater deviation  

between the drawdown solution and buildup solutions w i l l  be observed be­

cause the value of dimensionless time tp is greater than the value of the 

modified dimensionless time tp because (yc/pc)^. 1. Figures 9 and

10 show the in v a l id i ty  o f the modified dimensionless time tp a t low 

pressure and large values of time. At low values of pressure the quantity

> 1, because o f the large variation o f (yc) with pressure.
U C  I d o
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D. Superposition and Pressure Buildup

Buildup theory has been based on the p rin c ip le  o f superposition fo r  

constant f lu id  com pressibility and v iscos ity . This theory leads to the 

use o f the Horner p lo t fo r buildup curve analysis. The slope o f the curve 

is  used to ca lcu late  a w e ll's  flow capacity, Kh.

For constant flow rate  at the surface, constant mass ra te  a t the sand 

face. Figures 15 through 19 show the buildup solution based on super­

position theory and the actual buildup solution generated by the model.

I t  is noted th a t the two solutions are in close agreement when the flow  

time p rio r to the buildup is  two hours.

I t  is also noted that the two solutions are in close agreement only 

at the early  time o f buildup when the flow times p rio r to the buildup are 

48 and 480 hours. As the flow time preceding the buildup becomes la rg e r, 

the length of the time o f close agreement increases.

As the buildup time increases, the two solutions separate with the 

actual solution lower than the superposition solu tion .

The deviation in the two solutions because o f changes in perm eability  

are il lu s tra te d  in Figures 15 through 18. I t  is noted that as the per­

m eability  decreases, the magnitude o f the deviation between the two solutions  

increases with time because o f the lower sand face pressure fo r lower 

perm eability.

The deviation because of changes in flow rate  are il lu s tra te d  in 

Figures 16 and 18. I t  is noted th a t as the flow rate  increases,the magnitude 

of the deviation between the two solutions increases because of the higher 

pressure drop caused by higher flow rates.

Figures 18 and 20 i l lu s t r a te  the e ffe c t o f the in i t ia l  reservo ir
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pressure on the separation between the two solutions. I t  is noted th a t the 

magnitude of the separation between the two solutions decreases as the 

in i t ia l  reservo ir pressure increases,which can be a ttrib u te d  to the larger  

varia tio n  o f the time c o e ffic ie n t (yc) with m(p) a t low pressure.

For constant flow ra te  a t the sand face Figures 21 through 23 show 

the d ifference between the two solu tions, buildup solution based on 

superposition and the actual buildup so lu tion . I t  is noted that the two 

solutions in close agreement during the early  buildup time. Figures 21 

and 22 i l lu s t r a te  the e ffe c t o f changes in the in i t ia l  sand face flow ra te .

As the in i t ia l  flow rate  increases,the magnitude o f the separation between 

the two solutions increases because of less pressure drop a t lower flow  

ra tes . Figures 19 and 21 i l lu s t r a te  the e ffe c t of the flow rate  being 

constant a t the sand face rather than being constant a t the surface. I t  

is  noted th a t the magnitude o f the separation between the two solutions is  

less in the case o f constant flow ra te  a t the sand face because of the 

higher observed pressure a t the sand face. This higher pressure is the 

re s u lt o f removing less mass from the reservo ir in any time period when 

using constant ra te  a t the sand face as compared to a constant rate  a t 

the surface.

At high in i t ia l  reservo ir pressure. Figures 16 and 23, less sep­

aration  between the two solutions was observed in the case of constant flow  

ra te  a t the sand face because o f the higher observed pressure at the sand 

face.

Figures 24 through 35 present the pressure buildup data generated

by the model using a variab le  (yc) in the time c o e ffic ie n t fo r both constant

flow rate  a t the sand face and constant mass rate  a t the sand face as a 
t^  + At

function of log —--------  .
At
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In each case the suspected s tra ig h t lin e  does not appear because o f 

the varia tio n  in f lu id  properties with pressure and the changing of flow  

regime with time.

A s tra ig h t lin e  has been drawn fo r these figures and the formation 

flow capacity has been calculated from that s tra ig h t l in e . I t  is  noted 

th a t fo r a l l  cases,the calculated formation flow capacity Kh is greater 

than the real value by more than 10 percent. The erro r is  because o f the 

varia tio n  of the quantity (yc) with pressure and the attempted super­

position o f two flow regimes.

Figures 24 through 28 show a semi log p lo t o f p^^ as a function of 
t .  + At
 ^ —  when t^  = 2.0 hours. I t  is  noted that an erro r o f greater than

300 percent was found in the calculated value o f Kh when using the standard 

Horner method. This erro r could be explained as a re s u lt o f a non-radial 

flow in the system at the early  times and the varia tio n  o f f lu id  properties  

with pressure.

Figures 29 through 35 are semi log plots o f p̂ ^̂  as a function of

^f ^ when t^  = 48 hours and t^  = 480 hours.
At

I t  is noted that an erro r o f greater than 50 percent was found in the 

calcu lation  o f the formation flow capacity Kh because o f the non-radial 

flow in the system and the varia tio n  o f f lu id  properties with time.

I t  is also noted th a t as the flow time p rio r to the buildup increases, 

the e rro r in the ca lcu lation  of Kh decreases because o f the apparent 

rad ia l flow begins to show in the system at the same time as the flow time 

increases the e ffe c t o f the quantity  (yc) on the ca lcu lation  o f Kh 

increases.
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E. Short Time Solution

A short time solution fo r  f lu id  flow into a vert ica l fracture  of 

in f in i te  conductivity was presented by Russel and T ru it t^  when f lu id  

compressibility and v iscosity were held constant. At early  times the 

system behaves as though a l l  flow were normal to the face of the fracture ,  

such that th is  period has been referred to as the l in e a r  flow period.

Solutions s im ilar  to those presented by Russel and T r u i t t ,  were made 

wherein the value of (yc) in the time c o e ff ic ie n t was permitted to vary 

with pressure. The results o f  these solutions are presented in Figures 

36 through 38 as a function of dimensionless variables fo r the flow of 

a real gas. The s tra igh t l in e  portion o f the curves in these figures  

was found to be f i t t e d  by Equation (44).

mp = 1.772 V tpj  ̂ $ . . .  .(44 )

Equation 44 can be rearranged such that:

1.772 q , ,D _ T
sc  a / 1/KL^f \ / t /vc . . . .(45)m. - m,,f = -------

 ̂ 2(1.987 X 10"^) T- Ji T  7
sc ; tisH

A p lo t of (m. -  as a function of V t /v c  during the l in e a r  flow period 

w il l  resu lt  in a s tra igh t l in e  of a slope which could be used to estimate 

the quantity (KL^^).

From the computer s o lu t io n , i t  is noted that the end of l in e a r  flow 

period, in terms of the new d e f in it io n  of dimensionless time, is not a 

constant which indicates the in v a l id i ty  of type curve analysis during the 

l in e a r  flow period.

The quantity (KL ^) was calculated from the slope of the s tra ight



T-2116 75

l in e  of Figures 36, 37 and 38, using Equation 45, and was found to be within  

1 percent of the real value I t  is noted that the fracture  orientation  

does not a f fe c t  the l in e a r  flow period because of the in f in i te  conductivity  

of the fracture  and the lack o f any outer boundary e ffec ts .

Figures 37 and 38 i l lu s t r a te  the e ffe c t  of the fracture  orientation  

a f te r  the end of the l in e a r  flow period. I t  is noted that a lower pressure 

drop was observed when the fracture is symmetric around the well bore.

This behavior could be explained as the e f fe c t  of the boundary on the flow 

behavior,which w i l l  be observed e a r l ie r  in the case o f an asymmetric 

fracture .
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F. Basic Drawdown Solution

For both constant mass rate at the sand face and constant flow rate  

at the sand face, semi log plots of the observed sand face pressure and the 

flowing time are presented in Figures 39 through 47.

I t  is noted from these figures that the desired s tra igh t l in e  which 

is supposed to represent radial flow in the system does not e x is t .  However, 

a l in e  has been drawn to the extended time points which closely approach 

a s tra ig h t l in e  and the formation flow capacity determined from the slope 

of that l in e .

For constant mass rate at the sand face the formation flow capacity,
5

Kh, was calculated using the following equation:

57927 q,_ P_, T
Kh = ----------------- - sc .  ̂ . . . .  (47)

2 b . I , ,

where b is the slope of the s tra igh t l in e  segment of p̂ .̂̂  as a function 

of flowing time in terms of the m(p) function. The m(p) values were 

calculated by taking two values of pressures on the s tra igh t l in e  and c a l­

culating the two values o f m(p). The value of Kh is then calculated using 

Equation 47. This method of Kh determination has been used because i t  is 

observed from Figure (B-4) that a p lot of the m(p) function as a function 

of pressure can be represented by a s tra ight l in e :

m(p) = a + bP, when P 3000 psia

I t  is also noted that the m(p) function as a function o f pressure can be 

represented by a s tra igh t l ine  within a lim ited range of pressure drop:
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m(p) = ¥  + FP, when P̂  1  P 1

and Pg - P̂  < 400 psia

Figure 43 represents a case where the pressure drop is greater than 400 

Psia and hence this method cannot be used. In which case, both m(p^^) as 

a function of flowing time and p̂ .  ̂ as a function of flowing time have been 

plotted and the formation flow capacity was calculated from both Figures.

43 and 44. I t  is noted that a lower error was found in estimating the 

quantity (Kh) u t i l i z in g  the p lo t of m(p^^) as a function o f flowing time 

rather than u t i l iz in g  the p lo t o f p̂ .p as a function o f flowing time because 

of the no n -lin ear ity  of m(p) function with pressure at low pressure. I t  

is noted that in a l l  cases,the calculated Kh is within 9 percent error  

from the real value when the pressure drop was less than 400 psi. This error  

could be explained as a resu lt  of the variation of the quantity (yc) 

with pressure and the non-radial flow in the system. I t  is also noted that  

an error of 68 percent in the estimation of Kh when the pressure drop 

is high. The e ffe c t  of changes in permeability is i l lu s tra te d  in Figures 

40 and 41. I t  is noted that as the permeability increases the e ffe c t  o f  

(yc) on the evaluation of Kh decreases because of the smaller pressure drops 

observed at high permeability.

The e ffe c t  of changes in flow rate is i l lu s tra te d  in Figures 39 and 4C. 

I t  is noted that as the flow rate decreases the e ffec t  of (yc) on the 

evaluation i f  Kh decreases because of the high sand face pressure at low 

flow ra te .

The e f fe c t  of i n i t i a l  reservoir pressure is i l lu s tra te d  in Figures 40 

and 42. I t  is noted that as the i n i t i a l  reservoir pressure decreases, the
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e ffe c t  of the quantity (yc) on the evaluation of Kh increases because of 

high variation  of (yc) with m(p) at low pressure.

Figure 43 presents a case o f high flow rate with low reservoir perme­

a b i l i t y  and 2000 Psia i n i t i a l  reservoir pressure. I t  is noted that a 68 

percent error was found in the calculation of Kh u t i l i z in g  m(p^^) vs. t.  ̂

plot because o f the varia tion  o f (yc) with m(p) a t low pressure and the non- 

radial flow in the system. I t  is noted that a 73 percent error was found in the 

calculation of Kh u t i l i z in g  the p^^ vs. t^  p lot because of the lower ob­

served pressure a t the sand face which w i l l  increase the e f fe c t  o f (yc) 

on the calculation of Kh because o f the high variation  of (yc) with m(p) 

a t low pressure and the no n -lin earity  o f m(p) with pressure at low pressure.

For constant flow rate  at the sand face the formation flow capacity,
5

Kh, was evaluated using the following equation:

57927 q p TZ y 
Kh =   sç__sç  , . . . .  (48)

2^ Pwf ^sc 

q.pPsc ’’’2where the quantity (— ----------- ) is constant equal to the flow rate a t the

^wf^sc
sand face and b in this case is the slope of a semilog p lot o f sand face 

pressure as a function of flow time, ps i/hrs .

I t  is noted that in a l l  cases of constant flow rate at the sand face 

the calculated Kh are within 7 percent error from the real value when the 

viscosity (y ) ,  in Equation 48, is evaluated at the average pressure of the 

apparent s tra ig h t l in e .

The e ffe c t  of changes in flow rate for constant flow rate a t the sand 

face is i l lu s tra te d  in Figures 45 and 46. I t  is noted that as the flow 

rate increases, the e f fe c t  of (yc) on the evaluation of Kh increases be­

cause of the low observed sand face pressure a t  high flow rate .
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G. Calculation of Fracture Length

5
Type curve analysis by assuming that the " linear" portion o f the 

curve always terminated a t the same dimensionless time, has been used to 

calculate the formation flow capacity and the hydraulic fracture  length.

As a resu lt  o f this study, which indicates that the "linear" portion does 

not terminate a t the same dimensionless time, the standard or the modified 

d e f in i t io n ,  thus preventing the use o f type curve analysis fo r fractured  

gas reservoirs. Hence,it is suggested that the following procedures be 

used to calculate fracture  length and formation permeability from a 

pressure drawdown tes t:

(1) Calculate the quantity (KL using "linear" flow period data 

as explained in section E;

(2) Calculate the formation flow capacity (Kh) using " ra d ia l" flow

period data as explained in section F; and
2

(3) Having the values o f (KL and (Kh) the value of L^, fracture  

length, can be calculated.

Table 5 shows the calculated values o f using the above steps. I t

is noted that in a l l  cases the calculated values of are within 1.0

percent of the actual values.

At the completion of th is  study, a preliminary report was published 

on a government contract, ET-78-C-08-1557, by Intercomp Resource Develop­

ment Engineering Inc. The ten ta tive  results published in th is  report are

in complete agreement with the results o f this study.



T-2116 93

-o<D4-> CO r-4
<o CD VO oCM <d" If)3Ü 4-> f-H <-4- O O r-4
fOCO CM VO CM

T—1

c o
o

44-> CMfO
3U

VO (T5C_)LU__l JZ X)CO 4-> E<C O)h- C x>(U (U•_J 4-J(O
0)
L. 33 U4->
O fO
fO o
S-

u .

X30)4-)
ta

3  CM O 4-)
I—  4 -<0 I 

1

c lO VO
t-H VO t-H CO VOVO co CO <3- Tp

s- VO oVO CO VO o
00 t—4 s- O c r-4

cn cn o s-
a * VO LO LUCO toCO CM'sPr-4

CM CO CMVO <p00 P'S VOCD cn cn
o o o c

S-

2
S .ÜJ

00CO If) CO
o

CM CO

fO34—)
o O o
o O oCM VO CMr—4

(O

I -

CD
s-3
cn

u_

i ^



T-2116 94

CONCLUSIONS

As a resu lt  of the data generated by the model and i ts  evaluation, 

the following is concluded:

1. The m(p) function fa i ls  to l in e a r ize  the flow equation o f real 

gas in porous media;

2. Type curve analysis appears to be in va lid  fo r  fractured gas

reservoirs because the dimensionless quantities are not independent

of the variation  of f lu id  properties with pressure arid the flow  

regimes with time;

3. The " linear" flow period can be evaluated fo r  a good estimate

of KL^  ̂ by p lo tt ing  m̂  ̂ or p^^ as a function o f 1/ t /y c  where

(yc) is evaluated a t p^^;

4. A reasonable value o f Kh can be obtained from the apparent 

s tra ig h t l in e  section of a p lot o f m̂  ̂ or p^^ against log t ,  

thus permitting the value o f L^ to be calculated;

5. For a given fracture  length the fracture  position does not a ffe c t  

the slope obtained during the "linear" flow period because of the 

in f in i te  conductivity o f the fracture and the in f in i te  acting

of the system;

6. The superposition p rin c ip le  was found to be inva lid  in fractured  

gas wells because of the m ultip le flow regimes with d if fe re n t  

physical behavior. With larger pressure drops the variation in 

f lu id  properties also invalidates the princ ip le  o f superposition;

7. Type curve analysis for buildup data on fractured gas reservoirs
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is inva lid  because o f the fa i lu re  o f superposition;

8. The Horner p lo t is an in va lid  method of evaluating buildup tes t  

data in fractured gas wells because i t  is based on superposition;

9. The pressure obtained during an i n i t i a l  drawdown tes t on a 

fractured gas well is the only data that gives reasonable values 

of flow capacity and fracture  length;

10. The fracture length cannot be calculated from the " linear" flow 

period curve alone, but must be combined with data obtained from 

"rad ia l"  flow period.

11. The "linear" flow period obtained during a pressure buildup 

te s t ,  a f te r  an extended flow period, is approximately correct, 

but the "radial"  portion o f the buildup curve is incorrect.



T-2116 96

RECOMMENDATIONS FOR FURTHER RESEARCH

Areas fo r fu rther research are recommended below as topics of research 

into the f ie ld  o f  fractured gas reservoirs:

(1) Asymmetric fracture  with f in i t e  conductivity;

(2) Asymmetric fracture  with f in i t e  and in f in i te  conductivity with

turbulent flow into and/or around the fracture;

(3) Asymmetric fracture  with p artia l penetration;

(4) Asymmetric fracture with the above conditions with

inclined fractures.
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NOMENCLATURE

A. . A rb itrary  defined term, see Equation (19) for d e f in it io n
• j j

B. • A rb itrary  defined term, see Equation (20) for  d e f in it io nI » j

C. • A rb itrary  defined term, see Equation (21) fo r  d e f in it io nI , j

D. . A rb itrary  defined term, see Equation (22) fo r  d e f in it io n1 , j

G. . A rb itrary  defined term, see Equation (23) fo r  d e fin it io n
• 9 J

FA A rb itrary  defined term, see Equation (15) fo r  d e f in it io n  

b Slope

c Gas Compressibility

D A rb itrary  defined term, see Equation (B-11) fo r  d e f in it io n

d Total derivative

E A rb itrary  defined term, see Equation (B-12) fo r d e fin it io n

F A rb itrary  defined term, see Equation (B-13) fo r  d e f in it io n

G Gas specific  gravity  (A ir  = 1.0)

h Reservoir thickness

Ln Natural logarithm, base e

Log Common logarithm, base 10

L  ̂ Total vertica l fracture  length

L 2̂ Right length of the fracture

L 2̂ Left length of the fracture

m Real-gas pseudo-pre.;sure

m̂  Bottom-hole real-gas pseudo-pressure, general
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Bottom-hole real-gas pseudo-pressure flowing

m̂ g Bottom-hole real-gas pseudo-pressure s ta t ic

m̂  In i t i a l  real-gas pseudo-pressure

mp Dimensionless real-gas pseudo-pressure

M Gas molecular weight

MSCF/D/ft Thousand standard cubic fe e t per day per f t .  

n Total number of moles

P Pressure

Pp Dimensionless pressure

P̂  Pseudo-critical pressure

Py, Pseudo-reduced pressure

Psc Pressure at standard condition (14.7 psia)

Pj Pressure, lower l im i t  of in tegration fo r  m

Pg Pressure, upper l im i t  of integration fo r  m

q Volumetric production rate

^sci In i t i a l  flow rate

qp Dimensionless flow rate

R Universal gas constant (10.72)

R̂  Ratio of two fracture  lengths

RHS Right-hand side of equation

r ,  Well bore radius

I  Time

tp Dimensionless time
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tp Modified dimensionless time

T Temperature o f reservoir

Tsc Temperature at standard condition (520°'F)

T  ̂ Pseudo-critical temperature

T^ Pseudo-reduced temperature

V Velocity

Vp Pore volume

W Mass Production

x,y Cartesian space coordinates

X,Y Cartesian space coordinates

X. One-half fracture  length, L^/2

Z Gas deviation factor

V Divergence operator

A F in ite -d iffe ren ce  increment

y Gas viscosity

p Gas density

(j) Porosity

9 Partia l derivative

0 Flow potential

Subscripts and Superscripts

c C r i t ic a l

D Dimensionless

e External
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f  Fracture

i In i t i a l  condition

i Discrete index of x -d ire c t i  on

j  Discrete index of y -d ire c t i  on

K Index of ite ra tions  at a time step

n Discrete index o f time-step level

r  Pseudo-reduced

sc Surface, standard conditions

w Wei 1 bore

x,y Direction in Cartesian coordinates

t  Time
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APPENDICES

APPENDIX A 

MATHEMATICAL DEVELOPMENT

In studying flow of any kind — heat flow, f lu id  flow, or e le c tr ic  

flow - -  the mathematics describing the process are obtained by applying 

a conservation princ ip le  which states that some physical quantity is 

neither created nor destroyed.

Continuity Equation

The Continuity Equation is the mathematical expression of the law 

of conservation of mass. The equation can be developed by considering 

the mass flow of f lu id  through a cubic element o f space having dimensions 

Ax, Ay and unit height with i ts  edges p ara lle l to the X, Y axes. Figure 

(A -1). For this cube, a mass balance may be w ritten  in the form

mass in - mass out = mass change . . (A-1)

At the (x) face o f the cube, the f lu id  ve loc ity  and density are V and 

p , respectively. At the (x + Ax) face of the cube, the ve loc ity  and 

density are V^+^x ^nd p^+^x' respectively.

The f lu id  ve loc ity  and density a t the (y) face can be s im ila r ly  

defined as V^, p and a t the (y + Ay) face, the ve loc ity  and density are 

^y+Ay Py Furthermore, l e t  the amount of mass released be (W)

expressed in mass per un it time per unit volume.
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This is the equation of continuity in rectangular coordinates, including 

a generation term.

Equation (A - l )  can be used to formulate d i f fe re n t ia l  equations 

which describe f lu id  movement within porous media. To do this i t  is 

necessary to have a law of flow which can be used to evaluate the ve locity  

terms in Equation (A-2) and an equation o f state which describes the 

dependence of f lu id  density on pressure.

Darcy's Law

Darcy's law can be used to define the ve loc it ies  as 

''x " -  ' and

Vy = - ( y

Where K is the permeability which may be d if fe re n t  in the 

two coordinate d irections,  

y is the f lu id  v iscosity , and 

0 is the flow p o ten tia l.

The flow potential may be expressed as 

0 = P + pgh ,

where g is the acceleration due to grav ity ,

P is the pressure, 

h is the vertica l distance, and 

p is the f lu id  density.

Since the x-y plane is horizonta l, the only potential which w i l l  

contain the gravita tional term w il l  be the one in the z d irection .
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With these d e f in it io n s , the conservation of mass can be stated from 

Equation (A-1) as follows:

The amount of mass entering the element during a time in te rv a l .

At, is

p^V^AyAt + PyVyAxAt

The amount of mass leaving the element during this time is

Px+Ax^x+Ax ^y+Ay\+Ay

During this time an amount of mass

W(x,y) AxAyAt

is released from the element.

The amount of excess of in -flow  over out-flow and the release of 

mass from the element, accumulation o f  mass, is

(^x,y ,t+A tPx,y ,t+A t “ ^ x ,y , t  ^x,y,t^  .̂xAyAt

where (f) is the porosity.

Substituting these expressions into Equation (A -1 ), dividing through 

by AxAyAt, and taking the l im its  as Ax, Ay and At are allowed to approach 

zero gives

1^ (pV)% + l y  (pV)^, -  W (x ,y ,t)  = -  -|^ (p(j)) . . . (A-2)
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Therefore, the ve loc it ies  may be defined as

\  = - (

Vy = - (  K y /U )- |

Substituting these expressions fo r ve loc ity  into Equation (A-2) gives

This equation has two dependent variab les , pressure and density. I t  

is necessary to elim inate one o f the variables to obtain a solution to 

the equation. To do this,we must have a re lationship between density 

and pressure, provided by an equation o f s ta te . The equation o f  state  

which is chosen w i l l  depend upon the type of f lu id  under consideration.

As a re s u lt ,  the d i f fe re n t ia l  equation resulting from substitution of 

the equation of state in Equation (A-3) w i l l  have a d if fe re n t  form, 

depending upon the type of f lu id .

Equation of State

The density of a real gas can be expressed as

where

M is the molecular weight,

R is the gas constant,

T is the absolute temperature, and 

Z is the gas deviation factor.



T-2116 105

Substituting into Equation (A -3 ), neglecting the source term, 

gives:

The right-hand side of Equation (A-4) can be s im plified by assuming 

that the porosity is independent of time, in which case the resu lt  

would be

Real Gas Potential

Al-Hussainy e t al (1966) have defined the real-gas pseudo-pressure 

as (excluding th e ir  factor of two)

'’ 2 p.
m = /  dp' . . (A-6)

P,

then

9m 9m 9P P 9P
i f  -  " i T i f  = IIZ ' . .(A -7)

M  M  IE . = L . IE .
9y " 9p 9y " yZ 9y » . . (A-8)

and 9m _ 9m 9P _ P 9P
9t " 9P 9t " yZ 9t * . . (A-9)



T-2116 106

The right-hand side o f Equation (A-5) can be w ritten  as

-  M l . ,  4 P , %

Substituting Equations (A -7), (A -8 ), (A -9), (A -10), and (A-11) into  

Equation (A-5) and using the d e f in it io n  of the isothermal gas compress­

i b i l i t y ,  c = ( ^  -  Y  obtains

. .(A-11)

This equation can be w ritten  as

V (vm) = i f  1^ . . .(A-12)

which is Equation 10 of the te x t .

F in ite  Differences

By d e fin it io n ,a s  Ax approaches zero the derivative  of a function 

g(x) can be approximated by

jgM ■ ,-..3(x) . . . .(,.1 3 ,

where oA(x) represents the truncation erro r.

For practical application the term oA(x) is omitted and the derivative
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of a function is approximated by 

dq(x) q;' q(x+Ax) -  g(x)
dx * ■ AX * . .(A-14)

Use of the d e f in it io n  given by Equation (A-14) permits Equation (A-11) 

to be converted to f in i te -d if fe re n c e  form for unequally spaced in tervals  

in the following manner:

The f i r s t  application of Equation (A-14) to Equation (A-11) y ie ld s ,  

fo r  block ( i , j )  (see Figure (A-3) ):

m *^ 2  j  “  m.; j  m^ -  m.. ,• ,*

^ i+ l -  * i ^  -  '< i- l

*1+% -

' " i , j + l  ■ ^ i . j ""i . j  ■ "’i , j - 1
-  ' j ' i  -  ' i - 1

= I  • . .(A -15)

The time level at which to evaluate the m's on the left-hand side and 

(yc) on the right-hand side of Equation (A-15) is set at n* fo r  now, 

resulting in

m^+l _ ^ n

(L e ft -h a n d  side) " *  = *  (yc )^ * . . . ( a-16)

where

i = spatial index in x d irec tion ,  

j  = spatial index in y d irec tion .
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i+%,j = the representative value between blocks i , j  and i + l , j  

i , j + ^  = the representative value between blocks i , j  and i , j + l

' i +h i 2

X -  X '  *1-1
h - h  -  " 2

' i - H  ■ ' j  -  - ^ ^ 4 ^  ■

n = time level at beginning o f time step,

n+1 = time level a t end o f  time step,

n* = time level where n* = n or n* = n+^ fo r  a > 1, and
a  —

At = size of time step, t^*^ - t* .̂
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x + A x
X

AZ

AX

y+Ay

y + A

Figure (A-1)
Cubic Elemental Volume of Flow System
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Figure (A-2)
Schematic of Reservoir Model
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i t j +1r n+1

i“l,j,n+l

Figure (A-3; 
Space-Time Grid Index System
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APPENDIX B

HANDLING OF PRESSURE AND TEMPERATURE DEPENDENT VARIABLES

Pseudo-Critical Pressure and Temperature

Experimental results on abundant research formed the basis fo r  a
37

chart (Katz e t  a l ,  1959, p. 112) re la t in g  pseudo-critical temperature and 

pressure to gas specific  gravity  G, from which was derived the re lations

T  ̂ = 170.2513+313.21386 G . . (B-1)

P̂  = 701.9310-49.28498 G . . (B-2)

Where

T  ̂ = pseudo-critical temperature 

degrees R,

P̂  = pseudo-critical pressure, psia,

G = gas specific  gravity  (a i r  = 1.0).

Gas Deviation Factor

Although the Standing-Katz deviation factor charts are easy to use in

manual computations, d ig ita l  computer programming involving compressibility

factors requires tedious programming and storage of tabulated compress-

i b i l i t y  data. This d i f f i c u l t y  can be avoided by use of the Benedict,
57

Rubin, Webb equation of state f i t t e d  by Dranchuk and Abou-Kassem (1975).
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Where

Art Art Afl Art
Z = 1 + (A. + Y"  + — rt + — A + — c) P_

 ̂ V  T /  T /  T /

+ Â Q (1 + exp (-A^jP^ )
r

. . (B-3)

, r - 4 ^ . . (B-4)

P„ =

P. =

Aj = 0.3265 

A, = -0.5339  

Ag = -0.05165 

Ay = -0.7361 

Ag = 0.1056 

A.. = 0.7210 

reduced density 

reduced pressure

^2 = 

A. =

Art =

Art =

A10

-1.0700

0.01569

0.5475

0.1844

0.6134

T^ = reduced temperature 

Z = gas compressibility factor

Gas Compressibility

The iosthermal compressibility of a real gas is defined as

. (B-5)

Since Z is usually expressed as a function of pseudo-reduced pressure.
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i t  is  convenient to define a pseudo-reduced com pressibility , thus

s  = ’’c ° ^  ■ I  • • (G-6)

using Equations (B-3) and (B-4) along with Equation (B-6) gives:

S  ■ P ■ , 2 ,  1+p / Z  ( 3 Z / 3 P J  • • ( G - 7 )r  t  i r  r  r

Where

% %  ■ ^  Y 3  •

Ay Art 
+ 2 (A g  + T "  + - - 2  ) P r  

r
Ay Art

-  5Ag(i + ^ "2 )Pr ^

p 2

2AiiAioPy,(l + A^iPp ) “ 3 Gxp(-AiiPr )
r

2
o 2p A«rt rt p

+ exp(-A^^Pp ) (— g-—) (l+Ai^pp + T J
r r

Equations (B -6 ), (B-7) and (B-8) were used to calculate c .  

Where

c = isothermal gas compressibility , psia’  ̂ ,

= reduced temperature,

= reduced pressure,

p = reduced density,

Z = gas compressibility factor.

( B - 8 )
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Gas Viscosity

58
Lee e t al (1966) reported the following em pirically  derived equations 

for  calculating gas v iscosity (y , cp)

Where

28.966G
0.016Ü184MP

ZRT 1.5_ (7.77 to .063M) T
122.4 + 12.9M + T

= 2.57 + + 0.0095M

= 1.11 + 0.04E

y = De Ep'
1000

M

P--

D,E,F

y

gas Molecular Weight, Ib/mole, 

gas density, Ib /c u . f t . ,  

intermediate values, 

gas v iscosity , cp.

. . (B-9) 

(B-10) 

(B-11) 

(B-12) 

(B-13)

(B-14)

Numerical Integration of Real-Gas Pseudo-Pressure

Al-Hussainy e t  al (1966) have defined the real-gas pseudo-pressure 

as (excluding th e ir  factor o f two)

m = 2 P I  
yZ dP . . (B-15)

Where

m = real-gas pseudo-pressure,

P̂  = the lower pressure at which m(p) is evaluated.
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?2 -  the upper pressure a t which m(p) is evaluated,

y = gas v iscos ity , cp,

Z = gas compressibility fa c to r ,

P = pressure, psia.

Romberg's method of numerical integration was used to integrate Equation 

(B-15).

In terpolation Technique

The numerical model interpolated l in e a r ly  between table values for  

pressure and real-gas pseudo-pressure and also between table values for  

real-gas pseudo-pressure and (yc).



T-2116 117

i

I

o

o

60 8 0

C
O"H

'H 0
> 54
0) ZI
Q w

w 0
0 0
X 54 4J •
-M A, 0 pL,

0
44 Æ W O
0 +J 0 O

•H •H o <N
W P

0 > 4 4
•H C -P  0

«. 4-> 0 •H
(D fO•H >  0
Li r4 4J P U
P 0 U U p
W « C c  44
W z 0
CD 0 pL, 54
54 • 0

E-h o a,
S3 g

p  0
54 EH

• 0 P
f-î 0
1 ü 44
m P

P4
û)
5-1
P

•H

Z  U O T ^ E T A B Q  S ^ O



T 2116 118

OOT

” ■ j

1
t

[

/
1

4-

/
i

î

/

! -

1
i

/
/

/
/

/ /

/
/

/
/

p

— 1 — t09 09 Ot

Co
•H4J
ü
C
3k
>1 fC
V
•H +j
Xî fÜ
•H
f-4 CQ
•H fÜ
W Ü
in
(U >1 •
p 4-1
Oj'H 0s > O

to 0 fOo
•H u U CN
W U
04 Q) M-i

Æ r~ 0
4J «

Q) o 0)
U U-l P
3 0 rO 3
Ü3 4->
W C P m
(U 0 0 u
P •H <+4 Q)
Oi 4-> a

d <U £
r—1 5-1 (U
(U 0 £4«
eur

02

x; -p 
• -H

(N 3 
I

fâ
û)
P3
•H
k.

{ B T s d )  O T  ' o  I -  S-



T 2116
119

. s I I»\ l
K
1 r t

I I \

1 hrt 1
Kl

i 1 1 ‘J
1
1 N

rt
1 \

rt

1 r t

! %

1 !
\

r \
4

1

1 \
1 1

J

I

<S2

>1
4J
•H
W
0
ü  r -  
w •

•H o
>

p
QJ 0 .&4
4-J fo 0

fO û) o
•H M-l M X  o
W 0  P fd CMa, (0

C W w y-j*- G G to 0
Q) •H 5-) U- .
U ■P &4 G
D (Ü >1 54
W »H X! 4J :3
W G 4-1 "H 4-J
QJ C£( "H >  fd5-1 3 Id 54.a. G 54 G

X  C O a,
54 0 £

•H G
4-1 ü 

• C
m p  
1 k

a

E4

Q)P
D
tT'rH

( d ^ ) g _ O T  '  rt



T 2116
120

m
! V

J__ J '
I N I

e

•i
I i

i i 1 N
j j H i i 1 ! i M  1 i 1 1 ! i

i i
1 i 1 ! \ l  1 ! 1 i i i l  I i 1

i 1 
! ! 
i !

1 1 1
! i i i

i
- I L -

11
i

i
1
1

1

! I

i ! ! i M \ i

.§

I i I i i
M I I  ! i I I  I

; ■! i
i I ! i l \ i  i M i M

M I I  i 1 i ! M M 1 M n ! M M M 1
M i l ; I M M M 1 ! KM M M M
i 1 ! M H I M  M M M N M i M
i M M M M M i I 1 M i IK 1 M M
M M M M M ! M M I I M M !K M M
M i M M M i i M M 1 M i M IK 1 i

! I
! i ! I I ;

i l l !

I I i I L_l

! I I

I i

! i r

001

il

I î
009 ooe Dût DOS ooz GOT

G
O

ü
G fd
Cm 4-> <d

W
fd
O

&
E 
Q) >1

JG Cm
4J •HO

fd > O
•H 4M fd o
U) 0 u  fN
eu o

G U-l
*• 0  0

ü •H •
u o (U
G fd H
m rH fd G
m (U -p
0) (%■u fd
u 0  u
ÇU q; UM (T

£ CL
Q) g
H 0)
G £h
œ

« w
(D

1 H
ra CL

Q) JC M
G "H 

•H

. ^ÇTsd)^oi ' (d)w





T-2116 122

APPENDIX C 

FLOW DIAGRAM OF NUMERICAL MODEL 

Figure C-1-Flow Chart o f Numerical Model

Go to 2

Begin

K=0

K = K + 1

n=0

Assume 
Wellbore Pressure 

P(well)

Assume 
m. for all i,ii , J
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Sub. ADIP

Calculate (yc) at 
all nesh points

Go to

Calculate matrix 
coefficient for x-diraction to-*^ 8

new P,well

Calculate matrix 
coefficient for y-direction" Go to

No

Is Calculate the 
flow rate

Yes

Yes Go to

Figure C-2-Flow Chart of Numerical Model (con't)
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Solve tri-diagonal 
system having 

coefficients a.,b.,c.

using Thomas algorithm

Go to

Figure C-3-Flow Chart of Numerical Model (con’t)
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Output

Print out 
time step solution

^ Is N
the condition

y e smax

No

Go to 4

Go to  .

Figure C-4-Flow Chart of Numerical Model (con’t)
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