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ABSTRACT

Non-Abelian holonomic quantum computing is a method of realizing quantum gates by engineering
settings in which cyclic evolution fails to preserve geometric data. Information is encoded as an operator
measure of this lack of geometric preservation, and it is not influenced by either the environment or
dynamic phase. Non-Abelian holonomic information therefore offers the prospect of being more robust to
error than traditional approaches. In this thesis, a comprehensive background is given as an introduction
to the field of holonomic quantum computing, and a promising theoretical framework for generating
universal honolomic gates is reviewed. This existing framework is then extended by generalizing it to
function on arbitrarily large vector spaces, and we prove that the resulting paradigm is sufficient to achieve
universal quantum computation. It is then applied to a system of Laguerre-Gaussian modes in a harmonic
dielectric trap, and it is shown that this novel optical setting can, in principle, achieve universal quantum
computation. The practicality of the implementation is then discussed and compared to other means of

realizing quantum computation in the optical regime.
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CHAPTER 1
INTRODUCTION

For millions of years, Humans and Hominids have sought to build useful machines that aid us in
carrying out certain tasks. The first examples of these machines included simple tools such as wedges and
levers. However, as human activity became more complex, so too did the machines we sought to construct.
As intellectual thought developed and progressed, the demand for tools grew beyond the need for
mechanical advantage. As early as 2700-2300 BCE, the increasing use of arithmetic motivated the
invention of the abacus to aid in simple calculations [1]. Approximately 2000 years later, near the first
century BCE, was the invention of the device considered by modern researchers to be the world’s first
computer: the Antikythera mechanism [2]. The device was a form of analog computer thought to have
been invented by ancient Greeks and used to track the motion of celestial objects. Fast forward another
2000 years to the early 20th century, and electronic analog computers permeate the world of science and
mathematics. Before the year 1900, devices existed capable of analysing harmonic behavior, and by the
1930’s, analog differential equation solvers had been developed [3]. In 1958, the first version of a
perceptron, the building block for modern artificial neural networks, was implemented on an analog device
[4]. The era of analog computers did not last long, however. The first digital computer was constructed in
1939 [5], and with the advent of the transistor in 1948, more generalized digital electronics quickly took off.

The transistor was the final piece of a thousand-year puzzle, allowing for the development of fully
universal machines and the start of the digital revolution. Since its invention, silicon technology has
continued to progress at a staggering rate, and the power of modern computers continues to increase.
However, we are quickly approaching a stage where the physical limitations of silicon transistors may soon
put a halt to this progress. As we start to run into the bottlenecks associated with modern computer
architectures, some people have begun searching for the next key piece that will allow technological progress
to continue. While there are numerous active fields of study focused on the development of more powerful
computing devices, one field in particular makes an especially compelling case: quantum computing.

It is widely believed that quantum computers have an intrinsic advantage over their classical
counterparts. However, a physical system that convincingly demonstrates this advantage to solve practical
problems has yet to be constructed. While a select number of quantum computing architectures have
elevated us into the NISQ (Noisy intemediate-scale quantum) era with the potential to become scalable,
fault-tolerant machines, there is still an active search for new methods of storing and manipulating

quantum information with hopes of achieving a functional quantum advantage. Consistent with the



frontier nature of research into optimal quantum computing paradigms, this thesis proposes and analyses a
novel method of processing quantum information using Laguerre-Gaussian modes in a harmonic dielectric
trap. In this setting, gates would be realized in a purely holonomic manner, making the proposed scheme a
theoretical realization of holonomic quantum computing.

This thesis aims not only to propose a new scheme for quantum computing, but also to promote further
research and innovation by providing a comprehensive introduction to the field of holonomic optical
quantum computing and optical quantum computing. It is structured as follows: Chapter 2 motivates the
need for quantum computers from a complexity theory standpoint, and gives a basic introduction to the
general theory and mathematics underlying the field. In chapter 3, the concept of geometric phase is
introduced and extended to include non-Abelian geometric holonomies in quantum systems. Chapter 4
demonstrates how geometric holonomies can be used to implement robust quantum gates. It then extends
an existing framework to one in which universal quantum computing can be achieved on an arbitrarily
large Hilbert space. Chapter 5 outlines the current methods used to perform quantum computations in a
purely optical setting, and explicitly demonstrates how they are used to carry out operations. Finally,
chapter 6 introduces the paraxial equation, which emulates the behavior of a two-dimensional quantum
system within a classical optics setting. Next, it presents and demonstrates the proposed method to carry
out holonomic quantum computing in the context of the optical modes of a dielectric trap. These chapters
serve to answer the primary question that has motivated this research:

Can trapped optical modes be used to carry out universal holonomic quantum computation?



CHAPTER 2
QUANTUM COMPUTING

Digital electronics offer an incredibly powerful solution for carrying out binary logic. In fact, using
boolean algebraic techniques and methods, such as a K-map [6], it is fairly simple to design an arbitrary
digital circuit to perform any desired binary operation. Furthermore, in combination with memory and
timing circuits, digital systems capable of solving any computational problem can be constructed. This
begs the question: if classical computers are so powerful, why bother building a quantum computer?
Complexity theory offers one possible motivation.

Complexity theory involves the study of computational problems. Specifically, it allows us to quantify
the difficulty of a given problem, generally with consideration to the amount of resources required to solve
it. It is easy to conflate this field with analysis of algorithms, which deals with the resource requirements of
a particular algorithm that can be used to solve a given problem. Complexity theory, on the other hand,
considers the difficulty of a problem regardless of the algorithm being employed. In other words, while
analysis of algorithms asks "how fast does this algorithm solve this problem,” complexity theory asks
instead: "how fast can this problem be solved?” The efficiency with which a problem can be solved is
generally considered with regards to the worst case, and is expressed in Big-O notation: O(f(n)). Here
7" refers to the order of magnitude. In words, given an input of size n, the resource cost has an upper
bound on the order of f(n).

Problems are grouped into classes based on how the resource cost varies with the size of the input. Two
such classes are P and NP. Problems in P are known to be solvable in polynomial time, meaning that the
time required scales as a polynomial of the input size. Using Big-O notation, problems in P run in O(n*)
time, where n is the size of the input and & is an integer. Note that this includes problems with O(g(n))
time complexity so long as g(n) is upper-bounded by n* [7]. P is often considered to be the class of
problems that can reasonably be solved by a classical computer.

Unlike problems in P which can be solved in polynomial time, NP problems are such that a particular
guess at the solution can be verified in polynomial time. Consider, as an example, the traveling salesman
problem: given a set of cities, determine if there exists a closed path which goes through every city exactly
once whose distance is less than or equal to some value k. Any given path can easily be checked to see if its
total distance is < k. Yet, determining if any such path exists is much more difficult. It is an open question
whether or not P = NP. However, at the time of this writing, many problems in NP do not have solutions

that can execute in polynomial time, and many of them are said to be intractable for classical Turing



machines. Take, for example, the problem of factoring a non-prime integer into two prime numbers. While
prime factorization is a sub-exponential problem [8], it is a still very difficult for computers to solve. In
fact, many modern encryption protocols rely on the assumption that it can not be done efficiently.

It is the search for efficient solutions to NP problems that motivates the need for innovations in quantum
computing technologies. Quantum computers bring about a new class of problem: BQP, or Bounded-Error
Quantum Polynomial Time (among others, such as EQP and QMA). This is the class of problems that can
run on a quantum computer in polynomial time with success rates above a given probability threshold.
The specific choice of threshold is arbitrary, and as long as it exceeds %, the class is unchanged. BQP
includes all of P, as well as additional problems in NP (and potentially problems outside of NP) which are
not yet known to be in P [7]. The famous example of a problem in BQP that may not be in P is prime
factorization, mentioned above. This problem was proven to be in BQP in 1995 with the advent of Shor’s
algorithm (proposed by Peter Shor [9]), the first factoring algorithm with polynomial run-time.

While the potential ability for quantum computers to help solve classical problems that are currently
intractable for modern machines is extremely enticing, there is another potential advantage of quantum
devices with equally as many (if not more) potential benefits. Large quantum mechanical systems are very
difficult for a classical computer to simulate. This is partially due to the vast amount of information
encoded within a quantum system. In general, the dimension of the Hilbert space describing n d-level
systems grows exponentially as d”. Thus, describing the full wavefunction of such a system requires an
object with d” elements. Moreover, operators acting on the space require d?” elements to be fully
represented. For a system of just 70 interacting two-level systems, storing the wavefunction alone would
require enough RAM to hold nearly all of the digital information currently on Earth [10]. This poses quite
the bottleneck when it comes to simulating the behavior of large quantum systems. In terms of storing and
manipulating quantum information, quantum computers have a distinct (and fairly obvious) advantage
over their classical counterparts: they store and manipulate quantum information by default. Thus, they
are natural candidates in the search for more efficient methods to carry out simulations of complex
quantum systems.

It turns out that, as expected, quantum computers can efficiently simulate quantum mechanical systems
[10]. Thus, quantum computers have the potential to revolutionize fields of quantum chemistry, medicine
and pharmaceuticals, and many body physics, just to name a few. Moreover, many optimization problems
can be reduced to the problem of finding a ground state of a particular Hamiltonian, opening yet another

category where quantum computers may prove superior to their classical counterparts.



2.1 The Structure of a Qubit

In order to process information on a quantum system, we first need a container in which we can store
the information. For this, we use a single 2-level quantum system called a qubit. We can denote the state
of the qubit using bra-ket notation as |qo) = a|0) + 8]1), where |a|? + |8|?> = 1. The set of vectors |0) and

|1) form an orthonormal basis called the computational basis. In most cases, this basis is chosen to be

1
|0) = , 1) = , but in general this is not a requirement. Any single-qubit operation can be

0 1

represented by a rotation on a unit 2-sphere, called the Bloch sphere or Poincare sphere. Usually, the Z

axis of the sphere is chosen to represent the {|0),|1)} basis with |0) at the north pole and |1) at the south

pole. If this choice is made, convention dictates that |O>\'}|1) and ‘0>\}‘1) lie on the +X and -X axes,

respectively. Similarly, % must be on the +Y axis, and |0>;%|1)

must on the -Y axis.

We can now discuss how to rotate the qubit on the Bloch sphere. It is simplest to group rotations in to
three categories: rotations about the X axis, R,(f), rotations about the Y axis, R, () and rotations about
the Z axis, R,(6). We will begin by determining how the qubit state changes under a rotation about each
axis, starting with the Z axis. The first thing to note is that if we start with the qubit in the |0) state, then
a rotation about the Z axis will never move the state towards the |1) state, and vice versa. We therefore
expect this rotation to be diagonal in the Z basis, {|0),|1)}. Next, we consider how a qubit in the %

state will evolve under this rotation. If the state is rotated by an angle of 7, then the final state will be on

the +Y axis. Thus, R.(F) (lOH'l)) = 0—i1) Following the same line of reasoning, we find that

V2 V2
R, (m) (\0>\+ﬁll>) = |O>\;§|1> and R, (3F) <|0>\J/r§‘1>) = ‘0>\J;§1>. From here, it can be deduced that
i —ig
R.(0) = €™ [0) (0] +e7*2 [1) (1] (2.1)

up to an overall phase. Invoking similar arguments for R, (6) and R, (), we find:

Rx(e)_wb( >|0> <0|+mn< )|0> <1|+mn< >|1>0>+Cos< )|1>|1> (2.2)
R, (6) = cos (2> 10 (0] —|—sm< > 10Y (1] — sin <9> 11)[0) + cos (9> 1y [1). (2.3)

By keeping in mind the representation of the qubit as a point on a sphere, it is clear that these rotation
matrices can produce any unitary operator acting on the qubit. More precisely, products of these operators
can produce any operator in SU(2), the group of 2 x 2 operators with a determinant of 1. Taking the

natural log of this set, we find that In (R;(0)) = ¢

50j, where



e IS ) IS (X

are the Pauli spin matrices in the Z basis.

As a brief aside, it is interesting to consider the implications of this analysis from a group theory
perspective. What we have done is derived the Lie algebra su(2) which generates SU(2). However, we
derived it by considering real rotations in three dimensions - the group SO(3). This illustrates the
existance of a homomorphism from SU(2) to SO(3). Noting that our 3-D rotations by 6 corresponds to an
SU(2) rotation by g, we see that this homomorphism is a two-to-one mapping, and SU(2) is a double cover
of SO(3). Moreover, this implies that the Lie algebra su(2) is isomorphic to s0(3), which generates SO(3).
These algebras are governed by the commutation relations [t;,¢;] = €; j xtx wWhere €; ;5 is the Levi-Civita
symbol. This relation may be more easily identified in the context of the R? unit vectors, X , }7, and Z.
Specifically, the standard R? unit vectors under the cross product form an equivalent Lie algebra, which is

why the coordinate frame of the Bloch sphere considered above was chosen in the manner that it was.
2.2 Dealing With Multiple Qubits

While isolated qubits are interesting to consider both physically and mathematically, they are not
particularly useful when it comes to performing computations (they would, however, make for a really nice
random number generator). In order to make a useful quantum computer, we need instead a set of many
qubits with precisely tunable interactions. To see how such a system can be represented, lets start by
looking at a two qubit system. Let |go) = a|0) + 5o |1) be the state of the first qubit, and
lg1) = a1 ]0) + 51 |1) is the state of the second qubit. If we make a measurement on the system, there are

four possible outcomes, detailed in Table 2.1.

Table 2.1 Shows the possible outcomes of a measurement on two qubits, |go) and |¢;). M is decimal value
associated with binary result, and pjs is the total probability measuring M.

M | |qo) result | |go) probability | |g1) result | |g1) probability | pas
0 |0> (7)) |0> (03] [e7s10%])
1 |0) ag 1) B aoB
2 1) Bo 0) o Boaz
3 1) Bo 1) A1 BoB

Following these results, it makes sense to define a new, 4-dimensional vector representing the combined



state of both qubits, |¢), as

|1/’> = Po |0>0 |0>1 + p1 |0>0 |1>1 + p2 |1>0 |0>1 +p3 |1>o |1>1 (2~5)
= po |02) + p1|12) + p2]22) + p3 32) .

In the second line, we have introduced a new basis, {| M)}, which spans the 2-qubit vector space.
Conventionally, {|Ms)} is structured so that |i) [7); = |i), ® |j);, where ® denotes the covariant tensor
product. Note that this convention is not required, but is useful for mathematical convenience and
consistency, and guarantees that {|Mas)} is orthonormal. This is the convention we will use.

In the case of two noninteracting qubits, p_;; is always the product of (i[qo) and (j|q1) (where ,ij
denotes that we are treating ij as the digits of a binary number, and taking the decimal value of that
number). However, this is not the case in general. Consider the state:

1
V2

Comparing this to Table 2.1, we see that apf; = Boa1 = % and aga; = BB = 0. It is not hard to see

[PF) = —= (I12) + [22)) - (2.7)

that this system of equations has no solution. When this is the case, the two qubits are considered to be
entangled, and the overall state can not be written as the product of two separate vectors. In the case
when this system has a solution, the overall state can be written as a product of two separate vectors, thus
the qubits are not entangled.

With the representation of a 2-qubit state established, we can now consider how gates act on the {Ms}
basis. We can consider a unitary operator Uy acting on |gg) and a Uy acting on |q1). After these operators
are applied, the states become: [¢';) = 70,5 |0) + 71,5 [1) where v; ; = (Uj), o a; + (Uj), , B;. Taking the

tensor product |¢'y) |¢’1), we get a final 2-qubit state given by

[¥') = Z%,o%l |(227)2) (2.8)

= Z ((Uo)m (Ul)j,o po + (UO)i,o (Ul)j,l p1t+

i (2.9)
(Uo)i (U1) 5002 + (Un)iy (U151 23 ) 1))
= (Uo ® U1) [(3i4)s) - (2.10)

In other words, we have demonstrated that the tensor product satisfies: (AB) ® (CD) = (A® C)(B® D)
so that operators acting on individual qubits can be represented as a tensor product of the operators acting
on the full 2-qubit state. Note that if we only want to apply a gate to one of the qubits, we must still

adhere to this structure by applying the tensor product of our desired gate with the identity operator.



Given this tensor product structure for single qubit gates, it is clear that if the input state is separable, the
output will be separable as well. Thus, as we should likely expect, multi-qubit operators are required in
order to generate entanglement.

Multi-qubit operators can take many forms, but perhaps the most intuitive type is the controlled gate.
A controlled gate between the control qubit and the target qubit performs a single qubit gate on the target
qubit if and only if the control qubit is in the |1) state. When the qubit 4 is the control and the qubit j is

the target, a general control gate, denoted C;_,;(U), is of the form:
Cing (U) = (10,109, ) (01, (01,) + (10 11, ) (<01, (11,) + oo (123,10),) ({11, (01 ) + (2.11)
Uro (11,113, ) (11, 001,) + o (11):10), ) (41 €11,) + U (10, 10),) (1l 1)) - 212)

Here, to avoid problems with the lack of commutativity of the tensor product on vectors, we have taken the

90); |q1); notation to mean:

|QO>'®|C]1>J' i1 <j
. .= g 2.13
‘q0>l |Q1>] {|QO>j & |q1>i j<i ( )

The ideas of two qubit quantum computing can easily be extended to N qubits. First, we must
generalize our computational basis {|Mz)} to the 2V dimensional basis, {|My)}, where
l5(q0q1 - - - aN—2qN—-1)N) = |q0)¢ |q1)1 - - - |aN—2) y_o [AN—=1) N4 (2.14)

and g; can take the value of either 0 or 1. Next, following the result of single qubit gates on two qubit

systems, we express the application of N-single qubit gates, O;, on the overall state, |¢), as

N—1
¢y = (@ Oi> ) (2.15)
1=0

where |¢') is the output state. This expression can also be generalized to encompass multi-qubit gates that
act on subsets of the full set of qubits. Specifically, take Og4, (n;) to be the operator acting on a set of n;

qubits g;,¢; +1,...,¢; +n; — 1. If there are k such gates, then the total operator acting on |¢) is given by

k—1
v} = (@ Oqi<ni>) ). (216)

However, there are two requirements that must be satisfied in order for this expression to correctly

represent the operation:

° Ef;ol n; =N



° qi+1:qi+ni VieZ & ZG[O7I€—1]

These guarantee that all qubits are acted on exactly once, and that the tensor product on the operators

is done in the correct order.
2.3 A Brief Note on Universality

A universal quantum computer is analogous to a classical Turing machine in that it can be used to
construct any quantum circuit. Just as there are countless models of classical computation that are Turing
complete, there are many possible ways to achieve universality using quantum gates. Quantum hardware is
rarely capable of directly applying arbitrary gates on the system. Thus, it is necessary to be able to
efficiently produce arbitrary gates using the gate set that is available to the hardware. One commonly
referenced universal gate set consists of three gates: Hadamard (H), Phase (P), and CNOT, shown in

matrix form (in the Z basis) in Eq. (2.17).

1 i
HE( \/§1> PE<602 O’Lg> CNOT =
—— il

This set of operators can efficiently produce any special unitary operation[11]. Thus, in order to

(2.17)

S-S
—o oo
o oo

oo o+
o o= O

demonstrate that a different set of gates is universal, it is sufficient to show equivalence to this set.



CHAPTER 3
ABELIAN AND NON-ABELIAN HOLONOMIES

It has long been known that quantum states accumulate a phase as they evolve under the Schrodinger
equation, just as light waves accumulate a phase as they propagate under the Maxwell equations. However,
it was not until more recently that the existence of another component of phase was discovered. This phase
does not depend on the Schrodinger equation. In fact, it does not depend on the system Hamiltonian at
all. Instead, this phase, appropriately named the geometric phase, depends exclusively on the geometry of
the vector space, and the curve being traversed.

A state, |n(t)) that evolves under the Schrédinger equation will generally accumulate a phase. Perhaps
the simplest case of this is the dynamic phase accumulation associated with a stationary state of
Hamiltonian, H, as discussed by Zela [12]. Letting |n) and €, be a pair of solutions to the eigenvalue

problem,

Hin) = e n), (3.1)

then |n(t)) = e~ % |n) is such a stationary state. The phase accumulation is clearly &t Similarly, when

the state is a linear combination of stationary states,

) =S en ). (3.2)

the linearity of the Schrodinger equation guarantees that

() =D e |n). (3.3)

However, this solution assumes H is constant. If we extend this analysis to allow the Hamiltonian to vary

with some time-dependent set of parameters, R, (t), then Eq. (3.1) becomes
H(Ry) [n(R)) = en(Ry) [n(Ry)) (3-4)

and the time-dependent state is expressed

[(Ru)) =D ealt) [n(R)) - (3.5)

Noting that 9 [t (R,)) = >_; Or, [(R,)) 0 R;, the time-dependent Schrddinger equation becomes
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57 (Bren 0 (R + 10, In(R O + fenlt)en () () ) 0. (36)

n,J

Then, if another eigenstate of the Hamiltonian, |m(R,)), is multiplied on the right, Eq. (3.6) becomes

Oem(t) = 3 (iea(t) AL, ,OR;) %cm(t)em(R#) (3.7)

n,j
where A7 =i (m(R,)|Og, [n(R,)). If we assume the evolution to be adiabatic, then the adiabatic
theorem can be used to simplify this expression [12]. For any quantum system with a Hamiltonian that

varies slowly in time such that (assuming there is no energy degeneracy) [12],

(m(R,,)| 0:H [n(R,))
En(Ry) — Em(Ry)

~0 V m#n, (3.8)

then the system will remain in its instantaneous eigenstate. Invoking this assumption on A{nvn implies that

Al =~ AL Omm, and Eq. (3.7) becomes

Orem(t) =1 (Ag’n’matRj - ;em(RM)> Cm(t) (3.9)

where the summation over j is implied and ) j has been left out for simplicity. The differential equation in

Eq. (3.9) has a well-known solution:

em(t) = eme®me, (to), (3.10)
where ¢,, is the dynamic phase given by
1 t
bm = _ﬁ/ em (R, (t))dt! (3.11)
to

and ~,, is the geometric phase (often called the Berry phase):

Y = tAg;mat,Rj (t"dt' = / Al dR;. (3.12)
to c
Here, C' is the curve traversed through the parameter space with endpoints R, (to) and R, (t).
In general, while the dynamic phase depends on the energy of the state and the total time of the
evolution, the geometric phase is an Abelian holonomy resulting from the parallel transport of the state

vector over a curved manifold, thus it depends on the geometry of the evolution through some parameter

space rather than the total time. This is evident when looking at Eq. (3.12), which is a special case of Eq.

11



(3.22) corresponding to adiabatic evolution. In fact, for two level systems it can be shown that the
geometric phase reduces to half of the solid angle enclosed by the path of the evolution on the Bloch sphere
[12]. This is analogous to the classic example of a pendulum on a globe:

Suppose you are standing at the North Pole, holding a pendulum that you have set in motion so that it
swings along the prime meridian. Then, if you slowly turn in a circle, the pendulum will continue swinging
along the prime meridian the entire time, so long as your motion is slow enough. Now, say you walk
straight straight down the prime meridian to the equator, turn right, and head to 90° west. Assume that
the whole time you are moving, you do so slowly enough as to not interfere with the motion of the
pendulum. Finally, you walk back up the to North Pole. Following this process, the pendulum will no
longer be swinging along the prime meridian. In fact, it will have rotated by 5, equivalent to the solid

angle you enclosed when covering the quarter hemisphere of the globe.
3.1 General Geometric Phase

While geometric phases were first considered in the context of adiabatic evolution, it was quickly shown
by Aharonov and Anandan [13] that geometric phase can also be quantified without the need for this
approximation. In order to demonstrate this, we begin with a new state [¢(¢)) that evolves under a

Hamiltonian, H (t), according to the time-dependent Schrédinger equation,

H{(t) [(t)) = ihy [¢(t)) - (3.13)

At some time, tf, assume that [1(t7)) = €% [1h(ty)). Next, define a second state, |p(t)) = e~ ®) [1)(t)).

Substituting this into Eq. (3.13) gives

L0 H ) (0) — i (0] 0, 6(0)) + DS (1) = 0 (3.14)
— ft7) = f0) = =3 [ wOIHO WO+ [ oo]oleo)d (315)

If we require |@(t5)) = |p(to)) so that f(ts) — f(to) = 9, then the total phase again has two contributions,
the dynamic phase and the geometric phase. The dynamic component, ¢, is equivalent to the adiabatic

case in Eq. (3.11):

o= [ WwolHO )it = [ b (3.16)

to to

The geometric phase is now
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y=i / " (6(0)] 0, 16(0)) dt. (3.17)

to
By considering a second state evolving in the Hilbert space, |¢(t)), we were able to acquire a geometric
phase term without invoking the adiabatic approximation. In fact, the geometric phase can be generalized
even further to include both non-unitary and non-cyclic evolutions as well [14]. To construct a completely
general expression for the geometric phase, we note that there are always two contributions to the total
phase: the dynamic phase, ¢, and the geometric phase, 7. The total phase, d, is simply the sum of these

two components,

d=¢+7 (3.18)

To characterize v, it is first necessary to quantify both § and ¢. § is the simplest of the two, and can be
thought of as the phase difference between the initial and final states. Given an initial state,
i) = e "
is simply af — o;. For general |¢;) and |1)f), this is expressed as [12]

¢), which evolves to the final state, [¢f) = e~/ |¢;), the total phase between the two states

6 = arg ((¥s[¢)y)) - (3.19)

To acquire the dynamic phase, we look to Eq. (3.11) and Eq. (3.16), and express the energy as the

expectation value of the Hamiltonian:

6= arg (e;‘ I <w<t>H<t>w<t>>dt> (3.20)

— ([ wono ) (3.21)

t;
where Eq. (3.21) is acquired from Eq. (3.20) by applying the time-dependant Schrodinger equation, and
noting that (¢(s)|d(s)) = iIm((¢(s)|¢(s))). Combining Eq. (3.18), Eq. (3.19), and Eq. (3.21) gives the

general form of the geometric phase[12]:

v = ang(((s o)~ ([ ol as) (322)

Note that while both the total phase and the dynamic phase can be removed by a particular choice of

gauge, the geometric phase is gauge invariant under the local phase transformation [1) — [¢)') = (%) |¢)):
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v = ' = arg(eT )il (y(s:) |1 (s5)))
—Im </S f e—io(s) (¥(s)] Os (eia(s) W)(S))) ds) (3.23)

= a(sy) — a(s;) +arg ((¥(s:) [P (sy)))
—Im </ () [(s)) ds — / ' a(s)ds) (3.24)

Siq

sy .
ang(0(elw(57)) ~ i ([ i) ds) (3.25)
3.2 Extension to Non-Abelian Holonomies

As briefly mentioned above, the geometric phase is an example of an Abelian holonomy. That said, it is
reasonable to ask what this means, and why it is the case. In general, the holonomy resulting from the
evolution of a quantum system can be represented as an operator acting on the Hilbert space. If we
consider the general state |¢) in Eq. (3.2), the operator representing the accumulation of a geometric

phase, 7, is given by

O() = e |n) {n. (3.26)

n

If we take v, to be a free set of parameters, then the resulting set of possible operators forms an Abelian
subgroup, Hy . (N), of U(N) (for an N dimensional Hilbert space). This is the holonomy group
characterizing the geometric phase. It is straightforward to verify that this group is Abelian by calculating

the commutator of two arbitrary group elements:

n) nlm) (m| = ¢*Pr i

[0(a),0(8)] =) (emem m) (m| |n) (n])

= 3 [, 0]
n

Because the phases «, and 3, are scalar valued, e’ and e"’» are both elements of U(1). Therefore,

(3.27)

their commutator is zero, and the value of [O(«), O(5)] is also zero. Since the elements of H,, (N)
commute, we say that H,, (IV) is an Abelian group.

It is also possible to quantify non-Abelian holonomies resulting from quantum evolutions. As with the
case of geometric phase, this was first realized in the adiabatic setting [15]. To see how this can be done,
recall the simplification of Eq. (3.7) to Eq. (3.9) by invoking the adiabatic approximation, Eq. (3.8). The
form of the adiabatic approximation required the assumption that the Hamiltonian was non-degenerate. In
other words, it was assumed that F,, # E, ¥V m # n. If we relax this assumption, the adiabatic

approximation can still be invoked, only the form becomes
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(m(R,.)| 0:H [n(R,,))
En(Ry) — En(Ry)

~0 VY En(R,) # En(R,). (3.28)

This is nearly identical to Eq. (3.8) but has now been extended to allow degenerate energy levels. In the

former case, )", A{nm reduced to a single term, Afmm. However, if some subspace, Sg, of the Hilbert space

satisfies (k| H |k) = Ep(R,) ¥ |k) € So, 3, A}, ,, instead reduces to 3, cs, A7, 1, and Eq. (3.9) becomes

m

8tcm(t) =1 (Afn,kﬁtRj — ;Gm(R#)5m7k> Ck(t). (329)

The implied sum over k is once again restricted to Sp. As before, ¢(t) evolves in time under the evolution

operator, el e’® where the dynamic phase operator, ®, is given by

t
(bm,k = ﬁ/ em(R,u(t/))(Sm,kdt/- (330)
to

Likewise, the operator, T, is the non-Abelian Wilczek-Zee Holonomy[15], given by

t . .
rm,k:/ Aﬁn,katRj(t’)dt’:/ Al dR;. (3.31)
to C ’
Here,
Al =i(m(R,)|Or, [k(R,)), |m),|k) € So. (3.32)

This holonomy is a unitary operator that transforms states within the degenerate subspace. However, it
still relies on the adiabatic approximation, and this restricts the allowable speed of evolution. That can
become an issue, particular for applications in quantum computing because of the short decoherence times
of many qubit architectures. Thus, it would be ideal to generalize the ideas to non-Abelian evolutions, and
this will now be carried out.

Following the work of Anandan [16] with additional insights provided by Bohm et al. [17], consider an
arbitrary N-dimensional subspace, S, of the Hilbert space. Note that unlike Sg above, we will not yet
restrict S to a particular subspace. Let Sy = {|¢n,(¢)) |, m € Z, m € [0, N — 1], be an orthonormal basis
for S that evolves under H according to the time-dependent Schrédinger equation. Let
Sp = {|dm(t)) ], m € Z, m € [0, N — 1]} be an orthonormal basis for S that does not satisfy the
Schrodinger equation for H. Since the two basis sets are both orthonormal and cover the same space, we

can express [¢,,) in terms basis vectors of Sy as
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[Ym () = Frem (t) [0 (1)) - (3.33)

Here F(t) is a unitary operator, and |, (t)) satisfies the Schrodinger equation. This knowledge and Eq.

(3.33) can be used to build an equation for Fj ., (¢):

ih0y (Fiem () [01())) = H (Fie,m (t) |95 (1)))- (3.34)

Taking the derivative on the right hand side and multiplying both sides of the equation by {¢.(t)| results in

a Schrodinger equation for Fy, ., (t):

O Fem(t) = i(Ack(t) — Kei(t))Elom (t). (3.35)

Here Ack(t) = i (9c(t)|0: i (t)) is the geometric component of the evolution analogous to the Wilczek-Zee
Holonomy, and K. (t) = + (¢c(t)| H |p1(t)) characterizes the dynamics of the system. This can be formally

integrated to give

F(t) = Tei Jio (40K ), (3.36)

where T is the Dyson time-ordering operator. Note that if ¢ = to, then F(t) becomes the identity matrix
and Y (o)) = Ok,m |0k (t0)) = |dm(to)). We must therefore require that for every |¢,,(t)) € Sy, there
exists a vector in S, call it |¢,,(t)), so that |1, (t0)) = |¢m(to)). With this requirement, |, (t)) can be

expressed as a time-evolution operator acting on |1y, (t)):

|¢m(t)> = Fk,m(t) ‘d)k(t» <¢m(t0)|wm(t0)> : (337)

As an additional constraint, it can be useful to force Sy to be periodic so that |¢x(to)) = |or(ty)) V

|¢) € Sy for some ty and ty. Then, the final time-evolution operator on Sy (ty), F(tf), becomes

F(tr) = Fen(ty) |96 (t0)) (dm(to)| = Fem(t5) |4 (t0)) (¥m(to)l, (3.38)

so that [1);(t)) = F(tf)|¥;j(to)). The unitary operator, F(ts), represents the holonomy for non-Abelian,
nonadiabatic, cyclic processes.

Tt is also insightful to look in depth at the contributions to the evolution operator, A(t) and K (t). For
example, given that the choice of Sy is seemingly arbitrary up to the prescribed constraints, it is natural to
ask what happens if a different basis is selected. Let |¢,(¢)) = Qp.m(t) |#p(t)). Then K(t) transforms to
K'(t) as
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k(1) = (&, (O] H [6,(1))

= (Gut| Q1 H Qo i [Pa(t))
(927),,,., (9o(t)| H |0 (t)) Qai
— K'(t) =Q'KQ,

while A(t) transforms to A'(¢) as

mk () =1 (¢7, ()] O¢ |}, (1))
= iQ5 1 (D5(8)|Ga(t)) 0rQa + 1, (D6()] Ok | D (t)) Yak
=i (Qf)m’a 01Q0.a + (QT)m’b Ap.aQa
— A'(t) =iN10,Q + QTAQ.

Under a change of basis, A(t) transforms as a connection 1-form, thus it is a true gauge potential [16]. One
notable feature about this transformation rule is that a zero-valued potential in one basis can produce a
non-zero potential in a different basis. K, on the other hand, does not have this property. If K is zero for
any Sy, then it is zero for all S4. This is critical when considering that K is the only appearance of H in
U(t). Specifically, If K = 0, then the evolution of |1 (t)) is purely geometric.

The key feature which distinguishes non-Abelian holonomies from their Abelian counterpart, the
geometric phase, is the existence of off-diagonal components in the holonomy operator. Specifically, unlike
in the Abelian case, the operators in the non-Abelian case can not be simultaneously diagonalized. While
on the surface this seems like a simple generalization, it has significant impacts on both algebraic structure
and potential applications. Specifically, the holonomy operators in the non-Abelian case are elements of a
non-Abelian group, H(N) < U(N) [18]. Unlike H, ,(NN), which has elements that are only capable of
modifying the relative phases of the basis vectors, H(N) has elements which are also capable of modifying
the relative amplitudes of the basis vectors. These distinct operations can be understood in terms of a two
level system on a Bloch sphere. In this setting, Hy p, (N) induces rotations about the Z axis. These
rotations are not sufficient for applications such as quantum computing because the are incapable of
altering the ”latitude” of the state, which is necessary for full control of the system. H(N), on the other
hand, induces rotations in more than one degree of freedom. This means that both the ”latitude” and

”longitude” can be controlled, making universal operations possible.
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CHAPTER 4
HOLONOMIC QUANTUM LOGIC

Many popular quantum computing architectures suffer from high noise and decoherence rates[19].
While Noisy Intermediate-Scale Quantum (NISQ) computers are generally sufficient to demonstrate
error-resilient circuits including optimization protocols, quantum simulations, and quantum machine
learning algorithms, they are not capable of performing more delicate operations at a useful scale. For
example, widely sought after algorithms such as amplitude amplification (Grover’s search), quantum
Fourier transforms, and the coveted Shor’s algorithm are all single-error fragile. In other words, their
output elicits chaotic deviations in response to small perturbations throughout the circuit.

To develop more useful quantum computing devices, a necessary prerequisite is the mitigation of errors.
One promising approach is the use of passive error correcting codes which simulate a Hamiltonian of
topological quantum order [19]. These codes seek to emulate anyonic behavior, in which quantum
information can be stored nonlocally and is therefore resilient to local perturbations in the system [20].
However, this approach comes with some notable drawbacks, one of which being its high resource cost [19].
In fact, some implementations have overheads on the order of 100 - 1000 physical qubits per logical qubit
to achieve fault-tolerance [21]. Moreover, sufficiently aggressive error sources can undermine the
functionality of error correcting codes. In superconducting systems, for example, cosmic rays induce
physical errors significant enough to prevent error correction from working properly [22, 23].

While quantum error correction is an exciting facet of the current research frontier, another strategy is
to attempt to design qubits with less sensitivity to environmental noise. Unfortunately, such an endeavor is
easier said than done. One front being explored is the production of physical systems with topological
order, bypassing the need to simulate them with large qubit arrays. This effort underlies topological
quantum computing, in which physical quasiparticle excitations (anyons) are manipulated to store
quantum information nonlocally [20]. Although this is a compelling and elegant approach to achieve
fault-tolerance, the existence of the requisite non-Abelian anyons has yet to be demonstrated.

There is also a middle ground between topological quantum computing and current paradigms that is
experimentally tractable. Holonomic quantum computing seeks to exploit the geometry of a quantum
system to achieve evolutions with increased resilience to noise than traditional methods. Unlike topological
quantum computing, which relies on exotic quantum excitations that have not yet been discovered,
holonomic quantum computing can be achieved using systems that already exist in laboratories. General

implementations rely on the ability to realize Hamiltonians which suppress the dynamic evolution of some
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subspace S, as described in section 3.2.

An example of such a Hamiltonian can be found in trapped ion systems, proposed and analyzed by
Sjoqvist [24]. Consider a three-level ion with stationary states states denoted by |0),]1), and |e). By
driving the |0) — |e) and |1) — |e) transitions independently using tuned laser pulses, the Hamiltonian can

be expressed in the form [24]

H(t) = Q(t)(wo le) (0] + wi |€) (1] + h.c.). (4.1)

Here §(¢) is the Rabi frequency, and the frequency parameters are constrained so that |<,uo|2 + |u)1|2 =1.
The set Sy is chosen to be {|d) , |b)} where |d) = —w1 |0) + wp|1) is referred to as the dark state, and

|bY = w§ |0) + wi |1) is referred to as the bright state. The set Sy is chosen to be {|¢o(t)),|¢1(t))}, given by

B0 = 1)
f1()) = €W (cos(8(t)) b) — isin(5(t)) [e)), (4.2)
t . ¢

where 0(t) = [, Q(t')dt'. The requirement that |pm(tr)) = |pm(to)) forces (ty) = Nm = [,/ Q(t) = N
for N € Z. It is straightforward to show through explicit calculation that Ky, x = (¢, (t)| H(t) |¢r(t)) =0,
thus the evolution of this system will be purely geometric under A. The only non-zero element of A is
A11 = —0,6(t). Thus, F(ts)i1 =€ Jeg Wt _ =Nim _ 1 _ 2(Nmod2). Noting additionally that
F(tf)o,o =€ =1, it is clear that F(t;) = o3 for odd N, and F(t;) = o¢ for even N. Because evolution

under oy is trivial, we restrict N to odd values so that U(ts) = F(tf)km |¢r(to)) (¢m(to)| becomes

U(ty) = (lw1|* = lwol?) [0) O] = 2w1e05 [0) (1] = 2wowy [1) (O] + (Jwol* — fwr|*) [1) (1] . (4.3)

Letting wy and we be arbitrary complex numbers (keeping normalization in mind, of course), U(¢) is a
universal single qubit gate in the computational basis {|0),|1)}.

While the unitary operator of Eq. 4.3 may be either Abelian or non-Abelian, the delineation in
character is made clear by the following alternate representation of the component of U that acts on the

degenerate subspace [24]:
Ut =78, (4.4)

where 7 is a unit vector described with spherical coordinates in the {|¢1(0)), |¢2(0))} basis and & is the

Pauli vector:
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i = {cosq,sinb,,sin ¢, sinb,,cosb,}
wo = ePsing,/2, w; = —cosb,/2
7 = Ao lo).lo:]} (45)

This is the SU(2) analog to Euler’s Rotation Theorem for SO(3) in which any set of rotations about
fixed axes are shown to be equivalent to one rotation about a single axes. Each operator, by itself,
therefore corresponds to motion on a particular circular arc in SU(2). A sequence of operations, each
tracing an arc, can be constructed so that a closed curvilinear polygon is created. The solid angle enclosed
is equal to twice the geometric phase. However, if a sequence of operators is applied with a full rotation
about their respective unit normals, then a geometric phase is generated for each closed loop, and the order
in which the operations are carried out does not change the total geometric phase accumulated. The
sequence of such operations is therefore Abelian.

Non-Abelian behavior is elicited when two operators are sequentially applied with a 180° rotation about
their respective unit normals, 77. The degenerate subspace associated with the Hamiltonian of Eq. 4.1 will
then flip in each operation. The final orientations of an orthonormal basis of the degenerate space will then
depend on the order in which the operations were applied—i.e. the operators produce a non-Abelian

evolution of vectors in the degenerate subspace.
4.1 Extension to D-Dimensional Holonomic Operators

We now propose a generalization of the above framework to allow universal logic operations on a vector
space of arbitrary dimension. Using the structure associated with this example, it is possible to formulate a
universal gate set acting on a D-dimensional subspace, Sp, of a (D + 1)-dimensional Hilbert space.

Consider the set G(P), consisting of (g ) (D + 1)-dimensional Hamiltonian operators. Let M (P ) contain the

integers [0, D — 2] and NSP) contain the integers [m, D — 1]. We can then define GEZ)R) as the Hamiltonian
given by
D
G = Q) () (@i [€) (m] +wn [e) (] + H.C.), me MP) & ne NP (4.6)

For each Hamiltonian, we identify the ”dark state,” |d(;, n)) = —wn M) + wy, [n), and the ”bright state,”
1b(m.n)) = Wiy, M) +w;: [n). Just as before, we choose sy, (m n) to be the set {|d(m.n)) , [bam.n))}, and sg to

be {|¢0,(m,n) (t)> y |¢1,(m,n) (t)>} with

|¢0,(m,n) (t)> = |d(m,n)>7 (47)
|¢1,(m,n) (t)> = ei5<m7n)(t) (Cos(é(m,n) (t)) |b(m,n)> - Z‘Sin(é(m,n) (t)) |6>)
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Again, 0, ) (t) = ftz Q) (t")dt" and 6y, () = N7 for some odd N. As expected, this evolution is
purely geometric because Kj i (m,n) = (®,(m,n)l GEﬁ)n) |Pk,(m,n)) = 0. Similarly, the only non-zero element
of Amny 18 A11,(mn) = —0¢0(m,n)(t), and F(,, 5,)(ty) = o3. It then follows that the final evolution of the

{|m) ,|n)} subspace is given by

U,y () = (lwn? = |wm [*) [m) (m] = 2wnwy, Im) (n] = 20mewy, [n) (m] + (lwm|* = lwal?) In) (o] (4.9)

Critically, the evolution of Sp is fully restricted to the {|m),|n)} subspace. In fact, it can be shown that

(D)
the evolution of the entire Hilbert space under G(m )’ given by U(n[j)n) (ty) = e_”G(m,m, becomes
D
Uy (t5) = Umomy () + | D 1K) (K] | = le) (el (4.10)
kg{m,n}

so that all states in Sp evolve under the identity except for |m) and |n).
UP)(tr) is dense in U(D), the group of D-dimensional unitary operators. In other words, it forms a

universal gate set on a D-dimensional Hilbert space. To see how this is true, note that operation of

(@)

(m. n)(t 1) is exactly equivalent to that of a beam splitter acting on the m and n rails of a D rail system.

The universality of these operators along with arbitrary phase gates is proven in Chapter 5.2. It is
therefore sufficient to demonstrate that a phase gate can be produced in this context.
. . . D D ; . .
Consider the sequential application of U((m,)n) (tr) and U((i,j)) (ty) where |i) = |m) and |j) = |n), which

produces

D
Ui () - UL () = Uty (b5) - Uy () + ;}mw|mw, (4.11)
kg{m,n

where

Utmn)(ts) - Uajy(ty) =

[(|wn|2 |wm|2) (|wj|2 | | ) + dw,w; wmw]] |m) (m)]
=2 [wmwy, (lwj* = lwil®) + wiw; (Jwml* = |wal?)] [n) (ml (4.12)
=2 [wawy, (lwil® = |wjl?) + wjw} (Joal* = lwml?)] Im) (n|
+ [(Jwml* = lwnl?) (Jwil* = lw;[*) + 4wmwjwrw] ] In) (n].

Critically, this produces phase terms on the diagonal. In the simple case where
(|wn|2 — |wm\2) = (|wj|2 — |wi|2) =0, Upn,my(tr) - Ugjy(ty) is a phase gate on {|m),|n)}. Thus, following

the demonstration in Chapter 5.2, U(P) is a universal gate set on Sp.
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4.2 The Zhu-Wang Scheme for Abelian Geometric Quantum Computation

An alternative approach to generating non-Abelian geometric gates is to use Abelian holonomies, but
acting on a basis that is transformed from the computational basis. This was proposed in 2002 by
Shi-Liang Zhu and Z. D. Wang in the context of nuclear magnetic resonance (NMR) devices [25]. In the
general case, an Abelian phase gate in the {|1g),[1)} basis, €70 |¢o) (o] + €' |tb1) (1], acts on the

computational basis, {|0),[1)} as

(ei¢g|a|2 + ei¢1‘ﬂ|2) |O> <O| +af* (ei% — ei¢1> |O> <1| +

) ) ) . 4.13
o’ (e“bo - e“ﬁl) 1) (0] + (el¢"’|oz|2 + el¢1|ﬁ|2) 1) (1] (4.13)
under the basis transformation,
[ho) = «l0)+B[1)
1) = —B710) +a"[1). (4.14)

In the case of geometric NMR gates considered by Zhu and Wang, a = cos (%), B = sin (%), and

¢o = —¢1 = 7y where -y is the magnitude of the geometric phase, and x can be varied by rotating the
magnetic field. Note that unlike the non-Abelian holonomy explored above, the Zhu-Wang (ZW)
implementation has a non-trivial dynamic phase accumulation which must be removed. In the NMR
setting this is done through a series of two sequential evolutions. First, the magnetic field is set up to
produce the desired gate, and the system is allowed to evolve for half of the full required time. Next, the
magnetic field is negated, and the second half of the evolution is completed. The dynamic phase
accumulated during the first half of the process cancels with the dynamic phase of the second half, while
the geometric phases add together. The result is a purely geometric process.

The ZW scheme has an intuitive interpretation in terms of motion on the Bloch sphere. Let us orient
our axes so that [¢p) is along the +Z axis, % is along the +X axis, and % is along the +Y
axis. Then, the diagonal evolution operator e=% [+hg) (10| + €7 |1p1) (11| corresponds to a rotation of the
state vector about the Z axis by an angle of —2~. If this is the only gate that can be achieved by a
particular setup, then the ”latitude” of the state can never be changed, thus universal quantum computing
is not possible. However, by changing the orientation of the magnetic field, the eigenbasis of the
Hamiltonian rotates with respect to the computational basis. The result is an effective rotation of the X7
plane about the Y axis. The Z axis transforms: Z — Z’ = Z cos(x) + X cos(x). Evolving the system under
the same time evolution operator rotates the state about the new Z’ axis. If y = 7, then Z’ lies along the
old X axis, and the rotation will impart an effective X-rotation on the state vector. It is this freedom to

orient the Z axis that makes universal quantum computing possible with Abelian holonomies.
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CHAPTER 5
LINEAR OPTICAL QUANTUM COMPUTING

With qubit architectures such as trapped ions and NMR qubits having such promise, it is reasonable to
ask: why try to build a quantum computer with optics? It turns out that photons has a number of distinct
advantages that could be useful for quantum information systems. Along with having long decoherence
times [26], photons come with the added benefit of being easily transmissible. Both of these properties
make them highly desirable carriers of quantum information. However, the ability to be used for
communication is relatively unique among photons, which makes them particularly useful and, in some
systems, necessary.

Along with the obvious usage of transmissible qubits (so called ”flying qubits”) for long-range quantum
communication, there is a more subtle application relating to scalability. Many proposals for large
quantum computers involve cluster-based setups where large arrays of quantum computers operate
separately, but share information via flying qubit channels. Even for non-photonic chips like trapped ion
machines, such an implementation may require the ability to convert the state of the system into a
different medium, such as photons, which can be sent to neighboring devices. Computers based on
photonic qubits would likely not need to make such conversions.

However, with the potential benefits of photonic quantum computers comes new challenges. Part of
what makes photons robust information carriers is their lack of damaging interactions with the
environment. This same property makes generating multi-photon interactions very difficult. The first
optical quantum computations relied on strong non-linear effects, such as cavity QED interactions [26, 27]
and the Kerr effect [26], to generate photon-photon interactions that can act as a multi-qubit quantum
gate. These non-linearities, however, can be difficult to achieve in practice [26].

The potential benefits of photonic quantum computing and the relative difficulty of achieving strong
non-linear coupling make the call of linear optical quantum computing especially enticing. While there are
numerous approaches to realize quantum computation using linear optical elements, there are two that will
be considered here. The first is based on a process first proposed by Michael Reck and Anton Zeilinger [28].
This model acknowledges the universality of tunable beam splitters and phase shifters acting on an array of
beams to construct circuits capable of generating arbitrary universal operations. While there are many
variations of this approach, they will collectively be referred to as the Reck scheme. The second is known
as the KLM protocol (appropriately named after its creators, Emanuel Knill, Raymond Laflamme and

Gerard J. Milburn). The KLM protocol utilizes photodetection on ancilla photons to introduce
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non-linearities which enable universal computation.
5.1 Beam Splitters and Phase Shifters as Unitary Operators

A single photon can be represented as a two-level system in a number of ways. One simple way often
considered when introducing concepts of quantum mechanics is the polarization. If the polarization is
represented in the vertical/horizontal basis, {|V),|H)}, then a diagonally polarized photon would be
represented by the vector % (IV) £ |H)). There is a mathematically equivalent way to construct a
two-level system using spatial photon modes, often known as dual-rail encoding. Rather than monitoring
the intrinsic polarization of the photon, we posit two possible paths, path a and path b, for the photon to
take. We can denote the two paths using an orthonormal basis, {|a), |b)}. If we send an input state
liny = Eq.in |a) + Ep 4 |b) into a beam splitter, as pictured in Figure 5.1, the output state becomes

lout) = Eq out |a) + Epout [b) = T |in), where 7 is an operator representing the action of the beam splitter.

Requiring that the beam splitter be lossless so that energy is conserved results in 3 relations:
[Ta,al? + |T,0l* = 1 |7al® + |Top|* = 1 TaaTap + ToaThp =0 (5.1)
Expressing the third relation in polar form (; ; = |7; ;|e!?"7) gives
Ta.al|Ta.p|€@ee™Peb) |1 o ||7 5|5 Prra=Po0) =, (5.2)

This equation can be simplified to produce

Taal _ 7ol ie), (5.3)
ITb,a |Ta,bl

where ® = @p 4 + Pa.p — Pa,a — Pbp — m. Substituting in the first two relations yields two conditions:

1- |Tb,a|2 _ 1-— |7'a’b|2 i® ‘7'a,a|2 _ |7'b,b|2 iP
|7'b,a|2 |7'a,b 2 1- |7'a,a|2 1- |Tb,b|2

(5.4)

the first of which requires that |7, 4| = |74,5|, and the second ensures |7,,4| = |75|- In both cases, & = 27N

for N € Z is required. Imposing these conditions, the beam splitter can be reduced to the unitary operator:

_ gy [ cos(B)e’ sin(6)e'??
T=e (sin(@)e”’2 — cos(f)e~ 1 (5:5)

where ¢g = %(gbb,a + bap), 1 = %(gf)M — ¢pp+m), and ¢o = %(QSa,b — ¢b,q). While 7 is the most general
form of a beam splitter which satisfies energy conservation, it is often reduced to a unitary in terms of only

two parameters, 6 and ¢, by making the assumption that the reflected beams do not acquire an additional
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phase. This reduced form is given by
(0,0) = ( cos(f)  sin(f)e ) (5.6)

sin(@)e=*®  —cos(#)

En,,out

Ea.in

Eb.i-n

Figure 5.1 Depiction of a beam splitter acting on a dual-rail photon state.

The other optical element used in the Reck scheme is the phase shifter which, like the beam splitter,
has a simple representation under dual-rail encoding. Given the two-level input |in) = E, i, |a) + Epin |b),
acting on |a) with a ¢, phase shifter and |b) with a ¢, phase shifter produces the output
lout) = Eq4 ine'®a |a) + Ep ine'® |b). The matrix representation of the phase shift operation, p, can simply

be stated:

ida
p(Ba, d1) = <60 el&,) . (5.7)

When considering p as a gate, ¢, can be absorbed into ¢, = ¢ without loss of generality.

It is worth discussing the quantum mechanical description of the dual-rail encoding. The quantum field
description of light is based on the creation and annihilation of photons using creation and annihilation
operators, denoted af and a respectively, and the overall state of the system is represented using the
many-body Fock basis [26]. For a system in which only a single mode exists, the overall state is described
by % |0) = |n) where |0) is the vacuum state and |n) is the state with n photon excitations. If multiple

T (ah)"

photonic modes are available, then a; creates a photon in the j mode and ~—= |0) = |n;) where |n;) is the

at)"i
state with n photons in the j mode. Likewise, Hf (o)™ |0) = |(n1); (n2)s ... (nk),) denotes the state with

\/@

n; photons in the j mode. The general operation of the creation and annihilation operators acting on a

state is
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alIn;) = \/n; +1|(n+1);) ajng) =4/(ny)[(n —1);). (5.8)

An arbitrary unitary operator, U, acting on the state |(n1), (n2), ... (n%),) has an output given by

j ijaf "
f =0y, 69

We can now apply the quantum field formulation for photons to the dual-rail encoding. Specifically, we

denote a photon in path 0 with a} |0) = [1o) and path 1 with a}[0) = |1;) so that the general quantum

dual-rail state is given by

ONO)

vm! V!

The result of a beam splitter acting on the input state, Eq. (5.10) can be represented, using Eq. (5.9), as

|0) = |mona1) . (5.10)

(cos(&)ag + sin(@)e“z’a];)m (sin(@)e’id’ag - cos(@)ai)n
T N 0)

Similarly the output of a phase shifter is given by

(ag) (6%1) 0). (5.12)

(5.11)

5.2 The Reck Scheme

While it has long been known that any energy conserving process can be represented with a unitary
operator, the inverse was not confirmed until the end of the 20*" century. In 1994, Michael Reck, Anton
Zeilinger, Herbert Bernstein, and Philip Bertani demonstrated that the successive application of lossless
two-dimensional beam splitters and phase shifters could realize any N x N unitary operator [28]. They
proposed an algorithm, referred to here as the Reck Scheme, which factors a given unitary into a sequence
of dual-rail beam splitters. The algorithm is most easily considered in the framework of classical optics, so
this is where we will focus.

First, it is necessary to upgrade the dual-rail system to an N rail system. The N possible paths of the

system are represented by the states {|n) | n € Z & n € [0, N —1]}. Define the operator, T; ;(6, ¢) as
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Tig={ > (p(&,007(8,0),, k) (m| | + > |k) (Kl (5.13)

k,mei,j k&i,j
This corresponds to the application of a beam splitter between path i and path j, followed by a phase

shifter on path ¢. The matrix representation of T; ;(6, ¢) on the {i,j} subspace of the N-rail system is:

e'?cos(f) e COS(9)> 7 (5.14)

p(¢70)7(970)—( sin(f)  —cos(6)

while the rest of the system sees the identity operator. The algorithm devised by Reck uses sequential
applications of T; ;(6, ¢), followed by a phase shift gate on each rail, to generate the desired unitary
operator, U.

The first step is to multiply H;V;ll TnN—j(On,N—j,¢n N—j;) on the right of U giving a new unitary
operator, U’. Note that here the objects are one-indexed so that the first row of U is Uy ; and the last row
is Un ;. By precisely tuning the 71"s, this operation can set all of the non-diagonal elements in the last row
and last column to zero. The U 1/\/ ~ element then takes a value given by e?¥. Moreover, the first N — 1

rows and columns of U’ become a new N — 1 dimensional unitary operator. The process is then repeated

N; Tn_1,nv—;(ON—1,N—j,¢N—1,n—;) is applied to U’. As

for this N — 1 dimensional unitary. Specifically, ]| =

before, this reduces the N — 1 row and N — 1 column to a single non-zero element on the diagonal given by
e’N-1, This is repeated until the resulting operator is fully diagonalized. At this point, the application of
a phase shifter, P, on each rail independently produces the identity so long as Pj = e~ %4; ;. The whole

algorithm can be represented mathematically as

U(TynTvn—2.-TnaTn_1n_2...To1P) =L (5.15)

Thus, Ut has been produced. U can then be acquired through conjugation:

—~

5.16)
5.17)

U=InvnN-1TnnN-2... TN ITN-1,N-2-. T2,1P)T

= Pt (TQT,1T3T,1T§,2 : "TJJ{I,N—QTJE,N—l) :

—~

To see why this process works, note that

N—-1
Uni= U] Tvv—i(Onn—j dnn—j) = (Un|Vi) (5.18)

J=1 N,

where {|V;) |i € Z & i€ [1,N]} is a tunable set of orthonormal vectors and Uy is the N** row of U.

Through careful selection of Ox ny_; and ¢n n—;, |Viv) can be chosen so that | (Un|Va) | = 1. Because
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(Vi|V;) = 65,5, this choice guarantees that | (Un|V;) | = dn ;. Thus, the only non-zero element of Uy is
Uy, x> the element on the diagonal. Moreover, the same outcome will occur on the N th column of U’
because it is unitary.

One thing to note about this encoding is that each path for the photon corresponds to a single element
of the overall state vector. Thus, the number of paths required to store the information of a D qubit
system grows as 2”. Similarly, the number of beam splitters (and phase shifters) grows exponentially as
well. Of course, when using this method to design classical circuits, the universality of light becomes
extremely powerful. Designing and building nanophotonic devices which implement this style of

computation is an active area of research [29].
5.3 The KLM Protocol

Unlike the Reck scheme which has merit in both the classical and quantum regime of optics, the KLM
protocol functions only in the quantum regime, and its primary use is quantum information processing.
The immediate benefit of this is that the resource cost scales linearly with qubit number rather than
exponentially. The KLM protocol uses a dual-rail encoding to store the information of a qubit. Specifically,
the logical |0) state is defined as the dual-rail Fock state |190;) = a:S |0,), and the logical |1) state is defined
as [0gly) = a1 |0,). Note that here, |0,) is used to denote the many-body vacuum state to avoid confusion
with the logical |0) state.

Beam splitters and phase shifters acting between the two rails of a qubit are sufficient to realize
universal single qubit logic. While this may be intuitive in light of the Reck scheme, proving it for this
particular context may be insightful. Recall the output of a beam splitter acting on the dual-rail Fock state
given in Eq. (5.11). For the KLM protocol, the single qubit input state is guaranteed to have m +n = 1.
For the m = 1,n = 0 case, the logical input is |0) and the output is
cos(B)a} |0,) + ' sin(B)al |0,) = cos (6) [0) + €/ sin () [1). Similarly, for m = 0,n = 1, the logical input is
1) and the output is e~ sin(f)a, |0,) — cos(@)al [0,) = e~*®sin(#) |0) — cos(A)al |1). It follows that the
quantum beam splitter acts on the qubit according to the matrix in Eq. (5.6). Note that while in the case
that m + n = 1 the many-body operator is equivalent to the classical operator, this is not true in general.
With the action of the beam splitter established, it is simple enough to show that a 50/50 beam splitter
with = 7 and ¢ = 0 gives a Hadamard gate. Next, we consider the operation associated with a phase
shifter on the qubit. Using the same approach as the beam splitter, it is straightforward to show using Eq.
(5.12) that the phase shifter acts on the qubit according to the matrix in Eq. (5.7). Therefore, the phase
shifter can be used (as may have been expected) to implement a Phase gate. With these two gates available

to the system, it is clear that we can perform universal single qubit logic on the quantum dual-rail qubit.
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The main challenge, as with other attempts to use photons as qubits, is to achieve an interaction
capable of mixing the logic states. In the KLM protocol, this mixing operator will be in the form of a CZ
gate. What makes this possible is a non-linear single qubit operator known as the non-linear sign-shift gate
(NS), which converts the state a[0,) + 8 (aT) [0,) + (aT)2 |0,) to the state
a]0,) 4+ B (al) [0,) — v (aT)2 |0,) [26]. Equipped with this gate, we can begin constructing a CZ gate. The
system starts in the two qubit state ar|1901), [1001); + B1001)( [0011); + 7 [0011)( |1001) + 3 |0011), [0011)y,

illustrated in Figure 5.2. It will be useful to express this in terms of the creation and annihilation operators:

(0‘ (a&o) (ag,l) + 5 (a(g,o) (ah) + (‘ﬂ,o) (ag,1> +4 (aJ{,O) (ah)) 0,) (5.19)

T creates a photon in the 7 rail of the j photon.

where a; ;
10111
| 101

[0 11) | o————————

|1001>1 1 —

Figure 5.2 Shows the dual-rail system for two KLM qubits.

The first step of the operation is to insert a beam splitter with ¢ = 0 and § = 7 between the 1 rail of
the 0 qubit and the 1 rail of the 1 qubit. This connection is shown in Figure Figure 5.3 for clarity. As a

result, the creation operators undergo a transformation:

ag,o - aao a:[m — alo
1 1 (5.20)
ai,o - NG (C‘Lo + ai,l) ah — NG (aJ{,o - a];,l) .

Following this transformation, the state of the system becomes

(5.21)
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|0010>0

11001)o

el

10011),

|1001>1 1

Figure 5.3 First step to implement a CZ gate for two KLM qubits. A 6 = 7 beam splitter is between the 1
rail of the 0 qubit and the 1 rail of the 1 qubit.

It is interesting to note that at this point in the circuit, the qubits are no longer normalized. In fact, we
now see where the NS gate is able to have an effect. Specifically, there are two terms with (a*)z, which will
be negated with the application of an NS gate. Perhaps to be expected, this is the next step in the
application of a CZ gate: the 1 rail of the 0 qubit and the 1 rail of the 1 qubit are both acted on by an NS
gate. The full circuit up to this point is illustrated in Figure 5.4. This step transforms the squared creation

operators according to

(a}o) — — (alo) (ah) — — (ah) , (5.22)

and all other terms are left unchanged. Of course, if there were more squared terms, those would be

negated as well. The state of the system following this step is now

(5.23)

10010,
NS
[1001),
1
[0011),
NS

|1001>1—

Figure 5.4 The second step required to implementing a CZ gate for two KLM qubits. An NS gate is
inserted on the 1 rail of the 0 qubit and the 1 rail of the 1 qubit.
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There is only one more step, which is to insert a second beam splitter, also with ¢ = 0 and 6 = 7,
between the 1 rail of the 0 qubit and the 1 rail of the 1 qubit. This step is shown along with the full circuit
in Figure 5.5. Following from the first step, this beam splitter transforms the creation operators according

to Eq. (5.20). The state simplifies nicely after this transformation, yielding:

(a <a$,o> (a(Tm) + (‘lg),o) (ah) +7 (aJ{,o) (a(Tm) -0 (‘ﬂ,o) (aJ{J)) 0,) . (5.24)

In the {|0),|1)} representation, we have converted the input state,
al0)y10); +510)y [1); 7[1)y10); +8]1), (1), to the output state,

al0)y10); +B10)y [1); 7[1)o10); — 1), |1);. Thus, we have performed a CZ gate on the input state.
|0010>0

[1601)

|0011>1

|1001>1 I

s

Figure 5.5 The final step to implement a CZ gate for two KLM qubits. A § = 7 beam splitter is between
the 1 rail of the 0 qubit and the 1 rail of the 1 qubit.

The only element not yet detailed is the NS gate. As discussed above, the role of the NS gate is to

2
transform an input state, |in) = <a + 4 (a}n> + <a1n> > |0,), to the corresponding output state,

2
lin) = <a +5 (azn) - (a}n) ) |0,) where a! = creates a photon on the input rail. The circuit requires the
use of two ancilla rails, ¢y and c;. ¢y is innitialized with a single photon and c¢; is initialized with zero
photons. The total many-body Fock state corresponding to the initial configuration of the three rail system

is given:

(a (al)) + B (al,) (azn) +7(al,) (%2)2) 0,) (5.25)

An application of the NS gate requires a total of three beam splitters. The first is applied to the two
ancilla rails, followed by a second beam splitter between the input rail and the ¢y ancilla rail, and a final
beam splitter applied between the two ancilla rails. After these three beam splitters, the three rail state
consists of a superposition of 19 possible states. However, the number of possible output states can be
reduced by inserting photodetectors on the output of the ancilla rails. For a visual representation of the NS

circuit, see Figure 5.6. By only accepting outputs in which exactly one photon was detected on ¢y and zero
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photons were detected on ¢y, the output is reduced to only three superposed states:

(awo (al,) + Bwi (al) (a;rn) + 7w (al,) (a;rnf) |0,) (5.26)

where

wo = sin(f) sin(f3) — cos(61) cos(fz) cos(03), wy = sin(6;) cos(h) sin(f3) — cos(;) cos(262) cos(03),

wo = %cos(eg) (cos(f1)(1 — 3cos(2602)) cos(f3) 4+ 2sin(fy) cos(bs) sin(b3)) .

(5.27)

Here, ; corresponds to the i*" beam splitter in the sequence. The problem of realizing an NS gate now
reduces to the problem of forcing wy = w; = —ws with |w;|? = p, the probability of measuring |1.,0,, ). This
system of equations can be solved to give 0, = 03 = %ﬂ, 6, = arccos(1 4+ /2), and p = %. Thus, with
correctly tuned beam splitters, the NS gate can be performed with a success rate of i, and the CZ gate
with a success rate of %. Critically, successful operations are heralded by measurement outcomes of the

ancilla states so that unsuccessful attempts can be ignored.

lin) lout)
| _|BS,

o) Do,

[ [ 1BsS,
|b) 'Dz

Figure 5.6 The Non-Linear Sign Shift Gate |in) is the input state, and |a) and |b) are ancilla states with
|a) = |1) and |b) = |0). The detectors, D1 and Do are destructive measurement devices which introduce
non-linearity.
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CHAPTER 6
GEOMETRIC OPTICAL PHASE AND HOLONOMIC QUANTUM COMPUTING WITH LIGHT

Having established the traditional techniques used to do quantum computing with optics, we now turn
to introduce holonomic quantum computing in an optical setting. First, however, it is necessary to consider
how the quantum phenomena required for holonomic quantum computation can manifest in optical
systems. Some of the first examples of quantum phenomena involved the demonstration of ”optical effects”
using particles such as electrons. The Young double-slit experiment, for example, was a key experiment
demonstrating the wave nature of light. Nearly 100 years later, electrons were shown to exhibit the same
wave-like behavior. While these properties are often taken for granted, there are many analogues between

classical optics and quantum mechanics that can be exploited today.
6.1 Geometric Phase of an Evolving Plane Wave

As mentioned in Chapter 3, the geometric phase of a two level quantum system is equal to the solid
angle traversed by the state during its evolution. It turns out that this holds true for a photon polarization
traversing the Poincaré sphere as well. One easy medium to examine this property is the propagation of a
plane wave through an anisotropic material. Specifically, the polarization of the wave can be tracked on the
Poincaré sphere as the beam evolves, and the geometric phase can be calculated and compared to the solid
angle enclosed by the path. We demonstrate this through the consideration of a polarized beam
propagating through a slab of material with gyrotropic permittivity. This property is a type of circular
birefringence, where the refractive index varies between the left and right circularly polarized components

of a wave. The constitutive relations for such a material are given by
ﬁ = Eoﬁ — Eogi (gz X E) N E = /LoE: — ,uogi (é} X ﬁ) 5 (61)

where g is a measure of the strength of the birefringence. Taking solutions of the form, E=E (z, y,_,;:)e—“”,

the Maxwell’s equations become

V x E = iwpg (ﬁ — gié, x ﬁ) (6.2)
V x H = —iwe (E — gié, x E) (6.3)
V- E=V. (giéz X E) (6.4)
V-ﬁzv-(gié'zxﬁ>. (6.5)
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Combining Eq. (6.2) and Eq. (6.3), and assuming F, = H, = 0, gives the equation of motion for the

transverse electric field within the gyrotropic material:

0..E1 = —k*(1+ g*)E| +2k*go2E, (6.6)
— .
Where o5 = is the second Pauli matrix and k = <. If E(z,y, z) is then restricted to plane-waves

i 0
of the form E(x, y,2) = MEye*s* the equation of motion can be reduced to the eigenvalue problem,

25 o
kyii = Vii. (6.7)

Here, V = k? (1 + 92) oy — 2gos and 71 is the polarization of the plane wave. This system has eigenvectors
R and L with eigenvalues k2 (g — 1)% and k?(g + 1)? respectively. Here, R and L are the right and left
circular polarization vectors (the eigenvectors of o2). Given an initial condition that is a linear

combination of these basis vectors, E;=aR+ ﬂE, it will propagate in z as

=

_ eikg’RZaE+€ikg’Lzﬂi (6.8)
E = k(=920 R 4 (ih(1+9)2gT (6.9)

where Eq. (6.9) assumes that ¢ < 1. On the polarization Poincaré sphere, this evolution corresponds to
rotations about the y-axis, given (up to the overall phase factor, e’**) by e~*929= The magnitude of the
geometric phase is then half of the surface area enclosed by the path of the evolving spin on the Poincaré
sphere. To verify this, it is first necessary to determine this surface area. The simplest case to consider is
kgz = m, where the polarization returns to its initial configuration. In this case, the surface area is given by
Q) = 47 sin? (%), where « is the angle between the polarization state and the y-axis. For an initial

polarization §; = cos(A)H + ¢'®sin(A)V, « is given by
a = arccos (—2 cos(f) sin(f) sin(¢)) . (6.10)
Thus, the accumulated geometric phase can be determined:

Q .o (1
o, = 5= 2msin <2a> . (6.11)

In order to test this, numerically computed data calculated using Eq. (3.22) was compared to the result of
Eq. (6.11). Figure 6.1(a) shows both of these values for the geometric phase accumulated by a plane wave

after traversing a gyrotropic slab for a full cycle in polarization space.
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Geometric Phase Accumulation vs Initial Polarization

== ¢, From Eq(3.22) — @, From Eq(6.11)
(a)

\Z)

|X)

(b)

Figure 6.1 (a) Shows geometric phase calculated using Eq. (6.11) compared to numerical data computed
using Eq. (3.22). The initial polarization angle, 6, is held fixed while the initial ellipticity, ¢, is varied from
5 to 37” (b) Shows the path taken in polarization space given the initial ellipticity ¢.
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6.2 The Paraxial Equation

Another key analog to quantum physics found in optics arises from the paraxial equation. For beams

propagating in a particular manner, the Maxwell equations can be approximated by an effective

Schrodinger equation acting in two spatial dimensions. Not only is this powerful in that it allows us to

treat a spatial variance on a laser beam as a quantum mechanical system, but it also provides an

environment in which two-dimensional quantum physics can be analyzed and physically explored. The

paraxial equation arises from Maxwell’s equations for free space after applying the paraxial approximation:

0,0 << k0.
In the Lorentz gauge, the Maxwell equations can be expressed as
2 1 9 1
V A - —28,;,“4 = 07 V q) - ﬁat,tq) = 0
c c
Focus on the left equation in Eq. (6.13), and let A = R(r)T(t). Then the wave equation becomes

V2R

1
7= apl =k

leaving the Helmholtz equation for the spatial field:
(V24+E)R=0
If R is assumed to take the form,
R = 1(r, z)e**,
then the Helmholtz equation becomes:
V24 + 2ikd.yp = 0.
Finally, enforcing the paraxial approximation of Eq. (6.12) gives the paraxial equation:
V3 )+ 2ikd.1h = 0,

where V2 =0, , + 9.,

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

Eq. (6.18) shows the analytical power of the paraxial approximation: the spatial wave equation has

reduced to the Schréodinger equation for a free particle in 2D space [30], revealing a connection between the
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behavior of quantum mechanical particles and classical propagating waves.
6.3 Solutions to the Paraxial Equation

We can now begin uncovering the form of 1 (r, z), the solution to the paraxial equation. Begin by

expressing ¥(r, z) in terms of 1(p, z), its spatial Fourier transform:

Y(r,z) = % / / O(p, 2)e’? we d2p, (6.19)

where wy is the beam waist. Applying the same transformation to the paraxial equation, it is clear that

Y(p, z) satisfies

2 ~
(—pg + 2@1«92) B(p,z) = 0. (6.20)
wy

2

Taking the ansatz ¢(p, z) = ¢(p)e*3 , Bq. (6.20) gives

P> +2a=0 (6.21)

—a= —§p2. (6.22)

This form satisfies the spatially Fourier transformed paraxial equation. We can construct an integral

equation by inserting this ansatz into Eq. (6.19) and noting that

¢(p) = ¥(p,0) = %//z/;(r, 0)e " w0 d?r. (6.23)

With this, Eq. (6.19) becomes

i _p’ z P : r
P(r, z) = (271_‘_)2// (//1/}(7",0)622’““’3 e_w‘“’odzr/> e ws d?p. (6.24)

After rearranging, this equation takes the intuitive form:

w(r,2) = / / W 0)G(r — 1, )2 (6.25)

where

1 7iiz in.
G(r,z) = (277)2//6 2k " e g 2. (6.26)

The integral in Eq. (6.26) can be evaluated, giving
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. 2 . 5
G(r,z) = —%SZVT , (6.27)

with A = 2. From the form of Eq. (6.25), it is clear that G(r, z) is the paraxial Green function, and the
particular solution 1 (r, z) is obtained through convolution with an initial condition, t(r,0). If the v(r,0) is

taken to have a Gaussian structure,

»(r,0) = e*(ﬁ)Q, (6.28)

then the output will have the form of a Gaussian beam. If, instead, ¥(r,0) is a Gaussian times another

spatially varying function, then arbitrary Gaussian modes can be produced. For example, consider

9% 3+ ! 22

1 _ N p 1

o= SRt () 020
0

with legl |(:E)7 the Laguerre polynomial. This initial condition produces the general Laguerre-Gaussian (LG)

P(r,0) = u(r)]lge’r2 where

beam with radial index p and azimuthal index [, given by

P w(z) \ w(z) w(z)

l | )

ol o (7‘\/5> o (i tats) )0 L (2’"2) , (6.30)
where w(z) is the beam radius (w(0) = wyp), R(z) is the radius of curvature, v(z) is the Gouy phase, ¢ is
the polar angle, and Czl,” is a normalization coefficient.

6.4 Harmonic Dielectric Trap

The free space paraxial equation provides a useful analogue to the two-dimensional free space
Schrédinger equation. It is thus natural to consider systems in which wave propagation can be compared to
a quantum particle under the influence of a nonzero potential. An interesting case to consider is the simple
harmonic oscillator, a canonical problem in physics. A quantum particle under the influence of a harmonic

potential in 2D space evolves under the Hamiltonian given by

1 1
P (6.31)

resulting in the time-dependant, two-dimensional Schrédinger equation,

(—ZinVi + ;kfrz) |r(/}(t)> = 1ho; |’¢(t)> , (6.32)
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where k; is the force constant related to the potential.

To replicate this form in the optics setting, the paraxial equation must be extended to include a term
for a constant potential. This can be achieved by considering propagation through a material, rather than
propagation in free space. In particular, take a spatially inhomogeneous medium with refractive index of

the form:

n(r)? = nd(1 — Q%*r?). (6.33)

Provided that Q << k (k is the free-space wave number), this refractive index corresponds to a paraxial

equation given by

1
2k‘n0

V3 + RO = 0,4, (6.34)

where ng is the index of refraction at » = 0 and (2 relates to the material’s focusing properties [31].

Comparing this to Eq. (6.32), it is clear that a beam propagating through such a material behaves as a

1
kng?

particle in a quantum Harmonic trap with m = k= n0Q2%k, and A = 1. The Hamiltonian governing
this system is independent of time, therefore the stationary states can be determined using the
time-dependent Schrodinger equation. With this approach, it can be shown using direct substitution that

the LG function beam is a stationary state of the trapped paraxial equation, with eigenvalues given by [31]

Q
€lp = E(|l| +2p+1) (6.35)

Note that turning to the time-dependent Schrodinger equation to identify stationary states is equivalent to
restricting the time-independent Schrédinger equation to solutions of the form: (7, z) = ¢(r)e~(€.p2),

An important realization is that the LG modes form an orthonormal basis spanning a countably infinity
Hilbert space, S. With this in mind, it is natural to construct a finite n dimensional subspace of .S, call it
Sbeam, containing the set of LG modes postulated to be available for a given system:

Sbeam = {|W1, p;) | 1 € Z and i € [0,k — 1]}. Of course, |1y, p,) represents the LG mode with [ = ; and
p = p;. With this in mind, we can represent the dielectric harmonic trap Hamiltonian corresponding to the

time-dependent Schrodinger equation as an operator acting on Speqm:

¢li7pi> <¢li7m . (636)

H= E €l;,pi
i

6.5 Holonomic Gates on Trapped LG Modes

Consider the time evolution associated with the Hamiltonian for the harmonic dielectric trap:
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U(z) = Zeizuj,pj W1, ;) (W1, ;| = ZeiC(llj|+2Pj+1) 191, ,p;) (W1, (6.37)
J

J
where ¢ = % If we evolve an ancilla state, |LGy, ,,), it will accumulate a dynamic phase of

C(Jla] + 2ps + 1). This phase can then be removed from the output of U(z), to produce a total unitary

evolution governed by e*H¢ss where the new effective Hamiltonian is

Heff = Z(|ll| - |l¢1| + 2p; — 2p¢l) "l/}liypi> <'¢}li7pi

3

: (6.38)

and the evolution of the state in the trap corresponds to the effecting time evolution operator,

Uers(¢) = eHers . Any ancilla state, | LGy, ,, ), can result in a maximum of |l,| + 2p, + 1 states in Speam
with (4, p,
<¢li7m

Chapter 4, we see that every Hamiltonian in G(P) has exactly D — 1 eigenstates with a corresponding

Heff |,(/)li)p'i> =0, |la| + 2p, + 2 states with <wli7pi

Hegyplhn, p,) =1, and |lq] 4 2p, states with

Hegg |, p,) = —1. Comparing to the Hamiltonians of the universal geometric gate set from

eigenvalue of 0, one state with a corresponding eigenvalue of 1, and one state with a corresponding
eigenvalue of —1. With this in mind, it is clear that choosing an ancilla state with |I,]| + 2p, > D — 2 allows
Speam tO be constructed so that Hyr and GEZ?n) have equivalent diagonal representations for any D > 2.
If this is the case, then Ucs¢(m) and U((rg?n) will also have equivalent diagonal representations.

If the ancilla state has an energy exactly equal to D — 2, then the set of zero-energy modes, Speqm,o is

1
speam0 = (1) | PEZ & pe[0,5D ~1] & I=+(D—2p—2)} (6.39)

Since only one state is required to have an energy of 1, we can pick |¢pp_1,0) for simplicity. Likewise, pick
[p_30) for the —1 energy state. Speam is then the set given by {|¥p_1,0),|¥p-3,0)} U Sbeam,0- For
notational convenience, the vectors in Speqm Will be denoted |z/1(i)>7 with the index ¢ corresponding to the
position of the vector in speam in the order given above. For example |¢0)) = [¥'p_1,0), [%(1)) = |[¥D-3,0),
and so on.

Having established the set of LG modes contained in the beam, we can now consider the action of
Uesy(Q). If we let [1h(;)) = |G (m,n),i), given in Table 6.1, then the effective Hamiltonian in Eq. (6.38)

becomes

Hepp = wm le) (m| +wnle) (n| +wy, [m) (e] +wy [n) (e] - (6.40)

Similarly, if the beam is evolved for a length of { = m, then the effective evolution operator is
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Uets = (Jwnl® = lwm]?) [m) {m| — 2wpwy, [m) (n] = 2wmw;, n) (m] +
6.41
(lwml® = lwn[*) In) (ml + [ D" [k} k]| —le) el (041

kg{m,n}

)

n

which is exactly equivalent to U ((Tg ) in the {|m),|n)} basis. This result shows that with the use of a clever
change of basis, arbitrary unitary operations can be applied to the beam through a purely geometric
evolution of the system. This process is very similar to a D-dimensional Zhu-Wang scheme. However,

unlike the ZW scheme which generally relies on removing dynamic phases either during or after the

evolution, this setup instead relies on evolving a state whose dynamic evolution is intrinsically suppressed.

Table 6.1 Eigenvectors of Ggﬁ)n) with corresponding eigenvalues.

Label Eigenvector Eigenvalue
Gnm0) | 75 (Wi Im) + oy In) +e)) 1
Ginma) | =75 (Wi Im) +wy In) —e)) -1
|G (mn),2) Wp M) — Wy 1) 0
|G (m,n),i) |ty V i¢g{m,n,e} 0

Table 6.2 Eigenvectors of U, ((g)n) with corresponding eigenvalues.

Label Eigenvector Eigenvalue
|U(’m,n),0> w;kn ‘m> + w':;, |n> -1
[U(m,m),1) le) -1
|U(m,n),2> Wn |m> — Wm |7’L> 1
[Utmny,i) | 18) ¥ i & {m,n,e}

6.5.1 Two-qubit encoding with D =4

The two qubit case requires a total of five LG modes available to the system. We can choose any ancilla
state with || + 2p = D — 2. Doing so will result in a zero energy subspace, Speam,0, given by
{I2,0)  |¥=2,0) , [¥0,1)} and a total LG mode space is spanned by the set Speqm, given by
{I3,0) 5 |¥1,0) , [1h2,0) s |1¥=2.0) , |t0,1) }. Note that if a particular experimental setup places restrictions on
the available modes (for example, if the radial index, p, need be set to zero), then a higher energy ancilla
state could be used and the mode space could be selected to fit those needs. We choose our basis so that
[¥3,0) = |G mn),0) [¥1,0) = [Gmm)1)s [¥2,0) = G mon)2)s [¥-2,0) = |Gmny,3), and [Yo,1) = |Gm,n),5)-
The qubit states will be represented by |00) = |0), [01) = |1}, |10) = |2), and |11) = |3).

If we wanted to implement a CNOT gate, for example, we would use a single application of U ((5 32) with

wy = % and w3 = —%. Given an arbitrary computational input state, |in) = «|0) + S|1) +v|2) +§3),
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the physical input state of the beam can be determined by inverting the basis transformation from [¢(;) to

|G (m,n),0)- The explicit basis transformation being done in this case is [¢(;)) = F}; |j) where F}; is

00 b -t
0o 0 -1 1 1
2 2 V2
F=lo0 -5 -2 0 (6.42)
1 0 0 0 0
0 1 0 0 0
(see Table 6.4 for a list of F' matrices corresponding to all of the U, (:;L) n) operators). Inverting the
transformation, we get that |i) = FJTZ 1(j)) where F1 is
0 0 0 1 0
0 0 0 01
t i1 L oo
F' = 2 2 2 (6.43)
I B
7 0 0 0

Using this transformation matrix, we see that |0) = |1_20), |1) = |¢0,1),

|2) = % [s.0) — % [¢1,0) — % [t2,0), and |3) = —% [1s.0) + % [¢1,0) — % |1h2,0). Thus, the input passed into

the harmonic dielectric trap is a linear combination of LG modes given by

RS

£Gun) = x(l0-z0)) + B (o) + 7 (5 aa) = 5 o) =

[v2,0) | +
) (6.44)

0 <—; 13,0) + % [v1,0) — % |¢2,0>> .
There are numerous methods to generate the input state. One simple and cost effective approach is to use
a spatial light modulator (SLM) to produce the desired spatial modes. After evolving the beam through
the trap for a length of ¢ = 7, the resulting output state will be a new linear combination of LG modes,

given by

[LGout) = (= [¥3,0) (¥3.0] = [1,0) (¥1,0] + [¥2,0) (Y2,0] + [¥—2,0) (¥—2,0] + [%0,1) (20,1

3 (=)o) + 5 (= 8) 0] = —= (v + ) i) + o) + Blvi) (6.46)

Finally, we convert the physical output back to the logical CNOT basis using the F' transformation matrix.

) ILGin) (6.45)

The simplest way to do this is manually applying the required transformation after measuring the physical

output state. Once this is done, the final logical output is
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1 1 1 1 1
jout) =2 6 =) (512 213+ 10 )+ S =) (— D+ L+ 0] -
ol ) oo (st )

ﬁ(wré)(—ﬁ2>—\/§I3>)+a|0>+6|1>

— a|0) + BI1) +82) +7[3). (6.48)

In the qubit representation, this operation has taken the input: « |00) + 3|01) ++ [10) + § |11), to the
output: «|00) + 8|01) 4+ §|10) 4+ ~|11), thus performing a logical CNOT. In theory, arbitrary one and two
qubit gates can be implemented on this platform, and Table 6.3 shows how to construct the universal gate

set consisting of the CNOT gate, the PHASE gate, and the HADAMARD gate.
6.5.2 Physical Implementation and Unresolved Shortcomings

While the evolution within a harmonic dielectric trap is a rich environment to explore high dimensional
holonomic gates, there are numerous gaps in the implementation that make it currently impractical as a
means of achieving real world quantum computations. A good question to ask is: how, if at all, can a
system like this be built in practice?

The first step is state preparation. Given the desired logical input and the F matrix of the operator
being applied, the required physical input state can be determined. Once the desired state is known, it can
be constructed using one of many known methods for LG mode preparation. One commonly used method
utilizes a spatial light modulator (SLM) to display a holographic mask. When a I = 0, p = 0 mode is passed
through the SLM, the hologram can be tuned to produce an arbitrary LG mode [32, 33]. Using this
approach, we can generate the physical input associated with a particular gate.

With the input beam propagating in free space, the next step is to expose it to dielectric trapping. A
simple approach is to use a graded index fiber with a quadratically varying index of refraction (as in Eq.
(6.33)). Passing the beam through a fiber of length %’T will apply the logic gate in the computational basis.

The final step of the operation is the part which challenges the practicality of the method. We must
now convert the output of the gate back into the logical basis. If only one gate is to be applied, then the
output can simply be measured and the result converted to the computational basis using post-processing
on a classical machine. However, this requires the state to be fully measured, and in general this involves a
measurement count that grows exponentially with qubit number [34]. Moreover, because the full state
must be classically stored and manipulated to transform the state in this manner, it suffers from the
limitations of classical computers.

The alternative is to carry out the transformation using physical mode converters. Unfortunately,

traditional mode converters are only capable of converting between modes of equal mode order [35]. This is
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equivalent to restricting the allowed transformations to an equal energy subspace of the beam space, which
is not sufficient for our needs. That said, it may be possible to split the LG modes into separate paths
using a programmable mode sorter [36]. After splitting the modes into separate beams, traditional linear
optical methods (such as the Reck scheme or KLM protocol) could carry out the transformation, after
which the modes would be recombined.

Needless to say, this is not yet a practical means of achieving quantum logic. In fact, in the latter
method, the final operations are not even holonomic because the traditional linear optical processing
schemes are not guaranteed to meet the necessary requirements.

Table 6.3 UY operators corresponding to the universal two qubit gate set, {CNOT, Phase (P),

(m,n)

HADAMARD (H)}.

Gate U ((:27”) (Wi, wn) Sequence
CNOT) , UG (% —%)
CNOT 4 vy (Z5—2)
Hel U(Ef;s) (sin (§), —cos (§)) U{g’}) (sin (§),—cos (§))
4 . T 4 T us
I®H U(O,l) sin (g),—cos( )) U(2,3) (sm (g) ,—cps (g))
- 1

PxI

@ 1 1 (4) ¥l -3 @ (1 1
0.3) 77‘7) Uy \ 75—z )U@,a) (77_7)
P | W (<Z _eZ ) yW (L 77) g@ (F e\ pw (L 7¢)
on\ vz vz ) Yo \va—vz)Yen | v vr ) Yes \va Tz
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Table 6.4 F' matrices corresponding to the U((:;) n) operators.
Target Operator F Matrix
(wo)™ (w1)” 0 0
V2 V2
_wo)t (W) g
U (w1, w02) V2 V2
(0,1) \*#1,®2 w1 —Wwo 0 0
0 0 1 0
0 0 0 1
(wo)” (w2)”
\/"5 0 \ji 0
_wo) g _w)t
U@ V2 V2
(0.2) (W1,w2) w2 0 —wp 0
0 1 0 0
0 0 0 1
(wo)” (wa)”
T 00 &)
_ (wo)” 0 0 _ (w3)”
U@ V2 V2
(0.3) (W1,w2) wi 0 0 —wp
1 0 0
0 1 0

S o otk-sh|o © otkk|o o otkth|o o otkk| o o otktk|o o oukik

0 e 75 0
0o — (w1) _ (w2)” 0
U@ V2 V2
o @nwe) 110w —w 0
1 0 0 0
0 0 0 1
(w)” (ws)™
0 Ta 0 e
0o — (w1) 0 — (ws)
U@ V2 V2
(1,3) (wl’ w2) 0 w3 0 —Ww1
1 0 0 0
0 0 1 0
(w2)” (ws)™
00 B Br
00 — (w2) _ (w3)
U@ (w1, wa) V2 V2
(2,3) 1, %2 0 0 w3 —Ww9
1 0 0 0
0 1 0 0
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CHAPTER 7
CONCLUSIONS AND FUTURE WORK

In this thesis, we sought to answer the question: Can trapped optical modes be used to carry out
universal holonomic quantum computation? Answering this required the study and consideration of three
different topics: quantum computing, geometric phases, and optics.

First, a general background for quantum computing was established. This involved motivating the need
for quantum computers, and gave a basic mathematical formulation governing the analysis of quantum
information systems. Next, the concepts of geometric phases and holonomies were introduced. Geometric
phase was first presented in the context of adiabatic evolution, but was extended to include more general
cases. It was also shown how certain conditions can give rise to non-Abelian geometric holonomies.

Given the background of quantum computing and geometric phase, two existing platform for purely
holonomic quantum computation were studied. The first used non-Abelian holonomies on a three-level
trapped ion to enable universal computing. The primary structure of this example was then generalized to
allow for scaling into an arbitrarily large vector space. The second technique, called the ZW scheme,
demonstrated that Abelian geometric phases can also be used to carry out holonomic quantum
computations so long as a suitable basis transformation can be performed.

Finally, the final piece of necessary background information was discussed: optics. We first presented
and discussed LOQC, and gave an overview of two existing strategies to process quantum information
using linear optical elements. Next, we showed how Abelian geometric phases generate in optical systems
in the same way they do in quantum systems. Lastly, we showed that under the correct conditions, a
classical beam of light can be treated as a quantum particle in two-spatial dimensions, with the optical
Z-axis corresponding to the temporal axis of the quantum system using the paraxial equation.

Having all of these components well established, we proposed a novel quantum computing method
which combines elements of all of these fields. This new scheme uses the paraxial evolution of
Laguerre-Gaussian modes in a harmonic dielectric trap to perform holonomic quantum gates. This is done
by transforming to a logical basis in which the system Hamiltonian has a trivial effect on the evolution,
thus making it purely holonomic.

Through the analysis of these key topics and the proposal of a new holonomic quantum computing
scheme using optical modes, we have established an answer to the thesis question: trapped optical modes
can, in theory, be used to carry out universal holonomic quantum computation. However, more work is

required before the strategy can be used in practice.
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Unlike the ZW scheme, where basis transformations can easily be made by changing free parameters of
the system, the LG method does not allow for a simple change of basis to be applied. In the current
implementation, the only freedom to select the desired gate is in the initial state preparation. To make the
method more practical, improvements must be made to allow for on-the-fly basis transformations.

One potential direction for future work is to consider how to make the trap strength, ), vary as a
function of the azimuthal and radial indices. For example, consider a dielectric trap with a trap strength

that varies according to

O, = —al (7.1)

for some constant «. Then, a single-qubit Hilbert space could be constructed using the [14,0), |¢0,2), and

|th2,1) eigenmodes. All of these modes have an energy given by €, = Ska,p_ If we choose the |t)31) mode to

also be the ancilla mode, then the effective Hamiltonian becomes

Hepp = i% ([%0,2) (Yo,2] = [¢a,0) {¥ha0]) , (7.2)

which matches the diagonal form of GEE)U. The key distinction between this construction and the proposed

setup is that these modes are all of the same mode order. Thus, traditional mode converters can be used to
rotate the frame in between sequential operations [35]. By using mode converters to enact the required
basis transformations, Eq(7.2) can be used to generate a universal single qubit gate.

We note that this work fits into a larger field of study which deals with quantum computing using
Laguerre-Gaussian Beams. There are two approaches commonly considered when storing quantum
information in LG beams: the Orbital Angular Momentum (OAM) Approach, and the Multimode Fiber
(MMF) Approach [37]. Both of these strategies focus on the use of optical elements to generate unitary
operations on a superposition of LG modes. However, the OAM approach is based on the use of linear
optical elements such as lenses, prisms, and mirrors, while the MMF approach relies on the use of optic
fibers that support large numbers of optical modes. Our technique is an example of the MMF approach,
using fibers that bave a parabolic, radial dielectric profile.

There has and continues to be tremendous progress in both of these areas. For example, both the OAM
[38, 39] and the MMF [37, 40] frameworks offer strategies to implement universal sets of logic gates on
optical modes. However, neither have been extended to the regime of purely geometric evolutions. This

work has helped expand the MMF approach to allow for such holonomic gates to be implemented.
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