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ABSTRACT

The phenomenon of nuclear halos occurs when the matter radius of near-dripline nuclei

are extended due to very weakly bound neutrons (or protons). If the Q-value of the β

decay is greater than the separation energy of the outermost nucleon, the nucleon may be

emitted separately from the core. One very unique case of β-delayed particle emission is

11Be as its branching ratio to the exotic states is greater than expected as a result of a

nonspherical deformation in its core, 10Be. The newly proposed BeTrap, a linear Paul trap

specially designed for Beryllium decay, was constructed in the simulation toolkit, GEANT4.

The input parameters of the decay particles were determined by the decay rate equation

developed in ref [1] which functions to ensure triple correlation between the β particle,

neutrino and emitted particle. This thesis provides verification of the differentiation of the

time-of-flight difference profiles of the β and β-delayed channels. Additionally, this work

determines the influence of the ion cloud size on the detected difference in hit positions

and the parameters of a kinematic cut to suppress the background coincidences. This work

provides the foundation for future experimental expectations.
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CHAPTER 1

INTRODUCTION

The phenomenon of nuclear halos occurs when the matter radius of near-dripline nuclei

are extended due to very weakly bound neutrons (or protons) sitting in a low orbital angular

momentum orientation. If the Q-value of the β decay exceeds the separation energy of the

halo nucleon, the nucleon may be emitted from the core. An interesting case is the decay of

the neutron-rich halo nucleus 11Be. As a result of a nonspherical shape deformation of the

core, 10Be, the parity of 11Be is such that the branching ratios for the βα and βp channels

are higher than expected [2]. This makes 11Be an excellent candidate for the investigation of

β-delayed particle emission. The goal of this thesis is to simulate the detection of these rare

β-delayed decay channels in a newly proposed β decay linear Paul trap specifically designed

for beryllium decay (BeTrap), to garner a better understanding of β decay in general [3].

1.1 β Decay

β decay is a radioactive decay which stems from the transformation of either a proton

or neutron into the other and the emission of a β particle and neutrino/antineutrino. There

are three forms of β decay: β−, β+ and electron capture (EC) [4, 5]. In β− decay, a bound

neutron is converted into a proton with the emission of an electron and anti-neutrino [4].

Equation 1.1 defines β− where an electron, e−, and antineutrino, ν̄e, are emitted to conserve

charge and lepton number in the decay [5, 6].

A
ZXN →A

Z+1 YN−1 + e− + ν̄e (1.1)

In the same manner, β+ is the transformation of a proton into a neutron with the emission

of a positron and a neutrino, Equation 1.2 [4, 5].

A
ZXN →A

Z−1 WN+1 + e+ + νe (1.2)

Finally, Equation 1.3 defines EC, the third form of β decay [5].

1



A
ZXN + e− →A

Z−1 WN+1 + νe (1.3)

If the small difference between the parent and daughter atomic binding energies is ne-

glected, the Q-values for each form of β decay can be written in terms of their atomic masses

[4]. Equation 1.4 depicts the Q-values using natural units for β−, β+ and EC, respectively

[4, 5].

Qβ− =M(AZXN)−M(AZ+1YN−1)

Qβ+ =M(AZXN)−M(AZ−1WN+1)− 2me (1.4)

QEC =M(AZXN)−M(AZ−1WN+1)

The energy released is shared between the β particle, the neutrino and the daughter nucleus;

therefore, the Q-value can rewritten to reflect this, Equation 1.5, where Tβ, Tν and Trecoil

are the kinetic energies of the β particle, neutrino and recoil daughter nucleus, respectively.

E∗
D and E∗

DA are the excitation energies of the daughter nucleus and the daughter atom,

respectively [5].

Qβ = Tβ + Tν + Trecoil + E∗

D + E∗

DA (1.5)

Assuming the mass of the neutrino is zero, Equation 1.6 defines the energy of neutrino

in the rest frame of the parent. The derivation of this equation can be found in Appendix

A.

Eν =
m2

recoil −m2
parent −m2

β + 2(mparentEβ)

2(Eβ −mparent − ~pβ · p̂ν)
(1.6)

1.1.1 Fermi Theory of β decay

One of the defining features of any radioactive decay is the decay rate or transition rate.

For β decay, the decay rate was determined using time-dependent perturbation theory by

Fermi [7, 8]. Equation 1.7 is Fermi’s Golden Rule where Γ is the transition rate, Mfi is the

transition matrix element and ρ(Ef ) is the density of final states as a function of the final

energy [4].

2



Γ =
2π

h̄
|Mfi |2 ρ(Ef ) (1.7)

Equation 1.8 defines the transition matrix element which functions to connect the initial

and final states [4].

Mfi = 〈f |M |i〉 = g

∫

[ψ∗

fφ
∗

βφ
∗

ν ]Oxψidv (1.8)

Mfi was determined to take the form of Equation 1.8, where the coefficient, g, determines

the strength of the interaction [4]. The portion of Equation 1.8 in brackets represents the

total system; ψf , φβ and φν represent the final state of the nucleus, β particle and neutrino,

respectively. Ox is a mathematical operator appropriate to one of the five possible forms of

interaction: scalar (S), polar vector (V), tensor (T), axial vector (A) or pseudoscalar (P)

acting on the initial state, ψi [9]. From experimentation focused on the symmetries and

spatial properties of the decay products, β decay was determined to take a V-A form [4].

One of the difficulties in using Fermi’s Golden Rule is the determination of Mfi.

The final density of states is dependent on the final states accessible to the decay products.

Reference [4] gives the derivation of the final density by matching the shape of the energy

spectra for the electron and neutrino. Equation 1.9 displays the electron energy spectra as a

function of its kinetic energy, where C is a constant, Te is the kinetic energy of the electron

and Q is the Q-value [4]. Figure 1.1 displays the expected electron spectra as a function of

its momentum and energy derived from Equation 1.9.

N(Te) =
C

c5
(T 2

e + 2Temec
2)1/2(Q− Te)

2(Te +mec
2) (1.9)

Equation 1.9 and Figure 1.1 represent the spectrum shape; however, its derivation doesn’t

take into account other effects including the Coulomb effect. Equation 1.10 is the number

of electrons with momentum p in the interval p and p+ dp [10].

N(pe)dpe =
g2

2π3
p2ep

2
νF (Z,We)C(We)dpe (1.10)

3



Figure 1.1: Electron momentum (top) and energy (bottom) distributions from Equation 1.9
adopted from ref [4]
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From Equation 1.10, g is the weak interaction coupling strength, pe is the electron momen-

tum, pν is the neutrino momentum, Z is the atomic number of the daughter nucleus and We

is the total electron energy [10]. Lastly, F (Z,We) is the Fermi function which is derived from

the quantum mechanical calculation of the effect of the nuclear Coulomb field on the electron

wave function [4]. This effect is the electromagnetic interaction between the β particles and

the nucleus [10]. Equation 1.11 is a non-relativistic calculation of the Fermi function as a

function of the proton number of the daughter nucleus, Z, and the momentum of the β

particle, η [9].

FN(Z, η) ≈
2πy

1− e−2πy
where y =

±Ze2W
h̄cη

(1.11)

From Equation 1.11, e2/h̄c is the fine-structure constant, Z is the nuclear charge and W is

the energy of the electron [9]. Figure 1.2 displays the electron energy and momenta emitted

in the decay of 64Cu with the inclusion of the Fermi function depending on the charge of the

emitted lepton.

1.1.2 Angular Momentum and Parity Selection Rules

The selection rules for β decay are dependent on the angular momentum and parity of

the states. If the electron and neutrino are created at the origin, then the only change in

the angular momentum can result from the spins of both particles. Both the electron and

neutrino have spins of 1/2, meaning they are either parallel or antiparallel. If antiparallel

the decay is referred to as a Fermi decay; parallel, Gamow-Teller [4]. If the electron and

neutrino carry no orbital angular momentum, the parity of the initial and final states must

be the same. If there is either a change in the nuclear spin of 0 or 1 and the parity doesn’t

change, this is considered an allowed β decay.

As opposed to allowed decays, forbidden decays typically result from a difference in parity.

In order to have a change in parity, the electron and neutrino must have an odd value of the

orbital angular momentum relative to the nucleus [4]. If the angular orbital momentum of

the decay is 1 relative to 0, it is considered first-forbidden. For other odd values relative to

5



Figure 1.2: Momentum and kinetic energy spectra of electrons (top, β−) and positrons
(bottom, β+) emitted in the decay of 64Cu adopted from ref [4]

the nucleus, each is correspondingly forbidden and as the relative value increases, as does

the unlikelihood of a decay to that state [4].

1.1.3 β-Delayed Particles

In exotic cases with large decay Q-values, some nuclei emit a nucleon after β decaying

to a high enough excited state in the daughter nucleus. Figure 1.3 schematically depicts a β

decay of the precursor and the emission of a nucleon to the daughter. The process depicted

in Figure 1.3 can occur so long as the Q-value of the β decay is greater than the nucleon

separation energy [4]. The nucleon separation energy is the amount of energy that is needed

to remove a nucleon from a nucleus, analogous to ionization energy in atomic physics [4].

6



Figure 1.3: Decay scheme for β delayed particle emission adopted from [4]

This is well depicted in the nuclear shell model, suggesting outermost nucleons in a nucleus

can be thought of as orbiting in subshells [4]. Nuclei further from the valley of stability

have loosely-bound nucleons in subshells with lesser separation energy. Nuclei closer to the

driplines will therefore have a greater likelihood of β-delayed nucleon emission [11].

Another characteristic of β decay far from the valley of stability is the number of decay

channels open [12]. β-delayed particle emission is not exclusively the emission of a singular

nucleon, and as a result of the lower separation energy it becomes possible for many different

particles to be emitted [12]. These potential decay paths include βγ, βp, βn, βα, βt, βd,

βxp and βxn with x = 2, 3, ... and many other exotic decay channels [12]. However, there

are physical limitations to the possibility of β-delayed particle emission including isospin and

spin. Isospin is defined as a vector assigned to a nucleon with two different states, the proton

and neutron [4]. Isospin and its selection rules mirror spin as discussed earlier in the chapter,

such as the Fermi matrix element is forbidden unless the change in angular momentum is

zero [4].

7



Lastly, the energy of the emitted particle can be determined using a combination of the

conservation of energy and momentum. The derivation for the energy of the emitted particle

is found in Appendix A. Equation 1.12 displays the result, the energy of the emitted particle

as a function of the masses of the precursor, daughter and emitter.

Eemitted =
m2

precursor +m2
daughter −m2

emitter

2mprecursor

(1.12)

1.2 β-Delayed Particle Emission of 11Be

11Be is unique in that it has an unusually high branching ratio to the βp decay channel

for a nucleus on the neutron rich side resulting from its halo structure [13]. Naively, this

can be thought of as a nucleon orbiting around a tightly bound core. This neutron halo

is characterized as being loosely bound with a neutron separation energy less than 1 MeV

[14]. This allows for the potential of the halo neutron decaying separately from the core and

emitted if the decay proceeds through a state above the separation energy of the emitted

particle [3, 4]. More information about the confirmation of the halo structure of 11Be is

provided in Appendix B.

What differentiates 11Be from other halo nuclei is a deformation of its core, 10Be, resulting

in an even parity ground state, which defies what the shell model predicts [15–17]. This

deviation results from the s1/2 orbital sitting 0.21 MeV below the p1/2 orbital. Figure 1.4

depicts the difference between the energy levels of s1/2 and p1/2 orbitals for 11Be, 12B and

13C [17]. The level difference results from competition between orbitals which is dependent

on the proton configuration [17]. Later, the parity was analyzed and understood using direct

computation of level structures using variational calculations with deformed wave functions

through the projected Hartree-Fock method [18–20].

8



Figure 1.4: Competition between s1/2 and p1/2 levels adopted from [17]

The importance of the even parity is depicted in Figure 1.5, the decay scheme of 11Be,

where the lowest four energy levels of 11B including the ground state are odd parity [21]. This

implies they are considered forbidden states as previously discussed earlier in the chapter.

The combination of the halo neutron and the resulting even parity increases the branching

ratio of the βp channel, making 11Be important to the study of β-delayed particle emission.

11Be has four energetically possible β-delayed channels, βα, βt, βp and βn with Q-values

of 2845.2 ± 0.2 keV, 285.7 ± 0.2 keV, 280.7 ± 0.3 keV and 55.2 ± 0.2 keV, respectively

[3, 23]. However, for the purposes of this thesis only the βα and βp channels are considered

as they are the only ones to have been observed, directly or indirectly [24]. For the β

transition for the βα channel, the resonant state is illustrated in Figure 1.5(a), where the

ground state of 11Be (1/2+) β decays to an excited state of 11Be (3/2+). This implies an

angular momentum change of 1, a Gamow-Teller transition. The nature of the spin sequence

of the βp channel isn’t known as depicted in Figure 1.5(b); however, the transition is also

assumed to be Gamow-Teller as discussed later in chapter 4.
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(a) (b)

Figure 1.5: (a.) 11Be decay scheme including the βα channel adopted from ref [21] (b.) 11Be
decay scheme including the βp channel [22]

1.3 Decay Rate Equation

As discussed earlier in the chapter, an important aspect to any radioactive decay process

is the transition rate. The transition rate for β-delayed particle emission was thoroughly

developed in ref [1]. Equations 1.13, 1.14 and 1.15 represent the decay rate of β-delayed

particle emission [1].

d7Γ ∝ F∓(Z,E)(E0 − E)2pE × (g1(E) + g2(E)
~p

E
· k̂

+
1

10
τJ ′,J ′′(L)T (2)(n̂) : g12(E)[~p/E, k̂])dEdΩedΩνdΩn (1.13)

where T (2)(n̂) : [a, b] = (n̂ · a)(n̂ · b)− 1

3
a · b (1.14)

and τJ ′,J ′′(L = 1) =
2

J ′(J ′ + 1)











(2J ′ + 3)(J ′ + 1) J ′ = J ′′ + 1

−(2J ′ + 3)(2J ′ − 1) J ′ = J ′′

(2J ′ − 1)J ′ J ′ = J ′′ − 1

(1.15)
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From Equation 1.13, F∓ is the Fermi function, E is the energy of the electron, p is

the momentum of the electron and E0 is the maximum value of E for a given excitation

energy of the emitter, 11B. To briefly cover this relationship, the energy levels relevant to the

exotic decay channels of 11B are distributions, meaning potentially there are many possible

excitation energies. The Q-value is m(11Be) - m(11B∗) = m(11Be) - ( m(11B) + Ex), where Ex

is the excitation energy of 11B. The maximum kinetic energy of the electron is the Q-value,

implying that for each excitation energy there is a different maximum total energy of the

electron.

The most interesting terms of Equation 1.13 incorporate spectral functions: g1, g2 and

g12. From ref [1], regardless if the transition is purely a Fermi or Gamow-Teller transition,

g1 is simply 1. The g2 term incorporates the correlation between the electron and neutrino

with the factor ~p · k̂/E, where ~p is the 3-momentum of the electron and k̂ is the unit direction

of the neutrino. The last term, g12, includes T
2(n̂), Equation 1.14, which represents a triple

correlation between the electron (a), neutrino (b) and α particle (n). Lastly, τJ ′,J ′′ is a

coefficient dependent on the spin sequence where J ′ and J ′′ are the spins of the emitter and

daughter, respectively. For the βα decay channel, Figure 1.5, J = 1/2, J ′ = 3/2 and J ′′

is either 3/2 or 1/2 depending on the whether the lithium atom is excited or in its ground

state. In comparison to ref [1] it is fairly obvious that some terms are missing. A deeper

discussion and example of a spectral function from ref [1] is given in Appendix C.

1.4 Previous Measurements of the βp channel of 11Be

There are conflicting measurements of the branching ratio of the βp channel. In an effort

to discover why the branching ratio of 11Be is orders of magnitude higher than expected,

the authors of ref [24] sought to measure the βp channel directly by measuring the emitted

particle, the proton. Ref [24] claims through this direct observation the branching ratio is

1.3(3)× 10−5, whereas Ref [13] claims through an indirect measurement a branching ratio

of 8.4(6)× 10−6. The difference between these two measurements is nearly a factor of two,

which warrants discussion. Figure 1.6 depicts the energy distribution of the proton from the
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Figure 1.6: Energy distribution of β-delayed protons compared to a Breit-Wigner distribu-
tion. Adopted from ref [24]

βp channel from ref [24].

Much of the criticism levied against the direct measurement experiment stems from

particle identification as the experiment was performed with the prototype Active Target

Time Projection Chamber (pAT-TPC) [24]. This manner of detection does not differentiate

the charged particle being detected, meaning the distribution, Figure 1.6, could include

particles from the βα channel if the resonant states for the βα and βp overlapped. In

contrast, the experiment described in the proposal, ref [3], from which this thesis is based

on uses double-coincidence measurements for a ToF difference to identify the different β-

delayed channels. This mitigates much of the possibility of misidentification from different

β-delayed channels, however, not entirely. Chapter 3 and 4 give a deeper discussion of the

potential background coincidences. To mention briefly, a recent paper has been published,

ref [25] from the same group who performed the indirect measurement of the βp branching
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ratio, and they determined the branching ratio to have an upper limit of 2.2× 10−6, after

accounting for potential systematics not investigated in the previous measurement. For the

purposes of this thesis, the branching ratio is assumed to be 8.4(6)× 10−6 as determined by

ref [13].

One final point requires some attention, the measured ft value for the βp channel has

been quoted in ref [24] as 2.8(4), implying the transition is faster than so-called ”super

allowed” transitions. If correct, the small ft value means the decay must either be a Fermi or

Gamow-Teller transition with a spin and parity of the resonance state being either 1/2+ or

3/2+, respectively. Additionally, the magnitude of the ft value implies the decaying neutron

wavefunction in 11Be and the populated proton wavefunction in 11B must be very similar,

and because 11Be is a halo nucleus it is assumed the halo neutron is decaying. As the

measurements in ref [24] have come into question, further information on this system is

required.
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CHAPTER 2

ION TRAPS AND THE DETECTION OF LOW ENERGY NUCLEAR RECOILS

The difficulty in the accurate reconstruction of the kinematics of a β decay lies with the

detection of low energy recoils. The linear Paul trap has been successful in detecting low-

energy recoils from the β decay of 134Sb [26] and the β-delayed decay of other nuclei, notably

137I [27]. The linear Paul trap confines an ion cloud using a radiofrequency field (RF field)

and is advantageous as it eliminates much of the background resulting from source-scattering

effects [26, 28, 29]. As a result, a new linear Paul trap called the BeTrap is being constructed

to study the β-delayed particle emission of 11Be.

2.1 Ion trap techniques

Ion traps can be categorized into electrostatic traps, electric radiofrequency traps and

Penning traps [28]. A Penning trap confines ions using a static electric field and a strong

magnetic field [30]. The electric field functions to confine the ion motion along the axis of the

trap, while the magnetic field, parallel to the axis, confines the motion perpendicular to the

trap axis [30]. However, a severe limitation to detecting low-energy recoils in Penning traps

results from the magnetic field, which could adversely affect the detectors and trajectories

of the ions. Furthermore, Penning traps also typically use a large solenoid coil to produce

the magnetic field which does not allow optical access to the center of the trap, limiting

the ability to monitor the decay radiation. By contrast, linear Paul traps do not utilize a

magnetic field, meaning there is not the same potential adverse effects. Furthermore, the

linear Paul trap also has an open geometry, allowing for the detectors to be brought close to

the center of the trap.

RF Paul traps require the ions of interest to be nearly at rest. This process first requires

deceleration to ≈100 eV [3, 28]. The ions are then placed in an RF-multipole structure which

is typically constructed to produce a quadrupole electric field which confines the ions. Axial
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confinement is provided by a DC electric field in the axial direction to generate a potential

well to collect the ions in the center of the trap, as illustrated in Figure 2.1 [28, 31]. The

injected ions are thermalized in the buffer gas and guided towards the trapping region at the

end of the device [32]. Then to release the ion bunch, the voltage at the end of the device

is pulsed down to open the trap [32]. Due to the typical use of segmented rods, this type of

trap is referred to as a linear Paul trap. The physics will be discussed in greater detail in

the next subsection.

Figure 2.1: Potential well of RF-quadrupole ion trap where the curve is the axial potential
and the dots represent ions. The gradient of the axial potential guides the ions to the end
of the device where they are trapped in a potential well. To release the ions, the voltage is
pulsed down. Adopted from ref [32].

To better confine and improve the properties of the ion cloud, the space between the

rods is filled with a dilute gas, in this case He buffer gas, at a pressure of ≈10−5 Torr

[3, 28]. The average loss or gain in ion kinetic energy is dependent on the relative mass of

the ion and buffer gas atom under the action of the RF field [33, 34]. The relative mass

determines how much the collisions interrupt the micromotion or the fast motion derived

from the trap’s driving frequency [34]. This introduces a degree of randomness which is

transferred to the secular motion or the micromotion remaining coherent with the RF field

[34]. If Mion >> Mbuffer then the collisions only slightly deflect the ions. The cumulative
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Figure 2.2: Radial density distribution in a Paul trap for different temperatures [34], adopted
from [35]

result is the incremental draw of the kinetic energy from the ions’ secular motion, which will

on average cool the ions and lead to a higher concentration of the ion distribution about the

center [34]. This implies more ions can be placed in the RF field at a higher density with

less kinetic energy as a result of the buffer gas.

The higher concentration of ions is reflected in the number density or the number of ions

per unit of volume, typically mm3 [34, 35]. Figure 2.2 depicts the number density of a cloud

199Hg when cooled by a He buffer gas to different temperatures [34, 35]. For context, the

BeTrap experiment will be performed at room temperature; however, the cooling won’t be

sufficient to reach 300 K. The temperature of the ions in the trap should near 1000 K, and

as depicted in Figure 2.2, the state resembles a Gaussian. Mirroring the shape at 1000K, the

simulation uses a Gaussian for the ion cloud in the BeTrap, which will be discussed later in

chapter 3.
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2.2 Electromagnetic traps for charged particles

The defining feature of linear Paul traps is the confinement of ions without introducing

scattering effects typically derived from the source being implanted in another material. To

understand this confining phenomena physically, begin with a linear binding force [36].

F = −kr (2.1)

From this linear binding force it is possible to derive the electric quadrupole field potential

where r0 is the radial distance from the center of a hyperbolic trap to ring electrode, Φ0

is the potential difference between the ring and end caps and α, β and γ are constraints

[34, 36, 37].

Φ =
Φ0

2r20
(αx2 + βy2 + γz2) (2.2)

However, Φ must obey Laplace condition with no free charge distribution [36]. Setting the

constraints to resemble a potential produced by quadrupole electrodes, Equation 2.3 details

the potential in cylindrical coordinates for a linear Paul trap where z0 is the axial distance

to the end cap [36, 37].

Φ =
Φ0

r20 + 2z20
with 2z20 = r20 (2.3)

Figure 2.3 depicts the equipotential lines for a plane quadrupole field and the configuration

of the hyperbolically shaped electrodes where the potential on each is ±φ/2 [36].

The configuration presented in Figure 2.3 will provide stability in two dimensions; how-

ever, due to repulsive force in the z direction, the particles will defocus [36]. This can be

avoided by rotating the field so the focusing and defocusing will happen alternatively in each

direction [36, 37]. This oscillation is the periodic applied voltage represented in Equation

2.4, where U is a DC voltage, V is the RF voltage and ω is the driving frequency [36].

Φ0 = U + V cosωt (2.4)

Mechanically, this can be visualized by a saddle shaped surface, Figure 2.4. The ball is

analogous to an ion, and with adequate rotation of the surface the ion can be trapped by the
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Figure 2.3: Equipotential lines (left) for the electrode configuration (right), adopted from
ref [36]

potential [36, 37]. For information on the linear Paul trap’s reduction of the second order

Doppler effect, see Appendix D.

Figure 2.4: (A.) the ball is at the saddle point with one direction focused and the other
defocused (B.) resulting pseudopotential and the trajectory of the ball. Figure adopted from
ref [37, 38]
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2.3 BeTrap

As mentioned previously, due to the success of linear Paul traps in the detection of low

energy recoils, a new trap called the BeTrap is being constructed to study the β-delayed

proton emission of 11Be. BeTrap will have split cylindrical rods of 1/8 inch diameter, a

distance of 12 mm from the center of the trap [3]. The RF field from the quadrupole

structure will generate an electric field of ≈ 200 Vpp at a frequency of 1 MHz [3]. Figure 2.5

depicts a cut-away view of the BeTrap. The ion trap will have 3 Z-stack 97 mm by 79 mm

MCP detectors to detect the recoil and emitted particles, a Germanium detector to detect γ

rays and a ∆E-E plastic scintillator to detect the β particles [3]. The front face of the MCPs

will be ≈ 70 mm from the trap center and will subtend a solid angle of ≈ 10% [3].

Figure 2.5: An Autodesk Fusion 360 cutaway model of the BeTrap, adopted from ref [3]

The most important feature of the BeTrap to the detection of the β-delayed channels of

11Be are the MCPs. MCPs are made up from a dense stack of individual electron multiplier

tubes and function as a fast high-gain amplifier [39, 40]. It is not only sensitive to electrons,

but also to other charged particles and short wavelength electromagnetic radiation [40]. The
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detection efficiency is generally dependent on the type and energy of the particle [40–42].

Figure 2.6 depicts the electron detection efficiency for MCPs between 3 keV and 2.6 MeV

[41, 43]. Clearly, as the electron energy increases the efficiency decreases quite rapidly. This

is relevant to the study of 11Be as the random coincidences between the electron and the

emitter, 11B, must be accounted for in the simulations. This is discussed in greater detail in

chapters 3 and 4.

(a) (b)

Figure 2.6: Adopted from [41, 43], MCP detection efficiency for electrons with energies
between 3 keV to 2.6 MeV

Figure 2.6 illustrates why MCPs are valuable in the detection of the βp channel. Because

the electrons will have energies on the order of an MeV, their detection using the MCPs will

be relatively inefficient. This will reduce the number of random coincidences between the β

particle and the low-energy recoils, and thereby suppress the background. In comparison,

the MCP detection efficiency for ions from 0 keV to 4.75 keV, Figure 2.7, depicts a much

greater efficiency [42]. As the ion energy increases, the absolute detection efficiency begins

to flatten around 60% for energies greater than a couple of keV. The majority of the ions

in both relevant β-delayed channels are much greater than 5 keV, and the lowest average

energy nucleus, 10Be, is measured at ≈ 18 keV. This relatively high detection efficiency is
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valuable to the detection of the low-energy daughter nucleus, 10Be, and the ToF difference

measurements in general.

Figure 2.7: Adopted from [42], MCP detection efficiency for ions with energies between 0
keV and 4.75 keV

There are two additional detectors present in Figure 2.5, a ∆E - E scintillator and a

Germanium detector. The ∆E - E scintillator is a combination of two scintillating detectors

which function to identify charged particles. The ∆E - E technique functions by a particle

with kinetic energy E0 passing through the first detector and stopping in the second [44].

The partition of E0 is different for different particles because of varying stopping powers

[44]. Particles with the same kinetic energy have different profiles of energy deposition as a

function of penetration depth, allowing for identification [44]. The ∆E - E scintillator func-

tions within the experiment to monitor the β spectrum for the 11Be decay. The Germanium

detector is used for the high-resolution measurement of γ rays emitted in the decay.
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CHAPTER 3

SIMULATION METHOD

GEANT 4 was the chosen simulation toolkit to simulate the particles in the linear Paul

trap, BeTrap, described in the previous chapter. To provide the appropriate particle char-

acteristics such as the 4-momentum and their direction as inputs into GEANT4, a rejection

was implemented using the decay rate equation of β-delayed particle emission described in

ref [1] and presented in chapter 1, Equation 1.13. The equation ensures triple correlation

between the angles of the decay particles. The form of the equation presented in chapter

1 is a function of the electron energy and requires the momentum of the electron and the

angles of the electron, neutrino and emitted particles (α and proton). Each of these values

were simulated using randomization of the electron energy given an excitation energy of the

emitter, 11B, and conservation of momentum and energy to verify the characteristics of the

neutrino and emitted particles.

3.1 GEANT4 and ROOT

GEANT4 is a toolkit which simulates the passage of particles through matter and is

used for both full and fast Monte Carlo simulation of detectors in High Energy Physics

[45]. A full simulation is the complete reconstruction of an event; a fast simulation is the

use of parameterization to characterize the event [46]. GEANT4 allows the user to simulate

particles in a particular environment, in this case, an ion trap depicted in the next subsection,

Figure 3.1 and Figure 3.2. This portion of the simulation involving the complex geometry

of the ion trap and the usage of GEANT4 in general was provided by Dr. Aaron Gallant.

ROOT is also a toolkit provided by CERN which functions to deal with big data process-

ing, statistical analysis, visualisation and storage [47]. The TSpline3 class was implemented

in several places and served to create a cubic spline from a 2 dimensional data set. The

spline function would evaluate for a given input using piecewise third-order polynomials to
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generate an output [48]. Furthermore, ROOT aided in both the visualization and verification

of the results. In order to ensure the program was running correctly, ROOT was used to

output the histograms relevant to the simulations such as the electron and neutrino energies.

Lastly, in order to determine the effect of a varying cloud size in the ion trap, as depicted in

the next chapter, a Gaussian distribution was fitted to the data using ROOT.

3.1.1 Geometry and Visualization of the Ion Trap

Figure 3.1: Simulated visualization of the ion trap using GEANT4

Figure 3.1 depicts a visualization of the ion trap created using GEANT4. From top to

bottom, the large green cylinder is a ∆E − E plastic scintillator detector. The gray stands

between the interior of the trap and the plastic scintillator are vacuum support structures.

The blue squares are representations of the MCPs. The most interior rods are RF rods

which have a frequency around 1 MHz and a peak-to-peak amplitude of ±200 V. Lastly, the

bottom-most yellow cylinder is a Germanium detector. All of the detectors were included

in the GEANT4 simulation for completeness, as they are important for future experimental

studies. In this thesis, the concern is the ToF differences between the ”Left” and ”Right”

back-to-back MCP pair.
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Figure 3.2: Simulated visualization of the ion trap using GEANT4

Figure 3.2 depicts three outgoing lines or visual representations of the resulting particles

of the βα channel. The red represents negatively charged particles, in this case an electron.

The blue represents positively charged particles, in this case the α particle and the 7Li atom.

The RF potential is not taken into account when simulating the ToF differences, as the

potentials are applied in such a way that the field on axis towards any of the MCPs is zero.

However, consider a case where an α particle travels near an RF rod. The electric potential

energy can be calculated from UE = qV , where q is the charge and V is the potential. The

RF rod has a potential of 200 V and the α particle has a charge of +2, meaning the potential

energy is approximately 0.400 keV or 5.2× 10−4% of the α-particle’s 770 keV kinetic energy.

This effect changes the ToF of the α particle by 2.6× 10−2%. For a lower energy particle,

consider the daughter nucleus, 10Be, with a kinetic energy of 18keV and a charge of +1.

10Be has an opposing potential energy from the RF rod of 0.20 keV or 1.1% of the proton’s

kinetic energy. So, for an average 10Be atom the effect on the energy is ≈ 1% for the worst

case scenario. On average, it will be much smaller than this, meaning the effect can safely

be ignored.

3.1.2 Detection Efficiency

As mentioned in chapter 2, the detection efficiency for MCP detectors for ions is roughly

60% [42]. The simulation uses a constant 60% detection efficiency for the heavy ions. How-
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ever, for β particles the detection efficiency mirrors Figure 2.6, meaning the efficiency roughly

decreases exponentially as the energy of the β particle increases. Figure 3.3 depicts an an-

alytical model fit to the absolute detection efficiency data depicted in Figure 2.6 [3]. As

depicted later in the chapter, Figure 3.8(a), the average energy of an electron will be on the

order of an MeV, meaning the efficiency will be less than 10%. This, in combination with

the kinematic cuts discussed in the next chapter, significantly reduces the number of random

coincidences.

Figure 3.3: Absolute detection efficiency of β particles ranging from 3 keV to 2.6 MeV
[41, 43]. Solid line is an analytical model fit to the data [3]. Adopted from ref [3].

3.2 Decay Rate Equation

In order to correctly parameterize the necessary decay particles for the GEANT4 simu-

lation, the decay rate equation from ref [1] was implemented as a rejection test that would

ensure the triple correlation between the β particle, neutrino and emitted particle. The

decay rate equation takes inputs of the β particle, neutrino, emitted particle and the spin

sequence of the decay. The following is Equation 1.13:

d7Γ ∝ F∓(Z,E)(E0 − E)2pE × (g1(E) + g2(E)
~p

E
· k̂

+
1

10
τJ ′,J ′′(L)T (2)(n̂) : g12(E)[~p/E, k̂])dEdΩedΩνdΩn.
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Equation 1.13 takes this reduced form where only the leading order terms have been

retained from the assumption E/M << 1, where E is the energy of the electron and M is

the mass of the precursor, 11Be. For the βα channel the maximum energy of the electron is

the Q-value for the beta decay, 2.85 MeV, while the mass of 11Be is 10266.6 MeV, meaning

the terms proportional to E/M contributes approximately at the 0.028% level. This is much

smaller than the expected precision of 1-5% for the measurement, thus these terms can be

safely ignored.

3.2.1 Decay Rate Maximum

In order to determine whether a simulation event is accepted, a rejection test was imple-

mented using the maximum value of the decay rate as a function of the excitation energy

of the emitter, 11B. To do this, the maximum of the differential decay rate was determined

for each excitation energy. The rejection test functioned within this context by randomly

generating a number [0, 2Γmax]. The decay rate maximum is multiplied by a factor of two

because in looking at Equation 1.13, the decay rate maximum occurs when the combination

of the g1(E) term and the g2(E)~p · k̂/E term is 4/3. The term involving the spectral function

g12(E) can be ignored for this analysis as it only contributes a couple of percent as is shown

in the next subsection. The g1(E) term will always be 1 for either a pure Fermi or Gamow-

Teller transition. Assuming the β transition to be Gamow-Teller for both exotic channels,

g2(E) = -1/3. For the angular correlation factor, ~p · k̂/E, the ratio of ~p/E is assumed to

be approximately 1, meaning the maximum occurs when ~p · k̂/E is -1. This results in the

combination of terms involving g1(E) and g2(E) being 4/3. However, to be conservative

and to ensure the decay rate maximum is bounded in the rejection test, the maximum is

multiplied by a factor of 2.

3.2.2 β-ν Correlation

The angular correlation between the β particle and the neutrino is the evaluation of the

normalized dot product between the two particles and is important in verifying the results
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of the decay rate. Additionally, because the change in the correlation from including or

excluding the term is nominal, the term involving the g12 spectral function can be safely

ignored in calculating the maximum value of the decay rate for a given excitation energy.

Figure 3.4 shows this simulated angular correlation for accepted events.

Figure 3.4: Simulated Distribution of p̂ · k̂ for a Gamow-Teller transition

Figure 3.4 was simulated by determining the dot product between the unit directions of

the β particle and neutrino for accepted events. The particles’ directions were randomized in

accordance to a unit sphere, meaning the distribution of the dot product would be a straight

line if not otherwise influenced. The distribution is a product of the g2(~p · k̂/E) term and

displays a linear slope indicative of the g2 spectral function. For a Gamow-Teller transition,

g2 is -1/3 which functions to influence the probability of accepting an event. If the β particle

and neutrino are anti-parallel, the probability that event will be accepted is greater than if

parallel as is depicted in Figure 3.4 at -1 and 1, respectively. The overall effect of the factor

g2 is a slope in the angular correlation between the electron and neutrino.

The slope depicted in Figure 3.4 is approximately -865.252; however, in order to properly

normalize, the slope must be divided by the central value or the y-intercept, 3016.6. This

produces a normalized slope of approximately -0.287(1) which is close to the expected value of

-1/3 arising from the g2(~p·k̂/E) term. When the g12 is set to zero, the slope of the distribution
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is -0.286 or a 0.184% change. Because the difference is so nominal, for calculations of the

decay rate maximum, it can safely be ignored.

The angular correlation is not precisely -1/3 because the ratio ~p/E is not exactly 1.

Equation 3.1 depicts an alternate version of ~p/E, using natural units.

| ~p |
E

=

√
E2 −m2

E
=

√

1− m2

E2
(3.1)

Equation 3.1 approaches 1 when E2 >> m2. As depicted in the simulated distribution of

the electron energy for the βα channel, Figure 3.8(a), the most probable kinetic energy from

that spectrum is approximately 1 MeV, and the rest mass of an electron is 0.511 MeV. The

ratiom2/E2 is therefore roughly (0.25)2, meaning the g2(~p·k̂/E) term from this calculation is

approximately -0.287, which is in perfect agreement with the value determined in Figure 3.4.

3.2.3 Fermi Function

The coefficient F∓(Z,E) is the Fermi function, as previously discussed in chapter 1. The

Fermi function used within the simulations was derived from the data sheets in ref [10].

Equation 1.11 is a reasonable approximation; however, the values in ref [10] are tabulated

for specific cases, meaning less approximation and higher accuracy. To determine the Fermi

value for an arbitrary electron momentum from the data sheets, a cubic spline function was

implemented [10].

3.3 Initial Set-up and Variable Ion Cloud Size

The initial set-up of the simulation involves the initialization of the masses of the particles

as well as the particles themselves. The particles were created with a struct containing

properties such as their 4-vector momentum, position in the trap and kinetic energy. Each

of the particle’s directions were randomly distributed over the unit sphere.

The decay locations of the particles in the trap were randomized using a Gaussian distri-

bution, as mentioned in the previous chapter. The FWHM of the ion cloud size was variable

to characterize the ion trap. To determine the influence of the cloud size on the detected dis-
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tribution of the difference in hit positions, the cloud size’s FWHM was incrementally changed

by 0.5 mm ranging from 0.0 mm to 4.0 mm. The distribution was then fitted using ROOT,

which would provide the parameters of the fit including the constant, mean and sigma and

their corresponding errors. To ensure the fit was accurate, the standard deviation’s error

was limited to less than 10% of the value.

To determine the parameters of the kinematic cut to suppress the background coinci-

dences, the cloud size FWHM was set to 1.0 mm, the expected size of the cloud during

experimentation. The same detected distribution of the difference in hit position was plot-

ted in ROOT; however, the goal was the limitation of the background coincidences in an

effort to preferentially select the β-delayed channels. Both the influence of the cloud size

and the kinematic cut will be discussed in much greater detail in the next chapter.

3.4 Verification of the β, ν and α Energy Distributions

Each energy distribution was used as a form of verification which indicates whether the

simulation was performing as expected. This subsection mirrors the structure of the code,

setting up the excitation energy of the emitter and determining the resulting energies of the

decay particles, namely the emitted particles. The subsection speaks primarily to the βα

channel unless specified otherwise. All of the relevant βp channel energy distributions are in

Appendix E.

3.4.1 Excitation of 11B

For the βα case, the ground state of the precursor, 11Be, β decays to an excited state of

the emitter, 11B. However, the excited state is not a discrete state, but rather a resonance

centered at 9873 keV [21]. The excitation energy distribution was determined using R-Matrix

theory with parameters experimentally determined in ref [21].

The phenomenological R matrix method is used in nuclear physics particularly for the

analysis of low-energy scattering data [49]. The goal of the R matrix method is the param-

eterization of observed quantities, in this case the observed α and 7Li spectrum [21, 49].
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Figure 3.5(a) shows the observed energy and subsequent R matrix fit [21].

(a) (b)

Figure 3.5: (a.) was adopted from ref [21], observed energy (black) and an R matrix fit (red)
(b.) Simulated distribution of the kinetic energy of the α particle + lithium atom

The Eobs is the combination of the kinetic energy of the α particle and lithium atom as

well as a broadening term. The broadening term stems from the Si detector’s measurement

of some of the β particle’s energy, as well as the Si detectors not having perfect resolution

[21]. To emulate the proper excitation energy which would result in the curve depicted in

Figure 3.5(a), the same or close to the same parameters were used with slight deviations to

account for the broadening. Figure 3.5(b) shows the simulated sum of the kinetic energy

of the α-particle and the lithium atom. The two peaks in Figure 3.5(b) correspond to the

excited and ground states of 7Li with peaks at 0.731 MeV and 1.209 MeV above the βα

channel Q-value, respectively. Figure 3.6 depicts the simulated excitation energy of the

emitter for the βα channel resulting from the parameters developed using R-matrix theory.

For the βp case the physics and implementation is very similar. The excited state of

11B relevant to the proton case is assumed, for simplicity, to be a Gaussian distribution

centered at 11.425(20) MeV with a standard deviation of 12(5) keV [24]. The nature of the

resonant state for the βp channel can be approximated, as the goal of the simulations is the

verification of the differentiation of the ToF differences.
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Figure 3.6: Simulated Distribution of 11B Excitation Energy

3.4.2 β and ν Energy Distributions

The total energy of the electron can be deduced using the Q-value, or the differences in

the sum of the masses of the initial reactants and the sum of the masses of the final products.

The Q-value in this case also represents the total kinetic energy imparted to the electron and

neutrino. Therefore, the maximum possible kinetic energy of the electron is the Q-value.

The kinetic energy is randomized between [0, Q]. Figure 3.7 shows the simulated Q-value

distribution for the βα channel.

Figure 3.7: Simulated Distribution of Q-values for the βα decay channel
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The Q-value depicted in Figure 3.7 is defined as Q = m(11Be) −m(11B∗) = m(11Be) −

m(11B) - Ex. The histograms of the Q-value and excitation energy are mirror images with

one being flipped about the y-axis. Physically, it could be conceptualized as the larger the

excitation energy of 11B, the smaller the differences between the masses, or the Q-value.

Using the Q-value as the bounds of randomization for the β particle, Figure 3.8 shows the

simulated total electron and neutrino energy distributions for the βα decay channel.

(a) (b)

Figure 3.8: (a.) Simulated distribution of the total electron energies for the α decay channel
(b.) Simulated distribution of neutrino energies

The total energy of the electron must be in the range [me, Q + me] or in the range of the

rest mass to the rest mass plus the maximum kinetic energy of the electron which is depicted

in Figure 3.8(a). Assuming the excitation energy of the emitter to be its minimum, approx-

imately Ex = 8664 keV, this would result in a Q-value of approximately 2.845 MeV [21].

This implies the total electron energy cannot exceed 3.356 MeV, which from Figure 3.8(a),

the simulation does not.

In this analysis the neutrino is treated as massless, meaning pν = Eν in natural units.

The conservation of energy limits the neutrino’s maximum energy to be the Q-value. From

our previous calculations, the maximum Q-value is approximately 2.845 MeV which is clearly

not exceeded in Figure 3.8(b).
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3.4.3 Emitted Particle Energy Distribution

In reference to both the βα and βp cases, using conservation of energy and momentum,

the energy of the emitted particle is the following, Equation 1.12.

Eemitted =
m2

precursor +m2
daughter −m2

emitter

2mprecursor

In both cases for Equation 1.12, the precursor is 11Be and the emitter is 11B. The daughter

atoms for the βα and βp cases are 7Li and 10Be, respectively.

3.4.4 Galilean Transformation

The previous calculation took place in the rest frame of the emitter. However, the decay

rate equation requires all quantities to be in the rest frame of the precursor. A Galilean

transformation translates the energy and momenta from the rest frame of the emitter to the

rest frame of the precursor. Equation 3.2 demonstrates this Galilean transformation.

~pemitted = −~pdaughter +
memitted

memitter

~pemitter (3.2)

Equation 3.2 is approximated as non-relativistic as the momentum of the emitter is

relatively small or β = vemitter/c << 1. In order to assume the emitter’s momentum can

be approximated as non-relativistic, the rest mass must be much greater than the kinetic

energy or 1
2
mv2 << mc2. The rest mass for the emitter is on the order of a GeV, whereas

the kinetic energy is less than a keV, allowing for the use of the non-relativistic calculation.
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CHAPTER 4

SIMULATION RESULTS AND DISCUSSION

The majority of the previous chapter sought to validate the decay rate equation inputs

such as the decay product’s energy distributions compared to expectation. This chapter

mirrors that approach for the final results of the simulation. The goals of the simulation

were as follows:

• Verify the ToF difference profiles for the β, βp and βα decay channels

• Determine the parameters of a kinematic cut to suppress the random coincidences

• Determine the influence of the cloud size on the detected difference in hit position

The goal of determining the ToF difference profiles is the verification of the differentia-

tion between the βα, βp and β decay channels. Determining the parameters for a kinematic

cut will function in experimentation to aid in the suppression of many of the random coin-

cidences. Lastly, determining the influence of the cloud size on the detected distribution of

the difference in hit positions will allow for a roundabout way of determining how well the

ion trap is functioning during experimentation.

4.1 ToF Difference Profiles

The measurement and proper detection of low energy particles is difficult; however, with

a specific type of ion trap it is possible as discussed in chapter 2. Another difficulty arises

from the proper identification of a detected particle, and one way to differentiate the channels

is through ToF difference profiles. When a particle hits the MCP, the metaphorical clock

begins and once another particle hits then the clock stops. This difference in the ToFs

between particles allows for the differentiation between decay channels.
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Figure 4.1: Simulated ToF of the βα channel

Figure 4.1 displays the simulated ToF for the βα decay channel. Figure 4.1 can be verified

using the average kinetic energy of the α particle, 770 keV, and the lithium atom, 440 keV.

Assuming non-relativistic calculations, the momenta are used to determine the velocities.

From the dimensionality of the ion trap, the particles need to travel 70 mm from the center

of the trap, meaning the resulting average ToFs for the α and lithium are 12 ns and 21 ns,

respectively. The MCP will detect the α particle initially and after approximately 9 ns, the

lithium will be detected. This difference in the ToFs is what is plotted in Figure 4.1. For

more information on the ToF difference profile for the βα channel see Appendix F.

Figure 4.2 displays the simulated ToF difference profile for the βp decay channel. Similar

to the calculation of the average ToF difference for the βα channel, the βp channel’s average

ToF difference can be calculated from the kinetic energies of the decay products, the proton

(178 keV) and 10Be atom (18 keV). This results in an average ToF of 12 ns and 119 ns for

the proton and 10Be atom, respectively, and a ToF difference of 107 ns. However, the mean

ToF difference depicted in Figure 4.2, 114.5 ns, does not perfectly match as the calculation is

an approximation which assumes the decay products have a perfect trajectory aimed at the
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Figure 4.2: Simulated ToF of the βp channel

center. The difference between the approximated calculation and the simulations is 6.5%,

well within reason.

In simulating the ToFs for the βp channel, there is inherent uncertainty whether the β

transition is Fermi or Gamow-Teller. This results from a lack of knowledge about the emitter

state’s spin and parity. The assumption is the transition will be Gamow-Teller based on the

parity and spin of the emitter state and the transition of the βα channel; however, this isn’t a

certainty until the experiment is carried out. Nevertheless, the profiles of the ToF differences

for either a pure Fermi or a pure Gamow-Teller transition, Figure 4.2, are very similar as

they share nearly the same mean ToF difference, 114.6 ns and 114.5 ns, respectively. Still,

determining the transition is very important since there is some question of if this decay

has ever actually been observed [50]. However, based on Figure 4.2, discerning whether the

transition is Fermi or Gamow-Teller would be very difficult because of the similarities in

profile.

Within Figure 4.2 a secondary peak near 12 ns is present, which defies the calculated

and expected ToF difference for the βp channel. The secondary peak stems from electron-
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proton coincidence. The β efficiency for the MCPs is relatively insignificant as depicted in

Figure 2.6, but non-zero. The β particle has an average ToF of 0.12 ns, assuming an MeV

of kinetic energy, meaning the ToF difference from an electron-proton coincidence would be

approximately 12 ns which is in excellent agreement with the secondary peak in Figure 4.2.

The difference in the βα and βp ToF differences stems from the differentiation in excita-

tion levels of 11B. The βα channel imparts significantly more energy as the average kinetic

energies of the daughter atom and emitted particle are significantly greater. As mentioned

previously, the average kinetic energies of the α particle and 7Li are 770 keV and 440 keV

relative to the proton (178 keV) and 10Be atom, respectively [18]. Because the energy im-

parted to the daughter nucleus for the βp is on the order of tens of keV compared to the

roughly hundreds of keV imparted to the proton, the ToF difference is much greater.

Figure 4.3: Simulated ToF of the β decay channel

Figure 4.3 depicts the simulated distribution of the β decay channel. The simulation

of the β decay channel was provided by Dr. Aaron Gallant, as the complexity was out of

the scope of this thesis. However, to speak briefly on Figure 4.3, the importance of the

simulation of the β decay channels is the implementation of an energy cut. An energy cut
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in this context refers to a minimum excitation energy of the emitter that must be exceeded

for the event to be differentiated from the other decay channels. The lower the excitation

energy of the emitter, the less kinetic energy imparted to the emitted particle and daughter

atom, meaning the ToF difference could increase. If the ToF difference is great enough in

either of the β-delayed channels, the decay channel could be misidentified. The likelihood

of the βα channel having a ToF difference at or exceeding 190 ns, or the beginning of the

ToF difference peak of the β decay channel, is unlikely as the ToFs of the emitted particle

(α particle) and daughter atom (7Li) are very close, 12 ns and 21 ns, respectively. However,

there is a great enough differentiation in the ToFs for the βp channel such that a cut energy

must be considered. Assuming the ToF difference must reach or exceed ≈ 190 ns and the

ratio of the kinetic energy of the emitted particle (proton) and daughter atom (10Be) remains

the same, then the excitation energy of the emitter must exceed 11.291 MeV, a difference of

134.1 keV from the center of the resonance state, 11.425(20) MeV [24]. This would result in

a lower limit of the kinetic energies of the 10Be atom and proton being approximately 6 keV

and 56 keV, respectively.

Figure 4.4: Simulated distribution for the βα, βp and bound state β decay. Each channel
was simulated with the literature branching ratio and includes the kinematic cuts
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Lastly, Figure 4.4 depicts the ToF difference profiles for each simulated channel. Fig-

ure 4.4 is to the approximate scale of what is expected based on the branching ratios of each

channel, MCP detection efficiency, geometric efficiency of the ion trap and the kinematic

cut placed on the difference in hit positions distribution, ±10 mm. The kinematic cut is

discussed at length in the next subsection.

4.2 Kinematic Cuts

In preparation for experimentation, one of the ways to characterize the ion trap is a

determination of the parameters of a kinematic cut needed for the spectra. A kinematic

cut functions to suppress the background stemming from random particle coincidences by

setting limits to the difference in hit positions. The daughter atom and emitted particle are

assumed to be relatively back-to-back resulting from the conservation of the momentum. A

kinematic cut that isolates those events can preferentially select the β-delayed channels and

help suppress the background coincidences. Figure 4.5 depicts the back-to-back hit positions

for the β-delayed channels. The difference in hit positions can be seen in Figure 4.5 as the

difference between YLeft - YRight. If the hit positions are back-to-back, this value will be near

zero. Figure 4.6 depicts the detected difference in hit positions distribution for the β, βp

and βα decay channels at a cloud size FWHM of 1.0 mm.

Figure 4.5: Cartoon illustrating a back-to-back detection
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From Figure 4.6, the β decay channel, Figure 4.6(a) and Figure 4.6(b), depict the back-

ground. A purely random background would be a flat distribution; however, there is minor

correlation between the β particle and the emitter, resulting in some curvature. For the β-

delayed distributions, each distribution has a clear narrow peak centered at zero, indicative

of back-to-back hits. Figure 4.6(c) through Figure 4.6(f) also have very widened bases or a

relatively higher difference in hit positions, representing the background coincidences. From

Figure 4.6, the kinematic cuts for the β-delayed channels should limit from -10 mm to 10

mm as to cut the background coincidences depicted with the wide base.

The importance of a kinematic cut is depicted in its suppression of the background, which

can be approximated beginning with the rate of random coincidences. Assuming a realistic

number of decays for the simulation, the activity of the 11Be decay can be approximated at

5000 decays per second [3]. The geometric efficiency is assumed 9%, and from the detection

efficiencies discussed in chapter 2, the β efficiency is 6% for energies on the order of an MeV

and the ion efficiency, 60% [3]. This will result in approximate rates of 30 Hz and 270 Hz

for the β particles and ions, respectively. The dark count, or the rate at which the MCPs

will randomly fire, is 100 Hz from previous experimentation [3]. The random coincidence

rate plus the dark count rate per detector is therefore ≈ 400 Hz. From Figure 4.2, the

time interval covered by the βp channel is 60 ns; therefore, the probability of a random

coincidence must be integrated over that time interval. Assuming both MCPs are identical,

the coincidence rate within the time window is 0.02 Hz [3]. However, this coincidence rate is

further reduced by a kinematic cut. After applying the kinematic cut determined for the β

particle and slow recoils of approximately 5.5%, the random coincidence rate is 1× 10−3 Hz

[3]. In comparison, the expected βp rate is 2.6× 10−3 Hz, 2.6 times larger than the random

coincidence rate. The implementation of this kinematic cut would help in differentiating the

βp channel by suppressing the background.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.6: (a.) and (b.) Simulated detected difference in hit positions for β decays along the
x axis (left) and y axis (right), (c.) and (d.) Simulated detected difference in hit positions
for βp channel along the x axis (left) and y axis (right), (e.) and (f.) Simulated detected
difference in hit positions for βα channel along the x axis (left) and y axis (right)
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4.3 Cloud Size

One of the ways to characterize the simulated ion trap is an assessment of the relationship

between the FWHM of the ion cloud and its corresponding affect on the detected difference

in hit positions. In order to understand the influence of the cloud size, a Gaussian is fitted to

the detected distribution of the difference in the hit positions. Figure 4.7 depicts an example

of this Gaussian fit placed on the the difference in hit positions for the βα channel at a cloud

size (FWHM) of 4.0 mm and the standard deviation of the Gaussian fit is 4.1(2) mm.

Figure 4.7: Simulated Distribution of the detected difference in hit positions for the βα
channel at an ion cloud size of 4.0mm for the MCP detectors

Figure 4.8 depicts the relationship between the standard deviation of the Gaussian fit

on the difference in hit positions for both the βα and βp decay channels for the MCP

detectors along the x-axis and y-axis. Figure 4.8 suggests as the cloud size increases so does

the standard deviation of the difference in hit positions. The MCPs will have a detection

resolution of ≈1 mm, which will have some broadening effect compared to the simulations,

which assume perfect detection resolution.

From both Figure 4.8(a) and Figure 4.8(b) the βα channel sits above the βp channel.

The βα decay channel is imparted significantly more kinetic energy as the Q-value is much

greater, meaning the emitter has a greater relative velocity. The reference frame of the
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(a) (b)

Figure 4.8: Simulated Comparison of the standard deviation of the detected difference in hit
position with varying ion cloud size for the MCP detectors along the x-axis (a.) and y-axis
(b.)

βα channel is therefore moving at a greater velocity, and the angle between the α particle

and lithium atom will be greater than the angle between the proton and 10Be for the βp

channel from conservation of momentum. This relates to Figure 4.8 as with a greater angle

between particles, the βα channel will naturally have a greater FWHM for the difference

in hit positions compared to the βp channel. Furthermore, as the FWHM of the ion cloud

increases, the difference between the βα and βp channel curves represented in Figure 4.8

diminishes. This results from a reduction in the recoil effect, or the effect of the velocity of

the frame, the emitter, as the decays happen closer to the detector.

Figure 4.9 displays the change of the ToF differences for both the βα and βp channels

as a function of the cloud size. The ToF differences depicted in Figure 4.9 for both channels

create relatively straight lines, meaning if the cloud size increases such that it favors one side

or another, the ToF difference remains nearly the same. Equation 4.1 depicts the ToF for

the alpha decay with a small change in the location of the decay, ǫ.

∆ToF =

(

1± ǫ

vLi
− 1∓ ǫ

vα

)

d (4.1)

In 4.1 the ǫ represents a small change, which favors one side or the other. The maximum

size of the ion cloud in the simulation was 4.0 mm. The distance, d, of the center of the
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Figure 4.9: Simulated Comparison of the average ToF with varying ion cloud size

ion trap to an MCP is 70 mm. Therefore, in looking at the maximum change in the ToF

average, ǫ should be 4.0 mm / 70 mm ≈ 0.057. Solving the equation for both cases, when

favoring the α particle and when favoring the lithium atom, the difference is 1.725× 10−8.

As the difference between the maximas is insignificant, so should any changes to the cloud

size on the ToF differences.
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CHAPTER 5

CONCLUSION

Nuclear halos provide a gateway into better understanding β-delayed particle emission

and β decay in general. One very unique case of β-delayed particle emission is 11Be as the

branching ratios to the exotic states are greater than expected as a result of a nonspherical

deformation in its core, 10Be. The deformation is a product of competition between nucleon

orbits which results in the ground state of 11Be being an even parity, defying the expectations

of the nuclear shell model. The first four states of 11B, including the ground state, are odd

parity or forbidden, making the branching ratios of the exotic states greater as a byproduct.

Simulations were performed of the β-delayed decay of 11Be in a linear Paul trap in order to

verify the ToF difference profiles for each decay channel, the parameters of a kinematic cut

to suppress the background coincidences and determine the influence of the cloud size on

the detected difference in hit positions.

The decay was simulated following the decay rate equation given in ref [1], accounting for

all of the angular correlations between the emitted particles. This included the determination

and verification of the energy distributions of each of the emitted particles using the toolkit

ROOT. The linear Paul trap was constructed in the simulation toolkit GEANT4. The ToF

difference profiles were determined by taking the difference in the ToFs of the daughter

atoms and the emitted particles. The parameters of the kinematic cut were determined by

ensuring back-to-back hit positions in order to preferentially select the β-delayed channels.

Lastly, the influence of the cloud size was determined by incrementally increasing the cloud

size and studying its impact on the detected difference in hit positions.

The ToF difference peaks matched expectations, verified by calculation using the average

energies of the emitted particles and the geometry of the BeTrap. The simulations demon-

strate clear differentiation of the ToF difference profiles and evidence an ability to discern
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which decay channel is being observed. The kinematic cut parameters were determined and

functioned to reduce the rate of random coincidences. This reduction allows for better iden-

tification of the β-delayed channels. The detected difference in hit positions was determined

as a function of the ion cloud size. During experimentation, the simulation could provide

the expected cloud size given a detected spatial distribution. This will help in the diagnosis

of how well the ion cloud is trapped. The next step is carrying out experimentation and

comparing the results to the simulation. In the case of the kinematic cut and cloud size

analysis, both can be used to aid experimentation by giving the parameters for reducing the

random coincidences and expressing how well the BeTrap is trapping the ion cloud.
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APPENDIX A

DERIVATION OF THE ENERGY OF THE NEUTRINO AND β-DELAYED PARTICLE

A.1 Derivation of the neutrino energy

First begin with the conservation of 4-momentum where P = {E, ~p}.

Pparent = Precoil + Pβ + Pν (A.1)

PBe = PB + Pβ + Pν (A.2)

Solve for the recoil, 11B and square both sides.

PB = PBe − Pβ − Pν (A.3)

P 2
B = (PBe − Pβ − Pν)

2 (A.4)

The square of the 4-momentum of any particle is just the rest mass.

m2
B = m2

Be +m2
β +m2

ν − 2(PBe · Pβ)− 2(PBe · Pν) + 2(Pβ · Pν) (A.5)

Assume the system is in the rest frame of the parent, 11Be.

m2
B −m2

Be −m2
β = −2(mBeEβ)− 2(mBeEν) + 2(EβEν − ~pβ · ~pν) (A.6)

The absolute value of the momentum of the neutrino is its energy.

m2
B −m2

Be −m2
β = −2(mBeEβ)− 2(mBeEν) + 2(EβEν − ~pβ · Eν p̂ν) (A.7)

Therefore we can conclude the energy of the neutrino to be the following,

Eν =
m2

B −m2
Be −m2

β + 2(mBeEβ)

2(Eβ −mBe − ~pβ · p̂ν)
(A.8)
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A.2 Derivation of the energy of the β-delayed particle

First, begin with the conservation of 4-momentum, where P = {E, ~p}.

Pparent = Precoil + Pemitted (A.9)

Solve for the recoil 4-momentum and square both sides.

Precoil = Pemitted − Pparent (A.10)

P 2
recoil = (Pemitted − Pparent)

2 (A.11)

This allows for a simplification using the identity E2 = ~p2 + m2 (assuming natural units).

m2
recoil = m2

parent +m2
emitted − 2(Precoil · Pemitted) (A.12)

Assuming the system takes place in the rest frame of the parent.

m2
recoil = m2

parent +m2
emitted − 2(mrecoilEemitted) (A.13)

Therefore the energy of the emitted particle is the following,

Eemitted =
m2

parent +m2
emitted −m2

recoil

2mparent

(A.14)
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APPENDIX B

DETAILS ON THE CONFIRMATION OF THE HALO STRUCTURE OF 11BE

The structure of 11Be was confirmed by studying the reaction cross sections [15]. Com-

paring the experimental data gathered at 33.0 A MeV to the model developed in ref [51],

the reaction cross section was found to be larger by 20%-30% [15, 51]. Figure B.1 depicts

the experimental data of the cross section of 11Be and various fits [15].

Figure B.1: Comparison of cross sections: Dash-dotted line: the best fitted gaussian plus
Yukawa-square tail density distribution. Solid line: Hartree-Fock density with a binding-
energy condition for 11Be. Dashed line: deformed 11B density (β = 0.5). Long dashed line:
best fitted by a gaussian density distribution. Adopted from ref [15]

Figure B.1 shows the necessity in including a long tail in the nucleon distribution to

explain the cross sections [15]. However, the halo structure doesn’t fully encapsulate the

cross section of 11Be, as its core, 10Be also has a nonspherical shape or a shape deformation

[2]. The importance of the deformation can be depicted by the large quadrupole moment

of its core 10Be, | Q | = 0.230 mb, which indicates a non-spherically symmetric charge

distribution [52, 53].
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APPENDIX C

DETAILED ANALYSIS OF A SPECTRAL FUNCTION

Equation C.1 is an example of a spectral function found within Equation 1.13.

g12(E, u, v, s)

= −θu,vRec∗1[c1 + 2c2(1/M
2)(m2

e + 2EE0 − 2E2)

− (E0/2M)(c1 + d± b) + (E/M)(3c1 ± b)

− (m2
e/2M

2)(1 + ∆/2M)h]

− δu,v

(

u(u+ 1)

(2u− 1)(2u+ 3)

)1/2

Rea∗1

[

(

3

2

)1/2

f(E0/M)

+3g
EE0 − E2

2M2
±

(

3

2

)1/2

j2
E2

0 − 2EE0 +m2
e

2M2

]

(C.1)

+ κu,v(−)sRec∗1

[

±3f
E0 − 2E

2M

±
(

3

2

)1/2

g
E2

0 − 2EE0 +m2
e

2M2

−j2
−E2

0 + 8EE0 − 8E2 +m2
e

4M2

]

+ ǫu,vRec
∗

1j3
E2

0 + 9EE0 −m2
e − 9E2

4M2

where,

θu,v =











−(u+ 1)/(2u− 1) u = v + 1

1 u = v

−u/(2u+ 3) u = v − 1

(C.2)

From Equation C.1, E is the energy of the electron, u is the spin of the precursor, v is the

spin of the emitter and s is the spin of the daughter [1]. In order to have a better physical

understanding, it is valuable to describe some of the physical interaction variables: a is the

Fermi transition, b is weak magnetism, c is Gamow-Teller, d is the induced tensor, e is the

induced scalar, etc. However, for each of the previous terms listed all but one is eliminated.

For every term from Equation C.1, each incorporates one or more of the factors presented
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in Table C.1 with the exception of the first line.

Factor Value
E2/M2 9.49× 10−9

E0E/M
2 2.70× 10−8

m2
e/M

2 2.48× 10−9

E0/M 2.77× 10−4

E/M 9.74× 10−5

Table C.1: Factors incorporated in the majority of terms in Equation C.1

The maximum factor from Table C.1 is 9.74× 10−5. In the first term of the first line in

Equation C.1, −θu,vRec∗1c1 = −1. The ratio of the largest possible factor present in every

other term to the first term of Equation C.1 is 2.77× 10−4. For the purposes of this thesis

these terms can be safely ignored.
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APPENDIX D

DISCUSSION OF THE LINEAR PAUL TRAP’S EFFECT ON THE SECOND-ORDER

DOPPLER SHIFT EFFECTS

In high accuracy measurements, the largest source of frequency offset results from the

motion of the atoms caused by the trapping fields via the second-order Doppler effect [54].

This places a limitation on the number of ions that can be accurately measured in an ion

trap. However, as mentioned previously, one of the big advantages of using a linear Paul trap

is the reduction of the second-order Doppler shift [54]. Equation D.1 depicts the second-order

Doppler shift where N is the total ion number and L is the trap length [54].

(

∆f

f

)

lin

= −
(

q2

8πǫ0mc2

)

N

L
(D.1)

What is important to note for Equation D.1 is the expression has no dependence on

trap parameters except the linear ion density N/L [54]. Assuming the driving frequency is

properly scaled, the linear trap holds 15 to 20 times more ions than a spherical trap with

negligible increase to the second-order increase to the second-order Doppler shift [54].
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APPENDIX E

βp DELAYED DECAY CHANNEL HISTOGRAMS

Figure E.1: Simulated distribution of excitation energy for the βp decay channel
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Figure E.2: Simulated distribution of Q-value for the βp decay channel

Figure E.3: Simulated distribution of neutrino energy for the βp decay channel
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Figure E.4: Simulated distribution of electron energy for the βp decay channel

Figure E.5: Simulated distribution of proton energy for the βp decay channel
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APPENDIX F

DISCUSSION OF βα TOF DIFFERENCE PROFILE

Figure F.1 depicts the difference in the simulated distribution in ToF difference profiles

for the βα channel for the ground and excited state of the daughter atom, 7Li.

Figure F.1: Simulated distribution of ToF difference profile for the βα channel

One assumption may be there should exist two peaks in the profile depicted in Figure 4.1;

however, because the average ToF differences between the ground and excited states of

lithium are close, there is just broadening. The difference between the profiles in Figure F.1

stems from the excitation energy of the daughter atom, 7Li, resulting in an average ToF

difference of 9.32 ns and 12.18 ns for the ground and excited states, respectively. The

emitter can only α decay to an energetically possible state of the daughter and for an α

decay to the excited state of the daughter, the excitation energy of the emitter must exceed

9.142 MeV. Near this threshold the Q-value for the α decay is relatively small, meaning the

energy imparted to the decay particles is relatively small as well. This can affect the ToF

62



difference of the βα channel drastically. Take for example an emitter excitation energy of

9.15 MeV. The resulting Q-value of the α decay is 7.68 keV which produces a ToF difference

between the α particle and lithium atom of approximately 108.4 ns. The counts heavily

exceeding the average ToF difference for the βα channel result from an excitation energy of

the emitter near the threshold.

From Figure F.1, another peak exists, centered at 21 ns. This results from electron-

daughter atom coincidences from the βα channel. As mentioned in chapter 4, the average

ToF for an electron is approximately 0.12 ns, while the average ToF for the 7Li is 21 ns. The

average difference between the ToFs for an electron and 7Li atom is therefore roughly 21 ns.
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