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ABSTRACT

A brief review of linear regression analysis and analysis
of variance is first presented. The rest of the thesis deals
with the combining of these two techniques to form an analysis
of covariance model which can be used to identify and separate
from the data of interest variability whiéh is due to variation
in a concomitant variable upon which the data is dependent.

A computer program is finally included along with a dis-
cussion of_the use of this program and interpretation of the

output.
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~ INTRODUCTION

The primary purpose in collecting data is usually to be able
to interpret the data as saying something about, or in some way
describing, the processes or things being studied. Many diffi-
culties can arise which make the interpretation of the data dif-
ficult. One of these difficulties is a lot of variation in the
data. Unless this variation can be explained or reduced it is
hard for the experimentor to draw conclusions with much precision
or definiteness. There are several methods used in attémpting
to reduce or control variation among the data. Some of these
methods are:

(i) Exercise control over the homogeneity of the material
being tested, and over the experimental environment,
thus helping to create uniformity of conditions under
which the experiment is performed.

(ii) Group the material and the environment so that (i)
holds for the subgroups, i.e., divide the experiment
to achieve homogeneity within subgroups.

(iii) Refine the experimental techniques, so that they
-are consistént throughout all phases of the experiment
and don't contribute to variation in results.

If the experimental techniques are stable and it is not pos-

sible to subdivide the elements of the experiment into homogeneous

subdivisions to control experimental variation, there is a fourth
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technique available:

(iv) Measure the variables related to the variable of

interest, and use analysis of covariance.

The analysis of covariance is a statistical tool which can
be used to identify in a Variable of interest, Y say, the amount
of variation which is é result of variation in another variable}
say X, upon which Y is dependent. Analysis of covariance can then
be applied to remove this variation from the variable of interest.

The related variates are referred to as concomitant variables.

The presentation of analysis of covariance which follows is
on a level which can be understood (hopefully) by a person who
has had little background in statistics. A review of regression
analysis and anélysis of variance, which are vital to analysis
of covariance, is presented in the first two chapters to help
introduce notation and make the whole of the presentation as self-
contained as possible.

The last section of the chapter on analysis of covariance
presents several different applications. Although it is not feas-
_ible to present each of them in computational detail, references
for further investigation are given if the reader is interested.
The objective is to show the versatility of the teéhnique and
the information which is available for what is usually only a
small investment of additional computational effort. There are
many instances, in fact, where the measurements of what would be
the concomitant variable are already known, or are readily obtain-
able, but because the experimentor is not aware of analysis of

covariance, this additional data is not used.
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The last chapter shows how to use the computer program

which is available, and how to read the output.
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LINEAR REGRESSION ANALYSIS

Introduction

In working with statistical problems, many times there is
an association between two or more of the variables being measured,
and it would be helpful to establish a relationship, from the data,
which would make it possible to estimate, or "predict", one or
more variables in terms of other variables. One of the oldest,
and probably one of the most useful, types of relationsﬁips is
what is called a linear model. Such a model, or relationship,
enables the experimentor to use additional, or known, information
to help describe the behavior of the variable of primary interest.
Such a relationship might make possible a prediction of the amount
of sales of a new product from its price, or a student's future
grade average from his I.Q. rating or entrance exam score.

Although it would be nice to be able to predict one quan-
tity exactly in terms of others, it ié hardly ever possible, so
estimation of an "average" value in terms of others usually has
to suffice. For example, it is not possible to predict the exact
number of sales of a product from its price, but it may be possible
to estimate the "average" number of expected sales based on infor-
mation about past performances of like products.

The 19th century English mathematician Francis Galton deve- .
loped the idea of "regression" in his studies of heredity. Speak-

ing of the "law of universal regression" he said that "each pecul-
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iarity in a man is shared by his kinsman, but on the average in

a less degree." To back this up, he collected data on the heights
of fathers and their sons. It was found that although tall fathers
tend to have tall sons, the average height of the sons of a group
of tall fathers is less than the average height of their fathers.
So we say there is a regression, or going back, of sons' heights
toward the average height of all men.

In mathematical jargon, we would probably say that the pre-
dicted variable, say Y, is a function of theAvariable upon which
the prediction was based, call it X, but in statistics Galton's
term "regression" 1is usually used so that the relationship found

between ¥ and X is called the "regression of Y on X."

The Regression Model

As an example, suppose we were interested in studying the
weights of a certain population of men, and the relationship be-
. tween the weights and the heights of these men. To study this
the men are subdivided into groups according to height so that
the men in any one group are all very nearly the same height,
and the relationship between weight and height is examined by
looking at the various subdivisions and their weights.

It is oEvious that for any particular height there will be
a whole range of weights. Not every man that is six feet tall
will weigh 180 pounds. There will be light ones and heavy ones.
This distribution of weights for a particular height has a mean
value. In statistical language this would be called the expected

value for the weights. This distribution would also have a var-
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iance,}the variance of weights of all men who have this height.
The "regression of weight on height" in this case would be the
relationship between the heights énd the means of the distribu-
tions of weights for each of the heights. The regression rela-
tionship doesn't allow a prediction of a man's weight, given his
height, but the average weight.of all men who have that height
can_be predicted. |

It can be seen here that the distribution of weights depends
on the height chosen, and so weight would be referred to as the
dependent variable, and height as the independent variable.

Introducing some common notation, the dependentfrandom var-
iable, which is usually the variable of interest, is denoted by
¥ and the independent variable by X, although any symbols may be
used. The mean value for the distribution of Y, called the ex-
pected value, is denoted by E(Y). The expected value of Y given
the variable X has taken on the value X, denoted E(Y|X), is cal-
led the conditional expected value of Y. It could répresent the
expected value for the weights given the height chosen was X.

If we write E(Y|X), this represents a whole set of conditional
expected values of Y as X takeé on all values in its domain.

In regression analysis, we want to determine what the rela-
tionship between X and E(Y|X) is, so that if we know the indepen-
dent variable X h;s taken the value X, it is possible to predict
the mean value of the Y for that X, E(YIX). A first approximation
to this relationship, and usually a good approximation, especially

over short intervals, is a straight line. This could be written
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E(T|R) = «+ Bx .
Read the symbol " = " as "is approximated by." This says that

the relationship between the X values and E(Y|X) is linear. So

if we graphed the coordinates (X,E(Y|X)) as X took on all the

values of X, we assume this graph is a straight line. 1In.the

assumed linear case, the line o+ BX is by definition the "true"

regression line, and deviations are measured with respect to this

line. The linear assumption is shown graphiCally in the diagram

below.

Conditional

>
X

Figure 1. True linear regression relationship.

From the diagram, it can be seen that
changes in the value of X change the value
but it is assumed that changes in X do not

‘the density function of Y. More detail as

we are assuming that
of the mean of the 7,
affect the shape of

to assumptions will be
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given later.

It should be understood that in general the straight line:
is an approximation of the actual relationship between'Y and X.
Also, because Y is a random variable, in general, observed or
measured values of Y will not be equal to the predicted value.
That is, the observed values of Y will not all fall on the line
E(Y|X).

The observed value of Y can then be written as

Y = E(Y|X) + €,

where € represents some error, the amount of Y not accounted for
by the fégreésion line of Y on X. This is logical, éince for each
X there is a whole population of Y's, of which we have observed
one. We would éxpect, in general, that this one we observed will
not always be the mean ¥value, E(Y]X), of the population of ¥Y's
for that X. The amount that the observed Y differs from the mean
value is represented by €.

Since, in the linear case, E(Y|X) = «+ X, we can rewrite
this relation as

Yy=o+Px+ €,

where Y is a measured or observed value of Y for X taking on the
value X.

It is assumed here that the only error involved is in observ-
ing the Y, that the X is measured without error, so that the error .
is entirely included in €.

The relationship above is for Y dependent on only one var-
iable, X. The situation may arise where Y is influenced by k

fixed variates, 10 X1 oo Xk. This is covered in chapter 3.
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If our data consisgs of n observations of ¥ and X, simul-
taneously, then we have n points, {(Xi,Yi), i=l,2,...,n} , and
each observed Y could be modeled

v; = «x+ Bx; + € .

It remains now to find out what o« and ﬁ are so the regression

model is usable.

Determining The Regression Relationship

To be able to use, in the linear case, what we define as the

true regression relation,
Y = E(Y|X) + € = «+ 8% + €,

we have to know the joint probability density function for X and
Y to compute the true conditional expectations of Y. Since with
fresh data this information is rarely available, the relationship
between X and Y has to be estimated from the data on hand. If we
have n observations on X and Y, we hope to use these to estimate
the expected value of Y for each X value, i.e., E(lei), i=l,...,n.
If ?i is used to denote an estimate (however obtained) of the ex-
pected value value of Y, given X is Xj, E(lei),'then each of the

observed values, Y can be represented by

i’

Y.

A . . ’
l=Yi+ei ’ 1=1’2’ooo’n ’

where Qi is the estimate of E(YIXi), and ey is what is called the
residual. e; is the amount by which the estimated value, Qi' mis-
sed the observed Y;. éi_is the deviation of the observed value,

from the true regression line, E(YIX), and e; is the deviation

¥ i

ir

N s ; . 3 . A
of the observed value, Y;, from the estimated regression line, Y.
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Hence, for the linear case, the true regression relation
Y; = E(T|X;) +€; = o+ Bx; + €4
can be approximated by
A
Yi =Y; + ey =a+ in +e;

where a is an estimate of o , b is an estimate of @ , and {ei)
are the residuals.

The actual (assumed\linear) xegression curve is found by

joining the expected values of ¥ given different values of X.

This relation is compared to the estimated regression line below.

¢ observed  (X,,Y;) (p |
Y value ¢ {) 7|2) = +fx
(true)
T=a + bX
(estimated)
a
< '
| >

Figure 2. Comparison of true and estimated
regression lines.,

For a given observation (xi'Yi)' the true error is given by

€, =Y, - E(T|X;) = ¥; - (x+8x,) (1)

and the estimated error, or residual, by

A
ei=Yi-Yi=Y.

l-(a+bxi) .



T-1582 11

Estimation of Parameters % and é

There are many methods for determining values for a and b,
the estimates of & and 5, from the data to obtain a "best" fit
of the line to the observed points. No matter how it is done,
it seems reasonable to try and make the residuals, {ei} , as small
as possible. The problem, then, is how to go about making them
small. Among possible approaches are:

(i) Minimize the sum of the absolute values of the ey

i.e., minimize Z]ei) .
(ii) Minimize the greatest of the absolute residuals, i.e.,

minimize [max {,eJ}] .
i 1

(iii)‘ Minimize the sum of the squares of the residuals,
i.e., minimize §eiz'.

Method (iii), called the "method of least squares", is one
of the easier methods to appiy, and under certain assumptions,
it provides estimates of € and @ which are unique, and the best
(linear) unbiased estimators.

Before showing how this method can be applied, some of the
assumptions which are made for the linear regression model least
squares estimation should be noticed.

Assumptions. The basic assumption, of course, is (i) that

the conditional expected value of Y, giveh X, E(Y|X), is a linear
function of X. It is also assumed (ii) that the conditional den-
sities for Y are uncorrelated for different values of X. This
is usually reasonable to assume, and just means that the wvalue

Y takes on for one value of X does not affect the value Y takes
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on for another value of X. Thirdly, we assume (iii) that the X
values are measured without error, so that all the error in the
model is represented in the error term, €. We also assume that
the conditional variances of the Y populations are independent
of‘X. That is, the variance of Y is the same no matter what val-
ue X takes on. These éssumptions are enough to be able to apply
the method of least squares with assurance that the estimates of
o, and p are "unbiased" (see[?ﬂ, pg.147) and have the smallest
variance of any estimators. If however, it is desired to make
the usual tests of significance (such as the t- and F-tests) of
our estimates (to see how sure we are about how good'we think the
estimates are), it must also be assumed that Y is distributed
normally (or that X and Y, jointly, are distributed as a bivar-
iate normal). 'This means that the Y's are not just uncorrelated,
but independent, and that we can say that the error terms, {e},
are independently and normally distributed with mean zero (see
equation (1)) and a common variance, crz.

Least Squares Estimation. Let us consider the problem of

estimating the best linear approximation of the relationship be-
tween Y and a single fixed variable, X, using the method of least
squares, so that observed values of Y are given by

Y=a+PX +€=a+bX+e
where & and p are unknown parameters and a and b are their res-
pective estimates, € is the true error, and e the residual
(e =Y -~ Q, where ? = a + bX). We now assume .that a sample of
n X's are selected (without error) and corresponding Y's are meas-—

ured. Uéing the method of least squares, we form what is called
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the error sum of squares, usually represented by SSE,
SSE = 1Z"_Ieiz = ;(Yi - (a+bX}i))2
= %_(Yi - a - bx;)? .
We want to determine a and b so as to minimize SSE. This can be
done by taking partial derivatives of SSE with respect to a and b,
setting the two resulting equations equal to zero, and solving
this system of equations for a and b.

Taking derivatives, first with respect to a, then with res-
pect to b, equating the derivatives to zero, and rearranging them
into what are called the "normal"* equations, we obtain

;Yi = ma + bg,xi
;XiYi = a-}%Xi + b-%xi

We then solve these two equations simultaneously for a and b.

2 , for i=1,2,...,n.

An example follows.

Suppose we are given the set of paired data below (data from
Miller and Freund [32]), where the X's represent baking time, in
minutes, of a mineral specimen, and the Y's are the oxide thick-
nesses on the specimens in Angstrom units resulting from the bak-
ing. We examine the thicknesses resulting from 10 different bak-

ing times.

rime | 20| 30| 40! 60l 70| 90l 100] 120] 150! 180

Thickness || 3.5 7.4 |7.1]15.6/11.1[14.9[23.5[27.1[22.1{32.9

1

Ix; = 860 Zx;% = 98,860
2Y; = 165.2 2XiY; = 18,469.0
1

*Normal here does not refer to the Normal distribution.
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The normal equations are
165.2 = 10a + 860b
18,469.0 = 860a + 98,800b .
Solving these two equations we obtain
a=1.90
b= 0.17 .
So the equation of the straight line which provides the best fit
in the sense of least squares is

Y 1.90 + 0.17X .

Il

The results are diagramed below.

}

-y
A
40 Y = 1.90 + 0.17X
Oxide
thickness
(R)

20 100

Baking time (min.)

Figure 3. Regression of Oxidé thickness (Y)
on baking time (X).

Residual Sum of Squares Form

There is a second approach we might use in solving the normal
equations for a and b, giving a different form for the regression

model and resulting sometimes in easier calculations.
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Taking the partial derivative of the error sum of squares

with respect to a, equating it to zero, and solving for a, we

have
3§SE=0 = ZY, =na+b-7X
hence,

‘a = ZYi/n - (_b-Z_Xi)/n =Y - bX . !
We know this solution for a results in a minimum sum of squares,
rather than a maximum, since no finite maximum exists.
If we insert this value for a into the original SSE equation,

we get that

. 2
SSE Z;mi a - bX,) 2
Z vy - v) - b(x; - x)
_ 2
= Z (Yi - in)

where y. = Y. - ¥ and x, = X; - X. Using this value for a we could
1 1 i 1

rewrite the regression model. as
Q =a+ bX =Y + bx .
Taking the partial derivative of this new form with respect to b,

equating that to zero, and solving, we obtain

J [Z(Y - bxi)z] _ LXivi

3 b =0 = b= (2)
i Z(x;-%) (v5-9) =7x;3Y; - (ZX) (Z¥3)/n
inz L(X;-X) (X3-%) = Z xi2 ~ (inz)_/n’

We can use this new information to find the amount of the

where 7 x.y;

_ 2 . .
total error sum of squares (Zyi ) which is actually due to var-
iation among the X, causing variation in Y by means of the depen-

dency of Y on X, which might not otherwise have been there.
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Using the new model
Y, =9, +
i T
=Y+bxi+ei

and rearranging to solve for’ei,

e.:

i (vyi = ¥) - bx;

~i
='yi‘— bx; .
Using this deviation form to reconsider the residual sum of squares

we obtain

Z(y; - bxj) 2
= ZY12 - 2b-Ix3y; + b2 Tx;? .

Substituting for b the least squares estimate obtained above

2
Z:ei

in equatioﬁ (2), we have that

2 2 ZXi¥i Z%5Y; 2
Zeg = Lys® - 2 ppplavs tgRiT ol
(Zx37;)2
= ZYiz - f—_rr (3)
Zx;?

The Regression Adjustment in the Error Sum of Squares

Looking at this new result, equation (3), for the residual
sum of squares we see we are reducing the original error sum of
squares, prior to regression, which is

T2 _ 2
20y =D = 2y

by the amount

This is the amount of the error sum of squares that we can "explain"

as variation among the Y values due to variation in the X values,
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transferred through the_dependence of ¥ on X.
The new adjusted sum of error squares can be viewed in a
different way which may make clearer what this sum represents.
Z(Yi-Y)2 gives an estimate of the variation among the var-
iable of interest, Y, before we use any information concerning
the dependence of Y on a concomitant variable X. Using this in-
formation as we did above, we obtained the new resultant estimate

of variation. Rearranging equation (3), we get that

=\ 2 2 (inyi)z residual
2(v;-1) ¢ = Lyi® = 5 + sum of
in squares

The residual sum of squares is found by subtracfion, so that

Residual S.S. = Zeiz = Zyiz - (Zx.yi)2

3x3?

The total sum of squares of Y, Z;yiz, has been partitioned
into two parts: '

(i) A sum of squares attributable to variation among the

X's, said to be "attributable to regression."”

(ii) An unexplained portion, the residual sum of squares.

It may be of some assistance to show graphically what has
been done. This is done in the diagram on the next page (Figure 4).
From the diagram it can be seen that the two forms of the regres-
sion model are equivalent. That is, that

Yi

i

a + in + ey

and

Yi bx; + ej

are equivalent.
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o=l

| Y
Y o
-—

X X4 X

Figure 4. Deviation form of the regression model.

As a further explanatory note, we may notice something more
from Figure 4. We know that the reduction in the sum of squares
of the error term e is given by

(inyi)z/(zxiz) = b )x;y; -
Reducing this, we obtain
blxyy; = [(Zxiv)2/(2x,02] + (Zx,?)
b2 5x, 2
szxi2
C 2:912
=2 (§i-Y)2 .

So the sum of squares attributable to regression turns out to be

. A
the sum of squares of the n deviations of the estimate, ¥, from

its _meari?. What we have actually done by subtracting this amount
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out is to measure fhe variation among the Y's as if they had all
been measured for a standard value of X, namely X. Since it would
be tedious to calculate the sum of squared deviations of estimates
from their mean, we use the shorcut form given in equation (3).

As a final note, we can now estimate the variance of the ran-
dom variable Y which is not attributable to variation in X. The
residual sum of squares, the unexplained part of the variation
in the Y¥'s, divided by (n-2), its degrees of freedom, giyes us
the residual mean square and is an (unbiased) estimate of the var-

iance of Y. It is usually denoted by s2 and is defined by

yx'
2 . 2 2 2
s = SSE(adjusted = L - XV .
om Sipppgpmeen) - Byl - () g
n- 2
2
= Zei ]
n-2

It measures the amount of variation in Y not associated with, ex-

plained by or dependent upon changing values of the fixed variate X.
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ANALYSIS OF VARIANCE

Introduction

First introduced by Sir R. A. Fisher of England in the
early 1930's, the term'"analysis of variance" has come to rep-
resent the use of a number of statistical techniques whereby the
experimentor is able to examine the variability occuring in a
group of data, and separate the variance ascribable to one group
of causes from the variance due to other groups of causes. By
separating, and identifying, different sources of vafiation in:
the data and the amount of variation each contributes, the ex-
perimentor is aided in making judgements about the populations
from which the data has been drawn.

One important use of some of these techniques is as an aid
in determining if the differences between means of different sam-
ples can be attributed to chance variation or if these differences
indicate actual differences between the true means of the corres-
ponding populations from which the samples were taken. Therefore,
we want to analyze the variability that occurs in the entire group
of data and determine its sources.

To illustrate the basic idea with an example, suppose a man
can drive from his home to work along any one .of three different
routes, and he would like to know which of the three routes
is the fastest. He records the time it takes him along each

route on five different days, shown below in minutes.
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Route 1: 22 26 25 25 31
Route 2: 25 27 28 26 29
Route 3: 26 28 27 30 30

The means of these three samples are 25.8, 27.0, and 28.2.
Since the size of the samples is so small, we would like to know
whether the differences among these means is because the routes
really do, on the average, take different amounts of time to
travel, or if the differences are just due to chance variations
along the routes during the five days on each route.

To treat this kind of problem in general, suppose we have
k independent samples (random) of size n*, each from one of k
populations, and let Xij represent the jth observation from the
ith population. We can express each of the observations, as well
as the samples, in table form as shown below.

Sample Means

Sample 1: X171 Xy, X175 © + + X1n X;.
Sample 2: X317  Xyp t v Xpi - X5n X5.
Sample k: Xkl sz P in ¢t an Xk.
grand mean X..

Table 1.

*Although computationally easier, it is not a requirement
that the samples be of equal size. If the samples are of differ-
ent sizes, we calculate the overall mean by weighting sample means

according to the size of the sample.
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These sample groups are often referredvto as "treatments",
owing to the origin of this method in the field of agriculture.
The dot as a subscript means that the variable has been sum-
med for the subscript which has been replaced by the dot. For
example,
X7. = .ixlj o

A
and in general

X;, = %xij .
The means are calculated as

§i° (%Xij)/n ’

K N
X.. = (g;%;xij)/nk. .

Each of the k samples comes from a population with a true
mean, m;  say, which has been estimated by Xi- . We are inter-
ested in learning something about the relationship between the
means of the populations. More specifically, we are concerned
with testing thé fact of whether the means of the populations are
equal or not. Mathematically, we want to test the hypothesis
that all k populations have the same (true) mean. Symbolically,

Hy: mp =my = *+- = m = m..
is the hypothesis that is to be tested.

Each of the observations can be expressed now as

Xj5 = my, + eij ’ i=1,2,...,k ; j=1,2,...,n,
where the eij represent (random) "error" deviations of the ob-
servations, xij’ from their respective sample means. This model

can be further generalized to

Xij = M. + xi+ eij I3 i=1,2'¢..'k : j=1’2"oo'n.
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where °¢i is the deviation of the ith sample mean, m; , from

i.
the grand overall mean,.and e’ij again is the deviation of the
observation from its sample mean.
The hypothesis of equal population means which is to be
tested could also be expressed as
Hy: &, =0 for every i.
The alternative to this hypothesis is
Hy: “ﬁ # 0 for some i,
or in other words, at least one of the population means differs
from the grand mean.
Before continuing to see how this hypothesis could be tested,

it is important to consider the assumptions underlying the analysis

or variance model and the practical importance of each.

Classes of Analysis of Variance Problems

Two distinct classes of problems are solvable by analysis
of variance (ANOVA). Although the calculus of the analysis in
either case is the same, there are two major ways to interpret
the resuits. If we use the analysis as a "fixed-effects model",
we mean that we are comparing these k sample means and will draw
conclusions about only the k population means involved in the
analysis. 1If, as a result of the analysis, it_is~decided that
there is a difference among the k means, we interpret this as
meaning that at least one oé the k population means differs from
the others. In other words, that there is a difference of means
among these k fixed treatments. On the other hand, if we con-

sider this as a "random-effects model", we interpret a difference
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among sample means as not indicating a difference among k fixed
treatments only, but rather indicative of a difference among all
possible treatments which could have been examined (e.g., all
possible routes which led to work in the first example of com-
paring three particular routes). That is, we take this differ-
ence as an inference-ofvfixed differences among individual treat-
ments of a particular generic type.

Since the questions to be answered by the data are differ-
ent in each of these two cases, the hodels are interpreted dif-
ferently, Although the algebra involved is the same, the assump-

tions underlying each differ somewhat.

Assumptions

The algebraic procedure employed to construct the analysis
of variance resﬁlts is true, no matter what the numbers involved
represent. Hence, it holds for both fixed- and random-effects
models.

.Consider k+n numbers arranged in a matrix of k rows and n

columns, and Xy - denotes the number occuring in the ith row and

]
the jth column of this array. If we border the array with row

means we obtain a configuration like the one below.

Table 2. 1 2 j +** n row means
Ll X1 X127 X5 X1n 1.
k | X1 Xgpo Xy Xgn Xk.
X..
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Fixed-effects Model

When the formulas and procedures of analysis of variance
are used to summarize certain properties Qf the data on hand and
nothing more, no assumptions are needed since it is just an em-
ployment of algebra calculating and comparing means. However,
if from the data on hand in the samples inférences about pro-
perties of the "populations" from which the data was drawn are
to be made, then certain assumptions about the populations, and
about.how the samples were obtained, must be made if the inferen-
ces are to be valid.

No statistical inferences can be made from the numbers Xj j
unless they are assumed to be observations of random variables
of some sort. So that must be the first assumption, that (1)
the numbers X.. are (observed values of) random variables that

1]

are distributed about mean values mij , (1=1,2,...,k;3=1,2,...,n),

that are fixed constants.
It is possible to arrange the parameters mij into a table

form like Table 2 for the Xij' bordered by the row means, m; .

It is apparent now that the value X715 = X5 gives an unbiased
estimate of my, - Mg, , SO NOW wWe can draw inferences from the
data concerning the means of the populations from'which the data
was drawn. In fact, assumption 1 allows that the unbiased esti-

mate of any linear combination of the mij is providéd by the same

combination of the xij'

If the true mean values mij in such a table are additive

functions of the row means and grand mean, that is, if
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m. . =‘(

ij mij .“ mi.) + m..

) (1)

= m.. + (mi. -m..) + (mj§ - my,
then the inferences that can be drawn from the data are much
more general. If equation (1) is satisfied by the mddel, that
is, if equation (1) represents the relationship among the data,
then the difference between any two row means, my, - my, for ex-
ample, which is eétimated by ?1. - 22. , 1s a comprehensive esti-
mate of the difference between ﬁhe two row means. However, if
equation (1) did not hold, then §l~ - X,. would estimate the dif-
ference between the two row means for this configuration only,
with the column-wise data (j=1,2,...,n) in the particular order
they are in and the rows in their present order. This is because
if the additivity (equation (1)) does not hold, "interaction"
effects between certain rows and columns are present, adding a
hidden effect not represented in observation/row-mean deviétion
or in row-mean/grand-mean deviation.

Therefore, in order to be able to draw general inferences
concerning sample, or row, population means, regardless of the par-
ticular order they happen to be in for the experiment, we assume
that (2) the parameters m; 4 (and hence estimates from the xij)
are related to the means mj, and m.. as in equation (1), namely,

mig = Moo + (mj., - m..) + (mj5 - mi.),
for i=l,2,...,k_and j=1,2,...,n.

With assumptions 1 and 2 satisfied, the estimate of the dif-.
ference between any two row means from the observations is an un-
biased estimate of the general aVerage difference between the two

row populations concerned, regardless of column order or row order

because we assume there are no non-additive effects, and the addi-



T-1582 27

tive effects can be summed in any order.

If we want to be able to say something about the variance
of the Xij' and from that the variance of the population means
and linear combinations of them, to get some idea of the preci-
sion of our estimates, we must go further with the assumptions.

In general, it is not possible to derive unbiased estimates
of the variances of the xij' nor linear combinations of them either,
using regular analysis of variance techniques unless assumptions
l, 2, and 3 given below, are satisfied.

We assume that (3) the random variables Xij all have a common
variance, CVZ, and that they are mutually uncorrelated.

Usually uncorrelatedness is a very reasonable assumption.
This means that the amount of error in one observation does not
affect the amount of error in another observation. A special
approach, called randomization, is used to help ensure this un-
correlatedness. - The experimentor selects experimental units at
random and measures them separately. Hence,the error for any one
sample ié independent of that for any other sample.

Cochran and Cox [6] (pg. 8) make the following remark con-
cerning randomization: "Randomization is somewhat analogous to
insurance, in that it is a precaution against.disturbances that
may or may not occur and that may or may not be serious if they
do occur. It is generally advisable to take the trouble to ran-
domize even when it is not expected that there will be any serious
bias from failure to fandomize.

In order to have a simple analysis of variance table compu-
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tationally it is desirable that the errors have the same variance
from one population to another, and aren't effected by different
"treatments" (row differences). This is probably one of the more
critical assumptions, and one of the hardest to be sure of. Sev=-
eral tests for homogeneity of variance exist. One of the more
common is Bartlett's test. This test is given in some detail in
ostle [34] .

When these three assumptions all are satisfied, an unbiaséd
estimate of the difference between two row méans, and the variance,
can be calculated. If assumption 3 does not hold, then-'the covar-
iances between the Xij are not zero, and the estimates of the var-
iances of combinations of the data become complex weighted ave-
rages of variances and covariances.

We now have a means by which the variances of row means,
and other combinations of data may be identified and estimated,
and so we have a method for judging whether real differences ex-
ist between population (row) means, which is the objective of the
analysis of variance. However, we now have a means by which we can
tell the accuracy, or significance, of our judgihg, and exactly
how "sure" we are that differences among true row populations do
exist. To be able to do this, i.e., assign sbme kind of quanti-
tative probability level reflecting the "sureness" or signifi-
cance of the variance estimates, we must know something of the
joint distribution of the Xij‘ Fortunately, "normality", in addi-
tion to assumptions one through three, allows us to make exact

tests of significance. Therefore, we assume (4) that the Xij are
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jointly distributed in a multivariate normal distribution.

This assumption allows us to use such tests of significance
as the t test and the F test,'as will be shown later. This assump-
tion is probably least likely to be completely true; however,
much of analysis of variance can be used without using this as-
sumption. The parts requiring normality have been shown to be
fairly robust, that is, a fair amount of departure from normal-
ity can be tolerated without the accuracy being greatly affected.

Note that with assumption 4 made, assumption 1 is nearly
covered, serving mainly now to define the means, mij‘ Also, the
fact that the Xij are assumed uncorrelated in assumption 3 taken
together with the assumption that they are normally distributed
in assumption 4 implies that the xij are mutually independent.
Further results of these four assumptions will be shown as we con-
tinue with the analysis of variance model.

For the fixed-effects model, the basic assumptions, in sum-
mary, are:

(1)- The observations X, 6 , are (observed values of) random

. 1] .
variables distributed about true means (expected values)

mij' (i=1,2,...,k; j=1,2,...,n), which are fixed con-
stants.

(2) Additivity. That is, if we define the true grand
mean as

A = ZInmgs/mk

and define a "row effect" as

d'1=mi. —M
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then the parameters mij can be expressed as

mij =/(A+ «'i 3

(3) The random variables Xij

. 2
have a common variance ¢’

(usually unknown).
(4) The Xij
normal distribution.

are independently distributed in a multivariate

These assumptions are shown in construction of the model in
the following way: If we assume that an observation may be rep-
resented as

Xij =/¢(_+ mi + eij ; i=l’2'¢..'k ¥ j=1'2’oo..’n '
where
FI: °¢i =0 (M is the grand mean), |
and the error terms eij are normally distributed with mean zero

and a common variance cfz, then we can validly apply analysis of

variance techniques.

Random-effects Model

In considering the random-effects model, although algebraicly
it is identical tp the fixed-effects model, since differentlin-
ferences are made from the results slightly different assumptions
are made.

Wé assume‘(l) that the Xij are, again, (observed values of)
random variables distributed about a common mean value M where‘/L
(defined as before) is a fixed constant.

(2) Additivity, that the random variables Xij are sums of
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component random variables, such that
Xj3 S MF oL+ €4y
where oéi and eij are both random variables.

(3) The random variables ‘xi and €. are distributed with

J
zero means, and variances qiz and <72, respectively.
(4) That the random variables <xi and eij are independently

and normally distributed.

Results of Unsatisfied Assumptions

For a brief discussion of the consequences when certain of
the assumptions are not satisfied, refer to Appendix A. For a
more thorough discussion, refer to an article by Cochran[S], and

to Cochran and Cox [6].

Some Terminology

It will be useful to learn some conventional terminology
which may help in describing the set-up of an experiment more
precisely. The basic concept is that of a factor, which cata-
gorizes some property of the data according to which it -- the
data -- will be classified. For example, in an agricultural ex-
periment the factor may be fertilizer, to determine the effects
it has on crop yield. 1In measuring the yieldvdeta, it would be
classified according to the fertilizer used on that plot of ground.
If the plots were in different parts of the country, then there
would be (at least) two factors, theAfertilizer and the climate,
that we should consider. The term level refers to particular
preperties defining subgroups of the factor_groups. Thus, the

levels of the factor fertilizer would be the different fertili-
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zers used. The levels for the climate factor might be set up as
the regions in which the plots were located, e.g., Pacific ﬁorth-
Qwest, Southwest, etc., or they might be set up in some other man-
ner, e.g., dry, moderately dry, humid, etc.

We can describe the structure of an experiment, or the exper-
imental design, by describing the factors ahd the way in which
the levels of the different factors are combined. In the example
in which the driver compared driving times taking three different
routes to work, there was only one factor we were considering,
the route taken. The levels were the three different routes,

route 1, route 2, route 3. Hence, we had a one-factor experiment

with three.levels.

Preparation

Setting Up the Experiment

First, a realistic model must be set up so that the obser-
vations, xij' whaéever they represent, Ean be obtained and are
in a form that can be used in the analysis of variance techniques.
(For example, in an experiment where results are obtained as shades
of a certain color, these results would have to be quantified be-
fore £hey could be used.) The detail of how the experiment is then
going to be run, once the model is decided on, should be outlined.

(1) The objectives of the experiment should be clearly de-
fined. For instance, if the experiment is a preliminary one to
determine what future experiments shbuld be like, or if it is to

get answers to immediate questions. Is it mainly to get "ball-

park" estimates or is the experimentor mainly interested in tests
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of significance (accuracy)? Over what range of conditions are
_thé results to be extended?

(2) The experiment should be described in detail. The dif-
ferent factors to be considered, the levels the experimentor wants
to test for each factor, the size of the experiment, and the mater-
ial necessary to complete the experiment.

(3) An outline of the analysis to be done would be helpful
to have as a guide before the experiment is started so that the

data necessary to the analysis is obtained.

Running the Experiment

The experimental techniques should be refined as much as
possible.

(1) There should be a uniform method of applying different
treatments to the experimental units.

(2) Control over external influences should be exercised
as much as possible so that every treatment operates under as
nearly the same conditions as possible.

(3) Unbiased methods of measuring results should be devised
so that the results are as objective as posSible and can be com-
pared with results from other experiments. As an example, it is
difficult to measure objectively educational progress, social
standing, or socio-economic levels since these are by nature
subjective judgements.

(4) If possible, checks should be set up to avoid making,
and admitting to analysis, gross errors in experimental measure-

ment, since one or two such errors could bias the entire results.
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Further information along this line is included in many texts,
including Cochran and Cox [6], Johnson and Leone [29], Snedecor [36],

Ostle [34}, or other standard statistics texts.

Analysis of Variance

We will consider our models, and examples, as being fixed-
effects models. Some authors vary notation to indicate which
model they are working with. Notation here is fairly consistent

with that used in Probability and Statistics for Engineers by

Miller and Freund [32].

One-way'ClaSSification

The objective, once again, is to determine if the means of
the populationsvfrom which the different samples have been taken
are equal. We approach this by analyzing the variance among the
sample, or treatment, means and attempting to judge whether the
amount of variance is due only to chance variation, in selecting
éAsample from the population, or indicative of actual differences
among means of the populations. Recall that our null hypothesis,
Ho, was that the true (row, or‘treatment) population means were
equal,

Ho: My = /{2 = }&3 = eee = }kk = }A. (grand mean).

To test the hypothesis of equal means, we first need to find
the total variability of the combined data. This quantity is
usually referred to as the "total sum of squares", and is denoted
by SST.

= 2

SST = 72 (Xj5 - X..)
3

J
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where X.. is the overall mean of all observations,

i..=ﬁ§j{xij .

If H, is true, the SST is totally due to chance variation.
If Hy is not true, then there is a contribution to variation due
to differences among the means of the k populations.

To tesﬁ this hypothesis that the k population means ére equal,
we compare two estimates of the variance sz,‘the variance of the
observations xij‘ One estimate is based on the variation between

the sample (or treatment) means, and one is based on the variation

within the samples.

If the hypothesis is true that the population means are equal,
then these are estimates of the same value, CVZ, and should be
approximately the same. However, if the hypothesis is not true
and in fact there is a difference between population means, this
difference will "inflate" thé estimate based on variation among
sample means, making it larger than the estimate based only on
variation within the samples. Hence, if the null hypothesis is
false, that is, if all population means are not equal, we would
expect the "between sample" estimate, szB say, to exceed the
"within sample" estimate, szw. Forming a ratio of these two
values, we reject the hypothesis, or say there is evidence to in-
dicate the means are not all equal, if the ratio szB/szw is "too
large", i.e., if the between sample estimate is larger than the
within sample estimate by enough to indicate a difference of
means among the populations.

The problem now is to determine what is "too large." Before
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approaching this problem, let us look at the two variance esti-
mates, 52B and szw.

Since, by assumption, each sample comes from a population
having variance 0‘2, this variance can be estimated by any one
of the sample variances (i=1,2,...,k)

s%y; = Z(x - %3.)%/(0-1)
and, hence, this varlance is also estimated by the mean of all

these k estimations,

s2, = %szwi/k - %%(xij - %) %/k(n-1) .

The variance of the sample means is given by
% = ZG;. - %..)%/(k-1)
and if the null hypothesis is true and there is no difference
among population means and this variation among sample means is
due to chance variation, it estimates <72/n. (See Appendix B).
Thus, an estimate of 0‘2 based on variation among the sample means
is given by ‘
s?5 = n-s?; = n- %;(ﬁi. -X..02/x-1) .
It can be shown that we now have two independent estimates
of the variance 0’2.
The next fact is what allows analysis of variance to work.
The two estimates of the variance showﬁ above can be obtained
(except for the divisors (k-1) and k(n-1)) by "breaking up" the
total variance of the combined data into two parts. The total
variance for the combined data is estimated by

s2p —Zz(xlJ - %..)%/(nk-1) .

The decomposition of this total sum of squares (without denominators)
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is shown in the theorem below.

SST = 7X0xy; - %..)2 = gg:(xij -X)2+nZ®. - %02
where Ri« is the mean of the sample from the ith population, as
defined before. (Proof of theorem in Appendix C).

What is remarkable is that this decomposition means that the
total sum of squares is broken intQ componeht sums of squares
which are, themselves, squares of, or sums of squares of, linear

., that sum mutually distinct

combinations of the observations, Xij

} .
properties of the data, so that one sum is independent of the

other. (See Appendix D).

Referring to the decomposition above, we see by inspection
the first term on the right givesrthe variation due to differ-
ences of observations from their sample means, i.e., within sampie
variation. This is usually referred to as "within" wvariation,

or error sum of squares, SSE. The term "error" expresses the

idea that the quantity estimates random, or chance, error varia-
tion. The second term on the right gives the variation among
sample, or treatment, means. This is referred to as the "between"

variation, or the treatment sum of squares, SS(Tr).

Thus, we have partitioned the total variability of the com-
bined data into two components: The first, SSE, measures chance
variation within samples; regardless of whether the null hypoth-
esis is true or not, it only measures variation due to chance,
and is an unbiased estimator of cfz. The second, SS(Tr), also
measures chance variation when the hypothesis is true, but it
'is affected by the added variation among the population means

when the null hypothesis is false.
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In the variance estimators 52

p and szw, the divisors, (k-1)
and k(n-1), are called degrees of freedom. They represent here
the number of independent observations of the data, Xij' It can
be shown (see Hoog and Craig [27] or Anderson and Bancroft [1]
or Larson r3i]) that the ratios (SSE/deg. of freedon) and
(SS(Tr)/deg. of freedom) are indépendent, and both have 5(2
(Chi-square) distributions. It is this fact that allows us to

make tests of significance. Therefore,

[ SS (Tr) } [ss (Tr) ] |
trt. deg. of free. k-1 ~ F(k-1,k(n-1)) '

SSE SSE
error deg. of free k (n-I)

where F is the Snedecor F distribution, with k-1 and k(n-1)

degrees of freedom as the two parameters, and where "A" means

"is distributéd'as." This is true because the ratio of two in-
dependent 3g2 distributions has an F distribution (see references
given above). We can now test this ratio of variance estimates
to see if it is‘"too ;arge“ by comparing it to a tabled value of
the F distribution, to see if it is large enough to indicate a
difference of population means.

An analysis of variance table is shown below for a one-factor

experiment.

Source of degrees of sums of mean F
variation freedom squares squares _ values
treatments k-1 SS (Tr) Ms (Tr) =SS (Tr)

, k-1 . MS (Tr)
error k (n-1) SSE MSE=]§SE = &2 MSE

n-

Total nk-1 SST

. . 2
where 6*2 is the estimate of the population variance @ .
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This analysis is referred to as one-way analysis of variance,
or one-way classification, or one-factor analysis. This term (or
terms) expresses the idea that we are studying the effect of only

one source of variation (other than chance), namely, the possible

added variation due to differences of treatment means.

Two-way Classification

It is possible still, however, that SSE, the variability
which we ascribe to chance (or experimental error) may actually
be "inflated" by other identifiable sources of variation, other
than just chance. This suggests an extension of the analysis
applied to the one-factor experiment tO experiments with more
than one factor. As an example of this extension, we will con-

sider a two-way analysis of variance, or two factor analysis,

in which the total variability of the data is partitioned into
one component which we ascribe to possible‘diffefences due to
one factor (the treatments), and a second component which is as-
cribed to possible differences in a second factor (usually refer-
red to as blocks, again due to the origin of this method in agri-
cuiture), and the remainder of the variability is ascribed to
chance. We have broadened the model now to consider two factors.
The treatments are levels of one factor, and the blocks are levels
of the second factor. This lay-out could take the form illustra-
ted on the following page.

It is possible to have only one value in each "cell", or
multiple values in each cell, called "replicates." We do it here

for the slightly less general case of one replicate per cell.
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Blocks
1 2 n treatment means
treatment 1 X171 X12 ... X1n Xl-
treatment 2 X2q Xzé c .. Xon Xz_
treatment k XK1 Xgo - -+ Xyp Xy
Block means X1 X., D S X.. grand
mean

If X5 (i=1,2,...,k; j3=1,2,...,n), are values of independent

jr
random variables having normal distributions with respective

true means my and a common variance cfz, we can write the model

jl
for a two-way analysis of variance (assuming there is no inter-
action between block effects and treatment effects) as

X, = oL . . . .

X5 5 M+ oy o+ 83 + elj
where /&_is the overall grand mean

oti is the ith treatment effect

Kj is the jth block effect

eij is the error component,
Again, we assume additivity, so that

Zkii = ZL'Kj =0 .
2 J

Two ratios must now be tested. We wish to compare "between

treatment" variation to "within" variation again to determine if
there is a possible difference among treatment means, and we also
wish to compare "between block" variation to "within" variation

to determine if there is a possible contribution to variability
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due to differences among block means.
For two-factor analysis, the total sum of squares is decom-

posed into

(Proof in Appendix E).

The terms on the right hand side of the equation are, first,
the new SSE with possible block effects removed, secondly, the
treatment sum of squares, SS(Tr), and the third term is the block

sum of squares, SSB, which gives a measure of the variation of

the ﬁ.j, the block means.
We now have
S8T = SS(Tr) + SSB + SSE ,

and it can be shown, as before, that the ratios (SS(Tr)/trt 4.f.),
(SSB/block d4.f.), and (SSE/efror d.f.), are mutually independent
and distributed as ?;2 with the respective degrees of freedom.
(See Hoog and Craig[ZZ]). We now can test the null hypotheses\
that °Li = 0 for every i & Kj = 0 for every j; that is, all
treatment means are equal and not a source of added variation,
and all block means are equal and not an added source of varia-
tion. To test this, the null hypotheses are rejected if

Fep 2 F(%,k-1, (n-1) (k-1)) and

Fy ? F(%,n-1, (n-1) (k-1)),

where :
[ SS (Tr) ] SSB }
F, = k-1 F, = n-1
b
tr T SsE [ SSE

}n-l)(k—lu l}n-l)(k-l)
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and F(%,k-1, (n-1) (k-1)) and F(°%/,n-1, (n-1) (k-1)) are tabled val-
ues of the F distribution with the listed degrees of freedom and

oL denoting the significance level of the test.

Example

An example of two-way analysis of variance with a single
replicate in each cell would perhaps be helpful, and is presented
here.

Suppose we wish to compare several drill bit designs for
speed of drilling core samples. Since the geology of the area
in which the drilling is taking place could effect the speed of
thé drill, perhaps even more than the design of the drill bit;
we should consider two factors: drill bit design and the geql—
ogy of the different test areas. Each of four bit designs were
tested in five different types of deposits including clay, shale,
sandstone, limestone, and oolite. The times in minutes to drill

a core of specified depth are recorded in the table below.

Deposit
: A B Cc D E Totals
Bit design 1 22 26 25 25 31 129
2 25 27 28 26 29 135
3 26 29 33 30 33 152
4 26 28 27 30 30 141
Totals 99 110 113 111 123 556

Drilling time in minutes for four different
bit designs in five different deposits.

Using the short cut formulas for calculations, we get the results

listed on the following page.
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SST =[i‘:.2(x13 X..)2 =§§xij2 - [(x..)%/n-x]
) =222 + 262 + .-+ + 302 - 5562
5.4
= 153.2
SS(Tr) = k- ) (X, - X..)2 =in,2/n - [(x..)2/n-x]
3 i
=992 4 ... 4+ 1232 - 5562
5 20
= 52.8
- 5z - ¥ 2 _ 2 - 2
SSB = n. %(X,J X..) ';Xd, /k - [(x..)2/n.x]
= 1292 + ... + 1412 - 5562
4 20
= 73.2
SSE = SST - SS(Tr) - SSB = 153.2 - 52.8 - 73.2
= 27.2
The analysis of variance table is constructed below.
Source of degrees of sums of mean F
variation freedom squares square values
treatments 3 52.8 17.6 17.6 = 7.75
(bits) 2.27
blocks 4 73.2 18.3 18.3 = 8.06
(deposits) ' 2.27
error 12 27.2 2.27
‘Total 19 153.2
Since Ftr = 7.75 exceeds F(.05,3,12) = 3.49 and Fb = 8,06

exceeds F(.05,4,12) = 3.26, we find that both hypotheses must be
rejected. The differences between the means for the four bits

are significant enough to indicate it is more than a result of
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chance variation, and so are the differences between mean times
for the different deposits. Note, however, that in each case
all we have discovered is that an apparent difference among the
means exists. To détermine which mean or means differ from the
rest, and if they are higher or lower than average, we would need
to use multiple comparison techniques. (See David [ll]).

This completes a brief introduction to some of the basic

ideas of analysis of variance. These techniques, along with re-

gression analysis are used in analysis of covariance.
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ANALYSIS OF COVARIANCE

Introduction

As Sir R. A. Fisher, who first published this technique,
expressed it, the analysis of covariance "combines the ad&ant—
ages and reconciles the requirements of the two very widely ap-
plicable procedures known as regression and analysis of variance."

This combination results in a more discfiminating analysis
than would be afforded by the straight application of aﬁalysis
of wvariance.

Before discussing actual computational methods, an example
of a situation where this technique would be applicable may be
helpful. Suppose we are conducting an experiment to compare sev-
eral methods of teaching by employing these different methods to
teach the same material to different classes and the criterion
for judgement of the methods is to be the final score, Y, ob-
tained by the students, all of whom take the same examination
at the end of the course. Before we judge the various methods
of teaching, however, we realize that final scores could also
be influenced by the intelligence of the students, and we might
end up thinking one method superior when actually the results
were better only because all the smart students were under that
method. To eliminate this, we might want to adjust the Y values
»(sqores) according to associated values, X, I.Q. ratings say, so

that we could examine all the adjusted scores as being from stu-
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dents with a standard (equal) intelligence (I.Q). We could then
examine the data, the adjusted Y values, and ascribe any varia-.
tion between groups to differences in teaching methods, having
standardized the variation of intelligence. The method by which
this adjustment and subsequent analysis is carried out is called
analysis of covariapce;

More generally, it sometimes happens that we wish to per-
form an anaiysis of variance on observations of the random var-
iable Y; however, some additional factor, X, (or several addi-
tional factors) varies during the period in which observations
were made on Y and, hence, any dependence of Y on X Qill tend to
obscure, and possibly even make useless, any analysis of variance
performed only on the original dependent variable Y, since its
variation may be inflated by variation in the independent variable
X, due to the dependence of ¥ on X. 1In such a case, then, we
would assume a relationship between the variables and any analysis

of the Y values would be preceeded by an adjustment of the Y
values to some standard value of the additional variable X, thus
eliminating variation among the X values. Frequently, however,
such a relationship is not known beforehand and must be estimated
from the data present.

Conceptually, we wish to determine the regression relation-
ship, correct the observations by means of this relationship to
some standard condition, and examine the corrected values by the

analysis of variance.
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Simple Covariance

Introduction

Since analysis of covariance, even by its name, represents
aAcombination of correlation analysis and analysis of variance,
let us consider a problem where each technique is applied sep-
arately and then they are combined to perform analysis of covar-
iance.

The term "simple covariance" means that for each value of
Y, the variable of primary interest, we are éxamining only one
additional variable, called the covariate or concomitan£ variable,

X, corresponding to each Y value.

Example

Suppose a company makes steel brackets which it sends to
three different firms to have chrome plated. The characteristic
we are interested in checking is the thickness of the chrome
plating, the concern being to judge whether the three firms are
plating the brackets equally.

To test this hypothesis that all the three firms plate the
brackets with the same average thickness (the average of the
thickness applied to all brackets), four brackets are sent to
each of the firms. Data for the thicknesses of plating for

these brackets from each of the three firms is recorded below.

ANOVA Model

We can apply one-way  (one-factor) analysis of variance to
test the hypothesis that the plating thickness means from each

of the three firms are equal.
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Brackets

A 40 38 30 47
Firm B 25 32 13 35

C 27 24 20 13

Chrome plating thicknesses in thousandths
of an inch, from the 3 plating firms.

The analysis of variance model would be
a
vij = M+ % + €55 (1)

where Y;. represents the thickness of plating on the (ij)th brac-

J
ket, M is the overall mean, OCi

is the treatment, or firm, effect,
and ésgj is the random error term for the analysis of variance
model.

If we make the assumptions necessary (Yij random variables

with true means, additivity, and the 63_ are indevendently and.

J
normally distributed with mean zero and common variance <f2) an
analysis of variance can be performed validly and the table is

cénstructed below.

Source of Degrees of Sum of Mean F
variation freedom squares squares values
Between 2 665.2 332.6 5.51
(trtmnt)
Within 9 543.5 60.4
(error)
Total 11 .1208.7
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The F value of 5.51 is greater than the tabled F value
for F(.05,2,9), showing the variance among the plating firm
means is sufficiently larger than the "error" variance to in-
dicate a real difference among the average plating thicknesses
of the three firms.

However, in studying the results it was noticed that ‘there
might be some correlation between the thickness of the bracket
and the thickness of the plating put on it. When the data is
plotted, it appears as below.

A
Y

Plating
thickness .
(103 in) ) .« . .

Bracket thickness
Figure 4.

The diagram indicates a positive correlation between the
bracket thickness and the plating thickness.

»The Problem: Hence, in analyzing variatidn among plating

thicknesses, there is a contribution to the variance from varia-
bility among bracket thicknesses. That is, the variance in the
ANOVA model we thought was attributable to differences among the
plating techniques of the three firms may really be due to dif-

ferences in the thicknesses of the brackets sent to them. This



T-1582 50

is the problem mentioned earlier in which the variable of inter-
est, Y, is dependent on another variable, X, which varies during
the experiment. This dependence of ¥ on X causes Y to vary during
the experiment also, "inflating" the variance of Y and obscuring
any results from the analysis of that variance.

Approach to the Pfoblém: This problem is susceptible to

analysis because this (possible) source of added variation from
the covariate X is identifiable and separable, using analysis of
covariance.

Regression Model

Siﬁce for every plating thickness that is measured it is
possible to measure the thickness of the bracket before it is
plated, we can graph a set of paired values as shown in Figure 4.
It is now possible, using regression analysis, to determine how
the plating thickness, Y, varies with the bracket thickness, X.

A (linear) regression model would be

Yig = M+ P55 - %)+ eli'j (2)
where Yij is the thickness of the plating on the (ij)th brac-
ket, f&is the overall plating thickness mean, Xij is the thickness
_of the (ij)th bracket, Gij is the random error term for the re-
gression model, and p is the true slope or linear regression co-

efficient between Y and X. X.. is the mean bracket thickness.

Anaiysis of Covariance Model

It is possible to combine these two models, equations (1)
and (2), to form the analysis of covariance model to determine

variance due to treatment differences and variance due to var-
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iation in bracket thicknesses, the covariate.

So model (1)

.. = M+ oL, + €2
Ylj /.L i ij (ANOVA)
and model (2)
’ r
= + ¢ s = oo + B .
Y= A Py - T + €L (Reg.)
are combined to give the covariance model
c s = + o + .. - X..) + . |
vy = Mo+ Porgy - R €, (3)

The error term for this model, eij' should be smaller than
in the original analysis of variance model because some of the
variation included there in éij has now been identifieé in the
new regression term 'ﬁ“xij - X..). The superscripts were just
to mark the fact that the error terms were not the same in the
three different models.

Equation (3) can be written in a different way to aid in -
understanding its function. From the viewpoint of analysis of
variance, we could write

[¥i5 - $oxyyRen] = Me <+ €, . (4)
In this form, (4) is the typical equation for analysis of var-
iance of the quantities
[Yij - .{S(xij - )’{..)] .

These quantities represent the deviations of the Yij from their
linear regression on Xij’ that is, the values of Yij after ad-
justmeht for this linear regression. From this form, it is ap-
sy

J
Thus, the analysis

parent that °Ci is the true effect of the ith treatment on Y,

after adjustment for variation in the Xij’

of covariance technique enables us to remove the part of an ob-



T-1582 52

served treatment effect which can be attributed to a linear de-

pendence on X, ..
ij

Application of the Model

To determine just exactly how to remove from estimates of
variance the variation due to the covariate X, the model (3) must
be rearranged some. Recall that the regression model can be writ-
ten in "deviation" form,
= bxi. + e.

j ij

where Yij =-Yij - Y.. , X33 = xij - X.. , €55 is the residual,

and b is the sample slope (estimate of,@). In the chapter on

yij

regression it was shown that

- IIxij¥ij - 3
b =25 - —J X¥
iZJinJZ Z_X

and that
Feyil = Xy? - [(2xn ¥/ zx?| (s
where 7. represents summation over all points.

In this expression, the term [(ny)z/ sz] is the amount
of reduction in the sum of squares of the Y variable due to its
linear dependence (regression) on X. Therefore, this term may
be removed from the variance estimate (for the Y population) be-
cause it is due to variation in the covariate. So if a term of
this type is subtracted from the sum of squares of the dependent
variable, Y, which estimates the variance in the Y population,
then the result will be a corrected or adjusted estimate of the
variance of Y which cannot be explained by, nor is dependent on,

variation in the concomitant variable X.
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Example Application

We will use this approach on the bracket problem. Below is

the data on both variables for the previous problem.

Brackets
1 2 3 4 Totals
X Y X Y | X Y X Y X Y
A 110 40 75 38 93 30 97 47 375 155
Firm B 60 25 75 32 38 13 | 140 35 313 105
(trtmnt) '

C 62 27 20 24 45 20 | 59 13 256 84

Bracket thickness (X) and plating
thickness (Y) for three plating firms.

The calculations of sums of products follow the general
pattern of the analysis of variance. Recall that in the ANOVA
model

SST = X y?
SS(Tr) = n* 2 (Y. - ¥..)2
1 1
SSE = SST - SS(Tr) .
We perform each of these calculations for X, ¥, and their product,
introducing some new notation in the process.

The total sums of squares are:

Zy? = I2v;.2 - [(¥..)2/n-x]
iy |
= 402 + 382 4+ ... + 132 - 3442712 = 1208.7
2 _ 2 _ 2, .
Zx° = -R:Xij (x..)2/nx]}

= 1102 + 752 + +.. + 592 - 0442/12 = 9240.7

110 40 + 75 38 + <+« + 59 13 - (944) (344)/12 = 2332.7
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The treatment sums of squares are:

- . 2 —-— 2 °
= 1552 + 1052 + 842 - 3442 = 665.2
2 VI
T = X 2/k - (X 2 k
XX - %‘ i. ( ") /n.
= 3952 4+ 3132 4 2562 - 9442 = 1771.2
: r 12
Ty = {Z(xi.) (Y;.)/k - (X..)(Y¥..)/n-k

= 375.155 + 313°105 + 25684 - 344-944 = 1062.2
4 12

*The error sums of squares are:

Eyy = Total S.S. - Treatment S.S. 2y Tyy
= 543.5
Eup = LX2 = Ty = 7469.5

Using this information, the sum of squares for the dependent
variable, Y, can be adjusted for dependence on X. For the total
sum of squares, the adjusted sums are (using equation (5))

SST* = [adj- Zyzl = Fy% - (Zxy)/ sz .
The adjusted sum of squares within treatments is
. . 2
and by subtraction,
* = 3 - k- *
SS(Tr) [adj. Tyy] SST SSE .
So, for the bracket example,
SST* = adj. Zy2 = 1208.7 - [(2332.7)2/9240.7]
= 619.8 '
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SSE* = adj. E,, = 543.5 - [(1270.5)%/7469.5]
= 327.4
SS(Tr)* = SST* - SSE* = 619.8 - 327.4 = 292.4

Arranging this

in an analysis of covariance table, we get

Source of d.f. sums of products of d.f. adj. sums M.S.
variation X,X X,y V.Y
Total. 11 9240.7{2332.7(1208.7
Trtmnts 2 1771.2|1062.2| 665.2
Error 9 7469.511270.5| 543.5 8 327.4 40.9
Trtmnt + 10 619.8
Error
Adj. trtmnt --SS(Tr)* 2 292.4 146.2
The new adjusted F valué is
F = SS(Tr)*/d.f. = MS(Tr)* = 146.2 = 3.57 F(2,8)
SSE*/d.f. MSE* 40.9

which is not significant. Hence, for this example we see that var-
iation originally attributed to differences in plating techniques,
leading us to believe a difference among treatment means existed,
-was actually due to variation in the covariate, X. When this var-
iation is removed, the amount of variation left among the Y values
indicates that no treatment mean differences exist after all.

Regression Slopes Used in Adjustment

Looking at the application of the covariance analysis, three

different regressions of Y on X can be seen:




T-1582 56

1 - The overall regression of all Y's on all X's.

2 -~ The within treatment regressions (assumed to be the
same regression in each treatment, by setting each equal
to the average).

3 = The regression of the Y group means on the X group

means.

The "average within-treatment" regression slope is found

by

In adjusting the error sum of squares by this slope, and the total
(treatment + error) sum of squares by the "overall" regression

slope, given by

zZ
sxi !

we assume the two are approximately equal, that is, that the
“pooled" or "average" within treatment regression siope is the
same as the overall regression slope. The third regression, means
on means, is not used.

The results of the covariance analysis are shown graphically
below, using the chrome plating example to illustrate the adjust-
ments. To examine the variance among treatment means adjusted
for variation in X, the three treatment means are "slid" along
lines parallel to the slope of the regression line. With this
adjustment it is seen that by using analysis of covariance we
are viewing the different treatment means as they would have

been had all observations of Y been made at a standard value of
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X, namely X.. . A comparison shows the adjusted means for this

example are closer together than the unadjusted means.

e —— e —— e e ——— . ———— —— ——

apparent actual ¢ Y.
difference difference
‘c
. G
b* ¢
>
X.. X

Figure 5. Plating thickness (Y) vs. bracket
thickness (X). Lower case letters are values
from that firm. Capital letters represent mean
values by plating firms.

General Computational Procedure

Given here is a general computational approach as applied
to a two-factor analeis design. The approach is general enough
to illustrate the method employed for the completely general case.

If the data is put in table form it appears as

Block
1 2 c n row sums
1 1 X3y Y31 | X12 Yi2 | [¥Xin Yin | ¥3. Y1.
Trtmnt 2 | X7 Y23 | Xpp Y22 |- |Xpn Yan | X3 ¥,
k| Xk1 Y1 | Xk2 Yk2 |°°" | *kn Ykn | *k. Yk.
Col. sums | X,7 Y.3 | X.2 Y.2 (""" |X.n Y,n | X.. Y.. grand

sum
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n is the number of blocks (levels of factor.2) and k is the
number of treatments (levels of factor 1).
An analysis of covariance table is set up by first construct-
- ing the regular analysis of variance table and deriving, in addi-
tion to this, the sums of squares and cross products of X and Y
fof each line in the analysis of‘variance table. The analysis
of covariance table for testing for adjusted treatment means'is
constructed below for the two-factor design. Instead of blocks
and treatments, the factors could be referred to as factor A and
factor B as a more general heading, making extensions of this
table more obvious. The notation is given below for:the general
case shown in the covariance table, Figure 6.
The total sums of squares are:
Jx2 =§§_‘xij2 = ZZ(Xij—i.‘.)z = ,ZJZXijz - [x..)%/n-x]
Zy? =§§yij2 = ZNv;5-%.0% = §§-Yij2 - (tv..)2/n-x]
rxy = {]injyij =22(X35-%..) (¥15-T..) =§§,Yijxij -[X..Y../nk]

The block sums of squares are:
Bxx = n 2 (.3-R..)2 = JZX.jz/k - [tx..)2/nk]
= v 2 _ 2 _ 2
Byy = I %',(Y.j v..)° = ’;Z,Y.j /k - [t¥..) /nk]'
B n %(x.j-x..) (Y.5-¥..) =JZX.jY.j/k - [(x..) (¥..) /nk]

Xy

The treatment sums of squares are:

- 2
Txx =k ;(Xi,-x..)z = ;Xi- /n - [(X_. .,)2/nk]
Ty, =k 3¢ -T.0? = 2v;.%/n - [ 2/mi)
Tyy = K %(xi,-i..) (¥; -Y..) =,12xi.yi,,/n - [(x..) (¥..)/nk]

The error sums of squares are:
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- 2
Eyx = ZX° = Byy = Tyx

E

2 -— -—
yy = ZY" - Byy — Tyy
Exy = LXY = Bgy = Tyy

These last represent the residual error for each of the var-
iables. Although perhaps not readily apparent due to the differ-
ent notation, we have performed a regular analysis of variance
on the two variables, X and Y, separately and on their product.
For example, writing EYy in summatipn notation,

Eyy = 2¥? = Byy = Tyy
=§7J:(Yij'Y")2 - n %,(’y‘.j-?..)z -k /;(Yi,-?..)z ,
which is the’form in the analysis of variance for the residuai
sum df squares, soO that Eyy is the amount of Va;iance in Y not
ascribable to block effects or treatment effects. If we wished
to test the null hypothesis Hgy: M, =M, = --- = My, where M

are unadjusted treatment means, it would be possible by forming

the F statistic as before, using

T
yy
F=[ k-1 ]

Eyy
(n=-1D) (k-D) |
To test the hypothesis

the hypothesis that there is no real difference from treatment

to treatment in the average value of the covariate, we form the

ratio
[ T }
F — k"'l

EXX
(k-1) (n-1
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If the test is not significant and there is no reason to
believe the average value of the covariate varied from treat-
ment to treatment, then we can say that the dependent variable,
Y, was observed at the same average value of X in eaéh treatment.
This means variation in the covariate, X, was not significant and
the regression slope, b, is zero (refer back to Figure 5),; and
that variation in the Y's was not affected by variation in the
X's. In this case, analysis of covariance would not have been
necessary.

In comparing adjusted treatment means, as shown before, we

adjust the error, or residual, sum of squares, E to account

vy’
for Variation attributable to the dependence of Y on X. The ad-
justed error sum of squares, once more, is

Egy - [(EXY)Z/EXX]= SSE*
where byx is the regression coefficient for error, Y regressed
on X,

by = Eyy/Exx
following the form found in equation (5).

SSE* is the adjusted error sum of squares, and it repre-
sents the amount of error sum of squares unexplained by block
effects, treatment effects, or by wvariation in the covariate X.
Hence,

MSE* = SSE*/(error d.f.) = sg,x
is an estimate of the variance within each (and every, since ho-

mogeneity of variance is assumed) population of Y values. Since

it is an unbiased estimate of the variance in the data which is
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unexplained by any known factors (blocks, treatments, or covar-
iate variation), we use this as the estimate of the actual "with-
‘in treatment" variance, 0’2, of the Y.

Again using the regression reduction equation (5) for sum
of squares, we can solve for the adjusted sum of squares for
treatmenﬁ + error, yielding

s;‘;y - [(s5,) 2/syy] = ss(mem)* .

This represents the amount of sum of squares that would bé
contributed by both variation between treatments and variation
within treatments, if all observations of Y had been made at a
standard value of X.

To find the sum of squares for adjusted treatment means,
the adjusted sum of squares due to error alone is subtracted from
the adjusted sum of squares due to error plus treatment, so that

SS(Tr)* = SS(T+E)* - SSE* .,

Remember that for the given adjustments to be valid, it re-
quires that the linear regression of Y én X be homogeneous
within all treatments. This can be seen by referring back to
Figure 5 and noticing that the three treatment means were adjusted
by "sliding" them along lines parallel to the regression slope
determined from all the data grouped together;

The hypothesis of no difference among.treatment means (or
block means) for Y adjusted for the regression of Y on X can be

tested. The F statistic is given by

F = MS(Tr)*
MSE*

and compared to F(%,k-1, (n=1) (k=1)-1) where & is the level of
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significance desired in the test.
Note that the degrees of freedom for error decreases by one.
This is because another parameter must be estimated from the data,

the regression slope BEky) /Exg}

General Computational Procedure

Before giving examples of analysis of covariance appiied
to other experimental designs, it is worthwhile to note that the
general computational approach will remain essentially the same
as used here.

1 - Set up the usual analysis of variance table as given
in the second chapter, but include the sum of squares for X and
the sum of cross products (XY) as well as the sum of squares for
Y for each line in the analysis.

2 - Compute the error line by subtraction for E (SSE),

Yy
3 - Compute the adjusted SSE, denoted now as
2
and the adjusted mean square
MSE* = S;-x = SSE*/(error d.f. - 1).
4 - Compute the (treatment + error) 1ine (S;Y) by adding
the treatment line and the error line.
5 - Compute the adjusted (treatment + error) sum of squares
by
s* =5 . =[(s )2/S4x]= SS(T+E)*
VA% Xy XX

YY
6 - Compute the adjusted sum of squares for treatments,

SS(Tr)* = S§y - E§y = SS(T+E)* - SSE¥*
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and the adjusted mean square

MS(Tr)* = SS(Tr)*/(k-1) .

~
!
e
]

MS (Tr) * /MSE*

__SS(Tr)*/(k-1) .
SSE*/ (n-1) (k-1)-1

Specific Results

Reduction in Variance

Therebis also an additional result which was not mentioned

in the analysis, that being the analysis of covariance is often
effective in reducing the error variance by adjusting the depen-
dent Y values for chance or random changes in X. Evén though

the means of the X's may not vary from treatment to treatment,

as before noted, there still exists chance variation which could
effect variation in the Y values, inflating the variance slightly.
D. J. Finney (in Anderson and Bancroft [l]) shows that the a&erage

variance of the difference between two adjusted means is

°—5 _ 2-MSE* 1 + Txx .
Sd* - n (k-l)Exx

So we can, if we wish, measure the efficiency of the analysis
of covariance in reducing the error variance by comparing this
adjusted variance with the unadjusted estimate.

Adjustment of Means

Having estimated the overall regression slope by b, and as-
suming this value remains essentially unchanged from treatment
to treatment, it is possible to calculate the adjusted treatment
means. These are the values the treatment means would have been

had all values of Y been taken at a common value for X, namely X.



T-1582 65

ia Yi‘

il
K
*
i

adjusted.Yi. - b(Xi. - X..)

Vi, - [Exy/Exx] (X5, - X..)

If it should be determined, and it will be shown later how,
that the regression slope is not fairly homogeneous for all treat—
ment groups, the same adjustment relation holds as is shown above
with the change of bi for b, bj being the regression slopé for

the ith treatment group.

Assumptions

With the general procedure outlined, it is important that
several assumptions must be satisfied to ensure that inferences
drawn fromvthe analysis of covariance are valid. These include:

1 - Yij are (observed valqes of) random variables and xij |
are (observed values of) random variables, all distributed about
true means.

2 - A linearly-additive model, i.e.,

[Total S.S.] = [%,Factor:-L S.S.] + [Residual S.SJ

3 - The error terms are independently and normally distri-
buted with mean zero and a common variance cfz.

In addition to these assumptions from the analysis of variance
model, it must further be assumed that:

4 - The regression of Y on X is linear.

5.~ The slope of the regression line is not zero (i.e.,
analysis of covariance was necessary).

6 - The covariate X's are measured without error, so that

‘the only error in measurement is émong the Y's and is included
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in the error term €.

7 - The regression coefficients within each group do hot
*vary from factor to factor, that is, the :egression coefficients
are homogeneous so that the "average" or "pooled daté" within
groups regression estimate can be used for all groups.

8 - The independent variable(s),{xi},‘is (are) not affected

by the treatments given to the groups of data (nor are the treat-

ments affected by the covariate).

Tests of Assumptions

The linearity assumption may be tested if the expeéiment is
planned so that there is more than one Y observation for each X.
If this is not done, less precise estimates that the regression
is approximately linear must suffice.

To test the hypothesis that the true slope, b', for the re-
gression, is zero, consider whether or not the reduction in the
error sum of squares is significant when compared'to the adjusted
error sum of squares itself. Both of these estimates of variance
are distributed as ﬁgz, and taking their ratio, an F test can be
applied (see [3]):

(Exy) Z/Exx
F = §8E%/[(n-1) (k-1)-1]

and is compared to F(%,1, (n-1) (k=1)-1). If the F value is sig-
nificantly large, we reject the hypothesis that $== 0.

This hypothesis can also be tested, as shown before, by
testing the hypothesis Hy: M, ; = }4x,2 = oo =a}lx,k .

To test the hypothesis that all regression coefficients are
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equal, compute each sample coefficient and adjust the sum of
squares within each group by its own regression coefficient.
For example, consider the problem at the beginning of this chap-
ter with the three plating companies. We would compﬁte:

ny

b
A~ 2:"

for X and Y values from company A. Since this was the first

treatment, we would have

2
A lejylj/ lej .

Then calculate the adjusted error sum of squares for the

first treatment alone:

; 2
SSE* = %',yljz - (%xljylj)z/(ijlj ) .

A
In the same manner, calcuiate

by, SSE; ;

bc' SSEé .

Remember that estimating an adjusted error sum of squares within
each group decreases the degrees of freedom by one additional unit.
That is, each group has n (the number of blocks for each treatment)
degrees of freedom, less one for estimating b, and less one for
estimating the adjusted sum of squares for error.

Add the new adjusted sums of squares, giving a total "within
sample" estimate of the adjusted error sum of squares based on
k(n—2).degrees of freedom. We compare this to the "within sam-
ple" adjusted error sum of squares adjusted by a "pooled" within

‘sample regression, based on [urdJ(k—l)—l] degrees of freedom.

If there are significant differences in regression among the
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treatments from the overall pooled regression estimate, this
would show up as a difference between these two estimates. We

can again use an F test, as shown below

based on based on
SSE¥* pooled-overall| - SSE* separate
estimate reg. estimates
(k-1)
F =
based on

SSE* separate
reg. estimates

k (n-2)
and compare to F(%é,k-l,k(n-Z)). If the test is not significant,
that is, the difference is no£ significantly large, we conclude
the regression coefficients are homogeneous.

The final assumption that the treatments do not effect the
covariate, X, is usually reasonable. If the values of X are
actually influenced by the treatments but can be measured with-
out error, an analysis of covariance can still be run'but inter-
pretations are often quite difficult. See the section on pit-
falls in application at the end of the next section for a more
thorough coverage of this.

It can be seen that satisfying all the assumptions can be
a problem, although some laxity in some cases does not often

greatly affect results (see [6]).



T-1582 69

Multiple Covariance

In the same way that simple cpvariance adjusts Y values
for dependence on a single covariate, X, by using lineér re-
gression of Y on X, multiple covariance adjusts Y values for
dépendence on more than one covariate, Xl, X2, eee v Xpu by
using multiple linear regression of Y on the m fixed covariates.
Befbre covering the procedure followed in multiple covariance,

a brief review of multiple linear regression may be helpful.

Multiple Linear Regression

In Simple covariance, we determined the amount of the error
sum of squares which could be attributed to variation in the co-
variate X, by finding the regression of Y on X, which yielded

aaj. Zy? = zy? - [(zxy)2/(2xD)]

so the term [( ny)z/( £.x2)] was the sum of squares attributable
to regression in the single covariate case. The problem now is
to determine what is the amount of the error sum of squares at-
tributable to variation among the covariates when Y is dependent
on not one, but m fixed covariates. To find this term (the sum
of squares attributable to regression) it is necessary to work
with the multiple regression model.

Suppose that the conditional expected value of Y can be
approximated by the linear relation

E(T|%),%p, %) = %4+ Prxy + $ozy + o0 4 Bz
so that Y can be approximated by

Y = «.+Z{bixi + €
1
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where the regression coefficients {bn} are determined from n
observations of Y and the Xj, so the data consists of n (m+1)-

tuples: {(Yj, le, xzj’ A ’ X )’ j=l’2,oc—'n} . This mo-

mJ

del can be rewritten in the form
Yy = Y + Z,b iXi5 * ey j=1,2,...,n ,

where {bi} are the estlmates of the {p} Y is the mean of the

Y values, x:

i =X - X, and e; is the residual.

Rewriting this in deviation form, or residual form,

ey = ¥y - Y - ZblxlJ = ¥y %blxlj .

Squaring both sides and summing over all n data points, we obtain

2
Zes? = Zly; - Zbixip° .

The objective is to solve for the (bl} so as to minimize the sum
of the squares of the {ej} , which gives the least squares esti-
mate of the regression coefficients {51} . This is done, as be-
fore, by faking partial derivatives of the sum of squares equa-
tion with respect to the {bi} ' (i=l,2,...,ni) , Yielding the fol-
lowing m equations:

by Zx12 + by Lxyx, + v+ by Txyxy = Zxy

by Zxpx; + sz.Xz2 *oree o+ b ZXoXy = 3Xpy

. . . L] 2 _

b, mexl + by X Xy + + by Lx, ¢ = Ix v
where %, represents summation over all the data points of the in-
dicated product (e.g., lex2
These equations, analogous to the single regression model,

n
represents Zx,.X_.).
§713723

are referred to as the "normal" equations.
These equations are solved simultaneously (in any one of

several different ways -- see Appendix F for a solution) to ob-
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tain values for the {bi} . The solution yields

1) n
b, = g;[cki Jz‘;xijyj}

where Cky are elements of the inverse of the product matrix of
the normal equations (see Appendix F). Having a method to solve
fdr thé {bi} , we can turn.our attention to the error sum of

sgquares. It can be shown that

SSE = Z_.ez = Z[y - ébixi]z

Zy® - [Z[bizxiy]}

{(refer to Appendix G).
Hence, the amount of the sum of squares attributable to the
dependence of Y on the m fixea covariates, Xl’ X2, e, Xm’ is

given by the term
m
éfbi(zxiy)] ,
where J?, represents summation over all data.

A new term, multiple correlation coefficient, R, is defined

by
a 2 2
%‘[bi(z'xiy)] = RE2YT
so that
2
2 Z[bi Zx.y] percent of 2y
RS = & 3 17 = | attributable to
Ly regression

Using this notation _
Ze? = Zy® - [RZZYZ} = Zy*a - rY) .
The multiple correlation coefficient, R, measures the close-
ness with which the regression plane (hyper-plane) fits the ob-
served points. It ié the correlation between the observed Y's

. N . A
and the linear regression function predicted Y's, Y. So R meas-
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ures the combined effect of the m independent variables, Xl' Xy
e Xy on the dependent variable, Y. (See Appendix H for a

more intuitive derivation for RZ).

Adjustment for Regression

We can write the total sum of squares as a sum of two parts,
SST = Zyjz = 21_',[bi iny]+[residual sum of squares] .
The total measure of variation, SST, is composed of variation
due to dependence of.Y on the m covariates and of variation not
due to this dependence, i.e., chance variation, called the re-
sidual sum of squares. It is the residual sum of squares which
givés an unbiased estimate of the "error", or true, Y population
variance, 0’2. Rewriting the above for the residual sum of squares,
residual S.S. = Zyz - Zl:[biniy]
= Zylz - r2 Zyz
Zy2 (1-r?) (6)

Equation (6) shows R2, (0 ¢ st 1), as the fraction of the total
2

sum of squares due to dependence of Y on the covariates. R
can be viewed as the "percent reduction” in the variance when

this effect is removed.

Multiple Covariance Model

Now that it is known how to adjust total variance to remove
that amount which is "inflation" caused by variation in the con-
comitant variables upon which the variable of interest is depen-
dent, multiple covariance can be used in the analysis of covar-
iance. Although the computations become more involved, the objec-

tive remains identical to that in simple covariance. That is, to
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determine the regression relationship between Y and the indepen-
dent Xi' adjust the observations of Y by means of this relation-
ship to some standard values of the Xi’ and then examine the ad-
justed values of Y by the analysis of variance. In the multiple
covariance case the "adjustment" is a little more involved, but
the objectives are the.same.

General Example; 2 Factors, 3 Covariates

Consider an'example in which the dependent variable, Y, is
affected by three covariates, Xl, 22, X3. Such an example could
be an analysis of drilling speeds for different drilling bits in
which we wish to standardize measurements of speed as if they
were for standard conditions 6f bit pressure, water (cooling)
pressure, and rock hardness. After standardizing the measure-
ments of drill speed, Y, by regreésing Y on the three covariates,
the characteristics of interest in Y are one, do the different
types of bits have different speeds, and two, do average speeds
vary from operator to operator.

In simple covariance, a two-factor experiment (assuming no
interaction effect) would have the model

= Mroe o Tow Py -+ €

J
where‘}{is the grand true mean of the Y, .

J

ol. is the treatment effect (first factor)

{5 is the block effect (second factor)

‘b(xij - X) is the regression relation which adjusts Y for

variation in X, and eij is the error associated with Yij' For

the multiple covariance case in which there are m covariates, this
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model becomes

m
= d. R '
Yij M+ o+ b’J + KZ‘:')kali + €.

where m=3 for this example.

J

74

Y is adjusted for m concomitant

variables rather than a single, as can be seen by rewriting

this as

[vs5 - Z Aoy - D] = Moo+ T4 ey

which is the analysis of variance relation for the adjusted Y

observations. This approach is not computationally feasible,

time-wise, however.

General Computational Approach

After the data is collected and put in table form, it would

appear as below, with one replicate, or observation, per cell.

Blocks
Block 1 Block 2 Block n
Y Xl X2 X3 Y Xl XZ . X3 Y Xl X2 X3
: 11Y37 X577 X211 X311 | Y35 X172 X212 ¥312) * Y1in  X11n ¥21n %31n
E12 Y21 X121 X221 X321 | Y22 X122 X222 X322 \Yon X12n X2z X32n
o ; : . : .
t | |
sk | Y1 Xip1 ¥ox1 X3k1 | Yk2 ¥i1x2 X2k2 X3k2| - [Ykn X1kn ¥2kn ¥3kn

We make exactly the same assumptions concerning the data in

this case as were made for the simple analysis of covariance.

The computational procedure is also bégun in the same way.

Construct a regular analysis of variance table and in addi-

tion, for each line of the table, calculate the sums of squares

and cross-products (for total, block, treatment, and any other

factors). Then compute the error line for each sum of squares
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and cross-products, by subtracting each of the factors in a col-
umn from the total sum of squares for that column.

Finally the (treatment plus error), or in general the factor
plus error, line is calculated by addition of the factor's sums
of squares and cross products to‘the corresponding sums for the
error line. These valﬁes are then used in adjusting the sums of
squares. An analysis of covariance table has been constructed

on the next page. Some of the notation is explained below.
K n .
Zxkxl =§-Jxki]xlij =§JZinjxlij - [(Xk' _) (Xl‘ . )/nk]

Byyx, = %ka.jxl.j/k -'Bxk--)‘xl..)/nk] [;ELJ

TypXy = %in-xli-/" - [ ) (xl”)/nk]
Exx=ZXX1-Bxx-—T‘xx

k™1 k k*1 kX1
Sxpxy = Txyxp * By oxp -

The {bi} are calculated from the error sum of squares
values. The {b{} are calculated using the [treatment + error]
i
sum of squares values. Also, recalling from multiple regression
the calculation of the multiple correlation coefficient as being
given as
m 20 2
b. /2. x. }= R .
Zj:[ JZ. jy %yl ’
we see we can rewrite the adjusted error sum of squares as
m ,
2 2
2 Eyy - %;biEXiY = Eyy = Re *Eyy = Eyy(1 = Re )
where Re is the multiple correlation coefficient for the error

line. This also holds true for the [error + treatment] line, and

we have
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m
- )b = - rZ . - _ 2
Syy ;lbi Sxjv T Syy 7 Rett'Syy = Syy (1 = Reye)

2
e+t

+ treatment] line.

where R is the multiple correlation coefficient for the [error

We can now find the sum of squares, and mean square, for
thé adjusted treatment means. This is given by

Adjusted SS(Tr) = SS(Tr)* = SS(T+E)* — SSE*

where SS(T+E)* is the adjusted sum of squares for the [error +
treatment] line, and SSE* is the adjusted sum of squares for the
error line.

The adjusted mean square error is given by

MSE* = 52 . = SSE*/(error d.f. - no. of fixed
Y*X]1,X2,+,Xn var.):

and the adjusted mean square for treatments is given by
MS(Tr)* = SS(Tr)*/(k-1) = (SS(T+E)* - SSE*)/(k-1) .
The F test ratio for the adjusted treatment means is then
F = MS(Tr)*/MSE*
and is compared to F(%é,k-l,(n—l)(k—l)-no. of fixed variates),
completeing our analysis.

It may be worthwhile here to give the steps again which
were taken computationally. This method remains essentially
unchanged regardless of the number of factors or the experi-
mental design.

1 - Set up the usual analysis of variance table but derive
a table of sums of squares and cross-products for total, blocks,
and treatments (and any other component in the analysis).

2 - Compute the error line for each sum of squares and
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cross products by subtracting factor sums of Squares from the
total sum of squares. Use these error values to compute the

{b‘} and Re’ the squared multiple correlation coeff1c1ent for
the error line.

3 - Compute an [error + treatment] line and from this line
compute R§+t' the squared multiple correlation coefficient fqr
the [error + treatment] line.

4 - The adjusted error sum of squares is

SSE* = SSE(1 - Re2)
The adjusted [error + treatment] S.S. is
SS(T+E)* = SS(T+E) (1 - R2,,) .

5 - The estimate of the variance in the Y's which is not
attributable to block effect, treatment effect, or variation in
the X's is

32 = MSE* = SSE*/(error d.f.-no. of fixed variates).

yx
6 - The mean square for the adjusted treatment means is
MS(Tr)* = [SS(T+E)* - sSE*]/(k-1).
The F test ratio is
F = MS(Tr)*/MSE* .,
An F test can be performed on any factor the experimentor
wants to test by, first, forming the [factor + error] sum of
squares line. Second, forming the adjusted [factor + erroﬁ]sum

2
of squares by computing R , the multiple correlation factor

e+f
for the [factor + error] line. Third, subtracting the adjusted
error sum of squares from the adjusted [factor + error] sum of

sqﬁares, yielding the adjusted factor sum of squares. Fourth,
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forming the F ratio from the adjusted factor mean square and the

adjusted mean square error.

~

Uses

Direct Applications

Two broad areas for applications of analysis of covariance
may be distinguished.

(1) To increase the precision in randomized experiments.
This is accomplished by eliminating any biasbin the data because
of an uneven distribution of the fixed covariate, X, among the
various treatments.

(2) The adjustment of treatment means for differences in
the covariate among intact groups, that is, groups which are na-
turally occuring and which the experimentor cannot randomize,
when the covariate is unrelated to the "treatments."

For application under catagory (l), the experimentor must
be sure the data is randomly assigned to the structure of the
experiment to ensure independence of the error terms. In ad-
dition, it must be certain that the treatment does not effect
the covariate value, either because

(a) the covariate is measured before the treatment is

applied, or

(b) the nature of the treatment or of the covariate pre-

cludes effect.
Also, the covariate does not effect the treatment. This is the

primary, least dangerous, and most straight forward application.
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Increase in precision. It is obvious that covariance in-
creases precision of the data (the Y values) even if the depen-
dence of Y on X (the covariate) is slight. The variance in a
sample group is given by <72/n. There are two ways to increase
the precision and lower the variance. The first is to make the
denominator larger, usually decreésing the variance. Analysis
of covariance (ANCOVA) works with the numerator, eliminating all
sources of variation other than within the data itself. After
application of ANCOVA, a more accurate estimate of the variance
among treatment means can be made, as shown at the end of the
Simple Covariance section.

Aid in the interpretation of treatment effects. There are
many instances where the concomitant variable might be part of
the means by which the treatments produce their effects on the
data. A covariance analysis offers the possibility of exploring
to see if this is true. This can be done by performing ANCOVA
to determine what proportion of the treatment sum of squares is
attributable to the covariate. Also, by examiniﬁg to'determine
variation of the covariate from treatment ot treatment. By mea-
suring this variation before and after the experiment, an esti-
mate of the interaction of the treatment and the covariate (which
are supposed to be independent) can be obtained

Another difficulty with this application, besides the fact
that the treatment may effect the covariate, is that sometimes
the adjusted values of the Y's have no physical meaniﬁg, or at
least no meaning of interest, whiéh makes the results very hard

to interpret.
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To adjust treatment means of the dependent variable (Y) for
differences in the independent variable (X) is another use under
catagory (l1). This is probably the primary use in which ANCOVA
is applied. The examples in the main body are of this nature.
The comparison of adjusted treatment means is accomplished by ad-
justing the data tolwhat it would have reflected had it been
measured at a common standard value of the covariate. Actual
adjustment of the treatment means is accomplished by performing
the calculations shown at the end of the section on simple covar-
iance.

-Y-* =.Y—i- - b (‘}-E' —3-{..)

yx 1l
where byx is the regression coefficient for Y on X, determined
by Eyy/Exy-

Catagory (2) uses. Analysis of covariance was introduced
by R. A. Fisher in this context of usage. It was to be applied
when each treatment had to -be applied to an intact group which
was not formed by random sampling. In such a circumétance there
are likely to be prior differences between groups, and such dif-
ferences are completely confounded with treatment effects. There
are certain experiments where the "treatments" are defined as
naturally occuring groups. Such a case might be a comparison of
different strata of society on some characteristic, say amount
of money in U.S. Savings Bonds. The "treatments"” might'be Dem-
ocrats, Republicans, Socialists and Indepehdents. Since these

are naturally occuring, there might be other differences which

influence the data, Y, of amount in U.S. Bonds. For example,
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Republicans, on the average, might tend to be richer than Social-
ists, and so would have more bonds of every type, not just the

one of interest. In this case ANCOVA could be used to remove

that portion of the treatment sum of squares which is attributable
to prior differences. We would want to standardize groups with
respect to wealth and view them aé if they all had the same amount
of money and see what each did with it. The covariate must be
unrelated to_the treatments (e.g., they are:not Republican because
they are richer).

The first illustration of the covariance analysis in liter-
ature [18] involved an example of the type of problem that WOuid
fall in this second catagory. Y was the tea yield from certain
plots after application of different treatments. The covariate,
X, was the yield of tea per plot in a period preceeding the ex-
periment. Adjustment of the responses Y for their regression on
X removes the effects of variations in base yields of the differ-
ent plots from the experimental errors. In this example these
effects might be due either to inherent differences iﬁ the tea
bushes in different plots or to differences in soil fertility
that were permanent enough to remain through the experiment. Al-
though the plots initially may have been randomly plantéd (not
all the good bushes in one plot, etc.), after some time of grow-
ing they can in one sense be viewed as intact groups not suscept-
ible to further randomization, and there may be inherent dif-
ferences which ANCOVA can be used to standardize by taking mea-

surements prior to an experiment.
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A second use in this catagory is to remove effects of dis-
turbing variables in strictly observational studies. In some
research work, experiments are performed where any randomization
is impossible (or at least infeasible). However, one may ob-
serve two or more groups differing in some characteristic in hopes
of discovering if theré is some association between this charac?
teristic and some (experimentally defined) response Y. A good
example of this is the:comparison of heights (the response) of
rural and urban (the characteriétic) school children.

In a comparison of heights of children from two different
schools,'Greenberg noticed that the two groups differed slightly
in mean age. Analysis of covériance, using age as the covariate,
was used to make an age adjustment on height which resulted in

a more sensitive comparison.

Indirect Applications

(1) Estimation of missing data, or to analyze data when
sdme‘observations are missing.

If some data is missing, the first approach may be to use
other data present to estimate what it might have been. Most
formulas given for estimating missing data result in a minimum
residual sum of squares, but it results in a biased treatment
sum of squares. By using analysis of covariance an estimate of
the missing data can be obtained which results in an unbiased
estimate of both treatment and error sums of squares. So ANCOVA
can be used to give an exact analysis of variancé when some ob-

servatiohs are missing. See Bartlett [2], pg. 137-183, or Coons[8].



T-1582 84

As a sub-result, analysis of covariance can also be‘performed
with incomplete data. See G. N. Wilkenson's aritcle(ﬁl].

(2) To fit regressions in multiple classifications. ANCOVA
can be used to compare the regression of Y on X (or {Xi}) in dif-
ferent groups (e.g., treatments or blocks or cells, etc.). By
standard techniques, as mentioned before in showing how to test
for homogeneity of regression among groups, we can (i) fit a
separate regression of Y on X within each class, (ii) test whether
the slopes or positions of the lines differ.from class to class,
and (iii) if advisable, make a combined estimate of a common
slope. Bennett and Franklin [3] go into some detail on this ap-
plication, although their notation is very difficult to follow.
The basic idea is in the section on simple covariance, and it is
not difficult to apply.

(2a) To handle "outlier" points.
A

v

X
The graph above illustrates (hypothetically) a possible
"outlier" problem. If the point A is in the same class as the

other data then there is a significant regression of Y on X.

However, if the point A is not in the same class, but from ano-



T-1582 85

ther class, then there is no significant regression of Y on X.

The difference here is between "within" class regression
and "betwe;n" class regression. To check on this the experi-
mentor should return, if possible, to the source of the data to
see if there is any reason to think point A may be from a differ-
ent class. If so, pthér points from this class should be collected
and a comparison of the "within" class regression and "between"
class regression for homogeneity made.

(2b) A problem closely related to this can arise when the
data collected may actually be from several different classes,
and if the ekperimentor is unaware of this and attemﬁts a straight
application of regression analysis, he may get spurious results.
An interesting example of this is regression analysis applied to
data showing sales as related to product price, when the data
come from several different years. This occured in applying anal-
ysis to sales of frozen orange juice as related to price. The
initial regression (not allowing for separate classeé among the

data) appears below. (See Henderson, et. al. [25]).

Sales

(pounds)
201

Price (cents)
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The data, however, is from three different years, and if
the regression is performed on the data year by year, the re-

sults are quite different.

}

fou -

Sales T

20

1?

Price

It can be seen that the regression within year groups is
homogeneous, and different from the overall regression.

By combining different classes of data and finding an over-
all regression, the result has been a regression which partly
reflects "within" class dependence, and partly reflects "between"
class dependence, where the two are not the same. If analysis

of covariance is used to adjust Y for X, the followin§ is obtained.

Sales adjusted regression line

! ' \\< unadjusted (original)
204 _ \fo///’/’/’regre551on line

N C
’




T-1582 87

The application of ANCOVA removes the effect of differences
in the average value of the covariate X from class to class.

(2c) The problem of pooling data.

Most research projects are preceeded by an examination of
results obtained previously in the same area of research by other
workers in the field. .In iooking for results, or relationships
between certain variables in the researéh, it would be helpful
to be able to combine the data gathered by several different work-
ers at different times under different conditions. This has at
least two advantages. The range of the variables of interest are
increased, and relationships are more easily detectable with the
increased amount of data.

The problem is that when the data is combined and the in-
dependent variable(s) vary greatly from worker to worker, it
makes it possible, as illustrated in (2b) above, to accept a
regression found by an overall regression of Y on X as the re-
gression of "within" class‘Y on X when it is influenced by a
"between" class relationship. A hypothetical example is con-
structed below. Suppose we wish to see if there is a relation-

ship between the Nusselt and Prandtl numbers in liquids.
A |

\
Nusselt . X
number 4 \\
®
o\\ >
N\
N\
*
\ N
\ L

Prandtl number



T-1582 88

The data has been differentiated between x's, from oil,
and «'s, from water. Although a simplistic example, we see that
if the data were combined indiscriminately, a relationship re-
sults which does not reflect the true relationship, which is the
"within" class relationship.

A two part approach can be taken (i) to determine regression
coefficients within each class then (ii) use the analysis of co-
variance techniques to test for homogeneity of within class re-
gression slopes, and if they are homogeneous (as they appear to
be in the example above), compare the within class slope to the
overall regression to see if the two are equal.

(3) Analysis of covariance can also be used to estimate in-
dividual yields of a group of plots whose productions have inad-
vertently been combined so that only a total result from the en-

tire group is known. Refer to the article by K. R./Nair [33].

Applications in Special Experimental Design Situations

For assistance in the application of the analysis of covar-
iance in some regularly occuring, but not common, experimental
designs, the articles below may be of some help.
Split-plot Design.
Kempthorne, [30].

Incomplete block with recovery of interblock information.
Cox, Eckhardt, and Cochran [7].

Two-way analysis with unequal numbers in the cells.

Hazel, [24]; Das, [10].
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With missing data.
Wilkenson, [41); Coons, [8].
For some other special references refer to:
Federer, [17], (Appendix, pp. 46-47 cites references

to special experimental designs).

Pitfalls in Application

Violations in satisfying certain of the assumptions result
in the same consequences in errant results as are outlined at the
end of the chapter on analysis of variance, since most of the
assumptions necessary to ANCOVA are from, or are related to, the
ANOVA and linear regression models. There is one aséumption un-
derlying the analysis of covariance which is unique to the model,
and which, when violated, leads to spurious results.

We assume that the treatment does not effect the covariate.
There is a class of problems to which analysis of covariance is
applied wrongly. This is because the treatments have an effect,
or are correlated with, the covariate, resulting in a confounding
of the covariate variation with variation of the independent var-
iable so that they are not separable. These difficulties arise
‘because when the treatments effect the covariate, the assumption..
of homogeneity of within- and between-group regression also falls,
resulting in improper adjustment of the variate sum of squares.

The class of problems in which the analYéis cannot be car-
ried out properly is in attemptihg to remove some of the treat-
ment sum of squares as being attributable to vafiation in X,

when the treatments have an effect on the covariate X. This
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problem arises in two ways usually:
(a) The correlation may occur accidently under direct
application catagory (1) (pg. 79).
(b) Intentionally, through misapplication under direct
application catagory (2).

An example of error (b) would be to use analysis of covar-
iance to remove part of a treatment effect, or to adjust natur-
ally occuring groups (e.g., social classes) for differences in
one characteristic (e.g., intelligence) while comparing them on
another attribute (e.g., professional aspirations). The covar-
iate (intelligence) can't be randomly paired with "treatments"
(naturally occuring social classes), which indicates that the
two (treatment and covariate) are correlated.

This situation frequently arises when the experimentor ad-
justs data in a latter phase of an experiment for differences
brought'aboun as the result of an earlier phase of the experi-
ment among the same data.

The results of this correlation of treatment and covariate
effects several assumptions in the model. We have assumed a lin-
early additive model in which the additive components (e.g.,
treatment effect, covariate component, and error component) are
statistically independent, and sum to the whole.

If the treatment is correlated with the covariate there is
a confounding of variation due to the error variance in ¥, and
variation due to the covariate, so that the components are no
longer independent. This also precludes homogeneity of within-

group regression coefficients, since the treatments will cause
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covariates under one treatment to vary more than under a differ-
ent treatment, and the treatment means may be overadjusted or
underadjusted. In either case, the results are wrong.

The robustness of ANCOVA with respect to violations of the
independence of the components is small. Small correlations that
might occur under usagé (1) by accident may not be too harmful,
but direct errors of misapplication can, and do, ruin results.

In testing the assumptions, a test for homogeneity of with-
in-group regressions should yield one of the following results:

(a) The regressions are not homogeneous, and ANCOVA is not
directly appiicable. \

(b) The regressions are'homogeneous, and the overall re-
gression is zero. That means the treatment means have no extra
component which is predictable from the covariate, so no adjust-
ment is required to remove this component, and ANCOVA is not
necessary.

Either result would rule out usage of ANCOVA in such a sit-

uation.
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USE OF THE COMPUTER PROGRAM

" Purpose

The program performs an analysis of covariance on up to
a 5-way, or 5-factor, experimental design without interaction.
More than 5 factors may be included if the number of levels
in the factors is sméll enough to keep storage requirements
within computer capabilities. The program will handle up to
5 covariates in multiple covariance problems. If an increase
in capacities is desired in either case above (factors or
covariates), the dimension statements must be changed accord-

ingly.

Documentation

Variable names and functions in the program are listed
below.

Non-dimensioned Variables.

-Cov., F4 (Main)
MI -- Input device code number for reading data.

MO -- Output device code number.

N -~ Number of observations.
M -- Number of variables. (Variate plus covariates).
NS -- Number of problem selections on data file.

XMEAN -- Mean square values for covariates

XEMEAN -- Mean square error. for covariates.
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FX -- F values for the covariate variation analysis.
KF -- Number of factors.

KC -~ Number of covariates.,

KC2 -- Number of covariates plus one , quantity squared

KCl -- Number of covariates plus one (Number of variables).

ASSE -- Adjusted error sum of squares.

EDF -- Floating point étorage for error degrees of freedom.

NDEP -- Position of variate in observation data rows.

DET -- Value of the determinate of inverted correlation matrix.
RE2 -=- Multiple correlation coefficient for factor and error sums.

NEF -- Unadjusted error degrees of freedom.
Corre
FN =-- Floating point storage for number of observations.
Avdat
M -- Product of (Level (I) + 1l). Total storage for spaced data.

Avcal

SUM ~- Summing variable for variate Y.

Mean /

KC2 -- KC * KC = number of data in covariate matrix.

L -- Designated factor for sums of squares.

GMEAN -- Grand overall mean.

FN =- Floating point storage for N, number of observations.
FN1 -- Correction divisor for sums of squares.

FN2 =-- Number of degrees of freedom.

ND2 -- Fixed-point storage for number of degrees of freedom.

MSUM -- Check sum for number of factors with sums of squares
calculated.

_Subt

YSSE -- Error sum of squares for variate.
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Covar
EDF -- Floating point storage for NEDG, error degrees of freedom.
FKC -- Floating point storage for KC, number of covariates.

VAR -- Adjusted mean square error.
ASSE -- Adjusted error sum of squares.

Multr
RM -- Multiple correlation coefficient, squared.

Ronorm
RONORM -- Row norm value.

SUM -- Summing variable for absolute values of row elements.

Invert
TOL -- .001, Check value for singularity of matrix.

TEST -- Storage location for possible pivot elements.
DET -- Determinant of matrix A.

INT -- Counting variable for interchanges to unscramble the matrix.
Dimensioned Variables.

AFSSE (I) -- Adjusted (factor plus error) sums of squares.

B(I) -- Work vector (corre). I=number of variables.
D(I) -- Work array to store data observations. I=number of

variables. (Data).

DF (I) -- Floating point variable of D.F. used in division for
F values. ‘

F(I) -- F values for (adj factor MS/adj. error MS).
HEAD (I) -- Name or label for factors. May be alphanumeric.
ISTEP(I) -- Counting index. Spacing for factors.

KOUNT (I) -- Counting index. Spacing for levels.
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LASTS (I) -- Counting index. Indicating last data position per
factor.

LEVEL (I) -- Number of levels for factor I. I = number of factor.

NDF2 (I) -- Unadjusted factor and error degrees of freedom.

NDF (I) -- Degrees of freedom for factor sums of squares.

PRI(I) -- Problem name of label. Alphanumeric demensioned for

3A2 format.

R(I) -- Work matrix used in calculation fo correlation coefficients
(in main program).

RX(I) -- Matrix for containing intercorrelations of covariates.
For matrix of size (KC+1l) x (KC+1).

RY(I) -- Vector for intercorrelations of covariates with variate
Y. (I is position of covariate).

R2(I) -- Multiple correlation coefficient for (factor + error)
lines. I is the factor number.

SMEAN (I) -- Mean square for factors.

STD(I,J) -- Work array used to store standard deviations (in main).

SUMSQX(I,J) -- Factor sums of squares for covariate progducts.

I gives position in product vector. J=2"-1.
SUMXY(I,J) —-- Factor sums of squares for cross productﬁ.
I gives position in product vector. J=2"-1.

SUMX (I) -- Summing variable for covariates (AVCAL).

SX(I) -- Storage array for sums of squares of covariates, used
in analysis of variation among covariates.

S(I) -- Internal work array, (INVERT).

T(I) -- Work vector (CORRE). I=number of variables.

X(I,J) -- Covariates. I=number of covariate; J=number of obser-
vations.

XSSE (I) -- Error sums of squares matrix for covariates (X's).

Matrix size KC x KC.
XYSSE(I) -- Error sums of squares vector for cross products.

Vector length KC + 1.
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XFPE (I,J) -- Factor plus error sums of squares for covariates.
I=position in product matrix. J=factor number.

XYFPE(I,J) -- Factor plus error sums of squares for cross product
terms. I=position in product matrix. J=factor number.

Y(I) -- The variate dimensioned for number of observations.
YFPE(I) -- Factor plus error sums of squares for variates.
I=factor number.

The arranging of the data arrays, and formation of sums of
squares is primarily data manipulation, multiplication, and
addition loops performed in subroutines CORRE, AVDAT, AVCAL,
and MEAN .;

After subroutine MEAN the sums of squares for the factors
have been computed, and the sums of squares for these lines
for the covariate products and cross-products (xx), and the co-
variate-variate products (x;y). These sums are combined in sub-
routine SUBT to yield the error sum of squares line and (factor
+ error) sums of squares lines for all the above inter-products.

The next part of the main program arranges these.values in
the following matrices:

XSSE (I) - Error sum of squares values.

XFPE(I,J) - Factor plus sums of‘squares, where J 1is
the factor indicator.

To find the multiple correlation coefficients, the Gauss-

Jordan method is used, as explained in detail in Statistics in

Research by Bernard Ostle [30] , chapter 8.
The correlation‘coefficients are calculated for the two

matrices (XSSE and XFPE), these coefficients are rearranged

into proper matrix form in subroutine ORDER, the correlation
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matrix is inverted in subroutine INVERT, and the multiple
correlation coefficient (squared), is calculated in subroutine
MULTR, using the procedure outlihed in Ostle, first for the
error sums, and then for the KF factor plus error lines. The
multiple correlation coefficients are used in subroutine COVAR
to adjust the sums of équares and calculate the F values.

The results are written on data file FOR16.DAT in the last

part of the main (COV.F4) program.

Ingut

A sample input file has been constructed for the problem

given below from Statistical Methods by George Snedecor[32],

p. 427.
Analysis of covariance applied to a probelm where
Y - Yield of wheat in Great Britain
X, - Height of shoots at ear emergence

Xz = Number of plants at tillering

Year Variate Place

1933 Xq 25.6 25.4 30.8 33.0 28.5 28.0
X, 14.9 13.3 4.6 14.7 12.8. 7.5
Y 19.0 22.2 35.3 32.8 25.3 35.8

1934 X, 25.4 28.3 35.3 32.4 25.9 24.2
X, 7.2 9.5 6.8 9.7 9.2 7.5
Y 32.4 32.2 43.7 35.7 28.3 35.3

1935 Xq 27.9 34.3 32.5 27.5 23.7 32.9
X, 18.6 22.2 10.0 17.6 14.4 7.9
Y 26.2 32.7 40.0 29.6 20.6 47.2
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The program is set up to be run from the teletype.

The input'data must be put on a data file prior to running
the program. The program then reads the data from the storage
file during execution. A file can be created either by using
cards and inputting them through BATCH or by using the teletype.

The easiest way to store the data is by creating a data
file, using the name FORXX.F4, where XX is a two-digit number
between 13 and 20. The data can then be read by the program
by telling it to read at location number XX, e.g., READ (XX,5),
which instructs it to read data file XX according to format
statement number 5.

The input file appears below, and is explained line by line.

SN427 18 3 12 2
SEA 3 - "
PLA 6

25.6 14.9 19.2
2544 7.2 32.4
279 1846 2642
2544 1343 22.2
23¢3 Fe5 32.2
34e4 22.2 34.7
32¢8 4.6 35.3
35.3 6.8 43.7
32¢5 1G9 40.0
33.08 14.7 32.8
3244 9.7 35.7
275 17.6 2946
23+5 12.3 25.3
25¢9 9.2 28343
23¢7 14.4 2.6
28e0 7¢5 35.8
24.2 745 35.2
329 7.9 47.2
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Explanation.

SN427 18 3 1 2 2

SN427 - Designation of problem name. y

18 - Number of observations made on variate and covariates.

3 - Number of variables (covariates plus variates).

1 - Number of,seiections, i.e., complete sets of data

for problem solution. If the entire experiment
were performed three times, then the data would be
put on a data file and NS‘would be set equal to 3
to run the three sets of data through the program.

2 - Nuﬁber of factors.

2 = Number of covariateé.

This data is read in the main program (COV.F4) according to
format number 3, (322, 5G). The problem name is read from the
first six spaces on the line. No other values may appear in
the first six spaces, and the entire name must be in the first
six spaces, otherwise, letters from the name will be read into
the program in one of the other five locations and run errors
will occur. The next five values are read according to a free-
field G format, and all that is required is that they be separated

by a space or spaces or some other non-numeric symbol which would

not ordinarily be in a data format (e.g., a comma, a slash, etc.)
SEA 3

PLA 6

SEA - Label for first factor.
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3 - Nember of levels in first factor.

PLA Label for second factor.
6 - Number of levels in second factor.

The heading names and number of levels are read according
to format number 5, where the format (A3,I) is given. The
heading name is read in the first three spaces of the data line.
The number of levels is read according to free field integer
format, so the value may appear anywhere on:the line after
the name, so long as it is separated from the name by a space

or some other non-numeric symbol which would not ordinarily be

in a data field.

25.6 14.9 19.0

[ ]
®

° I 4 ]

[ 4

32.9 7.9 47.2
This is the experimental data. The order of the data in

each row should be

X, Xy *°t Xp ¥ :

The covariate observations first, and then the variate observations.

This data is read one line at a time according to a free-field
G format, so all that is required is that the values be separated
by spaces or a comma or some other non-numeric symbol as in the
other free-field reads.

Since the data is entered into a one-dimensional array, the
order of the data must be'determined so as to designate the factor
and level location of the observations. The program reads the
data and stores it by column. The data should be read .in so that

the first subscript varies most rapidly.
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For example, for a two-factor analysisvwith the data as
given below:

block \
Y7 *111 Xe1: Yio X112 %59,

trtmnt

Yor X121 X321 Yoo X122 X329

the data would be put on the file as

X111 %o Y
X121 %221 Y21
X112 X212 Y12
X122 %222 Y23

In this case, the first subscript on the X's refers to the
covariate, whether it is the first, second or third, which
is why it doesn't vary. The second two subscripts identify the
location of the covariate value in the experimental design. The

data is arranged according to these subscripts.

Execution
The main program and all sibprogram names have been placed
in a command file. The program is executed by giving the command
*EX @cov
where COV is the name of the command file, COV.CMD, and s is the
teletype response indicating it is ready for a command.
This set up allows the user to list any of the several
programs separately, if desired, yet not have to execute them
all by name individually.
Also, if the user desires to have information printed out

which is not being printed out currently, print statements can
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be inserted where desired without requiring the entire set of
programs to be recompiled, only the subprogram changed.

After the program is compiled and execution is begun, the

following is typed out on the teletype.

ENTER I/0 DEVICE NUMBERS:

The first number typed should give the location of the
data file which was created prior to running the program. If
the data is stored in a data file, e.g., FOR1l7.DAT, then the
first number input would be 17. This tells the érogram where
to read the input data. The output number directs the brogram
where to print out in-progress messages, should there be any.
This should be number 4, designating the teletype unit, if the
program is being executed from there. These two numbers are
read according to a free-field format. In this case, the program

users response would appear as

ENTER I/0 DEVICE NUMBERS: 17,4 )
where "‘) " is the carriage return, instructing the program to

continue.

Output

All output data is written on the data file FOR16.DAT. The
user has the option of printing this information out on the
teletype, achieved by the command TYPE FOR1l6.DAT, or having the
file printed out by the line printer, by giving the command PRINT.
FOR16.DAT.

The output from the sample problem from G. W. Snedecor's

book is shown below.
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+++PROBLEM: SN427

SELECTION: 1

FACTOR: SEA LEVELS: 3

FACTOR: PLA LEVELS: 6
MULTIPLE CORRELATION COEFFICIENT
FOR ERROR SUMS OF SQUARES

8.8772542

MULTIPLE CORRELATION COEFFICIENTS FOR
FACTOR PLUS ERROR SUMS OF SQUARES

SEA + ERROR 0.6601446

PLA + ERROR £.84958633

UNADJUSTED VARIATION ANALYSIS

SOURCE OF SuMS OF DEGREES OF MEAN F

VARIATI ON SQUARES FREEDOM SQUARES VAL UES
SEA 124. 41444 2 62.2G722 2.7202
PLA 629.217177 5 125.8 4355 5¢5%3
ERROR 228.66556 1@ '22586656

(20 BE BN BN IR BN B BN BN S AN BN BNC-AE BN BE BN B B BN RK BN BK BE BE- RN B BE R B BN CBE B AR BN BN BN BE BE BN B BN BN AR BR B B BN BN BN BN BN BN BN BN BN BE N N BN BN AR BN IR I

ADJUSTED VARIATION ANALYSIS

ADJUSTED tFACTOR FLUS ERRORt VARIATION

SOURCE OF ADJUSTED SUMS DEGREES OF
VARLATI ON OF SQUARES FREED OM
SEA + ERROR 119.99615 19

PLA + ERROR 129.12316 13
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ADJUSTED FACTOR VARIATI ON

SOURCE OF ADJUSTED SUMS DEGREES OF F
VARIATI ON ‘OF SQUARES FREEDGM VAL UES
SEA 91.92842 2 13.12294
PLA 121.24943 5 575331
- ERROR 428.@6773 8

........................................................

SIGNIFICANCE OF VARIATION OF COVARIATES

COVARIATE 1

SOURCE OF SUMS OF DEGREES GF MEAN F
VAR;ATION SQUARES FREEDOM SQUARES VAL UES
SEA 625333 2 312657 B.265
PLA 12633167 5 21.26633 1.823
ERROR @!?-94@@@ 10 1179 420 '

...........................................................

COVARIATE 2

SOURCE OF SuMs OF DEGREES OF MEAN F

VARIATI ON SCGUARES FREEDOM SQUARES VAL UES
SEA 13341444 2 69.7@722 9395
PLA 171. 46444 5 34.29239 4. 622

ERROR T4.19222 10 7.41922
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The explanation for the output is now given.
+++PROBLEM: SN427

This is the problem name given by the user in the input.

SELECTION: 1

This indicates the experiment selection being analyzed.
If the experiment had been performed completely three times,
then all three sets of data would have been entered in sequence
and there would have been three sets of analysis, each with the
same form as appears for one analysis here, but headed by
SELECTION: 2 and SELECTION: 3, as each was completed and

printed out.
FACTOR: SEA LEVELS: 3

FACTOR: PLA LEVELS: 6
This tells the number of factors, the name label which has

been given to each one, and the number of levels for that factor.

MUPTIPLE CORRELATION COEFFICIENT FOR ERROR SUMS OF SQUARES
This is the multiple correlation coefficient computed from
the E,,; line in the ANCOVA table. It indicates the "within"
group regression of Y on the covariates. It is of no special
computational value to the user except in the case in which
"within" group regressions arevto be compared from group. to
group and data is read in for only one experimental unit at a time.
In the single covariate case, the output is changed to read

"adjustment for error sum of squares" and "adjustment for factor
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plus error sums of squares" rather than "correlation coefficients"

as shown below. This is because multiple correlation coefficients

are not used in the single covariate case. Except for this
heading change, the rest of the output is the same.
MULTIPLE CORRELATION COEFFICIENTS'FOR
FACTOR PLUS ERROR SUMS OF SQUARES

These are the correlation coefficients computed for the Sf*
lines in the ANCOVA and represent the percent adjustment in the

factor plus error sums of squares.

UNADJUSTED VARIATION ANALYSIS

An analysis of variance table is given for the variate un-
adjusted for any dependence on the covariates.

This can be used in judging the effect.of dependence of Y-
on varying covariates, by comparing unadjusted variation to
adjusted variation. |

It is sometimes the case, as in this example, that differ-
ences in the covariate values tend to dampen out differences
among variate means. Such an example is illustrated below for

comparison of treatment means.
)8

} o)

x‘-— — . o e
|

2 X AXiS

>

adjusted
A ff,
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ADJUSTED VARIATION ANALYSIS

The adjusted sums of squares are given below this heading.
First the adjusted values are given for the factor plus error
sums of squares, and finally, the adjusted sums of squares for
the factors, which is what the experimentor is interested in.
The degrees of freedom’are also ﬁhe adjusted values.

The adjusted factor sums of squares represent the variation
among factor means which is not due to variation among covariate
values. The new F values represent a comparison of adjusted

factor sums of squares to an adjusted error sum of squares.

SIGNIFICANCE OF VARIATION OF COVARIATES

This indicates the differences which exist between average
covariate values from factor level to factor level.

This information can be used in two ways. First, it
indicates which.covariate may be the significant contributor of
added variation to the Y vélues. For this example, variation
among covariate 1 values is very small for both factors, whereas
covariate 2 varies quite a bit. Secondly, it can be used as a
test to make sure the covariates are independent of the treat-
ments which are applied if the experiment is of such a nature
that allows this testing. This can be done by comparing varia- -
tion among the covariates prior to application of the treatments,
and then following the application. If there is a marked differ-
ence, the experimentor should investigate a possible dependency.

Variation among covariate 1 is computed as a straight analysis

of variance on the variable X - This is performed using the
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factor sums of squares and error sum of squares from the Xlx1

column of the ANCOVA table. The same pattern is used for the others.
If there is additional information the user wants which is

not included in the output, it can be obtained by locating that

information in the program using the explanation of the program

variables given before, and inserting print statements. These

should be taken out after the user is finished using the program.
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APPENDICES
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AEEendix A

Consequences of assumptions for analysis of variance not

being satisfied.

One of the more basic underlying assumptions of the analysis
of variance model not mentioned in the section involves the
experiment itself, and is that the different types of effects
can be identified and controlled enough to draw realistic infer-
ences from the analysis.

Three types of effects are generally recognized. These are:

(a) Treatment effects: The’effects of procedures

deliberately introduced by the experimentor.

(b) "Environmental" effects: The certain features of

the environment which the Analysis model enables

us to meausre. E.g., by checking block effect in

a one-factor analysis, or the effects of replication
in a two-factor analysis.

(c) Experimental Error: All elements of variation that

are not, or cannot be, taken account of in (a) and
(b) .

Added to these are the four assumptions listed in the section.
These were: |

(1) The observations are observed values of random

variables, distributed about true means.

(2) Additivity. The treatment and environmental effects

must be additive. E.g., in a randomized block (2 factor)
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design with no interaction, the observations can be
written |
xij =}(+ Mi + Kj + ejq.
and in general
SST = [;factori S.S.] + [error S.S.] .
(3,4) The experimental error terms are all distributed
independently and normally with mean zero and common
variance of’z.

Some of the consequences follow.

(1) The Effects of Non-normallacy -- Extensive experimentation.

As mentioned in the body, a substantial departuee from nor-
mallacy can be tolerated without great effect on the practical
results. No serious error is introduced by non-normality in
significance levels of the F-test, or the two-tailed t-test if this
is being used. Non-normality may cause a loss of efficiency in
the estimate of the treatment effects, and effect the F- and t-tests
this way. However, this effect is not often very great.

If there is to be extensive experimentation, certain precau-
tions could be taken, such as,

(i) From prior information estimate the distribution of the e's.

(ii) By trial and error determine a transformation to be used

on the data so the e's are approximately normally
distributed.

If it is only one experiment, it is usually pretty safe to
assume that the error terms are close enough to .normally distributed

so as not to greatly bias results.
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(2) Non-additivity.

This is covered in the last chapter on pitfalls in using
analysis of covariance.

(3) Heterogeneity of Errors.

The immediate effects are a biasing of treatment estimates
and a loss of sensitivity of the significance tests. These can
be obviated by replacing the usual ANOVA table variance by a
weighted average analysis in which each observation is weighted
in proportion to the inverse of its error variance, although this
becomes very involved.

This difficulty can arise through mishaps or damage to some
part of the experiment, through less carefully controlled con-
ditions, or through the use of less homogenéous materials as the
experiment progresses. These are things to watch for in conducting
the experiment.

(4) Correlation among the errors.

This usually makes the treatment means leSs accurate while
at the same time, by decreasing overall combined data variance,
makes the estimates appear more accurate than usual. Hence, it
biases error estimates and impairs the t-test.

This is iargely corrected by randomization, allowing us to
treat the errors as if they were independent. For more detailed
methods, see "The Formation of the Latin Squares for use in the

Field", by F. Yates in the Empire Journal of Experimental Agri-

culture, vol. 1 (1933), PpP. 235-244.

(5) Gross Errors.

The results of this error are pretty obvious:
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(i) The between treatment variance estimates are biased;A

(ii) The standard error of the estimates will be effected.

There are several tests which can be used to determine if a
data point which appears to be an outlier is actually a gross
error or not. See the chapter on uses of covariance, or see the

article by E. S. Pearson and C. C. Sekar in Biometrika, vol. 28,

pp. 308-320.

According to W. G. Cochran (5] , "The factOrs most liable
to cause the most severe disturbances are extreme skewness, the
presence of gross errors, anamolous behavior of certain treatments
or parts of the experiment, marked departures from the additivity
relationship and changes in the error variance, either related
to the mean or to certain treatments or té parts of the experiment.
The principal methods for an improved analysis are omission of
certain observations, treatments, or replicates, subdivision
of the error variance, and transformation to another scale before
analysis.”

For a more complete coverage of difficulties and'solutions,

refer to the above reference by Cochran, or to Cochran and Cox

[6].
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Appendix B
Show that the estimate of variance based on variations among

treatment means estimates o’z/n.

2 K - .2

s_ = (X, - %..)7/(x-1)

X 1.
estimates the variance of the variable X;,6 where k is the number
of treatments. Since we assume the Xij are normally and indepen-
dently distributed with a common variance 0’2, then there is a
theorem we may apply which states that if X,, Xyr " 4 X, are
mutually independent random variables, normally distributed with

2

variances O’l, 0’22, cec, 0;12, then the random variable

Y = lel + K2X2 + "+ Kan
is normally distributed with variance Z[Kiz-O’iz].

In this case, we set '

Y =
X. /n
l.

"
,wl_\'] >

. 2
So K, = 1/n for all i, and 0';_ = 0’2 by assumption, so that
the variance of X is given by

n
.12:"(1/n)2' o? = (1/n2)-n- o? - 2/n ,

hence, s_}_2( estimates the variance o’z/n.
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Appendix C
Prove the decomposition for the sum of squares for a one-

factor design.

We use the algebraic identity

X 5 - Ro. = Xys - X3) + Xy, -%.0)

obtained by adding and subtracting X;, to the right side.

13

Squaring both sides, and then summing over i and j, we ob-

tain

RIS INER D IIRS ARLED» I SRk

1 1l

+2225457%; )& K

Note that g

%Z(Xij'ii-)(ii-"x”) = Z&; "X ?‘le"_ﬁ.)

! = 0-0
=0

since Yi- is the mean of the ith sample, and X.. is the mean of
the i sample means. Lastly, note that the second term in the
right hand side of the expanded squared value does not include
the subscript j, hence,
S3R, - %? = neX (%, - E..)
g4 Xi .o %; i. .o

and it then follows that the theorem is true.

2
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Appendix D
Mutually distinct properties of the data.

To illustrate what is meant by "mutually distinét", or
in geometric terms, "orthogonal", properties, note that in the
case of numbers arranged as they are in Table 1, if we add
an arbitrary fixed constant to each number in column one, a
different arbitrary fixed constant to each number in column
two, and so forth until we have added a différent constant to
each of the n columns, then it‘is obvious the column means will
all be altered by different amounts, according to the constant
added to the column, but the row means will all be altered by
the same amount, so the difference between any two arbitrary row
means is unchanged by the manipulations on the columns. Also,
the values suchlas (ii. - X..) and the error sum of square
differences (Xij - ii- - i_j + X..) in the two-factor case, remain
unchanged. This "unchangingness" is because the differences in

row means (or the differences among the "error" or "residual"

terms) are orthogonal, or are mutually distinct from, differences

among column means or differences of column means from the general
mean. They summarize mutually distinct properties of the numbers

involved in the analysis.
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Appendix E
Prove the decomposition for the sum of squares for a two-

factor design.

We use the identity

- X, =X L +X00) + (X, -XO+E - XL

"_§.0= > -
X (le i .3 3

1]

~obtained by adding and subtracting ii ’ i-j' and X.. to the above
left hand side to obtain the form on the right. The approach is
then essentially the same as in Appendix C. Square both sides

and sum over i and j.
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Aggendix F

Solution of normal equations for multiple regression.

The normal equations (no connection with the normal dis-
tribution) are given once again, as
2 .
by le + b, ZX1Xoy + ccc 4 bp X)X = FX 1Y

2 e o —
bl szxl + b2 sz + + bm TLXoXy = szy

. [ .

where " 3 " represents summation over all data points.

If we make two substitutions, letting

9; = Ixy

we can rewrite the above system of equations as
a13by + agpby + eer +ag by =9y
321b1 + a22b2 + e + azmbm

. . .
. ° .

amlbl + am2b2 4+ e 4+ ammbm = 9n

92

It now remains to solve for the {bj} . This can be done di-
rectly by solving the system of equations simultaneously, but as
the number of independent variables increases, this way becomes
very time consuming. An easier approach involves the use of a
matrix inversion technique.

Define the following matrices as
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ml m2 mm J
rbl 91
b2 g
B= ° G: 02
’bm‘ Im

Using matrix notation we can rewrite the system of normal

equations in the following form.

r— 2 " r . [~ 7
%, 2XyXy  ttt TXyX by b2 3%
2
L¥ Xy LEy ot Z¥oxg Py | = |Zx2¥
. L H ) : H
Lxn¥y Z¥n¥2 Y L | | Bm Z%nY |

as
A*B = G .

Since we want to solve for the {b{}, to get them by them-
selves we multiply both sides of the above equation by A'l, the
inverse of the matrix A.

Then

a7l -a.B = al.g,

and since Al . A = I, the identity matrix,
a7l .-a.-B = 1B = B,
and therefore

B = a1l .g
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Let
. r -
€11 12 77 CInm
"l o — LI ')
A = C = c21’ Cyp c%m
c c see ¢
! ml m2 mmJ
Then
r ] ‘ ® o ‘ 1 [ -‘
b, | 11 1o im | |91
b,| = B = CG = |cy Cos *** Coml||[92
meJ _cml °m2 °°° Cmm | _gmj

Since two matrices are equal only if corresponding elements are
equal, if we multiply the two matrices on the right and set the
product equal to the B matrix, we obtain

" |
b, = cx1 LX13Y5 * Oy gxzjyj B %:ijyj
i

or
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Appendix G -

Residual sum of squares derivation.

We have that

SSE = Ze2 = Z[y - gbixi] 2

1=
Expanding the right-hand side,

™m m

27 gy En] s - 2]

SSE 2y ;[bi iny + iZbi gbk inxk iny
1) €

But the values in par‘enthesis in the third term are the normal

equations, where

’é[bk' inxk} = iny

which reduces the third term to zero, leaving
m

Ze? = Zy? - Z,[bi'inY] :

o

where " 7," represents summation over all n data points of the

indicated product.
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AEEendix H

Derivation for Rz.

A -
In the regression chapter, 9 was defined as (Y - Y), the
difference between the estimated Y value and the mean.

It can be shown that

Z:;.?jz = ?(Qj - 1)2
= blz,xly + bZszy + v 4 kaxky
=R J (v - D2
= rR? 3 y2
so that
rR? = (Z23H/(zvD) .

R2 is then the ratio of deviations of the estimated Y (by
regression) from its' mean value. It is these deviations from
the mean, accounted for by regression for Y's dependence on the
Xi, which can be identified as coming from variation in the Xi'
and can be removed. Hence, R2 represents the variation in Y ac-
counted for by regression, over the total amount of variation,

yielding the proportion of variation in ¥ due to variation in

the Xi, upon which it is dependent.
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Append ix I

The computer program listing follows.
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Gf!'teOOQ!l!¢!|.Qosoiol.0!Ql'.Oe'I‘:pco't!Qazﬁniyqelio!!!tttgsl

COMMAND FILE COV,GMD, CONTAINING THE NAMES OF THE
MAIN PROGRAM AND ALL SUBPROGRAMS NECESSARY FOR EX=
ECUTION OF THE ANALYSIS OF COVARIANCE PROGRAM
PACKAGE,

L R R I R I I I I I I R O O R R I I I N R A O I I I N I B S A R N A A N LN IR

cOV,F4
CORRE,F4
DATAF4
AVYDAT.F4
AVCAL.F4
MEAN,F4
SUBT,F4
ORDER,F4
INVERT,F4
PIVOT,F4
RONORM,F4
MULTR,F4
COVAR,F4
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WD E LT LY R Y DAY TR Y T Y

THE MAIN PROGRAM FOR THE ANALYSIS OF COVARIANCE

SUBPROGRAMS REQUIREDS

CORRE SUBT AVCAL AVDAT
PIVOT MEAN DATA RON
COVAR ORDER MULTR INFERT

WA RGN B B RO R BGPTSR EIL R DGR BB TS FUDIRR B RFR LR BS GRS S

THE FOLLOGING DIMENSIONS MUST BE GREATER THAN OR EQUAL
TO THE NUMBER OF FACTORS

Y 1S THE VARIATE, DIMENSIONED FOR THE CUMULATIVE PRO-
UCT oF EACH FACTOR PLUS ONE,(LEVEL(I)Y+4), X(I,J) IS
THE COVARIATE, DIMENSIONED WITH [=NUMBER QF COVARIATES
AND JsSAME AS DIMENSION FOR Y

THE FOLLOWING DIMENSIONS ARE EITHER FOR K, THE NUMBER
FACTORS, OR 2 TD THE K~TH POWER MINUS 4, ((2##K)=1),

STIOOOOOOOOOOQOOOOO OO0 00

DIMENSION Y(128),X(5,1088),HEAD(5)LEVEL(5), ISTEP(5),KOUNT(5),

1LASTS(5) ,SMEAN(5), XBAR(6) ,NDF2(5),UF(5),8X(35),

28TDCE7)4DC6)RY(H) ) BLA), TCOHYRX(4B)I,R{40),XSSEC(3D),XYSSE(3Q),

3sUMSAX(30,32) ,gUMXY(38,32),8UMSR(32),NDF (62,
AXFPE(32,5) XYFPEC38,5),YFPE(6)»R2(5),DF(5),AFSSE(B)+F(5),

5PR1(3)
WRITE(4,1)
c
C IN AND QUT DEVICES, IN THAT ORDER,ENTERED BY TELETYPE,
¢ THE oUT DEVICE RECEIVES IN~-PROGRESS MESSAGES
¢ THE IN DEVICE TELLS PROGRAM WHERE TQ READ DATA
G M1 - IN DEVICE NUMBER
¢ MO -~ QUT DEVICE '
1 FPORMAT(26H ENTER I1/0 DEVICE NUMBERS:S$)
READC4,2IMI,M0
: 2 FORMAT(2G)

c.l.!'?iﬁ!!t”q!QQB"Qg~¢I"OQ?",.lQ.Q9l‘.Q’!'RII"QQ’O;Q.!QQI'»Q!
REAQ(MI,3) PRL,N/M,NS,KF,KC

PROBLEM PARAMETER CARDS
PR1....,PROBLEM NAME OR NUMBER
N.vvso. NUMBER OF PIECES OF DATA (Y)

NS.uves NUMBER OF PROBLEMS ENTERED ON DATA FILE
KCuvars NUMBER OF COVARIATES

s NeleoRsReReReRs e 3

Miveovas o NUMBER OF VARIABLES (VARIATE PLUS CQVARIATES)

125
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IF(NS)128,108,109
108 WRITE(MO,4)
4 FQRMAT(SiH NUMBER OF SELECTIONS NOT SPECIFIED, JOB TERMINATED)

GO TO 520
199 DO 202 T1=z1.NS
READ(MI,B) C(HEADCD) W LEVEL () ) s d=1 KF)

HEAD,,,.FACTOR NAMES DR LABELS
LEVEL,..NUMBER OF LEVELS FOR FACTOR J

LR A N N I 2N NN B BN B N N I I SR I T R B A Y R A I R R R BN I I S TN N N S S SO S I DAY B R BN I R )

3 FORMAT(3A2,5G)
READ ALL DATA AND CALCULATE TOTAL SUMS OF SQUARES

O DI 0

CALL CORRE(N,M,RX,R;B,D.T,MI)
REWIND 45
DO 118 Jui.M
LEJr (MaMaM)
112 RY(J)=RX(L)
KC2#(KC#1 ) #(KCw1)
B FORMAT(AZ, 1)

BEGIN CREATION OF OuTPuT FILE FOR16.DAT

£330y

WRITEC16,6)PR1

6 FORMAT(//12H+++PROBLEM: ,342)
WRITE(16,17)INS

17  FORMAT(//2X,42H SELECTION: ,13)
WRITE(16,7)((HEAD(I)+LEVEL(I)) 1=1,KF)

7 FORMAT(/2X,9H FACTORt ,A3,5X,7HLEVELS:,]3)

N=LEVEL (1)
Do 1@2 JQQ:KF

182  N=NeLEVEL(J)

c

c REREAD DATA IN VARIATE,COVARIATE ARRAYS Y(N),X{KC,N)
00 403 K=1,N

c

48 READIL5,8)(X(J,K)»Jed,KE), Y (K)
8  FORMAT(6F8,2)

CALL AVDAT(KF,KC:LEVEL,N, ¥, X, L. ISTEP,KOUNT)

CALL AVCAL(KF,KC,LEVEL,Y,X,L,ISTEP,LASTS)

CALL MEAN(KF,KC,LEVEL,Y X, GMEAN, SUMSQ, NDF, SMEAN,MSTEP, KOQUNT,

1 LASTS,SUMSQX,SUMXY)

CALL SUBT(N RX,RY, KF 1 KC: XSSE, XYSSE , YSSE, SUMSQX, SUMXY ., SUMSQ,

1 NEDF ,NDF,XFPE.XYFPE2YFPE)

KCiEKL*l

NEY,

IF(KC=4)78,71.70
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c ANALYSIS FOR SINGLE COVARIATE PROBLEMS

74 DO 72 J=1,KC
RE= (XYSSE(J)aXYSSE(J)I/XSSE(Y)
, WRITE(416,158)RE
158 FORMAT(//36H ADJUSTMENT FOR ERROR SUM OF SQUARES//gG)
72 ASSE=YSSE-~RE
WRITE(16,156)
156 FORMAT(//30M ADJUSTMENT(S) FOR FACTOR PLUS/22H ERROR SUMS
1 OF SQUARES//)
DO 73 U=t ,KF
RM2 (XYFPE (1, J)#XYFPE(L,J) ) AXFPE (1, J)
HRITE(16,57)HEAD(J) ) RM
AFSSE(J)sYFPE(J)=RM
SX(J)sXSSE(J)
EDF=NEDF
DFCJ) =NDF ()
FOJIR((AFSSE(J)~ASSEI/DF (J) )/ (ASSE/EDF)
GO TO 19

ANALYSIS FOR MULTIPLE COvARIANCE PROBLEMS

~3
(]

L] ] ] . . (] ¢ * . L] * L ] * s t L] *

REARRANGE ERROR SUMS OF SQUARES ARRAYS
DO 201 Ksi.KC
JKEKCHKE+KO+K
XSSE(JKIsXYSSE(K)
wWE e (KO+q)
XSSE(J)aXYSSE(K)
221 CONTINUE

Ks(Kg+1)#(Ko+1)

XSSE(K)=YSSE

DO 2082 Js1.K
202 SX(J)=XSSE(J)

QOO0

~5
=

¢
c CALCULATE CORRELATION COEFFICIENTS FOR
¢ ERROR SUMS OF SQUARES
¢
KK=0
JKeg '
D0 220 Js1.,KC1
JKEJKAKKaKC, +1
STD(J,7)sSQRT(ABS(XSSE(WKI))
KK=1
220 CONTINUE
Kk=2

DO 239 J=1,KC1
00 2372 KaJ.KC1
WKad+ (KaKnK) /2
LaKCi#(Km)+J
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230n

{0

329

o0

329

330
28p
335

¢
¢
¢

340

111
9

112
35

XSSE(JK)EXSSE(L)/Z(STO(J,7)#STD(K, 7))
CONTINUE

REARRANGE FACTOR PLUS ERRDR SUM OF SGUARES ARRAYS
DO 280 L=1.KF

NELY

DO 320 Key.KO
JKeKCoKCHKO+K
XFPE(JK, LY =XYFPE(K,L)
JEJHKCL

XFPECJ LY=XYFPE(K, L)
CONTINUE

K=KC1LaKCY
AFPE(K,L)eYFPE (L)

CALCULATE CORRELATION COEFFICIENTS FOR
FACTOR PLUS ERROR SUMS OF SQUARES

KK=g

K= g

D0 328 Ja1.KCq

JKEJK+KK KT +1

STDCJ L) gSART(ABS(XFPE(JIK, L))
KKs4

CONTINUE

DO 338 J=s1.KC1

DO 338 KeJds KC1

WKEJ+ (KK=K) /2

L1sKCen(Kr1 )+

KFPECJK L) sXFPECLL, LIZ(STD(J, L) #STO(K, L))
CONTINUE

CONTINUE

M=KCYq

NDER=K(CY

K=KC

L= (M#(Mbq4)) /0

CALCULATE MULTIPLE CORRELATION COEFFICIENT FOR ERROR

DO 340 Jsi,L

R(J)=XSSE(J)

CALL ORDER(M,R,NDEP,K,RX,RY)

CALL INVERT(RX,KC,KC,DET)

IF(DET) 112,111,112

WRITE(MO,9) |

FORMAT (4gH MATRIX SINGULAR, TKIS SELECTION SKIPPED)
G0 TO 209

CALL MULTRCN,K,RX,RY RM)

WRITE(16,55)RM

FORMAT(//33H MULTIPLE GORRELATION CREFFICIENT /26K

128
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56

335

113
57
550

OO0

[+ ReREe]

19
66

4]

1FOR ERROR SUMS OF SQUARES// 418X,6)

RE2=RM

HRITE(16,56)

FORMAT(//38H MULTIpLE CORRELATION CQEFFICIENTS FOR/
134H FACTOR PLUS ERRQR SUMS OF SQUARES//)

PO 352 Jmq1,KF

MeKC1

NDEP=K(1

Lz (M#(Meq))/2

CALCULATE MULTIPLE CORRELATION COEFFIDIENT
BOR FACTOR PLUS ERROR SUMS

DO 355 Ksq,1L

RCKY=XFRE(K, J)

CALL ORDER(M,R,NDEP,KC,RX,RY)}
CALL INVERT(RX,KC,KC,DET)
IF(DET) 113,111,113

cALL MULTR(N,Kg,»RX,RY,RM)
HRITE(16,57)HEAR(J) ) RM

FORMAT (2X,A3,8H + ERROR,G/)
R2(J)=RM

CONTINUE

CALCULATE ADJUSTED SUMS OF SQUARES
CALL COVAR(ASSE,YSSE,AFSSE,YFPE,NEDF,NDF,VAR,F,RE2,R2,KF)
PRINT QUTPUT ON OUTPUT FILE FOR16,DAT

WRITE(16,66) ,
FORMAT(/I’QQQQQ’O!'Q!!I!0’0"44!’99!QCQ"!Q‘R"Q'OQ."“"
Lt nnonvannnnnronnnones'//728%X,30H UNADJUSTED VARIATION
SANALYSLIS)

WRITE(416,222)

FORMAT(//10RH SOURCE OF,18X,7HSUMS OF , 10X, 1@HDEGREES OF,9X, 4HMEAN/
142H VARIATION, 18X, 7HSQUARES, 11X, 7HFREEDOM, 12X 7HSQUARES/)

222 FORMAT(//1gH SOURCE OF,8X,7HSUMS QF,8X,1aHDEGREES OF ,gX.

640
21

29
28

14HMEAN, 9X, 1HF/18H VARTATION,8X:7HSQUARES, 9X, 7HFREEDOM,
RIXyTHSQUARES »BX 2 6HVALUES/)
NEFENEDF#KC
EMEAN=YSSE/FLOAT(NER)
00 6g@ Jsi,KF
UF(J)=SMEAN(J) /EMEAN
WRITE(16,21) HEAD(J) »SUMSQ(J) ,NDF (), SMEANCY) , UP L))
FORMAT(2X,A3,4X:F20.:5,5X,16,F20.5,F14,3)
WRITE(16,29) YSSE,NEF ,EMEAN
FORMAT(2X,5HERROR,FL19.5+5%,16,F208,5)
WRITE(16,64)
FORMAT(//4.2H SOURCE OF,18X,13HADJUSTED SUMS,11X,10HDEGREES
1 OF/4@H VARIATION,11X,11HOF SQUARES,13X,7HFREEDOM/)
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64

Loevonvanansnanseneassa!//24%,280 ADJUSTED VARIATION ANALYSIS)

67
22

24
610
23
68

691
32

31
61
2

62

63

81
1~

69

208

520

WRITE(416,67)
WRITE(146,28)
FGRMAT(//,lao‘nl'i."!tﬂ"QQQlQQO?'l!'Q’ll!IR’.'Q'!O""Q'

FORMAT (//39H ADJUSTED (FACTOR PLUS ERRQR) VARIATION)

FORMAT(//12H SOURCE OF,1¢X,43KADJUSTED SUMS, 11x,19Hm£GREEs
1 OF,19X,1HF/1gH VARIATION, 11X»i1HOF SOUARES, 13X s 7HFREEDOM

12X, 6HYALUES/Z)
0o 61@ vEL1, KF
NOF2¢Jy=sNDF (J)Y+NEDF
WRITE(416,23)HEADCJ) yAFSSE(U) ,NDF2C)
FORMAT(1X,A3,8H + ERRQR,F19.5,12X,16,F20,5)
WRITE(16,68)
FORMAT(////726H ADJUSTED FACTOR VARIATION)
WRITE(16,22)
DO 604 JriKF
AFSSE(J)=AFSSE(J)»ASSE

WRITE (16,32 HEADCJ) JAFSSE () NDF O F L)
FORMAT(2X,A3,6X 1 F208,:5,12X,16,F21.5)
WRITE(16,31)ASSE,NEDF
FORMAT (2X,5HERROR,4X,F208,5,12X,16)
WRITE(46, 61) N ‘
FORMAT(/ /7 ) mmmm e s e o e o e 0 o R R kel
~-~-n--~-—~a~-i-—~--—-~~'//15x 39HSXGNIFICANLE QF VARIATI
ON OF COVARIATES)
JK=0
KK=z@
JT=@
DO 69 J=1.KC
WRITE(16,62)d
FORMATC¢////18H COVARIATE, 13/}
WRITE(16,222)

KR JKeKKsKCL+1
JTaJT+KKaKC+1
DO 63 K=1,KF
XMEAN=SUMSOX(JTK)/NDF (K)
FXaXMEANA(SX (JK)/FLOATINEF)) ,
WRITE(416,210)HEAD(K) ) SUMSOX(JT,K) +NOF LK) » XMEANFX
XEMEAN=SX(JK) AFLOAT(NER)
WRITE(16,29)8X (JK) #NEF,XEMEAN
KK=1
WRITE (16,81) ,
FﬂRMAT(///’ -n:~~~7~~-~w-:; ~~~~~ T e o T e e
CONTINUE

CONTINUE

STOP
END

134
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SUBROUTINE CORRE(N,M,RX.R,B,D,T,MI)

PURPOSES: COMPUTES SUMS OF SQUARES AND CROSS PRODUCTS
FOR VARIATE AND COVARIATES,

NEW PARAMETERSH

N ~NUMBER OF OBSERVATIONS

M ~NUMBER OF VARIABLES

RX ~OUTPUT MATRIX (M X M) CONTAINING SUMS OF
SOQUARES AND CROSS PRQDUCTS

R ~INTERNAL WORKING ARRAY

B,D,T EWQRKING VECTORS, LENGTH M

M1 =INPUT DEVICE NUMBER (FOR SUBRQUTINE DATA)

SUBPROGRAMS REQUIRED!
SUBROUTINE DATA(M,D,MI)

[ I A A A NN A R I A B S N N A R A N I DA L BN B B R SR R I B A B NN R BN R B R A )

DIMENSION RX(4@),R(48),D(6),T(6),B(86)
INITIALIZATION

DO 122 Jsi.M
B(J)=2,0
12g T(J)=2.,¢
Ke((M#M)sM) /2
DO 122 l=z1.K
122 R(l)=0.8

FNaN
=g

READ M OBSERVATIONS AND CALCULATE TEMPORARY
MEANS IN T(J)

000

IF(N~-M) 130,132,135
132 KKsN
GO TO 437
135  KK=aM
137 DO 148 l=1.KK
CALL DATA(M,D,MD)
D0 142 J=1l.M
T =TCII+D L)
L=l
140 RX(L)=D(J)
FKK2KK
0Q 458 JziM

131
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158 T(J)=T(JI/FKK

CALCULATE SUMS OF CROSS PRODUCTS OF DEVIATIONS FROM
TEMPORARY MEANS FOR M OBSERVATIONS

L=0
DO 1879 Is1.M
JK=E
00 172 J=i,M
Lal+l

178 DOJYsRYUL)=T ()
DO 188 Jei.M
BOCJI=R(J) DY)
DO 1872 Ksi,J
JKEJK# 1

180 ROJKIsROJKI4DCJ) #D(K)

IF(N-KK) 205,205,185

READ REMAINING OBSERVATIONS AND CALCULATE SUMS
OF CRQSS PRODUCTS OF DEVIATIONS

185  KKsN=KK
DO 202 l=1.KK
WK=d
CALL DATA(M,D,MD)
PO 192 JsiM
D)= =T (L)
192 B(J)=B()+D(U)
DO 2¢0 JﬂioM

D0 222 K=i.,J
JKRJKAq
202 ROJKIsR{JKI+DOII#DIK)
205  JK=g¢
c SUBTRACT CORRECTION FACTOR SyMS
c
DO 218 J=q4 .M
D0 218 Ks=s1.Jd
JKEJK+q . v
242 ROJKIsR{JK)=B(JI#B(KI/FN
g STORE CROSS PRODUCTS (AND PRODUCTS) IN RX ARRAY(M X M)
C

DO 230 Js1.M
DO 232 Ksd,M
JKEJ* (KaKnK) /2
LeMal{ jml )oK
RX(LY=REJK)
LEM&(K=1)+d
230 RX(L)=R({JK)
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RETURN
END
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SUBROUTINE DATA(M,D,MID

¢
¢ PURPOSEt READ AN OBSERVATION (VARIATE AND CORRESPOND~
C ING COVARIATES = M VALUES) FROM THE INPUT DEVICE,
c CALLED BY SUBROUTINE CORRE.
e
c 5
c SUBPROGRAMS REQUIREDE NONE
c
C
c PARAMETERS!
C
¢ M ~-NUMBER QF VARIABLES IN AN OBSERVATION
c D ~QUTPUT VECTOR OF LENGTH M CONTAINING THE
c OBSERVATION VALUES
C M1 ~INPUT DEVICE NUMBER
C
QQ!"O#‘!OQ!‘#QuQQ;;.!'!lll0"Ovv‘otl't*#!#.'d%!'aa&'!OQ!I!'Q'-‘!O
"
DIMENSION D(6)

1 FORMAT(4G)
. READIMILL) (D(1),1=1,M)
c OBSERVATION WRITTEN ON DISK FILE 15 70 BE REREAD LATER
G

WRITE({8,2)(D01), 151, M)
2  FORMAT(6FB8.2)

RETURN

END

134



T-1582 138

SUBROUTINE AVDAT(KF KC,LEVEL,N,Y X, Lo ISTEP,KOUNT)

PURPOSE: To SPACE DATA IN THE ARRAYS ACCORDING TO
FACTOR AND LEVEL CLASSIFICATION

NEW PARAMETERS
L ~COUNTING VARTABLE(DATA?
ISTEP =COUNTING VARIABLE(FACTORS)
KOUNT  ~COUNTING VARIABLE(LEVELS)

L I A I B R A O O A Y A B R I A O N A O B T O R N A N B O I I B A O O N I I DI DO O B

DIMENSION LEVEL(5),Y(100),X(5,128),]STEP(5),KOUNT(5)
M=EVEL (1) +1
DO 105 1=22,KF
185  HM=Ma(LEVEL(I)+1)

C CALCULATE THE TOTAL AREA REQUIRED FOR SPACED DATA

QOOOOOQOOoaOnaoa

NisM#+q

N2zaN+y

DO 1@7 l=z2q,N

N1izNg=yq

N2aNQ~yq

Y(N{L)Y=Y(N2)

00 186 Jri,KC
186 XCJ,N1y=X(.J,N2)
127 CONTINUE

COMPUTE COUNTING VARIABLES

(¢ R e Re]

ISTEP(1) =y
DO 112 1=2,KF

11 ISTEP(I)RISTER([=1)#(LEVEL(I=12+1)
D0 115 Isil,KF

115 KOUNT(I)si

c
c SPACE DATA
¢
N1ieNgmg
DO 435 I=1.N
L=KOUNT(1)

DO 124 J=z2.KF
12 L=L+ISTER(J) #(KOQUNT(J)~1)
NisNi+4
Y(L)=Y(NL)
DO 121 Jul.KC
124 XCJdebd=X(JaN1)
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g INCREMENT COUNTERS

DO 138 Je1.KF o
IF(KQUNT ¢ =LEVELCU) ) 124,428,124
124 KOUNT(J)sKOUNT(J)*1
GO TO 435
125 KOUNT( ) =1
130 CONTINUE
135 CONTINUE
RETURN
END
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SUBROUTINE AVCAL(KF,KC,LEVEL,Y XsL,ISTEP,LASTS)

c
¢ PURPQSE! CALCULATE GROUP SUMS OF SQUARES FOR VARIATE
C AND COVARIATES FOR COMBINATION INTO FACTOR BUMS OF
c SQUARES IN SUBRQUTINE MEAN,
¢
G
€
c NEW PARAMETERSS
e
C LASTS ~IDENTIFIES THE LAST DATA POSITION FOR
c EACH FACTOR
¢
C!lslanklln,a'nc.tvaoll&’!!!q!’!OQOQOQ?Q'QQ,Q'!9"09"0.‘!!09!"
¢
DIMENSION LEVEL(5),Y(180),X(5,102),1STEP(5),LASTS(5),SUMX(5)
KT=d,
LASTS(1)al+1
C.
g CALCULATE THE LAST DATA POSITION FOR EACH FACTOR

DO 4145 1s2,KF
148  LASTS(1)sLASTS(I~1)4ISTER(I)
188 DO 175 [=1,KF

L=l

LL=1

SUM=g,¢

D0 149 JU=4,KC
149 SUMX(J)Yy=0.0

NN=LEVELC(I)

FN=aMNN

INCRE=1STEP(1)

LAST=LASTS (1)

COMPUTE SUMMATIONS OF DATA

e R ey

155 DO 168 J=s1.NN
SUMaSUM+Y (L)
D0 188 MN=1,KC

486  SUMXIMN) sSUMX(MN)+X(MN, L)
LalL+INCRE

16@ CONTINUE
Y )=8uM
DO 4157 MN=1,KC

187  X{MN,L)sBUMX{MN)

COMPUTE CORRECTION FACTOR SUMMATIONS

D00

DO 4165 J=1,NN
Y(LL)=FNaY(LL)-SUM
RO 141 MNel,KC
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164 XIMNLLLYSFN#X(MN,LL) =SUMX (HMN)
RESET SUM VARIABLES AND INCREMENT COUNTERS

3 Cx O

165 LL=LL#*INCRE
SUM&@:@
D0 166 MN=zq,KC
166  SUMX(MNY=E,.2
IF(L”LAST) 167,175,175
167 IF(L-LAST+INCRE) 168,168,178
168 L=L+]INCRE
LLzLL+INCRE
GO TO 155
179 L=L+INCRE#1~LAST
LLelLLAINCRE+1~LAST
GO TO 455
175 CONTINUE
RETURN
END



SUBRQUTINE MEAN(KF,KC,LEVEL,Y,X,GMEAN, SUMSQ,NDF, SMEAN,
IMSTEP,KOUNT,LASTS, SUMSQX, SUMXY)

PURPQSE: COMBINE DATA SUMMATICNS FOR RUMS QF BQUARES
AND MEAN SQUARES FOR EACH FACTOR

NEW PARAMETERS!
MSTEP ~-COUNTING VARIABLE
SUMSQ -8UMS OF SQUARES FOR VARIATE
SUMSAX  ~SUMS OF SQUARES FOR COVARIATE
SUMXY ~SUMS OF SQUARES FOR VARIATE/COVARIATE PROD,
NDF ~DEGREES OF FREEDOM

I R I R R N N L TN B A R B RS B S N S N B Y Y B B N S BN B B S L A

DIMENSION LEVEL(5),Y(100),X(5,1208),SUM8Q(32) NDF(6),SMEAN(5),
1KOUNT(5),LASTS(5),SUMSOX(3g,32),8UMXY(30,32),MSTEP(R)

Cr T30

CALCULATE TOTAL NUMBER OF DATA OBSERVATIOQNS

N=LEVEL(3)
DO 15¢ I=2,KF
152  N=N#LEVEL(])

COMPUTE COUNTERS AND CLEAR ARRAYS FOR STORAGE
OF SUMS OF SQUARES

(SRR SR ]

LASTS({)Y=LEVEL (1)
DO 178 l=2,KF

178 LASTS(I)sLEVEL(I)+1
NNzg
LLE({26#KF) -1
MSTEP(1)mr1
DO 4182 [=2,KF

180 MSTEP(1)sMSTEP(I~1)%2
KC2=KCaKE
PO 185 Isdi.LL
SUMSQ(1)=4.0
D0 184 Jsi,KC2

184 BUMSQAX(J,1)=0.0

185 CONTINUE

c CALCULATE FACTOR SUMS OF SQUARES

DO 190 la4.KF
192 KOUNT(1)=@
282 L=0

KL.5@

DO 260 Isi,kF

139



T-1582 140

IF(KQUNT(I)=LASTS(1)) 218,250,210

21 IF(L) 220,228,248

220 KOUNT(I)sKOUNT(I)+1
IF(KQUNT( D)~ EVEL (1)) 238,230,250

233 L=L#MSTEP(I)

GO TO 268

240 IF(KQUNT(I)=LEVEL(I)) 232,260,230

250 KOUNT(1)e@

260 CONTINUE
IFCL) 285,285,270

27@ DD 271 IGl)KF
IF(LJEQ.MSTEP (1) )KL=KL+1

274 CONTINUE )

IF(KL=1) 273,272:273

272 JJ=1 .
SUMSQ(L)sSUMSQ(LI+Y{NN)#Y (NN)

WKzl
2@

274  Jl=Jl+i _ .
SUMSAX(JL L) =SUMSAX UL, L) # X (JJ o NN # X JK, NN)
NNENNLE] .
IF(JI=KCY274,274,276

276 JJ=i )
IFCJK=K)278,277.277

278 JKsJK#1
GO TO 274

277 D0 280 J=i.KC ,

280  SUMXY(J,L)=SUMXY (Jab)#XCJ,NNI#Y (NN)

273  NNshNNei

GO TO 280
¥ CALCULATE THE GRAND OVERALL MEAN
285 FN=N
GMEAN=Y(NN) /FN
~
c CALCULATE DEGREES OF FREEDOM (LEVELS = 1) FOR
¢ EACH FACTOR
G

DO 342 1=m2.KF
3140 MSTERP(1)=0
NN=g
MN=1
MSTEP(1)=1
I2g Nbhi=1
Np2=1 ‘
DO 342 l=1.kF
IF(MSTER(L)) 338,340,332
337 ND1sND1eLEVEL(D)
ND2aND2w(LEVEL(])-1)
340 CONTINUE
FNL=ND1
FN1=sFN#FN1
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FN2=NDp
NN=NN+1
SUMSQ(NN)=SUMSQIMNI/FN1
NDF(NN)=sND2
SMEAN(NN}=SUMSQ(NNI/FN2
DO 342 J=1.KE2

J4p  SUMSQX(J,NN)y=SUMSAX (., MN)/FN1
DO 343 Jsi,KC

343 SUMXY(J,NN)=SUMXY (JyMNY/FNy
MNaMN#2
IF(NN-KF) 345,370,378

INCREMENT COUNTERS FOR WEXT FACTOR

345 D0 362 Iri.KF.
IF(MSTEP(1)) 347,350,347
347 MSTEP(1)=0
GO TO 368
350 MSTEP(1)=1
GQ TQ 365
360  CONTINUE
365 MSUM=g
00 366 I=1,KF
366 MSUMsMSUMAMSTEPR(])
IF(MSUM~1) 345,320,345
372 RETURN
END

eReRe]
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SUBROUTINE SUBT(N,RX4RY,KF,KC,XSSE,XYSSE,YSSE,SUMSQAX,
1SUMXY, SUMSQ, NEQF . NOF . XFPE, XYFPE, YFPE)

"
c PURPOSE: To CALCULATE THE ERRQOR SUMS OF SQUARES LINE
C AND THE [FACTOR PLUS ERRORJ SUMS OF SQUARES LINE FOR
¢ THE ANCOVA TABLE
¢
C
€
¢
¢ NEW PARAMETERS:
C XS8E,XYSSE,YSSE ~ERROR SUMS OF SGQUARES FOR COVARIATES,
¢ CROSS PRODUCTS, AND VARIATE, RESPECTIVELY
C XFPE,XYFPE,YFPE ~LFACTOR PLUS ERRQR] SUMS OF SQUARES
¢ NEDF -ERROR DEGREES OF FREEDOM
C
coiol@ld&»!cvalti!oolcl.'fnk!,ﬂ**'!!!ci‘gv!!'Qﬂnnclfoa"ﬁﬂ!al!*'ﬂ‘ﬂ
c
DIMENSION RX(4@),RY(6) ,XSSE(30),XYSSE(30),SUMSAX(3B,32),
1SUMXY(32,32),SUMSR(32),NDF(6), XFPE(30,5) . XYFPE(30,5)YFPE(g)
L=0
»
¢ INTIALIZE ERROR 8,8, AS 710TAL S,S, BEFORE SUBTRACTION
¢
DO 3 Jzg,KC
D0 2 I=4,KC
L=l+g
2 XSSE(L)y=RX(L)
Lablag,
I  CONTINUE
M=2
L=0
C .
" COMPUTE ERRQR SUMS QF SQUARES
e
DQ 7 I?irKC
DO 6 J=my,KC
MaMadq
L=l +q
e 8 K%l:KF
5  XSSE(L)=XSSEL(L)-SUMSAX(M,K)
6 CONTINUE
Lalwl
7 CONTINUE

DO 18 I1=s1.KC
1¢  XYSSE(I)=RY(I)
D0 15 1=1,KC
DO 15 Js1,KF
18  XYSSE(1)=XYSSE(I)-SUMXY(I,.)
KCLzKC+14 ,
YSSE=RY(KC1)

142
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DO 42 I=4,KF
479 YSSE=YSSE=SUMSG(I)

C CALCULATE ERROR DEGREES OF FREEDOM

NEDF=aN~q
DO BY l=1,KF
5¢ NEDF=NEDF-NDF(I)
NEDF=NERF-K(C
Mzg
L=0

CALCULATE FACTOR PLUS ERROR SUMS OF SQUARES

DO 60 1=4,KF
00 56 Jmq,KC
DO BB Ke=4q,KC
MaM#q
Leli+y
55 XFPE(M, 1) aXSSE(M)«SUMSQX(L, 1)
MeM4eq
56 CONTINUE
M=
L=8
6@ CONTINUE
DO 78 J=1,KF
DO 65 K=1,KC
65 XYFPE(K,J)=XYSSE(K)#»SUMXY (K, J)
7¢  CONTINUE
DO 85 I=qi,KF
85 YFPE(I)aYSSE+SUMSQ(])
RETURN
END
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SUBRQUTINE ORDER(M,R,NDEP,K,RX,RY)

¢
C PURPQSEY REORDER CORRELATION COEFFICIENTS TQ FORM
c MATRIX OF INTERCORRELATIONS AMONG COVARIATES AND
e A VECTOR OF INTERCORRELATIONS BETWEEN COVARIATES
g AND THE VARIATE, ( RX AND RY RESPECTIVELY)?,
G
c
c NEW PARAMETERS!
€ R ~INPUT MATRIX OF CORRELATION COEFFICIENTS,
C STORED AS A ONE-DIMENSIONAL ARRAY
c RX ~0UTPUT MATRIX (KC X KC) OF INTERCORRELATIONS
¢ OF COVARJATES
C RY =QUTPUT VECTOR (LENGTH KC) OF INTERCORRELATIONS
e OF VARIATE AND COVARIATES
g NDEP ~POSITION OF VARIATE IN OBSERVATION DATA ROUS
cnlon#ingqeaoaanqc-o.cQ'otnwp»caocupvovvto9-9!v!aoatntooﬁoﬁlf'~
c
DIMENSION R(42),RX(42),RY(6)
MMz
DO 438 Jri.K
L=J+ (NDEP#NDEP-NDEP}/2
¢
g RELOCATE COVARIATE/VARIATE INTERCORRELATION

125 RY(J)=R(L)
DO 438 l=1.K
IFCI~Jd) 127,127,128
127 L=l+lldoded)/2
GO TO 129
128 L=Jd#(Isln~1) /2
129 MM=MM+q

RELOCATE COVARIATE INTERCORRELATIONS
130 RX(MM)=zR(L)

RETURN
END

[ RwT el
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SUBRQUTINE INVERT(A,N,MsDET)

PURPOSE: INVERT A SQUARE (OR RECTANGULAR, IF THE
NUMBER OF COLUMNS NOT LESS THAN THE NUMBER QF ROWS)

MATRIX,
PARAMETERS!
A ~INPUT MATRIX TQ BE INVERTED
ouUTPUT RESULTING INVERTED MATRIX
N ~INPUT. ~ NUMBER OF ROWS IN MATRIX
M ~INPUT NUMBER OF COLUMNS IN MATRIX

DET -QUTPUT DETERMINANT CF FIRST N ROWS

SUBPROGRAMS REQUIREDY
SUBRQUTINE PIVOT
FUNCTION RONORM

N .
L R B AR N B I S B A S S s S B R N NN BN N B S A S B IR E N K NN N A 2R B R N B N I I I I IR R B A

DIMENSION A(N,M),S(58)
INTEGER R{(s52),c(52)
DATA TolL/o.oo01/

DET=1,

START INVERSION PROCESS FOR N CYCLES

LSRR

B0 48 K=si.N
TEST=2,

Do 32 x:lzN
RO 2@ J=1,N

BEGIN SEARCH FOR PIVOT ELEMENT

(O RSE &)

IF(K,EQ,43G0 To 15
DO 10 Ls=1,K~q
IFCILEQ.R(LYIGO TO 32

18 IF(J.En.C(L)IGD TO 28

15 I1F(ABS(A(l,J)) . LE.TEST)GO TO 20
R(K)=]
C(KY=J
TEST=ABS(A(1,J))

2 CONTINUE

30 CONTINUE
IF(TEST/RONORMCAN, M), GT,.TOLMGO TO 35
DET=6,
RETURN

38 DET=DET#A(R(K),L(K))

49 CALL PIVOTC(A,N,M,R(K),C(K))
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ey

5¢
69

78
8o
ga

122

oI O

AFTER INVERSION IS COMPLETE, UNSCRAMBLE THE ARRAY

D0 62 Jmq,h
DO 5@ 1=4,N '
S(CLINy=A(R(T) ,J)
00 68 1=1,N

AT =S

DO 78 U=

D0 188 Js
IF(SCJ) GE,
TEST=S(1])
S(IYy=5¢J)
S(J)=TESYT
INT2INT+1
CONTINUE

(1)IGO TO 19¢

SET SIGN ON DETERMINANT

IFCINT/262.NE. INTIDETS-DET
RETURN
END

146



T-1582 147

SUBROUTINE PIVOT(A,M)N,R, )

PURPQSE: PERFORMS ONE STANDARD PIVOT OQPERATION IN
PLACE FOR EACH ENTRY INTO THE ROUTINE(MATH PROGRAM

LIBRARY MAs@Z6)

PARAMETERS

A ~INPUT  MATRIX To BE PIVOTED

QUTPUT PIVOTED MATRIX
~INPUT  NUMBER OF ROWS IN MATRIX
N =INPUT  NUMBER OF COLUMNS IN MATRIX
~INPUT  ROW INDEX OF PIVOT ELEMENT
~INPUT  COLUMN INDEX OF PIVOT ELEMENT

=

L i

R A A T R A A A ST B AT I T B AL N A I B A A A S S A AN B I 2 D N O Iy B IO B B BN N B TN S S AN N

DIMENSION A(M,N)
INTEGER R, C
ALR,CI=1,/A(R,C?
D0 10 J=1,N
10 TFCJONECIACR, JIFA(REJI®A(R, )
DO 32 1=q,M
IFCTLEQ.RIGO TO 3@
DO 29 Jsi,N
e IFCJLNECIACT,JI=ALT ) =ACT, CIRAIR, )
3¢ CONTINUE
DO 44 121.M
42 IFCT NERIACIC)==Al]C)2A(R,C)
RETURN
END

OQOUOOO0OOOODDO0OODOOOoO0
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QOO aana

ie

2e

FUNCTION RONORMEA M, N

PURPOSE; SELECTS THE ROW NORM BY ADDING ABSOLUTE
VALUES OF THE ELEMENTS IN EACH ROW AND SELECTING

THE LARGEST QF THESE VALUES FOR THE ROW NORM VALVE.

EMPLOYED IN SUBRQUTINE INVERT,

DIMENSION A(M, N}
RONORM=82,

COMPUTE M SUMS BY ROW QF ROW ELEMENTS

DO 28 1=4.M

SUMep

D0 18 Jsq,N _
SUMaSUM»ABS(A(T,4J))

STORE LARGEST ABSOQLUTE SUM TQ THIS POINT IN RONORM
JF(SUM,GT.RONORMIRONORM=SUM

RETURN
END

148
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SUBROUTINE MULTR(N,K,RX,RY,RM)

PURPOSES CALCULATE THE MULTIPLE CORRELATION COEFFI=-
CIENT SQUARED USING INPUT MATRIX RX AND VECTOR RY,

NEW PARAMETERS:

RM ~MULTIPLE CORRELATION COEFFICIENT, SQUARED
B ~INTERNAL WORK VECTOR

l!t&QQEIil9v'0o9oeo;?0nqn!'!90'lqtt‘o!'t?ﬂ'!lQ19001£!!0;"5"
DIMENSION RX(4@),RY(6),B(6)
CALCULATE WEIGHTS

DO 1049 Jaq.K

B(J)=G,0

DO 112 Jel.K

LisKa{ j~1)

Do 110 Is1.,K

L=lirl

11p B(J)=B(JI+RY(T)#RX (L)
RM;@;@

=
o
B

C CALCULATE MULTIPLE CORRELATION COEFFICIENT

00 122 l=s1.K

RMzRM+B({1)#RY(I)
120 CONTINUE

RETURN

END
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360

363

e ReRe;

365

i5¢

SUBROUTINE COVAR(ASSE,YSSE,AFSSE.YFPE,NEDF,NDF,VAR,F,RE2,R2,KF)

PURPOSEY CALCULATE ADJUSTED SUMS OF SQUARES AND
F STATISTIC VALUES

NEW PARAMETERS?
ASSE -ADJUSTED ERRQR SUM OF SQUARES
AFSSE ~ADJUSTED FACTOR PLUS ERROR SUMS OF SQUARES
RE2,R2 ~CORRELATION COEF, SQUARED FOR SSE, SS(F+E)
F ~F VALUES

LR A A N B A B O A B SR N U A N N RN B B BN A B I BB R R N A B B N BT 2 B B R NS BN B I IR I I A

DIMENSION R2(¢5),NOF(6),AFSSE(5),YFPE(6),F(5),DF (5)
ADJUST ERROR AND LFACTOR RLUS ERROR] SUMS OF SQUARES

ASSEsYSSEw(1,-RE2)

DO 360 J=iKF
AFSSEC)sYFRE(I# (1, =R2(UN
EOFaNEDF

FKC=aKC

VAR=ZASSE/FEDF

DO 363 Is1.KF

DF¢IY=NDF ¢ D)

CALCULATE F VALUES FOR ADJUSTED SUMB OF SQUARES

DO 365 Jui,KF |
FCJI=(CAPSSE(JI=ASSE) /DF (J) ) /VAR
RETURN

END
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