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ABSTRACT <£>

A semiempirical elastic-plastic fracture criterion has 
been developed for predicting defect-controlled failure when 
gross plastic deformation is involved. This new criterion 
utilizes the strain tolerance of the material in the pres­
ence of a defect as the engineering performance parameter. 
Strain tolerance, defined as the nominal total strain at 
failure, is related to defect size and is shown to be an 
extension of linear elastic fracture mechanics in the tough 
region. \

Strain tolerance data are presented for 2014-T6 aluminum, 
6A1-4V titanium-STA, and A533B steel containing semiellip­
tical surface flaws. The effect of flaw geometry and speci­
men restraint on strain tolerance is also shown. The inter­
action effects between surface flaws and plastic strain 
gradients due to holes are presented, and comparison is made 
with analytical * elastic predictions from linear elastic 
fracture mechanics.

An application-of-principle example is presented to 
show safety factor calculations for a pressure vessel con­
taining a surface flaw at a plastic strain concentration 
such as a nozzle opening.
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INTRODUCTION
--------------

The objective of this research is to develop an elastic- 
plastic fracture criterion, for predicting defect-controlled 
failure when gross plastic deformation is involved, that will 
be an extension of linear elastic fracture mechanics. This 
new criterion will utilize the strain tolerance of the mater­
ial in the presence of a defect as the engineering perform­
ance parameter. Since the strain tolerance concept is 
entirely new and unproven, this research will provide the 
analytical and experimental development required to define 
its capabilities and limits in the design of structural hard­
ware. In order to place the strain tolerance fracture cri­
terion in proper, perspective a short review of the state-of- 
the-art of fracture mechanics will be helpful.

Sudden bursting or collapsing of welded structures may 
occur at nominal stresses below the yield strength if a com­
bination of unfavorable material and stress conditions exist 
at the location of inadvertent flaws. Such failure that 
occurs suddenly and without warning, that propagates rapidly 
to a point where structural integrity is impaired, and often 
to the point of complete separation is characterized as 
"brittle fracture".

1
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Until the advent of linear elastic fracture mechanics
about 20 years ago, pressure vessels and similar structures
were designed primarily on the basis of yield strength and
room-temperature notched-bar impact strength. Several low-

fi)temperature failures of welded ships and T-2 tankers 
showed the fallacy of characterizing fracture resistance 
using room-temperature notch toughness. A material with a 
high notch toughness at room temperature may have its 
ductile-to-brittle failure transition occurring at a higher 
temperature than a material with a lower room-temperature 
notch toughness. Thus, the original notched-bar impact

(2)requirement evolved into the transition temperature method 
Criteria for determining the transition temperature for a 
material were based on transition in energy absorbed, change 
in fracture appearance, or transition in ductility. The 
concept was implemented by limiting the operating tempera­
ture of the structure to values above the transition tempera­
ture or by selecting a material whose transition temperature 
was lower than the operating temperature. Success in 
preventing failure was achieved by using the transition 
temperature method, whose main advantage was that the neces­
sary stress analysis for the structure was simple, requiring 
only avoidance of gross plastic flow. Its overriding dis­
advantage was that, by not relating flaw size and shape to 
critical stress levels, it carried many undesirable
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penalties, such as prohibiting use of high-strength materials 
with high transition temperatures, operating--structures at 
undesirably high temperatures to remain in the ductile range, 
or using expensive materials to achieve a required toughness 
which placed structural designs at a competitive disadvantage.

Fortunately during the ensuing time, linear elastic 
fracture mechanics was developed to the point where it has 
been used reliably to insure structural integrity for thin- 
walled aerospace pressure vessels fabricated from aluminum, 
titanium, and steel alloys having high strength-to-density

( o\ratios . Briefly, the linear elastic fracture mechanics 
concept involves the practice of preventing brittle fracture 
by limiting nominal stress to a value compatible with flaw 
size. The analytical basis for linear elastic fracture 
mechanics is the elastic analysis of the crack tip region 
which shows a unique stress field with a singularity at the 
crack tip that dominates all other geometrical features.
The strength of this crack tip singularity is the normal 
opening mode stress intensity factor, K^, which is a func­
tion of nominal stress and crack size. Fracture occurs at 
a critical value of K j called the fracture toughness, Kjc, 
which is considered to be a material property.

Linear elastic fracture mechanics in its current state 
of evolvement is limited to cases where small crack-tip 
plasticity is involved, that is, for low-toughness materials
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at nominal stresses well below the yield strength. However, 
there are many important design situations where it is 
desirable to have a failure criterion which could predict 
defect-controlled failure for cases of both small- and large- 
scale plasticity. For example, medium-strength steels of 
high fracture toughness used in heavy-section nuelear-reactor 
pressure vessels generally exhibit considerable crack-tip 
plasticity, that limits the applicability of linear elastic 
fracture mechanics and forces major reliance on the transi­
tion temperature method. Also, in many design situations 
using both high- and medium-strength materials, stress con­
centrations are an integral part of the structure and typic­
ally involve local stresses above the yield strength. A 
pressure vessel will usually have nozzle openings (holes) 
with fillet weld attachment of piping. This area is a very 
common site for surface or buried defects inadvertently 
formed during fabrication.

A direct extension of linear elastic fracture mechanics 
concepts to cases of large-scale yielding would assume again
the existence of a crack tip singularity. Work by

( 4 )  ( 5 )Hutchinson and Rice and Rosengren shows that a strain
singularity does exist which is uniquely dependent upon the
material flow properties. Attempts to characterize the
crack tip strain singularity have required using numerical
nonlinear finite element analysis^5^ . However, vin the
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region where the most accuracy is desired, the 'crack tip,, 
finite elements-are■inherently the least accurate. The 
characterization of the crack tip area by a parameter whose 
value depends upon the near tip stress-strain field but 
whose measurement is remote from the crack tip would provide 
a more practical method for analyzing fracture. Currently 
there are two promising approaches to elastic-plastic frac­
ture that avoid the problem of crack-tip modeling : the J-

/ O X
integral concept of Rice and the strain tolerance approach 

( q )of Randall . Both approaches consider average deformation 
occurring over an arbitrary area remote from the crack tip.
In the J-integral concept, the engineering performance param­
eter is the rate of change in deformation energy with respect 
to crack area at fracture. Similarly, the nominal fracture 
strain is the critical parameter in the strain tolerance 
approach.

The potential of the J-integral as a fracture criterion 
has been advanced by Begley and Landes ^. j can be found " 
experimentally by using a series of identical specimens of 
thickness, B, with differing crack lengths (a). The area 
under the load versus load point deflection curves is 
deformation energy (E). Deformation energy is plotted as a 
function of crack length for fixed values of deflection (6). 
The slopes of the curves (g- ) for given crack lengths,
plotted as a function of deflection, is equal to J. The
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critical J at fracture (J^) is found from values of <5 and a
at the onset of instability. In the elastic range J is equal
to the strain energy release rate (G) from linear elastic
fracture mechanics. Initial tests on a Ni-Cr-Mo-V steel in

111)the plastic range by Landes and Begley show that may
be essentially independent of crack length and geometry, 
hence a material constant. For application to design of 
practical hardware, the safety factor would be the ratio of 
critical J to applied J. The calculation of applied J 
requires solutions for J as a function of crack size and 
applied strain (or applied load) for various component geom­
etries. Until these solutions are developed, ready applica­
tion of the J-integral concent is limited.

The potential of strain tolerance as a fracture criter-
(12)ion has been advanced by Lubahn . The basic premise is 

that nominal total strain (elastic plus plastic) at failure, 
defined as strain tolerance, can be related to defect size. 
The safety factor against defect controlled failure would be 
the ratio of material strain tolerance to applied strain in 
the hardware. A general outline of the fracture analysis 
required using the strain tolerance concept is illustrated 
in Table 1. Note that the approach is similar to that of 
linear elastic fracture mechanics except that strain, rather 
than stress, is the engineering performance parameter. In 
fact, at stresses below the yield strength, the strain



TA
BL
E 

1. 
Co
mp
ar
is
on
 

of 
the

 
De
si
gn
 

Ap
pr
oa
ch
 

of 
Li
ne
ar
 

El
as

ti
c 

Fr
ac
tu
re
 

Me
ch
an
ic
s 

Wit
h 

Tha
t 

of 
St
ra
in
 

To
le

ra
nc

e

T 1652 7

0)U3
■PU O

0 £ £
0 C <M •H Ph
0 O •H cd P
c •H •H C cd 0 a Ph CO
cd P cd •H Ph N •H P
U CO u cd P •H ,£ CO Ph
<D cd p b CO CO CO O

1—1 1—l CO p £  H Ph <m
O On CO 1—1 0 cd cd

tH 1 r— 1 cd cd *H •H 0 CO
O cd T j 0 1— 1 p Ph £ •H

C •H c O 0 •h  a cd 0 •H CO
•H P •H . »H •H P4 1—1 P 1—1>3
cd CO cd P 1— •H CO 0 cd 11—1

cd •H a a  >  a  s £ cd
■p 1—1 P a E O £
CO W CO O < M

CO
0 P

•H £
c C cd
cd O 1p 0
rd •H 0 CO CO Ph
0 P cd £ CO £
Q) cd Ph O 0 p

s £  a  0 Ph O
CO o 1 P £

(D CO W 1—1CO CO £
f i CO 0 cd CO P

CO CO Ph 0 p 0 1—1 O CO
p 0 CO p N £ £ cd •H
0 u 0 CO •H 0 ,£ •H P £
cd p u CO E bO Ph CO O

CO p 1—1 •H £ 0 cd a
k CO cd Ph O P rH

I—1 0 cd 0 Eh cd a CO
0 0 cd T ) •H 1—1 a S •H

•H •H CO 0 0 p  a % 0 Ph CO
P P CO •H •H >3 a Ph Ph cd >3
CO CO 0) P 1—1 rH CO £ O 0 rH
cd cd Sh •H a cd > + P <M £ cd
1—l 1—1 P u a £ •H £
W W CO 0 < < a  <

0
£ 0

• • r—1 £
cd rH

(U . > cdp >
(D U
e u 0 Ph
cd 0 P 0
U Cm 0 P• • cd E 0>1 Ph U cd EP O Ph cd

•H 0 P • • cd £
i—1 0 O 0 a cd
•H C cd acd k r— 1cd S p cd
0 fn > 3 0 O 0

•H O p cd •H •H1— 1 (h 0 Ph P H
a U Cm fo •H aa 0 cd Ph a< pLt. CO O <



T 1652 8

tolerance Is identical to the nominal elastic fracture strain 
predicted from linear elastic fracture mechanics.

In general, material strain tolerance will be a func­
tion of flaw size and temperature. It may also be a func­
tion of stress state, geometrical restraint, flaw geometry, 
and strain gradient. Baseline strain tolerance versus flaw 
size curves will be determined for two high strength-low 
toughness materials at room temperature : 2014-T6 aluminum
and 6A1-4V titanium-STA, and one medium strength-high 
toughness material at -20°F: A533B steel. The effect of
material variations, thickness restraint, flaw geometry, and 
strain gradient on the.baseline strain tolerance curve for 
2014-T6 aluminum will be investigated. An application-of- 
principle example will also be developed by using the strain 
tolerance fracture criteria to show safety factor calcula­
tions for a 2014-T6 aluminum pressure vessel containing a 
surface flaw at a plastic strain concentration, such as a 
nozzle opening.
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EXPERIMENTAL PROCEDURE

The concept of strain tolerance as a basis for an 
elastic-plastic fracture criterion was introduced, and the 
experimental program briefly outlined, in the previous, sec­
tion. This section will discuss in detail the nominal prop­
erties of the test materials, the design of test specimens, 
the introduction of surface flaws in the test specimens, and 
the measurement of strain tolerance.

Nominal Material Property Data
2014-T6 aluminum and 6A1-4V titanium-STA in the form of 

wrought plate were chosen for this study because they are 
typical of low toughness materials used in thin-walled aero­
space pressure vessels where high strength-to-density ratios 
are a necessity for weight savings. 2014-T6 aluminum (60 
ksi yield, 35 ksi /in. toughness) and 6A1-4V titanium-STA 
(l60 ksi yield, 45 ksi /in. toughness) have strength-to-

odensity ratios equal to 600 and 1000 (in. x 10 ) respec­
tively. Spectrographic chemical analyses for two heats of 
2014-T6 aluminum and for 6A1-4V titanium-STA are shown in 
Table 2.

A533B steel was chosen for this study because it is 
typical of the high toughness-medium strength materials used

9
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In land based nuclear reactor pressure vessels, where weight 
savings is not a predominant consideration. A533B steel (65 
ksi yield, l80 ksi /in. toughness) has a strength-to-density 
ratio equal to 230 (in. x, 10 ). The A533B steel came from 
the heavy section steel technology program (HSSTP) of the 
Atomic Energy Commission. All 2-in.-thick stock was cut 
from a section 2 to 4 inches from the top of 12-in.-thick 
HSST plate 01. A chemical analysis for this heat of A533B 
steel is given in Table 2.

Specimen Design
The basic laboratory specimen that was used for measure­

ment of materiàl strain tolerance in the presence of a defect 
was a tensile specimen that contained a central semiellipti­
cal surface flaw oriented perpendicular to the applied load. 
The surface flaw was chosen because it was most representa­
tive of natural flaws encountered in practical hardware.
The strain tolerance specimen was designed to cover the com­
plete failure range from elastic to fully plastic using the 
following guidelines :
(1) The gage section must be large enough to provide suf­

ficient restraint for valid fracture toughness determina­
tion in the elastic region with large flaws. Linear 
elastic fracture mechanics only applies to cases of 
limited crack tip plasticity. A sufficiently large
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-S s g .
ligament width* and thickness will decrease the size of 
the plastic zone at the crack tip by virtue of prevent- 
ing lateral contraction of material ahead of the crack 
tip, thereby inducing a state of triaxial tension. The 
local stress distribution at the tip of a crack is such 
that the size of the plastic zone will be proportional 
to the square of the fracture toughness-to-yield strength 
ratio (Kjc/S Therefore, ligament width and
thickness should also be proportional to the ratio 
(K^c/Sy) . Experimental results for through-thickness 
flaws in high strength steel,, titanium, and aluminum 
alloys indicate that dimensions of thickness and liga­
ment width that show full restraint range from a low of 
0.4 (KIc/Sy)2 for 4340 steel (210 ksi yield) to a high

2     XI ^ 4- ̂  ̂ -1 / o Q  n A XI \ ( 1 ^  )of 3.4 (Kjc/Sy) for maraged steel (280 ksi yield)
A practical, though sometimes conservative estimate has 
been suggested as 2.5 (KIc/Sy)2 .

(2) The gage section must be wide enough to measure nominal 
strain, as opposed to local strain, on the plane of the 
flaw for valid strain tolerance determination in the 
plastic region with small flaws. The plastic strain 
distribution around a semielliptical surface flaw has

*The ligament width is defined as the distance between the 
crack tip and the edge of the gage section.
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been measured by Beck in 43^0 s t e e l / a n d  in 2014-T6 
C17 )aluminum . The distance away from the crack tip .

-where the local strain is only 10 percent above nominal 
is equal to three half-crack lengths (3c) when the sec­
tion is elastic, but on the verge of yielding, to ten 
half-crack lengths (10c) when the section is fully plas­
tic. This would indicate that the specimen width required 
for valid strain tolerance measurement needs to be equal 
to four crack lengths [4(2c)] when the section is elastic 
and eleven crack lengths [11(2c)] when the section is 
fully plastic.

(3) Sample design must also have the normal size restraints\
to minimize material and machining costs and to fail  ̂' 
within the available load capacity of the test machine.

The tensile specimen design for 2014-T6 aluminum, 6A1-4V 
titanium-STA, and A533B steel is shown in Figures 1, 2, and 
3, respectively. The specimen ends were made to be friction 
gripped using laterally applied hydraulic pressure. Nominal 
thicknesses conveniently available consisted of 0.50-in.- 
thick 2014-T6 aluminum plate, 0.090-in.-thick 6A1-4V titan­
ium sheet, and 2-in.-thick A533B steel plate. Flaw depths 
were never more than half the thickness. The ratio of
thickness-to-(KIc/Sy) ranged from 1.1 for titanium to 1.7

2for steel. The ratio of ligament width-to-(K^/S^) for the 
largest flaw that caused elastic failure ranged from 2.5 for
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Steel to 9•  ̂ for titanium. Thus, the specimen gage section 
had adequate size for a valid fracture toughness determina­
tion. The ratio of specimen width-to-flaw length (W/2c) for 
the largest flaw when failure was elastic ranged from 5.1 for 
steel to 13.5 for titanium, and when failure was plastic 
ranged from 11.1 for steel to 27.8 for aluminum. Therefore, 
the specimen gage section also had adequate width for valid 
strain tolerance measurements. The restraint in the width 
direction is probably at its maximum and can be considered 
to be "full width restraint".

The basic 2014-T6 aluminum center-crack strain tolerance 
specimen given in Figure 1 was modified for determination of 
the effect of thickness restraint, flaw geometry, and strain 
gradient. The thickness restraint specimen was identical to 
the strain tolerance specimen except that thickness was 
varied. The flaw geometry specimen consisted of two quarter- 
elliptical surface cracks at the edges of the specimen. The 
strain gradient specimen contained two quarter-elliptical 
surface cracks at the edges of a centrally located, through­
thickness hole. Specimen width was still sufficient to 
measure nominal strain at the edge of the specimen. These 
various specimen geometries are schematically shown in 
Figure 4.
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Surface Flaw Introduction
After*specimen machining, a surface flaw was introduced i 

in the gage section by tension-fatigue extension of an 
electric-discharge machined (EDM) starter notch. The 
desired final fatigue flaw shape r'atio (a/2c) was 0.40 to 
0.50. The initial EDM notch size was determined by sizing j 
the final fatigue flaw and then subtracting off the desired 
flaw extension (i.e., generally in the range of 0.005 to 
0.050 inches depending on the flaw size), taking account of 
the observation that the depth growth-to-width growth ratio 1

i

(Aa/Ac) has a specific value. For center cracks and edge «
cracks in 2014-T6 aluminum, Aa/Ac was about 1.8. For center 

\ *
cracks in 6ÀÏ-ÏV ;titanium-STA, Aa/Ac was equal to 2.1 and I
for A533B steel, Aa/Ac -was approximately 1.3. For the 1

I
2014-T6 strain gradient specimen, the growth ratio, Aa/Ac, ' 
was assumed to be the product of 1.8 (growth ratio for edge 
cracks in uniform stress field) and the ratio of elastic 
stress concentration at the edge of the hole-to-elastic 
stress concentration at the location of the notch tip. For 
hole diameters ranging from 1/8 to 3/4 in., the hole edge- 
to-notch tip ratios varied from 2.1 to 1.2. This corre­
sponds to a variation in Aa/Ac between 3.8 and 2.2. These 
values came extremely close to the actual measured growth - 
ratios.
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A 0.'010-in.-thick tungsten-copper electrode was used to 
machine the notch* The tool radius of the seml-clrcular 
electrode was determined using simple geometry, as shown In 
Figure 5. For center crack and edge crack specimens, the 
tool radius (R) was calculated from Equation (A), Fig. 5, 
for a known notch depth (a) and length (2c). For circular 
hole-edge crack specimens. Equation (C) was solved for d or 
a using the quadratic formula, by substituting known values 
of hole radius (r), effective preflaw depth and
effective preflaw length (c-r). Tool radius (R) was 
determined as before from Equations (A) or (B). The EDM
electrode was sharpened to a tip radius of no greater than

\
0.0015 in. by hand.

The maximum stress used during fatigue extension was 
equal to approximately 45 percent of the room temperature 
yield strength, or 30 ksi for 2014-T6 aluminum, 70 ksi for 
6A1-4V titanium-STA, and 30 ksi for A533B steel. Surface 
growth (Ac) was monitored with a measuring microscope.

Strain Tolerance Measurement
After surface flaw introduction, specimens were instru­

mented with foil strain gages for accurate measurement of 
material strain tolerance.

The center-crack strain tolerance, center-crack thick­
ness restraint, and edge-crack geometry specimens were instru­
mented with four strain gages for the purpose of measuring
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Specimen 
Cross Section

ED M  Tool 
Shape

EDGE-CRACK GEOMETRYCENTER-CRACK GEOMETRY

R = a  + c' 
2a

(A)

<- r

(a-d)da = ar -dc'

(B)

( O

CIRCULAR HOLE 
EDGE CRACK GEOMETRY

Figure 5. EDM Tool Shape for Center Crack, Edge Crack, and 
Circular Hole-Edge Crack Geometries.
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nominal strain parallel to the loading axis. Two gages were 
placed in the-plane of the flaw at least five half-crack 
lengths (5c) away from the crack tip when failure was elas­
tic, and ten half-crack lengths (10c) away from the crack 
tip when failure was plastic. For center crack samples, 
these gages were at the specimen edge, and for edge crack 
samples, the gages were at the specimen center. The other 
two gages were located at the same distance, but were offset 
one-inch from the crack plane. Gage placement is schematic­
ally illustrated in Figure 4. Since net section-to-gross 
section ratios are 0.98 or greater, on-plane and off-plane 
gage readings ought to be very close. If they are not close, 
specimen width was insufficient for valid nominal strain 
measurement. On-plane and off-plane strains do not differ 
by more than 0.001 in./in. (0.1 percent) for the strain tol­
erance data presented in this report. The active grid of 
the gage used was 0.125-in. long by 0.090-in.-wide. A 
smaller gage was not necessary since strain was essentially 
uniform at 10c from the crack tip. The gages used for 
2014-T6 aluminum and 6A1-4V titanium-STA were made of con- 
stantan foil with an elongation capability of 5 percent 
strain, while those used for A533B steel were made of 
annealed constantan foil with an elongation capability of 20 per­
cent strain. In addition to strain gage measurements, strain 
tolerance was also estimated from a photogrid with 0.100-in.-
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spacing, for comparison. These photogrid strain tolerance 
values are not as direct as those from strain gages since 
the total strain is the sum of the measured plastic failure 
strain and the elastic strain calculated from failure stress.

The determination of the effect of a strain concentra­
tion gradient on the strain tolerance of 2014-T6 aluminum 
necessitated measurements from two geometrically identical 
specimens. The first contained the circular hole-edge crack 
geometry used for measurement of nominal failure strain and 
net section failure stress under the influence of the strain 
concentration gradient. The second contained the circular 
hole by itself, used for measurement of the plastic strain 
distribution at the flaw location as a function of net sec­
tion stress. The active grid of the gage used to measure 
nominal strain at the specimen edge was 0.125-in. long by 
0.090-in. wide. This gage was made from constantan foil 
with an elongation capability of 5 percent strain. Pro­
gressively smaller gages were used to measure strain as the 
edge of the hole was approached because of the progressively 
steeper strain gradient. The active grid of the gages 
intermediate between sample edge and hole edge was 0.031-in. 
long by 0.032-in. wide, and for those close to the edge of 
the hole was 0.015-in. long by 0.020-in. wide. The peak 
strain was measured by a gage on the inside surface of the 
hole. These smaller gages were made of annealed constantan
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foil with an elongation capability of 10 percent strain.
All strain gages- were bonded to the specimens with 

Micro-Measurements AE-15 heat-curing epoxy cement having an elon­
gation capability of 20 percent strain. The gages were cured 
at 150°F for 2 to 3 hours under a clamping pressure of 
approximately 15 to 20 psi. If a photogrid was to be 
applied to the gage section, it was done before strain gage 
installation. The gage section was first sprayed with a 
photosensitive coating, such as Kodak metal etch resist 
(KMER). The coating was then exposed to ultraviolet light 
through a black and white negative transparency containing 
the grid. After exposure, the coating was developed in KMER 
developer and then stained with a blue dye.

After strain gage installation, the specimens were tested 
to tensile failure at a strain rate of approximately 0.01 
in./in./min. Strain gage and load cell outputs were meas­
ured every 10 seconds during the test with a null-balance 
type digital strain indicator containing automatic switch­
ing, sensing, and recording units that could scan up to 20 
channels of data per second. Strain tolerance for the 
center-crack and edge-crack specimens was taken as the 
average of 4 nominal strain readings at failure (2 strain 
gages were located on the crack plane and 2 strain gages 
were located off the crack plane as is illustrated in Figure 
4). Effective strain tolerance for the strain concentration



T 1652 25

gradient specimens 
strain readings at 
on the crack plane

was taken as the average of 2 nominal 
failure (both strain gages were located 
as is illustrated in Figure 4).



T 1652

RESULTS AND ANALYSIS

Experimental strain tolerance results will be discussed 
as follows :
(1) Baseline center-crack strain tolerance for 2014-T6 

aluminum (heat 6670), 6A1-4V titanium-STA, and A533B 
steel.

(2) Material variation effect on strain tolerance of 201A-T6 
aluminum (heat 5867).

(3) Thickness restraint effect on strain tolerance of 
2014-T6 aluminum (heat 6670).

(4) Edge-crack flaw geometry effect on strain tolerance of 
2014-T6 aluminum (heat 6670).

(5) Circular-hole strain gradient effect on strain toler­
ance of 2014-T6 aluminum (heat 6670).

Baseline Strain Tolerance
Strain tolerance data for 2014-T6 aluminum (heat 6670), 

6A1-4V titanium-STA, and A533B steel are given in Appendix 
A and plotted (open circles) as a function of crack depth in 
Figures 6, 7, and 8, respectively. The failure region 
marked "brittle" is a region of negligible plastic flow over 
which linear elastic fracture mechanics is applicable. The 
failure region marked "frangible" is a region of gross

26
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0 .4

-  Ductile Failure
-  Frangible Failure
-  Brittle Failure

t = Q.375 inch 
a /2 c  = 0 .4 0

X

CRACK DEPTH
0.15

(a ) ,  inches
0 .3

Figure 6. Strain Tolerance Curve for 20l4-T£ Aluminum 
(Heat 6670) at Room Temperature.
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(§ ) -  Ductile Failure 

©  -  Frangible Failure 
®  -  Brittle Failure

t = 0 .0 8 6  inch 
o/2c = 0 .4 00.1

I I±X XL. » »_____I____ I____ I_____I____ I____ 1_____I_____I_____« '
0  0 .0 6  0.12  

CRACK DEPTH ( a ) ,  inches

Figure 7. Strain Tolerance Curve for 6A1-4V Titanium-STA 
at Room Temperature.
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1.0

-  Ductile Failure
-  Frangible Failure
-  Brittle Failure

t = 1.50 inch 
a /2 c  = 0 .4 7  
T = - 2 0  "F

Ref (18)

-S ic = 8 0  ks/Vmch

Kic=  66  ksiylncH

0.6 , ,
CRACK DEPTH (a ) ,  inches

1.2

Figure 8. Strain Tolerance Curves for A533B Steel (HSST 
Plate 01) at -20°F and 5°F.
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plastic flow over which strain tolerance increases rapidly 
with decreasing flaw size. The failure region marked "duc­
tile” is a region of plastic instability characterized by 
local necking. The brittle-frangible boundary is arbitrar­
ily located at the point where the first measurable plastic 
flow starts. This corresponds to a plastic strain of 
approximately 0.0002. The frangible-ductile boundary is 
located at the point of plastic instability, which corre­
sponds to the ultimate stress point in a tensile test. The 
limiting value of strain tolerance at zero crack size cor­
responds to the ductility in a tensile test, as calculated
from reduction in area.\

For 2014-T6 aluminum (heat 6670), strain tolerance 
increases from 0.44 percent for a 0.300-in.-deep flaw in the 
elastic region to 5.6 percent for a 0.030-in.-deep flaw in 
the plastic region, and reaches a limiting value of 26.8 
percent at zero flaw size. For 6A1-4V titanium-STA, strain 
tolerance increases from 0.69 percent for a 0.080-in.-deep 
flaw in the elastic region to 2.6 percent for a 0.020-in.- 
deep flaw in the plastic region, and reaches a limiting 
value of 45.4 percent at zero flaw size. Limited data for 
A533B steel at -20°F suggest that strain tolerance increases 
from 0.16 percent for a 1.10-in.-deep flaw in the elastic 
region to 5.0 percent for a 0.24-in.-deep flaw in the plastic 
region, and reaches a limiting value of 71.5 percent at zero
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flaw size. Also plotted in Figure 8, for comparison, is a

using a brittle weld bead-on-plate surface flaw geometry.
The shift of the strain tolerance curve to higher values 
with increasing temperature is reasonable.

For engineering design applications, it would be useful 
to have the strain tolerance versus crack size curve in the 
form of an equation. In the elastic region the strain 
tolerance versus flaw size equation is determined by expres­
sing the linear elastic fracture mechanics stress intensity

(’13')equation for a surface flaw in terms, of total fracture
strain as

where Q is the flaw shape parameter, K^c is the fracture

tions for 2014-T6 aluminum (heat 6670), 6A1-W titanium-STA, 
and A533B (-20°F) are outlined in Appendix B. In the plas­
tic region (up to the point of necking instability), the 
rapid increase in strain tolerance can be taken into account 
by the use of a plastic strain multiplying factor such as 
(l+nec), where ec is the plastic part of the strain tolerance 
and n is an empirical constant to be determined by a best-fit 
of the experimental data points. Rewriting Equation (1) in 
these terms, we have

result of Loechel^18  ̂ for A533B steel (HSST Plate 01) at 5°F

(1)

toughness, and E is the elastic modulus. Elastic calcula-
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Xc 1 . l / i r  E / â
(l+nec). (2)

The relationship between total strain (X) and plastic strain' 
(e) can be determined from a tensile test. For a stress- 
strain curve expressed in the form of a power function, the 
relationship is

where m is the strain hardening exponent, and B is the 
stress constant at unit strain. Plastic calculations are 
outlined in Appendix C. Results for 2014-T6 aluminum (heat 
6670), 6A1-W titanium-STA, and A533B steel at -20°F and 5°F 
are shown in Table 3. The accuracy of the strain tolerance 
curve in the frangible region may be only ±5 percent because 
strain is changing so rapidly with crack depth. Improved 
accuracy would require a statistical error analysis of a 
larger amount of data.

Material Variation Effect
Center-crack strain tolerance was determined for a 

second heat of 2014-T6 aluminum (heat 5367), having a yield 
strength of 58.3 ksi, for comparison with baseline heat 
6670, having a yield strength of 66.6 ksi. Strain tolerance 
results are given in Table 4. Over a range of crack depths 
from 0.050 to 0.090 inches, the strain tolerance of heat 
5867 is an average of 38 percent higher than for heat 6670.

X = |r em + e , for e > 0, (3)
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•■SrEEF.
It is apparent that differences in the tensile flow proper­
ties for these two heats is also indicative of their dif­
ferent strain tolerance behavior in the presence of flaws.
In engineering design where weight-savings are of primary 
concern, it therefore becomes important to determine actual 
strain tolerance values for the particular heat of material 
to be used in the application. If this approach becomes 
prohibitively expensive, then design must be based on lower- 
bound values for a particular alloy.

Thickness Restraint Effect
Baseline strain tolerance data for 2014-T6 aluminum 

(heat 6670), shown in Figure 6, was determined using a sec­
tion size nominally 0.375-in. thick and 3*5-in. wide. For 
maximum utility in hardware design, it is hoped that strain 
tolerance will have a minimum value corresponding to "full 
restraint", in the plastic region, similar to "plane strain 
fracture toughness", in the linear elastic region. If this 
is true, then strain tolerance should increase with decreas­
ing width and thickness below that required for "full 
restraint".

The width criteria for valid strain tolerance measure­
ments, namely that ligament width be equal to 10 times the 
half-crack length (W^ >_ 10c), may also be a necessary and 
sufficient criteria for "full width restraint". This seems 
reasonable as a hypothesis, since the width restraint is at
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least sufficient to cause the local plastic strain distribu­
tion at the crack tip to die out to the nominal strain before 
reaching the specimen boundaries. If this is the case, then 
" full thickness restraint” should also be present when the 
ligament thickness is equal to 10 times the crack depth 
(t^ >_ 10a). For the largest size flaw tested that still 
caused plastic failure (a = 0.05%, 2c = 0.126), the ligament 
width was equal to 26.8 times the half-crack length (W^ = 
26.8c) and the ligament thickness was equal to 6.0 times the 
crack depth (t^ = 6.0a). If the hypothesis is correct, then 
the 2014-T6 strain tolerance sample has full.restraint in 
the width direction but has something less than full restraint 
in the thickness direction.

Limited tests were performed to determine the effect of 
thickness on strain tolerance. Test results for two thick­
nesses, 0.089 and 0.145 inches, are compared with baseline 
strain tolerance results for 0.375-in. thickness in Table 5. 
The flaw size was kept constant. Ligament thickness-to-flaw 
depth ratios (t^/a) for thicknesses of 0.375, 0.145, and 
O.O89 inches are equal to 6.0, 1.7, and 0.7, respectively.
The nominal fracture strain for the 0.l45-in. thickness is 
46 percent lower, and for the 0.089-in. thickness is 60 per­
cent lower, than the strain tolerance for the 0.375-in. 
thickness. This result is exactly opposite to what was 
expected, indicating that the lower restraint at these
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thicknesses was overshadowed by another effect. Apparently, 
at flaw depth ratios (a/t) equal to as little as.0.35 and 
greater, there is a stress intensity magnification effect 
by virtue of the ligament thickness being too thin.

Note that the back-surface strain, measured in the 
plane of the flaw, for the 0.375-in. thickness (t^/a = 6.0) 
is only 4 percent higher than the strain tolerance, while 
for the 0.145-in. thickness (t^/a = 1.7) and for the 0.089- 
in. thickness (t./a = 0.7), it is 33 percent and 9b percent 
higher, respectively. This result indicates that the 
ligament-dimension criteria for nominal strain measurement
in the thickness direction is something greater than 6 times\
the crack depth, though not necessarily as high as 10 times 
the crack depth as was true with respect to width.

More testing is needed to definitely establish the 
effect of thickness restraint on strain tolerance, especially 
at ligament thickness-to-crack depth ratios greater than 6.
It is probable that strain tolerance may still have a minimum 
value at full restraint and may increase with decreasing 
thickness over a limited range of lower restraints, since 
the ligament thickness is still sufficiently large so that 
the stress intensity magnification effect is negligible. 
However, as thickness is decreased further, the strain tol­
erance will pass through a maximum and rapidly decrease due 
to the increased'domination of the stress intensity magnifi­
cation effect at low ligament thicknesses.
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Until the effect of thickness restraint is more com­

pletely understood, it will be necessary, when using the 
strain tolerance approach in hardware design, to make the 
strain tolerance specimen thickness identical to that 
expected in the hardware.

Flaw Geometry Effect
The effect of an edge-crack geometry (quarter-elliptical 

corner flaws) on the baseline center-crack strain tolerance 
(semielliptical surface flaw) of 2014-T6 aluminum (heat 6670) 
was determined because the strain gradient specimens con­
tained quarter-elliptical corner flaws at the edges of a 
through-thicknèss circular hole. In the elastic range, for 
through-flaws with 2a/W <_ 0.04, edge cracks are 11 percent
more severe than center cracks when compared on the basis of

(IS )nominal fracture strain . Test results for surface flaws 
in the plastic range (2c/W = 0.03) are given in Table 6.
Over a range of flaw depths from 0.030 to 0.050 inches, the 
nominal fracture strain for edge cracks is an average of 22 
percent less than the strain tolerance for center cracks.
From these results, it appears that the severity, of edge 
flaws as compared with center flaws, in the plastic case is 
a factor of two higher than in the elastic case.

Strain-Gradient Effect
The determination of the effect of a strain concentra­

tion gradient on the strain tolerance of 2014-T6 aluminum
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(heat 6670) necessitated measurements from two geometrically 
identical specimens. One contained the circular hole by 
itself used for measurement of the plastic strain distribu­
tion at the flaw location as a function of net section 
stress. The other contained the circular hole-edge crack 
geometry used for measurement of nominal failure strain and 
net section failure stress under the influence of the 
strain concentration gradient.

Circular Hole Geometry Tests: Strain distribution meas­
urements, from elastic to fully plastic, were made for four 
hole sizes ranging from 1/8- to 3/4-in. diameter. For a 
hole in a semi-infinite plate (hole diameter-to-plate width 
ratio (D/W) equal to zero), the theoretical peak elastic * 
strain concentration factor (K^) is equal to 3. K̂. is
defined as the ratio of peak strain-to-net section strain, 
where net section strain is equal to net section stress 
divided by elastic modulus. For an increasing D/W ratio 
greater than zero, will decrease because the peak strain 
will be progressively less at any given value of net section 
strain^^. Experimental peak elastic strain concentration 
factors for 0.750, 0.500, 0.250, and 0.126-in.-diameter 
holes, based on net section strain, are given in Table 7. 
Experimental ranges from 2.98 for the smallest hole 
(D/W = 0.036) to 2.39 for the largest hole (D/W = 0.214). 
These values are within 3 percent of the theoretical values.
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However, if peak strain at the hole edge is compared to nom­
inal strain at the sample edge, the peak elastic strain 
concentration factor will be a constant equal to the semi­
infinite plate value of 3, independent of D/W ratio. As D/W 
increases above zero in finite width plates, the whole strain 
gradient decreases proportionally (peak strain as well as 
nominal strain) for force equilibrium, since the strain con­
centration gradient exists over a significant part of the 
plate width. Only as D/W approaches zero and the concentra­
tion gradient becomes an insignificant part of the plate 
width, will the nominal strain at the sample edge approach 
the net section strain. Experiméntal elastic strain concen­
tration gradients for - 0. 750 , 0:. 500 , 0.250, and 0.126-in.- 
diameter holes, based on nominal strain, are given in Figure 
9. Note that the peak elastic strain concentration factor 
is independent of hole size (D/W ratio), being equal to 3.1 
at the edge of the hole. Also, note that the steepness of 
the strain gradient is inversely proportional to hole diam­
eter.

Peak strain and nominal strain are plotted as a func­
tion of net section stress, well into the plastic region, in 
Figure 10 (0.750-in.-diameter hole), 11 (0.500-in.-diameter 
hole), 12 (0.250-in.-diameter hole), and 13 (0.126-in.- 
diameter hole). The net section1strain curve is identical 
in all four figures and provides a common reference level.
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Sample A 17
Hole Dio = 0 .7 5 0  inches
D/W  = 0 .2 1 4

o.

Peak Strain 
(Hole Edge)

—  1.0 1—

Net Strain, e = - = ^

— 0.5

Nominal Strain 
(Sample Edge)

6 030
NET SECTION STRESS (S), ksi

Figure 10. Peak and Nominal Strain as a Function of Net Sec­
tion Stress for a 0.750-in.-Diameter Hole.
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Sample A 18
Hole Dio -  0 .5 0 0  inches
D/W = 0 . 14 3

a.
Peak Strain 
(Hole Edge)

—  1.0 1—

Net Strain, e=

Nominal Strain 
(Sample Edge)

6 0
ksi

3 0
NET SECTION STRESS (S ), ksi

Figure 11. Peak and Nominal Strain as a Function of Net Section
Stress for a 0.500-in.-Diameter Hole. .
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Sample A 19
Hole Dio = 0 .250  inches
D/W =0.071

Peak Strain 
(Hole Edge)a.

1.0 h

Net Strain, e =

— 0 .5

Nominal Strain 
(Sample Edge)

30
NET SECTION STRESS (S ), ksi

6 0

Figure 12. Peak and Nominal Strain as a Function of Net Section
Stress for a 0.250-in.-Diameter Hole.
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Sample A 2 0
Hole Dio = 0 . 126  inches
D/W = 0 .0 3 6

Peak Strain 
(Hole Edge)

1.0 £

Net Strain, e =

—  0.5

Nominal Strain 
(Sample Edge)

0.1 6 03 0
NET SECTION STRESS (S ), ksi

Figure 13. Peak and Nominal Strain as a Function of Net Section
Stress for a 0.126-in.-Diameter Hole.
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Note that as hole diameter decreases (decreasing D/W), the 
nominal strain and peak strain both increase, with the nom­
inal strain approaching the net section strain only for the 
smallest hole size. However, by defining the peak strain 
concentration factor by the ratio of peak strain-to-nominal 
strain, it becomes independent of D/W ratio. Up to a net 
section stress of 22 ksi (66 ksi yield) the section is com­
pletely elastic. At this point, the edge of the hole will 
flow plastically, so that peak strain will increase more 
rapidly with further increase in net section stress, than 
will nominal strain which still remains elastic. This will
cause the peak strain concentration factor to increase, above\
its elastic value of 3, as a function of net section stress 
(or strain). The rate of increase will depend on the mater­
ial flow properties. At a net section stress of 66 ksi, 
the whole section will be completely plastic, so that the 
nominal strain will increase at approximately the same rate 
as the peak strain. This will result in the peak strain 
concentration factor being essentially constant for the 
fully plastic section. In other words, the plastic strain 
concentration factor will have a limiting value that is only 
dependent on the material flow properties.

Experimental plastic strain concentration factor for 
2014-T6 aluminum (heat 6670) is shown as a function of net 
section stress (and strain) in Figure 14. It increases from
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an elastic value of 3.0 to a limiting value of 7.0 when the 
section becomes completely «plastic-. Also shown is an , , 
analytical approximation for the plastic strain concentra­
tion factor originally developed by Neuber1' ^ ^  for monotonie

( 21 )shear loading, but which has been applied by Krempl and
(2 2 )Papirno to tension and compression loading. The basis

of the Neuber approach is the suggested rule that the geo­
metric mean of plastic stress concentration factor (Kg) and 
the plastic strain concentration factor (K,) is equal to the 
theoretical elastic concentration factor (K^.), or

<Ks V 1/2 = V  w
where K is equal to the ratio of peak stress-to-net section 
stress and is equal to the ratio of peak strain-to-net 
section strain. This relationship is derived from non-linear 
elastic theory for sharp notches and must be regarded as 
being purely empirical for non-linear elastic-plastic behavior. 
For a material with a plastic flow curve that can be expressed 
in the form of a power function, the stress-strain relation 
at the plastic notch is

S p = . B A pm , (5)

where-Sp is the peak stress, is the peak strain, m is the 
strain hardening exponent, and B is the stress constant at 
unit strain. The stress-strain relation in the elastic net 
section is



where is the nominal stress, Xn is the nominal strain, 
and E is the elastic modulus. By substituting Equations (5) 
and (6) into Equation (4), the plastic strain concentration 
factor (K^) can be expressed as

K, = K 2/1+m (E/B)1//1+m X 1-m/l+rn^A t  n
for (l/K^ifSy/E) < X^ < Sy/E, (7)

where S is the yield strength. For the case of complete
elasticity [Xn £ (1/K̂ -) (S /E) ], Equation (7) reduces to =
K,, and for the case of full plasticity (X > S /E), Equation z n — y
(7) reduces to = ' Analytical calculations for a 
circular hole in 2014-T6 aluminum (heat 6670) plate are out­
lined in Appendix D . Plastic strain concentration factor, 
from the Neuber rule, is given by

Kx = 3.0, for X < 0.0021,
and K, = 780X '9 0 , for 0.0021 < X < 0.0063,a n — n —
and K, = 8.0, for X > 0.0063.A n —

The agreement between the analytical curve and the experi­
mental curve is good considering that the Neuber rule is 
based on non-linear elastic theory.

In summary, the experimental plastic strain concentra­
tion factor for a circular hole in 20l4r-T6 aluminum (heat 
6670) is a function of net section strain, increasing from
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an elastic value of 3 to a limiting value of 7 when the 
section becomes completely plastic. The analytical plastic 
strain concentration factor for a circular hole in 2014-T6 
aluminum (heat 6670), determined by NeuberT s method from the 
theoretical elastic stress concentration factor and the 
material flow curve, reaches a limiting value of 8 when the 
section becomes fully plastic.

Circular Hole-Edge Crack Geometry Tests: In order to
understand the effect of plastic strain concentration gra­
dients on strain tolerance for surface flaws in 2014-T6 
aluminum, it is advantageous to first consider the effect of 
elastic strain gradients on strain tolerance from existing 
linear elastic fracture mechanics solutions. Bowie has ^
analyzed the case of an infinite plate containing two radial., 
diametrically opposite, through-thickness cracks of length 
a originating at the edge of an internal through-thickness 
hole of radius R. The analysis is outlined in Appendix E. 
Briefly though, the elastic, strain tolerance (e^) expression 
for a single central through-crack of length 2a in a uniform 
strain field,

6u = E(*a)l/2 ’ (8)

where K^c is the fracture toughness and E is the elastic 
modulus, is modified for the case of two edge through-cracks 
of length a at the edge of a circular hole of radius R as
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e = Klc ' - - I / ?
® E ( ira )J72 (a/R) F(a/R), (9)

where e is the nominal fracture strain in the strain gra-
1/2dlent and (a/R) F (a/R) Is a function that expresses the

Influence of the strain concentration gradient. The effec­
tive strain tolerance is equal to the ratio of nominal 
fracture strain in the strain gradient-to-nominal fracture 
strain in a uniform strain field (e /e^), or

e /eu = (a/R)1/2 F(a/R). (10)

Effective strain tolerance is plotted as a function of strain 
gradient ratio (R/(R+a)) in Figure 15. For R/(R+a) equal to 
zero, the effective strain tolerance is equal to 1, since 
the crack is in a uniform strain field. As R/(R+a) increases 
above zero, the effective strain tolerance decreases, even 
though the strain gradient is still too steep to affect the 
crack tip, because the crack length is effectively increased 
by the hole diameter. As R/(R+a) increases still further 
(decreasing strain gradient for a larger hole), the effec­
tive strain tolerance continues to decrease because of the 
more severe conditions that exist when the crack tip is 
subjected to a progressively higher strain in the strain 
gradient. As R/(R+a) approaches unity, the effective strain 
tolerance approaches a limiting value of 0.333 for a crack 
that is subjected to the full strain concentration at an 
infinite hole. Also plotted in Figure 15 are the experimental
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results of D e r b y f o r  cylindrical epoxy pressure vessels 
containing a quarter-circular corner crack at the edge of a 
circular nozzle opening in the vessel wall. The agreement 
with the analysis, for practical strain gradient ratios 
greater than 0.60, is excellent. The fact that the nominal 
fracture strain for a crack that is subjected to the full 
strain concentration is 1/3 of the nominal fracture strain 
in a uniform strain field is not surprising, since the 
theoretical elastic strain concentration factor for a hole 
is 3• It is probable that the effective strain tolerance 
in the elastic-plastic region will have a limiting value 
that is the reciprocal of the plastic strain concentration 
factor (K^).

Experimental elastic-plastic results from the circular 
hole-edge crack geometry tests on 2014-T6 aluminum are given 
in Table 8. Nominal failure strain (X^) and net section 
failure stress were measured for 0.750, 0.500, 0.250, and 
0.126-in.-diameter holes containing quarter-circular corner 
cracks approximately 0.035-in. deep. The baseline center- 
crack strain tolerance (X ) for 2014-T6 aluminum (heat 6670) 
is determined from Figure 6 or Table 3• The strain toler­
ance for edge cracks (X^) in a uniform strain field is O.70X^, 
since edge cracks are 22 percent more severe than center 
cracks in the elastic-plastic region. Effective strain tol­
erance (Xf/Xe) is plotted as a function of strain gradient
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ratio (R/(R+a)) in Figure 16. The data indicate that the 
effective strain tolerance approaches a value of 0.142, 
which is the reciprocal of the limiting K. value of 7 (Fig­
ure 14), for a crack that sees the full strain concentra­
tion. This is not surprising since the net section in all 
six tests was on the verge of being fully plastic at frac­
ture, with the net section strain approximately equal to 
0.62 percent. However, since the limiting value of effec­
tive strain tolerance is a function of plastic strain con­
centration factor and net section strain, it is also ulti­
mately dependent on strain tolerance and crack size. Pro­
gressively larger flaws than the average 0.035-in. depth 
used in the tests would have increasingly higher limiting 
values of effective strain tolerance. This relationship, 
for 2014-T6 aluminum, can be seen as follows : .

The limiting value of effective strain tolerance is 
expressed as

Xf/Xe = 1/KX, (11)

where X^ is the nominal fracture strain in the strain con­
centration gradient and X is the strain tolerance for edgee
cracks in a uniform strain field. But, X^ is also identical 
to the net section strain (X^), for small values of the D/W 
ratio, which is empirically related to K, from Figure 14 as
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By combining Equations (11) and (12), the plastic strain
concentration factor* (K^) can be related to the edge-crack
strain tolerance (X^) as

(In Kx-l/2)
Xe = 23Ô 5

for 3.0 < Kx < 7.0. (13)

The complete effective strain tolerance curve in the
elastic-plastic region might possibly be approximated by
assuming that the effective strain tolerance (EST)^ decreases
between 1 and 1/K^ at the same rate as the elastic effective
strain tolerance (EST) decreases between 1 and 1/3. Gal-0
culations are outlined in Appendix E. The approximation 
equation for 2014-T6 aluminum (heat 6670), for a limiting 
effective strain tolerance of 1/7, is

(EST)  ̂ = 0.214 [l-(EST)e] + 0.500[3(EST)e-l], . (14)

where (EST)e can be found as a function of R/(R+a) from 
Figure 15. The approximation curve is plotted in Figure 16 
for comparison with the experimental data points. Note that 
the experimental effective strain tolerance is approximately 
30 percent lower than the approximation curve would indicate, 
over the range 0.60 £ R/(R+a) <_ 0.90.

In hardware design, expression of the strain gradient 
effect in terms of the geometric ratio R/(R+a) limits the 
applicability of the results to circular hole-edge crack 
geometries alone, at least for steep strain gradients



(R/(R+a) £ 0.90) that do not have the full strain concen­
trating effect. For shallow gradients (R/(R+a) > 0.90), 
however, where the full strain concentrating effect exists, 
only a slightly higher degree of generality is possible, 
with the effective strain tolerance being equal to the 
reciprocal of the plastic strain concentration factor for 
the appropriate geometry. The plastic strain concentration 
factor can be calculated by Neuber*s method from the appro­
priate theoretical elastic stress concentration factor and 
the material flow curve. If, on the other hand, effective 
strain tolerance could be expressed directly in terms of the 
strain gradient itself, then the results would be generally 
applicable to any situation for which the strain gradient is 
known, be it thermal stress gradients from differential 
heating or residual stress gradients from welding. Plastic 
strain concentration gradients at fracture are given in 
Figure 17 for the circular hole-edge crack geometry tests. 
These were determined from the circular hole geometry (strain 
distribution) tests at the appropriate value of net section 
failure stress. The average strain over the crack length is 
compared with the strain tolerance in a uniform strain field. 
The crack length strain is taken as the average of the peak 
strain at the edge of the hole and the strain at the crack 
tip. Note that the average strain over the crack length at 
fracture is approximately equal to the strain tolerance in a
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uniform strain field, within 4 percent on the average.
In- summary, effective strain tolerance for a flaw in a 

strain concentration gradient decreases gradually with 
decreasing gradient steepness from a value of 1 when the 
flaw is in a uniform strain field, to a limiting value equal 
to the reciprocal of the plastic strain concentration factor 
when the flaw is subjected to the full strain concentrating 
effect. Also, the average strain over the crack length in 
the strain concentration gradient at fracture is approxi­
mately equal to the strain tolerance in a uniform strain 
field.
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CONCLUSIONS

The capabilities and limitations of the strain toler­
ance concept as an elastic-plastic fracture criteria were 
analyzed in the previous section. The conclusions are the 
following:
(1) The strain tolerance approach, as an elastic-plastic 

fracture criteria, can be applied now to the design of 
hardware with the reservation that strain tolerance 
specimen thickness is the same as in the hardware.

(2) For 0.375-in.-thick 2014-T6 aluminum (heat 6670) at 
room temperature, strain tolerance increases from 0.44 
percent for a 0.300-in.-deep flaw in the elastic region 
to 5.6 percent for a 0.030-in.-deep flaw in the plastic 
region, and reaches a limiting value of 26.8 percent at 
zero flaw size.

(3) Strain tolerance for 0.370-in.-thick 2014-T6 aluminum 
(heat 5867) was 38 percent higher than for heat 6670 
due to differences in their material flow properties.

(4) For 0.086-in.-thick 6A1-4V titanium-STA at room tempera­
ture, strain tolerance increases from 0.69 percent for
a 0.080-in.-deep flaw in the elastic region to 2.6 per­
cent for a 0.020-in.-deep flaw in the plastic region, 
and reaches a limiting value of 45.4 percent at zero
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flaw size.
(5) Limited data for 1.50-in.-thick A533B steel (HSST Plate 

01) at -20°F suggest that strain tolerance increases 
from 0.16 percent for a 1.10-in.-deep flaw in the elas­
tic region to 5.0 percent for a 0.24-in.-deep flaw in 
the plastic region, and reaches a limiting value of 
71.5 percent at zero flaw size.

(6) The elastic strain tolerance versus flaw size equation
for a surface flaw from linear elastic fracture mechan­
ics can be extended into the plastic region by use of a
plastic strain multiplying factor and associated 
empirical, constants.

(7) The nominal fracture strain for edge cracks is 22 per­
cent less than the strain tolerance for center cracks 
in the elastic-plastic region.

(8) The experimental plastic strain concentration factor
for a circular hole in 2014-T6 aluminum (heat 667-0) is
a function of net section strain, increasing from an 
elastic value of 3 to a limiting value of 7 when the 
section becomes completely plastic.

(9) The analytical plastic strain concentration factor for 
a circular hole in 2014-T6 aluminum (heat 6670), deter­
mined by Neuber1s method from the theoretical elastic 
stress concentration factor and the material flow 
curve, reaches a limiting value of 8 when the section 
becomes fully plastic.
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(10) Effective strain tolerance for a flaw in a strain con­
centration gradient decreases gradually with decreasing., 
gradient steepness from a value of 1 when the flaw is
in a uniform strain field, to a limiting value equal to 
the reciprocal of the plastic strain concentration fac­
tor when the flaw is subjected to the full strain con­
centrating effect.

(11) The average strain over the crack length in the strain/ 
concentration gradient at fracture is approximately 
equal to the strain tolerance in a uniform strain field.
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DESIGN APPLICATION OF THE STRAIN TOLERANCE 
FRACTURE CRITERION

This section will illustrate the use of the strain tol­
erance concept in designing against defect controlled frac­
ture in the elastic-plastic region where linear elastic 
fracture mechanics is not applicable. Actual strain toler­
ance data presented in this report will be used, and where 
data is not available, realistic data will be assumed. This 
will serve the dual purpose of making the problem practical
as well as indicating what follow-on research and development

\
■is required.

Let us compute the factor of safety against burst of a 
2014-T6 aluminum gaseous helium tank, for an aerospace liquid 
propellant pressurization system, during a room temperature 
proof test. The tank is a 10-in.-diameter cylinder that is 
48-in. long with hemispherical ends and a wall thickness of - 
0.300 inches. The operating pressure is l800 psi and the 
proof pressure is 2200 psi. Assume that the most severe 
defect that may exist in the tank is a quarter-elliptical 
surface flaw of shape ratio a/c =0.6, at the edge of a 2- 
in.-diameter nozzle opening in the cylinder section, oriented 
normal to the maximum principal stress. Nondestructive 
inspection sensitivity is such that the maximum size flaw

71
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that might be missed is 10 percent of the wall thickness. 
Elastic modulus is 10.6 x 10^ psi. Poisson1s ratio is 0.3, 
and yield strength is 66,500 psi.

The maximum nominal principal stress in the membrane 
wall during proof is the tangential stress which is equal to 
36,700 psi (Pr/t). The factor of safety against general 
yielding in the membrane wall is 66,500/36,700 or 1.8l. The 
elastic stress concentration factor for a hole in a biaxially 
stressed (S^.= SSL) infinite plate is equal to 2.5 which 
gives an apparent elastic peak stress of 91,700 psi. Since 
the yield strength is 66,500 psi it is apparent that the 
nozzle opening has yielded significantly, so that linear 
elastic fracture mechanics cannot be used to determine the 
safety factor against fracture. The first step in applying 
the strain tolerance approach is to find the nominal applied 
strain (Xa) in the structure. This can be found from the 
nominal membrane stresses using Hooke’s Law. For a maximum 
principal stress (S^) of 36,700 psi in a thin-walled cylinder, 
the intermediate principal stress (SU) will be 18,350 psi, 
and the minimum principal stress will be zero. Therefore, 
from Hooke’s Law (X^ ~ (S]_ - uS^)/E), the nominal applied 
strain is equal to 0.29 percent.

The second step is to determine the nominal fracture 
strain (X^) due to the strain concentration gradient for the 
largest defect that may be present. The maximum undetected
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flaw size is O.lOt or 0.030 Inches. For illustrative pur­
poses it will be assumed that the uniaxial room temperature 
strain tolerance data for 0.375-in.-thick 2014-T6 aluminum 
(a/c = 0.8) is not influenced by multiaxial stress*, plate 
thickness**, or flaw shape. For a flaw depth of 0.030 
inches, the center crack strain tolerance (X ) is 5.60 per­
cent (Figure 6 or Table 3). The edge-crack strain tolerance 
(X ) is 0.78 Xc or 4.36 percent (Table 6). The strain grad­
ient ratio, R/(R+a), is equal to 0.97. It can be seen from
Figure 16 that the effective strain tolerance (X V X  ) isI e
essentially equal to the limiting value (1/K^) for 
R/(R+a) >_ 0.90. can be found as a function of edge-
crack strain tolerance (X ) from empirical Equation (13).
For Xe equal to 4.36 percent, is equal to 7.0, and X'̂ /X 
is equal to 1/7 or 0.142. Therefore, the nominal fracture 
strain (X^) is equal to (0.142)(4.36%) or 0.62 percent. The 
safety factor is equal to the fracture strain (X^) divided

*Normally in both linear elastic fracture mechanics and the 
strain tolerance approach it is assumed that biaxiality of 
stress or strain has no effect on the nominal fracture stress 
or the strain tolerance because of the overriding influence 
of the multiaxiality introduced by the crack itself. Ex­
perimental verification of this assumption in linear elastic 
fracture mechanics is inconclusive.

**This assumes that full thickness restraint exists in the 0.375 
in. plate so that the strain tolerance is a minimum similar to 
plane strain fracture toughness. Experimental verification of 
this assumption is inconclusive.
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by the applied strain (A ) which is 0.62/0.29 or 2.14. Since 
the safety factor against fracture is greater than the 
safety factor against yield, the vessel will malfunction 
first by general yielding of the membrane wall.

Let us now assume that inspection sensitivity is not 
quite as good as before, so that the maximum size flaw that 
might be missed is 15 percent of the wall thickness or 0.045 
inches. For this case R/(R+a) = 0.96, A^ = 2.30%, A^ =
1 . 7 9 % , = 4.2, and Â . = 0.43%. The factor of safety is
equal to 0.43/0.29 or 1.48. In this case the vessel will 
malfunction first by fracturing at the nozzle opening.
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RECOMMENDATIONS FOR FUTURE WORK

There are a number of uncertainties still associated
with design application of the strain tolerance fracture
criteria that were indicated in the application-of-principle 
example presented in the previous section. Recommendations 
for future research are the following:
(1) Effect of thickness restraint on strain tolerance.
(2) Effect of stress state on strain tolerance.
(3) Effect of flaw shape on strain tolerance.

75
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APPENDIX A

STRAIN TOLERANCE DATA FOR 2014-T6 ALUMINUM 
(HEAT 6670), 6A1-4V TITANIUM-STA, AND A533B STEEL

76
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Baseline center-crack strain tolerance data for 2014-T6 
aluminum (heat 6670), 6A1-W titanium, and A533B steel is 
given in Tables A-l, A-2, and A-3, respectively. The most 
accurate determination of strain tolerance was from strain 
gage measurements. Total strain at failure, or strain tol­
erance,was also estimated from a photogrid with 0.100-in. 
spacing, and from a tensile test. The strain tolerance 
estimates from the photogrid required addition of the meas­
ured plastic, failure strain and the elastic strain as cal­
culated from the failure stress. The strain tolerance 
estimates from the tensile curve reflect the total strain in 
the tensile test at the same stress level as caused failure 
in the flawed strain tolerance specimen. The photogrid 
strain tolerance is surprisingly close to that measured from 
the strain gages considering that the value is subject to 
averaging errors and optical precision. The strain values 
from the tensile curve are also in the same range as the 
strain gage measurements, though hot as close as the photo­
grid values. On the basis of this limited data, it appears 
that strain tolerance could be estimated within 20 percent 
from one tensile test well instrumented with strain gages 
and several strain tolerance tests where only failure stress 
is measured.
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The linear elastic stress intensity expression for a
(TQ )surface flaw is given by

' KT = 1.1 /ir S /i7Q , (B-l)

where Q is the flaw shape parameter given by

Q = [id2 - 0.212 (S/S )2] ,

and is the complete elliptic integral of the second kind 
given by

7r/2

■ f v -
4 = 1  v  1 - (° 9 a ) SIN2e d© .

0 0
At fracture, becomes the fracture toughness, Kjc, S is 
the nominal failure stress, a is the crack depth, is the 
yield strength, and c is the half-crack length. This expres­
sion will be used up to the yield strength since it contains

2the plastic zone size correction factor, 0.212(S/S^) . 
Fracture toughness ( K ^ ) calculations for 2014-T6 aluminum 
(heat 6670) at 70°F, 6A1-4V titanium-STA at 70°F, and A533B
steel at -20°F are given in Table B-l.

The strain tolerance versus flaw size curve in the elas­
tic region can be determined by rewriting Equation (B-l) in
terms of total fracture strain (Xc) using Hooke's Law as

Xc =
/Q Kic 

1.1 /î E
/a , (B-2)



TAB
LE 

Br-
1. 

Fr
ac
tu
re
 
To
ug
hn
es
s 

Dat
a 

for
 
20
14
-T
6 

Al
um
in
um
, 

6A1
-4V

 
Ti
ta
ni
um
-

and
 
A53

3B 
St
ee
l

T 1652 86

Sen

_ o 
cd *h
<ü 4-1 
^  td -<î P4

4-1 <U <U Ms <

<D O
§■5
5 5

53
CU 4-1 
<D Cd 
Q Pd

& 5
3 eN <D 1-3

§5 2 S4
Q

roro cd o <u n u O  < 1

§
roroi•H
6

1 8 IfM 3

00

o
CN

O<N

00

O CN Ov o v 0
vO vo un

Ov Ov OV OV OV

O O 0 O 0
z -v vO

CN vO un un r-4
en vO co < t O

t i CN CN CN 1-4 vO
t 4 ♦.

r-4 r~4 r-4 0 p i

Pu
Pu Pu 00 O 00 O CN
h i en O CN f i ­ P i 1 < r00 OV 00 un p i
H en en en ll en II < h

• «-0 0 0 0 0
PU eu eu
S a a
<D 8 8

H H H
00 CN un 0

CN T-4 r-4 en en
m <1" en un en

0 0 0 0 0
z -x0 <
r ~ H
vD en
vO

CN en vo 1 o v CN
H T—1 0 0 CN < rti < m en r-4 0

t 4 W ►3
Pd 0 0 0 H O P3 t-4
x -z Î3 P3

« î E-4
H en
H

VO p>. H vO PQ <P
• ov un r-4 «d- en Ov

' t i %—1 r-4 t-4 > O en < r
•H un
N_Z 1-3 0 0 O O < 0

< H

VO
H

<d
vo CN

1 0 vo en O . un<N < f r - t r-4 r-4 un 0
t i t—l en en en r-4 0

*r4 O
CN r-4 r-4 r—4 O 00

z -s
. « CN r-4 r-4 P i < f

t i O O O < r
i-4 un un un p i en

en en en r-4 un

z -x

t i <h v o un vO co1-4 h i p - p i 00 ov
•>-Z en en en 0 < r

« • ♦ *
0 0 0 0 r-4

t-*< <
o\< H enen



TAB
LE 

B-l
. 

(C
on
ti
nu
ed
)

T 1652 87

%
m

<u m  x <u
I I
£ l

o

«ti
•H

•Hm

O

I
H

°:
o*O

CMI
00 CM OV il o II o
00 t"- CM voen en en & <t i 4 vO

<u <u

0)
C L f- i 
cd <u

s :§ |
r—I CdPL p4

CO „ 
CO O  
<U «H 
M  -U
x  cd en pd

<uM3
N
Pu en

<uXti 'ti 
x  cd

N 5 
£

$3
<D U
b  <yu

en

O '

en

en

en

«NPL .

0 
r^ .
'£>vo1

X
00
CL

r-4

00r~ r^ .
r> .

H r-4 r»O vO h-
Ov OV OV*

5
VOH

O O o

1 O O oO O o
r—( O O r-4O
CM O <f m

vO VO vo

O o o
CM r~~ Ov
OV o m
en r-4 en00 00

H
I
HH
>
<rà

VOvo r—(
r-4

S

CM

vO E-4 n-
O en . ov
OV ov

PQ «
O en

en
m
C

o

O
O o
OV o«d-<*«d- o
r-4 r-

oo

«Ht
CM

OOO*
menm

<
00
<

ov< a enen

mad
vo
vovo

xr
X
en

■aeu

o
vo
vo

x
S
tr i

!
vO

S"O
CM

M
coad

en
o
vo
r-4

r
u
Xen

aen
i
S

E-4

><r

3
VO

•X
Mad
oo
o
n
xf
X
Xen

<ueux
en
Sen
m
<



T 1652 88

where E is the elastic modulus. For 2014-T6 aluminum (66.6
ksi yield), using a flaw shape ratio (a/2c) equal to 0.40,
an average value of flaw shape parameter (Q) equal to 1.88
over the range of 0.5 < (S/S,) < 1, an elastic modulus equal_ y —
to 10.6 x 10^ psi, and a fracture toughness (Kjc) equal to
36.3 ksi /in.”, the linear elastic strain tolerance versus
flaw size expression is X = 2.408 x 10""^//a. For 6A1-4V 
titanium-STA (160.3 ksi yield), using (a/2c) = 0.-40, Q = 
1.88, E = 17.0 x 10^ psi, and = 47.0 ksi /in., the elas­
tic strain tolerance versus flaw size expression is X =c
l.gM X 10-3//a. For A533B steel at -20°F (70.8 ksi yield),
using (a/2c) = 0.47, Q = 2.19, E = 29.9 x 10 psi, and K =\ Ic
66.0 ksi /in., the elastic strain tolerance versus flaw size
expression is X^ = 1.675 x 10 ^//a.
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CALCULATION OF A SEMIEMPIRICAL EQUATION FOR 
STRAIN TOLERANCE IN THE ELASTIC-PLASTIC REGION
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"S-Sg.A semiempirical equation, that describes the strain tol­
erance versus flaw size curve in the elastic-plastic region, 
can -be developed by modifying the elastic strain tolerance 
expression calculated in Appendix B. The rapid increase in 
strain tolerance in the plastic region can be taken into 
account by use of a plastic strain multiplying factor such 
as (l+nec), where e Q is the plastic part of the strain tol­
erance and n is an empirical constant. Rewriting Equation 
(B-2) in these terms, we have

/Q K
l.l/ir E /a

The relationship between total strain (X) and plastic
strain (e) can be determined from a tensile test, where the
stress versus plastic strain curve can be expressed as a
power function of the form 

mS = Be , for e > 0 , (C-2)
where m is the strain hardening exponent and B is the stress
constant at unit strain. Rewriting Equation (C-2) in terms
of elastic strain (e) and plastic strain (e), we have

e = S/E = Be /E , for e > 0 , (C-3)
where E is the elastic modulus. Since total strain (X) is
the sum of its elastic and plastic parts, we have

X = e + e = Bem/E + e , for e > 0.* (C-4)

(l+nec). (C-l)
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Equations (C-l) and (C-4) are sufficient to describe the com­
plete strain tolerance versus flaw size curve up to the point 
of plastic necking instability. The empirical constants B 
and m are determined from tensile data, and the constant n 
is determined from strain tolerance data in the plastic 
region.

True stress versus true plastic strain curves (Equation 
(C-2))for 2014-T6 aluminum (heat 6670), 6A1-W titanium-STA, 
and A533B steel are given in Figures C-l, C-2, and C-3, 
respectively. Note that the curve for A533B steel at -20°F 
assumes that the strain hardening, exponent is the same as
at 70°F. Also, note that it is necessary to use two equa-\
tions to describe the A533B flow curve as it exhibits a dis­
continuous yield point. The relationship between total 
strain (X) and plastic strain (e) can be calculated by sub­
stituting appropriate values of B, m, and elastic modulus 
(E) into Equation (C-4). The resulting equations are :

For 2014-T6 aluminum (heat 6670) —

X = 7.755 X 10-3 e-038 + e, for e > 0 
For 6A1-4V titanium-STA ■—

X = 11.412 x 10""̂  e * + E, for e > 0
For A533B steel (-20°F) —

X = 2.370 x 10“3 + s, “ for 0 < e < 0.009

X = 5.027 x 10-3 e 0 + e, for e >0.009.
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The empirical constant n in the strain tolerance versus 
crack size expression (Equation (C-l)) is determined by a 
best-fit of the experimental data points given in Appendix 
A. Appropriate values of the elastic parameters (Q, Kjc* 
and E), strain tolerance (Ac), flaw depth (a), and plastic 
strain (ec) are substituted into Equation (C-l) which is 
then solved for n. The resulting best-fit equations are :

For 2014-T6 aluminum (heat 6670) —

A = 2-it08 * 10~3 (1 + 62 e ) 
c /a c

For 6A1-4Y titanium-STA —

X . =,U .931jç,10".3 (1 + 56 e.) 
/a

For A533B steel (-20°?) —

A = 1 -675 x 10 3 ^  + 290 e ).
° Æ  c
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An analytical approximation of the plastic strain con­
centration factor for a notch under monotonie shear loading 
was developed by Neuber^^. The basis of the Neuber approach 
is the suggested rule that the geometric mean of the plastic 
stress concentration factor (K ) and the plastic strain con­
centration factor (K.) is equal to the theoretical elastic 
stress concentration factor or

(Kg KX)V 2  = V  (D-l)

This relationship is derived from non-linear elastic theory 
for sharp notches and must be regarded as being purely 
empirical for non-linear elastic-plastic behavior. Equation

f pi ) (2?V(D-l) has beenx applied by Kremplv and Papirno to ten­
sion and compression loading, where K is defined as the 
ratio of peak normal stress-to-net section normal stress
(S /S ) and K, is defined as the ratio of peak normal strain- p n a
to-net section normal strain (A^/A^).

For the completely elastic case where the stress-strain 
behavior, both in the net section and at the notch, can be 
expressed by Hooke's Law, Equation (D-l) reduces to

Kx = Kt , for Xn < i- (Sy/E), (D-2)

where S is the yield strength and E is the elastic modulus.
y ,

For the case of an elastic net section and a plastic 
notch, two separate stress-strain equations are necessary to 
describe the material behavior at the two locations. For a
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material with a plastic flow curve that can be expressed in 
the form of a power function, the stress-strain relation at 
the plastic notch is given by

Sp = BXpm , (D-3)

where m is the strain hardening exponent and B is the stress
constant at unit strain. The stress-strain relation in the
elastic net section is

S = EX . (D-4)n n
By substituting Equations (D-3) and (D-4) into Equation (D-l), 
the plastic strain concentration factor (K^) can be expressed 
as

2 '\  1 1-m
K. = K.1+m (E/B)1+m X 1+m , à v n

for (1/K )(S /E) < < S / E  . (D-5)z y — n — y
In this case, the plastic strain concentration factor (K^)
for a given notch (K^), is a function of elastic modulus (E),
material flow properties (B., m), and net section strain
level (Xn ).

For the fully plastic case, the stress-strain relation" 
at the plastic notch is expressed, as before, by Equation 
(D-3). The stress-strain relation in the plastic net section 
is given by

Sn = BXnm . (D-6)

By substituting Equations (D-3) and (D-6) into Equation (D-T),
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the plastic strain concentration factor (K,) can be expressed 
as

2
Kx = Kt1+m , for Xn > Sy/E. (D-7)

In this case, the plastic strain concentration factor (K^),
for a given notch (K̂ . ), is only dependent on the strain
hardening exponent (m).

For a circular hole (K^ = 3.0) in 2014-T6 aluminum
(E = 10.6 x 10 psl, S = 66,500 psl, S = 85,000 A'053*),
the plastic strain concentration factor (K^), from Equations
(D-2), (D-5), and (D-7), is given by

Kx = 3.0, for Xn < 0.0021,
and K, = 780X',9°, for 0.0021 < A < 0.0063,

a  n  —  n  —

and K. = 8.0, for A > O.OO63.
a  n —

*This equation expresses the same flow behavior as the tensile 
curve in Appendix C, Figure (C-l), except that total strain 
(A) is used instead of plastic strain (e).
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f )Bowie has applied Griffith's theory of brittle frac­
ture to the case on an infinite plate containing two radial, 
diametrically opposite, through-thickness cracks of length a 
originating at the edge of an internal through-thickness 
hole of radius R. The circular hole-edge crack geometry is 
illustrated in Figure E-l. The plate is loaded in uniaxial 
tension perpendicular to the plane of the cracks, and is 
thick enough to provide full restraint. The length between 
the crack extremities is 2(R+a) and the relative crack 
length is a/R.

In the limiting case where R equals zero and the infin­
ite plate contains a single through-crack of length 2a in a 
uniform stress field, the nominal fracture stress (Su ) is 
expressed by

s« ■

where K-j-c is the plane strain fracture toughness. Equation 
(E-l) can be rewritten in terms of nominal fracture strain 
(or strain tolerance), e^, using Hooke’s Law as

6u = EOra)172 ’ (E"2)
where E is the elastic modulus.

In the general case where R is greater than zero and the 
cracks are influenced by the presence of the hole, Bowie 
expressed the nominal fracture stress (S ) as
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Figure E-l. Circular Hole-Edge Crack Geometry in Infinite 
Plate.
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-[
E G /1-v2 s . c

1/2
F(a/R), (E-3)

where G^ Is the critical strain energy release rate, v is 
Poisson's ratio, and F (a/R) is a stress function that takes 
account of the influence of the stress concentration gradient 
F (a/R) is plotted in Figure E-2 as a function of relative 
crack length a/R. Equation (E-3) can be expressed in the 
more convenient form of equation (E-l) as

s„ =  ïyT? (a/R)1/2 F(a/R). (E-4)
8 (ira)172

Equation (E-4) can be rewritten in terms of nominal fracture
strain (e ) using Hooke's law as S

e_ = ---(a/R)1/2 F (a/R). (E-5)
g E(ira)

The effective strain tolerance is equal to the ratio of nom­
inal fracture strain in the strain gradient-to-nominal frac­
ture strain in a uniform strain field (e^/e^). Dividing 
equation (E-2) by equation (E-5), we have

-S = (a/R)-'72 F (a/R). (E-6)
eu

In order to express the whole range from zero hole size to 
infinite hole size, it is convenient to express strain grad­
ient as the ratio, R/(R+a), which will have values between 0 
and 1. Effective strain tolerance is plotted as a function 
of strain gradient ratio in Figure E-3. For R/(R+a) equal
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to zero, the effective strain tolerance is equal to 1, since 
the crack is in a uniform strain field. As R/(R+a) increases 
above zero, the effective strain tolerance decreases, even 
though the strain gradient is still too steep to affect the 
crack tip, because the crack length is effectively increased 
by the hole diameter. As R/(R+a) increases still further 
(decreasing strain gradient for a larger hole), the effective 
strain tolerance continues to decrease because of the more 
severe conditions that exist when the crack tip is subjected 
to a progressively higher strain in the strain gradient. As 
R/(R+a) approaches unity, the effective strain tolerance 
approaches a limiting value of 0.333* for a crack that is 
subjected to the full strain concentration at an infinite 
hole. The fact that the nominal fracture strain for a crack 
that is subjected to the full strain concentration is 1/3 
of the nominal fracture strain in a uniform strain field is 
not surprising, since the theoretical elastic strain con­
centration factor for a hole is 3. It is probable that 
effective strain tolerance in the elastic-plastic region will 
have a limiting value that is the reciprocal of the plastic 
strain concentration factor (K^).

*If this limiting value were to be checked experimentally, 
using a center-cracked sample for baseline strain tolerance 
in a uniform strain field, it would be 0.297. The reason for 
this discrepancy is that two edge-cracks of length a are 11 
percent more severe than a center-crack of length 2a. This 
geometry effect is not predicted by elasticity theory. If 
the baseline strain tolerance sample were an edge-cracked ; 
sample, the limiting value would be 0.333 as predicted.
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It was implied in the foregoing discussion that there 
might be a limited region where the strain gradient due to a 
very small hole is so steep that the crack is essentially 
still in a region of uniform strain, except that the effec­
tive half-crack length (a ) is longer by the hole radius (R).
For this to be true, by inspection of Equations (E-2) and 
(E-5), the following identity must exist, namely that

 V t ?  = ---^ 7 ?  = -T7Ô  (a/R)1/2 F (a/R). (E-7)(ae)1/2 (a+R) a

Reducing Equation (E-7) to a simpler form, we have

1 + a/R v [ f î I 7 r t ] 2 • ( E - 8 )

pIf 1 + a/R is greater than [1/F(a/R)] , then a+R overestimates
Pthe effective crack length. If 1 + a/R is less than [1/F(a/R)] , 

then a+R underestimates the effective crack length. For 
0 £ R/(R+a) £ 0.85, 1 + a/R is never different from [1/F(a/R)]  ̂
by more than 3 percent on the average. Thus, for 0 £ R/(R+a)
£ 0.85» the effective half-crack length (a+R) controls frac­
ture behavior, and for 0.85 < R/(R+a) £ 1, the local strain 
field controls failure. Quarter-elliptical surface cracks at 
the edges of a hole may be affected by the local strain field 
out.to values of R/(R+a) less than 0.85 since one point on 
the crack front will always be at the edge of the hole.

The effective strain tolerance curve in the elastic- 
plastic region might possibly be approximated by assuming
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that the effective strain tolerance (EST)  ̂ should decrease 
between 1 and 1/K^ at the same rate as the elastic effective 
strain tolerance (EST)e decreases between 1 and 1/3. This 
can be expressed by the following two equations,

(EST)e = 1/3 + P(l-l/3), (E-9)

and (EST)  ̂ = 1/K^ + P(l-1/K^), (E-10)

where P is the proportioning constant. If equation (E-9) is 
rewritten as

3(EST) - 1
p =  gS—  , (e -i d

and substituted into equation (E-10), we have

(EST)X = [1 - (EST)@] + 1/2 [3(EST)e - 1] , (E-12)
X

which is an approximation curve for the elastic-plastic 
strain tolerance (EST)  ̂as a function of plastic strain con­
centration factor (K,) and the elastic effective strain tol­
erance curve (EST)e in Figure E-3.
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