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ABSTRACT

Imaging the Earth’s interior requires seismic data to be free from the events which

reflect more than once in the subsurface (also referred to as multiples). For most seismic

imaging algorithms, multiples are considered noise since they shadow the useful

information about the subsurface, and they need to be removed from the seismic data.

However, the removal of multiples remains one of the most challenging tasks in seismic

data processing to this day.

The occurrence of multiples depends on a strong impedance contrast between two

adjacent subsurface structures and the strength of the multiples increases as the contrast

increases. The presence of complex overburden structures (e.g., salt bodies) in the

subsurface is one of the reasons for a strong impedance contrast. The solution of the

Marchenko equation retrieves the up- and down-going focusing functions which allow one

to account for the effects of complex overburden structures and enables the retrieval of the

Green’s functions for virtual source locations in the subsurface. I propose a

two-dimensional (2-D) Marchenko equation where the up- and down-going focusing

functions are not needed for the Green’s function retrieval. The proposed Marchenko

equation not only effectively retrieves the Green’s function for a virtual source location in

the subsurface, but also forms the basis for obtaining multiple-free images of the

subsurface. I also investigate the role of the background velocity model for a successful

Green’s function retrieval with the Marchenko equation for the reflected and refracted

waves. I show that a constant background model retrieves a high-accuracy Green’s

function as long as the average slowness can be obtained between the virtual source and

receiver locations. I also show that the refracted waves can only be incorporated into the

retrieved Green’s function with a background model that is detailed enough to model the

refracted waves during the Marchenko scheme.
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The presence of a free surface (or air-water interface) is another reason for a strong

impedance contrast. The free-surface effects can be seen in two different ways in the

seismic data; (1) free-surface multiples and (2) ghost reflections. Free-surface multiples

have at least one downward reflection at the free surface and are the most dominant set of

multiples in marine seismic data. Ghost reflections create notches in the frequency content

of the seismic data causing the low-frequency content to deteriorate. I develop a

Convolutional Neural Network (CNN) (which is an important building block of artificial

intelligence) solution to attenuate the free-surface multiples and remove ghost reflections

from seismic data, simultaneously. The developed CNN algorithm works on a single seismic

trace and does not need to interpolate, extrapolate, or regularize data gaps and near

offsets, avoiding the costs and time associated with such procedures. It is designed for use

in irregular surveys, such as ocean-bottom node seismic data or time-lapse monitoring

studies. I present synthetic examples to demonstrate that the CNN-based solution removes

free-surface effects from seismic data. I then apply the developed CNN-based simultaneous

free-surface multiple attenuation and ghost removal method on a 2-D field data set

acquired in the North Viking Graben. Lastly, I apply the developed CNN-based solution to

the simultaneously acquired seismic data (also referred to as blended data). I first

demonstrate the efficacy of the proposed algorithm on a 2-D synthetic blended data set.

Then, I apply the proposed algorithm to a 2-D field data set acquired in the North Sea.

The numerical examples demonstrate that the CNN algorithm effectively eliminates

free-surface effects on blended data.
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CHAPTER 1

INTRODUCTION

One of the most challenging tasks in seismic data processing is the removal of multiples

from seismic data. A multiple is a wave that has at least one downward re
ection

somewhere along its ray path. Internal multiples are one of the most commonly

encountered multiples in seismic data. Internal multiples have at least one downward

re
ection at a re
ector below the subsurface (Berkhout & Verschuur, 1997); the green line

in Figure 1.1(a) illustrates an example of an internal multiple for a marine seismic

acquisition where the red star denotes a source located at depth near the sea surface, and

the white triangle denotes a receiver also located at depth near the sea surface.

Marchenko redatuming and imaging, a novel approach for generating multiple-free

seismic images using surface seismic data and a smooth velocity model, has the potential to

resolve problems related to internal multiples (Broggini & Snieder, 2012; Wapenaaret al.,

2014). Marchenko redatuming removes the e�ects of complex overburden structure by

creating virtual responses (also referred to as wave�eld focusing) using the Marchenko

equation (Marchenko, 1955). Marchenko imaging creates artifact-free images of the

subsurface by applying an imaging condition. Marchenko redatuming and imaging

eliminates the e�ects of internal multiples and produces more accurate images of the

subsurface (Behuraet al., 2014; Jiaet al., 2018, 2021; Ravasiet al., 2016) compared to the

images obtained by the reverse-time migration (Baysalet al., 1983; McMechan, 1983).

The relationship between wave�eld focusing and the Marchenko equation was

established by Rose (2001, 2002b) allowing for wave�eld focusing in an unknown medium

once the Marchenko equation is solved. Broggini & Snieder (2012) demonstrate the

retrieval of the Green's function between any subsurface point and surface acquisition point

without the need for a physical receiver at the virtual source location, using only one-sided
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illumination. Wapenaar et al. (2013) examine the retrieval of the three-dimensional

Green's function and provide an example of the two-dimensional retrieval.

(a)

(b)

Figure 1.1 (a) Schematic illustration of the ray paths of primary re
ection (blue line),
internal multiple (green line), free-surface multiple (black line), and source and receiver
side ghost re
ections (red line). The white triangle denotes a receiver located at depth and
the red shape denotes a source located at depthbeforemultiple and ghost removal. (b) The
ray paths in (a) after multiple and ghost removal.

A comprehensive explanation and numerical implementation of the Marchenko

redatuming and imaging method is provided by Wapenaaret al. (2014), van der Neutet al.

(2015), Thorbeckeet al. (2017), and Lomas & Curtis (2019). Marchenko redatuming and
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imaging has been widely utilized for various purposes including internal multiple

elimination (Meles et al., 2015, 2016; Thorbeckeet al., 2021), elastic wave applications

(da Costa Filho et al., 2014, 2015; Wapenaar, 2014), subsurface imaging and for

comparisons with the conventional imaging results (e.g., reverse time migration) (Behura

et al., 2014; Jiaet al., 2018; Ravasiet al., 2016; Wapenaaret al., 2014). Marchenko

redatuming and imaging has been applied in various �eld data sets including imaging of a

North Sea �eld data set (Ravasiet al., 2016), target-oriented subsalt imaging of the Gulf of

Mexico data set (Jiaet al., 2018), time-lapse monitoring of the Frio carbon sequestration

data set (Kiraz & Nowack, 2018), multiple suppression on an Arabian Gulf �eld data set

(Staring et al., 2021), and an o�shore Brazil data set for imaging a reservoir under basalt

(Jia et al., 2021).

Multiples are generated when waves encounter strong impedance contrasts. In marine

seismic data, the main sources of impedance contrast are the free surface (air-water

interface) and the water bottom. The water bottom may have weak impedance contrast

(e.g., weak impedance contrast), but the free surface is always an almost-perfect re
ector

(e.g., strong impedance contrast), producing two main problems in recorded seismic data:

(1) free-surface multiples and (2) ghost re
ections.

Multiple re
ections in recorded marine seismic data pose a signi�cant challenge as they

interfere with the primary re
ections. Free-surface multiples, with at least one downward

re
ection at the sea surface (black line in Figure 1.1(a)), are particularly critical to address.

Surface-Related Multiple Elimination (SRME) is a data-driven method that predicts

multiples by utilizing the relationship between multiples and their sub-events (Verschuur

et al., 1992). The SRME technique has gained widespread use and has established itself as

the primary and industry-accepted solution for eliminating free-surface multiples (Ma

et al., 2019). It requires a dense and regular source and receiver distribution, a known

source wavelet, interpolated data, and near-o�set data, but the method does not need

subsurface information. The SRME method consists of data pre-processing, multiple
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prediction, wavelet estimation through matching �ltering, and adaptive subtraction

(Dragosetet al., 2010; Verschuuret al., 1992). Despite being widely used and one of the

most e�ective tools in seismic processing, SRME is computationally intensive and does not

always guarantee optimal results. During the subtraction process, there is a risk of

removing both primary and multiple re
ections, as they can overlap (Dragosetet al.,

2010). While two-dimensional (2-D) SRME can be more computationally e�cient, it may

not handle complex subsurface structures requiring three-dimensional (3-D) source and

receiver distribution e�ectively, especially in the presence of strong cross-line data

components, making this even harder to achieve in 3-D surveys.

Several e�orts have been made to tackle free-surface multiples. One of them is

presented by Riley & Claerbout (1976) who discusses the theory and application of a

one-dimensional (1-D) free-surface multiple attenuation algorithm. Verschuuret al. (1992)

highlight the technique of predicting and subtracting free-surface multiples from seismic

data. Jakubowicz (1998) describes a method for eliminating interbed multiples, which is an

extension of SRME. There are numerous examples of �eld data applications of the SRME

method (Dragoset & MacKay, 1993; Dragoset & Jeri�cevi�c, 1998; Kelamis & Verschuur,

2000; Verschuuret al., 1995).

Ghost re
ections cause notches in seismic data frequency due to destructive interference

of the downward radiated wave with the wave re
ected o� the free surface, and alter the

source signature (Amundsen & Zhou, 2013). Attenuating ghost re
ections (or deghosting)

is crucial for broadband processing and full-waveform inversion (Kraghet al., 2010; Virieux

& Operto, 2009). Ghost re
ections in seismic data appear as delayed primary signals with

opposite polarity (Dondurur, 2018). There are three types of ghosts recorded in seismic

data: (1) source ghost, (2) receiver ghost, and (3) source and receiver ghost (shown as red

line in Figure 1.1(a)). Deghosting can be done through acquisition-based solutions such as

slanted streamer, over-under steamers, and dual-sensor streamer acquisitions (Carlson

et al., 2007; Moldoveanuet al., 2007; Soubaras & Whiting, 2011) or processing-based
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solutions such as low-frequency deghosting �ltering and joint deconvolution (Amundsen &

Zhou, 2013; Soubaras, 2010). Recent advancements have also applied machine learning

techniques to remove ghost re
ections (Almuteri & Sava, 2023; Vrolijk & Blacqui�ere, 2021).

Seismic migration methods (Baysalet al., 1983; McMechan, 1983) presume that seismic

data only consists of primary re
ections (the blue line in Figure 1.1). It is, hence, crucial

for the seismic data to be free of free-surface-generated events (represented by the red and

black lines in Figure 1.1(a)) that are re
ected at least twice o� re
ectors in the subsurface.

A profound limitation of the existing algorithms that remove free-surface multiples and

ghost re
ections is that they require a dense source and receiver distribution over a seismic

survey. These algorithms are sensitive to missing data gaps and it is computationally

demanding to �ll these gaps in the data (e.g., interpolation, extrapolation, regularization).

For example, for a successful implementation of the SRME algorithm, shot and receiver

spacings along inline and crossline directions should be around tens of meters (Dragoset

et al., 2010). These speci�cations are unfeasible in reality, so some form of interpolation,

extrapolation, or regularization is required for the SRME method.

In recent years, the geophysics community has adapted a novel approach called

Convolutional Neural Networks (CNNs) to address various problems like SRME. A CNN is

a speci�c type of arti�cial intelligence commonly used for image recognition, natural

language processing, and for tasks that require an understanding of visual data (Ekman,

2021; G�eron, 2019). CNNs use convolutional layers to extract features from the input

image. Network parameters are learned through training on a dataset, where the network

is optimized to minimize the di�erence between the predicted and actual output. The

resulting network can then be applied to new images to make predictions, which can be

improved through further training (Bishop, 2006; Ekman, 2021; G�eron, 2019; Murphy,

2012).

CNNs have been used to address various problems in the exploration seismology such as

obtaining an elastic subsurface model using recorded normal-incidence seismic data (Das
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et al., 2019), 3-D seismic fault segmentation (Wuet al., 2019), seismic interpretation (Di

et al., 2020), seismic deghosting (Almuteri & Sava, 2023), deblending the simultaneous

source seismic data (Chenget al., 2022), magnetotelluric noise suppression (Liet al., 2023),

full-waveform inversion (Wu & McMechan, 2019), microseismic waveform classi�cation and

arrival picking (Zhang et al., 2020), velocity model building (Alzahrani & Shragge, 2022),

random noise attenuation (Siet al., 2019), sparse least-square migration (Liuet al., 2020),

and free-surface multiple attenuation (Ovcharenkoet al., 2021; Siahkoohiet al., 2018,

2019).

The central objective of this thesis is to design algorithms that eliminate multiples and

ghost re
ections from seismic data while circumventing the need for a dense source and

receiver distribution. To achieve this goal, I �rst develop a Marchenko equation that,

unlike the previous algorithms, does not require decomposing the focusing function into

upgoing and downgoing components to accurately retrieve the Green's functions for virtual

source locations in the subsurface. The algorithm that encodes the new Marchenko

equation forms the basis for obtaining images that are free of multiples caused by the

complex overburden structures in the subsurface (e.g., the green line in Figure 1.1(a)). I

then perform a sensitivity analysis to background models of the Marchenko algorithm for

the re
ected and refracted waves. To tackle free-surface multiples and ghost re
ections in

seismic data (e.g., the red and black lines in Figure 1.1(a)), I next develop a CNN-based

algorithm. In contrast to SRME, the proposed algorithm operates on a single trace at a

time and unlike the existing methods, can thus be used for surveys with sparse source and

receiver distributions. The CNN-based algorithm, therefore, does not require any

interpolation/extrapolation/regularization step and can be applied to surveys with

irregular acquisition such as ocean-bottom node seismic data or time-lapse monitoring

studies. I also apply the proposed CNN-based methodology to a 2-D data set acquired in

the North Sea. Finally, I extend the proposed CNN method for the simultaneous source

acquisition surveys. I present synthetic and �eld data applications to show that the

6



CNN-based free-surface multiple attenuation and deghosting algorithm e�ectively removes

free-surface e�ects on blended data, and generalizes well for the �eld data.

1.1 Thesis Outline

The chapters in this thesis are based on publications. One chapter has been published

in a peer-reviewed journal, three chapters have been submitted for publication, and one

chapter will be submitted for publication. As the �rst author of the following technical

chapters, I developed the theory and performed numerical computations. As the thesis

advisor and coauthor of the following technical chapters, Dr. Roel Snieder supervised the

analytical and numerical �ndings. As a coauthor for the �rst two chapters, Dr. Kees

Wapenaar supervised the analytical and numerical �ndings. As a coauthor for the last

three chapters, Dr. Jon Sheiman supervised the analytical and numerical �ndings. The

authors discussed the results and contributed to writing the manuscripts and documenting

the research work.

In Chapter 2, entitled \Focusing waves in an unknown medium without wave�eld

decomposition", I present a novel Marchenko equation that does not require the up- and

down-going components of the focusing function to e�ectively retrieve the Green's function

for a virtual source location in the subsurface. The outcomes of this chapter were presented

at a Society of Exploration Geophysicists (SEG) Annual Meeting, and were published in

JASA Express Letters:

ˆ Kiraz, M. S. R., R. Snieder, and K. Wapenaar, 2020, Marchenko focusing without

up/down decomposition: 90th Annual International Meeting, SEG, Expanded

Abstracts, 3593-3597, doi: 10.1190/segam2020-3423471.1.

ˆ Kiraz, M. S. R., R. Snieder, and K. Wapenaar, 2021, Focusing waves in an unknown

medium without wave�eld decomposition: JASA Express Letters, 1, 055602, doi:

10.1121/10.0004962.
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In Chapter 3, entitled \The role of the background velocity model for the Marchenko

focusing of re
ected and refracted waves", I describe the role of the background model for

an accurate Green's function retrieval using the Marchenko equation. I present di�erent

background models and investigate the accuracy of the retrieved Green's functions using

these models. I also show that the background velocity model, which is used to model the

direct wave for the Marchenko algorithm, must be su�ciently detailed to produce refracted

waves if these waves are to be recovered. The outcomes of this chapter were presented at

the First International Meeting for Applied Geoscience & Energy and have been submitted

for peer review inGeophysical Journal International:

ˆ Kiraz, M. S. R., R. Snieder, and K. Wapenaar, 2021, Marchenko without up/down

decomposition on the Marmousi model and retrieval of the refracted waves: Are they

caused by the Marchenko algorithm?: First International Meeting for Applied

Geoscience & Energy, SEG/AAPG, Expanded Abstracts, 3280-3284, doi:

10.1190/segam2021-3583530.1.

ˆ Kiraz, M. S. R., R. Snieder, and K. Wapenaar, 2023, The role of the background

velocity model for the Marchenko focusing of re
ected and refracted waves:

Geophysical Journal International (under review).

In Chapter 4, entitled \Removing free-surface e�ects from seismic data using

convolutional neural networks { Part 1: Theory and sensitivity analysis", I propose a novel

CNN-based approach to simultaneously attenuate free-surface multiples and remove ghost

re
ections from seismic data. The proposed algorithm works on a trace-by-trace basis and

makes the algorithm applicable for surveys with sparse source and receiver distributions

(such as OBN data or time-lapse monitoring data). I analyze the sensitivity of the

CNN-based free-surface multiple attenuation and ghost removal by presenting di�erent

numerical examples. The outcomes of this chapter have been submitted toGeophysical

Prospecting:
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ˆ Kiraz, M. S. R., J. Sheiman, and R. Snieder, 2023, Removing free-surface e�ects from

seismic data using convolutional neural networks { Part 1: Theory and sensitivity

analysis: Geophysical Prospecting (under review).

In Chapter 5, entitled \Removing free-surface e�ects from seismic data using

convolutional neural networks { Part 2: An application to the Mobil AVO Viking Graben

data set", I illustrate the e�cacy of the CNN-based free-surface multiple attenuation and

ghost removal presented in Chapter 4 on the Mobil AVO Viking Graben �eld data set

acquired in the North Sea. The outcomes of this chapter have been submitted for

publication in Geophysical Prospecting:

ˆ Kiraz, M. S. R., J. Sheiman, and R. Snieder, 2023, Removing free-surface e�ects from

seismic data using convolutional neural networks { Part 2: An application to the

Mobil AVO Viking Graben data set: Geophysical Prospecting (under review).

In Chapter 6, entitled \Free-surface multiple attenuation and seismic deghosting for

blended data using convolutional neural networks", I extend the CNN-based free-surface

multiple attenuation and ghost removal presented in Chapter 4 to the simultaneously

acquired seismic data (or blended data). I present synthetic examples and show that the

CNN-based algorithm removes free-surface e�ects for blended data. Additionally, I blend

the Mobil AVO Viking Graben data set and present a blended �eld data set example for

free-surface multiple attenuation and ghost removal. The outcomes of this chapter will be

submitted for publication in Geophysics:

ˆ Kiraz, M. S. R., J. Sheiman, and R. Snieder, 2023, Free-surface multiple attenuation

and seismic deghosting for blended data using convolutional neural networks:

Geophysics (to be submitted).

I also propose a CNN-based algorithm for the Green's function retrieval in 1-D. I

illustrate the e�cacy of the CNN-based method on 1-D synthetic data set. This method
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shows that once the CNN is trained to retrieve the Green's function for a certain virtual

source location, we do not need to solve the Marchenko equation for wave�eld focusing.

The outcomes of this work were presented at the Second International Meeting for Applied

Geoscience & Energy:

ˆ Kiraz, M. S. R. and R. Snieder, 2022, Marchenko focusing using convolutional neural

networks: Second International Meeting for Applied Geoscience & Energy,

SEG/AAPG, Expanded Abstracts, 1930-1934, doi: 10.1190/image2022-3738167.1.

In Chapter 7, I present the general conclusions and propose future recommendations on

various applications of the presented methods in this thesis.
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CHAPTER 2

FOCUSING WAVES IN AN UNKNOWN MEDIUM WITHOUT WAVEFIELD

DECOMPOSITION

A paper published1 in JASA Express Letters

Mert Sinan Recep Kiraz2;3;4, Roel Snieder3 & Kees Wapenaar5

The Gel'fand-Levitan equation, the Gopinath-Sondhi equation, and the Marchenko

equation are developed for one-dimensional inverse scattering problems. Recently, a version

of the Marchenko equation based on wave�eld decomposition has been introduced for

focusing waves in multi-dimensions. However, wave�eld decomposition is a limitation when

waves propagate horizontally at the focusing level. Here, the Marchenko equation for

focusing without wave�eld decomposition is derived, and by iteratively solving the

Marchenko equation, the Green's function for an arbitrary location in the medium is

retrieved from the scattered waves recorded on a closed receiver array and an estimate of

the direct-wave without wave�eld decomposition.

2.1 Introduction

Inverse scattering (Chadan & Sabatier, 1989; Colton & Kress, 1998; Gladwell, 1993)

uses scattered waves to determine the scattering properties of a medium. Burridge (1980)

shows that the Gel'fand-Levitan equation and the Gopinath-Sondhi equation have the

same structure as the Marchenko equation, and shows that the Marchenko equation can be

used for medium reconstruction (Burridge, 1980; Newton, 1980a). The solution of the

1Reproduced fromJASA Express Lett. 1, 055602 (2021); https://asa.scitation.org/doi/10.1121/10.0004962
with the permission of The Acoustical Society of America.

2Primary researcher and author.
3Author for correspondence. Direct correspondence to mertkiraz@gmail.com.
4Center for Wave Phenomena, Colorado School of Mines, 1500 Illinois St., Golden, CO 80401, USA.
5Department of Geoscience and Engineering, Delft University of Technology, P.O. Box 5048, Delft, GA 2600,
The Netherlands.
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one-dimensional (1-D) Marchenko equation is an exact integral equation to make the

connection between the scattered data and the scatterer potential. Rose (2001, 2002a)

de�nes focusing as �nding an incident wave that becomes a delta function at a prescribed

focus location and time inside the medium. He shows that this incident wave follows from

the scattered data and uses the Marchenko equation for 1-D inverse scattering problems.

Broggini & Snieder (2012) utilize Rose's approach and introduce a scheme in 1-D to

retrieve the Green's function containing single-scattered and multiply-scattered waves of

the inhomogeneous medium. Wapenaaret al. (2012) show the virtual source creation in

two dimensions using the recorded data but the proposed method excludes horizontally

propagating energy at the virtual source level. Wapenaaret al. (2013, 2014) derive the

three-dimensional Marchenko equation for wave�eld focusing and, therefore, for the

Green's function retrieval; however, their solution requires up/down decomposition of the

wave�eld, which also excludes horizontally propagating energy at the focusing level. This is

a limitation when the medium has steeply dipping structures because the horizontally

scattered waves and refracted waves cannot be fully represented with the up/down

decomposition. Recently, there have been several studies to address the limitation of the

Marchenko method due to the up/down separation of the Marchenko equation. Kirazet al.

(2020) show wave�eld focusing for an arbitrary point inside an unknown highly scattering

inhomogeneous medium using the data acquired on a closed boundary. Diekmann &

Vasconcelos (2021) and Wapenaaret al. (2021) present alternative approaches to Green's

function retrieval without up/down decomposition each with their own pros and cons.

The Marchenko schemes proposed in 1-D provide an exact solution for focusing, and for

Green's function retrieval in the medium. Green's function retrieval is of importance for

imaging applications in many �elds. The ability to focus waves opens up applications

ranging from scattering kidney stones to performing imaging, monitoring in seismology,

and non-destructive testing.
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In this paper, we propose a two-dimensional (2-D) Marchenko equation for focusing

waves in a highly scattering inhomogeneous medium. We show that by iteratively solving

the Marchenko equation, the Green's function for an arbitrary point in a strongly

scattering inhomogeneous medium can be retrieved without wave�eld decomposition at the

focal point. As opposed to the current Marchenko algorithms that use single-sided

acquisition methods, we include waves propagating in all directions at the focal point using

the contributions from a closed array. Our scheme is an extension of the 1-D Marchenko

algorithms proposed by Newton (1980a), Rose (2001, 2002a), and Broggini & Snieder

(2012) into 2-D.

2.2 Theory

Consider the acoustic wave equation

� r �
�

1
�

r p
�

+
! 2

c2
p = f ; (2.1)

where� is density, ! is the angular frequency,f is the source term,p is pressure, andc is

the velocity. We use the acoustic wave equation for a constant velocity and variable density

in the numerical examples in this paper.

We de�ne the Green's function,G(x; xs; t), as the solution to the wave equationLG=

� (x � xs)� (t), with the di�erential operator L = � r � (� � 1r ) � c� 2@2=@t2. Here,xs is the

source location and the Green's function is the response to a source atxs recorded at the

receiver locationx. We use the following convention for the Fourier transform:

f (t) = 1
2�

R
F (! )exp(� i!t )d! , wherei is the imaginary unit. In the frequency domain

G(x; xs; ! ) satis�es LG = � (x � xs), with the di�erential operator L = � r � (� � 1r ) + ! 2=c2.
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(a)

(b)

Figure 2.1 (a) Snapshot att = 0 of the time-derivative of the time-reversed modeled
direct-wave injection. (b) Snapshot att = 0 of the time-derivative of the time-reversed
retrieved homogeneous Green's function injection obtained from our iterative Marchenko
algorithm. The red asterisk denotes the focal pointxs and the blue line represents the
transducer locations.

We describe an iterative solution to focus a wave�eld in the medium to a pre-de�ned

location at t = 0 when injected into the medium. Our solution requires the direct-wave
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information modeled in the homogeneous medium (when� and c are constant) for a source

at the focusing pointxs. This is the known Green's functionG0(x; xs; t) in a homogeneous

medium. Sending this direct-wave back into the inhomogeneous medium from a circular

receiver array with the radiusR in a time-reversed order creates a focus at the focal point

at t = 0; however, in addition to the focal spot, other waves are present around the

focusing point, and Figure 2.1(a) shows the snapshot att = 0 of the time-reversed

direct-wave injection into the heterogeneous medium shown in Figure 2.2 (about which the

details will be provided in the following section). This shows that emitting the

time-reversed direct-wave into an inhomogeneous medium does not restrict the focused

�eld to the focusing point, and our goal is to remove the waves at other locations than the

focusing point in Figure 2.1(a). Figure 2.1(b) shows the snapshot att = 0 of the wave�eld

injection obtained by the iterative algorithm we propose. As shown in Figure 2.1(b), our

algorithm creates a wave�eld that focuses to the pre-de�ned focal point, which acts as a

virtual source, and suppresses other waves att = 0. We obtain our focusing wave�eld by

only using the direct-wave information modeled in the homogeneous medium (when� and

c are constant) and the recorded scattering response. Unlike the conventional Marchenko

methods, our method does not require the decomposition of the Marchenko equation to

achieve focusing. In the following section, we discuss the iterative Marchenko equation we

propose for wave�eld focusing and show how to obtain better focuses in the medium than

one can achieve with the direct waves only.

2.2.1 Iterative Scheme and The Marchenko Equation

We de�ne the ingoing wave�eld, U in (n̂0; t), and outgoing wave�eld, Uout (n̂; t), where n̂0

and n̂ denote the locations on the circle with radiusR; they are related via the scattering

responseA(n̂; n̂0; t) of the inhomogeneous medium. Following Rose (2001), Rose (2002a),

Broggini & Snieder (2012), Wapenaaret al. (2013), and Wapenaaret al. (2014), we design

a wave�eld that becomes a delta function at the focus location with an iterative scheme
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that relates the ingoing waveU in
k to the outgoing waveUout

k at iteration k as

Uout
k (n̂; t) =

I Z
A(n̂; n̂0; t � � )U in

k (n̂0; � )d�dn0 : (2.2)

The ingoing and outgoing waves and the scattering operator are de�ned on a circle with

radius R, but for brevity, we omit the parameter dependence onR in equation (2.2).

The iterative scheme starts with injecting a delta function into the medium and the

ingoing wave�eld for the �rst iteration gives

U in
0 (n̂0; � ) = � (� + td(n̂0)) ; (2.3)

wheretd(n̂0) is the arrival time of the direct waves that propagates from the focusing point

to the point n̂0 on the circle.

Following Broggini & Snieder (2012), the purpose of the iterative scheme is to

reconstruct a wave�eld that after interacting with the heterogeneities in the medium

collapses onto a delta function at the focusing point att = 0. We create a symmetric �eld

in time for � td(n̂0) < t < t d(n̂0). We later show that the symmetry in time leads to focusing.

To achieve the symmetry for the iterative scheme, we de�ne the ingoing wave�eld as

U in
k (n̂0; � ) = U in

0 (n̂0; � ) � �( n̂0; � )Uout
k� 1(n̂; � � ) ; (2.4)

where �( n̂0; � ) is a window function and de�ned as �( n̂0; � ) = 1 when � td(n̂0) < � < t d(n̂0),

and otherwise �( n̂0; � ) = 0.

When the iterative scheme converges (hence whenUout
k = Uout

k� 1), the iteration number

can be dropped. Inserting equation (2.4) into equation (2.2) then gives

Uout (n̂; t) =
I Z

A(n̂; n̂0; t � � )U in
0 (n̂0; � )d�dn0

�
I Z t �

d

� t �
d

A(n̂; n̂0; t � � )Uout (n̂0; � � ) d�dn0 ; (2.5)

with t �
d = td � � where we introduce� as a small positive constant to exclude the

direct-wave at td. If we de�ne K = � Uout , and substitute this into equation (2.5) using

equation (2.3), we obtain
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K (n̂; t) +
I

A(n̂; n̂0; t + td(n̂0))dn0

+
I Z t �

d

� t �
d

A(n̂; n̂0; t � � )K (n̂0; � � ) d�dn0 = 0 : (2.6)

Burridge (1980) shows that the 1-D Marchenko equation, Gel'fand-Levitan equation,

and the Gopinath-Sondhi equations of inverse scattering can be written in symbolic

notation as K + R +
R

W RK = 0 where
R

W shows the time interval,R is the recorded data,

and K is the function we solve for. Equation (2.6) has the same structure as the equations

derived by Burridge (1980) and, therefore, gives a 2-D Marchenko equation without using

up/down decomposition. Equation (2.6) also has a similar relation with the equations

derived by Newton (1980b, 1981, 1982) using the scattering data in multi-dimensional

media.

2.3 Numerical Example and Green's Function Retrieval

We illustrate our method with a 2-D numerical example. Figure 2.2 shows the source

and receiver geometry of a 2-D acoustic medium. The red asterisk in Figure 2.2 denotes

the virtual source location and the blue line represents a circle on which 400 equidistant

sources and receivers are placed. The virtual source location,xs = ( x; z), is at x = 4 cm

and z = 0.8 cm. The medium has a constant background velocity and density,c0 = 2 km/s

and � 0 = 2 g/ cm3, respectively. Figure 2.2 also shows four di�erent elliptical-shaped

scatterers located in the medium with densities� 1 = 4.5 g/ cm3; � 2 = 5 g/ cm3, � 3 = 7.5

g/ cm3, � 4 = 6 g/ cm3, respectively. We use �nite-di�erence modeling with absorbing

boundaries and the source wavelet is a Ricker wavelet (Ricker, 1953) with a central

frequency of 2 MHz. A challenge of the used geometry is that the focusing point is located

inside one of the scatterers, which has a re
ection coe�cient of about 40% at the

boundaries. As a result, the source generates strong reverberations within the scatterer.
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The ingoing wave�eld in the �nite-di�erence modeling can be implemented by either

changing the �nite-di�erence stencil at the circular array, or by using the equivalent

sourcesf (in equation form) in the acoustic wave equation (2.1) to produce the desired

ingoing wave�eld. We use the equivalent sources in the acoustic wave equation (2.1) for the

�nite-di�erence implementation where the equivalent sources are given by the normal

derivative of the ingoing wave�eld (see Appendix A). To solve the Marchenko equation

iteratively, we start with U in
0 (n̂0; t) = Ud(n̂0; � t) where Ud is the time-reversed direct-wave

in the homogeneous background medium. We send the ingoing waveU in
0 from the receiver

array into the medium and use the outgoing wave recorded at the array in equation (2.4) to

determine the ingoing wave for the next iteration. We use seven iterations to get close to

convergence but more iterations might be needed for more complicated media where

velocity and density are varying.

We next inject the wave�eld obtained by the iterative solution on the boundary.

Figure 2.3(a) shows the total wave�eld,Utotal (n̂
0; t) = U in (n̂0; t) + Uout (n̂0; t), recorded on

the boundary for the 7th iteration, which consists of the superposition of the ingoing and

outgoing wave�eld. The wave�eld in Figure 2.3(a) is symmetric in time for

� td(n̂0) < t < t d(n̂0) (approximately between -5� s and 5� s). If we take the di�erence

between the total wave�eld in Figure 2.3(a) and its time-reversed version, i.e.,

Utotal (n̂
0; t) � Utotal (n̂

0; � t), all events in the interval � td(n̂0) < t < t d(n̂0) vanish as shown in

Figure 2.3(b). A small amount of energy remains in Figure 2.3(b) for� td(n̂0) < t < t d(n̂0),

this is due to numerical inaccuracies in our solution of the Marchenko equation. Since

Utotal (n̂
0; t) � Utotal (n̂

0; � t) is anti-symmetric in time, it vanishes fort = 0, also after

injecting it into the medium. Hence we diagnose the focusing by showing the time

derivative @
@t(Utotal (n̂

0; t) � Utotal (n̂
0; � t)), injected into the medium.
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Figure 2.2 Geometry of the 2-D model. Sources and receivers (400 each) are located on the
blue circle, and the red asterisk shows the virtual source locationxs. The elliptical
scatterers have contrasting densities which are given on the right hand side.

Figure 2.3(b) shows that for positive times, the wave�eldUtotal (n̂
0; t) � Utotal (n̂

0; � t)

vanishes at the receivers fort < t d(n̂0). If we consider this wave�eld at t = 0, the direct

waves radiated att = 0 from xs arrive at a receiver locationR(n̂0) at td(n̂0). Suppose that

waves would radiate att = 0 from a point x 6= xs. For some receivers, those waves would

arrive at a time t < t d(n̂0); however, as shown in Figure 2.3(b), no waves arrive at time

t < t d(n̂0). This means that waves do not radiate from any pointx 6= xs at t = 0.

Therefore, the time-derivative of the wave�eldUtotal (n̂
0; t) � Utotal (n̂

0; � t), injected into the

medium, is only non-zero att = 0 at the point xs, and the wave�eld focuses att = 0 at the

virtual source location (see also, Appendix B).

We let p(x; t) denote the total wave�eld in the interior that is associated with the

wave�eld Utotal (n̂
0; t) on the boundary, andp(x; � t) denote the time-reversed version of this

wave�eld. The homogeneous Green's function (Gh(x; xs; t) = G(x; xs; t) � G(x; xs; � t))

(Oristaglio, 1989), for the virtual source locationxs and the receiver locationx is, up to a

multiplicative constant, obtained from (see also Appendix B)

Gh(x; xs; t) = p(x; t) � p(x; � t) : (2.7)

If we want to focus a wave�eld at the virtual source location where there is no actual source

located, we must have a non-zero incident wave�eld. The causal and acausal Green's
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functions satisfy the inhomogeneous acoustic wave equation, but the homogeneous Green's

function Gh satis�es the homogeneous wave equation (Oristaglio, 1989). Equation (2.7),

therefore, retrieves the Green's function fort > 0 for the virtual source locationxs. Unlike

other (interferometric) Green's function retrieval methods (Campillo & Paul, 2003; Duroux

et al., 2010; Rouxet al., 2004; Sabraet al., 2005; Schuster, 2009; Snieder & Larose, 2013;

Wapenaaret al., 2005; Weaver & Lobkis, 2001), no physical receiver is required at the

position of the virtual source; and unlike other Marchenko methods (Wapenaaret al., 2013,

2014), we do not rely on an up/down decomposition of the wave�eld. When one applies the

Marchenko algorithm to two points in the interior, one obtains the Green's function for

these two points recorded on the boundary. Using interferometric techniques, these Green's

functions can be used to reconstruct the Green's function for waves propagating between

two points in the interior (Brackenho� et al., 2019; Singh & Snieder, 2017).

Figure 2.3(c) shows the Green's function obtained from equation (2.7) withx taken at

the boundary (blue lines), superimposed on the directly-modeled Green's function (red

lines). For clarity, the traces have been multiplied by exp(2t) to emphasize the scattered

waves. The latest arrival time for the single-scattered waves for our geometry is about

18 � s. All waves arriving after 18� s therefore are multiply-scattered waves. For earlier

times, the Green's function consists of a combination of single-scattered waves and

multiply-scattered waves. As a result of our iterative solution, we retrieve the direct-wave

and the scattered waves.

Figure 2.4 shows normalized vertical cross-sections of the wave�eld att = 0 taken from

Figure 2.1(a) and Figure 2.1(b) forx = 4 cm. The red trace denotes the cross-section of

Figure 2.1(a) and the blue trace denotes the cross-section of Figure 2.1(b). The snapshots

(see Figure 2.1) and the cross-sections (see Figure 2.4) show that the reconstructed Green's

function creates a focus only around the focusing point and cancels other arrivals around

the focusing point to a large extent, whereas the results one can achieve with using only

direct waves contain other arrivals that distort the focusing.
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(a)

(b)

(c)

Figure 2.3 (a) Utotal (n̂
0; t) for the 7th iteration. (b) Utotal (n̂

0; t) � Utotal (n̂
0; � t). (c)

Comparison of the calculated (red line) and the retrieved (blue line) Green's functions.
The traces have been multiplied by exp(2t) to emphasize the scattered waves.
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Figure 2.4 A normalized vertical cross-section of the snapshot atx = 4 cm in Figure 2.1(a)
(red trace), and a normalized vertical cross-section of the snapshot atx = 4 cm in
Figure 2.1(b) (blue trace). The blue trace is more concentrated at the focusing point at
z = 0:8 cm than the red trace.

2.4 Conclusions

We derive the 2-D Marchenko equation for wave�eld focusing and Green's function

retrieval for an arbitrary point in an unknown highly scattering inhomogeneous medium

with a closed receiver array. We successfully retrieve the Green's function for a pre-de�ned

location and the comparison to the directly-modeled Green's function is found to be

excellent (see Figure 2.3(c)). The cross-sections in Figure 2.4 show that we can create

better focusing in the medium than one can achieve with the direct waves only. Our

retrieved Green's function contains both the single- and multiply-scattered waves of the

heterogeneous medium model. Because we use a constant background velocity model, our

method requires the direct-wave information modeled only in the homogeneous medium

(when � is constant), and the recorded scattering responseA(n̂; n̂0; t) to solve the

Marchenko equation iteratively like other multi-dimensional Marchenko methods proposed

earlier (Wapenaaret al., 2013, 2014); however, it does not require wave�eld decomposition.

We show that after the convergence, we retrieve the Green's function for any desired

location in the medium without relying on prior information about the scatterers in the

medium and wave�eld decomposition to solve the Marchenko equation. The Marchenko

equation we propose forms the basis for imaging the interior of a medium inside a closed

array without up/down decomposition and makes the Marchenko methods more

appropriate for imaging steeply dipping structures.
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2.6 Appendix A: Source Selection In The Numerical Simulations

The main text of this paper shows that we use the ingoing wave at the boundary as

sources. However, to incorporate the ingoing wave in the �nite di�erence simulation, we

use equivalent sourcesf for the source term in the acoustic wave equation (equation (2.1))

that produces the desired ingoing wave. In the numerical simulations, we radiate waves

from the boundary into the medium from sourcesf (x; ! ), and the wave�eld in the interior

in the frequency domain is given by

p(x; ! ) =
I

S
G(Rn̂; x; ! )f (x; ! )dS ; (2.8)

wherep(x; ! ) denotes the wave�eld in the interior,G denotes the Green's function,R

denotes the radius of the boundary,̂n denotes the location on the circleS, Rn̂ denotes the

location on the circle (see the main text), and! denotes the angular frequency. To

determine the sourcef that corresponds to an ingoing wavepin , we use the representation

theorem (Snieder & van Wijk, 2015)

p(x; ! ) =
I

S

1
�

n
p(Rn̂; ! )

@G(Rn̂; x; ! )
@n

� G(Rn̂; x; ! )
@p(Rn̂; ! )

@n

o
dS ; (2.9)

wherep(Rn̂; ! ) denotes the wave�eld at the boundary. We decompose the wave�eld at the

boundary into incoming and outgoing waves asp = pin + pout , and in the far �eld, the
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Green's functionG is outgoing, hence

@G(Rn̂; x; ! )
@n

= ikG(Rn̂; x; ! ); and
@p(Rn̂; ! )

@n
= � ikp in (n̂; ! ) + ikpout (n̂; ! ) : (2.10)

By using the expressions in (2.10), we represent equation (2.9) as

p(x; ! ) =
2
c
i!

I

S

1
�

n
G(Rn̂; x; ! )pin (n̂; ! )

o
dS ; (2.11)

where we usedk = !=c . If we substitute equation (2.11) into equation (2.8), we obtain in

the time domain

f (x; t) = �
2
�c

@pin (n̂; t)
@t

; (2.12)

where, with the used Fourier convention,� i! corresponds in the time domain to

di�erentiation with respect to time.

Figure 2.5(a) shows the wave�eld recorded at the boundary of the iteratively solved

Marchenko equation for the 7th iteration using the time-derivative in the source function.

This �gure shows that the time-derivative in the source selection creates artifacts which

mainly reside in the time window� td(n̂) < t < t d(n̂) (approximately between -5� s and

5 � s). The artifacts are caused by waves that, in the iterative process, propagate along the

receiver array. Figure 2.5(c) - Figure 2.5(f) show the wave�eld in the interior of the

iteratively solved Marchenko equation for the 7th iteration using the time-derivative in the

source selection. It is also shown in Figure 2.5(c) - Figure 2.5(f) that this choice forf leads

to numerical instabilities along the receiver array (the blue line in Figure 2.5).

To avoid this instability, we relate f to the normal derivative of the wave�eld instead of

the time-derivative. With the far-�eld approximation used in the expressions in (2.10),

Green's theorem in equation (2.9) can be written as

p(x; ! ) = �
2
�

I

S

n
G(Rn̂; x; ! )

@pin (n̂; ! )
@n

o
dS ; (2.13)
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which leads to the source function in the time domain

f (x; t) = �
2
�

@pin (n̂; t)
@n

: (2.14)

Figure 2.5(b) shows the wave�eld recorded at the boundary of the iteratively solved

Marchenko equation for the 7th iteration using the normal derivative in the source

function. This �gure shows that the normal derivative removes the artifacts which are

mainly present in the time window� td(n̂) < t < t d(n̂) (approximately between -5� s and

5 � s) in Figure 2.5(a). Figure 2.5(g) - Figure 2.5(j) show the wave�eld in the interior of the

iteratively solved Marchenko equation for the 7th iteration using the normal derivative in

the source selection. The artifacts which propagate along the receiver array in

Figure 2.5(c) - Figure 2.5(f) are eliminated by using the normal derivative. Because the

normal derivative removes the waves which propagate along the receiver array,

Figure 2.5(g) - Figure 2.5(j) show artifact-free snapshots along the receiver array (the blue

line in Figure 2.5).

Note that the normal derivative of the pressure �eld is equal toi!�v n , with vn the

component of the particle velocity normal to the surface, hence the source function is

proportional to the normal component of the acceleration.

2.7 Appendix B: The Homogeneous Green's Function Reconstruction

We provide a reasoning for equation (2.7) in the main text that is based on kinematic

arguments, symmetry, and causality. In the following we assume that:

1. The wave�eld satis�es the wave equation for the real system.

2. The reconstructed wave�eld is source free.

3. The system is lossless and the wave�eld is invariant for time-reversal.

4. The wave�eld is anti-symmetric in time.
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5. For every point Rn̂ on the circle the wave�eld vanishes for

�j Rn̂ � x f j=c < t < jRn̂ � x f j=c.

In general, the wave�eld from sourcesf (xs; � ) can be written as

~u(x; t) =
ZZ

G(x; xs; t � � )f (xs; � )d�dVs ; (2.15)

where ~u(x; t) denotes the wave�eld in the interior, andG(x; xs; t) denotes the Green's

function. Because the Green's function satis�es the wave equation for the real system,

property 1 is satis�ed for the wave�eld in expression (2.15). This expression speci�es the

wave�eld in terms of the sourcesf (xs; � ). It is, however, known that the inverse source

problem is ill-posed (Bleistein & Cohen, 1977; Devaney & Sherman, 1982), hence for a given

value of the wave�eld at the circlex = Rn̂, the source functionf (xs; � ) is not unique. We

show, however, that properties 2-5 constrain this function up to a multiplicative constant.

Because of the property 4, the wave�eld is anti-symmetric in time and using the

property 3, solutions are invariant for time-reversal, we can create an anti-symmetric

wave�eld by taking the di�erence of ~u(x; t) and its time-reversed version ~u(x; � t) as

u(x; t) = ~u(x; t) � ~u(x; � t) =
ZZ

(G(x; xs; t � � )f (xs; � ) � G(x; xs; � t � � )f (xs; � )) d�dVs :

(2.16)

By construction, this solution satis�es property 4.

The Green's function satis�es

LG(x; xs; t) = � (x � xs)� (t) ; (2.17)

whereL denotes the di�erential operator for the acoustic wave equation. Applying the

operator L to the property (2.16) and carrying out the integrations over� and xs gives

Lu(x; t) = f (x; t) � f (x; � t) : (2.18)

The right hand side of this expression gives the sources of the wave�eldu(x; t). According

to property 2, the wave�eld is source-free, therefore, the right hand side of expression
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(2.18) vanishes, so that

f (x; t) = f (x; � t) ; (2.19)

showing that f (x; t) is symmetric in time.

By using expression (2.19), we can replace the last termf (xs; � ) in expression (2.16) by

f (xs; � � ). Replacing next the integration variable� by � � in the second term reduces

expression (2.16) to

u(x; t) =
ZZ

(G(x; xs; t � � ) � G(x; xs; � � t)) f (xs; � )d�dVs : (2.20)

This expression can be written as

u(x; t) =
ZZ

Gh(x; xs; t � � )f (xs; � )d�dVs ; (2.21)

whereGh(x; xs; t) = G(x; xs; t) � G(x; xs; � t) is the homogeneous Green's function de�ned

in equation (2.7). The homogeneous Green's function is source-free (Oristaglio, 1989), so it

is natural that the homogeneous Green's function arises from the requirement that the

wave�eld is source-free.

We next apply the property 5 to further constrain f (xs; � ). For positive times, the

homogeneous Green's functionGh(x; xs; t � � ) has a �rst arriving wave at location x that

is excited at xs and time � at time

t = � + jx � xsj=c : (2.22)

According to expression (2.19), the functionf (xs; � ) is symmetric in time. This means that

for every time source atxs at time � , there is an equal contribution from a source atxs at

time � � , which generates a �rst arriving wave at

t = � � + jx � xsj=c : (2.23)

The time � can be either positive or negative. Hence the �rst arriving wave arrives at

t = min (�; � � ) + jx � xsj=c. Sincemin (�; � � ) = �j � j, the �rst arrival excited by a source
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at xs at time � � arrives at the point x at time

t = �j � j + jx � xsj=c : (2.24)

For a point Rn̂ on the circle, the �rst arriving wave excited at a point xs at time � �

arrives at

t = �j � j + jRn̂ � xsj=c : (2.25)

Property 5 states that for positive timet and a point Rn̂ on the circle, the wave�eld

vanishes when

t < jRn̂ � x f j=c ; (2.26)

wherex f is the focusing point. Since the wave�eld vanishes for these times, the �rst

arriving waves that are excited atxs must have arrival times greater or equal to

jRn̂ � x f j=c. Using expression (2.25), this implies that

�j � j + jRn̂ � xsj=c� j Rn̂ � x f j=c ; (2.27)

We can also write this inequality as

cj� j � j Rn̂ � xsj � j Rn̂ � x f j ; (2.28)

Note that the focusing point x f is speci�ed, while the point xs can be anywhere within the

circle of radiusR.

Let us consider a pointxs 6= x f , as shown in Figure 2.6. For the pointP in that �gure

jRn̂ � xsj < jRn̂ � x f j, the inequality (2.28) reduces tocj� j � j Rn̂ � xsj � j Rn̂ � x f j < 0, or

cj� j < 0. This inequality cannot be satis�ed for any value of� , which means that a point

xs 6= x f cannot be a source of the wave�eld.

Consider next the casexs = x f . In that case the inequality (2.28) reduces tocj� j � 0.

This inequality can only be satis�ed for � = 0. Together with the fact that f (xs; � ) is only

nonzero forxs = x f , this implies that the source-time function is local in space and time

f (xs; � ) = S� (xs � x f )� (� ) ; (2.29)

28



whereS is a multiplicative constant. Note that any even time derivative of� (t) would also

give the required localization in time. Since in any physical experiment and computer

simulation the wave�eld is convolved with a wavelet, we ignore this subtlety.

Inserting this source function into expression (2.21), and carrying out the integration

over xs and � gives

u(x; t) = SGh(x; x f ; t) : (2.30)

This implies that, up to a multiplicative constant S, the wave�eld is given by the

homogeneous Green's function with a source at the focusing point.
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(a) (b)

(c) (d) (e) (f)

(g) (h) (i) (j)

Figure 2.5 Boundary wave�eld for the 7th iteration using (a) time-derivative in the source
selection and (b) normal derivative in the source selection. Note the cleaned artifacts for
the time interval � td(n̂) < t < t d(n̂) (approximately between -5� s and 5� s) in (b). Also,
snapshots of the wave�eld in the interior obtained by the iterative Marchenko algorithm for
the 7th iteration with the time-derivative in the source selection at (c)t = -5.1 � s, (d) t =
-4.2 � s, (e) t = -3 � s, and (f) t = 0 � s; with the normal derivative in the source selection at
(g) t = -5.1 � s, (h) t = -4.2 � s, (i) t = -3 � s, and (j) t = 0 � s. The blue line shows the
receiver locations. Note that the snapshots have di�erent scaling than those shown in the
main text.
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Figure 2.6 De�nition of the point P given locationsxs and x f .
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CHAPTER 3

THE ROLE OF THE BACKGROUND VELOCITY MODEL FOR THE MARCHENKO

FOCUSING OF REFLECTED AND REFRACTED WAVES

A paper submitted to Geophysical Journal International

Mert Sinan Recep Kiraz1;2;3, Roel Snieder3 & Kees Wapenaar4

Marchenko algorithms retrieve the wave�elds excited by virtual sources in the

subsurface, these are the Green's functions consisting of the primary and multiple re
ected

waves. The requirements for these algorithms are the same as for conventional imaging

algorithms; they need an estimate of the velocity model and the recorded re
ected waves.

We investigate the dependence of the retrieved Green's functions using the Marchenko

equation on the background velocity model and address the question: \How well do we

need to know the velocity model for accurate Marchenko focusing?". We present three

di�erent background velocity models and compare the Green's functions retrieved using

these models. We show that these retrieved Green's functions using the Marchenko

equation give correlation coe�cients with the exact Green's function larger than 90% on

average except near the edges of the receiver aperture. We also examine the presence of

refracted waves in the retrieved Green's function. We show with a numerical example that

the Marchenko focusing algorithm produces refracted waves only if the initial velocity

model used for the iterative scheme is su�ciently detailed to model the refracted waves.

3.1 Introduction

The inverse scattering community utilized the Marchenko equation to relate scattered

data to the scattering potential to determine the medium properties (Agranovich &
1Primary researcher and author.
2Author for correspondence. Direct correspondence to mertkiraz@gmail.com.
3Center for Wave Phenomena, Colorado School of Mines, 1500 Illinois St., Golden, CO 80401, USA.
4Department of Geoscience and Engineering, Delft University of Technology, P.O. Box 5048, Delft, GA 2600,
The Netherlands.

32



Marchenko, 1963; Burridge, 1980; Chadan & Sabatier, 1989; Colton & Kress, 1998;

Gel'fand & Levitan, 1955; Gladwell, 1993; Marchenko, 1955; Newton, 1980a). The

connection between wave�eld focusing and the Marchenko equation was made by Rose

(2001, 2002b) so that the wave�eld focusing at a location in an unknown medium can be

achieved once the Marchenko equation is solved. Broggini & Snieder (2012) connect the

Marchenko equation and seismic interferometry (Curtiset al., 2006; Derodeet al., 2003;

Snieder & Larose, 2013; Wapenaaret al., 2005; Weaver & Lobkis, 2001) and show that one

can retrieve the Green's function between any point in the subsurface and points on the

acquisition surface without a physical receiver at the virtual source location and with

one-sided illumination. Wapenaaret al. (2013) discuss the three-dimensional Green's

function retrieval, and present an example of the two-dimensional Green's function

retrieval.

A thorough description of the Marchenko redatuming and imaging method and its

numerical implementation is given by Wapenaaret al. (2014), van der Neutet al. (2015),

Thorbeckeet al. (2017), and Lomas & Curtis (2019). Marchenko methods have been

widely used for various applications such as internal multiple elimination (Meleset al.,

2015, 2016; Thorbeckeet al., 2021), elastic wave applications (da Costa Filhoet al., 2014,

2015; Wapenaar, 2014), subsurface imaging and for comparisons with the conventional

imaging results (e.g., reverse time migration) (Behuraet al., 2014; Jiaet al., 2018; Ravasi

et al., 2016; Wapenaaret al., 2014). Additionally, various �eld data set applications of the

Marchenko method have been performed such as imaging of a North Sea �eld data set

(Ravasi et al., 2016), target-oriented subsalt imaging of the Gulf of Mexico data set (Jia

et al., 2018), time-lapse monitoring of the Frio carbon sequestration data set (Kiraz &

Nowack, 2018), multiple suppression on an Arabian Gulf �eld data set (Staringet al.,

2021), and an o�shore Brazil data set for imaging a reservoir under basalt (Jiaet al.,

2021). With growing interest in machine learning applications in seismology, a

convolutional neural network-based one-dimensional wave�eld focusing is also proposed by
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Kiraz & Snieder (2022).

Recent studies have aimed to address the limitations of the up/down separation of the

Marchenko equation. Using the data collected on a closed received array, Kirazet al.

(2020, 2021) retrieve the full-�eld (e.g., without component separation) Green's function,

and show that the full-�eld Marchenko focusing provides better focusing results in the

subsurface than achievable using only the direct waves. Diekmann & Vasconcelos (2021)

and Wapenaaret al. (2021) show alternative methods where one can retrieve the Green's

function using single-sided acquisition data without up/down decomposition.

In this paper, we use the one-sided Marchenko focusing to retrieve the Green's function

at an arbitrary depth location using di�erent subsurface models with variable velocity and

variable density pro�les. In Section 3.2, we describe the Marchenko focusing algorithm and

show that it requires only two inputs; surface-recorded data and the initial estimate of the

velocity model, which are the same inputs as for conventional imaging algorithms. In

Section 3.3, we provide a visual tour to describe the iterative Marchenko focusing

algorithm. In Section 3.4, we investigate the background velocity model dependence of the

Marchenko method and show the accuracy of the retrieved Green's function by presenting

Correlation Coe�cients (CCs) between the retrieved and numerically modeled Green's

functions. Lastly, in Section 3.4, we use the Marmousi model to investigate the presence of

the refracted waves in the Marchenko focusing, and show that the presence of the refracted

waves depends only on the initial estimate of the velocity model.

3.2 Methodology

We use the Marchenko algorithm proposed by Wapenaaret al. (2013) which builds on

the earlier work of Rose (2001), Rose (2002b), and Broggini & Snieder (2012). We denote

spatial coordinates asx = ( x; z), and the receiver coordinates asxR = ( xR ; zR). The

receivers are located at the transparent acquisition surface atz = 0, and the multiples

caused by the free surface (e.g., air-water interface) are excluded.
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We relate the ingoing wave,U in
k , to the outgoing wave,Uout

k , at iteration k as

Uout
k (xR ; t) =

Z
R(xR ; x; t) � U in

k (x; t)dx ; (3.1)

whereR corresponds to the re
ection response of the medium and the asterisk denotes

temporal convolution. The iterative scheme starts with modeling the direct wave, and we

denote the arrival time of the direct wave from the virtual source location,xs, for which we

aim to retrieve the Green's function, to the receivers at the surface astd. Following

Broggini & Snieder (2012), we design an iterative scheme so that att = 0, the wave�eld

becomes a delta function at the pre-de�ned focal (or virtual source) location. We start the

iterative algorithm by de�ning the ingoing wave�eld at z = 0 for iteration k as

U in
k (x; t) = U in

0 (x; t) � �( x; t)Uout
k� 1(x; � t) ; (3.2)

where �( x; t) de�nes a window function where �( x; t) = 1 when � t �
d(x) < t < t �

d(x) and

otherwise �( x; t) = 0 with t �
d = td � � where we introduce� as a small positive constant to

exclude the direct wave attd. After the convergence is achieved (i.e.,Uout
k = Uout

k� 1) we can

drop the iteration number, and insert equation (3.2) into equation (3.1), and obtain

Uout (xR ; t) =
Z

R(xR ; x; t) � U in
0 (x; t) dx �

Z
R(xR ; x; t) � �( x; t)Uout (x; � t) dx : (3.3)

Once the convergence is achieved, we denote the recorded data at the receivers as

Utotal (x; t) = U in (x; t) + Uout (x; t) which consists of the superposition of the ingoing and

outgoing wave�eld. We then de�nep(x; t) as the total wave�eld that is associated with

Utotal (x; t). We obtain the homogeneous Green's function

(Gh(x; xs; t) = G(x; xs; t) � G(x; xs; � t)) (Oristaglio, 1989), for the virtual source location

xs and the receiver locationx as

Gh(x; xs; t) = p(x; t) � p(x; � t) : (3.4)

Equation (3.4) satis�es the homogeneous wave equation, and, hence, retrieves the Green's

function for times t > 0 for the virtual source locationxs (Kiraz et al., 2021; Oristaglio,
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1989; Wapenaaret al., 2013). The iterative scheme we use follows the algorithm presented

by Wapenaaret al. (2013), and equations (3.1), (3.2), and (3.4) are given in Wapenaar

et al. (2013) in equations (13), (12), and (14), respectively.

(a)

(b)

Figure 3.1 (a) Velocity model and (b) density model of the synthetic example which are
extracted from the Sigsbee model. The black asterisk shows the virtual source location and
the white dots at the top indicate every 30th source/receiver location.
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3.3 Visualizing The Iterative Scheme

In this section, we present a numerical example to aid the visual understanding of the

iterative scheme described in Section 3.2. Figure 3.1 shows the subsurface model and

source and receiver geometry of our �rst numerical experiment. Figure 3.1(a) and

Figure 3.1(b) show the variable velocity and density models used for the numerical

example, respectively, which are extracted from the Sigsbee model (Stoughtonet al., 2001)

with 2.5 km horizontal and 1.2 km vertical extent. The virtual source location is atxs =

1.25 km andzs = 0.75 km in depth which is shown with the black asterisk in Figure 3.1.

The white dots located at the surface of the models in Figure 3.1 represent every 30th

receiver location. We use point impulsive sources and record pressure at the receivers, and

exclude the presence of the free surface. During the iterative Marchenko scheme, we use

the normal derivative of the pressure �eld to send the wave�eld into the medium from the

receiver array (Kiraz et al., 2021).

Figure 3.2 Smoothed version of the velocity model used for the iterative algorithm. The
black asterisk shows the virtual source location and the white dots at the top indicate
every 30th source/receiver location.
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