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ABSTRACT

The adult human circadian pacemaker has an intrinsic period just over 24 h that en-

trains to a 24 h day by environmental cues such as light, eating, and exercise. Dynamic

phenomenological mathematical models of the human circadian pacemaker have been devel-

oped to simulate the pacemaker’s response to light. These models have been widely used

for applications such as minimizing jet lag and optimizing experimental protocol design.

This thesis is focused on applying mathematical models to account for the interindividual

differences that are inherently present in humans and therefore also in circadian data. We

optimized an experimental protocol to ensure robust performance across individuals with

varying intrinsic circadian periods. Next, we developed novel MCMC-based methodology to

use phase shift data to determine the mean intrinsic circadian period of a group of study

participants. Finally, we investigated parameter sensitivity of a circadian pacemaker model

and applied this knowledge to an adolescent data set where distinct behavior within the co-

hort was observed. This thesis highlights the utility of human circadian pacemaker models

in a variety of contexts and establishes new insights into properties of these models and their

influence on behavior.
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Right) Components of the first eigenvector w1. (Bottom Left) The
activity scores with n = 1 (αact(1)) and n = 7 (αact(7)). (Bottom Right)
The first eigenvalue multiplied by the samples and the average amplitude. . 85

Figure 5.9 Analysis for average amplitude under 500 lux conditions using active
subspace analysis. (Top Left) Eigenvalues of Ĉ with M=2000. (Top
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CHAPTER 1

INTRODUCTION

1.1 The Human Circadian Rhythm

Sleep is a complex process consisting of interactions between neuronal populations, the

homeostatic drive, and the circadian rhythm which has an estimated intrinsic period of ∼

24.2 h in adults [1–4]. Each of these processes has its own unique job in the human body.

The Suprachiasmatic Nucleus (SCN) is the master circadian pacemaker [5], consisting of a

group of ∼20,000 neurons located in the hypothalamus [5, 6]. Many physiological processes

are under circadian regulation. Measures such as core body temperature and melatonin

secretion can be used as experimental measures of the circadian rhythm [5]. Additionally,

circadian rhythms influence other bodily functions such as eating, digestion, and hormone

regulations [6].

The neurons in the SCN respond to environmental cues like light and exercise to entrain

the human sleep/wake schedule to 24 hours [6, 7]. Specifically, the SCN receives light infor-

mation through the eye, which then activates neurons that convert photons into electrical

signals that then travel to the SCN [8]. In particular, light affects circadian phase and ampli-

tude [9]. Experiencing light at different times during the day can produce phase advances or

delays and alter amplitude. The properties and behavior of the human circadian pacemaker

influence many aspects of life such as jet lag, shift work, school start times, and light therapy

treatments.

1.2 Mathematical Models

1.2.1 Mathematical Models of Human Circadian Rhythms

There are many ways to model the human circadian rhythm or drive such as a static

phenomenological model, SCN nueron models, molecular/protein models, and dynamic cir-

cadian pacemaker models [3, 10–17]. Multiple types of models of the circadian drive are used
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for various types of applications because of their differences in temporal and spatial scales.

Static phenomenological models were developed based on observed circadian behavior

that do not incorporate the light as a function of time. For examples the simpliest form

of these models is the Two Process Model which represents the circadian rhythm as a sine

wave. The Two Process model contains Process S and Process C [10, 18]. Process S describes

homeostatic pressure, sleep need, while Process C is the circadian drive. Process S exponen-

tially increases during wake until it reaches an upper threshold and exponentially decreases

during sleep until it reaches a lower threshold. The oscillating thresholds, often described

with sine waves, are Process C [10, 18]. These types of models incorporate different features

of sleep-wake dynamics and circadian oscillation but are not able to capture the behavior

under variable light conditions.

Another approach to modeling the circadian rhythm is to focus on SCN period 1 (per1)

neurons. In 2009, Belle and colleagues derived a model based on data and theory that sim-

ulated the behavior of the firing rate of SCN neurons that contain the per1 gene [19]. They

did this by implementing a Hodgkin-Huxley type model [20] to simulate the electrophysio-

logical behavior of SCN neurons. In 2013, Diekman and colleagues extended the work by

Belle and colleagues by incorporating intracellular calcium dynamics, L-type calcium cur-

rent, and Kca current [21]. Additionally, they incorporated a model of gene regulation based

on the Goodwin oscillator [22] to investigate the dynamics between the intracellular clock

and hyperexcitation.

Another category of models of the circadian rhythm is molecular/protein models. These

models consider the circadian clock within a cell in the SCN and the interactions between

genes and proteins within that cell. Specifically, the interactions between period proteins

(PER) and other proteins or molecules give rise to a negative feedback loop therefore pro-

ducing oscillation [13, 23]. An extension of this type of model was presented by Hannay in

his PhD dissertation [24]. Hannay and colleagues derived a macroscopic model of the human

circadian pacemaker by starting from a model which described the phase of a clock cell in
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the SCN and expanded this to a model of weakly coupled system of clock neurons and to a

two population model of neurons in the ventral and dorsal phase clusters. These models pro-

duced similar results to a dynamic phenomenological circadian pacemaker model by Forger

and colleagues [14]. This work suggests that although the Forger model is a phenomenolog-

ical model, it produces qualitatively similar results when compared to models derived from

neuronal behavior and interactions.

1.2.2 Dynamic Phenomenological Circadian Pacemaker Models

The models implemented in this thesis can be characterized as dynamic phenomenolog-

ical circadian pacemaker models based on modified van der Pol oscillators. These models

incorporate parameters derived from physical experiments as well as observed circadian be-

havior.

This type of model was first proposed by Kronauer and colleagues in 1982 [25]; the

model simulated the relationship between core body temperature and sleep-wake rhythm

and incorporated the effect of a periodic zeitgeber, an environmental cue that synchronizes

the circadian rhythm (e.g., light), on the circadian system. Since then, many different

iterations of a modified van der Pol oscillator that incorporates the effects of a zeitgeber

(light) have been developed.

In 1990 [26], 1996 [27], and 1998 [16] models were developed to incorporate the effect

of a time dependent light function. In these models, the drive of light onto the circadian

pacemaker was represented by a single equation. This type of model enabled researchers

to incorporate different light schedules into their simulations. For example, in the model

by Klerman and colleagues the human circadian pacemaker is simulated by a second order

modified van der Pol oscillator where one variable representsendogenous circadian rhythm

and the other is a complementary variable [27]. For this model light enters the system in a

drive in a brightness function that is incorporated into the modified van der Pol oscillator.

This model enabled researchers to implement various light schedules but did not account for

certain circadian features found in humans such as Aschoff’s rule which states that period
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is shortened with increasing light intensities in diurnal organisms [28].

From Kronauer’s 1990 model, several variations have been established. To more accu-

rately capture human photonic sensitivity, in 1999 Kronauer and colleagues developed a

model that incorporated a Process L (for light processing) and a Process P (for the pace-

maker) [17]. In this model, light enters the system in Process L and is ultimately converted

with a sensitivity modulation function that is passed to Process P. Within Process L, two

processes are present, a prompt response system and a maintained drive system. The prompt

response system produces large prompt response values when light is turned on which quickly

decays over time. The maintained drive system shows no prompt response to light. These

systems are similar to behavior seen in the action of light on photopigments of retinal photore-

ceptors (prompt response) and the postsynaptic ionic channels opened by neurotransmitter

molecules (maintained drive) [17]. Process P is a modified van der Pol oscillator that does

not affect Process L. In Process P, the second-order dynamical system represents endogenous

core body temperature and plasma melatonin rhythm. Process P also incorporates Aschoff’s

rule [28].

Another of these variations is a model by Forger and colleagues which we will refer to

as the Forger model [14]. This model incorporates Process L and Process P but reduces the

order of the equations in Process P from degree seven, as in Jewett et al. and Kronauer

et al., to degree three [15, 17]. Although the order of the equations is lessened, simulations

of two human experimental studies with the Forger model were as accurate, if not more

accurate, than the Jewett et al. and Kronauer et al. models when compared to data from

those studies. In the Forger model, the variables in Process P represent endogenous core

body temperature and an associated complementary variable.

In this thesis, the models by Forger and colleagues [14] and Klerman and colleagues [27]

will be discussed in detail. These models have been used to designexperimental laboratory

protocols [27] and investigate jet lag [29].
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1.3 Experimental Protocols

1.3.1 Extended Day and Ultradian Forced Desynchrony Protocols

To estimate certain circadian features, it is necessary to desynchronize the circadian and

rest-activity cycles. Initially, assessments of intrinsic periods were completed in temporal

isolation [30]. Subjects self-selected light, which therefore influenced the circadian clock that

affected their assessments. To estimate circadian features accurately and assess intrinsic

period, a class of forced desynchony (FD) protocols was developed [4]. These protocols are

primarily used to estimate intrinsic circadian period.

The human intrinsic circadian period is an important aspect of the circadian system.

Estimates of intrinsic periods in healthy adults have found that the intrinsic period is ap-

proximately 24.2 h [4]. Additionally, it has been found that the intrinsic circadian period

may vary with age, sex, and race/ethnicity [31–33]. There are still many unknowns about the

circadian period, particularly about the evolution (or lack thereof) of the circadian period

over the course of the human lifetime. There have been some estimates of intrinsic periods in

adolescents [34, 35] but some demographic groups cannot participate in FD protocols (e.g.,

children).

Historically, extended day forced desynchony protocols were implemented to estimate the

intrinsic circadian period. These protocols require study participants to experience a light-

dark (LD) cycle that is longer than the 24 h day and outside of the range of entrainment. A 28

h LD cycle is typically implemented for extended day FD protocols. The 28 h extended day

FD protocol has a LD cycle with 18.66 h of light and 9.33 h of darkness. Therefore, extended

day FD protocols distribute light across both the 24 h day as well as the circadian day. In

1996, Klerman and colleagues used a mathematical model of the human circadian pacemaker

to optimize the implementation of these protocols for experimental studies [27]. Two of their

main conclusions about extended day FD protocols were that the light intensities during the

protocol should be dim (10 lux) and that the in-lab portion of the protocol needed to be

at least 20 days long. This work led to protocols that produced more accurate estimates of

5



intrinsic period.

Recently, ultradian FD protocols have become popular. These protocols implement a

short LD cycle to which humans cannot entrain. For example, protocols can be ultrashort 1

h cycles with 40 m of light and a 20 m of darkness [36] or a 4 h LD cycle with 2.5 h of light

and 1.5 h of darkness have been completed [37]. It is thought that these protocols require less

time in the lab than the extended day FD protocols but no formal analysis or optimization of

these methods has been completed prior to the work presented in this thesis. Additionally,

ultradian FD protocols have been used to generate phase response curves [37, 38].

Both the extended day and ultradian FD protocols are useful protocols to gain informa-

tion about intrinsic periods as well as other circadian features such as phase response curves

and sleep propensity.

1.3.2 Illuminance-Response Curves

The effects of light on the circadian system vary with time of day [39, 40], light intensity

[41–43], duration [39, 44], and wavelength [45]. Illuminance-response curves are used to

characterize the response of the circadian system to different light intensities [41–43]. These

protocols are timed so that each participant receives a specific light intensity for 6.5 h in the

early biological night [41, 43] or 5 h of light on three consecutive days in the late biological

night [42]. The light intensities vary from very dim to very bright.

In 2000, Zeitzer and colleagues found that the human circadian pacemaker was much

more sensitive to light during the early biological night than previously thought [41]. They

used fit logistic curves to melatonin phase shift data and melatonin suppression data. These

fits predicted that the half-maximal phase-delaying response was ∼50-130 lux which is in

the range of ambient room lighting. This work provided insights into the effects of light in

the early biological night.

Next, Zeitzer and colleagues investigated the effects of varying light intensities during the

late biological night [42]. Logistic curves were fit to melatonin phase shift and melatonin sup-

pression data separately. In this study they found that the half-maximum phase-advancing
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response was ∼50-160 lux. Thus the circadian system is highly sensitive to light during the

late biological night as well as the early biological night.

In 2007, Duffy and colleagues investigated the effects of evening light in older adults

(≥ 65 years old) [43]. The study participants in the previous two studies were healthy adults

so results from this study were compared to the illuminance repsonse curves of healthy

adults. They found that older adults were less sensitive to moderate light intensities than

the younger adults in the Zeitzer study [41].

These types of studies seek to characterize the response of the circadian system to different

light intensities, varying from dim light to very bright lights. These studies have shown that

the circadian pacemaker is much more sensitive to light than previously thought and that

there are changes to this sensitivity that occur with aging.

1.3.3 Phase Response Curves (PRCs)

Phase Response Curves (PRCs) characterize the effect of bright light on the circadian

system at different times of day. Contrary to the illuminance-response curves, each partici-

pant in a PRC study receives the same light intensity but at different times throughout the

circadian day. PRC studies have used various light intensities, durations, cycles, and types

of light to investigate properties of the pacemaker [39, 40, 44, 46–48]. Human phase response

curves protocols have also been designed to assess the effect of melatonin on the circadian

system [49–51]. Most PRC protocols utilize Constant Routines (CRs), long periods in dim

light, to assess markers of circadian phase (e.g., core body temperature, plasma melatonin)

but some researchers have used mathematical methods to unmask the endogenous rhythm.

Phase shifts are computed from the difference between these circadian markers assessed prior

to the exposure to bright light and after exposure to bring light. For these protocols, par-

ticipants are given doses of melatonin. These following studies discussed are PRCs to light

conducted with healthy adult participants.

In 1989, Czeisler and colleagues conducted a three cycle PRC study with 5 h of bright

light (7000 to 12000 lux) and compared their results to fourteen control trials without a
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bright light stimulus [46]. Body temperature, plasma cortisol, and urine output were used

as a marker of circadian phase. They discovered that the effect of light on the circadian

pacemaker varied depending on the circadian phase at which the stimulus occurred.

Minors and colleagues developed a human PRC protocol to a single 3 h bright light pulse

(9000 lux) and a PRC protocol over 3 consecutive cycles of 3 h of bright light in 1991 [44].

Phase shifts were assessed using body temperature. Unlike all of the other PRC protocols

discussed in this section, these experiments did not implement a CR and instead used two

mathematical methods to unmask the endogenous rhythm. They found that larger phase

shifts were produced with three cycles than one cycle.

In 1994, Jewett and colleagues conducted studies to produce one and three cycle PRCs

[39]. Bright light exposure was 5 h (three cycle) and 4.0 to 6.2 h (one cycle) at 7000-12000 lux.

Core body temperature was used to determine phase shifts. Additionally, they conducted a

two cycle protocol to assess changes in amplitude. They concluded that the human circadian

system was not a phase-only oscillator, meaning that both phase and amplitude must be

considered to accurately characterize the human response to light.

In 2003, Khlasa and colleagues conducted a PRC study with 6.7 h of bright light (10,000

lux at fixed gaze alternated with 5000-9000 lux free gaze every 6 minutes) [40]. Core body

temperature, plasma melatonin, and salivary melatonin samples were collected. Their study

produced a PRC of 43 participants derived in highly controlled conditions.

In 2012, St Hilaire and colleagues devised a PRC protocol with 1 h of bright white light

(∼ 8000 lux) [47]. Phase shifts were measured from plasma melatonin. They found that

1 h of bright white light produced phase shifts of up to ∼2 h. Although their bright light

duration was only 15% of the light duration used by Khalsa and colleagues, their response

was 40% of that from the 6.7 h protocol.

In 2012, Rüger and colleagues created a PRC study to incorporate exposure to short-

wavelength blue light [48]. The participants were exposed to 6.5 h of blue light. Compared

to the PRC derived from 6.7 h of bright white light by Khalsa and colleagues, this PRC
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achieved ∼75% of their resetting response.

PRCs characterize the response of the circadian system over the circadian day under

many different conditions. Studies have varied light intensity, light duration, cycle number,

and wavelength. Understanding the circadian pacemaker’s response to light has implications

for applications from jet lag to light therapy.

1.4 Structure of Thesis

In this thesis, the underlying theme is the inherent interindividual differences present in

humans and therefore in circadian data. We utilized knowledge about human physiology

and circadian data to optimize an experimental laboratory protocol design, learn estimate

average group intrinsic period from existing phase shift data using Markov chain Monte

Carlo methods, and examine parameter sensitivity within a mathematical model of the

adult human circadian pacemaker to better understand distinct adolescent behavior. The

numerics for all of the projects were implemented in MATLAB.

Historically, estimates of the human intrinsic period have been estimated using protocols

called extended day forced desynchrony protocols that have a long light:dark cycle (e.g. 28 h)

and need to be implemented for at least 20 day in the lab. Recently, so-called ultradian forced

desynchrony protocols have become popular. These protocols have short light:dark cycles

(e.g. 4 h) and are implemented for only a few days in the lab. In chapter 2 we will discuss

the optimization of ultradian forced desynchrony protocols to accurately estimate intrinsic

periods over a range of known intrinsic periods. We investigated light:dark cycle duration,

light intensity (lux), phase onset, and study duration. This work provided recommendations

for implementing ultradian forced desynchrony protocols to minimize error in estimating

intrinsic period and provided estimates of error for existing ultradian studies.

In Chapter 3, to estimate the group intrinsic period of a a study cohort, we implemented

a Markov chain Monte Carlo (MCMC) algorithm on synthetic and experimental illuminance-

response curve data. Synthetic phase shift data was simulated from known intrinsic period

values; this enabled comparisons between known intrinsic periods and estimated parameter
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values fromMCMC. Next, we applied this methodology to experimental illuminance-response

curve data from 23 healthy adults. This work established a framework for estimating average

group intrinsic period using illuminance-response curve data.

Parameter sensitivity of Phase Response Curves (PRCs) and potential parameters that

simulate adolescent behavior from an experimental protocol are investigated in Chapter 4.

The sensitivity of PRC metrics to parameters was investigated by varying parameters by

10% and monitoring the resulting changes to the metrics. These insights were then applied

to adolescent data. These data were clustered using k-means clustering into groups that

had quantitatively different behavior. The parameters identified in the parameter sensitiv-

ity analysis were then used to determine parameter combinations that simulated different

adolescent behavior from the data.

Finally, in Chapter 5 a brief summary of the projects is presented as well as some future

extensions of the projects previously presented.
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2.1 Abstract

The human circadian system regulates internal 24h rhythmicity and plays an important

role in many aspects of human health. To investigate properties of the human circadian

pacemaker such as intrinsic period and light sensitivity, experimental researchers have devel-

oped forced desynchrony (FD) protocols in which manipulations of the light-dark (LD) cycle

are used to desynchronize the intrinsic circadian rhythm from the rest- activity cycle. FD

protocols have typically been based on exposure to long LD cycles, but recently, ultradian

FD protocols with short LD cycles have been proposed as a new methodology for assessing

intrinsic circadian period. However, the effects of ultradian FD protocol design, including

1To whom all correspondence should be addressed: Cecilia Diniz Behn, Department of Applied Mathe-

matics & Statistics, Colorado School of Mines, 1015 14th Street, Golden, CO 80401, USA; e-mail: cdi-

nizbe@mines.edu.
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light intensity or study duration, on estimates of intrinsic circadian period have not, to our

knowledge, been systematically studied. To address this gap, we applied a light-sensitive,

dynamic mathematical model of the human circadian pacemaker to simulate ultradian FD

protocols and analyze the effects of protocol design on estimates of intrinsic circadian period.

We found that optimal estimates were obtained using protocols with low light intensities, at

least 10 days of exposure to ultradian cycling, and an LD cycle duration that produced uni-

form light exposure across all circadian phases. Our results establish a theoretical framework

for ultradian FD protocols that can be used to provide insights into data obtained under

existing protocols and to optimize protocols for future experiments.

2.2 Introduction

The human circadian pacemaker in the suprachiasmatic nucleus (SCN) maintains an

∼24-h intrinsic rhythm, entrains to the exactly 24-h day based on light and other environ-

mental inputs, and coordinates circadian rhythms throughout the body [4, 53]. The intrinsic

period (τ) has been estimated to range from 23.8 to 25h in healthy, adult humans [54],

and τ may vary on the basis of sex, age, and race/ethnicity [31–33, 55]. Variability in τ

may underlie differences in individual responses to both normal, entrained conditions and to

challenges to the circadian system, and there is an increasing appreciation for the role that

circadian rhythms play in many different aspects of health, including metabolism, cardiovas-

cular function, and immune function [36, 56–61]. Furthermore, interventions that consider

and/or target the circadian system have been developed for treatment in acute situations

such as intensive care units [62, 63] and in everyday life. These interventions have included

direct environmental modifications, such as changes to ambient lighting or light therapy, as

well as policy changes that indirectly impact the the circadian system, e.g., delaying school

start times for adolescents [64, 65]. To optimally exploit circadian biology to improve health

outcomes, improved understanding of the human circadian system in individuals, groups,

and disease states is vital.

12



Typically, experiments to assess features of human circadian rhythms are very time and

resource intensive, often requiring participants to stay in highly controlled laboratory con-

ditions for extended periods of time. Since light is a major influence on the circadian clock,

consideration of light conditions is essential for circadian research. To investigate properties

of the human circadian clock such as intrinsic period (τ) and light sensitivity, experimental

researchers have developed forced desynchrony (FD) protocols in which manipulations of

the light-dark (LD) cycle are used to desynchronize the intrinsic circadian rhythm from the

rest-activity cycle. To achieve this desynchronization, at least three different experimental

paradigms have been described: temporal isolation, extended day FD, and ultradian FD

[37]. In temporal isolation conditions, such as the early circadian experiments conducted in

caves or bunkers [30, 66], participants were isolated from external time cues, but they were

able to self-select the timing of wake and sleep, thereby influencing the timing of their expo-

sure to light. By contrast, under extended day or ultradian FD protocols, participants are

scheduled to regular LD cycles with periods longer or shorter, respectively, than the range

of entrainment of the intrinsic pacemaker [4, 37, 54, 67]. Previous work has established that

the human circadian pacemaker cannot entrain to LD cycles shorter than 21h or longer than

26h, although the exact relationship between the circadian pacemaker and its limits of en-

trainment depend on factors such as the intrinsic period of the oscillator and light intensity

during light exposure [27, 68–70].

Extended day FD protocols, typically involving a 28h LD cycle, represent a well-established

methodology for conducting controlled laboratory studies of the human circadian system [4].

These protocols have been applied to probe both the properties of the system and the un-

derlying circadian rhythmicity of measures such as the propensity for sleep [4, 32, 34, 54, 55,

69, 71, 72]. To optimize the design of extended day FD protocols, Klerman and colleagues

(1996) applied a mathematical model of the human circadian pacemaker to simulate pro-

tocols under different experimental conditions including variable light intensities and study

durations. Their results determined optimal conditions for estimating the intrinsic period
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using extended day FD protocols and established a theoretical framework for interpretation

of data collected using these methods.

Desychronization of sleep and circadian rhythms can also be induced by exposure to LD

cycles with periods shorter than 21h. Historically, 20h LD cycles have been used [67, 73], but

recently, investigators have developed ultradian FD protocols that use very short (typically

1.5-5 h) LD cycles [31, 33, 36, 37, 51, 74–76]. These ultradian FD protocols are less resource

intensive and require less time in the lab compared with extended FD protocols. However,

to our knowledge, the effects of protocol design on experimental outcomes such as estimated

intrinsic periods have not been formally quantified in ultradian FD protocols. For example,

it is not known if estimates of intrinsic period obtained under ultradian FD protocols will

depend on light intensity or study duration [37]. Furthermore, some ultradian FD protocols,

such as those with a 4h LD cycle, have not been designed to distribute sleep/wake behavior

and/or light exposure equally across all circadian phases. This non-uniformity may make

such protocols more susceptible to protocol effects compared to extended day FD protocols.

Although FD protocols could be optimized through systematic experimentation, this

approach would be extremely resource-intensive. Alternatively, we used a light-sensitive,

dynamic mathematical model of the human circadian pacemaker to simulate ultradian FD

protocols and analyze protocol effects on estimates of intrinsic circadian period obtained from

simulated data. We considered a range of light intensities, LD periods, and study durations

to optimize protocol design for assessing physiologically relevant intrinsic circadian periods.

Our results establish a theoretical framework for ultradian FD protocols that can be used

to provide insights into data obtained under existing protocols and to optimize protocols for

future experiments.

2.3 Methods

2.3.1 Human circadian pacemaker model

To model the human circadian pacemaker, we implemented an established dynamic mod-

eling formalism based on a modified van der Pol oscillator [26, 27]. This model captures key
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attributes of the human circadian pacemaker: it is intrinsically oscillatory, and it can be en-

trained by a periodic light stimulus. Furthermore, the model has been calibrated to human

data sets to appropriately represent the pacemakers dynamic response to light of varying du-

rations and intensities, and it was used to investigate features of extended day FD protocols

(PRCs; [27]).

The human circadian pacemaker model is governed by the following equations [27]:

12

π
X ′ = Xc + 0.13

[

X −
4

3

X3

X2
0

]

+B (2.1)
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Xc = −

[

24

τ

]2

X +
BXc

3
(2.2)

where X represents the endogenous circadian rhythm (maintaining a fixed phase rela-

tionship with core body temperature, a marker of the circadian clock) and Xc is a recovery

variable. The term B = (1 −mX)CI1/3 represents sensitivity modulation of light input to

the oscillator. The model has 5 parameters: C = 0.018 1/(lux1/3), m = 1/3, X0 = 0.832,

light intensity I (lux), and intrinsic clock period τ (h). The parameters I and τ are varied

to represent protocol-dependent light conditions and individual physiology, respectively. To

investigate model dependence in our simulation results, we also simulated ultradian FD pro-

tocols using an alternative model of the human circadian pacemaker that incorporates light

preprocessing [14]. Additional details regarding the alternative model are available in the

Supplementary Online Material.

Model equations were implemented in MATLAB (Mathworks, Natick, MA) and solved

numerically using the built-in MATLAB solver ode45 with a relative error tolerance of 1e-9

and an absolute error tolerance of 1e-10. For the variable X, local minima that occurred

20 to 30 h apart were used to determine the phase of the oscillator and to compute phase

shifts. The built-in MATLAB Signal Processing Toolbox function findpeaks was used to

detect minima of X.
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2.3.2 Simulating ultradian LD protocols and estimating intrinsic circadian pe-
riod

We systematically investigated the effects of LD period, light intensity, intrinsic period,

and study length on the observed period, τobs, where τobs is the estimate of τ obtained from

the simulated ultradian FD protocol. The structure of the simulated protocols was based on

the structure of published ultradian LD protocols [37, 51] and included an at-home schedule

and an in-lab schedule consisting of an adaptation night, baseline night, phase assessment,

and period of ultradian LD cycling (Figure 2.1). All simulated protocols began with a 14-d

at-home schedule in which light intensity was set to 0 lux from 2200 to 0800 h and 150

lux at all other times. The adaptation night and baseline night represent a participants

transition to the in-lab setting. During this transition, the same timing of LD exposure was

maintained, but light intensity during the light period was reduced to 30 lux. During the

phase assessment, dim light conditions of 10 lux were imposed from 1800 to 0000 h and

0500 to 1200 h with a period of 0 lux from 0000 to 0500 h. Following the period of phase

assessment, a schedule of 4h LD cycling was initiated and continued for at least 33 d. To

assess the sensitivity to phase of ultradian LD cycle onset, we simulated protocols with LD

cycling initiated at the standard phase (at 1200 h following the phase assessment), 1h before

the standard phase, and 1h after the standard phase.

We simulated ultradian LD cycling involving 4, 5, or 7h LD cycles. The proportion of

light and dark in each cycle was held constant across protocols, resulting in 2.5 h L: 1.5 h D;

3.125 h L: 1.875 h D; and 4.375 h L: 2.625 h D for the 4, 5, and 7h LD cycles, respectively.

These LD cycle durations were chosen to represent published ultradian FD protocols [37, 51]

as well as exploratory protocols that used relatively short LD periods, maintained the same

proportion of light and dark as the 4h LD cycle, and involved cycle durations that did not

evenly divide the 24h period of the entrained oscillator. The number of ultradian cycles per

24h day was determined by the duration of the LD cycle.
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We simulated protocols with light intensities of 10, 50, 100, 150, 500, 750, and 1000 lux;

intrinsic periods from 23.8 to 25.0 h; and study durations of 3 to 33 days. Light intensities

represent a range typically encountered in daily life, and specific intensities were chosen for

comparison to previous work [27] and published ultradian FD protocols [37, 51]. Intrinsic

periods were selected to represent the physiological range of τ reported for adult humans [54].

Study duration describes the number of 24h days of ultradian LD cycle exposure measured

from 1200 to 1200 h following the phase assessment; study durations were chosen for com-

parison with published ultradian and extended day FD protocols [27, 37, 51]. In addition,

we simulated several protocols for study durations of 100 days to verify that increasing study

duration beyond 33 days did not affect estimates of intrinsic circadian period. To determine

the effect of constant light on the period of the circadian oscillator, we also simulated a

protocol with constant 10 lux light exposure.

For each protocol, the observed circadian period, τobs, was estimated on day d, denoted

τobs,d, for 3 ≤ d ≤ 33. We computed τobs,d to be the slope of the regression line after the first

d+1 minima of X beginning with the minimum during the phase assessment and including

minima through d days of ultradian LD cycling. Minima were constrained to occur 20 to

30h apart.

2.3.3 Quantifying estimates of τobs

To quantify the robustness of τobs across days, we fixed τ = 24.2h and computed the

regression line based on thirty-three 24h days of ultradian cycling to determine τobs,33, a

stable estimate of intrinsic circadian period. Then we compared the maximum, minimum,

and average deviations of individual circadian minima on study days d, 3 ≤ d ≤ 33, from

the computed regression line.

To quantify the accuracy of τobs as a function of study duration, light intensity, and

LD cycle duration, we systematically varied these protocol parameters, estimated τobs, and

compared estimates to the known intrinsic period τ . To further examine the role of study

duration on the accuracy of τobs, we defined a worst-case deviation of τobs,d from τ for τobs,d
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Figure 2.1: Comprehensive schematic for simulated ultradian FD protocol with 4h LD cy-
cle. Protocol includes a 14 day At-Home portion and an In-Lab portion consisting of an
Adaptation Night, a Baseline Night, a Phase Assessment, and then exposure to ultradian
LD cycling. Black bars denote periods with a light intensity of 0 lux. Light intensities at
all other times depend on the part of the protocol: the At-Home schedule involves light
conditions of 0 lux from 22:00-8:00 and 150 lux at all other times; the Adaptation Night and
Baseline Night involve light conditions of 0 lux from 22:00-8:00 and 30 lux at all other times;
the Phase Assessment requires dim light of 10 lux from 12:00-00:00 and 5:00-12:00 with 0
lux from 00:00-5:00; and the Ultradian FD Period involves 4h LD cycles with 2.5 hours of
light (variable light intensities depending on protocol) and 1.5 hours of 0 lux. The hatched
bar denotes the ultradian cycle after which estimates of circadian period are computed.
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of study duration d with 3 ≤ d ≤ 33: deviation on day d = max33
k=d|τobs,k− τ |. We computed

the worst-case deviation for τ = 24.2h, I = 10 lux, and protocols using 4, 5, or 7h LD

cycle durations with different phases of ultradian LD cycle onset, and we determined the

maximum deviation over the 3 phases of protocol onset previously described.

To summarize the effect of LD cycle duration on the deviations of τobs from the intrinsic

period τ and the sensitivity of τobs to the phase of ultradian LD cycle onset, we estimated

τobs on study day 4 and study day 10 for intrinsic periods τ ranging from 23.5 to 25 h under

4, 5, or 7h LD cycles with different phases of LD cycle onset. Study days 4 and 10 were

selected to reflect a typical study duration of 3 days of ultradian LD exposure and a study

duration that produces a stable value of τobs, respectively.

2.3.4 Assessing the distribution of light exposure over the circadian cycle

For ultradian FD protocols with 4, 5, or 7h LD cycles, we quantified the distribution

of light exposure associated with running ultradian cycling over 4 or 10 days of 24 h. We

partitioned the 24h day into 0.1h bins and determined the light exposure for each bin with

fixed light intensity I. Data were averaged in bins of one hour and normalized by the number

of 24h days simulated.

2.4 Results

To investigate the effects of protocol parameters on estimated circadian periods, we used

a mathematical model of the human circadian pacemaker to simulate ultradian FD protocols

with varying LD cycles, light intensities, and study durations. For each simulated protocol,

the timing of the minimum of the simulated circadian oscillation was determined, and the

progression of the minimum over each 24-h cycle indicated that the oscillator was unable to

entrain to any of the ultradian cycles. For τ = 24.2h, the timing of the minimum of the

simulated circadian oscillation showed the expected rightward progression under a protocol

involving 4 (Figure 2.2), 5 (Suppl. Fig. 1), or 7h (Suppl. Fig. 2) LD cycles. We computed

τobs to be the slope of the linear regression on the minima as described in the Methods
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section.

2.4.1 Accuracy of τobs depends on light intensity and study duration

For all protocols, τobs,33 provided a stable estimate of τ and deviated less than 0.05 h

from the known τ . The daily progression of the minimum of X was approximately constant

at a light intensity of 10 lux, suggesting that the use of low light levels during the protocol

minimizes variability around the regression line. To quantify the robustness of τobs under

different light intensities, we computed the maximum, minimum, and mean deviation of

individual circadian minima from the regression line computed on study day 33. For each

simulation, we fixed τ = 24.2 h and computed τobs under an ultradian FD protocol with

light intensity specified to be 10, 50, 100, 150, 750, or 1000 lux. For a protocol with 4h LD

cycle, maximum, minimum, and mean deviations generally decreased with light intensity

(Figure 2.3). Similar results were observed for protocols with 5 (Suppl. Fig. S3) or 7h

(Suppl. Fig. S4) LD cycles. For protocols with 4, 5, or 7h LD cycles, the maximum

deviation of individual circadian minima from the regression line was less than 0.2h for a

light intensity of 10 lux, and maximum deviations were bounded above by 0.9h across all

simulated light intensities.

To investigate the effect of protocol duration and light intensity on τobs, we simulated

protocols with variable numbers of study days and light intensities using a model circadian

pacemaker with τ ranging from 23.8 to 25h. We report results for τ = 23.8, 24.2, 24.6,

and 25.0h. We found that estimates of intrinsic period under ultradian FD protocols with

4 (Figure 2.4), 5 (Suppl. Fig. S5), and 7h (Suppl. Fig. S6) LD cycles depended on the

intrinsic period τ , light intensity I, and the number of study days. Although intrinsic period

affected the accuracy of estimates of τobs, we did not detect a systematic effect of τ on τobs.

High light intensities were associated with greater deviations of τobs from τ , and the light

intensity dependence of τobs was most pronounced for τobs,d with short study durations d.

As study duration increased, τobs generally converged to a value near τ for all protocols. To

further quantify the convergence of τobs to τ as a function of study duration, we computed
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an average worst-case deviation of τobs,d from τ under typical dim light conditions. We found

that τobs,d converged within a neighborhood of ±0.07h of τ by study day 10 for all LD cycles

(Figure 2.5). Across different intrinsic periods, the rate of convergence was fastest for the

protocol with a 7h LD cycle; under these conditions, τobs,d converged within a neighborhood

of ±0.05h of τ by study day 10.

Based on this evidence that τobs,10 stably estimated τ , we quantified the robustness of

τobs,10 relative to τobs,d for 11 ≤ d ≤ 33 by computing the maximum deviation of individual

minima on study days 11 to 33 from the regression line associated with τobs,10. We found

that this maximum deviation was less than 0.07 for protocols with 4, 5, or 7h LD cycles and

for all light intensities (data not shown). At 10 lux, the maximum deviation was less than

0.04 h for the protocols with 4 or 5h LD cycles and less than 0.02 for the protocol with the

7h LD cycle.

For τ = 24.2h, we simulated a protocol of constant 0 and 10 lux light conditions and

found minimal effect on the estimated period period of the original model with τobs,33 =

24.2314h at 0 lux and τobs,33 = 24.2346h at 10 lux.

2.4.2 Accuracy of τobs depends on LD cycle duration and resulting pattern of
light exposure

To investigate the dependence of the observed circadian period on LD cycle duration,

we compared estimates of τobs,3 and τobs,10 computed for ultradian FD protocols with 4, 5,

or 7h LD cycle durations for τ ranging from 23.8 to 25h. In addition, we considered the

sensitivity of τobs to the phase of LD cycle onset by simulating the protocols with the onset

of the ultradian LD cycles offset by 1h shifts. We found that the deviation of observed

period from τ varied with the phase of protocol onset for all protocols, though relative

differences depended on τ (Figure 2.6). For 4, 5, and 7h LD cycles, τobs,3 and τobs,10 generally

overestimated τ independent of phase of protocol onset, although there were values of τ

for which τobs,3 provided underestimates. This phase dependence was attenuated for τobs,10

compared with τobs,3. In addition, variability of τobs,3 and τobs,10 with phase of LD cycle
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Figure 2.2: Minimums of X are used to estimate intrinsic period. Daily minimums of X
(*) are plotted with respect to clock time across the entire simulated ultradian FD protocol
with 4h LD cycle. During LD cycles, light levels are fixed to 10 (A), 150 (B), and 1000 lux
(C). Black lines indicate times with light intensity set to 0 lux. For all simulations, intrinsic
period τ=24.2h, so the minimums of X drift to the right after the ultradian FD period is
initiated. The slope of the line through these minima provides an estimate for the intrinsic
period.
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Figure 2.4: Estimates of intrinsic period improve with longer studies and lower light levels
independent of intrinsic period τ . For τ= 23.8 (A), 24.2 (B), 24.6 (C), and 25.0h (D), higher
light intensities were associated with greater deviations of τobs from τ . For all simulations,
τobs generally converged within a neighborhood of the intrinsic period with sufficiently long
exposure to 4h LD cycling with light intensities of 10, 150, or 1000 lux.
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Figure 2.5: Circadian periods estimated using ultradian FD protocols with 4, 5, and 7h LD
cycles and a light intensity of 10 lux converge to the intrinsic period. For τ= 23.8 (A),
24.2 (B), 24.6 (C), and 25.0h (D), the maximum deviation of τobs computed on day d and
maximized over phase of protocol onset was within 0.07h of the intrinsic period for d ≥ 10
and within 0.05h of the intrinsic period for d ≥ 13.
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onset was minimized for protocols with 7h LD cycles compared with 4 or 5h LD cycles

across intrinsic periods. For τobs,10, the deviation of observed period from intrinsic period

was < 0.1h for all protocols and all values of τ and < 0.05h for the ultradian FD protocol

with 7h LD cycle durations.

We hypothesized that the decreased sensitivity to onset phase in the ultradian protocol

with 7h LD cycles compared with protocols with 4 or 5h LD cycles was caused by protocol-

associated differences in the timing of light exposure. To test this hypothesis, we computed

light exposure at each clock time across the 24h day for each protocol (Figure 2.7). We

found that patterns of light exposure associated with 4h LD cycles were less uniform than

those associated with 7h LD cycles, and this difference was more pronounced in the 3 day

protocol compared with the 10 day protocol.
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Figure 2.6: Circadian periods estimated using ultradian FD protocols with 4, 5, and 7h
LD cycles depended on phase of protocol onset and generally overestimated true circadian
period. Shifting the phase of ultradian cycling onset to begin one hour earlier or later than
the baseline phase of protocol onset revealed that protocols with LD cycles of 4 (A, D) or
5h (B, E) were more sensitive to the phase of protocol onset compared to the protocol with
7h LD cycles (C, F). Both the phase-dependence and the variability in τobs were decreased
with a study duration of 10 days (D, E, F) compared to estimates with a study duration of
3 days (A, B, C).
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Figure 2.7: Relative light exposure varies for ultradian FD protocols with LD cycles of
different durations. Histogram of relative light exposure for an ultradian protocol with 4 (A,
D) or 5h (B, E) LD cycles shows less uniform light exposure compared to protocols with 7h
LD cycles (C, F). Variability in light exposure was decreased with a study duration of 10
days (D, E, F) compared to variability observed in a study duration of 3 days (A, B, C).

2.4.3 Model dependence observed in τobs but not in protocol design features

Since simulation results depend on the choice of human circadian pacemaker model, we

duplicated all simulations using an alternative pacemaker model to investigate the poten-

tial model dependence of our results. We found that the conclusions regarding ultradian

FD protocol design were consistent with simulation results from both models. Specifically,

accuracy of τobs was maximized for low (e.g., 10 lux) light intensities, study durations of at

least 10 days, and LD cycle durations of 7h (Suppl. Fig. S7 and S8). Computing τobs using

the alternative pacemaker model typically resulted in underestimates of τ independent of

phase of protocol onset (Suppl. Fig. S8). Furthermore, the deviations of τobs,10 from τ were

greater using the alternative model compared with the original model. Simulating a protocol

of constant 10 lux light conditions with the alternative model resulted in a decreased esti-

mated period compared with the estimated period associated with 0 lux conditions: τobs,33
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= 24.1975 h at 0 lux and τobs,33 = 24.1176 h at 10 lux.

2.5 Discussion

2.5.1 Summary and interpretation of results

Intrinsic circadian period, τ , represents a key characteristic of the human circadian sys-

tem, and current extended FD experimental protocols used to obtain estimate τ are highly

resource intensive. Ultradian FD protocols offer a promising alternative, but less is known

about the optimal design of these protocols for obtaining accurate estimates of intrinsic cir-

cadian period. Using a light-sensitive, dynamic model of the human circadian pacemaker, we

simulated ultradian FD protocols and analyzed the effects of light intensities, LD periods,

study durations, and intrinsic period on estimated intrinsic circadian period, τobs. We found

that optimal estimates were obtained for protocols when light intensities (e.g., 10-15 lux).

The estimate of observed period was improved and sensitivity to phase of protocol onset was

reduced for protocols using 5 or 7h LD cycle durations compared to 4h LD cycle durations.

Although the rate of convergence of τobs toτ varied for different intrinsic periods, exposure

to ultradian LD cycles for 10 24h days produced a stable estimate of observed period within

0.07h of the intrinsic period with improved accuracy for protocols with 7h LD cycles.

A key feature of extended day FD protocols is a pattern of light scheduling that results in

uniform light exposure over all circadian phases. This scheduling ensures uniform sampling of

the circadian pacemaker’s phase response curve (PRC) to light, and it minimizes the biased

PRC sampling that may occur under free-running protocols in which participants are able

to self-select light exposure. However, in an ultradian FD protocol with a 4h LD cycle, light

occurs at the same clock times across the protocol. This results in a pattern of light exposure

that is not uniform over the entire circadian cycle, particularly when study durations are

short. For this model, the published PRC to one 5h pulse of light of 150 lux suggests that

non-uniform light exposure will result in biased sampling of phase advance and delay regions

of the PRC, thereby affecting the estimate of observed period [27]. Furthermore, the phases

at which increased light exposure occurs will depend on the phase at which the protocol is
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initiated, thereby increasing the sensitivity of τobs to protocol effects. This suggests that,

for the same individual under the same protocol with a 4h LD cycle, slight variations in

internal circadian phase at protocol onset may produce different estimates τobs due to shifted

patterns of light exposure acting differentially on the PRC to light. Such sensitivity to the

phase of protocol onset could also account for increased variability in τobs across a study

cohort consistent with observations in our data. Sensitivity to phase of protocol onset is

minimized in ultradian FD protocols with 7h LD cycles and study durations of at least 10

days.

Implementation of ultradian FD protocols has varied across labs. Our results suggest that

the accuracy of intrinsic period estimates using published ultradian FD protocols may vary

as a function of τ , study duration, phase of protocol initiation, and light intensity. Since the

ability to control for factors such as τ and phase of protocol initiation is limited, ultradian FD

protocols must be designed to provide reliable estimates despite variability in these factors.

Consistent with best practices predicted by our simulation results, published ultradian FD

protocols have typically involved low light intensities. However, other protocol features,

such as the common use of 4h LD cycles and study durations of 3-4 days, are not consistent

with predicted optimal protocol design. Given the potential constraints on accuracy of τobs,

caution is warranted when interpreting estimates of intrinsic periods obtained using ultradian

FD protocols that do not conform to predicted best practices.

2.5.2 Alternative design of ultradian FD protocols

In this study, we focused on simulations of ultradian FD protocols with light intensities

and light:dark ratios similar to those in published extended day or ultradian FD protocols.

In addition, we considered effects of study durations and LD cycle durations on estimates of

intrinsic circadian period. Our results suggest that LD cycle durations of 5h or 7h provide

improved estimates of τobs compared to 4h LD cycle durations due to more uniform light

exposure across the 24h day and the underlying circadian cycle. The regular pattern of light

exposure associated with the 4h LD cycle over the 24h day would also occur with an LD
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cycle of any duration that even divides 24h, e.g., 2, 3, 6, 8 or 12h LD cycles. Design of

future ultradian FD protocols should consider implementing LD cycles of durations that do

not evenly divide 24h in order to ensure a more uniform distribution of light across the 24h

day.

In this study, we chose to preserve the 2.5:1.5 light:dark ratio when we varied LD cycle

duration since this light:dark ratio allowed proportions of active/inactive time similar to those

experienced in a typical day. However, future work could consider the effects of varying light:

dark ratios within an LD cycle of fixed duration.

2.5.3 Comparison with extended day FD protocols

In previous work, Klerman and colleagues (1996) used this circadian pacemaker model

to simulate extended day FD protocols and the effects of protocol design on estimates of

intrinsic circadian period. They found that observed period depended on light intensity,

LD period, and intrinsic period. Their results suggested that estimates of τ using 28h FD

protocols initially overestimated τ and τobs approached τ when the protocol included at least

3 beat periods (approximately twenty-five 24h days) with a light intensity not to exceed 10

lux. They did not report specific magnitudes of the deviations they observed, although they

indicated that the deviation of the observed period from the intrinsic period was considerable

at high light intensities.

Consistent with their conclusions, we found that under ultradian FD protocols, τobs typ-

ically overestimated τ if study durations were not sufficiently long, and optimal results were

obtained under low light intensities. Our results also demonstrated that initial estimates

of τobs using ultradian FD protocols were closer to actual intrinsic periods and converged

more quickly to intrinsic periods compared with estimates of τobs using extended day FD

protocols. In addition, the robustness of estimates of τobs, measured as deviations of individ-

ual circadian minima from the regression line, was improved in the ultradian FD protocol

compared with the extended day FD protocol. These differences highlight an advantage of

ultradian FD protocols: the use of shorter LD cycles reduces the perturbation experienced

28



by the circadian system under the FD protocol. Since this perturbation is particularly pro-

nounced for 28h FD protocols with short study durations due to highly nonuniform light

exposure, much longer study lengths are required to obtain accurate estimates of τobs with

28h protocols compared with ultradian FD protocols.

In our simulations, ultradian FD protocols with 4, 5, or 7h LD cycles, produced estimates

of τobs within 0.05h of τ with 10 days of exposure to ultradian LD cycling.

2.5.4 Model dependence in protocol effects

A primary limitation of this study is the constraint imposed by the assumptions inherent

in the circadian pacemaker model. To facilitate comparison with previous work, this study

applied the same human circadian pacemaker model that was used to evaluate protocol effects

in extended day FD protocols [27]. However, other models of the human circadian pacemaker

have been proposed [14, 15, 25, 77], and differences among models may affect simulation

outcomes. Most significantly, differences in the models response to light, including the PRCs

to light of different durations and intensities, may produce different predicted relationships

between estimated period and intrinsic period under similar experimental conditions [25].

To address the issue of model dependence, we duplicated all simulations using an alterna-

tive mathematical model of the human circadian pacemaker [14]. We found that simulations

produced by the alternative model supported our previous conclusions regarding light in-

tensity, study duration, and LD cycle duration for optimal design of ultradian FD protocols

for estimating intrinsic circadian period. However, our results also suggested that, particu-

larly under conditions in which τobs had not yet converged to τ , individual estimates of τobs

demonstrated model dependence. Furthermore, simulations of the original and alternative

models resulted in respective over- or underestimation of τ by τobs. Model dependence in

estimates of τobs is probably caused by differences in light processing between models. In

particular, the model proposed by Forger and colleagues [14] includes an implementation

of Aschoff’s rule, a theory that higher light intensities are associated with shorter circadian

periods in diurnal organisms [28]. Using a constant dim light protocol, we confirmed that
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this implementation of Aschoff’s rule resulted in a light intensity-dependence of circadian

period in the alternative model that was not present in the original model. In addition to

producing differential responses to light stimuli between the two models, the implementa-

tion of Aschoffs rule complicates the interpretation of the deviation of τobs from τ in the

alternative model since τ varies as a function of light exposure.

Although these preliminary investigations of model dependence did not alter our conclu-

sions regarding the optimal design of ultradian FD protocols for estimating intrinsic circadian

period, the evidence for model dependence in individual estimates of τobs suggests that more

work is needed to develop robust methods to relate actual intrinsic circadian period to es-

timates of circadian period based on an individuals response to an ultradian FD protocol.

Such methods would have great utility for refining interpretation of existing data sets and

enabling comparisons among data collected under different protocols.

2.6 Conclusions and Implications

In summary, ultradian FD protocols represent a promising experimental paradigm for

addressing key questions in circadian research. In particular, the relative resource- and

time-effective features of ultradian FD protocols underscore their utility for studies that

require larger numbers of participants or address research questions in pediatric or other

populations in which compliance with the time requirements of an extended day FD protocol

are particularly challenging. Simulations of a human circadian pacemaker model support

the use of well-designed ultradian FD protocols for estimating intrinsic circadian period. In

addition, our results highlight the utility of mathematical modeling for optimizing circadian

protocols and establish a theoretical framework that provides insights into data obtained

under existing protocols and enables design of optimal protocols for future experiments.
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3.1 Abstract

The human circadian pacemaker entrains to the 24 h day, but interindividual differences

in properties of the pacemaker, such as intrinsic period, affect many aspects of daily life

including chronotype. These properties also mediate responses to challenges to the circadian

system, like shift work and jet lag, and efficacy of therapeutic interventions like light therapy.

Robust characterization of circadian properties requires desynchronization of the circadian

system from the rest-activity cycle, and these forced desynchrony protocols are very time- and

resource-intensive. This has limited the ability to characterize circadian properties across

individuals and demographic groups. By contrast, circadian protocols designed to derive

the relationship between light intensity and phase shift, which is inherently affected by

intrinsic period, may be applied more broadly. We exploited this relationship by applying a

2To whom all correspondence should be addressed: Cecilia Diniz Behn, Department of Applied Mathe-

matics & Statistics, Colorado School of Mines, 1015 14th Street, Golden, CO 80401, USA; e-mail: cdi-

nizbe@mines.edu.
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mathematical model of the human circadian pacemaker with a Markov-Chain Monte Carlo

parameter estimation algorithm to illuminance-response curve data to estimate the mean

intrinsic period of the group of participants contributing to the curve. We first validated

this methodology using simulated illuminance-response curve data where the intrinsic period

was known. Over a normal range of intrinsic periods, this method accurately estimated the

average intrinsic period of the group. We also applied the method to previously published

experimental data describing the illuminance-response curve for a group of healthy adult

participants. We estimated the study participants’ average intrinsic period to be 24.26 and

24.27 hours using uniform and normal priors, respectively, consistent with estimates of the

average intrinsic period of healthy adults. Our results establish an approach to estimate

a mean group intrinsic period from illuminance-response curve data, thereby facilitating

characterization of intrinsic period across a broader range of participant populations than

could be studied using forced desynchrony protocols. Future applications of this approach

may improve understanding of demographic differences in intrinsic circadian period.

3.2 Introduction

Molecular clocks maintain an ∼24 hour rhythm in the firing rate of neurons in the

suprachiasmatic nucleus (SCN) [19, 29, 78]. The collective activity of these neurons gives rise

to a circadian rhythm that acts as a pacemaker to coordinate biological rhythms throughout

the body [1]. The properties of this pacemaker, including its intrinsic period and amplitude,

affect an individuals ability to overcome jet lag [79], tolerate shift work [79], and respond to

circadian- based therapeutic interventions such as light therapy [80]. Furthermore, circadian

properties may inform societal constructs such as appropriate work hours [81] and school

start times [82–84].

Forced desynchrony (FD) protocols represent the gold-standard methodology for assess-

ing an individuals intrinsic circadian period. In these protocols, circadian rhythmicity is

desynchronized from sleep/wake behavior by imposing a regular light:dark (LD) cycle that

is outside the range of entrainment of the circadian pacemaker. A marker of free-running
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circadian period, usually salivary or plasma melatonin or core body temperature, is used to

estimate the pacemakers intrinsic period, τ [4, 34]. Using FD protocols, τ has been estimated

to be 24.18 ± 0.04h (mean ± SEM) in healthy young men [4], but the intrinsic period can

vary based on many different factors including age, sex, and race/ethnicity [31–34, 76]. The

range of intrinsic periods observed in healthy adults has been estimated to be 23.5 h to 24.9

h [31, 32].

FD protocols are highly time- and resource-intensive with accurate assessments requiring

an extended day FD protocol of at least 20 days [27] or an ultradian FD protocol of at least

10 days [52]. These constraints limit the applicability of FD protocols and may prevent

experimental assessment of τ in populations such as young children or individuals diagnosed

with conditions that could be exacerbated by induced desynchrony of sleep and circadian

rhythms. Indeed, assessment of τ is rarely performed when it is not a primary outcome of an

experiment. However, τ likely affects other measures of the circadian system such as phase

response curves (PRCs) to light [40, 44, 75] PRCs to other behavioral [85] or pharmacological

factors [49, 51], and illuminance dose-response curves [41, 43]. In PRCs and illuminance-

response curves, each point typically corresponds to a different participant. Therefore, the

data collectively reflect the intrinsic periods of all of the participants in the group. In this

study, we sought to exploit this τ -dependence to develop methodology to mine circadian

measures that depend on τ for novel information about the average intrinsic period of the

group.

To relate experimental data to properties of the human circadian pacemaker, we used a

mathematical model developed by Forger and colleagues [14]. This human circadian pace-

maker model, based on a modified van der Pol oscillator, incorporates many key features of

circadian pacemaker dynamics including phase and amplitude responses to light and Aschoffs

rule, the observation that higher light intensities produce shorter circadian periods in diur-

nal species [14, 28]. Furthermore, the intrinsic period, τ , is an explicit parameter of this

circadian pacemaker model and represents the period of the pacemaker observed in total
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darkness. Under typical 24-h light:dark (LD) cycles, the oscillator is entrained to the LD

cycle and produces an exactly 24-h period. The carefully calibrated light responses of this

model have contributed to its widespread use to investigate and simulate many different

circadian characteristics [29, 52, 86, 87].

Using this model in conjunction with Markov Chain Monte Carlo (MCMC) parameter

estimation methods, we aimed to develop methodology to estimate τ from illuminance-

response curve data. To validate this approach, results were first obtained for synthetic

data for which τ values were known. We simulated phase shift data by implementing a

published illuminance-response curve protocol [41] using this human circadian pacemaker

model [14] with known τ values. By applying MCMC parameter estimation to the simulated

data, we calculated a posterior distribution of intrinsic periods to compare with the known

τ values used to generate the synthetic data. We also applied this method to previously

published experimental data [41] to determine the group intrinsic periods of participants in

an experimental illuminance-response curve study involving healthy adults.

3.3 Methods

3.3.1 Human Circadian Pacemaker Model

A mathematical model of the human circadian pacemaker developed by Forger and col-

leagues was used to perform all simulations. The model is a modified van der Pol oscillator

that consists of Process P and Process L [14]. Process P describes the oscillator represent-

ing the circadian pacemaker, and Process L represents the processing of external light and

includes a phase-dependent sensitivity modulation. The equations associated with the two

components of the model are as follows:

Process P

dX

dt
=

π

12

(

xc +B

)

dXc

dt
=

π

12

[

µ

(

xc −
4x3

c

3

)

− x

[(

24

0.99669τ

)2

+ kB

]]

.
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Process L

α(I) = α0

(

Ip

Ip0

)

dn

dt
= 60[α(I)(1− n)− βn]

B̂ = G(1− n)α(I)

Sensitivity Modulation

B = B̂(1− 0.4x)(1− 0.4xc).

External light, I(t), enters the system through equation α(I) which represents the drive

rate. The variable n models phototransduction, and both n and α(I) contribute to the

output drive B̂ which then feeds into the sensitivity modulation B. The sensitivity mod-

ulation dictates how light from Process L interacts with Process P, thereby introducing

phase-dependence into the light effect. In Process P, X represents endogenous circadian

body temperature and Xc is a complementary variable. Therefore, minimums of X corre-

spond to minimum core body temperature (CBTmin), an experimental a marker of circadian

phase.

Kronauer and colleagues established baseline parameters of this circadian pacemaker

model, including τ , α0, and β, by fitting the model to experimental data collected from

healthy adults [14, 17]. The intrinsic circadian period, τ , represents the intrinsic period

of the circadian oscillator in constant darkness, and the model incorporates the effects of

Aschoffs rule on the circadian system such that the period of the oscillation decreases with

increasing light exposure. Standard published parameter values [14, 17, 88], summarized in

Table A.1 in Appendix A, were used for all simulations with the exception of the intrinsic

period, τ , which was allowed to vary.

36



3.3.2 Experimental illuminance-response curve protocol

The illuminance-response curve protocol design and the experimental data used as a test

case for the method were previously published in a study by Zeitzer and colleagues designed

to quantify the sensitivity of the human circadian pacemaker to nocturnal light [41]. In this

study, 23 healthy adults ages 18-44 participated in the 9-day in-lab protocol. During the

nocturnal light exposure, each participant was exposed to a different light intensity. Phase

delay and percent melatonin suppression were measured in order to construct illuminance-

response curves of these measures.

The study protocol was as follows: for two weeks prior to the 9-day illuminance- response

curve, protocol participants maintained a consistent 16:8 LD schedule (Figure 3.1). Following

three baseline days in the lab, they underwent an ∼ 50 h constant routine at 15 lux where

initial phase of the circadian system was assessed in the lab using minimum core body

temperature (CBTmin). Study participants then experienced 8 h of darkness followed by 16

h of light centered about a 6.5 h light pulse. Each participant experienced a different light

intensity ranging from 2.56 lux to 9106 lux. Exact constant routine duration was chosen

so that the light pulse began 6.75 h before predicted CBTmin and ended 0.25 h before

CBTmin. During the remainder of the 16 h, the participants experienced dim light (< 15

lux). Following another 8 h of darkness, they underwent another ∼ 30 h constant routine to

find CBTmin and allow calculation of the phase shift in melatonin rhythm induced by the

light exposure. Participants then slept for 8 h and were discharged upon waking on day 9.

3.3.3 Simulating the experimental illuminance-response curve protocol

The simulated protocol was designed to mimic the experimental protocol described in

the previous subsection. Before beginning the simulated illuminance-response curve protocol,

the model simulated circadian phase for two weeks on a consistent 16:8 h LD schedule with

a light level of 150 lux from 0800 to 0000 and a light level of 0 lux from 0000 to 0800.

During the simulated in-lab portion of the protocol, light during the light period of the

37



2 weeks 

consistent at 

home schedule

(16/8 LD at 

150/0lux)

3 baseline days

(16/8 LD at 

150/0lux)

~50 h Constant 

Routine

(10 lux)

8 h darkness

(0 lux)

4.5 h light

(10 lux)

6.5 h 

individualized light

(2.56 to 9106 lux)

4.5 h light

(10 lux)

8 h darkness

(0 lux)

~30 h Constant 

Routine

(10 lux)

8 h darkness

(0 lux)

Light 

(150 lux)

Start

End

Figure 3.1: A schematic of the illuminance-response curve protocol with light intensities.
Two weeks of a consistent schedule at home are followed by three baseline days in the lab.
Then participants undergo an ∼ 50 h constant routine, an 8 h period of darkness, and a
16 h period of light. During the light period, the participant is exposed to a specific light
intensity for 6.5 h (varied per person from 2.56 to 9106 lux). This exposure is timed to begin
6.75 h before CBTmin and to end 0.25 h before CBTmin. The rest of the wake period is spent
in dim light. The light exposure is followed by 8 h of darkness, an ∼ 30 h constant routine,
and another 8 h of darkness to end the protocol.
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baseline days was set to 150 lux; dim light was set to 10 lux for the synthetic data and set to

each participant’s measured light intensity (< 15 lux) for experimental data; individual light

intensity was set to a value in the range of 2.56 lux to 9106 lux for the experimental light

exposure; and dark periods were set to 0 lux (Figure 3.1). To determine the appropriate

duration of the constant routine in the simulated protocol, we first simulated the two weeks

prior to the experiment and a 56-h constant routine. Based on these results, we determined

CBTmin and calculated the constant routine duration necessary to time the light pulse to

begin 6.75 h before CBTmin and end 0.25 h before CBTmin. Using this newly calculated

constant routine duration to ensure accurate timing of light exposure, we simulated the full

protocol with appropriate nocturnal light exposure and computed light-induced phase shifts

as the difference between CBTmin during the first constant routine and CBTmin during the

second constant routine.

Model equations were implemented in MATLAB (Mathworks, Natick, MA) and solved

numerically using the built-in MATLAB solver ode45 with a relative error tolerance of 1e−9

and an absolute error tolerance of 1e−10. The built-in MATLAB Signal Processing Toolbox

function findpeaks was used to detect minima of X to compute phase shifts.

3.3.4 Markov Chain Monte Carlo algorithm and simulations

We implemented a Markov Chain Monte Carlo (MCMC) method to estimate τ for a

given illuminance-response curve using the Metropolis algorithm. The goal of MCMC is to

determine the posterior distribution, the probability of the parameter(s) given data P (µ|D),

using Bayes Theorem which states

P (µ|D) ∝ P (D|µ) ∗ P (µ)

for parameter(s) µ and data D. P (µ) is called the prior distribution and may include as-

sumptions about what the distribution of the parameter(s) is likely to be. For the application

of MCMC to illuminance-response data to determine intrinsic period τ , Bayes theorem is:

P (τ |PS) ∝ P (PS|τ) ∗ P (τ)
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where PS is a vector of phase shifts. Phase shift data (PS) were simulated using the same

light intensities as the experimental data. Each data point was assumed to be normally

distributed with a mean of the measured phase shift and a 0.5 h standard deviation. The

Metropolis algorithm was implemented in MATLAB and completed 10,000 iterations per

MCMC run. MCMC runs were started from different initial chain values (23.8, 24.1, and

24.7 h) to verify that the starting point of the chain did not affect the estimated distributions.

All densities are presented with a 5% burn-in, i.e., the first 500 iterations are not included

in the analyses and metrics.

3.3.5 MCMC and illuminance-response curve test cases

To validate the MCMC approach, we produced synthetic data sets with phase shifts using

model simulations in which the generative single τ or multiple τs were known. Two different

cases of synthetic data were considered. The first test case was the single τ illuminance-

response curve where all data points on the illuminance-response curve were generated using

one τ value. We simulated single τ illuminance-response curves for τ = 23.7, 24.2, 24.6, and

24.9 h. We also considered multi-τ illuminance-response curves where synthetic data were

generated using τs drawn from normal distributions with means of 23.7, 24.2, and 24.6 h and

various standard deviations. The single τ illuminance-response curves represent an idealized

case in which all phase shifts reflect the same τ . By contrast, the multi-τ illuminance-

response curves are representative of experimentally-generated illuminance-response curves

in which each point represents the phase shift of a different individual.

To generate synthetic data using known τs, the circadian pacemaker model simulated the

experimental illuminance-response curve protocol across the range of light intensities. Phase

shifts were calculated for each illuminance level and then used to specify the phase shift data

for the Metropolis algorithm. A standard deviation of 0.5 h was added to the simulated

phase shift data. For all runs with simulated illuminance- response curve data the prior was

selected to be U(23.5, 25) to reflect the range of τs found for healthy adults [31, 32]. After

the algorithm completed 10,000 iterations, the known τ value or distribution was compared
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to the results from the algorithm with a 5% burn-in.

Using previously published light intensities and phase shifts [41], we used this MCMC

method to estimate the distribution of the group intrinsic period of the 23 healthy adults

who participated in the protocol. Each data point was assumed to be normally distributed

with a mean set to the participant’s measured phase shift and a standard deviation of 0.5 h.

We estimated the group intrinsic period for this experimental data using two different priors.

We considered both a uniform prior (U(23.5, 25)) that imposes minimal assumptions on the

parameter τ , and, conversely, we considered a normal prior (N(24.2, 0.28)) that assumes

that the population τ is drawn from the established distribution of healthy adult intrinsic

periods.

For all test cases, we completed twelve simulations consisting of four runs from each

initial chain value of three chain values (23.8, 24.1, and 24.7 h). We computed the overall

average τ value and standard deviation, the credible interval, and the percent of accepted

samples for each of the twelve MCMC runs (four runs for each of three initial chain values).

3.4 Results

3.4.1 Structure of illuminance-response curve and τs

The structure of the simulated illuminance-response curve depends on τ . When the

illuminance-response curves were simulated with different τ values, a stacked structure of

curves was generated where increasing τ values produced larger phase delays (negative phase

shifts) compared to curves generated with smaller τ values (Figure 3.2). Additionally, these

simulations illustrated the range of phase shift values that are produced by this model over

the given range of τ values and light intensities.

3.4.2 Single τ illuminance-response curves

The application of the Metropolis algorithm to the simulated single-τ illuminance-response

curves produced average τ values almost exactly equal to the τ value used to generate the

single-τ illuminance-response curve data. These curves were simulated with τs equal to
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Figure 3.2: Simulated illuminance-response curves for intrinsic period τ varied between 23.6
to 25.0 h. With increasing intrinsic period, the shape of the curve is maintained but the
magnitude of the negative phase shifts (phase delays) increases. Additionally, each curve is
distinct and does not intersect with any other curves. This structure makes this type of data
a good candidate for MCMC methods.

23.7, 24.2, 24.6, and 24.9 h, respectively (Figure 3.3). The means of the runs from three

initial chain values (four runs per initial chain value) agree up to two significant figures for

each simulated data set and have standard deviations less than 0.05 h (Table 3.1 and Ta-

ble A.2). Additionally, means from individual runs and the means obtained by averaging

over all twelve runs are within 0.01 of the τ value that was used to generate each phase

shift data set, and the credible intervals are less than 0.2 h and contain the generative τ

values (Table 3.1, Table A.2, and Table A.3). The mean percent of accepted samples ranges

from 41% to just over 45% over the initial chain values and all the data sets (Table 3.1 and

Table A.4).

3.4.3 Multi-τ illuminance-response curves

Multi-τ illuminance response curves were simulated with τs drawn from N(23.7, 0.22),

N(24.2, 0.22), N(24.2, 0.42), and N(24.6, 0.22) distributions. The average τ of the posterior
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Table 3.1: MCMC estimates of τ for simulated single τ illuminance-response curves gener-
ated from τ = 23.7, 24.2, 24.6, and 24.9 h. Average τ values (± standard deviations), 95%
credible intervals, and percent of accepted samples from twelve MCMC runs (four from each
initial chain value) of 10,000 iterations with a 5% burn-in.

τ value used Average (±std) τ of Average credible Average percent of
to generate data all runs interval accepted samples

τ =23.7 h 23.6979 (±0.0407) h [23.6190, 23.7780] 43.2167%
τ =24.2 h 24.1967 (±0.0423) h [24.1136, 24.2799] 44.7368%
τ =24.6 h 24.5999 (±0.0433) h [24.5149, 24.6842] 45.3947%
τ =24.9 h 24.8893 (±0.0383) h [24.8096, 24.9554] 41.1833%
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Figure 3.3: Kernel densities of twelve MCMC runs (four from each initial chain value) with
synthetic single illuminance-response curve data where τ = 23.7 (A), 24.2 (B), 24.6 (C), and
24.9 h (D). The red (initial chain value is 23.8 h), green (initial chain value is 24.1 h), and
blue (initial chain value is 24.7 h) dashed lines are the kernel densities. The gray dotted
line indicates the known value that the data was simulated with. The black solid line is the
uniform prior.
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distribution was almost exactly equal to the mean of the distribution from which the τs were

drawn even when the standard deviation in the data was increased. Over twelve runs with

three initial chain values (four runs per initial chain value), the means of the samples agree

up to two significant figures for each simulated data set (Table A.5). Similarly, we observed

agreement in the density plots of the kernel distributions of the runs with a 5% burn-in

(Figure 3.4). Furthermore, the overall average means of all of the runs are within 0.02 h of

the mean of the distribution of the τs for each data set and have small standard deviations

(Table 3.2). The credible intervals generated from the runs are narrow and capture the

means of the distributions used to generate the synthetic data (Table 3.2 and Table A.6).

However, the standard deviations of the posterior distributions do not correspond to the

standard deviations of the distributions from which τs were drawn to simulate the data.

For example, when τ values were drawn from N(24.2, 0.22) and N(24.2, 0.42) distributions,

respectively, the average standard deviations of the posteriors were identical and the density

plots were very similar (Table 3.2 and Table A.6 and Figure 3.4). The average percent of

accepted samples ranges from 42% to 45.5% over the initial chain values and all the data

sets (Table 3.2 and Table A.7).

Table 3.2: MCMC estimates of τ for simulated multi-τ illuminance-response curves gen-
erated from τs drawn from N(23.7, 0.22), N(24.2, 0.22), N(24.2, 0.42), and N(24.6, 0.22).
Average τ values (±standard deviations), 95% credible intervals, and percent of accepted
samples from twelve MCMC runs (four from each initial chain value) of 10,000 iterations
with a 5% burn-in.

τ distribution Average (±std) τ of Average credible Average percent of
data was drawn all runs interval accepted samples

from
N(23.7, 0.22) 23.6969 (±0.0407) h [23.6175, 23.7772] 42.7886%
N(24.2, 0.22) 24.2121 (±0.0423) h [24.1289, 24.2948] 44.1167%
N(24.2, 0.42) 24.2303 (±0.0423) h [24.1482, 24.3144] 43.1763%
N(24.6, 0.22) 24.6140 (±0.0435) h [24.5286, 24.6990] 45.2193%
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Figure 3.4: Kernel densities of twelve MCMC runs (four from each initial chain value) with
synthetic multi- illuminance-response curve data where s were drawn from N(23.7, 0.22) (A),
N(24.2, 0.22) (B), N(24.2, 0.42) (C), and N(24.6, 0.22) (D) distributions. The red (initial
chain value is 23.8 h), green (initial chain value is 24.1 h), and blue (initial chain value is
24.7 h) dashed lines are the kernel densities. The gray dotted line indicates the known mean
value that the data was drawn from. The black solid line is the uniform prior.
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3.4.4 Experimental illuminance-response curve data

Applying MCMC to the experimental illuminance-response curve data resulted in es-

timates of a group intrinsic period that was close to the estimated average healthy adult

intrinsic period of 24.2 h independent of prior. With uniform priors, estimated mean τ

values were 24.27 h for all runs and initial chain values (Table 3.3 and Table A.8 and Fig-

ure 3.5). With normal priors, estimated mean τ values were 24.26 h for all runs and initial

chain values (Table 3.3 and Table A.8 and Figure 3.6). All of the computed average 95%

credible intervals contain 24.2 h (Table 3.3 and Table A.9). The percent of accepted samples

was between 42.5% and 44.5% with the uniform prior and between 42% and 44% with the

normal prior over twelve runs (Figure 3.5 and Figure 3.6, Table 3.3 and Table A.10). The

density plots for the posterior distributions associated with either a uniform or a normal

prior were very similar (Figure 3.5 and Figure 3.6).

Table 3.3: MCMC estimates of τ for experimental illuminance-response curve data with
a uniform (U(23.5, 25)) and a normal (N(24.2, 0.22)) prior. Average τ values (±standard
deviations), 95% credible intervals, and percent of accepted samples from twelve MCMC
runs (four from each initial chain value) of 10,000 iterations with a 5% burn-in.

Prior distribution Average (±std) τ of Average credible Average percent of
all runs interval accepted samples

U(23.5, 25) 24.2674 (±0.0425) h [24.1833, 24.3506] 43.8632%
N(24.2, 0.22) 24.2642 (±0.0414) h [24.1835, 24.3458] 43.1781%

3.5 Discussion

3.5.1 Intrinsic period affects simulated illuminance-response curves

The intrinsic period of the circadian pacemaker, τ , affects the shape of illuminance-

response curves simulated using distinct τ values, and this structure may be exploited to

estimate a group τ from illuminance-response curve data. As intrinsic period increases,

the magnitude of phase delays increases across light intensities while maintaining a similar

curve shape. This produces distinct illuminance-response curves for each τ value with no
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Figure 3.5: (A) Kernel densities of twelve MCMC runs (four from each initial chain value)
with experimental illuminance-response curve data. The red (initial chain value is 23.8 h),
green (initial chain value is 24.1 h), and blue (initial chain value is 24.7 h) dashed lines are
the kernel densities. The black solid line is the uniform prior. (B) The experimental phase
shift data, phase shift data generated from average values from each initial chain group, and
phase shifts generated with τ = 24.2 h. The red (initial chain value is 23.8 h), green (initial
chain value is 24.1 h), and blue (initial chain value is 24.7 h) stars are simulated phase shifts
produced when the average τ values from the four MCMC runs is plotted. The experimental
phase shift data are dark gray circles and the simulated phase shifts with τ = 24.2 h are
light gray triangles. (C) The samples value of each iteration of the Metropolis algorithm for
twelve MCMC runs (four from each initial condition). The red (initial chain value is 23.8
h), green (initial chain value is 24.1 h), and blue (initial chain value is 24.7 h) lines are the
sample values. (D) The percent of accepted samples from the twelve runs. The red (initial
chain value is 23.8 h), green (initial chain value is 24.1 h), and blue (initial chain value is
24.7 h) squares are the percent of accepted samples per run.
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Figure 3.6: (A) Kernel densities of twelve MCMC runs (four from each initial chain value)
with experimental illuminance-response curve data. The red (initial chain value is 23.8 h),
green (initial chain value is 24.1 h), and blue (initial chain value is 24.7 h) dashed lines are
the kernel densities. The black solid line is the normal prior. (B) The experimental phase
shift data, phase shift data generated from average values from each initial chain group, and
phase shifts generated with τ = 24.2 h. The red (initial chain value is 23.8 h), green (initial
chain value is 24.1 h), and blue (initial chain value is 24.7 h) stars are simulated phase shifts
produced when the average τ values from the four MCMC runs is plotted. The experimental
phase shift data are dark gray circles and the simulated phase shifts with τ = 24.2 h are
light gray triangles. (C) The samples value of each iteration of the Metropolis algorithm for
twelve MCMC runs (four from each initial condition). The red (initial chain value is 23.8
h), green (initial chain value is 24.1 h), and blue (initial chain value is 24.7 h) lines are the
sample values. (D) The percent of accepted samples from the twelve runs. The red (initial
chain value is 23.8 h), green (initial chain value is 24.1 h), and blue (initial chain value is
24.7 h) squares are the percent of accepted samples per run
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intersections between curves. These features of illuminance-response curves associated with

varying τ values demonstrate that this type of data is a good candidate for identifying τ

using MCMC parameter estimation.

In practice, illuminance-response curves are generated using data from multiple partici-

pants. Therefore, this approach does not provide information about an individual’s intrinsic

period, but, instead the mean intrinsic period for a group of study participants.

3.5.2 Illuminance-response curve test cases

We validated this methodology by applying the Metropolis algorithm to both single τ

and multi-τ Illuminance-response curve synthetic data sets. Simulated phase shift data were

generated using a single τ value or collection of τ values drawn from a normal distribution.

For both test cases, our method produced mean estimates of the intrinsic period that were

very close to the known τ value or mean τ value, respectively. To facilitate comparisons

between runs, we reported estimates of τ with six significant figures. However, this is likely

beyond the level of precision of τ estimates obtained experimentally using FD protocols

[4]. Notably, these results were obtained using an uninformative prior. Although a more

informative prior may be preferable when a priori information about the parameters is

available, our results suggest that it is not necessary to impose assumptions on the prior to

obtain accurate estimate for this problem.

The MCMC implementation was robust with respect to a range of implementation met-

rics. Over multiple trials, estimates of mean intrinsic periods have average standard devi-

ations of less than .045 h, narrow 95% credible intervals, and similar kernel density plots.

There was no evidence in any of the metrics that the mean estimates of τ were influenced by

the initial chain value or assumptions on the prior. The average percent of accepted samples

was between 41% and 46%, an acceptable range for MCMC methods [89]. Overall, these re-

sults support the applicability of MCMC methods to accurately estimate the mean intrinsic

period of a group of study participants, given appropriate illuminance-response curve data.
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3.5.3 Application to experimental data

When applied to the illuminance-response curve generated using 23 healthy adult partici-

pants, this method predicted a group intrinsic period of consistent with the mean τ reported

for this population [4]. Specifically, the mean τ of 24.18 ± 0.04h estimated in a healthy

young adult population [4] is very close to the group τ of the illuminance-response curve

study participants which was estimated to be 24.27 or 24.26h using uniform or normal pri-

ors, respectively. The similarity of these estimates of group τ suggests that, for these data, a

relatively uninformative prior (like U(23.5, 25)) produces similar results compared to a more

informative prior (like N(24.2, 0.22)). Therefore, as discussed in the context of the synthetic

data, although a more informative prior may be preferable when a priori information about

the parameters is available, our results that an uninformative prior may be sufficient. This

is an important feature for broader application of the method to illuminance-response data

from study populations where there are no previous estimates of the intrinsic period.

As with the synthetic data, all metrics indicated that the MCMC implementation was

robust. All of the runs implemented with either a uniform or a normal prior accepted

between 41% and 45% of accepted samples. The mean estimates of group τ , percent of

accepted samples, and credible intervals were similar across runs and were not affected by

initial chain values. Overall, these results suggest that this method applied to illuminance-

response curve data can be used to determine a reasonable estimate of the mean intrinsic

period of a group of study participants.

3.5.4 Limitations

Mathematical models are powerful tools for interpreting data, making predictions, and

informing experimental protocol design. However, models have underlying assumptions that

may introduce model dependence in simulation results. The Forger circadian pacemaker

model was selected for this study because it includes light processing, it has been fitted to

healthy adult data, it has been widely used for many applications, and it includes τ as an
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explicit parameter. Furthermore, the model was calibrated using data from populations gen-

erally consistent with our study population. However, using MCMC parameter estimation

methods with this model to estimate a single parameter may not be appropriate for other

demographic populations. For example, differences in light sensitivity as may occur in early

childhood [90], adolescence [91], or with age [43] may alter Process L, thereby affecting the

relationship between illuminance-response curve data and intrinsic circadian period. In fu-

ture work, a multi-parameter MCMC approach could be used to investigate the relationship

of multiple parameters (e.g., parameters affecting light sensitivity and intrinsic period) to

illuminance-response curve data.

Although this method reliably detected the mean τ used to generate the multi-τ simulated

illuminance-response curves, the standard deviations of the posterior distributions of τ did

not reflect the standard deviations of the τ values used to generate the synthetic data.

This suggests that group τ estimates will be robust to individual outliers, however, it also

indicates that the posterior distribution does not describe the variability of the intrinsic

periods represented within the participant group contributing to the illuminance-response

curve data. This limits the interpretation of the group τ for potentially heterogeneous

populations.

3.5.5 Conclusions and implications

We have developed a method to estimate the average intrinsic period, τ , of a group

of study participants using a mathematical model of the human circadian pacemaker, the

Metropolis algorithm, and illuminance-response curve data. We have validated this method

using synthetic data and applied it to experimental data from healthy adults. Applying

this approach to illuminance-response curve data from other populations, such as children

or adults with circadian disorders, who are not good candidates for FD protocols, could

contribute to understanding circadian properties in these populations. Furthermore, because

illuminance-response curves collectively represent phase shifts from a group of individuals,

this analysis yields novel insights about the intrinsic circadian period of the population
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using existing data that reflect other circadian features of the individuals. Future work

could extend this approach to other types of circadian data including PRCs. Improved

understanding of circadian properties of a population may facilitate interpretation of existing

data and inform circadian-based interventions ranging from light therapy to school start

times.
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CHAPTER 4

PHASE RESPONSE CURVE (PRC) PARAMETER SENSITIVITY AND ADOLESCENT
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4.1 Introduction

Mathematical models of the human circadian pacemaker have been developed based on

data from healthy adults. Although circadian pacemakers of other human populations (chil-

dren, adolescents, the elderly, etc.) have some similar behavior to healthy adults, each pop-

ulation exhibits very unique behavioral characteristics (midday naps, phase delays, difficulty

staying asleep, etc.) that mathematical models derived from healthy adult data struggle to

describe. Specifically, throughout childhood and adolescence a number of changes to the

circadian system have been observed. In early to mid-adolescence, it has been found that

adolescents are more sensitive to light [91]. Additionally, adolescents experience a phase de-

lay, meaning that adolescents want to go to bed later and wake up later compared to adults

3To whom all correspondence should be addressed: Cecilia Diniz Behn, Department of Applied Mathe-

matics & Statistics, Colorado School of Mines, 1015 14th Street, Golden, CO 80401, USA; e-mail: cdi-

nizbe@mines.edu.
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[92] and may have a longer intrinsic circadian period (τ) [34]. This adolescent phase delay

and the demands of school, extracurricular activities, and social factors all lead to a lack of

sleep during the school week. During the weekends, adolescents then attempt to make up

for this school week sleep debt by sleeping more on the weekends (recovery sleep) while also

going to bed later [92]. Because adolescents stay up later, sleep longer, and wake up later

during the weekend, they are shifting their circadian clocks causing a weekend phase delay.

When they then have to switch back to a school day sleep/wake schedule on Sunday night

for school early on Monday morning, this forces a circadian shift. This adolescent behavior

is often described as “social jet lag” because when teenagers switch from the school week

to weekend schedule (or vice versa) they often experience jet lag symptoms. Understanding

social jet lag and creating interventions that could minimize the weekend phase delay while

also allowing adolescents to get recovery sleep over the weekend could have a drastic effect

on individual adolescents as well as societal policies, such as school start time. However,

there could still be negative health outcomes associated with weekend recovery sleep [93].

Mathematical models of the circadian pacemaker have been valuable in protocol design

but to be the most useful, they need to capture key features of the population whose behavior

they are trying to replicate and predict. We conducted a parameter sensitivity analysis to de-

termine how model parameters affected the circadian clock’s response to light and identified

parameter combinations producing observed adolescent responses from two light protocols

from Crowley and Carskadon (2010) which will be described in the Materials and Methods

[94]. Their experiment showed that Crowley et al. found that their TYPICAL protocol

produced phase shifts of -45±31 minutes and their NAP protocol produced phase shifts of

-41±34 minutes [94]. Additionally, we provide predictions of adolescent behavior under two

other possible schedule interventions, specifically by simulating the LIGHT protocol used by

Crowley and Carskason and their hypothesized NAP and LIGHT protocol. The participants

in Experiment 1 (TYPICAL and NAP protocols) did not complete the LIGHT protocol.

Crowley and Carskadon found that the LIGHT protocol participants experienced a phase
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delay of -38±28 minutes.

4.2 Materials and methods

4.2.1 Experimental data

TYPICAL	

F-Th wake

F sleep

Sa saliva

Su transportation	time

M-Th

Clocktime

317 19 21 23 1 5 1715131197

Figure 4.1: TYPICAL protocol used for Experiment 1 and for simulations.

NAP	

F-Th wake

F sleep

Sa saliva

Su transportation	time

M-Th

Clocktime

317 19 21 23 1 15 175 7 9 11 13

Figure 4.2: NAP protocol used for Experiment 1 and for simulations.

LIGHT	

F-Th wake

F sleep

Sa saliva

Su transportation	time

M-Th bright	light

Clocktime

317 19 21 23 1 175 7 9 11 13 15

Figure 4.3: LIGHT protocol used for Experiment 2 and for simulations.

In 2010, Crowley and Carskadon conducted two experiments in healthy adolescents. Ex-

periment 1 consisted of a TYPICAL protocol and a NAP protocol where salivary melatonin

was used to assess phase shifts [94]. A marker of circadian phase is Dim Light Melatonin
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Onset (DLMO) which was computed as occurring after melatonin was above 4 pg/mL. In

the TYPICAL protocol, adolescents went to bed at 23:30 and woke up at 6:30 (weekday

schedule) for seven days. For the next two days (Friday and Saturday) adolescents went

to sleep at 00:30 and woke up at 9:30 for weekend recovery sleep. On Friday night, dim

light conditions (<20 lux) are implemented to determine DLMO phase from 18:00 to 0:00.

On the tenth day (Sunday), adolescents went to sleep at 00:30 and woke up at 6:30. On

Sunday night, dim light conditions (<20 lux) are implemented again to determine DLMO

phase from 18:00 to 0:00. For the next four nights, adolescents followed the weekday schedule

(Figure 4.1).

The NAP protocol is similar to the TYPICAL protocol except that on the Friday and

Saturday night of the protocol, adolescents went to bed at 00:30, woke up at 7:30, and took

an afternoon nap from 13:45 to 15:45. On Friday and Sunday nights, DLMO was assessed

as in the TYPICAL protocol (Figure 4.2).

Experiment 2 compared the TYPICAL protocol phase shifts from Experiment 1 and the

phase shifts that occurred under the LIGHT protocol with different study participants. The

LIGHT protocol followed the same light/dark timing as the NAP protocol except on the

Saturday and Sunday. On there days is no midday nap and participants woke up at the

same time as they did on the TYPICAL weekend. For the first hour they were awake, they

experienced bright light. The hypothesized NAP+LIGHT has the same light/dark timing

as the NAP protocol but subjects would experience an hour of bright light upon waking

(Figure 4.3).

4.2.2 Model equations

The modified van der Pol-based circadian clock model proposed by Forger et al. has

two components [14]. Process L describes the effect of light on the system while Process P

represents the circadian pacemaker. Light enters the system in Process L and is then filtered

into Process P where X is core body temperature and Xc is a complimentary variable.
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Process L

α(I) = α0

(

Ip

Ip0

)

dn

dt
= 60[α(I)(1− n)− βn]

B̂ = G(1− n)α(I)

Sensitivity Modulation

B = B̂(1− 0.4x)(1− 0.4xc)

Process P

dX

dt
=

π

12

(

xc +B

)

dXc

dt
=

π

12

[

µ

(

xc −
4x3

c

3

)

− x

[(

24

0.99669τ

)2

+ kB

]]

.

Table 4.1: Table of healthy adult parameters for the Forger model.

Parameter Original Value
α0 0.05/min
I0 9500 lux
p 0.5
β 0.0075/min
G 33.75 min
k 0.55
µ 0.23
τ 24.2 h

See Table 4.1 for the original parameter values for the model of a healthy adult. Minimum

core body temperature is a marker of circadian phase and can be used to determine the phase

shifting effects of light, similarly to DLMO. In the model, minimums of X correspond to

minimum core body temperature (CBTmin).
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4.2.3 Schedules

To determine a range of parameter values that produce model behavior consistent with

observations in adolescents, we simulated published experimental protocols, and computed

the resulting phase advances and delays, and compared simulated results to observations in

adolescents [94]. In previous work,the TYPICAL, NAP, and LIGHT protocols were devel-

oped by Crowley and Carskadon and two experiments were conducted. The first experiment

consisted of the TYPICAL and the NAP protocol and the second was the TYPICAL and

the LIGHT protocol. These protocols were developed to quantify weekend phase delays in

adolescents and investigate ways to possibly minimize this delay [94].

For all protocols simulations assume 500 lux of light during waking hours, 20 lux during

the time of DLMO assessment, and 3704 lux for bright light exposure in the LIGHT protocol.

Phase shifts were computed on Thursday night (Friday morning) and Sunday night (Monday

morning) using CBTmin.

4.2.4 Assessing parameter sensitivity using Parameters and PRCs

Since the propensity for phase delays and an increased sensitivity to light, particularly in

the evenings, are key features of adolescent sleep, we analyzed the role of model parameters

as they affect these features.

To assess the propensity for phase delay, one cycle Phase Response Curves (PRCs) were

simulated. PRCs were computed based on a protocol described by Jewett and colleagues

[39]. A ∼ 40 hour constant routine (CR) at 150 lux is followed by 8 hours of darkness at 0

lux. Then light is set to 150 lux except during an ∼ 5 hour bright light pulse of 9500 lux

that occurs at the same clock time for one day (or cycle). Participants then are in darkness

for another 8 hours followed by another ∼ 40 hour CR (Fig 2). Phase shifts are calculated as

the difference between the CBTmin assessed during the first ∼ 40 hour CR and the CBTmin

assessed during the second CR following the bright light pulse. Negative phase shifts indicate

phase delays and positive phase shifts indicate phase advances.
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The model parameters were varied to examine the effect of changing each parameter on

the PRC. The five metrics used were the difference from the baseline PRC of the maxi-

mum phase shift, initial phase of maximum phase shift, minimum phase shift, initial phase

of minimum phase shift, and difference between the maximum and minimum phase shift

(amplitude).

4.2.5 Adolescent data and parameter regimes

From the sensitivity analysis of the PRC, the four parameters that had the greatest overall

effect were identified. These Key parameters were then used in simulations of the TYPICAL

and NAP protocols. The parameter pairs that produced general behavioral features (phase

delay lessened vs. lengthened with the NAP) were examined. Additionally, the subjects

from Crowley and Carskadons study were clustered using k-means clustering based on their

TYPICAL and NAP phase shifts. Parameter pairs that produced behavior consistent with

particular groups of data within 10 minutes of the mean for each cluster were also found.

Additionally, analysis of combinations of three parameters were investigated. Furthermore,

candidate parameter pairs were identified that produce individual subject behavior. For all

parameters except τ , a range of values between ±10% of the baseline parameter value were

used. Because ±10% of the intrinsic period, τ , included parameter values outside was set to

the reported physiological range of healthy intrinsic periods of τ , we limited the range of τ

to 23.5 h to 25 h to reflect physiologically-relevant intrinsic periods [31, 32].

4.2.6 LIGHT protocol and NAP+LIGHT protocol prediction

Simulations for both Experiment 2 and the NAP+LIGHT protocol were run with the

same lux levels as described previously. The six candidate parameter pairs for each group

that simulated the TYPICAL and NAP behavior closest to the mean of each cluster were used

to make predictions about the effectiveness of the LIGHT protocol and the NAP+LIGHT

protocol.
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4.2.7 Implementation

All simulations were completed using MATLAB (Mathworks, Natick, MA) using the

built-in solver ode45 and the default tolerances. The function findpeaks from the Signal

Processing Toolbox was used to identify minima and the function kmeans was used to

determine the number of data clusters.

4.3 Results

4.3.1 Study Demographics

In Experiment 1 there were ten subjects (four boys) between the ages of 15.55-16.66 years

(mean ± SD: 16.06±0.369 years). Of the ten participants, eight were White/Caucasian, one

participant was Black/African, and one participant was a race not specified (selected other).

4.3.2 PRC parameter sensitivity

To determine the parameter sensitivity of multiple Phase Response Curve (PRC) metrics,

the model parameters were varied by ±10% to examine the effect of changing each parameter.

The five metrics used were the difference from the baseline PRC of the maximum phase shift,

initial phase of maximum phase shift, minimum phase shift, initial phase of minimum phase

shift, and difference between the maximum and minimum phase shift. Using these metrics,

we identified six parameters that resulted in> 50% difference from baseline (τ , G, k, p, β, s2).

Of this set, we focused on τ , G, k, and p.β and s2 were eliminated from consideration because

the remaining parameters had physiological interpretations and the PRC was more sensitive

to them. The remaining four parameters were τ , G, k, p (Figure 4.4). The parameter τ is

the intrinsic oscillator period, G is a scaling rate of the increase for the integral of cumulative

drive, k is related to amplitude suppression and Aschoff’s rule [14–17], and p was derived

from the slope of the fitted line of the log-log plot of I (light) and α (the drive rate) values

[17].
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Figure 4.4: The summation over the five sensitivity metrics of the absolute percent differences
from baseline. The dashed gray line indicates 50%. Six parameters were > 50%: τ , G, k, p,
β, s2.
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4.3.3 Adolescent data and k-means clustering

Using k-means clustering, the ten participants in the TYPICAL and NAP experiment

were divided into four groups identified based on the elbow method (Figure B.1, Figure 4.5).

We focused on the groups involving at least three participants. For the four subjects in

Group 1 (Group N for a positive reaction to the NAP protocol), the weekend phase delay

observed under the TYPICAL protocol was lessened by the NAP protocol. Conversely, the

weekend phase delay of the three subjects in Group 2 (Group T for a positive reaction to the

TYPICAL protocol) increased under the NAP protocol compared to the TYPICAL protocol.

For Group N, the TYPICAL protocol produced an average phase delay of -58.5 m (± 21.71

m) while the NAP protocol lessened the delay to an average of -11.40 m (± 15.21 m). The

phase delay produced by the TYPICAL protocol for the Group T subjects was -11.8 m (±

16.97 m) and the subjects experienced a phase delay of - 36.20 m (±10.29 m).

Demographic information about the subjects was also considered to identify potential

demographic similarities within the clusters. Sex, age, race, and month of the beginning of

the protocol were considered (Figure B.2, Figure B.3, Figure B.4). Group N had two females

and two males with a mean age of 15.9103 (±0.4265) years. Group T had two females and

one male with a mean age of 16.3616 (±0.2825) years. All of the subjects in Group N

were white/Caucasian. The male subject in Group T was black/African and the females

were white/Caucasian. All subjects in Group T began the protocol in October. Half of the

participants in Group N began the protocol in October and the other half began the protocol

in January. From the demographic information, no demographic distinctions between Group

N and Group T account for the differences in the data.

4.3.4 Parameter pairs and triplets

We varied all the parameters by ±10% of the baseline value (k, µ, p, G I0, α0, s1, s2,

β) or over a physiological range (τ) to define our candidate parameter space. The relative

increments of all parameters were identical, so all vectors representing parameter ranges
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Figure 4.5: K-means clustering of study participants and their phase shifts. Each subject’s
TYPICAL phase shifts (triangles) and NAP phase shifts (circles) are shown. Participants
were clustered into four groups (Group 1: red, Group 2: blue, Group 3: green, Group 4:
yellow). The vertical dashed gray lines indicate the separation between different clusters.
Two groups have more than three participants.
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were are the same length. All 6 pairwise combinations of parameters produced both an

increased phase delay with the NAP protocol and a decreased phase delay with the NAP

protocol within their ranges. Similarly, all tested parameter pair ranges could simulate both

Group N and Group T behavior within ten minutes of the means of the data. Clustering

of parameter pairs for both groups was present in the combination of τ and the other three

parameters, but when G, k, and p were paired together they failed to produce clustering of

eligible parameter pairs for both groups (Figure 4.6). When examining triplets, when τ is on

the x-axis similar trends to the pairwise analysis is present (Figure 4.7). Group T behavior

is consistently simulated within 10 minutes of the means with τ values near either 24 h or 25

h. By contrast, parameters that simulate Group N behavior consistently lie between the τ

values that produce Group T behavior. We also investigated the ability of pairwise changes

to parameters to simulate an individual participant’s responses to the TYPICAL and NAP

protocols with 10 minutes. By contrast with the group behavior, some parameter pairs could

not successfully replicate every individual’s behavior (Figure 4.8).

4.3.5 LIGHT protocol and NAP and LIGHT protocol prediction

The six candidate parameter pairs that most closely simulated Group 1 behavior were

comprised of τ , p, and k (Table 4.2). Using these candidate parameter pairs, we simulated

phase shifts under the LIGHT and the NAP+LIGHT protocols. The predicted LIGHT and

NAP+LIGHT phase shifts were all smaller than the average TYPICAL phase shifts for

Group N. The LIGHT phase delays were all larger than the phase shifts experienced under

the NAP protocol. Four of the candidate parameter pairs predicted that the NAP+LIGHT

protocol produced phase shifts closer to zero than the average NAP phase shift. One candi-

date pair produced a phase advance larger than the average nap phase delay.

The predicted LIGHT phase shifts for Group T were close to the average phase shift

under the TYPICAL protocol for five of the six candidate pairs (Table 4.3). Three of the

candidate parameter pairs predicted that a greater improvement with the NAP and LIGHT

protocol. However, the NAP+LIGHT protocol was not predicted to be better than the
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Figure 4.6: Pairs of parameter (τ , G, k, and p) that simulated Group N (Group 1, red) and
Group T (Group 2, blue) behavior within 10 minutes of the mean phase shifts of each group.
Black lines indicate baseline parameter values.

Table 4.2: The six best candidate pairs that produced the smallest absolute difference be-
tween the TYPICAL and NAP phase shift data from Group N (Group 1) and the model simu-
lations. The predicted LIGHT phase shifts and predicted phase shifts from the NAP+LIGHT
protocol.

Par 1 Par 2 Abs Difference from Predicted Predicted NAP
TYP & NAP data LIGHT PS +LIGHT PS

τ = 24.2500 k = 0.5243 0.9011 m -48.6602 m -13.1921 m
p = 0.4867 k = 0.5060 1.2137 m -24.2346 m -11.2715 m
p = 0.5433 k = 0.5133 1.8120 m -29.7473 m 12.1011 m
p = 0.4833 k = 0.5317 1.9662 m -33.2132 m -6.3256 m
τ = 24.3000 p = 0.5033 2.1425 m -35.1048 m 0.2927 m
τ = 24.4000 k = 0.5977 2.2540 m -28.9692 m -9.0209 m
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Figure 4.7: Pairs of parameter (τ , G, k, and p) that simulated Group N (Group 1, red) and
Group T (Group 2, blue) behavior within 10 minutes of the mean phase shifts of each group.
Black lines indicate baseline parameter values. A darker color indicates a parameter pair
that produced a group’s behavior multiple times with respect to varying a third parameter.
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Figure 4.8: Simulations of the TYPICAL protocol varying τ and p. Gray circles indicate
parameter pairs that produced behavior within 10 minutes of each subject’s phase shift. The
red lines indicate baseline parameter values. The color bar indicates the TYPICAL phase
shift value.
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average NAP protocol alone with any of the candidate pairs.

Table 4.3: The six best candidate pairs that produced the smallest absolute difference be-
tween the TYPICAL and NAP phase shift data from Group T (Group 2) and the model simu-
lations. The predicted LIGHT phase shifts and predicted phase shifts from the NAP+LIGHT
protocol.

Par 1 Par 2 Abs Difference from Predicted Predicted NAP
TYP & NAP data LIGHT PS +LIGHT PS

p = 0.4967 k = 0.5830 2.0082 m -41.4073 m -16.0695 m
τ = 24.9500 G = 32.1750 2.5989 m -37.0014 m -36.8422 m
p = 0.5300 k = 0.5463 3.5991 m -65.7860 m -27.1468 m
τ = 25.0000 G = 34.6500 4.0677 m -37.3976 m -31.1057 m
G = 35.5500 p = 0.4633 4.0749 m -43.5479 m -15.2145 m
G = 35.1000 k = 0.5610 4.2670 m -41.3621 m -19.2554 m

4.4 Discussion

4.4.1 Identifying parameters

The four parameters that the PRC is most sensitive to are τ , G, k, and p. The parameter

that has the most effect on the PRC is τ , the intrinsic oscillator period. In this model, G

is a rate parameter for the integral of the cumulative drive while k is related to amplitude

suppression and Aschoff’s rule [14, 17]. Lastly, the value of p was derived from the slope of

the fitted line of a log-log plot of light intensities (I) and α values. The data used to estimate

both τ and p were from healthy adults and there has been evidence that adolescents may

have a different intrinsic period than adults [34]. From the five metrics, the sum of absolute

percent difference from baseline when setting τ equal to 23.5 and 25 was 406.01% whereas

all other parameter values had a sum of absolute percent difference less than 150%. The

amount of amplitude suppression that adolescents experience is unknown. Similarly, the

rate of the cumulative drive is adolescents has not been investigated. These parameters have

physical interpretations that may help to identify why the adolescent circadian pacemaker

has distinct behavior and characteristics.
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4.4.2 Clustering, parameters, and heat maps

There are two groups that include at least three participants: Group N and Group T.

These groups experience opposite behavior in Experiment 1. The participants in Group

N have a reduction in their weekend phase delay with the NAP protocol while Group T

experienced a no distinct improvement or worsened phase delay under the NAP protocol

when compared to each participant’s phase shifts from the TYPICAL protocol. Group N

participants experiences a large average phase delay on the TYPICAL protocol while Group

T experienced a small average phase delay for the same protocol. Group N’s response

was consistent with the response hypothesized by the authors, and this behavior can be

replicated within ten minutes of the means of both the TYPICAL and NAP protocols by

adult parameter values (-50.0005 minutes and -7.6874 minutes, respectively). However, this

response was only observed in a small subset of adolescent participants. There were more

candidate parameter pairs over the six parameter combinations that replicated Group N

behavior compared to Group T behavior. Group T had fewer candidate parameter pairs.

Although differences in circadian features have been noted between different sexes and

races [31–33], the participants in Group N and Group T did not show any clear demographic

differences. Group N has two females and two males with a mean age of 15.9103 (±0.4265

years). Group T has two females and one male and a mean age of 16.3616 (±0.2825 years).

All of the participants in Group N are White/Caucasian. In Group T, both female partici-

pants are White/Caucasian and the male participant in Black/African. Additionally, most

subjects in Groups N and T began the study in October. Because there were no demographic

distinctions between the groups, we suspect that there may be physiological differences in

the circadian pacemaker that led to the distinct reactions to the protocols between the two

groups.

Interestingly, the τ clustering is similar over the other three parameters. For Group N,

candidate parameter pairs are focused between 24 h and 24.9 h while Group T behavior

is replicated with either smaller τ values around 24 h or large τ values around 25 h. This
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analysis is consistent when the triplets are considered as well. For parameter pairwise com-

binations that do not include τ , there is some clustering for the pair (G, k) for Group T.

Specifically, for k values between 0.58 and 0.6 we see almost a line of potential parameter

pairs across the values of G. We do not see clustering behavior with parameter combinations

of G, k, and p for Group N.

The response to the TYPICAL and NAP protocols of individual participants in Group N

and T were also investigated. For each participant, we identified parameter values that repli-

cated the individual’s behavior within 10 minutes. Similar to the group analysis, we found

that there were more candidate parameter pairs for individuals in Group N. We also saw

similar clustering in individuals in Group N and Group T, respectively. Study participants

in Group N tended to have candidate parameter pairs in one distinct cluster while some

Group T subjects have two clusters. Unlike the group analysis to simulate an individuals

behavior there were parameter combinations that produced no viable candidate pairs.

4.4.3 Prediction

The best candidate pairs for Group N and Group T yielded very different predictions

under Experiment 2 and the proposed NAP & LIGHT protocol. The average of LIGHT

phase shift predictions for Group N and Group T were -33.3216 (± 8.3995) m and -44.4170 (±

10.7707), respectively. While the average phase shifts under the NAP and LIGHT protocol

were -4.5694 (± 9.4203) m for Group N and -24.2723 (± 8.8029) m for Group T. For Group

N, the combination of the NAP+LIGHT protocol lessens the average phase delay better

than the NAP protocol while the average phase shift of the LIGHT protocol is predicted

to not be able to reduce the weekend phase delay better than the NAP protocol. The

average phase shift under NAP+LIGHT protocol was predicted to be an improvement in

phase delay for Group T, however it was still larger than the delay experienced under the

TYPICAL protocol. The LIGHT protocol also produced an average phase shift that was

larger than the phase shift experienced under the NAP protocol. These predictions suggest

that for some adolescents the NAP+LIGHT protocol will be effective in mitigating social
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jet lag in adolescents but for other adolescents a midday NAP is the best way to combat a

weekend phase delay.

The best candidate parameter pairs to simulate Group N behavior do not contain any

parameter changes to G. The intrinsic period, τ , is in three candidate pairs and in every

case, τ is larger than the average adult’s intrinsic period of 24.2 h. For Group T, when τ is

in two of the six best candidate pairs. In both cases, τ is significantly larger than 24.2 h and

larger than the τ values in the best candidate pairs of Group N. This distinction as well as

the clustering from the pairs and triplets analysis may indicate that between Group N and

Group T, τ may be a parameter that is distinctly different between the groups.

When Experiment 2 was conducted, Crowley and Carskadon found a phase delay of -38

(± 28) m in different adolescent subjects. The observed phase delay was almost identical

to the average phase delay over the twelve candidate pairs from Group N and Group T of

-38.8693 (± 10.8801) m. This agreement was an interesting discovery that demonstrated the

similarities between the predictions for Group N and Group T subjects and the subjects in

Experiment 2.

4.4.4 Conclusions

These results demonstrate that inter-individual differences in properties of the circadian

system may drastically affect responses to different schedules which has implications for

possible interventions to minimize “social jet.” Furthermore, these results provide insights

into the underlying reasons for differences in adolescent responses under the same protocols

and predict responses in different groups to potential methods to minimize social jet lag.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

This chapter describes two extensions of work that was previously discussed in Chapters

3 and 4. The chapter will conclude with a summary of the completed work from Chapters

2, 3, and 4.

5.1 Future Work: Estimating Human Intrinsic Periods with Phase Response
Curves (PRCs)

5.1.1 Introduction

An extension of the work in Chapter 3 is to implement MCMC parameter estimation

algorithms on Phase Response Curve (PRC) data. There are many different types of PRCs

that have been completed and therefore numerous datasets [39, 40, 44, 46–48]. These pre-

liminary results demonstrate that this approach has shown promise as a way to extract

information about intrinsic periods from synthetic PRC data.

5.1.2 Methods

5.1.2.1 Forger Model and MCMC Implementation

To estimate average intrinsic period in a group of study participants using PRC data a

methodology similar to that of Chapter 3 was implemented. The same mathematical model

by Forger and colleagues was implemented [14]. Additionally, the MCMC framework is as

described in Chapter 3. Simulations were completed with runs of 5,000 iterations from the

initial chain values of τ =24.1 h. No burn-in was considered for this analysis.

5.1.2.2 Phase Response Curve Protocol

The PRC protocol was adapted from the PRCs derived by Jewett and colleagues [39]. For

two weeks prior to the in-lab portion of the protocol a consistent light:dark (LD) schedule

was maintained. This schedule was 16 h of light (150 lux) and 8 h of darkness (0 lux)
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from midnight to 0800. Once the in-lab portion begins, an ∼40 h constant routine (CR) is

simulated at 10 lux. Following the CR, there is an 8 h period of darkness (0 lux) followed

by just over 5 h at 150 lux, then just under 6 h of bright light at 9500 lux. After the bright

light exposure, there is another 5.1 h at 150 lux followed by an 8 h period of darkness. There

is then another ∼ 40 h constant routine, after which the protocol ends (Figure 5.1).
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Figure 5.1: Schematic of the PRC protocol and simulation implementation used for param-
eter estimation of τ .

5.1.2.3 Synthetic PRC Data

Synthetic phase shift data was produced from known τ values. We considered two differ-

ent types of synthetic data: single τ PRC data and multi-τ PRC data. Single τ PRC data

were generated with one τ value. This case is useful as a simple test case but is not realis-

tic because every data point is generated from the same intrinsic period value. Conversely,

multi-τ data is generated with τ values drawn from known distributions. Preliminary results

will be presented for synthetic single τ data with τ =23.7, 24.2, and 24.6 h and multi-τ data

generated with τs drawn from N(24.2, 0.152).
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For single τ PRCs, data points were assumed to each be normally distributed with 0.2

h standard deviation. The multi-τ data points were also assumed to each be normally

distributed with 0.5 h standard deviation.

5.1.3 Preliminary Results and Discussion

5.1.3.1 Structure of PRC

When the PRC protocol is simulated with increasing τ values the shape of the curve

is maintained but the curves are shifted down (Figure 5.2). Larger τ values produce large

negative phase shifts (phase delays) and smaller positive phase shifts (phase advances).

Therefore PRCs with different τ values are distinct from each other. This structure suggests

that PRC data may work well with MCMC parameter estimation.

Figure 5.2: Simulated PRC curves with varying values of the intrinsic period τ . With increas-
ing τ values, the shape of the PRC is maintained but the curves are shifted down, therefore
increasing phase delays (negative phase shifts) and decreasing phase advances (positive phase
shifts).

5.1.3.2 Synthetic Data

Single τ PRC data was generated from τ =23.7, 24.2, 24.6 h (Figure 5.3). Means produced

from the four MCMC runs are very close to the true τ values (Table 5.1). For τ =24.6, the
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mean is larger than the true value and there is a more deviation in the kernel densities.

Mutli-τ PRC data was generated from N(24.2, 0.152) (Figure 5.4). There is good agree-

ment between the MCMC runs. When the means from the MCMC runs are compared to

the true τ mean, there is a difference of less than 0.05 h (Figure 5.4). The mean intrinsic

period of the four runs was 24.1692 h.
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Figure 5.3: Synthetic PRC data and kernel densities of four MCMC runs. (A) Synthetic
single τ PRCs for τ = 23.7 (black stars), 24.2 (gray circles), 24.6 h (light gray diamonds).
(B-D) Kernel densities of four MCMC runs from the initial chain value τ = 24.1 h (dashed
gray lines). Black solid lines indicated the τ value that was used to generate the synthetic
single τ PRC.

Table 5.1: MCMC estimates of τ from single τ PRC data. Mean estimates of the average
intrinsic period from four MCMC runs starting from the initial chain value τ = 24.1 h.

τ used to generate Average of
PRC data all runs
τ =23.7 h 23.7085 h
τ =24.2 h 24.1997 h
τ =24.6 h 24.6574 h
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Figure 5.4: (A) Kernel densities of four MCMC runs with τs drawn from N(24.2, 0.152). The
dashed lines indicate densities from MCMC runs. The black vertical line denotes τ=24.2
and the black curve is the N(24.2, 0.152) distribution. (B) Synthetic multi-τ PRC data
(N(24.2, 0.152)) used for runs (black), PRC data generated with the mean of four run (blue),
and simulated PRC data generated from τ =24.2 h (red). The mean of the four runs was
24.1692 h.

76



5.1.4 Future Directions for PRC and MCMC Parameter Estimation

There are ways that we can improve our implementation of the Metropolis algorithm in

the future. For example, we can increase the number of iterations per run, incorporating

burn-in, and start runs from different initial chain values.

The results from single τ and multi-τ synthentic data indicate that MCMC parameter

estimation has promise in estimating average group intrinsic period. In the future, we would

like to continue to explore this application of MCMC parameter estimation to PRCs. The

next step is to continue to fine tune the application of the Metropolis algorithm. Then

we would like to validate the approach on experimental PRC data to estimate the average

intrinsic periods of a group of study participants. An additional extension of the current

work would be to include initial phase (timing of light relative to an individual’s CBTmin)

in the statistical analysis. Exploiting the underlying relationship between τ and PRCs could

produce more information about populations who have completed PRC protocols but not

forced desynchrony protocols.

5.2 Future Work: Active Subspace Analysis of a Human Circadian Pacemaker
Model

5.2.1 Introduction

To gain new information about the global parameter sensitivity of a widely used phe-

nomenological human circadian pacemaker model we used active subspace analysis [95, 96].

In collaboration with Paul Diaz, MS4, we identified the main quantity of interest (QoI) to be

average amplitude; under multiple lighting conditions, we seek to determine what parame-

ters were the most and least influential on the QoI. With this new understanding about the

underlying dynamics of the parameters of the model, we hope to establish a framework to

identify parameters that influence behavior from various populations and identify parameters

with minimal effect on the QoI.

4Department of Aerospace Engineering, University of Colorado Boulder, Boulder, CO, USA
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5.2.2 Methods

5.2.2.1 Circadian Pacemaker Model

For this analysis, we will be using the Forger model described in Chapters 3 and 4 [14].

This model is part of a family of phenomenological circadian pacemaker models based on

modified van der Pol oscillators with two components Process L for light and Process P for

the pacemaker [14, 14, 15]. Time dependent light enters the model as I in Process L [14, 17].

The effect of light is captured in the sensitivity modulation function that is incorporated

into Process P [14].

5.2.2.2 Active Subspace Analysis

Active subspace analysis was completed using the framework established by Constantine

[95] and Constantine and Diaz [96]. Let x = [x1, . . . , xm]
T be the model parameters and

f(x) be a scalar-valued quantity of interest (QoI). For this analysis the parameter ranges

must be scaled to be in [−1, 1]. Thus f(x) is defined on an m-dimensional hypercube such

that x = [x1, ...., xm]
T ∈ [−1, 1]m where the uniform density function is ρ(x) = 2−m for

x ∈ [−1, 1]m and zero elsewhere. To determine an active subspace the eigenpairs of the

following m×m matrix are needed

C =

∫

∇f(x)∇f(x)Tρ(x)dx = WΛWT

where W = [w1, ...,wm] is the orthogonal matrix of eigenvalues and the diagonals of Λ are

the eigenvalues of C in decreasing order. The eigenvalues and eigenvectors satisfy

λi = wT
i Cwi =

∫

(∇f(x)Twi)
2ρ(x)dx.

According to the above equation, an eigenvalue, λi, is equal to zero if and only if f is constant

along the direction wi. If this is the case, then the parameter space dimension can be reduced

for further parameter studies.

Suppose that there is a sufficiently large gap between λn and λn+1 for some n < m. Then

Λ and W can be partitioned such that

78



Λ =

[

Λ1

Λ2

]

and W = [W1,W2] where Λ1 contains the first n eigenvalues and W1 contains the corre-

sponding first n eigenvectors. The n-dimensional active subspace is defined as the column-

span of W1.

To estimate the matrix C, a Monte Carlo approach is used. For i = 1, ...,M , each sample

xi is drawn according to ρ(x) and the following is computed:

C ≈ Ĉ =
1

M

M
∑

i=1

∇fi∇fT
i = ŴΛ̂ŴT .

Finite difference approximations were used to calculate ∇f(x). For this approximation,

M=10000 independent samples were used.

To measure the sensitivity of a QoI to parameters, the activity score

αact(n) =
n

∑

j=1

λjw
2

j ,

where n ∈ [1,m], is used. When n = m, the activity score is a measure of global sensitivity

that can be interpreted as a truncation of a derivative based sensitivity metric defined by

Sobol’ and Kucherenko [96, 97].

5.2.2.3 Parameter Ranges

Original parameter values were determined through multiple iterations of the family cir-

cadian pacemaker model based on modified van der Pol oscillators [14, 15, 17]. The parameter

ranges for active subspace analysis were chosen to reflect the intuition and meaning of the

parameter while not overly restricting parameters to fit adult data (Table 5.2). Parameter

ranges for α0, β, µ, and τ were determined based on data while ranges for G, k, p were

determined from simulations.

α0 and β: The drive rate (α0) and the backwards regeneration constant (beta) values were

determined from adult data in the model by Kronauer and colleagues. Parameter ranges for

α0 and β were identified from the ranges considered by Kronauer et al. [17].
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p: In the Kronauer et al. model, the value of p was the slope of the fitted line to a log-log

plot of I and α(I) using adult data [17]. The interpretation of this relationship between

α(I) and I is that α(I) = I0.5. Thus we determined a range of values for p so that I has a

smaller effect on α (p = .25) and I has a larger effect on α (p = .75).

G: In the derivation of the family of models by Kronauer and colleagues, G was deter-

mined based on the α0 and β values that were fit using adult data [17]. Since we did not want

to rely on adult data to determine parameter ranges, the range of G values was determined

so that G still has an effect on the drive of the pacemaker B̂ (G > 0); the prompt response

of the model to light is lessened with smaller G values and increased with larger G values.

k: The parameter k was initially added to the family of models to incorporate Aschoff’s

rule which states that increasing light intensities shorten the period of the model [16]. We

chose the parameter range of k to begin at 0.4 and go to 0.7 so that we incorporate Aschoff’s

rule but span a range of values to investigate the effects of reducing (k = 0.4) and increasing

(k = 0.7) the effect of bright light on the oscillation period from the standard k value.

µ: The stiffness of the oscillator, µ was originally chosen to be << 1 [17]. The experi-

mental range was determined was to be between 0.005 and 0.42 [14, 98, 99].

τ : The final parameter that was considered for this analysis is the intrinsic period τ

[14, 17]. The range of τ values was selected to reflect the range of known intrinsic period

that have been found in subjects [31, 32].

I0: The last parameter of the model is I0, the typical bright light stimulus [17]. This

parameter was not varied since 9500 lux is the standard bright light stimulus in the lab and

is independent of human physiology.

5.2.2.4 Light Conditions and Quantity of Interest

The Quantity of Interest (QoI) chosen for this model is the average oscillation amplitude

and we consider how it changes under various lighting conditions. The first condition con-

sidered was complete darkness for 40 days. After 30 days, the average period and average

amplitude are assessed. This lighting condition means that the only parameters playing a
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Table 5.2: Table of Forger model parameter original parameter values and parameter ranges
used for active subspace analysis.

Parameter Original Value Parameter Range
α0 0.05/min [0.03, 0.13]
p 0.5 [0.25, 0.75]
β 0.0075/min [0.004, 0.013]
G 33.75 min [10, 50]
k 0.55 [0.4, 0.7]
µ 0.23 [0.005, 0.42]
τ 24.2 h [23.5, 25.0]

role are in Process P (µ and τ). This light protocol was used to ensure that the imple-

mentation of the algorithm and the ODE solver specifics (tolerances, time step, etc.) were

performing as expected. All other simulations were run with a 30 day entrainment period

with a consistent light:dark (L:D) schedule of 16 hours of light and 8 hours of darkness from

midnight to 0800 at 0 lux and 150 lux at all other times. After the 30 day period, the

model then simulated the experimental period where the light intensity is kept constant for

10 days. During this time, the period and amplitude of the oscillations were assessed. The

experimental lux values were 10, 500, and 9500 lux. This range of values was selected to

test a variety of different lighting conditions that represent dim light (10 lux), daily light

exposure (500 lux), and brighter light intensities (9500 lux). The average amplitude was

calculated as the mean of
√

X2 +X2
c [16].

5.2.2.5 Implementation

Model equations were implemented and solved numerically in MATLAB (Mathworks,

Natick, MA). The built-in MATLAB solver ode45 with the small tolerances. The relative

tolerance was set to 1e−10 and an absolute tolerance set to 1e−11. Additionally, all simu-

lations have the same timestep (1/3600 h=1 s) to ensure that the adaptive ode solver did

not compare metrics with different timesteps and therefore introduce computational error.

Finite differences were used to compute gradients. To reduce computation time, the built-in
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MATLAB Parallel Computing Toolbox function parfor was used to calculate gradients with

respect to each parameter.

5.2.3 Preliminary Results and Discussion

5.2.3.1 Complete Darkness Conditions

The model was simulated for 40 days at 0 lux. During the last ten days, average amplitude

was calculated. Because the light intensity during the entire protocol was set to zero, the

effects of α0, p, β, k, and G in Process L were anticipated to have no influence on average

period and average amplitude. Active subspace analysis revealed that average amplitude

was affected by only the oscillator stiffness µ (Figure 5.5).

Figure 5.5: Analysis for average amplitude under 0 lux conditions using active subspace
analysis. (Top Left) Eigenvalues of Ĉ with M=2000. Eigenvalues indicate a 1-dimensional
active subspace. (Top Right) Components of the first eigenvector w1. The parameter cor-
responding to the greatest change in average amplitude is µ. (Bottom Left) The activity
scores with n = 1 (αact(1)) and n = 7 (αact(7)). The activity score with n=7 is a global
sensitivity metric. (Bottom Right) The first eigenvalue multiplied by the samples and the
average amplitude.
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Figure 5.6: The minimum (blue), baseline (red), and maximum (yellow) µ values considered
for this analysis under constant darkness conditions. The vertical gray dashed line indicates
720 hours.

Figure 5.7: The minimum (blue), baseline (red), and maximum (yellow) τ values considered
for this analysis under constant darkness conditions. The vertical gray dashed line indicates
720 hours.
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When the model is run with the light intensity I set to zero for all time, the equations

α(t), B̂, and B equal zero. The differential equation dn
dt

is equal to 60 ∗ (βn) which decays

to an equilibrium value. Since B = 0, in equation dXc

dt
the value of k will have no effect on

the system since it is multiplied by B. Thus we expected α0, p, β, G, and k to have no

effect (λ = 0) on our QoIs. As anticipated, active subspace analysis of the model produced

only µ and τ as parameters that the QoIs were sensitive to. If the minimum, baseline,

and maximum values of µ are considered, there are distinct changes in the amplitude of

X (Figure 5.6 and Figure 5.7). Similarly, the minimum, baseline, and maximum values of

τ produce little variation in the amplitude of Xc. Therefore, the conclusion that µ is the

parameter that the QoI was most sensitive is in line with expectations.

5.2.3.2 10 and 500 lux Conditions

Average amplitude was assessed for 10 days after a 30 day entrainment period. Under

constant dim light conditions (10 lux), the parameter that the QoI is most sensitive to

is µ Figure 5.8. However, for this light protocol we see additional parameters associated

with larger activity scores and less of a difference in global sensitivity of the QoI compared

to the constant darkness protocol. As the constant light is increased to 500 lux, there is

a less defined gap between eigenvalues Figure 5.9. When examining the activity scores the

parameters α0, p, β, and τ are all of the same order while µ and G are larger. The parameter

k is the parameter that average amplitude is least sensitive to.

When comparing the constant 10 lux to the constant 500 lux light exposure, the global

parameter sensitivity of average amplitude changes but for both light schedules. However,

µ, the oscillator stiffness, is the parameter that average amplitude was the most sensitive to

for both protocols.

5.2.4 Future Directions for the Active Subspace Analysis

These results have shown promise in determining global parameter sensitivity related

to average oscillation amplitude of the Forger model. Additionally, this work provides a
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Figure 5.8: Analysis for average amplitude under 10 lux conditions using active subspace
analysis. (Top Left) Eigenvalues of Ĉ with M=2000. (Top Right) Components of the first
eigenvector w1. (Bottom Left) The activity scores with n = 1 (αact(1)) and n = 7 (αact(7)).
(Bottom Right) The first eigenvalue multiplied by the samples and the average amplitude.
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Figure 5.9: Analysis for average amplitude under 500 lux conditions using active subspace
analysis. (Top Left) Eigenvalues of Ĉ with M=2000. (Top Right) Components of the first
eigenvector w1. (Bottom Left) The activity scores with n = 1 (αact(1)) and n = 7 (αact(7)).
(Bottom Right) The first eigenvalue multiplied by the samples and the average amplitude.
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framework for future active subspace analyses with circadian pacemaker models.

In the future, we would like to do a similar analysis with different QoIs to determine

how features of the oscillator are differentially affected by parameters. Specifically, we would

like to examine average oscillation period and Phase Response Curve (PRC) metrics such as

maximum phase shift, minimum phase shift, and amplitude to understand which parameters

period and PRCs are most sensitive to. Further, we hope that our results can help to inform

researchers about what parameters may be influencing behavior that they have seen in the

lab. Therefore, our future work will provide insight into what parameters may need to be

changed to model behavior in populations with circadian features are not simulated by a

healthy adult circadian pacemaker model, as seen in the adolescent’s response to the NAP

protocol in Chapter 4. Additionally, this work has the potential for providing mechanistic

insights regarding atypical circadian behavior.

5.3 Summary of Work

The common theme of this thesis revolves around the inherent variability in human circa-

dian pacemakers. This work focused on applications of human circadian pacemaker models to

optimize experimental protocol design, gain more information from existing circadian data,

and determine the sensitivity of multiple circadian metrics to model parameters. Many

techniques were used to complete this work including mathematical modeling, Markov chain

Monte Carlo (MCMC) methods, and parameter sensitivity analysis. This thesis highlights

the utility of mathematical circadian pacemaker models in the field of biological rhythms in

order to gain insights into multiple areas of interest.

In Chapter 2 we showed how a mathematical model of the circadian pacemaker was

used to optimize ultradian forced desynchrony protocols. We considered light:dark cycle

duration, light intensity, phase onset, and study duration in our analysis. Additionally, we

considered a range of intrinsic periods to optimize the protocol implementation for all known

intrinsic periods. These recommendations can be used to optimize future ultradian forced

desynchrony protocol implementations and provide estimates of potential error in existing
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studies.

The next chapter demonstrated how mathematical models and existing data can be

used to learn more information about average group intrinsic period. We applied a MCMC

algorithm to illuminance-response curve data to estimate the average group intrinsic period

of a study’s participants. First, this methodology was applied to synthetic illuminance-

response curve data where the intrinsic period or periods were known. Next, we estimated the

average group intrinsic period from experimental data. This work established a framework

for estimating the average group intrinsic period from illuminance-response curve data.

The fourth chapter was focused on the parameter sensitivity analysis of a circadian

pacemaker model and applying those insights to adolescent data. First we determined the

parameters to which PRCs were most sensitive. We then clustered adolescent data using

k-means clustering. Once the clusters were established, two groups contained at least three

subjects. These two clusters had opposite reactions to the NAP protocol. Using the insights

from the parameter sensitivity analysis, parameter pairs and triples that simulated each

group’s behavior were identified. Finally, using the best candidate parameter pairs, we

made predictions about each group’s response to different light protocols.

Two extensions of these projects were presented. We showed preliminary results for es-

timating group intrinsic periods using Phase Response Curves as well as active subspace

analysis of the Forger model with respect average amplitude under different lighting condi-

tions.

In the future, the methods and ideas of this thesis may help researchers learn new in-

formation. In particular, MCMC methods were applied to illuminance-response curve data

with the intention of being able to apply them to forthcoming illuminance-response curve

data in young children from our collaborator Monique LeBourgeois. With these methods,

novel insights into group intrinsic periods of young children may be learned.
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APPENDIX A

SUPPLEMENTAL TABLES

Table A.1: Table of Forger model parameters and original parameter values.

Parameter Original Value
α0 0.05/min
p 0.5
β 0.0075/min
G 33.75 min
k 0.55
µ 0.23
τ 24.2 h

Table A.2: MCMC estimates of τ for simulated single illuminance-response curves generated
from τ = 23.7, 24.2, 24.6, and 24.9 h. Average τ values (±standard deviations) from four
runs from each initial chain value (τ = 23.9, 24.1, and 24.7 h) and all runs. Each run was
10,000 iterations with a 5% burn-in.

τ value used Initial Chain Initial Chain Initial Chain Average of
to generate Value: Value: Value: all runs

data τ= 23.8 h τ= 24.1 h τ= 24.7 h
τ =23.7 h 23.6972 23.6984 23.6981 23.6979

(±0.0408) h (±0.0405) h (±0.0409) h (±0.0407) h
τ =24.2 h 24.1967 24.1970 24.1966 24.1967

(±0.0417) h (±0.0420) h (±0.0433) h (±0.0423) h
τ =24.6 h 24.5996 24.6005 24.5996 24.5999

(±0.0433) h (±0.0433) h (±0.0433) h (±0.0433) h
τ =24.9 h 24.8891 24.8891 24.8897 24.8893

(±0.0382) h (±0.0387) h (±0.0381) h (±0.0383) h
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Table A.3: MCMC estimates of τ for simulated single illuminance-response curves generated
from τ = 23.7, 24.2, 24.6, and 24.9 h. Average 95% credible intervals of τ from four runs
from each initial chain value (τ = 23.9, 24.1, and 24.7 h) and all runs. Each run was 10,000
iterations with a 5% burn-in.

τ value used Initial Chain Initial Chain Initial Chain Average of
to generate Value: Value: Value: all runs

data τ= 23.8 h τ= 24.1 h τ= 24.7 h
τ =23.7 h [23.6163, [23.6214, [23.6193, [23.6190,

23.7771] 23.7785] 23.7785] 23.7780]
τ =24.2 h [24.1157, [24.1140, [24.1110, [24.1136,

24.2797] 24.2785] 24.2815] 24.2799]
τ =24.6 h [24.5146, [24.5156, [24.5145, [24.5149,

24.6847] 24.6851] 24.6828] 24.6842]
τ =24.9 h [24.8090, [24.8089, [24.8109, [24.8096,

24.9542] 24.9562] 24.9559] 24.9554]

Table A.4: MCMC estimates of τ for simulated single illuminance-response curves generated
from τ = 23.7, 24.2, 24.6, and 24.9 h. Average percent of accepted samples from four runs
from each initial chain value (τ = 23.9, 24.1, and 24.7 h) and all runs. Each run was 10,000
iterations with a 5% burn-in.

τ value used Initial Chain Initial Chain Initial Chain Average of
to generate Value: Value: Value: all runs

data τ= 23.8 h τ= 24.1 h τ= 24.7 h
τ =23.7 h 42.9658% 43.3105% 43.3737% 43.2167%
τ =24.2 h 44.4711% 45.0974% 44.6421% 44.7368%
τ =24.6 h 45.8105% 45.3711% 45.0026% 45.3947%
τ =24.9 h 41.1079% 41.3000% 41.1421% 41.1833%
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Table A.5: MCMC estimates of τ for simulated multi-τ illuminance-response curves gen-
erated from τs drawn from N(23.7, 0.22), N(24.2, 0.22), N(24.2, 0.42), and N(24.6, 0.22).
Average τ values (±standard deviations) from four runs from each initial chain value (τ =
23.9, 24.1, and 24.7 h) and all runs. Each run was 10,000 iterations with a 5% burn-in.

τ distribution Initial Chain Initial Chain Initial Chain Average of
data was drawn Value: Value: Value: all runs

from τ= 23.8 h τ= 24.1 h τ= 24.7 h
N(23.7, 0.22) 23.6970 23.6974 23.6963 23.6969

(±0.0412) h (±0.0409) h (±0.0399) h (±0.0407) h
N(24.2, 0.22) 24.2122 24.2127 24.2114 24.2121

(±0.0425) h (±0.0421) h (±0.0422) h (±0.0423) h
N(24.2, 0.42) 24.2310 24.2301 24.2298 24.2303

(±0.0426) h (±0.0421) h (±0.0421) h (±0.0423) h
N(24.6, 0.22) 24.6140 24.6141 24.6138 24.6140

(±0.0433) h (±0.0435) h (±0.0438) h (±0.0435) h

Table A.6: MCMC estimates of τ for simulated multi-τ illuminance-response curves gen-
erated from τs drawn from N(23.7, 0.22), N(24.2, 0.22), N(24.2, 0.42), and N(24.6, 0.22).
Average 95% credible intervals of τ from four runs from each initial chain value (τ = 23.9,
24.1, and 24.7 h) and all runs. Each run was 10,000 iterations with a 5% burn-in.

τ distribution Initial Chain Initial Chain Initial Chain Average of
data was drawn Value: Value: Value: all runs

from τ= 23.8 h τ= 24.1 h τ= 24.7 h
N(23.7, 0.22) [23.6171, [23.6164, [23.6190, [23.6175,

23.7779] 23.7781] 23.7757] 23.7772]
N(24.2, 0.22) [24.1286, [24.1314, [24.1267, [24.1289,

24.2947] 24.2966] 24.2930] 24.2948]
N(24.2, 0.42) [24.1486, [24.1486, [24.1475, [24.1482,

24.3157] 24.3137] 24.3137] 24.3144]
N(24.6, 0.22) [24.5286, [24.5297, [24.5277, [24.5286,

24.6986] 24.6995] 24.6990] 24.6990]
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Table A.7: MCMC estimates of τ for simulated multi-τ illuminance-response curves gen-
erated from τs drawn from N(23.7, 0.22), N(24.2, 0.22), N(24.2, 0.42), and N(24.6, 0.22).
Average percent of accepted samples from four runs from each initial chain value (τ = 23.9,
24.1, and 24.7 h) and all runs. Each run was 10,000 iterations with a 5% burn-in.

τ distribution Initial Chain Initial Chain Initial Chain Average of
data was drawn Value: Value: Value: all runs

from τ= 23.8 h τ= 24.1 h τ= 24.7 h
N(23.7, 0.22) 43.0158% 42.7789% 42.5711% 42.7886%
N(24.2, 0.22) 44.1947% 44.1237% 44.0316% 44.1167%
N(24.2, 0.42) 43.5921% 42.7895% 43.1474% 43.1763%
N(24.6, 0.22) 45.2263% 45.4526% 44.9789% 45.2193%

Table A.8: MCMC estimates of τ for experimental illuminance-response curve data with
a uniform (U(23.5, 25.0)) and a normal (N(24.2, 0.22)) prior. Average τ values (±standard
deviations) from four runs from each initial chain value (τ = 23.9, 24.1, and 24.7 h) and all
runs. Each run was 10,000 iterations with a 5% burn-in.

Prior Initial Chain Initial Chain Initial Chain Average of
distribution Value: Value: Value: all runs

τ= 23.8 h τ= 24.1 h τ= 24.7 h
U(23.5, 25.0) 24.2668 24.2673 24.2680 24.2674

(±0.0427) h (±0.0420) h (±0.0430) h (±0.0425) h
N(24.2, 0.22) 24.2636 24.2648 24.2643 24.2642

(±0.0410) h (±0.0418) h (±0.0413) h (±0.0414) h

Table A.9: MCMC estimates of τ for experimental illuminance-response curve data with a
uniform (U(23.5, 25.0)) and a normal (N(24.2, 0.22)) prior. Average 95% credible intervals
of τ from four runs from each initial chain value (τ = 23.9, 24.1, and 24.7 h) and all runs.
Each run was 10,000 iterations with a 5% burn-in.

Prior Initial Chain Initial Chain Initial Chain Average of
distribution Value: Value: Value: all runs

τ= 23.8 h τ= 24.1 h τ= 24.7 h
U(23.5, 25.0) [24.1823, [24.1832, [24.1845, [24.1833,

24.3506] 24.3490] 24.3521] 24.3506]
N(24.2, 0.22) [24.1833, [24.1845, [24.1828, [24.1835,

24.3447] 24.3469] 24.3458] 24.3458]
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Table A.10: MCMC estimates of τ for experimental illuminance-response curve data with
a uniform (U(23.5, 25.0)) and a normal (N(24.2, 0.22)) prior. Average percent of accepted
samples from four runs from each initial chain value (τ = 23.9, 24.1, and 24.7 h) and all
runs. Each run was 10,000 iterations with a 5% burn-in.

Prior Initial Chain Initial Chain Initial Chain Average of
distribution Value: Value: Value: all runs

τ= 23.8 h τ= 24.1 h τ= 24.7 h
U(23.5, 25.0) 43.7684% 43.7158% 44.1053% 43.8632%
N(24.2, 0.22) 42.9368% 43.4895% 43.1079% 43.1781%
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APPENDIX B

SUPPLEMENTAL FIGURES

Figure B.1: Elbow analysis for k-means clustering. The number of clusters is plotted with
the sum of squared distances. Four clusters were chosen for this analysis.
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Figure B.2: Sex and age demographic data of the Crowley and Carskadon study participants
[94]. Pink circles represent female subjects and blue circles represent male subjects. The
vertical dashed gray lines indicate the separation between different clusters. Black dashed
dot lines indicate mean age within the cluster and gray dashed dot lines indicate ± the
standard deviation. Group N (subjects 1-4) had a mean age of 15.9103 (±0.4265) years and
Group T (subjects 5-7) had a mean age of 16.3616 (±0.2825) years.
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Figure B.3: Sex and race demographic data of the Crowley and Carskadon study partici-
pants [94]. Pink circles represent female subjects and blue circles represent male subjects.
The vertical dashed gray lines indicate the separation between different clusters. Group N
(subjects 1-4) are all white/caucasian. In Group T, subjects 5 and 7 are white/caucasian
and subject 6 is black/African.

Figure B.4: The month of the start date of the study for each of the Crowley and Carskadon
study participants [94]. The vertical dashed gray lines indicate the separation between
different clusters. In Group T (subjects 5-7), all subjects began the study in October. Two
participants in Group N (subjects 1-2) began in January while the other two subjects began
the study in October (subjects 3-4).
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