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ABSTRACT

Realizations of quantum computing devices have progressed significantly, with each

choice of architecture possessing advantages and disadvantages. Superconducting qubits

are able to perform very fast gates, and benefit from standard manufacturing, but they

suffer from very short coherence times compared to other architectures like trapped ions or

spin qubits. This presents one of the greatest challenges towards achieving fault-tolerant

quantum computing with superconducting architectures—improving coherence times.

To that end, considerable research has been devoted to engineering qubits with longer

lifetimes. Likewise, several error correction protocols have been introduced to provide

a route towards fault-tolerance using noisy qubits, where a logical qubit is encoded in a

collective state of many physical qubits, using stabilizer operations to detect and correct

single qubit errors, thereby prolonging the logical state lifetime. However, the quantum

resources required for the thousands of logical qubits needed for a factorization algorithm

can be on the order of tens of millions of physical qubits for realistic error rates using

surface codes. This would also require an immense amount of resources for the classical

post-processing and decoding, a challenge for which there has not been a well established

solution. The work in this thesis focuses on the implementation of logical qubits with

autonomous error correction using dissipative engineering, in which high-coherence qubit

devices are stabilized by coupling to lossy ancilla. The systems studied here have the

advantage that a logical manifold can be encoded with a much smaller number of physical

qubits compared to more traditional digital error correction codes, thus are called small

logical qubits. This thesis presents results on improving autonomous error correction using

numerically optimized pulse shaping for time parameterized coupling strength in different

small logical qubits. It also presents results on a proposed scheme for error mitigation for

the implementation of two-qubit gates—a dominant source of error in NISQ algorithms.

Lastly, this thesis presents ongoing work with the simulation of dissipative engineering for

variational quantum algorithms to improve algorithm performance.
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CHAPTER 1

QUANTUM ERROR CORRECTION

Digital and Autonomous

I want to begin this discussion by briefly talking about quantum errors and quantum

error correction (QEC), covering a well-known protocol - the Surface Code. A lot of

content will be summarized from [5] and [6], which are very comprehensive reviews of

engineered dissipation and Surface Codes, respectively. While the results presented in this

thesis focus on error mitigation and applications of dissipative engineering for autonomous

QEC (AQEC), a quick introduction to Surface Codes gives a motivation for exploring

AQEC, as well as highlighting its benefits. But before even talking about why we even

need QEC at all, it is useful to understand sources of error in superconducting

architectures, and how they are modeled in simulations.

Figure 1.1: Bloch sphere representation of a qubit. The z basis is used as the
computational basis by nomenclature, with x and y states represented in the z basis.
Phase noise can be visualized as rotations around the axes by stray σ̄ operations (in
green), and energy relaxation is visualized as the vector |ψ〉 relaxing towards the north
pole |0〉 (in red).
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The first section of this chapter introduces ways that noise can be modeled for open

quantum systems, and the way in which the work in this thesis models noise for

simulations. The next section then introduces codes for digital QEC, with a particular

focus on the surface code. We limit the discussion in this chapter to some fundamental

aspects that make the juxtaposition to AQEC methods in this work relevant. The last

section in this chapter introduces AQEC and state stabilization using dissipative

engineering. The discussion starts with cat codes—which are as of the time of this writing

the only system to experimentally realize AQEC, and ends with the Very Small Logical

Qubit (VSLQ) [7], a big focus of this thesis.
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Figure 1.2: Time evolution of a qubit that is flipping along the z-axis between the ground
state |0〉 and the first excited state |1〉 in the z-basis, in the presence of noise (interactions
with the environment). This noise causes a loss in qubit coherence that is described by an
exponential decay. From this exponential fit, the qubit lifetime T1 is defined.
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1.1 Modeling noise in qubits

A very thorough description of noise in superconducting qubits can be found in [8] and

[5]. Here, I will focus on a description of noise used in our simulations. For a closed

quantum system, the time evolution of a state |ψ(t)〉 is described by the Schrödinger

equation

i~∂t |ψ(t)〉 = H |ψ(t)〉 , (1.1)

in which the action of the Hamiltonian H evolves the quantum state |ψ(t)〉. For a pure

quantum state, we can describe the density matrix as ρ(t) = |ψ(t)〉〈ψ(t)|. Furthermore, in

the Bloch sphere picture for single qubit states, shown in figure 1.1, where

|ψ〉 = cos(θ/2) |0〉+ sin(θ/2)eiφ |1〉 = α |0〉+ β |1〉 , (1.2)

with α, β ∈ C, we have

ρ =

 cos2
(
θ
2

)
e−iφ cos

(
θ
2

)
sin
(
θ
2

)
eiφ cos

(
θ
2

)
sin
(
θ
2

)
sin2

(
θ
2

)
 =

|α|2 αβ∗

α∗β |β|2

 . (1.3)

The evolution for this qubit density matrix ρ as a closed quantum system can be described

by the quantum Liouville equation

i~∂tρ = [H, ρ] , (1.4)

replacing equation 1.1 in the density matrix picture. We are interested, however, in a

description of noise, which manifests from spurious interactions with the environment.

These interactions are characterized by a longitudinal and transverse relaxation rates Γ1

and Γ2, respectively. Γ1 can be thought of as both excitations (|0〉 → |1〉) and relaxations

(|1〉 → |0〉). However, assuming that a qubit is in a near-zero Kelvin operating regime such

that kBT � ~ωq, where ~ωq is the qubit energy and kB the Boltzmann constant,

excitation rates are suppressed and Γ1 can be visualized in figure 1.1 as a vector pointing

south to |1〉, and relaxing towards the north pole to |0〉. The transverse relaxation rate,

however, is defined as Γ2 = Γ1/2 + Γφ, where Γφ is the dephasing rate. Γφ can be simply
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illustrated as rotations about the z-axis in figure 1.1. Together, Γ1 and Γφ characterize the

decoherence rate of a qubit, Γ2, and we can modify equation 1.3 for a description of noise

[8],

ρ =

1 +
(
|α|2 − 1

)
e−Γ1t αβ∗e−Γ2t

α∗βe−Γ2t |β|2e−Γ1t

 . (1.5)

Here, we can see that as t→∞, the qubit ends up completely in |0〉. The off-diagonal

terms in this expression also have phase accrual terms ei∆ωt to account for the difference

in qubit frequency and rotating frame frequency, ∆ω = ωq − ωRF , which we simply choose

to be zero here. We also note that by convention, we usually set ~ = 1, and refer to ωq as

the qubit frequency and qubit energy interchangeably.

In this work, however, noise is simulated using the Lindblad picture, in which the time

evolution of a quantum system ρ is described by the Lindblad master equation

∂tρ = − i
~

[H, ρ] +
∑
n

Γn

(
LnρL

†
n −

1

2

{
L†nLn, ρ

})
, (1.6)

where ρ here can be an arbitrary quantum system and is not limited to qubits. Here, the

Ln terms are collapse operators that characterize the noise channels for each part of the

system, and Γn describes the noise rates—e.g. for a two-qubit system |q1q2〉, L1 and Γ1

describe noise for the first qubit |q1〉 and L2 and Γ2 describe noise for the second qubit

|q2〉. Equation 1.6 is a nonlinear, differential equation that can be easily solved

numerically. The work presented in this thesis a Runge-Kutte 4th order method to

numerically solve the master equation for different systems. This picture is quite general,

and can be used to describe the evolution of qubits of different architectures. The only

difference between different architectures in this picture will be the Hamiltonian used for

the evolution, the collapse operators Ln and the loss rates Γn, the latter of which are a

higher level characterization of lower level physical specifications. At this level of modeling,

the key part is identifying the error channels that a particular architecture is susceptible

to, so we can define the collapse operators. This work focuses on superconducting qubits,

and more specifically assumes a transmon qubit [9] design—the most widely
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adopted—though much of the work can be generalized to other superconducting qubit

architectures.

Transmons are described the the Hamiltonian

H = 4ECn
2 − EJ cosφ (1.7)

where EC is the total capacitance of the transmon’s constituent capacitor and Josephson

junction, EJ is the Josephson energy, n is the quantum charge operator and φ the phase

operator, obeying the commutation relation

[φ, n] = i, n→ −i ∂
∂φ
. (1.8)

Making this substitution into equation 1.7, expanding the cosine term, and rewriting the n

and φ operators in the quantum harmonic oscillator eigenbasis, we can rewrite

equation 1.7 as

H = ωqa
†a+

δ

2
a†a†aa, (1.9)

with δ = ω0→1
q − ω1→2

q being the nonlinearity, making the Hamiltonian resemble a Duffing

oscillator [10]. This is a very useful representation of the qubit Hamiltonian since we can

think of the quantum states of the transmon as the number of photons trapped in the

antenna as |0〉 , |1〉 , |2〉 , ..., making the ladder operator representation very intuitive. In

this description, we refer to longitudinal noise as photon loss throughout this thesis.

Furthermore, if excitations into higher states are suppressed, making a qubit where a

single photon state intuitively maps to the qubit computational basis {|0〉 , |1〉} in

figure 1.1, we can rewrite equation 1.9 as

H =
ωq
2
σz, (1.10)

giving us a basic description of a transmon qubit.

We can consider an example in which a drive is applied to a qubit such that it

undergoes continuous flipping between |0〉 and |1〉, described by the Hamiltonian

H = ωq
2
σz + Jσx applied to an initial state |0〉, where J determines the rate of oscillations.
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Using equation 1.6, we describe the dynamics of this system with collapse operators

L→ {a, a†} and photon loss rate Γ, and produce the time evolution in figure 1.2. The

photon loss rate determines the qubit lifetime T1 = 1/Γ, which is generally on the order of

tens of microseconds for superconducting qubits. Phase noise on the other hand is less

pervasive at higher transition frequencies, while becoming prevalent at lower ones, dubbed

so as 1/f noise. While the physics of this phenomenon is generally not well understood, a

description of potential sources are more thoroughly explained in [11, 12]. Moreover, while

there generally are other sources that can contribute to dephasing, 1/f noise is the most

prominent in superconducting architectures. We can describe phase noise as Lindblad

operators σz. Note that pure states in the z basis (|0〉 or |1〉) are insensitive to these

spurious σz operations (although σz |1〉 → − |1〉, this does not affect the measurement

outcome since a state vector pointing entirely along the z-axis won’t see rotations about

the z-axis). Likewise for x and y states for x and y errors, respectively.

The work presented in chapter 2 models noise in this manner, but it predominantly

focuses on correcting photon losses and not phase errors, seeing as white noise photon

losses are the limiting term in superconducting qubit coherence times T2 = 1/Γ2. The

simulators for these projects were all developed in-house (appendix A), except for the

RQE project in chapter 3. I now cover a very brief introduction to the ways in which

errors are corrected in a surface code, though there are many similarities with other

measurement-based QEC codes.

1.2 Digital quantum error correction

Most of the content I will be covering in this section will be a summary of the first

sections in [6]. Generally speaking, the essence of QEC lies in encoding a logical qubit in

the collective state of many physical qubits, using stabilizers to infer error patterns. This

is an idea that has been well established in classical computing. The central mechanism by

which these classical error correction codes work, as well as the quantum ones considered

here, is redundancy. A very simple example to showcase this is the three-bit flip code
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[13–15], which for classical error correction is a repetition code of length 3 [16]. For this

classical correction code, information bits 1 and 0 are encoded using the corresponding

three-bit sequences

1→ 111

0→ 000,

(1.11)

where the information bit is decoded as the majority vote of the three-bit sequences. As

an example, the bit string 1001 would be encoded as 111 000 000 111. Assuming that the

bit-flip error p is not too large, we can get, for example, 110 000 010 011, which using the

majority vote rule gets decoded as the original bit string 1001. A logical error occurs when

two or more bit flips occur for a three-bit sequence, where the probability that this

happens is pflip = p3 + 3p3 (1− p). And so, assuming that the bit-flip error p < 1/2, we are

guaranteed that the information (logical) bits have a lower error rate than the individual

component bits.

In practice, this is not an implemented EC code, but its simplicity provides a very

useful explanation, and allows for an analogy to its quantum counterpart, the three-qubit

flip code. This QEC code is described in more detail in section 2.3, in which we discuss for

an application of dissipative engineering for autonomous QEC, serving as a segue to the

very small logical qubit (VSLQ) [4] in section 2.4. Suffice to say here, that the main idea

for the three-qubit flip code is exactly the same as that of its classical counterpart—the

logical qubit equates to the majority vote of its substituent physical qubits. Just as in the

classical case, the three-qubit flip code is more of a showcase for QEC, and not really a

code that is seen as the way towards error-corrected fault-tolerant quantum computing.

This requires more sophisticated codes, like the Bacon-Shor code [17], and the surface code

[6]. While it remains an open question which qubit architecture will be the first to achieve

fault-tolerance, and figuring out how to manage the massive data processing needed for

large-scale quantum algorithms using logical qubits remains an unsolved challenge, the

surface code is considered one of the most promising routes for superconducting qubits.
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This leads us to a quick introduction on the fundamentals of the surface code.

1.2.1 Surface code

Of the different types of measurement-based error correction codes, we focus on the

surface code (planar code) as it is the most realistic and "simple" of the approaches to

fault-tolerance with superconducting qubits. This is largely due to the simplicity of a

two-dimensional layout with nearest-neighbor coupling, as well as the very generous error

rate threshold for fault-tolerance as high as ≈1%. The surface code is composed of a grid

of qubits which are alternating data qubits and stabilizer qubits (also called “measure

qubits” in [6]) as seen in figure 1.3(a). Each data qubit not along the boundary will couple

to two X-stabilizer qubits and two Z-stabilizer qubits. This coupling helps identify

whether a Z error or an X error has occurred when the stabilizer qubit is measured at the

end of each cycle. The entangling operations in these cycles are such that, whatever the

initial state of the data qubits, at the end of a measurement cycle, the data qubits will be

in a state {|ΨZ+〉 , |ΨZ−〉} for a Z-stabilizer cycle or {|ΨX+〉 , |ΨX−〉} for an X-stabilizer

cycle. This set of states form what is called the "quiescent" state, which is the resulting

state over the entire grid after every group of data and stabilizer qubits go through the

cycles in figure 1.3(b) and figure 1.3(c). This quiescent state remains unchanged after

every cycle, which are done over the entire grid in lock-step. Note that the data qubits are

never measured, so this quiescent state is never collapsed. Only the stabilizer qubits are

measured at the end of every cycle, which let us know when there is a change in the

quiescent state by a sign flip in the measurement. We illustrate a simplified example of

this mechanism in appendix B. To think of this in simple terms, recognize that each data

qubit has two degrees of freedom, while each stabilizer qubit presents two constraints.

Thus, for n qubits we have 2n degrees of freedom, and for (n− 1) stabilizer qubits we have

2(n− 1) constraints, leaving us with 2 overall degrees of freedom, which we use to define a

logical qubit.
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Figure 1.3: The surface code consists of n data qubits and (n − 1) stabilizer qubits
(white and black dots, respectively). (a) Each data qubit is coupled to four stabilizer
qubits, and each stabilizer qubit is coupled to four data qubits, except at the boundary
where data qubits are coupled to two or three stabilizer qubits and stabilizer qubits are
coupled to three data qubits (you cannot have a stabilizer qubit coupled to two data
qubits). Operations on the logical qubit are done by chains of operations connecting the
boundaries (XL in blue and magenta, ZL in red). Both (b) and (c) show error-detection
cycles for X- and Z-error syndromes, in which the data and stabilizer qubits go through a
series of CNOT entangling gates. (b) One Z-stabilizer qubit is the target qubit for CNOTs
with data qubits d1, d2, d3, and d4, whereas (c) an X-measure qubit is the control qubit for
CNOTs with data qubits d1, d2, d3, d4.
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The type of stabilizer qubit that signals a sign flip lets us know what kind of error has

occurred for one of the four neighboring data qubits. For an X or a Z error in a data

qubit, the two X- or Z-stabilizer qubits would signify this with a sign flip in their

measurement. As errors occur, the signs from the measurements of the stabilizer qubits

change according to their corresponding error, Z-stabilizer qubits flip for X errors, and

vice versa—recall from section 1.1 that a z state along the Bloch sphere is insensitive to Z

errors, and likewise for x states and X errors. Only a z state will be able to see an X

error, and vice versa, as is evident by performing these operations on Z-basis states,

Z |0〉 =

1 0

0 −1


1

0

 =

1

0

 = |0〉 , Z |1〉 =

1 0

0 −1


0

1

 =

 0

−1

 = − |1〉

X |0〉 =

0 1

1 0


1

0

 =

0

1

 = |1〉 , X |1〉 =

0 1

1 0


0

1

 =

1

0

 = |0〉

(1.12)

and X-basis states,

Z |+x〉 =

1 0

0 −1

 1√
2

1

1

 =
1√
2

 1

−1

 = |−x〉

Z |−x〉 =

1 0

0 −1

 1√
2

 1

−1

 =
1√
2

1

1

 = |+x〉

X |+x〉 =

0 1

1 0

 1√
2

1

1

 =
1√
2

1

1

 = |+x〉

X |−x〉 =

0 1

1 0

 1√
2

 1

−1

 =
1√
2

 1

−1

 = |−x〉 .

(1.13)

Having detected errors that have occurred, the error types have to be identified and

then corrected, but this is a process that is completely done classically. It is perfectly

acceptable to perform a correcting quantum operation on the data qubit to negate the

error. However, additional quantum operations introduce additional sources of error—even

the cyclic measurements for the stabilizer qubits can introduce errors! These measurement
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errors typically vanish by subsequent cycles, and are detected by consecutive sign changes

on a single stabilizer qubit, as opposed to data qubit errors which will flip the signs of two

or more stabilizer qubits in its vicinity. This means that multiple surface code cycles are

required to establish a measurement value. Thus, in an effort to reduce the possible

channels for error, instead of directly correcting data qubit errors that are detected, it is

much easier to keep a record of them and account for them in classical software

processing.

Operations on the logical manifold are operations that can manipulate the two degrees

of freedom that make up the quiescent state. By applying an X operator to two data

qubits adjacent to a stabilizer qubit, the resulting operation will commute with the

corresponding Z- or X-stabilizer. By applying X operators to subsequent data qubits as

in the blue line in figure 1.3(a), the resulting chain operation will commute with all

stabilizer qubits in the connecting chain between the boundaries. The resulting state will

be a quiescent state |ψX〉 that differs from the original quiescent state |ψ〉 by

|ψX〉 = XL |ψ〉 = X1X2X3X4 |ψ〉 (following the blue line in figure 1.3(a)). Likewise, we can

do ZL |ψ〉 = Z1Z2Z3Z4 |ψ〉 (red line). The new quiescent state |ψX〉 remains unchanged

through the surface code cycles with the same measurement outcomes as |ψ〉 (see

appendix B). Note however, that |ψX〉 6= |ψ〉, since data qubits were flipped by X

operations. Therefore, the resulting quiescent state |ψX〉 = XL |ψ〉 is distinct from the

original quiescent state |ψ〉, and the operator XL manipulates the two degrees of freedom

for this logical manifold. The same can be easily abstracted for ZL operations. Note that

"non-straight" series of operations (magenta line X1X2X5X6X7X4 |ψ〉 in figure 1.3(a)) also

commute with the syndrome qubits and do not change the measurement outcome—as long

as the chain of operations connect the boundaries, the resulting operation successfully

manipulates the quiescent state degrees of freedom. Further degrees of freedom can be

created by simply removing stabilizer qubits, with logical operators to manipulate those

additional degrees of freedom defined by chains of single qubit operations between and

around the newly formed boundaries.
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A full and thorough understanding of surface codes requires a much greater depth of

literature. This manuscript only focuses on introducing the above to illustrate the most

basic idea comprising the surface code: defining a logical state in the collective state of

many physical qubits, and the corresponding way in which those logical states are

operated on. This will serve as a relevant comparison to the very small logical qubit in

section 2.4. Lastly, it is important to mention that the surface code cycle summarized in

this manuscript addresses single qubit errors. However, there are several other error

syndromes that the surface code is not designed to address (such as leakage), and many

other challenges towards experimentally realizing a surface code. Notably, the surface code

itself is not capable of universal quantum computation, and additional ancilla state

distillation is needed, which can increase the number of physical qubits needed by a factor

of ten. Furthermore, two-qubit gate errors remain significantly higher than single-qubit

gate errors for superconducting architectures, presenting a challenge for the repeated

surface code cycles consisting of multiple two-qubit CNOT gates. Thus, even though

surface codes are highly touted as a promising pathway toward fault-tolerance, it’s worth

noting that there is a lot of progress yet to be made for a fault-tolerant logical qubit,

much less a quantum computer consisting of many logical qubits.

1.3 Autonomous quantum error correction

Chapter 2 covers some very good examples utilizing autonomous QEC on three

separate systems of increasing complexity. More thorough discussions on some of those

examples are saved for that chapter, though the Very Small Logical Qubit (VSLQ) [4] is

introduced here more in-depth. Although engineered dissipation can be used for a plethora

of applications, the focus of this chapter is on engineered dissipation for state stabilization,

with the ultimate goal of autonomous QEC (AQEC). A thorough review of using

dissipation as a source for quantum information, including our focus on AQEC, is

provided in [5].
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Figure 1.4: A simplified example of a high-coherence qubit device (loss rate Γq) and a
lossy linear resonator (Γr), demonstrating the always-on, off-resonant drive mechanism
that autonomously increases the occupation probability of the first-excited state of the
qubit device. By driving the transition |0q0r〉 → |1q1r〉 (blue line), the nonlinearity δ
ensures that it is off-resonant with |1q0r〉 → |2q1r〉 (opaque blue), leaving the target state
|1q0r〉 unchanged. The procedure follows the steps in the opaque orange region—1. The
qubit device experiences a photon loss at a rate Γq (red), which is ideally low relative
to Γr. 2. The always-on drive is resonant with |0q0r〉 → |1q1r〉, and induces transitions
between the two states. 3. The lossy resonator undergoes photon losses at a fast rate Γr
(green, Γr � Γq), inducing |1q1r〉 → |1q0r〉 with high likelihood. This returns the system
to the original state. Spurious occupations of higher-energy states in the resonator can
safely be ignored due to the high decay rate. And finally, note that this mechanism can
be applied to “correct” transitions into other unwanted states—for example, constantly
driving a photon exchange resonant with the transition |2q0r〉 → |1q1r〉 would correct
leakage.
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This section introduces the idea of AQEC (also called passive QEC in some literature)

using cat codes and the VSLQ, as well as some of the advantages that it provides over the

measurement-based surface code introduced above. The hallmark feature that

distinguishes AQEC from digital codes is the absence of any sort of measurement in the

process of correcting an error. As explained in section 1.2.1, correcting an error is a

multi-step process, where after stabilizer operations have determined if an error has

occurred, the error then needs to be identified and digitally corrected post-processing, a

process that very quickly becomes very complex with a large number of physical qubits.

Indeed, implementing the surface code at the scale necessary to perform certain quantum

algorithms (i.e. Shor’s algorithm) would require massive amounts of classical computing

resources. As the name implies, AQEC corrects errors autonomously without the need to

detect them and post-process the correction.

We first consider the case of simple state stabilization of a single qubit device—here we

consider a transmon energy level structure, but this can be generalized to other devices.

This is done by selective coupling to an engineered bath, where the coupling between the

target system to be protected and an engineered bath is continuously driven off-resonantly

so as to not disturb the computational states, as shown in figure 1.4, where we consider a

high-coherence transmon coupled to a lossy resonator with the goal of protecting the first

excited state in the transmon. Here, there is a continuous drive for the operation

Ω(a†qa
†
r + aqar), which is off-resonant when in the target state |1q0r〉 due to the transmon

nonlinearity. This drive, however, is in resonance with a transition from an error state to

an intermediate state that then decays into the target state using the lossy bath. In the

case of figure 1.4, this is the |0q0r〉 → |1q1r〉 transition. Thus at the occurrence of a photon

loss in the transmon, the continuous drive resonantly couples with the engineered bath,

while doing nothing in the absence of an error. Note that when the constant coupling is in

resonance with the desired transition—error state to intermediate state, it will drive Rabi

flopping between the two states. However, due to the lossiness of the coupled bath, the

intermediate state quickly decays into the target state (|1q1r〉 → |1q0r〉 in figure 1.4) with
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high likelihood. Thus, the average occupation probability of the system favors the target

state. At no point throughout this process is the state measured or is a determination

made on whether the system-bath coupling needs to be turned on to induce any transition.

The system is simply driven continuously with carefully tailored flux drives in favor of

desired transitions with the aid of a dissipative bath, making this process completely

autonomous.

Figure 1.5: As a classical analogy, quantum state stabilization by a continuous drive with
a non-Markovian reservoir [1] is much like Kapitza’s pendulum. Here, we take a rigid
pendulum, which has two equilibrium states—a stable equilibrium point when pointing
straight down, and an unstable equilibrium point when pointing straight up. By driving
fast, constant oscillations so that the pendulum bounces up and down, the straight up,
unstable equilibrium point is stabilized.

This continuous drive targeting certain transitions for state stabilization is very similar

to Kapitza’s pendulum from classical mechanics [18]. shown in figure 1.5. This is a rigid

inverted pendulum—a typical rigid pendulum’s unstable equilibrium state. For a regular

15



rigid pendulum, small perturbations will bring the system from the upright, unstable

equilibrium state to it’s stable equilibrium (pointing straight down). By adding a driving

force, in this case a rapidly rotating crank vibrating the rigid pendulum up and down,

deviations from the unstable equilibrium can be corrected and the upright position

maintained as a steady state. This is a very abstract and simplified explanation using

engineered driven dissipation for state stabilization, as well as a very loose analogy to the

classical Kapitza’s pendulum. This chapter only attempts to introduce these ideas, barely

scratching the surface of more in-depth applications. The examples in chapter 2 provide a

glimpse into more complex and interesting applications using driven dissipation beyond

the example in figure 1.4, where the extension to error correction from simple state

stabilization is very natural. [5] lays out a set of conditions for which AQEC for a primary

system coupled to an engineered dissipative bath can be achieved:

• Rotating frame ground states for the primary system must form a logical manifold

• Dissipation-induced correction rate is much faster than the primary loss rate

• The steady state of the system is given by an incoherent mixture of states in the

logical manifold

• The process of a photon loss and its correction produces no relative phase or energy

differences between states in the logical manifold.

Note that these conditions mention photon losses, while not addressing dephasing at

all. Indeed, the main purpose of AQEC using engineered dissipation is to correct the

photon loss error channel. However, it also suppresses phase noise, something that is not

at all obvious. To offer a simple explanation, achieving QEC requires an engineered

primary system Hamiltonian with two degenerate ground states in the rotating frame that

can be used to define logical states. These ground states are separated from higher excited

states by some finite energy ∆, where the only way for these two ground states to mix is

through interactions with the higher energy states at an energy cost ≥ ∆. Thus, the total

process of a photon loss error, and its subsequent correction happens in an energetically

favorable process such that there is no arbitrary phase introduced between the two ground
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states, due to the nature of phase noise being dominated at the low-frequency range and is

weak at this transition frequency. As such, while the goal of AQEC using dissipative

engineering laid out in this manuscript is to correct photon losses, dephasing is suppressed

as well. A caveat of AQEC methods is that these likely will not be able to correct

arbitrarily large sequences of errors, but rather provide a possible benefit for near-term

applications as well as improving the error threshold for fault-tolerant codes. I now briefly

introduce cat codes and the VSLQ, the former of which is the first demonstration of error

correction for any qubit architecture, and the latter—influenced by cat codes—of which is

a bigger focus in this thesis.

Figure 1.6: Bloch sphere representation of cat code logical states, reproduced with
permission from [2]. The states |±α〉 are represented as Wigner functions for α = 2. The
logical space is defined as {|0L〉 , |1L〉} → {|+〉 , |−〉}.

1.3.1 Cat codes

Cat codes themselves are an incredibly big and complex field of research, and it would

be a big deviation from the content of this manuscript to delve too deep into the subject.
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A very thorough review of using cat codes to implement fault-tolerant quantum computers

is given by [2]. This section is just a quick introduction to the concepts underpinning

AQEC in cat codes. An example of codewords for cat codes are illustrated in figure 1.6,

where the z-basis states {|0〉 , |1〉} are encoded using the quasi-orthogonal bosonic cavity

states {|+α〉 , |−α〉}. These states |α〉 are coherent states for a single bosonic degree of

freedom, with α ∈ C. These are implemented using a high-coherence resonator and a lossy

resonator, with a transmon to manipulate the bosonic states of the coherent resonator.

The coherent states can be used to futher define orthogonal states using superpositions of

these coherent states to define

|±〉 =
|α〉 ± |−α〉√
2(1± e−2|α|2)

, (1.14)

which correspond to the x-basis states in the Bloch sphere picture. These are the ones to

define the logical qubits {|0L〉 , |1L〉} → {|+〉 , |−〉}, also called odd- and even-parity cat

states as they are eigenstates of the parity operator P = eiπa
†a. Considering energy

relaxation and dephasing error channels, the system dynamics are described by the master

equation

∂tρ =
3∑
i=1

Γi

(
LiρLi −

1

2
{L†iLi, ρ}

)
, (1.15)

where Γ1,2 are the usual photon loss and dephasing rates Γ1,φ, and Γ3 is a two-photon loss

rate. These correspond ot the Lindblad operators L1 = a, L2 = a†a, and L3 = a2 − α2.

Remarkably, the two-photon loss operator stabilizes the |±α〉 states, as it is

straightforward to see by considering states for which a2 |ψ〉 = α2 |ψ〉 when Γ1,φ = 0. With

these considerations, any arbitrary states exponentially decay into the codespace |±α〉 at

some confinement rate Γconf. For finite Γ1,φ, this is no longer the case, but as long as the

confinement rate is greater than the error rate, Γconf > Γerr, the states are still metastable,

providing a rudimentary example of AQEC. However, using the codespace |±α〉 is not able

to address all error channels. A more complex scheme is required to do this, examples of

which can be found in [2] and [5]. This introduction to cat codes only serves as a segue to
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the more relevant subject in this thesis—the VSLQ, which as mentioned above, is directly

influenced by cat codes.

Figure 1.7: Circuit diagram for an implementation of the VSLQ, which consists of two
high-coherence transmons (labeled l and r in blue) and two lossy resonators (Sl and Sr
in red). The coupling mechanism between the transmons is a four-photon exchange, and
a two-photon pump for the transmon-resonator coupling. The error correction steps are
illustrated on the right: 1. (Blue) The state is initially stabilized in the logical manifold
with the continuous 4-photon exchange term X̃lX̃r, X̃ → a†a† + aa. 2. (Red) Photon
loss experienced from the right transmon at a rate 2ΓP , which is ideally low. 3. (Orange)
Transmon-resonator drive Ω(a†ra

†
Sr + araSr) exites for the transmon and resonator. Like in

figure 1.4, this operation is off-resonant except in the event of a photon loss in the primary
transmon. 4. (Green) Photon loss in the resonator at rate ΓS, which is ideally high. With
high likelihood, the resonator decays back to its ground state before the driven transmon-
resonator coupling returns to the error state.

1.3.2 Very Small Logical Qubit

I provide a brief introduction for the VSLQ, though a bit more in depth than that for

cat codes. An illustration of the EC mechanisms for the device is shown in figure 1.7. As

shown, the VSLQ is composed of two high-coherence qubit devices, and two lossy qubits

or resonators. The example figure uses two transmons for the high-coherence devices (in

blue boxes), and two resonators for the lossy devices (in red boxes). Assuming the

Josephson energies EJ are equal, the transmon qubits coupling Hamiltonian is

H = −EJ [cos(φ+ Φ1(t)) + cos(φ+ Φ1(t) + Φ2(t))] , (1.16)

19



where Φ1(t) is the flux drive through the inner loops, and Φ2(t) is the flux drive in the

SQUID (superconducting quantum interference device) loop, shown in figure 1.7. By

choosing Φ1(t) = −π/2 + f(t) and Φ2(t) = π − 2f(t), where f(t) is a rapidly oscillating

signal, this Hamiltonian simplifies to

H = −2EJ cosφ sin f(t). (1.17)

Here, f(t) is chosen so that, combined with the expansion of the phase operators cosφ and

sinφ, we get the desired four-photon exchange terms. f(t) is thus chosen so that any

undesired signals are fast-oscillating and can be dropped in the rotating frame after the

rotating wave transformation

|ψ〉 → ei[(ωl−
δ/2)nl+(ωr−δ/2)nr]t |ψ〉 (1.18)

where ωl,r are the transmon frequencies separated by about a GHz, and ni = a†iai are the

number operators. Defining X̃i = 1/2
(
a†ia
†
i + aiai

)
, we can write the effective rotating

frame Hamiltonian

HP = −WX̃lX̃r +
δ

2

(
P 1
l + P 1

r

)
, (1.19)

with P 1
i = |1i〉〈1i| being the projection operator onto the transmon 1 states and δ the

nonlinearity. Extending equation 1.16 to the transmon-resonator couplings, with the flux

drives through the corresponding loops ΦS(t) = −π/2 + g(t), we can choose

g(t) ∝ cos [(ω + ωS −W − δ)t], allowing a similar rotating wave transformation to

equation 1.18 to get the rotating frame Hamiltonian

HS +HPS =

(
W +

δ

2

)
(nSr + nSl) + Ω

(
a†ra
†
Sr + a†la

†
Sl + araSr + alaSl

)
, (1.20)

giving us the full system Hamiltonian H = HP +HS +HPS, where HP denotes the

"primary qubits" (transmons), HS denotes the "shadow qubits" (resonators), and HPS is

the interaction term. The terminology "primary" and "shadow" are from the original

proposal of the device [4], and are used here for consistency.
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Diagonalizing the primary qubit Hamiltonian is trivial looking at the matrix

representation for the X̃ operators

X̃ =
1

2


0 0 1

0 0 0

1 0 0

 (1.21)

where it is clear that the ket states (|2〉 ± |0〉) /
√

2 are eigenstates with eigenvalues ±1/2.

Extending this two the two-qubit primary system, we can see that that states

(|2l〉 ± |0l〉) /
√

2⊗ (|2l〉 ± |0l〉) /
√

2 are degenerate, and are used to define the codewords for

the logical states:

|0L〉 =
1√
2

(|2l〉+ |0l〉)⊗
1√
2

(|2r〉+ |0r〉)⊗ |0Sl0Sr〉

|1L〉 =
1√
2

(|2l〉 − |0l〉)⊗
1√
2

(|2r〉 − |0r〉)⊗ |0Sl0Sr〉 ,
(1.22)

where we also use the simple fact that the resonator ground states are |0Sl0Sr〉. Logical

operators on these states are defined as XL = X̃l or X̃r, ZL = Z̃lZ̃r, where

Z̃ = |2〉〈2| − |0〉〈0|, and YL = XLZL. Using these definitions, the states in equation 1.22 are

eigenstates of the XL operator, and are referred to as such in section 2.4.2, where we also

explore eigenstates of the YL operator.

To see how the primary-shadow coupling autonomously corrects errors, consider the

illustration shown in figure 1.7. Initially, the system is in one of the logical states in

equation 1.22, and the operations in the primary Hamiltonian X̃lX̃r maintain the system

there. But consider a photon loss in the right qubit, sending the system to the error state

|Errr〉 =
1√
2

(|2l〉 ± |0l〉)⊗ |1r〉 ⊗ |0Sl0Sr〉 . (1.23)

This state is now in resonance with the operation Ωa†ra
†
Sr and refills the lost photon in the

primary qubit, as well as adds one to the resonator, going to the state

|Err′r〉 =
1√
2

(|2l〉 ± |0l〉)⊗ |2r〉 ⊗ |0Sl1Sr〉 . (1.24)
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The primary qubit state is now back in resonance with the primary qubits operation

−WX̃lX̃r, bringing the primary qubit r back to the superposition state it started in. Due

to the lossiness of the resonator, it will decay back to its ground state with high

probability, and thus the system has been autonomously corrected back to its ground state

with high probability. Note that there is nothing in X̃ explicitly determining whether a

state |2〉 should go to |0〉+ |2〉 or |2〉 − |0〉. Moreover, because the states in equation 1.22

are degenerate, we might naively assume that the correction mechanism would choose

either state with equal probability. However, note that primary qubits states with opposite

sign would return a +W from the primary qubits Hamiltonian, which is far from the

ground state. So in the correction example above, the state

|Err′′r〉 =
1√
2

(|2l〉 ± |0l〉)⊗ (|2r〉 ∓ |0r〉)⊗ |0Sl1Sr〉 (1.25)

is not energetically preferred, and is thus suppressed. Therefore, while the mechanism does

not explicitly correct dephasing, of which equation 1.25 is an example, it is energetically

suppressed.

While it is clear that the intrinsic autonomy of a system that is passively protected

against errors is advantageous over a digitally corrected system by reducing the overhead

complexity involved in the detection and active correction of errors, as is seen in

sections 2.3 and 2.4, these methods also have the advantage that they have a significantly

smaller footprint than the very promising surface code—the VSLQ consists of only four

qubits to define a logical manifold, while the smallest number of qubits required for a

surface code is seventeen. Nevertheless, meeting the requirements above in an

experimental setup can be a challenge. Indeed, given the relative novelty of using

dissipation for QEC, there is a lot of work to be done on the experimental front for

realizing such a setup.

The work in chapter 2 focuses on techniques for addressing some challenges with using

a dissipative bath to stabilize a primary system. Namely, it explores how we can minimize

the intrinsic error induced by using dissipation itself as an error correction mechanism.
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Understanding the shortcomings of AQEC is very important in making the method more

attractive to experimental realizations. Given that well-established digital codes are highly

prized for their high error-threshold and are generally regarded as a path towards

fault-tolerant quantum computing, one of the goals of this thesis to try to explore ways in

which driven dissipative techniques can be improved in highly coherent logical manifolds

in AQEC circuits, as well as techniques to minimize intrinsic error incurred by the

correction mechanism itself. Chapter 3 looks at such a problem, where we expand a more

in-depth description of behavior similar to that observed in section 2.2.2, in which using a

counter-oscillating waveform minimizes leakage for a two-qubit operation. Chapter 4 looks

at work in progress for experimental realizations of the VSLQ, and chapter 5 introduces

work in progress for implementations of driven dissipative engineering for NISQ (noisy

intermediate-scale quantum) algorithms.
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CHAPTER 2

IMPROVED AUTONOMOUS ERROR CORRECTION USING VARIABLE DISSIPATION

IN SMALL LOGICAL QUBIT ARCHITECTURES

Reproduced with permission from [19]. Quantum Science and Technology
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Abstract

Coherence times for superconducting qubits have greatly improved over time.

Moreover, small logical qubit architectures using engineered dissipation have shown great

promise for further improvements in the coherence of a logical qubit manifold comprised of

few physical qubits. Nevertheless, optimal working parameters for small logical qubits are

generally not well understood. This work presents several approaches to finding

preferential parameter configurations by looking at three different cases of increasing

complexity. We begin by looking at state stabilization of a single qubit using dissipation

via coupling to a lossy object. We look at the limiting factors in this approach to error

correction, and how we address those by numerically optimizing the parametric coupling

strength with the lossy object having an effective time-varying dissipation rate—we call

this a pulse-reset cycle. We then translate this approach to more efficient state

stabilization to an abstracted three-qubit flip code, and end by looking at the Very Small

Logical Qubit (VSLQ). By using these techniques, we can further increase logical state

lifetimes for different architectures. We show significant advantages in using a pulse-reset

cycle over numerically optimized, fixed parameter spaces.
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2.1 Introduction

Error correction via the encoding of logical qubits using multiple physical qubits is a

very promising route towards fault-tolerant quantum computation [6]. While topological

stabilizer codes like the surface code propose a blueprint to implement quantum error

correction, they also require many physical qubits to encode a single logical qubit. For a

distance-3 surface code, one logical qubit is encoded using 17 physical qubits [6].

Concurrently, research using engineered dissipation for stabilizing quantum states has been

growing [5, 20–22]. Some prominent examples are cat codes [23–34], having already

exceeded break-even [28], and the Very Small Logical Qubit (VSLQ) [4] where a logical

qubit is encoded using only four physical qubits, coupling two high-coherence qubits each

with two lossy qubits or resonators.

By modulating the coupling between two quantum devices, red-sideband photon

exchange interactions (a1a
†
2 + a†1a2) [35–37] and blue-sideband photon squeezing

(a1a2 + a†1a
†
2) [37–40] can be achieved for autonomous state stabilization [41, 42]. The goal

of this paper is to better characterize and understand the limiting error channels using the

blue-sideband two photon creation and annihilation coupling used in our autonomous error

correction schemes, and eliminate them with a pulse-reset technique. This is done with a

numerically optimized, time-parameterized coupling strength with a time-varying lossy

object. In the next section, we talk about how the use of quantum noise as engineered

dissipation aids in the stabilization of a quantum state, which is the fundamental

mechanism by which these small logical devices achieve autonomous error correction. We

then discuss the limiting error syndrome induced by the error correction mechanism itself,

whereby the coupling strength between the high-coherence and the lossy qubits may

induce off-resonant transitions into unwanted leakage states. To minimize this effect, we

introduce techniques borrowed from gate optimization by numerically optimizing a

parametric, time-varying coupling strength, and qubit reset protocols that allow the lossy

qubit enough time to reset as shown in Fig. 2.1 [3, 43–45].
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We begin by looking at the simplest, idealized scenario of a single high-coherence,

three-level qubit device with an unwanted leakage state, coupled to a single lossy qubit or

oscillator to understand the stabilization mechanism and the limiting error. The numerical

optimization of the time-parameterized coupling and the qubit reset protocols show a very

clear advantage over a standard, fixed-coupling parameter space for single-qubit device

state stabilization. This is done without assuming any specific architecture, the only

criteria being having the ability to couple two qubit devices with strong coupling

manipulation, and efficiently inducing qubit reset. To show the practicality of these

techniques, we generalize its use on a three-qubit flip code, in which we look at how to

optimize autonomous correction of a qubit-flip error syndrome. Having shown the

improvement from using these techniques, we proceed to the more complex VSLQ, where

applying these methods gives us a better performance over numerically optimizing the

individual parameters in the system Hamiltonian.

2.2 Single-qubit stabilization

2.2.1 System

For a more thorough explanation on using engineered dissipation, we direct the reader

to a full review on the subject [5]. We look at a very simple, idealized example similar to

[41] as a warm-up show case for the more interesting and complex applications of error

correction in the next sections. Consider a single high-coherence qubit device coupled to a

single lossy qubit or resonator. Here, we consider the high-coherence qubit device to be a

three-level system with a nonlinearity δ, and the lossy resonator to be a two-level system,

as shown in Fig. 2.2(a). The lossy nature allows us to truncate the resonator to its first

two energy states, since occupation of any higher states are extremely unlikely and do not

contribute any meaningful dynamics. This also has the added benefit of faster simulations

due to the smaller Hilbert space. For this example, our only focus is to stabilize a single,

excited state for the high-coherence qubit device in the computational basis. However,

engineered dissipation can be used to stabilize an arbitrary state along any axis on the
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Bloch sphere, as described in [42].

0

Ω(t)
tp tr

t

1

Γr � Γq

Γr/Γq

Figure 2.1: Scheme for the pulse-reset cycles. We denote the coupling duration as tp
(green), in which the qubit device and resonator are coupled using an optimized pulse
shape. The reset cycle, tr (red), is determined using a simple scan over different values to
determine what gives the lowest residual error rate for each different T1. We denote the
loss rates as Γr for the resonator (or lossy qubit) and Γq for the qubit (or high-coherence
qubit device), and the coupling strength as Ω. During tp we set Γr = Γq and Ω = Ωopt(t),
while during tr we have Γr � Γq and Ω = 0. It is assumed that qubit reset protocols, such
as the one described in [3], can be performed efficiently, giving us an effective Γr � Γq.

We will refer to the high-coherence qubit device as simply the primary qubit, and the

ancilla as just a resonator, using the subscripts q and r to denote them, respectively. The

system is described by the Hamiltonian

H =
ωq
2
σzq − δP 2

q + ωra
†
rar + 2Ω cos 2ω0t

(
aq + a†q

) (
ar + a†r

)
, (2.1)

where P 2
q = |2q〉〈2q| is the projection operator onto the primary qubit leakage state, and Ω

is the strength of the blue-sideband coupling between the qubit and resonator. Moving to

the rotating frame under the unitary transformation U(t) = e−i(ωrnr+
1
2
ωqσzq )t, and

discarding counter rotating terms as well as choosing an appropriate modulation of the

coupling strength, we can write the rotating wave Hamiltonian of this system as
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H = −δP 2
q + Ω

(
aqar + a†qa

†
r

)
. (2.2)
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|00〉 → |11〉
|10〉 → |10〉
|10〉 → |21〉

Figure 2.2: A high-coherence qubit device coupled to a lossy qubit or resonator with
a coupling strength Ω. (a) An energy level diagram of the system. We only consider
the ground state and first excited state of the resonator due to its lossy nature, making
occupations of any higher states extremely unlikely. The protocol follows a photon loss in
the primary qubit device (1), followed by the coupled excitation of both qubit device and
resonator at strength Ω (2), and finally the relaxation of the resonator (3). (b) Optimized
pulse shape for the operation |0q0r〉 → |1q1r〉 from a gradient ascent optimization. We let
N = 20 in Eq. (2.3), and initialize cx1 = 2π × 20 MHz, cxn6=1 = 0, and all cyn = 0, letting them
vary by ε until we achieve a target state fidelity of 0.9989. All photon loss is turned off in
this optimization, with the goal of trying to minimize errors induced by this mechanism
itself. (c) We track the occupation probabilities of the transitions |0q0r〉 → |1q1r〉 (blue),
|1q0r〉 → |1q0r〉 (orange), and |1q0r〉 → |2q1r〉 (green) from the qubit-resonator coupling
(for compactness, the legend labels forego the subscripts: |nqmr〉 ≡ |nm〉). The goal is to
excite both qubit device and resonator in the event of a photon loss, leaving the target
state unchanged while minimizing off-resonant transitions into the leakage state.

The dynamics of the autonomous error correction protocol for this example is as

follows. In the event of a photon loss in the qubit, |1q0r〉 → |0q0r〉, the coupled drive will

excite both the qubit and resonator into their first excited states, |0q0r〉 → |1q1r〉, after

which the lossy resonator will bring the system back to the initial desired state,

|1q1r〉 → |1q0r〉. The important conditions here are: 1. Γq � Γr, meaning the lossy

resonator can quickly decay back to its ground state, bringing the entire system back to

the initial state |1q0r〉, and 2. δ � Ω, this reduces unwanted off-resonant transitions into

the primary qubit leakage state induced by the coupling with the resonator. While this
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scheme proves very efficient in achieving autonomous state stabilization, off-resonant

transitions induced by the error correction mechanism itself present a limiting factor [46].

To that end, we use techniques in pulse engineering [47–52] to eliminate leakage during

the qubit-resonator coupling, as well as a reset cycle which allows the resonator time to

reset back to its ground state. After the pulsed operation |0q0r〉 → |1q1r〉, there is a

non-zero probability that the primary qubit may undergo another photon loss before the

resonator has decayed back to its ground state, |1q1r〉 → |0q1r〉. In this event, the coupling

terms perform the transition |0q1r〉 → |1q2r〉, which is far off-resonant and less likely to

accomplish the goal of taking the primary qubit to its first excited state. Thus the reset

cycle ensures the resonator will be usable for correcting the qubit to |1q〉. These two steps,

laid out in in Fig. 2.1 are imperative to our approach of eliminating the limiting error

channels of the standard, continuous coupling schemes.

2.2.2 Results

We borrow gate optimization techniques from [48] by pulse shaping an analogous two

quadrature coupling strength, letting Ω→ Ωx(t),Ωy(t) [Fig. 2.2(b)], where

Ωx,y (t) =
N∑
n=1

cx,yn sin (nπt/tp) , (2.3)

with Ωx(t) corresponding to the coupling term in Eq. (2.2), and another pulse component

Ωy(t) to eliminate leakage influenced by the DRAG protocol, giving us the effective

Hamiltonian

Heff = −δP 2
q + Ωx(t)

(
aqar + a†qa

†
r

)
+ Ωy(t)i

(
a†qa
†
r − aqar

)
. (2.4)

Using Eq. (2.3) allows us to set the conditions Ωx,y(0) = Ωx,y(tp) = 0, while allowing us to

use a gradient ascent numerical optimization over the cx,yn coefficients for pulse shaping the

Ωx,y(t) terms. By letting cx1 be some initial amplitude, and all other cxn6=1, c
y
n = 0, we find

the optimized fidelity of the operation |00〉 → |11〉 so as to maximize the target state

transition, while minimizing off-resonant transitions into the leakage state induced by the
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coupling itself. This is evident in Fig. 2.2(c), where we can see the dips in the fidelity

tracking for |10〉 → |10〉 and |10〉 → |21〉 (orange and green, respectively).

In addition to optimizing the pulse shape of the coupling strength, we use alternating

pulse-reset cycles in which the blue-sideband coupling strength is determined by the

optimized pulse shapes during the coupling cycles. During the reset cycles, the coupling

strength is completely turned off while increasing the resonator decay rate so as to allow

the resonator to reset back to its ground state. This effective, induced resonator reset can

be achieved with techniques described in [3]. For simplicity of simulation, we assume that

this reset protocol can be achieved with high fidelity and treat the decay rate as

time-varying, which is high during the reset cycle and low during a coupling cycle

(Fig. 2.1). We simulate these dynamics, as well as the following, more complex examples,

with a continuous time evolution of Schrödinger equations for the pulse optimizations, and

Lindblad master equations for the full pulse-reset cycle evolutions. For this single qubit

stabilization example, we use the Hamiltonian Eq. (2.4) over a (3× 2)-dimensional Hilbert

space [Fig. 2.2(a)], and collapse operators aq,r with rates Γq,r.

We report a target state fidelity of 0.9989 [Fig. 2.2(c)] for the operation |00〉 → |11〉,

using the resulting pulse shape in Fig. 2.2(b). However, it is important to note that

experimental results in [41] achieve stabilization of the qubit excited and ground states

with > 90% and > 99% purity, respectively. Meanwhile, stabilization of an arbitrary state

along the Bloch sphere achieves a worst case average fidelity exceeding 80%. This

apparent discrepancy is because the results presented in Fig. 2.2(b) and Fig. 2.2(c) are

obtained without accounting for decoherence. This was done because the point is to

reduce the limiting error induced from off-resonant transitions during the qubit-resonator

coupling [[46]], and so the Ωx,y(t) optimization is done without considering photon losses.

The results of the residual error rate scaling using constant coupling strength versus

optimized time-varying coupling strength and reset cycles are summarized in Fig. 2.3.

While here we do consider photon loss for the full pulse-reset evolution, we still do not

consider phase noise in an effort to keep this a simplified example of the use of this
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technique. Further considerations for a more complete picture of single qubit stabilization,

as well as a discussion on the broad range of factors to improve on experimental results,

would introduce increasing complexity and would be a deviation from the main purpose of

this paper.

For our comparisons, we let the fidelity F → F (T1,Ω,Γr), where for each different T1,

F is gradient-ascent optimized to find the best choice of Ω and Γr. While we do see a

much improved scaling ∝ T−0.81
1 , it is still short of the theoretical optimal ∝ T−1

1 [46].

However, given experimental limitations, this improvement is highly desirable over the

asymptotically fixed coupling strength error scaling ∝ T
−1/2
1 , which is especially evident for

short T1. We note that the scaling for the data using fixed coupling strength (orange curve

in Fig. 2.3) does not agree with the expected results from [46], which may be a result of

the theoretical scaling being asymptotic, and not visible in the range of T1 values explored.

Likewise, while we expect the pulse-reset data scaling to approach unity (blue curve in

Fig. 2.3), the presence of a 0.002 offset may suggest the technique itself is a limiting factor,

or just another problem with the range of explored T1 values. Nevertheless, we can still

very clearly see a noticeable advantage in using pulse-resets over fixed coupling for short

coherence times T1, providing a meaningful showcase for the use of this technique.

We draw attention to the shape of the Ωy(t) pulse as a result of the gradient ascent

search. From Fig. 2.4, we see that the oscillatory behavior changes for different

nonlinearity δ. Indeed, from Fig. 2.2(a) it is clear that having a larger nonlinearity reduces

the probability for off-resonant transitions into the leakage state induced by the coupling

strength. For δ = 2π × {100, 200, 350} MHz, we see that the frequency of this Ωy(t)

counterterm strength is about 100, 200 and 350 MHz, respectively. This opens up the

possibility of a more general use of oscillatory counterterms in driven fields for state

stabilization, and further research will be required to understand this phenomenon.
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Figure 2.3: Residual error rate scaling with the fidelity calculated at the end of one pulse-
reset cycle.

2.3 Three-qubit flip code

2.3.1 System

The single-qubit case we just discussed is a very simple demonstration of the potential

in using this time-parameterized coupling technique for state stabilization. We now

present the use of this technique in a more complex, yet still abstracted, system—the

three-qubit flip code [13]. We consider a case proposed in [14] and [15] where we have 6

total qubits, three high-coherence qubits each coupled to three lossy qubits, with the

primary qubits coupled to each other, and the lossy resonators decoupled from each other

but coupled to a primary qubit each. Following the bit-flip code laid out in [15], by

appropriately tuning flux-biased Josephson junction couplings between the primary qubits,

and coupling the lossy qubits with a weak capacitive interaction with their respective

primary qubits, we can achieve a rotating-frame Hamiltonian of the Jaynes-Cummings
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form separating the system Hamiltonian into three parts for the high-coherence qubits

(denoted as the primary qubits Hamiltonian HP as in [5]), the lossy resonators HR, and

the interaction Hamiltonian for the coupling between the lossy and high-coherence qubits

HPR.
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Figure 2.4: The effects of the Ωy(t) terms on off-resonant, blue-sideband transitions for
δ = 2π × {100, 200, 350} MHz. There is a clear correlation between the effective oscillating
counterterm and the size of δ. This is shown by tracking the occupation of the target state
|1q0r〉 (bottom plots), as well as the leakage state |2q1r〉 in Fig. 2.2(c), having initialized in
the target state |1q0r〉.

We have

H = HP +HR +HPR,

HP = −J (σz1Pσ
z
2P + σz2Pσ

z
3P + σz1Pσ

z
3P ) ,

HR = −2J
3∑
i=1

σziR, HPR = Ω
3∑
i=1

σxiP (σxiR + σyiR) ,

(2.5)

with J being the energy scale. While the idea is exactly the same as the single-qubit

stabilization, there are some things to keep in mind that change the outcome of our goal.

For this system, we are not trying to stabilize a single state but rather a logical manifold.
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Namely, we are protecting either logical state |0L〉 or |1L〉, which are defined by the

majority vote of the three primary qubits,

|000〉 , |100〉 , |010〉 , |001〉 → |0L〉

|111〉 , |011〉 , |101〉 , |110〉 → |1L〉 .
(2.6)

For either logical state, two flip errors on physical qubits is a logical flip error.

Again, just like we got to Eq. (2.4), we look at replacing Ω in Eq. (2.5) with a two

quadrature parametric coupling Ω(t) from Eq. (2.3), and optimizing it with a gradient

ascent. This system is significantly different, however, in that it is more abstracted.

Rather than trying to correct photon losses in the primary qubits, we are addressing

bit-flip errors. With this error syndrome, we let the Lindblad operators and error rates for

the system be σx, ΓP for the primary qubits and σ−, ΓR for the lossy qubits.

Additionally, because we constrain the system to bit-flip operations instead of ladder

operators as collapse operators for the primary qubits, and to maintain a smaller Hilbert

space, we only consider the computational space and ignore higher energy leakage states

(|2〉 , |3〉 ...) for all 6 qubits. Whereas for the single-qubit system we make use of optimized

coupling strength pulse shapes to perform a target operation with high fidelity while

eliminating off-resonant transitions into these higher energy leakage states, here we are

trying to eliminate off-resonant qubit flips induced by the coupling mechanism itself, for

example, |000〉P ⊗ |000〉R → |100〉P ⊗ |100〉R in attempting to protect |0L〉. And so, this is a

very useful example in demonstrating autonomous, high fidelity, time-parameterized

coupling strength for error correction while eliminating unwanted off-resonant operations.

The goal of applying this lossy coupling technique is, therefore, to protect the logical

states by autonomously correcting flip errors corresponding to the appropriate parent

logical state. So we can’t simply just flip any |0〉 states to |1〉 like we did for the

single-qubit stabilization, since our target operation will depend on which logical state we

are trying to protect. The target operations for Ωx(t) and Ωy(t) would be such that the
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majority is respected. For example,

|100〉P ⊗ |000〉R → |000〉P ⊗ |100〉R

|101〉P ⊗ |000〉R → |111〉P ⊗ |010〉R ,
(2.7)

where our time-dependent interaction Hamiltonian would be

HPR =
3∑
i=1

σxiP (Ωx(t)σ
x
iR + Ωy(t)σ

y
iR) . (2.8)

Note from Eq. (2.7) that these operations are achieved by the red- and blue-sideband

couplings described in [42, 7].

We emphasize that like the single-qubit stabilization example, this system is still

idealized and abstracted. A more thorough characterization that includes leakage states

would be needed for a more realistic demonstration of using a pulse-reset evolution with a

qubit-flip error syndrome. However, as we saw for the single-qubit case, it is safe to

assume that with a large enough nonlinearity, and with the oscillating Ωy(t) counterterm

having numerically optimized a time-parameterized coupling strength, we can reasonably

exclude leakage transitions from our simulations.

2.3.2 Results

We summarize the results for this system in Fig. 2.5. The Ωy(t) pulse shape in

Fig. 2.5(a) does not have the same oscillatory behavior as we saw for the single-qubit case,

which is consistent with our exclusion of a leakage state and thus no nonlinearity to

correlate to. Instead, we see a pulse shape that more so resembles the time derivative of

the Ωx(t) term, with the exception of the condition Ωy(0) = Ωy(tp) = 0. This shows us

another example of the benefit of a second pulse quadrature in the coupling strength in an

effort to eliminate unwanted, off-resonant flip operations. While we still see a very small

probability of unwanted transitions out of the target logical state |000〉 during the pulse

evolution, seen in Fig. 2.5(b), we report a very good target operation Eq. (2.7) fidelity of

1− F < 10−6.
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Figure 2.5: Results for the three qubit code using J = 2π × 20 MHz and ΓR = 30 µs−1. (a)
The optimized pulse shape for the target operations in Eq. (2.7), as well as (b) tracking
the occupation probability for |000〉P , where a final operation fidelity of 0.99999635 is
achieved. Note that the states in the legend are only the primary qubits subspace and that
the operation evolution is without decoherence. (c) Improvement factor TL/TE for the
states |000〉P and |111〉P , with increasing error times TE. The state evolutions for these
last results do include decoherence. Results in (a) and (b) were obtained with no bit-flip
errors, while results in (c) do include bit=flip errors.

We compare the logical lifetimes TL to single qubit error times TE, as opposed to T1,

where TE = 1/ΓP is the single qubit lifetime under a qubit-flip error syndrome instead of

photon losses. The lifetime improvement for the states |000〉P and |111〉P has a much

better scaling for increasing error times TE, seen in Fig. 2.5(c). This is still not a linear
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scaling, indicative that there are other residual error rates that become dominant for

larger TE, but the improvement is very significant over using individually optimized fixed

coupling strengths.

Figure 2.6: A possible implementation of the logical qubit, similar to [4]. The high-
coherence primary qubits are in blue boxes, and the lossy resonators (or qubits) are in red
boxes. The approximated rotating wave Hamiltonian [Eq. (2.9)] is achieved by modulating
the flux drives in the diagram. We refer to the elements of this circuit as shadow left and
shadow right (Sl and Sr respectively) for the lossy resonators (red boxes), and simply left
and right (l and r) for the primary qubits (blue boxes).

2.4 VSLQ

A simple yet effective architecture, the VSLQ shows great promise in protecting a

logical state against single-photon loss errors while suppressing phase errors, all while

depending on fully available technology. Having shown the applicability of this pulse-reset

technique on a more complicated system, we now apply it to a more realistic

implementation, the VSLQ [4, 5].

2.4.1 System

This circuit consists of two coupled high-coherence qubits each coupled to a lossy qubit

or resonator, as shown in Fig. 2.6. Following the derivation of the approximated rotating
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wave Hamiltonian from [4], and using the same notation—where we denote the primary

system Hamiltonian by HP , the lossy (shadow) system Hamiltonian by HS, and the

coupling Hamiltonian by HPS, we have H = HP +HS +HPS, with

HP = −WX̃lX̃r +
δ

2

(
P 1
l + P 1

r

)
HS =

(
W +

δ

2

)(
a†SlaSl + a†SraSr

)
HPS = Ω

(
a†la
†
Sl + a†ra

†
Sr + H.c.

)
,

(2.9)

where δ is a nonlinearity, X̃k =
(
a†ka

†
k + akak

)
/
√

2, P n
k = |nk〉〈nk| , k = {l, r}, and we

require that for the error correction mechanism to work,

δ � W � Ω. (2.10)

Here HP denotes the Hamiltonian for the primary qubits (blue boxes in Fig. 2.6), where

we only consider the first three levels as the operating space and ignore higher energy

states (|3〉 , |4〉 , ...) so as to reduce the size of the Hilbert space and ease numerical

simulations. HS is the Hamiltonian for the “shadow" resonators (red boxes in Fig. 2.6),

with HPS the interaction Hamiltonian.

Using the eigenstates for Eq. (2.9), we can define a logical manifold:

|0L〉 =
1√
2

(|0l〉+ |2l〉)⊗
1√
2

(|0r〉+ |2r〉)⊗ |0Sl0Sr〉

|1L〉 =
1√
2

(|0l〉 − |2l〉)⊗
1√
2

(|0r〉 − |2r〉)⊗ |0Sl0Sr〉 .
(2.11)

These states are autonomously protected against single-photon losses by the blue-sideband

coupling in HPS, which is only energetically preferred in the event of a photon loss in one

of the primary qubits, leading to long lifetimes of the logical states. This is very similar to

the blue-sideband coupling for the single-qubit case shown in Fig. 2.2(a). A major

difference here is that instead of trying to stabilize a single excited state, the goal is to

stabilize these superposition states. So while a single photon loss can take the system out

of the logical manifold into an error state

|Errl〉 = |1l〉 ⊗
1√
2

(|0r〉 ± |2r〉)⊗ |0Sl0Sr〉 , (2.12)
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transitions into this state can be induced by HPS for the primary qubits, with the shadows

going to |1Sl0Sr〉. In addition to attempting to minimize these unwanted transitions by

Ω(t), we could also consider transitions into higher energy states. Although highly unlikely,

the X̃ operators could induce transitions into |4〉, which could then stabilize a

superposition of |2〉+ |4〉, a leakage state. Moreover, accounting for higher excited states

would mean consideration of the possibility of the X̃ terms taking an error state |1〉 into a

superposition of |1〉+ |3〉. However, given the condition Eq. (2.10), such off-resonant

transitions are extremely unlikely due to increasing nonlinearities with increasing energy.

Thus for these simulations we limit the primary qubits to three-level systems, and try to

address the much more likely transition |0〉+ |2〉 → |1〉. The Lindblad operators are

{aSl, al, ar, aSr}, and we compare the logical state lifetimes TL against the single qubit

lifetime T1 = 1/ΓP , with ΓP being the photon loss rate for the primary qubits (ΓS for the

shadow). We assume that it is significantly more likely this error state will be corrected as

opposed to finding a higher energy state.

The optimized pulse shape will correspond to the interaction Hamiltonian

HPS = Ωx(t)
(
a†la
†
Sl + a†ra

†
Sr + H.c.

)
+ Ωy(t)i

(
a†la
†
Sl + a†ra

†
Sr − H.c.

)
, (2.13)

just like we did for the single- and three-qubit cases, with the same goal of having this

pulse shape reduce changes to our target logical states defined in Eq. (2.11) and achieving

the target operation

|1l〉 ⊗
1√
2

(|0r〉 ± |2r〉)⊗ |0Sl0Sr〉 →
1√
2

(|0l〉+ |2l〉)⊗
1√
2

(|0r〉+ |2r〉)⊗ |1Sl0Sr〉 (2.14)

with high fidelity. During the reset cycle, where ΓS � ΓP , the lossy qubit returns to its

ground state |1Sl0Sr〉 → |0Sl0Sr〉, returning the state to the logical manifold defined in

Eq. (2.11).
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Figure 2.7: Results for the VSLQ. (a) Optimized Ωx(t) and Ωy(t) pulse shapes. (b) High-
fidelity target operation of 0.99991 while leaving the target states unchanged. (c) We see
the effects of lifetimes for XL eigenstates and YL eigenstates, using definitions from [4].
Blue and green are the improvement factors using fixed operating parameters (Table 2.1)
for the XL and YL eigenstates, respectively, while orange and red are the improvement
factors using pulse-reset cycles. Again, (a) and (b) do not include decoherence, while (c)
does.

2.4.2 Results

These results using pulse-reset cycles are summarized in Fig. 2.7. We compare these to

results from running a gradient ascent over the fixed parameter space {Ω, ωS,ΓS},

summarized in Table 2.1. These fixed parameter results are our benchmark in looking for
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an improvement from our pulse-reset protocol.
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Figure 2.8: Short-time evolution for the VSLQ XL eigenstates (left) and YL eigenstates
(right). We compare using fixed parameters from Table 2.1 versus using pulse-reset
(flushed) cycles for T1 = 30, 60 µs.

Using the optimized pulse shapes for Ωx(t) and Ωy(t) from Fig. 2.7(a), we achieve an

operation fidelity of 1− F < 10−4, without any noticeable transitions out of the target state

|0L〉 [Fig. 2.7(b)]. We can see that this technique does not show an improvement for the

long-time XL eigenstate lifetimes over using individually, optimized fixed parameters

[Fig. 2.7(c)]. However, the improvement in the lifetimes for the YL eigenstates is very

evident. Moreover, the pulse-reset evolution shows a significant improvement over fixed

parameters for short-time evolutions, as shown in Fig. 2.8. Here, we see that for both XL

and YL eigenstates, there is a very noticeable advantage, which will prove significantly

important for gate operations on the device. In using Ω(t), we also scan over different

reset times for each T1, since each will have a different probability of having a photon in

the lossy qubit after the pulse duration tp = 40 ns.

The loss rate for this lossy qubit is ΓS = 35 µs−1 for all different T1 during the reset

cycle, and again, ΓS = ΓP during the pulse cycles. While there is a general lack of

improvement for the XL eigenstate lifetimes, this is not the case for the YL eigenstates,

where we use the definitions from [4] to define YL = iXLZL, with XL = X̃l or X̃r, and
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ZL = Z̃lZ̃r with Z̃k = P 2
k − P 0

k . We see in Fig. 2.7(c) that there is a clear advantage in the

YL lifetimes using pulse-reset cycles over fixed operating parameters. While we still

expected to see an advantage for the XL eigenstates as well, we may be seeing these

results because of the YL eigenstates’ sensitivity to more error channels than the XL

eigenstates.

Table 2.1: Gradient ascent results for the lifetimes of logical X-eigenstates and Y -
eigenstates—denoted TX and TY , respectively, over the fixed parameter space of the VSLQ
with W = 2π × 35 MHz, and δ = 2π × 350 MHz. Note the lossy qubit energy approaches
the energy from Eq. (2.9), ωS = W + δ/2 = 2π × 210 MHz.

T1 (µs) Ω/2π (MHz) ΓS (µs−1) ωS/2π (MHz) TX (µs) TY (µs)

5 2.94 24.66 209.75 117 66
10 2.15 18.40 209.83 353 189
15 1.81 15.32 209.90 675 350
20 1.59 13.26 209.92 1061 542
25 1.43 12.09 209.94 1514 762
30 1.31 11.09 209.95 2016 1005
35 1.22 10.30 209.96 2571 1271
40 1.14 9.67 209.96 3151 1553
45 1.08 9.15 209.96 3743 1846
50 1.02 8.73 209.97 4422 2168
55 0.98 8.38 209.97 5207 2524
60 0.93 8.04 209.97 5955 2879

To see this more clearly, consider the XL eigenstate |0L〉 from Eq. (2.11) undergoing a

photon loss in the left qubit, taking the system to the error state in Eq. (2.12). Photon

loss errors in the device are left-right symmetric. For this example we consider an error in

the left qubit first only for simplicity, but the same conclusion would be reached starting

with a photon loss in the right qubit. As previously explained, this state can then either

be corrected back to the logical manifold, or undergo a second photon loss with lower

probability on either qubit. In the event of a second photon loss occurring in the right

qubit, then the system will be taken to the |1l1r0Sl0Sr〉 state, which is uncorrectable with

autonomous error correction having lost all information from the original state. This is

considered a logical leakage state for the VSLQ. However, if the second photon loss occurs
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in the left qubit, then this can take the system to either state:

|ψ1〉 =
1√
2

(|0l〉 − |2l〉)⊗
1√
2

(|0r〉+ |2r〉)⊗ |0Sl0Sr〉 , or

|ψ2〉 =
1√
2

(|0l〉+ |2l〉)⊗
1√
2

(|0r〉+ |2r〉)⊗ |0Sl0Sr〉 .
(2.15)

Having started in |0L〉, the first possible outcome from a second loss in the left qubit is an

error for any state, while the second is just |0L〉, and is therefore not seen as an XL

eigenstate error. However, this last photon loss channel is an error channel for a YL

eigenstate. And so, this may be why using an optimized target operation for this

autonomous mechanism shows a significant improvement in the YL lifetimes, but not for

the XL lifetimes.

Regardless of the difference in the long-time performance for the XL and YL

eigenstates, we note that the short-time performance of the pulse-reset evolution still

outperforms a fixed parameter evolution for either eigenbasis, as seen in Fig. 2.8. This

suggests a very practical use case for short-time applications. Implementing dissipative

engineering in digital error correction codes is a very attractive prospect. For example, in

the case of the surface code, each error-correction cycle consists of repeated measurement

and resetting in short-time periods. Using the advantage in the short-time behavior of the

pulse-reset cycle, and a proposed scheme for gates in small logical qubits [53], would

provide a very relevant improvement in gate fidelity and error detection by incorporating

small logical qubits within digital codes. This suggests a much more dramatic

improvement in long-term error correction than is suggested in Fig. 2.7. Exploring this

further will be the focus of future work.

2.5 Conclusion

We have demonstrated the use of time-parameterized coupling strength and variable

loss rates in engineered dissipation for higher-fidelity state stabilization. We accomplished

this by using alternating pulse cycles and reset times as shown in Fig. 2.1. This showed

very noticeable advantages for an idealized single-qubit stabilization scheme and for a

more complex bit-flip error-correction code. However, for the VSLQ we saw a mixture of
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results, where the pulse-reset evolutions showed a very clear advantage for the VSLQ

eigenstates over short-time evolutions, while giving comparable results as fixed coupling

for the long-time evolutions of the VSLQ’s XL eigenstates. Moreover, we did see a clear

advantage in prolonging the logical lifetimes of YL eigenstates, all of which is a great

showcase for the use of this technique for a promising architecture, especially with gate

implementations.

Nevertheless, while using autonomous error correction achieves significantly longer

lifetimes over their component qubits for superconducting architectures, it comes at the

cost of increased complexity. This is something that will need to be carefully characterized

for further implementations of small logical qubits in larger quantum computing systems,

since physically implementing 2-qubit gates for small logical qubits will in itself be a

complex task. However, we have shown that using numerical pulse-shaping can help us

achieve highly optimized target operations. For the VSLQ, this could be used to convert

leakage errors into logical errors, which are then correctable with dissipative engineering.

A leakage state |1l1r0Sl0Sr〉 is both induced, and uncorrectable, by autonomous error

correction using fixed operating parameters. However, using a pulse-reset technique with

time-varying coupling optimized to perform a target operation taking either qubit from |1〉

to |0〉+ |2〉 has the potential to be used for correcting |1l1r0Sl0Sr〉. This ability to induce

transitions from a leakage error state to an ordinary logical error state for the VSLQ

would be a key function if ever incorporating small logical qubits into digital

error-correction codes.

Further research will be needed to fully understand other prevalent error channels for

small logical qubit architectures—especially those involving higher energy states in

primary high-coherence qubit devices—as well as limitations of this pulse-reset technique.

We would also like to explore whether this technique would provide any sort of advantage

in gates for small logical qubits [53], an important characterization for further

implementation of these qubits towards fault-tolerance.
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CHAPTER 3

ERROR-DIVISIBLE TWO-QUBIT GATES

David Rodríguez Pérez ∗ 1, Ziqian Li2, Tanay Roy2, Eliot Kapit1, David Schuster2

Abstract

We introduce a simple, widely applicable formalism for designing “error-divisible" two

qubit gates: a quantum gate set where fractional rotations have proportionally reduced

error compared to the full entangling gate. In current noisy intermediate-scale quantum

(NISQ) algorithms, performance is largely constrained by error proliferation at high circuit

depths, of which two-qubit gate error is generally the dominant contribution. Further, in

many hardware implementations, arbitrary two qubit rotations must be composed from

multiple two-qubit stock gates, further increasing error. This work introduces a set of

criteria, and example waveforms and protocols to satisfy them, using superconducting

qubits with tunable couplers for constructing continuous gate sets with significantly

reduced error for small-angle rotations. If implemented at scale, NISQ algorithm

performance would be significantly improved by our error-divisible gate protocols.

3.1 Introduction

Many advances in quantum hardware have focused on working towards fault-tolerant,

universal quantum computation [54–56]. However, the challenge of engineering a fully,

error-correcting logical qubit is a formidable one, and advances in state coherence and gate

errors need significant improvement before quantum computation reaches fault-tolerance.

Nevertheless, current qubit implementations have reached coherence and control levels

such that they can perform NISQ algorithms [57], and may even be able to run tasks

which surpass classical computers [58]. NISQ variational algorithms, such as VQE and

QAOA [59–62], have proven particularly useful in approximating the ground state energy

of difficult Hamiltonians. However, the performance of these algorithms depends on the

∗Primary and corresponding author, drodriguezperez@mines.edu.
1Department of Physics, Colorado School of Mines, Golden, Colorado 80401, USA.
2James Franck Institute, University of Chicago, Chicago, Illinois 60637, USA.
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circuit depth that can be achieved, which in turn depends on qubit coherence and gate

error.

The inaccuracy of modern quantum algorithm implementations is dominated by

two-qubit gate errors, as single-qubit gate errors are typically an order of magnitude

smaller [63–68]. This is compounded by the traditional approach of implementing

arbitrary two-qubit gates using a stock gate set, in which the large numbers of two-qubit

rotations that may be required by a variational algorithm could be decomposed into at

most three CZ gates and additional single-qubit gates [69]. While this gate decomposition

is crucial for digital error correcting codes [54], it proliferates gate error for NISQ

algorithms needing a more diverse two-qubit gate set. To address this, research in

implementing continuous sets of gates that perform arbitrary two-qubit rotations [70, 71]

has shown up to a 30% reduction in gate depth [72].

This work presents error-divisible gates, which realizes smaller angle, two-qubit

rotations that are prevalent in variational algorithms. The realization of smaller-angle

rotations is done so at a corresponding smaller gate time—e.g. for full θ rotations at gate

time tq, θ/2 rotations are done at tg/2 time. This can provide an opportunity to execute

even deeper circuits with a larger number of two-qubit operations, given the further

reduction in energy loss by virtue of having shorter gates.

3.1.1 Error divisibility

The basic idea for error divisibility is to implement a small two-qubit gate rotation

without using multiple larger-rotation gates by instead proposing waveforms that are

pulse-shaped to perform fractional rotations at a corresponding fractional gate time. This

is illustrated in figure 3.1(a), where a full two-qubit rotation θ0 is achieved a gate time tg,

and fractional rotations θ0/n are run with corresponding gate times tg/n. The full gate

time tg is chosen as small as possible so that the rotation θ0 is executed at a chosen,

acceptable intrinsic error rate (not considering qubit decoherence). The fractional

two-qubit gates implemented with the proposed protocol do not increase intrinsic qubit
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error significantly.

To address the difficulty in pulse-shaping gates of variable length for different target

rotations, this work borrows ideas from [73] and [19], in which off-resonant energetics are

used to suppress dispersive shift effects. We propose simple waveforms that are

superimposed Gaussian-like wave envelopes with fast-oscillating counterterms, as shown in

figure 3.1(b). These waveforms do not require a high level of fine-tuning, and significant

errors are not introduced from small variations in the final waveform. The fast-oscillating

counterterm serves to suppress intrinsic gate error throughout the duration of the gate.

Namely, the ones this work focuses on are leakage into higher-energy excited states, and

dynamic stray ZZ interactions that can create an effective partial CPHASE. These

processes are the result of off-resonant mixing throughout the gate, which can be

mitigated by additional off-resonant processes—realized as the fast-oscillating

counterterms. This is illustrated in figure 3.1(c), where suppression of the gate error

through the duration of the gate can be seen as a result of the oscillating waveform. The

dashed red line indicates the maximum gate error, which can be reduced through minimal

fine tuning of the waveform’s small parameter space.

While the work presented here completely ignores random qubit error like amplitude

dampening and dephasing, these are automatically addressed by the fact that this protocol

shortens the gate time for each smaller rotation angle, allowing less time for decoherence.

This provides an even bigger reduction in the error per gate than other continuous gate

implementations [70, 71], allowing for a greater circuit depth for NISQ algorithms without

a significant increase in gate complexity.
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Figure 3.1: Illustration of our proposed error divisibility protocol. (a) Two-qubit rotation
θ0 at gate time tg, along with fractional rotations θ0/n at corresponding gate times tg/n.
Note that these waveforms are only meant to demonstrate the idea of error-divisible
fractional rotations at fractional gate times, and do not represent actual waveforms
(amplitudes and frequencies—shown in (b)—can be different for each partial gate). (b)
Example gate strength waveform for achieving error divisibility using a Gaussian gate
envelope superimposed with a fast-oscillating counterterm. (c) Corresponding probability
of gate U(t) inducing transitions outside of |11〉 throughout the gate evolution in (b),
where U(t) = T exp

(
−2πi

∫ tg
0

Ω(t) (|01〉〈10|+ |10〉〈01|) dt
)
with coupling strength Ω(t)

like in (b). An ideal exchange operation would preserve unity throughout the gate, but
accounting for nonlinear leakage states, we see off-resonant transitions outside of |11〉,
creating these dips in (c), the maximum indicated by the red-dashed. In typical operating
regimes, the coupling strength in (b) is on the order of tens of MHz, tg ≈ 30 ns, and
the maximum dip from unity—which varies by the target rotation—can be < 10−2 for
appropriate parameter choices.
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3.2 Principles of implementation

Consider two transmons with energies ω1 and ω2 with nonlinearity −δ, coupled by the

term g(t)
(
a1 + a†1

)(
a2 + a†2

)
. With appropriate choices of g(t), we can resonantly drive a

photon exchange between the two qubits. Choosing g(t) = g0Ω(t) cos[2π(ω1 − ω2)] gives us

the rotating frame Hamiltonian (Appendix D.1)

H =
δ

2

(
a†1a

†
1a1a1 + a†2a

†
2a2a2

)
− Ω(t)g0

(
a†1a2 + a1a

†
2

)
.

(3.1)

By going to second order in perturbation theory and eliminating the second excited energy

state of the transmons, the qubit Hamiltonian becomes

H ' −Ω(t)g0

(
σ+

1 σ
−
2 + σ−1 σ

+
2

)
+

Ω(t)2g2
0

δ
(1 + σz1)(1 + σz2),

(3.2)

where we can see an effective dispersive shift term that applies a σz1σz2 term concurrently

with the exchange Hamiltonian, H = Hex +HZZ . To eliminate this dispersive shift, we let

Ω(t) take on a shape like that of figure 3.1(b),

Ω(t) = Ω0(t) [1 + α sin(2πft)] , (3.3)

where Ω0(t) is a slow-evolving gate envelope, and the fast-oscillating counterterm is

determined by a frequency f , and α determines whether the waveform is positive

valued—a condition required by some hardware implementations [74]. Supposing that the

slow-evolving envelope in equation 3.3 is red-detuned from the off-resonant transition

causing phase accumulation, the fast-oscillating term adds a corresponding dispersive shift

blue-detuned term with opposite sign, and can cancel it out. Examples of engineering

these dispersive shifts from off-resonant processes is given in [75]. This is a similar

approach to what was discovered in [19], where an oscillatory offset proportional to the

nonlinearity was found to suppress population of the leakage states.

50



51

0

14

28

42

36 ns, π
0

10

19

28

0

11

21

32

24 ns, π
0

7

14

21

27 ns, 3π/4

18 ns, 3π/4

18 ns, π/2

12 ns, π/2

iSWAP waveforms (θ0 = π)

9 ns, π/4

XX waveforms (θ0 = π)

6 ns, π/4

6 ns, π/6

4 ns, π/6

4.5 ns, π/8

3 ns, π/8

α
=

2

cos tanh

3 ns, π/12

α
=

1
α

=
2

2 ns, π/12

α
=

1
Ω

(t
)

(M
H

z)

Figure 3.2: Waveforms given by equation 3.4 for different rotations of iSWAP (top) and XX (bottom) gates. Waveforms for
equation 3.4a and equation 3.4b are labelled simply as “cos” and “tanh”, respectively, in the legend. The first row of both
iSWAP and XX waveforms use α = 2 in equation 3.3, while the bottom rows use α = 1 to restrict the waveforms’ positivity.
The full rotation waveforms are on the far left, subsequent plots reduce the target rotation and corresponding gate time by the
fractional series {3/4, 1/2, 1/4, 1/6, 1/8, 1/12}.



13/41/21/41/61/81/12

10−5

10−4

10−3

iSWAP : tfull
g = 36 ns

Intrinsic Gate Error

13/4

1/2

1/4

1/6

1/8

1/12

Gate Fraction (θ0)

10−4

10−3 XX : tfull
g = 24 ns

cos

cos (pos)

tanh

tanh (pos)

Figure 3.3: Intrinsic gate error results for fractional gate rotations for iSWAP (top,
36 ns gate for full π rotation) and XX (bottom, 24 ns for full π rotation) gates using
both positive-definite (pos) and freely oscillating gate envelopes equation 3.4a (cos) and
equation 3.4b (tanh). For fractional iSWAP gates, we achieve a gate error < 10−4 down to
1/8th of a gate using tanh envelopes and 1/6th for XX gates.

The examples presented here focus on exploring different wave envelopes Ω0(t) for two

different, candidate gate systems—iSWAP(θ) = exp
[
iθ/2

(
σ+

1 σ
−
2 + σ−1 σ

+
2

)]
and

XCX(θ) = exp[iθ/4 (1 + σx1 ) (1 + σx2 )], where a full gate rotation θ0 (like the illustration

from figure 3.1) would be θ0 = π. The XCX(θ) gate set—the x-basis version of

CPHASE(θ)—is chosen as it is easier to engineer than CPHASE. Also note that XCX

reduces to single-qubit operations and one two-qubit XX operation, which along with

iSWAP, becomes the focus of the following example waveforms.

3.2.1 Example Waveforms

We propose some example waveforms with the characteristic fast-oscillating

counterterm, as shown in figure 3.1(b). We focus on two different options for the
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slow-evolving envelope Ω0(t) in equation 3.3:

Ω0(t) =
A

2

[
1− cos

(
2π

t

tg

)]
, and (3.4a)

Ω0(t) =A

[
tanh

(
γ
t

tg

)

− tanh

(
γ

[
t

tg
− 1

])
− tanh γ

]2

.

(3.4b)

For both equation 3.4a and equation 3.4b, the fast-oscillating part takes the form from

equation 3.3, where we numerically tune the frequency f for different target rotations, and

choose α = 1 for a positive-definite waveform, and α = 2 for waveforms without such

restrictions. A and γ are also numerically tuned for each target rotation, leaving only 2

parameters to tune for equation 3.4a waveforms, and three for equation 3.4b. These are

shown in figure 3.2 for iSWAP and XX gates, using nonlinearity δ = 300 MHz. Per the

protocol laid out in figure 3.1, we first find a waveform for a full two-qubit rotation with a

minimum gate time tg while maintaining an acceptably low intrinsic error rate. We can

then find waveforms for fractional rotations with corresponding fractional gate times,

tuning the parameters A, γ, and f to maintain a low gate error. The results presented

here do not consider decoherence and only account for leakage.

Error rate results for these fractional gates are shown in figure 3.3. Each fraction in the

horizontal axis corresponds to the fraction of the gate operation at a fractional gate time.

So for example, a full iSWAP gate corresponds to a full two-qubit π rotation and is done

at a gate time tfullg = 36 ns. A fractional 3/4 iSWAP gate would perform a two-qubit 3π/4

rotation at a corresponding gate time t3/4g = 27 ns. The results in figure 3.3 demonstrate

the error rates for different fractional gates using the different types of waveforms shown in

figure 3.2. We can see that error-divisibility is achieved for both iSWAP and XX gates

down to 1/8th and 1/6th, respectively, using the profile equation 3.4b—this profile gives

the best results. Considering that the target angle for a full XCX operation is half on an

iSWAP, we expect this error-divisible scheme to break down faster for fractional XX

operations, where small tg starts to approach 1/δ ≈ 3 ns. The limits of this scheme are
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evidenced by the noticeable increases in gate error down to 1/12 of a rotation, shown in

figure 3.3, where we also point out a general higher gate error using positive-definite

waveforms. We also note that intrinsic gate error can be further reduced using higher

resolution in pulse-shaping with a fourier series waveform to arbitrary precision. However,

this would require an arbitrary number of parameters to calibrate, making this option

less-desirable. The waveforms in equation 3.4 provide a simple parameter space to

calibrate that matches experimental hardware. The complete set of criteria we have

proposed pave a way towards greater depth circuits. Results and waveforms shown in

figure 3.2 and figure 3.3 were obtained using unitary dynamics (ignoring energy loss and

dephasing), and parameters were found using differential evolution methods [76].

3.3 Hardware implementations

In the current state of superconducting hardware, advances in optimal control methods

have mostly eliminated single-qubit gate errors [77–80]. However, multiple-qubit gate

errors are still an order of magnitude greater than single-qubit gates [63–68], suffering

from a combination of random qubit error during the gate, crosstalk [81–83], and

calibration drift over time in systems using tunable architectures [84–86]. This

error-divisible scheme intrinsically addresses random qubit error by reducing the duration

of the gates in NISQ algorithms requiring smaller two-qubit rotations. This can be reliably

done with our proposed scheme provided there are not error-limiting steps. This means

gate protocols using tunable qubit energies [87, 88], where coupling is done by bringing

them into resonance with each other, cannot be considered for this protocol due to the

fixed amount of time necessary for tuning the qubit energies. The presence of fixed

amounts of time also eliminates cross-resonance gates [89–92], where there is a minimum

duration needed to suppress leakage in the process of driving qubits into higher excited

energy states.

This leaves us with qubit architectures with fixed qubit energies [93, 94], in which

coupling is achieved by driving a coupler at the appropriate frequencies. These allow the
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implementation of the waveforms presented in figure 3.2, creating a path towards

error-divisibility. The ability to realize this protocol with any system using a tunable

coupler circuit allows for an easy generalization to qubits with large and small

nonlinearities. Thus, while the analysis and simulations done in this work assumes a

transmon architecture, it is easily realizable for flux qubits [95–97] and fluxoniums [98, 99].

|q0〉
|q1〉
|q2〉
|q3〉
|q4〉
|q5〉

RZ(φ)

RZ(φ)

RZ(φ)

θ

θ

θ

θ

θ

θ

θ

θ

θ

θ

Figure 3.4: Circuit diagram for a single layer of VQE implementing the Hamiltonian
equation 3.9 using six qubits. The “θ” labels next to the iSWAP and CPHASE gates
denote their partial rotations by angle θ.

3.4 VQE example

To further motivate the use of the error-divisible protocol proposed in this work, we

demonstrate the utility of running a variational algorithm with access to error-divisible

gates. The goal of the variational quantum eigensolver is to determine the ground state of

a problem Hamiltonian. For difficult problem Hamiltonians, determining the ground state

can be a big challenge, but we are able to express a state |ψ〉 as the superposition of the

Hamiltonian eigenstates |En〉,

|ψ〉 =
∑
n

cn |En〉 , (3.5)

and so we are guaranteed that measuring the expectation value of the energy will give us

〈ψ|H |ψ〉 =
∑
n

|cn|2En ≥ E0, (3.6)
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where E0 is the exact ground-state energy.
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Figure 3.5: Comparisons for VQE percent of ground state results using a stock gate set
(blue square), continuous gates (orange star), and the proposed error-divisible gate scheme
(green triangle).

Thus by varying parameters for an initial state |ψ〉, we can continue measuring the

expectation value of the energy and try to approach the Hamiltonian ground state. This

can become very computationally demanding, and is therefore one of the most commonly

studied applications for quantum computers, which could perform the evolution of the

state |ψ〉 much faster than a classical simulation. These variational quantum algorithms

are limited by the coherence of the quantum processors, and their performance is

measured by how close to the true ground state they are able to get before the system

undergoes decoherence. We thus compare the performance of results here and in chapter 5

by the percentage of the ground state that the algorithm is able to achieve.

The example problem we consider is an adiabatic evolution

H(t) =

(
1− t

T

)
Hpin +

t

T
Hprob, (3.7)

where T is the total runtime, Hpin is a pinning Hamiltonian with an easily solvable

solution, and Hprob is a harder problem Hamiltonian whose ground state we are trying to

56



determine by starting in the ground state of Hpin and adiabatically evolving H(t).

Approximating with a Trotter decomposition [100]

e−i dt(A+B) = e−i dtAe−i dtB +O(dt2), (3.8)

we are able to implement the Hamiltonian as a collection of one- and two-qubit gates on

hardware. Letting N be the number of Trotter layers, we set dt = T/N .

We choose to find the ground state of an Antiferromagnetic Heisenberg Model (AFM),

letting the pinning and problem Hamiltonians in equation 3.7 be

Hpin = V
∑
j even

σzj (3.9a)

Hprob = J

nq−2∑
j=0

(
σxj σ

x
j+1 + σyjσ

y
j+1 + σzjσ

z
j+1

)
, (3.9b)

where nq is the number of qubits, and V and J are energy scales, which we set V = J = 1

here. The circuit for equation 3.9 is shown in figure 3.4, where the Z rotations correspond

to the pinning Hamiltonian equation 3.9a, and the iSWAP(θ) CPHASE(θ) sequence

performs the problem Hamiltonian equation 3.9b by the approximation equation 3.8. T

and N are optimized after every layer in figure 3.4 using a nonlinear optimization routine

[101, 102].

The primary error model considered here is a 1% depolarizing noise error rate for

two-qubit gates and 0.1% for single-qubit gates. We compare the performance of this

simulated variational algorithm using error-divisible gates, continuous gates [71, 70], and a

stock gate set. Results are shown in figure 3.5 with, θ = 2J(t/N) dt and φ = 2V (1− t/T ) dt.

An implementation of figure 3.4 using a stock gate set would require two two-qubit gates

and at least 4 single-qubit gates (Appendix D.2), giving an error rate of at least 2.4% per

two-qubit operation in the VQE layer. With access to continuous gates, there would be no

need for such decompositions, and thus the two-qubit gate error rate is the 1% we define.

Using error-divisible gates, implementing fractional gates with fractional gate times,

results in a corresponding fractional error rate, and is thus determined by N . These clear
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advantages are demonstrated in simulation as seen in figure 3.5, providing a clear example

of the potential benefit in implementing error-divisible gates for near-term quantum

computers.

3.5 Conclusions

We have provided a set of criteria for implementing error-divisible two-qubit gates

using currently available technology. We introduced the notion of fractional gates for

which error-divisibility provides a huge advantage for NISQ algorithms. At the heart of

this criteria is the ability to generate a fast-oscillating waveform that can cancel dispersive

shift effects. To that end, we explored two sets of wave envelopes superimposed with

fast-oscillating terms on two family of gates—iSWAP(θ) and XX(θ), and found

error-divisibility down to 1/6th and 1/8th of a full rotation, respectively. We then further

motivated error-divisible gates by showcasing their potential advantage by simulating a

variational algorithm for the adiabatic evolution of an antiferromagnetic Heisenberg model

problem Hamiltonian.
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CHAPTER 4

SURVEYING THE DETUNINGS PARAMETER SPACE FOR THE VSLQ-STAR

Towards experimentally realizing the Very Small Logical Qubit

Recall from section 1.3.2 that in order to implement the logical manifold for the VSLQ

capable of autonomously correcting errors, we need to use clever flux drives that give the

effective two-photon pumps and four-photon exchange from the cosφ term in the effective

Hamiltonian

H = −2EJ cosφ sin f(t). (4.1)

In principle, with the appropriate choices of f(t), we can isolate the desired terms from

expanding the cosine term and getting the desired photon pumps from the φlφr terms.

While there is no limiting theory on the implementation of this system, experimental

realizations have seen problems with frequency crowding in implementations for the

four-photon process. Not only does this approach generate significant flux noise and

suffers from an unwanted, always-on ZZ, it also requires a specialized coupler to achieve.

These problems called for the need for a different approach that would not necessitate the

complexities of a four-photon process. This new protocol is called the VSLQ-Star code, it

can be done using a linear coupler and only requires two-photon processes, which are a lot

more commonplace, easier to implement, and do not suffer from errors to the same extent

as four-photon processes.

4.1 Defining a new codespace

The new protocol defines the codewords as

|0L〉 =
1√
2

(|22〉 − |00〉)

|1L〉 =
1√
2

(|20〉 − |02〉),
(4.2)

where upon the action of X̃lX̃r return −1, as opposed to the original codewords in

equation1.22, which return +1. To get the Hamiltonian that stabilizes these states, we
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consider the transmons coupling term J(t)φlφr, with

J(t) =A cos [(f1100 + ν0)t] +B cos [(f1122 + ν0)t]

+ C cos [(f1102 + ν1)t] +D cos [(f1120 + ν1)t]

(4.3)

where fabcd is the difference in energy between states,

fabcd = Eab − Ecd

= (Ela + Erb)− (Elc + Erd),

(4.4)

where El/r,i denotes the energy of the left or right transmon in state i, and the νi terms in

eqaution 4.3 are detunings. Looking at the subscript labels implies that these are all

two-photon processes, which is exactly what we are looking for here, with the

|1l1r〉 ↔ |0l0r〉 and |1l1r〉 ↔ |2l2r〉 being two-photon blue-sideband terms, and

|1l1r〉 ↔ |0l2r〉 and |1l1r〉 ↔ |2l2r〉 being two-photon red-sideband terms. The Hamiltonian

for this system is

H =
∑
n,m

[
(Eln + Erm)Pnm

]
+Hint (4.5)

letting Pnm = |nlmr〉〈nlmr|, with Hint being the transmon-transmon interaction

Hamiltonian which we are interested in finding so that it stabilizes the states in

equation 4.2. Letting n = a†a, we use the same rotating frame transformation as before in

equation 1.18,

|ψ〉 → UR(t) |ψ〉

→ ei[(ωl−
δl/2)nl+(ωr−δr/2)nr]t |ψ〉 ,

(4.6)

which gives us the rotating frame Hamiltonian

H =
δl
2
|1l〉〈1l|+

δr
2
|1r〉〈1r|+ UR(t)HintU

†
R(t), (4.7)

where we have followed a procedure laid out in appendix D.1 in deriving rotating wave

Hamiltonians. We can rewrite equation 4.7 to get

H =
δl
2

(P10 + P12) +
δr
2

(P01 + P21) +
1

2
(δl + δr)P11 + UR(t)HintU

†
R(t). (4.8)
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This updated Hamiltonian gives us some intuition to use a second rotating wave

transformation, which we define as

U ′R(t) = ei/2(δl+δr)P11t. (4.9)

giving us

H =
δ1

2
(P10 + P12) +

δr
2

(P01 + P21) + UR(t)U ′R(t)HintU
′†
R (t)U †R(t). (4.10)

We let U ′′R(t) = UR(t)U ′R(t), noting that UR(t) and U ′R(t) commute. Having

U ′′R(t) = ei[(ωl−
δl/2)nl+(ωr−δr/2)nr+(δl+δr)/2P11]t, (4.11)

we replace the interaction Hamiltonian in the bosonic number eigenbasis,

Hint = J(t)φlφr

→ J(t)
(
al + a†l

) (
ar + a†r

)
.

(4.12)

Here, we have used the relationship

φ =

(
2EC
EL

)1/4 (
a+ a†

)
, (4.13)

with EC the capacitor energy, and EL the inductive energy of the transmon’s Cooper pair

island. These are determined by hardware specification and so we ignore them and set the

whole prefactor to 1 since it is not relevant for this analysis. The crucial part is getting

the Hamiltonian that stabilizes the states in equation 4.2, for which all we need is to solve

for J(t)U ′′R(t)
(
al + a†l

) (
ar + a†r

)
U ′′†R (t). Assuming for now that the detunings νi = 0 in

J(t), we get the effective, rotating wave Hamiltonian

HR = W (|11〉〈00|+ |11〉〈22|+ |11〉〈20|+ |11〉〈02|+ H.c.)

+ ε1
[
|1l〉〈1l| (1− |1r〉〈1r|) + |1r〉〈1r| (1− |1l〉〈1l|)

] (4.14)

where W is the effective energy scale of the primary transmons Hamiltonian that comes as

a result of physical hardware parameters and driving frequencies that we forego in this

analysis—suffice to say it is tuned with the flux-drives and is treated as a variable
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parameter for the results later in this chapter. ε1 is the energy for the single-photon states

of the transmons, which in the rotating frame is effectively the same as the transmon

nonlinearity δ. Looking at the most trivial eigensystem for the W term in equation 4.14,

we see five eigenstates of interest, ignoring normalization:

−2W : − 2 |11〉+ |00〉+ |22〉+ |02〉+ |20〉 (4.15a)

0 : |22〉 − |00〉

|02〉 − |00〉

|20〉 − |00〉

(4.15b)

+2W : 2 |11〉+ |00〉+ |22〉+ |02〉+ |20〉 . (4.15c)

Also note that any linear combination of zero-energy eigenstates will also be a

zero-energy eigenstate. We already see one of the codewords from equation 4.2 at the top

of equation 4.15(b), and the other codeword can be obtained from a linear combination of

the two bottom states of equation 4.15(b), which gives us the two orthogonal codewords as

eigenstates. To complete the a unique set of orthogonal eigenstates with the codewords,

we form a third state using a linear combination of all states in equation 4.15, giving us

the effective, three zero-energy states

|22〉 − |00〉 (4.16a)

|20〉 − |02〉 (4.16b)

|00〉+ |22〉 − |20〉 − |02〉 , (4.16c)

where we can finally see that the codewords we defined are stabilized by the Hamiltonian

in equation 4.14. However, having the third orthogonal degenerate state creates a problem

for error correction. This is because when a photon loss occurs in either of the states |0L〉

or |1L〉, the error state cannot be uniquely reconstructed to its parent logical state if there

is a third degenerate state in resonance with the error-correction mechanism.
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Figure 4.1: Four-point star illustration of the Hamiltonian in equation 4.18. The
codewords for this protocol are all stabilized using two-photon processes with the |11〉
state as a sort of intermediary state to achieve an effective four-photon process. The
|20〉 − |02〉 codeword is stabilized using red-sideband transmon-transmon couplings detuned
by ν0, while the |22〉 − |00〉 codeword is stabilized using blue-sideband transmon-transmon
couplings, detuned by ν1. This helps illustrate the fact that including the detunings for
transitions with the |11〉 state does not actually change the energies of the codewords
themselves. This visual mapping motivates the name for this new protocol—the VSLQ-
star.

Selective energetics allow a distinction between the parent logical states if the only two

degenerate states are |0L〉 and |1L〉. But otherwise, error correction fails. This is where the

detunings in equation 4.3 come in. Letting the detunings νi 6= 0 in J(t), and with the

appropriate rotating frame transformations

V0(t) = eiν0(P00+P22+P21+P12)t

V1(t) = eiν1(P02+P20+P01+P10)t,

(4.17)

we can get our final primary transmons Hamiltonian

HR
star = W

(
|11〉〈00| e−iν0t + |11〉〈22| eiν0t

+ |11〉〈20| eiν1t + |11〉〈02| e−iν1t + H.c.
)

+ ε1
[
|1l〉〈1l| (1− |1r〉〈1r|) + |1r〉〈1r| (1− |1l〉〈1l|)

]
.

(4.18)

These detunings νi detune the physical driving terms |02〉 ↔ |11〉 and |02〉 ↔ |11〉 for ν0,

and |00〉 ↔ |11〉 and |22〉 ↔ |11〉 for ν1, as shown in figure 4.1.
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Figure 4.2: Energy illustration for eigenstates of interest for the VSLQ-star Hamiltonian.
We see on the left that the codewords for |0L〉 (blue box) and |1L〉 (red box) are
energetically separated from states containing |11〉 (±2W energies), and are degenerate
with a third eigenstate |ψ〉 (green box). This third degenerate state spoils error correction,
so we include detunings ν0 and ν1 to break the three-fold degeneracy and separate the
|ψ〉 eigenstate from the codewords. Imperatively, the codewords |0L〉 ≡ |22〉 − |00〉 and
|1L〉 ≡ |20〉 − |02〉 are still degenerate zero-energy eigenstates, now separated from the third
states and still separated from the |11〉 eigenstates, allowing proper error correction to the
appropriate parent logical states in the event of a photon loss. The energy shifts for the
±2W eigenstates are simply denoted by ∆±ν0,ν1 and ∆ψ

ν0,ν1
for the |ψ〉 eigenstate to indicate

that they have been shifted by some amounts which are not linearly related to each other.
This only illustrates the core idea that the third eigenstate |ψ〉 is now separated from the
codewords, and that the detunings maintain an energy separation between the codewords
and the ±2W eigenstates.

Crucially, however; ν0 and ν1 do not alter the energies of the eigenstates

|0L〉 ≡ |22〉 − |00〉 and |1L〉 ≡ |20〉 − |02〉 themselves, which remain degenerate, zero-energy

eigenstates. The detunings do, however, separate the energy of the third state in

equation 4.16, breaking the three-fold degeneracy as shown in figure 4.2. This isolates the

other two degenerate codeword eigenstates, permitting the error correction process to

correctly transition back to its parent logical state. This process is exactly the same as the

original VSLQ protocol, in which an off-resonant blue-sideband drive between the

transmon and a lossy resonator "refills" any lost photons in the transmon while exciting

the resonator.
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4.2 Exploring the detuning space

We require that the detunings are different so we separate the third degenerate

eigenstate and have a well defined qubit space using the states in equation 4.2, illustrated

in figure 4.2. However, understanding the complex parameter space introduced by

including the detunings is no easy task. Likewise, gaining a physical intuition of how this

process works is non-trivial after all the rotating frame transformations required to get our

system Hamiltonian equation 4.18. We could take the time to design a nonlinear

optimization algorithm to search for the best choice of detunings, as well as the best

choice for parameters W, δ, and Ω. Indeed, this is what we have done in section 2.4.2,

where we compare the results of using the pulsed-reset scheme (which is the focus of

chapter 1) to those of using fixed coupling rate Ω and resonator loss rate ΓR. However, the

choice of parameters ultimately faces hardware limitations, and what gives best results in

simulation might not ultimately be realizable. This is something that we saw with the

error-divisible gate scheme from chapter 3, where implementing the waveforms for the

really small gates became infeasible with the physical implementation of the coupling

coefficients. Thus, for now the most prudent exploration that would provide immediately

useful results is a scan of the two detunings ν0 and ν1, to find how we can best achieve

improvements in the logical states’ lifetimes, as well as gain insight into our understanding

of the detuning mechanism. All of the results in this section assume a resonator loss rate

ΓR = 5 µs−1.

This first set of results assumes that the nonlinearity in the transmons are equal, and

are the same as the resonator energies (δl = δr = ωSl = ωSr = 100MHz), where ωSi

denotes "shadow" left or right, using terminology from [4]. Thus, in the rotating frame, we

are considering the energy of the first excited state in the transmons, and the energy of

the resonators, to all be the same for this section. All sets of detunings scans assume a

transmon lifetime T1 = 15 µs for no reason other than it is a very realistic lifetime that is

easily achievable with hardware in transmon architectures.
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Figure 4.3: Detunings space for |0L〉. Note the preference for ν0 6= −ν1, as well as a strong
preference for ν1 ≈ 0 with arbitrary ν0.

4.2.1 Same transmon and resonator energies

The results in this section look at the detunings space using different combinations of

W = 5, 10 MHz, and Ω = 0.5, 1.0 MHz. we begin by looking at what the detunings space

for |0L〉 and |1L〉 look like, shown in figures 4.3 and 4.4. Recall from the description of the

new VSLQ-star protocol in section 4.1, we specify the need for added detunings ν0 and ν1

to break the three-fold degeneracy of the transmons Hamiltonian (equation 4.18)

eigenstates (equation 4.16). This is what allows us to separate the VSLQ-star codewords

in equation 4.2 and use them as logical qubit states. Achieving this required that

ν0 6= ν1 6= 0, and that is something we see very clearly in figures 4.5 through 4.8.
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Figure 4.4: Detunings space for |1L〉. While still seeing the preference ν0 6= −ν1, we
also now see ν0 6= ν1. Contrary to what is observed in figure 4.3, there is an almost near
opposite preference for ν0 = 0 and arbitrary ν1. This is consistent to what is expected
from the applications of ν0 and ν1 to the different two-photon processes.

Figure 4.5: Detunings space for |+L〉 = |0l〉 + |1L〉 (left), and |−L〉 = |0L〉 − |1L〉 (right).
Note that they are identical spaces (with the simulated resolution). The preference for
ν0 6= ±ν1 is consistent with the analysis in section 4.1, and results are effectively the same
as averaging the results from figures 4.3 and 4.4.
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Figure 4.6: Looking at a different choice of coupling strength Ω, we see a more generous
choice of detunings to achieve a big improvement in the logical lifetimes for |+L〉.

But note, however, that in figure 4.3, we only see ν0 6= −ν1, but generally ν0 6= ν1 is not

forbidden. Considering that, as shown in figure 4.1, the detunings are meant to shift the

energies between the |11〉 state for either |0L〉 or |1L〉, it makes sense that when only

looking at the detunings space for one of the codewords, we only see improvements along

one general axis. The same can be seen in figure 4.4, where we look at the detunings space

for |1L〉. Given that these two give seemingly contradicting choices of detunings if we’re

wanting a choice that gives us the best improvement in logical state lifetimes, the obvious

solution is to find the set of detunings that give the best averaged lifetime between |0L〉

and |1L〉. This is why for the rest of the results, we look at the detunings space for the

lifetimes of the codewords in the logical x-basis. Figure 4.5(left) shows this for the state

|+L〉 = |0L〉+ |1L〉, and 4.5(right) shows this for the state |−L〉 = |0L〉 − |1L〉, with the two

being identical to the bare eye. Since this gives us the best idea of what choice of

detunings gives us the best overall performance for the logical codewords, the results

presented from this point forward only look at lifetimes for the state |+L〉.
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Figure 4.7: Using a smaller energy scale W , there is a very noticeable performance hit to
the |+L〉 logical lifetime.

Note that the results for this “aggregate” state show a very clear ν0 6= ±ν1 condition,

while also supporting the analysis in section 4.1 that we only require either ν0 or ν1 to be

non-zero, but not necessarily both. For these first two sets of results, W = 10 MHz and

Ω = 1.0 MHz are chosen semi-arbitrarily as easy parameters that could be physically

realized, and could give an improvement. But as we shall see later in section 4.2.2, other

physical constraints may dictate different choices for these parameters. As mentioned in

the beginning of this section, ultimately we can ask a black box optimizer to give us the

best set of parameters under certain constraints and call it a wrap. However, that would

give us no intuition into the robustness and tolerance of different parameter choices. In

other words, we are interested in finding out how changes in W and Ω affect the choices of

detunings and if that introduces any further limitations. So continuing our assumption

that, in the rotating frame, the transmons and resonators have the same energy for

single-excited states, we look at lowering the coupling strength down to Ω = 0.5 MHz in

figure 4.6. We see that the best lifetimes here show a significant improvement over using

Ω = 1 MHz, shown in figure 4.5. Not only that, but there is a more generous insensitivity
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to variations in both ν0 and ν1. This improvement using a weaker coupling strength Ω is

encouraging since generally, stronger drives can create issues such as crosstalk and

frequency crowding. This helps further motivate using smaller W .

Figure 4.8: Using a smaller Ω for W = 5 MHz gives a very noticeable improvement.
While these lifetimes are still shorter of the ones observed in figures 4.5 and 4.6, it is a
very dramatic improvement over the results in figure 4.7 (drawing attention to the color
scale).

Results using W = 5 MHz, and Ω = 1 MHz are shown in figure 4.7, where we see a

massive performance hit, with a logical lifetime capping out at ≈ 50 µs, compared to the

≈ 150 µs using w = 10, while also not giving a lot of room in the choice of detunings.

Lowering the coupling strength to Ω = 0.5 MHz in figure 4.8, we see a generous

improvement over the lifetimes in figure 4.7. Just like the results using W = 10 MHz, we

again see an advantage using a weaker coupling strength Ω. While the lifetimes using

W = 5 MHz and Ω = 0.5 MHz are about half as good as the lifetimes using W = 10 MHz

and Ω = 0.5 MHz, this set of results presented in figure 4.8 are particularly exciting

because they show a dramatic improvement over the base transmon lifetimes using weaker,

and thus more experimentally feasible, drives. Lastly, we use an even smaller coupling

strength Ω = 0.2 MHz to see if this trend of using weaker signals gives us better logical

70



lifetimes, shown in figure 4.9. Ultimately, we see that this is not the case, and we see a

lower performance in the logical lifetimes over using Ω = 1 MHz in figure 4.7, though a

more generous insensitivity to the choice of detunings. This preliminary analysis suggests

that all these different sets of driving strengths can give a logical lifetime improvement,

but using more intermediate strength transmon-resonator coupling gives the more

generous improvement.

Figure 4.9: One last check using an even smaller drive for the coupling strength Ω while
maintaining a primary transmons drive W = 5 MHz. This gains the benefit of less
sensitivity to the detunings, but the logical lifetime improvement is not quite as it is in
figure 4.7.

4.2.2 Different transmon and resonator energies

Having established some intuition as to how the choice of drives affects the preference

for detunings, we now repeat this procedure using transmon nonlinearities from actual

hardware that is being developed by collaborators to experimentally demonstrate

stabilization of the logical manifold. Here we let δl = ωSl = 170 MHz, and δr = ωSr = 265

MHz, so that we have different energies between the left and right subsystems, but the

resonator energies are the same as their corresponding transmons. Beginning with the
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lowest drives that are explored here, we look at the detunings for W = 2 and Ω = 0.2 MHz

in figure 4.10. We still see the hallmarks of error correction, in which the lifetime of the

logical manifold is extended beyond the lifetime of the constituent transmon lifetimes, but

there is no observed dramatic improvement at this driving point. Looking at a stronger

transmon-resonator coupling Ω = 0.5 MHz in figure 4.11, there is no meaningful

improvement over using Ω = 0.2 MHz, and we do see a strong preference for ν0 6= ±ν1.

The same lack of improvement is seen when using an even larger coupling strength Ω = 1.0

MHz in figure 4.12. In fact, we see a pretty dramatic performance hit compared to

figures 4.10 and 4.11. Moreover, we see that this detunings protocol becomes obsolete at

this driving point, since figure 4.12 shows that the preferred detunings are ν0 = ν1 = 0,

though still giving a marginal prolonging of the logical lifetime over the single transmon

lifetime. We note that the rest of the detuning space in dark gives a logical lifetime that is

simply the single transmon lifetime.

Figure 4.10: Looking at the detunings space using weak drives. Logical state lifetimes
are longer than the constituent transmon lifetimes, and are somewhat consistent with the
lifetimes observed using weak drives in section 4.2.1.
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Figure 4.11: Increasing the transmon-resonator coupling strength to Ω = 0.5 MHz.
There isn’t a significantly observed increase in logical lifetime performance compared to
figure 4.10.

Figure 4.12: Increasing the transmon-resonator coupling further to Ω = 1.0 MHz shows a
very significant performance hit to the logical lifetimes compared to figures 4.10 and 4.11.
Further, the preferred detunings here are ν0 = ν1 = 0, making this protocol basically
insufficient at this choice of drives.
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Figure 4.13: Detunings space using a stronger main drive W with weak coupling drive.
Logical state lifetimes are consistent with the lifetimes observed using a weaker main drive
W = 2 MHz.

The last set of detunings scans presented here are for W = 5 MHz. As seen in the

previous section ( 4.2.1) when using the same energies, we generally saw the best logical

lifetimes when using the larger W = 10 MHz. However, using hardware-specified transmon

nonlinearities, we are interested here in finding detunings that show a significant

advantage in logical lifetimes for easily realizable experimental parameters. As mentioned

above, using stronger drives can induce a set of issues in hardware. Thus the remaining

focus for results here are using the relatively weaker point W = 5 MHz. Figure 4.13 shows

this with coupling strength Ω = 0.2 MHz, where just like before we only see a modest

improvement.

Ramping up to Ω = 0.5 MHz, however, we see a very dramatic improvement similar to

that of figure 4.8, to a logical lifetime TL > 150µs. And lastly, looking at Ω = 1.0 MHz in

figure 4.15, we again see a good improvement, but not as generous as in figure 4.14. These

are very encouraging results since it suggests that we can achieve impressive logical

lifetime improvements using relatively weak drives, hopefully making an impressive
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demonstration of AQEC more experimentally feasible.

Figure 4.14: Increasing the transmon-resonator coupling strength to Ω = 0.5 MHz. There
is a much more generous improvement in the logical lifetime over the single transmon
lifetime, as well as the logical lifetimes in figure 4.13.

A couple of things to note for this last set of results. The choice of driving terms that

gives the most easily accessible logical lifetime improvements may not be the most

insensitive set of detunings, such as those in figure 4.8. This is not necessarily a problem,

and given that results that are more insensitive such as figure 4.9 do not how the same

level of lifetime improvement, it is worthwhile to sacrifice detunings sensitivity. However,

given variations in experimental driving terms, lifetime sensitivity to fluctuations in

detunings is something to make note of. Fortunately, all the results presented in this

chapter use a fairly low resolution in the detunings space, and we can be confident these

results provide a promising path forward. Additionally, note that for the set of results in

section 4.2.2 where the transmon nonlinearities are different, while we still see the

characteristic preference for ν0 6= −ν1, we no longer see ν0 6= +ν1. Given that the only

thing that changed is the fact that δl 6= δr, we can attribute this difference in

nonlinearities contributing to the breaking of the eigenstate degeneracy discussed in
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section 4.1, while keeping in mind that the detunings also shift the energies of the |11〉

eigenstates in unspecified ways. And so we can stipulate how ν0 = −ν1 may be

contributing to the shifting of these different eigenstates. However, it suffices to present

results showing how different choices of driving terms can give preference to choices in

detunings that can provide the easiest path towards realizing passive error correction.

Figure 4.15: Increasing the transmon-resonator coupling further to Ω = 1.0 MHz shows
a slight performance hit to the logical lifetimes compared to figure 4.14, but a handsome
improvement over lifetimes in figure 4.13.
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Figure 4.16: Logical lifetimes for |0L〉 at different choices of drives and detunings.
Detunings were chosen based on results in section 4.2.2.

4.3 Logical lifetime results

Using some of the results presented in section 4.2, we look at how these choices for

detunings can provide the easiest way towards demonstrating stabilization of the logical

codewords. In the same spirit as section 4.2.1, we focus on using relatively weaker drives.

While stronger ones may provide a bigger advantage in logical state lifetimes, the

immediate goal is to demonstrate an advantage, and doing so is generally easier using

weaker drives. Results in figure 4.16 look at the logical lifetimes for |0l〉 for different single

qubit T1, where we again use the different transmon energies from section 4.2.2. The key

takeaway here is that while choosing W = 5 and Ω = 0.5 gives the absolute best results

among this set of drives, the more immediately dramatic improvement occurs simply by

the choice of Ω = 0.5, where we see a very handsome performance of logical lifetimes even

for W = 3. This freedom in finding an AQEC advantage at lower drives is particularly

useful for experimental realizations. These results are consistent for |1L〉 in figure 4.17 and

for |+L〉 in figure 4.18.
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Figure 4.17: Logical lifetimes for |1L〉, where we see the same level of improvement as in
figure 4.16.

Figure 4.18: Logical lifetimes for |+L〉. Response to the choice of drives and detunings is
inline with what is observed in figures 4.16 and 4.17.
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CHAPTER 5

DIGITIZING PULSE-SHAPED QUADRATURES IN THE RELAXATIONAL QUANTUM

EIGENSOLVER

This chapter presents results on a project that is a work-in-progress with multiple

members of our group involved. Following the theme of this thesis in general, the core idea

of the relaxational quantum eigensolver (RQE) is to implement the variational quantum

eigensolver (VQE) with driven-dissipative techniques. While a big focus in this thesis so

far has been on using driven-dissipative techniques for autonomous quantum error

correction, in chapter 3 we saw a slight detour from that main theme and looked at

related approaches from chapter 2 to implement error-mitigation with pulse-shaping in the

realization of two-qubit gates. This work follows that same thread, where the

driven-dissipative implementations do not quite achieve error correction the same way the

VSLQ does, but we do mitigate errors akin to state stabilization in section 1.3. The main

defining aspect of this work is that the dissipative engineering here is digitized at the

quantum-algorithm level and is hardware agnostic, unlike all of the previous work which

assumed superconducting architectures. The driven-dissipative mechanism is ported to

variational algorithms so that their performance in the approximation of a problem

Hamiltonian ground state can be improved. Thus, we begin this chapter with a quick

primer on VQE, later moving on to implementing techniques broadly discussed in

section 1.3.

5.1 The Variational Quantum Eigensolver (VQE)

A brief introduction to VQE was given in section 3.4, but here we expand a bit on it to

make the introduction of RQE more natural. The variational quantum eigensolver is a

scheme that is used for finding the ground states of quantum Hamiltonians H1 (called the

problem Hamiltonian). The core of the idea is to start the quantum system with a simple

Hamiltonian H0 whose eigenstates are generally easy to determine, with the ground state

easy to prepare.
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Figure 5.1: Schematic for the idea behind the variational quantum eigensolver using
n Trotter steps. A quantum state is initialized and fed through the quantum circuit
highlighted in green. Examples of what the Trotter steps can look like are in equation 5.8,
and figure 5.2. At the end of the quantum circuit, the expectation value of use case
operations are measured with the final state. Afterwards, using classical post-processing,
highlighted in red, provides feedback for re-running the quantum circuit. This feedback
can entail classical optimization over a parameter space characteristic of the quantum
system to better approximate the problem Hamiltonian ground state.

Then by applying a Hamiltonian H(t) that changes from H0 to H1, taking the from

H(t) =

(
1− t

tf

)
H0 +

t

tf
H1, (5.1)

where t evolves from 0 to tf , and we measure the system at the end to determine if during

the evolution from H0 to H1, we have evolved the H0 ground state to the H1 ground state

(the stated goal). What makes this a hybrid quantum-classical algorithm is that after

measuring the system at the end of a cycle, we can classically optimize over parameters

used in the preparation of the initial quantum state, and repeat the procedure, with every

iteration classically optimizing over some parameter space. In section 3.4, this classical

optimization was done over parameters in equation 5.1 at every iteration, instead of the

traditional optimization over state preparation parameters.

To implement the evolution of H(t) in a gate model quantum computer, we take

advantage of Trotterization. The Hamiltonian in equation 5.1 will evolve a quantum state

by the unitary evolution U(t) = eiH(t)dt, where if H0 and H1 commute, we can simply

80



express the action of this unitary on a quantum state |ψ〉 as

eiH(t)dt |ψ〉 = ei[(1−t/tf)H0+t/tfH1]dt |ψ〉 = ei(1−t/tf)H0dtei
t/tfH1dt |ψ〉 . (5.2)

However, there is no requirement that H0 and H1 commute and in fact, they don’t for any

interesting problem that we would care to solve using this technique. Thus the expression

in equation 5.2 is not generally valid. However, if dt is sufficiently small, we can

approximate it as

ei[(1−t/tf)H0+t/tfH1]dt |ψ〉 ≈
(
ei(1−t/tf)H0dtei

t/tfH1dt +O(dt2)
)
|ψ〉 . (5.3)

This is called the Trotter decomposition, and is what allows us to implement a continuous

time evolution Hamiltonian using a digitized, gate-based model. Back in section 3.4, we

looked at the Antiferromagnetic Heisenberg Model (AFM), for which the trivial

Hamiltonian was

H0 = V
∑
n

σzn, (5.4)

and a problem Hamiltonian

H1 = J
∑
m

(
σxmσ

x
m+1 + σymσ

y
m+1 + σzmσ

z
m+1

)
. (5.5)

Following the same decomposition, we digitize equation 5.4 as

eif(t)H0dt = eiV f(t)
∑
n σ

z
ndt =

∏
n

eiV f(t)σzndt, (5.6)

meanwhile doing the same procedure on the problem Hamiltonian in equation 5.5 gives us

eif(t)H1dt = eiJf(t)
∑
m(σxmσxm+1+σymσ

y
m+1+σzmσ

z
m+1)dt

=
∏
m

(
eiJf(t)σxmσ

x
m+1dt

) (
eiJf(t)σymσ

y
m+1dt

) (
eiJf(t)σzmσ

z
m+1dt

)
.

(5.7)

putting this all together by combining equations 5.6 and 5.7 with equation 5.3, and

dropping the dt2 order so that we have approximately equation 5.2, we get the final

digitized form of the evolution for equation 5.1 using the AFM Heisenberg model,

eiH(t)dt =

(∏
n

eiV (1−t/tf)σzndt

)∏
m

(
eiJσ

x
mσ

x
m+1

t/tfdt
) (
eiJσ

y
mσ

y
m+1

t/tfdt
) (
eiJσ

z
mσ

z
m+1

t/tfdt
)
. (5.8)
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Here we can now see that the quantum part of the algorithm simply boils down to

applying the unitaries in equation 5.8 repeatedly for every iteration of dt from t = 0 to

t = tf . Once the final set of gates has been applied for t = tf , we can measure the

expectation value, and as stated above, use our preferred classical optimization routine

over a parameter space in the trivial Hamiltonian in equation 5.4 or the system evolution

in equation 5.8, and repeat the quantum evolution process.

Figure 5.2: Illustration of modifications to a standard VQE setup as shown in figure 5.1.
We have added a set of lossy shadow resonators to use for passive error correction. The
protocol starts out the same as traditional VQE, but for a total number of Trotter steps
nf , we specify a Trotter step n after which we begin the driven-dissipative protocol
between the primary qubits |qN〉 and the lossy resonators |sNS〉 that has been a big focus
of this thesis. The example Trotter step in this figure is the same as that from section 3.4,
and is the problem Hamiltonian for results in this section. We also illustrate how the
digitization of the DRAG-like qubit-resonator coupling is done, where the coupling
strength Ω is turned into two quadratures Ωx (green) and Ωy (orange), which take on
time-parameterized sinusoidal waveforms, similar to work done in chapter 2.

5.2 Adding driven dissipative engineering

Variational algorithms are generally seen as hopeful applications in the NISQ era of

quantum computing. But the performance of VQE is limited by gate errors that

proliferate in the circuit, and is the limiting factor in VQE finding the true ground state of

a given problem. Using shallower circuits would help reduce the proliferation of errors, but

using fewer gates in itself also limits the accuracy of a VQE run. Determining the best
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performance for a given VQE algorithm is a careful balance between gate depth and

acceptable accuracy. Developing high-performing VQE systems thus comes down to the

choice of variational operator sequence. To help in this endeavor, RQE aims to provide an

advantage for variational algorithms by reducing the proliferation of errors by using

driven-dissipative stabilization. This is illustrated in figure 5.2, where we see the idea of

VQE playing out for the system of primary qubits |qN〉, using a number nf of Trotter

steps. This main part is no different than what would be done in the example in figure 5.1.

However, here we specify a Trotter step n after which a driven coupling between the

primary qubits |qN〉 and the shadow resonators |sNS〉 is turned on. This coupling drive is

also digitized and is applied in interlocking steps with the main problem Hamiltonian

algorithm. This coupling Hamiltonian looks very similar to what has been presented in

previous chapters,

HPS = Ω

NP∑
i

σx,y,ziP σxiS, (5.9)

where we have assumed that we have an equal number of shadow resonators as we do

primary qubits, NP = NS, though this does not need to be the case. The only requirement

is that the number of shadow resonators NS should scale linearly with increasing number

of primary qubits NP . But for NS < NP , we can have multiple qubits coupled to the same

resonator, since they are only acting as a bath for the driven correction mechanism. We

can define interactions such as the blue-sideband coupling used in previous chapters for

the error correction mechanisms using the digitized Pauli operators. Noting that

σx = σ+ + σ−

σy = i
(
σ+ − σ−

)
,

(5.10)

we can easily verify that

σx1σ
x
2 − σy1σy2 = 2

(
σ+

1 σ
+
2 + σ−1 σ

−
2

)
σx1σ

x
2 + σy1σ

y
2 = 2

(
σ+

1 σ
−
2 + σ−1 σ

+
2

)
,

(5.11)

giving us both the blue- and red-sideband coupling terms prevalent in our driven

correction schemes. If we were interested in having a blue-sideband qubit-resonator
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coupling to achieve state stabilization akin to that demonstrated in section 1.3, HPS would

then become

HPS =
Ω

2

N∑
i

(σxiPσ
x
iS − σyiPσyiS) , (5.12)

which we can digitize like we have for equation 5.8 to help protect against photon losses.

Here we have replaced the summation term to simply N instead of NP to specify that the

number of shadow resonators and primary qubits may be different, and the sum can

iterate over only NS, or NP using multiple primary qubits per shadow resonator for the

case NS < NP .

Adding this to the Heisenberg AFM model Hamiltonian in equation 5.5, and letting

the shadow Hamiltonian be

HS =
ωS
2

NS∑
j

σzjS, (5.13)

we can get a final form of the unitary operation that gets actually run on quantum

hardware,

|ψ(t+ dt)〉 = U(t) |ψ(t)〉 , (5.14)

with U(t) = ei(HP+HS+HPS)dt, giving us

U(t) |ψ〉 = ei(HP+HS+HPS)dt |ψ〉

=

NP∏
p

(
eiJσ

x
pσ

x
p+1dt

) (
eiJσ

y
pσ

y
p+1dt

) (
eiJσ

z
pσ
z
p+1dt

)(NS∏
s

e
i
2
ωSσ

z
sdt

)

×
(

N∏
n

e
i
2

ΩσxnP σ
x
nSdte

i
2

ΩσynP σ
y
nSdt

)[
NP+NS⊗

k

|qk〉
]
,

(5.15)

where the |qk〉 states represent all primary NP and shadow NS qubtis, explicitly showing

us the sets of unitaries that are repeatedly applied in each Trotter step as long as the

Trotter step size dt is small enough. Otherwise, we run into the problem in equation 5.3

where we have to account for the fact that the operators in the full Hamiltonian do not

necessarily commute, which is the case for equation 5.15.

The results presented in the following section go a step further and introduce a

time-parameterized qubit-resonator coupling inspired by DRAG (similar to [77], as shown
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in figure 5.2. Here, we take the coupling term in equation 5.12 and add a second

quadrature,

HPS =
Ωx(t)

2

N∑
i

(σxiPσ
x
iS − σyiPσyiS) +

Ωy(t)

2

N∑
i

(σxiPσ
y
iS + σyiPσ

x
iS) , (5.16)

where the X1Y2 + Y1X2 term in the Ωy quadrature gives us the effective i
(
σ+

1 σ
+
2 − σ−1 σ−2

)
we want, just like we did back in chapter 2. Digitizing this is a straightforward repetition

of equation 5.15 at this point, and so we now present results for RQE using this

DRAG-like coupling.

5.3 Results using two-quadrature coupling

The simulation results presented here cover systems of 8, 10, 12, 14, 16, and 18

primary qubits, letting the number of shadow qubits NS = NP/2. Thus the 18-qubit case

is actually a simulation of a 27-qubit wavefunction. Following the same idea from [77], we

let

Ωx(t) = Ωx
0 sin(πt/tf )

Ωy(t) = Ωy
0 cos(πt/tf ),

(5.17)

as illustrated in figure 5.2. Ωx,y
0 are the overall amplitudes for the entire waveform, and we

explore scans over these two parameters. This is a much more simplistic approach

compared to the gradient-ascent optimization done in [77], where having the pixelated

pulse shape allows for individually changing the strength Ω for each pixel. That method

was the motivation for the smooth pulse-shaping that was implemented in chapter 2, and

is a method that would work very well for RQE since the pixelation of the pulse shapes is

exactly the same as the digitization of the pulses shown in figure 5.2. However, the

purpose of the work presented here is only a preliminary exploration to see if there would

be a benefit at all to implementing the primary-shadow interaction this way. So we

compare results using the two-quadrature implementation to simply using a fixed coupling

strength for a single quadrature.

Parameter scans for the fixed coupling implementation are shown in figure 5.3. As a

variational algorithm, the full parameter space that we would need to optimize to get the

85



best ground state energy estimation is significantly more complex, and ultimately this

project aims for using nonlinear optimization methods over the more complete parameter

space. However, in setting out to explore the viability of the two-quadrature method, we

are really only interested in exploring parameters that are directly related to the error

correction mechanism itself. From equation 5.15, those are the coupling strength Ω, and

the shadow qubit energies ωS. We note that in equation 5.9 and equation 5.13, we assume

the same the same values for Ω and ωS in each individual qubit-resonator pair, and each

individual resonator, respectively. This does not necessarily have to be the case, and each

may be different. But it is an assumption that we carry into the work presented here for

computational feasibility. the only error channel considered for the results presented in

this section is photon loss. A more complete picture would also include phase noise, since

unlike the logical manifolds explored in chapter 2 and chapter 4, this is not a topology

that suppresses noise, and would need to address it with specific driving terms. Seeing as

photon loss is generally seen as a harder error channel to suppress, we focus the discussion

on it.

Results from figure 5.3 look at the percent of the ground state calculated for the AFM

Heisenberg model (equation 3.9). These show that using a good choice of parameters, even

though there is a general performance hit as the number of qubits in the variational

algorithm increases, the ground state energy estimation seems to taper off a bit. In itself,

this image alone demonstrates the usefulness of RQE, and given that there is still a lot of

work to be done in the aforementioned parameter space, is very promising for the

continuous development of the technique and further exploration of different quantum

systems. But this parameter space was primarily explored to have a standard by which to

compare results using a two-quadrature, time-parameterized coupling strength. Results for

this are shown in figure 5.4, where we fix the shadow resonator energy to ωS = 3 for all

the different system sizes. We also note that for both sets of results shown in figure 5.3

and figure 5.4, the parameter space for the 18 qubits system is greatly reduced—a quarter

of that for all the other systems—due to computational limitations.
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Figure 5.3: Parameter scans for the primary-shadow coupling Ω using a fixed value, and the shadow resonator energies ωS. We
see already that a strong photon loss error channel introduces a big performance hit in the ground state energy estimation, as
good parameter choices indicated in these plots give slightly above 50% for 8 qubits, and down to about 35% for 14 and 16
qubits. for absolutely best parameter choices, we would expect the 18 qubit case to have the highest performance hit, but this
parameter exploration provides a good quantitative and qualitative sense for the benefits of using the driven-dissipative error
correction mechanism.
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Figure 5.4: Using a fixed ωS = 3, we do parameter scans for the primary-shadow coupling quadrature amplitudes Ωx
0 and Ωy

0,
exploring the overall amplitude (as opposed to more complex pulse-shaping). We see a general, though slight, advantage using
the DRAG-like shapes for the coupling strength quadratures, particularly for the larger qubit systems. Note that the smaller
number of qubit systems actually show a performance hit for the parameter space explored.
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Figure 5.5: Looking at the performance of different system sizes using results from
figures 5.3 and figure 5.4 for different photon loss rates. Here, it’s hard to see much of
a benefit, and in some particular cases the fixed coupling is better. Not that the fixed
coupling results for 12 qubits are far from preferred parameters that would give better
results, as is clear from figure 5.3.

There is a slightly noticeable advantage in using the two-quadrature,

time-parameterized coupling over a single-quadrature fixed coupling. It is not a very

dramatic performance improvement, but we note that using a fixed shadow resonator

energy for all system sizes will definitely present a limiting factor in how well this method

will perform. The fact that we are able to see an advantage without exploring different

values of ωS speaks to the advantage that this method can provide. Especially considering

that when looking at the results in figure 5.3, the performance of the variational algorithm

can be seen to have a definite dependence on the shadow resonator energy ωS.

Additionally, while it is also clear from those same results that the range of parameters

that were explored is locally optimal, we do not know what the rest of the parameter

space looks like, and so we can conclude that there is still a big benefit in using, with

areas to improve, a fixed coupling strength. Ultimately, this entire set of results is

promising, and motivates continued research into RQE.
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We use the results from figures 5.3 and 5.4, which were obtained assuming a photon

loss rate ΓP = 0.04, and apply them for loss rates {0.01, 0.02, 0.03, 0.04}. Figure 5.5 shows

the percent of the true ground state that these different methods are able to achieve.

While it generally seems that the time-parameterized coupling does perform better than

the fixed coupling, it is only marginally so. It is also clear from these results that the

parameters for the fixed coupling in the 12 qubit case are far from a good set, which is

also clear looking at its parameter scan in figure 5.3. Also note that for a handful of cases,

there is no improvement in using a pulsed coupling over fixed. Particularly for 8 and 10

qubits with an error rate ΓP = 0.01, 8 qubits for ΓP = 0.02, 8 and 18 qubits for ΓP = 0.03,

and 8 qubits for ΓP = 0.04. This could be largely attributed to using a fixed shadow

energy ωS, since we see a more noticeable improvement using an intermediate number of

qubits for all different loss rate cases. Additionally, looking at how far apart the error

corrected results are still from the error-free ground state energy calculations, this clearly

motivates the use of more sophisticated optimization algorithms over the parameter spaces

moving forward.

90



CHAPTER 6

CONCLUSIONS

To conclude this thesis, I go over a quick discussion on the results that have been

presented thus far, as well as future directions that all of this can take moving forward.

The projects presented here show a very promising use of driven-dissipative techniques

and pulse-shaping for near term applications of quantum computing. Although there is

still a lot of work to do on the experimental end for a wider adaptation of

driven-dissipative techniques in superconducting qubit architectures, the theory and

simulation for many of it’s applications are incredibly promising.

6.1 Proposing a pulse-reset scheme

The work presented in chapter 2 proposed techniques in addressing limiting factors in

the driven-dissipative mechanism that is the hallmark of autonomous quantum error

correction. These are mainly from a careful balance in the strength of the off-resonant

drive that refills photon losses, and the lossiness of the bath systems that are used for the

off-resonant coupling. The off-resonant drive needs to be strong enough so that errors are

quickly corrected back to a target state to stabilize at the occurrence of an error, but not

so strong that off-resonant transitions induce occupations of leakage states. The decay rate

of the lossy system needs to be lossy enough so that as the coupling mechanism refills

photon losses, with high likelihood the lossy system decays back to its subsystem ground

state and the target state is stabilized. However, too much noise from the lossy system

induces linewidth broadening for higher energy states, which in turn increase the

probability of off-resonant transitions into leakage states.

To address these limiting factors, we proposed a cyclical pulse-reset scheme that

suppresses both of the stated problems. We looked at limiting the issue of the coupling

drive strength by implementing numerical optimization of pulse-shaping techniques

inspired by the DRAG and GRAPE protocols. This allowed us to greatly increase the

operation fidelity by suppressing off-resonant transitions into leakage states. This
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numerically optimized pulse is applied during the pulse cycle of the scheme, and is

completely turned off during the reset cycle. The second critical component of this scheme

is that during the pulse cycle, the decay rate of the lossy system is artificially brought

down so that it is no longer lossy. This can be experimentally achieved by adding another

reservoir that is red-sideband coupled to the first lossy system, thereby introducing a

control for when to induce a reset of a quantum state. In simulation, we simply specify

this as time-parameterized loss rate. So by lowering the loss rate during the pulse cycle,

and by making the loss rate high during the reset cycle (to induce resets) with the

coupling to the primary system completely turned off, we suppress leakage induced from

linewidth broadening in the presence of the lossy system. This technique was

demonstrated on small logical qubits, where we demonstrated a general advantage in the

prolonging of the logical manifold coherence.

The main roadblock to consider going forward is that schemes for state stabilization

still suffer from low fidelities experimentally, with a plethora of physical considerations

limiting the performance. Additionally, since the time-parameterization of the reservoir

decay rate is done artificially in simulation, a realistic implementation might not provide

the observed advantages due to the intricacies involved in coupling multiple systems. The

biggest upside is that, in theory, there are no assumptions about any of this work that

would not make it realizable with the state fo the art.

6.2 Error-divisible gates

A very important result that came out of the numerical pulse-shaping in the

pulse-reset scheme that was not directly laid out by the scheme itself, was the use of

counter-oscillating frequencies in the pulse-shaped quadratures for the suppression of

leakage. This was more formally developed in chapter 3 using perturbation theory to

demonstrate why the use of oscillatory terms can cancel out unwanted, and we proposed a

criteria using this formality to demonstrate how this can implement error-divisible gates.

First, we provide the motivation for and define what a fractional gate is. This is useful for
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NISQ algorithms, of which a lot make use of small-angle, two-qubit rotations. Generally

implementing these small-angle rotations using a stock gate set tends to proliferate

two-qubit gate error throughout the quantum circuit, thereby limiting the performance of

the quantum algorithm. This scheme provides a simple protocol to implement the

two-qubit gates natively at no cost to gate error. This is successfully demonstrated in

simulation for fractional iSWAP gates and XX gates, where we achieve error divisibility

down to 1/6 and 1/4 of a full rotation, respectively.

While all the theory and simulations did not assume any hardware specifications, an

experimental demonstration of error-divisibility has unfortunately been elusive. Indeed,

the motivation for this protocol is to provide an advantage in the NISQ era of quantum

computing, and an experimental realization would give credence to that. However, the

struggles in experimentally realizing this protocol may have a lot to do with a different

experimental project—the VSLQ! As discussed in chapter 4, physical challenges in the

design of the VSLQ has made an experimental demonstration of the VSLQ logical

manifold difficult. The VSLQ is also a great candidate for demonstration of error-divisible

gates, where we are developing a high level of control between two transmon qubits.

Unfortunately, this meant delays in the VSLQ realizations meant delays in the

demonstration of error-divisible gates. Another interesting thing to explore is if this

protocol is robust for Clifford gates (appendix D.3) operating on more than two qubits,

since that would provide another utility for NISQ algorithms. For now, physically

implementing this protocol remains an open door.

6.3 The VSLQ-Star protocol

The VSLQ device as was introduced in chapter 1, and explored further in chapter 2,

faced difficulties in the experimental realization, as briefly touched on this last section.

While nothing about the design made it impossible to realize, the four-photon exchange

driving term that was fundamental to the stabilization fo the logical manifold introduced

problems such as frequency crowding and crosstalk. To that end, a new protocol was
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developed that achieved the same stabilization of logical codewords that does not require a

four-photon process. The new protocol, called the VSLQ-Star protocol, only used

two-photon processes and linear couplers, greatly reducing dispersive shifts introduced

from frequency crowding and making the device much simpler to implement.

One focal notion in this updated protocol is the addition of frequency detunings to

separate the desired logical codewords from other system eigenstates. These type of clever

operations on the system are what allows error correction to happen, but it is done at the

cost of losing some intuition as to how exactly this works since we introduce multiple

rotating wave transformations to get the desired Hamiltonian that stabilizes the

codewords. As the implementation of this physically simpler device is being achieved,

chapter 4 explores the detunings space to determine a preferred set of choices that would

allow the easiest realization of logical state stabilization, as well as gain intuition into the

interplay of the detunings with the new Hamiltonian. This parameter exploration

determined working parameters that show notable improvements in the logical lifetime

using relatively weak drives, which is particularly useful in experiment. As progress

continues, the results presented in this chapter will hopefully facilitate a demonstration of

AQEC with this protocol. This might have its limitations, however, seen as simulations

are still not a perfect one-to-one mapping to the lab implementation. Thus, continued

collaboration with the experimental effort remains crucial moving forward with the VSLQ.

6.4 Relaxational quantum eigensolver

While a recurring theme in the projects in this thesis focus around experimental

feasibility on state of the art devices, perhaps the one with the most immediate potential

is the relaxational quantum eigensolver. This is in large part due to the fact that

variational algorithms are a very deep subject of exploration at the time of writing as they

are designed to run on near-term devices. Furthermore, the implementation of the

driven-dissipative coupling to a lossy reservoir in this case does not rely on transitions to

more exotic manifolds like it does in the VSLQ. Everything about RQE is ready to be
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tested now, indeed, the demonstrations of an advantage using RQE are in the plans to be

shown using commercially available quantum processing hardware, as all the interactions

for the problem Hamiltonian as well as the shadow couplings are digitized into a gate

model, allowing us to directly code it up on a cloud-based machine without requiring any

intricate, hardware-level manipulations.

The main contribution from this thesis in chapter 5 is a demonstration of an advantage

in RQE by emulating a digitized version of using time-parameterized coupling between the

primary qubits and the shadow qubits. Like the detunings space exploration for the

VSLQ-Star, the exploration og parameters spaces here is far from optimal, and more

intricate uses of nonlinear optimization techniques for multi-variate cost functions will be

implemented for RQE algorithms in generla moving forward. But hte feasible advantage

demonstrated in this chapter with only minimal fine tuning of a small parameter space is

very encouraging, and suggests that including the two-quadrature parameterization of the

coupling strength in future RQE optimization protocols should provide a better advantage

for ground state estimation. More computationally expensive endeavors include something

like what was done in chapter 2, where the coupling strength pulse shape is optimized.

While this work only scanned over different overall quadrature amplitudes, it would be

possible to use optimization algorithms for each individual pixel strength, though this

might be prohibitively expensive for large system sizes. If this were the case, finding

optimal pulse shapes for more feasible system sizes could still be applied for larger sizes.

Other methods to use is to simply try different overall envelopes. This work used very

naive sinusoidal shapes, but using more exotic envelope waveforms such as the ones in

chapter 3 could provide a bigger improvement.

6.5 Future directions

There is seemingly a lot of potential for finding immediate use in driven-dissipative

systems. A repeated theme here is that while a lot of analysis explicitly considers

transmon devices, all of this is generally possible with strongly anharmonic devices as well,
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further expanding the potential use for techniques like the ones presented in this thesis.

Undoubtedly, work that can be immediately implemented on physical devices should be

thoroughly explored to hopefully more efficiently support the development of the field.

The way I see it, currently we are at an inflection point were the field is simultaneously

trying to find applications for near-term devices, while also working towards the ever

promising regime of fault-tolerant quantum computing. The great thing about the work in

this thesis is that it tries to contribute to both efforts, since while the techniques are

particularly relevant in noisy devices (and become obsolete as single qubit lifetimes get

better), it also provides a blue print to achieve fault-tolerance faster. This is of course the

motivation for the VSLQ, and future work in incorporating small logical qubit

devices—like the VSLQ—into broader digital error correction codes is a very exciting

prospect and direction to take as the VSLQ itself gets closer to reality. But given the

many hurdles that still need to be cleared for demonstrating AQEC in the regimes covered

in this work, such a hybrid QEC approach is still far in the future, despite the fact that

the constituent parts are all immediately realizable today—putting it all together is quite

the challenge! Nevertheless, this is something that the author is very interested in, and

seems like a very natural progression for the field to take moving forward. In the

meantime, furthering efforts for a demonstration of VSLQ state stabilization are high on

the priority queue, as well as explorations for NISQ. The latter of those two are highly

prized, and there is so much more to understand in RQE, with many more applications to

explore its use with. The work here barely scratched a small region of all the possibilities

RQE has to offer.
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APPENDIX A

MASTER EQUATION SIMULATOR FOR GENERAL STATES AND HAMILTONIANS

The following code can be found on my GitHub: github.com/Bebotron/myModules, in

the file QuantumSimulations.jl. The source code at the time of writing is below.

1 # QuantumSimulations.jl
2

3 module QuantumSimulations
4 import LinearAlgebra
5 export tensor
6 export meEvolveState
7 export tpEvolveState
8

9 tensor(first, args...) = LinearAlgebra.kron(first, tensor(args...))
10 function tensor(arg)
11 if ndims(arg[1]) == 0
12 output = arg
13 else
14 output = LinearAlgebra.kron(arg[1], arg[2])
15 for i in 3:size(arg,1)
16 output = LinearAlgebra.kron(output, arg[i])
17 end
18 end
19 return output
20 end
21

22 timePropagator(dt, H, psi) = -im*dt*H*psi
23

24 function tpRK4(dt, H, psi)
25 k1 = timePropagator(dt, H, psi)
26 k2 = timePropagator(dt, H, psi + 0.5*k1)
27 k3 = timePropagator(dt, H, psi + 0.5*k2)
28 k4 = timePropagator(dt, H, psi + k3)
29 psi += (k1 + 2*k2 + 2*k3 + k4)/6
30 return psi
31 end
32

33 function lindbladME(H, rho, collapse, coeff)
34 newrho = im*(rho*H - H*rho)
35 for i in 1:size(coeff,1)
36 newrho += coeff[i]*(collapse[i]*rho*collapse[i]’ - 0.5*(collapse[i]’

collapse[i]*rho + rho*collapse[i]’collapse[i]))
37 end
38 return newrho
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39 end
40

41 function meRK4(dt, H, rho, collapse, coeff)
42 k1 = lindbladME(H, rho, collapse, coeff)
43 k2 = lindbladME(H, rho + k1*dt*0.5, collapse, coeff)
44 k3 = lindbladME(H, rho + k2*dt*0.5, collapse, coeff)
45 k4 = lindbladME(H, rho + k3*dt, collapse, coeff)
46 rho += dt*(k1 + 2*(k2 + k3) + k4)/6
47 return rho
48 end
49

50 function meEvolveState(initialState, target, H0, collapse, fCOp, Ht, fHam,
tvec, timedep)

51 dt = tvec[2] - tvec[1]
52 dataList = zeros(length(target)*length(initialState) + 1, length(tvec))
53 currentState = copy(initialState)
54 coeff = zeros(length(collapse))
55 Hinit = copy(H0)
56 if !timedep
57 for i in 1:size(fCOp,1) coeff[i] = fCOp[i] end
58 for i in 1:size(fHam,1) Hinit += fHam[i]*Ht[i] end
59 end
60 for i in 1:length(tvec)
61 H = Hinit;
62 if timedep
63 for j in 1:size(fCOp,1) coeff[j] = fCOp[j, i] end
64 for j in 1:size(fHam,1) H += fHam[j, i]*Ht[j] end
65 end
66 dataList[1, i] = tvec[i]
67 for k in 1:length(initialState)
68 for j in 1:length(target)
69 dataList[(k - 1)*length(target) + j + 1, i] = real(

LinearAlgebra.tr(target[j]*currentState[k]’))
70 end
71 currentState[k] = meRK4(dt, H, currentState[k], collapse, coeff)
72 end
73 end
74 return dataList
75 end
76

77 function tpEvolveState(initialState, H0, target, Ht, fHam, tvec)
78 dt = tvec[2] - tvec[1]
79 dataList = zeros(length(target)*length(initialState) + 1, length(tvec))
80 currentState = copy(initialState)
81 for i in 1:length(tvec)

111



82 H = H0
83 for j in 1:size(fHam,1)
84 H += fHam[j, i]*Ht[j]
85 end
86 dataList[1, i] = tvec[i]
87 for k in 1:length(initialState)
88 for j in 1:length(target)
89 dataList[(k - 1)*length(target) + j + 1, i] = abs(target[j]’

currentState[k])^2
90 end
91 currentState[k] = LinearAlgebra.normalize(tpRK4(dt, H,

currentState[k]))
92 end
93 end
94 return dataList
95 end
96

97 end
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APPENDIX B

SURFACE CODE MEASURE-CYCLE EXAMPLE

Figure B.1: Simplified example of a surface code cycle projecting to the quiescent state
and detecting physical qubit errors. (a) To keep this example manageable, only two data
qubits and two stabilizer qubits are considered. (b) The cycle composed of pieces from
figure 1.3(b) and (c), where the X-stabilizer cycle uses the stabilizer qubit as the control,
and the Z-stabilizer cycle uses the Z-stabilizer as the target.

Below is an example of what a surface code measurement cycle looks like to help

illustrate the idea introduced in section 1.2.1 of what the quiescent state is, how the

measurement cycle leaves it unchanged, and how it detects errors. This follows the

appendix example in [6], where instead of denoting the ground and excited states as |g〉

and |e〉, respectively, we denote them as the computational basis {|0〉 , |1〉} for consistency

with the rest of the thesis. The example considers only two data qubits (a and b), and two

stabilizer qubits (one X and one Z) for simplicity, as shown in figure B.1. The state of

this system is denoted |ψn〉 = |qXqaqbqZ〉, with n following the numbered steps in

figure B.1. Starting with |ψ1〉 ins step 1, where the data qubits can start in any arbitrary

state and the stabilizer qubits are set to ground, we have

|ψ1〉 = |0〉 ⊗ (A |00〉+B |01〉+ C |10〉+D |11〉)⊗ |0〉

= A |0000〉+B |0010〉+ C |0100〉+D |0110〉 ,
(B.1)

where A,B,C,D are arbitrary probability amplitudes and we ignore normalization for

clarity. Step 2 applies a Hadamard to the X-stabilizer, where H |0〉 = |+〉 = |0〉+ |1〉 and
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H |1〉 = |−〉 = |0〉 − |1〉 (again, ignoring normalization), we get

|ψ2〉 = HX |ψ1〉 = (|0〉+ |1〉)⊗ (A |00〉+B |01〉+ C |10〉+D |11〉)⊗ |0〉

= A |0000〉+ A |1000〉+B |0010〉+B |1010〉

+ C |0100〉+ C |1100〉+D |0110〉+D |1110〉 .

(B.2)

A CNOT flips the state of the target based on the value of the control qubit. For step 3,

with the X-stabilizer as a control qubit a as a target (|0q〉 → |0q〉 , |1q〉 → |1q̄〉), we get

|ψ3〉 = CNOTX,a |ψ2〉 = A |0000〉+ A |1100〉+B |0010〉+B |1110〉

+ C |0100〉+ C |1000〉+D |0110〉+D |1010〉 .
(B.3)

Steps 4, 5, and 6 follow a similar operation, with the noted difference that step 4 is like 3

in which the X-stabilizer is the control qubit, and in steps 5 and 6, the data qubits are the

control qubits and the Z-stabilizer is the target. The operations give us

|ψ4〉 = CNOTX,b |ψ3〉 = A |0000〉+ A |1110〉+B |0010〉+B |1100〉

+ C |0100〉+ C |1010〉+D |0110〉+D |1000〉
(B.4a)

|ψ5〉 = CNOTa,Z |ψ4〉 = A |0000〉+ A |1111〉+B |0010〉+B |1101〉

+ C |0101〉+ C |1010〉+D |0111〉+D |1000〉
(B.4b)

|ψ6〉 = CNOTb,Z |ψ5〉 = A |0000〉+ A |1110〉+B |0011〉+B |1101〉

+ C |0101〉+ C |1011〉+D |0110〉+D |1000〉
(B.4c)
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where the last step before measuring doing another Hadamard on the X-syndrome,

|ψ7〉 = HX |ψ6〉 = A |+000〉+ A |−110〉+B |+011〉+B |−101〉

+ C |+101〉+ C |−011〉+D |+110〉+D |−000〉

= A(|0000〉+ |1000〉+ |0110〉 − |1110〉) +B(|0011〉+ |1011〉+ |0101〉 − |1101〉)

+ C(|0101〉+ |1101〉+ |0011〉 − |1011〉) +D(|0110〉+ |1110〉+ |0000〉 − |1000〉)

= A
[
|0〉 (|00〉+ |11〉) |0〉+ |1〉 (|00〉 − |11〉) |0〉

]
+B

[
|0〉 (|01〉+ |10〉) |1〉+ |1〉 (|01〉 − |10〉) |1〉

]
+ C

[
|0〉 (|10〉+ |01〉) |1〉+ |1〉 (|10〉 − |01〉) |1〉

]
+D

[
|0〉 (|11〉+ |00〉) |0〉+ |1〉 (|11〉 − |00〉) |0〉

]
= (A+D) |0〉 (|00〉+ |11〉) |0〉+ (A−D) |1〉 (|00〉 − |11〉) |0〉

+ (B + C) |0〉 (|01〉+ |10〉) |1〉+ (B − C) |1〉 (|01〉 − |10〉) |1〉 .

(B.5)

Separating the stabilizer qubit kets from the data qubit Bell states not only helps simplify

this expression, but also visually conveys the point of the surface code that when the

stabilizer qubits are measured in step 8, the data qubits project to one of the four possible

Bells states, and do not collapse. Measuring the stabilizer qubits would return +1 for a |0〉

state, and −1 for a |1〉 state. Thus the possible outcomes from measuring the stabilizers

are

{+1,+1} → |00〉+ |11〉

{−1,+1} → |00〉 − |11〉

{+1,−1} → |01〉+ |10〉

{−1,−1} → |01〉 − |10〉 .

(B.6)

These are the possible quiescent states—recall we had no requirement what the initial

state of |qaqb〉 should be, yet at the end of the cycle, we are guaranteed to get one of these

possible states for the collective system. Furthermore, Starting from one of these quiescent

states as an input for a cycle, it is easily shown that the output will be the same input
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quiescent state, as is determined by the probability amplitudes in equation B.5. Errors

that occur in the data qubits are then reflected by a change in the sign of the

corresponding stabilizer qubit measurement, making the surface code capable of detecting

errors without altering the state of the logical manifold.
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APPENDIX C

SIMULATION DATA

This chapter lists simulation data for plots presented in the main text.

C.1 Error-divisible two-qubit gates

Tables C.1 and C.2 show the data used to generate the waveforms and results in

Fig. 3.2 and Fig. 3.3. This set of data was obtained by numerically tuning the listed

parameters for each individual two-qubit rotation. Note that for the really small gates (4

ns and smaller), this protocol starts to break down, thus we do not see a similar pattern in

parameters choices determined by the numerical exploration.

We note that it would be convenient for a realization of this technique to use the same

set of parameters for all partial rotations of a gate. For example, using device parameters

for the current experimental realization—qubit nonlinearities −0.16346× 2π GHz and

−0.254655× 2π GHz—and ignoring qubit energies in the rotating frame, if we modify

equation 3.3 to Ω(t) = Ω0(t) [c+ α sin(2πf)] such that c and α can be arbitrarily tuned,

using equation 3.4a we can numerically find get the results in figure. C.1.
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Figure C.1: Fractional gates using the same set of parameters. {A, f, α, c} =
{82.645 MHz, 1.868 GHz, 1.333, 0.336} to generate the waveforms at the top, giving the
gate errors {1.21, 0.67, 0.30, 0.49, 0.29, 7.43, 102.99} × 10−6, shown in the bottom.
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Table C.1: Parameters for iSWAP waveform results in Fig. 3.2 and error rates in Fig. 3.3.

iSWAP waveforms

Cosine profile—Eq. 3.4a
Non positive definite (α = 2) Positive definite (α = 1)

Fraction tg (ns) A (MHz) f (MHz) Error (10−5) A (MHz) f (MHz) Error (10−5)
1 36 13.91 -515.31 0.51 13.89 -377.61 5.93

3/4 27 13.91 -524.11 0.23 13.86 -374.14 0.44
1/2 18 13.87 -529.38 0.20 13.85 -410.17 14.67
1/4 9 13.84 -528.47 1.10 13.74 -528.06 17.98
1/5 6 13.77 -642.43 8.99 13.66 -644.62 16.67
1/8 4.5 13.04 -571.80 20.46 13.38 -548.56 8.46
1/12 3 10.25 -784.42 97.44 40.00 -183.81 113.59

Tangent profile—Eq. 3.4b
Fraction tg (ns) A (MHz) f (MHz) γ Error (10−5) A (MHz) f (MHz) γ Error (10−5)

1 36 8.82 -523.28 9.37 0.36 8.83 -369.09 9.35 0.49
3/4 27 10.17 -525.38 6.32 0.45 8.06 -384.34 13.99 4.67
1/2 18 10.59 -525.40 5.74 0.56 8.16 -363.04 12.67 1.63
1/4 9 9.94 -591.50 6.40 1.74 10.23 -458.40 6.11 7.09
1/5 6 14.92 -576.66 3.62 0.58 14.85 -565.25 3.63 7.58
1/8 4.5 9.58 -593.94 9.06 0.51 9.50 -603.31 7.79 3.87
1/12 3 6.94 -684.12 15.00 4.60 40.00 -167.78 6.87 1.11
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Table C.2: Parameters for XX waveform results in Fig. 3.2 and error rates in Fig. 3.3. Note the smaller full gate time
compared to iSWAP gates.

XX waveforms

Cosine profile—Eq. 3.4a
Non positive definite (α = 2) Positive definite (α = 1)

Fraction tg (ns) A (MHz) f (MHz) Error (10−5) A (MHz) f (MHz) Error (10−5)
1 24 10.42 -854.11 7.11 10.42 -698. 30 20.21

3/4 18 10.42 -861.22 4.42 10.41 -717. 74 16.50
1/2 12 10.41 -850.74 2.88 10.39 -768. 57 11.88
1/4 6 10.32 -955.75 11.16 10.31 -961. 83 14.13
1/5 4 8.33 0.00 172.07 8.30 -923.54 171.03
1/8 3 6.27 0.00 191.99 40.00 -171.60 133.28
1/12 2 5.00 -9.06 123.77 40.00 -251. 10 83.48

Tangent profile—Eq. 3.4b
Fraction tg (ns) A (MHz) f (MHz) γ Error (10−5) A (MHz) f (MHz) γ Error (10−5)

1 24 7.66 -851.68 6.25 5.20 8.28 -715.89 5.38 20.31
3/4 18 10.08 -870.65 4.11 4.03 8.12 -752.41 5.56 16.74
1/2 12 6.62 -898.74 9.29 4.33 6.56 -801.57 9.52 9.59
1/4 6 12.52 -901.87 3.34 1.92 12.98 -909.24 3.24 5.21
1/5 4 6.34 -892.32 13.41 2.38 6.24 -903.65 13.65 2.29
1/8 3 5.18 0.00 15.00 66.43 5.18 0.00 15.00 66.43
1/12 2 5.00 -20.70 15.00 93.95 18.28 -250.01 8.09 79.21



Table C.3: Data for results plotted in Fig. 3.5, comparing the percent of the ground state
energy that each type of gate set is able to produce.

Number of qubits Stock Continuous Error-divisible
4 0.507243 0.575992 0.817031
6 0.509382 0.585032 0.802391
8 0.512273 0.59149 0.770956
10 0.514339 0.59568 0.757204
12 0.515807 0.598545 0.754664
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APPENDIX D

MISCELLANEOUS REFERENCES

I list here a collection of useful references that will hopefully aid in clarifying some

content in the main text that cannot be easily clarified with external references.

D.1 Rotating Frame Hamiltonian derivation for two-qubit system

We explicitly derive the rotating frame Hamiltonian (Eq. 3.1) for the two coupled

qubits. Starting from the two coupled qubits with energies ω1, ω2, and nonlinearity δ, the

system is described by the Duffing oscillator Hamiltonian in the energy basis as well as a

coupling Hamiltonian,

H = ω1n̂1 + ω2n̂2 −
δ

2

(
a†1a

†
1a1a1 + a†2a

†
2a2a2

)
+ g(t)

(
a†1 + a1

)(
a†2 + a2

)
, (D.1)

with n̂j = a†jaj, g(t) = g0A(t) cos(2π(ω1 − ω2)t), and we have let ~ = 1. Recognizing this

Hamiltonian with a time-independent and time-dependent parts, H(t) = H0 + V (t), this

obeys the Schrödinger equation i∂t |ψ(t)〉 = H(t) |ψ(t)〉. We apply a unitary rotation

transformation UR(t) such that a new state can be defined

|φ(t)〉 = UR(t) |ψ(t)〉 . (D.2)

Looking at the time evolution of |φ(t)〉,

i∂t |φ(t)〉 = i∂t (UR(t) |ψ(t)〉)

= i∂tUR(t) |ψ(t)〉+ UR(t)(i∂t |ψ(t)〉)

= iU̇R(t) |ψ(t)〉+ UR(t)H(t) |ψ(t)〉

= iU̇R(t)U †R(t) |φ(t)〉+ UR(t)H(t)U †R(t) |φ(t)〉 ,

(D.3)

where we have used D.2 to replace |ψ(t)〉 = U †R(t) |φ(t)〉. From here, it’s clear that the

state |φ(t)〉 also obeys the Schrödinger equation with a modified Hamiltonian

i∂t |φ(t)〉 =
(
iU̇R(t)U †R(t) + UR(t)H(t)U †R(t)

)
|φ(t)〉 . (D.4)
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This is our rotating frame Hamiltonian i∂t |φ(t)〉 = HR(t) |φ(t)〉. Separating the time

dependent part of the Hamiltonian D.1, we express HR(t) as

HR(t) = iU̇R(t)U †R(t) + UR(t)H0U
†
R(t) + UR(t)V (t)U †R(t), (D.5)

allowing us to separate this problem into solving three smaller parts. Letting

UR(t) = ei(ω1n̂1+ω2n̂2)t, we have

iU̇R(t)U †R(t) = −(ω1n̂1 + ω2n̂2) (D.6a)

UR(t)H0U
†
R(t) = ω1n̂1 + ω2n̂2 −

δ

2

(
a†1a

†
1a1a1 + a†2a

†
2a2a2

)
(D.6b)

UR(t)V (t)U †R(t) = −g(t)
(
a†1e

iω1t + a1e
−iω1t

)(
a†2e

iω2t + a2e
−iω2t

)
(D.6c)

where we have used the relations a†e−iωn̂t = eiωn̂ta†eiωt and ae−iωn̂t = eiωn̂tae−iωt. Replacing

g(t) (ignoring 2π and using cos [(ω1 − ω2)t] for the moment) and using Euler’s formula,

D.6c becomes

UR(t)V (t)U †R(t) = −g0

2
A(t)

(
a†1a

†
2e

2iω1t + a†1a2e
2i(ω1−ω2)t + a1a

†
2�
��

1

e0 + a1a2e
−i2ω2t

+ a†1a
†
2e

2iω1t + a†1a2���
1

e0 + a1a
†
2e
−2i(ω1−ω2)t + a1a2e

−2iω1t
)
.

(D.7)

Making the rotating wave approximation, we can toss all fast-oscillating terms and keep

slow-oscillating and stationary ones. Note that if ω1 and ω2 are close or far apart only

changes the final result by a factor of 2 under the approximation, since the terms

oscillating at (ω1 − ω2) are the same as the stationary ones. Putting together D.6 and D.7,

our approximated, rotating frame Hamiltonian is

HRF = −δ
2

(
a†1a

†
1a1a1 + a†2a

†
2a2a2

)
− A(t)g0

(
a†1a2 + a1a

†
2

)
. (D.8)

Letting HRF = H0 +H1, with H0 = δ
2

(
a†1a

†
1a1a1 + a†2a

†
2a2a2

)
and

H1 = −A(t)g0

(
a†1a2 + a1a

†
2

)
, we perturbatively find the effective Hamiltonian, treating

A(t) as fixed for the moment. Ignoring states of higher energy than |2〉, the eigensystem

for H0 is given by

0{|0102〉 , |0112〉 , |1102〉 , |1112〉},−δ{|0122〉 , |2102〉 , |1122〉 , |2112〉},−2δ |2122〉 . (D.9)
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Since the action of H1 on any |2〉 state results in a |3〉 state, we ignore any corrections on

those and focus on perturbative corrections for the |0〉 , |1〉 subspace (0 eigenenergy states

in D.9). Because these are degenerate, we diagonalize the perturbing Hamiltonian H1 in

this unperturbed eigenstate |n0〉 subspace. Building out the 〈n0
i |H1

∣∣n0
j

〉
matrix, we get

0 0 0 0

0 0 −A(t)g0 0

0 −A(t)g0 0 0

0 0 0 0


, (D.10)

giving us the first-order corrections to the degenerate states

0(|0102〉 , |1112〉),±
A(t)g0√

2
(|1102〉 ∓ |0112〉). (D.11)

The only state in this subspace with a non-zero, second order correction is |1112〉, yielding

|0122〉 and |2102〉 upon the action of H1, giving us

4A(t)2g2
0

δ
|1112〉 . (D.12)

Eliminating second-excited energy states now
(
a† → σ+, a→ σ−

)
, and up to second order

in perturbation theory—combining D.11 and D.12, we get the effective Hamiltonian

H ' −A(t)g0

(
σ+

1 σ
−
2 + σ−1 σ

+
2

)
+
A(t)2g2

0

δ
(1 + σz1)(1 + σz2). (D.13)

This dispersive shift gives an effective CZ and partial iSWAP. To counter this, we can

choose A(t) = A0(t)[1 +B sin(2πft)], where A0(t) is a slow-evolving wave envelope. Given

f � g0, the leading exchange term in D.13 remains unaffected, while the oscillatory effects

create off-resonant dispersive shifts that counter the effects of the σz1σz2 term.

D.2 Circuit implementations for SWAP and iSWAP gates

We use the following notation:

= iSWAP , = iSWAP(θ) , =
√
iSWAP ,θ π

2
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where iSWAP(θ) = exp
[
iθ/2

(
σ+

1 σ
−
2 + σ−1 σ

+
2

)]
, with a full iSWAP = iSWAP(π), and

√
iSWAP = iSWAP(π/2). Using a stock native gate set—with CNOT as the base

two-qubit gate, we can implement the two-qubit SWAP and iSWAP gates.

=
,

=
S

S

H

H .

With access to a broader set of native two-qubit gates, arbitrary two-qubit gates can be

implemented more efficiently. For example, with access to a native
√
iSWAP, we can

achieve the lowest-error implementation of SWAP that the authors are aware of from

[104],

=
RX(−π

2 )

RX(−π
2 )

RX(π2 )

RX(π2 )

RY (−π
2 )

RY (−π
2 )

RY (
π
2 )

RY (
π
2 ) .

π
2

π
2

π
2

This explicitly demonstrates the benefit of having access to a native partial gate like
√
iSWAP for implementation of other two-qubit gates. More broadly, any arbitrary

iSWAP(θ) rotation can be implemented using native
√
iSWAP gates,

=
RZ(

3π
4 )

RZ(
π
4 )

RZ(
θ
2 + π)

RZ(− θ
2 )

RZ(
π
4 )

RZ(−π
4 ) .

θ π
2

π
2

This decomposition highlights the benefit of having access to a native set of arbitrary θ

rotations that would allow the reduction of two-qubit gate error proliferation, as well as

energy loss by virtue of spending less time on a single gate.

D.3 The Clifford group

The Clifford group is defined as the set of gates that normalizes the Pauli group Pn,

where P1 is simply the group of pauli matrices

P1 = ±(1, i){σ0, σx, σy, σz}, (D.14)
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with σ0 = I being the 2× 2 identity matrix. For n-qubits, we can more generally write

Pn =

{
eiθπ/2

n⊗
m=1

σkm

∣∣∣∣ θ = 0, 1, 2, 3, and k = 0, x, y, z

}
. (D.15)

Thus for the Clifford group, we have

Cn =
{
U | ∀P ∈ Pn, UPU † ∈ Pn

}
. (D.16)

Note that the set {σx, σz} is sufficient to generate Pn, and the set {S,H,CNOT} generates

Cn as well as Pn, where S is the phase gate

S =

1 0

0 eiπ/2

 =

1 0

0 i

 , (D.17)

H is the Hadamard gate

H =
1√
2

1 1

1 −1

 , (D.18)

and CNOT is the two-qubit controlled-NOT gate

CNOT =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


. (D.19)

The set of Clifford gates is of particular interest because the Gottesman-Knill theorem

states that a quantum circuit composed of only Clifford gates can be simulated efficiently

on a classical computer, and thus much of the research effort in quantum gates focuses on

implementations of Clifford gates. Lastly, note that the Clifford group does not provide a

universal set of stock gates for quantum computing. However, with the addition of the π
8

gate,

T =
π

8
= ei

π/8

e−iπ/8 0

0 eiπ/8

 =

1 0

0 eiπ/4

 , (D.20)

the Clifford group does form a universal gate set.
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APPENDIX E

PERMISSIONS FOR COPYRIGHTED MATERIAL

E.1 License for figure 1.6

The figure in section 1.3.1 is licensed under a Creative Commons license CC BY 4.0,

specified in the supplemental file “catCodeFigure_license.pdf”, also found in

https://creativecommons.org/licenses/by/4.0/legalcode. Among other things, it grants a

worldwide, royalty-free, irrevocable license to reproduce and share the licensed material

(figure 1.6), on the condition of granting attribution ([2]).

E.2 License for chapter 2

The entirety of chapter 2 is reproduced from IOP Quantum Science and Technology,

licensed by the Copyright Clearance Center CCC, granting permission for the

republication of the entirety of the article. The license is specified in the supplemental file

“improvedEC_license.pdf”, and can be found at

https://marketplace.copyright.com/rs-ui-web/mp/license/

5c7d5ac9-60e1-4e7b-8580-d813f3d7de8c/7cc48563-ea5f-46bd-9627-92b51a6b21ca.
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