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ABSTRACT

N on-linear programming problem s consisting of generalized 

polynom ials frequently occur in engineering environm ents. This 

thesis presents the capabilities of a program designed to aid the 

researcher in reducing the complexity of such problems through 

analysis, m odification, and elim ination of constraints and variables. 

The reduced program  is then suitable for solution by any non-linear 

program  solver. This program implements several Geometric 

Programm ing (GP) algorithms including a zero degree of difficulty 

solver and several unconstrained iterative condensation m ethods.

The program  is implemented in C++ using Object Oriented design and 

coding principles. The Algebraic and AlgSystem classes provide the 

infrastructure for m anipulating generalized polynom ials and systems 

of generalized polynomials. Computational experience is presented 

for problem s chosen from the literature. The program, its 

docum entation, and the U ser’s Guide are available on a diskette. The 

program  runs on M acintosh and Windows based personnal 

com puters. The program is suitable for use for developing new 

algorithms, research, and teaching of GP.DD
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Chapter 1 

INTRODUCTION

In my opinion, the Geometric Programming (GP) class at CSM 

seems to be one part mathematics and one part magic. The ability of 

the technique to solve very complex appearing optim ization 

problem s with relative ease and rapidity is intriguing. Preprocessing 

is the word used to describe various activities designed to simplify 

solutions by looking for relationships, particularly in the constraints. 

Preprocessing involves identifying constraints that are dom inated by 

other constraints and can be ignored, deciding which constraints are 

not tight from  the bounds, identifying constraints that m ust be tight, 

looking for redundant constraints that are linear com binations of 

other constraints, and looking for simpler problems within larger 

problems. Dr. Woolsey's emphasis on ’looking at the problem' to gain 

insight and ease the solution of all types of problems was the main 

theme in the work of Kirk (1988) and Fie welling (1994). Kirk wrote 

down a step by step preprocessing algorithm for pen and paper 

solution of Geometric Program (GP) class problems. Flewelling used 

these preprocessing techniques on a suite of problems the Air Force 

Institute of Technology (AFIT) uses to test nonlinear com puter codes. 

Using these techniques Flewelling was able to find solutions to a vast
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m ajority of these problems by hand using both GP and non-GP based 

te ch n iq u e s .

Many times words to the effect of "I have done the work of 

defining the algorithm suitable for coding for the computer" come up 

in classes and in theses. The object of this thesis is a computer 

program  which provides the infrastructure needed to im plem ent GP 

algorithm s, and which implements a small number of these 

algorithm s. In particular, it provides an interactive environm ent for 

m anipulating generalized polynomials. The goal was to provide help 

for the tedious algebraic manipulations needed to put the problem  in 

GP form. M athematica [1992], Theorist [1993], or M aple[1993] 

provide much richer environments for doing these kinds of symbolic 

m anipulations and are far superior to GPSOLV in their capabilities. 

However, this program  needed a method of storing and m anipulating 

generalized polynomials so that the structures would be known and 

available to the algorithm writer. Symbolic programs like 

M athem atica provide only limited access to the algebraic structure of 

expressions stored in them. Secondly, the author desired some 

know ledge of the relatively new object oriented com puter science 

technology. Algebraic expressions lent themselves well to object 

oriented design and im plem entation.

The program is general in its ability to m anipulate equations 

sym bolically, substitute for variables, and make deductions about the 

constraints based on Kirk’s algorithm. This ability to preprocess
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allows the problem variable space to be reduced. For instance, if a 

sim ple constraint is deduced to be tight, then one of the variables can 

be solved for in terms of the others and substituted everywhere else 

it appears in the problem. The problem space is thus reduced by one 

dimension. These reduced problems could then be fed to any non­

linear solver. This program chooses to use only GP algorithms in an 

attem pt to solve the problem. This program is a tool for teaching and 

doing research in the GP arena.

The program  can solve zero degree-of-difficulty GP posynom ial 

problem s and signomial problems of the form described by Passy 

and W ilde (1971) and used in Beightler and Phillips (1976). The 

algorithms POSCON (Ratliff 1986), MULTICON (Ratliff 1986), and 

SIGCON (Thome 1988) are implemented to solve unconstrained 

problem s of the appropriate form. The program analyzes the system 

of equations and if the system is in GP form (minimization with all 

constraints <= 1 and all expressed as generalized polynom ials), will 

store the dual equation matrix, and exponent matrix with equation 

boundaries, a sign table matrix, and calculate the number of terms 

and degree of difficulty. These structures are described in detail in 

Chapter 3 pages 19-20. These data structures are a sufficient 

starting point for all GP algorithms implemented or envisioned. A 

researcher can make use of this program to derive data structures 

needed for a new algorithm. This allows the researcher to be free of 

worrying about the input and parsing of models and concentrate on
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solving the problem at hand. Many of the steps of Kirk's 

preprocessing algorithm s have been coded to dem onstrate the power 

of the program to analyze a problem for structure and make use of 

this knowledge to reduce the problem.
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Chapter 2 

GEOMETRIC PROGRAMMING

Form  o f G eom etric Program m ing Problem s

N on-linear programming problem s occur in engineering. 

Engineering designs are desired that minimize cost, or some other 

param eter, given a series of engineering constraints dictated by the 

problem , engineering standards, safety m argins, or even statutes. 

Frequently, engineering problems are of the form of generalized 

polynom ials, or can be transformed to that form. The function 

coefficients are often estim ated by experim entation and regression. 

The regression method is generally used with linear functions or 

non-linear power functions. This thesis deals with m inim ization of 

non-linear problem s which are formed by generalized polynom ials. 

The general form of such problems is :

r0 r j "OÿMinimize : g000  = H X
V 7=1 Ji—l

/. f  J \
Subject to : &.(%) = H X  ""

1=1 V 7=1 J
Where : Gmi = ±1; m -  0,1,..., Af i = 1,2,...,^ 
cm, > 0; cm, e 9t; m = 0,l,...,M z = l,2,...,/m 
xy >0; y = 1,2,...,J  m = 0,l,...,Af z = 0,l,...,/„
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The number of variables is J. The Im represent the number of 

terms in each equation. Notice that the “generalized” polynomials 

allow any real exponent represented by the a m /y above. The sign of

the coefficients is represented by the <Tm/ . A p o s y n o m i a l  is a 

generalized polynom ial where all constants are positive which in this 

case makes all <7m / equal to one. A s i gnomial  does not restrict the

Gm i thus each coefficient can be positive or negative.

Geometric Programming is a technique for solving problems 

which are in generalized polynomial form. GP was first formalized in 

D uffin, Peterson, and Zener (1967). They were able to show that 

certain type of posynomial constrained problems could be 

transform ed by their technique into a convex nonlinear problem. 

Convex problems are a well known class of problem which can be 

solved globally by many techniques. Reklaitis, Ravindran, and 

Ragsdell [1983] classify these techniques as D irection Generation 

m ethods (Feasible Directions, Reduced Gradient, Generalized Reduced 

G radient chapter 9), and Quadradic Approximation m ethods 

(Constrainted Variable M etric M ethod, Quadratic Programm ing 

Chapter 10). GP problems have the additional restrictions that all of 

the variables are positive and all constraints m ust be tight at 

optimality. There is an excellent review of the history of GP in 

Jackson (1994).
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Form  o f the Dual Problem

The prim ary advantage of GP is that the transform ed problem, 

called the dual, always has linear constraints. An im portant 

contribution used in this thesis is Woolsey's “Four Rules of Geometric 

Program m ing” published in W oolsey and Swanson (1975), and more 

recently published in Woolsey (1992). Henceforth, these will be 

referred to as the "Rules" without further attribution. This thesis 

uses the W oolsey nomenclature and W oolsey’s book should be 

fam iliar to readers of this thesis. The dual to the above problem is :

Maximize d0(x)=cr0 1 : , , —
m = 0 i = 7 l  O ,

(Rule I)

where cr0 = ±1, the sign of g0
h

Subject To : X cr0i50l = cr0 (Rule Ha)
i = l

Ai l m

=0; j  = 1, ,7 (Rule lib)
m = 0  t = l

Where 8mi > 0; 8mi e  91; i = l,...,/m and m = 0,1,...,M 
all signum functions cr^ = ±1
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The rules require that the primal problem be in a canonical 

form  of a minimization, subject to constraints that are less than or 

equal to one. Rules I and II provide a method to write down the 

dual problem. W oolsey only gives the simpler form of dealing with 

posynomials in his book. The more general form for signomials is 

given here.

Because there is no duality gap (Passy and W ilde ,!971), the 

objective functions are equal at optimality. Let and 5* represent 

the primal and dual variables at optimality. Then :

4>(^) = So(**)

For the dual variables to be allowed to equal zero it m ust be 

noted that by L ’Hospital rule :

k m , . »
f  r  X

mi mO

\  &  mi y
= 1

W o o lsey ’s R ules

Rules III and IV establish relationship between the dual and 

prim al variables at optimality. Rules III and IV can be written :
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c0 iU x? ÿ / = 1,2,...,/0 (Rule ni)
y=i
/ c

cm, n ^  = - fL -,m = 1,2,...,M i = 1 , 2 , . (Rule IV)
y=l mO

where 5„0 = crm̂ CT„,<$mi >0; m = 1,2,...,M
M

Soo = 1
M

I  = ^ / m (Number of terms in System)
m=0

Note that Rule III says that each term of the objective function 

equals its dual variable times the optimal value of the objective 

function. The dual variables in the objective function give the 

proportion of contribution of each term. Similarly, Rule IV states 

that the dual variable corresponds to the contribution that term 

makes to satisfying the constraint. Both Rules III & IV are in the 

form  of a term of the original problem equaling a simple function of 

the dual variables and the optimum value of the objective function. 

Since the optimal value of the objective function is com putable by 

Rule I, the right hand sides of the Rule III and IV equations are 

easily determined. This form will be exploited later to help solve for 

the prim al variables.

D egree o f  D ifficu lty

An important concept in GP is the degree of difficulty (DD). The 

degree of difficulty of a GP problem is defined as the number of 

terms in the problem less the number of variables less one. This is
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actually the number of columns minus the number of rows of the 

m atrix formed by Rule II. When the degree of difficulty is zero, the 

m atrix is square and the dual variables can be solved for directly 

and uniquely. A typical linear algebra method for solution to the 

zero DD problem involves matrix inversion. In the GP case, if the 

m atrix is singular (has no inverse), then the problem is ill formed in 

some way.

A dvanced  Sign Table

The concept of GP signs is used to create a sign table. The GP 

sign is the sign of the product of a term ’s constant with a variable’s

sign. Thus, in the term - 3 x 2 y - 3  the GP sign of the x in this term is 

minus one (-1) while the GP sign for y it is positive one (+1). It is the 

sense of the movement of the term as the variable is increased in 

m agnitude with all other variables being held constant. This sign is 

used in several places in the code in particular in determining 

whether a new bound of a variable is an upper or lower bound.

Many researchers at the Colorado School of Mines over the 

years have defined algorithms, which were im plem ented in 

com puter code, which solved particular classes of problems. 

Condensation is discussed in Beightler & Phillips (1976) as a 

technique to reduce problem difficulty. Ratliff (1986) used 

condensation to solve unconstrained posynomial problem s in one or
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more variables. Thome (1988) extended this work to a class of 

signom ial one variable problems by allowing negative coefficients 

with positive powers. The one variable posynomial algorithm  of 

R atliff is generally referred to in this thesis by its subroutine name 

POSCON. Similarly, MULTICON is the routine for solution of multiple 

variable problems. SIGCON is the routine for one variable signomials 

of the form described in Thome. Dolan (1994) used condensation in 

much the same manner for a more general class of unconstrained 

signom ial problem s.
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C hapter 3 
GPSOLV DESCRIPTION

G e n e r a l

GPSOLV is the primary product of this thesis. Its design, 

im plem entation, and debugging consumed most of the time spent. 

GPSOLV is written in C++ and currently includes approximately 

11,000 lines of code and comment. The description of the program 

can be divided into four sections - User interface, Algebraic 

m anipulations, GP manipulations, and GP solution algorithms. This 

thesis w ill describe the results of using this program and an 

overview of its utility from the perspective of a potential user or 

researcher. Since the program is quite large and the data structure 

com plex requiring a great deal of detail not appropriate for a thesis, 

the actual docum entation of the program, the code of the program 

itself, the user's guide, and other technical details are included on the 

diskette which is an integral part of this thesis. This diskette will be 

in DOS format and contain the GPSOLV program and all software for 

use under M icrosoft Visual C++ version 1.0 under Window 3.1. Most 

of the code was written by the author though some standard numeric 

routines like matrix inversion are from standard libraries (Shammas 

1995) and some of the Algebraic and Tree classes were developed as
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a project in MACS 567 in the fall of 1994. Some of the 

docum entation from the final report of this project has been 

m odified and included on the documentation disk.

U ser In terfa ce

The program was developed on a Macintosh Quadra 630 system 

using the Symantec C++ version 7.0. It was designed to be 

transportable to M icrosoft Visual C++ with a minimum of conditional 

code or changes. For this reason the user interface is a simple 

command line in a terminal style scrolling window. This simple 

m odel was supported by both environments and, while not 

attractive, is quite functional. Commands are of the form :

command [argl] [arg2] [arg3] ...

The commands are listed and described in detail in the User's 

Guide. The program's primary output is a list of the system of 

equations with ancillary output about the truth of the constraints, 

the value of the objective function at the current variable settings, 

the current settings of variables and the variable bounds, and the 

system ’s state as a GP problem. Commands are used on individual 

equations to get them in correct form for GP solution and then use 

the GP related commands to solve, explore, or simplify the problem. 

Algebraic expressions are in a format familiar to Basic and C
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GP Algebra Assistant VI.00 8/14/96 . Please use HELP for 
more information

obj : y = 452x1^-1x2^-! Z = 11.18
cl : 1.16+04x1^-1.52x2 <= 1 1<=1 Tight
c2 : 0.0193x1x2^0.83 <= 1 1<=1 Tight

# Vars= 2 xl = 174.278786 x2 = 0.231899
Lower End xl > le-300 x2 > le-300
Upper End xl < le+300 x2 < le+300
G .P . Form = O.K. # Terms =3 D.D. =0
C2>

Figure 1 - Typical Screen 

programmers. An example of the screen is shown below.

The problem  from this screen in conventional m athem atical 

form is :
Minimize : y = 452x1_1jc2 1 
Subject to : 11000jt|"L52je2 < 1 

0.0193x^2O83 < 1

Note this model is at optimality. Both constraints evaluate to 

1<=1 and are tight. The value of the objective function is 11.18. The 

current settings of the two variables are x% =174.239 and X 2 = 0 .2 3 19.

The bounds are at the default settings of 1 0 '3  00 and 10^00 This 

problem  is from Beightler and Phillips (1976) page 193. It is a 

posynom ial problem  with two variables and three terms. It is in 

appropriate canonical form for a GP problem as signified by the “G.P.
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Form = O.K.” It is zero degrees of difficulty. The “C2>“ is the 

command prompt and indicates that constraint 2 is the focus of 

sta tem ent oriented com m ands.

A lg eb ra ic  S tructure and M anipulations

The generalized polynomials are represented as a tree of

Algebraics. As an example, the expression 3x+4y% <= 3x3(x+y)2 is 

shown in schematic form in Figure 2. Tree is a C++ class and the 

Algebraic class uses the object oriented concept of inheritance to use 

the operations from the Tree class. These operations deal in adding 

leaves to the tree, cutting off branches, replacing branches, etc. An 

Algebraic takes five forms - a constant, an Algebraic to a power, a 

m ultiplier of Algebraics, an addition of Algebraics, or a binary 

relationship between Algebraics. The bottom m ost terms are always 

constants or a variable to a power. Each node of the tree can have

several children. A  simple term like 2xy% z has a multiply node 

indicating that its children are multiplied together. In this case the 

m ultiply node contains the constant 2 and has three children - a

power node for x, y2, and z. In this case, the power nodes do not 

have children as they are simple variables to powers.

The system is able to use these simple nodes to represent 

m ultinom ials to powers, sums of terms which can be simple or very
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Figure  
In stance D iagram  for 
3x + 4yA2 <= 3xA3(x + y)A2
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com plex, and Algebraic relationships separated by any of the 

equality or inequality binary relations. The top of the tree is the 

binary operator less than or equal to (<=). It has two children 

representing the left hand and right hand sides of the inequality.

The left hand side is a sum with two children which are 

m ultiplication nodes of constants and simple variables. The 

m ultiplication nodes only have one child since they have only one 

variable. The right hand side is more complex because there is 

parenthetical expression (x + y). The right hand side node is a 

m ultiplication node with two children - a power node at power two

over the sum of x+y and a simple variable power node for the x ^ .

The organization into trees of Algebraics led to another object 

oriented structure called an iterator. These allow the tree to be 

explored in a systematic manner. One manner allows each node of a 

tree to be visited. Another type allows each of the children of a node 

to be visited, but not the grandchildren. These iterators are used for 

instance by the routines that simplify expressions. They visit each 

node and decide if a simplification is possible. For instance, on a 

addition node a routine might look at all of the children for constant 

nodes. If it finds more than one, it can sum up the constants and 

replace the multiple constant nodes with ju st one node. As another 

more complex example two iterators to a addition node could be used 

to look at each term. Iterators on the terms could then look at the
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variables and their powers to see if the terms are conformable for 

addition. If two such nodes are found they are combined by adding 

their constants. As a last example there is a routine which looks at 

each node and decides if an equation is in simplified generalized 

polynom ial form. That is, each side is a sum of simple variables 

m ultiplied together, a single term of simple variables m ultiplied 

together, or a constant.

Recursion is used within the Algebraic class to evaluate the 

value of the algebraic expressions and to create the text string that 

represents the expression to the user. Each node simply calls its 

children. A child returns a value if it is a constraint node or simple 

pow er node. In these nodes the current value of the variable is used 

to compute the value of the node if the function is to evaluate. If a 

node is too complex to evaluate, it just calls its children. Its children 

w ill eventually return a value after, possibly recursively, calling the 

evaluate function on m ultiple generations of descendant nodes. 

Sim ilarly, the Ascii routine knows how to string together children 

nodes to form a string for the current nodes. All children are 

recursively called until the end nodes return simple strings.

Two commands make extensive use of these types of structures 

EXPAND and GATHER. EXPAND looks through an Algebraic searching 

for the m ost deeply nested parenthetical expression and then

expands it. It can take multinomials to integral powers (x + y)2 or
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distribute a m ultiplication over addition like 2x(x+y), or distribute 

two multinomials multiplied together (x+y)(2x+2y). GATHER looks 

through A lgebraics for conformable additions, terms which have 

canceled, variables which have zero power, etc. and takes 

appropriate action. For more information on the details of such 

routines see the documentation on the diskette in the Algebraic class 

d o cu m en ta tio n .

GP M anipulations

When a system of equations is in GP form, several data 

structures are com pleted, converting the system into the typical 

m atrix form that GP analysis programs need as their input. A simple 

GP problem  is shown as Figure 3 with its corresponding arrays. This 

is the same problem displayed in screen form in Figure 1. The terms 

are numbered. This number becomes the index for a term  in the 

other arrays. There is an array which contains indices to the last 

term  of each equation or inequality. Using the index to equation 

array, an algorithm can tell in which equation a term resides. By 

convention the objective function is the first equation. The other 

structures are a sign table, a matrix of exponents, an array of 

constants for each term, and the matrix of Rule II equations. The GP 

routines use these structures or the Algebraic representation to 

m anipulate the equations. The matrix or vector name within the 

A lgebraic System class is given in parenthesis.
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Minimize : y = 452xl 
Subject to : 1 lOOO '̂152x2 < 1 

0 .0 1 9 3 x ^ 2  83 ^  1 

Constant(C) Power(A) Sign Table(Sign)
—1 —1 
-1 1 
1 1

‘ 452 " -1 -1 '

11000 -1.52 1
0.0193 1 0.83

Dual Variables(D) (RHS)
'  1 0 0 “ T
—1 —1.52 1 0
-1 1 0.83 0

Term #(Nterm) 
1 
2 
3

Figure 3 - Example Arrays and Matrices

The number of terms is 3 and is the number of rows in the

m atrices. These arrays are used by the GP solution routines, the Kirk

algorithm  routine, and various utilities. The POSCON routine gets the

constants of the terms(C), the powers of the variable array (A), and a 

num ber of terms as its input (NTERMS). It can then calculate the 

optim al pow er of the variable.

K ir k ’s A lgorithm

The GPKIRK routine does most of the steps of the algorithm by 

Kirk (1988). It differs from Kirk in that the constraints m ust already
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be in the less than or equal to one form which satisfy Kirk's steps 1 

through 3, 13, and 15 through 20 which basically simplify the 

problem  and put it into the GP form. The remaining steps of the 

algorithm  are commented on below. The step numbers correspond to 

Kirk's thesis. This series of steps is repeated if any changes are 

found. A flowchart of the step implemented in GPSOLV is included 

as Figure 4.

Step 4 - Remove Redundant Constraints - This step is looking 

for constraints which are linear combinations of other constraints 

and then reducing the constraint set by one of the constraints. The 

program  does not implement this step, but it could be implem ented 

in future work.

Step 5 - Check for Solutions in the Constraints - This step asks if 

the constraint set has N equations in N unknowns and, if so, solve 

using a non-linear equation solver. This program does not deal with 

equality constraints directly as they are not part of the GP model. A 

system that has constraints of the form Kirk describes is not an 

optim ization problem  since the constraints dictate the value of the 

variables and the objective function has no influence in the outcome.

Step 6 - Separate Variables - The program looks at all of the 

possible ways to divide the variables into two sets which contain all 

the variables and are mutually exclusive. The objective function and 

constraints are then examined to see if a subset of the objective
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Yes NoAny Changes made? Return

Step 8 - Remove Redundant Bounds keeping 
the tightest ones deduced.

Step 12 - Restate problem after sim plification 
for substitu tions

Step 6 - Separate variables into m ultiple 
p ro b le m s

Step 9 - Bound all variables in constraints by 
substituting other variables at their bounds.

Step 11 - Use sign table to decide if a constraint 
must be tight because it contains a unique 
sign/variable combination. Solve for one 
variable and substitute in rem ainder of problem , 
if possible.

Figure 4 - Flowchart of Implemented Steps of K irk’s Algorithm
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function terms and a subset of the constraints contain only the 

variable set under consideration. If such a set is found, the problem  

is separable. A new system of equations is formed using only the 

objective function variables and constraints from the set of variables 

under consideration. The remaining objective function terms and 

constraints are put in a second newly constructed system of 

equations. Each of these new systems of equations can be worked on 

individually. If a solution to one of the separable systems is found, it 

can be substituted into the original system thus reducing its 

complexity. Only one of the systems is the focus of the program at a 

time. However, any system created can be selected and become the 

focus of the program. Once a separation is found this function 

returns. There may be additional separations found by running the 

routine on the new subset systems.

Step 7 - Look for this Problem Type - If the problem is all 

single terms, a log transformation can be done which creates a new 

problem  which is all linear. This problem can be solved by any 

linear program m ing code and the solution substituted and converted 

back to a solution to the original problem. This specialized 

recognition of such a problem is not implemented. However, it 

should be pointed out that any "special form" problem could be 

recognized by writing a routine to look for the form. The number of 

such special forms is open ended.

Step 8 - Remove Redundant Bounds - Look through all simple
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bounds equations and eliminate bounds that are less restrictive. The 

program  does perform  this function as part of a more general routine 

that does this step and step 9.

Step 9 - Bound Variables in the Constraints - Bounds can be 

found by taking each constraint and for each variable in turn and 

substituting the value of all other variables at the bound which 

minimizes its contribution to each term. This creates as much room 

as possible for the variable under consideration in the constraint. If, 

after substitution, the equation is simple to solve, a new bound on 

the selected variable can be calculated. If it is tighter than the 

current bound on the variable, the bound can be made more 

restrictive. This routine uses the sign table to decide for each 

variable in each term the bound at which the variable should be set. 

If the sign table is positive, the variable is set at its lower bound. If 

the sign table is negative, the upper bound is used. Similarly, when a 

solution for the selected variable is found, the sign table entry for 

that variable determines if  a possible new lower bound or upper 

bound has been found. Each variable in each constraint is chosen as 

the selected variable in succession. If any bounds changes have been 

made after all variables have had their turn being selected, the 

entire set is tried again until no changes are made.

Step 10 - Row Zero Test - This checks for constraints with a 

posynomial left hand side less than or equal to zero. Since this 

algorithm  does not start unless all constraints are in less than or
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equal to one form, this situation will never occur.

Step 11 - Column SignGP test - If a variable always appears 

with the same sign in the sign table, then a bound for it must exist.

If such a variable is found, it is set to the appropriate bound and 

substituted for in the system of equations.

Step 12 - Restate the Reduced Problem - Since variables may 

have had solutions found for them, the resulting system may have 

sim plifications that can be made. The equations are then sim plified 

and the reduced equation set ready for further analysis.

The remaining steps in Kirk have to do with forming the GP 

dual problem  and manipulating the relationships by hand to find 

solutions. Since the problem is already in GP form, these steps are 

already completed. Kirk designed his algorithm to work with much 

m ore general optim ization problems.

Constraints are also marked as 'must have' when sign table 

analysis indicates it is the only occurrence of a variable with a sign 

needed to balance it in the remainder of the problem. If the sign 

table has a variable with the same sign in all terms, the variable is 

unbounded and will be driven to zero or infinity depending on its 

sign in the problem.

At each step the number of changes is tracked. If at completion 

of the steps some changes have been made, the algorithm is 

repeated. When no changes are made, the system is returned in its 

sim plified form. Often the system is considerably reduced by these
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steps. K irk’s algorithm  is particularly effective when simple variable 

bounds are present. Fortunately, for many engineering problems 

such constrain ts a r e  present. The MX missile problem is an example 

where Kirk’s algorithm is very effective and is described in Chapter 

4.

Z ero  DD solver

GP problems which are entirely posynomials have been shown 

by Duffin, Peterson, and Zener (1967) to be transformable to a 

convex program m ing problem. Beightler and Phillips (1976) prove 

that stationary points in the primal domain have corresponding 

points in the dual and that at these points there is no duality gap. 

Since convex problems have only one minima and it is assured that 

the dual GP problem will have a corresponding stationary point, zero 

DD GP problems can be solved by inversion of the Rule II matrix. For 

the class of signomials in Beightler and Phillips (1976) the normal 

equation has a right hand sign 'signunT corresponding to the sign of 

the objective function at optimality. W hether the signum takes on a 

one or minus one value will result in a change of signs of all of the 

dual variables found by inversion. The zero DD solver inverts the 

Rule II matrix and checks for singularity. A singular m atrix usually 

m eans the problem  has constraints that are not independent. The 

program  then checks for all negative dual variables. If all dual 

variables are found to be negative, then the value of the signum is
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change to -1 and the dual variables negated. If the signs of the dual 

variables are mixed, then the problem is ill formed in some manner. 

Usually mixed sign dual variables result from unbounded variables.

For each term there is a Rule III or Rule IV relationship which 

involve the term and a expression involving the optimal value of the 

objective function and the dual variables. If each of these equations 

is manipulated to put all non-variables on one side and the variables 

on the other we have an expression that looks like :

J 7 x°°,J = 5ol<ToSo(i ) (Rule ID)
j = l  C 0 i

J X
JJjc'-* = ; m = i = 1,2,...,Im (Rule IV)
7=1 ^mi^mO

Taking the logarithms of both sides we have :

= log
7=1

J

r \
^O i^O& O )

v Co' v
(  s: \

(Rule HI)

=log
7=1 V J

; m = 1,2,..„M i = 1,2,...,/, (RuleIV)

This is 1+1 equations in J unknowns. If the problem is zero DD, 

then the matrix is square. Thus, the equations can be solved for by 

inverting the log domain equations and solving for the logs of the 

variables and then transforming to the original problem  domain
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through exponentiation .

If a solution is found, all variables are compared against any 

bounds. If all bounds are satisfied, the variables form the optimal 

solution and are updated by the program. If a bound is violated, 

then the problem is not really zero DD since the bound was not 

included in the calculation. The practitioner m ust then decide how to 

proceed. In general, a single violated constraint is assumed tight and 

analysis continues on the thus reduced problem.

POSCON, MULTICON, and SIGCON

Routines in C have been written by the author for POSCON, and 

MULTICON based on Ratliff (1986) and for SIGCON based on Thome 

(1988). The program will run these unconstrained algorithm s on the 

objective function and ignore any constraints. The solution variables 

will not be substituted into the constraints automatically. The user 

can set the variables at values computed by this routine to see which 

constraints are violated. In some cases all constraints m ight be loose 

and the solution found. The routines to perform these calculations 

were not coded from the original author's code. They were 

developed and tested by the author based on routines written while 

taking the GP class at CSM. It should be noted that the name 

“M ULTICON” was also used by Goddard (1987) for a routine that 

extends R atliff’s subroutine of the same name to handle certain
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signom ial m ulti-variable unconstrained problems. GPSOLV 

im plem ents R atliff’s algorithm without G oddard’s extensions.

The program allows the user to exclude constraints from  

consideration. This can be used to form subset problem s that m ight 

be easier to solve. If solution to a problem with a subset of 

constraints satisfies the excluded constraints, then the solution is 

optimal. In this manner a number of subsets can be checked and the 

need for individual constraints explored.

System s o f  Equations

The program can maintain one or more systems of equations in 

a C++ class called an AlgSystem. An AlgSystem contains lists pointing 

to the equations or inequalities that make up the system, the number 

of variables and their settings and bounds, and m atrices and arrays 

for the GP routines. The quick ability to create and copy systems of 

equations made coding of functions to deal with separable problems 

considerably simpler. Many of the operations that can be performed 

on a single equation such as EXPAND and GATHER can be done on an 

entire set of equations through similarly named functions in the 

AlgSystem class. This is an example of the object oriented softw are’s 

concept of polymorphism .

Only one system of equations has the current focus. For 

instance when a separable problem is discovered, two new systems 

of equations are formed with each separable set of variables. The
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user can then set the focus to either of the new systems or the 

original system. Normally, each separable system is explored in turn. 

If either system can be solved, its solution can be substituted into 

the original problem.

A copy of the current focus system of equations is made before 

each potentially modifying command. A list of such systems is kept 

and used to implement the UNDO command.
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Chapter IV 

COMPUTATIONAL EXPERIENCE

The program has the ability to read in a file as if its contents 

were typed by the user. Files were prepared to unit test the various 

routines and overall functioning of the program. The file names and 

a brief comment of the function tested is included in Appendix A 

along with reference solutions for comparison. The files contain the 

optim al solution as published in the reference in com m ent lines 

when available. Many of the files contain problems suitable for unit 

testing the various functions in particular for the zero DD solver and 

the condensation methods of POSCON and MULTICON. These will not 

be discussed here as the Appendix entries are sufficient.

Several problem s obtained from the literature or constructed 

for the purpose are presented here to dem onstrate the program ’s 

functionality. These will be presented with narrative and program 

o u tp u t.

MX M issile Problem

The "MX M issile” problem is taken from Mishins and Sarin 

(1985) and was used in W oolsey (1992) as an example which could 

be analyzed using the sign table. Computer output will be put in the
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C o u r ie r  ty p e fa c e  and smaller print so that the full width of the 

screen can be viewed here. The problem in mathematical form is :

Minimize : r  = 39,272,500A + l,927,500B + 2300BZ> + 612.13SC 
Subject to : 100A"1 +2.295B"1 < 1 

28x 10,2C"3£>"1 < 1 
100A"1 < 1
100B"1 5 1 
AB"1 < 1

- 2- S 1
600
5000C™1 < 1 

C
10000

< 1

Where A = Number of Missiles in the MX System. 

B = Number of Shelters in the MX System.

C = Uniform Distance between Shelters (Ft). 

D = Silo Hardness (psi).

The initial problem looks like this in GPSOLV (with sign table) :

GP Algebra Assistant VI. 00 9/23/96 . Please use HELP for more information A B C D 
obj : z = 3.927e+07a + 1.928e+06b + 2300bd + 612.Ibc Z = 4.12e+05 +

+

+  +  

+  +

cl : 100aA-l + 2295b~-l <= 1 2.395e+05<=l

c2 : 2.8e+13cA-3dA-l <= 1

c3 : 100aA-l <= 1

c4 : 100bA-l <= 1

c5 : abA-l <= 1

c6 : 0.001667d <= 1

c l : 5000cA-l <= 1 
c8 : 0.0001c <= 1

2.8e+21<=l 

le+04<=l 

le+04<=l 

1<=1

1.667e-05<=l

5e+05<=l
le-06<=l
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The sign table gives the GP sign of each term for each variable. 

Each column is one variable with each line representing a term. The 

equations are interspersed such that they appear at the top of the 

series of term s representing that equation or inequality.

The “KIRK” command was issued with the screen output in as 

follows :

Check_Bounds on : z = 3.927e+07a + 1.928e+06b + 2300bd + 612.Ibc 
Check_Bounds on : lOOa^-l + 2295bA-l <= 1 
Check_Bounds on : 2.8e+13cA-3dA-l <= 1 
Check_Bounds on : 100aA-l <= 1

New Lower Bound= a = 100 > le-300 found for 100aA-l <= 1 ( JL )
New Lower Bound forces adjustment of variable to bound.

Check_Bounds on : 100bA-l <= 1
New Lower Bound= b = 100 > le-300 found for lOObA-l <= 1 
New Lower Bound forces adjustment of variable to bound.

Check_Bounds on : abA-l <= 1 
Check_Bounds on : 0.001667d <= 1

New Upper Bound d = 600.000024<le+300 found for 0.001667d <= 1 
Check_Bounds on : 5000cA-l <= 1

New Lower Bound= c = 5000 > le-300 found for 5000cA-l <= 1 
New Lower Bound forces adjustment of variable to bound.

Check_Bounds on : 0.0001c <= 1
New Upper Bound c = 10000<le+300 found for 0.0001c <= 1 

Removing Bounds equations : c8 c7 c6 c4 c3
Delete variable after substitution : d = 2.8e+13cA-3 { 2 )
obj : z = 3.927e+07a + 1.928e+06b + 6.44e+16bcA-3 + 612.IbcZ = 1.656e+10
cl ! 100aA-l + 2295bA-l <= 1 2<=1 False
c5 : abA-l <= 1 0.043 57<=1 True

# Vars= 3 a = 100 b = 2295 c = 5000 ( 3 )
Lower End a > 100 b > 2295 c > 5000
Upper Bnd a < le+300 b < le+300 c < 10000
Substitutions : d = 2.8e+13cA-3
G.P. Form = O.K. # Terms =7 D.D. =3
Separable obj function : 6.44e+16cA-3 + 612.1c ( 4 )
Poscon Tec=3.440117e+06 at a-l=4214.934833 2 iterations
in 2 iterations

c is not within the bounds [5000,10000] ( 5 )
Expression is posynomial in single variable. Substitute at Bound c=5000 
Delete variable after substitution : c = 5000
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GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : z = 3.927e+07a + 5.503e+06b Z = 1.656e+10
cl ! 100aA-l + 2295bA-l <= 1 2<=1 False
c5 : abA-l <= 1 0.04357<=1 True

# Vars= 2 a = 100 b = 2295 ( 6 )
Lower Bnd a > 100 b > 2295
Upper Bnd a < le+300 b < le+300
Substitutions : d = 224 c = 5000
G.P. Form = O.K. # Terms =5 D.D. =2

The numbers to the right in parenthesis will be referred to in 

the follow ing paragraph.

The first thing K irk 's algorithm does is convert all of the single 

variable constraints (C3, C4, C6, C7, and C8) into simple bounds. That 

is variables A and B  are lower bounded by 100, D  is upper bounded 

by 600, and C is lower bounded by 5000 and upper bounded by 

10000. It then deletes these constraints (1). The subroutine 

GPBOUND then runs and discovers that variable B has a new lower 

bound at 2295 from constraint 1. Similarly, it finds a new lower 

bound for D  at 28 from constraint 2. Looking down the sign table 

colum n for variable D it can be seen that only constraint two (C2) has 

a negative sign. This implies that constraint two must be tight. At 

(2) the sign table analysis portion of K irk 's algorithm has determined 

that constraint 2 is tight and it has solved for D in terms of C and 

substituted everywhere in the problem. At (3) the reduced problem  

can be seen with the revised bounds. At (4) it is recognized that the 

problem  can be separated into a problem with variable C and 

another w ith variables A and B. The new problem containing only
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v a r ia b le  C has no constraints, so POSCON is used to solve for C in the 

objective function. At (5) the program observes that the value of C 

does not lie within bounds on C. Since C is a posynomial it chooses 

the bound with the lower value of 5000 and substitutes this value 

fo r  C. After (5) the entire Kirk algorithm is run again and finds no 

changes that can be made. The revised system of equations is output 

at (6).

A t this point W oolsey (1992) simply observed that the problem 

was of a previously solved form (Rasey and Allen 1982). K irk’s 

algorithm has reduced a 4 variable, 8 constraint, 8 DD problem to a 2 

variable, 2 constraint, 2 DD problem of much simpler form. GPSOLV 

does not look for special forms of problems so this is all of the 

progress that could be made.

S ep a ra b le  P rogram s

The following problem was constructed to test the ability of 

K irk’s algorithm  subroutines to recognize and process separable 

p ro b lem s .
Minimize : z = 2a2&2 + c2d2 
Subject to : 0.01a"1 + 0.016~2 < 1 

0.1c"1 + 0.ld~2 < 1 
e + d < 1

Clearly this system is separable into
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2 r 2Minimize : z = 2a & 2 i2Minimize : z - c  d
Subject to : 0.0la" +0.016 <1 Subject to :0.1c-1+ 0 .1J '2 < 1

e + d<  1

When GPSOLV separates a system into two parts it creates two 

com pletely new systems in which to store them. The program ’s 

‘select’ command allows the user to choose which system is the 

current focus of all commands. The Kirk command was executed and 

the follow ing output resulted.

Separation found. Vars in first set : a b 

Separate system 1

obj : z = 2aA2bA2 
cl ! aA-l + bA-2 <= 1

# Vars= 2 a =
Lower Bnd a >
Upper Bnd a <
G.P. Form = O.K.

1 b = ]
1 b > 1

le+300 b < le+300
# Terms =3 D.D. =0

Z = 2
2<=1 False

Separate system 2

obj : z = cA2dA2
c2 ! 0.1cA-l + 0.ldA-2 <= 1
c3 : e + d <= 1

# Vars= 3 c = 0.111111 d = 0.316228
Lower Bnd c > 0.111111 d > 0.316228
Upper Bnd c < le+300 d < 1
G.P. Form = O.K. # Terms =5 D.D. =1

Z = 0.001235 
1 . 9<=1 
0.3262<=1

False
True

e = 0.01
e > le-300
e < 0.683772

Notice that the command also computed bounds for the 

variables based on the algorithms described in the MX m issile
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example. The variable e is not linked to the objective function or to 

the other constraint and hence can be set to whatever level 

minim izes its impact on the system. The first set of equations is zero 

DD and can be solved directly. The output for the solve command is :

Solve 0 d.d. function 
Zero DD Solve # vars=2 # terms=3 DD=0

1 0 0 = 1
2 - 1  0  =  0 
2 0 -2  =  0

Successful Gauss Jordan with sigO=l The deltas are 
1 2  1 

TEC= 13.5
2 2 = 1.909543 Log of Rule III for term 0
-1 0 = -0.405465 Log of Rule IV for term 1
0 -2 = -1.098612 Log of Rule IV for term 2

Successful Gauss Jordan The X's are (*=Out of bounds values) 
a= 1.5 b=l.732051

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : z = 2aA2bA2 
cl : aA-l + bA-2 <= 1

Z = 13.5 
1<=1 True

# Vars= 2 a =
Lower Bnd a >
Upper Bnd a <
G.P. Form = O.K.

1.5
le-300
le+300

b = 1.732051
b > le-300
b < le+300

# Terms =3 D.D. =0

Number of systems : 3 This is System # 2

The second system is solved by substituting e=0 and then trying 

the zero DD set ignoring constraint 2. This solution is :
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Solve 0 d.d. function 
Zero DD Solve # vars=2 # terms=3 DD=0 

1 0 0 = 1
2 - 1  0 =  0 
2 0 -2  =  0

Successful Gauss Jordan with sigO=l The deltas are 
1 2  1 

TEC= 0.00675
2 2 = -4.998213 Log of Rule III for term 0

-1 0 = 1.89712 Log of Rule IV for term 1
0 -2 = 1.203973 Log of Rule IV for term 2

Successful Gauss Jordan The X's are {*=Out of bounds values) 
c= 0.15 d=0.547723

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : z = cA2dA2 Z = 0.00675
c2 ! 0.lcA-l + 0.ldA-2 <= 1 1<=1 Tight

# Vars= 2 c = 0.15 d = 0.547723
Lower Bnd c > 0.111111 d > 0.316228
Upper Kid c < le+300 d < 1
Substitutions : e = 0
G.P. Form = O.K. # Terms =3 D.D. =0

Number of systems : 3 This is System # 3

Since the value for d  at optimality does not violate constraiht 

three, then this is the optimal solution to the problem. The program 

has the ability to substitute solutions for primal variables found in 

any system into one or more of the other systems. This is useful 

when one of the subsets is solved. It can be conveniently substituted 

into the original equations for further analysis.

R a lif f ’s D egenerate  Problem

R atliff (1986 pg. 44) reported a problem which, though a 

posynomial, was not solvable by MULTICON. The problem was 

constructed to have a exponent matrix which m ust have at least one
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negative dual variable. The problem is :

Minimize : t = n'1167̂ "1/"1-333 + + ndl + //T4V 18 + tz"1/?"1/"1

In fact this problem is zero DD and the GPSOLV output for its 

solution is :

Solve 0 d.d. function 
Zero DD Solve # vars=4 # terms=5 DD=0 

1 1 1 1 1 = 1  
- 1  0  1 0 0  =  0

-1.33333 -1 1 1 -1 = 0
-1.166667 -0.2 1 - 1 . 8  -1 = 0

0 0.8 0 -4.8 -1 = 0
Successful Gauss Jordan with sigO=l The deltas are 
0.545458 0.045442 0.545458 0.04545 -0.181809 
1 negative deltas ! problem may be unbounded

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : t = nA-l.167dA-llA-l.333 + pA0.8nA-0.21A-l + ndl Z = 1.585e+ll
+ lpA-4.8nA-l.8 + nA-lpA-llA-l

# Vars= 4 d =  0.01 1 =  0.01 n = 0.01 p = 0.01
Lower Bnd d > le-300 1 > le-300 n > le-300 p > le-300
Upper Bnd d < le+300 1 < le+300 n < le+300 p < le+300
G.P. Form = O.K. # Terms =5 D.D. =0

The zero DD solver correctly diagnosed the meaning of this 

matrix of exponents. When GPSOLV’s version of the Ratliff algorithm 

was run, it was discovered that several variables could be traded off 

against each other with some growing without bound and others 

approaching zero. The last few iterations of output were :

993 Tec=2.7507434e-07 var= l.629346-35 2.49407e+54 3.644886-27 1.31895e+27
994 Tec=2.7086722e-07 var= l.508486-35 2.821336+54 3.427036-27 1.40281e+27
995 Tec=2.66724456-07 var= l.396586-35 3.19153e+54 3.22226-27 l.4926+27
996 Tec=2.6264504e-07 var= l.292986-35 3.6103e+54 3.02962e-27 l.586866+27
997 Tec=2.5862802e-07 var= 1.19707e-35 4.08402e+54 2.848546-27 l.687756+27
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998 Tec=2.5467244e-07 var= 1.10827e-35 4.6199e+54 2.67829e-27 1.79506e+27
999 Tec=2.5077736e-07 var= 1.02606e-35 5.2261e+54 2.51822e-27 1.90919e+27
1000 Tec=2.4694186e-07 var= 9.49946e-36 5.91184e+54 2.36771e-27 2.03058e+27
1001 Tec=2.4316501e-07 var= 8.79479e-36 6.68755e+54 2.22619e-27 2.15968e+27 
Objective Function* = 2.43165e-07 d=8.794793e-36 1=6.687552e+54 n=2.226l94e-27 
p=2.159684e+27
in 11172 iterations of POSCON.

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : t = nA-l.167dA-llA-l.333 + pA0.8nA-0.21A-l + ndl Z = 1.585e+ll 
+ lpA-4.8nA-l.8 + nA-lpA-llA-l

# Vars= 4 d = 0.01 1 = 0.01 n = 0.01 p = 0.01
Lower Bnd d > le-300 1 > le-300 n > le-300 p > le-300
Upper Bnd d < le+300 1 < le+300 n < le+300 p < le+300
G.P. Form = O.K. # Terms =5 D.D. =0

Clearly, variables d  and n can be traded off against variables / 

an d /? . This trading off resulted in an objective function that can be 

made arbitrarily close to zero, but which does not have a finite 

stationary point. The GPSOLV version of MULTICON allows only 

1000 iterations of the MULTICON loop and this was exceeded in this 

case.
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Chapter 5 

FUTURE WORK

During development of this thesis many ‘features’ that m ight 

be useful presented themselves especially when use as a teaching or 

research tool was considered. They have been broken roughly into 

areas of interest though many overlap.

A lg e b r a ic  M an ip u la tion s

The program does only a small set of Algebraic manipulations 

well. This set was chosen with the idea that manipulations needed 

for solving GP type problems were all that were needed. The 

follow ing features m ight be useful.

1) The ability to handle transcendental expressions.

2) The ability to substitute for complex Algebraics (i.e. 

x+y=2z+4w). The current program cannot substitute for x+y 

everywhere. This is necessary to easily im plem ent the 

engineer’s approxim ation (W oolsey 1992) where variables 

are substituted for an expression and a new “m ust have” 

constra in t added.

3) Allow multiplication or division by m ultinomials.
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4) All of the simplifications or change of node type are now 

done in subroutine GATHER. While sufficient for the base 

code, this routine would need a more rigorous 

implementation to optimize efficiency and to handle any of 

the above enhancem ents.

5) Automatic conversion of problems to the “all constraints 

form ” of Wessels (1989, pg. 19).

An alternate approach would be to find a symbolic 

m anipulation program  which would be used for all m anipulations. 

Only when the problem was simplified to generalized polynom ials 

would it be transferred to GPSOLV. At that point the current set of 

routines should be sufficient for internal algorithm needs. Hope on 

this horizon can be seen in the current development of object 

oriented distributed computing. It this way an object consisting of a 

system  of equations from a symbolic manipulation program  m ight be 

sent to GPSOLV invoking it to operate upon it. At this point the 

divisions between traditional programs has made the interchange of 

data in such a manner difficult and hard to automate w ithout 

cooperation between the program s’ authors.

U ser In terface

For a student more interested in the com puter science aspects 

of the program, the program could lend itself to a Graphical User



Interface sim ilar to the one used in M athematica (1992) and 

Theorist(1993). This would replace the command line interface with 

something more intuitive. The system of equations could also be 

kept in a separate window and in a more m athem atical form. Better 

fonts, the use of superscripts for powers, etc. would increase the 

user’s ability to look at the system of equations. This feature would

make the program  more platform  dependent.

Im plem entation of commands based on mouse ‘gestures’ would 

m ake the interface more appealing. This enhancem ent would make

the program  much more platform  dependent.

Additions of shortcuts such as “DIVIDE RHS” to cause division of 

the entire equation by the right hand side would save the user from 

typing the right hand side and allow greater accuracy in handling the 

co n s tan ts .

M athem atica has an interface to communcate with coprocessing 

tasks called “Math Link” . On initial inspection this interface appeared 

to be insufficient for the purposes of GPSOLV. However, a new 

version of M athematica (release 3.0) is due out about the time of this 

thesis. It may be that the ability of this new revision would allow a 

m ore direct coupling between GPSOLV and M athematica.

K irk ’s A lgorithm

Step 4 of K irk’s algorithm (1988 pg. 35) calls for the
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elim ination of redundant constraints which are a linear com bination 

of other constraints. This involves treating each term which has a 

unique com bination of variables and/or exponents of variables as a 

‘signature’ variable. The system of equations can then be viewed as 

a set of linear equations in the signature variables. If such a matrix 

has rows which are not linearly independent, then one or more 

constraints can be dropped. It is less clear how to determine which 

constraint is likely to be dropped or whether one or more constraints 

m ight be replaced by some linear combination of them.

Step 5 of K irk’s algorithm (1988 pg. 37) calls for solving 

equality constraints in the unlikely circumstance of equal numbers of 

variables and equations using a code designed for such problems.

Step 7 of K irk’s algorithm (1988 pg 41) looks for a problem 

which consists of all monomial generalized polynomials. This type of 

problem  can be solved by logarithmic transformation and linear 

p ro g ra m m in g .

G eo m etr ic  P rogram m in g

Symbolic analysis might be used to look at the problem in its 

given form and decide how to convert it to appropriate GP form. For 

instance, deciding what term to move to the right hand side and then 

dividing by it so as to make the constraint a posynomial.

The program  treats bounds as side constraints that are only 

checked when a solution to the remaining problem is found. A better
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m ethod of tracking and integrating bounds type constraints m ight be 

p o ssib le .

Im plem entation of the unconstrained signom ial algorithm  first 

proposed by Dolan (1994) is possible. This would com plem ent the 

POSCON, MULTICON, and SIGCON routines currently implemented. 

Note that much of the Dolan FORTRAN code deals with input of the 

model. GPSOLV would have simplified this part of the work.

Similarly the algorithm of Goddard (1987) has not been included for 

solving suitable signomials.

An automated method of selecting subsets for constraints that 

m ight be solved and checked against other constraints could be 

developed. Since some constraints might be “must have” and the 

need for the problem to be zero DD would reduce the number of 

com binations possible to a reasonable number.

W essels (1986) proposed an algorithm which reduced any 

problem  to a series of zero DD problems that could be iterative and 

used to solve a higher DD problem. The problem was in choosing the 

right terms to condense based on the advanced sign table and the 

colum ns of the dual variable matrix. With the data structures 

available within GPSOLV,, a convenient platform for investigating the 

m ethod exists.

Better analysis when substitution decisions become available to 

insure that the substitutions occur to integral power or otherwise to 

advantage. Substitution of multinomials for variables to non-integral
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powers result in a modified problem which cannot be simplified to 

generalized polynomial form. Example : substituting x=y+z into

x3 /2+ y< = i results in (y+z)3/2+y<= i which cannot be sim plified to 

generalized polynom ial form using only the simple m anipulations of 

GPSOLV.

Im plem entation of the engineer’s approxim ation (W oolsey, 

1992) to handle cases like the above by defining a new variable 

equal to the contents of the parenthesis and adding a new ‘m ust 

have ' constraint.

A ddit ional Solution Methods and Features

W ith the addition of a differential operation the Hessian m atrix 

could be formed and evaluation at any proposed stationary point. 

This would involve building the Lagrangian algebraic from  the 

objective function and constraints and new Lagrangian variables.

The Lagrangian would then be simplified to a generalized polynomial 

and the various partial derivatives taken and the resulting 

Algebraics stored as a matrix of points to the Algebraics for both the 

first and second order Karush-Kuhn-Tucker conditions. At a 

stationary point the Evaluate function could be called on each of 

these to find the value of the Hessian variable. Linear algebra could 

then be used to evaluate the definitness of the resulting m atrix. This



process can be perform ed manually in M athem atica and sim ilar 

program s, but with considerable effort. R atliff’s method has been 

shown to converge to maximums and saddle points. Checking the 

nature of the stationary point would allow any algorithm  to adapt 

and go on looking for minimums.

The bounds adjusting portion of K irk’s algorithm  will 

occasionally discover variables that can be traded off against each 

other. This results in an infinite loop with each variable being 

adjusted by a small amount in each cycle. This cycle is broken by 

lim iting the total number of changes that the bounds can take on 

during one invocation of the algorithm. A better algorithm for 

dealing with this case would be advantageous.

Problems that are reduced by GPSOLV could be exported in a 

form at usable by other nonlinear optimization codes. A lternatively, 

additional nonlinear algorithms could be made subroutines to 

GPSOLV. This would allow comparison of run times for the reduced 

and full problems and to compare algorithms in the same program  

environm ent. Timing routines would need to be added to allow 

accurate com parison of algorithms.

W hile GPSOLV is designed to handle generalized polynomials, it 

can be used to manipulated systems of linear equations. In this 

m anner it is possilble to add a module that would solve linear 

program m ing or integer programming problems. These types of 

problem s are generally solved by manipulating a matrix of coeffients
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and a vector containing the right hand sides. Such data structures 

could easily be constructed from the algebraic representation of 

GPSOLV.
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APPENDIX

The following is a list of the test problems to be found later in 

this appendix. A brief description of the problem and its reference 

source is given. The remainder of the appendix consists of these test 

cases with the exception of mx.alg and sep.alg as these problems 

were covered in detail in the main body. The problems are 

described and the reference solution given along with the output of

GPSOLV.

F i l e D e s c r i p t i o n

afitô .a lg T he AFIT p ro b le m  # 6  f ro m  F lew elling s th e s is . T his 
problem was found highly suitable for K irk’s 
algorithm as it has very strong bounds.

b p p o s l .a lg  B e ig h tle r a n d  Phillips, pg. 193 , P o sy n o m ia l ze ro  ED
with posynomial objective function and 2  

posynomial constraints. Used to test zero DD 
so lver.

b p s ig l .a lg B eig h tle r an d  Phillips, pg. 189 , s ignom ial ze ro  ED 
with posynomial objective function & two signomial 
constraints. Used to test zero DD solver.

b p sig 2 .alg B eigh tle r a n d  Phillips, pg. 2 0 5 , ex a m p le  5 .3  F o u r 
variable signomial objective function, zero DD, 1 
posynomial constraint. Used to test zero DD solver.
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b p s ig 2 b .a lg

b p sig 5 4 .a lg

g p l .  alg 

g p 2 .alg 

g p26 .a lg

m x.alg

p a rse .a lg

poscon .alg

R ed u n d an t.a lg

r a t i .a lg  

r a t2 .a lg

M odified  B e ig h tle r an d  Phillips, pg. 2 0 5 , ex  5 .3  b u t  
unbounded in X4. Used to test zero DD solver for ill 
form ed problem s.

B eigh tler a n d  Phillips, p g  20 8 , E xam ple 5 .4  n e g a tiv e  
one term objective function with one posynom ial 
constraint. Used to test zero DD solver.

S im ple 3 v a r ia b le  zero  ED p ro b le m  w ith  o n e  
constraint. Used to test zero DD solver.

S im ple 3 v a r ia b le  zero  ED p ro b le m  w ith  one  
constraint. Used to test zero DD solver.

Chem ical p la n t  u n c o n s tra in e d  b o u n d in g  fro m  
Woolsey (1992) pg. 2-6. Used to test Ratliff 
m e th o d .

MX m issile  p ro b le m  fro m  W oolsey  (1 9 9 2 )  p a g e  2 - 
21 to 2-26. Test case for effectiveness of K irk’s 
a lgo rithm .

A se rie s  o f com plex  ex p ress io n s  to  te s t  P a rse  
function and storage form of A lgebraics.

S im ple POSCON m odel (could  b e EOQ ty p e  m o d e l) 
source unknown. Used to test POSCON routine.

Excites m o d es  in  Kirk R e d u n d an t c o n s tra in t  ro u tin e  
reduces to zero DD.

R atliff (1 9 8 6 ), pg. 36, (m in ing  p ro b le m  o f T ay lo r)

R atliff (1 9 8 6 ), pg. 37 , Chem ical p la n t  p ro b le m  of 
Beightler and Phillips
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ra t3 .a lg

ra t4 .a lg

ra td e g e n .a lg

sep .a lg

R atliff (1 9 8 6 ), pg. 39, B atch size p ro b le m  of 
S ch w ey er

R atliff (1 9 8 6 ), pg. 42 , (n o te  Cost a p p e a rs  to  h a v e  
typographical error in Ratliff).

R atliff (1 9 8 6 ), pg. 44 , d e g e n e ra tiv e  case  ( tra d e  o f 
variables to t=0 ).

T ests  th e  se p a ra b le  a lgo rithm . 1 1 e n d s  u p so lv ab le  
in parts.
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File afitô.alg Reference : The problem is taken from Flewelling
(1994) who was using an unpublished docum ent from
Venkaya, Tischler, and Pitrof (1993) listing A .F.I.T .’s 
benchmarking suite. Flewelling (1994) referred to this 
as problem 6 .

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : z = 2.618x2^2x1x3^2 Z = -2.022e-05
+ 11.73x2A2xlx3 -33.85x2^2x1 -1.508x1x6A2 -1.508xlx7A2 + 7.477x6A3 + 7.477x7A3

+ 0.7854x4x6A2
+ 0.7854x5x7A2
gi : 27x1A-1x2A-1x3A-1 <= 1 2.7e+07<=l False
g2 : 397.5x1A-1x2A-2x3A-2 <= 1 3.975e+12<=l False
g3 : 1.93x2 A-1x3 A-1x4 A3x6A-4 <= 1 1.93e+06<=l False
g4 : 1.93x2 A-lx3 A-lx5A3x7~-4 <= 1 1.93e+06<=l False
g5 : 45.87x4A2x2A-2x3A-2x6A-6 + 1397x6A-6 <= 1 4.601e+17<=l False
g6 : 76.82x4 A2x2 A-2x3 A-2x7 A-6 + 2.18e+04x7A-6 <= 1 7.9e+17<=l False
g7 : 0.025x2x3 <= 1 2.5e-06<=l True
g8 : 5x1A-1x2 <= 1 5<=1 False
g9 : 0.08333x1x2A-1 <= 1 0.08333<=1 True
gio : 2.6xlA-l <= 1 260<=1 False
gii : 0.2778x1 <= 1 0.002778<=1 True
gi2 : 0.7x2A-l <= 1 70<=1 False
gi3 : 1.25x2 <= 1 0.0125<=1 True
gi4 : 17x3 A-1 <= 1 1700<=1 False
gi5 : 0.03571x3 <= 1 0.0003571<=1 True
gl6 : 7.3x4A-l <= 1 730<=1 False
gi7 : 0.1205x4 <= 1 0.001205<=1 True
gl8 : 7.3x5A-l <= 1 730<=1 False
gl9 : 0.1205x5 <= 1 0.001205<=1 True
g20 : 2.9x6A-l <= 1 290<=1 False
g21 : 0.2564x6 <= 1 0.002564<=1 True
g22 : 5x7A-1 <= 1 500<=1 False
g23 : 0.1818x7 <= 1 0.001818<=1 True
g24 : 1.5x4A-1x6 + 1.9x4A-l <= 1 191.5<=1 False
g25 : 1.1x5A-1x7 + 1.9x5A-l <= 1 191.1<=1 False

;.P. Form = O.K. # Terms =38 D.D. =30

After running K irk’s algorithm this problem was reduced to
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GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : z = 2.618x2A2xlx3A2 Z = 2993
+ 11.73x2A2xlx3 -33.85x2A2xl -1.508x1x6A2 -1.508xlx7A2 + 7.477x6A3 + 7.477x7A3
+ 0.7854x4x6A2 + 0.7854x5x7A2

gl : 27x1A-1x2A-1x3A-1 <= 1 0.6483<=1 True
g2 : 397.5xlA-lx2A-2x3A-2 <= 1 0.802<=1 True
g3 : 1.93x2A-lx3A-lx4A3x6A-4 <= 1 0.5035<=1 True
g5 : 45.87x4A2x2A-2x3A-2x6A-6 + 1397x6A-6 <= 1 1.008<=1 False
g6 : 76.82x4A2x2A-2x3A-2x7A-6 + 2 .18e+04x7A-6 <= 1 1.001<=1 False
g7 : 0.025x2x3 <= 1 0.2975<=1 True
g8 : 5x1A-1x2 <= 1 1<=1 True
g9 : 0.08333x1x2A-1 <= 1 0.4167<=1 True
g24 ! 1.5x4A-1x6 + 1.9x4A-l <= 1 0.9478<=1 True
g25 ! 1.1x5A-1x7 + 1.9x5A-l <= 1 1<=1 True

# Vars= 7 xl =3.5 x2 = 0.7 x3 = 17 x4 = 7.3 x5 = 7.714333 x6 = 3.345758 x7 = 5.285757
Lower End xl >3.5 x2 > 0.7 x3 > 17 x4 > 7.3 x5 > 7.714333 x6 > 3.345758 x7 > 5.285757
Upper End xl <3.6 x2 < 0.72 x3 < 28 x4 < 8.3 x5 < 8.3 x6 < 3.9 x7 < 5.5
G.P. Form = O.K. # Terms =23 D.D. =15

Flewelling had z*=2994.61 with the X5*=7.7154,  X 6 * = 3 .3 5 1 0 8 ,

and X7 * =5.2867 being the only differences. The program reduced 

the degree of difficulty from 30 to 15 and its current set of variables 

based on bounds is actually quite near the optimal solution.
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File : b p p o s l .alg  R eference  : P a r t  o f Exam ple 5.2, B e ig h tle r a n d
Phillips (1976), pg. 193. This is a posynomial case.

Minimize : y =
Subject to : 1 lOOOx]152jt2 < 1 

0.0193x^283 < 1

R efe ren ce  Solu tion  : y * = l 1 .1 8 4  x i* = 1 7 4 .2 8  X 2 *= 0 .232

Solve 0 d.d. function
Zero DD Solve # vars=2 # terms=3 DD-O 

1 0 0 = 1 
-1-1.52 1 = 0
-1 1 0.83 = 0

Successful Gauss Jordan with sig0=l The deltas are 
1 0.075168 1.114255 

TEC= 11.183942
-1 -1 - -3.699203 Log of Rule III for term 0

-1.52 1 = -9.305651 Log of Rule IV for term 1
1 0.83 = 3.94765 Log of Rule IV for term 2

Successful Gauss Jordan The X's are (*=Out of bounds values) 
xl=174.278786 x2=0.231899

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : y = 452xlA-lx2A-l Z = 11.18
cl : l.le+04xlA-1.52x2 <= 1 1<=1 Tight
c2 : 0.0193x1x2A0.83 <= 1 1<=1 Tight

# Vars= 2 xl = 174.278786 x2 = 0.231899
Lower End xl > le-300 x2 > le-300
Upper End xl < le+300 x2 < le+300
G.P. Form = O.K. # Terms =3 D.D. =0
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File : b p s ig l .a lg  R eference  : B e igh tler a n d  P h illip s (1 9 7 6 ), pg. 188.
This is a signomial in the constraints with a 
posynomial objective function value. Signum then 
must be plus one.

Minimize : y = x1
Subject to : 5x\1x2 -  x^x^x^ < 1

2.5x2x f  + 1.5x2lx4 < 1-i.

R efe ren ce  Solution  : y*= 0.796 x \  *=0.796 X2*= 0.239 X 3 * = 0 .4 4 6

x4 *= 1 .19

Solve 0 d.d. function
Zero DD Solve # 1 n4 i1 terms=5 DD=0

1 0 0 0 0 = 1
1 -1 1 -0 0 = 0
0 1 -0 -1 0 = 0
0 0 -2 2 -1 = 0
0 0 -4 -0 1 = 0

Successful Gauss Jordan with sig0=l The deltas are
1 1.5 0.5 1.5 2

TEC= 0.795495
1 0 0 0 = -0.228791 Log of Rule III for term 0
-1 1 0 0 = -1.203973 Log of Rule IV for term 1
-1 0 2 4 = -0.693147 Log of Rule IV for term 2
0 1 -2 0 = 0.182322 Log of Rule IV for term 3
0 0 -1 1 = 0.980829 Log of Rule IV for term 4

Successful Gauss Jordan The X's are (*=Out of bounds values) 
xl=0.795495 x2=0.238649 x3=0.445953 x4=l.189207

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : y = xl
cl : 5x1A-1x2 -lxlA-lx3A2x4A4 <= 1 
c2 : -2.5x2x3A-2 + 1.5x3A-1x4 <= 1

Z = 0.7955 
1<=1 
1<=1

True
Tight

# Vars= 4 xl = 0.795495 x2 = 0.238649 x3 = 0.445953 x4 = 1.189207
Lower End xl > le-300 x2 > le-300 X3 > le-300 x4 > le-300
Upper End xl < le+300 x2 < le+300 x3 < le+300 x4 < le+300
G.P. Form = O.K. # Terms =5 D.D. =0
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File : b p s ig l .a lg  R eference  : B e igh tler an d  P h illip s (1 9 7 6 ), pg. 2 0 5
Example 5.3. This is a signomial objective function 
with a positive value (signum = 1 ) and posynomial 
co n s tra in ts .

Minimize : y = - I x ^ x ^ x ^ 1 + x^x^1 + 5x°'%
Subject to : x^l/2 + jcJ/3jc3x;“1/2 < 1

Reference Solution : y *=38.322 x j *=0.4083 X2 * = .00422  X3 * = 1 8 .5 5 8  

X4*=16.

Solve 0 d.d. function
Zero DD Solve # vars=4 # terms=5 DD=0

-1 1 1 0 0 = 1
-1 0 0.5 0 0 = 0
-1 -1 0 0 0.33333 =
-4 -1 0 0 1 = 0
1 0 1 in01 liin01 0

Successful Gauss Jordan with sig0=l The deltas are 
0.666677 0.333323 1.333353 1.00003 3.00003 
TEC= 38.303156

1 1 4 -1 = 2.546935 Log of Rule III for term 0
0 - 1 - 1  O - 2.54689 Log of Rule III for term 1 

0.5 0 0 1 = 2.323791 Log of Rule III for term 2
0 0 0 -0.5 = -1.386279 Log of Rule IV for term 3
0 0.33333 1 -0.5 = -0.287687 Log of Rule IV for term 4

Successful Gauss Jordan The X's are (*=Out of bounds values) 
xl=0.407573 x2=0.004219 x3=18.56552 x4=15.99952

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : y = -2xlx2x3A4x4A-l + x2A-lx3A-l + 5x1A0.5x4 Z = 38.3
cl : x4A-0. 5 + x2A0.3333x3x4A-0. 5 <= 1 1<=1 Tight

# Vars= 4 xl = 0.407573 x2 = 0.004219 x3 = 18.56552 x4 = 15.99952
Lower End xl > le-300 x2 > le-300 X3 > le-300 x4 > le-300
Upper End xl < le+300 x2 < le+300 x3 < le+300 x4 < le+300
G.P. Form = O.K. # Terms =5 D.D. =0
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File : b p sig 2 b .a lg  R eference  : B eigh tler a n d  P h illip s (1 9 7 6 ), pg. 2 0 5
exercise 5.3 modified to x4 unbounded. The dual 
variables should be of mixed sign indicating a 
problem that is ill formed.

Minimize : y = + 5x1a5x4

Subject to : x}/2 -  < 1

The point of this problem was to manufacture an unbounded case to 
test the programs ability to recognize such cases.

Solve 0 d.d. function
Zero DD Solve # vars=4 # terms=5 DD=0

-1 1 1  0 0 = 1  
-1 0 0.5 0 -0 = 0
- 1 - 1  0 0 -0.33333 = 0
- 4 - 1  0 0 -1 = 0
1 0 1 0.5 - 0 =  0

Successful Gauss Jordan with sig0=l The deltas are 
0.666677 0.333323 1.333353 -4.00006 -3.00003 
2 negative deltas! problem may be unbounded

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : y = -2xlx2x3A4x4A-l + x2A-lx3 A-1 + 5x1A0. 5x4 Z = le+04
cl : x4/'0.5 -1x2A0.3333x3 <= 1 0.. 09785<=1 True

# Vars= 4 xl = 0.01 x2 = 0.01 x3 = 0.01 * li o o H
Lower End xl > le-300 x2 > le-300 x3 > le-300 x4 > le-300
Upper End xl < le+300 x2 < le+300 x3 < le+300 x4 < le+300
G.P. Form = O.K. # Terms =5 D.D. =0



61

File : b p sig 5 4 .a lg  R eference : B eigh tler a n d  P h illip s (1 9 7 6 ), pg. 2 0 8 ,
Example 5.4. This is a signomial objective function 
which is negative (signum = -1 ) with a posynomial 
constraint. All of the dual variables should be 
negative when first solved. The need to be 
reversed in sign for the signum =-l case.

Minimize : y = + x^x*

Subject to : %  x2x^1 + ̂  x^x^x^1 < 1

R efe ren ce  Solu tion  : y *=-0.795495 x j *=0.4885 x%*=0.446

X 3*= 1.189

Solve 0 d.d. function 
Zero DD Solve # vars=3 # terms=4 DD-O 

-1  1 0 0 = 1
-2 0 0 2 =  0
- 0  2  1 - 1  =  0
-0 4 -1 -1 = 0

Successful Gauss Jordan with sig0=l The deltas are 
~1.5 —0.5 —0.5 —1.5

All deltas negative. Switch signs and set sig0=-l.
TEC= -0.79554

2 0 0 = -1.432707 Log of Rule III for term 0
0 2 4 = -0.921882 Log of Rule III for term 1
0 1 -1 = -0.980729 Log of Rule IV for term 2
2 -1 -1 = -0.798504 Log of Rule IV for term 3

Successful Gauss Jordan The X's are (*=0ut of bounds values) 
xl=0.48853 x2=0.445987 x3=l.189179

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : y = -5xlA2 + x2A2x3A4 Z = -0.7955
cl : 0.6666x2x3^-1 + 1.667x1 A2x2/S-1x3A-1 <= 1 1<=1 True

# Vars= 3 xl = 0.48853 x2 = 0.445987 x3 = 1.189179
Lower End xl > le-300 x2 > le-300 x3 > le-300
Upper End xl < le+300 x2 < le+300 x3 < le+300
G.P. Form = O.K. # Terms -4 D.D. =0
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File : g p l .alg R eference : None - Exam ple so lved  b y h an d

Minimize : z = x2l + 2xlx3
Subject to : x[lx21 + x ^  < 1-2

Hand solution : z = 5.119136  x j =1.6864 X2 = 0.691807  xg = 3 .4 3 5 8 0

Solve 0 d.d. function 
Zero DD Solve # vars=3 # tenns=4 DD=0 

1 1 0 0 = 1
2  0 - 1  1  =  0
0 3 - 1  0 = 0
0 1 0 -2  =  0

Successful Gauss Jordan with sig0=l 
0.555556 0.444444 1.333333 0.222222 
TEC= 5.119136

2 0 0 = 1.045199
0 3 1 = 0.128908

- 1 - 1  0 = -0.154151
1 0 -2 = -1.94591

The deltas are

Log of Rule III for term 0 
Log of Rule III for term 1 
Log of Rule IV for term 2 

Log of Rule IV for term 3
Successful Gauss Jordan The X's are (*=0ut of bounds values) 
xl=l.686406 x2=0.691807 x3=3.435817

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : z = xlA2 + 2x2 "-3x3 Z = 5
cl : xlA-lx2/s-l + xlx3A-2 <= 1 1<=1

# Vars= 3 xl = 1.686406 x2 = 0.691807 x3 = 3.435817
Lower End xl > le-300 x2 > le-300 x3 > le-300
Upper End xl < le+300 x2 < le+300 x3 < le+300
G.P. Form = O.K. # Terms =4 D.D.. =0

True
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File : gp26 .a lg  R eference  : W oolsey (1 9 9 2 ) pg  2 -6 . N ote re fe re n c e
solution is only a close bound. This is rat2.alg with 
the last coefficient changed to 90 from 9000.

Minimize : t = lOOOp + 4 • lO9/ ? '1/*"1 + 250000r + 90pr

R efe ren ce  Solu tion  : U p p e r B ound t= 3 ,360 ,000  p = 1 0 0 0  r= 4
L o w er B ound t= 3 ,0 0 0 ,0 0 0

MULTICON (Ratliff's method)
10 00  1 0 
4e+09 -1 -1
250000 0 1
90 1 1

1 0 0 0 . 0 0  1 . 0 0  0 . 0 0
4000000000.00 -1.00 -1.00
250000.00 0.00 1.00

90.00 1.00 1.00
nterms=4 sizeof=12 j=12

1 Tec=3793966 var= 1915.65 2.22334
2 Tec=3393935.5 var= 1224.39 3.01163
3 Tec=3335887.9 var= 1022.23 3.38254
4 Tec=3327231.8 var= 952.135 3.53761
5 Tec=3325930.6 var= 926.091 3.5996
6 Tec=3325734.4 var= 916.147 3.62395
7 Tec=3325704.8 var= 912.308 3.63345
8 Tec=3325700.3 var= 910.821 3.63715
9 Tec=3325699.7 var= 910.243 3.63859

10 Tec=3325699.6 var= 910.019 3.63915
11 Tec=3325699.6 var= 909.932 3.63937

Objective Function* = 3.3257e+06 p=909.931854 r=3.639368 
in 44 iterations of POSCON.
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File : P arse .a lg  R eference  : F ile to  te s t  p a rs in g  o f com plex
expressions and to test sim plification of same.

r = x + x 2 + 2x2 
2x + x™3 < x
2y2(x1 + 2y2 f  < 2(x, + y2)(x, + / )

2y2(x12 + 2y2f  < (x2f  + (2x, + y2)2

2((xy + ((x2 + y 15)2)3 + 4x05y05)025)1-5 < 0.5987
3x,y + x2y"2(2 + x,3 + 2y'5 + 3x,3 + 3)x,3y3 + 2x,y < 1

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information 

obj : t = x + xA2 + 2xA2 Z = 0.0103
cl
c2
c3
c4
c5

2x + xA-3 <= x le+06<=0.01 False
2yA2 (xlA2 + y) <= 2 (xl + yA2) (xl + y) 2 .02e-06<=0. 000 True
2 (xl + 2yA2)A2 + 2 (xA2)A2 <= (xA2)A2 + (2x1 + yA2)A2 0.0002081<=0.00 True
2( (xy + ((xA2 + yAl.5)A2)A3 + 4xA0.5yA0.5)A0.25)A1.5 <=1 0.5987<=1 True 
3xly 0.0005<=1 True
+ xlA2yA-2(2 + xlA3 + 2yAl .5 + 3xlA3 + 3)xlA3yA3 + 2xly <= 1

# Vars= 3 x = 0.01 xl - 0.01 y = 0.01
Lower End x > le-300 xl > le-300 y > le-300
Upper End x < le+300 xl < le+300 y < le+300
G.P. Form = Not O.K.

c5> simp

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : t = x + 3xA2 Z = 0.0103
cl : 2x + xA-3 <= x le+06<=0.01 False
c2 : 2yA2xlA2 + 2yA3 <= 2x1A2 + 2xly + 2yA2xl + 2yA3 2 .02e-06<=0. OOOTrue
c3 ; 2xA4 + 2x1A2 + 8xlyA2 + 8yA4 <= xA4 + 4xlA2 0 .0002081<=0. OOTrue

+ 4xlyA2 + yA4
c4 : 2 ( (xy + 4xA0. 5yA0 . 5 + xA12 + 6xA10yAl. 5 0 .5987<=1 True

+ 15xA8yA3 + 20xA6yA4.5 + 15xA4yA6 + 6xA2yA7.5 + yA9)A0 .25)A1 .5 <= 1 
c5 : 5xly + 5x1 A5y + 4xlA8y + 2xlA5yA2 . 5 <= 1 0.0005<=1 True

# Vars= 3 x = 0.01 xl = 0.01 y = 0.01
Lower End x > le-300 xl > le-300 y > le-300
Upper End x < le+300 xl < le+300 y < le+300
G.P. Form = Not O.K.
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File : poscon .alg  R eference  : T est o f Poscon a n s w e r  c o n firm ed  w ith
T heorist.

Minimize : t = 1.2# 3 + 3.2q~2 + 102.3#

Theorist solution : t*=60.99 q * = 0 .39625

POSCON function
1.2 3
3.2 -2
102.3 1
Variable* = 0.396251 Objective Function* = 60.991375 in 6 iterations.
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File : ra ti.a lg  Reference : Ratliff (1986), pg. 36. Taylor Mining 
P ro b lem

Minimize c = 70.0035tfL + 2333.33ZT1 + 3333.33#"' + 83333.33#"'#'

Reference Solution : C*=5758 H* =7.357 L*=5.150

11 Tec=5779.997 var= 9.22539 4.19526
12 Tgc=5773.3237 var= 8.88744 4.33838
13 Tec=5768.6768 var= 8.61529 4.46175
14 Tec=5765.4364 var= 8.39467 4.5676
15 Tec=5763.1744 var= 8.21484 4.65806
16 Tec=5761.5942 var= 8.06762 4.73511
17 Tec=5760.4899 var= 7.94665 4.80055
18 Tec=5759.7178 var= 7.84694 4.85599
19 Tec=5759.1778 var= 7.76457 4.90287
20 Tec=5758.8002 var= 7.69636 4.94244
21 Tec=5758.536 var= 7.6398 4.97578
22 Tec=5758.3512 var= 7.59282 5.00386
23 Tec=5758.2219 var= 7.55376 5.02746
24 Tec=5758.1315 var= 7.52125 5.0473
25 Tec=5758.0682 var= 7.49416 5.06395
26 Tec=5758.0239 var= 7.47159 5.07793
27 Tec=5757.9929 var= 7.45276 5.08965
28 Tec=5757.9713 var= 7.43704 5.09947
29 Tec=5757.9561 var= 7.42393 5.10771
30 Tec=5757.9455 var= 7.41297 5.1146
31 Tec=5757.938 var= 7.40382 5.12038
32 Tec=5757.9329 var= 7.39618 5.12522
33 Tec=5757.9292 var= 7.38979 5.12927
34 Tec=5757.9267 var= 7.38445 5.13266
35 Tec=5757.9249 var= 7.37999 5.1355
36 Tec=5757.9236 var= 7.37626 5.13787
37 Tec=5757.9228 var= 7.37314 5.13986
38 Tec=5757.9222 var= 7.37053 5.14152
39 Tec=5757.9217 var= 7.36835 5.14291
40 Tec=5757.9214 var= 7.36653 5.14408
41 Tec=5757.9212 var= 7.365 5.14505
42 Tec=5757.9211 var= 7.36373 5.14587
43 Tec=5757.921 var= 7.36266 5.14655
44 Tec=5757.9209 var= 7.36177 5.14712
45 Tec=5757.9209 var= 7.36102 5.1476

Objective Function* = 5757.920862 h=7.36102 1=5.147598 
in 180 iterations of POSCON.



File : rat2.alg Reference : Ratliff (1986), pg. 37. Chemical Plant
problem  originally proposed by Theil (1972) appears 
in Beightler and Phillips (1976). This is GP26.alg with 
the last coefficient changed from 90 to 9000.

Minimize : t = lOOOp + 4 • 109p"1r "1 + 250000r + 9000pr

Reference Solution : y*=12,809,668 x i *=401.565 X2 * = l.60557 in 234 
ite ra tio n s .

57 Tec=12809719 liE 406.033 1.58846
58 Tec=12809712 var= 405.742 1.58957
59 Tec=12809707 var= 405.469 1.5906
60 Tec=12809702 var= 405.214 1.59157
61 Tec=12809698 var= 404.975 1.59248
62 Tec=12809694 var= 404.751 1.59333
63 Tec=12809691 var= 404.542 1.59413
64 Tec=12809688 var= 404.346 1.59488
65 Tec=12809686 var= 404.163 1.59558
66 Tec=12809684 var= 403.991 1.59624
67 Tec=12809682 var= 403.831 1.59685
68 Tec=12809680 var= 403.681 1.59742
69 Tec=12809679 var= 403.54 1.59796
70 Tec=12809677 var= 403.408 1.59847
71 Tec=12809676 var= 403.285 1.59894
72 Tec=12809675 var= 403.17 1.59938
73 Tec=12809674 var= 403.062 1.5998
74 Tec=12809674 var= 402.961 1.60019
75 Tec=12809673 var= 402.866 1.60055
76 Tec=12809672 var= 402.778 1.60089
77 Tec=12809672 var= 402.695 1.60121
78 Tec=12809671 var= 402.617 1.60151
79 Tec=12809671 var= 402.544 1.60179
80 Tec=12809671 var= 402.476 1.60205
81 Tec=12809670 var= 402.413 1.6023
82 Tec=12809670 var= 402.353 1.60253
83 Tec=12809670 var= 402.297 1.60274
84 Tec=12809670 var= 402.245 1.60294
85 Tec=12809670 var= 402.196 1.60313
86 Tec=12809669 var= 402.15 1..60331
87 Tec=12809669 var= 402.107 1.60347
88 Tec=12809669 var= 402.067 1.60363

Objective Function* = 1.280967e+07 xl=402.067134 x2=l.603628 
in 352 iterations of POSCON.
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File : rat3.alg Reference : Ratliff (1986), pg. 39. Batch Size problem 
of Schweyer (1955)

Minimize c = 10q12p~l + 600#"1 + 0.00000Ip

Reference Solution : c*=0.90109 q*=1770.1878 p*= 279687

MÜLTICŒJ (Ratliff's method)
MULTI CON warning : Zero d.d. problem.
10  - 1  1 . 2  
600 0 -1 
le-06 1 0

10.00 -1.00 1.20
600.00 0.00 -1.00

0.00 1.00 0.00
nterms=3 sizeof=12 j=12

1 Tec=4.76993 56 var= 3162.28 230.764
2 Tec=l.1635224 var= 82775.3 1017.81
3 Tec=0.9226779 var= 201651 1525.6
4 Tec=0.90275182 var= 257078 1703.65
5 Tec=0.90120654 var= 274680 1755.71
6 Tec=0.90109017 var= 279687 1770.19
7 Tec=0.90108149 var= 281068 1774.16
8 Tec=0.90108084 var= 281446 1775.24
9 Tec=0.90108079 var= 281549 1775.53 

10 Tec=0.90108079 var= 281577 1775.62
Objective Function* = 0.901081 p=281577.194295 q=1775.615205 
in 40 iterations of POSCON.
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File : rat4.alg Reference : Ratliff (1986), pg. 41. Ammonia
Refrigeration Problem proposed by Sherwood (1970)

Minimize : t = a + g + g2'8n"1,8 + tif1 + cT 'g ^n 0* + g~l 

Reference Solution : t* =5.2223 a*=1.54264 g*=0.82016 n * = l .22642

MÜLTICŒJ (Ratliffe's method)
1 1 0  0
1 0 1 0
1 0 2.8 - 1.8
1 - 1 0  0
1 -1 - 0.8 0.8 
1 0 - 1 0

1.00 1.00 0.00 0.00
1.00 0.00 1.00 0.00
1.00 0.00 2.80 -1.80
1.00 -1.00 0.00 0.00
1.00 -1.00 -0.80 0.80
1.00 0.00 -1.00 0.00

nterms=6 sizeof=12 j=12
1 Tec=5.5382866 var= 1.41421 0.755376 1.0584
2 Tec=5.5269002 var= 1.51979 0.768919 1.11522
3 Tec=5.5241751 var= 1.53181 0.786633 1.15444
4 Tec=5.523026 var= 1.53596 0.798755 1.18037
5 Tec=5.5225551 var= 1.53842 0.806642 1.19728
6 Tec=5.522363 var= 1.53998 0.811725 1.20821
7 Tec=5.5222848 var= 1.54098 0.814988 1.21524
8 Tec=5.5222529 var= 1.54162 0.817078 1.21976
9 Tec=5.5222399 var= 1.54203 0.818415 1.22264

10 Tec=5.5222346 var= 1.54229 0.819269 1.22449
11 Tec=5.5222325 var= 1.54246 0.819814 1.22567
12 Tec=5.5222316 var= 1.54257 0.820162 1.22642
13 Tec=5.5222313 var= 1.54264 0.820384 1.2269
14 Tec=5.5222311 var= 1.54268 0.820526 1.22721
15 Tec=5.522231 var= 1.54271 0.820616 1.22741
16 Tec=5.522231 var= 1.54272 0.820674 1.22753

Objective Function* = 5.522231 a=l.542725 g=0.820674 n=l.227532 
in 255 iterations of POSCON.
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File : redundant Reference : None. Constructed to test the redundant
constraint portion of the Kirk algorithm. Reduces to 
zero DD problem involving only the first constraint. 
Last two constraints give upper bounds on a and b. 
The 4th constraint must be satisfied at those 
bounds. Constraints 2 and 3 give lower bounds on a 
and b at 0.01. Remaining problem is zero DD.

Minimize : z = 2 aV  
Subject to : 0.01a"1+0.01£T2 < 1 

O.Okr1 <1 
O.Olfc"1 < 1 
a + b < \
2 6  < 1  

<  1

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

False 
True 
True 
True 
True 
True

# Vars= 2 a = 0.01 b = 0.01
Lower End a > le-300 b > le-300
Upper End a < le+300 b < le+300
G.P. Form = O.K. # Terms =9 D.D. =6

ob] : z = 2az‘2bA2 Z = 2e-08
cl : 0.01aA-l + 0.01bA-2 <= 1 101<=1
c2 : 0.01aA-l <= 1 1<=1
c3 : 0.01b"'-I <= 1 1<=1
c4 : a + b <= 1 0.02<=1
c5 : 2b <= 1 0.02<=1
c6 : 4a <= 1 0.04<=1

c6> kirk

obj : z = 2aA2bA2
cl ! 0.01aA-l + 0.01bA-2 <= 1

Z = 2.261e-06 
1.92<=1 False

# Vars= 2 a = 0.010417 b = 0.102062
Lower End a > 0.010417 b > 0.102062
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Upper End a < 0.25 b < 0.5
G.P. Form = O.K. # Terms =3 D.D. =0

GPKIRK returned 0

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : z = 2aA2bA2
cl ! 0.01aA-l + 0.01bA-2 <= 1

Z = 2.261e-06 
1.92<=1 False

# Vars= 2 a = 0.010417 b = 0.102062
Lower End a > 0.010417 b > 0.102062
Upper End a < 0.25 b < 0.5
G.P. Form = O.K. # Terms =3 D.D. =0

The remaining problem is zero DD so try to solve it.

c6> sol
Solve 0 d.d. function 
Zero DD Solve # vars=2 # terms=3 DD=0 

1 0  0 =  1
2 - 1  0 =  0 
2 0 -2 =  0

Successful Gauss Jordan with sig0=l The deltas are 
1 2  1 

TEC= 1.3 5e-05
2 2 = -11.905968 Log of Rule III for term 0
-1 0 = 4.199705 Log of Rule IV for term 1
0 -2 = 3.506558 Log of Rule IV for term 2

Successful Gauss Jordan The X's are (*=Out of bounds values) 
a= 0.015 b=0.173205

GP Algebra Assistant VI.00 9/23/96 . Please use HELP for more information

obj : z = 2aA2bA2
cl ! 0.01aA-l + 0.01bA-2 <= 1

Z = 1.35e-05 
1<=1 Tight

# Vars= 2 a =
Lower End a >
Upper End a <
G.P. Form = O.K

0.015 b = 0.173205
0.010417 b > 0.102062

0.25 b < 0.5
# Terms =3 D.D. =0

Solution satisfies bounds so it is the optimal solution.


