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ABSTRACT

This thesis is meant to provide a quantitative analysis
of the non-classical ray fields 1in a hélf—space. The central
burpose is to separate those components of the near field
that are to make up the classical ray fields and those whose
geometric attenuation preclddes their observation 1n the far
field, This analysis is done in the frequency domain as
well as the time domain. The time domain is used so that
the waveforms of the displacements of the four components of
the body waves, the Rayleigh wave, and the second surface
wave can be computed separately. The frequency domain is
used in order that comparisons among the amplitudes of the
vertical displacements of these wave components can be made
and the amplitude variations at the free surface of the
half-space can be examined in terms of .spectral component.
As a result of the amplitude comparisons, portions of the
half-space where certain wave components dominate can be

defined in terms of frequency and some specific levels of

amplitude comparisons.
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INTRODUCTION

Plane wave theory has been the guide to the interpreta-
tion of seismograms for many years., Its simplicity has
given the plane wave'theory a central place in the whole
theory of seismic wave propagation. But one pays fbr this
simplicity in a distrust of results which may depend on
unreasonable oversimplifications., This is often shown by
the lack of ties between~theory and observations when wave-
forms, not just arrival times,'are considered. This 1s
especlally true when the receiver is near the source or near
the surface. It 1s, therefore, necessary to reconsider our
theory to ensure that our édurse of research and development
is directéd toward well defined objectives. Here I consider
only the effect of the sphericity of the wavefront and not
the other important non-~classical factors such as absorption,
scattering, or hysteresis.

Frequently inferences drawn from piane wave theory are
misapplied, especially near a source or a boundary. Examples
of such miéapplications, found in the half—space problem,
are the following:

1) The radial component of P-wave displacement at the

free surface is zero. Thls feature of cancellation

of the radial direct wave by the radial reflected
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2)

3)

P-wave 1s a well known implication of the plane

wave theory. However, the plane wave theory does
not consider the curvature of the incident wave-
front and hence does not account for the existence
of the surface waves, except by the use of
physically unimaginable complex angles of incidence.
In other words, the omission of the surface wave by
the plane wave theory gives an incorrect answer here.
The Rayleigh wave has a distinct arrival time other
than that of the P-wave. Thils holds true only for a
surface source and receiver. When either 1s buried,
the Rayleigh wave begins at the P-wave arrival time
and develops to a maximum somewhere around the
classical Rayleigh wave arrival time,.

In a homogeneous 1isotropic elastic half-space the
waveforms of P- and S-waves propagate without
change. This 1s true only for the receiver being
inside the critical cone and well away from the

source and the boundary.

That portion of the theory of spherical wavé propaga-

tion, generally regarded as the "exact ray theory,"

(Spencer, 1960) has evolved over the past 40 years. This

exact ray theory is primarily a near field or source theory

in the sense that the far simpler plane wave theory and
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mode theory are also applicable in the far fleld. Some of
the milestones in the evolution of the exact ray theory are
the following:

1) From 1932 to 1937 the Russian scilentists, V. Smirnov
and S. Sobolev, published a series of papers dealing with
problems of axially symmetric wave propagation in an elastic
half~space adjoining an unbounded 1liquid medium, in a plane-~
parallel elastic layer, and later (1947) some particular
cases.of the problem of two adjoining half;spaces.

2) In 1939, L. Cagniard published the most detaililed and
general theoretical investigation of the problem which has
appeared to date. His work stands today as the authorita-
tive treatise on the subject. His épproach, generally
referred to as Cagniard's method, is to use the Laplace
transformatiéh, establish the solution in the transform
plane and extract the explicit solutlon therefrom by a
series of well chosen transformations. It was translated
into English by Flinn and Dix (1962).

3) An indépendent development similar-in many aspects
to Cagniard's was published by C. L. Pekeris from 1940 to
1948, Pekeris and his co-workers have published many
papers dealing with spherical wave propagation, several of
which contain interesting numerical results.

4) Barnes and Anderson (1952) explained the phenomenon
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of the so-called "tails" in the pulse propagation from a
spherical source.

5) Savage (1958) showed that the case of plane waves
inside of the critical cone and away from the surface is an
asymptotic version of the more general case of the spherical
waves., :

6) Spencer (1960) generalized Cagniard's solution to
the case of a multilayered half-space containing a finite
source with axial symmetfy. In Spencer's generalization the
components of displacement (or velocity) may be expressed in
terms of a classical ray path between the source and the
receiver, To use the method all that 1s neéded 1s an inte-
gral representation for thé;Laplace transform of the axially
symmetric radiation‘field of the source. The formal solu-
tion for the responses assoclated with energy transmission
along any generalized ray path can be obtained directly
from the integral represéntation for the source by using
generalized reflection and transmission coefficients i1n
place of the plane wave coefficients. The beauty of the
method lies in the fact that it 1is possibie to go directly
to the solution without first solving the boundary-value
problem.

7) Towne (1968) pointed out that the plane wave solu-
tion does not yileld the correct arrival time for critical

refraction, but that the deficlency is easlly corrected by
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retaining higher order terms in the asymptotic expansion
for the plane waves outside of the critical cone,

The exact ray theory will probably serve as a useful
guide to modifications of the approximate theories. These
modifications will better serve our practical needs. In
fhis respect the work of Towne (1968) is especially inter-
esting. )

A considerable amount of work has been done on various
problems in spherical wave propagation; unfortunately, most
of the work 1s theoretlcal in the sense that no numerical
results are given. Those works which do present numerilcal
results, such as those of Pekeris, Alterman, Abramovici,
and Jarosch (1965), Spencer (1965) and Bortfeld (1964), do
not capitalize on the power of the exact'ray method to
analyze waves into components which are lmportant near the
source, or far from the source, or near the surface, or far
from the surface. To capitalize on this feature of the
method, Cagniard obtained solutions of the half-space prob-
lem in Chapters 10, 11, 12 and 13 of his book. These solu-
tions are especially applicable to numerical study.

It is hoped that this hélf—space study will provide
insight which will save time and money when more compllcated

models are critically examlned.
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FORMAL SOLUTION

in order to define terms used in the algorithms of the
half-space problem, a statement of the mathematical con-
cepts involved in the exact ray theory is necessary: A
stép—by—step development of the mathematics will not be
included here, but a somewhat detailed discussion of the
physical meaning of the mathematical expressions will be
given. When the parentheses following an equation contain
a second number, it refers to the appearence of that equa-

tion in Flinn and Dix (1962).

Statement of the Problem

A spherical source of radius Ro is centered at S(O,h)
(see Figure 1l). An arbitrary pressure P(t) is applied to
the source to simulate an explosive charge. The problem is
to determine the displacements at any boint M(r,z) in the
half-space (Figure 1).

As shown by Spencer (1960) the problem of elastic wave
propagation can be divided into two parts,'the séurce and
the boundaries; that is, the generation of waves can be
treatgd as a separate problem from the transmission,
reflection, and propagation of the waves. This separation

permits one to study the source problem first, and then use

the output of the source as an input to the boundaries of
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R?
N VACOUM . .
SOLID

' O M(r,z)
r . "1 RECEIVER

Figure 1. Geometrical configuration of the half-space
problem. R_ represents the rgd&ys of the spherical
source, R 2 {r2 + ( h = z )°}¥/2 , and

R' = { £2 + ( h + z )2)1?
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,Spencer'sjmethod of generalized feflectionuand’transmission
. cOefficients_serves like a recgrsion formula so that a
solution for one model can be used as & stepping stone to
tha;p solutions for more complicated models, Cagniard
treated his problem in the same mannef;pthatvis; the source
problem was discussed first, and then the transmission
factors were obtained} The solutions and thejphysical;mean-
ing of the_source‘problem and the tfénsmission problem in a
half—Space will be.diécussed'exélusively in the next few
paragraphs,

In reality, the neighbo;hood of an explosive source is
never a perfectly elastic zone. A'spherical, isotropilc
dilatational source of radius Ro represents an imaginary
épherical surface of radius‘RO around the center of the
source, such that the displacements on the surface are
adequately represented by radlal vectors of equal magnitude.
Thus the éource can pé regarded as a»lineaf-system, whose
input is”the préssure P(f) in a fluid filled spherical
cavity and, whose output 1s the dilatatibnal potential
w(RO,T) at the source boundéry multiplied by'the radius of
the cavity. In other words,

P(t) * W(t) = R, V(R,,T), 7 (1)

where ¥ denotes convolution with respect to the time, T,
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and W(f) is the impu1se response of the hypothetical source.
To get‘a better physical feeling for this source system, one \

;
»_ban visualize a situation 1n which an’observer'may have
decidéd'?hat his real source was adequately represented by a
given radial displacement at a spherical surface represented
;;by 1R(Ro;f). Thié diéplacement'mayiﬁé wfittenfi@)terms of

‘W(T) and P(t) as

. - _wf(TjﬁP(T{ _ th)*P(T)
AlR(RO,T) = RO‘ S o Rg (2)

where W'(t) is the derivative of the W(t) with respect to T.
To solve for W(t)¥P(1) one maj perform the Laplace transfor-

mation to obtain

Lr(R_s4) = - %; (,9 + {%‘g) W(A)?(A), | (3)

ﬁhere S is the slowness of compressional wave, 4 1s the
transform variable, and LR(RO,A), W(s) and P(w) are the
Laplace transforms of 1p(R_,T), W(T) and f(i), respectively.
Using‘thé inverse Laplace transformation one gets,

Ro —T/ROS

P(1) * W(t) = - (5% e )¥1p(R,T). (4)
Equation U4 iﬁdiéates that one can obtain P(t) ¥ W(t) from a
given lR(RO,T) at the source boundary. Derivation of the
impulse response W(t) has béenvgiveﬁ by‘Sharpe (19L42),

Blake (1952), aﬂd many others. This impulse response, which

describes the mechanical properties of the.séurce, 1s
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written as

—W,LT
R e
= - 2% sin yt for Tt > O,
pY
W(T) (5)
=0 for v £ 0.
Here VS = shear velocity
Vp = compressional veloclty
z = Vs/Vp
wg = 2 Vs/Ro
Y = wg ¥ 1=z
o = density of the solid medium.

Note that the W(4) is glven by
e, 2 . 2
W(8) = ~Ry/p (A% + 2w T + w).

2

Hence 1lim R;3WLA) = 1/4 pVg

RO+O

lim R;3W(T) 1/4 pVi §(t), where 6(t) is a

R >0

Dirac impulse. This implies that the impulse response of a
point source is an impulse of constant weight such that any
pressure P(1) acting in the point source will yield the
dilatational potential of the same wave shape as P(T).

The propagation of the spherical waves in a half-space
are characterized by the transmission factors A(r,z,t) and
B(r,z;t), where t = 1 + R_S. These functions are called

transmission factors by Cagnlard because they describe the
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!

|
. 7 v E :
transmission of the elastic waves 1n the problem, They are

‘also the Green's functilons for the problém.

VDispla¢ement Potentials

The horiiOntal and Verticalvdisplacements, 1r(r,z,t)
( - .

and 1 _(r,z,t), can be.expreSsed in terms of the dilatational

potential ¢(r,z,t) and the shear potentiél U(r,z,t) accord-

ing to
9 oU
1p(r,2,t) = 33 gz and (6,1-1)
_ 3¢ L 23U , U, (7,1-1)
_1Z(r,z,t) =5z Vtsc ¥ ¢ ?

The displacement potential can be Written as
$(r,z,t) = P(t) * W' (t) * A(r,z,t) (8,3-15a)
and .U(r,z,t) = P(t) * W'(t) ¥ B(r,z;t). (9,3—16)

Note that Eqgs. (8) and (9) correspond to Eds;’(3—15a) and
(3-16) in‘Cagniard's book. Caghiard used a step pressure
and the source function.F(t)'and transmission factors to
express the displacement potentials., But I feel that it 1s
desirable to intfoduce the notation P(tj'*’W(t) in place of
F(t) in order to give us greatér physical feeling and more
explicit expressions. Té put 1t into a more explicit form

one can express the problem of obtaining the potentials as

: A(r,z,t) ¢(r,z,t)
P(t)—>— W(t)p—=>— F(t)—>— §'(t) |=>— or b= . Or
‘ | B(r,z,t) ‘U(r,z,t)
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Here 8'(t) behaves as a differentiator in the system. The
transmission factors may be thought of as Green's functions
as described on page 11 or they may be thought of as 1impulse
responses of the linear systems mentioned above. For
example, one can visualize the A(r,z,t) for an infinite
medium, as a step function divided by R such that the dila-~

tational potential is of the form F(t)/R.

Determination of A(r,z,t) and B(r,z,t)

The transmission factors A(r,z,t) and B(r,z,t) depend
only upon the mechanical character of the solid medium and
source and receiver positibns. The mathematical development
of @hese Green's functions for the half-space problem has
been ftreated by Cagniard in Chapters 10, 11, and 12 of his
book as a special case of the two semi-infinite media prob-
lem treated in Chapters 1 through 9. I will outline the
mathematical development only in order'to give physical
meaning to the mathematical symbols.

It has been shown by Cagniard in Chapter 5 of his book
and by Flinn and Dix in their Appendix 5—A; that one can

write the transmission factors as

A(r,z,t) = 0 for t < R§>}@
= IZRA : for RS < £t < R'S
>y \\.f} - -
= 1/R - 1/R' ] (10,5-29")
-1 55 J(wu du 5177 for t > R'S
T TrEPP' {u“r+(t-a(h+z))<}
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and B(r,z,t)

It
o

for t < RS + R2s

1
i (t=ah-bz)f(u)u du

mr I‘EéP 1 {U.2I‘2+( t—-ah-b Z) 2 } 1/2

for t > RyS+R,s (11,5-29)

Here s represents the slowness of the shear wave, and S

represents the slowness of the compressional wave,

R = {r2 + (h - 2)2} 1/2 ,

R' = (r2 + (n + 2)°) Y2,

a = {u2 + 82}1/2 (with a suitable branch cut to be
discussed below),

b = {u2 + 82}1/2 s and,

for the half—space

bu2
jlu) = '2 5 > 5 and
(W= + s7/2) " =abu 3
£(u) = u2 + s2/2 .

(u2 + 52/2)2—abu2

There are four branch cuts and two poles whose positions in
the complex u-plane are independent of r,z, and t. These
branch points are at u = t+ 1S and * is and the poles are at
* iSR where SR is the classical Rayleigh wave slowness.
Note that the B(r,z,t) has the same expressions as that
given by Eq. (5-29) in Cagniard's book. However, there are

siight differences between Eq. (10) and Cagniard's Eq. (5-29"')

for the expression of the A(r,z,t). This 1s due to the
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breaking up and simplification of the k(u) in Cagniard's
Eq. (5-29'") and Cagniard's Eq. (10-7) for a half-space
problem., The functions a and b are in general multi-valued,
One point in the u-plane maps Snto two points in the a-plane
or b-plane. We place fixed branch cuts (Fig. 2) on the
imaginary axis of the u—plaqg to avold the multi-valued
features of a and b. Moreover, the expressions in the
denominators of Egs. 10 and 11 are also multivalued, and to
define from elither of these a single valued function we
place a moving branch cut iIn the first and fourth quadrants
of the u-plane. They are called moving branch cuts because
their shape is a function of time, among other things.

Cagniard's analysis of the complete elastic wave field
of the half-space is in terms of equations 10 and 11. He
associated the elements of his analysis with classical far~
field terms as far as possible; however, since his
mathematical expressions inclu@e near field components not
previously expressed mathematically, the association could
not be strictly one-to-one,.

Using Figure 1 it can be seen that the first term of
Eq. 10 does not involve the free surface, but rather is the
solution to -the infinite medium problem. As such, it

represents the direct arrival from the isotropic dilatational

source.
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15
.. u-plane
p()*iSR
nt+tis ;A
+1S
fixed
branch cut
E
moving brafch cut

Figure 2. The contours T , E, P and P',and the branch
cuts in the u-=plane. S represents the slowness of the
compressional wave, s represents the slowness of the

shear wave,and S_ represents the slowness of the Ray-
leigh wave. R
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The second term of Eq. 10 is exactly the same form as
the first, but for a virtual source imaged in the free
.surface. Thus it is part of the reflected P-wave and in the
far-field near the axis of symmetry, would dominate the
reflected P-wave. Further from the axls of symm;try the
integral of Eq. 10 contributes to the reflected P-wave in
the far-field as well as in the near-field. (See Flinn and
Dix, Eq. 10-56, and Figures 10-3 and 10-4.,)

The contribution of the integrals of Egs. 10 and 11 is
analyzed in terms of the contours T', E, P, and P' of Figure 2.

The contributions of the small circles around iSg and

-1S, can be expressed in terms of residues Which exhibit the

R
following far—field»charactérispics, whigh are suggestive of
the claséical Rayleigh wave:

l. For a surface source and receiver, a well defined
arrival time which propagates with the classical Rayleigh
velocity. | |

2. Primarily a surface wave. (For a surface source
this wave attenuates as the three-halfs power of the
receiver depth, instead exponentially asAdoes the classical
Rayleigh wave).

3. That portion of ﬁhe waveform near the classical
Rayleigh wave arrival time attenuates as the square root of
epicentral distance.

4, Particle motion 1is retrograde elliptical.
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Cagniard called the contribution of the contour E,
around the fixed branch cut, the second surface wave because
of its gross similarity to the contribution of the Rayleigh
poles. This second surface wave 1s called by Ewing,
Jardetzky and Press (1957, p. 137) the branch line integral
wave. Significant differences evident for source and
receiver in the far field ag free surface are that second
surface wave:

1. Propagates with the shear velocity.

2. Attenuates as the square of the epicentral distance.

3. Exhibits prograde elliptical particle motion.

The contribution of the T can be evaluated in terms of
the residue-at the point of infinity; Like E it cannot be
.associated with classical waves. It is simple in that its
displacement correspondent can be expressed as a sum of
nine weighted waveforms; P(t) *¥W(t), P(t)*w—l(t), and

~(*+1) coyo g w01y ar.

-2
P(t)*¥W (t), where for any function H(t), H

O

Fortunately, these W-l(t)'and w"Z(t) terms cancel for late

time.
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NUMERICAL INVESTIGATION

As discussed in the previous sections, the horizontal
and vertical displacements can be computed for a glven
pressure pulse at any point inside a half space. The neces-

sary expressions, in terms of the transmission factors, are

~

1 (r,z,0) = B(o)#u(e) » (PAGEaEat)  BBLLE.L), (12)
and
B
1,(r,z,t) = P(t)#W(t) * <3A(§;th’ + 3B<§;Z’t> + (r;Z’t)> (13)

The transmission factors can be expressed as follows:

A(r,z,t) = A + A, + A (14)

3

I
w
+
o
+
w

B(r,z,t)

Here subscripts 1, 2, and 3 correspond to the body waves,
the Rayleigh wave, and the second surface wave respectively.
The body waves include the primary waves of the first kind,
the second kind, the third kind, and the fourth kind. These
:transmission factors for each wave component have been
checked carefully and listed in Appendix A. Accordingly,

the displacements can be rewritten as

| 3 3  98A, 9B,
1.(r,z,t) =n£1 1.,=P(t) * W(t) *nil G " 37 (15)
and 5
3 3 A oB
lz(r’z’t) =nil 1nz=P(t) e *nil (azn * Brn ¥ Eﬂ)' (16)

20
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Here 1 1 1r3 are the horizontal displacements of the

rl? “r2?
body waves, the Rayleigh wave, and the second surface wave

respectively, and lZ 1 1 are the corresponding ver-—

1?2 z2? ~z3

tical displacements.

Computer algorithms have been ccded to obtaln the
horizontal and vertical displacements of the direct wave,
reflected P-wave, reflected é—wave, Rayleigh wave, and
second surface wave at any point in a half-space for arbilt-
rary parameters. This means free cholce of P-velocity and
S-=velocity, density of the solid medium, pressure function,
and size of the source cavity. The greatest advantage of
computing the waveforms by the Cagniard's method is that we
are able to compute these waves piecé by piece and then put
them together as the composite seismograms. Thls enables
us to study each wave separately while most other methods
fall to do so. An example of the composite synthetic
traces and thelr components is shown in Figure 3 to demon-
strate this separability. Here an impulsive pressure was
chosen for input pressure along with the parameters:

R

o

Vs

ESSA's CDC-3800 digital computer at Bouldef, Colorado.

10 ft., p = 2.4 g/c.c., V_ = 10,000 ft/sec., and

p
5,000 ft/sec. The computatlions were carried out using

Comparison with Finite Difference Method

Dr. Hans Leitinger (1969) has applled the finite
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difference method of Alterman and Karal (1968) to compute
the displacements of an isotropic source buried in a half
space. He exhibited waveforms at five different epicentral
distances on the surface of the half-space. His work was
done using a'CDC-6UOO digital computer at Mobil Field
Research Laboratory at Dallas, Texas,

It is quite obvious that the finite difference method
has some advantages over the exact ray method. The versa-
tility of the finite difference method is the greatest one.
For example, Leitinger has demonstrated that he can compute
the waveforms of the displacements for a layer-in-a-half-
space almost as easily as those for a half-space. In
addition, it does not require the deep involvement with
mathematical analysis before the use of a computer, hence
it is less time consuming. ’However, the finite difference
method fails to provide the components of the synthetic
selsmogram separatély and so one can only study the syn-
thetic trace as a whole.

The process of the exact ray method, though sometimes
lengthy, offers us a chance to study the synthetic selsmo-
grams in parts so that we can learn the behavior of each
wave component under various circumstances, such as near a
source, or at the surface of a half-space. Therefore, these
two methods compliment each other in solving selsmic prob-

lems., The finite difference method can better serve as a
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tool to study the seismic problems using the total synthetic
seismograms obtalned in an easier and quicker way; and the
exact ray theory is more applicable for the problems_involv—
ing studies on each particular wave component.

The source function selected by Leiltinger (1969) and
Alterman and Karal (1968) can be expressed as a function of
the type, P(t) * W(t), used by Cagniard (Eq. 5). It starts
at time t = 0, causes a varlation in stress during a finite
time interval, and then leads to a remnant displacement for
each particle. In order to have smooth second derivatives
of the displacements with respect to time and distance as
required for the finite difference method, the displacement

potential of the source was defined by

<I>O(t) = 'i"{f'o(t)—ilfo(t—A)+6fO(t—-2A)—llfo(t—3A)+fo(t—4A)} (17)

: _ c y -1
with fo(t) = - T3R8 (t—R/Vp) S (t—R/Vb). (18)

Here C 1s the amplification factor, and A is a constant
measuring the sharpness of the potential pulse. Waveforms
computed by Leltinger can be duplicated by letting

P(t) * @O(t) = W(t) in Cagniard's notatiéns 1n addition to
Vv

setting the same values for V r, h, and z. Figures

p,
4 to 8 show a sequence of waveforms of displacements com-

s?

puted by Cagniard's method at five epilcentral distances --

namely, at the epicenter, and 2, 4, 6, and 8 source depths
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"R Rayleigh Wave
Time

o' Leitinger's

Y Chao's

)

[ I v v b v v b vy bvv v bvv v by nvl
- 5.0 |OO 15.0 200 250 300 ' 35.0

TIME IN SECONDS AFTER DIRECT ARRIVAL

Figure 4, Compdrison between waveforms of displacement at epicenter. Direct arrival time.
is 1.33328 seconds. r=1Ift, h=8km, and z = ift. V denotes vertical displacement.
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R Rayleigh Wave

Time
.*°* Leitinger's
Vi C_han's

Normalized Displacement

I TN RN T N I A

o . 50 10.0 150 20.0 250 30.0
“TIME IN SECONDS AFTER DIRECT ARRIVAL

~

. | . * .
Figure 5. Compqrison between waveforms of displacement at 2 source depths from
epicenter. r = 16 km, h=8km, z =1I1ft. Direct arrival is 2.9814 seconds. Here V

represents verfic?l displacement, H represents horizontal displacement.
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_ R Rayleigh Wave

Time

: e . - T,

H: . - . o® ® Leitingers
: Vo Chan's

NOl'mO.l ized Displacement

5.0 100 - 15.0 200 - 250 30.0
TIME IN SECONDS AFTER DIRECT ARRIVAL

. . ’ 5 .
Figure & Comparison between waveforms of displacement at 4 source depths from
epicenter. r = 32 km, h=8km, z=1ft Direct arrival is 5.4974 seconds.
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P ~ .R Rayleigh Wave
1 B Time =
e . ) .
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1 ' ‘e® e [eitingers
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® ¢ © o o o
L]
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0 ' 5.0 10.0 15.0 20.0 250 300

TIME IN SECONDS AFTER DIRECT ARRIVAL
Figure 7. Comparison between waveforms of displacement at 6 source depths from
epicenter. r =48 km, h=8km, z=1|ft. Direct arrivalis 8.1103 seconds.
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¢

R Rayleigh Wave
' Time '

S R Leitinger'js

/\ Chan's‘

100 150 200 25.0 30.0
TIME IN SECONDS AFTER. DIRECT ARRIVAL®

Figure 8_; . Comparison befweén wav‘eforms‘ of displacement at 8 source depths from
epicenter. r = 64 km, h=8km, z=1Ift. Direct arrival is 10.7496 seconds.

N
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away from the epicenter. These normalized waveforms are
computed for A = 1 second. Leitinger's corresponding wave-
forms, computed by the finite difference method, are also
plotted in Figures 4 to 8. The Rayleigh wave time, indicated
by arrow marks in Figures 4 to 8, is defined by tg = R'/Vg
Awhere VR represents the Rayleigh velocity. The Rajleigh

velocity can be obtained by finding the roots of

/2

(m2-g2/2)% = m®{(m%=1) (mP-g?)}" (19,11-3)

where m = Vp/V g = Vp/Vs° Note that Eq. (19) is closely

R?
related to the classic Rayleigh equation and recall that tR
is a distinct arrival time only for both the source and the
recelver at the surface,

The waveforms df displacement computed by Cagniard's
and by the finite difference method show, in general, close
agreement despite some minor discrepancies. The excellent
agreement of the arrival times of the beaks and troughes
are evident at every epicentral distance, but slight dif-
ferences 1in amplitudes are noticeable. Note that the grad-
ual development of the surface waves, which are character-
ized by the second peak in each trace, becomes evident as
the observation point is moved away from the epicenter
along the surface.

In conclusion, waveforms computed by the finite dif-

ference method agree in gross with those computed by the
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Cagniard's method for a half-space problem. The relative
amplitudes of the direct waves and the surface waves com-
puted by the two methods are similar. There are some minor
discrepancies, especially when the recelver is 8 source
depths away from the epicenter. Since the finite difference
method i1s basically an approximate method, we tend to trust
the exact ray method when differenoes in detail occur,
Figure 9 shows a simililar éomparison taken from Alterman and
Karal (1968) for a layer on a half-space. The waveform com-
puted by Alterman and Karal using the finite difference
method is plétfed to the same scale as that computed by
Alterman and Abramovici (1965) using an analytic solution
for the same problem. The analytic method was very similar
to Cagniard's as generalized by Spencer (1960). The scales
were adjusted to give the same amplitude for the peak at
Ct/H = 3.25 and the séme zero crossing.at Ct/H = 5.75.
Alterman and Karal compared the shape of the curves and
stated that agreement between them 1is excellent; however,

as shown in Figure 9, the differences are noticeable.

These differences are slightly greater than the differences

which are shown in Figures 4 to 8.

Quantitative Comparison of Wave Components

As our understanding of the exact ray theory has grown

over the past decade we have realized that it 1is a near
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field or source theory which is most likely to be useful
when changes in waveforms in the ill-defined near field are
considered, In addition one might apply the exact ray
theory to estimate changes 1n noise characteristics as a
function of shot-receiver distances.

Since Cagniard's method provides us the opportunity of
computihg each component of a synthetic seismog%am separately,
we may make a quantitative'comparison between wave components.
As an example of the utility of this, we note that the
second surface wave plays an 1mportant role near the surface
of a half-space, near the source, but its role rapidly
decreases as the réceiver is moved away from this region.
This wave accounts for about one—half of the computing
expense df a synthetic selsmogram due to the numerical
integration required in the computation of the transmission
factors; therefore, one would like to avoid computing
second surface waves whenever their contribution is neg-
ligible.

As briefly discussed on page 20, according to the
classification in Cagniard's book, the particle displace-
ments of a spherical isotropic source in a half-space are
made of a sum of:

I. Bédy waves == a term used synonymously with

"primary waves,"
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Primary waves of the first kind -

These are the waves which make up the observed
transient elastic field far from the source and the
boundary. Their geometric attenuation is as the
reciprocal of the ray path distance from the source
and their wave shape 1s given by F'(t) (see
Cagniard; p. 167),‘or P(t) ¥ W'(t) in my notation.
Primary waves of the second kind -

These components determine that portion of the
field'remaining after all transients have died

away (see Cagniard; p. 138). The geometric attenu-
ation of primary waves of the second kind is as the
reciprocal of the square of the raypath distance

from the source and their wave shape 1is given by

W(t) ¥ P(t) (see Cagniard; p. 168).

Primary waves of the third kind -

The geometric attenuation of these waves 1s as the
reciprocal of the cube of the raypath distance
from the source and their wave shape 1is given by
w—l(t) ¥ P(t). These components do not appear in
the remnant field because of the complete mutual
cancellation of compressional and shear components

for very late times (see Cagniard; p. 169).

33
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II.

Primary waves of the fourth kind -

The geometric attenuation of these waves is as the
reciprocal of the fourth power of the raypath
distance from the source and their wave shape is
given by W—2(t) ¥ P(t). These components, like
the primary waves of the third kind, are not in
the remnant field because of the complete mutual
cancellation of compressional and shear components
(see Cagniard; p. 169).

Surface Waves

Rayleigh wave - The mathematical expression of these

waves is in terms of residues of two simple conju-
gate poles. The residues ére functions of time
which when convolved with W'(t) ¥ P(t) express a
wavéform which evolves through propagation into
the classical Rayleigh wave. .If there exists more
than one boundary then a denumerable infinity of
pairs of poles appear, each pair representing a
normal mode of the far-field mode' theory (Ewing,
Jardetzky and Press; 1957, p. 138). Near the sur-
face and far from a surféce source the pattern of
the particle motions for the Rayleigh wave is
elliptical retrograde, and the amplitude of the
displacement of the Rayleigh wave variles inversely

as the square root of the radial distance.
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Second surface wave - called branch line integral
wave by Ewing, Jardetzky, and Press (1957, p. 137).
This wave resembles the Rayleigh enough to be called
a surface wave; i1.e., near the surface and far from
a surface source it is more-or-less confined to
surface and its particle trajectories are elliptical.
However, in the far field near the shear wave

arrival time, the second surface wave amplitude
diminishes as the square of the epicentral distance.
Its particle trajectories are prograde instead of

retrograde,

For the purpose of this quantitative comparison, it is

-desirable to regroup,theseACOmponents as follows:

I.

Classical ray components =-- priﬁary waves of the
first kind. According to the plane wave classical
ray theory, the reflected P- and S-waves possess
the same waveforms as the incident wave in a half-
space inside of the critical angle (see, for
example, White, 1965); Since the incident wave

and the primary wave of the first kind have the
common wave form, W'(t) ¥ P(t), and since these
waves dominate the far field we elected to call the

primary wave of the first kind the classical ray

(CR) component.
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,II;“ Non-classical ray components —-- primary (br'body)
‘waves o} the second, the third, and the fourth
kind plus the*surfaée waves. These components. are
not consldered in‘the‘pléne wave theories in which
the causality constraint is imposed;(NCR).

III. Surface waves -- Rayleigh waves and the second

surfabe Waveﬂ(SW).
IV. Second sufface wave —-- as 1in the original classifi-
cation of Cagniard (SSW). |

'The'quantitative comparisoﬁ of these wave component
'amplitudes was done in the freQuency domain to facilitate
iﬁtefpretation in term; of various scufceHSpectra.

Closed-form transforms (i.e., explicit equations with-
out integrals) could be used for the'body'waves, Unfor-
tunately, it is very difficult to derive closed-form trans-
forms for the surfacé‘waves because of their mathematical
complexity. In fact, the expressionF of the SSW are in
Eerms of elliptical integrals such that the derivation of
closed-form traﬁsforms appears to be impossible. Hence 1t
is necessary to_apply the numerical Fourier transformation
tb‘obtain amplitude spectra for the surface waves. For-
tunately, the NCR, the SW, and the SSW are all of low
frequency and converge rapidly for the impuléEVe pressure I.
,haVefused, so that truncatibn andjaliasiﬁg problems are not

difficult.
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Since the CR is characterized by W'(t) multiplied by.
time-independent factors, they can be transformed mathematic-
ally into their closed-form expressions. Since the impulse
response, W(t), is a damped sine function, one can write

its closed=form transform as

n, R /p
W(t) €——>l(w) = —5—5> ’ (15)
(w —wo) +2iwo§w

where w denotes frequency in radians per second, 1 = V=1
and the other symbols are defined on page 10. To test my
numerical Fourler program I have computed the amplitude
‘spectrum of the impulse response W(t) by my numeriéal method
and by the closed-form expression. Figure 10 shows the
agreement between these spectra.

Six examples are given to show the amplitude spectra of
the vertical displacement of the CR, the NCR, the SW, and
the SSW of an impulsive pressure source in a half-space.

Elastic parameters of the solid medium are: p = 2.4 gm/c.c.,

8,000 ft/sec, V_ = 4,500 ft/sec. The source 1is a

v s

P
sphere 1 ft in radius whose center is 3 ft below the surface.

Figures 11 to 13 show the plots of amplitude spectra of the
CR and NCR at the surface (r = 12 ft, z = 1/4 ft), at the
same depth as the source (r = z = 3 ft), and at greater
epicentral distance and depth (r = z = 6 ft). Note that

oscillations appear on the amplitude spectra of the CR,
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Figure 11. Amplitude spectra of the vertical displacement of
CR and the NCR at r = 12 ft, h = 3 ft, and z = 1/4 f¢t.
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Figure 12. Amplitude spectra of the vertical displacement of
-the CR and the NCR at r = h = 2z = 3 ft.
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Flgure 13. Amplitude spectra of the vertical displacement of
the CR and the NCR at r = 6 ft, h = 3 ft, and z = 6 ft,
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shown in Figures 12 to 13, when the observation point is at
greater depths. The oscillations are due to the inter-
ference of spectral components of the 3 transient arrivals --
the direct wave, the reflected P-wave and the reflected
S-wave -~- which arrive at different times, but have the same
waveforms. This phenomenon does not appear when the observa-
tion point is at the surfac;, and all three waves arrive at
the samé time (see Figure 11). Pigure 12 also shows less
severe interference because there is no vertical component

of the direct wave at r = z = 3 ft. This interference will
affect the quantitative comparison of wave components. The
effect will be illustrated in the next section where a
quantitative comparison of the CR and the NCR is made in

the r-z plane,

Figures 14 to 16 show the relative amplitude spectra of
the NCR, the SW, and the SSW at three observation points.
Sixty—-four graphs of this type have been plotted by the CDC-
6400 through the CDC=280 graphics system. These were used
to plot Figures 27 to 36 which provide quantitative compari-
sons in the r-z plane.

Figures 17 to 26 show the amplitude variations of the
vertical displacements along the surface for each wave com=

ponent. Each graph 1is for a different frequency. Precisely,

the graphs have been plotted for 10 frequencies from the
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ampiitud@ spectra'ofvthé vertical displademept at someA'
,points;of pbseratidn just‘below the surface. These polnts
Were'selected”at z = 1/4 ft, and r =2, 3, 8, 12, 20, 50,
;100;,200”(500-and 1000 ft for the CR only) feet.

Amoﬁg‘these graphs‘only'the amplitudg vafiations for
the,CR héve been plotfed out té 500 andAiOOb ft. For these
‘values of r the SSW becams eXcessivelyrexpensive.- Thé
reasons fér(this are discussed in detail in Appendix B.

‘FromlFigurés_JY:to 26, the.amplitude variation curves
for the»CR show a steady_decreaée as r increases, for all
frequencies. At large eplcentral distances the rate of
cﬁange of the amplitudg of the verticai.displaéément for
displacement).

The amplitudes of the NCR appear in a compllcated
pattern for r being;iess than 50 ft for all frequencies;
for 80 Hz the pattern is still complioa;ed at 150 ft.
Within this range, called the complex range, one can make
few_generalizatibns concerning the NCR‘components.~ How=-
ever,_outsidévof the Eomplex rénge all wave components of
the NCR have approached asymptotes. In this asymptotlc
range the'surface’waves become predéminant over the other
components of theiNCR. In the asymptotiéjraﬁ%e the

amplitudes of the Rayleigh wave vary as

u3

the CR is, as expected, as 1/r2 (but as 1/r for the horizontal
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Flgure 114.
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1200 20&0
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Amplitude spectra of the vértical displacements

of the NCR,the SW,and the SSW at r = 12 ft, h = 3 ft, and

z = 1/4 f¢.,
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FREQUENCY ( Hz )

Figure 15, Amplitude spectra of the vertical displacements
of the NCR, the SW, and the SSW at r = h = z = 3 ft.
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Figure 16, Amplitude spectra of the vertical displacements of
Ehe NCR,the SW, and the SSW at r = 6 ft, h = 3 ft, and z =
hig
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1/Yr (see Figures 17 to 26)'and it may be seen to domlnate

the NCR for compressional wavelengths, A longer than

p)
about three source depths. This geometric attenuation
.agrees with classical Reyleigh wave theory (see Ewing,
-Jardetzky, and Press, 1957) and_the theory of the Rayieigh
wave kinemetic discontinuity as presentedkby Cagniard for
a surface souree and :eceiver (see,Cagniard,"p._l?M).
_The idea of.the kinematic discontinuity was introduced by
Cagniard to describe and explain step and logarithmic dis-
continuities in,the’transmission‘factors or theirederivatives,
The amplitudes of the SSW vary as 1/r° for the wave-
lengths exceeding approximately 3 souree depths. Tﬁis is
consistent with the theoretical prediction by Cagnilard
(p. 207) for far field analysis near t = SR'; however, the
rate of decay in amplitude appears Eo change from 1/r2, for
wavelengths greater than 3 source depths, to l//?,_for wave—
lengthe smaller than 3 source depths. This was attributed
to inadequacies;of a numerical integration (see Appendix B).
Comparisons of the amplitudes among wave éompehents
can be made, according to the”above analysis, in terms of
frequency, or wavelength, along the surface of the half-
space. One sees, from these figures, that the wave com-
ponents vary in a complicatedupattern for r < 17h or

r < 1.5‘Ap, where h 1s the source depth ahd_xp represents
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wavelengths of the compressicnal waves. For r > 17h or

r > 1.5 A the geometric attenuation of the wave components

p?
is described by asymptotes which are consistent with avail-~-
able prediétions of inexact theory. Within ten source
depths of the epicenter the CR dominate when the wave-
lengths are smaller than approximately one source depth.
The quantitative comparisons of this section will now
be used to divide the half-space into portions such that in
each portion one of the wave components dominates to a
specific degree. These portions, or elastic fields, can be
named after the dominating wave. For instance, the region
where the CR dominates is called the CR field; space out-
side of this reglon is called the NCR field. In the same
manner, we can have the SW field and the SSW field, All

these fields will be defined in terms of frequencies.

Quantitative Definition of the Elastic Fields

Since the vertical dispiacements are more interesting
to the exploration seismologists and our computer funds
are limited, the boundaries of the elastic fields are to be
drawn in terms of vertical displacements and inside of a
frame ranging from 0 to 20 ft horizontally and from 0 to 10
ft vertically. From Figures 17 to 26 we have seen that the
amplitude of each wave component varies a great deal for r

less than 20 ft on the surface. Hence it 1s especially
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worthwhile to investigate the elastic fields wilthin this
horizontal range.
, D

Definition of th}é elastic fields inside the previously
mentioned frame is in terms of ratios of spectral amplitudes.
More specifically, the shape and size of the elastic fields
were determined from the ratios of any spectral wave
amplitude to the spectral NCR wave amplitude at each point
of observation inside of the frame. Hence, one can define
these elastic fields in‘terms of three factors: type,
level, and frequency. The term type refers to the sort of
waveform that was compared with the NCR waveform, and level
refers to.the minimum ratio of the spectral‘wave amplitude
necessary for the point of 6bservation to be in one of those
elastic fields. FréQuency refers to the specific frequency
of investigation. For example, the CR field at level 100
and frequency 100 Hz would be a region.of the half-space in
which the amplitude of the CR is 100 times greater than the
amplitude of the NCR at a frequency fo = 100 Hz. This is,
in other words, a region of the half-space 1in which one may
compute waveforms assuming, to an uncertainty less than one
percent and for the frequencies near 100 Hz, that the wave-
forms do not change as they propagate along the classical
ray paths.

For this study the spherical source is located three
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feet below the surface and glven a radius of 1 foot. The
elastic parameters of the solid medium are: p = 2.4 gm/c.c.,
Vp = 8000 ft/sec, and V, = U500 ft/sec. Amplitude spectra
of the CR, the NCR, the SW, and the SSW were computed and
plotted for 32 carefully selected points of observatilion in
the 20 x 10 ft frame, All computations were carried out on
CU's digital computer, CDC-Q&OO, at Boulder, Colorado.

The method used to plot the various fields 1is shown in
Figure 27, The binary information, concerning the inside or
outside of a certain elastic field, was determined by com-
paring the relative amplitudes, as presented in graphs 1like
Figures 11 through 16. In this study, the levels were put
at 1.0, 0.5, and 0.5 for the CR field, the 3W field, and the
‘SSW field, respectively. In Tigure 27 the CR field at level
1.0 and frequency fo = 360 Hz is represented by the region
cross~hatched down to the 1eft, the SW field at level 0.5 and
frequency fo = 360 Hz is represented by the region crcss-—
hatched down to the right, the SSW fleld at level 0.5 and
frequency fo = 360 Hz is represented by the dotted region.

As plotted in Figure 27, the CR field is far away; i.e., nore
than a quarter wavelength, from the source and the surface.
The region complimentary to the CR field, in which the NCR
dominates, is called the NCR field of level 1.0 and frequency
r, = 360 Hz. The NCR field occupies the regilons surrounding
the source and close to the surface. The SW field 1s a flat

region lying Just under the surface and extending to
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infinity; the SSW field develops to a loop-=like region which
terminates near r = 12 ft at the surface. The implication

of such plot will be discussed later. In the same manner,
plots of the elastic fields at the same levels have been
sketched in Figures 28 through 37 for another ten frequencies.
These frequencies are chosen to be 40 Hz, 120 Hz, 200 Hz,

280 Hz, 760 Hz, 1160 Hz, 1560 Hz, 1960 Hz, 2360 Hz, and

3160 Hz. Since the surface waves are a part of the NCR
component, the SW field as well as the SSW field were not
drawn inside of the CR field.

Several observations have been made from the numerical
examples of the elastic fields at the chosen eleven fre-
quencies. They are stated as follows

1. At lower frequencies, or longer wavelengths, the
entire 20 x iO ft rectangular area is outside of the CR
field. This dominance of the NCR fields at 40 Hz, 120 Hz,
200 Hz, and 280 Hz is illustrated in Figures 28, 29, 30, and
31, respectively. The SW fields and the SSW filelds occupy
most of the NCR field for these frequenciles.

2. At higher frequencies, or shorter wavelengths,
almost the entire 20 x 10 ft frame is the CR field at level
1.0 except for small portions near the source. These are
shown in Figures 33, 34, 35, 36, and 37, for frequency

£, = 1160 Hz, 1560 Hz, 1960 Hz, 2360 Hz, and 3160 Hz,
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respectively. In Figures 33 and 37, small traps of the NCR
field appear in the CR fields. This feature is due to the
previously-mentioned destructive interference of the CR.

One should note from Figures 27 through 32 that a SW region,
dominated by the Rayleigh wave, will always dominate the
surface in the far field. This might be called the-Rayleigh
wave plate.

3. At an intermediate frequency range, such as
fq = 360 Hz, or 760 Hz,‘the elastic fields are all present
in the 20 x 10 ft area, shown in Figures 27 and 32.

4, As shown in Figure 38, the size of the portion of
the SW field in the 20 x 10 ft frame decreas. s as the fre-
gquency increases from almost the entire area to the loop-
like regions to the-flat regions lying Just under the
surface. Note that the SW fields do not develop in a
region above the source.

5. The shape and size of the SSW flelds varies as
the frequency 1increases 1n the manner shown in Figure 39.
Note that the boundaries of the SSW fields intersect the
surface to form closed loops. The closed loops of the SSW
fields, unlike the SW fields, enable one to compute the
synthetic seilsmograms at some epicentral distance without

computing the SSW on the surface of a half-space, at least

for these frequencies.
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6. TFigure 40 shows the distribution of the CR fields

at level 1.0 and frequencies exceeding 360 Hz.

63
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CONCLUSIONS

The mathematical analysis of Cagniard's method ylelds
equations which can be used to compute a complete synthetic
seismogram as four components of body waves and two com-
ponents of surface waves, These wave components are in
terms of particle displacements for a given source and
given parameters of the solid semi—infinite medium,

Comparisons made between selismograms computed by the
finite difference method and the exact ray method indicate
that there are some minor discrepancies between the results
of two completely different approaches but that the wave-
forms are so similar that they appear fo be nearly identical
until théy are superimposed. These minof discrepanciles were
attributed to the approximations'used in the finite differ-
ence method.

Cagniard's analysis enables us to study the behavlior of
each wave component under different circumStances; such as
near the source, far from the source, near the surface, and
far from the surface.

Quantitative comparisons of the amplitudes of the ver-
tical displacement of the classical ray components, the
surface waves, the second surface waves, and the non-

classical ray components indicate that:

78



T 1277 79

1. At the surface, the non-classical ray components
dominate in the synthetic seismograms for large distance
from the epicenter for all frequencies; but, the classical
ray components dominate at high frequencies near the epi-
center.

2. Except near the epicenter, the surface waves domin-
ate the surface seismograms as expected, especially at long
epicentral distances. The Rayleigh wave, whose amplltude
varies only as the reciprocal of the square root of the
radial distance at large epicentral distances, dominates
as the point of observation is moved farther away from the
source.

3. At -high frequencies the classical ray components
dominate almost the entire 10 x 20 ft frame. Exceptions
are explainable as small pockets of destructive interference,
At intermediate frequencies, the classical ray components
dominate in the region far away from the source and below
the surface. The surface waves reach deeper and farther and
the primary waves of the second, the third, and the fourth
kind prevail in the neilighborhood of the source. At lower
frequencies, the non-classical ray components are pronounced
in the entire observed field. The surface wave flelds
penetrated still deeper into ﬁhe half-space.

4, In general, the second surface waves penetrgte
deeper into the half-space than the Rayleigh waves near the

source. Far from the source the Rayleigh waves dominate.
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RECOMMENDATIONS

Mathematical analysls of the liquld-to-solid and
solid-to-so0lld cases have been treated in Cagniard's book
and should now be invéstigated and.the results compared
with those of this study.

Asymptotic approaches to the solld-to-sollid problem
have been glven by Sommerfeld (1909), Muskat (1933), and
van d. Waerden (1947). Muskat's solutions involve an
approximation, which supposes that wr/Vb ls of the order
of 1 or greater, where w is angular frequency and Vp is
the compressional veloclty of the solid medium. The appicach
I used requires r to be small so,thét instability wilill not
occur in theAnumerical integration by Romberg quadrature.
Hence Muskat fields should be investigated at selected
levels and frequenciles,

Although Cagnlard's theory is exceptionally rigorous 1t
is still necessary to have experlimental confirmation of the

theoretical results. Thus sultable models should be con-

structed.
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APPENDIX A

EXPRESSIONS FOR THE DISPLACEMENTS OF THE BODY WAVES AND
THE TRANSMISSION FACTORS FOR THE
RAYLEIGH WAVE AND THE SECOND SURFACE WAVE

The numbers contalned in the parenthesis, following the
equations refer to the appearance of the same equations in
Flinn and Dix (1962). Angles I, I?', I, and I, have been

defined in Figure 1 on page 7.

I. Primary terms of the first kind
.1, For the direct wave

a. For 1, (radial displacement):

- §_§%2_£ W' (t=RS)
‘ (10-55)
b. For 1, (vertical displacement):
8. 208 L yr1(t-Rs)
R
2. For the reflected P-wave
a. For 1r
S sin I' {% - A3(R'S + 0)}W'(£=R'S)
R (10-56)
b. For lZ
S cos I %T - A3(R'S+O)}W'(t-R'S)

85
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‘where
’ ) 2.,+2. -1
2 {(g2/2) = sin®1'} o}
A (R'S+0) - {1 + - »
_ R'. sinZI'cosI'(g —qin2; )1/2

3.” For‘the’reflected S—-wave

a. For 1. scosIzB(RlS+R2s+O)W{t»(Rls+R23)}

| ” (10-57)
b. For 1,: -ssinIzB(R18+R23+0)W{t-(R18+R28)}
where
~ ' ﬂsinQIl cos2I2
! ' g cos 212fsin21281n211
-1/2 h sinI z s:LnIz,"l/2
r 3 L+ = )
cos 1y cos 12
II. Primary terms of the second kind.
l. For the direct wave
a. For 1r$ ;'éigui'W(t-RS)
R
(10-59)

b. For 1.: S88.L w(t-rs)
Z R2

2. For the reflected P-wave
2 sinI' _ {12(g®-1)cos'I'-4g®+3}W(t-R'S)

a. >FOI‘ 1
(82-1 _R!2
(10-60)
b, For 1 _: 2°SSIt§r 2{12(82-1)coszl'—8g2+7}WCteRS)
| 2 (g“=1)°R’

£

3.. For the reflected S-wave
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. I :
a or 1r

2 2 4
{ géSinI'2(6 cos®T' + gg;i%:ﬁ_) - iﬁg sin 21!
(g -1)R! g (g -1) RT

2
?6 ™ sinI'(500821'—1)(RlS+R2s) }
(g"=1)R' 'S

-
~

W(t=(R.S + R.s)
4 2%7) (10-61)

be PFor 1 :
Z

2 . 2 ly
{ g2COSI'2(6 cos°It + 2% +%-g ) - 2h3(300821'—1)
(g -1)R! g (g -1) R'
- 6 T gin I'(5 cos I' = 3)(R1S+R25)2}
(g2-1)R' '8°

wW{t - (Rls + Res)}.

III. Primary terms of the third kind

1. For the reflected P-wave

a. For lr:

-]l
212 3 sinI'(5 cos2I'—l) W (t=R'S3)
(g ~1LIR'"S
(10-63)
b. For 1Z:
-1
212 3 cosI'(Scos2I'-3) W (t=R'S)
(g"=1)R'"S
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88
2. For the reflected S-wave
a. For 1r:
R_S+R_s
-212 5 L sin I'(5 cos?I'=l) x
(g =1)8 R!
-1
W {t—(RlS + Rgs)}
(10-644)
b. For lZ:
. R.S+R_s
- %2 ) 1 ﬂa cos I'(Scoszl'-3)
(g™ =1)S R!
Wit —(R.S+R.s)}
B A
IV, Primary terms of the fourth kind
l. For the reflected P=wave
a. For 1,:
-2
12 sin I'(Scosgl' - 1)W (t=R'S)
2 (4.2 ,
(g =1)R''s (10=65)

b. For lZ:

-2
= 432'0031'(500821'-3)w (t=R'S)

2
(g"=1)R' S
2. For the reflected S-wave

a. For 1r

-212 sinI'(50032
(g =1)R' S

I'-l)w'z(t-(nls+R2s))

(10-66)



T 1277 89

2 -2
- ;2 5 cosI'(5cos I'=3)W {t—(RlS+R28)}
(g =1)R' S

Expressions for the transmission factors of the Rayleigh

wave are obtalned by calculation of the residue at P and P!

P P P
3 Nr’ and Nz

in Chapter 11 of Cagniard's book. We first write the

(see Figure 2). They are expressed by Mi, M

definitions as follows:

L, 2 o2.1/2 -3/4 30 (Ty)
P -28m (m -g%) i E
Mp = R12 My (Ta) sin 2, i
P -286{m"~ 2 | i
M, = {mRtég /2)} Ml(T*) M2(1*) cos{ez(T*)-32l(T*)}
. (11-12)
P - - -3/4
NL, = 26m _(m i'g2)(m &) 1 (r*)sinéiéizil sinI!
P 28 =8 /2)
Wt - m (Elag /2) N, (Ty) Ny(tg)  cos{o,(T,)
= 30(7y)
m}
2
where
T, = —
*
R4S

2 2 2 2 2 2 2
Ml(T*) = (T*-m +cos I') + Hdty cos I'(m -1)
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1/2
2T, cos I'(mz—l) /

= 0<6, <1
tan 61(1*) ) 3 o 1
T, = m + cos I

Ma(T*) = Ti + (m2-1)coszl'

2 1/2 '
tan 62(1*) - dm -1)1* ios L o<e2<%
Nl(T*) = (Ti - m?sin2I' - (%T‘{(mz-l) (m -g )l/2
+ cos I' (m -g2)1/2 2)%H 2(E'{(m?-l)l/2( 2 2)1/2}
+ cos I! (mg-g2)1/2}2
2 - 2 2.1/2,2
21*{ ,{(m -1) -(m -g2)1/2}+cosl'(m -g ) / }
-tan¢l(1*)— -
Ti-mzsin2l'-{ =={(m -1)1/2-(m2-g251/2}+cosl'(mzmg2)1/2}2
0<¢l<n (11-10)
5 ,
N2(T*)=Ti + {%T{(mz-l)l/ ~(m2=g2)Y % }rcosI! (m2-g2) 1 2)?
1/2
tan¢2(1*)= %—{%T{(me-l) -(mg-g2)1/2}+cosl'(mz-gz)l/z}
*
o<¢l<%
and 5 2 5
s = 2(m =g /2) (11-11)

3mu(g2-1)-m282(3g2-2)+g6/2

The transmisslon factors of the second surface wave

are presented in integral forms. Integration along the
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path E in the u-plane has been transformed onto path K in
the A=plane, where A = %i . Path K deslgnates a clockwilse
half-loop around the positive real axis between 0 and |/gZ-1 |
starting and ending on the imaginary axls (see Cagnlard,
p. 190).

The mathematlical expressions of tie transmission

factors of the second surface wave are written as follows:

25inI? -3/2_ 2
o= - =Bdnd / Q {u~J(u) Iadx
r TR'2S K
E -3/2
M, = - 225 Re / Q 3/ (T4 +iAcosI')J(u)rda
z mR! K '
(12=6)
' -3/2
NE o= - 22 1 s pTY %) 2 aan
-3/2 b h
NE 2 e m s BT (1, - 2 &+ E WP r(w) haan
Z  qR! K '
- 2 2 h_ _bz.,2
where P = -« sin I'(A +l)+(r*+ik '~ S R')

Q = Ti - Az - sinZI' + 21A1*cosI' .
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APPENDIX B

THE MOVEMENT OF THE MOVING BRANCH CUT
AS A FUNCTION OF TIME AND RADIAL DISTANCE

In Chapter 12 of his book Cagniard treated the problem
of obtalning the transmission factors for the second surface
wave by integrating along the path E (see Figure 2) in the
u-plane. As shown 1n Figure 2, there 1s a fixed branch cut
and é moving branch cut in the u-plane. The fixed branch
cut accounts for the multivalued feature of the radicals a
and b and is denoted by the heavy line on the imaginary axls
of the u-piane; the moving branch cut accounts for the multil-

2 2}1/2 and

valued feature of the radical {ugr + (t - ah = bz)
1s represented by two branch polnts A and A' and the curve
connecting them. The positions of the two branch points
depend upon the tlme t and the locatioﬁsAof the source and
recelver,

There is no contribution to the integral between u = =1S
and +1S on the path E, hence integration which beglns at
u = % 1S on the right side of the fixed branch cut and ends
on the left slde of the filxed branch cut at u = % 1S by
going around u = * 1s will be all that is needed here. The

integrals of the transmission factors of the second surface

wave are bounded along the path 1f the recelver 1s at a

92
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finite distance from the source. It wilill remain bounded as
the recelver 1s moved arbitrarily far away from the source,
provided that nelther A nor A' approaches u = * 1s. When

the receiver 1s far away from the_source at the surface,

]

i.e., r = R R', and t approaches to sR' the integrands
become unbounded. This is due to the fact that the branch
points A and A' have fallen on the fixed branch cut:
between u = * 1S and * is and are arbitrérily close to

u = * is under these conditions (see Cagniard, p. 192 and
p. 209). When t 1s greater thanles + st, the branch
points move away from the fixed branch cut so that the
integrands remain bounded.

The Romberg quadrature numerical integratlion program
used in this study was first acquired from the IBM Share
File No. 7090-1481 by Mr. R. L. Gray. It is coded in such
a way that ihtegration'along a given path 1s performed in
minimal time if the integrand is bounded. When the
integrand is unbounded, in or near the range of integration,
the integration by this method requires much more com-
puter time, provlides less accurate results and becomes
unstable. This shortcoming of the algorithm prevented us

from computing waveforms of the second surface wave at the

free surface for the eplcentral distances exceeding 200 ft.



