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ABSTRACT

Shadowing is a means of characterizing global errors in the numerical solution
of initial value ordinary differential equations by allowing for small perturbations in
the initial conditions. The method presented in this thesis allows for estimating a
portion of the computed shadowing distance for systems which have a large number
of contractive modes. The method is formulated for one—step' methods and applied to
the Lorenz system, the Chafee-Infante reaction-diffusion equation and a closed-loop

thermosyphon.
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Chapter 1

INTRODUCTION

Dynamical systems can display sensitive dependence on initial conditions. If, at
any point on the solution curve, small cha;nges in the conditions are introduced, this
can produce solutions which exponentially diverge from each other a short time later,
leading to entirely different solutions. Given the nature of numerical computing, with
roundoff errors and discretization errors, we consider the effects these errors, seen as
small perturbations, will have on the long-time solution of a system of ODEs. Of
particular interest (and of practical importance) is the global error associated with
the final time solution of a dynamical system. Does the computed solution suitably
represent the exact solution trajectory of the problem being solved?

When categorizing global error, there are at least three methods of error analysis:
forward, backward and shadowing. Forward error analysis treats the error equation
as an Initial value problem (IVP) and the global error may become large over long
time intervals unless the problem is contracting. Backward error analysis asks that
the computed solution be the solution to a nearby problem and considers a slightly
perturbed problem with the same initial conditions. This idea is related to the concept
of modified equations [19] and it is not always clear that changing the equation is
the best way to go about obtaining the global error estimate. The third type of
error analysis, the type with which we concern ourselves, is shadowing. Global error
analysis using a shadowing lemma approach involves treating the error equation as

a two-point boundary value problem (BVP) as opposed to an IVP. This allows for



shadowing type error analysis results for problems with expansive and contractive
directions. Shadowing error analysis involves showing that there exists an exact
solution to the differential equation close to the computed solution but with a slightly
perturbed initial condition. If one is willing to allow for slight perturbations in the
initial conditions, then shadowing can be of great use.

Our main contributions in this thesis are 1) to develop an efficient global error
estimate in which the cost of computing the global error estimate is proportional to the
number of non-contracting modes in the system of DEs and 2) to produce shadowing
results for PDEs which, when discretized to first order ODEs are not always Lipschitz
continuous: we consider one-sided Lipschitz constants as an alternative approach. In
particular for high dimensional systems, estimating the error in this manner can
significantly reduce the cost of global error estimation. We develop a method to
produce low-cost shadowing global error estimation for high dimensional systems and
show that the global error estimate is proportional to the number of non-contracting
modes in a given system. We assume that the systems with which we are working are
integrally separated and have bounded growth. These assumptions allow us to use a
suitable approximation to the linearization of the system. With this approximation,
we use ideas similar in spirit to the recursive projection method [37] and inertial
manifold theory [10] to separate our system into two systems: strongly contractive
and the rest.

We will reformulate the original differential equation in terms of a new coordinate
system that corresponds to the directions associated with the Lyapunov exponents of
the linearized problem. We denote the new coordinate system by the columns of an
orthogonal matrix function Q = @(¢). This reformulation will allow us to deal with

the modes of the system individually, and using our integral separation assumptions



we will show that we can estimate bounds for the contracting modes of the system.
Our computations are thus focused on the reduced dimensional systems comprising
of those modes which are not strongly contractive, and therefore our global error
estimate will be proportional to the number of non-contracting modes in the system.

Our focus numerically is in employing existing IVP solvers and in using Hager
style condition number estimation [20, 27] to find the norm of certain matrix pseudo-
inverses. The cost is small due to the use of efficient numerical algebra techniques.
We will test our hypothesis numerically and give numerical examples with the Lorenz
equation, a discretized reaction-diffusion PDE (the Chafee-Infante equation), and a
thermosyphon model.

This thesis is organized as follows. In Chapter 2, we present a typical global
error estimate in the forward sense, but with using one-sided Lipschitz conditions,
and in Chapter 3 we give a brief introduction to numerical shadowing. In Chapter 4,
we present the shadowing setup that we will employ throughout this thesis, a fixed
point result and consider a reformulation of a linearization of the differential equation
by writing the solution X (¢) = Q(¢)R(¢), where Q(¢) is a square orthogonal matrix,
and by solving for ) and R instead of X. We also state our integral separation and
bounded growth assumptions therein. Chapter 5 gives the main theorem and the
main result of this thesis. In Chapter 6, we give numerical implementation details;
we present our numerical algorithm and detail how we estimate certain values that
we will use to obtain a shadowing estimate. Chapfer 7 gives numerical examples and

Chapter 8 gives our conclusions.
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Chapter 2

A BRIEF REVIEW OF GLOBAL ERROR
ESTIMATION

In this chapter, we give a standard proof of a global error estimate in the for-
ward sense. This is to illustrate what is typically done to obtain global error estimate
bounds in the forward sense when solving systems of differential equations numeri-
cally. What is atypical here, is our use of one-sided Lipschitz constants in obtaining
our bound.

Consider the autonomous IVP where f is a C? function,

(2.1)
1‘(0) = Ty,

and z = z(¢) : R — R for a positive integer N.
Forward error estimates have historically been obtained by using a Lipschitz

condition,

1£(z(®)) = Fly@DI < cllz(t) —y(@)ll, ¢=0. (2:2)

Estimates obtained in this manner, while useful, can greatly over-estimate the global
error, especially when considering a system which is contracting. This over-estimation
is a result of the fact that c is positive which will force the error estimate to grow
exponentially in forward time. By considering a one-sided Lipschitz condition, we

will be better positioned to estimate the error for the particular dynamics of a given



system.

Definition 2.0.1. The function f: R* — R" is said to satisfy a one-sided Lipschitz

condition on R"™ if there exists L € R such that
(u = )T (f(w) — f(v)) < L{u — v)F(u —v) Vu,v € R™ (2.3)

In the study of differential equations it is common to use the solution operator
(also called the evolution operator) to represent the solution to (2.1) as a function of

the initial condition, z¢. The solution to (2.1), z(t), can be written
2(t) = (20, t) (2.4)
where ¢ is the solution operator with properties

¢(l‘0,0) = Zo
and
z(t + s) = ¢(z(s),t) = d(z(t), s).

The solution operator should be thought of as nothing more than a notational con-
venience for advancing a solution ¢ time units starting from initial condition zo.

Suppose that we have local error e; = ¢(yi-1, hi—1) — y; with estimate
”65” = ”‘ﬁ(%’—la hi—l) - y'iu < Ch?j]17 1=1,...,n, (2'5)

where y; is the computed solution at step 2, ¢(y;—1, hi—1) is the exact solution at ¢;

starting from ¢;_; and h;_; is the :th timestep.



Define

E; = &(Yirstn —ti) — d(Yiz1,tn — tiz1)

= ¢(yi7 t'n - ti) - ¢(¢(yi—19 hi—l),tn - ti), (26)

where t,, = tcnq, and define the global error to be

E= ¢($07tn - tO) — Yn- (2'7)

We now present a theorem on global error estimation which follows closely one
presented in Hairer et al. [23] but using one-sided Lipschitz constants instead of

standard Lipschitz constants.

Theorem 2.0.1. Let U be the solution space of (2.1) where z(t) is the exact solution
to (2.1). Suppose that z,t € U and that they satisfy the one-sided Lipschitz condition
(2.8). A(so, suppose that the local error estimates (2.5) are satisfied. Then the global
error (2.7) can be estimated by

’
B8] < h”% (ebermro) —1) (2.8)
where h = maxh;,
C, L>0
C'= (2.9)
Cet» L <0

and h is small enough for the numerical solution to remain in U.

Proof. Let
z(t) = A P(yiz1, hiz1),tn — i)



and

y(t) = d(ys, tn — ti).

Then, using the one-sided Lipschitz condition, we obtain

LNBIE = le(t) - (o))
2(a(t) — y () (F(=(t)) - FW(L))
2Ll2(t) ~ y(1)|

2L|| E:|)*

A

By Gronwall’s Lemma, for any ¢ > 0, we have
IE:|1? < e8| B(yimr, hict) — wil|®

which implies

B < e el

Clearly,
N
1EN < E|
=1
which implies
N
IE <> et ley|
=1
Using (2.5) and the fact that h’f'fll < hPh;_;, we have

]

|E| < h?C (hoe™n=1) 4 hyeltn=t) 4 +1).

(2.10)



Notice that

N
Z hi_leL(t”_t‘) <

i=1

o (2.11)

tn eL(t"'t)dt, L>0,
fti;n eL(t"'h_t)dt, L < 0,

which upon integrating will yield the desired global error estimate,
Cl
|BY < koS (Bt 1)

Note that if L = 0 then (2.11) is trivially true and we get the following error bound,

IE[| < RPC (ta — to).-



Chapter 3

INTRODUCTION TO NUMERICAL SHADOWING

Global error analysis using a sﬁadowing lemma approach allows for error analysis
results for problems with both expansive and contractive directions. Shadowing is
used to show that the numerically obtained solution is a good approximation to an
exact solution of the original differential equation (the shadowing solution), but with

a slightly different initial condition.

To illustrate shadowing, we give a simple, yet effective, example first given in

[35]. Consider the initial value problem,

dz

E‘t— =—z, 0Lt teng, .’I:(O) =1, (31)

which we integrate using Euler’s method,

Tn41 = Tp — hz, = (1 —h)z, =%z, 0<n<

h ) o = 1. (3.2)

Figure 3.1 depicts the exact solution (solid line) and the computed solution
(crosses) when tepq = 5 and h = .1. The maximum absolute value of the error
len] := |z(nh) — z,| is 0.019 and occurs at n = 10 (i.e., at ¢ = 1). Notice that |e,|
does not grow larger as n increases.

The reason why |e,| does not grow larger can be simply explained, see, e.g., [28].
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Fic. 3.1. A stable solution trajectory and the exact solution where the numerical

errors rermain small.

For, we can write

en = z(nh)—z,

= z(nh) — Yz((n — 1)h) + Yz((n — 1)h) — Yzp_;.
Let [, = z(nh) — ¢z((n — 1)h), and we have

en = vYz((n—1)h) — vz, +1,
= ’t/)en_l + ln. (3’3)

Notice that [, can be thought of as the local truncation error assocated with each

step taken. Since [¢| < 1 for h small enough, there is a dampening in the propagation
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of the errors. If we let ! = sup |/,| and use (3.3), we have

lenl < [llen—s] +1
< [oPlen—al + [pll +1
<

n—1 . I
...S(Z[l/)l)lSE

1=0

using the geometric series and the fact that e¢; = 0.

Notice that we have by Taylor’s Theorem,

e(nh) = w((n— k) + hra((n - D) + th*Ten)
= a((n—Dh) — hz((n — D) + 3p T e e ((n = 1)),
that is,
I = %/ﬁ%.
Note that
ZHO — Ja(0)e™| < [(0)

so that for (3.1), |/;] can be bounded, independently of n, by 2h%|x(0)|, which yields

global error bound,

1
ea] < 2hl2(0)]. (3.4)
For this problem, $h|x(0)| = .050 and the maximum actual error is .019.
Now consider an unstable problem,

dz

- = 0<t<tems, z(0)=1, (3.5)
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F1G. 3.2. An unstable solution trajectory where the numerical errors grow with
time. The numerical solution is a good approximation of the shadowing trajectory.

integrated with Euler’s method. Figure 3.2 shows the exact trajectory (solid line)
and computed points (crosses). As in Figure 3.1, tepg = 5 and A = .1. Here, the
errors grow monotonically as n grows. The largest error 31.0 occurs at t.,q where
z(5) = 148.4 and x50 = 117.4. This is an error of 21%, which is explained by the
fact that the errors still satisfy the error recursion (3.3), but ¢ = 1 + &, leading to
exponential growth with n.

If we are willing to allow for different initial conditions, shadowing gives us a
means to put to good use the bad numerical results in Figure 3.2 by giving a vastly
better global error estimate. Consider the solution Z of dz/dt = z that at t = t.ng
has the same value of the numerical solution z59 = 117.4. The graph of Z is given
by the dashed line in Figure 3.2 where the initial condition has been found to be

Zo = 0.79. The graphs of # and the computed points z, match much more closely
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with the maximum error |Z(nhk) — z,| = 2.07. This is clearly much better than the
error of 31.0 we got from |z(nh) — z,|. It is said that the trajectory Z(¢) shadows the
numerical solution with an accuracy of 2.07.

The result of this example is that the computed points z, are poor approxima-
tions of the solution of (3.5), the problem we integrated numerically. However, they
are a good approximation to the shadowing solution: a solution of the same differ-
ential equation, but with slightly different initial conditions. If we allow for error in
the initial condition, we can produce good global error estimates for problems where

we could not previously.
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Chapter 4

BACKGROUND AND SETUP

4.1 Shadowing Setup

Before we can give our shadowing theorem, we need to define our error equation
and an approximation to the linearization of our error equation which we will use in
a fixed-point theorem used to show the existence of a nearby shadowing solution.

Working with the system defined in (2.1), we assume that a numerical solution
y = {ye}M, using time steps b = {hi}iry', for a positive integer M, has been

produced and let ¢xy; = tx + hx with to = 0. Consider the operator G(y, k), which is

nonlinear in time, with kth block component given by

(G(I‘!,h))k = Yr+1 — ¢(yka hk) =: dk41, (4.1)

for k = 0,...,M — 1, where ¢ is the local solution operator as defined in (2.4) and

dk+1 is the local error at the kth step. The linea{ization of G(y, h) is given by

(DG(y> h)(Aya Ah))k = Ayk+1 - Dyk ¢(yk7 hk)Ayk - ath ¢(yka hk)Ahka (42)

for k=0,...,M — 1, where 6 > 0 is a scaling factor [40] and

Dy, &(ye, hi) = %(yk, he)
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and

D, ¢(yx, hie) = g%(yk,hk)-

We assume that DG(z, k) is approximated by a linear operator,
(L(Ay, Ah))r = Ayky1 — YeAyr — 0 fiq1 Ahy, (4.3)

for k =0,...,.M — 1 where fiy1 = f(Yrs1)-
We consider z = y E_R(MH)N for 6 = 0 and z = (y,h) € RM+IN x RM for
0> 0.

4.2 Fixed Point Result

The following is a fixed point result that has been used in many instances to

show the existence of a nearby solution in a shadowing context.

Theorem 4.2.1. Suppose X,Y are Banach spaces, G : X — Y is C, and that there
exists positive constants €3, a < 1, a point z € X, and a linear operator L : X — Y

with right inverse LT such that

ILY(DG(w) - L Sa for fjw—2|| < . (4.9)

If, for 0 < € < ¢,

IL'G(2)| < (1 — a)e (4.5)

then the equation G(w) = 0 has a solution with

o — 2]l <. (4.6)
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Our goal now is to find a bound o < 1 in (4.4) and a bound on 3 in (4.5) so that
we can set € = B/(1 — o) provided € < €.

Define the linear variational equation of (2.1) to be the matrix differential equa-
tion

X = Df(z)X (4.7)

where X (¢) € R™*" is called the fundamental matrix solution of (4.7).

If we write the solution to the linear variational equation as X (t) = Q(¢)R(t) (see
[13]), where Q(¢) is orthogonal and R(t) is upper triangular, then Q(¢) satisfies the
following matrix differential equation where S(Q) = S(Q, A(t)) is a skew-symmetric

matrix and A(t) = Df(z(t)),

(RTAQ)ij, 1> j,
Q=[I-QQ" AQ+Q5(Q) with S5(Q)i; = 0, i=j (48
—(QTAQ).'iia 1 < j)
and

R=AR with A=QTAQ - 5(Q). (4.9)

Clearly the matrix A(t) is upper triangular. We assume that R is of the form,

R( 11) R( 12)
R= .
0 R®)

where RV is a p X p upper triangular matrix function and R(? is a (N —p) x (N —p)
upper triangular matrix function.

We solve (4.8) numerically to produce the sequence {Q@;}¥,. Simultaneously,
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for k=0,...,M — 1, we solve

Re(t)= A(t+1t)Ra(t),

) (4.10)
Rk(o) = Ia

for 0 <t < hy and let R denote the approximation to f{(hk).

4.3 Background on Integral Separation

We make the assumption in this thesis that the fundamental matrix solution
of the linear variational equation with which we are working is integrally separated.
This implies certain things about the columns of the fundamental matrix solution
as well as the elements on the diagonal of the matrix A. Most importantly, this
implies that the functions on the diagonal of the matrix A are integrally separated.
We present a definition of integral separation for fundamental matrix solutions first

found in Adrianova [1] and later presented in [14].

Definition 4.3.1. [I, Property 5.3.2], [1{] Write a fundamental matriz solution
columnwise X(t) = [X1(?),..-,Xn(t)]. Then X is integrally separated if for ¢+ =

1,...,n — 1, there erist positive constants a and d such that

IX:@I X1 (s)]

ea(t—s)‘ .
Xl Ken@l =% (4.11)

for all t,s such that t > s.

In particular if we have a system in which the fundamental matrix solution is
integrally separated then the system has distinct Lyapunov exponents. Also, integral

separation is kept under certain transformations such as our X = QR.
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We present another definition of integral separation for functions.

Definition 4.3.2. The functions g;, 1 = 1,...,n, are said to be integrally separated if

fOT’i = la'",n— 1)
1
/ [9:(7) — gina(7)]dr 2 a(t —s)—d, t>s, a>0€R, deR. (412

The integral separation assumption for functions is something which will allow

us to verify that the elements on the diagonal of A are in fact integrally separated.

4.4 Assumptions Based on Integral Separation and Bounded Growth

We solve (4.10) numerically to produce a sequence {R;}M.'. We assume, for

this sequence, that there exists positive constants K,J >1,0<d <1, a,w > 0, and
v € R such that

IR Rl < K7, > £, (4.13)
1 ,
IR - R oo - [RED - R oo < Ze™Cmi™®) >k, (4.14)
and
||R§22) . R§C22)”oo S Jew(tj-}.l—ik)’ ] 2 k. (415)

The first assumption (4.13) is that there is bounded growth in the linearized equation
(see [11]), the second assumption (4.14) is that there is integral separation (see [1})
between the (1,1) and (2, 2) blocks, while the third assumption (4.15) states that the
(2,2) block is contracting. We approximately verify these assumptions in practice by
using constructions motivated by Steklov function considerations. For a discussion

on testing integral separation see [14].

RTHUR LAKES LIBRARY
ACOLO’r’%I)«DO SCHOOL OF MINES
GOLDEN, CO 80401
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4.5 Decomposition of the Linearized Operator and the Pseudo Inverse

We choose for the right inverse, LT, in Theorem (4.2.1), the pseudo inverse. This
allows us to find L' explicitly which is useful when determining the bounds for @ and
B in (4.4) and (4.5). The choice of the pseudo inverse also has the advantage that it is
independent of the dynamics of the problem, i.e., it does not depend on the number
of stable, unstable, or neutral modes and it is the optimal choice with respect to the
2-norm.

When solving (4.8) for Q(t) we will only solve for the first p columns of Q(¢)
where p is the number of non-contracting modes in the original IVP, (2.1). We will
then complete () with the orthogonal complement to the first p columns. Thus, @
will be of the form Q = [Q]|Q1] where @ € RV*? and @+ € RVN*x(N-7),

If we obtain R from (4.9), then in (4.3) we have Y; = Qi4+1RxQY. The linear
operator L in (4.3) can be written as L = QU QT, where @Q,Q are block diagonal

matrices given by

Q = diag(Q1, -, Qm), Q = diag(Qo, -, Qur, In), (4.16)

where Ip; is the M x M identity matrix. The matrix U is given, in block indices, by
(U(z, T))k = Zk4+1 — szk - 0gk+1 TL (4.17)

where firi1 = Qr+19k+1-
Using the assumptions based on integral separation and bounded growth, we

approximate L with [ where

_ ~

L= QDQT, (D(z, T))k = Zk+1 — kaZk — Ogr41 7k (4.18)
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and
i RM o

= 22
0 R®

Thus, the pseudo inverse of L, L, can be written as
it=9ntQ", (4.19)

where DT is the pseudo inverse of D.

We write Dt = DT(DDT)~! and note that DD7T is symmetric and block tridi-
agonal with entries (DDT),; = I + flkéf + 0%gr4198,, for k = 0,...,M — 1 and
(DDTYg1p = —RE for k=1,...,M — 1.

Using our assumptions based on integral separation, we will break the bound for
D' into two estimates and let the bound be the greater of the two. We will estimate
a value for the rows corresponding to contracting modes and solve a linear system to
obtain the bound for the non-contracting modes.

When solving for the pseudoinverse of D, D!, we notice that there are two disjoint
systems involved, corresponding to the contracting and non-contracting modes of this
equation. In order to obtain the supremum norm in as eflicient a manner as possible
we will separate D' into two systems corresponding to the different modes, take the
sup norm of each system and take the greater of these two as our norm.

Let A = DDT. The matrix A is block tridiagonal. To form D! we can solve the
equation A(D')T = D since D' = DT(DDT)~!. This method is unnecessarily slow
when there are contracting modes for the system.

Given that DDT is block tridiagonal and D is block bidiagonal, we observe that
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(DYT will have the form:

(oh5, o ohL, o )
T
(DT = 0 (D)2 0 (DN . (4.20)
(DY, 0 (DI, o

This alternating block form allows us to separate this system into two systems

(D; DTYDNT = D, and (D;DT)(D})T = D, where we define

—~R 1 | —6g{"
D; = el -, I
—R{) 1 | —0g8). .
for:=1,2,
(Df)lT,l Tt (DT){2M+1
(o7 = -
(Dt):er——l,l
and
(DT)"zr,z te (Df)£2M+2
(D})T = '
(DY) a1,

The (D})T system will correspond to the non-contracting modes of D while the

(D})T system will correspond to the contracting modes of D.
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Chapter 5

MAIN THEOREM

Our main theorem is a statement of a shadowing type global error result for
potentially high dimensional initial value ODEs with a large number of contracting
modes. The main advantage over previous results is that the work required to find
the global error bound is proportional to the number of expanding modes. The idea
behind the theorem is to bound « and  in Theorem 4.2.1. We found it useful to apply
Theorem 4.2.1 with a norm based upon the orthogonal matrices {Qx}2,. Much of
the technical difficulty in the proof is due to the fact that we only assume that the
first p columns for some p < N of each ()i are known.

We will apply Theorem 4.2.1 in the norm ||z||5r , = |O7 ]| oo where Q is defined
in (4.16). This vector norm, as the following lemma shows, induces the matrix norm

1Allo7.6.00 = |OT AQ||o for appropriately sized square matrices.

Lemma 5.1.1. The vector norm

lllgrco = Q72|

induces the matriz norm

14l 7,000 = 1QT AQco-

Proof. Consider‘lIyHQT,oo = IIQTyilm
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Then
sup  [Ayllgre, = sup QT Ayl
llgT =1 1R ylloo=1
= sup 19T AQz|
= 1QTAQ||w- (5.1)

O

With these norms, we now state a shadowing theorem for initial value ODEs.

Theorem 5.1.1. Consider an approzimate solution {z;}r. , with timesteps {hx}rrg'
to the IVP (2.1). Let § > 0 be given and consider G given by (4.1), DG given by
(4.2) and L as in (4.8). Assume that, fork =0,..., M —1, we have ||(G(z, h))i]l2 < I
for some § > 0 and assume that (4.13) - (4.15) hold.

For €o > 0, consider L given in (4.18) and Q and Q given in (4.16). Let

IQT(DG(w) — DG(2))Qleo <

for all w such ||QT(w — 2)|joo < €0,

1QT(DG(2) ~ L))Qllew < a2

and

U — Dlje < as.

Define a = n(oq + a2 + a3), where || Do < 1 and n = max{n:, 7.} with IDHloo <
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T and
”D;”oo <n:=J [ew(tM—n) F oo eMlt—taa) | ew(tM—-tM_l)] ey

If a < 1, then define B = nd and set ¢ = —lf—a If € < €o, then there exists {y; }1L,
and {m}M! such that yry1 = d(yk, k) for k = 0,1,..,M — 1 (i.e. {yx}}, and
{n Y5} defines an ezact solution to the differential equation as yx = x(t1) for all ti.),

and ||Q¥(zx — yk)|lo < € fork = 0,1,..., M and |ht — 7x| < b€, fork =0,1,.... M —1.

Before proving the theorem, we state some lemmas we will need for the proof.
The lemmas will provide bounds for the terms a4, @2, and a3 in Theorem 5.1.1 that
contribute to bounding « in Theorem 4.2.1.

We decompose Lt as in (4.19) and, for |QT(w — z)||e < €0, Write

IL(DG(w) - Lllgrgm = I1QDIQT(DG(w) = Lligrg e

ID'QT(DG(w) — DG(2) + DG(z) — L+ L = L)Qlloo
1DY e {1QT(DG(w) = DG(2))Qlloo
+ 1QT(PG(2) = L)Qllew + U — Dlfec } - (52)

IA

To facilitate the derivation of bounds on these terms, we write the differential

equation locally as

g—t¢(yk,t) = f(é(yx,t)) = Df(d(zx,1))b(yx,t) + g(S(yx, 1)), (5.3)

where g(¢(yr,t)) = f(d(yk,t)) — Df(P(zk,t))P(ys,t). We write the local solution
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using the nonlinear variation of constants as

B(upt) = @ (1, 0)ys + / B(t, 5)g(B(ye, 5))ds (5.4)

where @©(t,0) is the principal matrix solution to the linear variational equations
(2,0) = Df(¢(ex,))®(t,0), (0,0) = I. (5.5)

Lemma 5.1.2. Assume that ¢¢ > 0 is given and that there ezists real constants
M) L;’f%, Lffk:,), and Bg) fork =0,..., M such that the following Lipschitz conditions

are satisfied
92

9($(@, )lloo < MP (5.6)

($(zk, 1) — Sk, )T (F( (k1)) — F(D(yi, D) LD (k1) — Dy )13
(5.7)
(f(S(zr, 1)) — F(D(yr, 1)) (Df($(zk, 1)) [(d(2h, 1)) — Df(S(yr, 1)) F(H(yrs 1))

< LN F((axs 1)) — F((yes )3
(5.8)

I 5@t )l < BY 5.9

Jor ||QF (z — yk)||oo < €0 in an appropriate neighborhood of the local solution ¢(zx,t).
Then

*)
lé(zh,t) — Sy, llz < llox — yrll2 e"r2" (5.10)

£ ($(erst)) = F( Sy Dll2 < NF(wx) — Flu)ll2e 73 (5.11)



and

- L,
“QZ"'I(d)x"(xk’t) = Gy (k> 1)) Qilloo < AM(k)““’k — Ykll2 e’yt/ elFr2="2ds,
0

Proof. We have

($(k, t) — B(ye, )T (f(S(zk, 1)) — F(S(yns t)))
< LBd(zr,t) — d(ye, )12

to which we apply Gronwall’s Lemma, yielding,
AP
lp(ze,t) — Syr, Iz < e — yrll2 €772
Also, in a similar manner, after applying Gronwall’s Lemma we obtain
(k)
[ F(d(zx, 1)) — F(B(yrst))ll2 < | F(zr) — flyr)ll2 €57

and if we use the fact that ¢(z,0) = z, the result (5.11) is obtained.

Finally, we write

ben(@hrt) = B(t,0) + / B(t,) g (b, 5))ds.

26

(5.12)

(5.13)
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This implies

||Q£+l(¢1'k(mk7t) - ¢yk(yk7t))Qk”oo

< [ 100l (823, 5)) — gl ) s
>~ 5 5 oo Bwk ’ aykg Yk, oo

£ 1 82
< [ KN [ ST a6, s) — Ol(an )
— Bk )]0 (B, 5) — By, 8)) [loods

t 1 (%)
< / Kev(t=9) / M® )|z, — yill2 eL72%ds

0

t
= KM®|g; — el e / L3=Ms g, (5.14)
0

a

Lemma 5.1.3. Given ¢ > 0 and 8 > 0. Then, for |hy — 7] < b¢o and ||QF (zx —

yk)“oo S €o,

| f(d(zk, he)) — f(D(yr, 7)) 2
< |1 f((eksbe0)) — F(D(yrs Te — i + 8e0)) 2 L3 h—cot) (5.15)

Proof. Applying Gronwall’s Lemma to our Lipschitz condition (5.8) yields

£ (#(zk, he)) — F(D(yr, 7))l
< |1F(b(zk, Be0)) — f(S(yk, T — hi + Oeo))||, €573 =00,

We consider next a bound on the term ||QT(DG(z) — L)Ql|oo of (5.2).

Lemma 5.1.4. Ifthe locel error in approxzimating the solution to the linear variational

equation is C18 where & is a uniform bound on the local error of the differential
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equation (2.1), then
IQT(DG(2) = L)Qlloo < v

where

AP
oy = C16 + OmI?,x”f(zk) — f(zr)||2 €737k,
where zi, is such that ¢(zk, hi) = Tky1-

Proof. We have

1(QT(DG() ~ 1)Q), lloo = 1QFss($or(@rs i) = Vi) @ulleo (5.16)

which is controlled using local error control. By using (5.8) and the fact that there

exists zj such that ¢(zk, hr) = Tr41, we have

1QE 1 (F(zra1) = F( B2k, i) lloo < N1 F(28) — F(@i)[l2 253

O

We now consider the term ||QT(DG(w) — DG(2))Q||co of (5.2) in a similar man-

ner.

Lemma 5.1.5. Let ¢p > 0 be given. Then for ||QT(w — 2)||eo < €0, ||QT(DG(w) —
DG(z))Q”oo < ap where

a; = mliix(lg”f(¢($k, beo)) — f(D(yr, 7 — hi + 060))]|2 eL(f'fg(hk_eog)

hi+8eo (k)
+ KMz, — g e hstoe0) / eLi2="sdg (5.17)
0

+ e max IleHé%fW(mk’S))Qk”oo-

[s—hi|<beo
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Proof. The term 6||Q7,,(f(¢(zx,hr)) — f(S(yr,T%)))|lo is bounded using Lemma
5.1.3. We have

1 (27(DG(w) = DG(ENQ) llo = 1QFa(Ben(rs i) — iy (ws7e)) @il
= ”Qgﬂ(ﬁbu("’k? k) — ¢yk(yk77k))Qk”00

+ 1QF 1 (Bei (ks i) — b0, (T, 7)) Q]| oo
(5.18)

The first term in (5.18) is bounded using (5.7) and Lemma 5.1.2. To bound the

second term, we have

hi 6
Q%1 (Par(@hs hi) = Pa (2, ) Qkllo < | Qi / 5] (P2, 8))ds Qoo

0
< B¢ pJpax Q71 5;;f(¢($k,5))Qk”oo-
(5.19)

d

Lemma 5.1.6. Assume that (4.13) and ({.14) hold. Then ||U — D||s < az, where

. —t0yMjza2 - -
as = m’?,x{l& et tk)___:dle [1—e a(tk41 t")]} (5-20)

and M ;a2 is a uniform bound on the coefficients of the upper triangular matriz func-
tion A in (4.9) obtained from the coefficient matriz of the linear variational equation

(4.7) by the orthogonal change of variables.

Proof. To bound ||{U — D||, write

R(t) = Z(t)D(t) (5.21)
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where

(1 W(t))
Z(t) = . Z(+o0)=1. (5.22)
0 I

By taking the derivative of (5.21) and using (4.10), we obtain the following differential
equation for W (t)

W — A(H)W — WA22) + /i(12),
(5.23)
W(4o00) = 0.
Solving (5.23) for W(t) yields:
W (t) = —RM(1) [ / R(“)“(S)A(12)(S)R(22)(s)ds] R (1), (5.24)
t

We define Z, = diag(Z(t1),...,Z(tm)) and Z, = diag(l,Z ' (t1),...,Z (tx)) for

timesteps ¢;, ..., tp. This allows us to write U = Z, DZ, since

I W(t (I —W(t . RM™ o
Ry = ()} g Y g (B . (5.25)
0o I 0 I 0 R¥

We now use this reformulation to find a bound on ||U — D||e = ||Z1DZ; — D||c-
For k =0,...,M — 1 we have that the (k, k) block of U — D is

0 —RUVW(th) + W (trer) BED
(U = D)y = ( k (k) (trs1) By a (5.26)

0 0

What remains is to derive a bound on —-RSI)W(tk) + W(tk+1)Rf2). We use assump-
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tions (4.13) and (4.14). We have

I = REDW (26) + W (t41) RS |co

= ||R{VROD (1) U R‘“’"’(s)ﬁ“ﬁks)R@”(s)ds] RED™ (4))]
t

k

— R(tp) [ [ (s)fi“?)(s)fz“”(s)ds} RO (111 R o

tr41

trt1 1 . .
— [ROD(t4) [ [ R (s)Am)(s)R‘”’(s)ds] RED™ ()]l
tr

e _ - X
= AR [ [T RO ) A R s)ds | R (1)

ty

Tkl _ ~ -
< B |lw f IR () R 7 (8) oo | AGD (8) oo | RED(5) RED ™ (24) [ oo ds.
tx

At this point, we use (4.14) and the bound Mz on the elements of A1?). Then

-1 .Z‘l~ 12 tk+1
IU - Dllee < [IRM (#441) ROV (tk)lloo-—-':i—(—)/ et ds
ik

M ;a2
< - (tepr—tx) ZA02) 1 — e~ altk+1—tx) 5.27
Re ad [ € ] s ( )

where “Rgl)” is bounded using (4.13). O

Proof of Theorem 5.1.1. The idea of the proof is to bound a and 8 in Theorem 4.2.1

using the norms in Lemma 5.1.1 with the operator L replaced by L (see (4.17) and
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(4.18)). For B in (4.5), we have
IL'G(2)llgr 0o = 1QTLIG (@)oo = IDTQTG (@)oo < 1DM|oo - |1QTG (@)oo, (5.28)
and || D!l < 7. To obtain a bound on [|QTG(z)||ee, we have,
1QTG()lleo = sup 1QF 8klloo = sup sup [(QFdk):| < sup [|6ellz = 6, (5.29)

using the Cauchy-Schwarz inequality since local error is bounded by ¢ in the Euclidean
norm. Thus, we have ”i*G(:t)”QT’oo <nd=:p.

Next decompose L' as in (4.19) and, for ||QT(w — 2)|lee < €0, we have by (5.2)
that

ILH(DG(w) — D)lgrgee < 1Dl {IQ7(DG(w) - DG(2))Qlos
+ 1Q7(DG(z) — L)Qlloo + (U = D)oo} (5.30)
< n-(ea+a1+o03)=:a, (5.31)

where a;, a3, and a3 are bounded in Lemmas 5.1.4, 5.1.5, and 5.1.6, respectively.
Finally to bound || D}||s by 72, we consider the solution to Dyz = g for ||g]le. < 1
and use (4.15). We have

(5.32)

2= EPD v
z((,2) = 0.

For k > I define ®4; = [I5_; R". Then 2%, = ®x025? + ®rago + - + Prs_1k—2 +

D kgk—1 + gr. Thus,

”zk+1”°o <J [ew(tk+1—t1) 4o+ ew(tk+1—tk—1) + ew(tk-l—l—tk)] +1, (533)



and 7 is set to the bound obtained in (5.33) with £ +1 = M.

This completes the proof.

33
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Chapter 6

IMPLEMENTATION

The basic outline of our algorithm for solving and producing a shadowing distance

estimate for an approximate solution of the IVP (2.1) follows.

6.1 Algorithm

Given constant ¢ > 0:
1. Simultaneously approximate solutions to (4.8) and (4.9).
2. Find bounds for the quantities —Q_T(DG(w)—DG(z))Q, U—D and @T(DF(w)—L)Q
using Lemmas (5.1.4), (5.1.5) and (5.1.6).
3. Estimate || D'||, using Hager’s algorithm and (5.33).
4. Using the results from Steps 2 and 3, estimate « in (4.4) and 8 in (4.5).
5. If a <1 and B/(1 — a) < €, then set the shadowing distance € := 8/(1 — a).

Note: If @ > 1 then no shadowing distance can be obtained and no statement can be

made about the global error associated with computing a solution to (2.1).

6.2 Numerics

Our code is written using Fortran 77 and compiled and run on a RedHat 8.0
Linux system with 512MB of RAM and one 2.4GHz Intel Pentium 4 processor.
We rely on third-party code packages within our code to provide certain func-

tionality. These are:
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o donest.f - Hager/Higham’s code for one norm estimation.

e bl3dfac.f, bl3dsol.f - Fortran codes of Keast [30] used with donest.f to factor
and solve block tridiagonal linear systems during norm estimation.

e BLAS - basic linear algebra subroutines for matrix-matrix and matrix-vector
multiplication.

When solving (4.8) and (4.9) we employ the stiff numerical integrator SODEX
([23], extrapolation code based on the linearly implicit midpoint rule). When inte-
grating, SODEX will determine stepsizes based on the relative and absolute error
tolerances which we specify along with an initial stepsize as arguments. At each
timestep, we save the solutions generated by SODEX as well as the three entries on
the diagonal of A which we are interested in. We will also estimate and save the
Lipschitz constants (5.6)-(5.9).

After numerical integration is complete, we move to generate our shadowing
result, €, by using algorithm (6.1). All constants which we estimate are based on the
data stored during numerical integration. We discuss in the next section how these

constants are estimated.

6.3 Implementation Details

6.3.1 Estimation of the Constants in (4.13) — (4.15)

By assuming that the fundamental matrix solution of (4.7) is integrally sepa-
rated, this implies that the functions along the diagonal of A from (4.9) are integrally
separated and, because of this, for our numerical testing, we approximate constants

K, J,d,a,v, and w using the following equations and ideas.

Define
1 t+H -
~YH = sup ——/ A(T)1qadr, H >0, (6.1)
¢ H Jy
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where A(t)l,l is the (1,1) element of the matrix A.

Similarly, define

1 t+H
Wi = sup E/ A(T)pprprdT, H >0 (6.2)
¢ t

where A(t)p41p41 is the (p+ 1,p + 1) element of the matrix A, and
1 t+H . -
ag = sup "‘/ [A(T)p.p - A("')p+1,p+1] dr, H >0. (6.3)
t H t

To find vg,wy and ey numerically, we will fix H such that 0 < H < t.,4/2 and then
compute the sup over all t = {t;}M,.

Using the above values, we can find, K, J, and 1/d in the following manner:

Ky = sup eﬂs[j(")"‘_"’”]d", (6.4)
t,s
Jy = sup ef's[A(T)"“""“—wH]dT, (6.5)
t,s
(1) _ sup e AT A psspra—anlir. (6.6)
d H t,5

As an alternative to employing equations (6.4)~(6.6) for every timestep, we em-
ploy the following alternative method to find the supremal values for K, J, and 1/d:
Compute Kpgy; as

K = ef‘ﬂg [A(T)l,l—qﬂ]dr, (6.7)

for all ¢ = {tx}},. We will set K = max{Kpg/2}. In a similar manner, we obtain

values for J and 1/d.
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6.3.2 Estimation of 7

In order to estimate || D!||oc = 71, we make use of the fact that the pseudo-right
inverse of Dy can be written D] = DT(D;DT)~'. This implies (D, DT)(D})T = D;.
Notice that by solving a linear system for a column of (DT we are actually solving
for a row of DI, which we require to estimate the infinity norm of DI.

The norm estimate is done using a method first proposed by Hager [20] and later
refined by Higham [27]. Hager’s algorithm will calculate the one norm of a given
matrix, A, using a simple scheme in which it will multiply Az or A7z until the norm
is estimated. Note that we are using Hager to calculate ||(D))T|); = || D}||oo-

When a request is made to find (DI)Tx or Diz we will multiply D;z = w and
solve D1 DTy = w or solve Dy DT w = z and multiply y = DT w, respectively. We take
advantage of the fact that our matrix D, DT is tridiagonal in solving the systems in

the most efficient manner possible.

6.3.3 Simplified Bound on 7,

If we let A = ming(tx4+1 — tx), then (5.33) becomes,

”zk+1”oo < J [1 + ewkh + ...+ ew2h 4 ewh]

= J [1 T T ewh] . (6.8)

The above sum is a geometric series and can be expressed as

1 — elwh)**! 1

T[4 g e p et ST <= (69)




38

6.3.4 Estimation of M

During our numerical calculation, we solve for p + 1 columns of the linear varia-
tional equation (4.7). In doing so, we form A € R®+DX(®+1) The (p 4 1)st column of

A is the first column in the submatrix A(?). We estimate M ; based on the formula,
M; = max||A®),|| (6.10)
A P pt1lloos :

where A®) is the matrix formed during each step of numerical integration.
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Chapter 7

NUMERICAL RESULTS

In this chapter, we present numerical results of our shadowing algorithm applied
to several nonlinear IVPs. We have chosen these IVPs because they are known to
exhibit integral separateness and are of physical interest in a variety of disciplines.
The main goal in our experiments is to obtain shadowing estimates for a long time
integration of (2.1). We are also interested in testing our procedure for increasing
values of n, in the interest of testing for n large, i.e. high dimensional systems.

The results for each of the examples we consider are for different values of p
varied over a fixed mesh determined by n.

Each problem was spatially discretized to yield a first-order system of differential
equations which we then solve numerically. For each problem, there are two tables
listing the results we obtained. The first table of each pair gives values for K, J, a,y,w
and 1/d from our assumptions (4.13) — (4.15) which we use when bounding o, a;
and a3 from Theorem 5.1.1. The second table of each pair gives the values which go
into satisfying Theorem 4.2.1, our shadowing theorem. If « '< 1, then the shadowing
distance ¢ is assigned, which is our end goal. If assigned, we can say that there is an

exact solution to the original problem within € of the computed solution.

ABRTHUR LAKES LIBRARY
COLORADO SCHOOL OF MINES
GOLDEN, CO 80401
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7.1 Examples

Example 7.1.1. The Lorenz equation is given by
z =0y —z),

y=pr—y-—2z2,
z = zy — Pz,

where
(1)
z(t)=|y(t)| €R’ teR

z(1)

with parameters o = 10,p = 28,8 = §.

The Lorenz equation is an often cited example studied in dynamical systems.
The equations are simple, yet they contain a strange attractor and exhibit chaotic
behaviour.

Tables 7.1 and 7.2 give shadowing results for the Lorenz system where we have
chosen the shadowing constant H = 1 for the estimation of our constants. The results
show that we were not able to get a shadowing distance for the case when p = 2 and

only obtain a shadowing distance when p = n = 3.

Example 7.1.2. The Chafee-Infante reaction-diffusion equation (CIE) is given by
U~ Up + (U ~U)=0, U0 =U(t1)=0 (7.1)

on R* x [0,1]. To make the dynamics of the problem more interesting, we use the
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Lorenz (n = 3, tend — tstart = 10, § = 1075, 6 = 1072)
P ~ K w J a 1/d
2 .63 1.0 —1.0e01 1.0 1.5e01 1.1
3 .63 1.0 0 1.0 —10.6 1.0

Table 7.1. Bounded growth and integral separation constants for Lorenz.

Lorenz (n = 37 tend - tstart = 107 §= 10-6)
p n q Qo (8 2: €
2 4.7Tel 1.0e — 06 3.2e — 05 0.3
3 9.4el 1.0e — 06 3.4e — 05 0 9.4e — 05

Table 7.2. Shadowing theorem values for Lorenz.

initial condition

0, 0<z<1/5
1, 1/6<2<2/5
0, 2/5<z<3/5
1, 3/5<z<4/5
0, 4/5<z<1

U(0,z) = f(z) = 4

and parameter kK = 1.

Reaction-diffusion equations, as a general class of problems, arise in many chem-
ical and biological settings. Solutions to these equations exhibit a wide variety of
structures, including pattern formation and traveling waves. The CIE is a scalar
reaction-diffusion problem and an example of a dissipative parabolic PDE. The CIE
was originally studied as a model of the evolution of the alignments in crystals and
Chafee-Infante studied the equation as a bifurcation problem in their work [5].

The CIE was discretized using basic finite differences with Dirichlet boundary

conditions. The dimension n can be set arbitrarily > 2.
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Tables 7.3 and 7.4 give shadowing results for a 15-dimensional system, where we
have chosen H =1 for the estimation of our shadowing constants.

For CIE, we were able to obtain a shadowing distance for all values of p which
we considered. This is not entirely surprising as CIE is dissipative and so we would
expect the modes of the system to decay with time. The fact that a3 is quite small

for all values of p is what allows us to obtain the shadowing distance in each case.

Chafee-Infante (n = 15, tend — tstart = 10, 6 =107¢, 6 = 1072)
p ~ K w J a 1/d
2 —8.8 1.0 —8.5e01 1.0 4.8e01 1.0
3 —8.8 1.0 —1.5e02 1.0 6.4e01 1.0
4 —8.8 1.0 —2.3e02 1.0 7.8¢01 | 1.0
5 —8.8 1.0 —3.2e02 1.0 8.9¢01 1.0
6 —8.8 1.0 —4.1e02 1.0 9.6e01 1.0
7 —8.8 1.0 —5.1e02 1.0 10.0e01 1.0
8 —8.8 1.0 | —6.1e02 1.0 10.0e01 1.0
9 —8.8 1.0 —7.0e02 1.0 9.6€01 1.0
10 —8.8 1.0 —7.9e02 1.0 8.9¢01 1.0
11 —8.8 1.0 —8.7¢02 1.0 7.8e01 1.0
12 —8.8 1.0 —9.3e02 1.0 6.4e01 1.0
13 —8.8 1.0 —9.8e02 1.0 4.8e01 1.0
14 —8.8 1.0 —1.0e03 1.0 3.1e01 1.0

Table 7.3. Bounded growth and integral separation constants for Chafee-Infante.

Example 7.1.8. As a final example, we consider a closed loop thermosyphon. The
model for the thermosyphon is a coupled nonlocal ODE/PDE system for the velocity,
v(t), and the temperature of the fluid, T(t,z), of the form

{ v+ Go)v= §Tf, v(0)=uo, (7.2)

T; +vT, = h(z)+ v, T(0,z)= To(x),



Chafee-Infante (n = 15, tend — tstare = 10, § = 107°)

P n ay 2% Qg €

2 3.6 1.0e — 06 3.8¢ — 05 9.7¢ — 12 3.6e — 06
3 3.7 1.0e — 06 8.5¢ — 05 1.2¢ — 11 3.7¢ — 06
4 7.5 1.0e — 06 1.5e¢ — 04 l.l1e — 11 7.6e — 06
5 1.1e01 1.0e — 06 2.3e — 04 4.0e — 10 1.1e — 05
6 1.4e01 1.0e — 06 3.2¢e — 04 1.1e — 10 l.4e — 05
7 1.8€01 1.0e — 06 4.1e — 04 3.9¢ — 10 1.9¢ — 05
8 2.0e01 1.0e — 06 5.1e — 04 4.6e — 11 2.0e — 05
9 2.4e01 1.0e — 06 6.1e — 04 5.2¢ — 10 2.5e — 05
10 2.8e01 1.0e — 06 7.1e — 04 1.3e — 10 2.9e — 05
11 3.0e01 1.0e — 06 8.0e — 04 2.6e — 10 3.1e — 05
12 3.6e01 1.0e — 06 8.7e — 04 3.3e—10 3.7¢e — 05
13 3.7€01 1.0e — 06 9.4e — 04 2.2e — 10 3.8¢ - 05
14 3.9e01 1.0e — 06 9.8e — 04 5.9e — 11 4.1e—05

Table 7.4. Shadowing theorem values for Chafee-Infante.
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with initial conditions vo and To(z). The parameter € is a positive scalar, z € (0,1) is
the arc length and § = fol dz denotes integration along the closed path of the circuit.
The function f = dz/dt represents the variation in height along the circuit, so f
describes the geometry of the loop and the distribution of gravitational forces. The
function h represents the heat transfer law across the loop wall. The function G(v)
specifies the friction law at the inner wall of the loop and is positive and bounded away

from zero; i.e., G(v) > Go > 0.

In engineering, the name thermosyphon is used to denote a loop containing
fluid whose motion is driven by the action of several forces such as gravity, buoy-
ancy induced by differences in temperature (natural convection), pumps, etc. Ex-
amples of real world thermosyphons are cooling circuits and solar water heaters.

Thermosyphons can also represent simplified models for natural convection of fluids
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throughout nature (atmospheric, oceanic circulation loops). Thermosyphons are at-
tractive for study because they can give rise to mathematical equations that can be
studied with simple laboratory implementations. See, for example, [34].

The discrete model for this equation is obtained by spatially discretizing the
PDE system by considering Fourier expansions for f and 7 in (7.2) and writing
the equations for the Fourier coeflicients of T. Then, the expansions have been
truncated to the first terms, producing a nonlinear system of first order ODEs. The
discretization produces either three or five dimensional models where we can add
arbitrarily many more contracting dimensions. We follow the discretization given in
[34] exactly and refer the reader therein for a detailed description and history of the
discretization of this model.

For the numerical results given here, we take ¢ = 1, G(v) = |v| + 10™* and
h(z) = 1072|z| + 1. We have chosen our shadowing constant H = 1.

Tables 7.5 and 7.6 give shadowing results for a 3-dimensional model in which we
have 3 non-contracting modes and can add arbitrarily many more even dimensions,
all of which are contracting.

Tables 7.7 and 7.8 give shadowing results for a 5-dimensional model in which we
have 5 non-contracting modes and can add arbitrarily many more even dimensions,
all of which are contracting.

| The results for both of the thermosyphon models are quite interesting. In each
case, we explicitly know the value of p (3 and 5 respectively) and it is precisely at
these points when we are able to obtain a shadowing distance. In each problem, when
we chose p to be less than 3 and 5, we were unable to obtain a shadowing distance
because of the fact that as is large in each case as we are including some of the

non-contracting modes of the system into its’ estimate.



3D-Thermosyphon (n = 15, tend — tstart = 2, § = 107, 6 = 1072)
P y K w J a 1/d
2 4.8 14 6.1e — 01 1.8 9.2¢ — 01 1.0
3 4.6 1.5 —-1.0 1.0 1.6 1.8
4 4.3 1.8 —1.0 1.0 8.1le — 05 1.0
5 4.6 1.5 —-1.0 1.0 9.9¢ — 03 1.0
6 4.6 1.5 —1.0 1.0 5.6e — 04 1.0
7 4.5 1.5 —-1.0 1.0 1.6e — 02 1.0
8 4.5 1.6 -1.0 1.0 2.2e — 03 1.0
9 4.5 1.6 —-1.0 1.0 2.5e¢ — 02 1.0
10 4.4 1.6 -1.0 1.0 7.9¢ — 03 1.0
11 4.4 1.6 -1.0 1.0 4.9¢ — 02 1.0
12 4.4 1.6 -1.0 1.0 3.5 — 02 1.0
13 5.0 1.1 —1.0 1.0 2.1e — 01 1.0
14 4.5 1.8 —4.4 4.8 2.2e — 01 2.6

Table 7.5. Bounded growth and integral separation constants for the
3D-thermosyphon model.

7.2 Discussion of Results
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In each of the three examples that we considered we obtained results which were

consistent with what we expected to see given the nature of the systems we were

looking at.

For the CIE, we were able to compute a shadowing distance for all values of p

because the entire system is, in general, contracting and hence all of the modes decay

with time.

For each of the thermosyphon models studied, we knew p explicitly and observed

that we were able to obtain a shadowing estimate starting precisely at that value of

p. The results for the thermosyphon model are exactly what we would have expected

to see and are a good validation of the procedure presented in this thesis.



3D-Thermosyphon (n = 15, teng — tstart = 2, § = 107°)

P n a g as €

2 1.3€02 1.1e — 06 9.9¢ — 04 7.2e02

3 2.2e01 1.0e — 06 9.9¢ — 04 3.2¢ — 02 2.3e — 05
4 2.2e01 1.1e — 06 1.4e — 03 3.9¢ — 02 2.3¢ — 05
5 2.4¢e01 1.1e — 06 1.8 — 03 5.6e — 02 2.5¢ — 05
6 2.2¢01 1.1e — 06 1.0e — 03 2.9e¢ — 02 2.3¢ — 05
7 2.4e01 1.1e — 06 1.1e — 03 3.1e — 02 2.4e — 05
8 2.4e01 1.1e — 06 2.0e — 03 5.9¢ — 02 2.6e — 05
9 2.2e01 1.1e — 06 1.1e — 03 3.2¢ — 02 2.3e — 05
10 2.2e01 1.1e — 06 1.1e — 03 3.0e — 02 2.3e — 05
11 2.3e01 1l.1e — 06 1.2e — 03 3.5e — 02 2.3¢ — 05
12 2.3e01 1.0e — 06 1.1e — 03 3.1e — 02 2.4e — 05
13 2.2e01 1.1e — 06 1.0e — 03 3.0e — 02 2.3e — 05
14 2.8e01 1.0e — 06 9.2¢ — 04 6.3e — 04 2.9¢ — 05

Table 7.6. Shadowing theorem values for the 3D-thermosyphon model.

5D-Thermosyphon (n = 15, teng — tstare = 2, 6 = 107°, 6 = 107?)
P 5 K w J a 1/d
2 5.0 1.3 2.2¢ — 01 1.5 9.1e — 01 1.
3 4.7 1.5 —4.9¢ — 01 1.2 1.1 1.6
4 4.5 1.6 -1.0 1.1 6.0e — 01 1.2
5 5.0 1.2 —-~1.0 1.0 1.7¢ — 02 1.0
6 4.9 1.5 —-1.0 1.0 5.8 — 04 1.0
7 4.9 1.4 -~1.0 1.0 1.6e — 02 1.0
8 4.6 1.7 —~1.0 1.0 2.2e — 03 1.0
9 4.6 1.7 -1.0 1.0 2.5¢ — 02 1.0
10 4.6 1.7 —1.0 1.0 7.9¢ — 03 1.0
11 4.6 1.7 -1.0 1.0 4.9¢e — 02 1.0
12 4.6 1.7 —-1.0 1.0 3.5e — 02 1.0
13 51 1.2 -1.0 1.0 2.1e — 01 1.0
14 4.9 1.6 —4.4 4.7 2.2e — 01 2.3

Table 7.7. Bounded growth and integral separation constants for the

5D-thermosyphon model.
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5D-Thermosyphon (n = 15, tepq — tstart = 2, § = 107°)

P 72 (3] [0 5 Q3 €

2 7.2¢01 1.1 — 06 9.2¢ — 04 5.3

3 3.2e01 1.0e — 06 9.8¢ — 04 3.5

4 2.6e01 2.8¢ — 05 1.2e — 03 2.3

5 3.3e01 1.1e — 06 1.6e — 03 4.4e — 04 3.5¢ — 05
6 3.2¢01 1.0e — 06 1.4e — 03 2.8¢ — 04 3.4¢ — 05
7 3.1e01 1.7¢ — 06 1.1e — 03 2.3¢ — 04 3.3¢e— 05
8 3.1e01 1.2¢ — 06 1.4e — 03 2.3e — 04 3.3e — 05
9 3.1e01 1.1e — 06 1.4e — 03 4.0e — 04 3.3e — 05
10 3.1e01 1.1e — 06 1.4e — 03 2.9¢ — 04 3.3e — 05
11 3.2e01 1.1e — 06 1.4¢ — 03 3.7¢ — 04 3.4e — 05
12 3.2e01 1.1e — 06 1.4e — 03 2.5e — 04 3.4e — 05 -
13 3.3e01 1.1e — 06 1.1e — 03 2.4e — 04 3.4e — 05
14 2.8e01 1.0e — 06 7.9e¢ — 04 4.2e¢ — 04 2.9¢ — 05

Table 7.8. Shadowing constants for the 5D-thermosyphon model.
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Chapter 8

CONCLUSIONS

In this thesis we devised a new approach to global error analysis for approximate
solutions to IVP ODEs using a shadowing lemma type approach. By considering
that the system with which we were dealing was integrally separated we were able to
separate the system and obtain shadowing results more efficiently by dealing with the
parts of the system separately and taking into consideration the particular dynamics of
each part. We were able to achieve a more eflicient shadowing estimate by obtaining
a shadowing estimate for the non-contracting modes of the system and estimating
the error contributed from the rest of the modes. The higher efficiency resulted
from having to solve a lower dimensional system of DEs, while still giving enough

information to produce a shadowing result.
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