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ABSTRACT

An opportunity exists to improve the profitability of
block-caving mines by the use of operations research tech-
niques. In this thesis linear programming has been apblied
to the problem of production scheduling in block-caving
mines with the objective of maximizing the total revenue of
the operation, subject to requirements on production, uni-
formity of the grade of the ore produced and limitatilons
concerning the dilution of the ore.

Optimum solutions were obtained in the application of
a theoretical model to synthetic data, and in the applica;'
tion of a different model to the Ceresco Level of Climax
Molybdenum Mine. The total revenue obtained by the applica-

tion of the model was found to be 4,25% greater than the one

obtained by the Mining Company, with the same production.
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"INTRODUCTION

Mines that are operated by block caving, are in most
cases large mines; hence to run these mines large sums of
money are needed. Consequently, if we could provide a ﬁining
sequence or a production schedule that could make the opera-
tion more profitable, i.e. 1% or so, this would mean a great
sum of money for the Company.

The purpose of. making this study was to develop optimiz-
ing models of long- and intermediate-range production planning
fpr two cases of block caving, namely Total Block Caving and
. Progressive Block Caving.

By Total Block Ccaving 1s meant that a large area of a
mine 1s undercut at one time and the contact plane between
the sinking ore and the waste apove is drawn essentially
norizontal. A theoretical model will be presented and an
application of this model to fictitious data will be solved,
The data will be fictitious because this method, although
optimum with respect to dilution problems, requires a very
large investment with no production in the development stage.
Because of this last reason, no mines that use this method
were found, at least here in Colorado.

.Progressive_Block Caving involves the exploitation of a

mining area including development and ore drawing at the same
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time, in this way the initial investment 1is not so large and
a revenue is obtained at once from the ore extracted. For
this mining method, a model will be presented and an applica-
tion of the model to the Ceresco level of the Climax
Molybdenum mine will be made. Also the effect on managerial
decisions to be made, i.e. cut-off grade, angle of drawing

plane, etc., will be discussed.



T L1424

METHODS OF ANALYSIS

The following analytical methods require consideration
in attacking the problem of optimizing production from block-

caving mines:

Network Methods

Methods like Program Evaluation and Review Technlque
(PERT) and Critical Path Methods (CPM) have been useful in
production scheduling. However, these techniques are not
suitable for making decisions based on optimality. In.this
case, the optimum solution of the problem has to be chosen

from among numerous possibilities. For this reason, these

techniques are not directly applicable.

Simulation

Simulation is a useful technique that can be applied to
find the best solution of a problem from among a reasonable
number of alternatives. In this particular case this method
cannot be successfully applied because there is an infinitely
large number of different possibilitiles to study. This would

make the analysis very long and tedious.



T 1424 4

Dynamic Programming

Dynamic Programming 1is a technique that can be used to
optimize a function subject to a few constraints, 1.e. two or
three,

In this case, the number of constraints exceeds 500,

Therefore, this technique cannot be used.

Mixed Linear-Integer Programming

This technique can be used to optimize a function subject
to linear and integer constraints. The integer constraints
can include 0 or 1 variables. A model of this kind was proé
posed for the solution of the problem. However, its applica-
tion was impossible due to the fact that no large codes which

can solve this type of mathematical model are available,

Linear Programming

Linear programming was chosen in this case in view of
the following factors:

1. It does provide an optimizing model

2. The objective function and the constraints for this
problem can bé written as linear functions without destroying
the practical meaning of them

3. Large linear—programming codes are avallable.
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TOTAL BLOCK-CAVING LINEAR-PROGRAMMING MODEL

Statement of the Problem

Let us consider that we have an ore body like the one
shown in Fig. 1. After geological and rock mechanics sﬁudies
of the ore body, it was determined that the best mining method
to be used is block caving. From the above-mentioned studies
the characteristics of the blocks, that is to say, length,
width, and height, were also obtained.

From economical feasibility studies, the capacity of
the concentrating pléﬁt and the capacity of all the other
facilities were deduced, hence, the life of the operation c;n
be determined.

So far we have an ore body with given reserves, with a
given life, and with a kind of rock suitable for Block Caving.
According to this rock type, the ore body has been divided
into elements or blocks. Now we can divide the 1life of the
ore body intc several periods of time.

The problem is to determine the quantity of ore to be
extracted from each block in each period of time in order to
meximize the total profiﬁ of the operation subject to certain
limitations such as the capacisy of the concentrating plant,
uniformity of the grade of the ore produced, intermedilate

haulage capacity (if an intermediate haulage system exists,
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as in the case of the Climax mine), and restrictions concern-
ing the dilution of the ore.

This production-planning study can be a long-, inter-
mediate-, or short-range production planning, depending only
on the number of periods of the time into which we divide
the life of the ore body. That is, if we divide it into
periods of several years each, it would be a long-range pro-.
duction plan. On the other hand, it can be divided into
periods of only a week each; this would be a short-range
production plan and it would be more useful for the everyday
operation of the mine. However, this decision is up to the.

manager of the mining company.

Assumptions

1, The ore body has been previously divided intec levels,
and each level was divided into elements or blocks. In this
study the production planning of one level only will be con-
sidered, since the study of the others is similar (Fig. 2).

2. It will be assumed that a large area of the level
has been undercut at one time. This study will start from
this point to determine the optimum-production schedule of
each block.

3. It will make no difference in this study whether a
block has one draw point or several draw points since one

variable will be defined for each draw point; consequently,
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Figure 1. Fictitious ore body. The shaded area indicates
the ore,

Figure 2. First layer of blocks of the fictitious ore body.
The shaded area indicates the ore.
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the number of draw points will determine only the size of the
p?oblem.

4. It can be assumed that the production of each draw
point in a certain period of time 1is linearly proportional
to the height of the ore column that caved in that period of
time. In other words, there 1is a column of even cross sécf
tion that caves down when ore is drawn from a given draw
point.

Grayity flow of granular materials has been studied by
Kvapil (1964, p. 34)., Fig. 2a, b, ¢, and d of Kvapil's
pubiication have been included in this thesis as PFig. 3, and
they show that this assumption will not lead to greater‘
errors. |

Inuthe upper part of Fig. 2c¢ arid 4 it can be seen that
a cone is starting to develop; this would make the third
assumption invalid. However, this cone, in the case of an
underground mine will start to develop in the overburden.
Consequently, this will not affect the flow of ore; there-
fore, this assumptiop is still wvalid.

5, It can be assumed that the contact plane between the
- ore and the waste above of the mining area is horizontal. In
other words, every block has the same height; however, this
assumption will not be valid in the Progressive Block Caving

model.
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{©) @)

Figure 3. Model illustrating gravity flow of granular
materials (by Kvapil, 1964, p. 34).
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Mathematical Formulation

The mathematical formulation of the model will be given
for the general case in order to show the flexibility of the
model,

A numerical example will be included as an illustration
of the use of the model and the conclusions that can be

obtained,

Specifications of Parameters and Variables

Subscripts: All the variables jnvolved in the model

will contain the three following subscripts:

i —.indicates the number of a given block in the direc=-
tion of the X coordinate axis.,

j - indicates the number of a given block in the direc-
tion of the Y coordinate axis.

t - indicates the number of the period of time,

Variables: The variable Xijt will indicate the numbgr

of tons extracted from a block that has a location i,J in a
time period t.

Specifications of Mine Parameters: G(ij) =~ grade of

the ore contained in a block of location ij. It is assumed
here that the grade of the ore contained in a block is con-
stant for the production planning time, However, the ore
grade decreases towards the end of the life of the block,
down to the point of reaching the cut-off grade. This prob=-

lem can be solved by changing the input data when the real

10
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world conditions change.

T(ij) - tonnage of ore originally contained in a block
of location (ij).

B(ijt) - profit per ton of ore contained in a block at
location (ij), in a period of time t.

The profit per ton depends on the time because of the
capital interest.

L(t) - lower bound on the production of the period of
time t. This lower.bound is determined by the mining company
according to their minimum production requirements,

U(t) - upper bound on the production of the periocd of
time t. This upper bound is usually given by the capacity
of the concentrating plant.

g(t) - lower bound on the average grade of the ore pro-
duced in period of time t.

G(t) - upper bound on the average grade of the ore pro-
duced. The upper and lower bound on the average grade of
ore produced in any period of time is usually given by the
operating conditions of the concentrating plant; i.e. if it
were a flotation plant, large varilations on the ore received
by the planﬁ are not desirable because it causes trouble with
the amount of reagents used in the plant.

Skt =~ capacity of the kth intermediate haulage system

in the period of time t.
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Specifications of

12

Geometric Parameters:

a - Width of a block

b - Length of a block

P - Conversion factor. This conversion factor gives a

relation between a given number of tons drawn from a block and

the height of the block that caved by drawing that number of

tons.

p = Weight per un
that this parameter is
the case of an ore bod
assumption is quite tr

The conversion fa
of tons contained in ©
section a x b is p:

P =axbxlzxe

ay - Upper bound
the ore and the waste

oy = Lower bound

the ore and the waste

Objective Function

it volume of the ore. It will be assumed

constant throughout the ore body, In
y suitable for block caving, this

ue.
ctor p is calculated thus: The number

ne unit of height of a block of cross-

(tons/ft)
on the angle that the plane between
above forms with an horizontal plane.
on the angle that the plane between

above forms with a horizontal plane,

i

The objective function will bs to maximize the total

profit of the mining ©
function will Dbe:

m n
Max 2 = & z

i=1 j=1 t=1

peration; analytically the objectilve

r

Z Xijt“BijC
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General Constraints

1 - Lower bound on the production of each period of time:

? § Xijt _>__ L(t) fOl" t = 1,.oooar

2 - Upper bound on the production of each period of time:

g? X1 < U(t) for ¢ = l,es0eel

3 - Each block contains a certain number of tons of ore;
therefore the number of tons drawn from each block cannot

exceed this number:

r
I Xs.. ST, for i = 1,2s60soMm
£=1 ijt iJ
J =l’20.l¢0n
4 - The average grade of the ore produced in a certain

period of time will be restricted to vary within certailn

limits, upper and lower bound:

13t%1 3

Xi3t

Z
i

< G(t)

e Mft
| e

15571

: > g(t)

B b fest
] v

ijt
5 - The number of tons drawn from a certain group of
blocks that is served by a given intermediate.haulage system

cannot exceed the capacity of this intermediate haulage

system,
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Ing]

He

k 1,2,0080OK
i and j will vary within the group of blocks served by a

particular intermediate haulage system.

Geometric Constraints

The purpose of this group of constraints 1is to avoid as
much as possible dilutilon of the ore.

The contact plane will be referred to as the plane or
surface that lies between the ore and the waste above

It was stated before that the contact surface was orig-
inally flat. From a dilution point of view, 1t would be
optimum to maintain the contact surface horizontal through-
out the entire life of the mining area; however, this 1s
difficult to achleve practically. Therefore, the angle that
the contact‘plane forms with a horizontal plane will be
allowed to vary between two limits: 0©7 and Qoo

As the optimum situation is to maintain the contact
plane horizontal, aj and d, will be small angles, i.e. +10°
and -10°.

Fig. 4 illustrates how to obtain the analytical expres-
sion of this constraint for the case of two blocks.

Upper bound on oz

X1117%011
P s

< tan oj
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X111 ' X211

X1711-X
11174211
A

//,/// gp—

\i/\;/

Figure 4, Illustration of the geometric constraints for
one period of time, for the total block-
caving model.

15
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Lower bound on d:

X1117%011

P s

> tan (—az)

Notice that X111“X211 is'measured in tons; therefore, it was
divided by the conversion factor P to obtain longitude units.
This constrainf can be expressed analytically for the
general case as follows:
Upper bound on a:

X. +

111 Xile +. . .+~. . :Xilr’-(xi+l,1’1+x

)

+...X;
1+1,1,2 Xi+1,1,r

£ sPtanay

Lower bound on o:

+ s + s o 2 bl - + ° a o g
X311 %412 Xi1p (X1+1,1,1+X1+1,1,2 Xi+l,l,r)
> sPtanas
for i = 1,2,..... m~1
and
X - + - + a w s - — . + . + o o @ ..
mjl Xm,)2 Xmgr (Xm,3+l,l Xm,j+1,2 Xm,3+l,r)

S sPtanal

03 + . . o @ > = Y s s o -

XmJl XmJ2 o Xer (Xm,j+l,1+xm,3+l,2+ Xm,g+l,r)
> sPtanajp

for j = 1,2,.c.4.. n-1

Principal direction will be referred to as the direction
in the mining arca (in plan view) in which the angle a can

vary.
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Secondary directions will be referred to as any line
perpendicular to the principal direction.

The angle that the contact plane makes with an hori-
zontal plane will be .restricted to vary in the direction of
the prinecipal direction only; therefore, the amount drawn
from every block contained in a secondary direction must be
the same; analytically this constraint is expressed by

X X

156 = X1+1,3-1,8 7 Fi+2,g-2,0 T 00000

This constraint was included because it is gquite true

in the real world.

Application of the Model

The Total Block-Caving Model will be applied to syn-
thetic data in order to show the way 1in which the model is
operated and the conclusions that can be obtained from it.

As stated, the data are fictitious; however, 1t i;
typical of what one might find at the "ElJSalvador" mine in

northern Chile.

17

The model will be applied to the following set of values

for the parameters previously defined:

m = 2 SO i=1,2
n =3 so J = 1,2,3
r = 3 SO t = 1,2,3
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(grade of the ore coﬁtained in each block)
G(1,1) = 2.1
G(2,1) = 0.9
G(1,2) = 1.1
G(2,2) = 1.8
G(1,3) = 0.7
G(2,3)

0.8
(Profit per ton of ore contained in each block)
B(1,1) = 5.0
B(2,1) = 3.8
| b, 2

B(1,2)
B(2,2) = 4.5
B(1,3) = 3.9
B(2,3) = k.0
Fig. 5 illustrates the characteristics of the fictitious

ore body.

height of each block = 100m

length of each block = a = 50m

width of each block = b = 50m

volume of each block = 250,000m3

density of the ore = 2,8 (tons/m3)

tonnage of each block =.Tij = 700,000 tons v/
conversion factor P = 7000 T/m

)

distance AB = BC = CD = s = 36 m (Fig. 5) v

upper bound on o oy = 10°
lower bound on o = ajp =" -10°

U(t) = 170,000 tons/period of time
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Figure 5.

1,3

\ Bil2=4,2
N Gl2=1.1
<

AN

B21=3.8
G21=0.9

19

Principal
Diagonal P

Distribution and characteristics of blocks for
the application of the total block-caving model.
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L(t)= 140,000 tons/period of time
G(t)= 1.4% Cu

g(t)= 1.0% Cu
For the simplicity of the analysis it was assumed that:
The profit per ton of ore in each block is constant for
every period of time; in other words, the interest on the
capital was not considered.
The grade of the ore contained in each block does not

change with the timej this assumption is quite reasonable in

this case because The exploitation of the .area is Jjust

beginning.

The dimensions of each block are the same€. This is true
in most block-caving mines, unless the blocks dealt with are
on the boundary of the ore body.

Intermediate haulage does not exist; this assumption

is true in block-caving mines that use the Long Raise System;

this is the case of the £l Salvador mine.

Mathematical Formulation

Objective Function: As the linear programming code

minimizes, the objective function can be written as
Min Z = =5.0 X477 = 3.8 X577 - 4.2 X127 — 4.5 Xooqp = 3.9 X131 - 4.0 X231
_500 Xll2 - 3;8 X.212 b 1132 X122 o= uaS X222 - 3.9 X132 - L!.O X232
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Constraints:

21

As this numerical example is small, all the

constraints will be written without using abbreviating symbols,

in order ﬁo make the model easier to understand.

1 - Upper bound on the production of each period of time:

PefiodvI:

Xy71 * Xo13 * Xyp1 * Xoon Y Aimn

Period II;

X110 + Xoyo ¥ X3pp * Xppp ¥ X132

(UBPP1)

(UBPP2)

Period III: (UBPP3)

X313 + Xpy3 ¥ Xypg * Xpp3 v X133 7

5 -

Period I1:

X117 + Xo11 * Xap1 * Xoor Y fimd

Period II:

X110 * Xo1p * Xypp * Xop2 * *132

Lower bound on the production

(LBPP1)

(LBPP2)

Period III: (LBPP3}

X113 ¥ ¥p13 * Xy23 ¥ Xp23 * %133

3 - Ore reserves of each block:

Block 1l:

X111
Block 21:

X211
Block 12:

X901

(ORB11)

t X130t X113
(ORB21)

t X510 Y X513
(ORB12)

+ Xyoo *t Xy23

< 700,000
< 700,000
< 700,000

X23l < 170,000 tons.

X232 < 170,000 tons,

X233 < 170,000 tons.

of every period of time:

X551 2 140,000

X3 2 140,000

X533 2 140,000
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Block 22: (ORB22)
Xopy + Xpop t Xppg S 700,000
Block 13: (ORB13)
X9 * X132 + X133 S 700,000
Block 23: (ORB23)
X23l + X232 + X233 < 700,000
4} - Upper bound on the average grade of the ore produced

in each period of time:
Period I: (UBGP1)

Xpq1 * Xp11 ¥ Xao1 F Xeon T X131 * X231

The result after reduclng this equaticn is

O.7Xlll - 0.5X211 - 0-3X121 + 004X221 - 007X13l - 0¢6X231

Following the same procedure, the equations for the other
periods can be obtained:

Period II: (UBGP2)

037X112 hand 0.5X2l2 - 0.3X122 + 004X222>— 007X132 o=t Oo6X232

Period III: (UBGP3)

O.7X113 - O.5X213 - OO3X123 + O,MX223 - 0.7X133 - 0.6X233

Lower bound on the average grade of the ore produced in
each period of time:
Period I: (LBGP1)

lolxlll - O.llel + O.1X121 + O.8X221 - 003X131 - 0‘2X23l

A

A

A

v

1.4
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Period.II: (LBGP2)

1.1Xy90 - 0.1X212 + 0.1Xl22 + O.8X222 - O.3X132 - O.2X232 2 0

Period III: (LBGP3)

1.1Xll3 - OolX213 + 0!1X123 + 008X223 - O¢3Xl33 b O¢2X233 _>= 0

5 - In this case no iIntermediate haulage system exists. v
6 - Geometric constraints for period I (t=1)
Upper bound on o
q . o  =m-— 1=
Xlll - Xle < 36.7,000+tan 10 (i=m-1=1) (ANG1P1)
X517 ~ Xppy < 36-7,000-tan 10°  (§=1) (ANG2P1)

X509 = X231 < 36.7,000-tan 10° (j=n-1=2) (ANG3P1)

Lower bound on a

X111 - X571 - 36°7,000-tan6105)

this can be written as

X - X > —36-7,000otanQ}O{>

111 211
but as the minus sign is not acceptable in the right hand
side, the equation can be written as follows:

Xp31 — K111 < 36.7,000-tan 10° (i=m-1=1) (AlP1)

similarly:
- - . o] =
x22l X2ll < 36-7,000-tan 10 (j=1) (A2P1)
X23l - X22l < 36+7,000-tan 10° (j=n-1=2) (A3Pl)
The production of the blocks contained in secondary

directions must be equal to each other in every period of

time:
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Xopy = Xl3l (MROBP1)

X511 % X101 (MRBLFP1)

These blocks are shown in Fig. y,

Geometric Constraints for Period II (t=2)

Upper bound on &
Fig., € shows how the equations can be obtained for more
than one period of time.

¥ X -

- o . .10° (1= ANG1P
X111 112 — (X211 X5p5) & 36-7,000-tan 10° (i=1)( 2)

36.7,000-tan+10° (3=1) (ANG2P2)

A

X + X - (X 4+ Xonn)

211 212 221 222
. o S = e

X221 + X222 b (X231 + X232) S 36'7,000‘tan lo . 2)(ANG3P2)

Lower bound on o
- ° a ° o i= A é
X517 * Xp12 (X111 X192) £ 36.7,000-tan10 (i=1)(A1P2)
X221 + X222 - (lel + X212) < 36°7,000'tan°10° (j=1)(A2P2)

Xp31 t Xpg30 = (Xp21 *+ Xaz2) & 36.7,000-tan»10° (3=2)(A3P2)

X222 = Xl32 (MRQBP2)

X010 = Xl22 (MRBLP2)

Geometric Constraints for period III (t=3)
Upper bound on o (ANG1P3, ANG2P3, ANG3P3)

e . . o
Xy97 t X190 ¥ X113 - (X577 + X232 + x213) < 36+7,000.tan.10

(1=1)

. (o]
Xp11 * Xo12 * Xp13 = (¥oo1 * Xez2 * Xpp3) & 36+7,000-tan10

(3=1)
. ) | . ' e
X521 + Xppp ¥ X223 - (¥p31 + Xo32 ¥ x233) < 36-7,000-tan-10

(J=2)
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* . X !
X111 211
L]

X212

X .
112 °/////
1
| g ’ X1117%1127 (X211 +%510)

Figure 6. Illustration of geometric constraints for more
than one period of time, for the total block-
caving model. ‘
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Lower bound on a (AlP3, A2P3, A3P3)

‘ - a ® o O O
Xpp1 + Xo12 * Xp13 - (xain * X112 7 X,13) & 36:7,000-tan-1

(i=1)

o

Xopp + Xpoo + Xpp3 = (Xp11 * Xan2 ¥ X, 3) < 36°7,000:tan-10
(3=1)

. . o

Xp31 *+ Xpgo + Xp33 = (Xpp1 ¥ X222 F X,53) S 36°7,000¢tan-10
(J=2)

Xpp3 = Xy33 (MROBP3)

X213 = X123 (MRBLP3)

All these variables and constraints form a system of 18
variables and 42 constraints. This system is shown in matrix

form in Table 1.

Solution of the Problem

General: A l1inear-programming code called ALPS I was
used to solve the problem with a Burrbughs B-5500 computer,
that uses ALGOL language. The capacity of ALPS I is for
problems that have up to 1022 constraints, 1022 variables,
including fight—hand side, slack and artificial vectors,
16,350 non-zero matrix entries, and 31,682 non-zero transS-
formation entries. ' The linear-programming technique used
by this program is the revised simplex method with product
form of obtaining the inverse.

This problem was feasible at the first run,

The Computer times needed were
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for Basis:
Processing time: 19.8 sec
Elapsed: 42,2 sec
for Input:
Processing time: 20.4 sec

Elapsed: 62.5 sec

Linear Programming Results: Value of the objective

function was

Z = $2,216,850.

Table 2 shows the production schedule of each block,
the total number of tons drawn from each block, the ore left
in each block after the whole operation - and the average
grade of the original reserves, the production of each period,
the total production, and the ore left in the blocks.

The results shown in Table 2 appear graphically in Fig.,
7. From this figure it is possible to appreciate the effect
of the geometric constraints.

Sensitivity Analysis: As was previously stated, an

appendix dealing with sensitivity analysis will be presented;
in it all the formulas will be derived and explained.

Here only the facts derived from sensitivity analysis
will be presented in table form, in order to show the use-
fulness of this technique to managerial decision-making.

Table 3 shows the actual profit that is being obtained

by the production of one ton in each block. The profit per
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X111 S ey —
———— e N /"’.—/'
. — \N“‘\-Q‘f/"‘:"‘/
X112 ‘ - - . -
__—__‘_/'/ /
X113 “’ﬂ”,,,f—rﬂ”
ang. 1 ang. 2 ang. 3
P
A B C D
1,1 1,2 2,1 1,3 2,2 2,3

---- Shape of the ore body after Period I
—-— Shape of the ore body after Period Il
—— Shape of the ore body after Period III

Figure 7. Principal direction profile, showing the shape
of the ore body after the different pericds of

time, for the total block-caving model.
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Table 3
Sensitivity of the Cost Coefficients of the
Total Block Caving-Model
otusi| Max. |Entering|Exiting | Min. |Entering Exiting
Bloék Profit |Profit|Variable Variable |Profit Variable |Variable
1,1 | 5.0 5.0 A2P1 X231 5.0 UBGP1 UBGP2
2,1 | 3.8 ;.8 | usapL | uBcp2 | 3.8 | ANG3PL | X232
Z 1,2 | 4.2 h,2 UBGP1L UBGP2 4,2 ANG3P1 | X232
% 2,2 | 4.5 .5 UBGP1 UBGP2 4,5 A2P1 X231
1,31 3.9 | 3.9 UBGP1 UBGP2 3.9 A2P1 X231
2,3 | 4.0 4.0 UBGP1 UBGP2 5.0 | azpd X231
1,1 | 5.0 5.0 UBGP1 UBGP2 5.0 A2P1 X231
12,1 | 3.8 3.8 ANG3P1 | X232 3.8 UBGP1 UBGP2
g 1,2 | 4.2 4.2 ANG3P1 | X232 4.2 UBGP1 UBGP2
% 2,2 | 4.5 4.5 A2P1 X231 4.5 UBGP1 UBGP2
11,3 | 3.9 3.9 A2P1 X231 3.9 UBGP1 UBGP2
2,3 | 4.0 4.0 A2P1 X231 4.0 UBGP1 UBGP2
1,1 | 5.0 6. ANG3P3 | X132 5.0 UBGP3 ANG1P2
2,1 | 3.8 3.8 UBGP3 ANG1P2 | 3.8 X133 X132
g 1,2 | b.2 4.2 UBGP3 ANG1P2 | 4.2 X133 X132
E 2,2 | 4.5 4.5 X133 X132 OPEN
“l2,3 1 8.0 4.0 X133 X132 4.0 ANG3P2 | X233
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ton can reach a miniﬁum or a maximum before a change ocecurs
in the optimum production schedule. If these limits are
exceeded, a change will occur; therefore, a variable will
leave the optimum plan, and a new variable will enter into
the new plan. Example: when the profit per ton extracted
from block 1,3 in period I increases & 1ittle (i.e. 1%),

the slack variable associated with the upper-bound constraint
on the average grade of period I (UBGPl) will enter the basis.
It means that this slack variable will have a positive value.
Hence, the corresponding constraint will not be met exactly.
Therefore, the average grade of period I will decrease. Thils
decrease in grade can be explained as follows: As block 1,3
is more profitable in period I, more tons will be extracted
from blocks 1,3 and 2,2 in the time period I (note that there
is a constraint which makes the production of these two
blocks the same). The average grade of these two blocks is
(1.8 + 0.7)/2 = 1.25%; consequently, if more ore is extracted
from these blocks; the average grade of the ore extracted in
period I (that was 1.4) decreases.

The fact tha%t the exiting variable is UBGP2 (slack
_associated £o the constraints on the upper bound on the grade
of period II) means that this slack will have a value of zero;
therefore, the average grade of period IT will be 1.4 instead
of 1.36.

When the profit per ton mined from block 1,3 in period I

decrcases, the slack variable associated with the angle shown
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in Fig. 7 between B and C for the first period of time (A2P1)
Qill enter the basis. Therefore, this slack variable will
have a positive value, and the associated constraint will not
be met exactly. Consequently, the angle mentioned above will
decrease from 10° to a lowver value. This angle decrease
implies that less tons will be mined from blocks 1,3 and 2 2
in period 1.

The fact that the exiting variable 1is X23l means that
no pyq@uction will be obtained from block 23 in period I,

Table I shows the stability limits for the constraints
rgqg%ygmahts, the exiting variables when these 1imits are
exceeded, and the extra profit per unit that can be obtained
1ncrea51ng the requirements up to the upper bounds indi-
cated. Of course, if the requirements are decreased to the
%qwer boundo indicated, the profit will decrease by the
amount indicated in the last column. (This last column
indlcaues increase or decrease in revenue per unit of requlre-
ment.) For example, the upper bound on the production of
perlod I (UBPP1) is 170,000 tons. It this upper bound is
decreased to 140,000 tons, then the lower bound on the pro-
ductlon of period I will be met exactly; hence, the slack
V%?{%?%e of this last constraint (LBPP1) will be equal to
Zero. Therefore, this slack variable will leave the basis.

If the upper pound is increased to 240,299 tons, the

geqmctnic constraint (ANG1P1l) will be met exactly; therefore

its corresponding slack will leave the basis.
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The last column of this table is the most important
from the managerial point of view because it jndicates the
way in which profit could be increased.
In this example, if the upper bound on the produaction
of period I could be increased, to the upper range indicated in
Table 4, an extra profit of 42.,3¢ per ton would be obtained.
Table 4 shows that the geometric constraints, esp601ally
the ones labeled as ANG1P3, ANG2P 3, ANG3P3, MROBP3 and
MRBLP3 have a great influence in the total profit. (The
first three of these constraints deal with angles 1, 2, and
3 shown in Fig. 7 for period III, respectively. The con-
straint labeled as MROBP3 states that the produculon of block
.132 and block 2,1 in period III have to be the same. The
constraint MRBLP3 shows that the production of blocks 1,3
and 2,2 in period Iii have to be the same.) For example,
the requirement. of constraint ANG1P3 is 10°, However, if
the requirement 1is inecreased to 11° an extra profit of
$34,300 wouyd be obtained. The bounds on this requirement
are -4° and 12°; conseguently, the present solufion 1is valid
only in this range; otherwise the problem has to be rerun.
From this table it can be concluded that the profitabil-
jty of the mining operation could be substantially increased
if the upper bounds on the angie requirements could be imple=
mented.
The‘splutian is quite sensitive to Variations in the

angles. This can be concluded becausc in most cascs the
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upper and lower

to”each other.

bounds on the angle constraints are

close

35
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PROGRESSIVE BLOCK-CAVING MODEL

This model is very similar to the one previously pre-
sented, except for the geometric constraints. Therefore,
the assumptions and.equations that are used in the two models

will be presented briefly in this one.

Statement of the Problem

As stated in the Total Bloeck-Caving Model, the problem
is: given an ore body, that has been divided into elements,
determine the production schedule of each element such that
the total profit obtained from the}Block—Caving mining opera-
tion is maximum, subject to the following group of con-
straints:

1. Capacilty of the mining facilities

2. Uniformity of the grade of ore produced

3. Constraints concerning the dilution of the ore.

Assumptions

1. The ore body has been divided into levels, and each
level into elements. This study shall consider only the
production schedules of the elements contained in one level,
since all the levels are similar.

2. It will be asspmed that a certain area of the level

has been undercut and is ready to go into production.
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Production will start in this area and progress towards new
areas that will be put into production when the 0ld ones
cannot meet the production requirements, subject to the
model constraints.

3, As in the previous model, the production of each
draw point in a certain period of time will be linearly prgw
portional to the height of the ore column that caved in that
period of time.

4, The contact surface between the ore and the waste
above can have any shapej; in other words, the height of the

different elements is not necessarily the same.

Mathematical Formulation

The mathematical formulation will be given in general.
A real world example will be included to show the appli-

cation of the model in practical situations.

Specifications of Varlables

As in the previous model, Xijt will be the number of tons

drawn from an element of location 1,j in time period t.

Specifications of Mine Parameters

G(ij) - grade of the ore contained in element 1ij; it 1s
assumed here that the ore grade 1s constant

within the production planning period of time.
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T(1j

B(iJ
L(t)
U(t)

g(t)

G(t)

ho

t) - tonnage contained in element ij, in period of

time t. For t=0, T(ijt) will be the original

reserves of element 1ij.

t) - profit per ton of ore contained in element 1ij,

in period of time t.

~ lower bound
- uppef bound
~ lower bound

‘produced in
-~ upper bound

produced in

S(kt) =~ capacity of

on the
on the
on the
period
on the

period

préduction of period t.
production of period t.
average grade of the ore
t.

average grade of the ore

t.

the kth intermediate haulage system

in period of time ¢t.

Specifications of Geometric Parameters

a -

b -

P =

Width of an element

Length of an element

Weight per unit volume of the ore

Conversion factor that gives a relation between the

number of tons drawn from a given element, and the

height of ore that caved on the drawing of that

number of tons.

asbep (tons/ft)

Principal Direction:

progresses,

direction in which the mining

i.e. from one zone of the ore bedy to another.

Secondary Direction: any direction perpendicular to
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the principzl direction.

a - angle formed between the contact surface and a
horizontal plane, in the direction of the principal
direction.

o) - upper bound on o

oo -.lower bound on a

qut - angle formed befween the contact plane and a
horizontal plane in the th secondary direction,
between elements q and gt+l, in time period t (Fig. 9).

qutl —~ upper bound on qut

quta —~ lower bound on qut

aijt -~ difference 1in qre'reserves between the highest
element and an element ij in period £t

It is assumed in this definition that all the elements

have the samé cross—section,

8156 = (Tizg) Max = Tigg

Objective Function

Maximize the total profit of the mining operation:
m n r

Max z = L z L Xssy°Biss
jo1 g=1 g=1  HEHIE

General Constraints

1. Lower bound on the production of each period of time:

m n
z T X... > L(t) for t = lyceess?
j=1 g=1 9°
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2. Upper bound on the production of each period of time:

m n
r . X
i=1 j=1

ijtf_U(t) fOI‘t=l,..o..r'

3. Ore reserves of each element:

ijtiTijO for 1 = lessoa
for J = leseeonl
4, Upper and lower bound on the average grade of the

ore produced in each period of time:

L L Xisp Gag |
13713 "X oGgee) for t = leses.l
L Xy
iJ J
X" G'D
> g
R S
ij J

5. Capacity of the intermediate haulage systems:
m n

z L X
i=1 j=1

lasseol

]

k = looaook
i and j will vary within the group of elements served by a

particular intermediate haulage system.

Geometric Constraints

Upper and Lower BRounds on Angles Along the Principeal

Direction: The contact surface will be allowed to move along

the principal direction, forming an angle with a horlzontal

planc that can vary within given limits.
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62t will be referred to as the average of all the Gijt
contained in the 2th secondary direction in period t.
fzt will be referred to as the average production of

all the elements contained in the ¢th secondary direction,

in period of time t.

— - Xg'l + X2_1’2 + X£_2’3 + e« o 0 e Xz_p’p

X
Lt D
fOI"Rg'—'l.-..m .p:‘_’l.oeaon
_X_ = ij+ Xm"l,j+l + Xm—2,j+2 + e e ¢ 9 Xm_p’j+p
1t D
for 2 = m + J J = 2ee00n

Fig. 8 shows a profile of the principal direction and
only two secondary directions to illustrate how this geo-
metric.constraint can be expressed analytically.

Upper bound on o

t
1 X ¥ Sgp = (I Xevik T Sg+1t)
Sp

et o

k

|

< taq ay

Lower bound on a

& t |
WEo ¥ * Sgp = (B Xganp ¥ So+1t)

In this model o will vary approximately between 0° and 45°.

Upper and Lower Bounds on Angles Along tne Secondary -

Direction: The first geometric constraint allows the contac?t

surface to move along the principal direction. llowever, in

the secondary directions there can exist a great difference

43
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NIPAN

Figure 8. Illustration of geometric constraints along the
. principal direction, for the progressive block~
caving model.
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in height between two adjacent elements because the original
contact surface can have any shape.

This constraint will smooth the secondary direction
contact lines progressively, i.e., if originally the contéct
lines form an angle of 80° between two adjacent elements, in
£he first period this angle will decrease to 50°, in the.
second period to 30°, etc., finally to a variation between
plus or minus 15°.

This is The reason why the angle g has three sub-indexes:
¢ indicates the secondary direction number; q indicates the
position in that secondary direction; and t, the perlod of
time.

Fig. 9 illustrates this type of constraint. Analytic~-.

ally this constraint can be expressed as:

t t
kilxijk + sijo - f{?__lxj-“‘l,j'&'lk + ai—l,j-*"l,o)
< tanBl £1
sp Q
t t
. 8. - . . + 8. .
killek 6130 éﬁlxl—l,3+l,k 61—1,3+l,0) > tang
2 tan
sSp 1qt2
for t = 1,r
i=2,m
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Figure S.

§5.1,3+1,0

1-1,5+1,1

1-1,3+1,2

AN

Illustration of geome

i-1,3+1,3

tric constraints along the

secondary directions ~or the progressilve bloc k-

caving model.
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First Application of the Model

The Progressive Block~Caving model will be applied to
intermediate and long-range production planning of a part of

thé Ceresco level of Climax Molybdenum Mine.

Climax Molybdenum Mine

Location: The Cclimax Molybdenum Mine is located in the
state of Colorado, 12 miles NE from Leadville by Highway 91.

Ore Body: The ore body is located on the west slope of
the Ten-Mile Range in central Colorado. The Climax Molyb-
denite deposit 1s the largest known to man at present. Its"
ore reserves are estimated to provide a 30 to 4o year 1life
for the mining operation.

The shape of the ore deposit is 1like the top half of a
massive cantalope. This formation, located near the center
of Bartlett Mountain, is covered by 100 to 200 ft of glacial
debris.

The Mine: The mine 1s divided into four main levels:

Phillipson level (elevation 11,463)

Storke level (elevation 11,168)
600 level (elevation 10,868)
Ceresco level (elevationvll,u35)

The production of the mine is 43,000 tons per day. This
ore is produced mainly at the Phillipson and Storke levels.
The Ceresco level does not work at full capacity. The 600

level is still in the development stage.
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The mining method is‘progressive block caving, and 1%
is standardized throughout the mine.

A set of drawings included in the pocket of this thesis
show the mine levels, thé method and the procedure used for
undercutting the productlon areas.

The linear programming technique for determining optimum
production schedules will be applied to the part of the
Ceresco level which was'in production when this thesis was
started.

Ceresco Level: The drawing number 10 Q-2 (included in

the pock§t) shows the production blocks (406, 408, etc.)s
Each block contains a number of slusher drifts (406-22,
4108-10, etc.). Each slusher drift contains normally six
fingers (L06-22A, 406-22B, etc.). The slusher takes the ore
from the ringers and dumps it into the train which TUnNsS
through the haulage drifts (406, LOB, etc.).

The application of the model will include the fingers
contained in the following slusher drifts: 406-10, 406-12,
Lo6-14, 4o6-16, L4O6-18, 406-20, 406-22, 406-2h4, and 408-9
through 408-25.

A rectangular coordinate system (i,J) was used 1in order
to simplify the notation. Axis 1 coincides with the haulage
drift 406 and axlis J 1s perpendicular to the former. The
origin (1,1) coincides with the finger 406-2HLA.

The nunbers adjacent to the letters A, B, C, etc. indi-

cate the tonnage in thousands of tons contained in each finger.
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The circled numbers indicate percentage drawn~from each

finger.

Matnhematical Formulation -

Evaluation of the HWine Parameters: In this section all

the parameters defined in the mathematical formulation of the
model will be evaluated. |

The values given to these parameters were provided by
Climax Molybdenum Co.

i -« will vary from 1 to 16

j - will vary from 1 to 9

There are only 143 fingers in production because finger
(16,1) does not exist (Ceresco. level drawing).

‘£ = will vary from 1 to 2 (there are only 2 periods of

time).

u(t) = 831,983 tons per period. This figure was
determined thus. As can be seen from the drawing of
Ceresco level, a certain number of tons has been drawn from
each finger. The total production of the area of interest
was 1,663,966 tons up to the day in which this thesis was
started.

As the model will consider two periods of time, u(t)
was chosen to be one-half of the actual production of the
area, SO as to te able to compare the revenue actually
obtained by Climax Molybdenum Co., with the one obtained by

the model at the end of the second period.of time.
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L(t) = 600,000 tons
g(t) = 0.2%
G(t) = 0.3%
"s(kt) = 250,000 tons (constant for all k and t)

This represents the capacity of each slusher in each
period of time. This figure Wwas obtained as follows: the
capacity of a slusher is 500 T/day or 15,000 T/month.

The/production of the whole level is about 50,000
T/month, ¢onséquent1y the production of 831,983 tons was
obtained in 16.7 months. There fore, the capacity of a
slusher in 16.7 months is 250,000 tons. Tapble 1B (included
in Appendix B) shows

- The name of each finger

- The location (1j) of each finger

- The tonnage contained in each finger (Tij)

- The grade of ore contained in each finger (Gij)

— The revenue per ton obtainable from each finger (Bij)

-~ The value of 5ij of each finger

= 103 -
513 3910~ tons Tij

Evaluation of Geometric Parameters:

a = 32 ft (wldth of a finger)
b = 32 ft (length cf a finger)
p = 160 lb/ft3 (density)

g2 T/ft = 0,082 T 103/t

o)
|
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oy

i

45° ‘upper bound on o (Fig. 10)

oo 0° lower bound on a (Fig. 10)

Table 5 shows how to determine the angles Bthl and

Bigt2®

Table 5

Upper and Lower Bounds on the Angles of the Geometric

Constraints Along Secondary Directions

Angle Betwgen 2 Angle After Angle After

Adjacent Fingers Period I Period II

in the Same erio v .

Secondary Direction qull qu12 quZl qu22
Over 40° +40° -40° +15° -15°
Equal 40° +15° -15° 0° 0°
Less than 40° 0° 0° 0° 0°

Table 6 shows the same angles as Table 5, but expressed

in thousands of tons of difference between twWoO adjacent fingers.

Table 6

Upper and Lower Bounds on the Angles of the Geometric Con-
straints Along the Secondary Directlons,
Expressed in Thousands of Tons

Difference in Difference in Height Difference in Height
103 Tons After Period I After Period II
Between 2 '

Adjacent FingersjUpper Lower Upper Lower

in Same Second- {Bound Bound Bound Bound

ary Direction .10 3Tons .103Tons | -10%*Tons .103Tons
Over 3 +3 -3 +1 -1
Equal 3 +1 -1 0 0
Less than 3 0 0 0 0
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Direction of Advance

Principal direction profile, showing upper and
lower bounds on the angle a for the progressive

block-caving model (by Adrian J. Mathias, 1967,
p. 4).
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Table 7 shows the fingers contained in each secondary

_direction and the average S of each secondary directione.

Solution of the Problem

When all the ﬁarameters previously defined are intro-
duced in the corresponding equations, a system of 571 con-
straints and 705 columns ijs formed. The number of matrix
entries is 5159.

| The probiem was run in a Burroughs B-5500 computer.
The linear-programming code used was ALPS-I.
The problem was found to be feasible after the 356th

iteration.

53

The optimal solution was reached at the gt iteration.

Computer times: processing time -~ 1 hr, 46 min, 22 sec
input-output time - 3 hr, 54 min, 38 sec

Linear—-Programming Results: The value of the objective

function was $15,625,058, for the two periods of time. The
total revenue for the first period was $7,790,301, and for
the second period $7,834,757.

Table 2B (included in Appendix B) shows

— the location of each finger (i)

- the original grade of tThe ore. contained in each

finger.
- the revenue per ton of ore of each finger

- ‘the original reserves of each finger

- the number of tons extracted from each finger in

period of time.
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Table T
Firgers Contained in Each Secondary Direction of the
) Progressive Block-Caving Model
econdary ‘ .
irﬁgtion Fingers Contained in Secondary Direction Avegage
1 1,1 22
2 2,1 1,2 20
3 3,1 2,2 1,3 18
4 4,1 3,2 2,3 1,H 17
5 5,1 4,2 3,3 2,4 1,5 15
6 6,1 5,2 4,3 3,4 2,5 1,6 14
7 7,1 6,2 5,3 h,4 3,5 2,6 1,7 11
8 8,1 7,2 6,3 5,4 4,5_3,6 2,7 1,8 10
) 9,1 8,2 7,3 6,4 5,5 4,6 3,7 2,8 1,9 8
10 10,1 9,2 8,3 7,4 6,5 5,6 4,7 3,8 2,9 T
11 11,1 10,2 9,3 8,4 7,5 6,6 5,7 4,8 3,9 6
12 12,1 11,2 10,3 9,4 8,5 7,6 6,7 5,8 4,9 6
13 13,1 12,2 11,3 10,4 9,5 8,6 7,7 6,8 5,9 7
14 14,1 13,2 12,3 11,4 10,5 9,6 8,7 7,8 6,9 vi
15 15,1 14,2 13,3 12,4 11,5 10,6 9,7 8,8 7,9 8
16 15,2 14,3 13,4 12,5 11,6 10,7 9,8 8,9 7
17 16,2 15,3 14,4 13,5 12,6 11,7 10,8 9,9 8
18 16,3 15,4 14,5 13,6 12,7 11,8 10,9 8
19 16,4 15,5 14,6 13,7 12,8 11,9 8
20 16,5 15,6 14,7 13,8 12,9 7
21 16,6 15,7 14,8 13,9 8
22 16,7 15,8 14,9 8
23 16,8 15,9 10
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—.the total production of each finger

— the ore reserves left in eadh finger

- the total reserves of the mining area

—. the average grade of the total reserves

~ the total production of each period with its

corresponding grade.,

- the total production of the whole operation with

its average_grade,

- the total reserves 1eft after the mining operation

with its average grade.

The production schedules of each finger are shown graph-.
ically in Figs. 1A through o2pn. Filg. 11 is a profile‘of the
principal direction. Figs. 1A through 22A are profiles of tﬂe
secondary directlons and are included 1in Appendix A.

Sensitivity Analysis: In the application of the pro-

gressive block-caving model, the sensitivity analysis will
be presented in the form of questions and answers, ‘These
questions might occur to a mine manager that has received a
1inear-programming production schedule.

1, There are some fingers that are not in the optimum
~plan; in other words, their production 1s equal to zero in one
or both periods of time., For these fingers, how much does
the revenue per ton have to increase before they are con=
sidered in the optimum plan?

The answer to this question can pe found 1n the column

of thie output under "Reduced Costs.”
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Table 8 shows the fingers that are not considered in
the optimum solution, theilr actual revenue per ton, and the
necessary increment needed for them to come intoc the optimum
plan. For example, finger 1,2 has an actual revenue of
$7.568 per ton. This finger was not considered for produc-
tion in either time period I or {I. However, if the revenue
per ton in period I had been T.568 + 1.536 = $9.104, this
finger would have peen considered for production in period
I, If the revenue per ton in period Il had been $7.568 +
$0.757 = $8.325, finger 1,2 would have been considered for
production in period II.

1t can be seen from Table 8 that some fingers like
finger 2,6 in period I have 2 necessary revenue increment of
zero to be able to go into production. This means that the
optimum solution is not unique.

2., There is a group of fingers which are in production
according to the optimum plan. The grade of the ore con-
tained in the fingers is not constant; therefore, the
revenue per ton 1is not constant. The question 1s, "What
are the limits within which the revenue pPe€r ton and the
grade can vary before there 1s a change in the optimum solu-
tion?"

Table 3B (included in Appendilx B) shows the fingers
that are actually in production, their actual revenue per
ton and grade. 1t also shows the 1imits within which these

two quantitlies can vary in each period of time before there
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Table 8

Revenue Increment Required to Make Non-Productive Fingers
‘Economical for Mining, for the First Application of the
Frogressive Block-Caving Model

Finger Actual Revenue Necessary Increment per ton
id per ton Period 1 Period I1II
1,2 7;568 1.536 0.757

13,2 7.293 0.000

15,2 7.293 9,120

16,2 6.605 8.943 8.943
1;3 8.428 0.000

16,3 6.605 16.293 14,445
1,4 8.600 0.519

16,4 6.467 28.805 27.376
1,5 8.978 2,948

16,5 5.917 1.264 1.264
1,6 8.256 0.612 0.612
2,6 10.836 0.000
2,7 8.531 0.000

13,8 7.052 0.000
1,9 8.910 0.000

16,9 5,882 28,645 9.694

14,3 7.499 5.743

15,3 7.121 0.000

15,7 6.467 8.234

16,7 6.054 3,140

. 15,8 6.605 3.140

14,9 6.054 3.140
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is a change in the optimum plane. For example, finger 1,1
has an actual revenue per ton of $7.912, which corresponds
to a grade of 0.230%. (Note that the revenue per ton is
linearly proportional to the'grade.) This finger was con-=
sidered in the production schedule for time periods I and
17. Finger 1,1 will be considered 1in periocd 1 as long as
jts grade in this period remains petween 0.234% and 0%,
which corresponds to a revenue per ton of $8.,042 and $0.0,
respectively. Finger 1,1 will be considered 1in time period
II as long as its grade sn this period remains petween 0.268%
and 0.226%, which corresponds to a revenue per ton of $9.230
and $7.782, respecti«velya

Of course, these changes in revenue per ton and grade
méan an increase OT decrease in the value of the objective
function; however, they do not mean a change in the number
of tons produced from the relevant finger.

In general, it can pe concluded from this table that the
upper and lower pbounds on the grade or revenue per ton are
either widely separated (cases 1in which one of the bounds is
open) or they are very close to each other (cases in which
the upper and lower bounds are the same). In the first
cases, the solution is not sensitive to grade changes in
the fingers. In the second cases, the optimum solution 1is
extremely sensitive to grade changes; £his means thatl if the
grade varles a 1ittle in these fingers, the solution will no

longer be valid and the problem would have to be Trexrun.



T o142l 60

3. If the production requirement cannot be met exactly,
what are the 1imits within which the produc tion of each
period of time can vary pefore there 1s 2a change 1in the
basis? What influence in the total revenue would a change
in the production have {(as long as this change 1is within the
1imits mentioned above)?

The answers to these questions can pe found in Table 9.
For example, the production requirement for period I is
831,983 tons. The solution will not change SO long as the
production of period I remains between 820,647 tons and
846,505 tons.

The column "Extra Profit per Ton" has an important
meaning from the managerial point of view, For example, 1f
the production requirement in periocd I is decreased or
increased, a loss or extra profit of $9.507 per ton,

respectively, will be obtained.

Table 9

Bounds and Economical Influence of the Production
Requirements of the First Application of the
Progressive Block~Caving Model

Optimum Lower Upper Extra Profit
"Production Bound Bound (per ton)
P I 831,983 820,6u4T7 846,505 9.507

P 1I 831,983 764,860 QuT7,877 9.377
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4, The grade constraints for each period of time show
that the average grade of the ore produced has to be between
0.2% and 0.3% molybdenum,

What influence did this constraint have in the linear
programming system?

Can anything be said about the economical influence of
changing the upper or lower bound of the average grade
desired?

In this particular case, the grade constraints were not
binding. This 1is evidenced by the fact that in both periods
of time the slack variables assoclated with each constraint
had positive values. Hence, none of the constraints were met
exactly. Therefore, in this case this group of constraints
could have been left out.

In other words, by the satisfying of the geometric con-
straints and the production constraints, the grade constraints
were satisfied automatically.

The geometric constraints could pecome binding if the
lower bound is higher than the average grade of the ore pro-
duced, or the upper bound is 1ower'than the average grade
produced. In this caseg, whether the lower bound had been
higher than 0.289% for period I, and higher than 0.283% for
period 11, or whether.the upper bound had been lower than
0.289% for period I and lower than 0.283% for period Ir. It
can be concluded from this that the most important con-

straints are the geometric constraints. This group will be



o142l 62

analyzed in the next section.

5. - The geometric constraints will be analyzed in the
same way as the productiqn—requirement constraints were
analyzed 1in section 3.

In this éase, the questions are:

»How much could the management change the angles that the
contact surface makes with a horizontal plane before a change
occurs in the»optimum plan?

What influence would these changes have in the total
revenue?

Table 10 shows the answers to these questions. The
constraint names beginning with the letter U refer to upper
pounds, the ones beginning with the letter L refer to lower
pounds. The subscripts 1 and J indicate the number of the
two secondary directions involved in the constraint. Table
10 also shows the angles required, their uppeb and lower
bounds, and the extra profit that can be made by increasing
or decreasing the required angles in one degree, provided
that this change'lies pbetween the upper =nd lower bounds
indicated.

For example, U23 is the constraint associated with the
upper bound on the angle formed between secondary directions
II and III (Fig. 11). The angle required for this constraint
is 45° for time periods I and II. Table 10 shows that 1if
tnls required angle 1lies petween 14° and 66° in time perilcd

1, there will be no change 1in the optimum solution.
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Furthermore, the mining company will incur a loss OF profilt
of $7.7 per degree if this requirement is decreased oI
increased, respectively.

The required angle of U45° can vary between 20 and 90°
in time period II without any change in the optimum solu-
tion. However, an angle of 90° is theoretically possible,
but practically it is not recommended because it will involve
dilution of the ore. In this case, no 1loss Or extra profit
will be the consequence of changing the angle requirement.

As a general conclusion drawn from Table 10, we can say
that the problem 1S not highly sensitive to changes in the
angle pollcy. The reason for this is that the intervals
between the upper and lower bounds on the required angles
are usually large. In most cases, one of the bounds 1s
open, a fact which means that the 1imiting angle can be
+90° or -90°, depending on the case. This prdperty of the
optimum solution can be'used advantageously by the manage-
ment of the company in two ways:

1. More profit can be obtained by setting the required
angles in an appropriate way.

2., The mining operation can be accomplished with more
elasticity in the ore~drawing policy.

Cqmparison Between the Total Revenue Obtained by ClimaX

Molybdenum Co. and the Application of the Model: Climax

Molybdenum Co. has produced 1,663,968 tons of ore from the

mining area that concerns. this study up to the initiation
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First Application of the
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, Model v

Period 1 Period II Total Climax Mo. Co.
Production 831,984 831,984 1,663,968 1,663,968
Revenue 7,790,301 | 7,834,757 15,625,058 | 15,511,867
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gecond Application of the Model

In the first application of the model to the Ceresco
level of Climax Molybdenum Mine the total revenue obtained
was only 0.73% higher than the one obtained by the mining
company (with the same production). The intention of this
application of the model is to increase the value of the
objective function with the same production and grade
requirements.

Tn this model, four periocds of time will be included.
The first Two periods will have a production of one-=half
that of either of the two periods of the first application.
The second two periods will have the same production as
either of the ones included in the first application.

Table 12 shows the production requirements of the four

periods.

Table 12

Production Requirements for the Second Application
of the Progressive Block-Caving Model

Period I Period II PeriodvIII Period IV

Production 415,992 415,992 | 831,983 831,983
Requirement

(in tons)

The intention in. putting small productlon requirements
on the first two periods 1s to show that the model can be
applied to long- or short-range production planning.

The rest of the model is exactly the same as the one
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used in the first application, except for some geometric

constraints.

Geometric Constraints

In Table 10 it can be seen that the following constraipts
nave a negative or neutral influence in the revenue of period
T: 1L1lb1s, L1516, LHZ23, LH56, LH6T, LHT8, LH89. These con=-=
straints govern the jower bound on the angle formed between
the following secondary directions: 14-15, 16-17, 17-18,
20-21, 21-22, 22-23, 23-24, respectivelyo.

It can be seen 1in Fig., lf that the model forced the pro-
duction of the secondary directions 19 through 24 in period
I, because the 1lower bound on the angles formed between
these secondary directions was equal to zZero. Negative
angles were not allowed. This decreased the total revenue,
as revealed by the sensitivity analysis.

In this application of the model, negative angles will
be allowed as lower pounds on the angles formed between the
above mentioned secondary directions, in the first 2 periods
of time. The reason for this can be seen in Table 10.

Example: LH23 in period I has an economical influence
of -0.035 x 103 $/Deg. This means that 1f the lower bound
on the angle formed between secondary directions 17-18 is
increésed by one degree, that is from 0° to 1°, the revenue
will decrease by 35 dollars. Hence, if the lower bound on

that constraint 1is decreased, the total revenue will increasSe.
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The new values of the iower bounds on those constraints
can be seen in Table 13. These values were chosen SO as to
allow the ore body to maintain its original shape in second-
ary directions 16 through 24. 1In this way no production will
pbe forced in this area unless it is highly profitable in

periods I and 11,

Table 13

Lower Bounds on Angles of Geometric Constraints for the
ond Application of the Progressive Block-Caving Model.

Constraint Angle
Name Required
L1516 -27°
LH56 -27°
LHT8 -45°
LH89 -27°

The geometric and production constraints for the last
two periods are the same as the ones used in the first appiin

cation of the model.

Solution of the Problem

The first two perlods of time form a system of 571

" constraints and 705 variables, with the exclusion of
artificial variables and 5073 matrix entries. The problem
was found to be feasible after 399 iterations. The optimai
solution was reached at the 489th iteration. The computer

times needed were:



T 1424 70

Processing time: 1 hr, 25 min, 19 sec

Input-output time: 2 hr, 13 min, 2 sec
Tne second two periods of time form a system of 571 con-
straints, 705 variables excluding artificials and 5041 matrix
entries. The problem was feasible after 347 sterations. The
optimal solution was reached after 466 iterations. The com-
puter times needed were:

Processing time: 2 hr, 12 min, 41 sec

Input-output time: 3 hr, 56 min, 10 sec
The models for the four periods were run in a B=-5500 Burroughs
computer. The linear-programming code used was ALPS I.

Linear-Programming Results: The values of the objective

function for the four periods of time are shown in Table 14,

Table 14

Revenues Obtained in Each Period of Time of the
Second Application of the Progressive Block-Caving lModel

Periods I and 11 Periods III and IV
Total Revenue 7,968,005 ' 15,564,689
Revenue Period T Period II Period III | Pericd v

4,091,620| 3,876,385 8,203,593 7,361,096

The optimum production schedule is shown in Table UB
(included in Appendix B). This table shows the grade,
revenue per ton, original reserves, production schedule
and the total production of each finger. It alsc shows the

ore left in each finger, the total production of each period
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of time, the total production of tie whole operation, and the

~total reserves left with theilr corresponding average grades.
The production schedules of each finger are shown

graphically in Figs. 23A through 4Y4A, Fig. 12 is a profile

of the principal direction, and the rest are profiles of

each secondary direction. Fig. 23A through 4ipare included

in Appendix A.

Sensitivity Analysis: The sensitivity analysis for this

application of the model will be presented in the same way
as for the first application.

1. Table 5B (included in Appendix B) shows the fingers
that are not in production in one or more periods of time,
their actual revenue per ton, and the necessary revenue
increment per ton for these fingers to be considered in the
optimum plan. For example, finger 13,2 was not considered
for production in time period I; however, if its revenue per
ton had been $7.293 + $15.599 = $22.892 it would have been
considered in the oﬁtimum production schedule.

It can be seen from Table 5B that some fingers have a
necessary revenue increment of zero to be economical for
mining. This implies that the optimum solution is not unique.
The practical meaning of this is that if for any reason we
cannot mine from a finger that was part of the optimnum plan,
we can mine from a finger whose "Reduced Cost" is equal to
zero. By doing this, we do not decrease the value of the

objective function. Therefore, this gives more flexibillity
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Figure 12. Principal Direction Profile (2nd application).
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to the optimum solution.

5. Table 6B (included in Appendix B) shows the fingers
that are in production, their actual revenue per ton and
grade. Table 6B also shows the 1imits within which these
quahtitie; can vary before there is a change in the optimum
plan.

For example, finger 1,1 has an actual grade of 0.230%,
which implies an actual revenue of 7.912 $/ton. According
to Table 4B the production of this finger in time period I
will be 1500 tons. This finger will go on producing l500
tons in period I so long as the grade remains between 0.278%
and 0.230% or, which is the same, as long as the revenue per
ton remains between $9.594 and $7.912, If the grade changes
within these 1imits there will be a change only in the value
of the objective function, there will be no change in the
fingers that are in production or the quantities of ore
extracted from them.

As a geneval conclusion drawn from Table 6B, we can say
that the optlmum sglutlon is sensitive to changes in grade
because the upper and lower bounds on the acceptable grade
are quite close to each otherj; in many cases the two bounds
coincide, with the result that small changes in the grade of
these fingers will make the solution invalid (as long as the
change exceeds one of the bounds indicated). In this case
the problem can be rerun with the new grade to determine the

new coefficient of the objective function as well as the new
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coefficients of the grade constraints. In order to avoid
running the problem again, which is time-consuming, another
iteration in the Simplex.Algorithm can be done to determine

the exiting variable, the entering variable, and its level.

74

As a resﬁlt of the figures shown in Table 6B the optimum

solution is much more elastic and easy to implement because
in practice, grade changes will occur and through the sensi-
tivity analysis shown in this table management can find a
way to handle them.,

3. Table 15 shows the sensitivity analysis of the pro-
duction requirements and their economical influence. For
example, the production requirement for time period I is
415,992 tons., The optimum solution will not change so long
as the production of period I remains petween 414,509 tons
and 433,000 tons.

The mining company will incur an extra pfofit or loss
of $9.594 per ton if the requirement is incfeased or
decreased, respectively. This makes the opt imum solution
implementable because meeting a requirement of 415,992 tons

exactly is'practically impossible.
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Table 15

‘Bounds and Fconomical Influence of the Production
Requirements of the Second Application of the
Progressive Block-Caving Model

Production Lower Upper Extra Profilt
Requirement Bound Bound (per ton)
Period I 415,992 414,509 433,000 $9.594
Period II 415,992 414,509 440,468 9.594
period III 831,983 811,080 847,967 9.310
period IV 831,983 806,745 919,323 9,248

4. Table 7B (included 1in Appendix B) shows the sen-
sitivity analysis of the geometric constraints and their
economical influence.

For example, L2021 in time period III represents the
lower bound on the angle formed between secondary directions
20 and 21 in period III (Fig. 12). The required angle 1s
zero degree; however, according to Table 7B the required
angle can 1lie anywhere between -6° and zero degree before
any change in the optimum solution occurse. Furthernore,
for every degree that the requirement 15 decreased, an extra
profit of $22.5 is obtained.

The following general conclusions can ve drawn from
Table TB:

In many cases the bounds on the required angles along
the principal direction arc open. For example, UlZ in time
period I represents the angie formed betweell secondary

directions 1 and 2 in period T (Fig. 12). The lover bound
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on the requirement of this constraint is zero degree and the
_upper bound 1is open; in other words, the upper bound is 90°.
As far as a mine manager 1s concerned, this means that he
can modify the requirement (45°) substantially and thus,
which is more important, the value of the objective function
is not affected.

In the cases in wnich either bounds are open, the upper
and lower bounds are guite separated., In most of these
cases, the economical influence of changing the required
angles is not zero. Therefore, management can use this
information to improve the value of the objective function
by changing in an appropriate way the constraint requirement.

5. - The grade constraints, as in the first application
of the model, show that the average grade of periods I, 1T,
III, and IV must be between 0.2% and 0.3% molybdenum.

In this case, the grade constraints were not binding.
This is evidenced by the fact that in the four periods of
time the slack variables associated with each constraint had
positive values. Hence, none of these constraints were met
exactly. Therefore, thls group of constraints could have
been left out. In other words, the grade constraints were
satisfied automatically by the satisfying of the geometric
constraints and the production constraints. Evidently, these
constraints have an economical influence of zeroj; therefore,
the value of the objective function will not be affected if

these constraint requirements are changed marginally.



T 1424 77

Comparison of the Total Revenue Obtained by Climax

Molybdenum Co. and the Second Application of the lModel:

Table 16 shows this comparison. Only the first three periods
were considered because gheir production is equivalent to the

one of Climax.

Table 16

Revenue Comparison Between the Second Application
of the Model and the Climax Molybdenum Mine

Model Climax Mo. Co.
Total Period 1 Period II Pericd 111

Prod. 1,663,967 415,992 415,992 831,983 1,663,968

Revenue |16,171,598]| 4,091,620 3,876,385 8,203,593 15,511,867

It can be seen from this table that the difference in
revenue between Climax Molybdenum Co. and the second applica-
+ion of the model is more substantial than the previous one.

The percent increase over Climax is expressed thus:

(16,171,598 - 15,511,867)/15,511,867 =

% increase = 659,731/15,511,867 = 4,25%

Comparison Between the Principal Direction Profiles

of the First and Second Applications of the Progressive

Block~Caving Model

The principal direction profiles to which we will refer
in this section are shown graphically in Figs. 11 and 12. AS
far as the production requirements are concerned, the trcsen

line in Fig. 11 corresponds to the dash~dotted line in =iz, 12.
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As we said before, the model forced production from
secondary directions 19 through ol in the first period of
time of the rirst application of the model. This 1s evi-
denced in Fig. 11 by.the horizontal line between the above~-
mentioned secondary directions. Hote that the lower bounds
on the angle requiremeﬁts were of zero degree‘(negative
angles were not allowed). It can be seen that in the second
application of the model (Fig. 12) this did not occur due to
the fact that in this model negative angles as lower bounds
on the angle reguirements were allowed.

The fact that the model did not force production from
the above mentioned area explains the increase of the objec-
tive function value in the second application of the model

because production was obtained from a more profitable area.
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SUMMARY AND CONCLUSIONS

In summary, 1inear.programming with sensitivity analysis
of the optimum solution has been successfully applied to the
following cases:

1. Total Block Caving operations. This mining method
involves undercutting a large area with the surface formed
between the ore and the waste remaining essentially horizontal.

2. Progressive Block Caving operations. A mining method
that allows development work and production to occur simul-
taneously within a given area. The data used was provided by
ClimaxﬂMqubdenum Co.

For the latter case, two applications of a linear pro-
gramming model were completed. The total revenue for the
first application was found to be 0.73% larger than that
obtained by the Climax Molybdenum Co. operation. The model
was improved by the use of sensitivity analysis. The applica-
tion of the improved model resulted in 4.25% more revenue
than obtained by the mining company, with the same production.

The following conclusions can be drawn from this study:

1. Linear programming can be successfully applied for
mine-production planning in operating Block-Caving mines.

2. Sensitivity analysis can be very useful in manager-
ial decision-making. It is also a very useful tool for making

the linear programming solution more implementable in the
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real world: it gives a range where the 1inoar—programming
solution is valid. In this way, small changes 1n the real

world do not affect the optimum solution.

3. By relating constraints to policies, for example

cutoff grade or drawing angle policies, management can see

the economic effect of such decisions thPOU8h<SenSitiVity

analysis.

One caution is necessary. The user of any linear pro-

grammning code should be sure that excessive roundoff errcr

does not occur on the computer on which the program 18 T'un.

Computers do not all have the same precision in handling

numbers and when many manipulations of the data are requirea,

as in tﬁe Simplex Algorithm, the loss of accuracy due to
roundoff may become serious.
The ALPS I program used in this work avoids this prob-

lem by the use of a data refreshing techniqueé.
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SUGGESTIONS FOR FUTURE RESEARCH

In order to use a linear~programmning model consistently
in mine-production planning for plock-caving mines, the
tfollowing improvements would be needed:

1. A code that can be used to update the matrix every
time there is a substantial change in the mine parameterss

2. An economic study that compares the extra profit
that can be made by using a linear~-programming model versus
the expenses that the company would incur in the application
of the model. These expenses could be for extra sampling,
and extra supervision of the practical implementation of the
model, etc.

3. It has been observed that the grade of a finger
decreases towards the end of the life of the finger. If
enough data are collected, it would be possible to obtain a
graph that represents the grade of the finger versus the
amount of ofe drawn from it. This would improve the model
if we could feed the new-grade data to the linear-programming
code as the production of the finger increases. We can
suggest one way of solving this problem:

Divide the finger horizontally into sections of differ-
ent grades; assoclate a different variable to each section.
Build constraints that oblige the model to start drawing from

one section after the one below it is finished. This can be
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accomplished by the use of separable programming.

4. ‘The total profit of a mine operation could be known
before starting the development stage (before doing any
'investments), by building a model that includes the_whole
mine. If the mine is too large and there are no large-
enough codes to solve the model, a small model can be built
and rerun several times. In each different run the variables
corresponding to fingers that are completely exhausted are

left out and variables that correspond to new fingers can be

incorporated.
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Fig. 35A. Fourteenth Secondary Fig.36A. Fifteenth Secondary

Direction Profile. Direction Profile.
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APPENDIX B

Tables Concerning Data, Results, and Sensitivity

Analysis of the First and Second Application

of the Progressive Block-Caving Model
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Block Data for the Progressive Block-Cav

Mame

4o6-2U4A
Lo6-24B
o6~22A
406-22B
406-20A
LGc6-20B
406-18A
L06-18B
406-16A
406-15B
4o6-14A
L06-14B
406-12A
Lpo6-12B
LoH-10A
Lo6-24C
4o6-24D
4o6=22C
LQs5=22D
4236-20C
406-20D
4o6-18C
406-18D
Lo6~16C
406-16D
los-14C
405~14D
406-12C
406-12D
406-10C
406-10D
406~24E
Lo6-24F
406-22E
406~22F
406-20E
406207
406-18E
4o6-~18F
4 06-16E
406-16F
LO6-1U4E
4o6-14LF
406-12E
ho6-12F
H06-10E
LOo6-10F

"Location
(1,3)

Table 1B

Tonnage x 107

17
24
27
30
32
32
32
30
30
30
29
29
217
26
25
15
20
25
27
29
29
29
27
27
27
26
26
25
25
24
22
15
20
25
30
31
31
30
29
29
29
29
28
26
26
25
23

Grade

0,230
0.242
0.230
0.2u46
0.300
0.306
0,310
0314
0.324
0.2838
0.223
0,203
0,210
0.236
0.200
9,220
G.252
0.227
0.249
. 314
. 292
. 300
02)4“
0.298
0.349
0.230
0.256
0.212
0.234
0.212
0.192
0.245
0.227
0,288
0.188
0. 309
0.297
0.223
0.201
0.366
0,363
0.254
0.232
0.238
0.218
0.207
0.192

ing Model

Revenue

7.912
8.325
7.912
8,462
10,320
10,526
10.664

© 10,802

11,146
9.907
7.671
9.047
7.224
8.118
6.880
7.568
8.669
7.809
8.566

10.802

10.045

10.320
8.394

10.251

.12.006

7.912
8.806
7T.293
8,050
7.293
6.605
8.428
7.809
9.907
6.467
10.630
10.217
7.671
6.914
11.558
12.487
8.738
7.981
8.187
7.499
7.121
6.605

95
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Table lB(Continued)

Location
Name (1i,3) Tonnage x 10°3 Grade Revenue 9(1,3)
408~25E 1,4 14 0.250 8,600 25
408-23F 2,4 20 0.271 9,322 19
408-23E 3,4 25 0.224 7.706 14
408~21F 4,4 31 0.294 10.11l4 8
403~-21E 5,4 31 0.318 10.939 8
408~19F 6,4 31 0.327 11.249 8
408~19E 7,4 31 0.267 9,185 8
408~17F 8,4 31 0.267 9.185 8
408-~17E 9,4 30 0,264 9,082 9
408-15F 10,4 30 0.287 9.873 9
4L08~15F 11,4 30 0.299 10.286 9
408-15F 12,4 28 0.248 8.531 11
408-~13E 13,4 28 0.244 8.39U4 11.
408~11F 14,4 24 0.199 6,846 15
408-11E 15,4 24 0.191 6.570 15
408-9F 16,4 24 0.188 6.467 15
408-25C 1,5 14 0.261 8.978 25
408-23D 2,5 19 0.257 8.841 20
408-23C 3,5 25 0.262 9,013 14
408-21D" 4,5 32 0.284 9,770 7
408-21C 5,5 32 0.231 7.946 7
408-19D 6,5 32 0.280 9,632 7
408-19C 7,5 32 0.280 9.632 T
408-17D 8,5 32 0.318 10.939 7
408-17C 9,5 31 0.218 9,666 8
408-15D 10,5 31 0,290 9.976 8
408-15C 11,5 30 0.268 9,219 9
408-13D 12,5 29 0.230 7.912 10
408-13C 13,5 29 0.187 6.433 10
408-11D 14,5 27 0.184 6,330 12
408-11C 15,5 27 0.206 7.086 12
408-9D 16,5 27 0,172 5.917 12
4 08~25A 1,6 15 0.240 8.256 24
408-23B 2,6 22 0.315 10.836 17
4 08-234A 3,6 31 0,264 9.082 8
408-21B h,6 39 0.252 8.669 0
o8-21A 5,6 39 0.243 8.359 0
h0o8-~19B 6,6 38 0.279 9.598 1
408-194 7,6 38 0,255 8.772 1
408-17B 8,6 37 0.311 10.698 2
408-17A 9,6 37 0.274 9.426 2
408-15B 10,6 37 0.300 10.320 2
Lo8-15A 11,6 37 0.258 9.804 2
408-13B 12,6 36 0.287 9.873 3
408-13A 13,6 36 0.226 T.7T7U 3
108-11B 14,6 32 0.190 6.536 7
408~-11A 15,6 32 0.200 6.880 7
408-9B 16,6 32 0.204 7.018 7
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Table 1B (Continue)

) Location

Name (i,3) ‘Tonnage x 103 Grade Revenue 3(1i,3)
4 08-24A 1,7 23 0.237 8.153 16
408-24B 2,7 23 0.248 8.531 16
h08-22A 3,7 36 0.256 8.806 3
4o8~22B u,7 36 0.268 9,219 3
408-20A 5,7 39 0.308 10.595 0
408-20B 6,7 38 0.285 9.804 1
408-18A 7,7 38 0.274 9.426 1
408-18B 8,7 38 0.277 9.529 1
408-16A 9,7 37 0,299 10.286 2
408-~16B 10,7 37 0.259 8.910 2
408~144 11,7 36 0.281 7.499 3
408~14B 12,7 36 0.235 8.084 3
408-124 13,7 35 0.180 6.192 b
408-12B 14,7 35 0.190 6.536 it
408~10A 15,7 32 0.188 6.U6T 7
408-10B 16,7 32 0.176 6.054 7
4o8~24cC 1,8 27 0.236 8.118 12
408~-24D 2,8 27 0.270 9.288 12
4o8-22C 3,8 34 0.360 12.348 5
40o8-22D . 4,8, 34 0.274 g.U426 5
408-20C 5,8 35 0.294 10.079 4
408~-20D 6,8 35 0.308 10.595 Yy
408-18C - 7,8 36 0.268 9.219 3
408-18D 8,8 36 0.253 8.703 3
408-16C 9,8 35 0.290 9.976 4
408-16D 10,8 35 0.268 9.219 4
408-14C 11,8 33 0.253 8.703 6
4p8-14D 12,8 33 0.186 6.398 6
408-12C 13,8 31 0.205 7.052 3
408-12D 14,8 31 0.265 9.116 8
408-10C 15,8 29 0.192 6.605 10
408-10D 16,8 29 0.172 5.917 10
408-24E 1,9 26 0.259 8.910 13
408-24F 2,9 31 0.313 10.767 8
408-22E 3,9 35 0.299 10.286 by
4o8-22A 4,9 36 0.280 9.632 3
408~20E 5,9 36 . 0.270 9,288 3
408-20F 6,9 36 0.259 8.910 3
408-18E 7,9 37 0.306 10.526 2
408-18F 8,9 38 0,367 . 12.625 1
408-16E 9,9 38 0.284 9,770 1
408-16F 10,9 35 0.274 9.426 Y
408-14E 11,9 34 0.209 7.190 5
4o8-14F 12,9 34 0.240 8.256 5
408-12E 13,9 31 0.194 6.674 8
408-12F 14,9 32 0.176 6.054 7
408-10E 15,9 28 0.193 6.639 11
408-10F 16,9 28 0.171 5.882 11
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Revenue In

Table 5B

crement Required to Make Non-~Productive Fingers

Economical for Mining, for the Second Application

of the Progressive Block-Caving Model

Actual
Revenue

per ton Pe

7.568
8.806
7.293
8.600
8.978
8.256
10.836

Necessary Revenue Increment Per Ton

4.978
0.000
15.599
9.425
0,895
20673
0.000
0.000
4,341
42,848

4,978

g9.425
0.895
2.673

3.712

0.000
0.000
15.599
0.000
0.000
0.000
0.000
26,644
17,697
39.154
0,000
0,000

riod I Period II Period III

3.428

0.123

1.867

Pericd IV

3.366

10,217

5.940

3.340
2,946
0,000
2.657
0.000
0.000
5.411
0.000
29.528
2,146
0,000
3,011
0.000
3.011
3.011
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APPENDIX C

Sensitivity Analysis
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SENSITIVITY ANALYSIS

The importance of the sensitivity analysis of the optimal

linear-programming solution has been clearly established

throughout this thesis.

In this appendix the sensitivity analysis formulas will

be derived and applied to a numerical example.

Uncertainty in the following linear~programming parameters

will be considered:

1.

2.

3.

ua'

5.

Uncertain

Uncertain

Uncertain

’Uncertain

variables

Effect of

The following

cost coefficients on the nonbasic variables
cost coefficients on the basic variables
constraint values (right hand side)

input-output coefficilents for nonbasic

adding a new variable

numerical example will be used to illustrate

the use of the formulas.

Problem
An open-pit mine has 3 types of trucks: 80-ton, 65-ton,
40-ton. The hauling capacities are 2000 ton/shift, 1400 ton/

shift, and 1200 ton/shift, respectively.

The SOFton trucks use 3 hr of mechanical maintenance per

shift, the 65~ton trucks use 2 hr, and the 40-ton trucks use

1 hr.

The resources available are
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12 drivers and 24 hrs of mechanical personnel per shift.
How many trucks of each xind should operate to maximize

the total number of tons hauled per shift?

Mathematical Formulation

Let X be the number of 80-ton trucks in operation
X, be the number of 65-ton trucks in operation

X3 be the number of 40-ton trucks in operation.
Max Z = 2000 X + 1600 Xo + 1200 X3
Subject to:
X, + X, + X3 £ 12

In matrix form, after adding slack variables:

Xy X5 X3 1, I, / b
Drivers I 1l 1 1 L 0 0 12
Mechanics |Ip 3 2 1 0 1 0 21
Minimize |2 |-2000 =-1400 =1200 o 0 1 0
%ination 1 *2 X3 .Il 1o : °
I, 0o -1/3 2/3 1 =173 0 4
X1 1 2/3 1/3 0. 1/3 0 8
Z 0 =-200/3 -1600/3 0 2000/3 1 16000
Sﬁiiilir“ X, X, X3 1, I Z b
© %3 0 1/2 1 3/2 -=1/2 0 6
Xy 1 1/2 0 -1/2 1/2 0 6
A 0 200 o 800 400 1 19200
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) ho-ton trucks

L}

The optimal solution is: X3

& 80-ton trucks

]

Xy
Notation

-1
By Inverse of the 1th jteration (matrix formed by the

vectors of the slack variables and 2), in this case:

Example:
3/2 ~1/2 O
B, =|-1/2 1/2 O
800 400 1
Ajy Vector under variables that are not in the basis.
Example:
1/2
Az =} 1/2
200

b; Right-hand side in ith iteration.

Example:
6
b2 = 6
19200
Cj Coefficients of objective function, in this case:
Cy = -2000
C3 = ~1200
CS Original coeflicients of objective function for

basic variables; in this case:
Cqy = -2000

-1200

§

C3
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2l

Coefficients of objective function in optimal

stage, in this case:

Cl=0
Co = 200
C3 = 0

X5 Optimum value for the basic variables.
=My Value of the dual variables correspondent to the
kth constraint; these can be found in the last row
6f the inverse:
Example:

Tfl = -800 ki = 400 = =]

2 "3
From. . primal dual theory and the revised simplex algo-
rithm, the folloﬁing equations must hold:
1) The optimum value of the objective function of the

primal must be equal to the optimum value of the dual

L w, Db = £ CsX.,
X k ok 3 J7d

In this case

I
i

800-12 + 4o0-24 + 1.0 6-2000 + 6-1200 19200

19200 = 19200

4

19200

2) Any vector in the optimum tableau can be obtained
by multiplying the inverse of tﬂe optimal Dbasis times the
original vector:

2a) Calculation of any matrix vector in the optimun
tableau ‘

B”l Aj = KJ (Kj expresses Aj in terms of the present casis)
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Xample:
— —
B- A, = Ap
3/2 =1/2 O 1 1/2
~1/2 172 ol 2 | =|1l/2
800 4oo 1 ~1400 200

2pb) Calculation of the optimum value of the variables Xj

Xg = Bl b=>0 (Xg is the optimum value of the variable
Xsa The notation XB is used to indicate
that these are the basic variables)

Example:
3/2 -=1/2 O 12 6
~1/2 i/2 0Of-l24)= 6
800 400 1 0 19200

2c) “Calculation of the value of the coefficients of the
objecti&e'function at optimality. In section 2a the value of
the vector %, was calculated. The last term of this vector
(200) corresponds to the coefficient of the objective func-
tion 62. In other words, if any matrix vector is multiplied
py the last row of the inverse, the value of the coefficlent
of the obJjective function at optimality is obtained, analytic=-
ally:

C. =C, -
3 : A

[ %
[ S

Example:

C2 c., - nAz

T, = -1400 - (~800 - uoo)k 1‘
2
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—

02 = -1400 + 800 + 800 = 200

3) Calculation of the values of the dual variables.
The values of these variables can be obtained by multiplying
the original coefficients of the objective function, for the
basic variables times the inverse:

In this case:

—

CB B~ =1

(-2000 - 1200) -1/2 1/2

e -1y2| T (-800 - 400)

1. Uncertain Cost Coefficients for Nonbasic Variables

The problem is: How much does the cost coefficient of
a nonbasic variable have to change pefore it affects the
optimum solution?

In terms of this problem: How much has to be the
capacity per shift of the second type of trucks for them to
be considered in operation?

Relation 2¢

Suppose that one Cj 1s increased DY 5]

C§ =Cy ¥ 6 (C? is the new cost coefficient)

]

. - () +
CJ ﬂAJ e

Cs =C., + 8
J J

134

1f 6 increascs and 0 2 0, then E§ > 0 for all ©; conseqguently



T 1424 135

there will be no change in the basis.

It is necessary that 5? = 0 for varilable Xj to enter
the basis. 'Therefore, 1if 6 decreases to some negative value,
then

0 =°C, + 6
8 = ~C

Consequently, the stability limits of the basis are

c, - C

C. < C: <
I e B

J

The exiting variable would be the one with least Ei/gij
in column j, so that gij > 0,
For this example, X, 18 the only nonbasic variable:
~1400 -~ 200 < Cj L
~1600 < Cj L >
If the capacity of the second type of trucks were 1600
tons/shift, they would be considered in the operational plan.

The exiting variable 1n this case would be X3 or Xl

because both have the same Ei/gij ratio.

6 1/2

12

X3 b'l/a12

Xl b2/a22 = 6/1/2 12

2. Uncertain Cost Coefficients of Basic Variables

Problem: What are the 1imits within which the cost coef-
ficients of a basic variable can vary before the optimal
solution changes?

In this case: How riuch could the capacity of truck type 1
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and type 3 be changed before they are not considered in the
operation plan?

Relation 2t

but

CB BL =« (relation 3)

If relation 3 is multiplied by Aj

.....l _
QB'B Aj = ﬂAj
but
Bt Ay = KJ,Itherefore
CB Aj =-ﬂAj

so relation 2c¢ can be written as

€. =G, - C_A.
5565 7 CBy

CB are the cost coefficients of the basic variables.
Let m variables be the basic ones:

Ba.SiS (Kl’x2,-ootsXS,-a'toaan)

on the expanding of the last relation:

Cj = Cj - Clalj - 028.23 - .-o ® Csasj e o o 9 Cmamj

If Cg is changed in 8, the result iss

—* = . 1y — a bl hant @ + Z—‘ . el 3 o & — a
Cj CJ Clalj C2a2J . (Cgq e)isJ Cmamj
CJ = Cj b Clald - C;_)azJ - . 2 & —'bgasJ - - mamj SJ

136
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C =C-‘-e
373 s
For basic variables, if s = j then Eg =1
,_J (it is a unit matrix)
s # J then sj = 0
If j is basic and j = r # s, then a_, = 0 and 55 = 0
(basic), then in this case 5§ = 0. Therefore, there is no

change in the basis.

The problem can arise when with the changing of a cost
coefficient of a basic variable, changes occur in the
optimum cost coefficients of the nonbasic variables. One of‘
these may turn to be negative; therefore, this variable
would enter the basils.

Leﬁ.s be basic and j be nonbasic. For this case we will
study what happens with 53 when we change Cg:

—..* — -
. = . - . > 0 for all
CJ CJ aSJS > o) J

a) If 6 increases and Egj < 0,

5§ will never be < 0, therefore no change will occur in

the basis.

b) If 6 increases and Esj > 0, then for some 0, 5; = 0,

Therefore, this will be the maximum value of 0.

Max 0 = Min [C./a ..
n [ J/aSJ]

asj >0

We consider the minimum value of Ej/gsj because at this

point one of the 53 goes to zero, and a change in the basis
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occurs.
If 8 decreases and 555 < 0, then for some 8, 5? = 0.
Therefore, the minimum of 6 will be
Min 6 = I C./a_..
in Max [CJ/aSJ]
asj < 0
The stability limits of the basis are
Cqy + Max [Cj/asj] £ Cg £ Cg + Min [Cj/asj]
J asj.< 0 J asj > 0
J basic J basic
Applying_this result to the numerical example, we get
Lower Bound Upper Bound
Cs *+ Cs +
Max C;/8 .+ Min C;/844
_ J° 7SJ lpnter.| Exit. _ J°78J lEnter. |Exit.
Ba;mc Cq agy < 0 Var. Var.| agj >0 Var. |Var.
X,  =-2000{-2000+800/ I, X3 -2000+200/ | X5 XgorXy
~1/2==3600 1/2==1600
X3  -2000 ~1200+400/ I, Xy -1200+200/ | X5 Xg0rXy
-1/2=-2000 1/2=-800

This means in terms of our problem that the capacity of
the first type of trucks can vary between 3600 and 1600 T/
shift; and the capacity of the tﬁird type of trucks can vary
between 2000 and 800 T/shift before there is any change in
the optimai solution.

The entering variable is the one whose ﬁj = 0 when the
The exiting

change is made in the Cj of the basic variable.
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variable is found in the column of the entering variable, soO

that bi/aij is minimum, with aj ;3 > 03 J indicates the

entering variable and i1 indicates the exiting variable.

3., Uncertain Constraint Values (Right-hand Side)

A change in the R.H.S. (bi) does not affect the optimum

—

basis because it does not have any effect on the Cja
{(Optimum coefficients of the objective function.) However,
it affects the value of the objective function becausée

Min 2 = § Cij = g“ibi = Max V

The problem is to £ind how much can the by - be changed
'before any Ei goes negative. The first condiﬁion of feasibil-
ity of é‘primal linear-programning problem 1s that all Xj 2 0.
Thereféré, the R.H.S. is not allowed to be negative or the
problem is infeasible.

We have:

Xg = © = Bl.b (relation 2b)

An element of b is obtained by multiplying the cor-

responding row of the inverse (Bl) times the vector b.

Xy = b. = Bt b (BT = 1th row of Bl)
’ i i i

An element of b will be changed by ©
p!l = b_ + 0 (br = rth giljement of b)

r b

Now the new bi is b

~r
N

%
i i i ir
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= ——% 3 L —‘l - - _‘1
X% by by * Bir ] (r columg of B™)
(i = row of Bl)

Before any further procedure with the analysils, this
last equation will be i1llustrated in terms of the numerical
example:

The vector b is obtained as follows:

_ 3/2 =-1/2) [12] |6

XB = b = » =

~-1/2 1/2 24 6

Example: What happens to the second element of b (6)
when the first element of Db (12) is changed Dby 8. We obtain
the second element of b by doing:

(~1/2 1/2)-i12

= 6
24
Now:

(-1/2 1/2)| 12 + ©
24

~1/2+(12 + 0) + 1/2:(24)
= 6 -1/2-8 J
The problem arises 1if 6 is increased to (12 + €), then
the second element of b goes negative and the solution is
infeasible.
In generalty

x* =p% =0, + Br .6 20 for all 1.

1) If 6 increases and Eir > 0, then‘Ez will never be

negative. Therefore, there will be no change in the basis.
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2) If E%r < 0 and 6 increases, then for someé o, b, = 0.

This gives the maximum value of 9.

Max 6 = Min [=D, /B e such that E@ < 0)

We take the minimum value of [-b /B1 ] because for this value

of 6 some b-vgoes to zero; therefore, there is a change in the

basis.

Iif Eﬁr > 0 and ® decreases, for some g, bT = 0, this

gives the ninimum value of 6.

—

Min 6 = Max [-b,/Br_ 1 (i such that BY_ > 0)
1 ir ir

Therefore the stability limits of the basis are:
b.. + Max [—bi/Bir] < b, = b, * Min [-bj /B ]

=1 =l
Bir >0 By, < 0

Applying these results to the numerical example, W€ get:

Lower Bound Upper Bound
br + X
Max[-bi/Bir] Min[wbi/Bir]
1 Enter. | Exit. — Enter.] Exit.
by By, > O Var. Var. By, < 0 Var. Var. .
12| 12 + —6/ I X 12 + -6/ I X
2
- 3/2 = 3 _1/2 = 24 1 1
24 24 + -6/ I X 24 + -6/ X I
1/2 = 12 1 . -1/2 = 36 3 2

The 1th row of the inverse, in which the corresponding

ﬁir was found, indicates the exiting variable.
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The entering variable 1s found in the following way:
in the row of the exiting variable, find the minimum ratio
‘n_" - . ) . < . o s .
of Cg/asj’ with J so that a3 0 This relation 1s

obtained from the dual simplex algorithm.

4, Uncertain Input-Output Coefficients for Nonbasic Variables

Problem: What is the effect of changlng 2a matrix entry
(aij) of a nonbasic variable?

In terms of the numerical example: there 1s only one
nonbasic variable (X2)> 1ts matrix entriles are 1 (the truck
takes 1 driver) and 2 (the truck takes 5> hours of maintenance
per shift). This question arises: How many hours of
‘maintenance per shift should the second type of trucks take
to be 9onsidered in the optimumwoperation ﬁlan? (There is
no point in doing the sensitivity analysis of the number of
drivers per shift.)

Relation 2c¢:

C = C: ~ WA,
P CQ nAJ

One of the nonbasic coefficients of Aj will be changed

py 6. The new C; will be cx.

J J
Th = ¢ Ta 7 { + 8) - T_a
j j lj“'.onoa rarJ e« o a3 o mmj
-—* —
¢, = C, - m,0
J J r
1) If m, > 0 and © increases, then 5§ =0 for 0 = Ej/ﬂr
2) If m, < 0 and 6 decreases, then 5§ = 0 for 6 = Ej/ﬂr
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Therefore the limits of stability of the basis are:

w._ > 0 - <

- >
r < ap; 2

3y + Cj/n’r
M, < 0 813 + Cj/“r S 2pny 2 ©
Applying these results to the numerical examplé we get:

the only nonbasic Cj is C, = -1400, ™y and m, are < 0

Lower Bound Enter.| Exit.| Upper Bound | Enter. | Exit.
arj arj+cj/“r Var. Var. o vVar. Var.
= + -
ann=21 2 220?/;00 X, Xg0rXy o

5. Effect of Introducing a New Variable

Problem: What is the effect of adding a new variable in
the optimum_solution?
In terms of the numerical example: Would a newvw truck

with the following characteristics be considered in the

optimum solution?

Truck type 4: ‘takes 3/2 hr of maintenance
hauls 1500 T/shift

A1l that has to be done is to calculate 54, if
Cu > 0 It will not be considered.
Eh < 0 It will be considered.

Relation 2c can be used for this purpose:
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al
t

y = Cy — "Ry

al
1

4 -1500 + (800 4oo)} 1
, = =100
3/2.

EM is negative; therefore, if this variable goes into
the basis the objective function will be increased. Conse-
quently, this type of truck will be in operation.

As a variable is going into the basis, another variable
must leave the basis. The exiting variable can be found by

calculating the ratios Bi/gin’ the row that gives the minimum

ratio corresponds to the exiting variable:
bl/alu = 6/1 = 6
by/agy, = 6 3/2 =48

The second row corresponds to the variable Xl; there-

fore, this variable leaves the basis.
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