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ABSTRACT

This research presents an analytical model to obtain the pressure transient
response of multiply fractured horizontal wells in tight shale formations — the trilinear
model. The solution procedure is based on prior analytic models developed for fractured
vertical wells in layered reservoirs and fractured horizontal wells in conventional
formations. The model derivation is presented in its most general form and modifications
to account for naturally fractured media, as well as gas flow, flow choking at the
wellbore, and wellbore storage are all presented.l

The new trilinear model is verified against an existing semianalytical solution.
The verification procedure highlighted the impact of different dual porosity models in
obtaining a good match on field data. Asymptotic approximations are presented including
a discussion on their usefulness in straight-line analysis. A field example demonstrates
the usefulness of the new model. Parameters relating to the productivity of a multiply
fractured horizontal well in a tight shale formation are then explored using the trilinear
model. It is determined that relatively high matrix permeability and high hydraulic
fracture conductivity are not sufficient to accomplish favorable productivities in shale
reservoirs, unlike in conventional reservoirs. It is also determined that the most efficient
mechanism to improve the productivity of tight, shale formations is to increase the
density of the natural fractures. Increasing the permeability of the natural fractures has an
insignificant effect. Similarly, decreasing hydraulic fracture spacing increases the

productivity of the well, but the incremental gain for each additional fracture decreases.

il



It is demonstrated that the key characteristics of flow convergence toward a
multiply fractured horizontal well in a shale reservoir may be preserved in the relatively
simple analytical trilinear model. Moreover, with minimal computational time, the
trilinear model describes parameters contributing to the productivity of fractured
horizontal wells and allows for performance characteristics of multiply fractured

horizontal wells to be delineated.
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CHAPTER 1

INTRODUCTION

This thesis presents work performed for a Master of Science degree that was
conducted at the Marathon Center of Excellence for Reservoir Studies in the Petroleum
Engineering Department of the Colorado School of Mines. The MSc research presented
herein develops an analytic model, the trilinear model, describing a system composed of
a multiply fractured horizontal well in a tight shale reservoir which may or may not be
naturally fractured. The trilinear model is new and constitutes the significant contribution
of this research. The following sections present the motivation behind the study as well as

the objectives, background, approach, and organization of the remainder of the thesis.

1.1 Motivation

With maturity, the oil and gas industry has moved into developing resources of
greater and greater complexity. Shale reservoirs of very low permeability are one such
resource. Once looked upon as any rock that was not reservoir quality, shales have now
become viable reservoirs in their own right. A classic definition of shale is a class of fine-
grained clastic sedimentary rocks with a mean grain size of less than 0.0625 mm,
including siltstone, mudstone, and claystone (EIA 2006). Recent literature (Kundert and

Mullen, 2009) has noted that, with the industry’s expanding exploration in shale plays,



the boundaries of what constitutes shale have also been expanded and now include
reservoir rock within a wide range of total organic content (TOC) and maturity.

Regardless, the goal behind developing a shale formation is to maximize the
surface area available to flow. To this end, horizontal wells are frequently drilled through
the reservoir and completed with some number of hydraulic fractures, creating a multiply
fractured horizontal well. The horizontal well may run for hundreds or thousands of feet
through the formation and the hydraulic fractures open transverse, longitudinal, or
complex planes out into the formation. Frequently during the hydraulic fracturing
process, a system of smaller fractures is either created or reactivated, dependant upon a
preexisting natural fracture network. These smaller fractures that propagate through the
tight matrix between the hydraulic fractures add significantly to the system’s ability to
flow — they add to the effective permeability of the matrix.

This is a complex system. How then can it be modeled? Certainly it is possible to
develop detailed numerical models, as presented by Medeiros et al. (2008) for example,
to model transient fluid flow toward a multiply fractured horizontal well in an
unconventional reservoir. There are downsides to these models, however: the increased
computational requirements, the implicit ﬁnctional relationships of key parameters, and
the inconvenience in their use in iterative applications.

This work proposes to develop a simple analytical model that accurately
represents the system described above while enabling iterative applications for design
purposes with minimal computational time. Despite the complex interplay of flow among
matrix, natural fractures, and hydraulic fractures, the key characteristics of flow

convergence toward a horizontal well stimulated by multiple transverse fractures may be



preserved in a relatively simple, trilinear flow model. The basis of the trilinear flow
model is the premise that the productive lives of fractured horizontal wells in shale

formations are dominated by linear flow regimes (Medeiros et al., 2008).

1.2 Background

The objective of hydraulic fracturing in conventional tight reservoirs, as in tight
sands with permeabilities in the milli- to micro-Darcy range, has been to create a high
conductivity flow path to improve flow convergence in the reservoir. Figure 1.1 provides
the definition of fracture conductivity on a sketch of a hydraulic fracture intercepting a

vertical well.

Flow inside fracture

Fracture Conductivilty

Linear Darcy Flow Cp = kpd, [ W,
= Q}l i LA -
ol u E
Dimensionless Conductivity i
Crp = Cr _Ke¥r form ot
Cn kx

Figure 1.1 — Single hydraulic fracture and the definition of conductivity.

Accordingly, a practical interpretation of the objective of fracturing a horizontal
well is to create a system whose long-term performance is identical to that of a single
effective, or total, fracture of length equal to the spacing between the outermost fractures

(Raghavan et al., 1997, and Chen and Raghavan, 1997). Figure 1.2 provides a sketch of



this interpretation. With this interpretation, performances of fractured horizontal wells
can be correlated in terms of an effective fracture conductivity and effective fracture half-
length. The conductivity of this effective fracture depends on the permeability of the
reservoir and the number, distance between, and conductivities of the individual

hydraulic fractures.

h

R

Figure 1.2 — Multiply fractured horizontal-well in a conventional tight formation and the
effective, or total, fracture concept.

Using this idea, Raghavan et al. (1997) presented practical results to evaluate the
long-term performances of multiply fractured horizontal wells in conventional tight
formations where permeabilities are in the milli-Darcy range. Assuming equally spaced
fractures of identical properties, they calculated an effective wellbore radius for

individual fractures, normalized by the distance between the outermost fractures, 7., / 8

Using this effective wellbore radius concept, Raghavan et al. (1997) correlated the long-



term performances of multiply fractured horizontal wells, after the onset of pseudoradial
flow, with the effective, or total, system conductivity ( Cp . = C ). The Raghavan et
al. (1997) correlation, shown in Fig. 1.3, is similar to the correlation presented by Cinco

et al. (1978) to obtain the effective wellbore radius of a single fracture as a function of

fracture conductivity and half-length.
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Figure 1.3 — Effective wellbore radius versus effective system conductivity for a multiply
fractured horizontal well in a conventional tight reservoir (after Raghavan et al., 1997).

As shown in Fig. 1.3, the Raghavan et al. (1997) correlation includes multiple
curves for different numbers of fractures along the well. The top curve in Fig. 1.3

represents the Cinco et al. (1978) correlation for a single fracture. Figure 1.3 can be used
to determine the effective, or total, system conductivity, Cy, . = C p, , fOr given
individual fracture properties such as conductivity, C,,, half-length, x,., distance

between the outermost fractures, D, and the number of fractures along the well, n,. .



Then, using the effective system conductivity, Cpp g0 » and half-length,

X opeeive = DJ 2, effective wellbore radius, 7, g.m, =7, Of the total system is obtained
from the Cinco et al. correlation.
As noted by Chen and Raghavan (1997), the total effective wellbore radius can be

used in the following well-known deliverability equation:

_7.08x10°kh (P-p.)

Bu '
lop B4
2 &Cq

A ! w.effective

(1.1)

Then, using Fig. 1.3 and Eq. 1.1, it is possible to design a multiply fractured
horizontal well to accomplish the desired productivity. Given a set of hydraulic fracture
properties, for example, it is possible to optimize the nﬁmber of fractures along the length
of a horizontal well. Similarly, the optimum number of fractures, the length of the
horizontal well, and the properties of the hydraulic fractures required to drain a given

reservoir of area A, and shape as determined by the shape factor C,, can be found from

Fig. 1.3 and Eq. 1.1.

1.3 Problem Statement

It must be emphasized, however, that the approach detailed above may only be
used if the performance of the multiply fractured horizontal well is dominated by the
long-term productivity of the reservoir beyond the tips of the fractures and the horizontal
well. In other words, pseudoradial flow convergence must develop around the multiply

fractured horizontal well for the effective wellbore radius concept to be used.



Pseudoradial flow develops around a single infinite conductivity vertical fracture for

times (Gringarten et al., 1974)

5 1.14 x 10" g, pox ‘

1.2
P (1.2)

For long fractures, with large values of x,, and tight formations, with small

values of &, the time until the start of pseudoradial flow may be very long. In multiply

fractured horizontal wells, x, in Eq. 1.2 corresponds to x; ... = D/2— frequently a

very large number. Therefore, the start of pseudoradial flow in multiply fractured
horizontal wells may be delayed for even moderate permeabilities. As such, most of the
productive life of a fractured horizontal well in a shale formation is dominated by
transient production from the stimulated volume between the hydraulic fractures
(Raghavan et al., 1997). In fact, for reservoir properties typically encountered in practical
multiply fractured horizontal well applications in shale, flow convergence hardly occurs
beyond the tips of the fractures. Therefore, the productivity of multiply fractured
horizontal wells is dominated by linear flow perpendicular to the fracture surfaces
confined to the stimulated volume between the fractures.

Developing a model to describe this linear flow convergence in a multiply
fractured horizontal well in a shale formation is the main problem addressed by this
thesis. Under these conditions, the long-term performance of a fractured horizontal well
and reservoir system may again be represented by that of a single hydraulic fracture. The
length of the equivalent hydraulic fracture is equal to the aggregate length of the
hydraulic fractures and the conductivity of the equivalent fracture is equal to the average

of the conductivities of the individual fractures, as shown in Fig. 1.4. The drainage



volume around the equivalent fracture is a parallelepiped with the length of the
equivalent fracture and the width equal to the average hydraulic fracture spacing. This
interpretation is similar to the ideas used for fractured vertical wells in commingled

reservoirs by Camacho-V (1984), Bennett et al. (1985), and Camacho-V et al. (1987).
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Figure 1.4 — Effective fracture concept for a multiply fractured horizontal well in an
unconventional tight shale reservoir.
1.4 Objectives
The objectives of this thesis have been alluded to in the sections on the
Motivation behind the study and the Problem Statement. They are, in short:
1) Develop an analytic model that acknowledges the linear flow convergence
prevailing in multiply fractured horizontal wells in shale formations for

use in pressure transient analysis;



2) The model should be relatively simple while still capturing the key
characteristics of flow convergence due to the complex nature of flow
between the matrix, natural fractures, and the hydraulic fractures;

3) With minimal computational time, the model should enable iterative
applications for purposes of designing fracture treatments; and

4) The model should describe the parameters contributing to the productivity
of fractured horizontal wells and allow for performance characteristics of

multiply fractured horizontal wells in shale to be delineated.

1.5 Method of Study

The method of this research is analytical. For the general trilinear model,
presented in detail in Chapter 3, solutions to the diffusion equation, a differential
equation, were derived in three separate but linked reservoir sections: the outer reservoir,
the inner reservoir, and the hydraulic fracture. Each reservoir section is distinct from the
others and internally homogeneous. As such, each section is characterized by uniform
average properties specific to the section. The sections were linked together by
recognizing the continuity of pressure at mutual boundaries. Due to the nature of the
system most typically found in practical applications, the inner reservoir is allowed to be
naturally fractured. For the naturally fractured inner zone, a dual porosity idealization
was used to represent flow in the fractures and the matrix. Either the pseudosteady dual
porosity model (Warren and Root, 1963) or the transient dual porosity model (Kazemi,
1969, de Swaan-0, 1976, Serra et al., 1983) may be used. Solutions to the diffusion

equation were derived in the Laplace domain and, because all of the functions in this
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work are continuous, the Stehfest algorithm (1970) was used to numerically invert the
results back into the time domain.

The computational code was written in FORTRAN 90. Results from the trilinear
model were verified against a semianalytical solution available in the literature (Mederios
2007). Asymptotic approximations were derived for the general solution to determine
limiting forms of the equation. The trilinear model was then used in both theoretical and
practical applications to determine sensitivities as well as elucidating important
considerations when designing a multiply fractured horizontal well system in a shale

formation.

1.6 Contributions of the Study

This thesis presents an analytical trilinear flow solution to simulate the pressure
transient and production behavior of fractured horizontal wells in shale reservoirs. The
trilinear model constitutes the primary new contribution of this thesis.

There are several aspects of the trilinear model worth highlighting. By taking
advantage of the predominately linear flow in systems of this nature, the trilinear model
is much simpler than existing semianalytical and numerical models, but still versatile
enough to incorporate the fundamental petrophysical characteristics of shale reservoirs,
including the intrinsic properties of the matrix and the natural fractures. This practical
solution provides an excellent alternative to rigorous solutions, which are cumbersome to
evaluate. This new, simpler, trilinear model is therefore useful for solving optimization
problems and, by extension, useful for design purposes. It may also be useful for

pressure transient analysis and rate transient analysis software packages.
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The various analyses made possible by the trilinear model that are included in this
thesis help to ground some field observations in theory as well as highlight possible areas
for improving design processes for fracture treatments of multiply fractured horizontal

wells in shale formations — both are also contributions of the study.

1.7 Organization of the Thesis

This thesis is divided into six chapters. This chapter, Chapter 1,‘is the introduction
and contains the motivation behind the study as well as the background to the study. It
also contains a discussion on how the study was conducted and the main contributions of
the study.

Chapter 2 presents a review of the literature pertinent to the development of this
thesis.

Chapters 3, 4, and 5 constitute the meat of the thesis. The derivation of the
analytical trilinear model is presented in Chapter 3, followed by sections addressing
modifications necessary to the trilinear model to accommodate for naturally fractured
systems, gas flow, choking, and wellbore storage effects. Chapter 4 presents a
verification of the trilinear model, a discussion on the impact of different dual porosity
models on the analysis, a presentation of asymptotic approximations, including a
discussion as to their usefulness in straight-line analysis, and finally, a field example.
Chapter 5 puts forth results and general observations made possible by the trilinear model
on the nature of productivity and flow in multiply fractured horizontal wells in shale

reServoirs.



The final chapter, Chapter 6, makes recommiendations for future research to
extend the work started in this thesis and provides the main conclusions resulting from

the work described herein.

12
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CHAPTER 2

LITERATURE REVIEW

Developing an analytical model to describe a complex system is beneficial
because of the relative simplicity of these types of models. This simplicity lends itself to
fewer input parameters, therefore easing data collection requirements. For equivalent
systems, results from analytical models may also be obtained much more quickly than
those from numerical models. The complex system addressed in this thesis is a
hydraulically fractured horizontal well with a naturally fractured inner reservoir and a
tight outer reservoir. The solution presented herein is based on prior work in the areas of
fluid flow in porous media, naturally fractured reservoirs, hydraulically fractured wells,
horizontal wells, and tight gas reservoirs.

The seminal work of Carslaw and Jaeger (1959) is recognized for its
documentation of and. contribution to the solutions and solution techniques of three-
dimensional heat conduction problems. The foundations and wide variety of applications
for the solution techniques presented by Carslaw and Jaeger are also used to solve
problems relating to fluid flow in porous media: Green’s functions, sources and sinks,
and Laplace transformation are among the most common techniques. For example, as
introduced to the petroleum engineering literature by Van Everdingen and Hurst in 1949,
Laplace transformation is integral to the solution of analytical models based on the

diffusion equation. In the Laplace domain, variable flow rate boundary conditions,
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constant pressure production, wellbore storage, and some forms of reservoir
heterogeneity, such as natural fractures, may all be dealt with easily. Asymptotic
approximations are also easily derived from solutions presented in the Laplace domain.
Using numerical inversion algorithms, like Stehfest’s algorithm (1970), results computed
in the Laplace domain may also be inverted back into the time domain when an analytical
inversion is not possible or convenient.

In general, analytical solution techniques are applicable to the linearized form of
diffusion equation, which assumes constant properties. The assumption of constant
properties works well for oil and water systems where compressibility and viscosity may
be assumed to be independent of pressure. Clearly, gas properties are not independent of
pressure, and therefore the diffusivity equation for gas is nonlinear. To extend the
analytical solutions derived for oil and water to gas, Al-Hussainy and Ramey (1966) and
Al-Hussainy et al. (1966) introduced the idea of real gas pseudopressure. Real gas
pseudopressure is a process by which the diffusivity equation for gas is linearized using a
variable transformation.

In the Laplace domain, the solution to the diffusion equation for naturally
fractured reservoirs is easily obtained using either of two dual porosity idealizations. The
dual porosity model presented by Warren and Root (1963) considers pseudosteady fluid
transfer from the matrix to the fracture. Usually, this pseudosteady dual porosity model is
introduced in terms of bulk properties, and characteristics of the matrix and fracture
media are incorporated into the model by two ratios: the storativity and the
transmissivity. The storativity ratio is a measure of the quantity of fluid that the natural

fractures can store to that which the combined system, both the matrix and the fractures,
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can store. On the other hand, the transmissivity ratio is a measure of flow capacity
between the matrix and the factures. A matrix shape factor is also introduced with the
transmissivity ratio that addresses the geometry of the individual matrix blocks. Kazemi
(1976) provided a good first approximation for this matrix shape factor.

Kazemi (1969) analyzed the pseudosteady dual porosity model of Warren and
Root (1963) using transient flow at all times and extended the complexity of the model
into two dimensions. In addition to defining a matrix shape factor, Kazemi (1976) also
added multiphase flow to the bones of the Warren and Root (1963) model, which allowed
for water/oil flow. Similarly, deSwaan-O (1976) developed an alternative dual porosity
model that considered transient fluid transfer from the matrix to the fracture. The model
proposed by deSwaan-O assumed a uniform fracture distribution, specifically, parallel
horizontal fractures that are equally spaced from one another. Unlike the Warren and
Root (1963) model, the transient model may be introduced in terms of either intrinsic or
bulk properties of the fracture and matrix media. Serra, et al. (1983) represented the
naturally fractured reservoir as a stack of alternating matrix and fracture slabs and
presented the transient dual porosity model in terms of intrinsic parameters. As such,
Serra, et al. (1983) redefined the storativity ratio to be a ratio of the quantity of fluid that
the natural fractures can store to that which only the matrix may store.

Moving from naturally fractured reservoirs, Prats (1961) and Prats et al. (1962)
investigated the behavior of hydraulically fractured vertical wells and identified the
fundamental flow behaviors. They showed that dimensionless well responses could be
correlated in terms of dimensionless fracture conductivity. Gringarten et al.(1974)

presented a solution for an infinite-conductivity vertical fracture intercepting a vertical
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well. The authors also developed an equation to determine the time at which pseudoradial
flow develops around a single infinite conductivity vertical fracture. Using the solution
developed by Gringarten et al. (1974), Gringarten et al. (1975) presented type curves to
analyze transient pressure behavior of infinite conductivity hydraulic fractures. Cinco-
Ley et al. (1978) extended the solution presented by Gringarten et al. (1974) to
investigate hydraulically fractured vertical wells with a finite conductivity vertical
fracture. Similar to Prats (1961) and Prats et al. (1962), they correlated dimensionless
wellbore pressure in terms of dimensionless fracture conductivity. Dimensionless fracture
conductivity is comprised of the effects of width, permeability, and half-length of the
vertical fracture along with the matrix permeability. Plotting the log of dimensionless
wellbore pressure against the log of dimensionless time yielded a family of characteristic
curves that enabled the determination of formation and fracture characteristics. These
curves demonstrated that for dimensionless conductivity values over 300, the finite
conductivity vertical fracture solution behaved similarly to the infinite conductivity
vertical fracture solution of Gringarten et al. (1974). Cinco-Ley and Sameniego (1981)
used the hydraulically fractured well solution of Cinco-Ley et al. (1978) and documented
the characteristics of flow-regimes and pressure transient analysis procedures. They
identified a bilinear flow regime, where linear flows from the matrix to the fracture and
from the fracture to the wellbore occur simultaneously. Bilinear flow is observable on a
log-log plot of dimensionless wellbore pressure against dimensionless time by fitting a
straight line possessing a one-quarter slope to the data. Further, the authors observed that,

during bilinear flow, a plot of dimensionless wellbore pressure and the fourth root of
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dimensionless time resulted in a straight line that was inversely proportional to fracture
conductivity.

Bennett et al. (1985) put forth a procedure for obtaining analytic pressure
transient solutions for fractured vertical wells in layered reservoirs. In this solution
procedure the idea of dimensionless reservoir conductivity is presented — a parameter that
relates flow from one layer of a reservoir to the average reservoir properties. Camacho-C
et al. (1987) used similar solution procedures to obtain analytic pressure transient
solutions for fractured vertical wells in layered reservoirs where the vertical fractures
were of unequal length. Using the concept of an effective system conductivity, Camacho-
C etal. (1987) demonstrate that multi-layer solutions can be correlated with single layer
solutions if the sum of the product of the dimensionless layer conductivity and fracture
half-length for each layer replace the fracture half-length term in the single layer
solutions.

Cinco and Meng (1988) extended the earlier work on finite conductivity vertical
fractures intercepting a vertical well and naturally fractured reservoirs. They presented an
analytical solution in Laplace domain for a finite conductivity fractured vertical well in a
dual porosity system, using both the pseudosteady and the transient dual porosity
idealizations. Their work demonstrated that the behavior of the total system could be
represented by a combination of the behavior of a finite conductivity fractured vertical
well in a homogeneous reservoir and the behavior of a vertical well in a dual porosity
reservoir. The authors also observed a flow phenomenon that they referred to as trilinear

flow — where matrix linear flow was overlaid with bilinear flow in the hydraulic fracture.



