MATCHING CRYSTAL STRUCTURES ATOM-TO-ATOM:
APPLICATIONS IN MATERIAL SCIENCE

by

Felix Therrien



A thesis submitted to the Faculty and the Board of Trustees othe Colorado School of
Mines in partial ful llment of the requirements for the degree of Doctor of Philosophy (Solid

State Physics).

Golden, Colorado

Date

Signed:
Felix Therrien
Signed:
Dr. Vladan Stevanovtc
Thesis Advisor
Golden, Colorado
Date
Signed:

Dr. Uwe Greife
Professor and Department Head
Department of Physics



ABSTRACT

Materials simulations and modeling paired with high perfanance computing resources
have been successful in accelerating the discovery of newtenals for renewable energy
production and energy e ciency. However, relatively few of lhese materials have been
metastable since predictive theories of materials realiziity and lifetime are still limited.

In that context, we develop a new approach to establish the becorrespondence, or
match, between di erent crystalline structures, a crucialstep in estimating the lifetime of
metastable materials. The new approach circumvents proloies related to the choice of the
unit cell, by mapping large nite portions of the crystals tayether. To obtain the best match,
a cost function is minimized by simultaneously updating thenapping and the alignment
between the two sets of atoms using the Khun-Munkres algdnin and a gradient descent
respectively. The periodicity in the mapping is retrieved iad given as a nal output.

We apply the aforementioned methodology to the martensititansformation in steel and
show how the resulting minimal distance pathway, with no emgy minimization, is consis-
tent with experimental observations. We also show that, copared to other transformation
mechanisms it yields lower energy martensite when coexiste with austenite is considered.

Moreover, we demonstrate how this new approach for matchirgystal structures can be
adapted to matching termination planes at heterointerfacee We use the algorithm to create
optimal interface structures between platinum and GalliumOxide ( -Ga,0O3), an interface
that is relevant for high-power electronics. Using densityuhctional theory, we compute the
local density of states and the Schottky barrier height (SBHat the interface. We nd that
the presence of decomposed water on th20(l) -Ga,O; surface has a strong impact on the
SBH which emphasizes the importance of sample preparation device performance.

Finally, we present a potential approach for computing the rnzleation energy in solid-solid

transformation, an important quantity that is typically di cult to calculate.
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CHAPTER 1
INTRODUCTION

Climate change has been accelerating in the past decades)sistent with the increase in
anthropogenic green house gas (GHG) emissions [1, 2]. Therdttle doubt in the scienti ¢
community that human activity can in uence the trajectory of the Earth's geological system
[3, 4] and has already led it to conditions that clearly breakrom that of the Holocene, the
epoch that saw the development of major human civilizationfs]. At time of writing, the
likelihood of limiting the rise in global temperature to les than a 2 by 2100 is of about
5% with current trends and less than 1/3 even if current natioal goals are met [6]. In
order to steer away from the slippery slope of positive clin@aforcings [7] and avoid major
disruptive e ects on natural ecosystems, the global econgnand human societies, actions
must be taken now to reduce GHG emissions [8{12].

This reduction can be achieved through large-scale adoptiof renewable energy and
increased energy e ciency which can be leveraged by advascen material science [13].
For example, major developments in photovoltaic materialand device e ciency in the last
decades have signi cantly reduced its cost and made it one thie fastest-growing source of
energy [14]. Other areas of materials science where advaneats contribute to reducing
GHG emissions include battery materials and devices for remable energy storage and
electric transportation, fuel cell technology(membranegatalysts, etc.) for energy conversion
and storage, high power and high temperature electronic neials for energy e ciency,
thermoelectric and piezoelectric materials for heat andmational loss recovery and materials
for carbon capture and conversion.

Thanks to major breakthroughs in condensed matter physicgomputational structure
prediction and computer hardware in the past decades [15{1&he discovery of such new
materials can now be guided by computer simulations. Mates with desired properties

(e.g., good solar energy absorption, high electric condugty, low thermal conductivity,



etc.) can be discovered at a much higher rate either by seantp through large databases
of existing materials or by directly designing new hypoth&tal materials that optimize these

speci c properties. In both cases, new discoveries are pibtsthanks to powerful supercom-

puters. Examples of successful theoretical predictionsrcde found in applications such

as light-emitting diodes,[19], lithium-ion batteries [2)) superconductors [21] and several
others[16, 22, 23].

One area that has received less attention from the structugrediction community is that
of metastable materials: phases of matter that are durablet ghermodynamic conditions
(temperature, pressure, magnetic eld, etc.) where they arnot the lowest energy phase
(also referred to as \ground state™). Diamond, for exampleis a metastable form of carbon
because graphite, which is another form of carbon, is moreabte (it has the lowest energy)
at ambient temperature and pressure. If one were to wait forternity, it would eventually
turn into graphite. Nonetheless, diamond is arguably{and terally{much more valuable
than graphite and its lifetime is eternal for all intents andpurposes. Metastable materials
represent a large portion, if not the majority, of plausiblecrystal structures. It was found
that, out of about 30,000 well described experimentally rédaed crystals in the Inorganic
Crystal Structure Database (ICSD), about half had higher engy than the ground state
energy [24]*. Some of these structures could be the key to major breakthughs in energy
materials but they are di cult to predict because many of the methods currently used for
structure predictions are unable to assess if a particularypothetical crystal structure is
likely to be realizable and durable when it is not the groundtate structure. In other words,
in a world where diamond is unknown, if one were to theoretiltg predict it as the hardest
material, current structure prediction methods could not éll if it was realistic.

Three steps that are necessary for metastable structure plietion to be possible; they

are depicted in Figure 1.1. In the rst step, the potential enggy surface (PES), the energy

L1t is important to note that some of these structures might have been ealized under di erent thermodynamic
conditions where they actually were the lowest energy structure.It does not necessarily mean that they
were metastable



as a function of all possible con gurations of a given chenaktcomposition, is explored in
order to identify plausible crystal structures and their eergy. In other words, a structure
prediction algorithm travels within the space of all possile variation of the crystal structure

of a given chemistry, say CaCg) by changing the distance between atoms, for example.

-~ 4

1. Exploration 2. Realizability 3. Lifetime

Figure 1.1 A visual representation of the process of nding etul metastable materials.
The bottom panels are contour plots of the potential energyusface. Green dots, situated
at local minima, represent hypothetical structures. Struttires deemed unrealistic are
marked with red \x". In this example, among the ve hypothetical phases of a material
found at step 1, three are realizable (step 2) out of which tware stable on a practical
timescale (step 3). Each of the three steps narrows down theasch.

The bottom panels of Figure 1.1 are two-dimensional repregations of this \space"
where the topography illustrates the energy and valleys regsent stable and metastable
crystal structures. In the second step, the structures, ootal minima, that are the most
likely to be realizable, or synthesizable are selected aoting to certain criteria brie y de-
scribed hereinafter. Finally, in the third step, structuresthat are stable on a functional
timescale, i.e., structures that will not rapidly transfom into more stable phases, are identi-
ed as plausible metastable materials. This step is necesgdrecause, as mentioned before,
metastable materials will always eventually decompose mtheir ground state; it is a matter

of determining if that will take nanoseconds or millions of gars.



The rst step, exploration, is the one for which the theory isthe most advanced. There
exist several successful structure prediction methods thare capable of identifying local
minima of the potential energy surface [17, 18, 25]. It is th&econd and third steps that are
the true limiting factors for predictive metastable materals discovery.

The second step consists of identifying the phases that areost likely to be synthesiz-
able. There are two leading approaches to do so: (1) measygrithe thermodynamic scale
of metastability and Itering out high energy structures [24, 26] or using random structure
matching to lter structures by their frequency of occurrerce [27, 28]. Figure 1.2 is a repre-
sentation of the potential energy surface of a ctitious matrial in one dimension, each local
minimum represents a plausible crystal structure of that marial. Using the rst approach,
all the structures that have energies above the red dottechie would be deemed unrealizable.
On the other hand, using the second method the structures witthe widest basin of attrac-

tion (proportional to the frequency of occurrence) would bselected as the most realizable.

Thermodynamic limit

- - — — — — — a4 — — - - ] oo ]

Energy

Ground state energy < Basin of attraction

>

Con guration space

Figure 1.2 One-dimensional representation of a hypotheticpotential energy surface
(PES). Each crystal structure resides in a local minimum ofie PES. The dashed red line
illustrates the idea of a thermodynamic limit above which stictures would not be
realizable.

To estimate the durability (or lifetime) of a metastable crystal structure in step 3, it
is necessary to understand the transformation mechanismetiveen di erent phases of a
material. In other words, it is important to understand how amaterial like carbon goes

from its graphite to its diamond form, what the speci ¢ movenents of its atoms during the



transformation are and what the associated energy cost ist diamond was unknown, this
would tell us how quickly it would transform to graphite uponformation. In Figure 1.2,
step 3 would determine the size and shape of the humps in enelgetween di erent minima
which are directly related to how fast a material transformdetween these phases.

This dissertation focuses on a critical aspect of lifetimesaessment (step 3): structure
matching. Structure matching establishes the optimal coespondence between atoms of the
initial and nal phases. The structures presented on Figure.2 all have only one type of
element (blue atoms), but they have very di erent shapes anslizes. If you were to mark one
of the blue atoms of the rightmost structure and watch it moves the structure transforms
into the next structure to the left. Where would the marked aton end up? Which blue atom
would it correspond to, in the next structure? Structure mathing answers these questions
in an optimal way. It is a crucial step in simulating the trangormation mechanism and,
as will be discussed, it can sometimes be su cient to realis@lly describe transformation
mechanisms.

This thesis revolves around the development and validatiasf a novel algorithm to match
crystal structures atom-to-atom that is independent of thanitial choice of a periodic unit
cell. Chapter 2 dives deeper into the basement of the lifetenof metastable materials (step
3 of Figure 1.1), it is part of a review on metastable materialthat is currently under re-
view. The next chapter (Chapter 3) provides a full decryptio of the new structure matching
methodology, it is reproduced from an article published ihe Journal of Chemical Physics
[29]. In Chapter 4, the structure matching algorithm is appéd to nd a new transforma-
tion mechanism for the martensitic transformation in steal. It is reproduced from a letter
published in Physical Review Letterg30].

The idea of structure matching is to nd the optimal mapping ketween two large sets
of points and optimize a cost function (distance or energy) ithh respect to their relative
orientation (see Chapter 2.2 and Chapter 3 for details). Whedeveloping the algorithm,

it became evident that very similar concepts are used in theontext of interface matching



and that the new methodology could relatively easily be ad#gd to nd the best matching
interface between two materials. In that context, instead folooking at the structures in
their entirety (in 3D) the algorithm uses only the terminating planes in both structures.
This subject is discussed in Chapter 3.4.2. Being able to sitate interfaces thanks to
structure matching is also extremely relevant when it comes® energy applications: devices
like conventional and Schottky diodes, transistors, soldtate batteries and photovoltaic
diodes all depend heavily on the properties of their intertas. Therefore, advancements in
the theory and simulation of interfaces could have major reggcussions on energy e ciency
and renewable energy production. Chapter 5 is entirely dexdited to an in-depth analysis
of the interface between platinum and gallium oxide (G#D3) which is relevant for the next
generation of high power and high temperature electronic dees with increased e ciency.
The chapter focuses on explaining the measured Schottky biar height (SBH) at that
interface using rst principle calculations. The SBH di erentiate between contacts that are
ohmic (low resistivity in both direction) and Schottky (very high resistivity in one direction
low in the other) which is a crucial parameter for device engeering.

Finally, the last chapter (Chapter 6) will touch on a potentid new approach to estimate
the nucleation energy and nucleus size of a solid-solid tisformation from rst principles.
The nucleation activation energy is crucial in calculatinghe lifetime of metastable materials
but it is often ignored because it is di cult to estimate. Chapter 6 proposes a potential

solution to that problem.



CHAPTER 2
UNDERSTANDING THE TRANSITIONS BETWEEN METASTABLE MATERIALS

Reproduced from a section of a submitted article

Felix Therrien 34, Eric Jone$?3, Vladan Stevanovc?3°

This chapter will discuss the dynamic aspect of metastalijyi For a material to be
functional, it must exist on a practical time scale. To detanine that time scale{its lifetime{
the processes of transformation between the relevant phamed other existing phases must

be understood both crystallographically and energetically
2.1 Lifetime Assessment

The lifetime of a metastable state, what makes itnetastable, is the average time it takes
for it to relax to a lower energy state. It can also be seen asédlamount of time a material
stays in its functional state; in that sense it is closely rated to chemical degradation[32].
Lifetime is highly variable because phase change is a Markarocess [33], i.e., a probabilistic
process where past events have no in uence on future eveniagine a board game where
a player has landed on a "jail" tile. The jail tile is analogos to a metastable state of a
material. The player rolls two dice every turn and the only wa for them to get out is to roll
a double. Rolling close to a double, getting 5 and 6 for exangghas no e ect; theonly way to
get out is to roll a double. The trapped player may roll a dould on their rst turn and their
time in jail would be limited to 1 turn, but there is no way to predict exactly how long they
would stay in jail. Only the average time a player spends in jacan be estimated. Since the

number of turns it takes to get out of jail follows a geometridistribution, its expectation

1See Ref. [31]

2Colorado School of Mines

3National Renewable Energy Laboratory
4Primary author

SCorresponding author



value is Ep where p is the probability to roll a double. Therefore, in this examge, the
average time a player spends in jail is 6 turns. The same goes iinaterials: there is no way
to predict the exact lifetime of a speci c phase, only its exgctation value can be estimated as
the inverse of the transition probability. In chemistry andin materials science, it is common
to talk about the transition rate, the amount of material that is transformed per unit of
time, because it does not depend on the size of the system. kngral, this rate is given by

the Arrhenius equation:
R = Ree%e™ 2.1)

Where R, referred to as the \attempt frequency" is proportional to the frequency at which
an event that could trigger a phase transition occurs. In thé&oard game analogy, it would
be equivalent to the number of times a player can roll the dicat each turn. The rest of
the expression represents the probability for each event tagger a phase transition where
E is the activation energy of the phase transition (analogout® the score necessary to
get out of jail), kg is the Boltzmann constant andT is the temperature. This probability
is proportional to the number of particles that have an enesghigher than E, hence the
Boltzmann term. The Arrhenius equation was obtained empirally, however by replacing
the activation energy E with an activation free energy G and by making Ro dependant
on the temperature, it is equivalent to the Eyring-Polanyi guation which can be formally

derived in the context on transition state theory (TST) [34{36].
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This review focuses on condensed matter phase transitiorfsat typically involve nu-
cleation. In those cases, the dierence in free energy bewsvea growth nucleus and its
untransformed state is the result of two competing terms: # negative di erence in free
energy of the materials as it transforms to the lower energyate and the positive surface
energy at the interface between the nucleus and the bulk. Thirelation is represented on
Figure 2.1 A. The rst term is directly proportional to the number of particles in the nucleus,

or its volume, and the second term is proportional to the areaf the nucleus.

G(n)

Gbulk (n) + Gsurface(n) (2-2)
n g+ n3B (2.3)

wheren is the number of particles in the growth nucleus g is the di erence in Gibbs free

energy between the initial phase () and the nal phase ( ), B is a constant independent of n

which depends on the shape of the growth nucleus,s the e ective surface energy (di erent

surfaces in di erent orientation may have di erent surfaceenergies). This function has a
2B 3

3
maximum atn = 53 which correspondsto G = g§3g2 (see Figure 2.1 A). Because

of thermal uctuations within the material, nuclei of the most stable phase will randomly
form. If a nucleus has more tham atoms, even if it initially represents an increase in free
energy, the nucleus will naturally grow to minimize G. Therefore, for nucleation to start
and for the transformation to occur, the growth nucleus musteach this critical size and
thermal uctuations must be higher than G . This is why for condensed matter systems

the Eyring-Polanyi eqution (analogous to equation (2.1)) écomes:

G +

( )
R=Ry(T)e far (2.4)

refered to as the Turnbull and Fisher equation [37], whereG represents the energy barrier
for nucleation and g the activation free energy of the steady state transformain. In
other words, ¢ is the activation energy for transforming one atom to the phase once the

nucleus size is much larger than (see Figure 2.1 B) It is de ned as the di erence between
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the activated complex and the mean free energy between stateand

9= g1 +— (2.5)

In systems that involve phase separation g is the activation energy of di usion [38].
In order for this expression to be useful for ab initio calcations, it needs to be rewritten
in terms of the enthalpy which can be readily evaluated withero temperature methods such

as density functional theory. From the de nition of the Gibbs free energy:
oT)= h T s (2.6)

At the transition temperature T,,, the di erence in Gibbs free energy between the two phases

is0 ( o(Tn) =0) and therefore s= % Equation (2.6) can be rewritten as:
T
oT)= h 1 — (2.7)
Tm

For a metastable material, the temperature is far from the eglibrium temperature T << T |,
which means g = h. Finally, replacing this and equation (2.5) into equation (), one

gets:

33
h 4B
2t 9 tooT

R = Ro(T)e kT (2.8)

This expression contains all the important contributors tothe rate of transformation. It is
clear that the rate of transformation is determined by threemportant factors: (1) h the
enthalpy di erence between the two phases, (2 , the activation energy of the transfor-
mation and (3) the surface energy of the growth nucleus. (1) can easily bdadated; it is
equivalent to the scale of metastability. The rest of this s#ion will summarize recent meth-
ods for estimating (2). Signi cant e orts must be invested n order to develop approaches

for estimating (3) in condensed matter systems as it is laclg in current literature.
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2.2 Matching Crystal Structures

The rst step in evaluating the transformation barrier g, is to establish the corre-
spondence between atoms of the initial and nal states. In niecular dynamics simulations
where atoms move freely between states, this step is not negsary, but it can be di cult (or
impossible) to nd the right conditions and potential to trigger a speci ¢ transition between
two polymorphs; waiting for the transformation to occur is nost likely not computationally
a ordable. Finding the correspondence between two structes, which we will also refer to
as \matching crystal structures,” is a necessary geometricst step to ab initio for most
methods that calculate the minimum energy path (MEP).

Matching crystal structures, in 2 dimensions, can be useftd describe interfacial struc-
tures, for example, to nd a suitable substrate for epitaxibgrowth of a material [39{41].
Pioneering work on matching crystal structures was done wiin that area of material sci-
ence. Many models were developed to describe and prediceirfiice structures: the O-lattice
theory part of the CSL/DSC Lattice Model [42{45], the Edge toEdge Model [46, 47], the
Coincidence of Reciprocal Lattice Points (CRLP) model [48nd the work of Tkatchenko
and Batina [49{51]. A notable mathematical method that com® out of interfacial structure
theory is the Zur Algorithm [52]: an algorithmic method to nd the best matching unit cells
between two di erent 2D lattices. It is the basis of many moragecent studies [41, 53, 54].

Determining the correspondence between two structures itsa very useful to measure
similarity or closeness between crystal structures. Sadegand Goedecker [55] de ned a
distance between molecules by nding a correspondence beem each atom and by nding
the orientation that minimized the |,-norm in con guration space. This method can not
only measure the similarity between two molecules it can alsestablish the correspondence
between their atoms which constitute a rst approximation d the transformation mechanism.
Although this method works very well for nite molecular sysems, it is not suitable for
crystals where the number of atoms is very large (N,). In order to measure similarity (or

closeness) between crystals, many methods based on haliskescriptions of the structures
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( ngerprints) have been developed [56{60]. However, thesg@roaches are not useful to
determine the phase transformation mechanism and its assmed energy barrier.

Capillas et .al [61] were the rst to de ne a systematic procgure for determining tran-
sition pathways between arbitrary polymorphs. Their methdology is based on nding the
maximal symmetry transition paths. First, they list the symmetry subgroupsfH ;i =
1;:;ngand fH »; ;) =1;:::; ng of the space groups of the initial and nal structuresG, and
G,. Then, for each pair of subgroup (fl1i;H2;) they verify that: (1) the two groups are
isomorphic, (2) that they meet the condition of a continuougransformation (the number
of formula units per unit cell is the same when described by ¢ir subgroup) and (3) the
occupied Wycko positions are the same under the symmetry alved permutations. If all
three conditions are met and \there exists no pair of interndiate subgroups Z1,Z2),such
that Hi< Zi< Gi ! with i =1;2" that also meet the three conditions then the pair of sub-
groups is said to be omaximal symmetry Finally, the unit cells of the two subgroups are
matched together in order to minimize a metric distance badeon their parameters (a,b,c,

, , ) and the mapping that minimizes the atomic displacements wiin the cells is chosen.
This method produces multiple plausible paths for each trafformation. Those paths have
been shown to include previous theoretical descriptions thfe same systems.

Stevanovic et al. [54] took a slightly di erent approach to slving this problem that did
not rely on symmetry. It is comprised of two major steps. In tb rst step, all possible
supercells of the two end structures that meet the conditiofor a continuous transformation
are enumerated using Hart-Foracde theory [62], the pair of gercells that minimizes a metric
distance similar the one used by Capillas et .al is chosen. i§hrst step is, in some way,
a generalization of the Zur Algorithm in three dimensions. Theext step is to map the
atoms inside the unit cell using the same method as SadeghidaBoedecker. The key idea
is to use the Khun-Munkrees [63] algorithm to nd the optimalmap between the two sets of

atoms (initial and nal). At the end of the two steps, the periodic movement of the atoms

1< reads \is a subgroup of"
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between the two polymorphs{the transformation pathway{isfully described. From there, an
estimate of the activation energy can easily be calculatedsing density functional theory,
computing the total energy at each step along the transformian. Figure 2.2 shows the
computed mechanism and corresponding energy along the p&tin four transitions between
polymorphs of SnQ. Pathways obtained from the algorithm produce the energy prle

in red, whereas pathways obtained from subsequent energynmaization using solid state

nudged elastic band is shown in gray (more details in the nestibsection).

a b) caciv s pece-. s ? :
().",:o: \,;Of'\\i&\df\ 3 :,d’:p’:o" () \o‘/ ““7 o 3 ;
] R A28 P Py | Y » / 7
ogd vod b s e v o/ % % * * | 7 Y/
Inds &NIN I\ TN :o'\o‘ :Q':q’ :Q.:Os ‘ aae B Y Vo ata s,
Fm-3m —— Immm Pmnn P42/mnm Pbcn P2i/c P42/mnm
E §
2 ©
= e
3| sones e |, . d
> >
<)
% 242 meV Interpolation o
[ = | =
L w
5| NEB
g-g 8 Interpolation 89 & s
© =
® <)
35 6 Sn g
> [Tk=]
g 0 £
3 o
d ; ] -
C 23
( ) ] 1 {3 wtadats slalal alatals ( ) 7 %ﬁ‘
Ww © TP o = ‘@?w S S T
Pa3 P2i/c P42/mnm
§ ! S
© 124 meV =
> Pca2; l S
2 i N o
3 32 meV ® t -
5 =_ 100 meV ” 115 meV 4
5 potl MR ' c
w Pbcn i}
& 7 Z 74 g
0.2 s S5
S| 6 & on a8
o S c
¢35 [}
ERS] 3.5 35 <3
8 " gl g
3 2.625
a 2:5

Figure 2.2 Calculated energy pro les are shown (in red) for #hfour selected polymorphic
transformations between Sn@together with the spacegroup symmetry, ve crystal
structure snapshots along the pathway and the average coardtion of Sn and O. The
corresponding ssSNEB results are shown in gray. The x-axis repents the normalized
reaction coordinate. Reprinted gure with permission fronRef. [54]. Copyright 2018 by
the American Physical Society.
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It is important to note that the energy barrier given by dire¢ DFT calculation is an
upper bound to that value, further minimization using NEB is recessary to obtain a more
accurate estimate of g, . However, for a more qualitative assessment of the transfoam
tion kinetics, inspired by Buerger's work [64], Stevanoviet al. found that pathways where
the coordination is never lower than in the two end phases leédo fast kinetics. In other
words, when the number of bonds per atom increases or decesasonotonically during the
transformation, as seen at the bottom of Fig. 6 a), the rate ofrainsformation is high. In
the same vein, a recent study [65] treated structures as netwiks to account for the topolog-
ical transformations during the phase transition. This mdtod naturally identi es transition
pathways that minimize the number of broken bonds.

Both Ref.-[61] and Ref.-[54] are hindered by the fact that its di cult to compare the
e ect of strain and atomic displacements within the unit cdl the quantity to minimize is ill-
de ned. Moreover, since an in nite number of unit cells (wih an in nite number sizes) can
represent a single system, matching the unit cells{or themssociated space groups for that
matter{is a di cult problem. In fact, even identifying iden tical structures requires complex
algorithms [66]. Figure 3.1 uses a 2-dimensional example tendonstrate how matching
based on the unit cell can lead to results with a substantiglllarger total distance travelled
by the atoms.

To circumvent these issues Stevanovic et al. [29] mathemally stated the problem of

nding an optimal correspondence between two crystal striigres: Given the positions of all

the best atom-to-atom mappingomin (permutation of atomic indices) and the best alignment
of the two structures (linear transformationR,;, and translation t;,;, ) that minimize a given

distance (cost) functiond. This is equivalent to the following equation wherN ! 1

pmin ;Qmin ;rmin = argmin dl(p; Q’t') ; (2-9)
p;Q;t
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with
X
di(p; Q;1) = | d( & ; Qi) + 1) (2.10)

In the case of phase transitionsQn,in is a rotation matrix and d is the Euclidean distance.
The authors proposed an improved approach to nding transfonation pathways based on
numerically solving equation (2.9) for a nite but largeN . In their new method, the rst step
is to cut large nite portion of both the initial and nal cryst al structures to obtain two sets of
points. Then, an initial mapping (i.e., the correspondenckeetween each atom) is established
between the two sets using the same Khun-Munkres algorithrifter the correspondence is
established, since the sum of distances between each paiatwims (d;) is now well de ned,
it is minimized with respect to the position of the nal structure. The mapping and the
distance are updated simultaneously until they both convge to a minimal d;. Since the
initial alignment between the structures is random, the maping and distance minimization
are repeated several times such that the global minimum careldound. Finally, once the
minimal distance is found, the algorithm retrieves the peoidicity in the nal mapping to
obtain the unit cell of the \displacement crytsal". This unit cell contains all the necessary
information to fully describe the transformation and energ pro les can be calculated as in
Figure 2.2. This method has been shown to produce realistiatisformation mechanism[30]

without the need for energy based ab initio methods.
2.3 Minimal Energy Pathways

Once the correspondence between the atoms has been estabtisthe minimal energy
pathway (MEP) can be determined. Most methods to nd the MEP bcus on nite systems
and they cannot been applied to solid-state systems with gedic boundary conditions. For
detailed accounts of these methods see Ref. [67, 68].

The most widely used method for solid-solid transformatiors the nudged elastic band
(NEB) method and its variants [67, 69{71]. The concept behinelastic band is relatively

simple. Given two structures (initial and nal) that are represented as points in con guration
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space as on Figure 2.3. The initial path between the two struates forms a straight line

in con guration space. Each point along that line represest an intermediate structure

at a di erent stage of the transformation. One can evaluatehe energy of each of these
intermediate structures, using density functional theoryfor example, and obtain an energy
pro le much like the one on Figure 2.2. If each of these structas were simply relaxed to
its closest minimum in energy, it would either relax to the irtial or the nal state (at least

in Figure 2.3 where they are separated by one saddle point). @&tkey idea of NEB is to

separate each point by an "elastic band" that will keep themrbm collapsing onto each other

but will let them relax towards the MEP.

Figure 2.3 Schematic representation of the nudged elasticrishmethod. Reprinted from
Ref. [72], with the permission of AIP Publishing.

In practice, the forceF; acting on one structureR;(point in N-dimensional con guration

space referred to as \image") is:

Fi=r E(Ri), + F}, (2.12)
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with
rE(Ri), =r E(Ri) (r E(Ri) ™A (2.12)
and
k= k(Riss Rij j Ri Ry )N (2.13)
Notice that the total spring forceF}, is parallel to the tangent vector’, and that the potential
forcer E(R;), is always perpendicular to it. This is the case to make sure @hthe elastic
bands do not have an in uence on the nal result (it avoids camer cutting). The tangent
direction % is in the direction of the highest energy. To nd the lowest eergy path, one
must simply minimize the forces using any minimization metbd such as the Leapfrog or
Verlet algorithm.
In climbing image nudged elastic band (CI-NEB) [67], which igicluded in most modern
implementation of NEB, the highest energy image is set to mowewards higher energies

along the path such that there is always an image exactly at aawimum in energy along

the MEP. The force for that image is given by the following ecation:
Fi=r1 E(Ri), +(r E(Ri) M)A (2.14)

Not only does this provide a better estimate of the activatiorenergy, but the frequencies
of the normal vibrational modes (in con guration space) oftie saddle point can be used to
evaluate Ry in equation (2.1) [73, 74].

These methods (CI-NEB and NEB) cannot be used directly to nd lhe MEP in solid-
solid transformation as these systems involve an in nite maber of atoms. In fact, because
crystals are periodic, they can either be represented as annite set of coordinates (which
is obviously impractical) or as a nite set of coordinates ang with three unit cell vectors
that de ne periodic boundary conditions. The generalizedddid-state nudged elastic band
(ss-NEB) [69] takes advantage of the latter representatiorotextend the capabilities of NEB
to periodic system. In that implementation of NEB, the unit cdl vectors are treated as

additional degrees of freedom and the quantity to minimizesithe stress instead of force
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All degrees of freedom can be optimized simultaneously usitige following de nitions:

R = fJ":R, R; jgandF; = f%;Fig (2.15)

where J; = | i1:3Ni1:6 is a Jacobian, ; is the volume of the unit cell,N; is the number of
atoms per unit cell and":i is the mechanical strain matrix. The role of the Jacobian is tmake
sure that all degrees of freedom have consistent units anchdae simultaneously minimized.
In Figure 2.2 solid state nudged elastic band has been used twpute the minimal energy
path shown in gray. Note that the energy barrier is always lowethan that of the initial
pathway in red and that, there is always a point (image) at maixna along the path.

Other methods have been developed for systems with periothicundary conditions that
aim to directly nd saddle points on the potential energy suface of periodic systems [75, 76].
These methods do not require prior knowledge of the transitn path{ crystal structure
matching is not necessary{but they cannot be used to study epi ¢ phase transitions.

Phase transition sampling via swarm intelligence is a prosing way to nd minimum
energy pathways that combines climbing image, ngerprintig, graph theory and particle
swarm optimization to directly nd minimum energy pathways [77]. It does not explic-
itly require structure matching although it internally performs structure matching using a
ngerprint distance between saddle points of the PES.

Transition Path Sampling (TPS) is a way to probe the PES in macular dynamics
that circumvents the rare event problem mentioned previolys by creating a statistical path
ensemble through a Monte Carlo exploration [78, 79]. This riiedology requires an initial
path that is modi ed to obtain the most statistically relevant paths. It has been shown to
be e cient to model nanocrystaline systems [80], yet littlework has been done to make the

connection between structure matching methods to TPS in csyals.
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CHAPTER 3
MATCHING CRYSTAL STRUCTURES ATOM-TO-ATOM

Modi ed from a paper published in The Journal of Chemical Phyiss'.

Felix Therrien 234, Peter Graf, Vladan Stevanovic®3°
3.1 Abstract

Finding an optimal match between two di erent crystal structures underpins many im-
portant materials science problems, including describingplid-solid phase transitions, devel-
oping models for interface and grain boundary structures.nlthis work, we formulate the
matching of crystals as an optimization problem where the gbis to nd the alignment and
the atom-to-atom map that minimize a given cost function sut as the Euclidean distance
between the atoms. We construct an algorithm that directly slves this problem for large
nite portions of the crystals and retrieves the periodiciy of the match subsequently. We
demonstrate its capacity to describe transformation pathays between known polymorphs
and to reproduce experimentally realized structures of semmoherent interfaces. Addition-
ally, from our ndings we de ne a rigorous metric for measung distances between crystal

structures that can be used to properly quantify their geongc (Euclidean) closeness.
3.2 Introduction

Establishing an optimal match between two di erent crystalstructures with respect to
some cost function is a problem that cuts across the entireletof materials science. Perhaps

the most evident example is the process of nding a suitableigstrate to epitaxially grow a

1Reprinted from reference [29], with the permission of AIP Publishing
2Colorado School of Mines

3National Renewable Energy Laboratory

4Primary researcher and author

SCorresponding author
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material [39{41]. Similarly, when studying interfaces beteen di erent phases (heterojunc-
tions) one might be interested in the alignment and the bondg pattern between the two
phases. Another important example lies in nding minimal engy pathways between dif-
ferent polymorphs. The initial and nal structures are known, but the transformation from
one to the other is not. To even begin to describe it, one neetds nd the best way to map
every atom of the initial structure to its counterpart in the nal structure and to optimally
align the structures. Once the mapping and alignment are edilished other methods such
as the Solid State Nudge Elastic Band [67, 69{71] can be useddetermine the energetics
of the transition.

In regard to interfaces, many have worked on methods to nd ahcharacterize the coin-
cidence of lattices and orientation relationships betwegrhases and grains. Several di erent
approaches were developed e.g., the O-lattice theory part the CSL/DSC Lattice Model
1 [42{45], the Edge to Edge Model [46, 47], the Coincidence ot&procal Lattice Points
(CRLP) model [48], methods based on the Zur Algorithm [41, 5%3] and the work of Jelver
et al. [81]. While the O-lattice theory su ers from a lack of pedictive capabilities, the
other approaches do have the ability to predict orientatiorrelationships, but they do not
match the full structures. The Edge to Edge model only consgas high density (nearly close
packed) planes and directions whereas the CRLP and Zur Algthim only match the under-
lying lattices of the structures, and not the atoms inside tem. Jelver et al. presented a
crystal matching method that maps atoms inside a combinatioof the unit cells of the two
structures which, as explained further in this section, hasome important limitations.

Matching is also closely related to measuring distances lsten crystal structures. In-
deed, any de nition of a distance metric requires establisfig some correspondence between
their atoms. For nite systems such as molecules, Sadeghica@oedecker [55] de ned a dis-
tance as the minimall,-norm of the vector joining the molecules in the con guratia space

of atoms with respect to both their relative positions (aligment) and the permutation of

1CSL: Coincidental Site Lattice, DSC: Displacement of one crystal Lattice with respect to the second causes
a pattern Shift which is Complete
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atomic indices!. However, the con guration space of periodic systems is, &ttly speaking,

ill-de ned because of the in nite number of dimensions. Maover, the permutation degen-
eracy in labeling atoms also poses problems. Both of these kaahe matching of crystal

structures challenging and the de nition of the distance nteic between periodic structures
elusive.

In structure predictions, for the purpose of identifying snilar (close) structures Oganov
elegantly circumvented this problem by introducing the s@alled ngerprint function con-
structed to re ect the short-range order (coordination in warious shells, etc.) and de ning
the distance metric between crystal structures with respeto it [56]. Various other nger-
print functions and representations have been proposed s [57{60]. Although they can
e ciently measure the similarity between structures, thog methods do not establish a one-
to-one correspondence between each atom of the structunesy do they provide the optimal
alignment between them. Therefore, the question whether auElidean distance metric in
the con guration space of atoms I;-norm) and its corresponding matching can be de ned
for periodic systems remains open.

An intuitive way to go about this problem is to take advantage 6the periodicity by
matching and measuring the distance between atoms insideethinit cells of the two struc-
tures. This inevitably leads to the obstacles illustratedn Figure 3.1. Panel (a) shows two 2D
crystals with di erent unit cells each having one atom per dé If, for example, one wishes to
minimize the distance between the atoms, a naive way to matt¢hese two structures would
be to align their unit cells so that the atoms overlap. This wold produce a distance of zero.
Other atoms would simply be mapped based on the corresponderbetween the unit cells.
However, this mapping would lead to the distances between tleerresponding atoms diverg-
ing as one moves away from the two perfectly aligned unit celat the center of Figure 3.1(b).
There is, however, a solution to this particular problem shwn in Figure 3.1(c) that does not

su er from this divergence and that produces equal and nitedistances between all corre-

1The I,-norm in con guration space equivalent to the Forbenius norm of the posifon matrix
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sponding atoms. This solution yields a much shorter total dtance if large portions (grains)
of the two crystals are considered. While matching larger sepcells and taking advantage of
their Niggli-Santora-Gruber reduced cell [82{84] might see like a solution to this particular

example, choosing the size of the supercells and comparingtahces between di erent sizes

remains an issue.
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Figure 3.1 Drawbacks of a method that relies on matching sombaice of the unit cells of
the two crystals. (a) Visual representation of the matchingnside one cell for a simple 2D
example where the cells have the same area. (b) The two ovétlarystal structures using
the same matching. (c) The same crystal structures overlaglch that the distance (red
arrows) does not increase away from the center; the red dadhectangle shows the scale
(periodic unit) of the match.

One way to robustly nd solutions such as the one from Figure 3(c) is by disregarding
the periodicity in the two structures. If it exists, the periodicity of the mapping itself can
be retrieved subsequently. For this reason, as we will expiaour algorithm is constructed
to use large sections of the two crystals and to minimize thetal distance traveled byall

the atoms. Consequently, the choice of a unit cell has no imgtaon the nal result and
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the periodic unit of the transformation emerges naturallyAny other method to match two
crystal structures that relies on matching some choice of ¢hunit cell, including our previous
work [54] as well as work of others [61, 66, 81, 85], will su &mom the problem illustrated
in Figure 3.1.

With the aforementioned considerations, we formulate the pblem of matching crystal

structures in the following way: given the positions of allhe atoms in the two crystalsfgji =

of atomic indices) and the best alignment of the two structwes (linear transformationQnmin
and translation t;,i, ) that minimize a given distance (cost) functiond? This is equivalent to
solving the following equation wherN ! 1

X

Pmin ;Qmin ;tmin = argmin d( q ; pr(i) + T)Z (3-1)
Pt

Formulating the problem in this way has the advantage of makpg the solution method eas-
ily adaptable to any given cost function, being the sum of Elidean distances [;-norms)
between the atoms or some other function depending on the tiaular problem or applica-
tion. Posed as such, matching the structures is equivalen doing a Point Set Registration
(PSR)[86], a well-studied process used in computer visiomd pattern recognition. Our
algorithm is inspired by PSR methods.

Herein, we describe our structure matching algorithm in detband showcase its applica-
tions to phase transformations and semi-coherent interfas. We demonstrate that it robustly
reproduces known results for several well-studied polynpiric transformations. It also seam-
lessly reproduces and explains the experimentally obsedveemi-coherency and orientation
relationships for the interfaces between Si and SiC, and Ni dri'ttria Stabilized Zirconia
(YSZ). Finally, drawing upon the results of our crystal matchng algorithm we discuss and

propose a proper Euclidean metric between in nitely periad crystal structures.
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3.3 The Algorithm

We start by introducing nomenclature used in this paper. Crstal structures are repre-
sented by three objects: the unit cell matrix C), the 3 N matrix of atomic positions (P)
where N is the number of atoms in the unit cell, and the 1 N list (L) of the symbols of
chemical elements occupying those positions. It is undeostd that the order of elements in
the matrix P and the list L is the same. Finally, we combine these three into a single ctgk

structure object:
A f CA;PA;LAg:

It is important to note that there exist an in nite number of r epresentations of the same

structure due to the arbitrariness in the choice of the perdic unit (unit cell).
3.3.1 Distance Minimization

The rst step to solving equation (3.1) in practice is to makethe two structures we
would like to match nite. The structures A and B are the primary input to our algorithm
along with the size of the nite sections of the structures ash the distance function () to
optimize. We makeA and B nite by cutting out spherical sections around the origins
the two structures ensuring that the stoichiometry is presged in each structure and that
they both have the same number of atoms. Making the sectionp@oximately spherical is
done by selecting the atoms that are the closest to a centrabpt in a process callediling
as denoted in the owchart of our algorithm shown in Figure 3.2

Next, the structures are brought to the same geometric centrnd an initial random
rotation Qp and a random translationty are applied to one of them (step 2, see Figure 3.2).
The structure that is rotated and translated is labeled \mapping structure” (B), to which all
subsequent geometric transformations will be applied anthé other one is labeled \mapped
structure” (A) and it remains xed in space. The initial translation ty is constrained to

within one unit cell of the mapped structure A).
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After this initial alignment, atoms in the two structures are mapped to each other,
i.e., the permutation p; of atom indices in the mapping structure is chosen such thahé
distance function is minimized (step 3). The details of the apping procedure are provided
in section 3.3.2. Next, for this particular atom-to-atom mapthe distance between the two
structures is minimized with respect to rotationsQ; and translations t; using a gradient
descent (step 4). It is important to note that Q does not need to be a rigid rotation.
Depending on the application, it can also contain a certainmaount of deformation such
that 1 "< det(Q) < 1+ ". At this point, the atom-to-atom map p; is not necessarily
optimal, since it was established before the translation anrotation were optimized. Step 3
is therefore repeated using the new alignme®; and t; to obtain p,. Then, with this new
mapping, the algorithm nds Q, and t; (step 4), remaps again and so on, iteratively, until

the p; Q and t stop changing. This iterative procedure can be mathematithpa formulated as:

8] :argg‘inX\l d 4,Q My +6 1 ;
' " (3.2)
§,Q =argmin  d 4;Qb, )+ T ;
tQ i
where the indexj is the iteration number of the Mapping Loop from Figure 3.2. Athe end
of the Mapping Loop the algorithm has reached a local minimunin order to nd the global
minimum, one needs to explore the dependence of the resultstbe random initialization.
This we do by constructing an outer Random Minimization Loopoy repeating the whole
procedure (i.e., steps 2,3 and 4) a large number of times Urttie best local minimum stops
changing.
The distance minimization part of the algorithm is a form of terative closest point
(ICP)[87], a classic scheme to solve point set registratiqi®SR) problems that iteratively
associates two sets of points and minimizes the distance Wween them. In our case, the data

association is done by solving the assignment problem usitige Khun-Munkres algorithm

(see section 3.3.2). To the best of our knowledge, only a fe®H algorithms have used

27



this method to associate data [88, 89]. Moreover, our probhedi ers widely from most
PSR problems for the following reasons: (1) The crystals aly de nition featureless since
they are in nite periodic sets of points. Macroscopic feates cannot be used to reduce the
number of points or to nd an approximate result like it is dore in many PSR algorithms
including refs [88, 89] (2) The two structures are three-diemsional (in the case of phase
transformations), i.e., points occupy the full 3D space, #y do not represent the surface of
a 3D object like in most PSR problems [88{90] (3) The two strduares are in many cases
inherently di erent; they are not supposed to be similar wheeas typical PSR problems aim
to match di erent representations of a same object e.g., meted and measured data, data
from di erent instruments, two pieces of a broken object, & [88{90] (4) Every point, its
mapping and the distance function to minimize are physicallsigni cant. For that reason, no
point can be ignored or considered as an outlier, each atomeks to map to exactly one atom
(in the case of phase transformations) and the cost functianust be relevant to the problem
at hand (phase transformation, interfaces, similarity mesurement, etc.). Therefore, even
though the distance minimization part of our algorithm is aérm of ICP, other existing PSR
algorithm could not be useddirectly to nd the optimal one-to-one mapping and alignment

between crystal structures.
3.3.2 Atom-to-Atom Mapping

Let us explain in more details how the permutationp of atomic indices is optimized.
At a given Mapping Loop iteration, the position of each atomn both sections of theA
and B structures is known. The goal is to assign each atom of the m@pg structure to
an atom in the mapped structure such that the sum of the distazes between the pairs of
corresponding atoms is minimized. As cleverly noted by Sadegnd Goedecker [55], this
is exactly analogous to the assignment problem, a well-stied mathematical problem for

which there exist an exact solution that can be computed in pynomial time [63].
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Figure 3.3 Mapping of the structures. The top part shows quadtively how the structures
are mapped. The bottom part depicts the cost matrix of the aggnment problem. Regions
of di erent colors in the structures correspond to di erentcosts in the matrix (see text for
details).
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The assignment problem consists of nding an optimal way tossign agents to tasks,
e.g., clients (tasks) to their taxis (agents) such that the dtal distance traveled by all the
taxis (cost) is minimized. Once the position of each atom isnbwn, the structure mapping
problem is exactly equivalent to the assignment problem. Tnhalgorithm needs to assign
each atom of the mapping structure (or task), shown in red in gure 3.3, to an atom in the
mapped structure (or agent), shown in gray, such that the tal distance (cost) is minimized.
The naive route to solving this problem is to try all possiblessignments of atoms, but this
operation scales adl!. Instead, our algorithm uses the existing Kuhn-Munkres ntieod [63]
(also known as the Hungarian Algorithm) that solves the assigment problem in polynomial
time. This algorithm takes as an input a cost matrix which cosists of distances between
each possible pair of atoms between the two structures.

Intuitively, one could think that the best way to apply the Hungarian algorithm is to
map all A atoms to all B atoms. This is, in fact, problematic because there is no guaitee
that the boundaries of the two spherical sections are pertgccompatible. In other words,
if at the boundary of B an atom needs to be mapped in the most optimal way to an atom
that is outside the boundary ofA (it is not part of the nite section created at step 1), it
will have to be mapped to some other atom oA regardless. This will lead to an unwanted,
exaggerated, in uence of the boundaries on the nal resulfTo prevent this from happening,
the mapping structure B) is made smaller than the mapped structureA) by making the
bottom portion of the cost matrix costless (see Figure 3.3). His means that the mapping of
the outer shell of the mapping structure has no e ect on the tal cost and that these atoms
can be considered nonexistent, they are simply placeholdein other words, there are more
agents then there are tasks; some agents will be assigned thgk \do nothing." Thereby,
since there are now less atoms in the mapping structure than the mapped structure, each
atom at the boundary of the mapping structure, can nd its true counterpart in the mapped

structure (provided that the mapped structure is large enaogh).
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This inevitably leads to a new problem: there is no guarantethat all the atoms close
to the center of the mapped structure will actually be mappedin other words, some atoms
of A can be \skipped" by the algorithm. When studying polymorphic tansformation, this
can be problematic since atoms cannot disappear when goimgn the initial to the nal
structure, i.e., every atom needs to be mapped. To avoid thoblem, a very high cost can
be given for mapping placeholders at the outside of the mamg structure to core atoms
(important atoms) inside the mapped structure (see Figure 3). When an atom of the
mapped structure is not mapped, it is, in fact, mapped to a plaholder in the mapping
structure (it is assigned the task \do nothing"). Thereforge imposing a very high cost to
mapping core atoms to placeholders will prevent those atonfim not being mapped. Or
in terms of tasks and agents: important agents cannot be agsed the task \do nothing."
Adding core atoms enforces the one-to-one mapping (bijeatiobetween the core of the
mapped structure and the corresponding subset of atoms indhmapping structure. The
choice of core atoms (if any) and the relative size of the majog structure compared to the
mapped structures are also the parameters external to thegalrithm (set by the user).

This concludes the distance minimization part of the algathm (upper part in Figure 3.2),
which leads to the optimal alignment and the atom-to-atom mping between two structures.
The result of this stage is depicted in Figure 3.4(a) for a sinkg 2D example used to illustrate

various aspects of our algorithm.
3.3.3 Finding Periodicity

In the previous part of the algorithm, the distance has been imimized, and the optimal
mapping has been found. The resultingpfnin ; Qmin ; tmin ) IS Only applicable to the nite
portions of the two crystals that were chosen at th&iling step. The goal, however, is to
describe the matching for the full in nite crystals, which equires nding the periodicity of

the map if it exists.
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Figure 3.4 Two-dimensional example of the post-processingss. Each panel shows the
mapping structure in red and the mapped structure in gray. Th arrows represent the
connections. The distance is the Euclidean distance, andelone-to-one mapping condition
is enforced. (a) The system after a total distance minimizain with respect to translation,
rotation and mapping. (b) The system after a total distance nmimization with respect to
translation and linear transformation, using the mapping btained at the previous step. (c)
The system after an initial classi cation. Arrows of di erert colors represent di erent
classes of connections. (d) The system after a class-spedtandard deviation

minimization with respect to translation and linear transbrmation, using the mapping
obtained previously.
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We start from a vector eld of connections that is, the vectors that go from the mapping
structure (B) to the mapped structure A) noted ~ = 8  (Qmin By, i)+ tmin ). The ideais to
classify equivalent connections into groups, label themnd nd the unit cell of the resulting
\connection crystal". To do so, the rst step is to make the conections periodic. Indeed,
even when themapping pmin IS periodic, the connections themselves are not necessaril
periodic and, as already discussed, they can diverge in mégde (see Figure 3.4(a)). In the
example from Figure 3.1 the volumes per atom (areas in 2D) ofdlhstructures are exactly
the same which implies the existence of a solution with nonwerging connections, but, in
general, if the volumes are di erent the divergence cannotebavoided.

The connections can be decomposed in two components: (1) axponent that accounts
for the dierence in volumes (stretching/compressing or s&in) and (2) a non-diverging,
periodic component. The magnitude of the former increases ane moves away from the
center of alignment. In order to reveal the periodicity, thenon-diverging component needs to
be isolated from the divergent one. To do so, keeping the naltom-to-atom mapping Pmin
xed, the algorithm minimizes the distance once more, but tis time with respect to a linear
transformation T and a translation t where det(T) is unrestricted (step 5, see Figure 3.2).
An illustration of the resulting connection eld after step 5is presented in Figure 3.4(b).
If the structures were in nite, minimizing the distance with respect toT would naturally
eliminate the diverging component of the connections by malg the volume per atom the
same in both structures i.e.,det(T) = det(C,)=de{Cg). However, since, in practice, the
structures are nite, the condition on det(T) is not exactly ful lled and the connections are
not yet fully periodic.

To address this problem, the algorithm proceeds to an initiacoarse classi cation of the
connections. It is done by placing the connection vectors i erent groups with respect
to their norm and orientation according to a certain tolerane factor (analogous to bins
when making a histogram). On Figure 3.4, from panel (b) to pahéc), the connections are

separated into two groups: blue, pointing up and orange, pding down. The algorithm
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then proceeds to making the connections in each group as danias possible to each other
(in norms and directions) by applying an additional linear tansformation to the mapping
structure in order to correct the nite size e ects introduced at the previous step (step 5).
This is done simultaneously for all classes of connection$fiave instead of minimizing the
distance function, the algorithm minimizes the class-spec standard deviation (STD) of

the connections. This step is represented mathematically the following equation:

0 P 1
X ]
tT =argmin @~ L _A (3.3)
toT0 i )il
where
~=4a (Th,, o+

and ; is the class that containsi and j ;j denotes the number of elements in that class.
The quantity to minimize in eq. (3.3) is simply a standard deiation with respect to the
mean of each class. The classi cation (step 6) and the minimdtion of the STD (step 7) are
repeated reducing the classi cation tolerance iterativgluntil, the STD is equal to zero. This
is what we call the Classi cation Loop on Figure 3.2. In practie, making connections of each
class exactly identical eliminates the remaining diverggncomponent, which is con rmed by
verifying that det(T) = det(C,)=de{Cg). After this step, the connections are perfectly
periodic, and re ect periodicity in the mapping (which has emained the same) as shown in
Figure 3.4(d).

Using the classi cation of the connections, we can simply pceed as if we were to nd
the unit cell of a crystal made of connection vectors (instelaof atoms). This structure can
be described like any other crystal structure byp = fCp; Pp;Lpg, but in this caseLp is a
list of labels that indicates the atomic specie and the clagd connection (e.g., blue or yellow
on Figure 3.4(d)). The primitive cell of that structure is the scale of the matching and also

an alternative unit cell CQ of structure A and, consequently, also determines an alternative
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unit cell C of B. D and T are the nal results of the algorithm. They have the following

properties:

Cohb=Cl=TCJ (3.4a)
Po=TP? (3.4b)
Po=P) (3.4¢)
Lp = La = Lg; (3.4d)

where A' and B' are alternate representations of A and B; in gemal they are not the ones
that were input initially. Vp is a matrix whose columns are the connection vectors assaeth
with each atomic position. It can easily be constructed from .

A full implementation of our algorithm is available online éee section 3.7).

3.4 Applications

3.4.1 Solid-Solid Phase Transformations

To nd transformation pathways using our algorithm we set the distance function to be
the Euclidean distance between the atoms, we sét= 0 such that no amount of deformation
is allowed during the distance minimization step (upper paof Figure 3.2) and we enforce the
one-to-one mapping condition. The algorithm therefore nd the transformation for which
the total distance traveled by all the atoms to go from the irial to the nal structure is
minimal. The \connection vectors" (arrows) represent the splacements of the atoms during
the transition. The output from the algorithm, D and T, can be used to fully describe the

system at any state along the transition path.
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Table 3.1 Result Summary of Solid-Solid Transformations. e names of the initial and nal structures are given togethe
with their chemical composition from which the lattice paraneters are taken. We also provide the space group assignmémnt
the initial, lowest symmetry intermediate and the nal structures. The last column indicates whether the pathway founty
our algorithm agrees with those discussed in the literaturd-or mechanisms that involve slipping processes, the infoation
about the underlying mechanism (without slipping) is spe@d in parentheses.

Transformation Chemical comp. Space groups Previously reped
Initial Lowest Sym. Intermediate Final (without slipping)
HCP to BCC Ti P6;=mmc ! Cmem ! Im-3m Yes [54, 91, 92]
Graphite to Diamond C P6;=mmc ! C2/m ! Fd-3m Yes [54, 93, 94]
FCC to BCC Fe Fm-3m ! P2:m (I4/mmm) ! Im-3m  No (Yes [54, 95, 96])
Rocksalt to CsCl-type CsCl Fm-3m ! Pc (Pmmn) ! Pm-3m No (Yes [54, 61, 97])
Roscksalt to Wurtzite Zn0O Fm-3m ! P3; l P6smc No
Rocksalt to Zincblende SiC Fm-3m ! R3m ! F-43m Yes [61, 98]
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We have tested our algorithm on several well-studied trarmimations. Table Table 3.1
summarizes the results. For hexagonal close-packed (HCP)Hhody centered cubic (BCC),
Graphite to Diamond and Rocksalt to Zincblende, we nd pathways that have been previ-
ously reported in literature [54, 61, 91{94, 98]. The symmeeés of the intermediate struc-
tures are exactly the same. For the other three transformains (face centered cubic (FCC)
to BCC, Rocksalt to CsCl-type, Roscksalt to Wurtzite), we nd new pathways that have not
been reported yet.

In the case of FCC to BCC and Rocksalt to CsCl-type, the newly t;md pathways involve
a slipping process. It has the e ect of reducing the total dtance between the atoms. By
preventing slipping from happening we nd exactly the sameransformation mechanisms
(indicated in parentheses in Table Table 3.1) that have beereported before. All of the
mechanisms that are discussed in literature for these traiesmations have been derived
using periodic boundary conditions; hence, they all su erém the problem from Figure 3.1.
For a large number of atoms, they inevitably lead to the great total travel distances than
the same mechanisms with the added slipping process (see Fgg8.7 for FCC to BCC). As
we have mentioned before, the component of the displacementthe atoms (or connections)
that has the most impact on the total distance is the one assated with strain. Therefore,
by minimizing distance our algorithm also minimizes strain The slipping process appears
naturally because it reduces the strain associated with theansformation. In regard to
Rocksalt to Wurtzite, our new pathway does not involve a sinmp slipping mechanism, but a
more complex process which, in turn, also leads to a shorteavel distance and consequently
smaller principal strains than the path with symmetryCmc2; reported in Refs. [54, 61, 99]
(see Figure 3.7). These e ects are not present in the HCP to BC@Graphite to Diamond
and Rocksalt to Zincblende, for which our algorithm agreesith the mechanisms commonly
discussed in the literature, because these mechanisms athe minimize the strain.

These considerations show that: (1) we have reached our goélcreating an algorithm

that nds the true path of minimal distance since we either nd known pathways or new
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pathways of shorter total distance and that (2) the result fom our algorithm can not only be
used as a starting point for sSNEB, but it can also be interpred directly to explain certain
features of the transformation.

For example, let us analyze in more detail the FCC to BCC trarfsrmation in iron also
known as the martensitic transformation. The martensitic tansformation is the di usion-less
transformation of steel from the cubic face centered (FCC)ustenite ( ) phase to the body-
centered cubic (BCC) or body-centered tetragonal (BCT) mdensite ( ). For simplicity,
we considered the transition of pure iron from FCC to BCC. Foraustenite, we used a
lattice parameter ofa = 0:358%A and we de ned the lattice parameter in martensite as
a = A ga = 2:2927A such that the closed pack directions have the same atomic rdaty

for both structures.
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Figure 3.5 Modeled martensitic transformation. The panel othe left represents the initial
FCC structure viewed in the [001] direction. The middle pardeshows the structure along
the transformation. The right panel shows the structure inhe nal BCC structure from

the [110] direction. In each panel, the BCC conventional cell is peesented in blue and the
FCC conventional cell in black. The red and blue rows of atomare guides to help visualize
the slipping process.

Figure 3.5 shows the martensitic transformation found by oualgorithm. The transforma-
tion consists of a main shear of the 2) planes in the [[11] direction with slip planes every
six layers. Between the slip planes, the intermediate strtwee has the 14/mmm space group

which correspond to a Bain distortion accompanied by a rotain. Transformation mecha-
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nisms that involve a rotated Bain deformation have been widetheorized [95, 96, 100]. As
we mentioned, the occurrence of slip planes can be explain®dthe fact that they greatly
reduce the strain necessary to carry out the transformationThe principal strains for our
new mechanism are -5.7%, 0% and 15.5%, whereas they would 1#84%, 15.5% and 15.5%
without the occurrence of slip planes (Bain distortion). Ths slipping process is often used
in the context of the Phenomenological Theory of Martensiti Transformation [101{105] to
explain the occurrence of striations along the (2) ; our algorithm nds it naturally by
minimizing distance.

The number of layers between the slip planes depends on théodetween the parameters
of the initial and nal structure. The connection structure is composed of 6 atoms which
means that the transformation occurs at a scale that correspds to 6 primitive cells of
the two end structures (they have the same number of atoms). @e again, our algorithm
behaves as expected by nding a transformation that reduceke total travel distance{and
thus the strain{and by being able to nd transitions that occur on a larger scale. A more
detailed analysis of our results for the martensitic transtfmation will be published elsewhere
[30].

In this study of the martensitic transformation, we used 100 random initialization steps
(Random Initialization Loop), a mapping structure of 180 abms and a mapped structure of
600 atoms with the one-to-one mapping enforced. Those paratars ensure that the nite
portion of the crystal is much larger than the connection celnd that the global minimum
is reached. The calculation took 6 min 41 s on a 36-core Intel ofe Gold 6154 (3.00 GHz)
node and 2 h 12 min 44 s on a 4-core Intel Core i7-8550U (1.80 GHaptop. Using the
same parameters, the minimization for HCP to BCC, Rocksalt t&€sCl-type and Rocksalt to
Zincblende were done in 7 min 31 s, 2 min 47 s and 1 min 14 s resipely on the computing
node. For the transition from graphite to diamond which invéves a large change in specic
volumes, we used a mapping structure of 160 atoms and a muchgler mapped structure of

1600 atoms. This was done to ensure that there was a su cientumber of graphite layers
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in the mapped structure. We also increased the number of raoh initial steps to 3000 in
order to nd the global minimum. This calculation was compléd in 29 h 54 min on the
compute node. Similarly, for the transition from Rocksalt ® Wurtzite we used a mapping
structure of 600 atoms and a mapped structure of 2000 atomstwi2000 initial steps; the
calculation was completed in 5 h 14 min. The limiting factorri the distance minimization is
the resolution of the assignment problem, therefore the cqiexity of the mapping dictates
the total execution time. Future development may involve tke use of an implementation of

the Hungarian algorithm parallelized for graphics processy units (GPUs) [106].
3.4.2 Semi-Coherent Interfaces

Next, we illustrate how our algorithm can also be used to nd tk structures of semi-
coherent interfaces between di erent materials. In the exaples that follow, we consider only
the terminating planes in each structure. Therefore, in oualgorithm the two structures are
modeled as large disk-like 2D sections of the terminatinggries (instead of spheres in 3D).
For demonstration purposes, here, the plane directions ameiminating layers are taken from
experiment. Each connection between an atom from the mappsttucture and an atom from
the mapping structure represents a chemical bond. Atoms noriger have to be mapped to
atoms of the same specie, they are mapped according to chergisules that determine
which types of atoms from one structure will bond to which typ of atoms from the other
structure e.g., Zr atoms bond with Ni atoms. These rules need tbe known in advance.
Since connections now represent chemical bonds, for thetdisce metric in equation 3.1, we
use the Lennard-Jones potential:

r-12 r6
d(a;b) = 2 (3.5)
e Btz jia Hj°

where denotes the potential strength and the equilibrium radius. We use this potential

because it is a mathematically simple representation of thgeneral shape of the potential

between 2 atoms. In our model, atoms are bonded with at most foan of the other phase. In
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other words, we assume that the bond with the closest neightimg atom of the other phase
is the strongest and most consequential in terms of energydaalignment. Since we are only
interested in the optimal alignment{we are not trying to pralict the interfacial energy, the
strength of the potential is not important and it is set to 1. Thus, the potential has ony
one parameter: the equilibrium radiug. It can be set based on physical or experimental
arguments. Moreover, there is no need to enforce that eachdegvery atom of both structures
form a bond. In the case of semi-coherent interfaces for exale, the lattice constant of the
two materials can be very di erent such that only a fraction & the atoms at the interfaces
will form bonds. Because, in our model, an atom can form at mo$ bond (1 or O bond),
there cannot be more bonds per unit area than there are atomsipunit area in the structure
that is the least dense. Since, in general we wish to maximittee number of bonds per unit
area, all the atoms of the least dense phase need to form a borihis is done by setting
the denser structure as the mapped structure and by settindhé fraction of core atoms in
the cost matrix to O such that the one-to-one mapping is not darced. In fact, in this case,
we take advantage of the fact that certain atom will naturaly be \skipped" when making
the mapping structure smaller than the mapped structure. Fially, during the distance
minimization step (in this case the distance is de ned by edaition 3.5), the structures may
be slightly strained in-plane near the interface in order tonaximize the bonding energy.
Therefore, we usually set to a value between 3-8%.

We used our algorithm to nd the orientation between two expementally realized inter-
faces. The rst system is a solid-solid interface between Nnd yttrium-stabilized zirconia
(YSZ). This interface was experimentally realized and studd by Nahor et al. [107]. We
used the parameters from their experiment to run our simul&in. For face-centered cubic
Ni, we used a lattice parameter of 3.52 and for cubic ZrO,, we used a lattice parameter
of 5.12% (apart from its e ect on the lattice parameter, the presene of yttrium was not
considered in our simulation). We speci ed the interfaciaplane (111) for both structures

and used the termination (Zr for ZrG) speci ed in Ref. [107]. We set the equilibrium point
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of the Lennard-Jones potentialr to be 2.57A, because it is close to the Ni-Ni interatomic
distance of 2.49. The value of the equilibrium point is an estimate of the lenip of the
bonds and therefore it determines the distance between thayers of the two phases. We
nd that its value does not have a strong incidence on the natesult. We set" to 0.08 such
that there can be some strain in the layers close to the surfac

We nd Ni<110>(111)//ZrO , <110>(111) ! to be the optimal alignment between the
two structures in accordance with the experimental obsertian. Figure 3.6(a) shows the
interface viewed in the [111] projection (from above). Thdgorithm nds a repeating pattern
of only a few unit cells in sharp contrast with the 33 33 unit cells O-lattice found using
the measured orientation relationship [107]. This smallarell has the advantage of directly
providing the matching modes of the interfaces: 2:3 Zr-Ni wtih is in accordance with the
\one dislocation every three Ni planes" observed by Nahor et.alhis smaller cell is possible
because the optimal result was found by allowing some straimthe interface layers. In fact,
in the result shown in Figure 3.6, the ratio between the area tie Zr unit cells in-plane and
the Ni unit cells in-plane is increased by 6.12%. In other wosdthere is tension in the YSZ
side and compression on the Ni side also in agreement with thieservation of Nahor et al.
Not only does our algorithm correctly reproduce the measurextientation relationship solely
using the in-plane lattice parameters, but it also providethe matching mode and the general
direction of the strain (tension or compression) in the lays near the interface. A projection
of our model along the NiL10] direction with the aforementioned in-plane strain isnesented
in Figure 3.6(b) in comparison with an HRTEM micrograph of the ame projection. The

model is in very good agreement with the experimental result

1Our algorithm does not di erentiate between OR; and OR, because they are identical in-plane.
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Figure 3.6 Examples of interface models from our algorithm drcomparison with
experimental results. (a) In-plane (111) view of the Ni on Zr@interface model. The
repeating matching pattern is highlighted by a blue dashedaallelogram. (b) Ni[110]
projection of the model (left) partially overlaid on an HRTEM micrograph of the same
projection taken from Ref. [107]. The atomic columns are pad on the micrograph
according to the simulations in Ref [107]. (c) In-plane Si{D) view of the Si on SiC
interface model. The repeating matching pattern is highligted by a red dashed
parallelogram. (d) Si[0d] projection of the model partially overlaid on an HRTEM
micrograph of the same projection taken from Ref. [108]. Weqressed the original image
using the Fourier masks ltering technique and contrast erdncement. The atomic columns
are placed on the micrograph such that the periodicity of oumodel can be easily
compared to that of the micrograph.
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The second system is the solid-solid interface between Sida8iC. This interface was
experimentally realized and studied by Li et al. [108], oncagain, we used the parameters
from their experiment to run our simulation. For diamond Si ve used a lattice parameter of
5.43A and for hexagonal close-packed (HCP) 6H-SiC we used a lattiparameter of 3.08.
We set” to 0.08. As specied in Ref. [108], we matched the (110) plané &i with the Si
terminated (001) plane of SiC. We set the equilibrium point othe Lennard-Jones potential
(r) to be 2.5A), because it is close to the Si-Si interatomic distance of Z5A).

We nd the Si< 110> (110)//6H-SiC < 110> (001) orientation to be the optimal alignment
between the two structures in accordance with the experimeaitobservation. Figure 3.6(c)
shows the interface viewed in the Si[110] projection (frombave). Once again, our pe-
riodic pattern is in accordance with the observed 4:5 Si to Gimatching mode in the
Si[111]/SiC[110] direction. In addition, the algorithm nds a 168% increase in the ratio
between the in-plane Si(SiC) cell and the in-plane Si(Si) ke In other words, the 6H-SIC
structure is stretched and/or the Si structure is compresskeat the interface to obtain that
ratio. This could explain the 1.84% mismatch in the Si[001]icection and the 0.26% residual
mismatch in the SifL10] direction noted by Li et al. A projection of our model alog the
Si[0aL] direction with the aforementioned in-plane strain is psented on Figure 3.6(d) in
comparison with an HRTEM micrograph of the same projection;ite model is in very good
agreement with the experimental result.

We obtained the result presented above using the same type3#-core Intel Xeon com-
puting nodes. For Ni//YSZ the minimum was obtained in 1 min 35 s 8ing a mapping
structure of 325 atoms and a mapped structure of 1300 atomstkwil00O initializations. For
Si//SiC we used a mapping structure of 150 atoms and a mappettiscture of 600 atoms with

the same number of random initializations. The calculationvas completed in 13 min 39 s.
3.5 Measuring Distance Between Crystal Structures

As discussed previously, de ning a rigorous Euclidean distae between crystal structures

or more broadly between in nitely periodic arrays of pointds a challenging task. First, the
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in nite dimensionality of the con guration space poses prblem. This diculty can, in
principle, be avoided by scaling the metric with some funain of the number of atomsN .
As we will show in this section, it is actually not possible ase dependence on the number of
atoms involves di erent powers ofN. Secondly, and as importantly, even a nite portion of
a crystal structure is not represented by a unique point in ta N -dimensional con guration
space of atomic coordinates, but by several points that reat: (a) the permutations of atomic
indices that describe the same crystal structure, and (b) thvariability in the choice of the
N -atom section of an in nitely periodic crystal. The de nition of a distance metric between
two crystal structures for any xed N implies nding the two closest representative points
of the two structures in the N -dimensional con guration space, a task that is tackled byur
algorithm. In fact, once the optimal parameters [min ; Qmin ; tmin ) de ned in equation (3.1)
are found, for a xedN, the minimized distance may serve as a mathematical metrietween
periodic structures.

Let us consider the distance between two structures in thetsation where the cor-
respondence between them has already been established. c&ithe mapping is periodic,
the two structures (A and B) in their optimal matching can be described with cellsCa
and Cg which both contain m atoms and are optimally aligned, and with atomic positions
faji=1;2::;;mgandffji =1;2;:::;mg inside the cells indexed according to the op-
timal mapping. The shortest travel distance between the twstructures with this match
is:

XX
dy = itk B i (3.6)

=1 ijk = %
where g; stands for the position of an atom that belongs to the structe A. gy is a
periodic image of an atom with an indeX located in the unit cell indexed withijk . More
precisely:
0.1
|

B = Ca @A + 7; (3.7)
k
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and analogously for the structureB. The total number of atoms in each structure iN =
m(n + 1)3. This distance () is, by construction, the I;.,-norm [109, 110] of the 3 N
matrix formed by the connection vectors. We used the same mowhen posing the matching
problem for phase transitions. So far, we used the,-norm because it represents the sum of
the distances traveled by all the atoms during the transitio, but one could also be interested
in computing the Frobenius norm of that matrix i.e., thel,-norm of the vector joining the

two structures in con guration space. It is given by:

itk B i (3.8)
=1 ijk= %

2

Adding a 1=N factor inside the square root in front of the summation givethe root mean
square distance (RMSD). It is important to note that, for nite N, the set of optimal param-
eters Emin ; Qmin ; thin ) IS Not necessarily the same fod; and d, When they are optimized,

both d; and d, ful Il the 4 requirements of a metric:
1. d(A;B) O,
2.dA;B)=0 () A=B,
3. d(A;B) = d(B;A) and
4. d(A;C) d(A;B)+ d(B;C).

The rst 3 criteria follow trivially from the properties of t he l,-norm applied to the con-
nection vectors. The fourth criterion follows from the factthat both d;(A; C) and d;(A; C)
are de ned respective to their pmin ; Qmin ; tmin ) @nd represent the shortest distance between
A and C. The problem is that both d; and d, depend onN and in order to compare actual
structures, we either need: (1) to derive quantities frond; and d, that are independent of
N, or (2) nd a way to compare distances in the limit whereN ! 1 . In both cases, the

rst step is to derive the dependence ofl; and d, on N.
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3.5.1 Size dependence

The case ofd, can be derived analytically so we will use it for demonstrain purposes.
Letus rstdene w =4 % andC°=(C, Cg)whose columns arde j =1;2;3g. From

equation (3.8), we can now write:

) 0.1
XX l

d; = jCO@j A + ~jj2: (3.9)
=1 ijk= % k

If the cells are exactly identical, thenC°= 0 and it follows that:

xXn
¢=(n+1)° jiji® = K2N; (3.10)

=1
where

xXn

Kz = jimii®: (3.11)

=1

1
m

If the cells are not identical,C%is an invertible matrix and we can write:

0 1
xoox i+ 9
d5 = ico® + @K ji% (3.12)
I=1 ijk = o k+ @

2 [
wheref (f )g are the elements ofC '~. Then, using the fact that the vector norm squared
is equivalent to the inner product of the vector with itself:
XX

d2 = le;+ Je + Kes) (le+ Je + Ke
T T K (e e i) (3.13)

2

= T+ Top+ Tag+ 2T+ 2T3+ 2Tog;

where
l =1+ (fl);J:j+ (|12);K:k+ (|I3):

This gives 6 terms, that can be broken down into two cases. Hirs
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XX

Tyy = i+ )%aj?
I=1 ijk= %
_(n+1)3n(n+2)m.

L2 (3.14)
o jicii

xn
+(n+1)%  ( D)Fjcjj?
1=1

(the T, and T33 cases are similar), and second:

XX
Tz = i+ i+ e &
(3.15)
=(n+1)° ({1) ({2)61 ©

(the T13 and T,3 cases are similar). Finally, equation (3.13) becomes:

n+1)3n(n+2)m .. . o N
d; = (n+1) 1(2 ) (i&ji + jieli®+ jjii?)
e 3 (3.16)
+(n+1)° O dle ¢
1=1

1 . . .
ubstitutingn= > , and regrouping the constants, we get the following relain:
Substitut N5 1,and th tant t the foll |

@2 = G,N3 + K,N; (3.17)

where

p o
G, = Wel® + iiei® + jj&ji®) . (3.18)

1=1 (3.19)
TR 2+ jieli® + jieii®)
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Note that neither G, nor K, are dependant on the number of atomll . It is immediately
evident that dividing by N to any power will not result in a size independent (scaled) nrc.
Therefore, the RMSD (i.e.,ﬁ) depends on the size of the system. It cannot be applied to
atoms inside a unit cell (or any nite portion of the crystal) to measure distances between
periodic structures. G, is solely dependent on the di erence betwee@, and Cg; if the
cells remain invariant during the transformation,G, = 0 and equation (3.17) simpli es to
equation (3.10). We can say thatG, is associated with the change in unit cells where#s,,
the linear term, is associated with the displacements in®dhe cell.

Finding the relation for the |;.,-norm is slightly more involved (see Appendix B) but we

nd a similar relationship:

di = GiN3 + KN + O(N); (3.20)

whereG; 0. Once again there is no trivial way to make the distance antgnsive quantity
because of the presence of a non-linear term associated with distortion in the unit cell.
Since we are only interested id; and d, inthe limitof N 1, one might think that the
leading terms inN, G, and G; respectively, could directly serve as metrics. Howeves, (G,
or G,) does not ful Il the second criteria of a metric since thereawld, in principle, exist a
transformation that consists of a pure reorganization of th atoms whereG = 0 even though
the end structures are di erent. The only way to de ne a prope metric is to useall the
parameters in equations (3.17) or (3.20) depending on thentiaular choice. Providing that
those parameters are known, the most straightforward appach, is to compare distances in
the limit. However, since comparing functions in the limit ca be tedious and not convenient
for computation, we also de ned a metric function that uses @th parameters G and K), it

is presented in Appendix A.
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3.5.2 Practical Use

We chose to study solid-solid phases transitions usimj because it represents the sum
of the Euclidean distances travelled by all the atoms in theticture. In that context d;
can also be seen as the true Euclidean distance between twaustures and it can be used
to measure distances between them. We were not able to nd argeal closed form for
G4, therefore it is not possible to obtain it directly from the g@timal setsfCa; Pa;Lag and
fCg; Pg;Lgg that are found by our algorithm. However, we were able to nd tke general
dependence ofl; on N. Using the optimal mapping to compute the distancel; at di erent
sizes, we can show that the distance indeed grows accordingeguation (3.20).

Figure 3.7 shows in blue the dependence of the total travellelistanced; on the number
of atomsN, for 2 of the 6 transitions presented in Table Table 3.1. Thidistance is compared
with the one that corresponds to the pathways previously disissed in the literature that
do not involve slipping and are hence suboptimal with respeto minimizing the d;. Panel
(a) comparesd; norms for these two pathways for the transition of ZnO from Rcksalt to
Wurtzite. The red points correspond to the distance for the @h with symmetry Cmc2;
reported by Refs. [54, 61, 99]. As already noted, our new patay (in blue) produces a
shorter travel distance that grows slower with\ .

Fitting equation (3.20) con rms the derived dependence ofl;, on N and shows that
G; = 0:05A for the new pathway is much smaller thanG; = 0:26A for the one found in
literature. The tting curves are shown as black lines; theyoverlap the simulated data
almost perfectly. Similarly, the red points in panel (b) carespond to the Bain deformation
of Iron from FCC to BCC. Again, the new pathway has a shorter treel distance. In this
case,G; = 0:07A for the new path and Q17A for the Bain path. Equation (3.20) ts both
data sets very well. Thus, in practice, one can use our algimin to t G; and K; and use

them to compare distances in the limit or using our metric pigented in Appendix A.
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Figure 3.7 Total distance traveled by all the atoms in the sysim as a function of the
number of mapped atoms for a) the transition of ZnO from Wurtize to Rocksalt, and b)
the transition of iron from Body Centered Cubic to Face Cented Cubic. Simulated data
is shown as dots, ts are represented as black lines.
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On the other hand, if one wishes to usd, to compare periodic crystal structures, our
algorithm, can be used to nd the optimal setsf Ca;Pa;Lag and fCg; Pg;Lgg by setting
the distance function as the square of the euclidean norm. &h, one can use the closed form
for G, and K, provided in equation (3.18), equation (3.19) and equatior3(11) to compare
distances in the limit or using our metric presented in Apperig A.

In sum, in this section, we showed that distances such as theMl8D cannot be used
directly to compare periodic structure because they deperad the size of the system. Instead,
we established the dependence &h for two metrics d; and d, and we showed how they can

be used, in the limit, to quantify the similarity between stuctures.
3.6 Conclusions

In this work, we formulated the matching of two di erent crydal structures as an opti-
mization problem and described our algorithmic solution tat. The methodology that we
developed, inspired by the Iterative Closest Point, is cotrsicted to work on large and nite
portions of the two crystal structures rather than on some abice of a periodic unit. It
consists of a sequential minimization of a given distancerfction with respect to the per-
mutations of atomic indices and linear transformations (rations and translations) of the
atomic positions. The sequence is repeated iteratively uhthe convergence is achieved.
After the optimal alignment of the structures and the optimalatom-to-atom map are found,
our algorithm analyzes the result and retrieves the periocity in the match. This last step
ensures that the boundaries have no in uence on the nal refu

We presented two di erent implementations of our algorithmtailored for their respective
class of applications. First, we demonstrated our algorithisi relevance when studying phase
transformations by examining six well-studied transformigons. In each case, we either con-
rmed an existing mechanism or uncovered a new lower-strad pathway. In particular, for
the martensitic transformation, we found a new modi ed vensn of the Bain path that does
not require large expansion along certain crystallographdirections. Then, we showed that,

starting solely from the in-plane lattice parameters, our lgorithm was capable of reproduc-
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ing the features of experimental interface structures suds their orientation relationships,
matching modes and strain directions for two case exampldsi on YSZ and Si on SiC.
Finally, we analyzed and discussed a practical formulatiornf @ rigorous distance metric

between crystal structures that can be used to assess theindhidean \closeness".
3.7 Data Availability

A full implementation of our algorithm is available viaGithub at https://github.com/ftherrien/p2ptrans.
All the parameters necessary to reproduce the examples praeel in this study are included

in this article. All other relevant data is available from thecorresponding author on request.
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CHAPTER 4
MINIMIZATION OF ATOMIC DISPLACEMENTS AS A GUIDING PRINCIPLE OF

THE MARTENSITIC PHASE TRANSFORMATION

Modi ed from a letter published in Physical Review Letters.

Felix Therrien 234 and Vladan Stevanovi®®°
4.1 Abstract

We present a unifying description for the martensitic tranrmation of steel that ac-
counts for important experimentally observable featuresfdhe transformation namely, the
Neumann bands, the interfacial (habit) plane between the treasformed and untransformed
phases and their orientation relationship (OR). It is obtaned through a simple geometric
minimization of the total distance traveled by all the atomsfrom the austenite (FCC or

) phase to the martensite (BCC or ) phase, without the need for any explicit energy
minimization. Our description unites previously proposed echanisms but it does not rely
on assumptions and experimental knowledge regarding theesin planes and directions, or
external adjustable parameters. We show how the Kurdjumo8ach orientation relationship
between the two phases and th€225 habit plane, which have both been extensively re-
ported in experiments, naturally emerge from the distance immization. We also propose

an explanation for the occurrence of a di erent orientatiorrelationship (Pitsch) in thin Ims.
4.2 Main

Martensite, a body centered cubic (BCC) derived metastablghase of iron and carbon,
often labeled , is typically obtained by a rapid quenching of the high tempmture face-

centered cubic (FCC) austenite phase (. The martensitic transformation ( ! ) is

1Reprinted excerpt with permission from reference [30]. Copyright2020 by the American Physical Society.
2Colorado School of Mines

3National Renewable Energy Laboratory

4Primary researcher and author

SCorresponding author
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di usionless and rapid. By virtue of its immense technologal and industrial relevance, the
mechanism behind the martensitic transformation has beemntensively studied and theorized
in the past.

Bain rst proposed a mechanism for the transformation by esiblishing an atom-to-atom
correspondence between the BCC and FCC lattices [95]. Eqalient simple shear mechanisms
were proposed subsequently [96, 111] based on the measurezhtation relationships (OR)
between the martensite grains and the residual austeniteamely, the Kurdjumov-Sachs
OR and Nishiyama-Wassermann OR. Other ORs have also been measl [112, 113], in
particular the Pitsch OR commonly observed in thin Ims [114116]. These simple shear
mechanisms failed to explain the measured interfacial plas (habit planes) between austenite
and martensite as well as the observedl12y twinning [96, 112, 117{119]. To account for
these missing features the Phenomenological Theory of Mamsitic Transformation (PTMT)
[101{105, 112, 120] was developed. It assumes the existavice plane that remains invariant
during the transformation and is a consequence of a slippinga twinning process. Although,
the PTMT can explain observed habit planes and ORs, it reliesn experimental information
about the slipping/twinning process and ad-hoc adjustablparamters have to be introduced
to reconcile observed shear and habit planes. Extensive degtions of the PTMT and its
history can be found elsewhere [96, 121, 122]. Other thegsrieere developped where the
shape and orientation of domains of martensite in the austie lattice can be determined
by minimizing their elastic energy [121, 123, 124] or by mmiizing the free energy assuming
small strain (linear geometry) and a continuous interfaceHadarmard jump) [125, 126].
These theories can be used to study the evolution of the mistoucture of various complex
systems under di erent stress conditions and are the basisrfmore elaborate models [127,
128]. Yet, their crystallographic description of the tranformation mechanism is equivalent to
the PTMT. Others [129{134] have recently worked on alternate crystallographic models,
but theoretical research on the subject has been mainly fosed on molecular dynamics

simulations, a detailed account of which can be found in R¢fL35].
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In our own work, we start from the assumption that the most likely transformation
mechanism is the one that requires the least displacement af the atoms in the crystal.
This is a plausible physical assumption that was employed klaswon and Wheeler in their
paper that lead to the PTMT [120], in our previous work on phaes transformations [29, 54]
and in the works of others. Let us consider the cumulative dence d; traveled by N atoms
from austenite to martensite:

XX

dp = Vi Vi i (4.1)
=1 k= %

2
whereviy, are the position vectors of atoms of the initial austenite sticture (x = ) or the
nal martensite structure (x = ) de ned asviy, = C*(i;j;k )+ p{. Here,C* is a unit cell of
either the martensite or the austenite, and p; : | = 1 :::mg are the atomic positions inside
C*. The total number of atoms in this bloc of material isN = m(n + 1)3. The choice of
the unit cell vectors (including their orientation in spacé and the order in which the atoms
are indexed will determine the mechanism of the transformiain and its correspondingd;.
Thus, the actual mechanism of transformation, according tour initial assumption, can be
characterized by the set ofC* and fp; : | = 1:::mg that minimizes d; when N ! 1

We have shown [29] that the leading dependence af on the size ) is a function of the
distortion in the lattice, i.e., the strain. Therefore, by mnimizing d;, we also necessarily
minimize the strain.

The Structure Matching Algorithm [29] we developed recentlgnd applied to this problem
is an iterative approach to minimizingd,. It directly minimizes the distance traveled by all
(N) atoms belonging to a section of the crystal that is chosen tbe as large as possible
(ideally N ' 1 ). After minimizing d; our algorithm retrieves the periodicity or the scale
of the transformation (C*) if it exists. We provide a brief description of the algorittm in

the Supplementary Material (Chapter C) and more details caibe found in Ref. [29]. A full

implementation is available on GitHub'. We wish to emphasize the fact that the algorithm

Lgithub.com/ftherrien/p2ptrans
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requires only the parameters of the initial and nal structues as inputs. It relies entirely
on the principle of minimal displacements, thus it does noticectly take into account the
energetics of the transformation.

We used our distance minimization algorithm [29] to nd the tansformation of pure iron
from FCC to BCC. For austenite, we used the lattice constana = 3:57A. For martensite
we use both the hard-sphere packing lattice constant [12936] @ = P 2=3a = 2:91%A)
and the experimentally measured lattice constand = 2:87A and applied our algorithm
to both choices. It is important to note that the lattice parameters themselves depend on
the chemical element forming the crystal and that di erent é&ments have di erent lattice
parameters which, in turn, lead to a di erent transformatian mechanism.

Figure 4.1 shows the transformation mechanism that minimised; resulting from our
structure matching algorithm. The optimal C and C with their atomic positions are
illustrated in panel (a) and (b) respectively. From the [11p==111] perspective (blue frame
in panel (c)) , going from FCC to BCC, one can see an elongatiamthe [001] =J110] (green
arrow) direction; it is particularly noticeable by looking at the change in shape of the FCC
conventional cell in black. Now, looking in the [001¥110] direction (green frame), the
transformation includes a shear of the (I0) =<112) plane in the [110]=5111] direction
with a slip every sixth layer. The initial and nal cells are inked by a transformation
matrix T such that TC () = C () called the deformation gradient matrix (the exponent
in parentheses indicates the basis). The matriX does not fully describe the transition
because it does not account for the displacement of the atonmside the cell. Indeed, from
panel (a) to panel (b) in Figure 4.1, not only the cells have beedistorted, but the atoms
inside them have been displaced. This is why we nd a mechamisof lower total atomic
displacement than the Bain path despite the fact that it is ogmal when considering only

lattice deformation [133].
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Figure 4.1 Transformation cells of (a) austenit€C and (b) martensite C are shown
together with the atoms labeled according to the atom-to-aim correspondence between
the two structures. The light gray atoms show the conventiaal cells. Panel (c) shows the
evolution of the structure in 5 steps during the transformabn from two di erent

projections. In each image, the BCC conventional cell is regsented in blue and the FCC
conventional cell in black. In the [10] projection (green), one row of atoms is represented
in black to help visualize the slipping process.
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An animation of the transformation from the same viewing diretions as in Figure 4.1
and the evolution of the simulated X-ray di raction patterns [137] along the transformation
are provided in Chapter C together with the crystal structues (POSCAR format) for 60
snapshots along the transformation for both possible origtion relationships (explained
further in the text).

Let us rst analyze the deformation gradient matrixT. According to the polar decompo-
sition theorem, it can always be written aslT = RU whereR is a rotation (unitary) matrix
and U is a symmetric matrix [138]. Consequenth 1 is a proper strain tensor and its
eigenvalues and eigenvectors are the principal strains addections of the transformation.
The eigenvalues ofJ are the square roots of the eigenvalues ®f T and their eigenvectors
are the same. Our structure matching algorithm [29] gives ube optimal T directly, from
which one getsU = P diag( 1; »; 3)PT, where the columns oP are the eigenvectors o)
in the basis of the FCC conventional cell. Similarly, in the &sis of the BCC lattice going
from BCC to FCC, the eigenvalues are inverse and the eigentas form a di erent matrix
Q. The principal strains ; 1 are: 53?:3 1 5:7%, 0% andp 4=3 1 155% using
the hard-sphere packing lattice constant, and -7.2%, 1.6%@ 13.7% using the experimental
lattice parameter. The strain directions, given by matrice P and Q, are provided in Chap-
ter C. These strains are signi cantly lower than the one redting from the Bain, Pitsch,
Nishiyama-Wassermann (N-W) and Kurdjumov-Sachs (K-S) defaration paths which are

184%, 155% and 155% (or -19.7%, 13.7%, 13.7% using the experimental latticapame-
ter). The direction of the largest strain, 155%, in our solution is [001]=9110] and therefore
the two other principal strains lay in the plane perpendicudr to it. In the Bain path, one
of the two (degenerate) principal strains of 15.5% can alwsybe chosen to be in the same
[001] =110] direction. Therefore, the di erence between our proposedeshanism and the
Bain distortion lies entirely in the (001) =<110) plane.

The reduction of strain in that plane is due to slipping and ntaurally emerges from the

d; minimization. Figure 4.2 illustrates graphically how brealng down the plane in strips
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can reduce the macroscopic change in shape and therefore $ii@in. Imagine a sheet of
metal that has been stretched from its original square shag® an amount corresponding
to the Bain strains in the (001) =<(110) plane; its dimensions are now 1.155 by 0.816. By
cutting the sheet in strips and by sliding them onto each othe one can obtain a shape
that is much closer to the unstretched 1 by 1 sheet, while, lally, the metal in each strip
has been stretched by an amount corresponding to the Bain ains (a similar argument for
twinning is made in Fig. 2 of Ref. [139]). In our proposed mechism, the strips are 6 atomic
layers wide and the actual transformation does not occur imb steps; each strip is distorted

through a local shear that occurs simultaneously with the iglping process.

Figure 4.2 lllustration of the e ect of the slipping process.The dashed squares show the
undistorted plane and the black rectangle on the left show$at same plane to which the
Bain strains of -18,4% and 15,5% are applied. The steps to abt a shape that is
macroscopically similar to the undistorted plane but micrasopically similar to the
Bain-strained plane are shown from left to right.

In order for this mechanism to yield a perfect BCC lattice, ezh strip needs to slip by an
integer number of atomic layers as shown in Figure 4.1(c). Hling this condition determines
the width of the strips which is of 6 atomic layers using our ahce of lattice parameters.
In reality, martensite deviates from perfect BCC dependingn the carbon content. We
obtain qualitatively similar results if the tetragonal BCT martensite structure is used. It
is important to note that this slipping process is fully desgbed by the displacements of
the atoms within the transformation cells [Figure 4.1 (a) and (b)]. This explas why our

algorithm nds unit cell of 6 atoms; each atom in the cell is diglaced along the [110]/[ 111]
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direction (blue cell vector) such that the condition is ful lled at the end of the transformation.

The minimal distance result presented here bears strikingesemblance to the PTMT
since it involves a slipping process and, as discussed fthan invariant plane. In fact,
in one of the original PTMT papers [104] and in numerous subggent studies [118] the
112y plane is explicitly used as the slipping/twinning plane bemuse striations parallel to
that plane (sometimes referred to as Neumann bands) are commhoobserved in martensite
[96, 119, 122, 140, 141]. The slipping process happens edgialong thatf 112y plane in
our optimal distance mechanism.

Because we impose the nal structure to be the perfect BCC late, our algorithm
cannot nd the related twinning process as it would lead to aicerent, twinned BCC lattice.
However, by simply inverting the direction of the local dis@cements of the atoms for one
column of unit cells along the [110]/[ 111] direction as shown in Fig. 2 of the Supplementary
Material (Chapter C), we can obtain the twinned BCC. This wold yield a mechanism very
similar to the one presented in Ref. [131] but without the nekto assume a particular OR.
In that study, researchers also found thé 11IO 6g habit plane (discussed later) and found
that the twinned and untwinned structures yield two variants of the Kurdjumov-Sach (K-S)
orientation relationship.

Using the hard-sphere packing lattice constant, one of theipcipal strains is exactly zero,
therefore, there necessarily exists a plane that is undisted by the transformation. However,
using the experimental lattice parameter, there does not est a plane that is fully invariant.
Our approach is to look for a uniformly scaled plane instead a fully invariant plane. Indeed,
there always exists a plane such that the angles between itsattions are preserved, i.e.,
a plane that is similar, in the geometric sense, to the initial plane. Any vectou of that
plane obeysjjTujj = kjjujj, where k is a scalar, independent of the choice of Ordering
the eigenvalues ofJ such that ; < , < 3, one can show that the vectorsi will form a
plane ifk = , (see Chapter C). The lattice mismatch between the transfored plane and its

equivalent in austeniteis 1 ,. In the limit where ,! 1, which is the case when using the
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hard-sphere packing lattice constant, the mismatch is zeand the plane is invariant. Using

1.2:3 provided above andP, we nd that the vector nyp = P(p 2:0; P 6) =(1;1; P 6) is
normal to the invariant plane. This plane is approximately &° from the low index (2 5)
plane. Using the experimental parameters, we nd the uniforiy scaled plane to be about
0.4° from the low index (2 5) plane with a mismatch of 1.6%. This is an important result
since thef 225 habit plane is one of the few experimentally observed habilgnes for low
alloy plate-like martensite [100, 122]. Moreover, intergting the uniformly scaled plane as
the habit plane allows us to readily obtain thef 112y slipping process as well as thie225
habit plane without having to use a dilatation factor or addiional shear processes which
have been highly criticized by the detractors of the PTMT [10].

Let us now consider that the uniformly scaled plane is also ¢hhabit plane between the
two phases. In that case, the rotationR is the one for which that plane does not rotate
during the transformation. Thus, it must ful I RUv=jjRUVjj = v, wherev are unit vectors
of the uniformly scaled plane. From that relation, usingu, P, and Q we can calculate
the rotation matrix R. The exact steps necessary to obtain the matrices (one forT(lip 6)
and one for (1l IDé)) are detailed in Chapter C. The orientation relationshipis given by
the transformation matrix that changes the basis from FCC toBCC. Let us transform
some vectord( ) from the FCC basis to the BCC basis:R" transforms the vector into the
unrotated FCC basis,PT converts it to the eigenvalue basis and nallyQ converts it from the

eigenvalue basis to the BCC basis. Hencd{ ) = QPTRTd(). By setting d() =[111] and
P P

P P

using the rst habit plane ((11+p 6)), we getd() =[0 = 3=2" 3=2] which is parallel to

[011] and by settingd() =[110] we getd() = P 2=3 2=3  2=3] which is parallel to
[111] . In other words, we nd the following OR: [110](1L1) /[ 111](QL1) which is a variant
of the K-S OR: the most commonly observed OR in plate-like mtnsite [119]. Similarly,
using the other habit plane ((1L P 6)), we get: [110]{11) /[ 111]J{0I) which is another
variant of the K-S OR. With the experimental lattice paramete, we nd the same orientation

relationship with a misalignment between thd 111g and f01lg planes of less than 04
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Interestingly, if we assume that the mechanism is the same tthat there is no extra
rotation imposed by the habit plane R=0 and T=U), the OR is given by:d() = QPTd( ),
which leads to the [001](110)/[ 110](111) orientation relationship; a variant of the Pitsch
OR. This could explain why, in thin Ims, where the problem isreduced to two dimen-
sions and the constraints imposed by the interfaces betweanstenite and martensite are
less restrictive [113, 114, 126], it is the Pitsch OR (and ndhe K-S OR) that is observed
experimentally [113{116].

Figure 4.3 Energy pro le of the martensitic transformation.a) Transformation of an
in nite iron single crystal from FCC (austenite) to BCC (martensite). b) Transformation
of a plate of iron from FCC to BCC within the austenite matrix

In order to illustrate the consequences of our minimal disptements assumption, we com-
puted energy pro les along the martensitic transformatiorfrom rst principles (Figure 4.3).
Without any phase coexistence (panel (a)), the Bain mechammsexhibits no barrier which
makes it energetically advantageous over our proposed maotsm (New). However, in real-
ity, austenite and martensite coexist both during and aftethe transformation. To account
for that, we evaluated the energy pro le of a thin ( 2 nm) in nite plate undergoing a marten-

sitic transformation within a xed austenite matrix. We compared: (1) a Bain mechanism
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in the Bain OR, (2) the Kurdjumov-Sach (K-S) shear mechanisr{Bain path in the K-S OR)
and (3) our proposed new mechanism in the K-S OR (New). Lookirag Figure 4.3(b), it
is clear that, despite an energy barrier caused by the slipyg process, our optimal distance
mechanism is the most energetically favorable in the nal ate due to its lower interfacial
strain. The energy di erence between the nal states increses with plate thickness; hence,
at a realistic thickness the nal state emerging from the opinal distance mechanism would
have signi cantly lower energy. The details of the spin-pakized density functional calcu-
lations and the corresponding crystal structures are givein the Supplementary Materials
(Chapter C) which includes Refs. [142, 143].

In conclusion, we showed how minimizing the distance [29htreled by all atoms from the
austenite to the martensite phase in steels provides a déagtion of the martensitic trans-
formation. It can explain the key experimentally observalg features of the transformation
without relying on any experimental input (except lattice ®nstants) and without any ad-
justable parameters. Our description is unifying in the sese that, using nothing but the
principle of minimal displacements of the atoms, it naturdy incorporates several elements
of previous theories including the assumption initially mde in Ref. [120], the slipping and
twinning processes found in Refs. [101, 104, 124, 125] andsaguent work, the habit plane
and mechanism found in Ref. [131] and the fundamental role tfe Pitsch mechanism de-
scribed in Refs. [113, 129]. We thereby presented a simpléuson to the long-standing and
important problem of nding a general description of the matensitic transformation. Our
results suggest that distance minimization on its own can beelevant to describe certain
di usionless, solid-solid phase transformations. Henceinse our structure matching proce-
dure is not speci ¢ to the martensitic transformation, it caild potentially be used to study
more complex systems such as shape memory alloys or solitdsphase change materials.
Moreover, there is a promising outlook for the use of our metkology in the eld of inter-
face physics as many models based on geometric principlesehalready been successful in

describing interfaces [41, 42, 45, 48{52, 81].
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CHAPTER 5
SCHOTTKY BARRIER HEIGHT AT THE GA ,03//PT INTERFACE: THEORETICAL

INSIGHTS AND THE PATH TO IMPROVEMENT

5.1 Abstract

The Schottky barrier at the interface between metals and wibandgap semiconductors
has a strong impact on device properties; understanding tifi@ctors that in uence its height is
crucial for device engineering. In this work, we use struatet matching and density functional
theory to predict the Schottky barrier height (SBH) at the interface between -Ga,O3; and
platinum. We nd that the theoretical SBH in the ( 201) orientation of gallium oxide, 1.9 eV,
is larger than experimentally measured, whereas it is acaie for the (100) orientation
(1.5 eV). We show that the adsorption of decomposed water (H.OHpas a strong in uence on
the e ective SBH of the (201). From our results, we conclude that -Ga,O3 (201) substrate
preparation methods that reduce the amount of adsorbed H.OHueh as treatment with
acids, should increase the measured Schottky barrier hetigidditionally, we show that the
orientation of platinum and the strain at the interface havelittle impact on the Schottky

barrier height.

5.2 Introduction

It is estimated that about 30% of electricity in the United Stdes goes through high-power
electronics like AC-DC converters (recti ers and invertes), battery chargers, power supplies,
etc. [144]. This proportion could rise to up to 80% in the nextlecade while the electricity
production itself is expected to increase. Therefore, evemarginal gains in device e ciency,
could have a major impact on energy consumption [145]. Widedhdgap semiconductors
such as SiC, GaN and5a,03 with their higher breakdown eld and good conductivity have
emerged as alternatives to standard cheap-but-low-perfomg Si-based devices [146]. In

particular -Ga,O3; has been identi ed as the fourth generation of high-power edtronic

66



materials because of its relatively low cost [145], wide bdgap (4.8 eV) [147, 148], large
breakdown eld and high permittivity which together gives t one of the highest Baliga
gure of merit [149, 150], the performance indicator for hig-power electronics. It is not
currently possible to obtain p-typeGa,O; [151], in fact, wide bandgap p-type dopable ma-
terials with good gures of merit are hard to come by. Conseauntly, device prototyping has
focused mainly on Shottky barrier diodes (SBD) and metal-adte-semiconductor eld-e ect
transistors (MOSFETS) [152]. The former{and the latter in smne cases (SB-MOSFET){
relies on the formation of an electric charge depletion regi, a Schottky barrier, at the
interface between a metal and the semiconductor {Ga,O3 here). Its height determines
the electrical characteristics of the contact. A large Schily barrier height (SBH) is ideal
for diodes which require low reverse bias current (leakagarent). On the other hand, a
near-zero SBH where the current ows freely through the intéace in both directions is ideal
for passive electrical contacts.

Considering the importance of the SBH in high-power devicend circuit engineering,
being able to theoretically predict the SBH at any given intdace would be an invaluable
tool. In the past century, many models have emerged to dedwei the physics of the Schottky
barrier. First, Schottky [153] and Mott [154] estimated thatthe SBH was equal to the di er-
ence between the work function of the metal and the electronréty of the semiconductor
(known as the Schottky-Mott rule). Even though the simplicly of this model makes it a
popular pedagogical tool to understand the formation of thdarrier, it is unable to accu-
rately describe most physical interfaces. Bardeen devetgpa more complex interface model
that took into account the presence of surface states in theabd gap of the semiconductor
[155], which lead to the well-known Cowley-Cze equation [@p This theory explains how
the existence of surface states may cause \Fermi-level ping" but it relies on the existence
of a physical gap between the semiconductors and the metah rieality, the surfaces are close
enough that surface states cannot remain unchanged (theydmene interface states) and the

physical boundaries of the two materials are di cult to de ne. To account for this problem
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the metal induced gap states (MIGS) theory [157{159] was pposed. It adapts Bardeen's
theory to systems with intimate interfaces by replacing theyap between the materials with
the length of the MIGS tails. However, there are doubts on thehysical relevance of this
adaptation [160]. More recently, SBH is typically computedrom density functional the-
ory (DFT) by e ectively measuring the di erence in energy betveen the conduction band
minimum in the semiconductor and the Fermi energy of the meksemiconductor system
[161{166]. This implicitly makes the assumption that the bad alignment at the interface
remains completely unchanged by the doping of the semicoradar. One limitation of DFT
is that it requires a periodic interface structure betweenhe two materials. When there is
no obvious lattice match and there is no known preferentialrientation for the metal, it is
di cult choose an interface structure that is representatve of the physical system. Because
of that, it is di cult to assess the accuracy of ab initio calculation at predicting the SBH.
Detailed accounts of Schottky Barrier theories can be found Refs [160]

In this work, we use a structure matching methodology [29] tand plausible interface
structures between -Ga,Os; and Pt for two substrate orientations of gallium oxide. We
then use density functional theory to compute the SBH. We shothe in uence of surface
adsorbates on the SBH and provide insight into improving thexperimental Schottky barrier
height in the 201 orientation. We also show the impact of strain and the ea of the Pt

orientation by creating various structures with the structire matching algorithm.
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Figure 5.1 Work ow to obtain interface structures. The stru¢ure matching algorithm in
gray takes as an input a -Ga,O3 surface (left) and a set of Pt surfaces (right). It returns
an interface structure of the best matching of the combinatins of interfaces.

5.3 Methodology

Our work ow is depicted in Figure 5.1. We started from the congntional -Ga,O; cell
with 20 atoms and the face centered cubic platinum convential cell which has a single
atom. On the -Ga,0O; side (left), we rst cut the structure in the speci ¢ orientation that
we wished to study. In this case, we were interested in th2{1) surface which is being used in
a joint experimental study by our collaborators [167]. We ab looked at the (100) orientation,

the most stable surface of -Ga,O3, for validation with Ref. [166]. Both of these orientations

69



have multiple possible terminations. We chose the terminiain that minimizes the number
of broken bonds, where bonds were de ned geometrically asthrst coordination shell, i.e.
the rst layer of nearest neighbors. As shown on the left of Fige 5.1, the terminations
do not necessarily have to be planar and can be corrugateddged blue line). Once the
surfaces were chosen, they were relaxed using density fimical theory (DFT) L. The relaxed

-Ga, 03 structure was then fed into the structure matching algoritim described hereafter.
On the platinum side (right of Figure 5.1), there was always dy one possible termination
because there is a single atom in the FCC unit cell. We did notlax the surfaces because,
in experiment, the metal is deposited directly onto the galim oxide without ever forming a
surface. In this case we fed the algorithm every possible fage of platinum (up to a miller
index of 3).

The structure matching algorithm, detailed in Ref. [29], mimizes a cost function (e.qg.,
distance, energy) with respect to the mapping and relativerie@ntation of two sets of atoms.
Structure matching has several applications in materialscence, for example, it has been
shown to successfully nd optimal transformation pathwaysetween two materials [30]. In
Ref. [29], we demonstrated that structure matching could ab be used to nd the orientation
relationship and bonding pattern at two semi-coherent hete-interfaces: SiC(110)//Si(001)
and yttrium-stabilized zirconia (111) // Ni (111). In the current work, we used an improved
version of this algorithm to nd the best matching orientation between termination planes
of platinum and -Ga,0s;.

To nd the optimal structure, the algorithm goes through eab combination of ter-
mination planes as illustrated in the center of Figure 5.1: -Ga,O5(201)//Pt(100), -
Ga,05(201)//Pt(110), -Ga,03 (201)//Pt(111), etc. For each combination, two sets of
300 to 450 atoms are created. One set contains only the oxygatoms that are at the

surface of gallium oxide and the other one contains only theurdace platinum atoms. In

lwe used the Generalized gradient approximation (GGA) using the Pereéw, Burke, Ernzerhof functional
(PBE) with projector augmented wave (PAW) pseudopotentials as implemented in the VASP software
[142, 143, 168]
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both cases, only atoms that are within A of the surface are considered. Then, each oxygen
atom is bound to a platinum atom in a optimal manner using the Kun-Munkres algorithm.
The bonds and their corresponding energy (the quantity to mimize) are modeled by a
two-body Lennard-Jones potential with a relaxation length ©2.5 A. In an iterative process,
the total bonding energy (from the Lennard-Jones potentia)ss simultaneously minimized
with respect to the relative orientation (angle), in-planestrain and mapping (choice of bond-
ing pattern) between the two surfaces. The strains and rotain angle are represented by
a 2 2 transformation matrix. In this case we limited the amount b strain to 8% in each
in-plane direction (principal strain), we also applied thestrain fully on the platinum side of
the interface leaving -Ga,Os intact. In the nal step, once the optimal match is found the
periodicity of the mapping is retrieved i.e., the two-dimesional unit cell (represented by a
2 2 matrix Cga,o0,) that is common two both structures in their optimal orientéion is found.
This step can have the e ect of increasing the strain above éhthreshold (8%) such that the
transformation matrix is exactly commensurate with both uit cells: Cga,0, = T Cp: Where
Cca,0, and Cp; are supercells of the -Ga,O3 and Pt in plane unit cell respectively. For each
combination, an optimal total bonding energy is obtained t$ absolute value has no physical
meaning, but it can be used to compare the quality of the matchThe structure matching
algorithm used here is available in the form of an open sourseftware calledp2ptrans 1.
Finally, once the best matching structures were found for201) and (100), we passivated
the outside surface gallium oxide using partial H atoms sucthat there was no surface
states or dipole at the outside surface. We relaxed the fultracture except for the layer
of oxygen that is furthest from the interface using GGA, as befe. We then calculated
electronic properties with Heyd{Scuseria{Ernzerhof (HSEQ6functional [169] to obtain a

more realistic bandgaps.

Lgithub.com/ftherrien/p2ptrans
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5.4 Results

The average energy per bond betweerGa,O3; (201) and the 13 orientations of platinum
with Miller indices lower than 4 is represented in Figure 5.2 AThis is the output from the
structure matching algorithm: the lower the energy the be#r the match. The full length of
each bar represents the average energy per bond when the Ptface is strained. However,
this ignores the cost in energy from straining the lattice okse to the interface. To have
an idea of what that would represent, keeping the same bonds the interface, the strain
in Pt is removed and the energy is recomputed. Doing so proes an upper limit for the
bonding energy where there is no contribution from strain fte dark blue part of each bar).
In other words, the dark blue portion of each bar correspond® a situation where the
materials would be so sti that no amount of strain would be pesent at the interface and
the mismatch between the two structure would be fully accomadated by the bonds at the
interface. The full length of the bars (dark blue + pale blue)n the other hand corresponds
the situation where straining the atoms near the interface ds no energetic cost ( exible
interface) up to the maximum allowed strain. The actual inteface energy lies somewhere
between the two (pale blue region). The wider the pale blue g@®n the more strained the
optimal result is for each orientation.

Looking at Figure 5.2 A, the best matching orientations are (1), (221), (111) and (100)
with both (110) and (221) having large strains to accommodata near perfect matching.
Since the density of surface atoms is di erent for di erent gentation, it is useful to look
at the bonding energy per unit of area (Figure 5.2 B). When doingos it becomes clear
that the (111) orientation of Pt is the best matching orientdion, followed by (100). The

corresponding optimal interface structure is depicted athie bottom of Figure 5.1.
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Figure 5.2 Optimal bonding energy (a) per bond and (b) per univf area between -Ga,0Os
(201) and all Pt planes with Miller indices lower than 4. The dik blue part of each bar
represent the bonding energy with no strain in Pt. The energs are normalized to 1.

After relaxation, we obtained the local density of states (LDS) by computing the charge
density for 100 energy intervals betweeB; -5 eV andE; +5 eV whereE; is the Fermi energy.
For each interval we integrated the density of charge in-piee to obtain the density of states
as a function z along the interface structure. The LDOS for #hrelaxed interface structure
between -Ga,O3 (201) and Pt (111) is presented in Figure 5.3. The picture is areit
representation of a band diagram, with the semiconductor ience and conduction bands
on the left and the metal continuous states on the right. The énd gap in gallium oxide
is approximately 3.9 eV which is an underestimation compadeto the experimental value
(4.8 eV). This di erence is due to the fact that we use the expenental in-plane parameters
for the matching instead of the DFT relaxed ones and the k-pdirdensity for this particular

interface structure is relatively low (7x1x1 Monkhorst-Pak).
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Figure 5.3 Local density of states for (a) the -Ga,O3 (201) and Pt (111) interface and (b)
the -Ga,O3 (201) and Pt (111) interface. The Fermi energy is shown as a wiline, the
x-axis is in line with the corresponding relaxed structureThe positions of the conduction
band minimum and the valence band maximum calculated from thaverage electrostatic
potential are shown as black lines.

In this plot, we can directly measure the Schottky barrier hight from the Fermi energy
to the conduction band minimum on the gallium oxide side, byssuming that the conduction
band minimum is the rst visible state (pale blue) that spansthe entire gallium oxide struc-
ture. The predicted Schottky barrier height is approximatéy 1.9 eV. Since the band gap is
underestimated, we can expect that the true SBH would be shgy higher, an e ect that
would be compensated in part by other phenomena that would dwt consider here such as
the image charge e ect. Even with the underestimated band ga this is much larger than
the reported experimental SBH for that interface: 1.05 eV (dbm current-voltage character-
istics) [170, 171]. We also obtained the position of the coaction band minimum (CBM)

and valence band maximum (VBM) by shifting the bulk values by a amount corresponding
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to the average electrostatic potential in gallium oxide anabtained the same result (black
lines on Figure 5.3). Here, as others have done before, we make assumption that position
of the CBM with respect to the metal energy levels at the intdace will not change with
doping.

In order to validate our methodology, we applied the same woow (Figure 5.1) to
the (100) orientation of -Ga,Os; which has been studied both experimentally [172] and
computationally [166]. From structure matching we obtainé Pt (111) as the optimal match
once again. This is consistent with the fact that the Pt(111)surface is widely used in
experiment. For that reason, it is also the same orientatiothat was used by Xu et al. in
Ref [166]. The (100) being a very stable surface, relaxatiaf the surface and the interface
structure do not signi cantly change the atomic layout. Thelocal density of state of the
relaxed interface structure is presented in Figure 5.3 B. Oaagain, the band gap, 4.0 eV,
is underestimated. Its value diers slightly from the prevous one because of a di erent
k-point density and di erent lattice parameters. In this case the Schottky barrier height is
signi cantly lower: 1.5 eV, despite the slightly wider band gp. This value is much closer to
experimental measurements in that orientation: 1.4 eV (fio current-voltage characteristics)
[172] and only 0.1 eV dierent from the one obtained by Xu et al.with nearly identical
parameters. This provides con dence in our ability to predit the Schottky barrier height
but it begs the question: \Why is the predicted Shottky Barrig height in the (201) so much

higher than the one measured in experiment?”
5.4.1 Adsorption of Water Products

In order to answer this question, we looked at possible comténants that could have
been adsorbed at the surface during preparation and have amuence the SBH. Since -
Ga,03 samples are usually washed with deionized water before ptam is deposited, we
focused on water-like products. We created and relaxed a wtture where broken bonds at
the Ga,O3 surface were replaced by H and OH groups forming decomposeater (H.OH).

The decomposed water remained stable at the surface uporasehg. We then added the Pt
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layers in the same orientation as in Figure 5.3. Once again tldecomposed water remained

stable upon relaxing the interface. The local density of stas (LDOS) of that interface is

shown in Figure 5.4 A.

Figure 5.4 Electronic properties of a -Ga,0O3 (201)//H.OH//Pt(111) interface. (a) Local
density of states showing the Fermi energy as a white line. )(Electrostatic potential in
blue with its average in black. The pale gray lines are the el@ostatic potential and
average electrostatic potential for the interface shown Fige 5.3 A.
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It is immediately evident that the Schottky barrier height is reduced to practically zero
by the presence of the adsorbed decomposed water; the Fermergy sits directly under
the conduction band minimum. In Figure 5.4 B the electrostat potential of the -Ga,O;
(201)//H.OH//Pt(111) interface, in blue, and the electrostatic potential of the -Ga,O3;
(201)//Pt(111) interface, in gray, are overlayed using the a&cuum level on the Pt side as
a reference. One can see that the entire electrostatic poteth on the gallium side of the
interface is shifted by an amount corresponding to the SBH iRigure 5.3 A. The average
potential on both sides of the interface remains at which mans the additional dipole that
causes the shift in potential is located at the interface. Tik added dipole points towards the
left in Figure 5.4 likely going from the negatively charge OH-a the positively charge H+
on the corrugated GaO; surface.

In Figure 5.4 the concentration of adsorbed H.OH is very hight assumes every single
unit cell adsorbs one water molecule. In reality the interfze would consist of regions with
high SBH corresponding to the interface in Figure 5.3 A and srier regions with low SBH
corresponding to the interface in Figure 5.4 (or other inteasice defects). The e ective or
apparent SBH of the device, measured in experiment, woulce lbetween the two values
depending on the concentration of adsorbed water and the exqimental method used to
measure the SBH. [173, 174]. In fact, regions of the surface@#tches") with low SBH have
strong e ect on the observed current-voltage behavior of #hdevice and consequently the
measured value of the barrier height [174]. There are two waywo experimentally measure
the Schottky barrier height: using the capacitance-voltag (C-V) characteristics or using the
current-voltage (I-V) characteristics. Measurements usgqthe C-V characteristic are less
sensitive to uctuations and closer to the average SBH wheas I-V-based measurements
are more representative of the e ective barrier for currentow [170]. For example, Ref [170]
reported a barrier height of 1.05 eV using the I-V charactesiic and a barrier height of 1.9 eV
using the C-V characteristic which is in agreement with oureasult. However, the perfect

agreement of the C-V measurement with our predicted value incidental since, a more
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recent study [171] which also measured 1.05 eV with the |-V @facteristic found a 1.20 eV
SBH with the C-V characteristic.

As mentioned before the (100) surface is more stable than ti20(l) surface. We computed
their energies to be about 0.03 e\A and 0.06 eV/A respectively, in agreement with other
theoretical data [175]. This dierence in surface energy Baan in uence on their ability
to adsorb water products during surface preparation. In facthe adsorption of H.OH on
the (100) surface is unstable with respect to the adsorptioof water [176, 177] which could
explain why our estimate of the SBH in the (100) orientations more accurate: there is
simply not as many H.OH on the surface to reduce the e ective Ibaer height. Moreover,
we created a -Ga,0O3 (100) surface with H.OH by replacing the 6 broken bonds per uni
cell with H and OH as we did for the (111) surface. The structer was stable after initial
relaxation, but one of the three H.OH recombined to form a watemolecule upon adding
the Pt layers. We computed the LDOS of that interface and fouh that the addition of
H.OH (2 H.OH and 1 H,O after relaxation) had no signi cant impact on the barrier reight
which further demonstrate that the presence of water-like rpducts on that surface has a
less signi cant impact on the SBH.

The fact that H and OH at the (201) -Ga,03 surface have a strong in uence on the SBH
could explain why surface treatment with acids have been shin to increase the measured
barrier height [170]. Indeed, without the presence of OH, ifnty H is present{as it is the
case in an very acidic medium, the dipole at interface is reded and the SBH is only slightly
lower. We computed the SBH when only the hydrogen atom is addleat the surface and
found a value of 1.2 eV (See Supplementary Materials for theDIOS and structure). This
means that the apparent barrier height of an interface withdss OH would be higher because
of the reduction in the number of patches with near zero e eate barrier heights. Our results
suggest that surface preparation should aim at reducing asueh as possible the presence

decomposed water on the surface. Methods that do not use wat®uld be considered.
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5.4.2 E ect of Strain and Platinum Orientation

To show the e ect of the choice of the maximal allowable straiwhen matching interfaces
and to provide con dence in our result, we found the best maling interface structure
between -Ga,O3; (201) and Pt (111) once again, but we reduced the allowable ain to
2.5% in-plane. Figure 5.5 shows a top view 0£Ga,O5 (201)//Pt(111) for the two interface
structures: one optimized with less than 8% strain (panel A)ral the other with less than

2.5% strain. The former is the interface use throughout thipaper.

Figure 5.5 Top view of the -Ga,O3 (201) and Pt (111) interface for (a) the best matching
interface with higher strain (used in this paper) and for (b)Xhe best matching interface
with a lower strain. Panel C and D show the orientation of then-plane unit cell in terms
of the Ga0O3; and Pt coordinates for the high and low strain interfaces. Tdin-plane unit
cells of the interface structures, gallium oxide and Pt arehewn in blue, red and gray
respectively.

Notice that one of the principal strains in panel A is higher tha 8%. This is because the

nal interface unit cell (shown in blue) must be a supercell oboth the unit cells of gallium
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oxide (red) and platinum (gray) as illustrated in panel C. Ths condition is true only for
speci ¢ principal strains where vertices of the strained Pand Ga O3 coincide; the principal
strains in panel A are the closest to the optimized strains<(8%) that ful Il this condition.
The advantage of allowing for a higher strain is that the redting interface structures are
smaller which is convenient for ab initio calculations. In gnels A and C, the interface cell,
in blue, is comprised of only one -Ga,O3 (201) cell. In comparison, the optimal interface
unit cell with less than 2.5% strain illustrated in panel B iscomposed of 4 -Ga,03 (201)
unit cells. In that structure, the Pt is rotated by about 90nticlockwise. The strain is 2.48%
in one direction and close to zero in the other. As the strain terance decreases, the ratio of
Pt to Ga,0O3; changes. The high strain structure has a ratio of 1:3 = 0.333% whereas the
lower strain structure has a ratio of 4:13 = 0.30769. At everoWwer strains this ratio would
tend to 0.30025, the exact ratio of specic areas between P111) and -Ga,O; (201). In
the same way approximating an irrational number with an intger fraction requires larger
integers for a higher precision, the size of the cell incremsas the allowable strain decreases.
We calculated the SBH for the interface with less than 2.5%rstin (panel B) and found
a value of 2.4 eV. The value is higher than for the strained intiace in part because of the
wider band gap of 4.2 eV due to an e ectively denser k-point gt. It is constant with the
over estimation of the SBH and therefore it does not changedlmain ndings of this paper.
Finally, we evaluated the SBH for two other orientations in Pt (221) and (321). We chose
(221) because it has excellent bonding energy per bond (Figus.2 A) and a relatively good
average energy per area (Figure 5.2 B). It also has the partlanty of having a saw-tooth
corrugated surface that is perfectly matched with the cormgated surface of gallium oxide.
We chose the (321) surface because it is the worst matchingerface so to see the e ect of a
\bad" match on the barrier height. For the (221) surface, we btained a SBH of 1.9 eV and
for the (321) interface, we obtain a SBH of 2.1 eV. These valuds not di er signi cantly

from the 1.9 eV barrier calculated for the Pt(111) orientatn.
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The test cases presented in this section give use better cdence that our main ndings
are applicable to real systems where Pt has no preferentiaientation and where the strain
at the interface might vary between di erent grains. Local @énsity of states plots and their
corresponding structures for all three interfaces presett in this section are available in the

Supplementary Materials.

5.5 Conclusion

In this work, we used structure matching [29] to create a plaible interface structure
between face centered cubic platinum and-Ga,O; (201). We found that the best matching
orientation of Ptis (111). We then computed the local densytof states (LDOS) of the newly
created interface structure using density functional theg and predicted a Schottky barrier
height (SBH) of 1.9 eV which is much higher than the experimeally measured value of
1.05 eV (current-voltage characteristics) [170, 171]. Takdate our methodology, we applied
the same process to the (100) orientation of-Ga,O3, which has been studied computa-
tionally [166], and found excellent agreement. Why is the pdected SBH so overestimated
in (201) when it is relatively accurate in (100)? To answer thisugstion, we created a -
Ga,03 (201)//H.OH//Pt(111) interface and found that it had a zero bar rier height (ochmic
behavior). The presence of decomposed water in some regiohthe interface could have the
e ect of reducing the e ective SBH of the device that is meage with the current-voltage
characteristics, which would explain the discrepancy beaen predicted and measured values
of the SBH in the (201).

Our results are consistant withe the fact that pretreatmenpf the -Ga,Os; (201) surface
with acids has a positive e ect on the barrier height. They a&o conrm, as pointed out
by Yao, Gangireddy and Jaewoo [170] the importance of surfapeeparation during the
fabrication of -Ga,O3 devices. In fact, our results indicate that a perfectly clea -Ga,O;
(201)//Pt interface could almost double the SBH ( 2 eV).

Finally, we varied the strain and the orientation of Pt and found that it has little impact

of the predicted Schottky barrier height. This shows how oumpproach using structure
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matching and the local density of states is useful in easilyeating various interface structures
and testing the in uence of di erent physical parameters orthe system. It oers a fully
predictive and convenient way to study electronic properis that can be applied to any

solid-solid hetero-interface.
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CHAPTER 6
NUCLEATION FROM FIRST PRINCIPLE CALCULATIONS

6.1 Introduction

In Chapter 2, we saw that the activation energy for creatinghe growth nucleus has
a major impact on the rate of transformation between two sals. For example, for the
diamond to graphite transformation, nucleation barriers G are of the order of 100 eV
whereas, for the same system, transformation free energes atom ¢ are of the order of
200 meV, a di erence of nearly 3 orders of magnitude [93]. Inder to reliably predict the
lifetime of metastable materials for example, it is imperate to develop methodologies that
can estimate G for a given transformation from rst principles. In this chapter, we explore
a potential approach to nding the size and energy of the trasformation (growth) nucleus in
solid-solid transformations. We look for a way to use the infmation obtained from structure
matching (transformation mechanism, invariant plane, ogntation relationship) to estimate
the physical and energetic properties of the nuclei. We pmst a simpli ed model that does
not aim to be physically accurate, but rather to show that it onstitutes an avenue worth
exploring in future work on nucleation in solid-solid tranformations.

When studying the energy of strained martensite inside an atesite matrix in Chap-
ter, 4 we assumed an in nite plate of martensite with a nite tickness perpendicular to
the invariant plane. Doing so, we were able to calculate tha drence in energy per atoms
as a function of the thickness (Figure C.4). Since the plate wan nite, there was no cost
in energy associated with increasing the thicknesg. Therefore at anyw, increasing the
thickness of the slab decreases the energy. In reality, basa of the interplay between a
positive surface energy (or interface energy in this case)dithe negative energy associated
with transforming into a lower energy state, there is usuall a critical size, before which

increasing the size actually makes the energy higher as in &ig 2.1. The energy at that
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critical size is G , the quantity we are looking for. What if we assumed the plate as
nite? Would we be able to estimate its crucial shape and engy? This what we will try to

answer in this chapter.
6.2 Methods

In Chapter 4 to create the in nite plate, we rst found a supercell of the transformation
cellC where two of the cell vectors lay in the (25) plane, let us name that supercen:(2§5).
We chose the ¢ vector to be as perpendicular as possible to (a25) surface. We will consider
a nite plate of martensite with a simple shape that is alwaydully decried by the columns

of diag(ny; ny;n;)C In other words, our model of a growth nucleus is a parallelged

(225)"
decried by three vectorx = nya, y = nyb and z = n,c wherea, b and c are the vectors of

C The total transformation energy of such plate is:

(225)"

E(x;y;2)=(x y) z e+2jx yj +2)x Zj y+2jy 2z (6.1)

Where is the atomic density of martensite, e is the di erence in energy per atom
between bulk austenite and bulk martensite and .., are the interface energies between
the martensite and the surrounding austenite. Calculating, is simple because it is the
surface associated with the invariant plane; the cell veat® of austenite and martensite are
the same in that plane. The energy can be computed using deagsiunctional theory by
creating alternating slabs of austenite and martensite inhie direction perpendicular to the
invariant plane (see the top of Figure C.5). For ,, because thec vectors of martensite
and austenite are di erent, we nd the closest lattice vecto of austenite to a multiple of

as illustrated in Figure 6.1 and adjust ¢ so that it corresponds exactly to that

C (225 (225)

vector. Doing so, we e ectively add strain inside the martesite plate which we consider

when computing e. With this adjusted ¢ we can create slabs in th& andy direction

(275)

and compute the corresponding interface energies.
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Figure 6.1 Mismatch in the transformed and untransformed léice du to the change in
speci ¢ volume during the transformation. The top of the gue illustrates in two
dimensions how the change in one of the lattice vectors dugrhe transformation creates
gaps that need to be led through slipping processes. The kom of the gure shows the
actual structure used to compute energies. The red-shadegbron is the extra (seventh)
layer of FCC that is necessary to complete the interface.
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6.3 Results

The computed interface energies are presented in table Tabb.1. As expected, the
interface energy at the invariant plane, ,, is more than an order of magnitude smaller than
y- We now have all the required quantities to compute the totaénergy from equation (6.1)
for any set off x;y;zg. Equation (6.1) is the three-dimensional equivalent of e@tion 2.3,
it does not have a unique critical point but rather, a criticd surface that separates nuclei
that naturally grow and the ones that naturally shrink. Here,we are looking for the smallest

possible nucleus that naturally grows.

Table 6.1 . Surface and bulk energies of the martensite plate

Quantity Value
e 96 meV/atom
« 869 meV/A2
y 944  meV/A?
, 68 meV/A2

The evolution of the shape of a nucleus in time follows the diction that minimizes the
energy. In other words, a dimension of the plate (e.g«) grows as long as it is energetically
favorable to do so. This can be written as:

- 3 (6.2)

dE

Xjy = jxj,  dtf i (6.3)

Wheref is a monotonically increasing function that is zero at the agin. The same goes
for jyj and jzj. Equation (6.3) is, in fact, the expression for a gradient geent. For any
dimensionsf x;y; zg this expression can be used to simulate the evolution of théape with
time. Sincefx;y;zg can only take discrete values dictated by, ny, and n,, we run a
gradient descent on each possible set of dimensions on a gridB36 96 192 (such that

X,y and z are roughly the same length). For each point on the grid, thergdient descent is
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stopped either when one of the dimensions becomes zero oh#é dimensions exit the grid
(nxy > 336,ny > 96, andn, > 192). Knowing the set of points that converged to zero, we
can plot the critical surface as illustrated in Figure 6.2. Anyplate that is spontaneously
created with dimensions below the critical surface will nogrow. From our results, we nd
that the smallest of these nuclei has 3 10* atoms and that the lowest energy one the critical
surface is 4 10° eV. This is an order of magnitude higher than the activation esrgy found
in Ref. [93] using molecular dynamics on the diamond to grapé transition. In Figure 6.2,
the critical surface becomes closer to the x-y, x-z and y-zaple as one moves away from the

origin and the axes which means that thin nuclei with large &as are generally stable.

Figure 6.2 Critical surface of growth for a martensite plateniside an austenite lattice.
Nuclei that form between the origin and the critical surface i@ unstable. The growth

trajectory of the smallest possible nucleus is shown as a redrve. The initial and nal
shape of the plate are shown in the insets.

Another interesting result that can be obtained from this anlysis is the shape of the
nucleus and its evolution in time. This depends on the choicaf the f function. In the

previous example, we assumed the following function:
I
L. Jdilijl ’
dxj dE ) it (6.4)
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In other words, the rate of change ok is the di erence between a forward rate in the
direction of energy minimization and a reverse rate ex;ﬁ&ﬁj I=(kg T)) that is proportional to
the probability of adding a lengthl in the direction opposite to the gradient. The initial and
nal shape of the smallest nucleus are shown on the right siag Figure 6.2. As expected,
the surface with the lowest interface energy shown in red omé gure is naturally larger
than the other two surfaces. The \trajectory” of that nuclews is represented as a 3D line
in Figure 6.2. Interestingly, the trajectory starts o by going towards the nucleus with the
lowest energy represented by a green dot while staying on ttetical surface. The trajectory

of an unstable nucleus is also shown below the critical suckain Figure 6.2.
6.4 Limitations

The approach presented here has important limitations. Fitsand foremost, the shape
of the growth nucleus is limited to a parallelepiped which idikely not representative of
the physical system. A better representation would have a m®complex shape, similar to a
WuIf construction, that would require computing interfaceenergies of several planes. In that
situation the energy would depend on more geometric paranees, sayn, and the critical
surface would become a hypersurface mdimensions. Secondly, there needs to be a more
rigorous justi cation for the choice of thef function and a more comprehensive analysis of its
e ect on the critical nucleus size, shape and trajectory. Meover, the energy associated with
the reorganization of the atoms in austenite to match the tnasformed lattice (Figure 6.1)
needs to be accounted for. Nonetheless, the simple model presd here shows interesting
physics and might be the basis for a more complete, quantitasé model of nucleation and

growth in crystals.
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CHAPTER 7
CONCLUSION AND SUMMARY

Discoveries in materials science improve clean technolgggrformance and increase their
adoption in industry. It is a formidable way to circumvent sbw policy changes to reduce
greenhouse gas emissions faster. This thesis focuses oncthrecept of structure matching
which is a powerful computational tool to accelerate mateals discovery.

Chapter 2 presents structure matching in the context of metdable materials discovery.
Metastability is a random process where the transition prability between a (metastable)
state and a more stable one depends on the height of the endigbarrier between them. The
higher the activation energy, the lower the rate and the lorgy the lifetime. More formally,
it is the Turnbull and Fisher equation (equation (2.4)) that governs the rate of transition
in crystalline materials. According to that equation the transition rate{and therefore, the
lifetime{depends on three main factors: the di erence in ergy between the metastable
state and the ground state, the height of the energy barrierdiween the two states and
the activation energy for creating a growth nucleus. The derence in energy is trivial to
compute, but the other two quantities are much more di cult to obtain. In order to nd
the height of the energy barrier, the physical mechanism ofansformation between the two
states (or phases) must be known which requires understandithe speci c displacements
of every atom in the crystal. This is where structure matchig comes into play: it nds
the best mapping and orientation between any pair periodicrgstal structures. In other
words, each atom of the metastable phase is paired with its auerpart in the low energy
phase. Once{and only once{this crucial step has been accdisped, the energy along the
transformation can be estimated more precisely using a meith called Solid State Nudged
Elastic Band (ss-NEB) decribed in detail in section 2.3.

Chapter 3 lays down the central work of this thesis; it presés the structure matching

algorithm. Other crystal matching schemes have been devplxl mainly in the context of
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lattice matching at interfaces and similarity measuremeist between crystal structures, but
the algorithm presented here distinguishes itself from o&n methods in one major aspect
that comes back throughout this thesis:it does not rely on the initial choice of unit cell
In fact, the periodicity is, at rst, explicitly ignored to b e retrieved only in the nal steps.
Instead of relying on a comparison of the unit cells or the ames therein, the algorithm
minimizes the quantity in equation (3.1) which is more reprgentative of the total distance
(cost function) between all the atoms in the crystal. To do soit rst creates two large
nite portions (\chunks") of the crystals by selecting the N (a parameter) closest atoms to
an arbitrary point in the crystal. Then, the two sets of poins are randomly placed with
respect to each other and the optimal mapping between themeéstablished using the Khun-
Munkes algorithm. The mapping being established, the totalistance can be computed and
minimized with respect to rotation and translation. Mappirg, rotation and translation are
optimized iteratively and the initialization is repeated ®veral times to avoid local minima.
Once the minimal distance is found the periodic cell of the mpaing is retrieved. The full
process is described in detail in section 3.3.1 and illustea in Figure 3.2

In the rest of the chapter, the algorithm is validated by compting the transformation
mechanisms of six well-studied transformation mechanisnmgesented in table Table 3.1.
For each example, it nds a total distance that is shorter or gual to previously reported
results. In some cases, the mechanism involves a slippinggess inside which the previously
reported mechanisms are observed. The relevance of the alipon for interfaces is also
demonstrated on two systems: SiC(110)//Si(001) and yttrim-stabilized zirconia (111) //
Ni (111). Finally, a new metric based on the total distance is gsented which ful lls all the
mathematical characteristics of a formal metric and is ingeendent of the number of atoms
in the system.

The rst part of the thesis presents the context and the techital details of one-to-one
structure matching; the following chapters are direct apptations of that approach to physical

systems.
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In Chapter 4, the atom-to-atom structure matching algorithm is used to nd the opti-
mal transformation pathway between Iron FCC and BCC, a tranfrmation known as the
martensitic transformation. The algorithm nds a mechanisn that resembles the Bain mech-
anism (a simple deformation of the FCC lattice into BCC), butit also involves a slipping
process. Careful analysis of the result reveals that the ghing process reduces the strain
signi cantly and leads to the occurrence of a plane that is pictically invariant. In other
words, a plane of atoms that is not strained during the transtfmation. The assumption
of the existence of such a plane is central to the widespreathdhomenological Theory of
Martensitic Transformations (PTMT); the structure matching algorithm nds this feature
seamlessly. More analysis of the mechanism of transfornmatishows that the quasi-invariant
plane (termed uniformly strained plane) is neaf 2253 , the slipping plane isf 1123 and the
orientation relationship (OR) is a variant of the Kurdjumov-Sach OR: all features that are
commonly observed in experiments but have been hard to reaie theoretically. Finally,
it is demonstrated that when the coexistence of the untransfmed austenite (FCC) and
the transformed martensite (BCC) is considered (as it is thease in physical phase trans-
formations), the proposed mechanism of transformation lda to a lower energy than other
predicted mechanisms that do not involve an invariant plane This shows how structure
matching is able to predict realistic transformation mechaisms without relying on energy
calculations and that even when energy is considered, thecfdhat it naturally minimizes
the strain has important implication on the nal energy.

In the next chapter, the Schottky barrier height (SBH) at the nterface between -Ga,O3
and face centered cubic Pt is studied using structure matetg and density functional the-
ory. This particular interface is used in high-power and hig-temperature diodes whose
performance depends heavily on the barrier height. First, ung structure matching it is
found that the optimal orientation of Pt for the -Ga,O; (201) surface is (111) and the
corresponding periodic interface structure is created. Bm, the electronic properties of the

interface structure are computed using density functionaheory. In particular, the local
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density of state is calculated from which the Schottky barer can be directly measures. The
SBH for the -Ga,O3 (201)//Pt(111) interface is found to be 1.9 eV which is much lgher
than experimentally measured (1.05 eV). It is shown that usgthe same methodology on
the (100)Ga0; interface, the SBH can be computed precisely with respect éxperimental
theoretical values. To explain this discrepancy, it is demrmstrated that adding decomposed
water (H.OH) at the interface has the e ect of closing the SBH tazero. Therefore the
presence of H.OH, even in small quantities, could reduce theeetive SBH measured in
experiments. This e ect is not observed in the calculationfor the -Ga,0O3(100) surface.
Gallium oxide preparation methods that minimize the adsoron of H.OH could greatly in-
crease the e ective SBH. For example, it has already been showxperimentally that using
acids{which have low OH concentration{to clean the galliumoxide samples increases the
measured SBH. Finally, it is shown that the strain in Pt and the hoice of its orientation has
very little impact on the barrier height.

In the nal chapter, a new approach for calculating the growh nucleus activation energy
is proposed. Since the rate of transformation is strongly menced by that activation (as
discussed in Chapter 2), it is imperative to develop theoreial tools to develop it. The idea
is to use a gradient descent to minimize the free energy stang from a range of shapes
and size of the growth nucleus. Surface and bulk energies asdcalated between the trans-
formed martensite and untransformed austenite phases indloptimal orientation provided
by structure matching. Each starting point is assigned to \&ble" or \unstable" depending
on its tendency to grow or shrink. The energy of the smallestadble nucleus corresponds to
the activation energy. The results are preliminary but thisapproach could, in principle, be
applied to any other system.

In conclusion, di erent forms of structure matching have ben used for years in many elds
of applications: quantifying the similarity between strutures, lattice matching two materials
at an interface and nding transformation pathways betweemmolecules, but these seemingly

disparate elds of applications had never been regroupedaa single encompassing problem.

92



This thesis establishes crystal matching as a relevant pr@n in material science that requires
more attention. It shows that an e cient structure matching methodology, such as the
one presented here, can lead to important applied resultsom metallurgy to high-power
electronics. | hope that some of the ideas found in this thaswill help or inspire other

researchers make important discoveries that will help us kg climate change.
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APPENDIX A
AN ADDITIONAL METRIC

Since using the limit might be inconvenient computationaj, let's de ne a metric D as

such:

e ek ifG=0

D(A;B) = .
( ) eC otherwise

(A.1)

This ful lls the four criteria:

1.G OandK O0ifG=0, thereforeD(A;B) O

2.D(A;B)=0 () G=K=0() A=B

3. dia(A;B) = dha(B;A) =) D (A;B) = D(B;A)

4.

if G(A;C);G(A;B);G(B;C) > 0:

Follows from the fact that d; is a metric ande® is monotone

if G(A;C);G(A;B) > 0;G(B;C)=0 (or G(A;C);G(B;C) > 0;G(A;B) =0):
ThenCg = Cc =) G(A;C)=G(A;B)=G =) € e +e e KEC)

if G(A;B);G(B;C) > 0;G(A;C) =0:

e e KAC)  gB(AB) 4 g8(BC) sincee e KAC) 1 ande®AB) 1

if G(A;B);G(B;C);G(A;C)=0:

Follows from the fact that d; is a metric ande e ¥ is monotone

if two of the three Gs are equal to 0

Then C, = Cg = C¢ which is equivalent to the previous case
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APPENDIX B
N-DEPENDENCE OF d;

Once again let's de neC°= (Cax Cg)whose columnsaréej =1;2;3gand~ =4 1,

we can rewrite equation (3.6):

i 01
XX [

dy = iC°@ A + jj: (B.1)
I=1 ijk= O k

If the cells are exactly identical,C°= 0 and it follows that:

xn
di=(c+1)%  jinji = GiN; (B.2)
1=1
where
1 X
G, = N lnlk (B.3)

1=1
Let's consider the simpler case where the vectors 6f and C, are orthogonal and where

~ = 0. One can show that aligning the 3 vectors is the optimal ajnment C; and C, and

therefore, the vectors ofC°are also orthogonal. Equation (B.1) becomes:

dy = I2jjej? + J2jjejj? + k3jjasjj2: (B.4)

k= 3%

Let's approximate the summation using the right Riemann sum

f a+i = fX)dx+ O
n n

X (b a (b a)_Zb M(b a)? (B.5)
———; .

i=1 a

whereM = maxf {x). In our case,a= n=2, b= n=2 and:
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e — —
f(x)= x%jj&aji?+ j?jejj?+ k?jeijj? (B.6)

2Xjj€jj? L
RO S——— - — ] (B.7)
2 xXejjwjj®+ ) llieli? + ko))
Replacing in equation (B.4), we get:
X Fp_____
di = X2jj®ji? + j 2 li® + K2jjejj? dx
(o o (B.8)
FK="3% n=2
+O(jj&jn):
Using the same argument foy and k:
227 D
di = X2jjeli? + y2i®li® + z%jj€jj? dxdy dz
(B.9)

+O((jii + il + jiwii)n(n +1)?):
Where is a cube of parametern centered at the origin. Let's de nex’= xjj€ijj, Y°= Vij&ij
and z°= zjjjj. The integral becomes:
2727

P
X® + y® + z@dxdydz°

1
v (B.10)

d1 =

+0(n3);
where Cis a prism of parametemijj€ijj, njj&jj and njjsjj centered at the origin andV =
i€l Ji&l Jigj. This integral can be carried out in spherical coordinatesybcarefully

adjusting the integration limits:

1 X3 z Z Z
&= r¥sin drd d + O(n®); (B.11)
ii<k 9 0 0

where:
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| —tan S

il 1
1
L = arccos@gq _— A,
ji&ii?
1+ Wse@
L = njj&lj .
" 2cos
Integrating:
tan beil
ZJJEiJl
nt X g B e
d, = 1+ =seé )z 1)d + O(n®):
1= Toay . jiadi"(( i ) ) (n%)

Replacingn = Ns 1, and regrouping the constants:

di= Gy(N3  1)*+ O((N: 1))
= Gi(N3 4N +6N35 4N3+1)+ O(N)
= G;N3 + O(N);
where
iy i
ZJJeiJJ
1 X L iigij2 s
G = —— @A+ :2=seé )2 1)d
1 % _, 0 jiadi"(( a2 ) )

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

In sum, a pure reorganization of the atoms that does not chaaghe unit cell (equation (B.2))

makes the distance depend linearly on the size whereas a pdrstortion of the cell makes

the distance non-linearly dependant on the size. Consideg the more general case where

the cell vectors are not orthonormal would only lead to loweorder terms. To highlights the

two leading contributions we write:

di = GiN3 + KN + O(N):
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APPENDIX C
SUPPLEMENTARY MATERIAL FOR CHAPTER 4

C.1 Short Description of the Algorithm

Figure C.1 illustrates the method for a simple two-dimensial example; the general
principle is the same for real systems. The rst step is to cuarge nite portions of both the
initial and nal crystal structures to obtain two sets of points. Then, the initial structure (in
red) is randomly aligned with respect to the nal structure {n gray). The optimal mapping
(i.e., the correspondence between each atom) is then estslsed for that position. Since
the sum of distances between each pair of atoms is now well ded (d,), it is minimized
with respect to the position of the nal structure (in red) while the atoms are simultaneously
remapped. The random initial alignment and the distance mimization are repeated several
times such that the global minimum can be found. Finally, oncéhe minimal distance is
found, the algorithm retrieves the periodicity in the correponding optimal mapping to obtain
Crandfpy(D):1=1:::mg.

The set of C* and fpy(l) : | = 1:::mg fully de nes the mapping and correspond to a
unique distanced;. For example, in the Bain transformation, the FCC cell vects (C )
would be [110h =2, [110]a =2 and [100h wherea is the austenite lattice constant. The
martensite cell vectors would be that of the conventional BC cell rotated clockwise by
45about the c-axis. There would be one atom at the origin andhe at the center of both cells
(the relative atomic positions would not change during theransformation). This particular
choice of theC* and fp{ : | = 1:::mg for both structures fully describes the Bain trans-
formation mechanism and it corresponds to a unique distanck which, for the martensitic
transformation, is not the minimal distance (the algorithm nds the mechanism presented

in the paper instead).
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Figure C.1 Simpli ed visual representation of the behavior fothe crystal structure
matching algorithm.
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Ignoring the periodicity at rst by matching large nite por tions of the crystals directly,
atom-to-atom, avoids issues associated with matching the cells (see Fig. 2 in Ref. [29]).
This is why the result presented in this paper cannot be obtaed with our previous algorithm
[54] which rely on such a procedure. A more detailed explaman of the method can be found
in Ref. [29]. We wish to emphasize the fact that the algorithnmequires only the lattice
parameters of the initial and nal structure; no other, infaomation about the transformation

is known a priori.
C.2 Eigenvectors Matrices

The following expression is the matriX? whose columns are the eigenvectors of such
that U = P diag( 1; »; 3)PT. Its columns represent strain directions in the basis of aten-

ite.

O1

0A (C.1)

Wi

0
=@

© el
o
H

Equivalently, the following expression is the matriXQ whose columns are the eigenvectors of
the strain matrix V such thatV = Qdiag(1= ;;1= ,;1= 3) Q'. Its columns represent strain

directions in the basis of martensite.

R
1 1
Q= %qu 73 2K (C.2)
s oF 0

C.3 Obtaining a Twinned Lattice From the Optimal Distance Mechanism

Using the transformation cell of Fig.1 (article), one can comgict an austenite crystal
and transform it to martensite by applying the transformaton matrix T and the atomic
displacementsft, = T !p, p, : 1 = 1:::mg. This will always lead to a perfect BCC
lattice since our algorithm found the optimal transformaton mechanism between austenite

and a perfect (untwined) martensite. However, Figure C.2 sh@whow twinned BCC can
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be obtained by inverting the direction ( t|) of the local displacements of the atoms for one

column of transformation cells along the [110k[111] direction.

Figure C.2 Comparison of the slipping and twinning processe$he transformation is
illustrated in 3 steps from left to right. Panels on the bottan row show the twinning
process, where, in the red region, the displacements of thierms have been inverted.
C.4 Complete Steps to obtain the Uniformly Scaled Plane
Vectors of the uniformly scaled plane obey the following egtion:
iTujj = Kjjuijj; (C.3)

where k is a scalar, independent of the choice of We can write:

u'U%u = k?u'u (C.4)
ut™ (U2 KA)u=0 (C.5)
u'(D? KHu=0 C.6
0o, ( ) 1 (C.6)
G 0 0
@ o 2 k2 0 Au=0 (C.7)
0 0 2 k2
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whereU = PTu are the vectors of the uniformly scaled plane expressed inres of the
principal strain directions (in the basis of the eigenvects) and ;.,.3 are the eigenvalues of

U suchthat ; < ,< 3. This equation takes the form:
(12 KOWE+( 22 KU+ ( # KI)u,2=0; (C.8)

Equation (C.8) becomes the equation of a plane in 3D only K = 5, in which case it

becomes:

Ty = 21u,=0; (C.9)

p_
For example, with ;= £2, ,=1and 3= 92—§ We have:

o, " 3m,=0: (C.10)

. The vector [p 20 P 6] is perpendicular to that plane and it can be expressed in@alinates

of the austenite lattice:

0Op_-1 O 1
p2 1

Np=P@ B_A =@ Io1_A: (C.11)
6 6

C.5 Complete Steps to obtain the Rotation Matrix

The rotation R is the one for which the invariant plane does not rotate durig the
transformation. This can be expressed mathematically as:

RUv

— — =V C.12
ROV (C.12)

Wherev are unitary vectors of the invariant plane. We have the follwing equations for two

linearly independent vectors in the invariant plane:

Uv,

R - — = Vq; C.13
jUvgji ~ ot (C.13)
Uv,
R—2 =v C.14
JJUV2jj ( )
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From these two, we can produce a third equation:

(Uvy Uvy) .
RiOvaii Uvaj " (C.15)

Where n is the unitary vector normal to the invariant plane (equation (C.11)). Let us

P P
choosev; =[#5 #5 0] andv, =[2 3] such that they are orthogonal and unitary. We

can rewrite equations (C.13), (C.14), and (C.15) in matrixdrm:

RM =V ; (C.16)
where
M = GOV TOV TV OV (C.17)
and
V= Vivy N (C.18)

Finally, using simple matrix algebra, we can ndR = VMT (V and M are unitary matrices

and they yield a proper rotation matrix).

C.6 Transformation Energy

Figure C.3 Schematic of the plate. The atoms of the region indeundergo a martensitic
transformation. The other atoms remain in their austenitenitial state.

To determine if a transformation mechanism and its correspding orientation relation-
ship are energetically favorable, we computed the energyigad by austenite atoms from
transforming into martensite within an austenite matrix. In particular we considered a

martensite plate of dimensiond w t composed oh atoms wherel tandw t (see
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Figure C.3). In its initial austenite (FCC) state, the total energy of the plate is:
E =ne (C.19)
wheren is the number of atoms in the plate ance is the energy per austenite atom. In the
nal martensite state, its energy is given by:
E =ne +2IwE,, +2ItE + 2WtE (C.20)
Where E,,; E;; Eyt are the surface energies per unit area for each face of thetglaSince
lw It andlw  wt we can write the equation in terms of the plate's area = Iw.
E =ne +2AE, (C.21)
Note that we consider the martensite atoms to be strained so ¢hinterface A is coherent,

therefore e is dierent for each transformation mechanism and OR. Finajl, the energy

di erence per atom is given by the following equation:

E A

—= e+2—E C.22

. ~Ex (C.22)
Where E = E E and e=e e . This expression can be rewritten as a function of

the plate's thicknesst:

E VA

— = e+2——E C.23
n € nv oA ( )
E E

—= = e+2v TA (C.24)

Where V = Iwt is the volume of the plate in its austenite state and = % is the specic
volume of austenite.

In order to obtain the interface energyE, and e , e , we ran spin-polarized density
functional theory (DFT) calculations in the local density agproximation with the projector
augmented wave method [142] as implemented vasp [143].

First, we found the total energy for pure austenite to obtaine . Secondly, for each
mechanism, to obtaine , we found the energy of pure martensite under the same strain

conditions as in the plate. Thirdly, we computed the total eargy Ega,, Of slabs composed
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of strained martensite sandwiched between two layers of aesite; examples are shown on
Figure C.5. In these structures, the area\ is in nite because of the periodic boundary
condition and the thickness is nite and known. To obtain theinterface energy per unit area

Ea, we used the following equation:

Es|ab n e n e
En = C.25
A 2Asiab ( )

With this information, we computed equation (C.24) for our ppposed mechanism (New),
for the Kurdjumov-Sach mechanism (K-S) [96} and for the Bain mechanism (Bain). The
results are shown on Figure C.4. Itis clear from the gure thatfor any realistic plate thicker

than 1 nm, our proposed mechanism is the most energeticalgvbrable.

Figure C.4 Energy di erence between atoms in the austenite dmtmartensite states within
an austenite matrix as a function of the plate's thickness fahree transformation
mechanisms. Points that are outlined correspond to the trafiormation shown in Fig. 3 of
this paper.

1In this case, since the nal martensite state is strained to make theinterface coherent, this mechanism is
exactly equivalent to the Nishiyama shear process.
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In Fig. 3 of the paper, using the same DFT approach, we directlyomputed the change in
energy per transformed atomf along the transformation at a speci c thickness of :8 nm.

To do so, we used the following equation:

S S P (C.26)

n n trans

Where nyans IS the number of atoms that transform from austenite to martesite such that
N =n + ngpns andi is the step along the transformation. For exampleES,, = ne is
the energy of a pure supercell of austenite WheFﬁi—o = 0. The exact structures that were
used for calculations of the nal transformed state in Fig. 3 fothe paper are presented on

Figure C.5 they also correspond to the outlined points in FigerC.4
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C.7 Simulated X-ray Di raction Pattern

Figure C.6 Simulated X-ray di raction patterns along the transformation obtained using
the method presented in Ref. [137]
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APPENDIX D
SUPPLEMENTARY MATERIAL FOR CHAPTER 5

D.1  -Ga,Os (201) // H I/ Pt (111)

Figure D.1 Local density of states

Figure D.2 Relaxed interface structure
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D.2  -Ga,Os (100) // H.OH /I Pt (111)

Figure D.3 Local density of states

Figure D.4 Relaxed interface structure
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D.3  -Ga,0; (201) // Pt (111) with reduced strain

Figure D.5 Local density of states

Figure D.6 Relaxed interface structure
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D.4  -Ga,0Os (201) // Pt (221)

Figure D.7 Local density of states

Figure D.8 Relaxed interface structure
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D.5  -Ga,Os (201) // Pt (321)

Figure D.9 Local density of states

Figure D.10 Relaxed interface structure
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