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ABSTRACT

Materials simulations and modeling paired with high performance computing resources

have been successful in accelerating the discovery of new materials for renewable energy

production and energy e�ciency. However, relatively few of these materials have been

metastable since predictive theories of materials realizability and lifetime are still limited.

In that context, we develop a new approach to establish the best correspondence, or

match, between di�erent crystalline structures, a crucialstep in estimating the lifetime of

metastable materials. The new approach circumvents problems related to the choice of the

unit cell, by mapping large �nite portions of the crystals together. To obtain the best match,

a cost function is minimized by simultaneously updating themapping and the alignment

between the two sets of atoms using the Khun-Munkres algorithm and a gradient descent

respectively. The periodicity in the mapping is retrieved and given as a �nal output.

We apply the aforementioned methodology to the martensitictransformation in steel and

show how the resulting minimal distance pathway, with no energy minimization, is consis-

tent with experimental observations. We also show that, compared to other transformation

mechanisms it yields lower energy martensite when coexistence with austenite is considered.

Moreover, we demonstrate how this new approach for matchingcrystal structures can be

adapted to matching termination planes at heterointerfaces. We use the algorithm to create

optimal interface structures between platinum and GalliumOxide (� -Ga2O3), an interface

that is relevant for high-power electronics. Using density functional theory, we compute the

local density of states and the Schottky barrier height (SBH)at the interface. We �nd that

the presence of decomposed water on the (201) � -Ga2O3 surface has a strong impact on the

SBH which emphasizes the importance of sample preparation on device performance.

Finally, we present a potential approach for computing the nucleation energy in solid-solid

transformation, an important quantity that is typically di �cult to calculate.
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CHAPTER 1

INTRODUCTION

Climate change has been accelerating in the past decades, consistent with the increase in

anthropogenic green house gas (GHG) emissions [1, 2]. There is little doubt in the scienti�c

community that human activity can in
uence the trajectory of the Earth's geological system

[3, 4] and has already led it to conditions that clearly breakfrom that of the Holocene, the

epoch that saw the development of major human civilizations[5]. At time of writing, the

likelihood of limiting the rise in global temperature to less than a 2 by 2100 is of about

5% with current trends and less than 1/3 even if current national goals are met [6]. In

order to steer away from the slippery slope of positive climate forcings [7] and avoid major

disruptive e�ects on natural ecosystems, the global economy and human societies, actions

must be taken now to reduce GHG emissions [8{12].

This reduction can be achieved through large-scale adoption of renewable energy and

increased energy e�ciency which can be leveraged by advances in material science [13].

For example, major developments in photovoltaic materialsand device e�ciency in the last

decades have signi�cantly reduced its cost and made it one ofthe fastest-growing source of

energy [14]. Other areas of materials science where advancements contribute to reducing

GHG emissions include battery materials and devices for renewable energy storage and

electric transportation, fuel cell technology(membranes, catalysts, etc.) for energy conversion

and storage, high power and high temperature electronic materials for energy e�ciency,

thermoelectric and piezoelectric materials for heat and vibrational loss recovery and materials

for carbon capture and conversion.

Thanks to major breakthroughs in condensed matter physics,computational structure

prediction and computer hardware in the past decades [15{18], the discovery of such new

materials can now be guided by computer simulations. Materials with desired properties

(e.g., good solar energy absorption, high electric conductivity, low thermal conductivity,
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etc.) can be discovered at a much higher rate either by searching through large databases

of existing materials or by directly designing new hypothetical materials that optimize these

speci�c properties. In both cases, new discoveries are possible thanks to powerful supercom-

puters. Examples of successful theoretical predictions can be found in applications such

as light-emitting diodes,[19], lithium-ion batteries [20], superconductors [21] and several

others[16, 22, 23].

One area that has received less attention from the structureprediction community is that

of metastable materials: phases of matter that are durable at thermodynamic conditions

(temperature, pressure, magnetic �eld, etc.) where they are not the lowest energy phase

(also referred to as \ground state"). Diamond, for example,is a metastable form of carbon

because graphite, which is another form of carbon, is more stable (it has the lowest energy)

at ambient temperature and pressure. If one were to wait for eternity, it would eventually

turn into graphite. Nonetheless, diamond is arguably{and literally{much more valuable

than graphite and its lifetime is eternal for all intents andpurposes. Metastable materials

represent a large portion, if not the majority, of plausiblecrystal structures. It was found

that, out of about 30,000 well described experimentally realized crystals in the Inorganic

Crystal Structure Database (ICSD), about half had higher energy than the ground state

energy [24]1. Some of these structures could be the key to major breakthroughs in energy

materials but they are di�cult to predict because many of the methods currently used for

structure predictions are unable to assess if a particular hypothetical crystal structure is

likely to be realizable and durable when it is not the ground state structure. In other words,

in a world where diamond is unknown, if one were to theoretically predict it as the hardest

material, current structure prediction methods could not tell if it was realistic.

Three steps that are necessary for metastable structure prediction to be possible; they

are depicted in Figure 1.1. In the �rst step, the potential energy surface (PES), the energy

1It is important to note that some of these structures might have been realized under di�erent thermodynamic
conditions where they actually were the lowest energy structure.It does not necessarily mean that they
were metastable
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as a function of all possible con�gurations of a given chemical composition, is explored in

order to identify plausible crystal structures and their energy. In other words, a structure

prediction algorithm travels within the space of all possible variation of the crystal structure

of a given chemistry, say CaCO3, by changing the distance between atoms, for example.

1. Exploration 2. Realizability 3. Lifetime

GS GS GS

Figure 1.1 A visual representation of the process of �nding useful metastable materials.
The bottom panels are contour plots of the potential energy surface. Green dots, situated
at local minima, represent hypothetical structures. Structures deemed unrealistic are
marked with red \x". In this example, among the �ve hypothetical phases of a material
found at step 1, three are realizable (step 2) out of which twoare stable on a practical
timescale (step 3). Each of the three steps narrows down the search.

The bottom panels of Figure 1.1 are two-dimensional representations of this \space"

where the topography illustrates the energy and valleys represent stable and metastable

crystal structures. In the second step, the structures, or local minima, that are the most

likely to be realizable, or synthesizable are selected according to certain criteria brie
y de-

scribed hereinafter. Finally, in the third step, structuresthat are stable on a functional

timescale, i.e., structures that will not rapidly transform into more stable phases, are identi-

�ed as plausible metastable materials. This step is necessary because, as mentioned before,

metastable materials will always eventually decompose into their ground state; it is a matter

of determining if that will take nanoseconds or millions of years.
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The �rst step, exploration, is the one for which the theory isthe most advanced. There

exist several successful structure prediction methods that are capable of identifying local

minima of the potential energy surface [17, 18, 25]. It is thesecond and third steps that are

the true limiting factors for predictive metastable materials discovery.

The second step consists of identifying the phases that are most likely to be synthesiz-

able. There are two leading approaches to do so: (1) measuring the thermodynamic scale

of metastability and �ltering out high energy structures [24, 26] or using random structure

matching to �lter structures by their frequency of occurrence [27, 28]. Figure 1.2 is a repre-

sentation of the potential energy surface of a �ctitious material in one dimension, each local

minimum represents a plausible crystal structure of that material. Using the �rst approach,

all the structures that have energies above the red dotted line would be deemed unrealizable.

On the other hand, using the second method the structures with the widest basin of attrac-

tion (proportional to the frequency of occurrence) would beselected as the most realizable.

E
n

e
rg

y

Con��guration space

Basin of attraction

Thermodynamic limit

Ground state energy

Figure 1.2 One-dimensional representation of a hypothetical potential energy surface
(PES). Each crystal structure resides in a local minimum of the PES. The dashed red line
illustrates the idea of a thermodynamic limit above which structures would not be
realizable.

To estimate the durability (or lifetime) of a metastable crystal structure in step 3, it

is necessary to understand the transformation mechanisms between di�erent phases of a

material. In other words, it is important to understand how amaterial like carbon goes

from its graphite to its diamond form, what the speci�c movements of its atoms during the

4



transformation are and what the associated energy cost is. If diamond was unknown, this

would tell us how quickly it would transform to graphite uponformation. In Figure 1.2,

step 3 would determine the size and shape of the humps in energy between di�erent minima

which are directly related to how fast a material transformsbetween these phases.

This dissertation focuses on a critical aspect of lifetime assessment (step 3): structure

matching. Structure matching establishes the optimal correspondence between atoms of the

initial and �nal phases. The structures presented on Figure 1.2 all have only one type of

element (blue atoms), but they have very di�erent shapes andsizes. If you were to mark one

of the blue atoms of the rightmost structure and watch it moveas the structure transforms

into the next structure to the left. Where would the marked atom end up? Which blue atom

would it correspond to, in the next structure? Structure matching answers these questions

in an optimal way. It is a crucial step in simulating the transformation mechanism and,

as will be discussed, it can sometimes be su�cient to realistically describe transformation

mechanisms.

This thesis revolves around the development and validationof a novel algorithm to match

crystal structures atom-to-atom that is independent of theinitial choice of a periodic unit

cell. Chapter 2 dives deeper into the basement of the lifetime of metastable materials (step

3 of Figure 1.1), it is part of a review on metastable materialsthat is currently under re-

view. The next chapter (Chapter 3) provides a full decryption of the new structure matching

methodology, it is reproduced from an article published inThe Journal of Chemical Physics

[29]. In Chapter 4, the structure matching algorithm is applied to �nd a new transforma-

tion mechanism for the martensitic transformation in steels. It is reproduced from a letter

published in Physical Review Letters[30].

The idea of structure matching is to �nd the optimal mapping between two large sets

of points and optimize a cost function (distance or energy) with respect to their relative

orientation (see Chapter 2.2 and Chapter 3 for details). Whendeveloping the algorithm,

it became evident that very similar concepts are used in the context of interface matching
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and that the new methodology could relatively easily be adapted to �nd the best matching

interface between two materials. In that context, instead of looking at the structures in

their entirety (in 3D) the algorithm uses only the terminating planes in both structures.

This subject is discussed in Chapter 3.4.2. Being able to simulate interfaces thanks to

structure matching is also extremely relevant when it comesto energy applications: devices

like conventional and Schottky diodes, transistors, solid-state batteries and photovoltaic

diodes all depend heavily on the properties of their interfaces. Therefore, advancements in

the theory and simulation of interfaces could have major repercussions on energy e�ciency

and renewable energy production. Chapter 5 is entirely dedicated to an in-depth analysis

of the interface between platinum and gallium oxide (Ga2O3) which is relevant for the next

generation of high power and high temperature electronic devices with increased e�ciency.

The chapter focuses on explaining the measured Schottky barrier height (SBH) at that

interface using �rst principle calculations. The SBH di�erentiate between contacts that are

ohmic (low resistivity in both direction) and Schottky (very high resistivity in one direction

low in the other) which is a crucial parameter for device engineering.

Finally, the last chapter (Chapter 6) will touch on a potential new approach to estimate

the nucleation energy and nucleus size of a solid-solid transformation from �rst principles.

The nucleation activation energy is crucial in calculatingthe lifetime of metastable materials

but it is often ignored because it is di�cult to estimate. Chapter 6 proposes a potential

solution to that problem.
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CHAPTER 2

UNDERSTANDING THE TRANSITIONS BETWEEN METASTABLE MATERIALS

Reproduced from a section of a submitted article1.

F�elix Therrien 2;3;4, Eric Jones2;3, Vladan Stevanovi�c2;3;5

This chapter will discuss the dynamic aspect of metastability. For a material to be

functional, it must exist on a practical time scale. To determine that time scale{its lifetime{

the processes of transformation between the relevant phaseand other existing phases must

be understood both crystallographically and energetically.

2.1 Lifetime Assessment

The lifetime of a metastable state, what makes itmetastable, is the average time it takes

for it to relax to a lower energy state. It can also be seen as the amount of time a material

stays in its functional state; in that sense it is closely related to chemical degradation[32].

Lifetime is highly variable because phase change is a Markovprocess [33], i.e., a probabilistic

process where past events have no in
uence on future events.Imagine a board game where

a player has landed on a "jail" tile. The jail tile is analogous to a metastable state of a

material. The player rolls two dice every turn and the only way for them to get out is to roll

a double. Rolling close to a double, getting 5 and 6 for example has no e�ect; theonly way to

get out is to roll a double. The trapped player may roll a double on their �rst turn and their

time in jail would be limited to 1 turn, but there is no way to predict exactly how long they

would stay in jail. Only the average time a player spends in jail can be estimated. Since the

number of turns it takes to get out of jail follows a geometricdistribution, its expectation

1See Ref. [31]
2Colorado School of Mines
3National Renewable Energy Laboratory
4Primary author
5Corresponding author
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value is 1=p where p is the probability to roll a double. Therefore, in this example, the

average time a player spends in jail is 6 turns. The same goes for materials: there is no way

to predict the exact lifetime of a speci�c phase, only its expectation value can be estimated as

the inverse of the transition probability. In chemistry andin materials science, it is common

to talk about the transition rate, the amount of material that is transformed per unit of

time, because it does not depend on the size of the system. In general, this rate is given by

the Arrhenius equation:

R = R0e
� � E
k B T (2.1)

Where R0 referred to as the \attempt frequency" is proportional to the frequency at which

an event that could trigger a phase transition occurs. In theboard game analogy, it would

be equivalent to the number of times a player can roll the diceat each turn. The rest of

the expression represents the probability for each event totrigger a phase transition where

� E is the activation energy of the phase transition (analogousto the score necessary to

get out of jail), kB is the Boltzmann constant andT is the temperature. This probability

is proportional to the number of particles that have an energy higher than � E, hence the

Boltzmann term. The Arrhenius equation was obtained empirically, however by replacing

the activation energy � E with an activation free energy � G and by making R0 dependant

on the temperature, it is equivalent to the Eyring-Polanyi equation which can be formally

derived in the context on transition state theory (TST) [34{36].
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Figure 2.1 Energy barriers in condensed matter phase transitions. (A) di�erence in free
energy as a function of the number of atoms in the nucleus. (B)Free energy along the
transformation between phase� and � as a function of the reaction coordinate.
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This review focuses on condensed matter phase transitions that typically involve nu-

cleation. In those cases, the di�erence in free energy between a growth nucleus and its

untransformed state is the result of two competing terms: the negative di�erence in free

energy of the materials as it transforms to the lower energy state and the positive surface

energy at the interface between the nucleus and the bulk. This relation is represented on

Figure 2.1 A. The �rst term is directly proportional to the number of particles in the nucleus,

or its volume, and the second term is proportional to the areaof the nucleus.

� G(n) = � Gbulk (n) + � Gsurface(n) (2.2)

= n� g + n
2
3 B� (2.3)

wheren is the number of particles in the growth nucleus �g is the di�erence in Gibbs free

energy between the initial phase (� ) and the �nal phase (� ), B is a constant independent of n

which depends on the shape of the growth nucleus,� is the e�ective surface energy (di�erent

surfaces in di�erent orientation may have di�erent surfaceenergies). This function has a

maximum at n� = �
�

2B�
3� g

� 3
which corresponds to �G� = 4B 3 � 3

27� g2 (see Figure 2.1 A). Because

of thermal 
uctuations within the material, nuclei of the most stable phase will randomly

form. If a nucleus has more thann� atoms, even if it initially represents an increase in free

energy, the nucleus will naturally grow to minimize �G. Therefore, for nucleation to start

and for the transformation to occur, the growth nucleus mustreach this critical size and

thermal 
uctuations must be higher than � G� . This is why for condensed matter systems

the Eyring-Polanyi eqution (analogous to equation (2.1)) becomes:

R = R0(T)e
� (� G � +� g� )

k B T ; (2.4)

refered to as the Turnbull and Fisher equation [37], where �G� represents the energy barrier

for nucleation and � g� the activation free energy of the steady state transformation. In

other words, � g� is the activation energy for transforming one atom to the� phase once the

nucleus size is much larger thann� (see Figure 2.1 B) It is de�ned as the di�erence between
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the activated complex and the mean free energy between state� and � :

� g� = � g� ! � +
� g
2

(2.5)

In systems that involve phase separation �g� is the activation energy of di�usion [38].

In order for this expression to be useful for ab initio calculations, it needs to be rewritten

in terms of the enthalpy which can be readily evaluated with zero temperature methods such

as density functional theory. From the de�nition of the Gibbs free energy:

� g(T) = � h � T� s (2.6)

At the transition temperature Tm , the di�erence in Gibbs free energy between the two phases

is 0 (� g(Tm ) = 0) and therefore � s = � h
Tm

. Equation (2.6) can be rewritten as:

� g(T) = � h
�

1 �
T
Tm

�
: (2.7)

For a metastable material, the temperature is far from the equilibrium temperature T << T m

which means � g = � h. Finally, replacing this and equation (2.5) into equation (2.4), one

gets:

R = R0(T)e
�

�
� h

2 +� g� ! � + 4B 3 � 3

27� h 2

�

k B T (2.8)

This expression contains all the important contributors tothe rate of transformation. It is

clear that the rate of transformation is determined by threeimportant factors: (1) � h the

enthalpy di�erence between the two phases, (2)g� ! � the activation energy of the transfor-

mation and (3) � the surface energy of the growth nucleus. (1) can easily be calculated; it is

equivalent to the scale of metastability. The rest of this section will summarize recent meth-

ods for estimating (2). Signi�cant e�orts must be invested in order to develop approaches

for estimating (3) in condensed matter systems as it is lacking in current literature.
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2.2 Matching Crystal Structures

The �rst step in evaluating the transformation barrier � g� ! � is to establish the corre-

spondence between atoms of the initial and �nal states. In molecular dynamics simulations

where atoms move freely between states, this step is not necessary, but it can be di�cult (or

impossible) to �nd the right conditions and potential to tri gger a speci�c transition between

two polymorphs; waiting for the transformation to occur is most likely not computationally

a�ordable. Finding the correspondence between two structures, which we will also refer to

as \matching crystal structures," is a necessary geometric�rst step to ab initio for most

methods that calculate the minimum energy path (MEP).

Matching crystal structures, in 2 dimensions, can be usefulto describe interfacial struc-

tures, for example, to �nd a suitable substrate for epitaxial growth of a material [39{41].

Pioneering work on matching crystal structures was done within that area of material sci-

ence. Many models were developed to describe and predict interface structures: the O-lattice

theory part of the CSL/DSC Lattice Model [42{45], the Edge toEdge Model [46, 47], the

Coincidence of Reciprocal Lattice Points (CRLP) model [48]and the work of Tkatchenko

and Batina [49{51]. A notable mathematical method that comes out of interfacial structure

theory is the Zur Algorithm [52]: an algorithmic method to �nd the best matching unit cells

between two di�erent 2D lattices. It is the basis of many morerecent studies [41, 53, 54].

Determining the correspondence between two structures is also very useful to measure

similarity or closeness between crystal structures. Sadeghi and Goedecker [55] de�ned a

distance between molecules by �nding a correspondence between each atom and by �nding

the orientation that minimized the l2-norm in con�guration space. This method can not

only measure the similarity between two molecules it can also establish the correspondence

between their atoms which constitute a �rst approximation of the transformation mechanism.

Although this method works very well for �nite molecular systems, it is not suitable for

crystals where the number of atoms is very large (� Na). In order to measure similarity (or

closeness) between crystals, many methods based on holistic descriptions of the structures
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(�ngerprints) have been developed [56{60]. However, these approaches are not useful to

determine the phase transformation mechanism and its associated energy barrier.

Capillas et .al [61] were the �rst to de�ne a systematic procedure for determining tran-

sition pathways between arbitrary polymorphs. Their methodology is based on �nding the

maximal symmetry transition paths. First, they list the symmetry subgroups fH 1;i ; i =

1; :::; ng and fH 2;j ; j = 1; :::; ng of the space groups of the initial and �nal structuresG1 and

G2. Then, for each pair of subgroup ((H 1;i ; H 2;j ) they verify that: (1) the two groups are

isomorphic, (2) that they meet the condition of a continuoustransformation (the number

of formula units per unit cell is the same when described by their subgroup) and (3) the

occupied Wycko� positions are the same under the symmetry allowed permutations. If all

three conditions are met and \there exists no pair of intermediate subgroups (Z1,Z2),such

that Hi < Zi < Gi 1 with i = 1; 2" that also meet the three conditions then the pair of sub-

groups is said to be ofmaximal symmetry. Finally, the unit cells of the two subgroups are

matched together in order to minimize a metric distance based on their parameters (a,b,c,

� ,� ,
 ) and the mapping that minimizes the atomic displacements within the cells is chosen.

This method produces multiple plausible paths for each transformation. Those paths have

been shown to include previous theoretical descriptions ofthe same systems.

Stevanovic et al. [54] took a slightly di�erent approach to solving this problem that did

not rely on symmetry. It is comprised of two major steps. In the �rst step, all possible

supercells of the two end structures that meet the conditionfor a continuous transformation

are enumerated using Hart-Foracde theory [62], the pair of supercells that minimizes a metric

distance similar the one used by Capillas et .al is chosen. This �rst step is, in some way,

a generalization of the Zur Algorithm in three dimensions. Thenext step is to map the

atoms inside the unit cell using the same method as Sadeghi and Goedecker. The key idea

is to use the Khun-Munkrees [63] algorithm to �nd the optimalmap between the two sets of

atoms (initial and �nal). At the end of the two steps, the periodic movement of the atoms

1< reads \is a subgroup of"
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between the two polymorphs{the transformation pathway{isfully described. From there, an

estimate of the activation energy can easily be calculated using density functional theory,

computing the total energy at each step along the transformation. Figure 2.2 shows the

computed mechanism and corresponding energy along the pathfor four transitions between

polymorphs of SnO2. Pathways obtained from the algorithm produce the energy pro�le

in red, whereas pathways obtained from subsequent energy minimization using solid state

nudged elastic band is shown in gray (more details in the nextsubsection).

Figure 2.2 Calculated energy pro�les are shown (in red) for the four selected polymorphic
transformations between SnO2 together with the spacegroup symmetry, �ve crystal
structure snapshots along the pathway and the average coordination of Sn and O. The
corresponding ssNEB results are shown in gray. The x-axis represents the normalized
reaction coordinate. Reprinted �gure with permission fromRef. [54]. Copyright 2018 by
the American Physical Society.
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It is important to note that the energy barrier given by direct DFT calculation is an

upper bound to that value, further minimization using NEB is necessary to obtain a more

accurate estimate of �g� ! � . However, for a more qualitative assessment of the transforma-

tion kinetics, inspired by Buerger's work [64], Stevanovicet al. found that pathways where

the coordination is never lower than in the two end phases lead to fast kinetics. In other

words, when the number of bonds per atom increases or decreases monotonically during the

transformation, as seen at the bottom of Fig. 6 a), the rate of transformation is high. In

the same vein, a recent study [65] treated structures as networks to account for the topolog-

ical transformations during the phase transition. This method naturally identi�es transition

pathways that minimize the number of broken bonds.

Both Ref.-[61] and Ref.-[54] are hindered by the fact that itis di�cult to compare the

e�ect of strain and atomic displacements within the unit cell; the quantity to minimize is ill-

de�ned. Moreover, since an in�nite number of unit cells (with an in�nite number sizes) can

represent a single system, matching the unit cells{or theirassociated space groups for that

matter{is a di�cult problem. In fact, even identifying iden tical structures requires complex

algorithms [66]. Figure 3.1 uses a 2-dimensional example to demonstrate how matching

based on the unit cell can lead to results with a substantially larger total distance travelled

by the atoms.

To circumvent these issues Stevanovic et al. [29] mathematically stated the problem of

�nding an optimal correspondence between two crystal structures: Given the positions of all

the atoms in the two crystals,f ~ai ji = 1; : : : ; Ng and f~bj ji = 1; : : : ; Ng, the optimal match is

the best atom-to-atom mappingpmin (permutation of atomic indices) and the best alignment

of the two structures (linear transformationRmin and translation~tmin ) that minimize a given

distance (cost) functiond. This is equivalent to the following equation whenN ! 1 :

pmin ; Qmin ;~tmin = argmin
p;Q;~t

d1(p; Q;~t) ; (2.9)
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with

d1(p; Q;~t) =
NX

i

d( ~ai ; Q~bp(i ) + ~t) : (2.10)

In the case of phase transitions,Qm in is a rotation matrix and d is the Euclidean distance.

The authors proposed an improved approach to �nding transformation pathways based on

numerically solving equation (2.9) for a �nite but largeN . In their new method, the �rst step

is to cut large �nite portion of both the initial and �nal cryst al structures to obtain two sets of

points. Then, an initial mapping (i.e., the correspondencebetween each atom) is established

between the two sets using the same Khun-Munkres algorithm.After the correspondence is

established, since the sum of distances between each pair ofatoms (d1) is now well de�ned,

it is minimized with respect to the position of the �nal structure. The mapping and the

distance are updated simultaneously until they both converge to a minimal d1. Since the

initial alignment between the structures is random, the mapping and distance minimization

are repeated several times such that the global minimum can be found. Finally, once the

minimal distance is found, the algorithm retrieves the periodicity in the �nal mapping to

obtain the unit cell of the \displacement crytsal". This unit cell contains all the necessary

information to fully describe the transformation and energy pro�les can be calculated as in

Figure 2.2. This method has been shown to produce realistic transformation mechanism[30]

without the need for energy based ab initio methods.

2.3 Minimal Energy Pathways

Once the correspondence between the atoms has been established the minimal energy

pathway (MEP) can be determined. Most methods to �nd the MEP focus on �nite systems

and they cannot been applied to solid-state systems with periodic boundary conditions. For

detailed accounts of these methods see Ref. [67, 68].

The most widely used method for solid-solid transformationis the nudged elastic band

(NEB) method and its variants [67, 69{71]. The concept behindelastic band is relatively

simple. Given two structures (initial and �nal) that are represented as points in con�guration
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space as on Figure 2.3. The initial path between the two structures forms a straight line

in con�guration space. Each point along that line represents an intermediate structure

at a di�erent stage of the transformation. One can evaluate the energy of each of these

intermediate structures, using density functional theoryfor example, and obtain an energy

pro�le much like the one on Figure 2.2. If each of these structures were simply relaxed to

its closest minimum in energy, it would either relax to the initial or the �nal state (at least

in Figure 2.3 where they are separated by one saddle point). The key idea of NEB is to

separate each point by an "elastic band" that will keep them from collapsing onto each other

but will let them relax towards the MEP.

Figure 2.3 Schematic representation of the nudged elastic band method. Reprinted from
Ref. [72], with the permission of AIP Publishing.

In practice, the forceFi acting on one structureR i (point in N-dimensional con�guration

space referred to as \image") is:

F i = �r E(R i )? + Fs
i k (2.11)
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with

r E(R i )? = r E(R i ) � (r E(R i ) � �̂ i ) �̂ i (2.12)

and

Fs
i k = k (jR i +1 � R i j � j R i � R i � 1j) �̂ i (2.13)

Notice that the total spring forceFs
i k is parallel to the tangent vector̂� i and that the potential

force r E(R i )? is always perpendicular to it. This is the case to make sure that the elastic

bands do not have an in
uence on the �nal result (it avoids corner cutting). The tangent

direction �̂ i is in the direction of the highest energy. To �nd the lowest energy path, one

must simply minimize the forces using any minimization method such as the Leapfrog or

Verlet algorithm.

In climbing image nudged elastic band (CI-NEB) [67], which isincluded in most modern

implementation of NEB, the highest energy image is set to movetowards higher energies

along the path such that there is always an image exactly at a maximum in energy along

the MEP. The force for that image is given by the following equation:

F i = �r E(R i )? + ( r E(R i ) � �̂ i ) �̂ i (2.14)

Not only does this provide a better estimate of the activationenergy, but the frequencies

of the normal vibrational modes (in con�guration space) of the saddle point can be used to

evaluateR0 in equation (2.1) [73, 74].

These methods (CI-NEB and NEB) cannot be used directly to �nd the MEP in solid-

solid transformation as these systems involve an in�nite number of atoms. In fact, because

crystals are periodic, they can either be represented as an in�nite set of coordinates (which

is obviously impractical) or as a �nite set of coordinates along with three unit cell vectors

that de�ne periodic boundary conditions. The generalized solid-state nudged elastic band

(ss-NEB) [69] takes advantage of the latter representation to extend the capabilities of NEB

to periodic system. In that implementation of NEB, the unit cell vectors are treated as

additional degrees of freedom and the quantity to minimize is the stress instead of force� .
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All degrees of freedom can be optimized simultaneously usingthe following de�nitions:

� R i = f Ji " i ; R i � R i � 1g and F i = f
� 
 i � i

Ji
; F i g (2.15)

where Ji = ! 1=3
i N 1=6

i is a Jacobian, 
 i is the volume of the unit cell,N i is the number of

atoms per unit cell and" i is the mechanical strain matrix. The role of the Jacobian is tomake

sure that all degrees of freedom have consistent units and can be simultaneously minimized.

In Figure 2.2 solid state nudged elastic band has been used to compute the minimal energy

path shown in gray. Note that the energy barrier is always lower than that of the initial

pathway in red and that, there is always a point (image) at maxima along the path.

Other methods have been developed for systems with periodicboundary conditions that

aim to directly �nd saddle points on the potential energy surface of periodic systems [75, 76].

These methods do not require prior knowledge of the transition path{ crystal structure

matching is not necessary{but they cannot be used to study speci�c phase transitions.

Phase transition sampling via swarm intelligence is a promising way to �nd minimum

energy pathways that combines climbing image, �ngerprinting, graph theory and particle

swarm optimization to directly �nd minimum energy pathways [77]. It does not explic-

itly require structure matching although it internally performs structure matching using a

�ngerprint distance between saddle points of the PES.

Transition Path Sampling (TPS) is a way to probe the PES in molecular dynamics

that circumvents the rare event problem mentioned previously by creating a statistical path

ensemble through a Monte Carlo exploration [78, 79]. This methodology requires an initial

path that is modi�ed to obtain the most statistically relevant paths. It has been shown to

be e�cient to model nanocrystaline systems [80], yet littlework has been done to make the

connection between structure matching methods to TPS in crystals.
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CHAPTER 3

MATCHING CRYSTAL STRUCTURES ATOM-TO-ATOM

Modi�ed from a paper published in The Journal of Chemical Physics1.

F�elix Therrien 2;3;4, Peter Graf2, Vladan Stevanovi�c2;3;5

3.1 Abstract

Finding an optimal match between two di�erent crystal structures underpins many im-

portant materials science problems, including describingsolid-solid phase transitions, devel-

oping models for interface and grain boundary structures. In this work, we formulate the

matching of crystals as an optimization problem where the goal is to �nd the alignment and

the atom-to-atom map that minimize a given cost function such as the Euclidean distance

between the atoms. We construct an algorithm that directly solves this problem for large

�nite portions of the crystals and retrieves the periodicity of the match subsequently. We

demonstrate its capacity to describe transformation pathways between known polymorphs

and to reproduce experimentally realized structures of semi-coherent interfaces. Addition-

ally, from our �ndings we de�ne a rigorous metric for measuring distances between crystal

structures that can be used to properly quantify their geometric (Euclidean) closeness.

3.2 Introduction

Establishing an optimal match between two di�erent crystalstructures with respect to

some cost function is a problem that cuts across the entire �eld of materials science. Perhaps

the most evident example is the process of �nding a suitable substrate to epitaxially grow a

1Reprinted from reference [29], with the permission of AIP Publishing
2Colorado School of Mines
3National Renewable Energy Laboratory
4Primary researcher and author
5Corresponding author
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material [39{41]. Similarly, when studying interfaces between di�erent phases (heterojunc-

tions) one might be interested in the alignment and the bonding pattern between the two

phases. Another important example lies in �nding minimal energy pathways between dif-

ferent polymorphs. The initial and �nal structures are known, but the transformation from

one to the other is not. To even begin to describe it, one needsto �nd the best way to map

every atom of the initial structure to its counterpart in the �nal structure and to optimally

align the structures. Once the mapping and alignment are established other methods such

as the Solid State Nudge Elastic Band [67, 69{71] can be used todetermine the energetics

of the transition.

In regard to interfaces, many have worked on methods to �nd and characterize the coin-

cidence of lattices and orientation relationships betweenphases and grains. Several di�erent

approaches were developed e.g., the O-lattice theory part of the CSL/DSC Lattice Model

1 [42{45], the Edge to Edge Model [46, 47], the Coincidence of Reciprocal Lattice Points

(CRLP) model [48], methods based on the Zur Algorithm [41, 52,53] and the work of Jelver

et al. [81]. While the O-lattice theory su�ers from a lack of predictive capabilities, the

other approaches do have the ability to predict orientationrelationships, but they do not

match the full structures. The Edge to Edge model only considers high density (nearly close

packed) planes and directions whereas the CRLP and Zur Algorithm only match the under-

lying lattices of the structures, and not the atoms inside them. Jelver et al. presented a

crystal matching method that maps atoms inside a combination of the unit cells of the two

structures which, as explained further in this section, hassome important limitations.

Matching is also closely related to measuring distances between crystal structures. In-

deed, any de�nition of a distance metric requires establishing some correspondence between

their atoms. For �nite systems such as molecules, Sadeghi and Goedecker [55] de�ned a dis-

tance as the minimall2-norm of the vector joining the molecules in the con�guration space

of atoms with respect to both their relative positions (alignment) and the permutation of

1CSL: Coincidental Site Lattice, DSC: Displacement of one crystal Lattice with respect to the second causes
a pattern Shift which is Complete
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atomic indices1. However, the con�guration space of periodic systems is, strictly speaking,

ill-de�ned because of the in�nite number of dimensions. Moreover, the permutation degen-

eracy in labeling atoms also poses problems. Both of these make the matching of crystal

structures challenging and the de�nition of the distance metric between periodic structures

elusive.

In structure predictions, for the purpose of identifying similar (close) structures Oganov

elegantly circumvented this problem by introducing the so-called �ngerprint function con-

structed to re
ect the short-range order (coordination in various shells, etc.) and de�ning

the distance metric between crystal structures with respect to it [56]. Various other �nger-

print functions and representations have been proposed since [57{60]. Although they can

e�ciently measure the similarity between structures, those methods do not establish a one-

to-one correspondence between each atom of the structures,nor do they provide the optimal

alignment between them. Therefore, the question whether a Euclidean distance metric in

the con�guration space of atoms (l2-norm) and its corresponding matching can be de�ned

for periodic systems remains open.

An intuitive way to go about this problem is to take advantage of the periodicity by

matching and measuring the distance between atoms inside the unit cells of the two struc-

tures. This inevitably leads to the obstacles illustrated in Figure 3.1. Panel (a) shows two 2D

crystals with di�erent unit cells each having one atom per cell. If, for example, one wishes to

minimize the distance between the atoms, a naive way to matchthese two structures would

be to align their unit cells so that the atoms overlap. This would produce a distance of zero.

Other atoms would simply be mapped based on the correspondence between the unit cells.

However, this mapping would lead to the distances between thecorresponding atoms diverg-

ing as one moves away from the two perfectly aligned unit cells at the center of Figure 3.1(b).

There is, however, a solution to this particular problem shown in Figure 3.1(c) that does not

su�er from this divergence and that produces equal and �nitedistances between all corre-

1The l2-norm in con�guration space equivalent to the Forbenius norm of the position matrix

22



sponding atoms. This solution yields a much shorter total distance if large portions (grains)

of the two crystals are considered. While matching larger supercells and taking advantage of

their Niggli-Santora-Gruber reduced cell [82{84] might seem like a solution to this particular

example, choosing the size of the supercells and comparing distances between di�erent sizes

remains an issue.

b) c)

a)

Figure 3.1 Drawbacks of a method that relies on matching some choice of the unit cells of
the two crystals. (a) Visual representation of the matching inside one cell for a simple 2D
example where the cells have the same area. (b) The two overlaid crystal structures using
the same matching. (c) The same crystal structures overlaidsuch that the distance (red
arrows) does not increase away from the center; the red dashed rectangle shows the scale
(periodic unit) of the match.

One way to robustly �nd solutions such as the one from Figure 3.1(c) is by disregarding

the periodicity in the two structures. If it exists, the periodicity of the mapping itself can

be retrieved subsequently. For this reason, as we will explain, our algorithm is constructed

to use large sections of the two crystals and to minimize the total distance traveled byall

the atoms. Consequently, the choice of a unit cell has no impact on the �nal result and
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the periodic unit of the transformation emerges naturally.Any other method to match two

crystal structures that relies on matching some choice of the unit cell, including our previous

work [54] as well as work of others [61, 66, 81, 85], will su�erfrom the problem illustrated

in Figure 3.1.

With the aforementioned considerations, we formulate the problem of matching crystal

structures in the following way: given the positions of all the atoms in the two crystals,f ~ai ji =

1; : : : ; Ng and f~bj ji = 1; : : : ; Ng, what is the best atom-to-atom mappingpmin (permutation

of atomic indices) and the best alignment of the two structures (linear transformationQmin

and translation ~tmin ) that minimize a given distance (cost) functiond? This is equivalent to

solving the following equation whenN ! 1 :

pmin ; Qmin ;~tmin = argmin
p;Q;~t

NX

i

d( ~ai ; Q~bp(i ) + ~t ): (3.1)

Formulating the problem in this way has the advantage of making the solution method eas-

ily adaptable to any given cost function, being the sum of Euclidean distances (l2-norms)

between the atoms or some other function depending on the particular problem or applica-

tion. Posed as such, matching the structures is equivalent to doing a Point Set Registration

(PSR)[86], a well-studied process used in computer vision and pattern recognition. Our

algorithm is inspired by PSR methods.

Herein, we describe our structure matching algorithm in detail and showcase its applica-

tions to phase transformations and semi-coherent interfaces. We demonstrate that it robustly

reproduces known results for several well-studied polymorphic transformations. It also seam-

lessly reproduces and explains the experimentally observed semi-coherency and orientation

relationships for the interfaces between Si and SiC, and Ni and Yttria Stabilized Zirconia

(YSZ). Finally, drawing upon the results of our crystal matching algorithm we discuss and

propose a proper Euclidean metric between in�nitely periodic crystal structures.
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3.3 The Algorithm

We start by introducing nomenclature used in this paper. Crystal structures are repre-

sented by three objects: the unit cell matrix (C), the 3 � N matrix of atomic positions (P)

whereN is the number of atoms in the unit cell, and the 1� N list ( L) of the symbols of

chemical elements occupying those positions. It is understood that the order of elements in

the matrix P and the list L is the same. Finally, we combine these three into a single crystal

structure object:

A � f CA ; PA ; LA g:

It is important to note that there exist an in�nite number of r epresentations of the same

structure due to the arbitrariness in the choice of the periodic unit (unit cell).

3.3.1 Distance Minimization

The �rst step to solving equation (3.1) in practice is to makethe two structures we

would like to match �nite. The structures A and B are the primary input to our algorithm

along with the size of the �nite sections of the structures and the distance function (d) to

optimize. We makeA and B �nite by cutting out spherical sections around the origins of

the two structures ensuring that the stoichiometry is preserved in each structure and that

they both have the same number of atoms. Making the sections approximately spherical is

done by selecting the atoms that are the closest to a central point in a process calledtiling

as denoted in the 
owchart of our algorithm shown in Figure 3.2.

Next, the structures are brought to the same geometric centers and an initial random

rotation Q0 and a random translation~t0 are applied to one of them (step 2, see Figure 3.2).

The structure that is rotated and translated is labeled \mapping structure" (B), to which all

subsequent geometric transformations will be applied and the other one is labeled \mapped

structure" ( A) and it remains �xed in space. The initial translation ~t0 is constrained to

within one unit cell of the mapped structure (A).
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After this initial alignment, atoms in the two structures are mapped to each other,

i.e., the permutation p1 of atom indices in the mapping structure is chosen such that the

distance function is minimized (step 3). The details of the mapping procedure are provided

in section 3.3.2. Next, for this particular atom-to-atom map, the distance between the two

structures is minimized with respect to rotationsQ1 and translations ~t1 using a gradient

descent (step 4). It is important to note that Q does not need to be a rigid rotation.

Depending on the application, it can also contain a certain amount of deformation such

that 1 � " < det (Q) < 1 + ". At this point, the atom-to-atom map p1 is not necessarily

optimal, since it was established before the translation and rotation were optimized. Step 3

is therefore repeated using the new alignmentQ1 and ~t1 to obtain p2. Then, with this new

mapping, the algorithm �nds Q2 and ~t2 (step 4), remaps again and so on, iteratively, until

the p; Q and~t stop changing. This iterative procedure can be mathematically formulated as:

pj = argmin
p

NX

i

d
�
~ai ; Qj � 1

~bp(i ) + ~t j � 1

�
;

~t j ; Qj = argmin
~t;Q

NX

i

d
�
~ai ; Q~bpj (i ) + ~t

�
;

(3.2)

where the indexj is the iteration number of the Mapping Loop from Figure 3.2. Atthe end

of the Mapping Loop the algorithm has reached a local minimum. In order to �nd the global

minimum, one needs to explore the dependence of the results on the random initialization.

This we do by constructing an outer Random Minimization Loopby repeating the whole

procedure (i.e., steps 2,3 and 4) a large number of times until the best local minimum stops

changing.

The distance minimization part of the algorithm is a form of iterative closest point

(ICP)[87], a classic scheme to solve point set registration(PSR) problems that iteratively

associates two sets of points and minimizes the distance between them. In our case, the data

association is done by solving the assignment problem usingthe Khun-Munkres algorithm

(see section 3.3.2). To the best of our knowledge, only a few ICP algorithms have used
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this method to associate data [88, 89]. Moreover, our problem di�ers widely from most

PSR problems for the following reasons: (1) The crystals areby de�nition featureless since

they are in�nite periodic sets of points. Macroscopic features cannot be used to reduce the

number of points or to �nd an approximate result like it is done in many PSR algorithms

including refs [88, 89] (2) The two structures are three-dimensional (in the case of phase

transformations), i.e., points occupy the full 3D space, they do not represent the surface of

a 3D object like in most PSR problems [88{90] (3) The two structures are in many cases

inherently di�erent; they are not supposed to be similar whereas typical PSR problems aim

to match di�erent representations of a same object e.g., modeled and measured data, data

from di�erent instruments, two pieces of a broken object, etc. [88{90] (4) Every point, its

mapping and the distance function to minimize are physically signi�cant. For that reason, no

point can be ignored or considered as an outlier, each atom needs to map to exactly one atom

(in the case of phase transformations) and the cost functionmust be relevant to the problem

at hand (phase transformation, interfaces, similarity measurement, etc.). Therefore, even

though the distance minimization part of our algorithm is a form of ICP, other existing PSR

algorithm could not be useddirectly to �nd the optimal one-to-one mapping and alignment

between crystal structures.

3.3.2 Atom-to-Atom Mapping

Let us explain in more details how the permutationp of atomic indices is optimized.

At a given Mapping Loop iteration, the position of each atom in both sections of theA

and B structures is known. The goal is to assign each atom of the mapping structure to

an atom in the mapped structure such that the sum of the distances between the pairs of

corresponding atoms is minimized. As cleverly noted by Sadeghi and Goedecker [55], this

is exactly analogous to the assignment problem, a well-studied mathematical problem for

which there exist an exact solution that can be computed in polynomial time [63].
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The assignment problem consists of �nding an optimal way to assign agents to tasks,

e.g., clients (tasks) to their taxis (agents) such that the total distance traveled by all the

taxis (cost) is minimized. Once the position of each atom is known, the structure mapping

problem is exactly equivalent to the assignment problem. The algorithm needs to assign

each atom of the mapping structure (or task), shown in red in Figure 3.3, to an atom in the

mapped structure (or agent), shown in gray, such that the total distance (cost) is minimized.

The naive route to solving this problem is to try all possibleassignments of atoms, but this

operation scales asN !. Instead, our algorithm uses the existing Kuhn-Munkres method [63]

(also known as the Hungarian Algorithm) that solves the assignment problem in polynomial

time. This algorithm takes as an input a cost matrix which consists of distances between

each possible pair of atoms between the two structures.

Intuitively, one could think that the best way to apply the Hungarian algorithm is to

map all A atoms to all B atoms. This is, in fact, problematic because there is no guarantee

that the boundaries of the two spherical sections are perfectly compatible. In other words,

if at the boundary of B an atom needs to be mapped in the most optimal way to an atom

that is outside the boundary ofA (it is not part of the �nite section created at step 1), it

will have to be mapped to some other atom ofA regardless. This will lead to an unwanted,

exaggerated, in
uence of the boundaries on the �nal result.To prevent this from happening,

the mapping structure (B) is made smaller than the mapped structure (A) by making the

bottom portion of the cost matrix costless (see Figure 3.3). This means that the mapping of

the outer shell of the mapping structure has no e�ect on the total cost and that these atoms

can be considered nonexistent, they are simply placeholders. In other words, there are more

agents then there are tasks; some agents will be assigned thetask \do nothing." Thereby,

since there are now less atoms in the mapping structure than in the mapped structure, each

atom at the boundary of the mapping structure, can �nd its true counterpart in the mapped

structure (provided that the mapped structure is large enough).
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This inevitably leads to a new problem: there is no guaranteethat all the atoms close

to the center of the mapped structure will actually be mapped. In other words, some atoms

of A can be \skipped" by the algorithm. When studying polymorphic transformation, this

can be problematic since atoms cannot disappear when going from the initial to the �nal

structure, i.e., every atom needs to be mapped. To avoid thisproblem, a very high cost can

be given for mapping placeholders at the outside of the mapping structure to core atoms

(important atoms) inside the mapped structure (see Figure 3.3). When an atom of the

mapped structure is not mapped, it is, in fact, mapped to a placeholder in the mapping

structure (it is assigned the task \do nothing"). Therefore, imposing a very high cost to

mapping core atoms to placeholders will prevent those atomsfrom not being mapped. Or

in terms of tasks and agents: important agents cannot be assigned the task \do nothing."

Adding core atoms enforces the one-to-one mapping (bijection) between the core of the

mapped structure and the corresponding subset of atoms in the mapping structure. The

choice of core atoms (if any) and the relative size of the mapping structure compared to the

mapped structures are also the parameters external to the algorithm (set by the user).

This concludes the distance minimization part of the algorithm (upper part in Figure 3.2),

which leads to the optimal alignment and the atom-to-atom mapping between two structures.

The result of this stage is depicted in Figure 3.4(a) for a simple 2D example used to illustrate

various aspects of our algorithm.

3.3.3 Finding Periodicity

In the previous part of the algorithm, the distance has been minimized, and the optimal

mapping has been found. The resulting (pmin ; Qmin ;~tmin ) is only applicable to the �nite

portions of the two crystals that were chosen at theTiling step. The goal, however, is to

describe the matching for the full in�nite crystals, which requires �nding the periodicity of

the map if it exists.
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a) b)

c) d)

After Distance Minimization After step 5

After step 6 After Finding Periodicity

Figure 3.4 Two-dimensional example of the post-processing steps. Each panel shows the
mapping structure in red and the mapped structure in gray. The arrows represent the
connections. The distance is the Euclidean distance, and the one-to-one mapping condition
is enforced. (a) The system after a total distance minimization with respect to translation,
rotation and mapping. (b) The system after a total distance minimization with respect to
translation and linear transformation, using the mapping obtained at the previous step. (c)
The system after an initial classi�cation. Arrows of di�erent colors represent di�erent
classes of connections. (d) The system after a class-speci�c standard deviation
minimization with respect to translation and linear transformation, using the mapping
obtained previously.
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We start from a vector �eld of connections, that is, the vectors that go from the mapping

structure (B) to the mapped structure (A) noted ~� i = ~ai � (Qmin
~bpmin (i ) + ~tmin ). The idea is to

classify equivalent connections into groups, label them, and �nd the unit cell of the resulting

\connection crystal". To do so, the �rst step is to make the connections periodic. Indeed,

even when themapping pmin is periodic, the connections themselves are not necessarily

periodic and, as already discussed, they can diverge in magnitude (see Figure 3.4(a)). In the

example from Figure 3.1 the volumes per atom (areas in 2D) of the structures are exactly

the same which implies the existence of a solution with non-diverging connections, but, in

general, if the volumes are di�erent the divergence cannot be avoided.

The connections can be decomposed in two components: (1) a component that accounts

for the di�erence in volumes (stretching/compressing or strain) and (2) a non-diverging,

periodic component. The magnitude of the former increases as one moves away from the

center of alignment. In order to reveal the periodicity, thenon-diverging component needs to

be isolated from the divergent one. To do so, keeping the �nalatom-to-atom mappingpmin

�xed, the algorithm minimizes the distance once more, but this time with respect to a linear

transformation T and a translation ~t where det(T) is unrestricted (step 5, see Figure 3.2).

An illustration of the resulting connection �eld after step 5 is presented in Figure 3.4(b).

If the structures were in�nite, minimizing the distance with respect toT would naturally

eliminate the diverging component of the connections by making the volume per atom the

same in both structures i.e.,det(T) = det(CA )=det(CB ). However, since, in practice, the

structures are �nite, the condition on det(T) is not exactly ful�lled and the connections are

not yet fully periodic.

To address this problem, the algorithm proceeds to an initial coarse classi�cation of the

connections. It is done by placing the connection vectors indi�erent groups with respect

to their norm and orientation according to a certain tolerance factor (analogous to bins

when making a histogram). On Figure 3.4, from panel (b) to panel (c), the connections are

separated into two groups: blue, pointing up and orange, pointing down. The algorithm
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then proceeds to making the connections in each group as similar as possible to each other

(in norms and directions) by applying an additional linear transformation to the mapping

structure in order to correct the �nite size e�ects introduced at the previous step (step 5).

This is done simultaneously for all classes of connections where instead of minimizing the

distance function, the algorithm minimizes the class-speci�c standard deviation (STD) of

the connections. This step is represented mathematically by the following equation:

~t; T = argmin
~t0;T 0

NX

i

0

@~� i �

P

j 2 
 i

~� j

j
 i j

1

A

2

(3.3)

where

~� i = ~ai � (T0~bpmin (i ) + ~t0);

and 
 i is the class that containsi and j
 i j denotes the number of elements in that class.

The quantity to minimize in eq. (3.3) is simply a standard deviation with respect to the

mean of each class. The classi�cation (step 6) and the minimization of the STD (step 7) are

repeated reducing the classi�cation tolerance iteratively until, the STD is equal to zero. This

is what we call the Classi�cation Loop on Figure 3.2. In practice, making connections of each

class exactly identical eliminates the remaining diverging component, which is con�rmed by

verifying that det(T) = det(CA )=det(CB ). After this step, the connections are perfectly

periodic, and re
ect periodicity in the mapping (which has remained the same) as shown in

Figure 3.4(d).

Using the classi�cation of the connections, we can simply proceed as if we were to �nd

the unit cell of a crystal made of connection vectors (instead of atoms). This structure can

be described like any other crystal structure byD = f CD ; PD ; LD g, but in this caseLD is a

list of labels that indicates the atomic specie and the classof connection (e.g., blue or yellow

on Figure 3.4(d)). The primitive cell of that structure is the scale of the matching and also

an alternative unit cell C0
A of structure A and, consequently, also determines an alternative
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unit cell C0
B of B . D and T are the �nal results of the algorithm. They have the following

properties:

CD = C0
A = TC0

B (3.4a)

PD = TP0
B (3.4b)

PD = P0
A � VD (3.4c)

LD = L0
A = L0

B ; (3.4d)

where A' and B' are alternate representations of A and B; in general they are not the ones

that were input initially. VD is a matrix whose columns are the connection vectors associated

with each atomic position. It can easily be constructed fromLD .

A full implementation of our algorithm is available online (see section 3.7).

3.4 Applications

3.4.1 Solid-Solid Phase Transformations

To �nd transformation pathways using our algorithm we set the distance function to be

the Euclidean distance between the atoms, we set" = 0 such that no amount of deformation

is allowed during the distance minimization step (upper part of Figure 3.2) and we enforce the

one-to-one mapping condition. The algorithm therefore �nds the transformation for which

the total distance traveled by all the atoms to go from the initial to the �nal structure is

minimal. The \connection vectors" (arrows) represent the displacements of the atoms during

the transition. The output from the algorithm, D and T, can be used to fully describe the

system at any state along the transition path.
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Table 3.1 Result Summary of Solid-Solid Transformations. The names of the initial and �nal structures are given together
with their chemical composition from which the lattice parameters are taken. We also provide the space group assignmentfor
the initial, lowest symmetry intermediate and the �nal structures. The last column indicates whether the pathway foundby
our algorithm agrees with those discussed in the literature. For mechanisms that involve slipping processes, the information
about the underlying mechanism (without slipping) is speci�ed in parentheses.

Transformation Chemical comp. Space groups Previously reported
Initial Lowest Sym. Intermediate Final (without slipping)

HCP to BCC Ti P63=mmc ! Cmcm ! Im-3m Yes [54, 91, 92]
Graphite to Diamond C P63=mmc ! C2/m ! Fd-3m Yes [54, 93, 94]

FCC to BCC Fe Fm-3m ! P21m (I4/mmm) ! Im-3m No (Yes [54, 95, 96])
Rocksalt to CsCl-type CsCl Fm-3m ! Pc (Pmmn) ! Pm-3m No (Yes [54, 61, 97])
Roscksalt to Wurtzite ZnO Fm-3m ! P31 ! P63mc No
Rocksalt to Zincblende SiC Fm-3m ! R3m ! F-43m Yes [61, 98]
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We have tested our algorithm on several well-studied transformations. Table Table 3.1

summarizes the results. For hexagonal close-packed (HCP) tobody centered cubic (BCC),

Graphite to Diamond and Rocksalt to Zincblende, we �nd pathways that have been previ-

ously reported in literature [54, 61, 91{94, 98]. The symmetries of the intermediate struc-

tures are exactly the same. For the other three transformations (face centered cubic (FCC)

to BCC, Rocksalt to CsCl-type, Roscksalt to Wurtzite), we �nd new pathways that have not

been reported yet.

In the case of FCC to BCC and Rocksalt to CsCl-type, the newly found pathways involve

a slipping process. It has the e�ect of reducing the total distance between the atoms. By

preventing slipping from happening we �nd exactly the same transformation mechanisms

(indicated in parentheses in Table Table 3.1) that have beenreported before. All of the

mechanisms that are discussed in literature for these transformations have been derived

using periodic boundary conditions; hence, they all su�er from the problem from Figure 3.1.

For a large number of atoms, they inevitably lead to the greater total travel distances than

the same mechanisms with the added slipping process (see Figure 3.7 for FCC to BCC). As

we have mentioned before, the component of the displacementof the atoms (or connections)

that has the most impact on the total distance is the one associated with strain. Therefore,

by minimizing distance our algorithm also minimizes strain. The slipping process appears

naturally because it reduces the strain associated with thetransformation. In regard to

Rocksalt to Wurtzite, our new pathway does not involve a simple slipping mechanism, but a

more complex process which, in turn, also leads to a shorter travel distance and consequently

smaller principal strains than the path with symmetryCmc21 reported in Refs. [54, 61, 99]

(see Figure 3.7). These e�ects are not present in the HCP to BCC,Graphite to Diamond

and Rocksalt to Zincblende, for which our algorithm agrees with the mechanisms commonly

discussed in the literature, because these mechanisms already minimize the strain.

These considerations show that: (1) we have reached our goalof creating an algorithm

that �nds the true path of minimal distance since we either �nd known pathways or new
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pathways of shorter total distance and that (2) the result from our algorithm can not only be

used as a starting point for ssNEB, but it can also be interpreted directly to explain certain

features of the transformation.

For example, let us analyze in more detail the FCC to BCC transformation in iron also

known as the martensitic transformation. The martensitic transformation is the di�usion-less

transformation of steel from the cubic face centered (FCC) austenite (
 ) phase to the body-

centered cubic (BCC) or body-centered tetragonal (BCT) martensite (� ). For simplicity,

we considered the transition of pure iron from FCC to BCC. Foraustenite, we used a

lattice parameter of a
 = 0:3585�A and we de�ned the lattice parameter in martensite as

a� =
q

2
3a
 = 2:2927�A such that the closed pack directions have the same atomic density

for both structures.

[010]

[100]

[001]

[110]

_

_

(112) ��
(110) ��

_

Figure 3.5 Modeled martensitic transformation. The panel onthe left represents the initial
FCC structure viewed in the [001] direction. The middle panel shows the structure along
the transformation. The right panel shows the structure in the �nal BCC structure from
the [110] direction. In each panel, the BCC conventional cell is represented in blue and the
FCC conventional cell in black. The red and blue rows of atomsare guides to help visualize
the slipping process.

Figure 3.5 shows the martensitic transformation found by ouralgorithm. The transforma-

tion consists of a main shear of the (112)� planes in the [111]� direction with slip planes every

six layers. Between the slip planes, the intermediate structure has the I4/mmm space group

which correspond to a Bain distortion accompanied by a rotation. Transformation mecha-
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nisms that involve a rotated Bain deformation have been widely theorized [95, 96, 100]. As

we mentioned, the occurrence of slip planes can be explainedby the fact that they greatly

reduce the strain necessary to carry out the transformation. The principal strains for our

new mechanism are -5.7%, 0% and 15.5%, whereas they would be -18.4%, 15.5% and 15.5%

without the occurrence of slip planes (Bain distortion). This slipping process is often used

in the context of the Phenomenological Theory of Martensitic Transformation [101{105] to

explain the occurrence of striations along the (112)� ; our algorithm �nds it naturally by

minimizing distance.

The number of layers between the slip planes depends on the ratio between the parameters

of the initial and �nal structure. The connection structure is composed of 6 atoms which

means that the transformation occurs at a scale that corresponds to 6 primitive cells of

the two end structures (they have the same number of atoms). Once again, our algorithm

behaves as expected by �nding a transformation that reducesthe total travel distance{and

thus the strain{and by being able to �nd transitions that occur on a larger scale. A more

detailed analysis of our results for the martensitic transformation will be published elsewhere

[30].

In this study of the martensitic transformation, we used 1000 random initialization steps

(Random Initialization Loop), a mapping structure of 180 atoms and a mapped structure of

600 atoms with the one-to-one mapping enforced. Those parameters ensure that the �nite

portion of the crystal is much larger than the connection cell and that the global minimum

is reached. The calculation took 6 min 41 s on a 36-core Intel Xeon Gold 6154 (3.00 GHz)

node and 2 h 12 min 44 s on a 4-core Intel Core i7-8550U (1.80 GHz)Laptop. Using the

same parameters, the minimization for HCP to BCC, Rocksalt toCsCl-type and Rocksalt to

Zincblende were done in 7 min 31 s, 2 min 47 s and 1 min 14 s respectively on the computing

node. For the transition from graphite to diamond which involves a large change in speci�c

volumes, we used a mapping structure of 160 atoms and a much larger mapped structure of

1600 atoms. This was done to ensure that there was a su�cient number of graphite layers
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in the mapped structure. We also increased the number of random initial steps to 3000 in

order to �nd the global minimum. This calculation was completed in 29 h 54 min on the

compute node. Similarly, for the transition from Rocksalt to Wurtzite we used a mapping

structure of 600 atoms and a mapped structure of 2000 atoms with 2000 initial steps; the

calculation was completed in 5 h 14 min. The limiting factor in the distance minimization is

the resolution of the assignment problem, therefore the complexity of the mapping dictates

the total execution time. Future development may involve the use of an implementation of

the Hungarian algorithm parallelized for graphics processing units (GPUs) [106].

3.4.2 Semi-Coherent Interfaces

Next, we illustrate how our algorithm can also be used to �nd the structures of semi-

coherent interfaces between di�erent materials. In the examples that follow, we consider only

the terminating planes in each structure. Therefore, in ouralgorithm the two structures are

modeled as large disk-like 2D sections of the terminating planes (instead of spheres in 3D).

For demonstration purposes, here, the plane directions andterminating layers are taken from

experiment. Each connection between an atom from the mappedstructure and an atom from

the mapping structure represents a chemical bond. Atoms no longer have to be mapped to

atoms of the same specie, they are mapped according to chemistry rules that determine

which types of atoms from one structure will bond to which type of atoms from the other

structure e.g., Zr atoms bond with Ni atoms. These rules need to be known in advance.

Since connections now represent chemical bonds, for the distance metric in equation 3.1, we

use the Lennard-Jones potential:

d(~a;~b) = �

 
r 12

jj~a� ~bjj12
� 2

r 6

jj~a� ~bjj6

!

(3.5)

where � denotes the potential strength andr the equilibrium radius. We use this potential

because it is a mathematically simple representation of thegeneral shape of the potential

between 2 atoms. In our model, atoms are bonded with at most 1 atom of the other phase. In
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other words, we assume that the bond with the closest neighboring atom of the other phase

is the strongest and most consequential in terms of energy and alignment. Since we are only

interested in the optimal alignment{we are not trying to predict the interfacial energy, the

strength of the potential � is not important and it is set to 1. Thus, the potential has only

one parameter: the equilibrium radiusr . It can be set based on physical or experimental

arguments. Moreover, there is no need to enforce that each and every atom of both structures

form a bond. In the case of semi-coherent interfaces for example, the lattice constant of the

two materials can be very di�erent such that only a fraction of the atoms at the interfaces

will form bonds. Because, in our model, an atom can form at most 1 bond (1 or 0 bond),

there cannot be more bonds per unit area than there are atoms per unit area in the structure

that is the least dense. Since, in general we wish to maximizethe number of bonds per unit

area, all the atoms of the least dense phase need to form a bond. This is done by setting

the denser structure as the mapped structure and by setting the fraction of core atoms in

the cost matrix to 0 such that the one-to-one mapping is not enforced. In fact, in this case,

we take advantage of the fact that certain atom will naturally be \skipped" when making

the mapping structure smaller than the mapped structure. Finally, during the distance

minimization step (in this case the distance is de�ned by equation 3.5), the structures may

be slightly strained in-plane near the interface in order tomaximize the bonding energy.

Therefore, we usually set" to a value between 3-8%.

We used our algorithm to �nd the orientation between two experimentally realized inter-

faces. The �rst system is a solid-solid interface between Ni and yttrium-stabilized zirconia

(YSZ). This interface was experimentally realized and studied by Nahor et al. [107]. We

used the parameters from their experiment to run our simulation. For face-centered cubic

Ni, we used a lattice parameter of 3.52�A and for cubic ZrO2, we used a lattice parameter

of 5.125�A (apart from its e�ect on the lattice parameter, the presence of yttrium was not

considered in our simulation). We speci�ed the interfacialplane (111) for both structures

and used the termination (Zr for ZrO2) speci�ed in Ref. [107]. We set the equilibrium point
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of the Lennard-Jones potentialr to be 2.5�A, because it is close to the Ni-Ni interatomic

distance of 2.49�A. The value of the equilibrium point is an estimate of the length of the

bonds and therefore it determines the distance between the layers of the two phases. We

�nd that its value does not have a strong incidence on the �nalresult. We set" to 0.08 such

that there can be some strain in the layers close to the surface.

We �nd Ni < 110> (111)//ZrO 2 < 110> (111) 1 to be the optimal alignment between the

two structures in accordance with the experimental observation. Figure 3.6(a) shows the

interface viewed in the [111] projection (from above). The algorithm �nds a repeating pattern

of only a few unit cells in sharp contrast with the 33� 33 unit cells O-lattice found using

the measured orientation relationship [107]. This smallercell has the advantage of directly

providing the matching modes of the interfaces: 2:3 Zr-Ni which is in accordance with the

\one dislocation every three Ni planes" observed by Nahor et al. This smaller cell is possible

because the optimal result was found by allowing some strainin the interface layers. In fact,

in the result shown in Figure 3.6, the ratio between the area ofthe Zr unit cells in-plane and

the Ni unit cells in-plane is increased by 6.12%. In other words, there is tension in the YSZ

side and compression on the Ni side also in agreement with the observation of Nahor et al.

Not only does our algorithm correctly reproduce the measuredorientation relationship solely

using the in-plane lattice parameters, but it also providesthe matching mode and the general

direction of the strain (tension or compression) in the layers near the interface. A projection

of our model along the Ni[110] direction with the aforementioned in-plane strain is presented

in Figure 3.6(b) in comparison with an HRTEM micrograph of the same projection. The

model is in very good agreement with the experimental result.

1Our algorithm does not di�erentiate between OR1 and OR2 because they are identical in-plane.
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Figure 3.6 Examples of interface models from our algorithm and comparison with
experimental results. (a) In-plane (111) view of the Ni on ZrO2 interface model. The
repeating matching pattern is highlighted by a blue dashed parallelogram. (b) Ni[110]
projection of the model (left) partially overlaid on an HRTEM micrograph of the same
projection taken from Ref. [107]. The atomic columns are placed on the micrograph
according to the simulations in Ref [107]. (c) In-plane Si(110) view of the Si on SiC
interface model. The repeating matching pattern is highlighted by a red dashed
parallelogram. (d) Si[001] projection of the model partially overlaid on an HRTEM
micrograph of the same projection taken from Ref. [108]. We processed the original image
using the Fourier masks �ltering technique and contrast enhancement. The atomic columns
are placed on the micrograph such that the periodicity of ourmodel can be easily
compared to that of the micrograph.
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The second system is the solid-solid interface between Si and SiC. This interface was

experimentally realized and studied by Li et al. [108], onceagain, we used the parameters

from their experiment to run our simulation. For diamond Si we used a lattice parameter of

5.43�A and for hexagonal close-packed (HCP) 6H-SiC we used a latticeparameter of 3.08�A.

We set " to 0.08. As speci�ed in Ref. [108], we matched the (110) plane of Si with the Si

terminated (001) plane of SiC. We set the equilibrium point of the Lennard-Jones potential

(r ) to be 2.5�(A), because it is close to the Si-Si interatomic distance of 2.35�(A).

We �nd the Si< 110> (110)//6H-SiC < 110> (001) orientation to be the optimal alignment

between the two structures in accordance with the experimental observation. Figure 3.6(c)

shows the interface viewed in the Si[110] projection (from above). Once again, our pe-

riodic pattern is in accordance with the observed 4:5 Si to SiC matching mode in the

Si[111]/SiC[110] direction. In addition, the algorithm �nds a 1.68% increase in the ratio

between the in-plane Si(SiC) cell and the in-plane Si(Si) cell. In other words, the 6H-SiC

structure is stretched and/or the Si structure is compressed at the interface to obtain that

ratio. This could explain the 1.84% mismatch in the Si[001] direction and the 0.26% residual

mismatch in the Si[110] direction noted by Li et al. A projection of our model along the

Si[001] direction with the aforementioned in-plane strain is presented on Figure 3.6(d) in

comparison with an HRTEM micrograph of the same projection; the model is in very good

agreement with the experimental result.

We obtained the result presented above using the same type of36-core Intel Xeon com-

puting nodes. For Ni//YSZ the minimum was obtained in 1 min 35 s using a mapping

structure of 325 atoms and a mapped structure of 1300 atoms with 1000 initializations. For

Si//SiC we used a mapping structure of 150 atoms and a mapped structure of 600 atoms with

the same number of random initializations. The calculationwas completed in 13 min 39 s.

3.5 Measuring Distance Between Crystal Structures

As discussed previously, de�ning a rigorous Euclidean distance between crystal structures

or more broadly between in�nitely periodic arrays of pointsis a challenging task. First, the
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in�nite dimensionality of the con�guration space poses problem. This di�culty can, in

principle, be avoided by scaling the metric with some function of the number of atomsN .

As we will show in this section, it is actually not possible as the dependence on the number of

atoms involves di�erent powers ofN . Secondly, and as importantly, even a �nite portion of

a crystal structure is not represented by a unique point in the N -dimensional con�guration

space of atomic coordinates, but by several points that re
ect: (a) the permutations of atomic

indices that describe the same crystal structure, and (b) the variability in the choice of the

N -atom section of an in�nitely periodic crystal. The de�niti on of a distance metric between

two crystal structures for any �xed N implies �nding the two closest representative points

of the two structures in theN -dimensional con�guration space, a task that is tackled by our

algorithm. In fact, once the optimal parameters (pmin ; Qmin ;~tmin ) de�ned in equation (3.1)

are found, for a �xedN , the minimized distance may serve as a mathematical metric between

periodic structures.

Let us consider the distance between two structures in the situation where the cor-

respondence between them has already been established. Since the mapping is periodic,

the two structures (A and B) in their optimal matching can be described with cellsCA

and CB which both contain m atoms and are optimally aligned, and with atomic positions

f ~ai j i = 1; 2; : : : ; mg and f~bi j i = 1; 2; : : : ; mg inside the cells indexed according to the op-

timal mapping. The shortest travel distance between the twostructures with this match

is:

d1 =
mX

l=1

n
2X

i;j;k = � n
2

jj~aijkl � ~bijkl jj ; (3.6)

where~aijkl stands for the position of an atom that belongs to the structure A. ~aijkl is a

periodic image of an atom with an indexl located in the unit cell indexed with ijk . More

precisely:

~aijkl = CA

0

@
i
j
k

1

A + ~al ; (3.7)

45



and analogously for the structureB. The total number of atoms in each structure isN =

m(n + 1) 3. This distance (d1) is, by construction, the l1;2-norm [109, 110] of the 3� N

matrix formed by the connection vectors. We used the same norm when posing the matching

problem for phase transitions. So far, we used thel1;2-norm because it represents the sum of

the distances traveled by all the atoms during the transition, but one could also be interested

in computing the Frobenius norm of that matrix i.e., thel2-norm of the vector joining the

two structures in con�guration space. It is given by:

d2 =

vu
u
u
t

mX

l=1

n
2X

i;j;k = � n
2

jj~aijkl � ~bijkl jj2: (3.8)

Adding a 1=N factor inside the square root in front of the summation givesthe root mean

square distance (RMSD). It is important to note that, for �ni te N , the set of optimal param-

eters (pmin ; Qmin ;~tmin ) is not necessarily the same ford1 and d2 When they are optimized,

both d1 and d2 ful�ll the 4 requirements of a metric:

1. d(A; B ) � 0,

2. d(A; B ) = 0 () A = B,

3. d(A; B ) = d(B; A ) and

4. d(A; C) � d(A; B ) + d(B; C).

The �rst 3 criteria follow trivially from the properties of t he l2-norm applied to the con-

nection vectors. The fourth criterion follows from the factthat both d1(A; C) and d2(A; C)

are de�ned respective to their (pmin ; Qmin ;~tmin ) and represent the shortest distance between

A and C. The problem is that both d1 and d2 depend onN and in order to compare actual

structures, we either need: (1) to derive quantities fromd1 and d2 that are independent of

N , or (2) �nd a way to compare distances in the limit whereN ! 1 . In both cases, the

�rst step is to derive the dependence ofd1 and d2 on N .
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3.5.1 Size dependence

The case ofd2 can be derived analytically so we will use it for demonstration purposes.

Let us �rst de�ne ~� l = ~al � ~bl and C0 = ( CA � CB ) whose columns aref ~c� j � = 1; 2; 3g. From

equation (3.8), we can now write:

d2
2 =

mX

l=1

n
2X

i;j;k = � n
2

jjC0

0

@
i
j
k

1

A + ~� l jj2: (3.9)

If the cells are exactly identical, thenC0 = 0 and it follows that:

d2
2 = ( n + 1) 3

mX

l=1

jj ~� l jj2 = K 2N; (3.10)

where

K 2 =
1
m

mX

l=1

jj ~� l jj2: (3.11)

If the cells are not identical,C0 is an invertible matrix and we can write:

d2
2 =

mX

l=1

n
2X

i;j;k = � n
2

jjC0

0

B
@

i + � 0(1)
l

j + � 0(2)
l

k + � 0(3)
l

1

C
A jj2; (3.12)

wheref � 0(� )
l g are the elements ofC � 1~� l . Then, using the fact that the vector norm squared

is equivalent to the inner product of the vector with itself:

d2
2 =

mX

l=1

n
2X

i;j;k = � n
2

(I~c1 + J~c2 + K~c3) � (I~c1 + J~c2 + K~c3)

= T11 + T22 + T33 + 2T12 + 2T13 + 2T23;

(3.13)

where

I = i + � 0(1)
l ; J = j + � 0(2)

l ; K = k + � 0(3)
l :

This gives 6 terms, that can be broken down into two cases. First:
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T11 =
mX

l=1

n
2X

i;j;k = � n
2

(i + � 0(1)
l )2jj~c1jj2

=
(n + 1) 3n(n + 2) m

12
jjc1jj2

+ ( n + 1) 3
mX

l=1

(� 0(1)
l )2jj c1jj2

(3.14)

(the T22 and T33 cases are similar), and second:

T12 =
mX

l=1

n
2X

i;j;k = � n
2

(i + � 0(1)
l )( j + � 0(2)

l )~c1 � ~c2

=( n + 1) 3
mX

l=1

� 0(1)
l � 0(2)

l ~c1 � ~c2

(3.15)

(the T13 and T23 cases are similar). Finally, equation (3.13) becomes:

d2
2 =

(n + 1) 3n(n + 2) m
12

(jj~c1jj2 + jj~c2jj2 + jj~c3jj2)

+( n + 1) 3
mX

l=1

3X

�

3X

�

� 0(� )
l � 0(� )

l ~c� � ~c� :
(3.16)

Substituting n =
�

N
m

� 1
3 � 1, and regrouping the constants, we get the following relation:

d2
2 = G2N

5
3 + K 2N; (3.17)

where

G2 =
(jj~c1jj2 + jj~c2jj2 + jj~c3jj2)

12m
2
3

; (3.18)

K 2 =
1
m

mX

l=1

3X

�

3X

�

� 0(� )
l � 0(� )

l ~c� � ~c�

�
1
12

(jj~c1jj2 + jj~c2jj2 + jj~c3jj2)

(3.19)
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Note that neither G2 nor K 2 are dependant on the number of atomsN . It is immediately

evident that dividing by N to any power will not result in a size independent (scaled) metric.

Therefore, the RMSD (i.e., d2
2

N ) depends on the size of the system. It cannot be applied to

atoms inside a unit cell (or any �nite portion of the crystal) to measure distances between

periodic structures. G2 is solely dependent on the di�erence betweenCA and CB ; if the

cells remain invariant during the transformation,G2 = 0 and equation (3.17) simpli�es to

equation (3.10). We can say thatG2 is associated with the change in unit cells whereasK 2,

the linear term, is associated with the displacements inside the cell.

Finding the relation for the l1;2-norm is slightly more involved (see Appendix B) but we

�nd a similar relationship:

d1 = G1N
4
3 + K 1N + O(N ); (3.20)

whereG1 � 0. Once again there is no trivial way to make the distance an intensive quantity

because of the presence of a non-linear term associated withthe distortion in the unit cell.

Since we are only interested ind1 and d2 in the limit of N ! 1 , one might think that the

leading terms inN , G2 and G1 respectively, could directly serve as metrics. However,G (G1

or G2) does not ful�ll the second criteria of a metric since there could, in principle, exist a

transformation that consists of a pure reorganization of the atoms whereG = 0 even though

the end structures are di�erent. The only way to de�ne a proper metric is to use all the

parameters in equations (3.17) or (3.20) depending on the particular choice. Providing that

those parameters are known, the most straightforward approach, is to compare distances in

the limit. However, since comparing functions in the limit can be tedious and not convenient

for computation, we also de�ned a metric function that uses both parameters (G and K ), it

is presented in Appendix A.
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3.5.2 Practical Use

We chose to study solid-solid phases transitions usingd1 because it represents the sum

of the Euclidean distances travelled by all the atoms in the structure. In that context d1

can also be seen as the true Euclidean distance between two structures and it can be used

to measure distances between them. We were not able to �nd a general closed form for

G1, therefore it is not possible to obtain it directly from the optimal sets f CA ; PA ; LA g and

f CB ; PB ; LB g that are found by our algorithm. However, we were able to �nd the general

dependence ofd1 on N . Using the optimal mapping to compute the distanced1 at di�erent

sizes, we can show that the distance indeed grows according to equation (3.20).

Figure 3.7 shows in blue the dependence of the total travelleddistanced1 on the number

of atomsN , for 2 of the 6 transitions presented in Table Table 3.1. Thisdistance is compared

with the one that corresponds to the pathways previously discussed in the literature that

do not involve slipping and are hence suboptimal with respect to minimizing the d1. Panel

(a) comparesd1 norms for these two pathways for the transition of ZnO from Rocksalt to

Wurtzite. The red points correspond to the distance for the path with symmetry Cmc21

reported by Refs. [54, 61, 99]. As already noted, our new pathway (in blue) produces a

shorter travel distance that grows slower withN .

Fitting equation (3.20) con�rms the derived dependence ofd1 on N and shows that

G1 = 0:05�A for the new pathway is much smaller thanG1 = 0:26�A for the one found in

literature. The �tting curves are shown as black lines; theyoverlap the simulated data

almost perfectly. Similarly, the red points in panel (b) correspond to the Bain deformation

of Iron from FCC to BCC. Again, the new pathway has a shorter travel distance. In this

case,G1 = 0:07�A for the new path and 0:17�A for the Bain path. Equation (3.20) �ts both

data sets very well. Thus, in practice, one can use our algorithm to �t G1 and K 1 and use

them to compare distances in the limit or using our metric presented in Appendix A.
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a)

b)

Figure 3.7 Total distance traveled by all the atoms in the system as a function of the
number of mapped atoms for a) the transition of ZnO from Wurtzite to Rocksalt, and b)
the transition of iron from Body Centered Cubic to Face Centered Cubic. Simulated data
is shown as dots, �ts are represented as black lines.
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On the other hand, if one wishes to used2 to compare periodic crystal structures, our

algorithm, can be used to �nd the optimal setsf CA ; PA ; LA g and f CB ; PB ; LB g by setting

the distance function as the square of the euclidean norm. Then, one can use the closed form

for G2 and K 2 provided in equation (3.18), equation (3.19) and equation (3.11) to compare

distances in the limit or using our metric presented in Appendix A.

In sum, in this section, we showed that distances such as the RMSD cannot be used

directly to compare periodic structure because they dependon the size of the system. Instead,

we established the dependence onN for two metrics d1 and d2 and we showed how they can

be used, in the limit, to quantify the similarity between structures.

3.6 Conclusions

In this work, we formulated the matching of two di�erent crystal structures as an opti-

mization problem and described our algorithmic solution toit. The methodology that we

developed, inspired by the Iterative Closest Point, is constructed to work on large and �nite

portions of the two crystal structures rather than on some choice of a periodic unit. It

consists of a sequential minimization of a given distance function with respect to the per-

mutations of atomic indices and linear transformations (rotations and translations) of the

atomic positions. The sequence is repeated iteratively until the convergence is achieved.

After the optimal alignment of the structures and the optimalatom-to-atom map are found,

our algorithm analyzes the result and retrieves the periodicity in the match. This last step

ensures that the boundaries have no in
uence on the �nal result.

We presented two di�erent implementations of our algorithmtailored for their respective

class of applications. First, we demonstrated our algorithm's relevance when studying phase

transformations by examining six well-studied transformations. In each case, we either con-

�rmed an existing mechanism or uncovered a new lower-strained pathway. In particular, for

the martensitic transformation, we found a new modi�ed version of the Bain path that does

not require large expansion along certain crystallographic directions. Then, we showed that,

starting solely from the in-plane lattice parameters, our algorithm was capable of reproduc-
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ing the features of experimental interface structures suchas their orientation relationships,

matching modes and strain directions for two case examples:Ni on YSZ and Si on SiC.

Finally, we analyzed and discussed a practical formulation of a rigorous distance metric

between crystal structures that can be used to assess their Euclidean \closeness".

3.7 Data Availability

A full implementation of our algorithm is available viaGithub at https://github.com/ftherrien/p2ptrans.

All the parameters necessary to reproduce the examples presented in this study are included

in this article. All other relevant data is available from thecorresponding author on request.

3.8 Acknowledgements

This work was supported by the Center for the Next Generation of Materials by De-

sign, an Energy Frontier Research Center funded by the U.S. Department of Energy, Of-

�ce of Science, Basic Energy Sciences; and by the National Science Foundation grant No.

DMR-1945010. The research was performed using computational resources sponsored by the

Department of Energy's O�ce of Energy E�ciency and Renewable Energy, located at the

National Renewable Energy Laboratory.

53



CHAPTER 4

MINIMIZATION OF ATOMIC DISPLACEMENTS AS A GUIDING PRINCIPLE OF

THE MARTENSITIC PHASE TRANSFORMATION

Modi�ed from a letter published in Physical Review Letters1.

F�elix Therrien 2;3;4 and Vladan Stevanovi�c2;3;5

4.1 Abstract

We present a unifying description for the martensitic transformation of steel that ac-

counts for important experimentally observable features of the transformation namely, the

Neumann bands, the interfacial (habit) plane between the transformed and untransformed

phases and their orientation relationship (OR). It is obtained through a simple geometric

minimization of the total distance traveled by all the atomsfrom the austenite (FCC or


 ) phase to the martensite (BCC or� ) phase, without the need for any explicit energy

minimization. Our description unites previously proposed mechanisms but it does not rely

on assumptions and experimental knowledge regarding the shear planes and directions, or

external adjustable parameters. We show how the Kurdjumov-Sach orientation relationship

between the two phases and thef 225g
 habit plane, which have both been extensively re-

ported in experiments, naturally emerge from the distance minimization. We also propose

an explanation for the occurrence of a di�erent orientationrelationship (Pitsch) in thin �lms.

4.2 Main

Martensite, a body centered cubic (BCC) derived metastablephase of iron and carbon,

often labeled� , is typically obtained by a rapid quenching of the high temperature face-

centered cubic (FCC) austenite phase (
 ). The martensitic transformation (
 ! � ) is
1Reprinted excerpt with permission from reference [30]. Copyright2020 by the American Physical Society.
2Colorado School of Mines
3National Renewable Energy Laboratory
4Primary researcher and author
5Corresponding author
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di�usionless and rapid. By virtue of its immense technological and industrial relevance, the

mechanism behind the martensitic transformation has been extensively studied and theorized

in the past.

Bain �rst proposed a mechanism for the transformation by establishing an atom-to-atom

correspondence between the BCC and FCC lattices [95]. Equivalent simple shear mechanisms

were proposed subsequently [96, 111] based on the measured orientation relationships (OR)

between the martensite grains and the residual austenite, namely, the Kurdjumov-Sachs

OR and Nishiyama-Wassermann OR. Other ORs have also been measured [112, 113], in

particular the Pitsch OR commonly observed in thin �lms [114{116]. These simple shear

mechanisms failed to explain the measured interfacial planes (habit planes) between austenite

and martensite as well as the observedf 112g� twinning [96, 112, 117{119]. To account for

these missing features the Phenomenological Theory of Martensitic Transformation (PTMT)

[101{105, 112, 120] was developed. It assumes the existenceof a plane that remains invariant

during the transformation and is a consequence of a slippingor a twinning process. Although,

the PTMT can explain observed habit planes and ORs, it relieson experimental information

about the slipping/twinning process and ad-hoc adjustableparamters have to be introduced

to reconcile observed shear and habit planes. Extensive descriptions of the PTMT and its

history can be found elsewhere [96, 121, 122]. Other theories were developped where the

shape and orientation of domains of martensite in the austenite lattice can be determined

by minimizing their elastic energy [121, 123, 124] or by minimizing the free energy assuming

small strain (linear geometry) and a continuous interface (Hadarmard jump) [125, 126].

These theories can be used to study the evolution of the microstructure of various complex

systems under di�erent stress conditions and are the basis for more elaborate models [127,

128]. Yet, their crystallographic description of the transformation mechanism is equivalent to

the PTMT. Others [129{134] have recently worked on alternative crystallographic models,

but theoretical research on the subject has been mainly focused on molecular dynamics

simulations, a detailed account of which can be found in Ref.[135].
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In our own work, we start from the assumption that the most likely transformation

mechanism is the one that requires the least displacement ofall the atoms in the crystal.

This is a plausible physical assumption that was employed byJaswon and Wheeler in their

paper that lead to the PTMT [120], in our previous work on phase transformations [29, 54]

and in the works of others. Let us consider the cumulative distance d1 traveled by N atoms

from austenite to martensite:

d1 =
mX

l=1

n
2X

i;j;k = � n
2

jj v �
ijkl � v 


ijkl jj ; (4.1)

wherev x
ijkl are the position vectors of atoms of the initial austenite structure (x = � ) or the

�nal martensite structure (x = 
 ) de�ned as v x
ijkl = Cx (i; j; k )+ px

l . Here,Cx is a unit cell of

either the martensite or the austenite, andf px
l : l = 1 : : : mg are the atomic positions inside

Cx . The total number of atoms in this bloc of material isN = m(n + 1) 3. The choice of

the unit cell vectors (including their orientation in space) and the order in which the atoms

are indexed will determine the mechanism of the transformation and its correspondingd1.

Thus, the actual mechanism of transformation, according toour initial assumption, can be

characterized by the set ofCx and f px
l : l = 1 : : : mg that minimizes d1 when N ! 1 .

We have shown [29] that the leading dependence ofd1 on the size (N ) is a function of the

distortion in the lattice, i.e., the strain. Therefore, by minimizing d1, we also necessarily

minimize the strain.

The Structure Matching Algorithm [29] we developed recentlyand applied to this problem

is an iterative approach to minimizingd1. It directly minimizes the distance traveled by all

(N ) atoms belonging to a section of the crystal that is chosen tobe as large as possible

(ideally N ! 1 ). After minimizing d1 our algorithm retrieves the periodicity or the scale

of the transformation (Cx ) if it exists. We provide a brief description of the algorithm in

the Supplementary Material (Chapter C) and more details canbe found in Ref. [29]. A full

implementation is available on GitHub1. We wish to emphasize the fact that the algorithm

1github.com/ftherrien/p2ptrans
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requires only the parameters of the initial and �nal structures as inputs. It relies entirely

on the principle of minimal displacements, thus it does not directly take into account the

energetics of the transformation.

We used our distance minimization algorithm [29] to �nd the transformation of pure iron

from FCC to BCC. For austenite, we used the lattice constanta
 = 3:57�A. For martensite

we use both the hard-sphere packing lattice constant [129, 136] (a� =
p

2=3a
 = 2:915�A)

and the experimentally measured lattice constanta� = 2:87�A and applied our algorithm

to both choices. It is important to note that the lattice parameters themselves depend on

the chemical element forming the crystal and that di�erent elements have di�erent lattice

parameters which, in turn, lead to a di�erent transformation mechanism.

Figure 4.1 shows the transformation mechanism that minimizes d1 resulting from our

structure matching algorithm. The optimal C 
 and C � with their atomic positions are

illustrated in panel (a) and (b) respectively. From the [110]
 ==[111]� perspective (blue frame

in panel (c)) , going from FCC to BCC, one can see an elongationin the [001]
 ==[110]� (green

arrow) direction; it is particularly noticeable by looking at the change in shape of the FCC

conventional cell in black. Now, looking in the [001]
 ==[110]� direction (green frame), the

transformation includes a shear of the (110)
 ==(112)� plane in the [110]
 ==[111]� direction

with a slip every sixth layer. The initial and �nal cells are linked by a transformation

matrix T such that TC
 (
 ) = C � (
 ) called the deformation gradient matrix (the exponent

in parentheses indicates the basis). The matrixT does not fully describe the transition

because it does not account for the displacement of the atomsinside the cell. Indeed, from

panel (a) to panel (b) in Figure 4.1, not only the cells have been distorted, but the atoms

inside them have been displaced. This is why we �nd a mechanism of lower total atomic

displacement than the Bain path despite the fact that it is optimal when considering only

lattice deformation [133].
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Figure 4.1 Transformation cells of (a) austeniteC 
 and (b) martensite C � are shown
together with the atoms labeled according to the atom-to-atom correspondence between
the two structures. The light gray atoms show the conventional cells. Panel (c) shows the
evolution of the structure in 5 steps during the transformation from two di�erent
projections. In each image, the BCC conventional cell is represented in blue and the FCC
conventional cell in black. In the [110]� projection (green), one row of atoms is represented
in black to help visualize the slipping process.
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An animation of the transformation from the same viewing directions as in Figure 4.1

and the evolution of the simulated X-ray di�raction patterns [137] along the transformation

are provided in Chapter C together with the crystal structures (POSCAR format) for 60

snapshots along the transformation for both possible orientation relationships (explained

further in the text).

Let us �rst analyze the deformation gradient matrixT. According to the polar decompo-

sition theorem, it can always be written asT = RU whereR is a rotation (unitary) matrix

and U is a symmetric matrix [138]. ConsequentlyU � I is a proper strain tensor and its

eigenvalues and eigenvectors are the principal strains anddirections of the transformation.

The eigenvalues ofU are the square roots of the eigenvalues ofTT T and their eigenvectors

are the same. Our structure matching algorithm [29] gives usthe optimal T directly, from

which one getsU = P diag(� 1; � 2; � 3) PT , where the columns ofP are the eigenvectors ofU

in the basis of the FCC conventional cell. Similarly, in the basis of the BCC lattice going

from BCC to FCC, the eigenvalues are inverse and the eigenvectors form a di�erent matrix

Q. The principal strains � i � 1 are: 2
p

2=3� 1 � � 5:7%, 0% and
p

4=3� 1 � 15:5% using

the hard-sphere packing lattice constant, and -7.2%, 1.6% and 13.7% using the experimental

lattice parameter. The strain directions, given by matrices P and Q, are provided in Chap-

ter C. These strains are signi�cantly lower than the one resulting from the Bain, Pitsch,

Nishiyama-Wassermann (N-W) and Kurdjumov-Sachs (K-S) deformation paths which are

� 18:4%, 15:5% and 15:5% (or -19.7%, 13.7%, 13.7% using the experimental lattice parame-

ter). The direction of the largest strain, 15:5%, in our solution is [001]
 ==[110]� and therefore

the two other principal strains lay in the plane perpendicular to it. In the Bain path, one

of the two (degenerate) principal strains of 15.5% can always be chosen to be in the same

[001]
 ==[110]� direction. Therefore, the di�erence between our proposed mechanism and the

Bain distortion lies entirely in the (001)
 ==(110)� plane.

The reduction of strain in that plane is due to slipping and naturally emerges from the

d1 minimization. Figure 4.2 illustrates graphically how breaking down the plane in strips

59



can reduce the macroscopic change in shape and therefore thestrain. Imagine a sheet of

metal that has been stretched from its original square shapeby an amount corresponding

to the Bain strains in the (001)
 ==(110)� plane; its dimensions are now 1.155 by 0.816. By

cutting the sheet in strips and by sliding them onto each other, one can obtain a shape

that is much closer to the unstretched 1 by 1 sheet, while, locally, the metal in each strip

has been stretched by an amount corresponding to the Bain strains (a similar argument for

twinning is made in Fig. 2 of Ref. [139]). In our proposed mechanism, the strips are 6 atomic

layers wide and the actual transformation does not occur in two steps; each strip is distorted

through a local shear that occurs simultaneously with the slipping process.

Figure 4.2 Illustration of the e�ect of the slipping process.The dashed squares show the
undistorted plane and the black rectangle on the left shows that same plane to which the
Bain strains of -18,4% and 15,5% are applied. The steps to obtain a shape that is
macroscopically similar to the undistorted plane but microscopically similar to the
Bain-strained plane are shown from left to right.

In order for this mechanism to yield a perfect BCC lattice, each strip needs to slip by an

integer number of atomic layers as shown in Figure 4.1(c). Ful�lling this condition determines

the width of the strips which is of 6 atomic layers using our choice of lattice parameters.

In reality, martensite deviates from perfect BCC dependingon the carbon content. We

obtain qualitatively similar results if the tetragonal BCT martensite structure is used. It

is important to note that this slipping process is fully described by the displacements of

the atoms within the transformation cells [Figure 4.1 (a) and (b)]. This explains why our

algorithm �nds unit cell of 6 atoms; each atom in the cell is displaced along the [110]
 //[ 111]�
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direction (blue cell vector) such that the condition is ful�lled at the end of the transformation.

The minimal distance result presented here bears striking resemblance to the PTMT

since it involves a slipping process and, as discussed further, an invariant plane. In fact,

in one of the original PTMT papers [104] and in numerous subsequent studies [118] the

f 112g� plane is explicitly used as the slipping/twinning plane because striations parallel to

that plane (sometimes referred to as Neumann bands) are commonly observed in martensite

[96, 119, 122, 140, 141]. The slipping process happens precisely along that f 112g� plane in

our optimal distance mechanism.

Because we impose the �nal structure to be the perfect BCC lattice, our algorithm

cannot �nd the related twinning process as it would lead to a di�erent, twinned BCC lattice.

However, by simply inverting the direction of the local displacements of the atoms for one

column of unit cells along the [110]
 //[ 111]� direction as shown in Fig. 2 of the Supplementary

Material (Chapter C), we can obtain the twinned BCC. This would yield a mechanism very

similar to the one presented in Ref. [131] but without the need to assume a particular OR.

In that study, researchers also found thef 11
p

6g habit plane (discussed later) and found

that the twinned and untwinned structures yield two variants of the Kurdjumov-Sach (K-S)

orientation relationship.

Using the hard-sphere packing lattice constant, one of the principal strains is exactly zero,

therefore, there necessarily exists a plane that is undistorted by the transformation. However,

using the experimental lattice parameter, there does not exist a plane that is fully invariant.

Our approach is to look for a uniformly scaled plane instead of a fully invariant plane. Indeed,

there always exists a plane such that the angles between its directions are preserved, i.e.,

a plane that is similar, in the geometric sense, to the initial plane. Any vectoru of that

plane obeysjjTujj = kjjujj , where k is a scalar, independent of the choice ofu. Ordering

the eigenvalues ofU such that � 1 < � 2 < � 3, one can show that the vectorsu will form a

plane if k = � 2 (see Chapter C). The lattice mismatch between the transformed plane and its

equivalent in austenite is 1� � 2. In the limit where � 2 ! 1, which is the case when using the
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hard-sphere packing lattice constant, the mismatch is zeroand the plane is invariant. Using

� 1;2;3 provided above andP, we �nd that the vector nHP = P(
p

2; 0; �
p

6) = (1 ; 1; �
p

6) is

normal to the invariant plane. This plane is approximately 0.5° from the low index (22� 5)

plane. Using the experimental parameters, we �nd the uniformly scaled plane to be about

0.4° from the low index (22� 5) plane with a mismatch of 1.6%. This is an important result

since thef 225g
 habit plane is one of the few experimentally observed habit planes for low

alloy plate-like martensite [100, 122]. Moreover, interpreting the uniformly scaled plane as

the habit plane allows us to readily obtain thef 112g� slipping process as well as thef 225g


habit plane without having to use a dilatation factor or additional shear processes which

have been highly criticized by the detractors of the PTMT [100].

Let us now consider that the uniformly scaled plane is also the habit plane between the

two phases. In that case, the rotationR is the one for which that plane does not rotate

during the transformation. Thus, it must ful�ll RUv=jjRUvjj = v, wherev are unit vectors

of the uniformly scaled plane. From that relation, usingU, P, and Q we can calculate

the rotation matrix R. The exact steps necessary to obtain the matrices (one for (11+
p

6)

and one for (11�
p

6)) are detailed in Chapter C. The orientation relationshipis given by

the transformation matrix that changes the basis from FCC toBCC. Let us transform

some vectord (
 ) from the FCC basis to the BCC basis:RT transforms the vector into the

unrotated FCC basis,PT converts it to the eigenvalue basis and �nallyQ converts it from the

eigenvalue basis to the BCC basis. Hence:d (� ) = QPT RT d (
 ) . By setting d (
 ) = [111]
 and

using the �rst habit plane ((11+
p

6)), we get d (� ) = [0 �
p

3=2
p

3=2]� which is parallel to

[01 1]� and by setting d (
 ) = [110]
 we getd (� ) = [ �
p

2=3
p

2=3
p

2=3]� which is parallel to

[111]� . In other words, we �nd the following OR: [110](111)
 //[ 111](011)� which is a variant

of the K-S OR: the most commonly observed OR in plate-like martensite [119]. Similarly,

using the other habit plane ((11�
p

6)), we get: [110](111)
 //[ 111](101)� which is another

variant of the K-S OR. With the experimental lattice parameter, we �nd the same orientation

relationship with a misalignment between thef 111g
 and f 011g� planes of less than 0.4°.
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Interestingly, if we assume that the mechanism is the same but that there is no extra

rotation imposed by the habit plane (R=0 and T= U), the OR is given by: d (� ) = QPT d (
 ) ,

which leads to the [001](110)
 //[ 110](111)� orientation relationship; a variant of the Pitsch

OR. This could explain why, in thin �lms, where the problem isreduced to two dimen-

sions and the constraints imposed by the interfaces betweenaustenite and martensite are

less restrictive [113, 114, 126], it is the Pitsch OR (and notthe K-S OR) that is observed

experimentally [113{116].

Figure 4.3 Energy pro�le of the martensitic transformation.a) Transformation of an
in�nite iron single crystal from FCC (austenite) to BCC (martensite). b) Transformation
of a plate of iron from FCC to BCC within the austenite matrix

In order to illustrate the consequences of our minimal displacements assumption, we com-

puted energy pro�les along the martensitic transformationfrom �rst principles (Figure 4.3).

Without any phase coexistence (panel (a)), the Bain mechanism exhibits no barrier which

makes it energetically advantageous over our proposed mechanism (New). However, in real-

ity, austenite and martensite coexist both during and afterthe transformation. To account

for that, we evaluated the energy pro�le of a thin (� 2 nm) in�nite plate undergoing a marten-

sitic transformation within a �xed austenite matrix. We compared: (1) a Bain mechanism
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in the Bain OR, (2) the Kurdjumov-Sach (K-S) shear mechanism(Bain path in the K-S OR)

and (3) our proposed new mechanism in the K-S OR (New). Lookingat Figure 4.3(b), it

is clear that, despite an energy barrier caused by the slipping process, our optimal distance

mechanism is the most energetically favorable in the �nal state due to its lower interfacial

strain. The energy di�erence between the �nal states increases with plate thickness; hence,

at a realistic thickness the �nal state emerging from the optimal distance mechanism would

have signi�cantly lower energy. The details of the spin-polarized density functional calcu-

lations and the corresponding crystal structures are givenin the Supplementary Materials

(Chapter C) which includes Refs. [142, 143].

In conclusion, we showed how minimizing the distance [29] traveled by all atoms from the

austenite to the martensite phase in steels provides a description of the martensitic trans-

formation. It can explain the key experimentally observable features of the transformation

without relying on any experimental input (except lattice constants) and without any ad-

justable parameters. Our description is unifying in the sense that, using nothing but the

principle of minimal displacements of the atoms, it naturally incorporates several elements

of previous theories including the assumption initially made in Ref. [120], the slipping and

twinning processes found in Refs. [101, 104, 124, 125] and subsequent work, the habit plane

and mechanism found in Ref. [131] and the fundamental role ofthe Pitsch mechanism de-

scribed in Refs. [113, 129]. We thereby presented a simple solution to the long-standing and

important problem of �nding a general description of the martensitic transformation. Our

results suggest that distance minimization on its own can berelevant to describe certain

di�usionless, solid-solid phase transformations. Hence, since our structure matching proce-

dure is not speci�c to the martensitic transformation, it could potentially be used to study

more complex systems such as shape memory alloys or solid-solid phase change materials.

Moreover, there is a promising outlook for the use of our methodology in the �eld of inter-

face physics as many models based on geometric principles have already been successful in

describing interfaces [41, 42, 45, 48{52, 81].
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CHAPTER 5

SCHOTTKY BARRIER HEIGHT AT THE GA 2O3//PT INTERFACE: THEORETICAL

INSIGHTS AND THE PATH TO IMPROVEMENT

5.1 Abstract

The Schottky barrier at the interface between metals and wide bandgap semiconductors

has a strong impact on device properties; understanding thefactors that in
uence its height is

crucial for device engineering. In this work, we use structure matching and density functional

theory to predict the Schottky barrier height (SBH) at the interface between� -Ga2O3 and

platinum. We �nd that the theoretical SBH in the ( 201) orientation of gallium oxide, 1.9 eV,

is larger than experimentally measured, whereas it is accurate for the (100) orientation

(1.5 eV). We show that the adsorption of decomposed water (H.OH)has a strong in
uence on

the e�ective SBH of the (201). From our results, we conclude that� -Ga2O3 (201) substrate

preparation methods that reduce the amount of adsorbed H.OH, such as treatment with

acids, should increase the measured Schottky barrier height. Additionally, we show that the

orientation of platinum and the strain at the interface havelittle impact on the Schottky

barrier height.

5.2 Introduction

It is estimated that about 30% of electricity in the United States goes through high-power

electronics like AC-DC converters (recti�ers and inverters), battery chargers, power supplies,

etc. [144]. This proportion could rise to up to 80% in the nextdecade while the electricity

production itself is expected to increase. Therefore, evenmarginal gains in device e�ciency,

could have a major impact on energy consumption [145]. Wide-bandgap semiconductors

such as SiC, GaN andGa2O3 with their higher breakdown �eld and good conductivity have

emerged as alternatives to standard cheap-but-low-performing Si-based devices [146]. In

particular � -Ga2O3 has been identi�ed as the fourth generation of high-power electronic
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materials because of its relatively low cost [145], wide bandgap (4.8 eV) [147, 148], large

breakdown �eld and high permittivity which together gives it one of the highest Baliga

�gure of merit [149, 150], the performance indicator for high-power electronics. It is not

currently possible to obtain p-typeGa2O3 [151], in fact, wide bandgap p-type dopable ma-

terials with good �gures of merit are hard to come by. Consequently, device prototyping has

focused mainly on Shottky barrier diodes (SBD) and metal-oxide-semiconductor �eld-e�ect

transistors (MOSFETs) [152]. The former{and the latter in some cases (SB-MOSFET){

relies on the formation of an electric charge depletion region, a Schottky barrier, at the

interface between a metal and the semiconductor (� -Ga2O3 here). Its height determines

the electrical characteristics of the contact. A large Schottky barrier height (SBH) is ideal

for diodes which require low reverse bias current (leakage current). On the other hand, a

near-zero SBH where the current 
ows freely through the interface in both directions is ideal

for passive electrical contacts.

Considering the importance of the SBH in high-power device and circuit engineering,

being able to theoretically predict the SBH at any given interface would be an invaluable

tool. In the past century, many models have emerged to describe the physics of the Schottky

barrier. First, Schottky [153] and Mott [154] estimated thatthe SBH was equal to the di�er-

ence between the work function of the metal and the electron a�nity of the semiconductor

(known as the Schottky-Mott rule). Even though the simplicity of this model makes it a

popular pedagogical tool to understand the formation of thebarrier, it is unable to accu-

rately describe most physical interfaces. Bardeen developed a more complex interface model

that took into account the presence of surface states in the band gap of the semiconductor

[155], which lead to the well-known Cowley-Cze equation [156]. This theory explains how

the existence of surface states may cause \Fermi-level pinning" but it relies on the existence

of a physical gap between the semiconductors and the metal. In reality, the surfaces are close

enough that surface states cannot remain unchanged (they become interface states) and the

physical boundaries of the two materials are di�cult to de�ne. To account for this problem
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the metal induced gap states (MIGS) theory [157{159] was proposed. It adapts Bardeen's

theory to systems with intimate interfaces by replacing thegap between the materials with

the length of the MIGS tails. However, there are doubts on the physical relevance of this

adaptation [160]. More recently, SBH is typically computedfrom density functional the-

ory (DFT) by e�ectively measuring the di�erence in energy between the conduction band

minimum in the semiconductor and the Fermi energy of the metal-semiconductor system

[161{166]. This implicitly makes the assumption that the band alignment at the interface

remains completely unchanged by the doping of the semiconductor. One limitation of DFT

is that it requires a periodic interface structure between the two materials. When there is

no obvious lattice match and there is no known preferential orientation for the metal, it is

di�cult choose an interface structure that is representative of the physical system. Because

of that, it is di�cult to assess the accuracy of ab initio calculation at predicting the SBH.

Detailed accounts of Schottky Barrier theories can be foundin Refs [160]

In this work, we use a structure matching methodology [29] to�nd plausible interface

structures between� -Ga2O3 and Pt for two substrate orientations of gallium oxide. We

then use density functional theory to compute the SBH. We showthe in
uence of surface

adsorbates on the SBH and provide insight into improving theexperimental Schottky barrier

height in the 201 orientation. We also show the impact of strain and the e�ect of the Pt

orientation by creating various structures with the structure matching algorithm.
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Figure 5.1 Work
ow to obtain interface structures. The structure matching algorithm in
gray takes as an input a� -Ga2O3 surface (left) and a set of Pt surfaces (right). It returns
an interface structure of the best matching of the combinations of interfaces.

5.3 Methodology

Our work
ow is depicted in Figure 5.1. We started from the conventional � -Ga2O3 cell

with 20 atoms and the face centered cubic platinum conventional cell which has a single

atom. On the � -Ga2O3 side (left), we �rst cut the structure in the speci�c orientation that

we wished to study. In this case, we were interested in the (201) surface which is being used in

a joint experimental study by our collaborators [167]. We also looked at the (100) orientation,

the most stable surface of� -Ga2O3, for validation with Ref. [166]. Both of these orientations
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have multiple possible terminations. We chose the termination that minimizes the number

of broken bonds, where bonds were de�ned geometrically as the �rst coordination shell, i.e.

the �rst layer of nearest neighbors. As shown on the left of Figure 5.1, the terminations

do not necessarily have to be planar and can be corrugated (jagged blue line). Once the

surfaces were chosen, they were relaxed using density functional theory (DFT) 1. The relaxed

� -Ga2O3 structure was then fed into the structure matching algorithm described hereafter.

On the platinum side (right of Figure 5.1), there was always only one possible termination

because there is a single atom in the FCC unit cell. We did not relax the surfaces because,

in experiment, the metal is deposited directly onto the gallium oxide without ever forming a

surface. In this case we fed the algorithm every possible surface of platinum (up to a miller

index of 3).

The structure matching algorithm, detailed in Ref. [29], minimizes a cost function (e.g.,

distance, energy) with respect to the mapping and relative orientation of two sets of atoms.

Structure matching has several applications in materials science, for example, it has been

shown to successfully �nd optimal transformation pathwaysbetween two materials [30]. In

Ref. [29], we demonstrated that structure matching could also be used to �nd the orientation

relationship and bonding pattern at two semi-coherent hetero-interfaces: SiC(110)//Si(001)

and yttrium-stabilized zirconia (111) // Ni (111). In the cur rent work, we used an improved

version of this algorithm to �nd the best matching orientation between termination planes

of platinum and � -Ga2O3.

To �nd the optimal structure, the algorithm goes through each combination of ter-

mination planes as illustrated in the center of Figure 5.1:� -Ga2O3(201)//Pt(100), � -

Ga2O3(201)//Pt(110), � -Ga2O3 (201)//Pt(111), etc. For each combination, two sets of

300 to 450 atoms are created. One set contains only the oxygenatoms that are at the

surface of gallium oxide and the other one contains only the surface platinum atoms. In

1We used the Generalized gradient approximation (GGA) using the Perdew, Burke, Ernzerhof functional
(PBE) with projector augmented wave (PAW) pseudopotentials as implemented in the VASP software
[142, 143, 168]
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both cases, only atoms that are within 1�A of the surface are considered. Then, each oxygen

atom is bound to a platinum atom in a optimal manner using the Khun-Munkres algorithm.

The bonds and their corresponding energy (the quantity to minimize) are modeled by a

two-body Lennard-Jones potential with a relaxation length of 2.5 �A. In an iterative process,

the total bonding energy (from the Lennard-Jones potentials) is simultaneously minimized

with respect to the relative orientation (angle), in-planestrain and mapping (choice of bond-

ing pattern) between the two surfaces. The strains and rotation angle are represented by

a 2� 2 transformation matrix. In this case we limited the amount of strain to 8% in each

in-plane direction (principal strain), we also applied thestrain fully on the platinum side of

the interface leaving� -Ga2O3 intact. In the �nal step, once the optimal match is found the

periodicity of the mapping is retrieved i.e., the two-dimensional unit cell (represented by a

2� 2 matrix CGa2O3 ) that is common two both structures in their optimal orientation is found.

This step can have the e�ect of increasing the strain above the threshold (8%) such that the

transformation matrix is exactly commensurate with both unit cells: CGa2O3 = TCP t where

CGa2O3 and CP t are supercells of the� -Ga2O3 and Pt in plane unit cell respectively. For each

combination, an optimal total bonding energy is obtained, its absolute value has no physical

meaning, but it can be used to compare the quality of the match. The structure matching

algorithm used here is available in the form of an open sourcesoftware calledp2ptrans 1.

Finally, once the best matching structures were found for (201) and (100), we passivated

the outside surface gallium oxide using partial H atoms suchthat there was no surface

states or dipole at the outside surface. We relaxed the full structure except for the layer

of oxygen that is furthest from the interface using GGA, as before. We then calculated

electronic properties with Heyd{Scuseria{Ernzerhof (HSE06) functional [169] to obtain a

more realistic bandgaps.

1github.com/ftherrien/p2ptrans
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5.4 Results

The average energy per bond between� -Ga2O3 (201) and the 13 orientations of platinum

with Miller indices lower than 4 is represented in Figure 5.2 A.This is the output from the

structure matching algorithm: the lower the energy the better the match. The full length of

each bar represents the average energy per bond when the Pt surface is strained. However,

this ignores the cost in energy from straining the lattice close to the interface. To have

an idea of what that would represent, keeping the same bonds at the interface, the strain

in Pt is removed and the energy is recomputed. Doing so provides an upper limit for the

bonding energy where there is no contribution from strain (the dark blue part of each bar).

In other words, the dark blue portion of each bar correspondsto a situation where the

materials would be so sti� that no amount of strain would be present at the interface and

the mismatch between the two structure would be fully accommodated by the bonds at the

interface. The full length of the bars (dark blue + pale blue)on the other hand corresponds

the situation where straining the atoms near the interface has no energetic cost (
exible

interface) up to the maximum allowed strain. The actual interface energy lies somewhere

between the two (pale blue region). The wider the pale blue region the more strained the

optimal result is for each orientation.

Looking at Figure 5.2 A, the best matching orientations are (110), (221), (111) and (100)

with both (110) and (221) having large strains to accommodate a near perfect matching.

Since the density of surface atoms is di�erent for di�erent orientation, it is useful to look

at the bonding energy per unit of area (Figure 5.2 B). When doing so, it becomes clear

that the (111) orientation of Pt is the best matching orientation, followed by (100). The

corresponding optimal interface structure is depicted at the bottom of Figure 5.1.
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Figure 5.2 Optimal bonding energy (a) per bond and (b) per unitof area between� -Ga2O3

(201) and all Pt planes with Miller indices lower than 4. The dark blue part of each bar
represent the bonding energy with no strain in Pt. The energies are normalized to 1.

After relaxation, we obtained the local density of states (LDOS) by computing the charge

density for 100 energy intervals betweenE f -5 eV andE f +5 eV whereE f is the Fermi energy.

For each interval we integrated the density of charge in-plane to obtain the density of states

as a function z along the interface structure. The LDOS for the relaxed interface structure

between � -Ga2O3 (201) and Pt (111) is presented in Figure 5.3. The picture is a direct

representation of a band diagram, with the semiconductor valence and conduction bands

on the left and the metal continuous states on the right. The band gap in gallium oxide

is approximately 3.9 eV which is an underestimation compared to the experimental value

(4.8 eV). This di�erence is due to the fact that we use the experimental in-plane parameters

for the matching instead of the DFT relaxed ones and the k-point density for this particular

interface structure is relatively low (7x1x1 Monkhorst-Pack).
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Figure 5.3 Local density of states for (a) the� -Ga2O3 (201) and Pt (111) interface and (b)
the � -Ga2O3 (201) and Pt (111) interface. The Fermi energy is shown as a white line, the
x-axis is in line with the corresponding relaxed structure.The positions of the conduction
band minimum and the valence band maximum calculated from the average electrostatic
potential are shown as black lines.

In this plot, we can directly measure the Schottky barrier height from the Fermi energy

to the conduction band minimum on the gallium oxide side, by assuming that the conduction

band minimum is the �rst visible state (pale blue) that spansthe entire gallium oxide struc-

ture. The predicted Schottky barrier height is approximately 1.9 eV. Since the band gap is

underestimated, we can expect that the true SBH would be slightly higher, an e�ect that

would be compensated in part by other phenomena that would donot consider here such as

the image charge e�ect. Even with the underestimated band gap, this is much larger than

the reported experimental SBH for that interface: 1.05 eV (from current-voltage character-

istics) [170, 171]. We also obtained the position of the conduction band minimum (CBM)

and valence band maximum (VBM) by shifting the bulk values by an amount corresponding
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to the average electrostatic potential in gallium oxide andobtained the same result (black

lines on Figure 5.3). Here, as others have done before, we make the assumption that position

of the CBM with respect to the metal energy levels at the interface will not change with

doping.

In order to validate our methodology, we applied the same work
ow (Figure 5.1) to

the (100) orientation of � -Ga2O3 which has been studied both experimentally [172] and

computationally [166]. From structure matching we obtained Pt (111) as the optimal match

once again. This is consistent with the fact that the Pt(111)surface is widely used in

experiment. For that reason, it is also the same orientationthat was used by Xu et al. in

Ref [166]. The (100) being a very stable surface, relaxationof the surface and the interface

structure do not signi�cantly change the atomic layout. Thelocal density of state of the

relaxed interface structure is presented in Figure 5.3 B. Once again, the band gap, 4.0 eV,

is underestimated. Its value di�ers slightly from the previous one because of a di�erent

k-point density and di�erent lattice parameters. In this case the Schottky barrier height is

signi�cantly lower: 1.5 eV, despite the slightly wider band gap. This value is much closer to

experimental measurements in that orientation: 1.4 eV (from current-voltage characteristics)

[172] and only 0.1 eV di�erent from the one obtained by Xu et al.with nearly identical

parameters. This provides con�dence in our ability to predict the Schottky barrier height

but it begs the question: \Why is the predicted Shottky Barrier height in the (201) so much

higher than the one measured in experiment?"

5.4.1 Adsorption of Water Products

In order to answer this question, we looked at possible contaminants that could have

been adsorbed at the surface during preparation and have an in
uence the SBH. Since� -

Ga2O3 samples are usually washed with deionized water before platinum is deposited, we

focused on water-like products. We created and relaxed a structure where broken bonds at

the Ga2O3 surface were replaced by H and OH groups forming decomposed water (H.OH).

The decomposed water remained stable at the surface upon relaxing. We then added the Pt
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layers in the same orientation as in Figure 5.3. Once again thedecomposed water remained

stable upon relaxing the interface. The local density of states (LDOS) of that interface is

shown in Figure 5.4 A.

Figure 5.4 Electronic properties of a� -Ga2O3 (201)//H.OH//Pt(111) interface. (a) Local
density of states showing the Fermi energy as a white line. (b) Electrostatic potential in
blue with its average in black. The pale gray lines are the electrostatic potential and
average electrostatic potential for the interface shown Figure 5.3 A.
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It is immediately evident that the Schottky barrier height is reduced to practically zero

by the presence of the adsorbed decomposed water; the Fermi energy sits directly under

the conduction band minimum. In Figure 5.4 B the electrostatic potential of the � -Ga2O3

(201)//H.OH//Pt(111) interface, in blue, and the electrostat ic potential of the � -Ga2O3

(201)//Pt(111) interface, in gray, are overlayed using the vacuum level on the Pt side as

a reference. One can see that the entire electrostatic potential on the gallium side of the

interface is shifted by an amount corresponding to the SBH inFigure 5.3 A. The average

potential on both sides of the interface remains 
at which means the additional dipole that

causes the shift in potential is located at the interface. This added dipole points towards the

left in Figure 5.4 likely going from the negatively charge OH- to the positively charge H+

on the corrugated Ga2O3 surface.

In Figure 5.4 the concentration of adsorbed H.OH is very high; it assumes every single

unit cell adsorbs one water molecule. In reality the interface would consist of regions with

high SBH corresponding to the interface in Figure 5.3 A and smaller regions with low SBH

corresponding to the interface in Figure 5.4 (or other interface defects). The e�ective or

apparent SBH of the device, measured in experiment, would lie between the two values

depending on the concentration of adsorbed water and the experimental method used to

measure the SBH. [173, 174]. In fact, regions of the surface (\patches") with low SBH have

strong e�ect on the observed current-voltage behavior of the device and consequently the

measured value of the barrier height [174]. There are two ways two experimentally measure

the Schottky barrier height: using the capacitance-voltage (C-V) characteristics or using the

current-voltage (I-V) characteristics. Measurements using the C-V characteristic are less

sensitive to 
uctuations and closer to the average SBH whereas I-V-based measurements

are more representative of the e�ective barrier for current
ow [170]. For example, Ref [170]

reported a barrier height of 1.05 eV using the I-V characteristic and a barrier height of 1.9 eV

using the C-V characteristic which is in agreement with our result. However, the perfect

agreement of the C-V measurement with our predicted value iscoincidental since, a more
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recent study [171] which also measured 1.05 eV with the I-V characteristic found a 1.20 eV

SBH with the C-V characteristic.

As mentioned before the (100) surface is more stable than the (201) surface. We computed

their energies to be about 0.03 eV/�A and 0.06 eV/�A respectively, in agreement with other

theoretical data [175]. This di�erence in surface energy has an in
uence on their ability

to adsorb water products during surface preparation. In fact, the adsorption of H.OH on

the (100) surface is unstable with respect to the adsorptionof water [176, 177] which could

explain why our estimate of the SBH in the (100) orientation is more accurate: there is

simply not as many H.OH on the surface to reduce the e�ective barrier height. Moreover,

we created a� -Ga2O3 (100) surface with H.OH by replacing the 6 broken bonds per unit

cell with H and OH as we did for the (111) surface. The structure was stable after initial

relaxation, but one of the three H.OH recombined to form a water molecule upon adding

the Pt layers. We computed the LDOS of that interface and found that the addition of

H.OH (2 H.OH and 1 H2O after relaxation) had no signi�cant impact on the barrier height

which further demonstrate that the presence of water-like products on that surface has a

less signi�cant impact on the SBH.

The fact that H and OH at the (201) � -Ga2O3 surface have a strong in
uence on the SBH

could explain why surface treatment with acids have been shown to increase the measured

barrier height [170]. Indeed, without the presence of OH, if only H is present{as it is the

case in an very acidic medium, the dipole at interface is reduced and the SBH is only slightly

lower. We computed the SBH when only the hydrogen atom is added at the surface and

found a value of 1.2 eV (See Supplementary Materials for the LDOS and structure). This

means that the apparent barrier height of an interface with less OH would be higher because

of the reduction in the number of patches with near zero e�ective barrier heights. Our results

suggest that surface preparation should aim at reducing as much as possible the presence

decomposed water on the surface. Methods that do not use water could be considered.
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5.4.2 E�ect of Strain and Platinum Orientation

To show the e�ect of the choice of the maximal allowable strain when matching interfaces

and to provide con�dence in our result, we found the best matching interface structure

between� -Ga2O3 (201) and Pt (111) once again, but we reduced the allowable strain to

2.5% in-plane. Figure 5.5 shows a top view of� -Ga2O3 (201)//Pt(111) for the two interface

structures: one optimized with less than 8% strain (panel A) and the other with less than

2.5% strain. The former is the interface use throughout thispaper.

Figure 5.5 Top view of the� -Ga2O3 (201) and Pt (111) interface for (a) the best matching
interface with higher strain (used in this paper) and for (b)the best matching interface
with a lower strain. Panel C and D show the orientation of the in-plane unit cell in terms
of the Ga2O3 and Pt coordinates for the high and low strain interfaces. The in-plane unit
cells of the interface structures, gallium oxide and Pt are shown in blue, red and gray
respectively.

Notice that one of the principal strains in panel A is higher than 8%. This is because the

�nal interface unit cell (shown in blue) must be a supercell of both the unit cells of gallium
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oxide (red) and platinum (gray) as illustrated in panel C. This condition is true only for

speci�c principal strains where vertices of the strained Ptand Ga2O3 coincide; the principal

strains in panel A are the closest to the optimized strains (< 8%) that ful�ll this condition.

The advantage of allowing for a higher strain is that the resulting interface structures are

smaller which is convenient for ab initio calculations. In panels A and C, the interface cell,

in blue, is comprised of only one� -Ga2O3 (201) cell. In comparison, the optimal interface

unit cell with less than 2.5% strain illustrated in panel B iscomposed of 4� -Ga2O3 (201)

unit cells. In that structure, the Pt is rotated by about 90nticlockwise. The strain is 2.48%

in one direction and close to zero in the other. As the strain tolerance decreases, the ratio of

Pt to Ga2O3 changes. The high strain structure has a ratio of 1:3 = 0.33333% whereas the

lower strain structure has a ratio of 4:13 = 0.30769. At even lower strains this ratio would

tend to 0.30025, the exact ratio of speci�c areas between Pt (111) and � -Ga2O3 (201). In

the same way approximating an irrational number with an integer fraction requires larger

integers for a higher precision, the size of the cell increases as the allowable strain decreases.

We calculated the SBH for the interface with less than 2.5% strain (panel B) and found

a value of 2.4 eV. The value is higher than for the strained interface in part because of the

wider band gap of 4.2 eV due to an e�ectively denser k-point grid. It is constant with the

over estimation of the SBH and therefore it does not change the main �ndings of this paper.

Finally, we evaluated the SBH for two other orientations in Pt: (221) and (321). We chose

(221) because it has excellent bonding energy per bond (Figure 5.2 A) and a relatively good

average energy per area (Figure 5.2 B). It also has the particularity of having a saw-tooth

corrugated surface that is perfectly matched with the corrugated surface of gallium oxide.

We chose the (321) surface because it is the worst matching interface so to see the e�ect of a

\bad" match on the barrier height. For the (221) surface, we obtained a SBH of 1.9 eV and

for the (321) interface, we obtain a SBH of 2.1 eV. These valuesdo not di�er signi�cantly

from the 1.9 eV barrier calculated for the Pt(111) orientation.

80



The test cases presented in this section give use better con�dence that our main �ndings

are applicable to real systems where Pt has no preferential orientation and where the strain

at the interface might vary between di�erent grains. Local density of states plots and their

corresponding structures for all three interfaces presented in this section are available in the

Supplementary Materials.

5.5 Conclusion

In this work, we used structure matching [29] to create a plausible interface structure

between face centered cubic platinum and� -Ga2O3 (201). We found that the best matching

orientation of Pt is (111). We then computed the local density of states (LDOS) of the newly

created interface structure using density functional theory and predicted a Schottky barrier

height (SBH) of 1.9 eV which is much higher than the experimentally measured value of

1.05 eV (current-voltage characteristics) [170, 171]. To validate our methodology, we applied

the same process to the (100) orientation of� -Ga2O3, which has been studied computa-

tionally [166], and found excellent agreement. Why is the predicted SBH so overestimated

in (201) when it is relatively accurate in (100)? To answer this question, we created a� -

Ga2O3 (201)//H.OH//Pt(111) interface and found that it had a zero bar rier height (ohmic

behavior). The presence of decomposed water in some regionsof the interface could have the

e�ect of reducing the e�ective SBH of the device that is measure with the current-voltage

characteristics, which would explain the discrepancy between predicted and measured values

of the SBH in the (201).

Our results are consistant withe the fact that pretreatmentof the � -Ga2O3 (201) surface

with acids has a positive e�ect on the barrier height. They also con�rm, as pointed out

by Yao, Gangireddy and Jaewoo [170] the importance of surfacepreparation during the

fabrication of � -Ga2O3 devices. In fact, our results indicate that a perfectly clean � -Ga2O3

(201)//Pt interface could almost double the SBH (� 2 eV).

Finally, we varied the strain and the orientation of Pt and found that it has little impact

of the predicted Schottky barrier height. This shows how ourapproach using structure
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matching and the local density of states is useful in easily creating various interface structures

and testing the in
uence of di�erent physical parameters onthe system. It o�ers a fully

predictive and convenient way to study electronic properties that can be applied to any

solid-solid hetero-interface.
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CHAPTER 6

NUCLEATION FROM FIRST PRINCIPLE CALCULATIONS

6.1 Introduction

In Chapter 2, we saw that the activation energy for creating the growth nucleus has

a major impact on the rate of transformation between two solids. For example, for the

diamond to graphite transformation, nucleation barriers �G� are of the order of 100 eV

whereas, for the same system, transformation free energiesper atom � g� are of the order of

200 meV, a di�erence of nearly 3 orders of magnitude [93]. In order to reliably predict the

lifetime of metastable materials for example, it is imperative to develop methodologies that

can estimate � G� for a given transformation from �rst principles. In this chapter, we explore

a potential approach to �nding the size and energy of the transformation (growth) nucleus in

solid-solid transformations. We look for a way to use the information obtained from structure

matching (transformation mechanism, invariant plane, orientation relationship) to estimate

the physical and energetic properties of the nuclei. We present a simpli�ed model that does

not aim to be physically accurate, but rather to show that it constitutes an avenue worth

exploring in future work on nucleation in solid-solid transformations.

When studying the energy of strained martensite inside an austenite matrix in Chap-

ter, 4 we assumed an in�nite plate of martensite with a �nite thickness perpendicular to

the invariant plane. Doing so, we were able to calculate the di�erence in energy per atoms

as a function of the thickness (Figure C.4). Since the plate was in�nite, there was no cost

in energy associated with increasing the thicknessw. Therefore at any w, increasing the

thickness of the slab decreases the energy. In reality, because of the interplay between a

positive surface energy (or interface energy in this case) and the negative energy associated

with transforming into a lower energy state, there is usually a critical size, before which

increasing the size actually makes the energy higher as in Figure 2.1. The energy at that
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critical size is � G� , the quantity we are looking for. What if we assumed the plate was

�nite? Would we be able to estimate its crucial shape and energy? This what we will try to

answer in this chapter.

6.2 Methods

In Chapter 4 to create the in�nite plate, we �rst found a supercell of the transformation

cell C � where two of the cell vectors lay in the (225) plane, let us name that supercellC �
(225).

We chose the c vector to be as perpendicular as possible to the(225) surface. We will consider

a �nite plate of martensite with a simple shape that is alwaysfully decried by the columns

of diag(nx ; ny; nz)C �
(225). In other words, our model of a growth nucleus is a parallelepiped

decried by three vectorsx = nxa, y = nyb and z = nzc wherea, b and c are the vectors of

C �
(225). The total transformation energy of such plate is:

E(x; y ; z) = ( x � y) � z� � � e+ 2 jx � y j 
 z + 2 jx � zj 
 y + 2 jy � zj 
 x (6.1)

Where � � is the atomic density of martensite, �e is the di�erence in energy per atom

between bulk austenite and bulk martensite and
 x;y;z are the interface energies between

the martensite and the surrounding austenite. Calculating
 z is simple because it is the

surface associated with the invariant plane; the cell vectors of austenite and martensite are

the same in that plane. The energy can be computed using density functional theory by

creating alternating slabs of austenite and martensite in the direction perpendicular to the

invariant plane (see the top of Figure C.5). For
 x;y because thec vectors of martensite

and austenite are di�erent, we �nd the closest lattice vector of austenite to a multiple � of

c�
(225) as illustrated in Figure 6.1 and adjust� c�

(225) so that it corresponds exactly to that

vector. Doing so, we e�ectively add strain inside the martensite plate which we consider

when computing � e. With this adjusted � c�
(225) we can create slabs in thex and y direction

and compute the corresponding interface energies.
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Figure 6.1 Mismatch in the transformed and untransformed lattice du to the change in
speci�c volume during the transformation. The top of the �gure illustrates in two
dimensions how the change in one of the lattice vectors during the transformation creates
gaps that need to be �led through slipping processes. The bottom of the �gure shows the
actual structure used to compute energies. The red-shaded region is the extra (seventh)
layer of FCC that is necessary to complete the interface.
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6.3 Results

The computed interface energies are presented in table Table 6.1. As expected, the

interface energy at the invariant plane,
 z, is more than an order of magnitude smaller than


 y. We now have all the required quantities to compute the totalenergy from equation (6.1)

for any set of f x; y ; zg. Equation (6.1) is the three-dimensional equivalent of equation 2.3,

it does not have a unique critical point but rather, a critical surface that separates nuclei

that naturally grow and the ones that naturally shrink. Here,we are looking for the smallest

possible nucleus that naturally grows.

Table 6.1 . Surface and bulk energies of the martensite plate

Quantity Value
� e 96 meV/atom

 x 869 meV/�A2


 y 944 meV/�A2


 z 68 meV/�A2

The evolution of the shape of a nucleus in time follows the direction that minimizes the

energy. In other words, a dimension of the plate (e.g.,x) grows as long as it is energetically

favorable to do so. This can be written as:

djxj
dt

= � f
�

dE
djxj

�
(6.2)

jxj t+1 = jxj t � dtf
�

dE
djxj

�
(6.3)

Where f is a monotonically increasing function that is zero at the origin. The same goes

for jy j and jzj. Equation (6.3) is, in fact, the expression for a gradient descent. For any

dimensionsf x; y ; zg this expression can be used to simulate the evolution of the plate with

time. Since f x; y ; zg can only take discrete values dictated bynx , ny, and nz, we run a

gradient descent on each possible set of dimensions on a gridof 336� 96� 192 (such that

x,y and z are roughly the same length). For each point on the grid, the gradient descent is
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stopped either when one of the dimensions becomes zero or if the dimensions exit the grid

(nx > 336, ny > 96, andnz > 192). Knowing the set of points that converged to zero, we

can plot the critical surface as illustrated in Figure 6.2. Anyplate that is spontaneously

created with dimensions below the critical surface will notgrow. From our results, we �nd

that the smallest of these nuclei has 3� 104 atoms and that the lowest energy one the critical

surface is 4� 103 eV. This is an order of magnitude higher than the activation energy found

in Ref. [93] using molecular dynamics on the diamond to graphite transition. In Figure 6.2,

the critical surface becomes closer to the x-y, x-z and y-z plane as one moves away from the

origin and the axes which means that thin nuclei with large areas are generally stable.

Figure 6.2 Critical surface of growth for a martensite plate inside an austenite lattice.
Nuclei that form between the origin and the critical surface are unstable. The growth
trajectory of the smallest possible nucleus is shown as a redcurve. The initial and �nal
shape of the plate are shown in the insets.

Another interesting result that can be obtained from this analysis is the shape of the

nucleus and its evolution in time. This depends on the choiceof the f function. In the

previous example, we assumed the following function:

djxj
dt

= � A sgn
�

dE
djxj

�  

1 � e
j dE

dj x j j l

k B T

!

(6.4)
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In other words, the rate of change ofx is the di�erence between a forward rate in the

direction of energy minimization and a reverse rate exp(
�
�
� dE

jx j

�
�
� l=(kB T)) that is proportional to

the probability of adding a lengthl in the direction opposite to the gradient. The initial and

�nal shape of the smallest nucleus are shown on the right sideof Figure 6.2. As expected,

the surface with the lowest interface energy shown in red on the �gure is naturally larger

than the other two surfaces. The \trajectory" of that nucleus is represented as a 3D line

in Figure 6.2. Interestingly, the trajectory starts o� by going towards the nucleus with the

lowest energy represented by a green dot while staying on thecritical surface. The trajectory

of an unstable nucleus is also shown below the critical surface in Figure 6.2.

6.4 Limitations

The approach presented here has important limitations. First and foremost, the shape

of the growth nucleus is limited to a parallelepiped which islikely not representative of

the physical system. A better representation would have a more complex shape, similar to a

Wulf construction, that would require computing interfaceenergies of several planes. In that

situation the energy would depend on more geometric parameters, sayn, and the critical

surface would become a hypersurface inn dimensions. Secondly, there needs to be a more

rigorous justi�cation for the choice of thef function and a more comprehensive analysis of its

e�ect on the critical nucleus size, shape and trajectory. Moreover, the energy associated with

the reorganization of the atoms in austenite to match the transformed lattice (Figure 6.1)

needs to be accounted for. Nonetheless, the simple model presented here shows interesting

physics and might be the basis for a more complete, quantitative model of nucleation and

growth in crystals.
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CHAPTER 7

CONCLUSION AND SUMMARY

Discoveries in materials science improve clean technologyperformance and increase their

adoption in industry. It is a formidable way to circumvent slow policy changes to reduce

greenhouse gas emissions faster. This thesis focuses on theconcept of structure matching

which is a powerful computational tool to accelerate materials discovery.

Chapter 2 presents structure matching in the context of metastable materials discovery.

Metastability is a random process where the transition probability between a (metastable)

state and a more stable one depends on the height of the energetic barrier between them. The

higher the activation energy, the lower the rate and the longer the lifetime. More formally,

it is the Turnbull and Fisher equation (equation (2.4)) that governs the rate of transition

in crystalline materials. According to that equation the transition rate{and therefore, the

lifetime{depends on three main factors: the di�erence in energy between the metastable

state and the ground state, the height of the energy barrier between the two states and

the activation energy for creating a growth nucleus. The di�erence in energy is trivial to

compute, but the other two quantities are much more di�cult to obtain. In order to �nd

the height of the energy barrier, the physical mechanism of transformation between the two

states (or phases) must be known which requires understanding the speci�c displacements

of every atom in the crystal. This is where structure matching comes into play: it �nds

the best mapping and orientation between any pair periodic crystal structures. In other

words, each atom of the metastable phase is paired with its counterpart in the low energy

phase. Once{and only once{this crucial step has been accomplished, the energy along the

transformation can be estimated more precisely using a method called Solid State Nudged

Elastic Band (ss-NEB) decribed in detail in section 2.3.

Chapter 3 lays down the central work of this thesis; it presents the structure matching

algorithm. Other crystal matching schemes have been developed mainly in the context of
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lattice matching at interfaces and similarity measurements between crystal structures, but

the algorithm presented here distinguishes itself from other methods in one major aspect

that comes back throughout this thesis:it does not rely on the initial choice of unit cell.

In fact, the periodicity is, at �rst, explicitly ignored to b e retrieved only in the �nal steps.

Instead of relying on a comparison of the unit cells or the atoms therein, the algorithm

minimizes the quantity in equation (3.1) which is more representative of the total distance

(cost function) between all the atoms in the crystal. To do so, it �rst creates two large

�nite portions (\chunks") of the crystals by selecting the N (a parameter) closest atoms to

an arbitrary point in the crystal. Then, the two sets of points are randomly placed with

respect to each other and the optimal mapping between them isestablished using the Khun-

Munkes algorithm. The mapping being established, the totaldistance can be computed and

minimized with respect to rotation and translation. Mapping, rotation and translation are

optimized iteratively and the initialization is repeated several times to avoid local minima.

Once the minimal distance is found the periodic cell of the mapping is retrieved. The full

process is described in detail in section 3.3.1 and illustrated in Figure 3.2

In the rest of the chapter, the algorithm is validated by computing the transformation

mechanisms of six well-studied transformation mechanismspresented in table Table 3.1.

For each example, it �nds a total distance that is shorter or equal to previously reported

results. In some cases, the mechanism involves a slipping process inside which the previously

reported mechanisms are observed. The relevance of the algorithm for interfaces is also

demonstrated on two systems: SiC(110)//Si(001) and yttrium-stabilized zirconia (111) //

Ni (111). Finally, a new metric based on the total distance is presented which ful�lls all the

mathematical characteristics of a formal metric and is independent of the number of atoms

in the system.

The �rst part of the thesis presents the context and the technical details of one-to-one

structure matching; the following chapters are direct applications of that approach to physical

systems.
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In Chapter 4, the atom-to-atom structure matching algorithm is used to �nd the opti-

mal transformation pathway between Iron FCC and BCC, a transformation known as the

martensitic transformation. The algorithm �nds a mechanism that resembles the Bain mech-

anism (a simple deformation of the FCC lattice into BCC), butit also involves a slipping

process. Careful analysis of the result reveals that the slipping process reduces the strain

signi�cantly and leads to the occurrence of a plane that is practically invariant. In other

words, a plane of atoms that is not strained during the transformation. The assumption

of the existence of such a plane is central to the widespread Phenomenological Theory of

Martensitic Transformations (PTMT); the structure matching algorithm �nds this feature

seamlessly. More analysis of the mechanism of transformation shows that the quasi-invariant

plane (termed uniformly strained plane) is nearf 225g
 , the slipping plane isf 112g� and the

orientation relationship (OR) is a variant of the Kurdjumov-Sach OR: all features that are

commonly observed in experiments but have been hard to reconcile theoretically. Finally,

it is demonstrated that when the coexistence of the untransformed austenite (FCC) and

the transformed martensite (BCC) is considered (as it is thecase in physical phase trans-

formations), the proposed mechanism of transformation leads to a lower energy than other

predicted mechanisms that do not involve an invariant plane. This shows how structure

matching is able to predict realistic transformation mechanisms without relying on energy

calculations and that even when energy is considered, the fact that it naturally minimizes

the strain has important implication on the �nal energy.

In the next chapter, the Schottky barrier height (SBH) at the interface between� -Ga2O3

and face centered cubic Pt is studied using structure matching and density functional the-

ory. This particular interface is used in high-power and high-temperature diodes whose

performance depends heavily on the barrier height. First, using structure matching it is

found that the optimal orientation of Pt for the � -Ga2O3 (201) surface is (111) and the

corresponding periodic interface structure is created. Then, the electronic properties of the

interface structure are computed using density functionaltheory. In particular, the local
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density of state is calculated from which the Schottky barrier can be directly measures. The

SBH for the � -Ga2O3 (201)//Pt(111) interface is found to be 1.9 eV which is much higher

than experimentally measured (1.05 eV). It is shown that using the same methodology on

the (100)Ga2O3 interface, the SBH can be computed precisely with respect toexperimental

theoretical values. To explain this discrepancy, it is demonstrated that adding decomposed

water (H.OH) at the interface has the e�ect of closing the SBH tozero. Therefore the

presence of H.OH, even in small quantities, could reduce the e�ective SBH measured in

experiments. This e�ect is not observed in the calculationsfor the � -Ga2O3(100) surface.

Gallium oxide preparation methods that minimize the adsorption of H.OH could greatly in-

crease the e�ective SBH. For example, it has already been shown experimentally that using

acids{which have low OH concentration{to clean the galliumoxide samples increases the

measured SBH. Finally, it is shown that the strain in Pt and the choice of its orientation has

very little impact on the barrier height.

In the �nal chapter, a new approach for calculating the growth nucleus activation energy

is proposed. Since the rate of transformation is strongly in
uenced by that activation (as

discussed in Chapter 2), it is imperative to develop theoretical tools to develop it. The idea

is to use a gradient descent to minimize the free energy starting from a range of shapes

and size of the growth nucleus. Surface and bulk energies are calculated between the trans-

formed martensite and untransformed austenite phases in the optimal orientation provided

by structure matching. Each starting point is assigned to \stable" or \unstable" depending

on its tendency to grow or shrink. The energy of the smallest stable nucleus corresponds to

the activation energy. The results are preliminary but thisapproach could, in principle, be

applied to any other system.

In conclusion, di�erent forms of structure matching have been used for years in many �elds

of applications: quantifying the similarity between structures, lattice matching two materials

at an interface and �nding transformation pathways betweenmolecules, but these seemingly

disparate �elds of applications had never been regrouped into a single encompassing problem.
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This thesis establishes crystal matching as a relevant problem in material science that requires

more attention. It shows that an e�cient structure matching methodology, such as the

one presented here, can lead to important applied results from metallurgy to high-power

electronics. I hope that some of the ideas found in this thesis will help or inspire other

researchers make important discoveries that will help us �ght climate change.
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APPENDIX A

AN ADDITIONAL METRIC

Since using the limit might be inconvenient computationally, let's de�ne a metric D as

such:

D(A; B ) =

(
e � e� K if G = 0

eG otherwise
(A.1)

This ful�lls the four criteria:

1. G � 0 and K � 0 if G = 0, therefore D(A; B ) � 0

2. D(A; B ) = 0 () G = K = 0 () A = B

3. d1;2(A; B ) = d1;2(B; A ) =) D (A; B ) = D(B; A )

4. ˆ if G(A; C); G(A; B ); G(B; C) > 0:

Follows from the fact that d1 is a metric andeG is monotone

ˆ if G(A; C); G(A; B ) > 0; G(B; C) = 0 (or G(A; C); G(B; C) > 0; G(A; B ) = 0):

Then CB = CC =) G(A; C) = G(A; B ) = G =) eG � eG + e� e� K (B;C )

ˆ if G(A; B ); G(B; C) > 0; G(A; C) = 0:

e � e� K (A;C ) � eG(A;B ) + eG(B;C ) sincee � e� K (A;C ) � 1 and eG(A;B ) � 1

ˆ if G(A; B ); G(B; C); G(A; C) = 0:

Follows from the fact that d1 is a metric ande � e� K is monotone

ˆ if two of the three Gs are equal to 0

Then CA = CB = CC which is equivalent to the previous case
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APPENDIX B

N-DEPENDENCE OF d1

Once again let's de�neC0 = ( CA � CB ) whose columns aref ~c� j � = 1; 2; 3g and ~� l = ~al � ~bl ,

we can rewrite equation (3.6):

d1 =
mX

l=1

n
2X

i;j;k = � n
2

jjC0

0

@
i
j
k

1

A + ~� l jj : (B.1)

If the cells are exactly identical,C0 = 0 and it follows that:

d1 = ( c + 1) 3
mX

l=1

jj ~� l jj = G1N; (B.2)

where

G1 =
1
m

mX

l=1

jj ~� l jj : (B.3)

Let's consider the simpler case where the vectors ofC1 and C2 are orthogonal and where

~� l = 0. One can show that aligning the 3 vectors is the optimal alignment C1 and C2 and

therefore, the vectors ofC0 are also orthogonal. Equation (B.1) becomes:

d1 =

n
2X

i;j;k = � n
2

p
i 2jj~c1jj2 + j 2jj~c2jj2 + k2jj~c3jj2: (B.4)

Let's approximate the summation using the right Riemann sum:

nX

i =1

f
�

a + i
(b� a)

n

�
(b� a)

n
=

bZ

a

f (x) dx + O
�

M (b� a)2

n

�
; (B.5)

whereM = maxf 0(x). In our case,a = � n=2, b= n=2 and:
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f (x) =
p

x2jj~c1jj2 + j 2jj~c2jj2 + k2jj~c3jj2 (B.6)

f 0(x) =
2xjj~c1jj2

2
p

x2jj~c1jj2 + j 2jj~c2jj2 + k2jj~c3jj2
� jj ~c1jj : (B.7)

Replacing in equation (B.4), we get:

d1 =

n
2X

j;k = � n
2

n=2Z

� n=2

p
x2jj~c1jj2 + j 2jj~c2jj2 + k2jj~c3jj2 dx

+ O(jj~c1jjn):

(B.8)

Using the same argument forj and k:

d1 =
ZZZ




p
x2jj~c1jj2 + y2jj~c2jj2 + z2jj~c3jj2 dx dy dz

+ O((jj~c1jj + jj~c2jj + jj~c3jj )n(n + 1) 2):

(B.9)

Where 
 is a cube of parametern centered at the origin. Let's de�nex0 = xjj~c1jj , y0 = yjj~c2jj

and z0 = zjj~c3jj . The integral becomes:

d1 =
1
V

ZZZ


 0

p
x02 + y02 + z02dx0dy0dz0

+ O(n3);

(B.10)

where 
 0 is a prism of parameternjj~c1jj , njj~c2jj and njj~c3jj centered at the origin andV =

jj~c1jj � jj ~c2jj � jj ~c3jj . This integral can be carried out in spherical coordinates by carefully

adjusting the integration limits:

d1 =
1
V

3X

i<j<k

L �Z

0

L �Z

0

L rZ

0

r 3 sin� dr d� d� + O(n3); (B.11)

where:
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L � = tan
�

jj~cj jj
jj~ci jj

�
; (B.12)

L � = arccos

0

@ 1
q

1 + jj~ci jj 2

jj~ck jj 2 sec2 �

1

A ; (B.13)

L r =
njj~ck jj
2 cos�

: (B.14)

Integrating:

d1 =
n4

192V

3X

i<j<k

tan
�

jj ~c j jj

jj ~c i jj

�

Z

0

jj~ck jj4((1 +
jj~ci jj2

jj~ck jj2
sec2 � )

3
2 � 1) d� + O(n3): (B.15)

Replacingn = N
1
3 � 1, and regrouping the constants:

d1 = G1(N
1
3 � 1)4 + O((N

1
3 � 1)3)

= G1(N
4
3 � 4N + 6N

2
3 � 4N

1
3 + 1) + O(N )

= G1N
4
3 + O(N );

(B.16)

where

G1 =
1

192V

3X

i<j<k

tan
�

jj ~c j jj

jj ~c i jj

�

Z

0

jj~ck jj4((1 +
jj~ci jj2

jj~ck jj2
sec2 � )

3
2 � 1) d� (B.17)

In sum, a pure reorganization of the atoms that does not change the unit cell (equation (B.2))

makes the distance depend linearly on the size whereas a puredistortion of the cell makes

the distance non-linearly dependant on the size. Considering the more general case where

the cell vectors are not orthonormal would only lead to lowerorder terms. To highlights the

two leading contributions we write:

d1 = G1N
4
3 + K 1N + O(N ): (B.18)
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APPENDIX C

SUPPLEMENTARY MATERIAL FOR CHAPTER 4

C.1 Short Description of the Algorithm

Figure C.1 illustrates the method for a simple two-dimensional example; the general

principle is the same for real systems. The �rst step is to cutlarge �nite portions of both the

initial and �nal crystal structures to obtain two sets of points. Then, the initial structure (in

red) is randomly aligned with respect to the �nal structure (in gray). The optimal mapping

(i.e., the correspondence between each atom) is then established for that position. Since

the sum of distances between each pair of atoms is now well de�ned (d1), it is minimized

with respect to the position of the �nal structure (in red) while the atoms are simultaneously

remapped. The random initial alignment and the distance minimization are repeated several

times such that the global minimum can be found. Finally, oncethe minimal distance is

found, the algorithm retrieves the periodicity in the corresponding optimal mapping to obtain

Cx and f px (l ) : l = 1 : : : mg.

The set of Cx and f px (l ) : l = 1 : : : mg fully de�nes the mapping and correspond to a

unique distanced1. For example, in the Bain transformation, the FCC cell vectors (C 
 )

would be [110]a
 =2, [110]a
 =2 and [100]a
 where a
 is the austenite lattice constant. The

martensite cell vectors would be that of the conventional BCC cell rotated clockwise by

45about the c-axis. There would be one atom at the origin and one at the center of both cells

(the relative atomic positions would not change during the transformation). This particular

choice of theCx and f px
l : l = 1 : : : mg for both structures fully describes the Bain trans-

formation mechanism and it corresponds to a unique distanced1 which, for the martensitic

transformation, is not the minimal distance (the algorithm�nds the mechanism presented

in the paper instead).
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Figure C.1 Simpli�ed visual representation of the behavior of the crystal structure
matching algorithm.
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Ignoring the periodicity at �rst by matching large �nite por tions of the crystals directly,

atom-to-atom, avoids issues associated with matching the unit cells (see Fig. 2 in Ref. [29]).

This is why the result presented in this paper cannot be obtained with our previous algorithm

[54] which rely on such a procedure. A more detailed explanation of the method can be found

in Ref. [29]. We wish to emphasize the fact that the algorithmrequires only the lattice

parameters of the initial and �nal structure; no other, information about the transformation

is known a priori.

C.2 Eigenvectors Matrices

The following expression is the matrixP whose columns are the eigenvectors ofU such

that U = P diag(� 1; � 2; � 3) PT . Its columns represent strain directions in the basis of austen-

ite.

P =

0

@

1p
2

1p
2

0
� 1p

2
1p
2

0
0 0 1

1

A (C.1)

Equivalently, the following expression is the matrixQ whose columns are the eigenvectors of

the strain matrix V such that V = Q diag(1=� 1; 1=� 2; 1=� 3) QT . Its columns represent strain

directions in the basis of martensite.

Q =

0

B
@

1p
6

� 1p
3

� 1p
2

� 1p
6

1p
3

� 1p
2q

2
3

1p
3

0

1

C
A (C.2)

C.3 Obtaining a Twinned Lattice From the Optimal Distance Mechanism

Using the transformation cell of Fig.1 (article), one can construct an austenite crystal

and transform it to martensite by applying the transformation matrix T and the atomic

displacementsf t l = T � 1p �
l � p 


l : l = 1 : : : mg. This will always lead to a perfect BCC

lattice since our algorithm found the optimal transformation mechanism between austenite

and a perfect (untwined) martensite. However, Figure C.2 shows how twinned BCC can
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be obtained by inverting the direction (� t l ) of the local displacements of the atoms for one

column of transformation cells along the [110]
 k[111]� direction.

Figure C.2 Comparison of the slipping and twinning processes. The transformation is
illustrated in 3 steps from left to right. Panels on the bottom row show the twinning
process, where, in the red region, the displacements of the atoms have been inverted.

C.4 Complete Steps to obtain the Uniformly Scaled Plane

Vectors of the uniformly scaled plane obey the following equation:

jjTujj = kjjujj ; (C.3)

where k is a scalar, independent of the choice ofu. We can write:

uT U2u = k2uT u (C.4)

uT (U2 � k2I )u = 0 (C.5)

uT (D 2 � k2I )u = 0 (C.6)

uT

0

@
� 1

2 � k2 0 0
0 � 2

2 � k2 0
0 0 � 3

2 � k2

1

A u = 0 (C.7)
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where u = PT u are the vectors of the uniformly scaled plane expressed in terms of the

principal strain directions (in the basis of the eigenvectors) and � 1;2;3 are the eigenvalues of

U such that � 1 < � 2 < � 3. This equation takes the form:

(� 1
2 � k2)ux

2 + ( � 2
2 � k2)uy

2 + ( � 3
2 � k2)uz

2 = 0 ; (C.8)

Equation (C.8) becomes the equation of a plane in 3D only ifk = � 2, in which case it

becomes:

ux �

s
� 3

2 � � 2
2

� 2
2 � � 1

2 uz = 0 ; (C.9)

For example, with � 1 = 2
p

2
3 , � 2 = 1 and � 3 = 2p

3
. We have:

ux �
p

3uz = 0 : (C.10)

. The vector [
p

2 0�
p

6] is perpendicular to that plane and it can be expressed in coordinates

of the austenite lattice:

nHP = P

0

@

p
2

0
�

p
6

1

A =

0

@
1

� 1
�

p
6

1

A : (C.11)

C.5 Complete Steps to obtain the Rotation Matrix

The rotation R is the one for which the invariant plane does not rotate during the

transformation. This can be expressed mathematically as:

RUv
jjRUvjj

= v : (C.12)

Where v are unitary vectors of the invariant plane. We have the following equations for two

linearly independent vectors in the invariant plane:

R
Uv1

jjUv1jj
= v1 ; (C.13)

R
Uv2

jjUv2jj
= v2 ; (C.14)
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From these two, we can produce a third equation:

R
(Uv1 � Uv2)
jjUv1jjjj Uv2jj

= � n �
HP : (C.15)

Where n �
HP is the unitary vector normal to the invariant plane (equation (C.11)). Let us

choosev1 = [ 1p
2

1p
2

0] and v2 = [
p

6
4 �

p
6

4 � 1
2 ] such that they are orthogonal and unitary. We

can rewrite equations (C.13), (C.14), and (C.15) in matrix form:

RM = V ; (C.16)

where

M =
�

Uv 1
jj Uv 1 jj ;

Uv 2
jj Uv 2 jj ;

Uv 1 � Uv 2
jj Uv 1 jjjj Uv 2 jj

�
; (C.17)

and

V =
�
v1; v2; � n �

HP

�
: (C.18)

Finally, using simple matrix algebra, we can �ndR = V M T (V and M are unitary matrices

and they yield a proper rotation matrix).

C.6 Transformation Energy

Figure C.3 Schematic of the plate. The atoms of the region in red undergo a martensitic
transformation. The other atoms remain in their austenite initial state.

To determine if a transformation mechanism and its corresponding orientation relation-

ship are energetically favorable, we computed the energy gained by austenite atoms from

transforming into martensite within an austenite matrix. In particular we considered a

martensite plate of dimensionsl � w � t composed ofn atoms wherel � t and w � t (see
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Figure C.3). In its initial austenite (FCC) state, the total energy of the plate is:

E 
 = ne
 (C.19)

wheren is the number of atoms in the plate ande
 is the energy per austenite atom. In the

�nal martensite state, its energy is given by:

E � = ne� + 2lwE lw + 2ltE lt + 2wtEwt (C.20)

Where E lw ; E lt ; Ewt are the surface energies per unit area for each face of the plate. Since

lw � lt and lw � wt we can write the equation in terms of the plate's areaA = lw.

E � = ne� + 2AE A (C.21)

Note that we consider the martensite atoms to be strained so the interface A is coherent,

therefore e� is di�erent for each transformation mechanism and OR. Finally, the energy

di�erence per atom is given by the following equation:

� E
n

= � e+ 2
A
n

EA (C.22)

Where � E = E � � E 
 and � e = e� � e
 . This expression can be rewritten as a function of

the plate's thicknesst:

� E
n

= � e+ 2
V
n

A
V

EA (C.23)

� E
n

= � e+ 2v

EA

t
(C.24)

Where V = lwt is the volume of the plate in its austenite state andv
 = V
n is the speci�c

volume of austenite.

In order to obtain the interface energyEA and e
 , e� , we ran spin-polarized density

functional theory (DFT) calculations in the local density approximation with the projector

augmented wave method [142] as implemented invasp [143].

First, we found the total energy for pure austenite to obtaine
 . Secondly, for each

mechanism, to obtaine� , we found the energy of pure martensite under the same strain

conditions as in the plate. Thirdly, we computed the total energy Eslab of slabs composed
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of strained martensite sandwiched between two layers of austenite; examples are shown on

Figure C.5. In these structures, the areaA is in�nite because of the periodic boundary

condition and the thickness is �nite and known. To obtain theinterface energy per unit area

EA , we used the following equation:

EA =
Eslab � n
 e
 � n� e�

2Aslab
(C.25)

With this information, we computed equation (C.24) for our proposed mechanism (New),

for the Kurdjumov-Sach mechanism (K-S) [96]1 and for the Bain mechanism (Bain). The

results are shown on Figure C.4. It is clear from the �gure that, for any realistic plate thicker

than 1 nm, our proposed mechanism is the most energetically favorable.

Figure C.4 Energy di�erence between atoms in the austenite and martensite states within
an austenite matrix as a function of the plate's thickness for three transformation
mechanisms. Points that are outlined correspond to the transformation shown in Fig. 3 of
this paper.

1In this case, since the �nal martensite state is strained to make theinterface coherent, this mechanism is
exactly equivalent to the Nishiyama shear process.
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In Fig. 3 of the paper, using the same DFT approach, we directly computed the change in

energy per transformed atom� E
nb

along the transformation at a speci�c thickness of 1:8 nm.

To do so, we used the following equation:

� E i

n
=

E i
slab � ne


ntrans
(C.26)

Where ntrans is the number of atoms that transform from austenite to martensite such that

n = n
 + ntrans and i is the step along the transformation. For example,E 0
slab = ne
 is

the energy of a pure supercell of austenite where� E 0

nb
= 0. The exact structures that were

used for calculations of the �nal transformed state in Fig. 3 of the paper are presented on

Figure C.5 they also correspond to the outlined points in Figure C.4
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Figure C.5 Crystal structures used to calculate the change in energy per transformed atom
in Fig. 3. The colored atoms (red, blue, green) form a strained body centered cubic lattice
whereas gray atoms form a face centered cubic lattice.
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C.7 Simulated X-ray Di�raction Pattern

Figure C.6 Simulated X-ray di�raction patterns along the transformation obtained using
the method presented in Ref. [137]
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APPENDIX D

SUPPLEMENTARY MATERIAL FOR CHAPTER 5

D.1 � -Ga 2O3 (201) // H // Pt (111)

Figure D.1 Local density of states

Figure D.2 Relaxed interface structure
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D.2 � -Ga 2O3 (100) // H.OH // Pt (111)

Figure D.3 Local density of states

Figure D.4 Relaxed interface structure
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D.3 � -Ga 2O3 (201) // Pt (111) with reduced strain

Figure D.5 Local density of states

Figure D.6 Relaxed interface structure
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D.4 � -Ga 2O3 (201) // Pt (221)

Figure D.7 Local density of states

Figure D.8 Relaxed interface structure
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D.5 � -Ga 2O3 (201) // Pt (321)

Figure D.9 Local density of states

Figure D.10 Relaxed interface structure
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