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ABSTRACT

A num erica l  f o rm u la t io n ,  based on th e  c a lc u lu s  of  

v a r i a t i o n s  and th e  p r i n c i p l e  of l e a s t  a c t i o n ,  i s  proposed 

f o r  th e  s o l u t i o n  of one-d im ensiona l  wave p rop ag a t io n  

problems. This method i s  compared w i th  the  f i n i t e  

d i f f e r e n c e s  methods.

The method c o n s i s t s  in  f i t t i n g  a polynomial of second 

degree  between each g r i d  p o in t  and minimizing the  a c t i o n  

i n t e g r a l  w ith  r e s p e c t  t o  th e  c o e f f i c i e n t s  of th e  polynomial 

a t  each t ime s t e p .

The computer time involved in  the  c a l c u l a t i o n s  was 

app ro x im a te ly  th e  same f o r  bo th  methods, a l th o u g h  the  

s p a c i a l  sample i n t e r v a l  could  be made abou t  f o u r  t imes 

l a r g e r  f o r  th e  v a r i a t i o n a l  method than  i t  was f o r  the  f i n i t e  

d i f f e r e n c e  method.
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INTRODUCTION

V a r i a t i o n a l  p r i n c i p l e s  have played an im p o r tan t  r o l e  

in  the  development of many branches of  p h y s ic s ,  asi In 

m echanics .  I t  i s  w e l l  known t h a t  the  problems of p a r t i c l e  

dynamics can be expressed  in  a v a r i a t i o n a l  form based  on 

th e  p r i n c i p l e  of  l e a s t  a c t i o n  as w e l l  by Newton's equa t ions  

o f  motion.  Although t h e r e  i s  a correspondence  between th e  

two approaches ,  the  p h y s ic a l  i n s i g h t  i n t o  more com plica ted  

systems can o f te n  be ac q u i r ed  more e a s i l y  w i th  th e  use of  

th e  v a r i a t i o n a l  approach than  w ith  Newton's eq u a t io n s  of  

m otion .  The v a r i a t i o n a l  methods a r e  a l s o  u s e fu l  in  de term­

in in g  approximate  s o l u t i o n s .  These advantages  have m otiv ­

a t e d  me t o  compare the  v a r i a t i o n a l  methods with  the  s ta n d a rd  

f i n i t e  d i f f e r e n c e s  techn iques  in  the  s o l u t i o n  of one-dimen­

s i o n a l  w ave-p ropaga t ion  p rob lem s . .

The purpose of t h i s  t h e s i s  i s  t o  show e x p l i c i t l y  a l l  

th e  s t e p s  of th e  new proposed v a r i a t i o n a l  method in  problems 

in which the  s o l u t i o n  i s  known.

The t h e s i s  i s  d iv id ed  i n t o  t h r e e  p a r t s .  In th e  f i r s t  

p a r t  the  mathematics of th e  c a lc u l u s  of v a r i a t i o n s  i s  d e v e l ­

oped; in the  second p a r t ,  we deduce the  a lg o r i th m  of th e  

proposed method; and in the  t h i r d  p a r t ,  we so lv e  problems 

of  wave p ro p ag a t io n  nu m er ica l ly  w ith  d i f f e r e n t  types  of  

boundary c o n d i t i o n s .



T-1387 2

THE CALCULUS OF VARIATIONS

V a r i a t i o n a l  Problems In One Independent V ar iab le

The b a s ic  problem of th e  c a lc u lu s  of  v a r i a t i o n s  is  

t o  f i n d  a f u n c t io n  y(x)  f o r  which some g iv en  l i n e  i n t e g r a l  

t h a t  depends upon t h i s  f u n c t io n  i s  an extremum. We begin  

t h i s  c h a p te r  w ith  the  s ta n d a rd  dem o n s t ra t io n  of how a 

s imple  v a r i a t i o n a l  problem leads  to  th e  E u le r - Ia g ra n g e  

e q u a t io n .  This d i f f e r e n t i a l  eq u a t io n  is  e q u iv a le n t  t o  

Newton's eq u a t io n s  of motion.

To g ive  a form al  d e f i n i t i o n  t o  our problem, c o n s id e r  

th e  i n t e g r a l

We pu t  th e  problem in  a form in which we can use the  

d i f f e r e n t i a l  c a l c u l u s  in  o b ta in in g  a s t a t i o n a r y  va lue  f o r  

th e  i n t e g r a l  ( l )  by means of a new param ete r  o( such t h a t

I CD

(2 )

Note t h a t  o(=o co r responds  t o  th e  s t a t i o n a r y  v a lu e .

We s im p l i f y  the  problem by imposing th e  c o n d i t i o n :



T-1 3 8 7 3

« [ ( * , )  =  ^ ( * 0  =  O ( 3 )

Using th e  pa ram etr ic  r e p r e s e n t a t i o n  as in  (2 ) ,  we 

o b t a i n :

(*)

I f  i ( ^ )  i s  to  be s t a t i o n a r y ,  then  we must have 

(  ^  0 = o  (5)

Now, s u b s t i t u t i n g  (2) in to  e q . o b ta in
* a

I ( = 0  -  ) 1 , -j' + <* 1^2 d[* (6)

Expanding lC°^ ) in  th e  Taylor  s e r i e s  ab o u t  c(^o and 

keep ing  only th e  l i n e a r  term s in c e  ©C i s  sm a l l ,  we have

I  (oC ) _  H- <=< f 2  ^
(7)

d\ - O
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By th e  u sua l  methods of d i f f e r e n t i n g  under th e  i n t e g r a l  

s ig n ,  one f i n d s  t h a t

2
trI  J _ I  (o') + \ .n + ^ ) a .  (8)

For l(o<) to  co in c id e  w ith  1 (0 ) ,  we r e q u i r e  t h a t

f ’  ( 3 7  1  +  —  V  \  o

I ,  ( 9 >

Now, we i n t e g r a t e  th e  second term in e q . (9 ) by p a r t s ,

+ i ( 1 F _ i  2 L \  ^  A ,  = o
J \ Ax ) (lO)
X 1

The in t e g r a t e d  p a r t  van ishes  because ^  van ishes  a t  

th e  end p o in t s  x̂ _ and xg.  T h e re fo re ,  i f  the  i n t e g r a l  i s  to  

v an ish  f o r  a r b i t r a r y  (x) ,  we r e q u i r e  t h a t

o  F  A *3 F0 r  _ __   -  o
*3-y Ax "3 y 1 )

This d i f f e r e n t i a l  eq u a t io n  is  known as the  E u le r -  

Lagrange e q u a t io n .  I t s  s o l u t i o n  r e p r e s e n t  a curve f o r  which 

the  v a r i a t i o n  of an i n t e g r a l  of  the  form g iven  in  e q . ( l )  

v a n i s h e s .

Ihe fundamental  problem of the  c a lc u lu s  of v a r i a t i o n s ,  

as  we have shown, can be e a s i l y  g e n e ra l i z e d  f o r  the  ca se  in
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which the  f u n c t io n  F depends on many independent  v a r i a b l e s  

y i (x) and t h e i r  d e r i v a t i v e s  y ^ x ) ,  i =  1 ,2 ,  . . . , N .

We wish to  minimize t h e  i n t e g r a l

s u b j e c t  to  a f ix e d -e n d s  boundary c o n d i t i o n s .

As in  th e  ca se  of one independent  v a r i a b l e ,  we c o n s id e r  

th e  i n t e g r a l  I  as  a f u n c t io n  of the  param ete r  9 which l a b e l s  

a l l  the  p o s s ib l e  curves  y^ (x, o< ) .  Thus we may in t ro d u ce  

by s e t t i n g

where y ^ ( x , 0 ) ,  y2 ( x ,0 ) ,  e t c . ,  a r e  the  s o l u t i o n s  of  the  

extremem problem and , i =  1 ,2 ,  . . .  ,N, a r e  a com ple te ly  

a r b i t r a r y  f u n c t io n s  of x, excep t  t h a t  they  van ish  a t  th e  

end p o i n t s .

Proceeding as b e fo re ,  we o b ta in  the  c o n d i t io n  analogous

(12 )

(13)

Yu (y ' ”0  = YfJ (* > “I + ° <r[N ( O
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Again, we i n t e g r a t e  th e  i n t e g r a l  involved in  th e  

second term of eq .  ( l4 )  by p a r t s ,  and o b ta in  th e  r e s u l t

Svi 21 \ i
<u y

where th e  f i r s t  term v a n i s h e s ,  s in c e  we have a v a r i a t i o n  

w i th  f i x e d  end p o i n t s .  Thus e q . ( l4 )  becomes

( 2 L -  J _ ( 2 L _ M n  4* =  °  ( i 5)
\  'Z'/i Ax

z
T h e re fo re ,  i f  th e  in te g ra n d  van ishes  f o r  a r b i t r a r y  

, we must r e q u i r e  t h a t

2 f  _ A .  2 L _  ^  o
* 3 ^  Ax ' d t f  (16)

The r e s u l t  g iven in  e q . ( l6 )  s t a t e s  t h a t  f o r  th e  case  

a t  hand we j u s t  w r i t e  an E u le r-Lagrange  equ a t io n  f o r  each 

v a r i a b l e .

We w i l l  see in  th e  nex t  s e c t i o n  t h a t ,  by s u i t a b l e  

t r a n s f o r m a t i o n s ,  i t  i s  p o s s i b l e  t o  d e r iv e  Newton's equ a t io n s  

o f  motion f o r  c o n s e r v a t iv e  systems from th e  Eu ler -Lagrange  

e q u a t i o n s .

The P r i n c i p l e  of L eas t  Action

The Newtonian laws of motion p rov ide  a m a them atica l  

s t r u c t u r e  which d e s c r ib e s  th e  motion of i n t e r a c t i n g  p a r t i c l e s  

Although th e  fo rm u la t io n  of  Newton i s  most commonly s tu d ie d
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In e lem entary  p h y s ic s ,  t h e r e  i s  a second and a l t e r n a t e  

method of  e x p re s s in g  th e  b e h a v io r  of a mechanical  system.

This a l t e r n a t e  m athem atica l  d e s c r i p t i o n  i s  c a l l e d  th e  

p r i n c i p l e  of  l e a s t  a c t io n *

The in s t a n ta n e u s  c o n f i g u r a t i o n  of a system i s  p r e s ­

c r ib e d  by th e  va lues  of  n g e n e ra l i z e d  c o o r d in a te s  q^, q2 , 

q^ ,  and corresponds  to  a  p a r t i c u l a r  p o in t  in  an n -d im ens iona l  

q - s p a e e .  This n -d im ens iona l  space i s  t h e r e f o r e ,  known as  

th e  c o n f i g u r a t i o n  space .  As time goes on, th e  s t a t e  o f  th e  

system changes,  and th e  system p o in t  moves in  th e  c o n f ig u r ­

a t i o n  space t r a c i n g  out a curve  and d e s c r ib in g  th e  motion 

o f  the  sys tem.

We denote  by th e  c o n f ig u r a t i o n  of a m echanical  

system, i . e . ,  th e  a g g re g a te  o f  th e  p o s i t i o n s  o f  th e  i n d i v i ­

dua l  p a r t i c l e s  a t  an i n s t a n t  t ^ .  S i m i l a r l y ,  Cg denotes  

t h e  c o n f i g u r a t i o n  a t  a l a t t e r  time tg« We c a l l  th e  c o n f i g u r ­

a t i o n  pa th  or o r b i t  of th e  system th e  curve  j o in i n g  and 

C2 in  th e  c o n f i g u r a t i o n  sp a c e .  The a c t u a l  o r  dynamic o r b i t  

depends upon the  c o n s t r a i n t s  on the  system and th e  f o r c e s  

which in f lu e n c e  th e  motion.  We a l s o  r e s t r i c t  th e  p o s s i b l e  

o r b i t s  between th e  two c o n f ig u r a t i o n s  t o  th o se  which f u l f i l l  

t h e  c o n d i t io n  t h a t  th e  t o t a l  energy a long  th e  v a r i e d  pa th s  

i s  th e  same as  a long  th e  a c t u a l  p a th .

The p r i n c i p l e  of l e a s t  a c t i o n  s t a t e s  t h a t  a mechanical  

system w i th  a- k i n e t i c  energy T and a p o t e n t i a l  energy V 

behaves w i th in  a t ime i n t e r v a l  t ^ t ^ t g ,  f o r  a g iven  i n i t i a l



T-1387 8

and end p o s i t i o n s ,  so t h a t

k L  U i  - V- AA ̂L ' (17)

-̂ 1

assumes a s t a t i o n a r y  v a lu e .

The i n t e g r a l  A i s  known as the  a c t i o n  i n t e g r a l ,  and 

th e  in te g ra n d  L i s  c a l l e d  th e  Lagrangian of th e  system and 

i t  i s  de f in ed  as

L = T - V
(18 )

We note  t h a t  the  a c t i o n  i n t e g r a l  has the  form 

s t i p u l a t e d  in  eq. (12),  and so we make the  t r a n s fo rm a t io n s

* —  t  , i ^

(  )  i  1 )  ‘ 1 X )  ^  L .  I  L ,  TJ i  ,  t  )

The Euler-Lagrange eq u a t io n s  become the  Lagrange eq u a t io n s  

of  motion

A o L
—  -----  -    -  °  (19)

The Lagrange eq u a t io n s  of  motion a r e  in  tu rn  e q u i v a l e n t  

to  Newton's ,  as i n d i c a t e d  by th e  fo l lo w in g  example. Consider  

a p a r t i c l e  of mass m moving In a p o t e n t i a l  f i e l d  V(x1, x2 , x^)

The k i n e t i c  energy of the  p a r t i c l e  i s

' | • 2 *2 • 2 \
T  = \ m / z  / \ ^  ^  1
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and th e  a c t i o n  i n t e g r a l  i s

Applying th e  e q . (19) t o  th e  in te g ra n d ,  one f i n d s

t h a t
j. = i , 2 >^

This eq u a t io n  i s  c l e a r l y  th e  Newtonian eq u a t io n  of 

motion d e s c r ib in g  th e  t r a j e c t o r y  of th e  p a r t i c l e  in  a f o r c e  

f i e l d .

V a r i a t i o n a l  Problems in  Two Independent  V ar iab le s  

We c o n s id e r  th e  double i n t e g r a l

The i n t e g r a t i o n  of eq. (20) i s  c a r r i e d  o u t  over  a 

g iven  domain D in  th e  x -y  p la n e .  The f u n c t io n  F i s  tw ice  

d i f f e r e n t i a b l e  w i th  r e s p e c t  to  th e  i n d i c a t e d  argum ents .

We proceed t o  d e r iv e  th e  p a r t i a l  d i f f e r e n t i a l  eq u a t io n  which 

must be s a t i s f i e d  in  o rd e r  t h a t  th e  i n t e g r a l  I  be s t a t i o n a r y  

w i th  r e s p e c t  to  a co n t in u o u s ly  d i f f e r e n t i a b l e  f u n c t io n s  

w (x ,y )  which assume p r e s c r ib e d  v a lu es  on the  boundary curve

wfa

(20 )
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C of th e  domain D.

We l a b e l ,  as  b e f o r e ,  a l l  the  p o s s i b l e  t r a j e c t o r i e s  by 

the  param ete r  ©C

where w (x ,y)  i s  assumed to  be th e  s t a t i o n a r y  f u n c t io n  and 

i s  a com plete ly  a r b i t r a r y  f u n c t i o n ,  excep t  t h a t  i t  i s  

r e q u i r e d  to  v an ish  on C.

Using the  p a ram etr ic  r e p r e s e n t a t i o n  mentioned above, 

we w r i t e  th e  th e  e q . (20) a s

Expanding i ( ^ )  in  th e  Tay lo r  s e r i e s  abou t  o<= 0 and 

keeping  only the  l i n e a r  term, s in c e  ° ( i s  sm a l l ,  we o b ta in

J)

I f  the  i n t e g r a l  I  i s  t o  be s t a t i o n a r y ,  then we must

have

(2 1 )

c< -  O

o

Consequent ly ,  we r e q u i r e  t h a t
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+
2  -vr.

cJL >c A ^ =  o

(24)

Now, ap p ly in g  Green 's  theorem to  th e  l a s t  two terms

in eq .  (24) and us ing  f  \  I E  )  =■ *1* + n F
o  / ^ F  \ K 1 2 * 'and

3 u , ' l l
I I  + n l l f _  
•3-iXy . V ,3y3-vr^

*1
"3F

•3 ' J F

"^“uT * .

A *

73 nj

, we o b ta in

A* JU -4*

^  *uT)
+ 31 ±U

T s  •a-uTy As ]
=  0

(25)

The second i n t e g r a l  van ishes  s in c e  f ^ ( x , y ) = 0  on C. 

T h e re fo re ,  we o b ta in

( \\2L - 2 I
i M  ^ u -  a *  V
T> L*

A *  -

I f  th e  in te g ra n d  i s  t o  v an ish  f o r  a r b i t r a r y  (x ) ,  the  

f u n c t i o n  F ( x ,y )  must s a t i s f y

^  “S F  1
25 n r

-  o (26)

This i s  th e  Euler-Lagrange eq u a t io n  in  two independent  

v a r i a b l e s .
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THE VIBRATING STRING PROBLEM

The D e r iv a t io n  of the  D i f f e r e n t i a l  Equation

The problem chosen h e re  as the  b a s i s  of comparison of 

th e  v a r io u s  methods i s  the  problem of the  v i b r a t i o n s  o f  a 

s t r e t c h e d  s t r i n g  between two f ix e d  p o i n t s . This s p e c i a l  

boundary c o n d i t i o n  w i l l  be inc luded  in  a g e n e ra l  computer 

program which can hand le  a l l  the  d i f f e r e n t  types  of 

boundary c o n d i t i o n s .  We have chosen t h i s  p a r t i c u l a r  

problem s in c e  th e  k i n e t i c  and p o t e n t i a l  energy can be 

e a s i l y  e v a lu a te d ,  and t h e r e f o r e ,  the  e l a s t i c  param eters  

can be i d e n t i f i e d  f o r  any one d im ens iona l  wave p rop ag a t io n  

problem.

Let us c o n s id e r ,  then ,  an e l a s t i c  s t r i n g ,  s t r e t c h e d  

under a t e n s i o n b e t w e e n  two p o in ts  on th e  x - a x i s  

(F ig .  l ) .  In f o rm u la t in g  th e  problem we assume t h a t

a )  The mass of the  s t r i n g  i s  un iform ly  d i s t r i b u t e d .

b) The motion tak es  p la ce  e n t i r e l y  in one p lane ,  and in  t h i s
p lane  each p a r t i c l e  moves a t  r i g h t  a n g le s  t o  th e
e q u i l ib r iu m  p o s i t i o n  of the  s t r i n g .

c )  The d e f l e c t i o n  of the  s t r i n g  during  th e  motion i s  so 
sm all  t h a t  the  r e s u l t i n g  change in  l e n g th  has no e f f e c t  
on th e  t e n s i o n ! ' .

d) The s t r i n g  i s  p e r f e c t l y  f l e x i b l e ,  i . e . ,  i t  can t r a n s m i t
f o r c e  only in  the  d i r e c t i o n  of i t s  l e n g t h .

e) The am pli tude  of the  v i b r a t i o n  i s  very  sm a l l .

f ) There i s  no f r i c t i o n a l  damping, so we dea l  w ith  a 
c o n s e r v a t iv e  system.
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F ig u re  1 .  A t y p i c a l  c o n f i g u r a t i o n  of th e  s t r i n g  

The t r a n s v e r s e  d isp lacem en t  of the  s t r i n g  i s  denoted 

by th e  f u n c t io n  ^ ( x , t ) ,  which d e s c r ib e s  the  shape of th e  

s t r i n g  dur ing  th e  cou rse  of  th e  v i b r a t i o n .  The f a c t  t h a t  

t h e  ends a r e  f i x e d ,  we have th e  c o n d i t io n  f  ( o , t ) ^ ( L t )  = o 

f o r  a l l  t i m e s .

I f  r e p r e s e n t s  th e  c o n s t a n t  m a s s / l e n g th  of th e  s t r i n g ,  

th e  k i n e t i c  energy dT of  an element dx w i l l  be

AT _ ± 
Z

i f . Ax
(27)

and ,  t h e r e f o r e ,  f o r  th e  e n t i r e  s t r i n g

T - 1 . ? (2 8 )

The p o t e n t i a l  energy i s  g iven  by th e  p roduc t  o f  th e  

t o t a l  e x t e r n a l  f o r c e  and th e  in c r e a s e  of  l e n g t h .  We w i l l  

c o n s id e r  the  ten s io n 'T w h ich  i s  ex e r ted  upon the  ends as  the  

on ly  e x t e r n a l  f o r c e .  Hence we o b ta in
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V  _  T ( cU  -  1 (2 9 )

I f  we expand ds /dx  ac c o rd in g  to  the  b inom ia l  theorem 

and n e g l e c t  terms of second and h ig h e r  o rd e r ,  we o b ta in

o I:
+

2
2 _ L

T h e re fo re ,  e q . (2 9 ) becomes
i

z x
(30)

In o rd e r  t o  f i n d  the  motion of the  s t r i n g  in  a c e r t a i n

time i n t e r v a l  t  < t  <T t ^ ,  we have t o  f i n d ,  ac co rd in g  t o  the1 ^ 2
p r i n c i p l e  of l e a s t  a c t i o n ,  th e  s t a t i o n a r y  va lue  of the  i n t e g r a l

K
-̂2 I

n-'L 21.

(31)

Consequent ly ,  th e  f u n c t i o n  which d e s c r ib e s  the  a c t u a l  

motion of th e  s t r i n g  i s  one t h a t  g ives  th e  a c t i o n  i n t e g r a l  

an extremum w ith  r e s p e c t  to  th e  f u n c t io n  ( x , t ) ,  which 

d e s c r ib e s  the  a c t u a l  c o n f i g u r a t i o n  a t  t  — t^  and t  =■ t^  

and v an ish e s ,  f o r  a l l  t  a t  x - 0  and x = l .  The t imes t-  ̂ and

t^  a r e  com ple te ly  a r b i t r a r y .

I f  we make the  t r a n s fo rm a t io n s  in e q . (20)
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th en  th e  e q . (26) becomes

(32)

This p a r t i a l  d i f f e r e n t i a l  e q u a t io n  d e s c r ib e s  the  a c t u a l  

motion of th e  v i b r a t i n g  s t r i n g .

F i n i t e  D i f fe re n c es  Approximation

and c o n s id e r  th e  c o n f i g u r a t i o n s  of  th e  s t r i n g *  a t  t h r e e  

co n s e c u t iv e  t im es ,  i . e . ,  t  - 0, k t ,  2 & t .  A cco rd ing - to  the  

p r i n c i p l e  of l e a s t  a c t i o n ,  we keep the  c o n f ig u r a t i o n s  a t  th e  

f i r s t  and t h i r d  t imes f i x e d  and proceed t o  e v a lu a t e  the  

p o s i t i o n  of  th e  s t r i n g  a t  th e  second c o n f i g u r a t i o n  t h a t  

makes the  a c t i o n  i n t e g r a l  s t a t i o n a r y .  This g iv e s  us a 

r e l a t i o n s h i p  among th e  t h r e e  c o n f ig u r a t i o n s  (F ig .  2 ) .

The motion of th e  s t r i n g  i s  d e s c r ib e d  by a sec6nd 

o rd e r  p a r t i a l  d i f f e r e n t i a l  equa t ion  g iven  in  (3 2 ) .  In o rd e r  

t o  so lv e  t h i s  eq u a t io n  we must supp ly ,  b e s id e s  the  boundary 

c o n d i t i o n s ,  th e  c o n f i g u r a t i o n s  o f  th e  s t r i n g  a t  th e  f i r s t  

two time s t e p s .  S ince  th e  t h r e e  c o n f ig u r a t i o n s  a r e  r e l a t e d  

t o . e a c h  o th e r ,  we can express  the  t h i r d  c o n f i g u r a t i o n  in  

terms of th e  f i r s t  and second ones .  In  g e n e r a l ,  the  computation

(*) The use of  th e  s t r i n g  as  i l l u s t r a t i o n  i s  p u re ly  a m a t te r  
o f  conven ience ,  and any q u a n t i t y  s a t i s f y i n g  the  wave 
eq u a t io n  posseses  th e  p r o p e r t i e s  developed f o r  the  s t r i n g .

Our'/approach i s  t o  d i g i t i z e  th e  f u n c t io n
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a lg o r i t h m  w i l l  be as  f o l l o w s :  g iven  th e  c o n f ig u r a t i o n s  a t

(m-l)  A t  and m A t ,  we e v a lu a t e  th e  c o n f ig u r a t i o n  a t

(m + l )  A t ,  f o r  m= 1 , 2 , 3 , . . . ,M. In r e f e r e n c e  to  f i g u r e  2,

th e  system s t a r t s  o f f  w i th  th e  d isp lacem en ts  known a t  th e  
edX i n t e r s e c t i o n s  and th e  a lg o r i th m  w i l l  f i n d  the  

d isp lacem en ts  a t  th e  o th e r  i n t e r s e c t i o n s .

time

imom

Boundary
c o n d i t i o n

Boundary . 
c o n d i t i o n

N2/  \oz

Oo 20  h o

I n i t i a l  c o n d i t io n s d i s t a n c e

F ig u re  2 . -  The f i n i t e  d i f f e r e n c e s  scheme.

The n e x t  s ta g e  i s  t o  approxim ate  i n t e g r a t i o n s  by sums 

The a c t i o n  i n t e g r a l  becomes:

N
z
h-=i

fr,, -  f no
A t

fno “ Fn-i , • r +
Ax

4-
A t

Ax A t  -f

? n»- ? n-ii 
Ax

j f n 2 - )
Ax J

A* At

(33)
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The a c t i o n  i n t e g r a l  i s  s t a t i o n a r y  between 0 ^ t ^ 2  t

i f

-  o
f o r  n =  1 ,2 ,  . . . ,N  -  1 

Used w i th  (.33)t t h i s  g iv e s  us n as  a f r e e  index and

5  t L  ( j m - f n o  - f n2_ _  IT | t  f o v-

Define  ii,y   X

' t  _  ^ (3*0

When i t  i s  so lved  for"?M, the  l a s t  e q u a t io n  becomes

f  na =  +?n+h> ')
(35)

n 1 , 2 , . . . ,N  -  1

In  g e n e r a l ,  th e  a c t i o n  i n t e g r a l  between

(h \ - ' )  L \ .  ^  " t  ^  i s  s t a t i o n a r y  i f

— —  — O n ~  1 ,2 ,  . . . , N  -  1
"3 5 n m  _ _m ^  1 | 2 |  •  •  •  j M

which y i e l d s  th e  r e s u l t

Tn.m-M = - ^ n 5m-, + 2 ( \ - V 2 / v 0 f n m + ^ / ' ) ? ^ - ' ^ +^  
r (36)
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This r e s u l t  I s  th e  same as t h a t  which we would o b ta in  

i f  we a p p l i e d  f i n i t e - d i f f e r e n c e s  methods d i r e c t l y  in  the  

p a r t i a l  d i f f e r e n t i a l  eq u a t io n  g iven  by e q . (3 2 ) .

Proposed Method Using the  C a lcu lus  of V a r ia t io n s
o

We propose t o  f i t  a q u a d r a t i c  a x % b x  +  c t o  each g r id  

p o i n t .  I t  i s  hoped t h a t  we may thus o b ta in  the  same accu racy  

in  th e  s o l u t i o n s  in  l e s s  computer time s in c e  l a r g e r  sample 

i n t e r v a l s  should be a c c e p t a b l e .  We p lan  t o  i n v e s t i g a t e  how 

l a r g e  th e  sampling i n t e r v a l  can be made, while  s t i l l  o b ta in in g  

a c c u r a t e  s o l u t i o n s .

We d i g i t i z e  th e  time v a r i a b l e ,  l e a v in g  th e  space v a r i ­

a b l e  co n t inuous ,  i . e . ,

('M-C) ------- ^  ^  m k - t  )

Consider  th e  i n t e r v a l  0 x ^  1, and su b d iv id e  i t

i n t o  N s u b i n t e r v a l s  0 -  *o <C ^  ^  *  N — ^

Let kV) be the  q u a d r a t i c  approx im ation  to  the

f u n c t i o n  in  th e  s u b i n t e r v a l  so t h a t
t  „ [x ,  m a )  -  ^  f o r  X = x „ _ ,  and X -

Thus, th e  f u n c t io n  ^  can be w r i t t e n  as

in + + C n m
(37)

where h - x ^  -  xMn n -  l
We have 3N d i f f e r e n t  c o e f f i c i e n t s  f o r  each m, b u t  the
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c o n d i t io n s  of  c o n t i n u i t y  of th e  f u n c t io n  •?n (*>mb-^-) and

i t s  f i r s t  d e r i v a t i v e *  a t  x = nh, n = 1 ,2 ,  . . . , N  -  1, a lo n g  

w i th  th e  boundary c o n d i t io n s  a t  x -  0 and x — Nh, g iv e  2N 

e q u a t io n s .  Thus we should  be a b l e  t o  . e l im in a te  2N c o e f f i ­

c i e n t s  and f i n i s h  up w ith  only N c o e f f i c i e n t s  t o  be de term ­

ined ,  u s ing  th e  c a l c u lu s  of v a r i a t i o n s .

Analogously t o  the  d i s c r e t e  ca se ,  we keep th e  c o e f f i ­

c i e n t s  in  th e  f i r s t  and t h i r d  c o n f ig u r a t i o n s  f ix e d  and we 

minimize th e  a c t i o n  i n t e g r a l  w i th  r e s p e c t  t o  th e  c o e f f i c i e n t s  

in  th e  second c o n f i g u r a t i o n .  In t h i s  way we o b ta in  a r e l a t i o n ­

s h i p  among th e  t h r e e  c o n f i g u r a t i o n s .

F o r  th e  N -s u b in te rv a l  c a se ,  we have

(x, m \  " -V k v«i\ *• -V c \m

n 2 . > m b - t )  -  2 m (x- *■ -V W m  X  -V C a  >n

• •
(38)

The boundary c o n d i t i o n  a t  x =  0 i s 3

and g iv e s  th e  r e s u l t y -o

(39)

(*) These c o n d i t io n s  a r e  e q u i v a l e n t  to  having c o n t i n u i t y  
of  d isp lacem en ts  and s t r e s s e s .
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The c o n d i t io n s  of  c o n t i n u i t y  of th e  f u n c t io n  ( x* ™ 

and i t s  f i r s t  d e r i v a t i v e  y i e ld  the  r e s u l t

£ a

'  .  \ f
^  r-. <y . h  O i1. n1 ri 4  C  n

r\ m U -r

The boundary c o n d i t io n  a t  x = Nh i s

= P  Nl om

(40)

n NS ™ L-0

X =
(41)

Now us ing  th e  equ a t io n s  (39) th rough  ( 4 l ) ,  we can

We

have a system of 2N -  1 e q u a t io n s ,  s in c e  we e v a lu a t e  th e

so lv e  f o r  th e  a 's  and c *s in terms of the  b„_, ' snm nm nro

c o e f f i c i e n t  c^ e x p l i c i t e l y .

For  s i m p l i c i t y ,  we a re  going t o  work out th e  ca se  

N =  4 .  L a te r  on, we g e n e r a l i z e  f o r  any number of  i n t e r v a l s .

From the  eq u a t io n s  (39)> (40) and ( 4 l ) ,  we o b ta in  th e  

system of l i n e a r  eq u a t io n s

k 2 - O 0 O- - i  o o
1 t

^ \T r \
t
1

— t ,  Vs -  ~ f o n

2  h G 0 o 0  o 0 1 k*2 VTi ■  ^ in i

0
, 2  
'r 0 0 \ -  1 0 O 3  m -  2 m  kk

0 2  n 0 0 0  o o
i *1 U-vn = Id  3  vn -  W  ^

o c
S 2
n 0 G \ -  ' i ! C 2 m i •1

-  k  3  Vn A

>w c 2  k 0 G 0 0 ; C 3 m
1
! t  i^rn ~  W  via

c /NO
2

n C 0 \!
L ^

j
klV)r»sV\ ^  4  AH

(42)

From the  even-numbered rows, we o b ta in

a im -  ( l / 2 h )  (b2m-bi m) (43)
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a 2 m =  ( i / 2 h ) (b 3ra- b 2m ) ( 4 4 )

a3m = b / 2h) b̂4m"b3m̂

The f i r s t  row read s :

h ^im 2. VTi — ^ \ W5 QYT\

S u b s t i t u t i n g  the  equ a t io n  (43) i n t o  t h i s  eq u a t io n  

and so lv in g  f o r  c2m> we o b ta in

c 2m  = _b_ 4- Id 2 ^  ^ o m  ( 4 6 )

The t h i r d  row re a d s :

'l 2. VTi "V im  ~ ^ ”2 w ^

S u b s t i t u t i n g  e q . (44) and (46) i n t o  t h i s  eq u a t io n  and 

s o lv in g  f o r  we o b ta in

-  - J  i ' CMm ^0 VTs

The f i f t h  row re a d s :
! 2 _ _ | |  
ft Ov 3 m "3> m 4 ^  vn h

S u b s t i t u t i n g  e q . (45) and (47) i n t o  t h i s  e q u a t io n  and

s o lv in g  f o r  c. , we o b ta in  4m

A rn  -  ------  \  b  \ m  -V 2  lo -2 rr\ 4 - 2 - 'o  3 -V \ o a  "T" >
o  1 /  f

C  VV. (48)

F i n a l l y ,  the  seven th  row re a d s :
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S u b s t i t u t i n g  e q . (48) i n t o  t h i s  equa t ion  and s o lv in g

f o r  a, , we o b ta in  4m

' 2- ft"

w: (49)

T here fo re ,  the  fu n c t io n  ij (x, m & t )  can be expressed

in  terms of th e  param eters  b 's  on ly ,  i . e . .nm

, m k - t )  ^ °̂2m ~ k-*™ X 2 4- lo*™ x -V ' fom
2 Vi

(  x^ Wi ML') _  ~ C x  -  In') -V lo 2  rn (  ^  4- J l  C ^ im  4  l ° 2 vn') 4  ^ o m

2-V\
r, l O  -_ ~ ^ 3m 4- ( * -  2 v )  +  2̂_ + 2 k ,m
^  2h 2

4- 5om  (50)

4 (* i Vn kl) _

2 W 1a
4 t 4m [ * -  3Vi  ̂ 4  _Jl (. 1>I* + 2t-2m + b 4 ™ ̂  +- ^ o m

We g e n e r a l i z e  t h e . r e s u l t  (5 0 ) f o r  N s u b i n t e r v a l s 2

(\ " l ' ' )  - ^2m ~ %Yr> 4- X -V f=orn

r̂, (x,yY Ml _ ,w. - toy»m U +lo-nir«^X-CvN-^^'^

2 io -r, - \ 1 m +• lo-nm^ +J l  ( 'oVVyx 4- 2 V>:

/  \  t 1 _v -y> V-> t 1 9  U . S M w  -  i o>U V x' rn L4l ) = \ -  0>™ ^ b z w x . , , + 2 o r A - ^ m _  +  ----------- -----
L o L V̂a'r

X -  ?4- \
~ S  '  ^ .. ( 5 i )

L \ \ * -  C^-^v^2

u-4- 0 H m ^X - C 4 J l  t  im 4- 2 loa(r> -V ••• 4- 4  kNm J 4-



T-1387 23

The fo l lo w in g  s ta g e  is  to  d i s c r e t i z e  th e  time v a r i a b l e ,  

l e a v in g  th e  space v a r i a b l e  con t inuous  in  the  a c t i o n  i n t e g r a l  

between 0 ^  t  < 2 k t .

We approximate  th e  v e l o c i t y  —  of the  s t r i n g  between
9-t

t 1 < t  <  t 2 as

3 t -  -Li (52)

T h e re fo re ,  the  a c t i o n  i n t e g r a l  (31) f o r  t^  - 0 and 

t 2 - 2 1 1, can be w r i t t e n  a s

-  1 ' t  Mi
2 A

O f  (x, M̂ ) \  a f ' z f U . Z k . t
(53)

a i  + V *3%

ta/.

and i t  i s  s t a t i o n a r y  i f  3  K, = o f o r  n -  1 ,2 ,  . . . , N

Thus we o b ta in  
1 „

l > k -  f  V '̂x.\ o ) i -

'd  b n i

n

A — O
Cl va  A (54)

S e t
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ck
<3. X

(56)

The two l a s t  i n t e g r a l s  I  and J n, n ■=. 1 ,2 ,  . . . , N ,  a r e  

e v a lu a te d  in  th e  append ix .

T h e re fo re ,  in  terms of the  i n t e g r a l s  (5 5 ) and (5 6 ), 

th e  e q u a t io n  (5*0 t a k es  th e  forms

1  1  „ _ a:  t v t
(57)

n -  1 ,2 ,  . .  . ,N

Now, us ing  th e  equa t ions  (A - l l )  and (A-28) of  the  

appendix ,  we w r i t e  th e  l a s t  eq u a t io n  as

——  ^ n k  C ~  ^  1< o  "T ^  b  vc 1 — ^  \< 2. ^
L\. \2o

la'
G  0

o \ "\ c; 
OIL J - n

r
T

T. * - h .  ^  n  k  Id

6

jn _

G o

ov ~  S  M T
G

n

A f t e r  using th e  d e f i n i t i o n s  given in  e q . (3*0 w i th  

h -  Gx and s im p l i f y in g  the  l a s t  eq u a t io n ,  we o b ta in

^ - n k  ( -  WKo 4- 2

2o
0 Vr \ ~ °k2 Sn ( - f o e  4 2 5 o, - O

i o  k
(58)

V

i O 'r,

i -  - l !  ( ' - W k W ,  + 5 ° ' -  5 > p T .
'  V2 k
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-1
I f  (R) i s  the  in v e r s e  m a t r ix  of (R), by m u l t ip ly in g  
-1

by (R) the  equ a t io n  (5 8 ) we o b ta in

where one sums on th e  r e p e a te d  index .

The q u a n t i t i e s  g iven  in  (60) and (61) w i l l  be s to r e d  

i n  th e  computer s in c e  we a r e  go ing  t o  need them t o  e v a lu a te  

th e  c o e f f i c i e n t s  bnm a t  every  time s t e p .

Thus we can w r i t e  th e  m a tr ix  eq u a t io n  (59) as

Define th e  m a t r ix  D^n by 

- \
(6 0 )

and th e  v e c to r s  Pk , and Xk by

^  let S t

Q k = T sl

* *  = T^-'k i  ViL

(6 1 )
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The p rocess  s t a r t s  o f f  w ith  th e  c o n f ig u r a t i o n s  a t

t imes 0 and At ; thus we so lv e  the  l a s t  eq u a t io n  f o r  b s
k2

Wii 4- - —— Qk ( ? NI ~ ?°l)
k V

+ + fV + £ . ( - ?  no + 2 ? n. -  ? h* )  X k
K K

k = l , 2 , . . . , N  (63)

T h e re fo re  the  com pu ta t iona l  a lg o r i th m  i s

W k ,  m - t  l -  -  k  ^  2  -  2  0 y *  D  y c l  ^  +

"K
4  ? on2 Q k -  ^ b » )  + 2  ôwi -  ^o,r>i + i )  Pk

+ J L  ( f  +  2. ^  jl,m -  f  vkm-' \ ) y ,  K
K k = l , 2 , . . . , N  (64)

%
m = 1 ,2 ,  . .  .,M

which i s  i l l u s t r a t e d  in  the  fo l lo w in g  flow c h a r t

z ~ 222L. 
'2



Begin

Boundary c o n d i t io n s and 5

m = 1,M

I n i t i a l  c o n d i t i o n s :  b and b
ko k l

k = 1, N

and U

1,N

-  1
R , i  - 1,N

U  J = 1,N

i =  1,N

to  next page
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from p rev ious  page

Y _

b
k,m + 1 

k 1,N

>(

n (x, m L t ) 
* k
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B h t )

V



T-1387 29

FORTRAN Implementation

L i s t  of P r i n c i p a l  V a r iab le s  

Program symbol D e f i n i t i o n

M T o ta l  number of time s t e p s .

N Number of i n t e r v a l s  in  the  s t r i n g

v Wave p ro p a g a t io n  v e l o c i t y

g r id  spac ing  in  th e  x - d i r e c t i o n
X.

g r i d  spac ing  in  the  t - d i r e c t i o n

R M atr ix  w i th  elements g iven  by e q . (A-13)
through (A -17)

S Vector  w i th  elements g iven  by e q . (A-l8)

V Vector  w i th  elements g iven  by e q . (A-1 9 )

U M atr ix  w i th  e lements  g iven  by e q . (A-29)

T Vector w i th  elements g iven  by e q . (A-30)
-  1

R In v e rse  m a tr ix  of R

D M atr ix  w i th  elements g iven  by eq .  (60)

p i  1
Q Vectors  w i th  elements de f ined  by e q . (6 l )

■: 1
^  T ransverse  d isp lacem en t  of the  s t r i n g ,

n Quadra t ic  approximation  t o > .
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APPLICATIONS

We c o n s id e r  h e re  two examples in  the  comparison of  th e  

s o l u t i o n s  ob ta in ed  w i th  th e  use of our com pu ta t iona l  a l g o ­

r i thm  vs .  the  f i n i t e  d i f f e r e n c e s  methods. In th e  f i r s t  

example, we i l l u s t r a t e  a problem w ith  a f ix e d  boundary 

c o n d i t io n s  a t  b o th  ends;  and in the  second example we i l l u s t ­

r a t e  a problem w i th  a f r e e  end a t  x ~ 0  and a f i x e d  end a t  

x -  1 .

F i r s t  Example: V ib ra t in g  s t r i n g  with  f i x e d  boundary
c o n d i t io n s

One o f  th e  f i r s t  problems t o  be a t t a c k e d  through the  

use of the  p a r t i a l  d i f f e r e n t i a l  eq u a t io n s  was t h a t  of th e  

v i b r a t i o n s  of a s t r e t c h e d  f l e x i b l e  s t r i n g .  Today, i t  Is  

s t i l l  an e x c e l l e n t  example of a f ix e d  boundary c o n d i t io n s  

problem.

a )  F i n i t e  d i f f e r e n c e s  method.

The s o l u t i o n  of the  problem is  as  f o l lo w s :  s t a r t i n g

o f f  w i th  the  f i r s t  and second c o n f i g u r a t i o n s ,  we e v a lu a t e ,  

u s in g  e q . ( 3 6 ) , th e  mth c o n f i g u r a t i o n  f o r  m —

The fo l lo w in g  d a ta  were used:

DELTA X- 0 .01 .m

DELTA T- 0.002 sec

LENGTH OF THE STRING = 1  m.
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WAVE PROPAGATION VELOCITY 4 m/see 

FIRST CONFIGURATION

1  k o  =  2 W £\ x o ^  k  ^  5  o

? « o  =  _  2  k  ^  x  -V 2  ^  k  <  l c o

SECOND CONFIGURATION

The second c o n f i g u r a t i o n  i s  c a l c u l a t e d  so t h a t  th e  

i n i t i a l  v e l o c i t y  of the  s t r i n g  i s  z e ro .

We show in  the  nex t  f i v e  pages th e  c o n f i g u r a t i o n  of 

th e  s t r i n g  a t  time s t e p  0.020 k £^t, k -  0 , 1 , 2 , . . . , 9 -
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- __________

p nr U- J , n r .  1 - uu
DI STANCE IN M .

C o n f ig u ra t io n  a t  T = 0.020 sec

. D I S T A N C E  I N  M
C onfiguration  at T = 0 .000  sec
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S O i .00
' DI STANCE IN M

C o n f ig u ra t io n  a t  T = 0.060 sec

Sri

I

. 4 0  . 6 0  • -  3 0  i  ' o o
DI STANCE i n  m

C o n fig u r a t io n  a t  T = O.OI4.O se c
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* r
0 .0  0

"1
20 60.40

DI STANCE IN M
C o n f ig u ra t io n  a t  T = 0,100 sec

i - 00

fi n n 
u .  'J U 20 i.OO

D I S T A N C E  I N  M
C o n f i g u r a t i o n  a t  T = 0 .0 8 0  s e c
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.20 .40
DI STANCE IN M

1.00

C o n f ig u ra t io n  a t  T = O.II4.O sec

uJ
Ov

0.00 20 - 40
n  t qLJ L ‘-J

-00
■RNCE IN N

-30 1.00

C o n f i g u r a t i o n  a t  T = 0 .1 2 0  s e c
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B.

c_Ej ,

1.00- 'caJ

DI STANCE IN M
Configuration at T = 0.180 sec

0
D I S T A N C E  I N  M

Configuration at T = 0 .1 6 0  se c
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b) V a r i a t i o n a l  method

S ince  7 and > a r e  ze ro  f o r  a l l  m, th e  e q . (64) 
om Nm

reduces t o

The s o l u t i o n  of the  problem is  as  f o l lo w s :  g iven the  

c o e f f i c i e n t s  bkQ and k = l , 2 , . . . , N ,  we c a l c u l a t e  by

means of e q . (6 5 ) the  c o e f f i c i e n t s  b^m th e  mth. 

c o n f i g u r a t i o n ,  m -  3*4, . . .M. Having o b ta ined  th e s e  ' r : ~

c o e f f i c i e n t s ,  we c a l c u l a t e ,  us ing  e q . (5l)> th e  mth.

c o n f i g u r a t i o n  of th e  s t r i n g .

The v a r i a t i o n a l  method i s  based upon having c o n t i n u i t y  

of the  f u n c t io n  ^ ( x , m ^ t )  and i t s  d e r i v a t i v e  a t  a l l  t im es ,  

so we cannot  use th e  same example as in  p a r t  (a ) ,  due t o  

the  f a c t  t h a t  the  f i r s t  c o n f ig u r a t i o n  of the  s t r i n g  has a 

d i s c o n t i n u i t y  in  i t s  d e r i v a t i v e  a t  x - 0 . 5 0  m. I n s te a d ,  we

w i l l  use  a f i r s t  c o n f i g u r a t i o n  t h a t  has th e  shape of a s in e

wave.

The fo l lo w in g  d a ta  were used:

DELTA X -  0 .1  m

DELTA T -  0.002 sec

LENGTH OF THE STRING -  1 m

WAVE PROPAGATION VELOCITY= 4 m/sec

COEFFICIENTS AT THE FIRST CONFIGURATION: b, , k = l , 1 0ko

r
i (65)

L

m~ 1,2 
k = 1,2

M
N
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3.14159 2.98784 2 . 5 4 i 6 l  1.84659 0 .9 7 0 8 1

0.00000 -0.97081 -1 .84659 -2 .54161 -2 .98784

COEFFICIENTS AT THE SECOND. CONFIGURATION: b , k ^  1 ,10
inL«L

The c o e f f i c i e n t s  a t  the  second c o n f ig u r a t i o n  a r e  

c a l c u l a t e d  so t h a t  th e  i n i t i a l  v e l o c i t y  of th e  s t r i n g  i s  

z e r o .

Note t h a t  we d iv id e  th e  t o t a l  l e n g th  of th e  s t r i n g  

i n t o  10 i n t e r v a l s ,  making th e  smpling in  the  x d i r e c t i o n  

t e n  t im es g r e a t e r  t h a t  th e  one used in  the  f i n i t e  d i f f e r e n c e s  

method.

We show in  th e  nex t  f i v e  pages th e  c o n f i g u r a t i o n  of  

th e  s t r i n g  a t  time s t e p  0.020 k N t ,  k = 0 , 1 , 2 , . . . , 9 .
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B

1 . 0 0
DI STRNCE IN M 

C o n f ig u ra t io n  a t  T = 0.020 sec

i
!
i

'I---------------- 1---------------- 1---------------- 1---------------- 1---------------- 1
. r-P‘ , 21 , . fin * s n  i . p.n

CI STRNCE IN M

C o n f i g u r a t i o n  a t  T = 0 .0 0 0  s e c
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O ' .

&

71-----n n n i— 
o n 60 50-40

DISTfl.NC-E IN M
C o n f ig u ra t io n  a t  T = 0,060 sec

1.00

zr

50 0n 00 1. n n
D1STRNCE IN M

C o n f i g u r a t i o n  a t  0,0lj.0 s e c
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s

71---------------- 1---------------- 1---------------- 1---------------- 1---------------- 1
0 . 00  .20 .40 .60 .80 1.00

DI STANCE IN M 
C o n f ig u ra t io n  a t  T = 0.100 sec

8

T~l---------- 1---------------- 1---:-------------1---------------- 1---------------- !
0.00  .20 .40 .60 .80 i .00

DI STANCE i n  m

C o n f i g u r a t i o n  a t  T = 0 .0 8 0  s e c
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. 60 1.00
DI STANCE IN M 

C o n f ig u ra t io n  a t  T = 0 . 11 .̂0 sec

8

8
7 i-----------------------1-----------------------1---------------------- 1---------------------- 1---------------------- 1
0 . 0 0  .20 . 40 .60 .60  1.00

DI STANCE IN N

C o n f i g u r a t i o n  a t  T = 0 .1 2 0  s e c
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8

0.00 .30 1.00. 60
DI STANCE IN fl

C o n f ig u ra t io n  a t  T = 0.180 sec

8

_j
lL_2T

8

8

D I S T A N C E  I N  M
C o n f i g u r a t i o n  a t  T = 0 .1 6 0  se c
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Second Example: V ib ra t in g  s t r i n g  w ith  one end f r e e  and
th e  o th e r  f i x e d

C ons ider  a. v i b r a t i n g  s t r i n g  problem w i th  a f r e e  end 

a t  x -  0 and a f i x e d  end a t  x -  | . In t h i s  case  we e x c i t e  

t h e  system a t  th e  f r e e  end wi th  the  f u n c t io n  f  ( 0 , t ) .

Any num erica l  f o rm u la t io n  has i t s  own d i f f i c u l t i e s  

w i t h . r e s p e c t  t o  s t a b i l i t y ,  accu racy ,  and cho ice  of th e  

sampling i n t e r v a l  in  bo th  th e  space and time d i r e c t i o n s .

One way t o  t e s t  th e  response  of a numerical  a lg o r i th m  w i th  

r e s p e c t  to  th e  f requency  c o n te n t  of the  d r iv in g  f u n c t io n  

p  ( 0 , t )  i s  t o  e x c i t e  the  system f i r s t  w i th  an impulse £ ( t ) .  

According to  wave p rop ag a t io n  th eo ry ,  the  f u n c t io n  i s  seen 

t o  be a d i s t u rb a n c e  t r a v e l l i n g  in  the  x d i r e c t i o n  w ith  

v e l o c i t y  v. Thus i f  we take  the  F o u r ie r  Transform o f ^ ( x , t )

f o r  a f ix e d  x ,  which i s  o b ta in ed  in  th e  numerical  fo rm u la t io n

we should  o b ta in ,  in  th e o ry ,  a white  spectrum . The p a r t  cf

th e  spectrum t h a t  i s  f l a t  i s  the  reg ion  where we can o b ta in

a c c u r a t e  s o l u t i o n s ;  thus in  o rd e r  t o  accomplish  t h i s  r e s u l t ,  

we must e x c i t e  the  system w i th  d r iv in g  f u n c t io n s  whose 

F o u r i e r  spectrum i s  w i th in  t h i s  r e g io n .

We show in  F ig .  3, the  beh av io r  of the  v a r i a t i o n a l  

f o r m u la t i o n .  We note  t h a t  th e  f l a t  spectrum i s  ob ta ined  

between 0 and 50 h e r t z .  In o rd e r  to  be on the  s a f e  s i d e ,  

we a r e  go ing  to  experiment w i th  a t r a n s i e n t  s in e  wave, which 

has a pe r io d  of 40 ms.
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DISPLACEMENT

1

0

1
1004020

TIME IN MS.

AMPLITUDE

0 .8

0 .6

0 .4

0.2

0
12010020

FREQUENCY IN HERTZ

F ig u re  3.  Impulse response and i t s  F o u r i e r  spectrum 
a t  th e  d i s t a n c e  of 0 .2  m when the  f u n c t io n  of th e  
system is  an impulse .

a )  F i n i t e  d i f f e r e n c e s  method

The method of s o l u t i o n  is  s i m i l a r  to  t h a t  of th e  case  

in which we have f ix e d  boundary c o n d i t i o n s .

The fo l lo w in g  d a ta  were used:

DELTA X-- 0.005 m 

DELTA T ; 0.001 sec

LENGTH OF THE STRING = 1 m
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WAVE PROPAGATION VELOCITY =  4 m/sec

BOUNDARY CONDITION AT X =  0
(SoTi m 4 : 0 o ^  vti O 4  0

v n  4  o
-  O

FIRST CONFIGURATION
] f n 0 “  °  > n - o ,  2oo

SECOND CONFIGURATION
T  n i  -  ° n - o , 2 o o

b) V a r i a t i o n a l  method

Since  (N,m) i s  ze ro  f o r  a l l  m, the  eg. (64) reduces

We o b ta in  from t h i s  eq ua t ion  the  c o e f f i c i e n t s  b ^ ,  

and then we fo l lo w  th e  same procedure  o u t l i n e d  f o r  the  

ca se  of f i x e d  boundary c o n d i t i o n s .

The fo l lo w in g  da ta  were used:

DELTA X = 0 .02 m

DELTA T -  O.'OOl sec

LENGTH OF THE STRING -  1 m

WAVE PROPAGATION VELOCITY = 4 m/sec

BOUNDARY CONDITION AT X = 0

t o

S \n

o

COEFFICIENTS AT THE FIRST CONFIGURATION
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COEFFICIENTS AT THE SECOND CONFIGURATION

iou = -  \n ' . 6 4 3 
b n \ ~  o i a - 2 j 7o

The c o e f f i c i e n t  b ^  was ob ta ined  by f i t t i n g  the

q u a d r a t i c  between th e  g r id  p o in t s  7 ^  and

We show in F i g .  4 the  p l o t  x vs to  which rev ea ls  t h a t

th e  wave p ro p ag a t io n  v e l o c i t y  v is  conserved through th e

p r o c e s s .

DISTANCE IN M

0.03-

s lo p e  4 m/seg

O.Oli

1004020

TIME IN MS.
F ig u re  4. D is ta n c e - t im e  p l o t  showing t h a t  the  wave 
p ro p ag a t io n  v e l o c i t y  i s  conserved in  th e  numerical  
c a l c u l a t i o n s .

Note t h a t  we d iv id e  th e  l e n g th  of th e  s t r i n g  i n t o  50 

i n t e r v a l s ,  thus  making the  sampling i n t e r v a l  in  th e  x 

d i r e c t i o n  f o u r  t imes g r e a t e r  th an  th e  one used in  th e  

f i n i t e  d i f f e r e n c e s  method. In the  nex t  te n  pages fo l lo w  

th e  c o n f ig u r a t i o n  of the  s t r i n g  as the  time goes on.
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1.00o
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DISCUSSION OF THE RESULTS

In t h i s  s e c t i o n ,  I  d i s c u s s  the  numerical  r e s u l t s  

o b ta in ed  from th e  methods d e s c r ib e d  in  the  prev ious  

s e c t i o n .

The work was done in  th e  PDP-10 computer of The 

Colorado School of Mines.  The computer time involved  in  

th e  c a l c u l a t i o n s  i s  p re se n te d  in  the  fo l lo w in g  t a b l e :

F i n i t e  d i f f e r e n c e s  V a r i a t i o n a l  
method method

V ib r a t in g  s t r i n g  
w i th  f i x e d  boundary
c o n d i t i o n s  3 5 0 3 3 *

V ib r a t in g  s t r i n g  
w i th  one end f r e e  and
th e  o th e r  f i x e d  l ' o 4 "  I ' d "

From t h i s  t a b l e ,  we can see  t h a t  the  computer t ime i s  

ap p ro x im a te ly  the  same in  bo th  t e c h n iq u e s .

The d i g i t a l  F o u r i e r  Transform F(nA*fA't'j of a f u n c t i o n  

^(•t)  , f o r  which t h e r e  a r e  2N4-1 samples ,  i s  d e f in ed  as

N “  *“7 j. n A-f m A"h

F ( r ) A f  A - L ) _  A t
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In o rd e r  t o  f i n d  the  range of va lues  of h  t ,  which 

can g iv e  a c c u r a t e  s o l u t i o n s ,  we see from F ig .  t h a t  we 

must have a l l  the  f requency  components of th e  d r iv in g  

f u n c t i o n  l e s s  or  a t  l e s s  equal  than the  c u t o f f  f r e q u en cy .  

This f requency  i s  d e f in e d  as the  maximum frequency  where 

th e  v a r i a t i o n a l  fo rm u la t io n  is  s t i l l  a c c u r a t e .  T here fo re  

t h e  fo l lo w in g  i n e q u a l i t y  must be s a t i s f i e d :

n k f  C i t ^ N  k f  k T

where n= maximum frequency  component of th e  d r iv in g  
f u n c t i o n ,

N=r c u t o f f  f requency

A T -  temporal  sampling i n t e r v a l  used in  e x c i t i n g  the  
system w ith  an im pulse .

A t  = temporal  sampling i n t e r v a l  which can g iv e  a c c u r a t e  
s o l u t i o n s .

From l a s t  i n e q u a l i t y ,  we o b ta in

L (N K T ) /  n

E xper im en ta t ion  c a r r i e d  out  w i th  the  v a r i a t i o n a l  

method showed t h a t  t h i s  f o rm u la t io n  was s t a b l e  i f  

( A x / A  t ) v, where v i s  th e  wave p ro p ag a t io n  v e l o c i t y .

The range of va lues  examined were f o r  Ax from 0.02  m. 

th rough  0 .1  m. and f o r  A t  f  rom 0 .0 0 1  s e c .  th rough  0 .0 1 0  

s e c .
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£ (° i  t )

So2o

TIME (MS)

F ig u re  4 . -  Driv ing  f u n c t io n  used in  th e  second example.

RELATIVE AMPLITUDE

c u t o f f  f r e q u e n c y1.0

0.6 .

0.-4

20 loo

FREQUENCY (HERTZ)

F i g u r e   F o u r i e r  A m p l itu d e  S p ec tr u m  o f  t h e
d r i v i n g  f u n c t i o n .

   F o u r i e r  A m p li tu d e  S p ec tr u m  o b t a i n e d
when t h e  s y s t e m  i s  d r i v e n  w i t h  a n  
i m p u l s e .
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Having determ ined  A.t ,  the  lower bound of k x  i s  found 

such th e  s t a b i l i t y  c r i t e r i a  holds  and i t s  upper  bound i s  

s e l e c t e d  sm a l l  enough t h a t  th e  q u a d r a t i c  approx im at ion  

p rov ides  a r easo n ab le  f i t  t o  the  i n i t i a l  d i s tu rb a n c e  

between g r i d  p o i n t s .

The g e n e r a l i z a t i o n  of th e  method t o  more than  one 

dimension i s  f e a s i b l e  i f  th e  problem p o sse s se s  s p h e r i c a l  

o r  c y l i n d r i c a l  symmetry. The i n t e g r a t i o n  in  a volume 

p r e s e n t s  s e r io u s  d i f f i c u l t i e s  f o r  a body of a r b i t r a r y  

s h a p e .

F u r t h e r  i n v e s t i g a t i o n  of the  v a r i a t i o n a l  method 

in v o lv in g  th e  use of h ig h e r  o rd e r  polynomials  t o  f i t  th e  

g r i d  p o in t s  i s  s u g g e s ted .
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APPENDIX

E v a lu a t io n  of the  I n t e g r a l  (55) .

The I n t e g r a l  (55) r e a d s :
4

f r \ ^ f  (* * i
I n  -  ) + Z

e

At)
Index 1 In    ̂ r e f e r s  t o  th e  p a r t i a l

d i f f e r e n t i a t i o n  w i th  r e s p e c t  to  c o e f f i c i e n t s  a t  the

c o n c lu s io n  of th e  f i r s t  t ime s t e p .
*

In o rd e r  t o  so lv e  th e  i n t e g r a l  (5 5 ) ,  we must d iv id e  the  

i n t e g r a t i o n  from 0 to  J! in to  N i n t e r v a l s  and f i t  the  

q u a d r a t i c  t o  each g r id  p o i n t .  Thus we o b ta in :

* C K
where KJn =  ^  n j (x, A t )  /  ^  {, ^

The a r r a y  K. can be g en e ra ted  by a p p l i c a t i o n  of i t sJ
d e f i n i t i o n  (A-2)  to  e q . ( 5 l ) ,
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k „  = _ *•

k j .  = _k_ ^  * - •

k w ^ t k  i x - ( H Ky + ^ - . c i*, K ] + T

k — k L — ^  i 4 i  ■■ ■ i H—4

j  =  2 , 3 ,  . .  . , N - 2  4 >  jj.

k „ ,  - 4 [ » -  ( » - O v > Y  + 4

k "’i " -  i  I -* -  + k ’ i r

k u n  =  L  ^  -* .-  («-0 v ,1j* +  | ^ x - ( u - O u l  + 1 -

K W vA =  "  ^  I * ” f

k i \  TT O A. !■> ^  *» ••• ) N - 2 .

* ^  3 , 4 ,  ... , *  1 + ^

(A-3)

I f  we d e f in e

\  K jn U ' )  Jl4 (A-4)

< i - 0 K

then  th e  i n t e g r a l  (A-2) can be w r i t t e n  as

l r \  - ~ ^ n o  +  2 o ( ^ |  —  o(  nz (A-5)



T-1 3 8 7
64

Now u s ing  eq .  (5 1 ) and (A-3),  we e v a lu a te  th e  

q u a n t i t i e s nm

A  1 2
•4-c<lm = ( y * / \ z o )  (  ̂ ^ m )  4 3 ^

( ^ /  120) (soU ,* ,  + 5 oWam +  \o W3m) + \  ^  

1 l2o)  (^O Wlm + 6 0  Warn -V 5 o bjrn -V 'O +  "2 ^  r« m  +

______________________________  :'------------------ (a - 6 )

{ŷ \ \Zo) ( soW .m  -V 6 o k a m + --* C a k M-a,m + 5oU|l-»,m-Vtt> W « ]

\ L̂. Vv2 Som -Vv g.

(V? l \Zo) (  + 3 2  W m  +■•• + 'i 2 - -V 23 V>«nJ
+  5-  Vi* ^  +  -fj fltrn

Here, a l l  th e  i n t e r v a l s  c o n t r i b u t e  t o  o( , s in c e  

K 4 0  f o r  J =  1 ,2 ,  . . . , N .

i 1'1 /  |2 o )  ( n . m +  6 t>-2.rn')

( * /  l2o^ (̂ 5*0 b ,m -f 8£ t>2m 4 ^  1 4 ^ -V-
<>

(, h /  IZo) ( 60 4 120 b^m 4 too b3m 4 ^° V^rn) 4  ^ om ^

\   ̂ / ,2° )  (^0 lo lm 4  120 tzm  4 l^olo3m 4 bo b 4m 4  2o b sm )  +  K0try 
_____________ _ _ ___________________________________  ( A - 7 )

/ l2o )  ( ^ 0 t , m + t2o W m +  - 4  (2o m + \ooV>K-iim + 2oUKJ + ^ >mV?’ +

4  U V \ 2 o K ^ 2 ^im + f c A V » » * + . . . +  f > 4 k H_> i m + 4 ^ Kt^  +  ^ om

+ I  f  Nm k* 'T
'•j

k*
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Here a l l  the  i n t e r v a l s  c o n t r i b u t e  to<^ s in c e

f 2 m
0 f o r  j  = 1 , 2 ,  . . . , N .

_  (^b^/ |2o }  ̂ 4  ^  ba-m. 4  h b-a<nj) 4 _ — W. 4
<0

. \ ^ l \ 2 o )  +  ' oc> 4  b 3 m 4- <4 lo4-nv.) 4- ~  ?V>»v U*" A.
+  4»
4  0 ^  \2o') C^^b\*»*,4 17-0 tarn 4" \"1o ^ 4̂  b ^  f  e>m.W 4*

4 _  ^Olo m 4  l^o bam4 —V ho tn-2,^ 4-'0 0 ♦̂J-i>w 4^6 ^Nm) 4 ^ 0>nK

l  [\^lv2.o)  ( 3 2  4- £>4 t a m 4 - 4  £ 4  4- 4& W nm) 4- JL^©mW 4- 2̂  ? NTnl>2
^ 1 * 7

( A - 8 )

Here th e  i n t e r v a l s  which c o n t r i b u t e  to  oC a r e
3m

j  — 2 , 3 > • • • ,  N«

^ K m -  lo b l7n 4 2 o  ta m  4 -* 4*'2olovc_^ im 4 - ^  ty^.j m̂4 4—L ^fom b

^  ( ^ l u o )  (^ O  t>,m 4- \0 0  4...4 l 0 0 t K-,yTf, 4 ^ t  b km 4 ^ b k4\ > * ) + * ?  om b

+ ( «  t  lvn 4  \1 0  W m 4   ̂ ,,2 -o tVcm4-\0®^K-fl)*r\ 4*2© t k+2.)m^ 4* ^or* W*"

[\\ !|2 o') ( b®t,m4 1*̂° Wm 4  •* 4 17-0 tfi-iyim 4  1°0 >m 4 2-0 tuTrx̂  4^©mV\

4 ^  I\7.o) (^2-bit^ 4 b 4  4 *  4- b 4  b^-i ym 4  4 b  b  |4m") 4 ~  ^70tn 4  ■—• ^Htn
1*7 »5

VC= 5 ,.. .  > W- 1 .

(A- 9 )
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Here, the  i n t e r v a l s  which c o n t r i b u t e  t o  oC a r e
km

j  =  k  -  X ,  k ,  k  +  1 ,  , N

+ T O ? . n .

» 0 ^ 1  i ' l o ' )  ^  2 3  A ^ t i v n  -V  • -V  4 £ > W - \  , m  “V *  3 4  \ s  h i m )  4  ~  ^ o m V i  - \ - T -  ^
<e>0 £6

Here th e  i n t e r v a l s  which c o n t r i b u t e  t o  oC a r e
Nra

j  ■= N -  1 ,  N .

Let us w r i t e  th e  v e c to r s  °(  a s
nm,.

»»"> =  —  ^ r v k  t  K m  +  —  F o m  * ^ n + —  T * - m  ( A , ,  \
120 60  60  IA-11)

where th e  m a t r ix  R . , th e  v e c to r  T , and the  v e c to r  V ' a r e  :nk n n
t o  be de te rm ined  from e q . (A-6 ) th rough  (A-1 0 ) as  a f u n c t i o n  

o f  N.

S u b s t i t u t i n g  t h i s  l a s t  equa t ion  i n t o  eq. (A-5 ) ,  we

o b ta in  3

" i n -   ^  -nV. ^  <0 -V £  ^ k \  -  W 2 )  +
12-0

^  (,“ ^ 0© -V ‘2 . ^ o \ -  ? ° 0  TV  -f

i l  ( - ? * * »  + 2 f « ,  - f H » )  ( A _ 1 2 )

Now, we proceed to  c a l c u l a t e  the  m a tr ix  Hnk* We f i n d  

th e  f i r s t  row of t h i s  m a t r ix  from e q . (A-6 ),

-  32. +- 3 o  (  N - 2 )

^ 1 2  = 11 4 *>0 t  M-’S') (A-13)
"RiV,  =  < \ Z +  C H - V - 0  •> ^ « ' 5 , 4 V . . ) t M
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(A-10)

The elements  R a r e  found from eq .  (A-6 ) through

^   ̂ f-i — h (a ^ ~

"R n n =  ■4r0 (A-14)

The m a tr ix  i s  symmetric;  thus  we have t o  de te rm ine  

i t s  e lements  on and above th e  p r i n c i p a l  d ia g o n a l  o n ly .

We express  th e  m a t r ix  ( i , J  =  2 , 3 * . . . * N - l )  as  t h e  

sum of two symmetric m a t r ic e s

VX -  W j .

f  u  a n a  i
(A-1 5 )

where th e  m a t r ic e s  P  . .  and A . and d e f in e d  a s :
i j  u i j

f l z

p

|%  183 184 .

I’jfe 183 184 .

l^f, 183 '84- 

. 183

184 

\ 84 

184

\84

\93

\5*

- 1

(A-1 6 )
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K = 12 0

H-3 U->V

H-* N-5

N - J - i  

N - J  -  i

U - 3 - A

o

o

o

(A-17)

T h ere fo re ,  u s in g  the  e q . (A-13) th rough (A-17), we

can g e n e ra te  a l l  the  elements  of th e  m a tr ix  Rnk-

The v e c to r  S invo lves  th e  boundary c o n d i t io n  a t  n
x -  0  and i s s

S A ^  3 £ ,  +  3  0  (  N - e ' i

S - n  — ^ 2  +  £>0 5 r , -  N - A

S t f  = "53 (A-18)

The v e c to r  Vn invo lves  the  boundary c o n d i t io n  a t  th e

end p o in t  x=  JL and i s

^  -= Ar

% ,  n  -  1  , N - A

1
(A-1 9 )
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E v a lu a t io n  of the  I n t e g r a l  (5 6 ) 

The i n t e g r a l  (5 6 ) r e a d s :

r\ Ax
3 *

As we c a l c u l a t e  i n t e g r a l  (55) an a lo g o u s ly ,  we d iv id e  

th e  i n t e g r a t i o n  from 0 t o |  i n t o  N i n t e r v a l s  and f i t  a

q u a d r a t i c  t o  each g r id  p o i n t .  Thus we o b ta in

c ^
J n  _ £  \  L \ W  M ; „ <U 

’  C4. 0 W *
(A-20 )

where

r  w  -  ^  - a t . ,

(A-2 1 )

(A-2 ? )

The a r r a y  L, can be g e n e ra te d  by a p p ly in g  i t s  d e f i n i '  

t i o n  to  e q . (5 1 ),

■*- ( j - 0  V\ +  *> jj

a

z * -  ( ^ - 0  ^

J - ' )

4  V»Mt

4
(A-23)
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The a r r a y  M can be g en e ra ted  ap p ly in g  e q . (A- 2 2 )
w ̂

t o  e q . (A- 2 3 ) t o  y i e l d  th e  r e s u l t

n  -

V
X -

L -  4 , 2  , • • • > 
^  3 , 4 ,  ...,

( H - 0  b

M- 2
N

a n  A.

JL >
X (A-24)

*

V\

Applying the  e q . (A-24)  to  e q . (A-20), the  i n t e g r a l s

can be g e n e ra te d  to  y i e l d  th e  r e s u l t

— A. ]* *4 ^-an +

(o
r  2 t l( 4 4 bai  4 • 4 4 b  n- \  , \ 4-"5 t t f \

(A-25)

Here, each row cor responds  to  each i n t e r v a l  i n t e g r a t i o n  

w i th  non-zero  v a l u e .  In t h i s  c a s e ,  t h e s e  i n t e r v a l s  a r e  

j  =■ 1 and j  -  N.
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J r \ -  Jl. 4  2  b 4  4  \a J  \

r  4 \a  ̂ 4 $ W^ 4 • -V % ^>N-\ *V 6 ô>̂ ""| -  —  (^? N\ -  f o \ )
L -1 3 (A-G

n - 2 , 3  , • ••, t^-A
(A-26)

Here, th e  i n t e v a i s  w i th  a non-zero  i n t e g r a t i o n  va lue  

a r e  J *= n-1 ,  n ,  N*

=-L.  4 2l W 3 ^ — *•■'' h\~;2o\')
G G (A- 2 7 )

Here, th e  i n t e r v a l s  w i th  a non-zero  i n t e g r a t i o n  va lue  

a r e  j  -  N-1, N.

Let  us w r i t e  th e  v e c to r  J  asn

■3* -  ■£" ^  ^  vca +  "jr "Tn (. ^  0\ -  ^  m*') (A-28)

where th e  m a t r ix  U , and th e  v e c to r  T a r e  to  be determinednic n
as  a f u n c t i o n  o f  th e  number of  i n t e r v a l s  N.

From e q . (A-2 5 ) th rough  (A- 2 7 ), one f i n d s  t h a t  th e  

m a t r ix  UQlc i s  symmetric and i s s

4 5 4 . . . 4 3

12 9 8 . . 8 6

12 9 8 . 8 6

U =  . 9 . - . (A- 2 9 )

8 . 
9 6 

12 7 

8
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and th e  v e c t o r  T i s
n

T N -  4

T n  =  3 2 , N - i  (A- 30)

— &
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