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ABSTRACT

A numerical formulation, based on the calculus of
variations and the principle of least action, 1s proposed
for the solution of one-dimensional wave propagation
problems. This method 1s compared with the finite
differences methods.

The method consists in fitting a polynomial of second
degree between each grid point and minimizing the action
1qtegral with respect to the coefficients of the polynomial
at each time step.

The computer time involvéd in the calculations was
approximately the same for both methods, although the
spécial sample interval could be made about four times
larger for the variational method than it was for the finite

difference method.
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INTRODUCTION

Variational principles have played an important role
in the development of many branches-of physics, as in
mechanlics., It 1s well known that the problems of particle
dynamics can be expressed in a variational form based on
the principle of least action as well by Newton’s equations
of motion. Although there 1s a correspondence between the
two approaches, the physical insight into more complicated
systems can often be acquired more easily with the use of
the variational approach than with Newton’s equations of
motion. The variational methods are also useful in determ-
ining approximate solutions. These advantages have motiv-
ated me to compare the variational methods with the standard
finite diffgrénces techniques in the solution of one-dimen-
sional wave-propagation problems..

The purpose of thls thesis 1s to show explicitly all
the steps of the new proposed varlational method in problems

in which the solution is known.
The thesis 1is divided into three parts. In the first

part the mathematics of the calculus of varlations 1s devel-
oped; 1in the second part, we deduce the algorithm of the
proposed method; and in the third part, we solve problems

of wave propagation numerically with different types of

boundary conditions.
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THE CAICULUS OF VARIATIONS

Variationél Problems in One Independent Variable

The basic problem of the calculus of variations is
to find a function y(x) for whicﬁ some gilven line 1ntegral
that depends upon this function 1s an extremum. We begin
thls chapter with the standard demonstration of how a
simple variational problem leads to the Euler-Iagrange
equétion. This differential equation 1s equivalent to
Newton’s equations of motion.

To give a formal definition to our problem, consider

the integral
X2
1 - g F'i X5y (), dy [dx ] A x (1)
%, ’
We put the problem in a form in which we can use the
differential calculus in obtaining a stationary value for

the integral (1) by means of a new parameter o such that

y (&) = yOne) + & () 2)

Note that «=0 corresponds to the stationary value.

We simplify the problem by imposing the condition:
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'((X-) = '((*z) = 0 (3)

Using the parametric representation as in (2), we

obtain:
X2

T(«) :& FX_“) ¥ (<,4), dY(*M\/dxl&x

(4)
Xy
If I(L) is to be stationary, then we must have
(21 /3 ),_, =o )
Now, substituting (2) 1nt; eq. (4), we obtain
X3 ‘
1(4):8\-‘&*,7%«1,1%&1‘1 dx (6)

Xy

Expanding I(< ) in the Taylor series about A=0 and

keeping only the linear term since £ 1s small, we have

=0

I(«) = TI(o) +x&%1/g*>d (7)
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By the usual methods of differenting under the integral
sign, one finds that

L) = T(e) + |20 1+ °r ) dx 8)
O oyt

1

For I(X) to coincide with I(0), we reguire that

3F oF
o ! A\’
( b—“{-*——— >"-° (9)

Now, we integrate the second term in eq. (9) by parts,

X2

F A JF
Q.i__ + S (’QF - — — ) Q\ d e

'57/' _5\/ d % ’3\/' (10)

X,

The integrated part vanishes because Q vanlshes at

the end polnts x; and xp. Therefore, 1if the integral 1s to

vanish for arbitrary Yi(x), we require that

5F 4 oF

o —

9\/ IX ?7’_ (11)

This differential equation 1s known as the Euler-
Iagrange equation. Its solution represent a curve for which
the variation of an integral of the form given in eqg. (1)
vanlshes.

The fundamental problem of the calculus of varlations,

as we have shown, can be easily generallzed for the case 1n
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which the function F depends on many independent variables
yi(x) and their derivatives yi(x), i=1,2,...,N.
We wish to minimize the integral
2.
1. 8 (F K\f\'\ﬂ 5'\7‘2()(\,..., \/:(X\)*\fz, (ﬂ,...,x) dx (12)
I
subject to a fixed-ends boundary conditions.
As in the case of one independent variable, we consider
the integral I as a functlon of the parameter o, which labels
all the pbssible curves yi(x,c<). Thus we may introduce o<

by setting

e <X>6<\: \{\(7‘30\ + &f(‘(‘k} .
Yz (%, oL )= yz2 (%50) + Tz(X3
. . : (13)

fN (%)= yg (%,0) = 4 QN (x)

Where yl(x,o),}yz(x,o), etc., are the solutions of the
exXtremem problem and ‘IL’ i=1,2,...,N, are a completely
arbitrary functions of x, except that they vanish at the
end polints.

Proceeding as before, we obtain the condition analogous

to eq. (9)

s {28 o, 2T Q';' iy o (14)
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Again, we integrate the integral involved in the

second term of eq. (14) by parts, and obtain the result
2 2

. ] L[ 2
S%_F"l‘ i ml-gﬂ-—k‘?‘i)‘“
\ ’a\ll QY: t ! d* . g\h-’

where the first term vanishes, since we have a variation

with fixed end points. Thus eq. (14) becomes

2

S‘ AR PF )) o= o (15)

. fa\{;‘ - &7‘ ’a\lt‘

X

Therefore, 1f the integrand vanishes for arbitrary Q

s We must require that

E.E - ..é_ ?.E—— = O
’B~1.L d+ G (16)

The result given in eq. (16) states that for the case
at hand we just write an Euler-Iagrange equation for each
variable.

We will see in the next sectlon that, by sultable
transformations, 1t i$ possible to derive Newton’s equations
of motion for conservative systems from the Euler-lagrange

equations.

The Principle of Least Action

The Newtonian laws of motion provide a mathematical
structure which déécribes the motion of interacting particles.

Although the formulation of Newton is most commonly studied
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in elementary physics, there is a second and alternate
method of expressing the behavior of a mechanical system.
This alternate mathematical description is called the
principle of least actlon.

The instantaneus configuration of a system 1s pres-
cribed by the values of n generalized coordinates Q15 905000
qn, and éorreSponds to a particular point in an n-dlimensional
g~space. Thls n-dimensional space ls therefore, known as
the configuratlon space. As time goes on, the state of the
system changes, and the system point moves in the configur-
ation space tracing out a curve and descrilibing the motion
of the system.

We denote by Ql the confliguration of a mechanical
system, l.e., the aggregate of the positions of the indivi-
dual particles at an instant tl. Similafly, Co denotes
the configuration at a latter time t2. We call the configur-
atlion path or orbit of the system the curve joining Cl and
02 in the configuration space. The actual or dynamic orbilt
depends upon the constraints on the system and the forces
which influence the motion. We also restrict the possible
orbits between the two configurations to those which fulfill
the condition that the total energy along the varled paths
is the same as along the actual path.

The principle of least action states that a mechanlcal
system with a kinetic energy Tiand a potential energy V
behaves within a time interval tlgt \<t2, for a given initial
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and end positions, so that
AR an

assumes a stationary value.

The integral A 1s known as the action integral, and
the integrand L is called the lLagrangian of the system and
it is defined as

L=T-V
(18)

We note that the action integral has the form

stipulated in eq. (12), and so we make the transformations

x — t ; Jo—= 3.

Flye,y,s) — L (30,90, ¢)
The Euler-lagrange equations become the lLagrange equations
of motion

d 3L S
- = © (19)

s

—

dt o

%

S

a
T‘ \

The Iagrange eguations of motion are in turn equivalent
to Newton’s, as indicated by the following example. Consider
a particle of mass m moving in a potential field V(xl, Xps x3).

The kinetic energy of the particle 1s

-

!
i

Todmi) Uil 52



T-1387 9

and the action integral is
. -
S . . . 2
S R R

X, z

Applying the eqg. (19) to the integrand, one finds

that
: & x| 3V

G 9%y,

~m L = V,2,3

Thils equation 1is clearly the Newtonian equation of
motlon describing the trajectory of the particle in a force

field.

Variational Problems 1n Two Independent Variables

We consider the double integral

T = N~ (x)~7)uy)xe , Wy ) d % &7 (20)
D
where W =g#/3x' )1%_=?w/97

X

The integration of eg. (20) is carried out over a
given domain D 1in the x-yAplane. The function F 1s twice
differentliable with respect to the indicated arguments.

We proceed to derive thé partial differential equation which
must be satisfied Ln order that the integral I be stationary
with respect'to a'éontinuously differentiable functions

w(x,y) which assume prescribed values on the boundary curve
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C of the domain D.

We label, as before, all the possible trajectories by
the parameter « '

%T‘(X)\/\O(): W(X)Y) +°‘Q(X)Y) (21)

where w(x,y) is assumed to be the stationary function and

is a completely arbitrary function, except that it 1is

required to vanish on C.

Using the parametric representation mentioned above,

we write the the eq. (20) as

() = Sg F(qu)1J+¥JLﬂJ*-%dwx)vf7+xrh\ dx dy

(22)
> |

Expanding I(=) in the Taylor series about <=0 and

keeping only the linear term, since< is small, we obtailn

u@:uawwiav of oF %m

—~— . %+ — 23
— aw-x(\ . f (23)

2 ¥

If the integral I is to be stationary, then we must

[ >
\ p

AY

have

Q/
D

o)
& ‘v‘/"
\‘//

Consequently, we require that
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gg (____BF =+ oF 4 °F ) dx 4 = O
e o W STV !

D (24)

Now, applying Green’s theorem to the last two terms

in eq (24) and using 2 (\ oF )'—‘ *kx :éi + 1 2*F

o% 'aas, PRs e D w.
and = ("( ) '( aF , wz-z obtain2 o
' 1 3w PRE 1 P) 31&‘
Y 179
RF 2 F 9 ( 2? )] i.&
SSD‘ -2 % - >y “Ho
oF  dx  9F e =o
Sc Y\[—’é_"ﬂ'x T T Buy & E (25)

The second integral vanishes since r((x,y)_ O on C.

Therefore, we obtain

JF 9 (JF ) 3 [ AF 4

—_ " = | = - — | = dy =
ngmxgw o (9“" 2y ('awyﬂ "y

If the integrand is to vanish for arbitrary rL (x),

function F(x,y) must satisfy

2F 3 2F 2 oF
_ - = —— =0 (26)

Sw I« Dk By Wy

This 1s the Euler-lagrange equation in two independent

variables.
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THE VIBRATING STRING PROBLEM

The Derivation of the Differential Equation

The problem chosen here as the basis of comparison of

the varlous methods 1s the problem of the vibrations of a

stretched string between two fixed points. This special

boundary condition will be included in a geheral computer
program which can handle all the different types of
boundary conditions. We have chosen this particular

problem since the kinetlc and potential energy can be

easlily evaluated, and therefore, the elastlic parameters

can be identified for any one dimensional wave propagation

problem.

Let us consider, then, an elastic string, stretched
under a tension T between two points on the x-axis

(Fig. 1). In formulating the problem We assume that

a) The mass of the string is uniformly distributed.

b) The motion takes place entirely in one plane, and in this
plane each particle moves at right angles to the
equilibrium position of the string.

¢) The deflection of the string during the motion is so
small that the resulting change in length has no effect

on the tension7.

d) The string 1s perfectly flexible, 1.e., it can transmit
force only in the direction of 1its length.

e) The amplitude of the vibration is very small.

f) There is no frictional damping, so we deal with a
cOnservative system.
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o 1_ > K

Figure 1. A typical configuration of the string

The transverse displacement of the string 1s denoted
by the function ?(x,’c), which describes the shape of the
string during the course of the vibration. The fact that
the ends are fixed, we have the condition E?(O,t):?tﬂ,t):zo
for all times.

Ifg’fepresents the constant mass/length of the string,
the kinetic energy dT of an element dx wlll be

P 2 Qq
&T-z'%. ) ('a%_) ’ (27)

and, therefore, for the entire string

Ty () e =

The potential energy 1s given by the product of the
total external force and the increase of length. We will
conslder the tensioquwhich is exerted upon the ends as the

only external forcé. Hence we obtain
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0
\I:T[ga—fl} (29)

If we expand ds/dx according to the binomial theorem

and neglect terms of second and higher order, we obtain

_%j? - ( | 1 ( %;i )2 >‘IZ<; | 4 fg (1}%2 )2

“ox ,

Therefore, eq. (29) becomes

il
No oz g (f_.)z dox
T2 DK (30)

0

In order to find the motion of the string in a certain
time interval tlgjt gftz, we have to find, according to the

principle of least action, the stationary value of the integral
1 A

- gf” \:g(éj )" m(:a_H L dt
-2 \ 2% D% (31)
%

y O

[

Consegquently, the function which describes the actual
motion of the string is one that glves the action integral
an extremum with respect to the function éj(x,t), which
describes the actual configuration at t = tl and.t :-t2
and vanishes, for all t at x=0 and x=1.

The times tl and
t2 are completely arbitrary.

If we make the transformations in eg. (20)
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then the eq. (26) becomes

T 5 < 325 |
9 x? 9t (32)

This partial differential equation describes the actual

motion of the vibrating string.

Flnite ﬁifferences Approximation

Our vapproach is to digitize the function?(Xsf)';g("\ﬁhmﬁ*-)
and consider the configurations of the string* at three
consecutive times, i.e., t = 0,0 t, 2At. Acéording-to the
principle of least actlion, we keep the configurations at the
first and third times fixed and proceed to evaluate the
position of the string at the second configuration that
makes the action integral stationary. Thils gives us a
relationship among the three configurations (Fig. 2).

The motion of the string is described by a secdnd
order partial differeﬁtial equation given in (32). In order
to solﬁe this egquation we must supply, besldes the boundary
cqhditions, the configurations of the string at the first
two time steps. Since the three configurations are related
to.each other, we can express the thilrd configuration in

terms of the first and second ones. In general, thecomputatlon

(*) The use of the string as illustration is purely a matter
~ of convenlence, and any quantity satisfying the wave
equation posseses the propertlies developed for the string.



T-1387 16

algorithm will be as follows: given the configurations at
(m-1) At and m At, we evaluate the configuration at
(m+1)0t, for m=1,2,3,...,M. In reference to figure 2,
the system starts off with the displacements known at the
x®9 intersections and the algorithm will find the

displacements at the other intersections.

\I —X

time
om tm 2m nm (Nm
Boundary . C Boundary
condition At Ax condition
o2 |12 n2 N2
v L/ /
o} M 4 21 ~ ?hl ) )/ ey \N'
s TR SRS -
Co lo 20 ho No :
Initial conditlons distance

Figure 2.- The finite differences scheme.

The next stage is to approximate integratlions by sums.

The actlon integral becomes:

A - f % : ( g‘m - ?'no) < ;nz ;n.) A x At +
I At ¥

B VS L 0 N9 S | PO
—é- n=| Ax. Ax Ax /

(33)
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The action integral is stationary between 0<t<£2 At

ir

N _ o
3 \ forn=1,2,...,N = 1

Vil
1

Used with (33), this gives us n as a free index and

S AX (?m Tho ~5nz + ?“‘) -T %—t(?““ g"'"“?“*"ﬁg“‘)‘—cj

K
Define _é_vi - X
' AL
T = v? (34)

b

When 1t is solved for'?“a, the last equation becomes

| ?nz = —Bno + (2— 2\12/*3\/ gm ’\2 (?“ “h! ‘\”g“’f"‘)

(35)

n<= 152,000’N-l
In general, the action integral between

(m_ \‘) At £+ < (m-&\) AL 1s stationary if

oA o n = 1,2,...,N = 1
dSam
’ m = 1,2,...,M

which yields the result

gns'“‘ﬂ =-En,m-1 +2 ( \- vz [xa) Cam S (3n-\,m+‘;’n+\-(,;2)



T-1387 18

This result is the same as that which we would obtain
1f we applied finite-differences methods directly in the

partial differential equation given by eg. (32).

Proposed Method Using the Calculus of Variations

We propose to fit a gquadratic ax2+ bx+c to each grid
point. It 1s hoped that we may thus obtain the same accuracy
in the solutions in less computer time since larger sample
intervals should be acceptable. We plan to 'investigate how
large the sampling interval can be made, while still obtaining
accurate solutions.

We digitize the time variable, leaving the space vari-

able contlnuous, i.e.,

{
g (x\4) —= ; (%, m at )
Consider the interval 0 < x £1, and subdivide it
into N subintervals QO =%o <“X\ %o KXnu= L

Let Yl“ (x,m&) be the quadratic approximation to the
, ?
functilon g\x)m IX‘Q in the subinterval Xﬁ_\(»«(x“ so that
n (X,m M_) _ ’; (X, mAL) for X=%,., and %= %n

Thus, the function T('n (X»mbt can be wriltten as

nnkx‘)mﬁ‘\—) = Qmm [;“(“-‘)"\_,\2*L“"‘Y‘X—(“-\)k‘x J"C“gﬂ

where h=x - - Xn -1

We have 3N‘different coefficients for each m, but the
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conditions of continuity of the function "(“ (‘L,m At) and
its first derivative* at x = nh, n=1,2,...,N - 1, along
with the boundary cor;ditions at x= 0 and x = Nh, give 2N
equations. Thué we should be able to eliminate 2N coeffi-
clents and finish up with only N coefficients to be determ-
ined, using the calculus of variations.

Analogously to the dlscrete case, we keep the coeffi-
clents in the first and third cqnfigurations fixed and we
minimize the action integral with respect to the coefficients
in the second configuration. In this wa.y we obtain a relation-
ship among the three configurations.

For the N-subinterval case, we have

'l‘ (’HmA{) = Qim 12 Fbmx * Cim

bd °

ne (x;mbt) = Q2 (xh)* ¥ bam % + Cam

(38)

i (xym 8%) = @ NNY_X—(N-\)QZ X \,Nm[w(x\-’\)\\] 4+ S

The boundary condition at x= 0 is 1\, (x,mA{)\ = ‘;om )

and gives the result X=o

C\m = gom (39)

(#*) These conditions are eguivalent to having continuity
of displacements and stresses.
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The conditions of continulty of the function Qn(x\"\A{)
and 1ts first derivative yleld the result

‘2 H ‘.
Cree N e O\\h“"\+ Cnm = Cn-&-l.) m

-~

2 0nmh + b

1

(40)
Bv\-\»l s M
The boundary condition at x=Nh 1s

= EgrQWﬂ

! NV | (41)

n'\N /\X) m tﬁ'—)

Now using the equations (39) through (41), we can
solve for thea ‘s andc ‘s in terms of the b__’'s. We
nm nm nm

have a system of 2N - 1 equations, since we evaluate the
coefficient clm explicitely.

For simplicity, we are going to work out the case
N= &4,

Iater on, we generallze for any number of intervals.

From the equations (39), (40) and (41), we obtain the
system of linear eguations

ka o o -} o © | Qyen t‘ E - b\‘l\ - ?om

2 h c ¢ O O © O Aom b?m -bim

o W oo ©°o 1\ - 0\ | O3m - bamh

c 2n o o 0 O 0%\ G | = bam - bam

6 o W oo o -ﬁ E Com | ~bamh g (42)
¢ o 2n 5 © ° 9 Gl b - b3

s ¢ 0 W ¢ oo W.% Cmn{ ! ~bumh - §4w

From the even-numbered rows, we obtaln

a, = (1/2n) (bem-blm) (43)
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agm:=(1/2h) (b3m-b2m) (44)

aBm::(I/2h) (bum-b3m) (45)

The first row reads:
L\z Aim —Ca2m = "lo\m \f‘r - EOW\

Substituting the equation (43) into this egquation

and solving for Com? we obtain

Comz h (bim & bon) + Bom |
> Q + 5 = (46?

The third row reads:

W% azm + Cam — Cam = = bam h

Substituting eq. (44) and (46) into this eguation and
solving for c3m, we obtain
Cs _h (10 .
=g (e 2l cb) B )
The fifth row reads:

2
‘n Qzm — Cam “C4m = — ]O?smL‘\

Substituting eq. (45) and (47) into this equation and

solving for cMm’ we obtaln
- ho(y L=
“4m = -? \oim % 2bom +2bay + \04\,.,\3 s cwr (14.8)

- Filnally, the seventh row reads:

2
h" G 4+ Cam == ban h + Suy
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Substituting eq. (48) into this equation and solving
for a, , we obtain

4m
a.

e — — L:nm tf—?;_'b'z,,m +2bam + Db 4 ";‘;4“« - gem

Zh

W (49)

Therefore, the functionlln(x,mbxt) can be expressed

in terms of the parametérs b m'élonly, i.e.,

1. (x,mat) - bam -~ bin 4 ° + bmx 3+ Bon
2h

o Goma) | Bame ban (o) 4 ban (ol b b ) 4 B
2h

13<*\M M) .Eim;lizi (X 2h)* + bam (x 2%)4,h (b"n+zg *EQ)

2h
+r Eom

(50)
QA\K w AL ) [ im + 2bo +2bay., v'\'?)‘oAm 4 §4m - go\m](*-'s\\\)z

2h h*
4+ Pa4em (X 3\0) + LY ( bim + 2bam +2bam + \94,,“) + ;om
2

We generalize the result (50) for N subintervals:

2
] Qx L':_) - bzw‘ _L"‘ X 4 \>\m K “ gom

2% L
- 2 m m - __‘ _______ "
r(r (X,MA{\ b " - Bnm EX—(Y\—\)L\} + b*nm {\"’ (Y\"‘S \'\}

2h
4 .-b_. (\\o\m -\"ZBZW‘-\T +2L3'n—\)m -‘—L)ﬂm) =+ .gom
2
n= 2,30, N:\_

ST T - - (51)
[0 X M) J\} bim > 2bem 4ok Zlomorym gy DN en

2h - W ' \Kx (-t ‘n]
( i

X 2 \QN_\ gm ‘on\) + gcm
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The following stage 1s to discretize the time variable,
leaving the space variable continuous in the action integral

between 0 <t <2 At.
We approximate the velocilty }_S_ of the string between

7t
t; <t < t; as
G‘S’ :_/ X\{Ta)—g(x\"ﬁ\)
At Yook, (52)

Therefore, the action integral (31) for t; =0 and

t,=2 kt,v can be written as

2
] 2 »
 at g (;<x, At)-§(x,o\))+(§(x,zu@)—§ﬁx)hﬂ> ]ax
o e 53)

L 4
4o M Hﬁ—’)ﬂ—g—i’)d*) ix
2 Dr Dx

e}

Ao

l
2

o]

and it is stationary if ER = Oforn-=1,2,...,N
’abm

Thus we obtailn

A
DN _ S E { ?(x,o>+2$(x tyt) ;(x)ZAtv-\w&x
Qo

G\OY\\

_ T At S 2 E (%) b)) 922 (%) bx) dIx =o
T A Dx Sbn, (54)

Set X-n - E‘ g(\xxo\/‘w\-?. ElambLi)- gh\zt-i;’\jz’f’_\x_‘_r::_d’ (55)
>
(o]
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oo {7 REGGA B

j —
c a K

)
v S b, \ (56)

The two last integrals In and Jn’ n=1,2,...,N, are
evaluated in the appendix.

Therefore, in terms of the integrals (55) and (56),
the equation (54) takes the form:

S 1, - 7T bt J,

CLY 2

9 bn, N M (57)

n = l’z,l..,N
Now, using the equations (A-11) and (A-28) of the
appendix, we write the last equation as

o s
:__J_[_A__ ?“k (*&DKO + 2&>\<\ —‘OKZB -+
At | V20

After usling the definitions given in eg. (34) with

h- X and simplifying the last equation, we obtailn

?m_\( (— e\ 1+ 2% b » + Sk <~-§do +2 &, _ga;\_\,
o <o % K2 __O.K + (58)

C -
L ¥n -S4 +2B - E

MZ\) — N2 (u'ﬂ\ﬂ EK! .l{.g(:‘\— EN\\) Ty\
i0h ‘;\2 W
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-1
If (R) is the inverse matrix of (R), by multiplying
-1
by.(R) the equation (58) we obtain

. -1
__‘... ("‘ bko + 2"Kl - bkz) + _\_ (“ g(:o +2 %0\ - goz)er\ gr\
20 1oh

-\ -\ o _g =\
2 $O N\ 2 T“
4 _‘. (" gNO +ng\\‘;N2)—RkY\\IV\ :_“_}\,zkﬁknu“lkl\"’——l—l—-‘?kn \]I

10h

Define the matrix Dy, by

-\
Dy = el Wi (60)

and the vectors P, Qk and Xk by

Fe = E_Lo. Se

-\
Q«x wl Vg (61)

'Yk R-‘kﬁ Ny

where one sums on the repeated index.

The quantities given in (60) and (61) will be stored
in the computer since we are going to need them to evaluate
the coefficlents by, at every time step.

Thus we can write the matrix equation (59) as

- L o Z‘ok -be2 - gob + 250 -~ ga‘z. P - §N0+2§Nl’?Mz
ko % \ + ! K J(._ = XK

20 loh I

s

=3 {’DkQ by, + S Bo - 3k ?N‘}
N h

h
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The process starts off with the configuratlions at

times O and At ; thus we solve the last equation for b @
k2

L’KZ = - L’ko + (Z'_E?._\i_z. 'DKQ>bj| 4 2on® QK (?m - gox)
}\2 "\ \2

+.-3'__ (’ ?oo"\'z?o;‘go\z) K +__( gNo +2§Nl‘§*a)xk
h

k:l’g’ooo’N‘ (63)
Therefore the computational algorithm is

kK,M'\'\ - - L’Kim—\ + kZ-.Z,S._V_'f —DKQ_)L’Q"‘ 1
')\2

'\'2:\“; Qx Qg"’""‘ $°m> +— ( Fom-1 +2 Bom - 5o,m+\) P
K Eymat + 2 ;Nam - gﬂ)m-k\ ) X x

k= 1,2,...,N (64)

<

m= 1’2,000,M

which is 1llustrated in the following flow chart
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Boundary conditions:

~

?

© om
m=1,M

Initial conditiohs: b and b
. ko

k=1,N

kl

;\4__

to next page

27
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from previous page

k,m~+ 1

NO

k 1,N
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FORTRAN Implementation

List of Principal Variables

Program symbol Definition

M Total number of time steps.

N Number of intervals in the string
v Wave propagation velocity

N grid spacing in the x-direction

grild spacing in the t-direction
R Matrix with elements given by eq. (A-13)
through (A-17)

S Vector with elements given by eg. (A-18)
v Vector with elements given by eqg. (A-19)
U Matrix with elements given by eq. (A-29)
T Vector with elements given by eg. (A-30)
R -t Inverse matrix of R
D Matrix with elements given by eg. (60)

P .

i ! i
Q ; Vectors with elements defined by eq. (61)
L

1

%; Transverse displacement of the string.

N Quadratic approximation to%j.

—
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- APPLICATIONS

We consilder here two examples in the comparison of the
solutions obtained with the use of our computational algo-
rithm vs. the finite differences methods. In the first
example, we 1llustrate a problem wlth a fixed boundary
conditions at both ends; and 1n the second example we 1llust-
rate a problem wilth a free end at x= 0 and a fixed end at
x =1.

irst Example: Vibrating string with fixed boundary
conditions

One of the first problems to be attacked through the
use of the partial differential equations was that of the
vibrations of a stretched flexible string. Today, it is
still an excellent example of a fixed boundary condltions
problem.

a) Finite differences method.

The solution of the problem is as follows: starting
off with the first and second configurations, we evaluate,
using eq. (36), the mth configuration for m = 3,4,...,M.

The following data were used:

DELTA X= 0.01 m
DELTA T= 0.002 sec
LENGTH OF THE STRING=1 m.
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"AVE PROPAGATION VELOCITY

4 m/sec
FIRST CONFIGURATION
o = 2k Ax o £ k € 5o
S = -2k Ax 4+ 2 5c £ k< loo
SECOND CONFIGURATION

The second configuration 1s calculated so that the
initial velocity of the string is zero.

We show in the next five pages the configuration of
the string at time step 0.020 k&t, k= 0,1,2,...,9.
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BUPLITUDE
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Configuration at T = 0,180 sec
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Conf‘iguration at T = 0,160 sec
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b) Variational method

Since ¥ and %, are zero for all m, the eg. (64)

- om Nm
reduces to
26 N7 ) =
! _ _ VA A
A SN R ‘OK\.N‘\~‘~ + z 4\/\2 K j \Q:a’YY\) (65)

m=Ll,2,...,M
k=1,2,...,N

The solution of the problem 1is és follows: gilven the
coefficients b, and b _,, k=1,2,...,N, we calculate by
means of eq. (65) the coefficients byy at the mth.
configuration, m= 3,4,...M. Having obtained these -
coefficients, we calculate, using eg. (51), the mth.
configuration of the string.

The variational method 1s based upon having continuity
of the function ;(x,m:lt) and its derivative at all times,
SO we cannot use the same example as in part (a), due to
the fact that the first configuration of the string has a
discontinuity in its derivative at x=0.50 m. Instead, we
will use a first configuration that has the shape of a sine
wave.

The following data were used:

DELTA X=0.1m

DELTA T= 0.002 sec

LENGTH OF THE STRING=1 m

WAVE PROPAGATION VELOCITY = 4 m/sec

COEFFICIENTS AT THE FIRST CONFIGURATION: bko’ k=1,10
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3.14159 2.98784  2.5M4161 1.84659 0.97081
0.00000 -0.97081 -1.84659 -2.54161 -2.98784
COEFFICIENTS AT THE SECOND CONFIGURATION: bkl’ k = 1;10

The coefficlents at the second configuration are
calculated so that the initial velocity of'the string 1is
zero.

 Note that we divide the total length of the string

into 10 intervals, making the smpling in the x direction
ten times greater that the one used in the finlte differences
method.

We show in the next five pages the configuration of

the string at time step 0.020 kAt, k = 0,1,2,...,9.
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Second Example: Vibrating string with one end free and
the other fixed

Consider a vibrating string problem with a free end
at x = 0 and a fixed end at x = ﬁ} In this case we excite
the system at the free end W th the function Ef(o,t).

Any numerical formulation has its own difficulties
with respect to stabllity, accuracy, and cholce of the
samplling interval in both the space and time directlons.

One way to test the response of a numerlcal algorithm with
respect to the frequency content of the driving function
fﬁ(o,t) 1S to excite the system first with an impulse § (t).
According to wave propagation theory, the functlon 1s seen
to be a disturbance travelling in the x direction with
velocity v. Thus if we take the Fourier Transform oféz(x,t)
for a fixed x, which is obtained in the numerical formulation
we should obtain, in theory, a white spectrum. The part
the spectrum that is flat is the region where we can obtain
accurate solutions; thus in order to accomplish this result,
we must excite the system with driving functions whose
Fourier spectrum is within this region.

We show in Fig. 3, the behavior of the variational
formulation. We note that the flat spectrum is obtailned
between 0 and 50 hertz. In order to be on the safe side,
we are golng to experiment with a translent sine wave, which

has a period of 40 ms.
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DISPLACEMENT
1

'TIME IN MS.

AMPLITUDE
\

0.8
0.6 |

0.4 |

0.2 |

(6] ! N 1 . \ .
20 40 60 80 100 120

FREQUENCY IN HERTZ

Figure 3. Impulse response and 1ts Fourier spectrum
at the distance of 0.2 m when the function of the
system is an impulse.
a) Finite differences method
The method of solution 1s similar to that of the case
in which we have fixed boundary conditions.
The following data were used:
DELTA X:. 0.005 m
DELTA T- 0.001 sec

LENGTH OF THE STRING = 1 m
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WAVE PROPAGATION VELOCITY = 4 m/sec

BOUNDARY CONDITION AT X= O
gomvx5¢n<5fﬁYﬂAI)
= O

o &£ mg£ 40
m >, 40

FIRST CONFIGURATION: :
Tho = © , n= 0,200

SECOND CONF IGURATION: ‘
.‘g’hi - 0 n= 0,200

b) Variational method

Since g (N,m) is zero for all m, the eq. (64) reduces

to : A
20N ? y

bK,W\“r\ = —-‘O\(,m—\ "‘-"\'2— ’Dklibﬁm

- S K:\)Z‘,.‘\N

) 20\/2 g 2 = [
- iy }\2 Q\( o™ 1 _h (\-— Eo’m—l + 2 ,t;om - go,m-*\) T ™= \\'Zw.,M

We obtain from this equation the coefficients bkm’

and then we follow the same procedure outlined for the
case of fixed bqundary conditions.
The following data were used:
DELTA X = 0.02 m
DELTA T = 0.001 sec
LENGTH OF THE STRING =1 m
WAVE PROPAGATION VELOCITY = 4 m/sec

BOUNDARY CONDITION AT X = O
= San (SOTY . Ai‘) o \<YY\\<4O

2 —
>or =

- © m > 40

COEFFICIENTS AT THE FIRST CONFIGURATION
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COEFFICIENTS AT THE SECOND CONFIGURATION

1 -

on = - \5 643
bay = o n= 2,%o0
The coefficient bll was obtained by fitting the
13
quadratic betwgen the grid points 01 and 7511.
We show in Fig. 4 the plot x vs t. which reveals that
the wave propagation velocity v 1s conserved through the

process.

DISTANCE IN M

A
0.03.
0;02. slope U4 m/seg —s<\§
0.01,
Y ~ : : : ~
20 40 60 80 100
TIME IN MS.

Figure 4. Distance-time plot showing that the wave
propagation velocity is conserved in the numerical
calculations, .

Note that we divide the length of the string into 50
intervals, thus making the sampling interval in the x
direction four times greater than the one used in the
finite differences method. In the next ten pages follow

the configuration of the string as the time goes on,
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DISCUSSION OF THE RESULTS

In this section, I discuss the numerical results

obtained from the methods described in the previous

section.
The work was done in the PDP-10 computer of The

Colorado School of Mines. The computer time involved in

the calculations is presented in the followlng table:

Finite differences Variational

method method
Vibrating string -
with fixed boundary
conditions 35° 33°
Vibrating string .
wlth one end free and
the other fixed 104°" 1°1°°

From this table, we can see that the computer time is
approxlimately the same in both techniques. |
The digital Fourier Transform F(ﬂAfAt) of a function
_FC£), for which there are 2N+1 samples, is defined as
N -”TJ',nA-fmAt
F(nafat). 5= F(mat) © At
, m

=-N
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In order to find the range of values of At, which
can give accurate solutions, we see from Fig. 5. that we
must have all the frequency components of the driving
function less or at less equal than the cutoff frequency.
This frequency is deflined as the maximum frequency where
the variational formulation 1s still accurate. Therefore

the following inequality must be satisfied:
nDf ANt <N AL AT

where n= maximum frequency component of the driving
: function,

N=cutoff frequency

A T= temporal sampling interval used in exciting the
system with an impulse.

A t = temporal sampling interval which can give accurate
solutions.

From last inequality, we obta;n
At<(NAT)/ n

Experimentation carried qut with the variational
method showed that thls formulation was stable if
(Ax/ANt) D, v, where v is the wave propagation velocity.
The range of values examined were forAx from 0.02 m.
through 0.1 m. and for At from 0.001 sec. through 0.010

sec.
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Figure 4.- Driving function used in the second example.
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Filgure 5.- — Fourier'Amplitude Spectrum of the
driving function.

—.— . Fourier Amplitude Spectrum obtained
when the system is driven with an
impulse.
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61

Having determined At, the lower bound of Ax is found

such the stavility criteria holds and 1ts upper bound 1is
selected small enough that the gquadratic approximation
provides a reasonable fit to the initial disturbance
between grid pointsr

The generalization of th;‘method to more than one
dimension 1s feasible if the problem possesses spherical
or cylindrical symmetry. The integration in a volume
presents'serious difficulties for a body of arbitrary
shape.

Further investigation of the variational method
involving the use of higher order polynomials to fit the

grid polints is suggested.
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APPENDIX

Evaluation of the integral (55).

The :Lntegrai (55){ reads:

2
g’g(x,M:)
I, = S -{_' S(xo) +2 5(x; 08) = 5(““*—)]—:55"— Ax
5 (x, a¢) |
Index 1 1n——a—5:"— refers to the partial

differentiation with respect to coeffilclents at the
conclusion of the first time step.

In order to solve the 1nt;gral (55), we must divide the
integration from O to ] into N intervals and fit the

quadratic to each grid point. Thus we obtain:

th
N .
1. = > g Y_-'L(x"’) +2rk(’c,m—_)-vl(x,z&t)] k,}" d x
&=
(- h
where K, = ?nj (%) At) /?Em

The array an can be generated by application of 1its
definition (A-2) to eq.(51),



T=1 387 6 3

k“ = — _:_._i_\ +X
kX\ = _2._\_ F= %35, N- 1
- f - 2 :
KH :"’zli\ x- (8")‘"} +Kx - () \r{\ -\—_‘32_ 3 )= 2050, N
k;k__. h L= 334,5---, N~
8= 2,3,...,N-2 A.>'a,
Kmo= = [oe (en ™ g b
Kuy = _';V- (N- m\] + R = 2%, N
Kan = - ._\: [x-— (N—ﬂ \\1 + ‘-x- (N-ﬂ\;} ,\__\r_;-_
.K&,K‘\*‘\ - - ..‘2_;\ K- (3—\3%]2 N A= 1,2)..."“—\
K;k = o L= 1,2, .., N-2
k"" S 354, - N A’> L4
- (A-3)

If we define
yh
N

= ?___ S -'\J (*SmA{Q Kan(") Ax (A=)

Anm

=t

(3-0)h
then the integral (A-2) can be written as

If\ :‘Xno + 20(1” - O<n2_ (A-S)
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Now using eq. (51) and (A-3), we evaluate the
guantities £ om

d\m = ("'\3/|20) \e L tm + 19 Lzm) + 3 L‘ gom

(k‘b/ \20) (30b|m +5° \9'2.\11 +\o b‘sm)d\’ \'\ §°|’f\

(%/120) (20bim + 60 bam +50 bam & 10 ba)+ 5 W Som +
(2-6)

— — o—— — —
— — w— —
— m— o ——— a——
— e m— - c—

(K’I \203 (30 bim '\' 60 \"zm“' ’*50 ‘:N-z,m‘\'b'okn—\,m‘\'\o kﬂm}

(\'\ I\ZO) ( \Q\:\m 32 ¥?_m X '\'32- bn-t,m ¥+ 23 hﬂ'“)

4+ \'\ ?om .5 gﬂ_m

Here, all the intervals contribute to o(lm’ since

Kjl% 0 for j = 1,2,...,N.

°<am :k“s/IZo) 96 m + 6 Lzm) +__ ;om\'\ 4
(k /lZO) (50 me + 8‘ E2m+ ‘q Laz.m) —-\—_.. gOM \"2
(h /(zo) (60 bim 4 120 bam +100 by, +20 \a4m, _\,?m K+

U‘ /IZO (éO\c,m 4120 bom 4+ 120bam +100 bam + 20 bs.,\) + (Zm7§\ +

— -——,—-.—-.——-—-——-————--—.———-.-————————————

= ) .
, (k /120>(éob.m + 120 b,,_m+...+ 120 \,N_a m 4100 by, m 420 by 4 Eom b2 -

__‘_(‘\ \201(32\51'“ + Q4bam +.-x b4 bu- \ym "\'%kum\/ +— ?‘om \'\
+2 ’?Nm\«
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Here all the intervals contribute to« since
2m
K 0 for j=1,2,...,N.
Je

("\ /|20) ('0 bim + 194 bam + éb‘sm\) + — gom W* 4
6

N (k‘/,zo) (50 bim +106 ba,. + 86 bm +19 \94.,,\) +§Z Eomh® v

4 (k’? I\?-o) (é°\°\-».+ 120 bam + 120 53'“ 1 100 ‘04“\ +20 Esw\) + gen\_\\i *

— mmm o et e o m— ot et omtugune e emm— o——

4 (\n \20) (éobm-\-\'zo bam+ -t 120 bz m 4100 \9‘.\-5,“—\-20\:",“) .p%m

+ ,(\'\3/\20 (32 b\w\"\’ "4 b’:.m -+ LA \°N-\)m + 46 bﬂ m} 4+ %gow\"\z-‘-z—_ ?Nmkz
19

(a-8)

Here the intervals which contribute to L are
o ‘ ' 3m
J: 2,3,...,N.
K b b b b (S b
ékm: /l?.o) obim + 20 bam +--4+20 w-2,mt 14 w-t,mt b Km) +T om
. X 2
4 (\’?,l20> (50 \:’\m + oo L’lm +j--+ \°°\°K-\sm‘*%£’ \DKm +1 b\«\’"‘)‘*‘% ;om‘\

\\3/ \20)(4°Lm+ 126 bam 4 - + 120 bgm+100b Ky 1y m 20 bk.,,,,,m)' 4+ Bom h* -

" (‘n ho.o) (soh‘m+\1o L—m +--+120 L,;-a,m + loo EN-\,M 420 \:N,\Q + gom\,
+(\\3 [\’)_o) (“3‘2\9m\ A% b Xy ‘:4 BN»ln,m + 44 LNM) +.§__ ~gam 4+ _“2‘5 gﬂm
. : 5 _

k': 4")5).90)N-i .

(a-9)



T-1387 o6

Here, the intervals which contribute to O(km are

j: k-l, k, k+l’,ooo,N

O(Nm" (l“gl\Zo)(mbm%— 20bym -+ '7-0‘-’:4-2 m+19 buciym +4 hnm) +(U‘216§§°m
A-10
Q" ‘l’lo)(ea\’(m YAtk -+ 40buor,m 34 \osm) +2 g W '\""'gNm W2

Here the intervals which contribute too(Nm are
j = N - l, NO -
Let us write the vectors °< as

nm _
dom_ Mo b L hE T o wE Y

where the matrix Rnk’ the vector Tn’ ‘and the vector Vn' are::
to be determined from eq. (A-6) through‘(A-lO) as a function |
of N. ;

Substituting this last eciuation into eq. (A-5), we

obtaln W3
.- Rax ("\N(o—\- 2by, - \Dkz) +
I‘Zo
( goo 4 2?"—‘\"‘ §°z) T'\\+
Go
( §N°+2§m 5:«2) N (a-12)
60

Now, we proceed to calculate the matrix R .. We find

nk
the first row of this matrix from eq. (A-6),
Ru = 324 30 (N-2)
Re = 4 4 6o ( N- "53 (A-13)
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The elements RJN are found from eq. (A-6) th‘roug,h
(A-10) -
‘R}SN-_- L4 ’32 2,3 ..., N-A

Run = 4o (A-14)

The matrix Rn 1s symmetric; thus we have to determine

k
its elements on and above the principal diagonal only.

We express the matrix Rij (1,= 2,3,...,N=-1) as the

sum of two symmetric matrices

?L'K = (5;' A Xi y (A-15)
§ ¥
where the matrices %13 andl{i'j and deflned as:

196 18> 18% . . - {
|56 183 84 . RS-
(5:: \96 183 18% . i1%%
133 . . (A-16)
i34
\83
\5 6
\/— (5N-l 5 N=4



T-1387 68

; ;2) N’ﬁ
22

N-3 N-%  N-y . N-J-A . o
N-§ N-9 . N-J -1 . o
. . - 0
X:iﬁ o} ' : )
N-3-4
. 0o
o

Sntynaa

(a-17)

Therefore, using the eq. (A-13) through (A-17), we
can generate all the elements of the matrix Rng.

The vector Sn 1nvoives the boundary condltion at
X =0 and 1is:

S, = 3¢ 4+ 30 (N=2)
Sv= 92 + ko (N"'f\-‘) y h= 2,3, N-A
Sn= 33 (A-18)
The vector Vb involves the boundary condition at the
end point x=‘ﬂ and is

\12_‘.: 8 ’“’: 2)‘5)-.-) N—‘
Vy = 8 (A-19)
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Evaluation of the Integral (56)

The integral (56) reads:

3 ‘_Sl-gg(x,ai) P E dx
"o o R ERY 'S\om

As we calculate integral (55) analogously, we divide
the intégration from O to‘K into N intervals and fit a

guadratic to each grid point. Thus we obtain

¥%
N
Toor b L0 M () N
3 Gk § ¥ (2-20)
where o ‘
\-k(X\ - —Bv\k (*5 A‘\:)
9% (A-21)
i - P
1 A% dby, (a-22)

The array L'j can be genérated by applying its defini-

tion to eg. (51),

L'k_: kt*\h‘gk‘ [Y\— (8—\) \'\]2 4 ‘08\ 5 8—;1)2’.") N-A

’ 2
LN . [_ bu 4 2ba 4oy 2bunayy ‘\’3\°N\:, [X— --\]
. W <3 ) T (A-23)

+ 2 (EN:\; ._go\y {X-(.X-‘\)\"]z 4 \:’N\
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can be generéted applying eq. (A-22)

The array MJn
to eq. (A-23) to yield the result
M“ :.[ \"'(X"‘B\"_X +1 ) hz Av2, .y N
N
MNN: - 2Lx- (n-00h S Ms\éj*\:-“%“(?i")"‘]
h | h
N;'k =0 Lo=2,3 .., N-A o
a: Ay2,..., N2 A )x (A-Qll.)
Mx.k_._o L-:&’Z,...)'N-z-
h: 314) veey N X? :L-*\
M *- (R-Ok and Mgt 2 (%- (N-0)h)
B N §= h

822)3,-"3 N—\

Applying the eq. (A-24) to eq. (A-20), the integrals

J, can be generated to yleld the result

J\ - L X. 2\9\\ + .\”ll ‘X +
I4 .
| (A-25)

h [2\3“ +4boy d .t Abyy,y 43 LN\]»% kgm*ga) |

b

Here, each row corresponds to each interval integration

wlth non-zero value. In this case, these lntervals are

j = l and J = No
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h

AR
_X‘.\i4\°\\+%\>z\-\- + by ‘\'6‘°N\]“"‘(§N‘-§°\)
6 (A-26)

n= 2,3 ,...5 N-=A
Here, the intevals with a non-zero integration value
are j= n-l, n,l N.

A —.}.‘. [L n-1,4y ¥ 2 ER] *-\“— [ébx\\éb‘z\ 4 ét’m -(g N\-go\3
¢ (A-27)

Here, the intervals with a non-zero integration value
are j = N-1, N,

Let us write the vector Jn as
h \ |
=2 kb = Ta (Sa- Bw) (1-28)

where the matrix Unk -and the vector '1‘n are to be determined
as a functlion of the number of 1nterw)als N.
From eq. (A-25) through (A-27), one finds that the

matrix Unk is symmeti'ic and 1s: . -

45 4 . . . 4 3
12 9 8 . .

; 12 98 . 8 6
U= -9 . .. (A-29)

. . 8 .

. 9 6

12 7

8 |
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and the vector Tn is

2,3, ...

N-4

72

(A-30)
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